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Abstract—The problem of stochastically robust minimum
mean square error (MMSE) transceiver design is addressed for
multiple-input multiple-output (MIMO) point-to-point channels
with different imperfect channel state information (CSI) at the
receiver and the transmitter. While the receiver has distribution
knowledge of the doubly correlated Gaussian channel that is
conditioned on pilot-based training observations (partial CSIRx),
the transmitter has either conditional distribution knowledge
about the receiver’s observations based on feedback (partial
CSITx), or only unconditioned distribution knowledge (statistical
CSITx). In case of partial CSITx, the design is based on an
alternating optimization of the transmit and receive filter. For
statistical CSITx, a novel closed-form expression for the expected
MMSE is calculated and the structure of the optimal precoder
is determined. This enables us to employ an efficient gradient
projection method for the robust precoder design.

Index Terms—MIMO point-to-point channel, MSE minimiza-
tion, statistical transmitter CSI, partial receiver CSI

I. INTRODUCTION

We examine the stochastically robust linear MMSE
transceiver design problem in the MIMO point-to-point chan-
nel, where one multi-antenna transmitter serves one multi-
antenna receiver. A comprehensive study of this problem in
the case of complete CSI—perfect knowledge of each channel
realization—is presented in [1]. However, the joint design is
still a difficult problem when only imperfect transmitter CSI
(CSITx) and receiver CSI (CSIRx) is available, even though
a tractable cost as the mean square error (MSE) is given.

For imperfect CSI, two scenarios are common in the lit-
erature. The first scenario describes a system with complete
CSIRx, while CSITx is modeled with an estimated channel
mean and covariance (e.g., see [2], [3], and references therein).
In the second scenario, equal CSIRx and CSITx is assumed
that is expressed by the conditional probability density function
(PDF) of the channel (cf., [4], [5]). However, both scenarios
lack in an accurate description of mobile communication
systems. Whereas the first scenario does not take into account
limitations in training and estimation for the receiver, the
second scenario neglects the fact that CSIRx is generally more
accurate than CSITx, e.g., for limited feedback of CSI.

In contrast to above models, we study the scenario, where
both ends—the transmitter and the receiver—have different
imperfect CSI. CSIRx is obtained via pilot aided conditional
channel estimation and CSITx is acquired via perfect feedback
of quantized receiver’s observations. Based on this channel
knowledge model, we differentiate between partial CSITx and
statistical CSITx: partial CSITx denotes the case where we can

model the receiver’s observations via their PDF conditioned on
the transmitter’s observations, whereas statistical CSITx means
that the transmitter’s observations give only knowledge about
the long-term distribution of the receiver’s observations, i.e.,
the unconditioned PDF of the receiver’s observations.

For above model, we formulate a proper average MSE
minimization problem and discuss the joint robust transceiver
design for partial and statistical CSITx. Unfortunately, the case
of partial CSITx (and partial CSIRx) appears to be difficult.
So far, there exists no closed form expression for the expected
MMSE at the transmitter side. An alternating optimization
(AO) strategy, which is common in literature, for determining
the precoder and equalizer will, therefore, be presented.

The focus and the main contributions of this work are for
statistical CSITx. Contrary to partial CSITx, we are able to
derive a novel closed form expression for the ergodic MMSE.
The key point of this derivation is a first order derivative of
an ergodic rate expression w.r.t. the effective signal to noise
ratio (SNR) (similar to those in [6]). The derived expression
provides some structure for the ergodic MMSE minimizing
transmit covariance matrix (and the precoder). This structure,
together with the ergodic MMSE expression, can be exploited
for the transmit covariance matrix design with efficient gradi-
ent methods. To this end, we present closed-form expressions
for the derivative of the ergodic MMSE expression. In this
context, first order derivatives of eigenvalues w.r.t. scalar real-
valued parameters are applied. Note that the presented analyses
and designs for point-to-point MIMO systems are the basis for
those of multi-user MIMO systems in [7].

We present numerical results to show the correctness of the
proposed ergodic MMSE expression. Then, we compare the
achievable average performance for the partial CSITx and the
statistical CSITx scenarios with the performance of the method
in [5], where the receiver uses the same CSI as the transmitter,
and the setup where no CSI is available at the transmitter side.

Notation: We say that a random matrix X € CP*? has
a matrix variate complex Gaussian distribution with mean
M € CP*9 and covariance matrix T ® & (where ¥ € C7*¢
and ¢ € CP*P are positive definite), denoted as X ~
Ne(M, ¥, ), if vec(X) ~ N¢ (Vec(M)7 vT 45) [8]. For
X ~ Ng(M,®,®), we have X~ N (M"Y, &, %) and

Ex[XBX"Y = MBM" + tr(# B)®. (1)
II. SYSTEM MODEL AND CHANNEL STATISTICS

We consider the block model of a time-discrete MIMO
point-to-point channel with n transmit and m receive antennas.



