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Abstract

Problem of simulation of multivariate Lévy processes is investigated.
The method based on shot noise series expansions of such processes
combined with Gaussian approximation of the remainder is established
in full generality. Formulas that can be used for simulation of tempered
stable, operator stable and other multivariate processes are obtained.
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1 Introduction

In this work we consider a general problem of simulation of multivariate
Lévy processes with applications to stable-like and other processes. Sim-
ulation of stochastic processes is widely used in science, engineering and
economy to model complex phenomena. There is a vast literature on this
subject, just to mention classical monographs [9] on numerical solutions of

*Université Paul Sabatier, Laboratoire de Statistique et de Probabilités, 118, Route de
Narbonne, 31062 Toulouse, France.

fDepartment of Mathematics, University of Tennessee, Knoxville, TN 37996, USA.
Research supported, in part, by a grant from the National Science Foundation. The work
was begun during his visit at the Université Paul Sabatier.



SDE’s and [6] on simulation of one-dimensional stable processes. Applica-
tions of Lévy processes to stochastic finance and physics created the need
to have efficient simulation schemes for such processes. In this regard we
refer the reader to the recent monograph [3] and references therein. Beside
applications, computer simulation can be useful to understand the structure
of some multivariate Lévy processes for which we have now many interesting
theoretical results but for which our empirical understanding of the sample
paths is limited. For instance, we think that simulation of multivariate tem-
pered stable and operator stable processes will improve their understanding
and the way that they can be used as model.

Contrary to the one-dimensional case, close formulas for simulation of
increments of multidimensional Lévy processes are rarely available. Thus
one needs to use approximate methods. At the first level of approximation
of a Lévy process one can use an appropriate compound Poisson process.
However, when the Lévy process has paths of infinite variation, the error
(the remainder process) of such approximation can be significant. In the
one—dimensional case it was shown in [1] that the remainder process can
often be approximated by a Brownian motion with small variance. Adding
such small Brownian motion to the compound Poisson process will account
for the variability between the epochs of the latter process, improving the
approximation in general (see [1]).

There are two main issues related to the extension of this method to
the multidimensional setting. The first one is the construction of a family of
successive compound Poisson approximations of a multivariate Lévy process.
We use generalized shot noise series expansions of Lévy processes (cf. [15])
for this purpose. Such expansions can also be related to Lévy copulas (see
[3], Sect. 6.6) but we do not consider them here. The second issue is the
availability of a Gaussian approximation for the remainder process in the
multivariate setting. We want to approximate the remainder by a Brownian
motion with small covariance matrix.

Computational problems are the first features which distinguish the mul-
tidimensional and one-dimensional cases. Verification that a given process
admits Gaussian approximation can be involved and may constitute a result
by itself. Please see the operator stable case in Section 3.4. Once a Gaussian
approximation of the remainder is establish, we seek to replace the original
normalizing matrices by their asymptotics, wherever possible, to give simpler
formulas for simulation (cf. the tempered stable case, Section 3.3). Another
difference is that the remainder process in the one-dimensional case is sim-
ply a small-jump part of the Lévy process (cf. [1]). In the multidimensional
case such approach is too restrictive and may lead to substantial technical



difficulties (see Section 3.3 and Remark 3.5). Generally, a choice of the re-
mainder depends on the geometry of the Lévy measure of the process under
consideration.

The paper is organized as follows. The general problem of Gaussian ap-
proximation is considered in Section 2. In Section 3 we give applications to
multivariate stable, tempered stable and operator stable processes. Simula-
tion of stochastic integral processes driven by an infinitely divisible random
measure is discussed in Section 4.

In this article theoretical issues have been adressed. In an upcoming
article practical questions as well as efficiency of the simulation will be con-
sidered.

2 Gaussian approximation

In this section we give necessary and sufficient conditions for normal ap-
proximation of a multivariate infinitely divisible distributions.

Let {Xc}ee(o1] be a family of infinitely divisible random vectors in R4
with characteristic functions of the form

Ee' X9 — exp { / [t —1 — i<y,x>]y€(dx)} (2.1)
]Rd
where
/ ]2 e (d) < oo. (2.2)
Rd

X, has zero mean and covariance matrix Y. which can also be written as

= zx | ve(da). .
EE—/Rd (dx) (2.3)

In the sequel we will assume that Y. is nonsingular. It is helpful to relate
this assumption to the properties of v, and the distribution £(X,) of X..
Let us first state a general lemma.

Lemma 2.1 Let v be a measure such that [pq|z||*v(dz) < oo and ¥ =
fRd zx ! v(dx). The following conditions are equivalent

(i) ¥ is non singular;

(ii) the smallest linear space supporting v equals R4,



Proof: Suppose ¥ is singular, that is Xy = 0 for some y such that ||y|| = 1.
Consider
V={zecR? : (y,x) =0}

For any z € R? we have

0=(%y.2) = [ (.00 vido)
:/C<y,x)<z,x> v(dz)

where V¢ = R?\ V. In particular

/C(y,x>21/(dx) =0.

