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Introduction

Systems in biology, physics and other sciences are frequently modelled by evolutionary
partial differential equations (PDEs). Many equations arising from mathematical physics
were extensively studied and are yet well-understood (see |69] or [42]). Within the past
decades, great interest arose in the modelling of biological systems and in new classes of
PDEs emerging from this field. Analysing the behaviour of these models often requires
new mathematical tools and ideas since the standard theory does not apply. A famous
example is the chemotaxis system (see [44]), which describes the dynamics of a bacterial
population in a spatial domain. The population follows the gradient of a chemotactic agent
that is produced by the population itself and moves towards regions where substrate con-
centrations are higher. This problem attracted many mathematicians and deep analytical
results were established.

Our focus lies on mathematical models that are formulated as systems of non-linear
parabolic PDEs. We aim at studying the qualitative behaviour of solutions by using meth-
ods from the theory of dynamical systems. Each particular problem requires to choose
appropriate function spaces and to prove the existence, uniqueness and continuous depen-
dence of solutions on initial data. Once the well-posedness of the model is established,
the time evolution of the system can be described in terms of semigroups acting in infinite
dimensional spaces, or by evolution processes in the non-autonomous context. The central
motivation for our analysis are systems of quasi-linear parabolic PDEs arising in the math-
ematical modelling of biofilms. The models describe the growth of spatially heterogeneous
bacterial biofilm communities and are formulated as highly irregular density-dependent
reaction-diffusion equations. The governing equations for the biomass density exhibit two
degenerate diffusion effects simultaneously, which lead to difficulties in the analysis. Many
interesting mathematical questions arise since standard methods are not applicable and
new tools have to be applied to establish the well-posedness of the models.

Apart from proving the well-posedness of concrete mathematical models we are interested
in the qualitative behaviour of solutions. As in the models for the growth of biofilms in
most biological applications the solutions describe non-negative quantities. It is therefore
essential for the mathematical model that solutions emanating from non-negative initial
data remain non-negative as long as they exists. Models that do not guarantee the posi-
tivity of solutions are not valid or break down for small values of the solution. Motivated
by the models describing the growth of bacterial biofilm communities we are particularly
interested in systems of quasi-linear parabolic PDEs.

Another important qualitative aspect is the longtime behaviour of solutions. When we
consider a system of competing species it is an interesting problem if and which species will
persist, will become extinct or whether multiple species will coexist after transient states of
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the system have passed. Since we are dealing with models that are formulated as systems of
PDESs the phase space of the generated dynamical system is infinite dimensional. However,
the longtime dynamics can often be reduced to the dynamics on the global attractor. The
global attractor is an invariant, compact subset of the initially infinite dimensional space
which attracts all solutions. The theory of attractors is well established in the context
of autonomous systems (see [5], [69] or [42]). However, time-dependent coefficients in the
equations or random effects are significant in various cases. In biological applications the
model parameters frequently depend on the life cycle of the involved species or daily or
seasonal changes in its behaviour. In other cases random fluctuations of the environment
should be taken into account. This leads to non-autonomous or random dynamical sys-
tems. The longtime behaviour and notion of attractors in the non-autonomous setting is
far more complex, not yet very well understood and currently an active field of research.

Overview

The thesis consists of three major parts. Mathematical models for the growth of bacterial
biofilms are addressed in the first chapter. The main result is the well-posedness of a
mathematical model which describes a communication mechanism used by cells in growing
biofilms to coordinate behaviour in groups. In Chapter 2 we formulate necessary and suf-
ficient conditions for the positivity of solutions of systems of parabolic PDEs. Our results
yield criteria for the positivity of solutions, which are easy to verify and allow to validate
mathematical models. First, deterministic systems are considered and then stochastic per-
turbations of semi-linear parabolic systems. Chapter 3 is devoted to exponential attractors
of infinite dimensional dynamical systems placing emphasis on non-autonomous problems.
The central result is the construction of pullback exponential attractors for time continuous
evolution processes in Banach spaces. Parts of the thesis are contained in the articles [10],
[18], [31], [34] and [68].

Chapter 1
Mathematical Modelling of Biofilms

Biofilms are dense aggregations of microbial cells encased in a slimy extracellular matrix
forming on biotic or abiotic surfaces in aqueous surroundings and play an important role
in various fields. They are beneficially used in environmental engineering technologies, if
they form on implants and natural surfaces in the human body they can provoke bacterial
infections, and biofouling of industrial equipment can cause severe economic defects for
the industry. Mathematical models of biofilms have been studied for several decades.
They range from traditional one-dimensional models describing biofilms as homogeneous
flat layers, to more recent two- and three-dimensional biofilm models that account for the
spatial heterogeneity of biofilm communities. We study deterministic continuum models
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on the meso-scale (50um — 1mm), the actual biofilm length scale. The biofilm as well as
the aqueous surroundings are assumed to be continua.

The prototype of the models we address is a deterministic multidimensional biofilm
growth model, which was first proposed in [24]. The model describes the growth of a
bacterial biofilm community consisting of only one species, and is formulated as a highly
non-linear reaction-diffusion system for the volume fraction occupied by biomass M and
the concentration of the growth-controlling substrate .S,

SM
=dsAS — k1 ——— 1
atS S S 1k2+87 (0 )
MS
OM = dV - (Das(M)VM) + ks == — halM.

The main difficulty is to model the spatial spreading mechanism of biomass: Expansion
occurs locally only where and when the biomass density approaches values close to the
maximal possible cell density, and biofilm and liquid surroundings are separated by a
sharp interface. While the substrate concentration satisfies a standard semi-linear parabolic
equation, the spatial spreading of biomass is described by the density-dependent diffusion
operator

M(l
(1— M)
where a,b > 1. The diffusion coefficient exhibits a polynomial degeneracy which is well-
known from the porous medium equation and shows super diffusion. Both non-linear
diffusion effects are necessary to reflect the experimentally observed characteristic growth
behaviour of biofilms, and the highly irregular structure causes difficulties in the mathe-
matical analysis. The single-species single-substrate model was mathematically analysed
in [30], and the well-posedness of the model was established. Moreover, it was shown that
the generated semigroup possesses a global attractor.

Various applications require to take further biofilm processes into account and to distin-
guish between multiple biomass components. The prototype biofilm model was therefore
extended to reaction-diffusion systems involving several types of biomass and multiple dis-
solved substrates. The model introduced in |21] describes the diffusive resistance of biofilms
against the penetration by antibiotics. In [45] an amensalistic biofilm control system was
modelled, where a beneficial biofilm controls the growth of a pathogenic biofilm. The
structure of the governing equations of the multi-species models differs essentially from
the mono-species model, and the analytical results for the prototype model could not be
carried over to the more involved multi-species case. In both articles, the model behaviour
was studied numerically and the existence of solutions was established. The question of
uniqueness of solutions, however, remained unanswered in both cases (see [21] and [45]).

Recently, another multi-component biofilm model was proposed, that describes quorum-
sensing in growing biofilm communities (see [40]). Quorum-sensing is a cell-cell commu-
nication mechanism used by bacteria to coordinate behaviour in groups. The model was
studied by numerical experiments, but analytical aspects were not addressed. It com-
prises a similar structure as the previous multi-component models [21] and [45], and is
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formulated as a non-linear reaction-diffusion system for the volume fractions occupied by
up-regulated and down-regulated biomass, X and Y, the concentration of the growth lim-
iting substrate S and the concentration of the signalling molecule A, which regulates the
process of quorum-sensing,

SM
S = dsAS — ky——
t S 1k32+57
O A = dyAA —yA+ aX + (a + P)Y, (0.2)
X
X =dv - (Dy(M)VX) + kst fs — kg X — ks A" X + ksY,
2
Y
Y =dv - (Dy(M)VY) + kst +Ss — kY + ks A" X — k5Y,
2

where M = X + Y denotes the volume fraction of the total biomass. Compared to the
previous multicomponent models the particularity of the quorum-sensing model is that
adding the governing equations for the involved biomass components we recover exactly
the mono-species biofilm model (0.1). Taking advantage of the known results for the
prototype model we are able to prove the existence and uniqueness of solutions and its
continuous dependence on initial data. The main result in Chapter 1 is the well-posedness
of the quorum-sensing model and formulated in Theorem 1.4.

Theorem. There exists a unique weak solution of the quorum-sensing model (0.2), and
the solution depends continuously on the initial data.

In particular, it is the first time the uniqueness of solutions is established for multi-species
reaction-diffusion models that extend the single-species biofilm model (0.1). Moreover, we
improve previous regularity results for the solutions.

Chapter 2
Verifying Mathematical Models

The models for the growth of bacterial biofilm populations in Chapter 1 are formulated as
systems of quasi-linear parabolic PDEs. The solutions describe the densities of biomass
components and the concentrations of dissolved substrates and consequently, non-negative
quantities. This is indeed the case in various applications modelled by convection-diffusion-
reaction equations since the solutions of biological, physical or chemical models typically
represent population densities, pressure, temperature or concentrations of nutrients and
chemicals. Thus, it is an important property of the mathematical model that solutions
emanating from non-negative initial data remain non-negative as long as they exist. Mod-
els that do not preserve the positivity of solutions are not valid. For scalar parabolic equa-
tions the non-negativity of solutions emanating from non-negative initial data is a direct
consequence of the maximum principle. However, for systems of equations the maximum
principle is not valid.
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A general criterion for the positivity of solutions of semi-linear systems of reaction-
diffusion-convection equations was formulated in [23]. Explicit necessary and sufficient
conditions were obtained, that are easy to verify, and allow to validate mathematical
models. Motivated by the class of PDEs arising in the modelling of biofilms we aim at
generalizing the previous result for systems of quasi-linear reaction-diffusion-convection
equations. For semi-linear systems, the diffusion and convection matrices are necessarily
diagonal, while the quasi-linear case is essentially different. Here, cross-diffusion and cross-
convection terms are allowed, however, the matrices are of a very particular form. For
quasi-linear systems of the form

Orur ai(u) -+ ap(u)\ [Auy V() - A\ [Ozur fi(u)

n
= B B N I o

Oy agy(u) - apr(u)) \Aug/ 1= \ajy () o Y (w)) \Owun fe(u)
we obtain the following positivity criterion (see Theorem 2.3 in Chapter 2).

Theorem. The system of quasi-linear parabolic equations preserves positivity if and only
iof the interaction term f satisfies

fi(ylw"uon"-;yk)zo fOTyERk,QEO, (03)

i
and the diffusion and convection matrices fulfil

aij(yi,...,_0 ,...,yk):fyfj(yl,..., 0 ,...,yx) =0 for y e R* y >0

foralli#7,1<i,7<kand1<I[]<n.

The theorem characterizes the class of quasi-linear parabolic systems that preserve the
positivity of solutions and yields explicit necessary and sufficient conditions that are easy
to verify in applications. In particular, the conditions on the matrices a and ~ enforce a
particular form of the matrices and we observe that if one component of the solution ap-
proaches zero, all cross-diffusion and cross-convection terms in the corresponding equation
need to vanish. From the positivity criteria for semi-linear and quasi-linear parabolic sys-
tems we derive necessary and sufficient conditions for the validity of comparison theorems.
For quasi-linear systems it is remarkable that the conditions for the validity of comparison
principles are significantly stronger than the conditions for the positivity of solutions. In
fact, all diffusion and convection matrices are necessarily diagonal and no cross-diffusion
or cross-convection terms can appear.

The second part of Chapter 2 addresses stochastic perturbations of deterministic systems.
Our aim is to characterize the class of stochastic perturbations that preserve the positivity
property of deterministic systems of parabolic PDEs. Even for scalar ordinary differential
equations (ODEs) it is well-known that additive noise destroys the positivity of solutions
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while perturbations by a linear multiplicative noise preserve the positivity property of the
unperturbed deterministic problem.

We interpret the stochastic differential equations in the sense of It6 and consider stochas-
tic perturbations of semi-linear parabolic systems of the form

duy —Aluy fi(u) oo ggl' (u)
= : +| dt+> g | ¢ | dW, (0.4)
duy, — Ak, fr(w) j=1 gf’(u)
where A%, i = 1,...,k, are linear elliptic differential operators of second order. We denote

the system of stochastic PDEs by (f, g), and the corresponding unperturbed deterministic
system by (f,0). By the deterministic positivity criterion for semi-linear systems we con-
clude that the unperturbed system (f,0) preserves the positivity of solutions if and only
if the interaction function f satisfies Property (0.3).

To study the systems of stochastic partial differential equations (SPDEs) we consider
smooth random approximations, since random equations can be interpreted pathwise and
allow to apply deterministic methods. The approximations lead to a family of non-
autonomous PDEs, and the solutions of the random approximations converge in expec-
tation to the solution of a modified stochastic system. However, the original and the
modified stochastic system are related through an explicit transformation. This allows to
construct an auxiliary stochastic system (F,g) such that the solutions of the associated
random approximations (F,,,0) converge to the solution of the original stochastic system
(f,9). Using the deterministic result we derive necessary and sufficient conditions for the
positivity of solutions of the random approximations. These conditions are explicit and
preserved when passing to the limit. Moreover, they are invariant under the transformation
relating the original and the modified stochastic system, which implies that the solutions
of the stochastic system (f, g) preserve positivity. Finally, we observe that the solutions of
the random approximations (f.,,0) associated to the stochastic system (f,g) converge to
the solution of the original stochastic system if it is interpreted in the sense of Stratonovich.
Our results are therefore valid independent of the choice of interpretation, and we obtain
the following positivity criterion for stochastic systems (see Theorem 2.10 in Chapter 2).

Theorem. Let (f,g) be a system of stochastic PDEs and (F.,,,0) be the family of random
approximations such that its solutions converge to the solution of the stochastic system
(f.9). The solutions of the family of random approzimations (Fe,,0) preserve positiv-
ity if and only if the interaction function f satisfies Condition (0.3), and the stochastic
perturbation fulfils
g;(yh'"v\o,)"'vym):o fOT’?/GRkayzoa

foralljeN,i=1,... k.

These conditions imply that the stochastic system (f,g) preserves positivity for both Ito’s
and Stratonovich’s interpretation.
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If one component of the solution approaches zero, the stochastic perturbations in the
corresponding equation need to vanish. Otherwise, the positivity of solutions cannot be
guaranteed. In the particular case of scalar equations we recover the fact that positivity
is preserved under perturbations by multiplicative noise while additive noise destroys the
positivity of solutions.

Chapter 3

Exponential Attractors of Infinite Dimensional Dynamical Systems

Systems of parabolic PDEs generate infinite dimensional dynamical systems, and the time
evolution of autonomous systems can be described in terms of semigroups. A semigroup
in a metric space X is a family of continuous operators S(t) : X — X, t > 0, that satisfies
the properties

S(t)S(s) = S(t+s) t,s >0,
S(0) = 1d.

An important qualitative aspect is the behaviour of the system after transient states have
passed. In many cases the longtime dynamics of semigroups is reduced to the dynamics
on the global attractor. The global attractor is a compact, invariant subset of the phase
space that attracts all solutions, and for large times the states of the system are well-
approximated by the states within the global attractor. The global attractor is unique and
the minimal closed subset that attracts all bounded sets of the phase space. Moreover, for
various equations it was shown that the fractal dimension of the global attractor is finite
(see [69] or [12]). When time tends to infinity the initially infinite dimensional dynamics
is then in a certain sense reduced to finite dimensions.

The rate of convergence however can be arbitrarily slow, and the global attractor is
generally not stable under perturbations. To overcome these drawbacks, the notion of
an exponential attractor was introduced in [26] proposing to consider a larger set, which
contains the global attractor, is still finite dimensional and attracts all bounded subsets at
an exponential rate. Exponential attractors are only semi-invariant under the action of the
semigroup and consequently, not unique. The construction of exponential attractors in [26]
was developed for semigroups acting in Hilbert spaces. In [33] an alternative method and
explicit algorithm for the construction of exponential attractors was proposed for discrete
semigroups in Banach spaces. The construction essentially uses a smoothing or regularizing
property of the semigroup and is the basis of our results. In the first part of Chapter 3
we recall the construction of exponential attractors for semigroups and generalize previous
results.

While the theory of global and exponential attractors of autonomous dynamical systems
is well-established, its counterpart in the non-autonomous setting is less developed and less
understood. The solutions of non-autonomous problems do not only depend on the elapsed
time, but also on the starting time. The rule of time evolution of non-autonomous systems
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is therefore described by a two-parameter family of operators. An evolution process is a
family of continuous operators U(t,s) : X — X, t > s, such that

U(t,s)U(s,r) =Ul(t,r) t>s>r,
Ut 1) = 1d teR.

Different concepts were proposed to extend the definition of global attractors of semigroups
to the non-autonomous setting. We focus on the notion of pullback attractors which proved
to be a useful tool to study the longtime dynamics of evolution processes.

Global non-autonomous attractors have the same drawbacks as global attractors of semi-
groups, which motivates to consider non-autonomous exponential attractors. The construc-
tion of autonomous exponential attractors was extended in |32] to discrete non-autonomous
problems by using the concept of forwards attractors. Recently, the method was modified
considering the pullback approach and the construction was generalized for time continu-
ous evolution processes in [19] and [49]. The methods in [19] and [49] are similar, require
strong regularity assumptions for the process and restrictive assumptions with respect to
the pullback attraction. We modify the construction, generalize it for asymptotically com-
pact processes and consider, instead of a fixed bounded pullback absorbing set, a family of
time-dependent absorbing sets. This leads to exponential pullback attractors that are not
necessarily uniformly bounded in the past, which is important when considering random
attractors or unbounded non-autonomous terms in the equation. Theorem 3.10 contains
the central result of Chapter 3.

Theorem. Let {U(t,s)| t > s} be a Lipschitz continuous evolution process in the Banach
space V., and W be a normed space such that the embedding V. —— W s compact and
dense. We assume U = C'+ S, where the family of operators C is a strict contraction in V,
and S satisfies the smoothing property with respect to the spaces V. and W. If there exists
a semi-invariant family of bounded pullback absorbing sets for the evolution process U, the
absorbing times are bounded in the past and the diameter of the absorbing sets grows at
most sub-exponentially in the past, then there exists a pullback exponential attractor, and
the fractal dimension of its sections is uniformly bounded.

We also discuss the consequences of our construction when applied to autonomous evolu-
tion processes. For time continuous semigroups the method does not yield an exponential
attractor in the strict sense but leads to a slightly weaker concept.

The existence of pullback exponential attractors implies the existence of the global pull-
back attractor and its finite dimensionality. We remark that the finite fractal dimension
of pullback attractors that are unbounded in the past was an open problem (see [49] and
[50]). In the final section of Chapter 3 we consider applications for our theoretical results
and obtain an example for an unbounded pullback attractor of finite fractal dimension.



1. Mathematical Modelling of
Biofilms

The dominant mode of microbial life in aquatic ecosystems are biofilm communities rather
than planktonic cultures ([6]). Biofilms are dense aggregations of microbial cells encased
in a slimy extracellular matrix forming on biotic or abiotic surfaces (called substrata)
in aqueous surroundings. Such multicellular communities are a very successful life form
and able to tolerate harmful environmental impacts that would eradicate free floating
individual cells ([16], [57]). Whenever environmental conditions allow for bacterial growth,
microbial cells can attach to a substratum and switch to a sessile life form. They start to
grow and divide and produce a gel-like layer of extracellular polymeric substances (EPS)
often forming complex spatial structures (see Figure 1.1). The self-produced EPS yields
protection and allows survival in hostile environments. For example, the mechanisms of
antibiotic resistance in biofilm cultures are essentially different from those of free swimming
cells, which makes it difficult to eradicate bacterial biofilm infections. The EPS retards
diffusion of antibiotics and the antibiotic agents fail to penetrate into the inner cores of
the biofilm ([16], [57], [21]).

Biofilm formation:
Attachment Colonization | Growth

o

Figure 1.1.: The Formation of Biofilms (Montana State University, Center for Biofilm En-
gineering, 1995.)

Biofilms play an important role in various fields. They are beneficially used in envi-
ronmental engineering technologies for groundwater protection and wastewater treatment.
However, in most occurrences biofilm formations have negative effects. If they form on
implants and natural surfaces in the human body they can provoke bacterial infections
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such as dental caries and otitis media ([16]). Biofilm contamination can lead to health
risks in food processing environments, and biofouling of industrial equipment or ships can
cause severe economic defects for the industry ([21], [68]).

Mathematical models of biofilms have been studied for several decades. They range
from traditional one-dimensional models that describe biofilms as homogeneous flat lay-
ers, to more recent two- and three-dimensional biofilm models that account for the spatial
heterogeneity of biofilm communities. A variety of mathematical modelling concepts has
been suggested, including discrete stochastic particle based models and deterministic con-
tinuum models, that are based on the description of the mechanical properties of biofilms
(]25], |68]). We are concerned with the latter, where biofilm and liquid surroundings are
assumed to be continua, and its time evolution is governed by deterministic partial dif-
ferential equations. The first continuum model [72] was a one-dimensional biofilm growth
model and essentially based on the assumption of the biofilm as a homogeneous flat layer.
Such models serve well for engineering applications on the macro-scale (larger than 1cm)
are however not capable to predict the often highly irregular spatial structure of microbial
populations and the behaviour of biofilms on the meso-scale (between 50um and lmm),
the actual length scale of mature biofilms ([25]). Biofilms can form mushroom-like caps
and contain clusters and channels, where substrates can circulate. Cells in different regions
of the biofilm live in diverse micro-environments and exhibit differing behaviour ([16]).

To capture the spatial heterogeneity of biofilms a higher dimensional biofilm growth
model was proposed in [24], which is based on the interpretation of a biofilm as a continuous,
spatially structured microbial population. The essential difficulty is the modelling of the
spatial spreading mechanism of biomass. The following characteristics of biofilms have
been observed in experiments ([24]):

(i) The biomass density is bounded by a known maximum value.

(ii) Spatial spreading only takes place where the local biomass density approaches values
close to its maximum possible value. In regions where the biomass density is low
spatial spreading does not occur.

(iii) Biofilm and aqueous surroundings are separated by a sharp interface.

The mathematical model is formulated as a system of highly non-linear reaction-diffusion
equations for the biomass density and concentration of a growth limiting nutrient and is
the prototype of the biofilm models we discuss in this chapter. While the substrate concen-
tration satisfies a standard semi-linear reaction-diffusion equation the governing equation
for the biomass density exhibits two non-linear diffusion effects. The biomass diffusion
coefficient degenerates like the porous medium equation and shows super diffusion, which
causes difficulties in the mathematical analysis of the model. It was shown by numerical
experiments that the model is capable to predict the heterogeneous spatial structure of
biofilms and is in good agreement with experimental findings ([24]). In [30] and [28] the
model was studied analytically. In particular, the existence and uniqueness of solutions
could be established.

10



1.1. Prototype Biofilm Growth Model

The prototype single-species single-substrate model was extended to model biofilms
which consist of several types of biomass and account for multiple dissolved substrates.
The model introduced in [21] describes the diffusive resistance of biofilms against the pen-
etration by antibiotics. In [45] an amensalistic biofilm control system was modelled, where
a beneficial biofilm controls the growth of a pathogenic biofilm. In both articles, existence
proofs for the solutions were given, and numerical studies were presented. The structure of
the governing equations of the multi-species models is similar, however, it differs essentially
from the mono-species model. The analytical results for the prototype model could not
all be carried over to the more involved multi-species case. For example, the question of
uniqueness of solutions remained unanswered in [21] and [45]. Recently, in [40] another
multi-component biofilm model was proposed, which combines the prototype model [24]
with the mathematical model of quorum-sensing for suspended populations [55]. Quorum-
sensing is a cell-cell communication mechanism used by bacteria to coordinate behaviour in
groups. The model behaviour was studied by numerical experiments in [40], but analytical
questions were not addressed. Compared to the previous multicomponent biofilm mod-
els, the particularity of the quorum-sensing model is, that adding the governing equations
for the involved biomass components we recover exactly the mono-species biofilm model.
Taking advantage of the known results for the prototype model we are able to prove the
existence and uniqueness of solutions of the quorum-sensing model and the continuous de-
pendence of solutions on initial data. It is the first time that a uniqueness result is obtained
for multi-species reaction-diffusion models of biofilms that extend the single-species model
[24].

In Section 1.1 we introduce the prototype biofilm growth model and summarize known
analytical results. Multi-component biofilm models are addressed in Section 1.2. We first
mention multi-species models that were studied analytically and recall previous existence
results for the solutions. In Section 1.2.2 we present the quorum-sensing model, which is
the central subject of this chapter. The main result is the proof of the well-posedness of
the model, that we establish in Section 1.3. The existence proof is based on ideas and
concepts that were applied for the models [21] and [45], but we obtain stronger regularity
results for the solutions. The new approach allows us to show the uniqueness of solutions,
which remained open for all previous multi-component models. In Section 1.3.4 we present
numerical simulations to illustrate the model behaviour.

1.1. Prototype Biofilm Growth Model

1.1.1. Mathematical Model

The multi-dimensional biofilm growth model (see [24] and [30]) is formulated as a non-
linear reaction-diffusion system for the biomass density and the concentration of the growth
controlling nutrient in a bounded domain 2 C R", where n € {1,2,3}. The boundary of
the domain 0f1 is piecewise smooth. In dimensionless form the substrate concentration S is
scaled with respect to the bulk concentration, and the biomass density is normalized with

11
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M(t)=0

HiR=0 M(t)=>C

Substratum

Figure 1.2.: Biofilm Domain

respect to the maximal bound for the cell density. Consequently, the dependent model
variable M represents the volume fraction occupied by biomass. The EPS is implicitly
taken into account, in the sense that the biomass volume fraction M describes the sum of
biomass and EPS assuming that their volume ratio is constant. Both unknown functions
depend on the spatial variable x € €2 and time ¢ > 0, and satisfy the parabolic system

SM

0SS = dgAS — k i
t S 1/,{;2 s in Qr,
SM .
M =dvV - (Dpy(M)VM) + ky—— — ks M in Qr, (1.1)
ko + S
M|aQ:0, S|ag=1 on 0f) x [O,T],
M=o = My, Sli=o = So in Q2 x {0},

where T > 0 and Qr := Qx]0,T] is the parabolic cylinder. Furthermore, A denotes the
Laplace operator and V the gradient operator with respect to the spatial variable x. The
constants d, ds and ks are positive, and ky, k3 and k4 are non-negative.

The solid region occupied by the biofilm as well as the liquid surroundings are assumed to
be continua. The actual biofilm is described by the region Qs (t) := {z € Q | M(x,t) > 0},
and the liquid area by Q,(t) := {x € Q | M(x,t) = 0}. The substratum, on which the
biofilm grows, is part of the boundary 0f2 as illustrated in Figure 1.2.

Biomass is produced due to the consumption of nutrients. This process is described by
the Monod interaction functions

SM SM
oy 4 -2
et s a1 S

where k3 denotes the maximum specific growth rate, and ks is the Monod half saturation
constant. The constant k; is the maximum specific consumption rate. Natural cell death
is also included in the model and described by the lysis rate ks in the equation for the
biomass fraction.

12
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While the nutrient is dissolved in the domain and the substrate concentration S satis-
fies a standard semi-linear reaction-diffusion equation, the spatial spreading of biomass is
determined by the density-dependent diffusion coefficient

M(l
a,b>1.

DM(M):m >

The biomass motility constant d > 0 is small compared to the diffusion coefficient dg of
the dissolved substrate, which reflects that the cells are to some extent immobilized in
the EPS matrix. Accumulation of biomass leads to spatial expansion of the biofilm. We
observe that the biomass diffusion coefficient vanishes when the total biomass approaches
zero and blows up when the biomass density tends to its maximum value. The polynomial
degeneracy M* is well-known from the porous medium equation and guarantees that spatial
spreading is negligible for low values of M. Moreover, it yields the separation of biofilm
and liquid phase, that is, a finite speed of interface propagation. Spreading of biomass
only takes place when and where the biomass fraction takes values close to its maximal
possible value. For M = 1 instantaneous spreading occurs, which is known as the effect
of super diffusion. The singularity at M = 1 ensures the maximal bound for the biomass
density. Since biomass is produced as long as nutrients are available, this upper bound
cannot be guaranteed by the growth terms alone. In fact, both non-linear diffusion effects
are required to describe spatial expansion of biofilms. The degeneracy M* alone does not
yield the maximum bound for the cell density, while the singularity (1 — M)~° does not
guarantee the separation of biofilm and liquid region by a sharp interface.

1.1.2. Analytical Results

A solution theory for System (1.1) was developed in [30]. Owing to the normalization we
require that the initial data fulfil Sy, My € L>°(Q2) and

0<5<1, 0<M<l1 a.e. in ). (1.2)

The corresponding solutions S(t) := S(-,t;Syp) and M(t) := M(-,t; My) should certainly
satisfy the same bounds for ¢ > 0. We summarize all relevant properties of the solutions
of the mono-species model, which will later be needed to prove the well-posedness of the
quorum-sensing model. The following theorem states the existence and regularity results
for the solutions (see Theorem 3.1 in [30]).

Theorem 1.1. We assume the initial data satisfies

So € L=(Q)N HYQ),  Splaa = 1,
My € L*(Q), F(Mo) € Hy(Q), |[[Mollz=) <1, (1.3)
0<S5 <1, 0< M, a.e. in €,

where the function F(v) := fov ﬁdz, for 0 <wv < 1. Then, there exists a unique solution
(S, M) satisfying System (1.1) in the sense of distributions, and the solution belongs to the

13
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class

M,S € I(Q x Ry) N C(R,: LA(Q)),
F(M),S € L=(Ry; HH(Q)) N C(Ry; L*(92)),
| M| oo oxryy < 1,

0<SM<1 ae inQ2xR,.

(1.4)

Furthermore, the following estimates hold
ISz @) + IFME)E @ < CUlSollin g + 1F(Mo)llzn g + 1),
IS @)1z + 110:S ()71 () + IF M ()17 ) + M (1)]

wro@) + 10 M (@) |17-1q

1
for t > 0 and some constants C' > 0, 0 < s < %ﬂ and k > 1. The constants are
independent of the initial data (So, My).

Moreover, it was shown that the solutions of System (1.1) are L'(€2)-Lipschitz continuous
with respect to initial data. The following result recalls Theorem 3.2 in [30].