The transmitter forms the transmitted signal by spatially filter-
ing the | < min(m,n) zero-mean and mutually uncorrelated
data entries of d € C! with the linear precoder P € C"*!,
ie.,, £ = Pd € C". This transmitted signal propagates over
the channel H € C™*™ to the receiver and is perturbed
by the additive circularly symmetric complex Gaussian noise
vector . ~ N¢(0,Cy,). The resulting received signal vector
y = HPx +n € C™ is linearly filtered with the equalizer
G € C™*™ to obtain the estimate for the intended data vector

d=GHPd+ Gn €, )

which is completely described by the statistics of the noise,
the data symbols, and the channel.

For the channel, we use a narrow-band flat Rayleigh fading
model with Kronecker product covariance structure. That is,
the channel has a matrix variate complex Gaussian distri-
bution, i.e., H ~ N¢(0, Rry, Rrx), where Rrx € C"*"
and Rgx € C™*™ comprise the channel correlations at
the transmitter and receiver side, respectively. This model is
sufficiently accurate in many practical scenarios, where the
distance between transmitter and receiver is large compared
to the distance between the elements of the same linear
antenna pattern [9]. We remark that the channel matrix is
equivalently distributed as H ~ Rllb/(zHWRKQ’H, where we
obtain Rllb/f and RKQ from Rg, and Ry, via the Cholesky-
factorization [10] and H,, € C™*"™ consists of i.i.d. zero-mean
and unit-variance complex Gaussian entries.

III. CHANNEL TRAINING AND PARAMETER ESTIMATION

A key issue regarding the stochastic robust transceiver
design methodology for above MIMO point-to-point channel
is the available degree of CSI at the transmitter and the receiver
side, and the way it is acquired. Current approaches try to com-
bine the advantages of pilot-based channel estimation relying
on the channel reciprocity in TDD systems and the use of a
dedicated feedback link with limited capacity [11]. Here, we
simply assume that CSIRx is obtained via the transmission of
a training sequence and MMSE channel estimation according
to the orthogonal training method in [5]. CSITx is acquired
via perfect feedback of the quantized receiver’s observations.

The receiver obtains the observation matrix Yrx = HX +
Ngrx € C™*" in the training period, where we choose the
deterministic training signal matrix X = agy _xl/ R A
C™*", with unitary T € C"*", and Nrx ~ N¢(0,L,, Cr,, )-
The scalar agyx is introduced to meet the power requirements
of the transmitter during training, i.e., arx = PTX/\/tr(RTX)
for a maximal total average transmit power Prx. Performing
MMSE estimation of H, we can state the conditional channel
estimate and the distribution of the estimation error in matrix
variate form, i.e., (cf. [5, Section II.B.])

H = H + Eg,. 3
The conditional channel estimate is given by

H = Ag Y, X! 4)

and the estimation error is distributed as FEry ~
Nc(0, Rrx, Bry), where Aryx = a3, Rrx (03, Rrx + Chng, )t
and Bry = (Rg, — ag,C;1)” stem from the estimation
process (cf. [5, Section II.B.]). Note that complete CSIRx is a
special case of this channel knowledge model. For very low
noise during training, C,,,  — 0, it follows that H - H.

The transmitter’s observation matrix Y1, is obtained via
perfect feedback of quantized receiver observations and mod-
eled as Y1, = Yr« + Ny, with noise Nq ~ N¢(0,1,,, Cy).
Note that Gaussian noise is improper for correctly describing
quantization noise and is merely introduced for remaining
mathematically tractable. Applying MMSE estimation, the
transmitter models the receiver’s observations as

Yix = Yax + Er, 5)

with estimate YRX = Ar.Yr« and estimation error E1, ~
Nc(0,1,,, Brx). Here, the matrices Ay (a}%XRRx +
Cry) (02 Rix + Cny, + Cy) ' and Br, = ((0%,Rrx +
Chnp) ' + Cy 1)_ are defined via the MMSE estimation
process. Note that we assume perfect feedback, that is, we
imply that the receiver is aware of Etx and Yrx. The important
statistical CSITx scenario, where the transmitter has only
access to the unconditioned distribution of Ygy, can be seen
as the extreme case for very high quantization noise, i.e.,
Cq_ L 5 0. In this case, Y« becomes statistically independent
of Yi, and, therefore, Yz, — 0 and By, — a3, Rrx + Chy, .