Since [(y,x)| > 0 when z € V¢ v(V¢) = 0 which means that v is concen-
trated on a proper subspace V of R,

Conversely, if v is concentrated on a proper subspace V of R? and y is
any unit vector perpendicular to V, then the above computation shows that
(Xy, z) = 0 for any z € R?. Therefore ¥ is singular. [J

If we apply this equivalence to X¢, then not only the smallest linear space
supporting v, equals R?, but also L(X,) is not concentrated on any proper
hyperplane of R, which follows from Proposition 24.17 (ii-3) in [17].

In the sequel I; will denote the identity matrix of rank d, N (0, I;) will

d
stand for a standard normal vector in R¢, and “Qﬁ’ will mean the conver-
gence in distribution. Our first theorem is a starting point of a method that
will be further developed in more specific situations.

Theorem 2.2 Suppose that ¥ is nonsingular for every € € (0,1]. Then,
as € — 0,

s-12x D w0, 1) (2.4)
if and only if for every Kk >0
/ (372, 2) v (dz) — 0. (2.5)
<E€_1m,x>>

Proof: We have
B3 X — exp { [ et 1 iy w4 ve(dw)}
Rd

=expq W) 1 — iy, 2)1(||x Ve(dx
—exp {ityb + [ [0 < 1= iy a1(Jo] < D] oula)



where U, = v 0 22/2 is the push forward of v, by the map z — 221/233 and

be = —/ 2 (dx) = —/ S22 v (dx).
[l]>1 = ?z)>1

To prove that (2.5) implies (2.4) we verify conditions from Theorem 15
in [8]. We need to show thus as ¢ — 0

be — 0 (2.6)

/ zx' U (dx) — Iy (2.7)
[[=[I<1

Ve(||lz|| > k) — 0, Vk>0. (2.8)

(2.6) holds because

e /| oy I
€ x||>

< / 127222 v (d)
£t x| >1

= / (712, 2) ve(dx) — 0.
(s

Tlzzy>1

by the assumption (2.5). Notice that

/ zx" ve(dx) :/ (27Y22)(2722) T v (da) (2.9)
Rd R4
= 221/2/ za! v (dz) STV = 1,
Rd

Denoting also by || - || the operator norm we get

o= [ aTnaol =0 (S ) T o)
lz<1 1251 2] >1
= / 1522 ve(dw) — 0
122 >1
as above, which proves (2.7). To get (2.8) we observe that

Pelz]) > k) < 52 /|| R
T>K

= M/ 127222 ve(dz) — 0.
||E_1/296H>n



Therefore, we proved that (2.5) implies (2.4).
To obtain the converse, note that from Theorem 15.14 [8], we must have
Ve >0

/ zx' Ue(dz) — Iy
lzll<s

as € — 0. By (2.9) we have

/ zx ! (dz) — 0.
lzl|>r
We infer that

/< v = / 15220 ? ve(de)
e T,L)>K

I e >k1/2

d
2 ~ 2 ~
- € d = ) € d
/”/ |2 7(dx) Z /II”W@ 2)? i (dr)

d

<ei,/ zx' U(dx)e)) — 0
llf|>r1/2

=1

where {e;}¢_, is an orthonormal basis in R%. The proof of Theorem 2.2 is
complete. [J

Note that in order to verify (2.5) it is enough to show it for some lower
bound for .. We state this simple observation for a convenient reference.

Lemma 2.3 Suppose that for every k > 0 there exist e(k) > 0 and a family
of positive definite matrices {3¢ : € € (0,€e(k))} such that Ve € (0,¢e(k))

Y > D, (2.10)

and
lim (X7 e, ) ve(dx) = 0. (2.11)

e—0 (Stlza) >k
Then (2.5) holds.

Proof: From (2.10) we have ¥-! < ¥-!. Hence, for 0 < € < €(k),

/(2_1 > (372, 2) ve(da) S/ (X7 1e, x) ve(dz) — 0
e T,x)>

(Sctz,a) >k

ase — 0. O



Corollary 2.4 Let d = 1 and v (dr) = 1(_ o (v)v(dr), where v is a Lévy
measure on R. Put

a2(e) = 22 v(dz).
@= [ wtvia)

By Theorem 2.2,

o X, 2 N(0,1) (2.12)

if and only if V k> 0

0'2(6)/ z?v(dz) — 0 (2.13)
{lz|>K1/20(¢), || <€}

as € — 0.

It is easy to see that (2.13) is equivalent to the condition of [1]: V £ > 0

o(e N ko(e))

o(e)

A simpler than the above and sufficient condition for (2.12) is

— 1. (2.14)

lim o(¢)

e—0 €

This is also a necessary condition when v does not have atoms in a neigh-
borhood of zero, see [1].