Proposition 1.1. Let (S, M) and (S, M) be two solutions of System (1.1) corresponding

to initial data (So, My), (50, ]\A/[/o) respectively, and the initial data satisfy the assumptions
of the previous theorem. Then, the following estimate holds

I1S(8) = Sl r) + M (£) = M(#)]|2) < e®rHH (]IS — Soll ey + 1Mo — Mol e))
fort > 0. In particular, the solution is unique within the class (1.4).

The solution of the original system is obtained as the limit of solutions of regular ap-
proximations. For small ¢ > 0 we define the non-degenerate auxiliary system for the
single-species model (1.1) by

SM

=dsAS —k i
oS = dsAS 615 in Qr,

SM .

8,5M =dV - (DEM(M)VM) + /{33 — /C4M m QT7 (15)
’ ko + 5

M|3Q:0, S|aQ:1 on 0f) x [O,T],
M|t:0 = Mo, S’t:() = S() in 0 x {0},

where the regularized diffusion coefficient is defined as

€? z<0
D.y(z) == Eﬁ?{; z<1l—e¢
}b z>1—cec

14



1.2. Multicomponent Biofilm Models

For every (sufficiently small) € > 0 the auxiliary system (1.5) is regular parabolic and
possesses a unique smooth solution (S, M.). The solutions are uniformly bounded with
respect to the regularization parameter € > 0, and if the initial data satisfies the assump-
tions of Theorem 1.1, the approximate solutions M, are separated from the singularity
(see Proposition 1 and Proposition 6 in [30]). We summarize the auxiliary results in the
following proposition.

Proposition 1.2. If the initial data (So, My) satisfies the assumptions of Theorem 1.1 and
| Mo|| ooy =1 =16 for some 0 < 6 < 1,

then, there exists 0 < n < 1 such that for all sufficiently small € > 0 the solutions (S, M,)
of the non-degenerate approzimations (1.5) satisfy

M ()||zoeg) <1 =1 for t >0,

where the constant n depends on 6 and 2 only and is independent of € > 0. Furthermore,
the substrate concentrations are uniformly bounded,

0<S. <1 inQxR,.

Proposition 1.2 remains valid for the solution (S, M) of the original system (1.1), which
is the limit of the solutions of the regular approximations in Cj,.(Ry; L*(Q2)) when € tends

to zero,
S.—S, M.— M strongly in Cy.(R,; L*(€2)).

Consequently, the biomass density does not attain the singularity as long as the initial
concentration does not take this value. For further details and all proofs we refer to [30].

1.2. Multicomponent Biofilm Models

1.2.1. Antibiotic Disinfection of Biofilms

The prototype biofilm growth model presented in the previous section was extended to
incorporate further biofilm processes. This requires to distinguish different types of biomass
and to include governing equations for multiple biomass fractions and several dissolved
substrates in the model. We discuss in this section multi-species models, that were studied
analytically.

The first multi-species multi-substrate generalization of the prototype model (1.1) was
suggested in [23|. In [21] existence results for the solutions were established and numer-
ical simulations were presented. The model describes a growing biofilm community and
its disinfection by antimicrobial agents. The dependent model variables are the volume
fraction occupied by active biomass X, the volume fraction occupied by inert biomass Y,
the concentration of the dissolved oxygen S, which controls the growth of the biomass, and
the concentration of the antimicrobial agent B, which regulates the disinfection process.

15
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As previously, the EPS is implicitly taken into account and we denote the total biomass
fraction by M := X 4+ Y. In dimensionless form the model is represented by the parabolic
system

SX .
S = dsAS — ky s in Qr,
8tB = dBAB - CIBX in C)T7 (16)
atX =dv - (D]V[(M>VX) + k3 SX - k4X - CQBX in QT,
ko + S
QtY = dv . (DA{(M>VY> + CQBX in QT,

where we use the same notations as in Section 1.1.1. The additional constants (; and (, are
positive, and dg > 0 denotes the diffusion coefficient of the antimicrobial agent. Apart from
the diffusion of the dissolved substrates and the growth and spatial spreading of biomass
the mechanism of disinfection is included in the model. During this process antibiotic
agents are consumed and active biomass is directly converted into inert biomass, which
is determined by the disinfection parameters (; and (5. In the absence of antimicrobial
agents and inert biomass, the model reduces to the single species biofilm growth model
(1.1).

In the article [21] the following boundary and initial values were assumed for the depen-
dent model variables

X’ag = O, Y‘QQ = 0, S|aQ = ST, B|3Q = BT on 0f) x [O,T],
X|t:0 = XQ, Y‘tzo = 3/0, S’t:() = So, B‘t:() = BO in Q x {O}

The non-negative functions B, and S, belong to the class L>(0€2), and the initial data
satisfy Xo, Yo, So, By € L>®(Q),

OSX(), OS YE), OSB(), OSSOSl a.e.inQ,

Definition 1.1. We call the vector of functions (S, B, X,Y) a solution of System (1.6), if
S(-,t), B(+,t), X(-,1),Y (-, t) € L=(Q) t>0,
and it satisfies System (1.6) in distributional sense.
The following theorem yields the existence of solutions (see Theorem 2.3 in [21]).

Theorem 1.2. If the initial data salisfies the stated assumptions, System (1.6) possesses
a global solution in the sense of Definition 1.1, and the solution belongs to the space

S,B,X,Y € L®(Q x R,).

16



1.2. Multicomponent Biofilm Models

The solution is obtained as the limit of solutions of non-degenerate approximations for
System (1.6). The regular parabolic auxiliary systems are the systems, where the diffusion
coefficient D), in the equations for the biomass fractions is replaced by the regularized
diffusion coefficient D, 5;, which was defined in Section 1.1.2.

The model of an amensalistic biofilm control system [45] possesses a very similar structure
as the model of antibiotic disinfection. The existence of solutions in the sense of Definition
1.1 was established by similar methods (see Theorem 3.3 in [45]). Since the pattern of the
multi-component biofilm models is essentially different from the prototype model, and the
equations are strongly coupled through the diffusion operators, the known results for the
single-species model could not be carried over. The behaviour of the solutions was studied
by numerical simulations in [21] and [45], but further analytical results were not obtained.
In particular, the question of uniqueness of solutions remained unanswered in both cases.

1.2.2. Quorum-Sensing in Patchy Biofilm Communities

In this section we introduce a multicomponent biofilm model, which takes the process of
quorum-sensing into account. The mechanism and benefit of quorum-sensing is not yet
very well-understood, and there exist different biological theories and interpretations (see
[43], [59]). It is currently an active field of research in experimental microbiology as well
as in mathematical and theoretical biology, primarily for planktonic bacterial populations
but also in the context of biofilms. Quorum-sensing is a cell-cell communication mecha-
nism used by bacteria to coordinate gene expression and behaviour in groups. Bacteria
constantly produce low amounts of signalling molecules that are released into the envi-
ronment. Accumulation of autoinducers triggers a response by the cells and since the
producing cells respond to their own signals the molecules are also called autoinducers
(]55], [43]). When the concentration of autoinducers locally passes a certain threshold, the
cells are rapidly induced, and switch from a so-called down-requlated to an up-requlated
state. In an up-regulated state they typically produce the signalling molecule at a highly
increased rate ([40]).

The quorum-sensing model was originally proposed in [40], where in numerical sim-
ulations the contribution of environmental hydrodynamics to the transport of signalling
molecules and its effect on inter-colony communication and up-regulation was studied. An-
alytical aspects of the model were not addressed. It extends the prototype biofilm growth
model and combines it with a model for quorum-sensing in planktonic cultures, which was
suggested in [55].

A mathematical description of quorum-sensing in biofilms requires to distinguish two
types of bacteria, the up-regulated and the down-regulated cells, and to include a mech-
anism provoking cells to switch between these two states. The dependent model variable
X denotes the volume fraction occupied by down-regulated biomass and Y the volume
fraction occupied by up-regulated biomass, where the EPS is implicitly taken into account.
The dependent variable A reflects the concentration of the signalling molecule, and S the
concentration of the growth controlling substrate. In dimensionless form the model is
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represented by the parabolic system

SM
0S8 = dgAS — k i
t s 1k2 S in Qr,
WA =daAA —~vA+ aX + (a+ P)Y in Qr, (1.7)
X
0X = dv - (Dar(M)VX) + ks fS kX — ks AX 4 kY in Qp,
2
Y
0 = dv - (Day(M)TY) + ks fs kY + ks ATX — kY in Qp,
2

where we use the same notations as in Section 1.1.1 (see [40] and [68]). The constants d4
and ~ are positive, m > 1 and «, f and k5 are non-negative. The total biomass fraction
M = X +Y denotes the volume fraction occupied by up-regulated or down-regulated cells.

Since the biomass components are normalized with respect to the physically maximal
possible cell density, the total biomass fraction should satisfy M = X +Y < 1 in Q7.
The actual biofilm is described by the region Qy(t) := {x € Q| M(x,t) > 0}, and the
liquid surroundings by the region Q(t) := {z € Q| M(z,t) = 0}. The autoinducer
concentration A is normalized with respect to the threshold concentration for induction,
and consequently, induction occurs locally in the biofilm if A reaches approximately 1 from
below. If the concentration A locally decreases from a value larger than 1 to a value below
1, down-regulation at constant rate k5 will dominate. Finally, the substrate concentration
S is normalized with respect to a characteristic value for the system, such as the nutrient
concentration at the boundary of the domain.

Under the hypothesis that induction switches the cells between down- and up-regulated
states without changing their growth behaviour we can assume that the spatial spreading of
both biomass fractions is described by the same diffusion operator. The biomass motility
constant d > 0 is small compared to the diffusion coefficients dg > 0 and dy > 0 of
the dissolved substrates. Apart from the spatial spreading of biomass and the diffusive
transport of signalling molecules and nutrients the following processes are included in the
model:

e Up-regulated and down-regulated biomass is produced due to the consumption of
nutrients. This mechanism is described by Monod reaction terms, where the constant
ks reflects the maximum specific growth rate, and ky the Monod half saturation
constant. The constant k; is the maximum specific consumption rate.

e Natural cell death is included in the model and described by the lysis rate k4. This ef-
fect can be dominant compared to cell growth, if the substrate concentration becomes
sufficiently low.

e The signalling molecules decay abiotically at rate ~.

e Due to an increase of the autoinducer concentration A down-regulated cells are con-
verted into up-regulated cells at rate ks A™. In applications for the degree of poly-
merization m we typically take values 2 < m < 3 (see [40] and [68]). Up-regulated
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1.3. Well-Posedness of the Quorum-Sensing Model

cells are converted back into down-regulated cells at constant rate k5. If the molecule
concentration A < 1 the latter effect dominates, if A > 1 up-regulation is super-
linear.

e Finally, down-regulated cells produce the signalling molecule at rate «, while up-
regulated cells produce it at the increased rate o+ 3, where (3 is one order of magni-
tude larger than «. For technical reasons, we require in the analysis o+ § > ; that
is, the signalling molecule production rate of the up-regulated cells is higher than the
abiotic decay rate. This is not a severe model restriction; if the opposite was true no
noteworthy accumulation of signalling molecules could take place.

In the following section we specify initial and boundary values for the biomass fractions
and substrate concentrations to complete the model (1.8) and prove the well-posedness of
the mathematical model.

1.3. Well-Posedness of the Quorum-Sensing Model

Compared to previous multicomponent biofilm models, the particularity of the quorum
sensing model is, that adding the governing equations for the biomass fractions of up- and
down-regulated cells we recover exactly the mono-species biofilm model. Taking advantage
of the results for the single-species model we are able to prove the existence and uniqueness
of solutions of the quorum-sensing model and the continuous dependence of solutions on
initial data. It is the first time that a uniqueness result is obtained for multi-species
diffusion-reaction models of biofilms that extend the prototype model [24]. The proof
of the existence of solutions is based on the non-degenerate approximations developed in
[30] and the methods applied in [21] and [45]. However, the approach we present in the
following is different and leads to a uniqueness result for the solutions.

1.3.1. Preliminaries

For technical reasons we study the model in the auxiliary form

SM
=dgAS — k i
0,8 = dsAS e in Qr,
A = dpAA —yA+ aX + (a+ B)Y in Qr, (1.8)
XS .
3tX = (Vv - (D]LI(M)VX) + kS/{j TS — k4 X — l{?5|A’mX + k5|Y| m QT,
2
YS .
@Y = (Vv - (DAI(M)VY) + k’gm — kY + k5|A|mX — kf5|Y| m QT-
2

If the solutions of System (1.8) are non-negative, they are also solutions of System (1.7).
On the other hand, non-negative solutions of System (1.7) solve System (1.8). After non-
negativity of the solutions of System (1.8) is shown we can therefore remove the absolute
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value | - | from the first and second equation of System (1.8) and obtain the original model
(1.7).

For the biomass components X and Y and the concentration of the signalling molecule A
we assume homogeneous Dirichlet boundary conditions, and constant Dirichlet conditions
for the nutrient concentration S,

Xlog = Yo = Alsg = 0 on 99 x [0, 7], (1.9)
S|aQ:1 on 0f) X [O,T].

If the biofilm is contained in the inner region of the domain, away from the boundary 02,
this situation describes a growing biofilm in the absence of a substratum. Such biofilms
are often called microbial flocs. The boundary conditions imposed on the concentration of
nutrients reflect a constant unlimited nutrient supply at the boundary of the considered
domain. Similarly, keeping A equal to zero at the boundary enforces a removal of au-
toinducers from the domain. These are specific boundary conditions, primarily chosen for
convenience. The solution theory we develop in the following sections carries over to more
general boundary values, which are relevant and often more appropriate for applications.
The initial data for the model variables are given by

Xli=o = Xo, Y=o =Y0, Sli=o =250, Ali=o= Ao in (), (1.10)
where Sy, Xo, Yo, Ao € L>®(Q) satisfy the compatibility conditions and

1 X0 + Yollz=(o) < 1, (1.11)
0<5 <1, 0< Ay <1, 0 < Xy, 0<Y, a.e. in €.

In fact, in most relevant applications the initial autoinducer concentration Ay is identically
Z€ro.

Definition 1.2. We call the vector-valued function (S, A, X,Y) a solution of System
(1.8) corresponding to the boundary and initial data (1.9) and (1.10), if its components
belong to the class

X,Y, A, S € C([0,T]; L*(2)) N L¥(Qr),

A, S € L*((0,T); H' (),

Dy (M)VX, Dy (M)VY € L*((0,T); L*(Q; R™))
for any T > 0, and satisfy System (1.8) in distributional sense.

To be more precise, if (S, A, X,Y) is a solution according to Definition 1.2, then the

equality

/Q X (z, Tp(x)dz — /Q Xofa)(ads = ~d | DMz, 0)7X (1) - ()i

X(z,t)S(z,1t) m
+/T <k3m — kg X (x,t) — ks| Az, t)|" X (z,t) + k’5|Y(x,t)|) (x)dtdx
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holds for all test-functions ¢ € C5°(Q2) and almost every 7' > 0. The determining equations
for the other components of the solution are defined analogously.

Compared to other multi-component biofilm models such as [21] and [45], the particular-
ity of the quorum-sensing model (1.8) is, that we recover the single-species biofilm growth
model for the total biomass fraction M and the nutrient concentration S. Indeed, adding
the equations for the biomass fractions X and Y in System (1.8) leads to

SM
oS =dsAS — k i 1.12
t S lkz + S m QT7 ( )
SM .
8tM =dv - (DM(M)VM) -+ k3— — k4M m QT:
ky 4+ S
with initial and boundary values
M’aQ:O, 5’3921 on 0f) x [O,T],
Mli—o = Mo = Xo + Yo, Sli=o = So in Q x {0},

which is exactly the prototype biofilm growth model discussed in Section 1.1. Consequently,
the substrate concentration S and the total biomass density M can be regarded as known
functions, and the original system (1.8) reduces to a system of equations for the biomass
fraction X and the concentration of the quorum-sensing signaling molecule A,

XS

atX = dV . (DVX) +I€3k +S —]{?4X—k5|A|mX+kJ5(M—X) n QT,
2

QA = dsAA —vA + aX + (o + B)(M — X) in Qr,

where the diffusion coefficient of the biomass fraction is defined by

(M(z,1))"

P Gy

('Iv t) S QT-

In the reduction we used the positivity of the biomass component Y, which will be proved
in Section 1.3.3. We rewrite this non-autonomous semi-linear system with bounded coeffi-
cients as

X =dv - (DVX) + gX — ks|A|"X +h in Qr, (1.13)
A = dyAA — A — BX +1 in Qr,

where the interaction terms are given by the known functions

g(x,t) == ks

h(z,t) := ksM(z,t) >0,
l(z,t) = (a+ )M (x,t) >0.
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1. Mathematical Modelling of Biofilms

All coefficient functions are bounded, g, h,l € L>(2 x R, ), and the diffusion coefficient
D is non-negative and bounded by Theorem 1.1. Indeed, if the initial density of the total
biomass satisfies ||Mo| @) < 1 — 0 for some 0 < ¢ < 1, then there exists a constant
0 <n < 1 such that

0< M(z,t) <1—mn  for almost every (z,t) € Q x R,.
Consequently, it follows the estimate

M)y 1
(1= M(z,t))> — (1 — M(x,t))°

which shows that the diffusion coefficient D is non-negative and satisfies D € L*(Q2 x R,).

0 < D(z,t) = <

1
n’

1.3.2. Uniqueness

In this paragraph we prove the uniqueness and L?(2)-Lipschitz-continuity of solutions with
respect to initial data of the semi-linear parabolic system (1.13), which degenerates when
the total biomass density M approaches zero.

Theorem 1.3. Let the initial data (Sy, Ao, Xo, Yo) satisfy Xo, Yo, Ag € HE (), So € HY(Q)
such that Sploq = 1, and

0 S So,Xo,Yb,AO S 1 a.e. n Q,
HXO + )/OHLoo(Q) < 1.

Then, there exists at most one non-negative solution (X, A) of the reduced System (1.13)
within the class of solutions considered in Definition 1.2.

Proof. We assume that (X, A) and (X, A) are two such solutions corresponding to initial
data (Xo, Ap), and define the differences u := X — X and v := A — A. Then, v belongs to
the space L*((0,T); Hy(Q)), u satisfies Dy (M(-,¢))Vu(-,t) € L*(Q;R") for almost every
t € (0,T] and dyu, 0w € L*((0,T); H1(Q)) for every T > 0. Moreover, the functions u
and v satisfy the system

Byu = dv - (DVu) + gu — ks(A™X — A" X) in Qr,
o = dsAv —yv — Pu in Qr,
with zero initial and boundary conditions
V|tmo = ult=0 =0 in Q x {0},
u|ag = U|ag =0 on Jf) x [O,T].

If we formally multiply the second equation by v and integrate over (), we obtain the
estimate

5%”1}(70“%2(9) = _dAva(7t)H%2(Q,R")_’Y|’U(7t>”%2(Q)_ﬁ<u(7t>7v(7t)>L2(Q)
< —’)/”’U(,t)|’%2(9)—6<u<,t),U(,t>>L2(Q),
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1.3. Well-Posedness of the Quorum-Sensing Model

where we used the positivity of d4. Moreover, multiplying the first equation by u and
integrating over € yields

s Ol = —d{D(@,)Vul, 1), V(- 1)) 2z + /Qg(%t)IU(iE,t)IQde
ks /Q LA™ (@ )X (2, 8) — A (2, ) X (0, )], )
In order to estimate the last integral we observe
AMX — AMX = A™y 4 X (A™ — A™) = A"y + v)?m/ol(sA + (1 —s)A)™ \ds.
Since D, A and X are non-negative we obtain
SOl < [ g lulto)Pds+ ks | A"t e
4 k:5/Q)?(x,t)v(x,t)u(gc,am/ol(sA(x,t)+(1 — ) A, ) dsda
< Cillul BBy + Calul 1,00, ) 1o
for some constants C,Cy > 0. Here, we used that the functions A,g,)? and ¢ belong

to the class L>®°(Qr). Adding both inequalities and using the Cauchy-Schwarz inequality
yields

d

%(Hu('?t)niﬂ(ﬂ) + v Dl720)) < Ca(llul, O)ll72) + 100 DI720)) (1.14)
for some constant C3 > 0. Invoking Gronwall’s Lemma and using the initial conditions
ul—o = v|=o = 0, we conclude ||u(-,t)||r2¢) = [|v(-,)||z2() = 0 for all ¢ € [0, T]. O

We remark that the proof of Theorem 1.3 implies the Lipschitz-continuity of the solutions
of System (1.13) with respect to initial data in the norm of L*(Q) x L*(Q).

Corollary 1.1. Let (X, A) and (X, A) be two solutions of System (1.13) within the class
of the previous theorem that correspond to initial data (Xo, Ag) and (Xo, Ag) respectively.
Then, the following estimate holds

IX (1) = X072y + 1A 1) = AC D)1 720) < e (X0 — XollZ2() + 140 — Aol Z2(0)
for some constant C > 0.

Proof. The estimate follows immediately from Inequality (1.14) in the proof of Theorem
1.3 and Gronwall’s Lemma. O

The proof of the well-posedness of the original system (1.8) reduces to show the well-
posedness of the semi-linear system (1.13). We formally obtained the uniqueness of solu-
tions of the quorum-sensing model, the existence of solutions within the class of Definition
1.2 will be addressed in the following paragraph.
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1.3.3. Existence

To prove the existence of solutions of the original system we consider non-degenerate
auxiliary systems, and show that the solutions of the auxiliary systems converge to the
solution of the degenerate problem when the regularization parameter tends to zero. The
ideas are based on the method developed in [30] for the mono-species model and the
strategy applied in [21] and [45] to prove the existence of solutions of multi-species biofilm
models. For small € > 0 we define the non-degenerate approximation of System (1.8) by

SM
=dsAS — k i
;S sAS 1k2+S in Qr,
A =dsAA —~vA+ aX + (a+ B)Y in Qr, (1.15)
X
X =dV - (Dep(M)VX) + kgk —fS — kg X — Es|A|™X + ks|Y| in Qr,
2
8tY =dvVv - (DEJM(M)VY> + kgk TS — ]{]4Y -+ k5’A‘mX — k5’Y’ in QT7
2

where the regularized diffusion coefficient is defined by

€? z <0
D y(2) := % z2<1—e¢
ei,, z>1—c¢€

(see Section 1.1.2). Furthermore, we assume the initial data is regular and smooth; namely,
that it belongs to the class

Sy € L*(Q) N HY(Q), Solaa = 1, Ay € L®(Q) N Hi(Q),
My=Xo+Yy € L™(Q), Xo,Yo,F(My) € Hy(Q), || Moz <1, (1.16)
0< Xy, 0<Y,, 0< 5, <1, 0<A;<1 a.e. in €,

where the function

z ZCL
F(z):= —d f < 1.
(2) /0(1—2)172 or0<z<

Adding the equations for the biomass components X and Y of System (1.15) we recover
the non-degenerate auxiliary system for the single-species model

SM
= deAS — i 1.1
8,58 ds S kl k'2 i S mn QT, ( 7)
MS .
M = dV - (Dey (M)VM) + ky——— — kM in Qr.
’ ko + S

We recall that for every (sufficiently small) € > 0 there exists a unique solution (S, M,) of
System (1.17), and the solutions are uniformly bounded with respect to the regularization
parameter € > 0. Moreover, if the initial data belong to the class (1.16), the solution M,
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1.3. Well-Posedness of the Quorum-Sensing Model

is separated from the singularity. To be more precise, there exists a constant n € (0, 1),
which is independent of € > 0, such that M, < 1 — n holds in Qr (see Proposition 1.2 in
Section 1.1.2). Hence, we may regard M, = X, + Y. and S, as known functions, and it
suffices to prove the existence of solutions of the semi-linear parabolic problem

8,X = dv - (D.VX) + g.X — ks| A" X + he in Qr,

HA = daAA —~yA - X + L in Qr, (1.18)
Xloa =0, Alaa =0 on 9 x [0,77,
Xli=o = Xo,  Ali=o = 4o in © x {0}.

The diffusion coefficient for the biomass fraction is defined as D.(x,t) := D p(Mc(z,1)),
and the interaction functions are given by

o Se(z,t)
ge(xa t) D k?) ]{72 + S€($,t) 4 k:57
he(xz,t) = ksM(xz,t) >0,
le(x,t) = (a+ B)M(z,t) >0,

for (z,t) € Qr, where (M., S.) denotes the solution of the non-degenerate approximation
(1.17). In the reduction to the semi-linear system (1.18) we have already used the positivity
of the biomass component Y., which will be proved in the following lemma. To abbreviate
notations we introduce the reaction terms f; and fs,

fi(x,t, X (2, 1), Az, 1)) = gz, )X (z,t) — ks|A(z, )| X (z,t) + he(z, 1),
fs(x, t, X (z,t), A(x,t)) = —vA(x,t) — X (x,t) + l(z,1).

First, we show that all components of the solutions of the non-degenerate approximations
are non-negative and bounded.

Lemma 1.1. The components of the solution (Se, Ac, Xc, Ye) of the auziliary system (1.15)
are non-negative and belong to the class L>®(Qr).

Proof. The substrate concentration S, and the total biomass density M, = X.+ Y. are non-
negative and bounded by 1 according to Proposition 1.2. We will show that the components
X, Y. and A, are non-negative. Since X, + Y, = M, < 1 in Q7 this immediately implies
the boundedness of the biomass fractions X, and Y,.. The boundedness of the molecule
concentration A, then follows by a comparison theorem for scalar parabolic equations
(see Theorem 10.1 in [67]). Indeed, by the hypothesis on the constants «, and v the
constant Ange = 22 > 1 is a supersolution for A,. It satisfies Apmazloa = 0 = Adaq,

y
Amax|t:0 Z AU = A5|t:0 and

81%14ma$ - dAAAmu:C + ’yAmaz - aXe - (Oé + B)Y; - 'yAma:c - aXe - (Oé + 6)}/5
ZVAmax_a_ﬁzoa
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1. Mathematical Modelling of Biofilms

where we used the assumption o + 5 > 7 in Section 1.2.2.

Consequently, it remains to prove that the biomass fractions X, Y, and the autoinducer
concentration A, are non-negative. To show the non-negativity of the biomass fraction of
down-regulated cells we again apply a comparison theorem for parabolic equations. The
constant X = 0 is a subsolution for the component X.. Indeed, it satisfies X|9q > 0 =
Xlaa, Xo = Xc|t=o > 0 = X|;—o and

XS.
kQ + Se

0:X — dV - (Dear(M)VX) — ks kg X 4 ks A X — ks|Y.| = —ks|Ye] < 0.

By the same arguments and owing to the positivity of X, the constant solution Y =0
is a subsolution for Y., so we conclude Y, > 0. Finally follows A. > 0, by comparing
with the subsolution A = 0 for the molecule concentration A,, and using the fact that the
components X, and Y, are non-negative. O

Having established the positivity and uniform boundedness of the solutions we are in a
position to prove the existence of solutions of the reduced system (1.18). To this end we
treat the region, where the total biomass density becomes small, and its complement in
Q1 separately. The solution (S, M) of the single-species model is obtained as the limit of
the solutions (S, M,) of the non-degenerate approximations

S=1limS, M=IlmM, in C([0,T]; L*(2)),
e—0 e—0
where T' > 0 is arbitrary (see Section 1.1.2). For some ¢ € (0,1) we define the domains

Qs ={(x,t) € Qr | M(t,z) <6}

and Qf 7 := Qr \ Qsr. We note that both sets are open due to the Holder-continuity of
the solution M (see [21]).

Lemma 1.2. We assume the initial data belongs to the class (1.16). Then, for all suffi-
ciently small € > 0 there ezists a unique solution (Ae, Xc) of the auziliary system (1.18)
satisfying

Xe, Ac € L*((0,T); Hy () N C([0, T); L*(€2)) N L™(Qx),
0. X, 0 A € L*((0,T); H(9)).

Moreover, the solutions are uniformly bounded with respect to the reqularization parameter
e > 0, and satisfy the estimates

nax IXe(- ) lz2) + 1 Xell 2oy iy + 10X ell2orym—1(0) < Cre (14 1 Xollz2(0)

tfel%(?%i] [AcCs Ol z2() + [[Aell L2(0,r):m3)) + 10eAell 20, m):m-1(0)) < Cs(1 + ([ Aollz2(0)),
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1.3. Well-Posedness of the Quorum-Sensing Model

fort > 0 and some constants Cy.,Cs > 0, where the constant Cy is independent of € > 0.
The solutions are Hélder-continuous

X, € 0% (Qr), A € C%(Qr),

where constants o, and o are positive. The Hélder exponent o depends on the parameter e,
the data and uniform bound of the approximate solutions only, the constant o 1s independent
of € > 0.

Finally, restricted to the domain Qfp the solutions X. satisfy all estimates uniformly.
To be more precise, the constant Cy . in the inequality above and the Holder exponent o, are

independent of € > 0 for the family of approximate solutions {)?6}, where X, = Xelgs .-

Proof. If the initial data M, and Sy belong to the class (1.16) the total biomass density M,
satisfies M, < 1 —n in Qr for some n € (0, 1), and the constant 7 is independent of € > 0.
This implies that the diffusion coefficient D, is positive and uniformly bounded from above
by a constant independent of €. Indeed, for all € < n we obtain
" (M(x,t) + €)° (I1—n+e)" 1 ,
et A ) el et R A
which shows that D, € L*(Qr) and D, is strictly positive. Hence, for all sufficiently
small € > 0 the semi-linear auxiliary system (1.18) is regular and uniformly parabolic.
The functions g, h, [, Ac and X, are uniformly bounded with respect to the regularization
parameter € > 0 by Lemma 1.1, which implies that the interaction functions f; and f3
are uniformly bounded in Q7. By standard arguments (Galerkin approximations) follows
the existence and uniqueness of the approximate solutions (X, A.), the solutions belong
to the class stated in the lemma and satisfy the given estimates (see Section 11.1 in [63]).
Moreover, the Holder-continuity of solutions follows from Theorem 10.1, Chapter III in
[48].
Due to the uniform boundedness of the approximate solutions the component A, satisfies
the parabolic equation

atAe - dAAAe = _’YAe + Hea

where the function H, is uniformly bounded, ||H||z~(g,) < ¢ for some constant ¢ > 0
which is independent of € > 0. Hence, the constants in the estimates for the component
A, can be chosen independently of the regularization parameter € > 0.