IV. MEAN SQUARE ERROR OPTIMIZATION

The MSE £(G, P) £ Eg.,[||d—d]|3] of the considered data
transmission model in Section II is given by

e(G,P)=1+tr(G(HQH"+C,)G") —2Re {tr(GHP)},

(6)
where Q = PP is the transmit covariance matrix. For
perfect CSI at both sides of the communication link, common
objectives for the joint design of the precoder P and the
equalizer G are strongly related to the MMSE—the achieved
MSE with MMSE receiver. Popular examples are the through-
put maximization, the BER minimization, and the maximiza-
tion of the individual signal-to-interference-plus-noise ratios
(SINR) [12], [13], [14].

Unfortunately, these objectives are not that closely con-
nected to the MMSE for imperfect CSI. Moreover, as the
influence of partial CSIRx is best understood with the MSE,
we focus on minimizing its average value. In this context,
note that the imperfect CSIRx is considerably more accurate
than the CSITx which is acquired via feedback. Therefore, the
average MSE can be minimized w.r.t. G taking into account
the better CSIRx. Specifically, we focus on

min By, v, [min Ep v, [e(G, P)|Ya]] st || Pl < Pra,
(N

where the constraint reflects limitations in the total average
transmit power. The inner optimization w.r.t. G is based on
the better conditional channel knowledge H |Yzx as desired,



and an outer optimization w.r.t. P is based on the less
accurate training/feedback observations Y74. Note that this
optimization order also takes into account the two extreme
cases of complete CSIRx and statistical CSITx. For complete
CSIRx, H is completely attained via Yrx and the inner
expectation disappears. In the statistical CSITx scenario, the
observation matrix Y1, becomes independent of Yrx and the
outer averaging is only based on the unconditioned PDF
fy;, (Yrx). Furthermore, when the receiver neglects Ygx and
designs G w.r.t. Y1, we have equal CSI as in [5].

A. Equalizer Design

As the receiver is aware of Yrx (output of quantizer at the
receiver), it can perfectly determine P by doing the same
computations as the transmitter. Hence, the expected MSE at
the receiver side Egjy;, [e(P, G)|Y1y] is given by

rx(G, P)=1+tr(G(HQH™Coy)GM) 2 Re{tr(GHP) },
8
where the effective noise covariance matrix is [cf. (1)]
Cesl = EERX [ERXQE}IQ{X] + Cn = tr(QRTx)BRx +Cn (9)

and H is given by (4).! With (8), the inner optimization of (7)
is readily solved via the MMSE filter function

-1

G(P) - PHﬂH (ﬁQﬁH + Cesl) (10)

Inserting (10) into (8), the minimum expected MSE
EH|YRx [e(G(P), P)|Yr«] results in

Ex(G(P), P) = | — tr(PPHY(Cey + HQH")"'HP)

=tr((L+ P"H'CLHP)™"), (11)
where the second line follows via the matrix-inversion-lemma.

B. Precoder Design

With (11), the outer optimization, that has to be performed
at the transmitter and the receiver, is equivalent to [cf. (7)]

min By, v, [Erx(G(P), P)] st |P|2 < Pry.  (12)
Although having a simple cost function as the MSE, the
resulting expected minimization problem for the precoder
design in (12) is difficult to solve, especially, when partial
CSITx is available. The reason is, that we are not aware of an
analytic representation of the objective in this case.

To overcome this difficulty, one might think of a precoder
design based on an approximation of Ey; |y, [Er«(G(P), P)].
A lower bound of the objective, that has a simple analytic
expression, is obtained via Jensen’s inequality [4]:

Eyivi, [Erd > tr((L + PT@y P)7Y), (13)

where the effective channel covariance matrix is [cf. (1)]

Uy 2 HYC'H + tr(AR,Co ArBr) X U X1, (14)

'For complete CSIRx, H and Cst can be replaced with H and Ch,
respectively.

with H = ARXY}“X ~!. In the extreme case of complete
CSIRx, where Co = C,,, above approximation is known
to have a bounded asymptotic error and its minimizer has
a closed form expression [4]. However, these results cannot
easily be extended to the case of partial CSIRx, where the
effective noise Cleg is linear in tr(QRrx) [cf. (9)].

Moreover, minimizing the lower bound is of minor interest
as its optimal value gives no accurate information about
the actual achievable minimum average MMSE. In the next
section, we devise a second approach, which is based on
AO, and use Monte-Carlo simulations for the expectation
evaluations.

The focus and the main contributions of this work, however,
are on the extreme case of statistical CSITx, which is detailed
in Section VI. For this case, we are able to derive novel
closed form expressions of the expected MMSE and the basic
structure of the ergodic MMSE minimizing precoders. This
structure and the ergodic MMSE expression can be exploited
for approaching the average MMSE minimization via an
efficient gradient projection method.