We can extend (2.14) (equivalently (2.13)) to a more general setting as
follows. Suppose v, is given in polar coordinates as

ve(dr, du) = pe(dr lu)A(du) >0, ue 8971 (2.15)

where ) is a finite measure on the unit sphere S and {u(- |u) : u € S?1}
is a measurable family of Lévy measures on (0,00). Define

o2(u) = OO’I“QGT"LL. .
)= [ i (2.16)

Theorem 2.5 Let v, be Lévy measures on R? given by (2.15) such that the
support of X is not contained in any proper subspace of R®. Suppose there
exists a function b : (0,1] — (0,00) such that

lim inf 2

e—0 b(é)

>0 A—ae. (2.17)



and for every k > 0
lim 5(6)2/ ||| ve(dz) = 0. (2.18)
0 ]| >#b(e)

Then Y. is nonsingular for sufficiently small € and

s-12x, D N0, 1) ase— 0.

Proof: Consider
A= / uu' A(du).
gd—1

A is nonsingular by Lemma 2.1. Hence inf, cga-1 (Av,v) =: 2a > 0. For any
Borel subset B of S41 put

AB:/BuuT A(du). (2.19)

There exists a 6 > 0 such that ||[A — Ag|| < a whenever A\(ST1\ B) < 6.
For such a set B and any v € S9!

(Apv,v) > (Av,v) — [|[A — Ag]|| > a.

Hence
AB > a[d (2.20)

whenever \(S4~1\ B) < 4.
From (2.17) we can find €p, €; € (0, 1] such that the set

B:={ueS¥!: inf ble) 202 (u) > e}

0<e<eg

satisfies A\(S91\ B) < §. Using (2.20) we get

So= [ [P o M > [ adeu” A
sd—1 Jo B
> aqb(e)2Id = 3.

Thus for any x > 0 we have

/@1 () v
e T,L)>K

<alertb(e) 2 / |2 v (dz).
l|lz||>(ae1k)'/2b(e)



Since the last expression converges to 0 by (2.18), Lemma 2.3 concludes the
proof. [J

Typically v, is of the form
ve=1p v (2.21)
and

26—/ zx' v(dx). (2.22)

where v is a Lévy measure and D, is a bounded neighborhood of the origin.
This is a natural extension of the case studied in [1] for d = 1. However,
contrary to the one—dimensional case, a centered ball is not always the best
choice for D.. We illustrate this point on examples in the next section.
On the other hand, the case when D, is a ball of radius € is typical and
important

Suppose a Lévy measure v has a representation in polar coordinates
v(dr, du) = p(dr|u)X(du) >0, ue St (2.23)

Here {u(- |u) : u € S71} is a measurable family of Lévy measures on (0, 00)
and \ is a finite measure on the unit sphere S¢! such that the support of
)\ is not contained in any proper subspace of R,

Theorem 2.6 Let v be a Lévy measure on R? given by (2.23). Consider
ve(dx) = 1p, (z) v(dz) where

D.={z eR%: |jz|| <€}
If
lim 6_2/ r2 p(dr|lu) =00 \— a.e. (2.24)
(0,6)

e—0

then X¢ is nonsingular and
—1/2y (@)
XX —= N(0,1;) ase— 0,
where Y. is given by (2.22).

Proof: We have



Therefore, condition (2.24) says that

lim LE(U)
e—0 €

=00 A—a.e. (2.25)

We can choose a sequence ¢ \, 0 such that the sets
By = {u e g4t inf{ae(u) 0<e< ek} > k2}
€

satisfy A\(By) > A(S91)(1 —27%), k =1,2,.... Then Sp = U, N, Bk
has full A-measure. Put b(e) = ek for €11 < € < €x. It is clear that

lim @ = 00. (2.26)
e—0 €
and for each u € Sy there is an n such that v € By, for £ > n. Hence for
€1 < €< e <€y
oc(u) oc(u)

= k
b(e) ke T
which proves that
im w =00 A—a.e.
e—0 b(&)

Thus (2.17) of Theorem 2.5 holds. Using (2.26) and the form of v, we infer
that for each x > 0 and sufficiently small € > 0,

/ 2|2 ve(de) = / |2 v(da) = 0.
|z||>kb(e) {llz||>kb(e),||z||<e}

This verifies condition (2.18) and Theorem 2.5 concludes the proof. J

3 Application to simulation of multivariate stable—
like Lévy processes

3.1 General Lévy processes setting

Consider a Lévy process X = {X(t) : t > 0} in R? determined by its
characteristic function in the Lévy—Khintchine form

E exp iy, X (1))

—ep {tfitan) + [ (@ <1 - itga(le] < v | @

10



We will say that v is the Lévy measure of X. Let v. < v be a measure
satisfying (2.2), that is

/ 2|12 ve(de) < oo,
Rd

and such that v¢ := v —v, is a finite measure for every € € (0, 1]. Decompose
X into a sum of two independent Lévy processes