Finally, if € > 0 is sufficiently small, then M, > g holds in the region Q§ 7. Consequently,
the diffusion coefficient restricted to the domain @§ is uniformly bounded from above and
below by a positive constant which is independent of € > 0,

(3) <@ smimn= WDt

in Q1.
2 (1— M(z,1)) Qs
Solutions of non-degenerate parabolic equations of second order with coefficients in L>((2)
satisfy the estimates stated in the lemma, and the bounds are determined in terms of the
coefficients of the equation (see [48]|, Chapter V). Consequently, the estimates in the region
(57 are uniform and do not dependent on € > 0. ]
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1. Mathematical Modelling of Biofilms

We will use this lemma to pass to the limit in the region Q5. To pass to the limit in
the region (s requires further uniform estimates for the family of approximate solutions.

Lemma 1.3. If € > 0 is sufficiently small, the product \/D.VX. is uniformly bounded in
L*(Qr;R™), and the approzimate solutions satisfy X.(-,t) € H*(Q) for some s > 0 and
almost every t € [0,T]. Moreover, there exists €y > 0 such that

| Xellz2(0,1)m50)) < C for all 0 < € < €,
where the constant C > 0 is independent of the reqularization parameter ¢ > 0.

Proof. Multiplying the first equation of System (1.18) by X, and integrating over ) we
obtain

1d
5%”‘)(6(7 t)||2L2(Q) + d<De(a t)VXe('a t)v VXE('

:/Xe(x,t)ff (2.4, X.(2. ), A(z, 1)) dz < Ch,
Q

3 t)>L2(Q;R")

for some constant Cs > 0. Due to Lemma 1.1 the constant Cg is independent of € > 0. If
we integrate this inequality from 0 to 7" > 0 it follows the first statement of the lemma.

Furthermore, for sufficiently small ¢ > 0 we observe X, < M, < 1 —1n in 7 and
consequently,

(X (z,t) + €)° - (Mc(z,t) +€)* Do yi(M.(z,1)) in Qr.

X&(x,t) < Depr(Xe(x,1)) = (1 — (M(z, )

This implies the estimate
/Xj(x,t)HVXe(x,t)Hde < / Dert(M, (2, 0))|V X, (, £) |2 < C,
Q Q

for some constant C7; > 0, which is independent of the regularization parameter € > 0. This
shows that X2 (-, t)VX(-,t) € L*(©;R™) or equivalently, XG%H(L‘) € H'(Q) for almost every
t €]0,T]. Finally, if a function satisfies ©® € H'(Q) for some § > 1, then p € W*?*(Q)
holds for all s < 4 (see Appendix B). This implies that X.(-,¢) € WG+ (Q) for

s < gil. Since the domain ( is bounded and a > 1 the embedding W*?T¢(Q) — H*(Q)
2

is continuous and we obtain X.(-,t) € H*(Q) for some positive s > 0. In particular,

the family of approximate solutions {X,}c~o is uniformly bounded in the Hilbert space
L2((0,T); (). a

Lemma 1.4. There exist functions

X" € L*(Qr) N L*((0,T); H*(2))
A" € L%(Qr) N L*((0,T); Hy (2))
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1.3. Well-Posedness of the Quorum-Sensing Model

and a sequence (€x)ren tending to zero for k — oo, such that the solutions of the auxiliary
systems (1.18) converge weakly

X, — X7, A, — AT

in L*((0,T); H*(Q)), and L*((0,T); H} () respectively, and strongly
X, = X5, A, — A"

in C([0,T); L*(Q)) when k tends to infinity.

Proof. We prove the convergence and existence of the limit for the biomass fraction X*,
the arguments are similar for the molecule concentration A*. By Lemma 1.3 and for
sufficiently small ¢ > 0 the family of approximate solutions {X}.~¢ is uniformly bounded
in the Hilbert space L?((0,7T); H*(Q2)) for some s > 0. Consequently, there exists an
element X* € L?((0,7); H*(?)) and a sequence (e;)ren tending to zero for k — oo such
that the sequence (X, )ren converges weakly to X* in L2((0,T); H*(2)).

Furthermore, Lemma 1.3 implies that the product /D.vV.X, is uniformly bounded in
L*(Qr;R™), and the diffusion coefficient satisfies D. € L>=(Qr). Consequently, we obtain

HDeVXe”%%QT;Rn) < HDeHL"O(QT)H \% DGVX6‘|%2(QT;R") <

for some constant ¢ > 0 which is independent of € > 0. This proves the uniform bounded-
ness of the derivative 9, X, in L?((0,7); H*()).

By Theorem 1.5, Chapter II in [12] now follows the strong convergence of the sequence
of approximate solutions in the space C([0,T]; L*(£2)). O

It remains to show that the limits of the approximate solutions yield the solution of the
degenerate problem.

Theorem 1.4. The limits X* and A* of the solutions of the non-degenerate approrimations
in Lemma 1.4 are the unique weak solutions of the reduced system (1.13). In particular,
there exists a unique solution of the quorum-sensing model (1.8) in the sense of Definition
1.2.

Proof. We show that we can pass to the limit ¢ — 0 in the distributional formulation of the
non-degenerate auxiliary system (1.18). We only prove the convergence for the biomass
fraction X* since the arguments are the same or simplify for the molecule concentration
A*. The functions X, are weak solutions of the auxiliary systems (1.18). Consequently,
the equality

/Q X.(2, T)o(x)dz — /Q Xo(2)o(x)dz

= —d | Duw VX, t) Vo()dtd+ [ it Adw ), Xo(w, D) (o) did
Qr QT
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1. Mathematical Modelling of Biofilms

is satisfied for all test-functions ¢ € C§°(€2) and almost every 7' > 0. By Lemma 1.1 the
family of approximate solutions is uniformly bounded in L>*(Qr) and we can immediately
pass to the limit in all integrals, except for the diffusion term. Hence, it remains to show
the convergence of the term

Dz, t) VX (x,t) - Vo(z)dtdr = Deyf(M(z,1)V X (2,t) - Vo(x)dtdr
Qr Qr

— Dy (M(x, 1)V X (x,t) - Vo(z)dtde,
Qr

when the regularization parameter e tends to zero. Note that the integrals are well-defined
by Lemma 1.3. We split the difference and treat the domains Qs and Q§  separately. To
this end we define

R = L+J = / (D2, )9 X, (. ) — Doy (M(z, 1))V X (x,1)) - Vep(a)dtde
Qs,1

b [ (P (o0) ~ DM (2, ) VX (21) - Vila)dda,
Qs

which does not depend on the parameter § > 0, and show that the term R. vanishes when
e tends to zero. To estimate the integral J. we express the difference in the following way

DNVX.—Dy(M)VX = (Deyy(Me) — Dy (M) VX + Dy (M) (VX — VX).
For the first term in the integral we obtain

‘<(DE,]\/[(M€) - D]\/](M))VX& v£p>L2(Q§’T;RTL)|

| Der(Me) = Dar(M)[| oo (05 1) [{V Xes Vi) 12(0g m) |
[ Denr(Me) — Dar(M)|| (@ IVl 22(Q5 pirm) |V Xell 2205 pimm)
Cs [ Dear(Me) — Dar(M)|| oo (@5 )

VAN VAR VAN

for some constant Cg > 0. Here, we used the Cauchy-Schwarz inequality and the uniform
boundedness of the family of approximate solutions { X, }.~¢, when restricted to the domain
Q57 in the norm induced by L*((0,T); Hy(Q)) (see Lemma 1.2). The family of solutions M.
of the non-degenerate approximations of the single-species model is uniformly bounded in
the Holder space C%% (Qr) for some & > 0 (see [21]), which implies the strong convergence
in the space C(Qr). Furthermore, the solutions of the auxiliary systems satisfy the uniform
estimate M, < 1—nin Q7, and we conclude that M < 1—nin Q7. On the interval [0, 1—7]
the truncated function D, s : [0,1—1n] — R converges uniformly to the function Dy, when
€ tends to zero. Therefore, splitting the remaining term

[ Depr(Me) — Dar (M) oo @ )
<[[Det(Me) = Dent (M) || 1o(Q5 1) + 1 Desna (M) — Dy (M) || 2o

é,T)
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1.3. Well-Posedness of the Quorum-Sensing Model

we see that it vanishes when e tends to zero.
Finally, the convergence of the second integral in J,
(Dy(M)Vep, VX —VX*) , (@5 ik
is an immediate consequence of Lemma 1.2. Indeed, restricted to the domain Qf 7 the fam-
ily of approximate solutions is uniformly bounded in the norm induced by L*((0,T); Hj(£2)),
which implies weak convergence in this space. Since the diffusion coefficient Dy, (M) be-
longs to L>(Qr) by Proposition 1.5, the product D/ (M)Vy defines an element in the
dual space and implies the convergence of the integral. Summarizing the above estimates
we conclude that for every p > 0 there exists an ¢y > 0, which is independent of d, such
that the term |J | < p for all € < ¢.

It remains to estimate the integral I.. We recall that the domain ()51 was defined as
the subset of Q7 where the total biomass density M < 6. As M, converges strongly to M
in C(Qr) there exists €; > 0 such that the approximate solutions M, < 26 in Qs for all
€ < €1. For sufficiently small ¢ > 0 we conclude

(M (x,t) + €)®

D.(x,t) = Depyr(Me(z, 1)) = (1— M.(z, 1)) <

(30)"
(1—24)

for all (z,t) € Qs
Furthermore, the product v/D.V X, is uniformly bounded in L?*(Qr; R") by Lemma 1.3,
which allows us to use Holder’s inequality to estimate the integral

( ; De(x,t)VXe(m,t).Vgp(x)dtdx‘ < VDXl | |V DI N 20 e
5, T
(36)2

m ||90||%2((0,T);H1(Q))7

1
2
< Cy D.(z,1)||Ve(z)||Pdtdr | < Cy
Qs T
where the constant Cy > 0. Estimating the second integral of I, in the same way we obtain

|I| < / D (2, t)VX(2,t) - V() |dtds +/ | Dy (M (z,8)) VX (2,t) - V() |dtds
Qs T Qs, T
(36)%
Y1—20)8
for some constant Cyg > 0.
To conclude the proof of the theorem let p > 0 be arbitrary. We first choose § > 0 and
a corresponding €; > 0 such that

]
I| <=
Il < 5

for all € < €;. According to the first part of the proof there exists ¢y > 0, which does not
dependent on 0 > 0, such that

o
J| < =
[ < 5
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for all € < ¢g. Consequently, we obtain
|Re| < [Ie] + [ Je| < p

for all € < min{eg,€;}. This proves that the limit (X, A) is a solution of the reduced
system (1.13), and the uniqueness of the solution follows by Theorem 1.3. The existence
and uniqueness of solutions of the original system (1.8) now follows from the existence and
uniqueness of the solution (S, M) of the single species model. O]

Similar as in [30], the proof of the well-posedness of the quorum-sensing model can be
extended to less regular initial data and other boundary conditions for the solutions. The
boundary conditions for the dissolved substrates S and A, which describe mechanisms of
substrate replenishment and autoinducer removal are thereby rather uncritical. For the
biomass volume fractions X and Y the results carry over as long as the values remain
below the threshold singularity. This is the case if X + Y < 1 is specified on some part of
the boundary (see [30]).

1.3.4. Numerical Simulations

In this section we present numerical simulations by H. Eberl to illustrate the model be-
haviour. The model parameters correspond to a biofilm colony of Pseudomonas putida,
the formation of the biofilm is controlled by carbon as the growth limiting substrate and
the signalling molecules are Acyl Homoserine Lactones (AHL). For a detailed description
of the data and the numerical experiments we refer to [68].

Microbial flocs

Biofilms in the absence of a substratum are aften called microbial flocs. Such bacterial ag-
gregates enclosed by an EPS matrix are used in the industry for waste water treatment and
also observed in natural settings (|59]). The first simulation reflects the Dirichlet bound-
ary conditions (1.9). Initially, down-regulated biomass is only located in a heterogeneous
region {25(0) in the center of the domain, no up-regulated biomass and no AHL is assumed
to be in the system. The substrate concentration is everywhere in €2 at the same level as
on the boundary,

A=Yy =0, So=1 in €2,
Xo >0 in QQ(O), XO =0 in Ql(O)

This situation describes a heterogeneous microbial floc of down-regulated cells in the middle
of the domain. In Figure 1.3 the development and process of up-regulation of the microbial
floc is shown. The biofilm is represented by the ratio of down-regulated biomass to overall
biomass, Z = X/(X +Y) in the biofilm region 5(t), while Z = 0 in the aqueous phase
Q4 (t). Moreover, the iso-concentration lines for the autoinducer A are coded in greyscale.

When the simulation starts the floc is formed by three overlapping circles in the center
of the domain. Nutrients are available everywhere, the biomass in the system increases and
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0.00068

(e) t =48

Figure 1.3.: Development and Up-Regulation of a Microbial Floc under Homogeneous
Dirichlet Conditions for the Autoinducers: Shown are for selected times the
fraction of down-regulated biomass, Z := X/(X +Y), and isolines of the AHL
concentration (|68]).
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starts to expand where the biomass density locally reaches values close to 1. At time t = 4
the shape of the floc is almost spherical and we observe a small amount of up-regulated
cells in the core of the floc . On the boundary the autoninducer concentration is kept at
the constant level Algq = 0. The highest concentrations are always found in the center of
the floc, from where the molecules diffuse towards the boundary of the domain. At time
t = 4.3 we note the onset of major up-regulation, and in the later snapshots the floc is
everywhere dominated by up-regulated biomass. The highest fractions of down-regulated
cells can be found in the outer-most layers.
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Figure 1.4.: Simulation of Quorum Sensing in a Microbial Floc: Plotted is the time evolu-
tion of Xyopar, Yiotar and Ayge for homogeneous Dirichlet conditions (left) and
for homogeneous Neumann conditions (right) for the autoinducer concentra-
tion ([68]).

The the total amount of biomass fractions and autoinducers relative to the size of the
domain || are plotted in the left panel of Figure 1.4,

1 1 1
Xiaolt) = o /Q X(e.0dr, Yiaul®) = 7 /Q V@ tde, Auolt) = o /Q Az, t)da.

The switch from a down- to an up-regulated system happens instantaneously, afterwards
the biofilm develops at an unchanged rate and is now dominated by up-regulated cells.
The corresponding results of a simulation, where homogeneous Neumann conditions for
the autoinducer concentration are assumed, 0,A|sq = 0, are plotted in the second panel.
Here, 0, denotes the outward unit normal vector on the boundary of the domain. In this
setting autoinducers cannot leave the domain, accumulate faster and very high autoinducer
concentrations are attained. The onset of quorum-sensing occurs significantly earlier than
under Dirichlet conditions, and soon after induction occurs, all biomass in the system is up-
regulated. This illustrates that not only the number of cells in the system affects the process
of up-regulation but also external mass transfer; namely, the removal of autoinducers from
the system.
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1.3. Well-Posedness of the Quorum-Sensing Model

Under homogeneous Dirichlet boundary conditions for the autoinducer concentration
significantly more biomass is produced before we observe the onset of up-regulation, and
autoinducers accumulate slower. The slow increase of down-regulated biomass at approx-
imately ¢ ~ 7 is a boundary effect. The biomass in the system grows, which leads to
lower substrate concentrations and higher AHL concentrations. Since the floc expands the
biofilm /water interface approaches the boundary of the domain. The boundary conditions
enforce that the flux of AHL out of the system and the flux of substrates into the system
increases. Consequently, the up-regulation process of the floc is slower and the unlimited
nutrient supply promotes the growth of down-regulated biomass in the outer layers.

Biofilms

The second simulation illustrates the process of quorum-sensing in a growing biofilm com-
munity in a rectangular domain.

The substratum is the bottom boundary of the domain. It is impermeable to biomass,
substrate and AHL, which is reflected by homogeneous Neumann boundary conditions.
Also at the lateral boundaries homogeneous Neumann conditions are assumed for all de-
pendent variables. Through the top boundary I' the growth limiting substrate S is added to
the system and the autoinducer AHL removed, which is described by the Robin boundary
conditions

(S+20,9)|. =1, (A+A,4)| =0,

‘F: ‘F:

where the constant ) is positive. For both biomass fractions homogeneous Dirichlet con-
ditions are assumed at the top boundary. Down-regulated biomass is placed initially in
small pockets on the substratum. No up-regulated cells and no AHL are in the system,
and the substrate concentration takes the bulk concentration value everywhere,

Ay =0, Yy =0, So=1 in ,
Xo >0 in Q,(0), Xo=0 in ©;(0).

Figure 1.5 shows the development of the biofilm and the process of up-regulation. As in
the previous simulation, the biofilm is represented by the ratio of down-regulated to total
biomass. When the simulation starts nutrients are available everywhere, the biomass starts
growing, and expansion occurs locally when and where the biomass density approaches val-
ues close to 1. At time ¢t = 8.50 the two middle colonies merged. The AHL concentrations
are largest in the inner layers of the biofilm colonies and the signalling molecules diffuse
from the biofilm colonies into to the aqueous phase.

Induction starts at approximately ¢ = 9.24 in the clustered region, where more bacteria
are concentrated, and AHL concentrations are higher. First, bacteria in the inner layers
become up-regulated. The fraction of up-regulated cells, and the concentration of autoin-
ducers in the smaller isolated colony on the right are lower. This causes a flux of AHL
towards the single colony and consequently, the up-regulation pattern in this nearly hemi-
spherical colony is not symmetric. At time ¢ = 9.28 the average AHL concentration in

35



1. Mathematical Modelling of Biofilms

2 _
15 0.491 0.736 0.982 0.172 0.191
L A

7
000 0170 0341 511
R

i
0.123 0.247

A
0681 ool 0710 0809 0909 1.01 0.00 0370 0493 0879
o

8 o -
T

Z A z
00173 00345 00518 00691  25] 274 000 000761 00152 00228 00304 370

(e) t =9.78

Figure 1.5.:

A
0210 0.229 0.247
I
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Figure 1.6.: Simulation of Quorum Sensing in a Biofilm Colony: Plotted is the time evolu-
tion Of Xtotab Y;total and Atotal ([68])

the domain reaches the threshold value, but the difference in the process of up-regulation
between the clustered neighbouring colonies and the isolated colony is still clearly observ-
able. In the next snapshot the AHL concentration is everywhere in the domain above the
switching threshold, and the center colonies merged with the colony on the left. Only
a small fraction of cells in the biofilm colonies is still down-regulated. Finally, at time
t = 11.28 the colonies consist almost entirely of up-regulated cells.

The overall time evolution of the biofilm is summarized in Figure 1.6, where the lumped
quantities Xiotar, Yiotar and Aypq are plotted. Initially, the biofilm shows exponential
growth. Approximately at time ¢t ~ 9 sufficient AHL has accumulated to induce up-
regulation, and the switch from a mainly down-regulated biofilm to a biofilm dominated
by up-regulated cells is almost immediate. This results in a drastic jump in the AHL
accumulation. Afterwards the population continues to grow and consists of an almost
entirely up-regulated biofilm.

Interpretation

Many features and processes in bacterial cells are regulated by autoinducer signalling, but
the mechanisms and its ecological rule are still not yet very well-understood. Autoinducer
signalling is used to regulate the expression of specific sets of genes. It is often related with
the switching from one life-strategy to another, affects virulence factors and therefore the
pathogenic potential of biofilms ([43], [6], [59]). Moreover, experimental findings support
the hypothesis that autoinducers are required for the formation of biofilms, cause cell
aggregation and affect the structure of a developing biofilm community ([59]). A better
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1. Mathematical Modelling of Biofilms

understanding of the underlying mechanisms is desirable to develop methods that allow to
manipulate the behaviour of bacterial biofilms or to eradicate them.

Quorum-sensing in the strict sense is commonly characterized as a mechanism by which
the cells measure the local density of the population to react accordingly for group benefits.
The related concept of diffusion-sensing supports the hypothesis that single cells explore
the local environmental conditions. Namely, if mass transfer is sufficiently limited for the
secretion of molecules ([43]).

The simulations in Figure 1.5 illustrate that the spatial arrangement of cell colonies has
a significant impact on the process of up-regulation in a growing biofilm. The switching
behavior in one colony can be affected by the size and location of the other colonies.
Comparing the development and up-regulation process of the microbial floc in Figure 1.4
under different boundary conditions we observe that also environmental conditions play
an important role. The purely diffusive transport of autoinducers can affect the onset of
switching greatly. Therefore, the numerical simulations indicate that spatial effects are
crucial in the process of quorum-sensing and support the recent hypothesis of efficiency-
sensing (|43], |68]). It aims that cells measure a combination of cell-densities, mass-transfer
properties and the spatial distribution of cells.

1.4. Concluding Remarks

Only few analytical results were obtained for the mathematical models describing the
growth of spatially heterogeneous biofilm communities. A solution theory for the prototype
model was developed in [30], and the existence of the global attractor of the generated
semigroup was shown. The global attractor was further studied in [28]. Not all results could
be carried over to the more involved models that account for multiple biomass components
and several dissolved substrates. In particular, the question of uniqueness of solutions
remained open for the models [21] and [45]. The quorum-sensing model is the first of
the multi-species biofilm models for which a uniqueness result could be established (see
Theorem 1.4). Our approach to show the well-posedness is different from the approach
applied in [30] for the single-species model. We expect that the solution theory developed
in Section 1.3 extends to other multi-component biofilm models, and that the uniqueness
of solutions can be proved for the models [21] and [45] by similar arguments.

The longtime behaviour of solutions and the existence of attractors has not yet been
analysed for multi-species biofilm models and is an interesting problem. The setting and
the phase space of the generated semigroup is different from the single-species model.

Another important and biologically relevant aspect is the extension of the models to allow
for time-dependent interaction functions. For particular applications it can be important
to take daily changes or changes in the life cycle of the bacteria into account, which leads
to time-dependent coefficients in the equations. Under appropriate assumptions on the
non-autonomous functions the solution theory carries over to such models. However, non-
autonomous reaction terms can lead to interesting effects in the longtime dynamics, and
the attractors can be essentially more complex (see Chapter 3).
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2. Veritying Mathematical Models
Including Diffusion, Transport and
Interaction

The solutions of many systems of convection-diffusion-reaction equations arising in biol-
ogy, physics or engineering describe quantities such as population densities, pressure or
concentrations of nutrients and chemicals. Consequently, a natural property to require is
positivity of the solutions. Models that do not guarantee positivity are not valid or break
down for small values of the solution. Moreover, showing that a particular model does not
preserve positivity often leads to a better understanding of the model and its limitations
(129, [34]). In this chapter we address systems of parabolic PDEs and analyse whether
solutions originating from non-negative initial data remain non-negative as long as they
exist. In other words, we study the invariance of the positive cone for the model under
consideration.

For scalar parabolic equations the non-negativity of solutions emanating from non-
negative initial data is a direct consequence of the maximum principle (see [62] or [51]).
However, for systems of equations the maximum principle is not valid. In the particular
case of monotone systems the situation resembles the case of scalar equations. Sufficient
conditions for preserving the positive cone can be found in [66] (Chapter 7). Further, a
general result for the flow invariance of regions of the phase-space is known as the Nagumo-
Brezis Theorem ([60], Theorem 4.2). It is formulated for abstract differential equations in
Banach spaces and states that the tangential condition ([60], p. 70) is necessary and suf-
ficient for the flow invariance of a certain region. One could apply this result to study
the invariance of the positive cone but it provides abstract conditions that are difficult to
verify in general, and does not yield an explicit characterization of the class of differential
operators that satisfy the tangential condition. For systems of ordinary differential equa-
tions, in fact, the tangential condition allows to formulate explicit conditions for the flow
invariance of the positive cone ([60], Corollary 4.2).

An explicit characterization of the class of parabolic systems that preserve the posi-
tivity of solutions is important since it provides the modeller with a tool, which is easy
to verify, to approach the question of the positive invariance of the model. Necessary
and sufficient conditions for the positivity of solutions of systems of semi-linear reaction-
diffusion-convection equations were formulated in [29]. They are not obtained by applying
the tangential condition for this particular class of operators, the proof is based on a direct
approach to derive conditions for the positivity of solutions. Since an increasing number of
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mathematical models exhibit density-dependent diffusion terms our aim is to extend the
previous result to quasi-linear parabolic systems. Moreover, we apply the positivity criteria
to deduce necessary and sufficient conditions for the validity of comparison principles for
semi-linear and for quasi-linear systems.

The second part of this chapter is devoted to stochastic perturbations of deterministic
parabolic systems which play an important role in the modelling of a variety of phenom-
ena in physics and biology. We seek an explicit characterization of the class of stochastic
perturbations that preserve the invariance of the positive cone of the unperturbed deter-
ministic model. For stochastic scalar ODEs it is well-known that additive noise destroys
the positivity of solutions while the positivity property is preserved under perturbations by
a linear multiplicative noise. Our main result for systems of stochastic PDEs resembles this
observation. To study the positivity property of stochastic systems we construct a fam-
ily of random PDEs such that its solutions converge in expectation to the solution of the
stochastic system. We formulate necessary and sufficient conditions for the positivity of the
solutions of the family of random approximations. The positivity of the random approx-
imations then implies the positivity of the solutions of the stochastic system. Moreover,
we show that the positivity is preserved for both, It6’s and Stratonovich’s interpretation
of stochastic differential equations.

For stochastic perturbations of systems of ODEs the classical Nagumo-Brezis Theorem
was generalized in [53]. The tangential condition was formulated in the stochastic setting
and shown that it is necessary and sufficient for the invariance of regions of the phase space.
The result is valid for It6’s and for Stratonovich’s interpretation (see [53|, Theorem 1). As
its deterministic counterpart the tangential condition is formulated in an abstract form and
has to be verified for each particular problem. We cannot apply this criterion to analyse
the invariance of the positive cone for systems of stochastic PDEs but it allows to deduce
explicit necessary and sufficient conditions for the positivity of solutions of systems of
stochastic ODEs. Sufficient conditions for the validity of comparison principles for systems
of stochastic ODEs can be found in [14] (Theorem 6.4.1), which imply sufficient conditions
for the positivity of solutions. The proof uses a conjugacy between stochastic and random
differential equations, but cannot be applied for systems of stochastic PDEs. For stochastic
perturbations of a single scalar parabolic PDE explicit necessary and sufficient conditions
for the positivity of solutions of the stochastic system were proved in [47] (Corollary 2.6 and
Theorem 2.9). The proof is not based on random approximations. We apply results from
the deterministic theory and formulate necessary and sufficient conditions for the invariance
of the positive cone for the random approximations, which yield sufficient conditions for
the positivity of the solutions of the stochastic system. To show that these conditions are
also necessary presumably requires different techniques.

The outline of this chapter is as follows. In Section 2.1 we recall the positivity criterion
obtained in [29] for systems of semi-linear parabolic PDEs before we derive necessary and
sufficient conditions for the positivity of solutions of systems of quasi-linear convection-
diffusion-reaction-equations. It turns out that for semi-linear systems, the diffusion and
convection matrices are necessarily diagonal, while the quasi-linear case is essentially differ-
ent. Here, cross-diffusion and -convection terms are allowed, however, the matrices are of a
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very particular form. As a consequence of the positivity criteria we deduce necessary and
sufficient conditions for the validity of comparison principles for solutions of semi-linear
and quasi-linear systems in Section 2.2. In Section 2.3 we present several applications and
consider quasi-linear systems arising in the modelling of biological system:s.

The second part of the chapter is devoted to stochastic perturbations of deterministic
systems. In Section 2.4 we motivate our results and consider simple examples where a di-
rect transformation relates the stochastic system with a family of random equations. In the
general case, where such a simple transformation is not applicable, we study the stochastic
problem by considering smooth random approximations since random equations can be
interpreted pathwise and allow to apply deterministic methods. We recall an approxima-
tion theorem for stochastic perturbations of semi-linear parabolic systems in Section 2.5.1.
The solutions of the random approximations do not converge to the solution of the original
system but to the solution of a modified stochastic system. However, the relation is explicit
and it is possible to construct a family of random approximations such that its solutions
converge to the solution of the original stochastic system. The main result is formulated in
Section 2.5.2 and yields necessary and sufficient conditions for the positivity of solutions of
the random approximations. The conditions ensure that the stochastic system preserves
positivity. Moreover, the conditions are invariant under the transformation relating the
original system and the auxiliary system, and the transformation coincides with the rela-
tion connecting Ito’s and Stratonovich’s interpretation of stochastic differential equations.
Consequently, the positivity of solutions is guaranteed, independent of the choice of in-
terpretation. As a consequence of the positivity criterion we formulate conditions for the
validity of comparison principles for stochastic systems in Section 2.5.3. In Section 2.5.4
we consider an application and verify the positivity property of a stochastic model.

2.1. Positivity Criteria for Deterministic Systems

2.1.1. Semi-Linear Systems

In this section we recall the positivity criterion obtained in [29] for systems of semi-linear
parabolic equations. It yields explicit necessary and sufficient conditions for the positivity
of solutions of semi-linear convection-diffusion-reaction equations of the form

Owu=a-Au—~-Du+ f(u) Qx(0,7),
U‘QQ =0 0f) x [O,TL (2.1)
where u = (uy,...,ug) : Q x [0,T] = R* k € N, is a vector-valued function of the spatial

variable = € Q and time ¢t € [0,T]. Here, Q@ C R", n € N, denotes a bounded domain with
boundary 02 and T" > 0.
The diffusion matrix a = (a;j)1<; j <k has constant coefficients a;; € R and

a is positive definite. (2.2)
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The convection term is defined by

v Du := i’yl ’ 81[“7

=1

where 7' = (7};)1<ij<k, 1 < 1 < n, are matrices with constant coefficients 7}, € R. The
partial derivatives 0, and 0,,, 1 < I < n, as well as the Laplace operator A = A, are
applied componentwise to the vector-valued function u. Moreover, we assume that the
interaction function f = (f1,..., fx) is continuously differentiable,

f € CHR*;R). (2.3)

We will formulate explicit conditions on the matrices a and 7/, 1 < [ < n, and the
interaction function f such that the solutions of System (2.1) preserve positivity.