V. ROBUST PRECODER DESIGN FOR PARTIAL CSITX

The original precoder design in (12) is difficult due to the
lack of a closed form expressions for the average MSE. In-
stead, we employ an AO procedure which iteratively switches
between updating the precoder and the equalizer function
G(P) to arrive at an MSE minimizing transceiver pair. In
every step of the algorithm, the equalizer function is first found
for the better partial CSIRx. Second, the precoder is optimized
for the worse partial CSITx and for above equalizer function.

In the i-th iteration, given an initial P~ we update
G = G(PU~Y) according to (10)—as minimizer to the
inner optimization of problem (7). Then, we insert this fixed
filter function into the MSE (8). The precoder P is found
as a minimizer to the resulting outer optimization:

P(i):argminme‘Yh I:ERX(G(l),P)} S.t.: HPHIQ:SPTX (15)
P

Calculating the Karush-Kuhn-Tucker (KKT) conditions
of (15), the (i)-th precoder update is readily found to be

PY = (Eyy v, [H"DY H] +Eyy s, [tr(Brx D) | Rax

+0L,) 7 By v [HIGOM], (16)

where D = G®HG®, The non-negative Lagrangian

multiplier is o = max{0, 2V} and g is the largest (real-
valued) solution of

Z HEYRXIYTX

5(7') + Q z))

vl = Pr,. (17)

The real-valued scalars 5,(: and the vectors vk e Cn,
{1,...,n}, are the decreasingly ordered eigenvalues and the
corresponding eigenvectors of the positive definite matrix

Evijvi, [H'"DYH] + Ey, |v;, [tr(Br« DY) | Rrx.  (18)



Since D and G¥) are functions of P~1), we essentially ar-
rived at a fixed point algorithm for the precoder. Unfortunately,
no closed form expressions of the expectations in (16)—(18)
are available. Therefore, we apply Monte-Carlo simulations
for the numerical results.

Note that this iteration scheme converges, i.e., in each
iteration the MSE is reduced and, therefore, smaller (or equal)
than in previous iterations. Moreover, as the KKT conditions
of (7) are satisfied in the convergence point, this procedure
ensures local optimality of the solution. As initialization P(?),
we choose the | dominant eigenvectors of Rry.

VI. ROBUST PRECODER DESIGN FOR STATISTICAL CSITX

Now, we focus on the statistical CSITx case, where the
conditional PDF is given by fy, |y; (Yrx|¥Y1:) = fyz, (Yre)
with Yry ~ N((;(O,In,CRX) and Crx = Oé%xRRX + CnRX
(see Section III). Statistical CSITx is beneficial in the sense
that we are able to: A.) propose a closed-form expression for
the ergodic MMSE and B.) determine the basic structure of
the MMSE minimizing precoder. The basis is a very close
connection between the MMSE and a virtual average rate
expression. In C.), the results are exploited to employ an
efficient gradient projection method of [15].

A. Ergodic Minimum Mean Square Error Derivation
A direct derivation of the ergodic MMSE, given by [cf. (11)]

£(7,Q) 2 I-Ey, [tr((CeryHQH™) " WHQH")], (19)

appears to be difficult. However, similar to [6, Theorem 2],
we devise to calculate the expected MMSE through a simple
derivation of the ergodic rate

R(v,Q) £ Ey, [log|I, + yC!HQH"||  (20)
w.r.t. the slack variable ~, that can be seen as the normalized

SNR. For v = 1, (19) meets exactly the ergodic value of (11).

Lemma 1. Let the ergodic MMSE and the ergodic rate be
defined by (19) and (20), respectively. Then,
5(77 Q) =1- ’YQ»YR(’% Q)

A verification of Lemma 1 is straightforward using deriva-
tives of matrix valued functions and Leibniz’s rule for differ-
entiation under the integral [16]. Fortunately, we can state a
closed form expression for the ergodic rate expression in (20).

Theorem 1 ([17, Theorem 3.6]). The ergodic value
Of R(")/,E,Q) = IOg’I#Jr’YEWQWH‘ wrt. W ~
Ne(0uxw,1,,1,), < v is given by
"
R(y,%,02) = cx(7, %, 2) Z 1Z5(7, 2, 22)],

with the constant ¢ and the substltute x(v, X, £2) given as

. () [T- u+1[1 —Vi—p—1
c= e @21
1
7@—#)('» po-v(o)
z o) =1 , 2
X2 ) = e s (@) 22

respectively, and the v x v matrix Z,(vy, X, £2) of elements

(ZZJ)Vf(zilj) p=1i<p
[Ep]i,j = Zk v— u(z'bj)k[yik’]k p#lél’[” (23)
z pn—1 .
1>

J

where z; j £ yowj, 1,7 € {1,...,v} and the scalars o; and
wj are the distinct and decreasingly ordered eigenvalues of X
and 2, respectively. The expression T'(k) denotes the Gamma-
function, f () = xe* E; (z), where E; () is the exponential
integral function, [z is the Pochhammer symbol, ie., [z]; =
Hf;ll (x +14) and [x]o = 1, and vi(X) is the Vandermonde
determinant of the decreasingly ordered eigenvalues {xi}le
of X € CF*F e, vi(X) = qu(xi —xj).