X =X+ X, (3.2)

where X, is determined by

Eexpily, X.(t)) = exp {t [/R (€2 1 i(y,z)) ye(dx)] } |

d
Process X€ can be represented as
X =a,+ N° (3.3)

where a, = {ta. : t > 0},

e = z v (dx) — rv(dx), 3.4
A 50

and N¢ = {N¢(¢) : t > 0} is a compound Poisson process with Lévy measure

v¢. There are various methods to simulate process N¢. If ¥ Y 2Xe(l) @),

N(0,1;), then we may approximate X, by W, a centered Brownian motion
with covariance matrix Y., where

e :/ zx ! ve(dz).
Rd

Sometimes, ¥ may be too complicated for practical use. In this case we may
try to replace it by a simpler asymptotic. The method of approximation of
X is precisely stated in the following proposition.

Proposition 3.1 Let X = {X(t) : t > 0} be a Lévy process in R? deter-
mined by (3.1). Suppose that

212, (1) N0, 1) ase— 0
and for some family of nonsingular matrices { Ac}ee(o,1) of rank d we have

AT (AHT -1y ase—0. (3.5)

11



Let a., N€ be as in (3.3), and let W = {W(t) : t > 0} be a standard
Brownian motion in R% independent of N€.

Then for every e € (0, 1] there exists a cadlag process Y. = {Y(t) : t > 0}
such that

X Ya + AW+ N +Y, (3.6)

i the sense of equality of finite dimensional distributions and such that for
eachT'> 0

sup |[AZTYL(1)] B0 ase—o. (3.7)

te[0,7
Proof: Consider the polar decomposition
ATIR? = C. U,

where C. positive definite and U, is on orthogonal matrix, see, e.g., [4],
Theorem 12.2.22. Then

C?=c.ol =A7' (ATHT = 1,

Let €, — 0. There exists a subsequence {ny} such that Ue,, — U, for some
orthogonal matrix matrix U. Hence

— U.

€nk Enk

Alni?=c, U
€ny, “€ny
Consequently,

_ - - (4)
Aenlk Xﬁnk (1) - (Aénlk Ei’r{i) Eenlk/ZXenk (1) - N(O’ UUT) = N(O’ Id)

Thus A-1X (1) @, N(0,I;). By a theorem of Skorohod (cf. [8], Theorem

15.17) there exist Lévy processes Z, = {Z(t) : t > 0} such that Z, & AZIX,

and
sup [|Z(t) = W(@B)| o0 ase—0 (3.8)
te[0,T7]
for each T' > 0. Making W and N¢ depend on different coordinates of a
large enough probability space, we may also assume that Z. and N€¢ are
independent. Put
Y.=A(Z:.—W).

Then

XD +xX, +NDa + 4.7, + N

=a +AW,+N+Y,.

12



This proves (3.6), (3.7) follows from (3.8). O
Conditions (3.6)—(3.7) make precise the statement
X ~a, + AW + N, (3.9)

There are two practical issues related to implementation of (3.9). The first
one is how to define v, so that X (or its asymptotic) is computable. The
second one is how to generate N€ efficiently. We will illustrate these issues
in the following examples.

3.2 Stable processes

The Lévy measure v of an a-stable process X in R? has the form in polar
coordinates
v(dr, du) = ar~ " dr \(du) (3.10)

where o € (0,2) and ) is a finite measure on S~!. Denote ||| = A(S41).
Assume that X (1) is not concentrated on a proper hyperplane of R?, which
by Lemma 2.1 means that A is not concentrated on a proper subspace of RY.

The compound Poisson process N€ of (3.3) can be generated from a shot
noise expansion of a stable process. Namely, let {e;} be an iid sequence of
exponential random variables with parameter 1 and v; = €} + --- + e;-.
{v;} forms a Poisson point process on (0,00) with the Lebesgue intensity
measure. Let {7;} be an iid sequence of uniform on [0, 7] random variables.
Finally, let {v;} be an iid sequence of random vectors taking values in S¢~*
with the common distribution A/|[A[|. Assume that {v;}, {7;}, and {e}} are
independent. For € € (0,1] and ¢t € [0,7] define

NE(t) = (TIADY™ D" Loy Vv, (3.11)

vj<et

It is elementary to check that N¢ is a compound Poisson process with char-
acteristic function

J;||26(1)/a

Eexpi(y, N°(t)) = exp {t/ (e'W) — 1) V(dac)}

where
€0 1= || A[|Te. (3.12)

13



Therefore, we define ve(dz) = 1p, (z)v(dx), where D, = {x : ||z|| < eé/a}.

ve is of the form (2.21). Then, by (2.22),
o'

S, = e/ (3.13)

2—«

where
A= uw' \(du). (3.14)
Sd—1
Since v is of the form (2.23) with u(dr|u) = ar=!=%dr and

(07

-2 2 —a
€ r* u(driu) = e Y — oo,
/(0,6) ‘ ) 2 —«

we infer from Theorem 2.6 that

52X (1) D N0, ).