Let LP(;R¥), where 1 < p < oo, be the space of vector-valued functions u :  — RF
such that the components u; € LP(€2), 1 <i < k. The scalar product in the Hilbert space
L2(Q; R¥) is defined by

k
(u, 'U>L2(Q;Rk) = Z<ui,’l}i>L2(Q) u,v € LQ(Q;Rk).

i=1
For vectors y € R* we write y > 0 if the inequality is satisfied componentwise,
y; >0 forall 1 <i<Ek,
and denote all non-negative vectors by R := {y € R*| y > 0}.
Definition 2.1. The positive cone in L*(;R¥) is the set
Kt :={ue L’ (GR")| u>0ae in Q}.

Moreover, we say that System (2.1) fulfils the positivity property if for every initial data
ug € Kt the corresponding solution u( -, -;ug) : 0 X [0, tae] — R satisfies

u(-,t;ug) € KT for t €0, tmazl,
where tmae > 0 and [0, te.| denotes the mazimal existence interval of the solution.

Our aim is not to study the well-posedness of the initial-/boundary value problem (2.1),
we are interested in the qualitative behaviour of solutions. Therefore, in the sequel we
assume that for every initial data ug € K there exists a unique solution of System (2.1),
and the solution satisfies L*>-estimates,

u(-, t;up) € L(Q;R¥) for t € [0, tmaz)- (2.4)

Sufficient conditions on the data and the coefficients of the equations that justify this
assumption can be found in [48]. The following theorem characterizes the class of semi-
linear systems (2.1) that satisfy the positivity property.
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Theorem 2.1. Let the assumptions (2.2) - (2.4) be fulfilled and the initial data ug € K+
satisfy the compatibility conditions. Then, System (2.1) possesses the positivity property,
of and only if the matrices a and v are diagonal, and the interaction function satisfies

fily) >0 for all y € Rl_i such that y; = 0, (2.5)

where 1 < < k.
For the proof of Theorem 2.1 we refer to [29] and [34].

Definition 2.2. We say that the function f : R¥ — R* fulfils the positivity condition if
its components satisfy the inequalities (2.5) in Theorem 2.1.

In the spatially homogeneous case, for systems of ODEs Theorem 2.1 is equivalent to the
tangential condition for the invariance of the positive cone. In this case, explicit conditions
for the positivity of solutions can be derived from the Nagumo-Brezis Theorem (see [60]
or [71]). For the proof of the following criterion we refer to [60], Corollary 4.2.

Theorem 2.2. Let f: R¥ — R¥ fulfil the hypothesis (2.3) and ug € R*. Then, the system
of ODEs

d
—u=f), (2.6)
U|t:0 = Uop,

where w = (u1,...,u;) : Ry — RF satisfies the positivity property if and only if the
function f satisfies the positivity condition.

Theorem 2.1 states that a given system of ODEs which satisfies the positivity property
will preserve this property when diffusion and convection effects are taken into account if
and only if no cross-diffusion and no cross-convection terms are present.

2.1.2. Quasi-Linear Systems

An increasing number of models exhibits density-dependent diffusion and convection terms.
To study the positivity property of these models we generalize Theorem 2.1 for systems of
quasi-linear parabolic equations of the form

Ou = a(u) - Au — vy(u) - Du+ f(u) Qx(0,7),
u‘ag =0 o) x [O,T], (27)
U’t:() = Uy Q x {0},

where we use the notations of the previous section.
We assume the diffusion matrix a(u) = (a;j(u))1<; <k is density-dependent with contin-
uously differentiable coefficient functions a;; : R¥ — R and a(u) is positive definite,

yla(u)y > p for all u,y € R*,y # 0, (2.8)
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where the constant u > 0 and y? denotes the transposed vector. The convection term is
given by

y(u) - Du= Y ~'(u)-yu,
1=1

where the coefficient functions v}, : R¥ — R of the matrices v(u) = (7};(u))1<ij<k are
continuously differentiable, 1 < [ < n. Moreover, we suppose the interaction function
f=(f1,..., fr) is continuously differentiable,

f € CHR*;R). (2.9)

Since we are interested in the qualitative behaviour of solutions we assume that for any
non-negative initial data uy € K there exists a unique solution of System (2.7), and the
solution and its derivatives with respect to x satisfy L°°-estimates,

u(-,t;up), Opul(s,tiug) € L (Q;RY) t €10, tmazl, (2.10)

for all 1 <1 < n, where [0, ;4] denotes the maximal existence interval of the solution.
The following theorem yields explicit conditions on the matrix functions @ and +' and the

interaction term f that are necessary and sufficient for the positivity property of System
(2.7).

Theorem 2.3. Let the conditions (2.8) - (2.10) be fulfilled, and the initial data uy €
K™ satisfy the compatibility assumptions. Moreover, we assume that the second partial
derivatives of the functions a;; for i # 7,1 < 4,5 < k, exist and belong to the space
L2 (R¥). Then, System (2.7) satisfies the positivity property, if and only if the interaction
term f satisfies the positivity condition and the matrices a and ' fulfil

a;(y) = fyfj(y) =0 for all y € Ri such that y; = 0, (2.11)
where 1 #£ j, 1 <i,j <k and1 <[ <n.

The conditions (2.11) on the diffusion and convection matrices in Theorem 2.3 imply
that the matrices can be represented in the form

CLH(U) U1A12(u) UlAlg(u) cee ulAlk(u)
UQAgl (U) CLQQ(U) u2A23(u) cee UQA2k<u)
alu) =
) wlp@) wli(w) - wl ()
ualy (u)  5(uw)  walis(u) o ualy(u)
7(u) =
wlh (W) ulip(u) wlig(u) - Vioe (W)
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with bounded functions A;(u) and Tl (u), i # j,1 <1 <n.

Proof. Necessity: We assume the solution u = u(-, -;up) : Q x [0, tpa] — R¥ corre-
sponding to initial data ug € K remains non-negative for ¢ > 0 and prove the necessity
of the stated conditions. In the following we make formal calculations, for its validity we
refer to [48]. Taking smooth initial data uy and an arbitrary function v € K™, which is
orthogonal to ug in L?(2; R*), we obtain

u( -, t;ug) — ug

<atu‘t=07 U>L2(Q;Rk) = < t1—1>%1+ t ) U>L2(Q;Rk)
) u( -, t;up) . U
= tli%:_ <f’ D>L2(Q;Rk) o tli%i <7’ U>L2(Q§Rk)
. U( ) t7 uU)
- tl—lgi { t ’U>L2(Q;R’“) 20,

where we used the orthogonality of ug and v as well as the hypothesis u(-,t;uq) € KT for
t >0, and t — 0, denotes the derivative from the right. We remark that for the particular
initial data ug that we will choose in the sequel there always exists an orthogonal element
v € K. On the other hand, since u is the solution of System (2.7) corresponding to initial
data ug, we observe

(Opuli=o, U>L2(Q;Rk) = (a(uo) - Aug — v(uo) - Dug + f(uo), v>L2(Q;R,€) > 0. (2.12)
In particular, for fixed i € {1,..., k} choosing the functions ug = (4, . .. ,\O/_/7 ..., U) and
v=1(0,... ,\7);/, ..., 0) with ug,v € KT leads to the scalar inequality i
k no k
<jﬂzj¢i aij(ug) Aty — ;j:;#i 'yf-j(uo)amﬂj + fi(uo), 6>L2(Q) > 0.

Since this inequality holds for arbitrary non-negative @ € L?(f2), we obtain the pointwise
estimate

k n k
Z a;i(ug) Aty — Z Z vfj(uo)axlﬂj + fi(up) >0 a.e. in . (2.13)
J=1j#i I=1 j=1,j#i

This implies the conditions on the diffusion and convection matrices,

aij(iy, . . ., Q o) =, Q e y) =0 U, >0, j#i,
forall 1 <j <k,and 1 <[ <n (see Lemma 2.1 below).
From Inequality (2.13) now follows that the components of the interaction term satisfy
filtg, ..., 0 ,....4%) >0 u; >0, j#1,

i
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forall 1 <i,5 <k.

Sufficiency: We show that the stated conditions on a,v and f ensure that the solution
u = u(-, -;up) corresponding to initial data uy € KT remains non-negative. First, we
assume that the properties (2.11) and the positivity condition (2.5) are satisfied for all
y € R¥ such that y; = 0. The system of equations then takes the form

k
Oyu; = ay;(u)Au; + Z w;i Ay (w)Au, — Z%Z ) O, U — Z Z u,l"l w)0z,u; + fi(u),

J=1,j#i =1 j=1,j%#1

for 1 <14 <k, where the functions A;;, Fl : R¥ — R are defined by

1
Ai(y) 5:/ 0iaii (Y1, -+ - SYis -, Y )ds Y e R*,
0
1
Flij(y) 3:/ @"ij(yl’--~,Syi7---,yk)d8 Y e R
0
For a function v € L*(Q2) we denote its positive and negative part by u, := max{u,0}
and u_ := max{—u,0}, respectively, and obtain the representation v = u, — u_. Its

absolute value is given by |u| = u; +u_. By the definition immediately follows u_ u, = 0.
Furthermore, if u € HI(Q), then also its positive and negative part, u,,u_ € Hl(Q), and

Oy = o Oy Uy = A
0 u>0 0 u<0

for all 1 <1 <n (cf. [41]). This implies
(Opus) u— = uy Oy = (O, us) Oy, u =0 1<l,m<n.

In order to prove the positivity of the solution u corresponding to initial data uy € K*
we show that (ug);— = 0 implies u;— = (u;(-,t;up))- = 0for ¢t > 0 and all 1 < i < k.
Multiplying the i-th equation by the negative part u;_ and integrating over € yields

k
<atuz‘7ui—>L2(Q) = <aii<u>Aui7ui—>L2(§2)+ Z <UiAij(U)AUj7Uz'—>L2(Q)
J=1,j#i

n

—Z(%l( ) O, Wiy Wi—) Z Z (il (W) Oy, i) 1200y

=1 =1 j=1,j#i
F(fi(u), uiz) L2(q)-

We observe that the left-hand side of the equation can be written as

1
(Orus, Ui—>L2(Q) = —<atui—7ui—>L2(Q) = —§5t||uz‘—”%2(9)
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2.1. Positivity Criteria for Deterministic Systems

Taking into account the homogeneous Dirichlet boundary conditions we obtain for the first
term on the right-hand side of the equation

(a(u)Au;, UF)H(Q) = —(ai(u)Au,_, UF)L?(Q) = (V(a;(uw)u;-), vui7>L2(Q;R”)
k
= (aii(u)Vui_, Vui_>L2(Q;Rn) + Z(ﬁja“ (u)ui_Vuj, Vui_>Lz(Q;Rn).
j=1

We further estimate the second integral by

k n

}Z(ajaii(u)ui—vug’,VU¢—>L2(Q;Rn)‘ < ¢ Z<|8xlui—|aui—>L2(Q)7

j=1 =1

for some constant C; > 0. Here, we used the hypothesis (2.10) and the regularity assump-
tion a; € C'(R*;R). For the second diffusion term we obtain

‘< Z uz z] Augauz >L2(Q)}

J=1,5#i
k k
= |- Z <ui_Aij(u)Auj’ui_>L2(Q)} S Z (¥ (A (w) (ui- >)’vuj>L2(Q;R")}
J=Llj#1 j=1,j%#i

k k

< Z <|<2Aij(u)ui,Vui,, Vuj>L2(Q;Rn)‘ + Z ‘<0mAij(u)(ui,)2Vum, Vuj>L2(Q;R") )
=15 m=1

< O Z(leui—!, i) r2(0) + Callui |72

=1

for some constants Cy,C3 > 0. As before, we used the assumption (2.10) and that the
second partial derivatives of the functions a;; belong to LS (€2). Similarly, we derive an
estimate for the convection terms

|_Z %z axluuuz L2(Q) — Z Z Uzrl ax,u],ul > (Q)‘
=1 = 1] 1,5#14

n

< Z((l%z( )0 Wi |, i) 2 @) Tt Z ‘F ) O i, ui >L2(Q)>

I=1 J=1,j#i

Cu Y {|On i, ui-)r2() + Cslli- |20y,
=1

IN

for some constants Cy, C5 > 0. Here, we used that the coefficient functions ~}; € C'(R*; R),
1 <i,j <k, 1<1<n,and the hypothesis (2.10). To estimate the interaction term we
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use that f € C1(R*;R¥), which leads to

1
fi(ula"-7uk) = fi(ulu'-- '-~7uk>+ui/ aifi(ula'--asuia"-yuk)ds
0

k) g Fi(un, . ug),

where the function F; : R* — R is bounded. This representation yields
(filw), wis)re@) = (filuy,..
= <f z‘(Uh -

N 0 PR 7Uk:>; Ui—>L2(Q) + <Uin‘(U1, e 7“/6)7 uz‘—)L?(Q)

)

BN O PR 7uk)a ui—>L2(Q) - <E(u17 B 7uk)ui—a ui—)LQ(Q)-

(2

Summing up all terms we obtain

1 n
5@“%,”%2(9) + (@i (u) Vi, Vi) p2orny < Co Z<|azzuz>\y Ui-)r2@) + C7H“z‘—”%2(sz)
1=1
—<fi(u1, ey O s ,Uk),ui_>L2(Q),
7

for some constants Cg, C7 > 0.

To estimate the mixed terms we use Young’s inequality. Namely, for every ¢ > 0 there
exists a constant C. > 0 such that

n

Z(Iﬁxlui_!,ui_)p(g) < el|Vui- 72 (pny + Cellui-|l72(q)-
=1

If we choose € > 0 sufficiently small and take Hypothesis (2.8) into account, it follows

Ocllui-|l72(0) < Csllui-l72() — 2(filur, -, 0, - w), i) r2 o),

%

for some constant Cg > 0. Since in the beginning we assumed that f;(y) > 0 for all y € R*
such that y; = 0, 1 < i < k, we obtain the estimate

atHui—H%Q(Q) < CSHUz‘—H%Z’(Q)-

By Gronwall’s Lemma and the initial condition (ug);— = 0 follows |[u;_|[z2(q) = 0.
It remains to justify our initial assumptions. To this end we consider the modified system

Ayt = a(a) - At — A(a) - D+ f (@) Q x (0,7),
ilog =0 a0 % [0,T],
’ll’t:() = Ug Q x {0},
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2.1. Positivity Criteria for Deterministic Systems

where the function f : R¥ — R¥ is given by

fiw) = fillwls o 0o lue]) +wiFily)  y € R,

%

and the function F; was defined as

1
E(y17"'7yk) = / aifi(yh‘-'78yi7"'7yk)d8 yeRk
0
The modified diffusion and convection matrices are given by
s o) =l O ywl) + 5l () y € R,
aij(yr, - y) = aii(lyil, 0 O [yal) + wiAii () y € R,

for 1 <14,7 <k, 1<1<n. Following the same arguments we conclude that the solution

4 of the modified system remains non-negative. However, if the function 4 is non-negative
we can remove the absolute values, and u is a solution of the original system

Ou = a(u) - Au — y(u) - Du+ f(u) Qx(0,7),
U|dQ:0 00 x [O,TL
uli=o = ug Q x {0}.

By the uniqueness of solutions corresponding to initial data ug follows that u = u, which
implies u( -, t;up) € KT for t > 0, and concludes the proof of the theorem. ]

Lemma 2.1. Let j #i,1 <1i,j <k, and 1 <[ <n. We assume the hypothesis of Theorem
2.3 are satisfied. If the pointwise inequality

k n k
D ag(@Ai; =Y Y A ()01, + fi(@) >0
=Lt =1 j=1j#i
is valid for every initial data @ = (U1,..., 0 ,...,0) € KT, then

ai;(y) = ij (y) =0 for all y € Ri such that y; = 0.

Proof. We argue by contradiction and suppose that there exists y € R* such that y; =
0 and a;;(y) # 0. First, we assume that y; > 0. Let xy € Q and U,, be an open
neighbourhood of z( that is compactly contained in (2.

If a;;(y) > 0 we define the function @ : Q — R* by

Ym m#i,m# ]
ﬂm(m) = yje_%“w—l'OHQ m :j fOI" S u!l‘o’
0 m =1
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where 1 < m < k, and extend it to a smooth non-negative function on €2 that vanishes on
the boundary. Computing the derivatives we observe

~ 2 —Ljz—zo||?
Vi, (z) = —Eyj(x—xo)e elle=aoll®

_ 2 1wz 4 _
Aty(r) = ——yje ¢lle=zol +€—2yijC—fﬂ0H2€

lla—aol? 7

for x € U,,, and consequently,
axlam(l’g) = O,

2 .
_ ~2y; m=j
A“’"("’““):{o ot

forall 1 <m < k,1 <[ <mn. Since € > 0 can be chosen arbitrarily small, the inequality
(2.13) is violated in the point g € .
On the other hand, if a;;(y) < 0, we define the function @ : Q — R* by

Ym m# i, m# j

~ 1 .

Uy () 1= 4 y;(e”elomol® Sz — zol]?) m = for x € Uy,,
0 m =1

where 1 < m < k, and extend it to a smooth non-negative function on {2 that vanishes on
the boundary. Computing the derivatives we observe

) 2 e 2
Vi (x) = y;( = —(z —wmo)e elle=eoll® 4 (@ —)),

~ 2 —Lle—z0ll2 4 I TPV 2

for all z € U,,,, and consequently,

2 .
7 Yie\e =) m=1J

forall 1 <m <k, 1 <1 <n. If we choose € > 0 sufficiently small the inequality (2.13) is
violated in the point xq € €.

It remains to consider the case that the function a;; : R* — R is identically zero on the
set {y € RY| y; = 0,y; > 0}. By the continuity of a;; then follows a;;(y) = 0 for all y € R
such that y; = y; = 0. This concludes the proof for the conditions on the diffusion matrix.

To derive the assumptions on the convection terms we again argue by contradiction
and suppose that there exists y € ]Rﬁ such that y; = 0 and ’yfj (y) # 0. Without loss of
generality we assume that y; > 0. Otherwise, the claim follows by the continuity of the
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2.1. Positivity Criteria for Deterministic Systems

function ’yfj in the same way as for the diffusion matrix. Let zy € 2 and U,, be an open
neighbourhood of xy which is compactly contained in €.
If 7/, (y) > 0 we define the function @ : Q — R’ by

Ym m#i,m# j
(1) 7= q y; (1 + sin(2=20)) - m = for = € Uy,
0 m =1

for 1 < m < k, and extend it to a smooth non-negative function on €2 that vanishes on the
boundary. Computing the derivatives we observe

. 1 x — (o),
021, () = 1y cos( L)

- L x— (o)
92,1y (r) =~y sin( 20N

for all z € U,,,, and consequently,

O, U (o) =
om0 { m # Jy
Ay, (x0) =0,

for all 1 < m < k. Choosing € > 0 sufficiently small the inequality (2.13) is violated in the
point x( € €.
Otherwise, if 7/ (y) < 0, we define the function @ : Q — R% by

Ym m#i,m# j
T () 1= S y;(1 — sin(@) m=j for x € Uy,,
0 m =1

for all 1 < m < k, and extend it to a smooth non-negative function on €2 that vanishes on
the boundary. In this case we obtain

1 .
_ —ty; m=]
a”"‘l“’”(f"“):{o] m £ j

A’am(l’o) = 0,

for all m # i,1 < m < k. Choosing ¢ > 0 sufficiently small leads to a contradiction to
Inequality (2.13) in the point z, € €. O

The conditions on the diffusion and convection matrices that are necessary and suffi-
cient for the positivity of solutions of semi-linear and quasi-linear systems are essentially
different. We illustrate the results considering a simple example.
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Example 2.1. For k = 3 and v = 0 the semi-linear system (2.1) takes the form

Oruy = ap Auy + arpAug + aizAug + f1(u),
Orug = ag1 Auy + agnAus + asgAug + fo(u), (2.14)
Orug = az1 Auy + azeAug + assAug + f3(u).

If the assumptions of Theorem 2.1 are satisfied, System (2.14) satisfies the positivity prop-
erty if and only if

f1(0,y,2) >0,  fo(y,0,2) >0, f3(y,2,00>0  forally>0,2z>0, (2.15)

and the matriz a = (a;;)1<i ;<3 s diagonal. Consequently, all cross-diffusion terms are zero
and the system is of the form

Ouy = apnAuy + fi(uw),
Opug = ageAug + fo(u),
Oyuz = azgzsAusz + f3(u).
The quasi-linear system (2.7) for k = 3 and v = 0 takes the form
Oyuy = ar1(u)Auy + arz(u)Aug + arz(u)Aug + fi(u),
Oyus = ag1(u)Auy + as(u)Aus + ass(u)Aus + fo(u), (2.16)
Oyuz = agy(u)Aug + azs(u)Aug + asz(u)Aus + f3(u).

If the assumptions of Theorem 2.3 are satisfied, System (2.16) satisfies the positivity prop-
erty if and only if the interaction function possesses the property (2.15) and

aij(y) =0  for all y € R? such that y; = 0,

for all i # 5,1 <i,j < 3. This implies that System (2.16) can be represented as

atul = all(u) Aul + U1A12(U)AUQ + U1A13(U)AU3 + fl (U),

8tU2 = U2A21 (u)Aul + 929 (U) AUQ + U2A23(U)AU3 + f2(U>,

Gtug = U3A31 (u)Am + UgAgg(U)AUQ + G33<U> AU3 + f3<u>,
where the functions A;j, © # j, were defined in the proof of Theorem 2.3.

Summarizing we observe that cross-diffusion terms destroy the positivity property of semi-

linear systems. They may appear in the quasi-linear case, but are necessarily of a very

particular form. Namely, if one component of the solution approaches zero, the cross-
diffusion terms in the corresponding equation need to vanish.

2.2. Comparison Principles for Deterministic Systems

We apply the positivity criteria of the previous section to derive necessary and sufficient
conditions for the validity of comparison theorems for the solutions of semi-linear and
quasi-linear parabolic systems.
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2.2.1. Semi-Linear Systems

For vectors y and z in R¥ we write y > z if the inequality holds componentwise,
Yi > % forall 1 <i<k.

Definition 2.3. We define the (partial) order relation < on the space of vector-valued
functions L*(Q; R¥) by
u=<v if v—ue K™,
where u,v € L*(Q;R¥).
Furthermore, we call System (2.7) (or System (2.1)) order preserving with respect
to the order relation < if for every initial data ug, vy € L?(€;R¥) such that ug < vy the
corresponding solutions satisfy

u( -5t ug) S vt ug) for t >0,
as long as both solutions exists.

Theorem 2.4. Under the assumptions of Theorem 2.1, System (2.1) is order preserving
with respect to <X if and only if the matrices a and v are diagonal, and the reaction term f
satisfies

fily) > fi(2) for all y, z € R* such that y > z, y; = 2, (2.17)
foralll <1< k.

Definition 2.4. We call the function f : R¥ — R* quasi-monotone if it satisfies Property
(2.17) in Theorem 2.4.

Sketch of the proof. Let ug and vy be given initial data such that uy = vg. We prove
that the order relation is preserved by the corresponding solutions v and v, if and only if
the matrices a and ~ are diagonal, and the reaction term fulfills the stated monotonicity
conditions. Defining the difference of the solutions w := u — v it satisfies the system

ow=a-Aw—y-Dw—+ f(u) — f(v) Q x (0,7),
wloa =0 o0 x [0, T, (2.18)
’w‘t:o = Wo QO x {0},

where wy := ug — v9 € K. Moreover, System (2.1) is order preserving with respect to <
if and only if System (2.18) satisfies the positivity property.

Necessity: We only indicate the ideas and refer to the proof of Theorem 2.6 for details.
Let the index i € {1,...,k} be fixed. If the solutions preserve the order relation we follow
similar arguments as in the proof of the positivity criterion and obtain the scalar inequality

k n k
Z ai Aty — 05) — Z Z V50n, (i — 05) + fi(uo) — fi(vo) > 0,
j=1.j#i I=1 j=1,j#i
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for every ug = (4, ..., ) and vy = (01, ..., 0) such that ug = vo and u; = 0;. It follows
that the off-diagonal coefficients of the matrices a and v;, 1 < [ < n, are identically zero
(see Lemma 2.2) and the interaction function is quasi-monotone.

Sufficiency: The sufficiency of the stated conditions can be shown as in the proof of
Theorem 2.6. The arguments for semi-linear systems simplify. O]

Next, we analyse conditions on the interaction function ensuring that System (2.1) is
order-preserving with respect to an arbitrary order relation.

Definition 2.5. 7o define the order relation = on R* let oy and oy be disjoint sets such
that oy U oy = {1,...,k}. For vectors y and z in R* we write y =~ 2 if

Yj > 2 for j € 0y
y; < 25 for j € os.

For vector-valued functions u and v in L*($; R¥) we use the same notation and write u =, v
if the inequalities u - v hold pointwise a.e. in Q.

Theorem 2.5. Under the hypothesis of Theorem 2.1 the semi-linear system (2.1) is order
preserving with respect to = if and only if the matrices a and v are diagonal, and the
interaction term f satisfies

fi(y) filz)  if i€ oy,
fi(y) fi(2) if 1€ o9,

for all y,z € R* such that y X 2z and y; = z;, where 1 <i < k.

IV IA

Proof. Let uy and vy be given initial data and assume ug 7~ v9. We prove that the order 7
is preserved by the corresponding solutions u and v, if and only if the matrices a and ~ are
diagonal, and the reaction term f fulfils the stated conditions. Defining the function w by

U; — U; if7 € 01
Ww; = e
—(Ul — Uz‘) ifi e 09,

it satisfies the system

Ow=a-Aw —75 - Dw+ F(u,v) Qx(0,7),
w|aQ =0 09 x [O,T], (2.19)
U}’t:o = Wy Q) x {O},

with initial data wy € K. The function F is defined by

Ey(u,v) = { fiw) — fily) i€ 0y
o —(filw) = fi(v)) ifi€ oo,
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the diffusion matrix a is given by

G = Q5 ifi,j€al 0ri,j€02
ij ‘= .
—a;; otherwise,

and the convection matrices 7' are defined by

o yfj ifi,j €0y0r4,j €09
i = —%lj otherwise,

forall 1 <l <mand 1 < i,j57 <k We observe that System (2.1) is order preserving

with respect to =~ if and only if System (2.19) satisfies the positivity property. It follws as

in Theorem 2.4 that the matrices a and ’yl are diagonal, 1 <[ < n, and the function F

satisfies

Fi(y,z) >0 for all y,z € R* such that w =y — z € RY and w; = 0,

for 1 <17 < k. Consequently, by the definition of the function F' we obtain

{ fily) — fi(z) >0 if1 € 0

e for all y, z € R* such that Vi = Zi, Y 22
_(fz(y> - fz(Z)) >0 if 7 € oy

2.2.2. Quasi-Linear Systems

In this subsection we analyse the validity of comparison principles for quasi-linear systems.
Owing to the stronger coupling of the equations we cannot deduce the results directly from
the positivity criterion like in the semi-linear case. Indeed, allowing for comparison be-
tween arbitrary solutions, and not only with the zero solution, leads to essentially stronger
conditions for the diffusion and convection matrices.

Theorem 2.6. In addition to the hypothesis of Theorem 2.3 we assume that the partial
derivatives of second order of the diagonal coefficient functions a;; exist and belong to the
space LS (R¥) for all 1 < i < k. Then, the quasi-linear system (2.7) is order preserving
with respect to < if and only if the matrices a and +' are diagonal, the coefficient functions
ai; and 7 depend on the component u; of the solution only, for all 1 <i <k, 1 <1< n,

and the interaction term f is quasi-monotone.

Proof. Let ug and vy be given initial data such that ug = vg. We show that the order = is
preserved by the corresponding solutions v and v, if and only if a, v and f fulfil the stated
conditions. Defining the difference of the solutions w := u — v it satisfies the system

Ow = a(u) - Au — a(v) - Av —y(u) - Du+y(v) - Dv+ f(u) — f(v) Qx(0,7),
wlan =0 o0 x [0,T7, (2.20)
W= = Wy Q x {0},
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where the initial data wy := ug —vg € K.