To arrive at the unifying mutual information expression in
this theorem, we show that

R 2 log|L, + 7C5!HQH"| ~ R(v, X, 2) (24)

for some suitable choice of eigenvalue matrices X and f2.
To this end, we remark that the receiver’s channel estimate
H is linear in Ygy ~ Nc(0,L,, Cry) (for statistical CSITx),
which is equivalently distributed as Ygryx =~ Cé){ 2Yw, where Yy,
consists of ii.d. complex Gaussian elements, i.e., [Yy];,; ~
Nc(0,1), and is of the same size as Ygy. Inserting Yy
into (20), we find

R =log I, + ySY, T"OTY,|, (25)

where we introduced the substitutes
o4 QL%XRKQ’HQR%./Q ro = rank{O} (262)
S 2 /P MAR Cl ApyChl?, 1 =rank{S}. (26b)

By noticing that the i.i.d. complex Gaussian distributed m X n
matrix Y, is invariant to left and right multiplications with
unitary matrices U and V, ie., Y, ~ UY,V (e.g., see [8]),
it can easily be deduced that the expected value of IR only
depends on the non-zero eigenvalues of O and S. We combine
these positive decreasingly ordered eigenvalues {o;};_, and
{wjty—y, with {w;};_, and {v;}}_, being the corresponding
eigenvectors, in the diagonal matrices X' = diag {o1,...,0,}
and 2 = diag {w1,...,w,}, respectively. As Theorem 1 only
considers the case where v > p, the mapping between (O, S)
and (X, £2) is given as follows: if we define y = min(rg,70)
and v £ max(rs,r0), then

fory=rs <ro -~

U=luy,...,
O foru=ro<rs [us il
(27)
- £ — e > .
vovi o]0 frv=rozrs g 0
S forv=rg>r0

Note that both eigenvalue matrices, ' and {2, are matrix
valued functions of @Q as Cley is affine in tr(QRry). Fur-
thermore, we remark that Theorem 1 is only valid for pair-
wise distinct eigenvalues {o;}/_; and {w;}}_;. Cases with
equal eigenvalues can be deduced either with suitable limiting



processes [17], or from [18]. Here, we restrict to the case of
distinct eigenvalues and p = rg < ro = v for simplicity.
According to Lemma 1, we differentiate R w.r.t. 7y as

O R= (axil'u ia'gp') 28)
olv=cl 3~ =pl TX —
Oy 9y =~ = O
where the derivative of x w.r.t. v is simply

Dy=dy, d=3w-mw—pu-1)-vv-1). 29
The derivative of |=,,| is found to be

P o=
Z1E| = 2021 |Zp,0 (30)

where E~'p_’0 is equal to =), except for its o-th row (or
alternatively column) which is differentiated w.r.t. v, i.e.,

(Eplii i#0
— ZO] b: =
Syl = oo o TOTPER g
Z kzk 1[1/ k] pF£i=o<p.
k=v—p
Here, we defined g,(x) for z € R} and y € N as
gu(@) = gza? U (3) =2 [(v=2)f () +3]  GD
and 22 — o;w;. With (28)-(32) and Lemma 1, we can

directly state the following proposition.
Proposition 1. The ergodic MMSE &(~, Q) is calculated as
2.@) = lCX<dZ|~p|+WZ\~pO)
p,o=1

where ¢, x, d, =), and Ep,o’ p,o € {1,...,u}, are defined
by (21), (22), (29), (23), and (31), respectively.

B. Ergodic MMSE Minimizing Precoder Structure

With above ergodic MMSE expression, we can derive the
basic structure of the optimal (MMSE minimizing) transmit
covariance matrix. To this end, we recast problem (12) as

Hgnf(%Q)
s.L.: Qioa tr(Q)SPT)U rank{Q}gl,

(33)

i.e., in terms of the transmit covariance matrix Q = PPH.
The trace constraint in (33) is due to ||PH§ = tr(PPY) =
tr(Q) and the positive semidefiniteness constraint as well as
the rank constraint follow from the definition of Q) as the
Gramian product of the precoder P with dimension n X [,
I < min(m,n) (see Section II). Introducing the EVD Q =
F&F!, with (sub-)unitary matrix F' and diagonal matrix &,
we can equivalently reformulate the optimization as

min &(y, FFM)

F.e (34)

st @ =0, tr(P) < Prg, rank{®} <,
because the positive semidefiniteness constraint, the trace
operator, and the rank operator are independent w.r.t. the
transform with F'. That is, we can interpret the ergodic

MMSE minimization as two problems: first, find the optimal
eigendirections F' of @ and then, compute the optimal power
allocation matrix ¢. Now, we focus on the first problem.