Therefore, the approximation (3.9) applies. By Proposition 3.1 we have

Proposition 3.2 Let X be an a-stable Lévy process with Lévy measure
given by (3.10). Suppose that the support of \ is not contained in a proper
subspace of R?. Let T be fized and recall that ey := || Te. Let N€ be given
by (3.11), W be a standard Brownian motion in R? independent of N¢, and
ac be a shift determined by (3.4). Then, for every e € (0,1] there exists a
cadlag process Y. such that on [0,T)

X @ a, +eé/“*1/2(2i)1/2A1/2w+N€ +Y, (3.15)
-«
in the sense of equality of finite dimensional distributions and such that

27V qup 1)) 0 ase—o. (3.16)
te[0,T]

Proof: We apply Proposition 3.1 to A = 22/2, where ¥, is given by (3.13).
We obtain (3.15) and

(07

Ve < JANAZ YL (@)]] < e/ * 2 (o) 2 A2 | AZ Yo (b))

2 —«

Since A is nonsingular, (3.7) yields (3.16). O

14



3.3 Tempered stable processes

Recall that the Lévy measure of a tempered a-stable process X in R? is of

the form
v(dr,du) = ar~*Lq(r,u) dr \(du), (3.17)

in polar coordinates , where a € (0,2), A is a finite measure on S9!, and
q:(0,00) x 8971 (0, 00) is a Borel function such that, for each u € 41,
q(-,u) is completely monotone with ¢(0+,u) = 1 and g(co,u) = 0. For
this and further facts on tempered stable distributions and processes see
[16]. As in the previous section, assume that A is not concentrated on a
proper subspace of R? and put ||A|| = A(S?1). Define a finite measure @Q
on R := R4\ {0} by

Q(A) = /Sdl /000 14(ru) Q(dr|u)A(du)

where {Q(-|u)},ega-1 is a measurable family of probability measures on R
determined by q(r,u) = [;° e Q(ds|u). Note that Q(RE) = [|A|.

Let {v;} be an idd sequence in R¢ with the common distribution Q/||A.
Let {u;} and {e;} be iid sequences of uniform on (0,1) and exponential
with parameter 1 random variables, respectively. Let {v;} and {7;} be as
in the previous section. Assume that {v;}, {u;}, {e;}, {7;} and {r;} are
independent of each other.

Again, it is natural to take as the process IN¢ the partial sum of a shot
noise representation of a tempered stable process. Such representation is
given in [16], Theorem 5.4. Therefore, we have for € € (0,1] and ¢ € [0, T]

w NV ey 1)
N = 3 ) ( () eIl ) @9

v <e 1

N¢€ is a compound Poisson process with characteristic function

Eexpi(y, N(t)) = exp {t/}Rd(e”y’m> - 1) Ve(dx)} .

From the proof of Theorem 5.1 [16] or otherwise, we can verify that
ve(dr,du) = k(r,u) drA(du),

in polar coordinates, where

K (r ) eala [r‘lq(r, u) — rol froo as~1q(s,u) ds] 0<r< e(l)/a,
ru) =
’ ar“‘_lq(r, w) T > eé/a

15



and ¢y = T'||A|e, as in (3.12). Notice that the process N€ has both large and
small jumps, which is different from the stable case treated in the previous
section. Moreover, since k°(r,u) < ealarflq(r,u) < ar~g(r,u), if 0 <
r < 6(1)/ “ we have v < v. Hence v, = v — 1 has polar representation

ve(dr,du) = kc(r,u) drA(du) where

o0
ke(r,u) = 04(7"_0‘_1 - ealr_l)q(r, u) + ealaro‘_l / ozs_o‘_lq(s, u)ds
T

ifo<r< e(l)/a and kc(r,u) =0if r > e(l)/a. v, is of the form (2.15) (but not
as in (2.21)). We will use Theorem 2.5 to show the normal approximation
for X.(1). We begin with an estimate for o2(u).

[ee} 1/
a2 (u) :/ ke (r,u) dr > aq(e(l)/a,u)/ ’ (r=ot — eslr) dr
0 0
2

o 2/a—1 , 1/«
0 —a) € q(ey ~,u).