Necessity: We assume that the solutions u and v preserve the order relation »=, which
is equivalent to the positivity property of System (2.20). Following the arguments in the
first part of the proof of Theorem 2.3 leads to the scalar inequality

<a(u0) - Aug — a(vy) - Avg — y(ug) - Dug + v(vo) - Dvg + f(ug) — f(vo), ¢>L2(Q-Rk) >0,

where ¢ is an arbitrary function in KT which is orthogonal to wy in L?(Q;RF). Let
the index ¢ € {1,...,k} be fixed. Choosing smooth functions wy = (a,...,u) and
vy = (01, ..., 0x) such that ug 3= vo, U; = 0;, and o = (0,..., @ ,...,0), where ¢ € L*(Q)
~
i
is an arbitrary non-negative function, the functions wy and ¢ are orthogonal in L?(Q; R¥).
By the inequality above we obtain the pointwise estimate

k
Z (aij (Uo)AQNL] — CLZ']‘ (Uo)AQN)J‘) + (aii<U0) — CL“<U0))AZ~LZ (221)
J=1j#i
n k n
=) (4 (u0) a4 7L (00) 0, B) + Y (Yai(to) — i (00))Da, s + fi(ug) — five) >0
I=1 j=1,j#i =1

in €. It follows that the coefficient functions a;; and vfj are identically zero, for all 1 <
I <n,1<j<k, i+#j, and the diagonal coefficient functions satisfy

{an‘(y) = a;i(Z) for all y, z € R* such that y > 2,5, = 2,
‘Az

where 1 <1 < n (see Lemma 2.2 below). This implies that the functions a;; and fyfi depend
on the component u; of the solution only. Using these relations we conclude from Inequality
(2.21) the monotonicity conditions for the interaction term,

fily) > fi(2) for all y, z € R* such that y > z,v; = 2,
where 1 <17 < k.
Sufficiency: Under the stated assumptions on a, v and f, System (2.20) takes the form

Ow; = az(w)Au; — a;;(v)Av; — Z (’Yfi(u)axlui - %l'i(v)axlw) + filu) — fi(v),
1=1
wlpo =0, (2.22)

w\tzo = Wy,

for 1 < i < k, where the initial data wy € K*. To show the positivity property of this
system we prove for the solution w = w(-,t;wp) that the initial assumption (wg);— = 0
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implies w;_ = 0 for t > 0 and all 1 <+ < k. First, we assume that the quasi-monotonicity
condition (2.17) is satisfied for all y,2 € R¥ such that y; = 2;. The assumptions on the
functions a;; lead to the equality

1
d
ai;(v) = /0Eaii(vl,...,svi—i-(l—s)ui,...,vk)ds—i—aii(vl,...,ui,...,vk)

1
= (Ui — ul) @-aii(vl, .., SU; + (1 — S)Ui, c. ,’Uk)dS -+ aii(ul, ey Ujy el ,uk)
0
= (’Ui — uz)flm(u, U) + aii(u),

for all 1 <1 < k, where the function A is bounded. Hence, we obtain

CL”(U)AUZ — CLM(U)AUZ' = a“(u)AwZ -+ ’UJZA“(U7 U)Avi

and, using an analogous representation for the functions +/, follows

1
VL (W) Oyt — Ve (V) Oy vi = L (1) Dy wi + wi/ Oi(v1, .. s 4+ (1 — 8)ug, . . ., vy, )dsDy,v;
0

= 74(w) 0 w; + Wil (u, ) D v,

forall 1 <1 <n, 1 <1 <k, where the function f‘ﬁl is bounded. Multiplying the ¢-th
equation by the negative part w;_ and integrating over € yields

_at”wifH%%Q) = _<aii(u)Awi77 UJF>L2(Q) - <wifAii(uu U)A% wi7>L2(Q)
+ Z (<7£z(u>a:vzw2—) wi—>L2(Q) + <wz—f‘iz<u, U)&;BZUZ‘, wi_>L2(Q))
=1
+(fi(u) = filv), wi ) r2(0)-

Taking into account the homogeneous Dirichlet boundary conditions we derive for the first
diffusion term

—(asi(u) Aw;_, wi_) 12() = (V(az‘z‘(u)wz‘—), VWi ) 12(0;rn)

k
= (aii(u)Vu}i_, vwi—)LQ(Q;R”) + Z(wi_ﬁjaii (U)VUJ‘, Vwi_)LQ(Q;Rn).
7j=1

We further estimate the second integral by
n

k
’ Z(wi,ﬁjaii(u)Vuj, Vwi,>L2(Q;Rn)| < C1 Z(]@xlwi,], wi7>L2(Q)7

j=1 =1
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for some constant ¢; > 0. Here, we used the hypothesis (2.10) and that the function
ai; € CH(R¥;R), 1 <i < k. For the second diffusion term we obtain

‘ — <w1 i, v) Ay, w; >L2 | = ‘2<wi,flii(u, V)V, Vw;

>L2(Q;]R")
+ ‘ <(wi_)2V(Aii(u, ’U)), vvi>L2(Q;R") ‘

n

< ¢ Z<|8xlwif|7wif>L2(Q) + 03sz>1|%2(g)7
=1

for some constants cg,c3 > 0. Again, we used the hypothesis (2.10) and the regularity
assumptions on the functions a;, 1 < i < k. In a similar way we estimate the convection
terms

| Z ’Yn aﬂ?lwl y Wi— >L2(Q) + <wl*f‘iz(u7 U)axzvia wi*>L2(Q))|
< ¢ Zﬂamwi—’, Wi-)r2(0) + C5Hwi—\|i2(g)>
=1
for some constants ¢4, c5 > 0. Finally, we observe

filw) = fi(v) =fi(uw) — filve, ..., ugy .o, v) +wi/0 Oifi(ve, ..., sv; + (1 — 8)uy, ..., vx)ds
=fi(u) — fi(vr, .. uiy ..o vk) + wiF(u, v).

This representation yields an estimate for the remaining integral,

— (fi(u) = fi(v), wi-) r2(0)
= — (filur, .. up) = filvr, oo, k), Wi ) p2a) + (Wi Fi(u, v), wis) 120
< [(wi Fi(u,v), wi) 2| < ¢ lwie|720);

for some constant c¢g > 0. Here, we used our initial assumption that the quasi-monotonicity
condition (2.17) is satisfies for all y, z € R* such that y; = z;. Summing up the terms and
estimating all mixed integrals of the form Y7," | (|0, w;—|, wi—) 12(q) by Young’s inequality
we conclude

Oel|wi-llZ20) < erllwi-lZ2(q),

for some constant ¢; > 0. By Gronwall’s lemma and the hypothesis (wp);— = 0 follows
w;_ = 0, which proves that System (2.22) satisfies the positivity property. Finally, System
(2.22) satisfies the positivity property if and only if System (2.7) is order preserving with
respect to the order relation <.

It remains to justify our initial assumption on the interaction function. To this end we
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consider the modified system

n

Oy; = azi(u)Au; — az(v)Av; — Z (v (W) Oy — 7L (0) 0 07) + Ey(u,v),
=1
g = 0,

/UAJ‘t:() = Wo,

where the function F': R¥ x R¥ — R is given by

A~

Fi(y,2) = filGu, - 0k) = fiCZrs iy oo 20) + (0 — 20) Fi(y, 2).
The function F; was defined above and
. if vy, > 2. , if y; > z;
gr= 0 BVi=E s S PSS Al 1 <<k, g,z € R
—y; ify; <z —z; ify; <z

Following the same arguments we conclude that the function w remains non-negative.
However, if the solution @ is non-negative it satisfies the original system (2.22) and, by
the uniqueness of solutions follows w = w. ]

Lemma 2.2. Let j #i,1 <14,j <k, and 1 <[l <n. We assume the hypothesis of Theorem
2.6 are satisfied, and the pointwise inequality

k
> (@) Aty — ai;(0)Ad;) + (a5 () — ai;(0)) Adiy
=1,
n k n
- Z Z (755 (@), 5 + 15 (0) 0, 05) + Z (is(@) — 7:5(0)) O, + fi@W) — fi(0) >0
I=1 j=1,j#i I=1
is valid in § for every initial data @ = (U, ..., 0x) and 0 = (01,...,0%) such that 4 = 0 and

u; = U;. Then, the coefficient functions a;; and ”yfj are identically zero, and the diagonal
coefficient functions a; and +}; depend on the component u; of the solution only.

Proof. We argue by contradiction and suppose that the function a;; is not identically zero.
Then, there exists y € R¥ such that a;;(y) # 0, and without loss of generality we can
assume that y; > 0. Let 2y € 2 and U, be an open neighbourhood of z, that is compactly
contained in €.

If a;;(y) > 0 we define the function @ : Q — R* by

m m#£j
@m(JZ) = {y 1 2 7&] for z € uxo»
m =7

where 1 < m < k, and extend it to a smooth function on €2 that vanishes on the boundary
and such that the component @; is non-negative in (). Furthermore, we define

] {amm m+#j

() = for z € Q.
0 m=7
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Certainly, the functions satisfy u = v and u; = v;. Computing the derivatives and evalu-
ating the functions in the point zy € {2 we observe

axlﬁm($0) = 0,
2. .
At () = 4 ¢ ™M=
0 m# j,
8mli~}m(xo) = Aﬁm(l'(ﬁ = 0,
forall 1 <m < k,1 <[ <n. Since € > 0 can be chosen arbitrarily small, the inequality

(2.21) is violated in the point x, € €.
On the other hand, if a;;(y) < 0, we define the function @ : Q — R” by

_ ) Ym m#j
J €

where 1 < m < k, and extend it to a smooth function on {2 that vanishes on the boundary
and such that @; is non-negative in . As before, if we define the function v by

O () = {gm(x) Z i‘; for z € Q,

then the functions satisfy @ > v and u; = v;. Evaluating the derivatives in the point xg we
obtain

a:vlam(l‘()) - 07

2(1 .
- viele =1 m=j
Al (@0) = { A £

axlljm(l’o) = A@m(xo) == 0,

forall 1 <m <k, 1 <1 <n. If we choose € > 0 sufficiently small the inequality (2.21) is
violated in the point z € €2, which proves that the function a;; is identically zero.

Next, we assume that there exist y, 2 € R* such that y > z, y; = z;, and a;(y) # a(2).
Without loss of generality we assume that y; = z; > 0. If the difference a;(y) — a;;(2) > 0
we define the function

m =1

U () = {ym . ) m #Z for x € Uy,

where 1 < m < k, and extend it to a smooth function on €2 that vanishes on the boundary.
Furthermore, we define the function ¢ :  — R* by

O (2) = “m m 7 Z for x € Uy,
wi(z) m=i
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2.2. Comparison Principles for Deterministic Systems

where 1 < m < k, and extended to a smooth function on {2 that vanishes on the boundary
and such that the relations u > v and u; = v; are valid. Computing the derivatives in the
point zy we obtain

aa:lﬂm(xO) = axlﬁm(xO) = 07

.2 =4
Ni(r0) = D) :{ ut mod

forall 1 <m < k,1 <[ < n. Consequently, choosing ¢ > 0 sufficiently small leads to a
contradiction to Inequality (2.21) in the point .
Similarly, if a;(y) — a;i(z) < 0, we define

~ Ym m 1
U () = el L 1 ) 7 _ for x € Uy,
yj(ee + zllz—wo®) m=i

where 1 < m < k, and extend it to a smooth function on €2 that vanishes on the boundary.
We define the function ¥ : Q — R* by

U () = m m# ! for = € Uy,
Up(x) m=1

where 1 < m < k, and extend it to a smooth function on {2 that vanishes on the boundary
and such that the relations u > v and v; = u; are satisfied. If we compute the derivatives
in the point xy we obtain

arlﬂm(:EO) = axlﬁm(x(]) = OJ

2/1 .
iy (0) = Adi (o) = {yj?(? —b om=j
0 m# j,
forall1 <m < k,1 <[ <n. Choosing € > 0 sufficiently small this leads to a contradiction
to the inequality (2.21) in the point x.
In a similar way follow the conditions for the convection matrices. Here, we may use
the functions constructed in the second part of the proof of Lemma 2.1 to derive the
conclusions. O

A direct consequence of Theorem 2.6 is a criterion for the validity of comparison princi-
ples with respect to an arbitrary order relation.

Theorem 2.7. In addition to the hypothesis of Theorem 2.3 we assume that the partial
derivatives of second order of the diagonal coefficient functions a;; exist and belong to the
space LSS (R¥) for all 1 <i < k. Then, System (2.7) is order preserving with respect to =
if and only if the matrices a and ' are diagonal, the coefficient functions a; and ~!; depend
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on the component u; of the solution only for all 1 <1 < k,1 <1 < n, and the interaction
term satisfies

fily) < filz) ifi€o
fily) = filz) if i € o9
for1 <1 <k.

for all y,z € R* such that v; = 2z, y 3 2,

Proof. Let uy and vy be given initial data such that ug 77 vg. We show that the order is
preserved by the corresponding solutions u and v, if and only if a, v and f fulfill the stated
conditions. Defining the function w by

U; — U; if i € o1
Wy = o
—(u; —v;) ifi € oy

it satisfies the system
dyw = a(u) - Au— a(v) - Av — F(u) - Du+7(v) - Dv + F(u,v),
wlapn =0, (2.23)

wli=o = wpo,
where wy € K, and the function F is given by

Fi(u,v) := { filu) = filv) i €0
o —(filu) — fi(v)) i€ oy,

for 1 <1 < k. The coefficient functions of the diffusion matrix a are given by

aij(u) = { aij(u) if j € oy

—CLZ‘]‘(U) lf] - 09,

and the convection terms are defined by

l . .
~ vij(u) if j € o
’Yzl](u) = lj e -
= (u) if j € oy,

forall 1 <i,j < kand 1 <1 <n. In the proof of Theorem 2.6 we verified that System
(2.23) satisfies the positivity property if and only if the matrices a and 4! are diagonal, and
the functions a;; and yfi depend on the component u; of the solution only, for 1 <[ < n,
1 <4 < k. Furthermore, the interaction term satisfies

Fi(y,z) >0 for all y, z € R¥ such that y; = 2,y > z.

By the definition of the function F follow the stated monotonicity conditions for the func-
tion f. Finally, the positivity property of System (2.23) is equivalent to the statement
that System (2.7) is order-preserving with respect to =, which concludes the proof of the
Theorem. O]
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We recall Example 2.1 to illustrate the results and to compare the conditions that are
necessary and sufficient for the positivity of solutions and the validity of comparison prin-
ciples, respectively.

Example 2.2. If the hypothesis of Theorem 2.4 are satisfied the semi-linear system (2.14)
s order-preserving with respect to the order relation < if and only if the diffusion matriz
s diagonal, and the interaction function is quasi-monotone,

fl(wayaz) > fl(wagv 2)7
foly,w,2) > foli,w, 2), forall y = 7§,z > %w e R. (2.24)

fg(y,Z,UJ) > f3(§7 'ng)

Next, we assume the quasi-linear system (2.16) satisfies the assumptions of Theorem 2.6.
Then, the system is order-preserving with respect to < if and only if the interaction function
possesses the property (2.24), the diffusion matriz is diagonal and the coefficient functions
a;; depend on the component u; of the solution only, for 1 < i < 3. This tmplies that the
quasi-linear system takes the form

@gul = an(ul) Aul + fl(u),
Orug = aga(uz) Aus + fo(u),
Oyuz = aszz(us) Auz + f3(u).

We observe that in the semi-linear case the conditions on the diffusion terms are the
same for the positivity property of the system and for the validity of comparison theorems.
Quasi-linear systems that satisfy the positivity property may exhibit cross-diffusion terms
of a particular form (see Example 2.1). However, if we allow for comparison between
arbitrary solutions the diffusion matriz is necessarily diagonal, and the diagonal coefficient
functions a;; are functions of the component u; of the solution only.

2.3. Generalizations and Applications

The proof of the positivity criteria can be generalized in various directions. For simplicity
we formulated the results for quasi-linear and semi-linear systems of the form (2.1) and
(2.7), respectively. We applied the method in [31] to an infinite system of semi-linear
parabolic equations. Moreover, the results remain valid for equations in heterogeneous
media, where the coefficient functions and the interaction function depend on the spatial
variable, and for time-dependent interaction terms. The results can also be generalized for
arbitrary elliptic differential operators of second order and for many degenerate parabolic
systems. Before we apply the positivity criterion to verify the positivity property of mathe-
matical models we extend Theorem 2.1 and Theorem 2.3 for different boundary conditions
for the solution, which are often more relevant in applications. For further generalizations
we refer to [31], [34] and Section 2.4.3.
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2.3.1. Other Boundary Values
Inhomogeneous Dirichlet Boundary Conditions

In the sequel we assume the domain €2 is sufficiently regular such that the divergence
theorem holds and the solutions are smooth solutions. Let g : 92 — R* be a continu-
ous, componentwise non-negative function. We suppose the solutions of System (2.1) and
System (2.7) satisfy the inhomogeneous Dirichlet boundary conditions

Ulyy =9 on 0 x [0, 77, (2.25)

where g = (g1,...,9x). The non-negativity of the function g is a natural and necessary
assumption if we require that the systems satisfy the positivity property. We show that the
proof of the sufficiency of the stated conditions in Theoram 2.1 and Theorem 2.3 remains
valid. The boundary conditions are used when we multiply the equations by the negative
part of the solution and integrate the diffusion terms by parts. Assuming the Dirichlet
boundary conditions (2.25) we obtain in the semi-linear case

0
(@ildui— v )2 = / ai(a—ui_)ui_dS - aiHvui—H%?(Q;R") = —ai|’VUz‘—||%2(Q;Rn)a
o0 v

for 1 < ¢ < k, where % denotes the outward-pointing unit normal derivative on the
boundary and |, a0 @S the boundary integral. Since the solution takes non-negative values
on the boundary, u;_|sq = g;— = 0, the boundary integral is zero. Consequently, the proof
of Theorem 2.1 continues as in the case of homogeneous Dirichlet conditions.

The same applies to quasi-linear systems, where we obtain two additional boundary

integrals, one for the diagonal coefficient functions

0
<Clii (u)Aui,, ui*)LQ(Q) = / (077 (u)(a—ul,)ul,ds — <G¢Z' (u)Vui,, Vui,>Lz(Q;Rn)
1) v
= —(au(u) Vi, VUi ) p2(omrn),

and one for the cross-diffusion terms

k k
0
> (A g = > [ () ds
j=L.j#i j=L,j#i” 99
k
- Z <V(Aij(u)(ui7)2)>VUJ>L2(Q;R7L)
j=1#i
k
- Z <V(Aij(u)<ui—)2)7vuj>L2(Q;Rn)7
j=1#i

for 1 < i < k (see the proof of Theorem 2.3). Since the the function g is non-negative,
u;i— |ao= gi— = 0, both boundary integrals vanish, and the proof of Theorem 2.3 remains
unchanged.
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Homogeneous Neumann Boundary Conditions

Next, we assume the solutions of System (2.1) or System (2.7) satisfy homogeneous Neu-
mann boundary conditions,

0

%uym =0  on 902 x[0,T]. (2.26)

This reflects the situation that the boundary of the domain is impermeable and substrates

cannot leave the system. Using the representation Zu; = %UH — %ui, the boundary

ov
conditions (2.26) imply that

Kl 0

ayu”laﬂ = aui*‘aﬂ on 02 x [0, 77,

for 1 < i < k. For the boundary integral in the semi-linear case follows

0 0
i\ —U;— Ul_dS = / a;\ =—U; uz_dS = 0,
R [l

since the supports of the positive part and the negative part of u; are disjoint. The same
applies to the first boundary integral that we obtain for quasi-linear systems,

0 0
Qi \U) = Uj— ul,dS = / Qi i\ W) —U; 'LLZ,dS:O
| st [ asw) (G

Moreover, the boundary conditions (2.26) immediately imply that the boundary integrals
for the cross-diffusion terms vanish,

k
> /aQ Az‘j(u)(a%uj)(ui_)QdS =0,

J=Lj#

forall 1 <i<k.

Certainly, the boundary values for the components of the solutions need not necessarily
be of the same type. We could impose homogeneous Neumann boundary conditions for
some components of the solution and non-negative Dirichlet boundary conditions for the
other components, which leaves the arguments unchanged.

2.3.2. Positivity Property of Deterministic Models

In this section we present examples of quasi-linear models that satisfy the positivity prop-
erty. For applications formulated as semi-linear systems of reaction-diffusion equations we
refer to [29], [66] and [69).
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Chemotaxis

The Keller-Segel Model describes the dynamics of a population in a spatial domain €2 fol-
lowing the gradient of a chemotactic agent, which is produced by the population itself. The
following system of parabolic PDEs is based on the Keller-Segel model and was analysed
in [44],

Ou = Au — xV - (uVv) Q2 x (0, 00),
O =Av—(u—1) Q x (0,00), (2.27)
ou  Ou
%_5_0 00 x (0, 00),
u(+,0) = ug, v(-,0) =1y Q x {0},

where u denotes the population density and v the concentration of the chemotactic agent.
Furthermore, Y > 0 is a positive constant and € C R? is a bounded domain with C'-
boundary. The initial data ug,vy € C'(2;R), are non-negative and satisfy the boundary
conditions.

Rewriting the first equation in the form

O = Au — x(Vu - Vo + uAwv)

we note that the cross-diffusion term is of the form required by Theorem 2.3. The proof
of Theorem 2.3 extends to systems of the form (2.27). Indeed, assuming boundedness of
the solutions and their derivatives we multiply the first equation by the negative part u_,
integrate over {2 and obtain

d
_EHU*H%Q(Q) = HVU*H%Q(Q;R% — X{u-Vv, Vu_) r2(r2)-

Young’s inequality implies that for every € > 0 there exists a constant C. > 0 such that
X (u_Vv, Vu_) 2 me)| < EHVU—”%?(Q;RQ) + Ce||u—||i2(9)-

Consequently, if we choose € > 0 sufficiently small follows

d
ez < clluza@),

for some constant ¢ > 0, and the proof of Theorem 2.3 stays valid. Since in Section 2.3.1
we extended the proof for homogeneous Neumann boundary conditions we conclude that
the density v remains non-negative.

Furthermore, if the population density u is bounded by 1 the interaction function
f(u,v) := —(u — 1) in the second equation satisfies

fu,0)=—(u—1)>0 for 0<u<1

In this case, Theorem 2.3 implies that System (2.27) satisfies the positivity property.
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Prototype Biofilm Growth Model

Next, we illustrate that the method applied in the proof Theorem 2.3 can also be used to
verify the positivity property of degenerate parabolic equations such as the biofilm models
discussed in Chapter 1.

We recall that the solution of the prototype biofilm growth model (1.1) is obtained as
the limit of the solutions (S, M,) of the non-degenerate approximations

SEME

8t55 dS SE kl l€2 + Se X (07 )7
S M.
atMs =dv - (De,M(Me)VMe) + k?’k + g - k4ME Q x (OvT)v (228)
2 €
Me‘BQ = 07 Se‘aﬂ =1 o0 x [OuTL
Me|t:0 = MOa Se|t:0 = SO Q2 x {O}v

where the regularized diffusion coefficient is given by

€t 2z <0
Dom(z) = &9 0<z<1—e

eib z>1—e¢

We assume the initial data (Sp, M) are smooth, non-negative and satisfy the compatibility
conditions. It was shown that for every sufficiently small € > 0 the auxiliary system (2.28)
possesses a unique solution (S, M.), and the solutions S, and M, are uniformly bounded
by 1 (see Section 1.1.2).

The positivity of the substrate concentration follows from Theorem 2.1, since no cross-
diffusion terms are present, and the interaction function satisfies f;(0,z) = 0 for all z € R,
where

Yyz 2
,2) = —k ,2) € R™.
fily, 2) L (y,2)

Furthermore, the reaction function in the second equation fulfils the positivity condition
since fa(y,0) =0 for all y € R, where

faly, 2) == ks — kyz (y,2) € R?.

k2+

If we formally multiply the equation for the biomass density by the negative part M,_ and
integrate over () we obtain

SeM._

2 —
—at”ME—”LQ(Q) —d<DE’]\/[(M)VM€ 7VM > ( Rn - <k3 k2 + S

s M) o) + kallMe— || 720

Since the regularized diffusion coefficient D, 5 (M) is strictly positive in © x (0,7") follows
the estimate
0| Me—[720) < ClIMe-|72(0);
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for some constant C' > 0, which implies the non-negativity of the biomass fraction M..

The solutions (Se, M,) of the non-degenerate approximations converge to the solution
(S, M) of the original system (1.1). It follows that the solution (S, M) remains non-negative
and we conclude that the biofilm model satisfies the positivity property.

Quorum-Sensing in Biofilm Communities

Finally, we analyse the positivity property of the quorum-sensing model. The model was
studied in Section 1.3 and is formulated as the system of quasi-linear reaction-diffusion
equations

SM
=dsAS — k Q T
atS S S 1k2+8 X<07 )7
OA = dsAA — A+ aX + (a+ B)Y Q% (0,T), (2.:29)

X
X =dV - (Dy(M)VX) + ks i

]{32 s — k’4X — /€5AmX + /{?5Y Q) x (O,T),

8Y = dv - (Da(M)VY) + ks

k‘2 T S — k4Y + k’5AmX — ]{75Y O x (O, T),

where the biomass diffusion coefficient is defined by

Ma

Dy (M) = A=y

and M := X +Y denotes the volume fraction of the total biomass. The solutions take the
initial and boundary values

X|aQ = 0, Y|aQ = 0, A|3Q = 0, S|aQ =1 00 % [O,TL
X|t:0 = Xy, Y|t:0 =Y, S’t:O = 50, Alt:O = Ay Q x {0}

The solution of System (2.29) is obtained as the limit of the solutions of the non-
degenerate approximations (see Section 1.3.3). To verify the positivity property of the
model it suffices to check the positivity condition for the reaction terms. Indeed, the
arguments applied in the previous example for the mono-species model justify that the
method in the proof of Theorem 2.3 extends to the non-degenerate approximations for the
quorum-sensing model. The interaction function f: R* — R?* is given by

u(w + z)
kQ +u
fo(u,v,w,2) = —yv + aw + (a + B)z,

fl(um,w,z) = _kl )

fa(u,v,w, 2) = k3 kzu:_ﬂu — kqw — ksv™w + ksz,
falu,v,w, 2) = k3 k;ﬁ o kyz + ksv™w — ksz,
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for (u,v,w,z) € R%, and we easily verify the positivity condition,

f1(0,v,w,2) =0 v>0,w>0,z2 ,
fo(u,0,w, 2) = aw + (a4 )z >0, >0,w ,z2>0,
f3(u,v,0,2) = ksz > 0, >0,v >0,2>0,
falu,v,w,0) = ksv™w > 0, u>0,v >0,w>0

2.4. Stochastic Perturbations of Deterministic Systems

In the following sections we analyse the positivity property of parabolic systems under
stochastic perturbations. We are interested in an explicit characterization of the the class
of stochastic perturbations that preserve the positivity property of deterministic systems
since it allows to specify admissible models in applications where the solutions describe
non-negative quantities.

In the context of stochastic differential equations we use the triple (Q, F,P) to denote
the probability space. This should not lead to confusion with previous notations, where
we used the symbol Q2 to represent the spatial domain. Whenever we address stochastic
PDEs we denote the spatial domain by O instead of (2.

2.4.1. Motivation: Additive Versus Multiplicative Noise

To motivate our results we discuss the positivity of solutions in two simple examples of
stochastic ODEs. Let {W;, t € Ry} = {W,(w),t € Ry} eq be a scalar real-valued Wiener
process, (€2, F,P) be the canonical Wiener space and dW, denote the corresponding Ito
differential. To indicate Stratonovich’s interpretation of stochastic differential equations
we use the notation o dW; (see [14] or [56]).

Let u : Ry — R be the solution of the deterministic ODE

du
c 2.30
dt 0, ( )

u’t:O = Uo,

where uy € R,. The initial value problem certainly satisfies the positivity property. Indeed,
the solution of (2.30) is the constant function u(t;ug) = up, which is non-negative for ¢ > 0
if and only if the initial data wug is non-negative. However, if we perturb the system by
additive noise,

du = 0dt + dW,, (2.31)

U|t:0 = Ug,

the positivity is not preserved by the solutions of the perturbed stochastic system.
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Proposition 2.1. We assume the initial data ug € Ry. Then, there exists t* > 0 such
that the solution u of System (2.31) satisfies u(t*, w;ug) < 0 for almost every w € Q. This
is also wvalid for Stratonovic’s interpretation of the stochastic differential equation (2.31).

Proof. For additive noise [t0’s and Stratonovich’s interpretation of the stochastic differen-
tial equation (2.31) lead to the same integral equation (see [56], Section 5.1). The solution
of the stochastic differential equation is the process

u(t,w; o) = u(0) + / AW, = g + Wy(w) — Wo(w) = up + Wilw),

where we used that the Wiener process satisfies Wy(w) = 0, w € Q. The law of iterated
logarithm states that

i inf Wi
iminf ———— =
t—oo 4/2tloglogt

(see [56], Theorem 5.1.2). Consequently, there exists an increasing sequence {t,},en in
R, lim,_, t, = 0o, such that

—1 P-almost surely

%%
lim In -1 P-almost surely.

n—oo \/2t, loglogt, -
For sufficiently large Ny € N follows
1
Wi, (w) < —5\/225” loglog t,, for P-almost every w € €2,

for all n > Ny, which proves that the sequence W; — —oo P-almost surely when n tends
to infinity. We conclude that the solution satisfies u(t,,w;up) < 0 for P-almost every w € €
if n is sufficiently large. ]

Instead of additive noise we consider the perturbation of the initial value problem (2.30)
by a linear, multiplicative noise of the form

du = 0dt + auodW, (2.32)

u’t:O = Ug,

where the constant o € R. For convenience we use Stratonovich’s interpretation of the
stochastic differential equation since in this case ordinary chain rule formulas apply under a
change of variables (see [56], Section 3.3). The solution u : Ry x Q — R of the Statonovich
differential equation (2.32) is the stochastic process

u(t, w; ug) = uge®Vt .

We observe that, independent of the sign of a € R, the stochastic initial value problem
(2.32) satisfies the positivity property. The same is valid when we interpret the stochastic
differential equation (2.32) in the sense of Ito.
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Proposition 2.2. The stochastic problem (2.32) satisfies the positivity property indepen-
dent of the choice of Ité’s or Stratonovich’s interpretation.

Proof. Tt remains to prove the statement for [t6’s interpretation of the stochastic differential
equation. There is an explicit formula relating the integral equations obtained through It6’s
and Stratonovich’s interpretation (see [56], Section 3.3). Namely, the It6 equation

du = 0dt + audWy,

is equivalent to the following Stratonovich equation
2

du = (0 — %u)dt + auodW;,

which can be solved explicitly. The transformation v(t,w) := e *"t@)y(t,w) leads to the
ordinary differential equation

Oé2

dv = (——wv)dt,
(%)
U‘t:() = Up.
Ot2 . . o
Its solution is the function v(t,w) = wpe™ =%, and we obtain as solution of the original

problem
02
u(t, w; ug) = uge” (T aWe @),

If the initial data ug is non-negative, the solution remains non-negative for ¢ > 0 indepen-
dent of the sign of a. This shows that System (2.32) satisfies the positivity property for
both It6’s and Stratonovich’s interpretation. ]

This first example illustrates that additive noise destroys the positivity property of de-
terministic equations while the positivity property is preserved under perturbations by a
linear, multiplicative noise.

Next, we analyse systems of stochastic ODEs. Since additive noise destroys the positivity
property we consider perturbations by a linear, multiplicative noise in each component. Let
T > 0 and (u,v,w) : [0,T] x Q2 — R3 be the solution of the system of Stratonovic equations

du = fi(u,v,w)dt + ayu o dWy,

dv = fo(u, v, w)dt + agv o dW, (2.33)

dw = f3(u,v,w)dt + azgw o dWy,

(U, v, w)|t:0 = (Uo, Vo, wO)a
where the constants oy, as, a3 € R, the initial data (ug, vo, wp) € R3, and the interaction
function f = (fi, f2, f3) : R® — R3 is continuously differentiable. We apply an analogous
transformation as in the previous example. To be more precise, defining the functions
a(t,w) = e MWyt w), B(t,w) = e 2M Wy (t W),

W(t,w) = e W@y (¢, w)
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leads to the family of random equations

du

dt — €—a1Wtf1<ea1Wtﬂ7 60(2Wf,/l"j7 eathw>7

dv . - N

- = e Wi o (e0rWeg, e@2Wey e Wegp), (2.34)
dw . < Wi~

yr — e—ochtf?)(eathu, 6042th7 eagwtw).