From the ergodic MMSE expression in Proposition 1, we
can infer that £(v,Q) only depends on the positive and
decreasingly-ordered eigenvalues of a3, O = RT/ > H RT
that are given by {agw;}i_, if v = ro > rg [cf. (26)].
The eigenvalues of S, {o;};" ,, are functions of tr(RQ) =
Ry D7y wj as Cey is given by (9).” Moreover, we remark
that the objective is monotonically decreasing in the used
transmit power tr(Q). Following a similar argumentation
as in [19, Proof of Theorem 1], we are able to prove that
the ergodic MMSE minimizing transmit covariance matrices
satisfy the following proposition.

Proposition 2. Ergodic MMSE minimizing transmit covari-
ance matrices must be constructed as Q = F®FH where
F = [f1,..., fr] € C"™"™ is (sub-)unitary and comprises
the eigenvectors to the rrx = rank{Rr.} strictly positive
eigenvalues of Rry, ie, Rry = FOFY ywith diagonal
¥ = diag{¢n,...,Yp} and 1 > ... > Pp > 0 for
convenience. The diagonal power allocation matrix @ =

diag {¢1, .. ., b, } satisfies | B2 = S, ¢i = Pry.

In the considered case where @Q is defined as the Gramian
product of P € C™*! and [ < min(m,n), @ is additionally
constrained to have at most r; = min(l, r14) strictly positive
entries. Precisely, only those r; eigenvalues in @ are of interest
which correspond to the dominant eigendirections of Ry, i.e.,
{¢r},., for non-increasingly ordered eigenvalues {15}, of
Ry, ThlS claim is based on the observation that the dominant
eigenvalues of O correspond to the dominant eigenvalues of
Ry, ie. aRXw] Yijp; withwy > ... >wy, and 9 > ... >
Yy (cf. [ 19 Proof of Theorem 1]).

Using above claim (for rry > [), we recast the structure of
the minimizer for problem (33) as

Q=FoF", (35)
where F = [f1,...,fi] € C*@! comprises the | dominant
eigenvectors of Ry, and @ = diag {¢, ..., ¢;}. Finally, note
that the transmit covariance matrix Q defines the precoder P
up to a unitary transform from the right. That is,

P=F&'/?J", (36)
where F' is defined in (35), $1/2 = diag{gb}m, c ;/2},
and J € C"*" is an arbitrary unitary matrix.

C. Gradient Projection Based Precoder Design

The structure of Q in (35) can be exploited for efficient
(gradient based) MMSE minimization approaches which work
directly on the eigenvalues {¢};_,. Precisely, inserting (35)
into (33), we consider the following problem [cf. (34)]:

min &(y, F&FY)
&

st @ =0, tr(P) < Pry. (37)

’In the special case of complete CSITx, S is independent of Q.



Contrarily to (33), the rank constraint rank{Q} < [ is always
satisfied in this formulation and is, therefore, superfluous.

Here, we suggest to customize the covariance based pro-
jected gradient method in [15] for problem (37).> The al-
gorithm performs a preconditioned gradient descent step in
each iteration, followed by an orthogonal projection onto the
constraint set. The gradient descent step for the eigenvalue
matrix & can be expressed as

S=Db—0-5-% (7,F¢FH) (38)

where 8 € R, denotes the (iteration-dependent) step size. The
iteration-dependent preconditioning scalar # can be chosen to
normalize the Frobenius norm of the gradient to the transmit
power Pry for increasing the convergence speed. Then, an
orthogonal projection onto the constraint set in (37) is applied.
The projection can be formulated as

&' = argmin @ - A|l? st tr(A) < P, A= 0, (39)
which is a convex optimization problem and can be solved
in closed form. The iteration-dependent step-size 3 can be
determined iteratively in order to ensure that the objective
decreases. For details, we refer to [15].

In order to apply gradient based optimization procedures,
like above projected gradient method for example, it is crucial
to derive the gradient of the ergodic MMSE, i.e.,

2 (v, FEFM) = diag { . &} (40)

0d1? > Oy
The problem is, that the ergodic MMSE is a function of
the eigenvalues {o;};_, and {w;}7_; which are continuous
functions in the power allocations {¢y, }_,. Hence, we have to
employ derivatives of eigenvalues w.r.t. real scalar parameters.
A short review is given in Appendix A.

With (47), we can explicitly calculate the necessary eigen-
value derivatives for evaluating (40) as we assume pair-
wise distinct parameters {o;};_; and {w;}"_;. To simplify
expositions, we restrict here to the case Where vV =r0 >
rs = , such that X' comprises the eigenvalues of S while
£2 comprises the eigenvalues of O. The other case, where
uw=ro < rg = v is analogously obtained.