Therefore, condition (2.17) holds with b(e) = e(l)/a_l/2. (2.18) trivially holds

. . 1
because v, is concentrated on a ball of radius 60/

|2 ve(de) = / |2 v(de) = 0
/nx>neé/a”2 ‘ (llzll>rel/ 212 o) </

0

o
and we have

for sufficiently small e. Consequently, 221/2X6(1) @, N(0,1;). As it is, X

can be very complicated. However, we will prove that

eéfz/aEE i aA as e — 0 (3.19)
which shows (3.5) for
1a—1/2, O
A =e/*7 (m)l/QAW. (3.20)

To establish (3.19) we will need bounds for ¢2(u). First we notice that

1/a

€0
af(u) < a/ r*qu(r, u)dr < a eg/a_l
0

which yields

6(1]72/0425 _ 6(1)2/oz/ J?(U)UUT Adu) <
Sd—1

16



To get a lower bound we write

1/a
€0
s =a [7 P - g ) dr
0
6l/oc
0
> q(e(l)/a,u) @ eg/a_l — aeol/ 7‘256(7“, u) dr
2 — (6% 0
where -
le(ryu) = riq(ru) — ro‘_l/ s Lg(s,u) ds.
Then

(3.22)

Notice that 0 < k(eg,u) < 1 and lim_ k(eg,u) = 0. Combining the above

estimate with (3.22) we get

2/a—1[ , 1/a Q@
o2(u) > e [q(eo/ )y = k(eo,u)].
which together with (3.21) yields
a_ > eé—z/aze > a
2-a 2 -«
1/« (e% T
- /s (0= gl w) 5 — ko w) " Ad)

Applying now the Dominated Convergence Theorem we establish (3.19) and

so (3.20). In conclusion, using Proposition 3.1 we obtain

Theorem 3.3 Let X be a tempered a—stable Lévy process with Lévy measure
given by (3.17). Suppose that the support of \ is not contained in a proper
subspace of RY. Let T be fized and e be as in (3.12). Let N€¢ be given by
(3.18), W be a standard Brownian motion in R? independent of N¢, and a,

be a shift determined by (3.4).
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Then, for every e € (0,1] there exists a cadlag process Y. such that on
[0,T]
x 9 a 4 eé/a*”?(%)l/?z\lﬂw + N+ Y. (3.23)
-«

in the sense of equality of finite dimensional distributions and such that

27V sup 1)) 0 ase—o. (3.24)
te[0,7]
The basic difference between (3.23) and (3.15) is in the form of N¢ (and
implicitly, in a. and Y,).

3.4 Operator stable processes

A Lévy process X as in (3.1) is said to be operator stable with exponent
B € GL(R?) if for every ¢ > 0 there exists a vector b(t) € R? such that
x(p) DB

(t) = t°X(1) 4+ b(¢) (3.25)
where t? = exp(Blogt). A comprehensive introduction to operator stable
laws can be found in the monographs [7] and [12]. Since X has no Gaussian
part, the necessary and sufficient condition for B to be an exponent is that
all the roots of the minimal polynomial of B have real parts greater than
1/2 (cf. [7], Theorem 4.6.12). For a description of the Lévy measure of X
it is convenient to use a norm || - | on R? that depends on B as follows

1
Han——Jg |sPz))s" ds.

Let Sp denote the unit sphere in R? with respect to ||-||g. Then there exists
a finite Borel measure A on Sp such that the Lévy measure v of X is of the
form

= - sBu)s™2ds U .
vW—L%lM )52 ds(du) (3.26)

where A € B(RY) (cf. [7], Proposition 4.3.4).

To establish the approximation (3.9) we start with the compound Poisson
process IN. It is natural to look at a shot noise representation of X. As
suggested by a remark following Corollary 4.4 [14], we may take

Ne(t) = Z I(O,t](Tj) (Tﬁ%\”) Uj. (3.27)

v <e 1
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This is a complete analogy of (3.11) with the same notation, except 1/«
is replaced by B and S%! by Sp. It is elementary to check that N€ is a
compound Poisson process with characteristic function

Eexpi(y, N°(t)) = exp {t/ / (ei<y’$B“> —1)s72 ds)\(du)}
Sp Jeo

where €9 = ||\||T¢, as in (3.12). Combining this with (3.26) we have

:/SB /060 14(sBu)s™ 2 dsA(du).

From (2.3) we get

_ / BA(sB)T s2ds (3.28)
0

where A is given by (3.14) (with S?! replaced by Sg). We also observe
that

1
Ye=ept / (cor)BA((eor)B) T r72dr = g el 21 ()T (3.29)
0

Let ling(supp)) denote the smallest B-invariant subspace of R? containing
the support of \. If v is as in (3.26), then the support of v is not contained
in a proper subspace of R? if and only if

ling(supp \) = R? (3.30)

cf. [7], Corollary 4.3.5. If X does not lie in a proper subspace of R, then
(3.30) clearly holds.

Theorem 3.4 Let X be an operator stable Lévy process with exponent B
and Lévy measure given by (3.26) such that (3.30) holds. Let T be fized
and €y be as in (3.12). Let N€ be as in (3.27), W be a standard Brownian
motion in R? independent of N€, and a. be a shift determined by (3.4).