Random equations can be interpreted pathwise and studied by deterministic methods.
The deterministic positivity criteria can be generalized for non-autonomous equations (see
Section 2.4.3), and we conclude that for fixed w € € the solutions of System (2.34) preserve
positivity if and only if the interaction terms

Fiw<t7 LY, Z) = e—ath(W)fi(QQIWt(w)xa 6a2Wt(w)y7 eQSWt(W)Z) L= 17 27 37

satisfy
Fr(t,0,y,2) >0, F;(t,xz,0,2) >0, F(t,z,y,0) >0
1 2 3

for all t € [0, T] and z,y,z > 0. We observe that this is the case if and only if the original
reaction function satisfies the positivity condition,

f1(0,y,2) 20, fo(z,0,2) >0, f3(r,y,0)>0  forall z,y,2 > 0.

Consequently, the positivity property of the unperturbed deterministic system is equivalent
to the positivity property of the random system (2.34) and of the system of Stratonovic
equations (2.33).

Finally, we discuss the positivity property of the stochastic system (2.33) when it is
interpreted in the sense of It6. The system of 1t6 equations is equivalent to the system of
Stratonovich equations

2

du = (f1(u,v,w) — %u)dt + aju o dWy,

2

dv = (fa(u,v,w) — %v)dt + v o dW, (2.35)
o2
dw = (f3(u,v,w) — ng)dt + azw o dW;,

(u7 v, w)|t:0 = (u07 Vo, U)()),

and the previous transformations lead to the random system

du Oé% ~ —a1 Wy aynWi~ JaoWi~ asWi ~

— =——0-+e fi(e®t "t e p, e D),

dt 2

dv a?

R __2/0 + e*OAQWth(eOletu 6012th eCYSWtw) (236)
di 9 5 ) )

du a?

av __3u + e—athf (quWtu 6042th €a3thU).

dt 9 3 ) J

72



2.4. Stochastic Perturbations of Deterministic Systems

By the deterministic positivity criterion for non-autonomous equations we conclude that for
fixed w € Q) the solutions of System (2.36) preserve positivity if and only if the interaction
term satisfies

Flw(t,(),y, z) >0, F;(t,x,O,z) >0, F;(t,x,y, 0) >0

for all t € [0, 7] and z,y, z > 0. Here, the modified interaction function F is defined by

2 2
Fe(t,x,y,z) = FP(t,x,y,2) — %x, Fy(t,x,y,2) = FS(t,x,y,2) — %y,
~ aQ

Fg"(t7$,y7z) = Fgu(t7flﬁ,y72) - 732

Owing to the particular form of the additional term we obtain when we apply Ito’s in-
terpretation the interaction function F* = (]51“ , FQ“’ , Fg’) satisfies the positivity condition
if and only if the function F“ = (Fy, Fy, Fy) fulfils the positivity condition. This in
turn is equivalent to the positivity condition for the interaction function f = (f1, f2, f3)
of the unperturbed deterministic system. We summarize our discussion in the following
proposition.

Proposition 2.3. The stochastic system of Stratonovich equations (2.53) satisfies the pos-
wtwvity property if and only iof the corresponding system of Ito equations fulfils the positivity
property. Furthermore, this is valid if and only if the unperturbed deterministic system
satisfies the positivity property.

The positivity condition for the interaction function f, which is necessary and sufficient
for the positivity property of the unperturbed deterministic system, is equivalent to the
positivity condition for the functions F*“ and Fe. Consequently, stochastic perturbations by
a linear, multiplicative noise do not affect the qualitative behaviour of solutions with respect
to positivity, independent of the choice of interpretation. This is valid owing to the explicit
relation between the equations corresponding to [t6’s and Stratonovich’s interpretation,
and the particular transformation that leads to the family of random equations. The
conditions for the positivity property of the unperturbed deterministic system are invariant
under all these transformations.

In general, the qualitative behaviour of solutions of stochastic differential equations de-
pends on the choice of interpretation. We refer to [56|, Example 5.1.1, which illustrates that
the asymptotic behaviour of solutions of stochastic differential equations can be essentially
different for Itd’s and for Stratonovic’s interpretation.

Our aim is to study stochastic perturbations of systems of parabolic PDEs, that we
interpret in the sense of Itd6. To analyse the general case, where we cannot apply such
a simple transformation which directly leads to systems of random PDEs, we consider
smooth random approximations of the stochastic systems. An approximation theorem ob-
tained in [15]| for stochastic perturbations of semi-linear parabolic equations allows us to
construct a family of random equations such that its solutions converge in expectation to
the solution of the stochastic system. We formulate necessary and sufficient conditions
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for the positivity property and for the validity of comparison theorems for the family of
random approximations and prove that the property is preserved by the stochastic sys-
tem, independent of the choice of [t6’s or Stratonovich’s interpretation. In other words,
for the class of stochastic systems we consider the qualitative behaviour of solutions re-
garding positivity and the validity of comparison principles is independent of the choice of
interpretation.

2.4.2. Stochastic Perturbations of Semi-Linear Parabolic Systems

We consider systems of semi-linear parabolic equations under stochastic perturbations of
the form

dui(,t) = (- i Alf, Dyus(w, 1) + [, t,u(, 1)) ) dt + i gigl(x,t, u(x, 1)) AW,
i=1 =1

(2.37)

where 1 <1 < m, m € N, and the solution u = (uy,...,u,) is a vector-valued process.
Furthermore, z € O denotes the spatial variable and ¢ € [0, 7] the time variable, where
O Cc R", n € N, is a bounded domain and 7" > 0. The linear differential operators
Al are of second order and elliptic. Moreover, {W/, t € Ry };cy is a family of mutually
independent standard scalar Wiener processes on the canonical Wiener space (2, F,P),
and dW} denotes the corresponding Tto differential. The non-negative parameters g; are
normalization factors. We assume the solution satisfies the boundary conditions

0
(drs + (1= b)) o =0 00 x[0,T],
where -2 denotes the outward normal derivative on the boundary 9O and §; € {0, 1}, for
1 <[ < m. Finally, the initial values of the solution are given by

u|t:0 = Uyg O x {0},

where the deterministic function ug : O — R™.

We denote the system of 1t6 equations (2.37) by (A, f,g), and the corresponding un-
perturbed deterministic system by (A, f,0). We aim at deriving explicit conditions on the
coefficient functions of the differential operator A and the functions f and ¢ to ensure that
System (2.37) satisfies the positivity property. To this end we consider smooth random
approximations of the stochastic problem since random equations can be interpreted path-
wise and allow to apply deterministic methods. The random approximations, however,
lead to a family of non-autonomous parabolic equations. In the next section we therefore
generalize the deterministic positivity criterion for semi-linear systems (Theorem 2.1) for
non-autonomous parabolic systems of the form (A, f,0). We show that the deterministic
system (A, f,0) satisfies the positivity property if and only if the differential operators are
diagonal, and the interaction function satisfies the non-autonomous positivity property.
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2.4. Stochastic Perturbations of Deterministic Systems

Consequently, it suffices to consider stochastic systems with diagonal differential opera-
tors of the form

duy(z,t) = (—Al(z, D)w(z,t) + f'(z,t,u(z, 1)) dt + Z Gigl(z, t,u(z, 1)) dW;, (2.38)

=1

where 1 < 1 < m. We denote the system of stochastic PDEs (2.38) by (f,g), and the
corresponding unperturbed deterministic system by (f,0). To analyse the stochastic prob-
lem (f,g) with diagonal differential operators we apply a Wong-Zakai type approximation
theorem obtained in [15], which yields a family of random approximations (fc.,0) for the
stochastic system. The solutions of the random approximations do not converge to the
solution of the original system, but to the solution of a modified stochastic system. There-
fore, we first construct an auxiliary stochastic system (F|,g) such that the solutions of
the corresponding random approximations (F.,, 0) converge to the solution of our original
problem (f,g). We apply the deterministic results to derive explicit necessary and suffi-
cient conditions for the positivity property and for the validity of comparison theorems
for the random systems (F¢,,0). Moreover, the conditions are preserved when taking the
limit and are invariant under the transformation relating the original and the modified
system. This observation allows us to formulate explicit conditions on the stochastic per-
turbation ¢ and interaction function f that ensure the positivity property or the validity
of comparison theorems for the stochastic system (f, g). Furthermore, the solution of the
modified stochastic system coincides with the solution of the original stochastic system
when we interpret it in the sense of Stratonovich. Our criteria are therefore independent
of the choice of interpretation.

2.4.3. A Positivity Criterion for Non-Autonomous Deterministic
Systems

Since the Wong-Zakai approximations lead to a family of non-autonomous parabolic sys-
tems we generalize the deterministic positivity criterion for non-autonomous interaction
functions and moreover, we allow for arbitrary linear elliptic differential operators of sec-
ond order. We consider semi-linear parabolic systems of the form

Ouui(x,t) = = Alx, D)ui(x,t) + f'(x,tu(z,t) O x(0,T), (2.39)
i=1
where 1 < [ < m, O C R" is a bounded domain with smooth boundary 0O and the
function u = (uy, ..., u;). The solution satisfies the boundary and initial conditions
0
(G + (1 — 5l)$ul) o =0 00 x[0,T], (2.40)
U‘t:() = Uy O x {O}, (241)
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where 1 <[ < m, and the initial data uy : O — R™ satisfies the compatibility conditions.
The differential operators Al(z, D) are defined by

Ai(w,D):—Zakj )0y, O, +Za Oy forx e, i,l=1,...,m,
k

J=1

where we omit the zero-order terms. Analysing the positivity property of semi-linear
parabolic systems it seems more natural to absorb these terms in the interaction function
f.

We assume the coefficient functions satisfy ak = a’
elliptic,

Jk, and the operators are uniformly

| ¢)? < Z aj;(2)¢¢;  forallz € O,C€R™, i,l=1,...,m. (2.42)

k,g=1

Moreover, all coefficient functions of the operator A are continuously differentiable and
bounded in the domain O.

The interaction functions f! are continuously differentiable with respect to u and we
suppose that

f" and 9, f" are bounded on O x [0,T] x R™ for bounded values of u, (2.43)

where 1 <[ <m.
Finally, we assume that for every initial data uy € K there exists a unique solution of
System (2.39), and for ¢ > 0 the solution satisfies L>-estimates,

u(-, t;ug) € L>°(O;R™) for t € [0, timaz), (2.44)

where [0, t,,4.] denotes the maximal existence interval of the solution.

The following theorem generalizes Theorem 2.1 for semi-linear parabolic systems of the
form (2.39). The proof of the sufficiency of the stated conditions also follows from the
results by H. Amann (see [2] and [15]), but the method we apply in our proof is different.

Theorem 2.8. Let the hypothesis (2.42) -(2.44) be satisfied and the initial data ug € KT be
smooth and fulfil the compatibility conditions. Then, System (2.39) satisfies the positivity

property if and only if for all 1 < j,k < n the matrices (a}%)KZ 1<m and (aﬁ)lgi,lgm are
diagonal, and the components of the reaction term satisfy
fHx,t,y) >0, for x € O,t € [0,tpae] and y € R such that y, = 0, (2.45)
forall1 <1 <m.
Proof. We rewrite System (2.39) in the form
Ouu(x,t) = z”: 1 (2) Oy, O u(, 1) — Y ap ()0 u(z, t) + f(x,t,u(z,t)), (2.46)
kj=1 k=1
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where the matrices ay; and a; are defined by

api(x) -l (z) ag'(x) - a(x)
agj(z) = : : , ag(z) = : : ,
agit(x) --- afi™(x) agt(z) --- ap™(x)

and all derivatives in System (2.46) are applied componentwise to the vector-valued func-
tion u = (U, ..., Uny)-

Necessity: We assume the solution u(-, -;ug) : O X [0,tmez] — R™ corresponding to
initial data ug € Kt remains non-negative for ¢ > 0 and prove the necessity of the stated
conditions. To this end we follow the arguments in the proof of Theorem 2.3. Taking
smooth initial data ug and an arbitrary function v € K™, that is orthogonal to wug in
L*(O;R™), we conclude

n

<atu‘t=07 U>L2(O;R7n) :< Z akj( aﬂckamjuo Z ak axkum U>L2 (O;R™)

k,j=1

+ <f( ’ 707 Uo), U>L2(O;Rm) > 0. (247)
Let ¢,0 € {1,...,m} such that ¢ # [. If we choose the functions vy = (0,...,

and v =(0,..., 0 ,...,0) with ug,v € K7 follows the scalar inequality

/@<Z ()0, Za 2)r,(x) + f(2,0,u0(x)) ) () da > 0.

kj=1

Since the inequality holds for an arbitrary non-negative function v € L*(O), we obtain the
pointwise estimate

n

> a(@)0s, Za z) + fi(x,0,u(x)) >0

kj=1

almost everywhere in (. This implies that the coefficient functions of the differential
operator are zero,

aﬁ](x)—ak( )=0 z e O,

for 1 < i,l < m,i # [ (see the proof of Lemma 2.1), and shows that the matrices ay;
and a; are necessarily diagonal for all 1 < j,k < n. Next, we choose the functions
wy = (ug,..., 0 ... up)and v =(0,..., © ,...,0) such that ug,v € KT and conclude

from Inequality (2.47)

fi2,0,4,..., 0 ... %) >0 for dy,...70, >0,z €0,

i
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foralll <i<m.

It remains to show that this property is satisfied for ¢ > 0. If the solution remains
strictly positive for ¢ > 0 we do not obtain an additional assumption. Otherwise, if for
some time t, > 0 the solution approaches a boundary point of the positive cone KT,
then there exists an index 1 < i < m such that the component u;|;—, = 0. Choosing
the function v = (0, ... ,\QNJ/_/, ...,0) with arbitrary non-negative 0, it is orthogonal to the

solution u( -, to;up) in L*(O;R™). Consequently, we obtain

wi( -t ug) — wil -, to; uo)

(Otli=tor V) prommy = {, lim t—to o)
) wi( -, tup) ) wi -, tosup)
= 1 TR ) — 1
t—>l(££1)+< t—tg ) r2(0) t—>l(to)+< t—to ) 1200)

_ lim <u2( '_,t;U(])

t—)(to)+

where t — (to); denotes the limit from the right. We used that at time ¢ = ¢, the
component u;];—y, = 0 and the positivity of the solution u( -, t;ug) € Kt for t > 0. On the
other hand, u is a solution of the initial value problem, which implies

n n

<atu|t=t07 U>L2(O;]Rm) = < Z ak‘j( : )awkaiﬂju|t=to - Z ak( : )aﬁfku‘tﬁfoa U>L2(O;Rm)

k.j=1 k=1
+<f( -, o, u|t:t0)7 U>L2((’);Rm) > 0.

We argue as before and use the diagonality of the matrices ay; and a; to obtain the
pointwise inequality

fi<:v7t07ﬁ1|t=toa'~-h 0 ,7"'>am|t:t0) Z 0

7

almost everywhere in (0. This implies the positivity condition for the interaction function
and concludes the proof of the necessity of the stated conditions.

Sufficiency: We assume the stated conditions are satisfied and denote the diagonal coef-
ficient functions of the differential operators by aj; := af;, aj, == ajl, for 1 <k,j <n. The
system of equations then takes the form

n

Orui(x,t) = (1) 00, O, wi(w,8) = Y @ (2)Og (. t) + f1(x,t u(z, 1),  (2.48)

k,j=1 k=1

where 1 < [ < m. We follow the strategy in the proof of Theorem 2.3 and multiply the
I-th equation of System (2.48) by the negative part u;— = (u(-,t));,—. Integrating over the
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domain O we obtain

1
_§atHul—H%2((’)) = <atul>ul—>L2 < Z &k;] a:rkaz]ulaul >L2

k,j=1
n

_<Z ()0, u, u > +<f >L2(O)‘

k=1

Without loss of generality we assume that all components of the solution satistfy homoge-
neous Dirichlet boundary conditions (for homogeneous Neumann boundary conditions we
refer to Section 2.3.1). For the first term on the right hand side of the equation we obtain

< Z ak] axka:pjuluul < Z ak] 3%8%7” , Ul— >L2

kj 1 kJ 1
< Z akg a;r}ul 7a;rkul >L2(O) +< Z aﬂ?kak] )a;rjul—7ul—>L2(@)'
k,j=1 k,j=1

By Young’s inequality follow the estimates

‘< Z axka/w axgul ) Ul— >L2 | < EHvul—H%?(O;Rm) +Ce,1||ul—||%2(0)a
k.j=1

for some constant Cc; > 0, and

‘<Zak ) Oy, Ui, Uy — >L2 O)} < ¢€||Vu,- HL2(ORm + Cepllu—|7- ©)>

for some C,o > 0. Like in the proof of Theorem 2.3 we represent the interaction term by

ot u) = fAatyur, .oy 0 ) + wF (ot ),
!

forl =1,...,m, where the functions F' are bounded. Then, using the uniform parabolicity
assumption (2.42) and collecting all terms we obtain

1 1 -
ﬁHuzf!Iiz(@ + | V|72 o mmy < §8t|!usz%z<o> +(> aij(->8x]~uzf,8xkuz7>L2(O)

kj=1
‘ Z&rkakj )8%1” S U >L2(o +<Zak 8zkul y Wp— >L2(O’
k,j=1
_ <fl ~,t,U1,---,\O/,---?Um),ul—hz(o)+<Uz_,Fl tu ul_>L2(O)

l
SQEHVUI_H%Q(O;RWL) + (Cep +Cea + C’)Hul_H%z(O) —{f'( ..., 0, .. ,um),ul_>L2(O),
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for some constant C' > 0. We assume the interaction function satisfies the positivity
condition (2.5) for all y € R™ such that y; = 0. Choosing € > 0 sufficiently small then
follows the estimate

Oellui-NZ2(0) < cllu-lZ2 ()

for some constant ¢ > 0. By Gronwall’s Lemma and the initial assumption (ug);— = 0 we
conclude that u; (-, t;up) = 0 almost everywhere in O for ¢ > 0. The assumption on the
interaction function can be justified as in the proof of Theorem 2.3. O]

This generalizes the semi-linear positivity criterion for systems with arbitrary elliptic
second order differential operators and non-autonomous interaction functions. Since the
deterministic system (2.46) satisfies the positivity property if and only if the differential
operators are diagonal it suffices to consider stochastic perturbations of semi-linear systems
of the form (2.38).

2.5. Stochastic Systems: Positivity Property and
Comparison Principles

To study the stochastic system (f, g) we construct a family of random equations such that
its solutions converge in expectation to the solution of the stochastic problem. We use
the deterministic results to formulate criteria for the positivity property and validity of
comparison theorems for the family of random PDEs, which then imply the corresponding
property of the stochastic system.

2.5.1. Random Approximations of Stochastic Systems

E. Wong and M. Zakai (|73],[74]) studied the relation between ordinary and stochastic
differential equations and introduced a smooth approximation of the Brownian motion
to approximate stochastic integrals by ordinary integrals. In this way, they obtain an
approximation of the stochastic differential equation by a family of random differential
equations. However, when the smoothing parameter tends to zero the random solutions
do not converge to the solution of the original stochastic problem, but to the solution of
a modified one. The appearing correction term is called Wong-Zakai correction term. The
Wong-Zakai approximation theorem was generalized in various directions. In this section,
we briefly recall the main result in [15] about a Wong-Zakai-type approximation theorem
for stochastic systems of semi-linear parabolic PDEs, which is applicable for the class of
systems we consider.

In the sequel we analyse stochastic systems (f, g) of the form (2.38) and assume that
the functions g! : O x [0,7] x R — R are continuously differentiable and are bounded for
bounded values of the solution, where 7 e N;I=1,... m.
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Predictable Approximation of the Wiener Process

A general notion of a smooth predictable approximation of the Wiener process is given in
[15], Definition 4.1. In the following, we will take the main example in this article as a
definition (see [15]|, Proposition 4.2).

Let {W;,t € R, } be a standard scalar Wiener process on the probability space (€2, F,P)
with filtration {F;,t € R, }. The smooth predictable approximation of the Wiener
process {W;,t € R} is the family of random processes {W,(t),t € Ry }.s¢ defined by

WL(t) = / " it — )W,

where ¢.(t) = %¢(§), and ¢ : R — R is a function with the properties

1
b€ C'(R), suppé C [0, 1], / ot)dt = 1.

We will need the following result (see [15], p.1442), which states that the derivative of
the smooth predictable approximation W,, denoted by W,, can be written as a stochastic
integral of the form

t
W.(t) = / Gt —T)dW,, t>e. (2.49)
t—e
As a consequence, the process W, is Gaussian.

Smoothing of Ité6’s Problem and Random Systems

Using the family of smooth predictable approximations {W7(t),t € Ry }esq jen of the family
of Wiener processes {W/,t € R, };en the predictable smoothing of It6’s problem (2.38) is
the family of random equations

duy(z,t) = (— Az, D)ule, )+ fl(g;,t,u(x,t)))dH—(Zqjgj(:n,t,u(m,t))Wg(t))dt, (2.50)
j=1
where 1 <[ < m. In our notation, this leads to the following definition.

Definition 2.6. The smooth random approximation of the stochastic system (f,g)
with respect to the smooth predictable approzimation {W(t),t € Ry}eso is the family of
random PDEFEs (fe.,0), where

Lol tu(z, b)) = iz, tu(z, b)) + qugé(:v, t,u(m,t))Wg(t) €e>0.

Jj=1
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Wong-Zakai Approximation Theorem

Following the approach in [15] we consider mild solutions of the stochastic system of PDEs

(f.9)

Definition 2.7. A random function u(x,t,w) = (ui(z,t,w),..., un(x,t,w)) is called a
mild solution of the stochastic problem (f,q) in the space Hy(O;R™) on the interval
0,T], if ue C([0,T]; L*(O x Q)) is a predictable process such that

T
/ E (| u(t) |2 o, dt < 00,
0

where u(t) = u(-,t,-), and satisfies the integral equation
¢ % ¢

u(t) = S(t)ug + / S(t—71)f(r,u(r))dr + Z qj/ S(t—7)g;(r,u(r))dWw?,  (2.51)
0 = Jo

where we assume that all integrals in (2.51) exist.

In Definition 2.7 the operator F denotes the mean value operator on (2, F,[P) and
the family {S(¢), t € R, } the analytic semigroup in L?(O;R™) generated by the linear
operator A with domain

H%(O;R™) := {u € H*(O;R™) | u satisfies the boundary conditions (2.40)}.
Here, B indicates the boundary operator and
H*(O;R™) := {u € L*(O) | D*u; € L*(O) for all || < k,l=1,...,m}.
For further details we refer to [15] and [2].

Definition 2.8. Let (f, g) be a stochastic system of PDEs and u be its mild solution. We
say that the mild solutions u. of a family of random PDEs (F,,,0) converge to the mild
solution of the stochastic system (f,g) if

T
lim [ E || u(t) = u(t) |3 omm) dt = 0.

e—0 0
The main result in [15] is the following approximation theorem (Theorem 4.3, [15]).

Theorem 2.9. Assume that the stated assumptions on the operator A and the functions f
and g are satisfied. Moreover, let 2;0:1 qj < 00, the initial data ug € C*(O;R™) satisfy the
compatibility conditions, be Fo-measurable and El|uo||¢oo.pmy < 00 for some r > 8. We

assume the associated system of random PDEs (fe.,0) has a mild solution u. belonging to
the class C([0,T]; L"(2; Xayp)) for all 0 < a < 1 and p > 1, and for this solution there
exists a constant ¢ > 0 independent of € > 0 such that

sup E || ue [[oorm< € for all p > 1.
te[0,T]
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Then, the mild solutions u. converge to a solution uco,, of the corrected stochastic system
of PDEs (feor,g) when € tends to zero, where

m

1 — .0g.
fcloerl%—ﬁZq?Zgja—J forl=1,...m.
=1 i

=1

The spaces X, , denote the fractional power spaces associated to the operator A. For
further details we refer to [15].

2.5.2. A Positivity Criterion for Stochastic Systems

We aim at analysing the qualitative behaviour of the solutions of the stochastic system
(f,g). Hence, in the sequel we assume that a unique solution of the stochastic initial value
problem (2.38) exists, and the solutions of the random approximations converge to the
solution of the modified stochastic system (feor, g) (see Theorem 2.9). Sufficient conditions
for the existence and uniqueness of solutions can be found in the article [15]. Since the
solutions of the random approximations do not converge to the solution of the original
system we construct an auxiliary stochastic system as follows:

e Let (F), g) be a given stochastic system. The corresponding family of random approx-
imations (F.,.,0), € > 0, w € Q is explicit, depends on the definition of the smooth
approximation {W(t),t € R, } of the Wiener process {WW;,t € R, }, and is given by

Flo=F+ Y gW?  1=1..m

=1

e Theorem 2.9 states that the solutions of the random systems converge in expectation
to the solution of the modified stochastic system (F.,, g), where

m

. l § 2§ : 7 J _
FCO’I’_F —'—5 q] gja_u l—17,m
j=1 !

=1

e To analyse the stochastic system (f,g) we therefore construct an auxiliary system
(F,g) such that the solutions of the associated system of random PDEs (F.,,0)
converge to the solutions of our original system (f,g).

e We then use the deterministic positivity criterion to derive necessary and suffi-
cient conditions for the positivity property of the family of random approximations
(Few,0). Finally, we show that this property is preserved by the transformation re-
lating the original system and the modified system and by passing to the limit when
the smoothing parameter € goes to zero.

83



2. Verifying Mathematical Models

Let (f,g) be a system of stochastic PDEs. If we define the auxiliary stochastic system

(F.g) by
]_ o agl 8gl
l 2 1 J m_ 9]
=fl—= I N e I=1,...,m,
f'=3 ;qj <gj . 9
the solutions of the associated family of random PDEs (F,0) converge in expectation to
the solution of the original stochastic system (f, g).

Motivated by Theorem 2.8 we extend the definition of the positivity condition for non-
autonomous problems.

Definition 2.9. We say that the function

f:Ox[0,T] xR™ = R™ f(zx,t,y) = (fH(x,t,y),..., f"(x,t,9)),

satisfies the positivity condition if it satisfies Property (2.5) in Theorem 2.8 for all
t€10,77.

The following lemma will be essential for the proof of the stochastic positivity criterion.

Lemma 2.3. Let (f, g) be a given stochastic system of PDEs. We assume that the functions
gé— are twice continuously differentiable with respect to u and satisfy

gi(@ touy, ..., 0 ... up) =0 x€0,t>0, u >0, (2.52)
l

forallj e N and k,l =1,...,m. Then, the following statements are equivalent:
(a) The function [ satisfies the positivity condition.
(b) The modified function F satisfies the positivity condition.

(¢) The associated random functions F. , satisfy the positivity condition for all e > 0 and
w € (.

Proof. The proof is a simple computation. Let 7 € N and 1 <[ < m. Since the function
gé- is continuously differentiable with respect to u; and satisfies Property (2.52) we can
represent it in the form gé-(x,t,u) = ulGé(:c,t,u), where the function Gé- is continuously
differentiable. For the sum appearing in the Wong-Zakai correction term we obtain

Ao 17— oG, 0w Gh)
Zgy : :Z j aul Zgjul +9J 8u1] )

1=1 i#£l

which leads to an associated function F' of the form

> o 0 Gl
Flzfl—%Zq?Zgé Zq] (Zg]uz—+gj (gin )>.
j=1

=1 j=1 1#1
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Due to the hypothesis (2.52) we note that the modified function F' satisfies the positivity
condition if and only if the interaction function f satisfies the positivity condition since all
correction terms vanish if the component wu; of the solution is zero. Finally, the associated
system of random PDEs (F,,,0) is given by

Fl,=F+ qugé-Wej.

j=1
The assumption (2.52) therefore implies that

Féw(aﬁ,t,ul,..., 0 ,ooytim) = Fla,tyur, ..., 0 o )

l l

:fl(x,t,ul,.. sy Upm),

5 0
—~—
l

which concludes the proof of the lemma. O

Applying Lemma 2.3 we derive necessary and sufficient conditions for the positivity
property of the random approximations.

Theorem 2.10. Let (f,g) be a system of stochastic PDEs and (F,,0) be the associated
family of random approximations. We assume that the functions gé- are twice continuously
differentiable with respect to u, for all j € N andl =1,...,m. Then, the family of random
approzimations (Fe,,0) satisfies the positivity property for all w € Q and (sufficiently
small) e > 0 if and only if f satisfies the positivity condition and the stochastic perturbation
g fulfils Condition (2.52). In this case, the stochastic system of Ito equations (f, g) satisfies
the positivity property.

Proof. Sufficiency: By assumption, the interaction function f satisfies the positivity
condition. Moreover, since the stochastic perturbation fulfils Property (2.52), Lemma 2.3
implies the positivity condition for the family of random functions F, ,,, where w € {2 and
e > 0. We apply the deterministic positivity criterion (Theorem 2.8) to conclude that
the solutions of the random approximations are non-negative. Finally, the Wong-Zakai
approximation theorem states that the solutions of the random approximations (F,,,0)
converge in expectation to the solution of the stochastic system (f, g), which implies that
the stochastic system (f, g) satisfies the positivity property.

Necessity: We assume the family of random PDEs (F,, 0) satisfies the positivity prop-
erty. By Theorem 2.8 this is equivalent to the positivity condition for the random functions

Flo(eta) = Flota)+Y qdet,Wit) 20  z€0,t>0, (253)

Jj=1

where @ € R, such that 4, = 0, for [ =1, ..., m. The derivative of the smooth approxima-
tions {W,(t),t € R, } of the Wiener process can be represented as the stochastic integral
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(2.49) and takes arbitrary values. If we assume the function g! w—o 18 not identically zero,

0
then for sufficiently small € > 0 Inequality (2.53) is violated almost surely. This proves
the necessity of the condition on the stochastic perturbation. If Property (2.52) holds, the
positivity condition for the family of random approximations is equivalent to the positivity

condition for the interaction function f by Lemma 2.3. [

The same result is valid if we apply Stratonovich’s interpretation of stochastic differential
equations. In other words, the positivity property of solutions of the stochastic system is
independent of the choice of interpretation.