The first order derivatives in (40) can be recast as

02 _Oxe-l aqual L 0|E,,|
O, Odr X Z ,02:1 Oy,

as a function of the parameter v, the (distinct) eigenvalues
{oi}i2, and {w;}7E ), and its derivatives w.r.t. ¢;. The details
of the derivation are presented in Appendix B and the first
order eigenvalue derivatives are given by [cf. (47)]

, (4D

%:u?gfuz ief{l,... pn} (42a)
Ow; .
or =v§{§’¢0 v; je{l,...v}, (42b)

3 Alternatively, we could exploit (36) for a precoder based gradient projec-
tion method (e.g., see [20])
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Figure 1.  Average achievable ergodic MMSE (statistical CSITx) over

Pry/o2 forn =4, m =1 =2, and values for pryx € {0.5,0.8,0.95}.

where the unit-norm eigenvectors u; and v; are defined via the
eigenvalue decompositions of .S and O, respectively. With (26)
and Proposition 2, above matrix derivatives are

% = *ﬂ’kCl/Q TAl C5lBriCy, ARxcl/2 (43a)
50 =t UerelU", (43b)

respectively, where ey, denotes the canonical unit norm vector
with a one at the k-th position and zeros elsewhere.

VII. NUMERICAL RESULTS

In this section, we first depict the dependence of the
proposed ergodic MMSE expression in Proposition 1 w.r.t.
the correlations at the transmitter side. Then, we compare the
achieved minimum average MMSE for partial and statistical
CSITx with the obtained performance for no CSITx and the
performance for designing both filters based on equal CSI [5].

We consider a system setup with n = 4 transmit antennas,
m = 2 receive antennas, and a maximum of [ = 2 data
streams. The correlation matrices of the channel are con-
structed with the exponential correlation matrix model, i.e.,
[RTx]i,] pr‘rz l and [RRx]i,J = pl‘{zx il with prx, prx € [0, 1].
The noise covariance matrices of the data link and the training
models are Cp, = 05,1, Cq = 031, and Cr,, = 07, I,
respectively. For the plots in this sectlon we used oy, JnRx =
0.1 and calculated the precoder and the equalizer for 1000
channel realizations and averaged over the resulting MSEs.

In Fig. 1, we depict the achievable minimum average
MMSE over the SNR Pry/c2 for statistical CSITx, partial
CSIRx, weak correlation at the receiver, i.e., prx = 0.5,
and three different values for the channel correlations at
the transmitter’s side, prx € {0.5,0.8,0.95}. Besides the
proposed average MMSE minimization method using gradient
projections (GP), we used a Monte-Carlo (MC) approach
to illustrate correctness of the resulting curves. We see that
the ‘theoretical’ results and the curves of the Monte-Carlo
approach intersect. All three minimum average MMSE curves
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Figure 2. Average MSE versus Pryx /o2 for a MIMO point-to-point system
with n = 4 Tx antennas, m = 2 Rx antennas, [ = 2, and partial CSIRx.

saturate in the high SNR regime. Due to partial CSIRx,
the receiver can only partially compensate for the imperfect
precoding strategy. Interestingly, we can observe that the
minimum average MMSE for statistical CSITx increases with
the correlation coefficient pr in the depicted SNR interval.
From these results we draw the conclusion that the statistical
CSITx performance strongly depends on the receiver’s CSI and
the experienced channel correlations at the transmitter side.

Now, we compare the minimum average MMSE for sta-
tistical CSITx and partial CSITx with the results for random
precoding and the filter design based on equal partial CSITx
and CSIRx, respectively. In Fig. 2, the obtained curves are
plotted over the SNR for prx = 0.8 and prx = 0.5, i.e., weak
receiver and medium transmitter correlation. In this context,
no CSITx means that the transmitter has no information about
the channel PDF fg(H) and the precoder is a randomly
created scaled sub-unitary n X! matrix. Already in this medium
correlation model, we achieve a remarkable gain if we exploit
statistical CSITx instead of randomly creating the precoder.
Statistical CSITx provides knowledge about the on average
dominant right eigendirections of the channel. We expect that
this gain increases with the correlation coefficient pryx. When
prx — 1, the transmitter obtains almost full knowledge about
the single dominant eigendirection of the channel, as Rry
becomes a rank one matrix, whereas prx — 0 means that the
transmitter has no CSITx as Ry — I,,—all eigendirections
of the channel become equally probable.