Then, for every e € (0,1] there exists a cadlag process Y. such that on
0,7]

X @a, 285 PW 4 N+ Y, (3.31)
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in the sense of equality of finite dimensional distributions and such that for
every 6 >0

6(1]/2—min{b1,...,bd}+6 sup |[Y.(8)| @) 0 ase— 0 (3.32)
t€[0,T]
where by, ...,bq are the real parts of the eigenvalues of B.

Proof. First we will prove that ¥; is nonsingular. By Lemma 2.1 we
need to show that supp vy = R%. Following Corollary 4.3.5 [7] we have

supp v; = {x:m:sBu, 0<s<1, u€suppA}.

Let
L = lin(supp v1)

be the linear space spanned by supp v;. We will show that L is B—invariant.
To this end it is enough to show that if z = sPu € suppry, 0 < s < 1
and u € supp \, then BsPu € L. Take 6 < 1 such that s < s < 1. Then
(0s)Pu € suppvy and hence

B, _ .B
BBy — lyy (08 U —s"u

e L.
6,1 log 6

Since L is B-invariant and contains support of A, L = R¢ by (3.30). Thus
31 is nonsingular. We infer that

X1 > alg
where ¢; = min = (X1z,7) > 0. By (3.29) we get
Ye > creg el (€6)T. (3.33)

We will use Lemma 2.3 in the proof of normal approximation. To this end
we need to find a lower bound X, of ¥, which satisfies condition (2.11).
The Jordan decomposition of the exponent B states that

B=D+N (3.34)

where D is semi-simple and N is a nilpotent matrix such that DN = ND.
See e.g., Theorem 2.1.18 [12]. Then, for any s > 0,

SB( B)T — SDSN(SN)T( D)T.

S S
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Choose § > 0 to be determined later. Since —N T is also nilpotent, the real
part of all eigenvalues of —N T are zeros. Therefore, there exists ¢p > 0 such
that for all s € (0,1]

s~V < eas™? (3.35)
(see [11], for instance). Hence
lall < s~ [lls™ 2] < cas™fls™ 2]
for s € (0,1]. This yields
lz]* < s~ (s™ (s™) T, 2)
or
V(M) > e35%1,
for s € (0,1]; e3 = ¢, 2. Consequently, for s € (0,1]
sB(sP)T > e35205P(sP)T. (3.36)
Since D is semi-simple, D = UEU ! where U is a unitary matrix and
E = diag(ey, ..., eq),

is a diagonal matrix with the diagonal ej,...,eq, where e = by + ib;C are
the eigenvalues of B. Thus

D(SD)T _ (USEU—l)(USE*U—l)
= Udiag(s®™,...,s®)U~!

S

where E* is the complex conjugate transposed of . Combining this with
(3.36) we have for s € (0,1]

sB(sP)T > e U diag(s?172, ... s%at20) =1,
Combining this with (3.33) we get for 0 < ¢y <1
S > e U diag(e, ... et U™ =: 5.

where ¢4 = cjcs3.

To verify condition (2.11) we first estimate (Y- 'z, z) for = sPu, where
0<s<e<1landueSg. Weget
(2 1sPu, sPu) = <(sD)TE LsP N, sNu)
1) 3 D

< s 2Y(sP) TSP

- c5c4leé W57 ding((2), - (") U

= sl “ndlag((*)%l—%,...,<i>2”d—25)u.

€0 €0

21



In the first inequality we used the fact that the bound (3.35) holds for any
nilpotent matrix (with possibly different constant) and the fact that Sp is
bounded. If 6 = 1/8 and ¢g = 05021, then the above bound shows that

(271sPu, sBu) < 066(1)/2, (3.37)

whenever 0 < s <¢y <1 and u € Spg.
Then, for every x > 0 and ¢y < 1 we have

/@ (B v
e IT,L)>K

// i (S 1sBu, sBu) s72 dsA(du)
{(s,u)€(0,e0]xSp: (S sBu,sBu)y>r}

=0
when ¢ < cg 2k% (or when e < cg 2k2|[A| 71771 by (3.12)). Indeed, in view
of (3.37) the region of integration is empty for ¢y < ¢ 2x? . Therefore, (2.11)
trivially holds and 272X (1) “% A(0, I,).
Applying Proposition 3.1 for

A, = e Pefnl/?
we get (3.31) and that

sup [|A1Ye ()] L0 ase—o0. (3.38)

te[0,7

Proceeding as above we can find positive constants ¢ and ¢, such that for
every ¢g < 1 and 6 >0

AEAGT =3 < c’lealeég(eoB)T
< chey e ()]

= céeal_QéUdiag(egbl, A egbd)Uf1

< 6,266172%2 min{bl,...,bd}ld.