Corollary 2.1. Let (f,g) be a system of stochastic Ito6 PDEs. We assume the hypothesis
of Theorem 2.10 are satisfied and the family of random approzimations (F,,0) satis-
fies the positivity property. Then, the stochastic system (f,g)swar 0btained when we use
Stratonovich’s interpretation of the stochastic differential equations satisfies the positivity

property.

Proof. The Wong-Zakai correction term coincides with the transformation relating Ito’s
and Stratonovich’s interpretation of the stochastic system (see [70], Section 6.1). Conse-
quently, the solutions of the random approximations (f..,0) converge to the solution of
the given stochastic system, when interpreted in the sense of Stratonovich. The corollary
is therefore an immediate consequence of Theorem 2.10 and Lemma 2.3. O

The intuitive interpretation of the condition on the stochastic perturbation is the fol-
lowing: In the critical case, when one component of the solution approaches zero, the
stochastic perturbation needs to vanish. Otherwise, the positivity of the solution cannot
be guaranteed. For scalar stochastic ODEs this resembles our observation in Section 2.4.1
that additive noise destroys the positivity property of the deterministic system while the
positivity property is preserved under perturbations by a linear multiplicative noise.

2.5.3. Comparison Principles for Stochastic Systems

As a direct consequence of the positivity criterion we obtain necessary and sufficient con-
ditions for the random approximations to satisfy comparison principles. We extend the
definition of quasi-monotonicity for non-autonomous interaction functions.

Definition 2.10. We call the function f: O x [0,T] x R™ — R™ quasi-monotone, if it
satisfies

flla,ty) < fl(xt,2)
forallx € O, t € x[0,T] and all y,z € R™ such that y < z and y; = z;, where 1 <1 < m.

Theorem 2.11. Let (f,g) be a system of stochastic Ito PDEs, (F.,,0) be the associated
family of random approrimations and the hypothesis of Theorem 2.10 be satisfied. Then,
the family of random approzimations (Fe,,0) is order preserving with respect to the order
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relation < if and only if the interaction function [ is quasi-monotone, and the functions
gé- depend on the component u; of the solution only,

gﬁ-(x,t,uh ey Uy) = g;.(x,t,ul) forall j e N, 1 <[ <m.
In this case, the stochastic system (f,g) is order preserving with respect to <.

Proof. Let ug and vy be given initial data such that uy > vy. Applying Theorem 2.10
we derive necessary and sufficient conditions to ensure that the order is preserved by the
solutions of the associated random approximations. Since the differential operator A is
linear, the difference w := u — v is a solution of the stochastic system (f, g) where

]EZ(I,t,U)) = fl(x,t,u) o fl(LL’,t,U) and gé(x,t,w) = gé(x,t,u) o gé»(x,t,v)

for j € N, 1 <[ < m. Furthermore, by the definition of the function w the family of random
approximations (F,,, 0) corresponding to the original system (f, g) is order preserving with
respect to < if and only if the random approximations (Fe,wa 0) associated to the stochastic
system (f, §) satisfy the positivity property.

Theorem 2.10 yields necessary and sufficient conditions for the latter. Namely, the
random family (Fw, 0) satisfies the positivity property if and only if the function f satisfies
the positivity condition and the stochastic perturbation fulfils

g;(x,t,wl,...,wl,l,O,le,...,wm) =0 x e O,;t>0,w >0,
for all j € N and 1 < k,l < m. This is equivalent to the condition
§§(x, t,y) = gé-(x, t,2) for all v,z € R™ such that y; = 2,y > z,

and x € O,t > 0. Consequently, the functions gé depend on the component wu; of the solu-

tion only. The positivity condition for the function f is equivalent to the quasi-monotonicity
of the original interaction term f.

By Theorem 2.9 the solutions of the associated random family (F.,,0) converge in
expectation to the solution of the original system (f,g), which proves that the order is
preserved by the solutions of the stochastic system. O

It is well-known in the deterministic theory of PDEs that the quasi-monotonicity of the
interaction function f ensures that the system (f,0) is order preserving (see [66]). The
conditions on the functions gé in the previous theorem guarantee the persistence of this
property under stochastic perturbations. Theorem 5.6 in [15] yields sufficient conditions for
the validity of comparison principles for stochastic systems of the form (f, g). We show in
Theorem 2.11 that these conditions are also necessary to ensure that the family of random
approximations is order preserving.

Moreover, the conditions for the validity of comparison principles for the random ap-
proximations imply that the stochastic system is order preserving when it is interpreted in
the sense of Stratonovich.
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Corollary 2.2. Let (f,qg) be a system of stochastic Ité6 PDFEs. We assume the hypothesis
of Theorem 2.10 are satisfied and the associated family of random approzimations is order
preserving with respect to the order relation <. Then, the stochastic system (f, g)strat we
obtain when we apply Stratonovich’s interpretation of stochastic differential equations is
order preserving with respect to <.

Proof. Theorem 2.11 implies that the stochastic perturbations gé-, e NI=1...,m,
depend on the component u; of the solution only. In this case it is easy to verify that the
following statements are equivalent:

(a) The function f is quasi-monotone.

(b) The associated random functions f., are quasi-monotone, where ¢ > 0 and w € Q.
(¢) The modified function F' is quasi-monotone.

(d) The associated random functions F,, are quasi-monotone, where ¢ > 0 and w € 2.

The solutions of the random approximations (fc.,0) converge to the solution of the given
stochastic system, when interpreted in the sense of Stratonovich. Hence, the statement of
the corollary is an immediate consequence of Theorem 2.11 and the equivalence relations

()-(d). O

Like in the deterministic case we immediately obtain necessary and sufficient conditions
for the random family (F,,0) to satisfy comparison principles with respect to an arbitrary
order relation in R™.

Corollary 2.3. Let (f,g) be a system of stochastic PDEs and the hypothesis of Theorem
2.10 be satisfied. Then, the associated family of random approzimations (F..,0) is order
preserving with respect to the order relation > if and only if

fUz,t,y) > flix,t,2) €0y
flz, t,y) < fiz,t,2) 1€ o,

forx € Ot >0 and all y,z € R™ such that y 7~ z and y; = 2, and the functions gé- depend
on the component u; of the solution only,

gj-(:z:,t,ul, ey Uy) = gj-(:v,t,ul) forall j €N, 1< <m.

In this case, the stochastic system (f, g) is order preserving with respect to the order relation
= for both Ité’s and Stratonovich’s interpretation.

Proof. We define the function

- U; — Uy ifjeal
! Vj — Uy iijO'Q.
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Then, w is a solution of the stochastic system (f, g), where

Al o) e Uz, t,u) — fiz,t,v) ifjeo
Flotw): {ﬂ(t )

T fUz, t,u) if j € o9,

4
~—

f]l(x,t,w) =

x,t,u) if 7 € o9.

g'(z, ,u) g(z,t,v) ifjeo

g g (z,t,u)
The solutions of the random approximations (F,,,0) of the stochastic system (f,g) are
order preserving with respect to the order relation 7 if and only if the family of random
approximations (F, 0) corresponding to the stochastic system (f, §) satisfies the positivity
property. Like in the proof of Theorem 2.11 we conclude that the random family associated
to the system (f, g) satisfies the positivity property if and only if the functions f]é» depend

on the component u; of the solution only and the interaction term f fulfils the positivity
condition. This is equivalent to the conditions on the functions g and f stated in the
theorem.

The solutions of the random approximations (F.,,0) are order preserving with respect
to the order relation 7~ and converge to the solution of the stochastic system (f, g), which
implies that the solutions of the system of It6 equations (f, g) preserve the order relation .
The result for the solutions of the stochastic system (f, g)sirot When we apply Stratonovich’s
interpretation of stochastic differential equations follows from the proof of Corollary 2.2.

]

For the validity of comparison principles, the critical situation occurs when one compo-
nent of the solutions u and v approaches the same value. Then, the other components of
the solution should have no influence on the intensity of the stochastic perturbation, and
the stochastic perturbations in the corresponding equation necessarily coincide.

2.5.4. Verifying Stochastic Models

We apply our results to verify the positivity property of a deterministic predator-prey
system under stochastic perturbations that was discussed as a sample application in [4]
(Section 5). The deterministic model is formulated as reaction-diffusion system for the
predator u and the prey v in a bounded spatial domain @ C R? with smooth boundary
00,

O = Au = iy (|=)u+ cha( |-,

o = B+ [y = Ba(| =)o (2.54)
0

9,

(u,v)]i=0 = (0, v0),
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where the constants ¢ and «y are positive and the functions gy, 5> : Ry — R, are smooth and
non-negative. We observe that the interaction function satisfies the positivity condition
and no cross-diffusion terms are present. Consequently, the deterministic model (2.54)
preserves the positivity of solutions by Theorem 2.1.

The model includes a certain uncertainty since it is impossible to determine the exact
model parameters 7, 5, and 5 ([4]). One possibility to take this into account is to add
noise, which leads to the following stochastic model

du = {Au—51(|%‘)u+cﬁg(‘%|)v}dt+uth, (2.55)
dv = {Av+ [y = B(| =) Jv}dt +vdiVy,

where {W,, t € R, } denotes a standard scalar Wiener process and dW; the corresponding
Ito differential (see [4]). If one component of the solution approaches zero the stochas-
tic perturbation in the corresponding equation vanishes. Theorem 2.10, Theorem 2.1 and
the positivity condition of the deterministic interaction function therefore imply that the
stochastic system (2.55) satisfies the positivity property. Moreover, this is valid inde-
pendent of the choice of Itd’s or Stratonovich’s interpretation of stochastic differential
equations.

2.6. Concluding Remarks

We formulated general criteria for the positivity of solutions of semi-linear and quasi-linear
parabolic systems and for stochastic perturbations of semi-linear systems.

The Wong-Zakal approximation theorem proved in [15] allowed us to study the stochastic
systems by considering smooth random approximations. Our results for non-autonomous
deterministic systems yield necessary and sufficient conditions for the family of random
approximations, which imply the positivity property of the original stochastic system. Ini-
tially, we were hoping to obtain a stronger result. Namely, that the conditions in Theorem
2.10 are also necessary for the positivity property of the stochastic system. The difficulty
is that we cannot directly deduce the positivity of the random approximations from the
positivity of the solution of the stochastic system. To show the necessity for the stochastic
system presumably requires different methods or stronger assumptions on the solution. For
scalar parabolic equations the necessity was shown in [47], but the proof is not based on
random approximations.

For systems of stochastic ODEs we can derive explicit necessary and sufficient conditions
for the positivity property from an abstract result obtained in [53], which generalizes the
Nagumo-Brezis Theorem and the tangential condition for stochastic systems of ODEs. The
conditions on the stochastic perturbations we obtain in this particular case coincide with
the conditions formulated in Theorem 2.10.

Another interesting problem which is important in numerical simulations are criteria
for the positivity of solutions of discrete systems. We expect that the method applied
in the proof of the deterministic positivity criterion (Theorem 2.3) can be used to derive
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explicit necessary and sufficient conditions for the positivity of solutions of finite difference
schemes.
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3. Exponential Attractors of Infinite
Dimensional Dynamical Systems

The longtime behaviour of solutions of various dissipative evolution equations arising in
mathematical physics, biology and other sciences can be studied in terms of attractors of
the generated semigroup, which acts in infinite dimensional phase spaces ([5], [42], [69]).
To illustrate the ideas we consider the Cauchy problem for a semi-linear heat equation in
a smooth bounded domain 2 C R", n € N,

Opu(z,t) = Au(x,t) + f(u(x,t)) Q% (0,7),
Ulag(xﬂf) =0 00 x [O,T], (31)
u(z,0) = ug(x) Q x {0},

where T' > 0, 02 denotes the boundary of the domain 2 and u is a scalar function depending
on the spatial variable = € €2 and the time variable ¢ € [0, T]. Under appropriate conditions
on the reaction function f and for a suitably chosen Banach space of functions V' there exists
for every initial data ug € V a unique solution u of the initial-/boundary-value problem
(3.1) taking values in V; that is, the solution u(-,t) € V for all ¢ € [0, T]. Moreover, if the
solution exists globally and depends continuously on the initial data, the time evolution of
the system can be described in terms of a semigroup acting in the Banach space V. For
t > 0 we define the operator T'(¢t) : V. — V by

T(t)ug := u(-,t),

where u(-,t) € V' is the unique global solution of (3.1) corresponding to initial data uy € V.
The operator T'(t), t > 0, maps a given initial state ug of the system to the state of the
system at time ¢ after starting, and the family of operators {T'(t)| t > 0} satisfies the
properties of a semigroup in V.

An important mathematical question is the qualitative behaviour of the system when
time tends to infinity. In the modelling of population dynamics for instance we are inter-
ested whether the involved species will persist or become extinct in the far future, after
transient states of the system have passed. The longtime dynamics of dissipative systems
can often be described by the dynamics on the global attractor. The global attractor is
a compact, invariant subset of the phase space, which attracts all solutions and hence,
captures all relevant limit dynamics of the system. For large times the dynamics in the
initially infinite dimensional phase space is reduced to a small (compact) subset, and the
states of the system are well-approximated by the states of the system within the attractor.
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The global attractor is unique, minimal within the family of closed subsets that attract
all bounded sets and the maximal bounded invariant subset of the phase space. Moreover,
it was shown in many cases that the dimension of the global attractor is finite ([12], [26],
[69]).

However, the rate of convergence to the attractor is generally unknown, it can be ar-
bitrarily slow, and the global attractor is in general not stable under perturbations. To
overcome these drawbacks the concept of an exponential attractor was introduced (|26]).
Exponential attractors are larger subsets of the phase space, contain the global attrac-
tor, attract all bounded subsets at an exponential rate and are still finite dimensional.
The main obstacle of exponential attractors is that they are only semi-invariant under the
action of the semigroup and therefore not unique.

While the theory of attractors of semigroups is well-established and well-understood its
counterpart in the non-autonomous setting is less understood and far more complex ([8],
[50]). Let us again consider the Cauchy problem for a semi-linear heat equation, however
with time-dependent reaction function f,

Owu(z,t) = Au(x,t) + f(t,u(z,t)) Qx(s,T),
u’gm({l?,t) =0 0 x [S,T], (32)
u(z, s) = ug(r) O x {s},

where s € R and T > s. Under appropriate conditions on the reaction function f and for
a suitably chosen Banach space of functions V, there exists for every initial data u, € V
and initial time s € R a unique solution u taking values in V; that is, u(-,t) € V for all
t € [s,T]. Moreover, we assume the solution exists globally and depends continuously on
the initial data. Different from autonomous problems, where the solution at time t > s
only depends on the elapsed time after starting ¢ — s, the solution of non-autonomous
problems also depends on the initial time s € R. The rule of time evolution of the system
is then described in terms of a two-parameter family of operators acting in the Banach
space V. For s € R and ¢t > s we define the operator U(t,s) : V — V by

U(t,s)us :=u(-,t) t>s,

where u(-,t) € V is the unique global solution of (3.2) corresponding to initial data us € V
and initial time s € R. The operator U(t, s), t > s, maps a given initial state us at initial
time s € R to the state of the system at a later time ¢ > s, and the family of operators
{U(t,s)| t,s € R, t > s} satisfies the properties of an evolution process in V.

The first attempt to extend the notion of global attractors for evolution processes was
the concept of uniform attractors ([12]). Uniform attractors are fixed compact subsets of
the phase space that attract all solutions uniformly with respect to the initial time. It is a
suitable concept for certain classes of non-autonomous terms or for small non-autonomous
perturbations of autonomous problems. To capture more general non-autonomous func-
tions, however, requires to weaken the notion of convergence. This leads to the definition
of forwards and pullback global attractors, which comprise of families of time-dependent
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subsets of the phase space that attract all solutions in forwards or pullback sense, respec-
tively ([11]). Since global non-autonomous attractors have the same favourable properties
and drawbacks as global attractors of semigroups, it is of interest to extend the concept
of exponential attractors for evolution processes ([19], [49]). Our aim is to analyse the
existence of pullback exponential attractors.

The outline of this chapter is as follows. In Section 3.1.1 we introduce basic concepts
and recall a general existence theorem for global attractors of semigroups. Section 3.1.2 is
devoted to the dimension of attractors, and we summarize properties of the fractal dimen-
sion that we frequently use in the subsequent sections. We define exponential attractors of
semigroups in Section 3.1.3 and give an overview of previous existence results. In Section
3.1.4 we present an algorithm for the construction of exponential attractors for asymptot-
ically compact semigroups in Banach spaces. Properties of the exponential attractor are
discussed in Section 3.1.5.

The second part of Chapter 3 is devoted to non-autonomous attractors. We introduce
evolutions processes and recall different notions of non-autonomous attractors in Section
3.2.1. In the sequel we use the concept of pullback convergence. We recall an existence
result for global pullback attractors and summarize previous results regarding pullback
exponential attractors in Section 3.2.2. The main result of this chapter is a new construc-
tion of pullback exponential attractors for asymptotically compact evolution processes in
Banach spaces and is formulated in Section 3.2.3. In Section 3.2.4 we analyse properties
of the pullback exponential attractor. Finally, applications are addressed in Section 3.2.5,
where we consider initial value problems for a non-autonomous Chafee-Infante equation
and a non-autonomous damped wave equation.

3.1. Autonomous Evolution Equations

3.1.1. Semigroups and Global Attractors

We study the longtime behaviour of evolutionary PDEs by using concepts from the theory
of dynamical systems. Namely, we analyse the existence of attractors for the generated
semigroup (or evolution process) in infinite dimensional phase spaces.

In the sequel we use the letter T to denote R or Z and define T, := {¢t € T| t > 0}.

Definition 3.1. Let T'(t) : X — X, t € Ty, be operators in a metric space (X,dx). We
call the family {T(t)| t € T.} a semigroup in X if it satisfies the properties

Tt)oT(s)=T(t+s) fortseTy,
T(0) =1d,
(t,z) — T(t)x is continuous from T, x X — X,
where o denotes the composition of operators and 1d the identity operator in X.

If T = R we call {T(t)] t € Ry} a time continuous semigroup and for T = 7Z a
discrete semigroup in X.
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We are interested in the behaviour of the system when time tends to infinity. The
limiting dynamics is in many cases reduced to the dynamics on the global attractor, which
is a compact invariant set that attracts all bounded subsets of the phase space.

Definition 3.2. The set A C X is the global attractor for the semigroup {T'(t)|t € T}
if A is a non-empty, compact subset of X and strictly invariant under the action of the
semigroup, T'(t)A = A for allt € T,. Moreover, A attracts every bounded subset D C X,

lim disty(7T'(¢t)D, A) = 0.

t—o00

Here, disty(+,-) denotes the Hausdorff semi-distance in X,

disty(A, B) := supdx(a, B) = sup inlf;dx(a, b) for subsets A, B C X.

a€A acA be

The global attractor is unique, the minimal closed set that attracts all bounded subsets
and the maximal bounded invariant subset of the phase space. To show that semigroups
generated by non-linear PDEs possess a global attractor, one generally derives a priori
estimates to prove the existence of a bounded absorbing or attracting set for the semigroup.

Definition 3.3. We call the subset B C X an absorbing set (attracting set) for the
semigroup {T'(t)| t € Ty}, if all trajectories emanating from a bounded set eventually enter
the set B (a neighbourhood of the set B) and remain within it for all later times. To be
more precise, for every bounded set D C X there exists Tp € T, such that

Tt)yDcC B  forallt>1Tp
(tlim disty(T'(t)D,B) =0  for every bounded subset D C X).
—00

If a semigroup possesses a compact attracting set follows the existence of the global
attractor (see [12], Theorem I1.3.1). Here and in the sequel, A denotes the closure of a
subset A C X.

Theorem 3.1. Let {T'(t)| t € Ty} be a semigroup in a complete metric space X, and
K C X be a compact attracting set. Then, the global attractor for the semigroup exists and
coincides with the w-limit set of K,

A= W(K)u

where w(K) := Nep, Ups, S K.
The converse statement of Theorem 3.1 is certainly also true and we observe: A semi-

group {T'(t)| t € T, } in a complete metric space X possesses a global attractor if and only
if there exists a compact attracting set for the semigroup.
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3.1.2. On the Dimension of Attractors

The existence of global attractors was established for semigroups generated by many dis-
sipative evolution equations, and in most cases it was shown that the attractor is finite
dimensional (see |5], [12], [69]). In general, the global attractor is a complex object and
possibly fractal. The most commonly used concepts of dimension in the theory of infi-
nite dimensional dynamical systems are the Hausdorff dimension and the fractal (or upper
box-counting) dimension.

Definition 3.4. Let (X, dx) be a complete metric space and A C X be a precompact subset.
For positive p > 0 and € > 0 we define

(A, p,e) = inf{> rf| I finite},
iel
where the infimum is taken over all finite coverings of the set A by balls with radii r; < €,
1 € I. The Hausdorff dimension dimﬁ (A) of the set A in X is defined as the infimum
over all p > 0 such that

par (A, p) == lim i (A, p, €) = 0.
Moreover, the fractal dimenston of the set A is defined as

In(NX(A
dim;*(A) := lim n(e—l()),
e—0 ln(z)
where NX(A), € > 0, denotes the minimal number of balls in the metric space X with

radius € and centres in A needed to cover the set A. The number NX(A) is often called
the (Kolmogorov) e-entropy of the set A.

If it is clear from the context in which space X we measure the dimension we will
frequently omit the superscript X. The fractal dimension is an upper bound for the
Hausdorff dimension of precompact sets, but these notions do not coincide in general (see
for instance [26]). For reasons we explain in the sequel we use the fractal dimension as a
measure for the size of exponential attractors. For some evolution equations it was shown
that the dimension of the global attractor is infinite (see [12|, [37]). In this case, the
Kolmogorov e-entropy turned out to be a useful concept to estimate the complexity of
the attractor. It was first introduced in [46] and measures the massiveness of precompact
subsets of metric spaces in terms of the order of growth of the minimal number of e-balls
needed to cover the set when € > 0 tends to zero.

In the following proposition we summarize properties of the fractal dimension that we
frequently use in the next sections. For the proof we refer to [38], Section 3.2.

Proposition 3.1. Let (X,dx) be a complete metric space and A, B C X be precompact
subsets. The fractal dimension satisfies the following properties:

(i) Monotonicity: If A C B, then
dim;* (A) < dim;*(B).
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(11) Finite stability:
dim;* (AU B) = max{dim;* (A), dim;* (B)}.

(111) Fractal dimension of the closure:
dim*(A) = dim{ (A).

(iv) If (Y,dy) is another complete metric space and the mapping F : X — Y is Holder
continuous in A,

dy(F(z), F(y)) < Cldx(z,y))"  forall z,y€ A,
where the constant C' >0 and 0 < 0 < 1, then

dim! (F(A)) < %dimf( (A).

In particular, for Lipschitz continuous maps F' : X — 'Y we obtain

dimy (F(A)) < dimg (A).

Furthermore, the fractal dimension is an upper bound for the Hausdorff dimension,
dimss (A) < dim;* (A).

We remark that the Hausdorff dimension of every countable set is zero, which is not
valid for the fractal dimension. Moreover, the Hausdorff dimension is countably stable,
while the fractal dimension is only finitely stable.

If the existence and finite dimensionality of the global attractor is known the longtime
behaviour of the semigroup is reduced to a finite dimensional subset of the phase space.
To study the dynamics on the attractor by known methods from the theory of finite di-
mensional dynamical systems it is necessary to project the attractor onto subsets of the
Euclidean space. Almost every projection of a compact subset A of a Banach space with
finite fractal dimension dimg(A) = d onto subspaces of dimension greater than 2d is in-
jective. Mané has stated this result in [52] for subsets of finite Hausdorff dimension. His
proof is however not applicable for arbitrary subsets A of finite Hausdorff dimension, since
he uses the fact that the Hausdorff dimension of the set of differences

A—A={x—y|zye A}

is finite, which is not valid in general (see [64]). Indeed, in the appendix of [65] a countable
compact subset of R™ is constructed such that no projection onto the Euclidean space R",
where n < m, is injective. This counterexample was extended in |7] for infinite dimensional
spaces, where a countable compact subset (of zero Hausdorff dimension) is constructed
such that no injective linear mapping into an Euclidean space R", n € N, exists. The
fractal dimension however possesses the property that dimg(A) < oo implies for the set
of differences dimg(A — A) < 2dim¢(A) and consequently, Mané’s proof of the embedding
theorem is valid for subsets of Banach spaces with finite fractal dimension. His result
was further generalized and the Holder continuity of the inverse of Mafné’s projection was
shown. For Hilbert spaces the embedding theorem was proved in [26] (Appendix A):
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Theorem 3.2. Let A be a compact subset of a Hilbert space H with finite fractal dimension
dim¢(A) = d. Then, for any integer k > 2d the set of projections L : V — R* admits a G
dense subset consisting of projections that are injective on the set A.

A generalization of the result for Banach spaces and the proof of the Holder continuity
of the inverse of Mané’s projection can be found in [64] (Theorem 5.1).

Different methods were developed to show the finite dimensionality of attractors of semi-
groups and to derive upper bounds for their dimension (see [69], [9]). The construction of
exponential attractors which we present in the sequel is one way of proving the existence
and finite dimensionality of global attractors, but provides only rough estimates for the
fractal dimension. Essentially better bounds are obtained by using Lyaponov exponents
(see [69], Section V.2). However, this method is restricted to semigroups acting in Hilbert
spaces and requires the differentiability of the semigroup.

3.1.3. Exponential Attractors of Semigroups

Global attractors have all the mentioned favourable properties, in various applications
however we encounter difficulties. We consider two simple examples which illustrate the
drawbacks.

Example 3.1. The solution of the scalar ODE

d 2
E:B(t) = —(z(1)) t e Ry,

z(0) = xg xo € R,

15 the function x : R, — R, t — —2—. When time t tends to infinity all solutions converge
+ 1+txg ) q

to zero, and the global attractor A consists of the singleton set {0}. The rate of convergence
to the attractor however is like %

Example 3.2. The scalar ODE

—a(t) = —a(t) (x(t) — 1)° teRy,
z(0) = zg zo € R,

possesses two equilibria, the stable equilibrium {0} and the unstable equilibrium {1}. The
global attractor of the generated semigroup is the closed interval connecting these points,
A= {0,1]}.

Howewver, if we perturb the equation by an arbitrarily small parameter € > 0, the perturbed
problem

Za(t) = —x(t) (x(t) — 1)° — € teR,,

z(0) = xo zo € R,
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possesses only one equilibrium {y.} € R. Furthermore, all solutions converge to the equi-
librium point {y.} when time t goes to infinity, and the global attractor of the perturbed
system is reduced to a single point, A. = {y}-

These examples indicate the major drawbacks of global attractors: The rate of con-
vergence to the attractor is in general unknown and can be arbitrarily slow. Moreover,
global attractors are generally not stable under perturbations and may completely change
its structure under an arbitrarily small perturbation of the system. To overcome these
drawbacks we may consider larger sets instead, which contain the global attractor, are still
finite dimensional, attract all bounded sets at a fast rate and are therefore more robust
under perturbations. Comparing with the concept of global attractors this requires to
weaken the strict invariance property of the attracting set.

A first approach in that direction was to embed the global attractor into a finite-
dimensional manifold.

Definition 3.5. Let {T'(t)| t € T,} be a semigroup in a separable Hilbert space H. The
subset M C H is an inertial manifold for the semigroup {T(t)| t € T, } if M is

(i) a finite dimensional Lipschitz manifold,
(it) positively semi-invariant, T(t)M C M for all t € T, and

(11i) attracts all bounded subsets exponentially; that is, there exists a constant w > 0 such
that

lim e*!distyg(T(t)D, M) =0  for all bounded sets D C H.

t—o0

Inertial manifolds were introduced in [39], and are semi-invariant Lipschitz manifolds
that exponentially attract all bounded subsets of the phase space. They are stable under
perturbations and allow to describe the longtime dynamics of the semigroup in terms of
a finite system of ODEs. Inertial manifolds are defined and constructed for semigroups
acting in Hilbert spaces and all known methods are based on a so-called spectral gap
condition. However, various counterexamples were presented illustrating that the spectral
gap condition is a restrictive assumption (see [26]).

Owing to these obstacles exponential attractors were proposed in [26], which are more
general and less regular objects. In particular, their construction is not based on the
spectral gap condition.

Definition 3.6. Let {T'(t)| t € T} be a semigroup in a metric space (X,dx). We call
the non-empty compact subset M C X an exponential attractor for the semigroup

{T) teTy}if M is
(i) of finite fractal dimension, dimg(M) < oo,

(i) semi-invariant, T(t)M C M for all t € T, and

100



3.1. Autonomous Evolution Equations

(117) attracts all bounded subsets exponentially; that is, there exists a constant w > 0 such
that
tliglo e“'disty(T(t)D, M) = 0 for every bounded subset D C X.

Thanks to the exponential rate of attraction exponential attractors are more robust
under perturbations ([26], [32], [35]). Furthermore, if a semigroup possesses an exponential
attractor, Theorem 3.1 implies that the global attractor A is contained in the exponential
attractor M and given by its w-limit set, A = w(M). An immediate consequence of the
existence of an exponential attractor is therefore the existence and finite-dimensionality
of the global attractor. However, exponential attractors are only semi-invariant under the
action of the semigroup and consequently not unique. Indeed, if M is an exponential
attractor for the semigroup {7'(t)| t € T}, then any iterate T'(¢)M is also an exponential
attractor, for t € T .

The first existence proof and method for the construction of exponential attractors was
developed for semigroups acting in Hilbert spaces (see [26]). It is based on the so-called
squeezing property of the semigroup and essentially uses the Hilbert structure of the phase
space. Since Zorn’s Lemma, is applied the proof is non-constructive. Moreover, the ex-
istence of a compact absorbing set for the semigroup is a priori assumed, which ensures
the existence of the global attractor. The exponential attractor is constructed by adding
to the global attractor an appropriate semi-invariant subset of the phase space such that
all trajectories emanating from bounded sets are attracted exponentially fast. The main
difficulty in the construction is to control the fractal dimension of the added set.

Later, the construction of exponential attractors was extended to semigroups acting in
Banach spaces in [22]. The proof is based on the covering method developed in [52] to show
the finite fractal dimension of negatively invariant sets under maps that are continuously
differentiable and such that the derivative is the sum of a compact map and a contraction.
This covering method was further developed and applied in several cases to prove the
finite dimensionality of global attractors (see [9]). The construction of the exponential
attractor in [22] is based on the method and ideas in [26]. It requires the differentiability
of the semigroup, the existence of the global attractor is a priori known and the proof is
non-constructive.