Regarding partial CSITx, Fig. 2 shows one curve for the
AO approach in Section IV and one curve for the case when
the better receiver’s channel knowledge is neglected and both
ends of the data transmission link use the worse partial CSITx
for the joint filter design [5]. Comparing these two curves, we
see that exploiting the better CSIRx can be highly beneficial,
depending on the imposed variance of the quantization noise
and the correlations at the transmitter’s side.*

“4In symmetric system setups with [ = m = n, similar conclusions can be
drawn. However, simulations have shown that the obtained gains are smaller.
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APPENDIX A
DERIVATIVES OF EIGENVALUES

The authors in [21] give a comparison of the methods for
calculating first (and second) order derivatives of eigenvalues
with algebraic multiplicity one. Calculating derivatives for
eigenvalues with algebraic multiplicity larger than one is
slightly more challenging (cf. [22], [23]). Next, we show
that the first order derivatives of eigenvalues from Hermitian
matrices can always be determined.

To this end, let the algebraic multiplicity of the [-th eigen-
value of the Hermitian matrix Z(t) € CM*M | with parameter
t € R, be m;, where 1 < m; < M. Furthermore, let
the diagonal matrix A; € R™ ™ comprise these m; equal
eigenvalues, i.e., A; £ M1y, and U; € CMxmu denotes the
corresponding (sub-)unitary eigenbasis. Then,

ZU, = U A, (44)
Note that U; £ Ul’ B is also a (sub-)unitary basis for any
unitary B € C™ > where U] is numerically determined.

Differentiating (44) w.r.t. ¢, multiplying the result with UlH
from the left, and reformulating the term, we obtain

oA HoZ H -, 0U H oU,
L =U'"2ZU, + UM Z% — U/ 25 A,. (45)
Since A; = M\1,,, at the current position ¢, it commutes

with any other matrix. Moreover, due to (44), the last two
summands in (45) cancel each other out, such that

oA, __ HoZ
oA _yhozy,,

ot (46)

Note that the result must be diagonal. That is, given a
numerically determined eigenvector matrix U/, we calculate
U, = U/B;, where B; must be a unitary eigenbasis of
U{’H%—fUl’ . Then, the partial derivatives of the m; equal
eigenvalues are the diagonal elements of (46). When the
algebraic multiplicity of \; is m; = 1, (46) simplifies to

on _ ,HOZ
ot — Wi g Wi

47
APPENDIX B
ERGODIC MMSE DERIVATION

Here, we determine the first order derivative of the ergodic
MMSE in Proposition 1 w.r.t. s € R, where we assume that
{oi}i—; and {w;}%_, depend on s. With the product rule for
differentiation, the derivative reads as

0z : o= 5o
% = 86—1(677[ _CX[dZ 6‘651)' +,y Z 662,o|:|- (50)
p=1

p,0=1




[Zp.olii q#i
- [ p,q]m 0Fq=i
Z .0 = 2, s vee b . 48
[Snoali 1 (z) it + QegrlEn) 05 Ot g=o=p=i<p @
ZZ i ukszQ[V Kl ((k 1)62” 62”""21,] ayaé) pFo=q=i<p
Feo(@) = 2gy(2) + 2" [(1 = (y - DA+ 2)f () + (v —1-3)] (49)

In order to differentiate x w.r.t. s, we remark that

o s~ _ _ _v—p N L
751 %l =-mr= ). = (51a)
— — B2 (g—0;
Ly (2 = v (@)t Ziq % (51b)
k] -1 -1 v %(wifwj)
v (@) = v (@) Y B (o)
respectively, to arrive at %X = Ks)X, Where
Y8 (i
l/ L Zas i Zaséj::;] _ZBS“(H:W]‘J). (52)

i<j i<j

The derivative 6‘;5 el

= | — Yo
wlEl =2 |5

—

where the first p rows in =

is similarly determined as in (30), i.e.,

(53)

X are equal to those of =),

in (31), except for replacing 7’] with az” , 1.e.,
(Eplig i#q
; 9v—1(2i,5) 55" i=q=p<p
= =q v s 54
Enalis = T e m e pricgze ©Y
k=v—p
. —29 .
(i—p—1)w; H 751 q=1i>p.

The derivation of ’Epyo

,i,0€e{l,...

9 | = v =
a_:p0|:§: }:p0q|
S ’ q:1 1Oy

where EAW,,q is equal to =, ,, except for its g-th row which
is differentiated w.rt. s. =, , is defined in (48), and the
derivative of g, (z) w.r.t. x is given by (49). Note that z; ; =

, i}, w.r.t. s reads as

(55)

~yowj, for i € {1,...,u} and j € {1,...,v}, such that
821 5 o; Ow
St = y(%w; + 0y 52L). (56)
The second order derivative of z; ; is calculated as
ot = By + o B (57)
Inserting (55)—(51) into (50) yields
5 - cz > | 6
ds ris( X A
= p=1 p,0=1
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