This yields
||AE|| < 6681/2_6+min{b17--wbd}.

where ¢ = \/c,. Therefore,
_ — -4 i _
Ye()] < JAN AT YL (8)]] < e /27 0mintbnsbaby A=ty ()],

which together with (3.38) yields (3.32). The proof is complete. [J
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Remark 3.5 One may also consider
N3 Vi -B i -B
Nt) =3 ton)I (| (75) il 2 ¢) (7)o
®) : oa(m)I( (TH)\H) K _6><T||)\||> K

That is, the remainder process X, has jumps of magnitude less than €. From
both theoretical and computational point of views the compound Poisson ap-
proximation N of (3.27) is more tractable than the above. As a matter
of fact, we were unable to establish Gaussian approzimation of X¢ in full
generality, for any operator stable process.

4 Other applications

4.1 Independent marginals

The normal approximation for independent marginals can be deduced from
the one-dimensional result of [1]. The aim of this example is to show how
the approximation follows from our general scheme. Suppose that the co-
ordinates of the multivariate Lévy process X (t) = (X1(¢),...,X4(t)) are
independent. Let v; be the Lévy measure of X;. Then

d
v(doy,. .. dzg) =Y 6(dz1) ® - @ vi(dr;) ® -+ ® §(daq)
=1

where 4 are Dirac masses at 0. Let D, = { € R?: ||z| < ¢} and ve = yp, .
Define o?(€) = f|zz_|<e x2v;(dz) for 1 < i < d. Then

Y= / zx ' v(dr) = diag (oi(e),...,0o5(e))
where diag(a;) is a diagonal matrix with the diagonal ay,...,aq. In view of
Corollary 2.4, (2.5) holds if and only if for every i = 1,...,d and k > 0

oi(koi(e) Ne)
ai(€)
If (4.1) holds then by Proposition 3.1

—1 ase—0. (4.1)

diag (afl(e), e ,a;l(e)) X, 9D .
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4.2 Normal asymptotic for stochastic integral processes

Let X = {X(t) : t € T} be a stochastic process represented as a stochastic
integral

X(t) = /S F(t,s) M(ds)

where f is a deterministic function and M is an infinitely divisible random
measure with no Gaussian part. For more information on such integrals, see
[13]. To simulate X it is useful to have the normal asymptotic of the part
corresponding to “small jumps” of M. Then one can write an approximation
of the type (3.9) with W being a Gaussian process. Such approximation was
used in [10, 2] to simulate locally self-similar processes defined by a fractional
integral of a Lévy random measure.

To illustrate how this method fits into our general framework, we con-
sider the following simple situation. Let N be a Poisson random measure
on S x R, where S is a Borel set. Let m ® @ be the intensity measure of N,
where [ 2% Q(dr) < oo and Q({0}) = 0. Consider a random measure

M(A) = /A/Rx [N (ds,dz) — m(ds)Q(dz)],
where A € B(S), m(A) < oo. Clearly, the process
X(t) = /Sf(t, s) M(ds) = /S/R:cf(t, s) [N (ds,dz) — m(ds)Q(dz)]
is well defined when f(t,-) : S+ R is a Borel function such that
[ [ st 9P mids) Q) < oc
S JR

for every t € T. Put
M.(4) = /A /x|<e 2 [N(ds, dz) — m(ds)Q(dz)],

and

X.(t) = /S F(t,5) M.(ds).

We will investigate normal asymptotic of the process X, = {X(t) : t € T}.
To this end, define

o2(e) = 22 Q(dx
(€) /H Qdz)
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and
K(t,u) = Cov(X /f (t,s)f(u,s)m(ds). (4.2)
Proposition 4.1 Suppose that for each k > 0

o(koe Ne)

a(e)

—1 ase— 0.

Then

)X, DWW a5 e—0 (4.3)

in the sense of convergence of finite dimensional distributions, where
W = {W(t) : t € T} is a centered Gaussian process with the covariance
function K given by (4.2).

Proof: Let t1,...,t, €T, a1,...,a, € Rand n > 1. Then

Zﬁﬂﬁﬁ=LM@MMQ

where .
9= a;f(t).s).
=1

We need to show that
Za] i ) 9D N0, 0 9 (4.4)

where

For every u € R we have
E exp {zu Z ane(tj)} = exp {/ (€™ — 1 — juv] Ve(dv)}
j=1 R

where

ve(B) =m® Q((s,z) : || < e, zh(s) € B\ {0})
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for any B € B(R). Notice that v, is not obtained by a truncation of Lévy
measure and may have unbounded support. Nevertheless, we can use The-
orem 2.2 in this (one-dimensional!) case. We compute

e = 0%(e) /S [A(s)]* m(ds) = o*(e)|]3.

If [[hfl2 = 0, then 377, a;X(t;) = 0 a.s. and (4.4) trivially holds. Other-
wise, we verify condition (2.5)

o 2(e)|h3? / 2 v(dz)
|z|>rK1/2||h]|20 (), z| <€

o) | 22 Q(dx)
|z|>K1/2| k|20 (€), x| <€

<1—0"2(e)o?(e A K'?||h|20(€)) — 0.

Theorem 2.2 gives (4.4). O
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