In [33] an alternative method and explicit algorithm for the construction of exponential
attractors was proposed for discrete semigroups acting in Banach spaces. It is based on
the compact embedding of the phase space into an auxiliary normed space and uses the
regularizing or smoothing property of the semigroup with respect to these spaces. The
rate of convergence and the bound on the fractal dimension of the exponential attractor
can explicitly be estimated in terms of the entropy properties of this embedding. This
approach is the basis of our results. The method for the construction of discrete exponential
attractors for semigroups in [33] was further developed in [32] and also extended for discrete
non-autonomous problems. Furthermore, in [13], based on the results in [33], exponential
attractors for time-continuous semigroups were constructed and estimates for the fractal
dimension of global and exponential attractors established. The construction of exponential
attractors we present in the following section generalizes the results in [33], [32] and [13]
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for semigroups, and we improve the bounds on the fractal dimension of the attractors.

3.1.4. Existence Results for Exponential Attractors

We first construct exponential attractors for discrete asymptotically compact semigroups
and derive bounds on their fractal dimension before we extend the construction for time
continuous semigroups. Compared to former work (see [33], [32], [13]) we modify the set-
ting and construction and consider semigroups that are asymptotically compact in the
stronger space. Previous settings and results are discussed in Section 3.1.5. For continuous
semigroups an additional regularity property in time is required to obtain finite dimen-
sional exponential attractors. Exponential attractors for continuous semigroups were also
obtained in [13], however under less general assumptions, and in [19] as a corollary of the
non-autonomous construction. Our results in the time continuous case generalize the pre-
vious results and improve the estimates on the fractal dimension of the attractors in [13]
and [19].

The construction of exponential attractors is based on the compact embedding of the
phase space into an auxiliary normed space and a certain smoothing or regularizing prop-
erty of the semigroup with respect to these spaces.

Let {T'(t)| t € T,} be a semigroup in a Banach space (V|| - ||v).

(Hy) We assume (W, || - ||w) is another normed space such that the embedding V —— W
is dense, compact and

[ollw < pllolly  forall veV,
where the constant p > 0.

Moreover, we suppose that the semigroup possesses a bounded absorbing set and sat-
isfies the smoothing property asymptotically. Namely, the semigroup can eventually be
represented as a sum 7" = S 4+ C, where S satisfies the smoothing property and C is a
contraction in V. To be more precise, let {T'(t)| ¢ € T, } be a semigroup in V such that
T(t) = S(t)+ C(t), where {S(t)| t € T} and {C(¢)| t € T, } are families of operators that
satisfy the properties:

(S1) There exists a bounded absorbing set B C V for the semigroup {T'(¢)| t € T, }; that
is, for all bounded subsets D C V there exists T € T such that

Tt)D CB for all t > Tp.

(52) The family {S(t)| t € T, } satisfies the smoothing property within the absorbing set:
There exists + € T, \{0} such that

[S@u = S)vlly < wllu=vllw  wveB,

for some constant x > 0.
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(S3) The family {C(t)| t € T} is a family of contractions within the absorbing set:
IC(H)u — CD)v|v < Mu—v|v u,v € B,

where the constant 0 < )\ < %

The smoothing property implies that the operator S(t) : V' — V is compact. We do not
require that the families of operators {S(t)| t € T} and {C(¢)| t € T} are semigroups,
but remark that in applications the family of contractions {C(t)| t € T} often forms a
semigroup in V' (see Section 3.2.5).

The following lemma shows that the smoothing time # in (S2) and the absorbing time T
in (S1) corresponding to the absorbing set B can be arbitrary. Previously, it was assumed
that these times coincide (and are equal to 1). Moreover, if the family {C(¢)| t € T}
satisfies the properties of a semigroup we show that it suffices that the operators are
eventually strict contractions with contraction constant A < 1 .

Lemma 3.1. (i) If {T'(t)| t € T.} is a semigroup in the Banach space V such that
Property (S1) is satisfied, then there ezists a bounded absorbing set B which is pos-
itively semi-invariant and Properties (S2) and (S3) are valid when B is replaced by

B.
(i) We can replace Assumptions (S2) and (S3) by the following:

(§2) The family {S(t)| t € T, } satisfies the smoothing property within the absorbing
set: There exists t € T, \{0} such that for all t >t

ISt u — S(t)v|lv < Ke|lu —vl|w u,v € B,

for some constant ky > 0.

(S3) The family {C(t)| t € T.} forms a semigroup in V. Moreover, there eists
t € T \{0} such that C(t)B C B for all t > t, and the operators are strict
contractions within the absorbing set:

I1C(H)u — CH)|ly < Mlu— vy u,v € B,
where the constant 0 < \ < 1.

Proof. (i) If we define
B:= |J T(Ts+5)B,
s€T4,0<s<Tp
it is a bounded absorbing set for the semigroup which is positively semi-invariant. Indeed,
it is bounded since T'(Tp + s)B C B for all s € T,, by Property (S1). Moreover, if
D C V is a bounded subset, Assumption (S1) implies that there exists Tp € T, such that
T(t)D C B for all t > Tp, and we obtain

T(t)D =T(t — Tp — Tp)T(T)T(Tp)D C T(t — Tp — Tp)T(T)B C B,
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for all t > T + Tg. Finally, we observe

T#)B= |J TWITs+s)B= |J T(Ts+s+t)BCB,

seT4,0<s<Tp s€Ty,0<s<Tp

for all £ € T,. Since the set B C B Properties (52) and (S3) are certainly satisfied for all
u,v € B.

(ii) We choose [ € N sufficiently large such that \' < % and [t > t. The semigroup property
and Assumption (53) imply

|C(IH)u — C(It)w||v < Nlu — vy for all u,v € B.

If necessary, we replace the contraction time ¢ and smoothing time ¢ by ¢, := lt. Then,
Hypothesis (S2) is satisfied with smoothing constant x := r;, and Assumption (S3) holds
with contraction constant \ := A\ < %

]

The Discrete Case

We now consider discrete semigroups, where T = Z, and use the letter n instead of ¢
to denote discrete times n € Z,. The following theorem yields an existence result for
exponential attractors of discrete semigroups in the Banach space V and estimates for the
fractal dimension of the exponential attractor.

In the sequel, we denote the ball of radius » > 0 and center a € X in a metric space X
by BX(a).

Theorem 3.3. Let {T'(n)| n € Z,} be a discrete semigroup in the Banach space V and
the assumptions (Hyp), (S1), (S2) and (S3) be satisfied with T = Z. Then, for every
S (0,% — \) there exists an exponential attractor M = MY in V for the semigroup
{T'(n)| n € Zy}, and its fractal dimension can be estimated by

dim? (M) < log_ (NXV(BY (0))) ,

2(v+A)
where A and k are the smoothing and contraction constants in (S2) and (S3).

Proof. By Lemma 3.1 without loss of generality we can assume that the absorbing set B
is positively semi-invariant.

Step 1: Coverings of T (nn)B

Let v € (0,3 — A) be fixed, R > 0 and vy € B be such that B C B (vg). Moreover, we
choose elements wy, ... wy € V such that

N
BY(0) ¢ | BY (w),
=1

where N := NY(B}'(0)) (see Definition 3.4). We define the set W := {vy} and construct
by induction in n € N the family of sets W™ with the following properties:
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(W1) W™ cCT(nn)B C B,
(W2)  ¢IW™ < N7,
(W3)  T(ni)B C Uyewn Blawiaynr(W):

where A denotes the cardinality of the subset A C V.
To construct a covering of the image T'(7) B we note that v € B}, (vy) implies

N

1

=) € B (0) c | BY (w)),
=1

and consequently,

B C B}, (v) UB (Rw; + vo)-
Due to the smoothing property (52) we obtain
1S(R)a — S(R)ollv < klla—ollw < 2vR

for all @, v € B, (Rw; + vo) N B, which yields the covering

n)B C UBZVR i),

with centres zq,...,zy € S(n)B. In particular, there exist y; € B such that z; = S(n)y;
fori =1,..., N. The contraction property (S3) implies

IC(n)u — C(R)yillv < AJu—yilly <2AR  for all u € B,

and we conclude
C(n)B C BQAR(C(ﬁ)yi) foralli=1,...,N.

Finally, we obtain the desired covering

N

T()B =S(7)B + C(i)B C | (Byr(S(0)y:) + Bys(C U By xr(T(R)y:),
i=1

with centres T'(y;) € T(n)B for 1 =1,..., N. Denoting the set of centres by W' follows

T()B c | Bl,iarw).
uewl

where the set W' C T'(n)B C B and fW! < N.
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Let us assume the sets W' are already constructed for [ < n, which yields the covering
ueWwn
To construct a covering of the iterate
T(i(n + 1))B = T(W)T(im)B C | T(7) Bl anr(w)
ueWwmn

let u € W". We use the covering of the unit ball BY (0) by -balls in the space W and the
smoothing property (52) to conclude

S(R) (T(7n)B 0 Blygxyyen(w)) € S@)(T(m) B0 By apyons (2 + X)) Rui +u))

N
| Bl nyanr(S()wl),

i=1
for some y¥, ... y% € S(n)(T(An)B N B(‘;(VJF)\))TLR(u)). Furthermore, the contraction prop-
erty (S3) implies

C(fl) (T(fln)B N B(‘;(y—f—)\))"R(u)) C B(‘g(y+,\))n2)\R(C(ﬁ)y;L) for all ¢+ = ]_, cey N.

This yields the covering

T(n) (T(An)B N By aynr(w) = (S(72) + C (7)) (T(An)B 0 By, (W)
< U (Bliwsnyrann(S@) + Blyysnyeann(CRE) )

N
C U B(‘g(vﬂ))"HR(T(ﬁ)y?),

=1

with centres in the set T'(n(n + 1)) B. Constructing in the same way for all u € W" such
a covering of B(‘g(/\er))nR(u) by balls of radius (2(v + A))"™ R in V we obtain a covering
of the image T(n(n + 1))B and denote the new set of centres by W™l We observe
g/t < NgW™ < N1 by construction the set of centres Wt C T'(7(n + 1)) B, and

T(in+1))BC |J Blpiaymir(w),

ueWntl

which proves the properties (1W1)-(W3).
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Step 2: Definition of the Exponential Attractor
To obtain a semi-invariant exponential attractor we set £° := W9 and iteratively define

the sets £™, n € N, by
EY = wlurmwlurwlu.--uT(R)W°
E?* = WUuTQ)W'u---uTHEW'UT@H+ D)W U---uT2r)W°

E" = WruTMW "ty uT@W*tu---UTRm - 1)+ DWW U---uT(n)W°
= wrulJUT(k - DA+ nwrh
k=11=1

Since the absorbing set B is semi-invariant we observe
T(n)B CT(m)B for all n > m,
and consequently, the sets £, n € N, satisfy the properties:
(E1) E°cB, E"CcT((n—-1)nBCB, T()E"C E"UE",
(E2)  #E" <na(n+1)N",

(E3) T(”’ﬁ)B - UuGE" B(‘g(u—&-)\))”R(u)'

These relations are immediate consequences of the definition of the sets E", the properties
of the sets W" and the semi-invariance of the absorbing set B, and can be proved by
induction. Moreover, from the first relation follows T'(k)E™ C E" U E"*1 U - .- U E™* for

all k € N.
We finally define the set
M = U E™
n€eNp

and show that it is a precompact exponential attractor for the semigroup.
Step 3: Semi-invariance, Precompactness and Finite dimensionality
By using Property (E1) we obtain

TM = | J ThE" ¢ | J(E"U---UE™ ) c | E"=M,

n€Ng neNg neNg

for all £ € Ny, which proves the semi-invariance of M. Furthermore, by Property (E1)
and the semi-invariance of the absorbing set the sets £ C T'((m — 1)n)B for all n > m,

m € N, and we conclude

M:GE”U G E"chJE"uT(mﬁ)B.
n=0

n=m+1 n=0
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Properties (E2) and (W3) now imply the estimate
U E™) + 1EE™ < (m+ 1)°AN™,

and the covering T'(mn)B C |
sufficiently large such that

wewn Blowiaymr(w). For arbitrary € > 0 we choose m

R +A))"R<e< (2(v+ )" 'R (3.3)

holds. An estimate for the number of e-balls needed to cover the set M is then given by
NY(M) <#(| B + 4™ < (m + 1)*aN™ + N™ < 2(m + 1)*aN™,
n=0

where we used Properties (W2) and (E2). This proves the precompactness of M in V.
Furthermore, by Relation (3.3) follows

Ini+InR Ind
m< ————+1=—-73—+C,
In 20 tv) In 20+)

for some constant C' > 0 depending on R, A and v, and we obtain for the fractal dimension
of the set M

N v .
dim (M) = tim sup 2V M) o 1) 5 2In(m £ 1) + In(7) + m In(N)
e—0 In p e—0 In <
2 (2 + O+ 1) + (—— + C) In(N)
< limsup 20) 70+ <log 1 (N).
€—0 In ¢ FIPEDY)

Tt remains to show that the set M exponentially attracts all bounded subsets of V. By
Assumption (S1) there exists for every bounded set D C V' an absorbing time np € Z,
such that T'(n)D C B for all n > np. If we take n > np + n, then n = np + nky + k for
some ko, k € Z, where kg > 0, and it follows

dist} (T'(n) D, M) = dist}; (T (ko@t)T'(np + k) D, | J E") < dist}; (T (ko) B U E")
n=0
n—np—=k

< distyy (T(kon) B, W*) < 2(v + )R = (2(v +\)) » R =ce ™",

:'M—‘

for some constant ¢ > 0, where w := In( (u1+/\))
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Step 4: Compactness of the Exponential Attractor
—lIllv

Since V is a Banach space taking the closure M = M of the precompact subset M
we obtain a compact set in V. By Proposition 3.1 the fractal dimension of M coincides
with the fractal dimension of M,
—lIllv —
dim{ (M) = dim{ (M ) = dim} (M),

and is therefore bounded by the same value. Moreover, the exponential attraction property
of M follows immediately, since the set M exponentially attracts all bounded subsets of
V and M C M. To show the semi-invariance of M let k € Ny. By the continuity of the
semigroup (see Definition 3.1) and the semi-invariance of the set M we observe

—lllv =l-lv =lllv
TEM=TEkM cTkM M =M,
which shows that the set M is an exponential attractor for the semigroup {T'(n)| n € Z,}
and concludes the proof of the theorem. O

The Time Continuous Case

We now consider time continuous semigroups, where T = R, and construct exponential
attractors in a standard way (see [26] or [13]). This requires an additional regularity
property in time of the semigroup. We later propose an alternative concept, so-called
pullback exponential attractors for time continuous semigroups (see Section 3.2.4). In the
discrete case they coincide with exponential attractors of semigroups and exist under more
general assumptions in the time continuous case.

Let {T'(t)| t € R, } be a continuous semigroup in the Banach space (V, [|-|v). In addition
to the hypothesis (51)-(53) we assume Holder continuity in time of the semigroup. We
remark that the interval where the semigroup is Holder continuous is arbitrary.

(S4) The semigroup {7°(t)| t € R} is Holder continuous in time: There exist 0 < ¢; < 5
such that

T (s1)u — T(so)ully < Clsy — sa/’ for all u € B, s1, 59 € [t1, 2],
for some constant ¢ > 0 and exponent 0 < 6 < 1.

The following theorem extends Theorem 3.3 for time continuous semigroups.

Theorem 3.4. We assume {T'(t)| t € Ry} is a continuous semigroup in the Banach space
V' and the properties (Hy), (S1)-(S4) are satisfied. Then, for any v € (0,% — A) there
exists an exponential attractor M = MY for the semigroup {T(t)| t € Ry}, and its fractal
dimension s bounded by

dimf (M*) < 7 +log, 1 (N¥ (B (0)))

where X\ and k denote the constants in Hypothesis (S2) and (S3) and 6 is the Hélder
exponent in (S4).

_1
2(v+A)
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3. Exponential Attractors of Infinite Dimensional Dynamical Systems

Proof. By Lemma 3.1 without loss of generality we can assume that the absorbing set is
positively semi-invariant.

Step 1: Construction of the Exponential Attractor B

Let v € (0,1 — \) be fixed. The associated discrete semigroup {T'(n)| n € Z.} defined by
T(n) := T(ni),n € Z., satisfies the hypothesis of Theorem 3.3 with 7 = 1. An exponential
attractor My for the semigroup {T'(n)| n € Z,} can be constructed as in the proof of

—I'llv

Theorem 3.3. We recall that the exponential attractor was defined by My = My
where -
Md = U En?
n€eNg
and refer to the proof of Theorem 3.3 for the construction of the family of sets £, n € Nj.

To obtain an exponential attractor for the time continuous semigroup we choose k € N
—lIllv

such that kt > t; and define M := M, where

M= |J THM..

te[kE, (k+1)7]

It suffices to prove that the set Mis a precompact exponential attractor for the semigroup
{T'(t)| t € Ry}. The proof can then be completed as in the discrete case by showing the
corresponding properties for the set M. First, we observe that

M= |J rteooma= |y To0UE =1 U T@t)E"

telkt,(k+1)i) telkt,(k+1)i] n€Ng n€No te[kt,(k+1)F]

Step 2: Semi-invariance and Exponential Attraction Property
Let t € Ry and s € [kt, (k + 1)#] be arbitrary. Then, t + s = (k + 1)t + so, for some [ € Ny
and s € [0,]. Using Property (E1) in the proof of Theorem 3.3 we conclude

7(t) | T()E" = | T((k + D) + so)E* € | ] T(kt + s0)E"™

neNp neNy n€Np

cly U 10wE =M.

n€No te([kt,(k+1)E]

Since s € [ki, (k + 1)f] was arbitrary follows the semi-invariance of the set M.
To show the exponential attraction property we observe that the smoothing property
(52), the contraction property (S3) and the continuous embedding (Hy) imply

|IT(kt)yu = T(kt)vlly < (ur+N)*lu—vlly  wveB.

Let D C V be a bounded subset. By Assumption (S1) there exists Tp € T, such that
T(t)D C B for all t > Tp. Moreover, if t > Tp + (k + 1)t, then t = Tp + (k + )t + s for
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some [ € N and sg € [0,7], and we conclude

distf (T'(t) D, M)) = dist}i (T(t — Tp — s)T(Tp +s0)D, | J T |J E")
telkt,(k+1)7] neNg

< disty (T(t — Tp — s0)B, | J T(ki)E")
< disty (T((k + 1)1)B, T(kt)EOl) < (uk+N) dlstH(T(zi’)B, EY

< (k4 NFQ+ V)R = (ur + NP +v)) 8 "R = ce,

1

for some constant ¢ > 0 and w := ln(2( +>\))t
Step 3: Precompactness and Finite Fractal Dimension

First, we observe that the semigroup {7'(¢)| t € R} is Holder continuous in every interval
[t1 4+ lh,ty + (I + 1)h], | € Ny, where h =ty — t1,

| T (s1)u — T(s2)ully < C|sy —s2|”  forallu € B, 51,85 € [ty +1h,t; + (I +1)h]. (3.4)

Indeed, let [ € N() and S1, 82 € [tl —f—lh,tl—f—(l—f-l)h] Then, S1 = tl —f-lh—f—?"l, S9 = t1+lh+T2
with r1, 79 € [0, h], and by Assumption (S4) and the semi-invariance of the absorbing set
follows

1T (s1)u = T(s2)ully = [T (¢ + 71) (T(h)u) = Tty + r2) (T(Uh)u) v < s — soff

for all u € B. .

To prove the precompactness we show that for arbitrary € > 0 the set M can be covered
by a finite number of e-balls in V. Let m € N and s € [k, (k + 1)f]. Then, the semi-
invariance of the absorbing set implies

T(s+nt)B=T(mt)T((n—m)t+s)B C T(mt)B for all n > m,
and we obtain
T(s)E" C T(mt)B  foralln>m, s € [kt, (k+ 1),
where we used that the sets E™ C T'(nt)B. Consequently, we observe

M= | UE”U U E") U U T(s)E™) UT(mt)B,

se[im?,(k:ﬂ)"} n=m+1 n=0 se[ki,(k+1)i]

for all m € N. If we choose m € N sufficiently large such that
R +A)"R<e< 2+ N)" 'R
holds, the e-balls with centres in the set W™ yield a covering of the iterate T(mt)B,

T(mt)Bc | BY(u)

ueWwm
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We can estimate the number of e-balls needed to cover the set M therefore by
<y U 71eE+wm<t(ly U Ts)EY) + N
n=0 sc[kt,(k+1)i] n=0 sc[kt,(k+1)i]

where we used Property (WW2) in the proof of Theorem 3.3. It remains to estimate the
number of e-balls in V' needed to cover the finite union of curves

U U 7= |J To)JE"= |J T(s)E™
n=0 se[ki,(k+1)f] selki,(k+1)i] n=0 selkt,(k+1)f]
= U 7Teu=J Tukt (k+ 1),
uGEm Se[kt (k+1) ] ueEm

where the curves T, : [ki, (k + 1)i] — V are defined by T, (s) := T(s)u for u € E™ and the
set E™ :=J"_, E". Property (E2) implies that

U E™) < (m+1)$E™ < (m+ 1)2N™.

Since we chose k € N such that kf > t;, we can divide the interval [kt, (k + 1){] into at
most po := || + 1 subintervals I;, 1 < j < po, of length less than or equal to h :=t5 — 11,
where the semigroup satisfies the Holder continuity property (3.4),

T (51)u — T(s2)ullv < Clsp — sa|’ for all 51,52 € I, u € B.

Here and in the sequel, || denotes the largest integer less than or equal to © € R. Let
u € E™. To construct an e-covering of the image of the curve T, ([ki, (k + 1)~]) if necessary,
we further subdivide the intervals I, into intervals of length less than (55)#, and obtain at
most

2¢ 1

p1i= Lh(?)ﬂ +1

2g)

such subintervals I}, 1 <4 < py, for each interval I;, 1 < j < py. Choosing an arbitrary
point s} in each subinterval I} follows

ITu(r1) = Tulro)llv = T (r)u —T(s5)ully + | T(s5)u — T(ra)ully
< (] = s;|9 + |5 — ro|?) <,
for all r,79 € I;, where 1 < 7 < p;,1 < i < pg. Consequently, we obtain a covering of the
image of the curve T,

p1 Po

T.([kt, (k+ 1)f)) ¢ | BY(T(

Jj=1li=1
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Constructing in the same way for all uw € E™ such an e-cover of T, ([kf, (k + 1)i]) we
conclude

NY(M) < U U T)EY) +swm <i( | Tu(lkE, (k+ 1)) + N™
n=0 se[ki,(k+1)i] ueEm™
2¢

SN

+1)(m +1)°N™,

which proves the precompactness of the set Min V.

The choice of m implies
Ini+InR

m—1<———
In 5% 20+N)

which allows to estimate the fractal dimension of M in V,
dlmg/(ﬂ) = lim sup
e—0 In 2
. In(2po) 4 2In(m + 1) + mIn(N) + In(h(%)7 + 1)
< lim sup T £
=0 In <
1
6 Y

and concludes the proof of the theorem. O

<log 1 (N)+

- 2(v+A)

3.1.5. Consequences of the Construction and Properties of the
Exponential Attractor

An immediate consequence of the existence of exponential attractors is the existence and
finite dimensionality of the global attractor. Moreover, the covering method applied in
the construction of exponential attractors can directly be used to estimate the fractal
dimension of the global attractor.

Theorem 3.5. Let {T'(t)| t € T} be a semigroup in the Banach space V, where T = Z
or T =R, and the assumptions (Hy) and (S1)-(S3) be satisfied. Then, the global attractor
A of the semigroup {T'(t)| t € T} exists, and its fractal dimension is bounded by

dim} (4) <log_ (NY(BY(0))),

2(1/+A)
where v € (0,3 — \) is arbitrary.

Proof. Without loss of generality we can assume that the absorbing set is positively semi-
invariant.

If {T'(t)| t € Z,} is a discrete semigroup the statement follows immediately from Theo-
rem 3.3 and Theorem 3.1. Indeed, the exponential attractor MY constructed in the proof
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of Theorem 3.3 is a compact attracting set for the semigroup. Theorem 3.1 and the semi-
invariance of the exponential attractor imply A = w(M”) C M¥. The bound for the
fractal dimension of the global attractor now follows from Proposition 3.1.

If the semigroup {7'(¢t)| t € R} is continuous we define the associated discrete semigroup
{T(n)| n € Z,} by T(n) := T(ni), n € Z,. Theorem 3.3 implies the existence of the
exponential attractor MY for the semigroup {T(n)| n € Z,}, and the set MY is a compact
attracting set for the time continuous semigroup {7'(¢)| ¢t € R, }. Indeed, by Assumption
(S1) for every bounded set D C V there exists Tp € R, such that T(¢t)D C B for all
t > Tp. Let t > Tp +t, then t = kt + Tp + o, for some k € N and sy € [0,7], and we
observe

distY (T(t)D, M2)) = dist} (T(k))T(Tp + so) D, M%) < dist¥ (T (ki) B, M%).

Since MY is an exponential attractor for the discrete semigroup now follows the exponential
attraction property of the set M}, for the time continuous semigroup.

Theorem 3.1 implies that the global attractor of the semigroup {T'(¢)| t € R, } exists
and is given by the w-limit set A = w(M}). By definition the global attractor is strictly
invariant. To derive an estimate for its fractal dimension we replace the absorbing set B
in the construction of the sets W™, n € Ny, in the proof of Theorem 3.3 by the global
attractor A and construct coverings of the iterates T'(nt)A = A, where n € Ny. This leads
to a family of sets V", n € Ny, that satisfies the following properties:

(V1) V" C T(ni)A = A,
(V2) gV» < N™,
(VS) ./4 = T(’I’Lfl)A C UuEV" B(‘g(y+)\))"R(u)7

where N := NYV(BY(0)).
Let € > 0. To estimate the number of e-balls in V' needed to cover the global attractor
A we choose m € N sufficiently large such that the relation

R +A))"R<e< (2(v+ )" 'R
holds. Property (V'3) then yields the covering

Ac | BY(w),

uevm

and V™ < N™ by Property (V2). The estimate for the fractal dimension of the global
attractor now follows similarly as in the proof of Theorem 3.3,

In(NY In(N
dim} (A) = lim sup H(E—I(A)) < lim sup w <log 1 (N),
e—0 1 P e—0 n < 2(v+2)

which concludes the proof of the theorem.
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Even for time continuous semigroups the properties (Hy) and (S1)-(S3) imply the ex-
istence and finite dimensionality of the global attractor, and the bound on its fractal
dimension is the same in the discrete and continuous case (see Theorem 3.5). The Holder
continuity property (S4) is only needed for the construction of the time continuous expo-
nential attractor and not required to estimate the fractal dimension of the global attractor.
We propose to weaken the semi-invariance property of exponential attractors for time con-
tinuous semigroups and consider pullback exponential attractors in Section 3.2.4. This
avoids the artificial increase in the fractal dimension of the time continuous exponential
attractor.

In the following proposition we illustrate the relationship between global and exponential
attractors. For discrete semigroups the exponential attractor is obtained by adding to the
global attractor an appropriate countable set of points such that all bounded subsets of
the phase space are attracted exponentially fast (compare also with the construction of
exponential attractors in [26], Chapter 2).

Proposition 3.2. Let {T'(n)| n € Z,} be a discrete semigroup in the Banach space V
and the assumptions (Hy) and (S1)-(S3) be satisfied. Then, the exponential attractor of
Theorem 3.3 can be represented as

M=Au ] E",

neNp

where A denotes the global attractor of the semigroup. We refer to the proof of Theorem
3.8 for the definition and construction of the family of sets E™, n € Ny.

Consequently, the set AU UneNO E™ is closed.

Proof. We defined the exponential attractor for the semigroup {7'(n)| n € Z.} in the proof
of Theorem 3.3 by

M= U Enll Hv.
n€Ng
Consequently, the inclusion A U UneNO E™ ¢ M follows immediately from the fact that
any exponential attractor M contains the global attractor A.
[t remains to prove the relation M C AU, oy, £". Theorem 3.1 states that the global
attractor coincides with the w-limit set of the exponential attractor, A = w(M). Moreover,
the w-limit set of a subset A C V can be characterized by

w(A) = {x € V| there exist sequences {t;}ren C Zy, klim tr = 00, {xk}ren C A
— 00
such that lim T(ty)zy =z}
k—o0
(see [69], Chapter I, Section 1.1). Let x € M, then there exists a sequence {xj}ren in
UneNO E™ such that lim,_, . 1, = x in V. Furthermore, for every k£ € N there exists ny € N

such that zy € E™. If ng := supyen{ni} < oo the sequence {xy}ren is contained in the
finite set (2, E™ and consequently, the limit » € (J;2) E" C AU, ey, £
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Otherwise, if sup,cn{nx} = 00, there exists a subsequence {ny, }en such that limy_,o ng, =
0o. By the definition of the sets £™, n € N, for every n;, there exist t;, € Z; and
T, € Upeny W" € U,en, E" such that ng, = T(ty,)xy,. Moreover, lim;_,, £y, = oo, and we
conclude by the characterization of the w-limit set that © € w(M) = A. O

Remark 3.1. Let {T'(n)| n € Z. } be a discrete semigroup, the hypothesis of Theorem 3.3 be
satisfied and A and MY be the corresponding global and exponential attractors. Proposition
3.2 implies that | ),y E™ N A is a countable dense subset of the global attractor.

Moreover, the Hausdorff dimensions of the global attractor A and exponential attractors
MY coincide,

dimy; (M) = dimy; (A),

since the Hausdorff dimension of every countable set is zero (see Section 3.1.2). This
indicates that the Hausdorff dimension is not an appropriate measure to control the size
of exponential attractors. Requiring finite Hausdorff dimension for the exponential attrac-
tor we could add an arbitrary countable semi-invariant set to the global attractor without
changing its dimension (see also [26], Chapter 7). The more points we add the faster is the
rate of convergence to the attractor. This is impossible is we require finite fractal dimension
for the exponential attractor. In the proof of Theorem 3.3 it is essential in the construction
to control the number of points we add in each step, that is, the cardinality of the sets E",
n e No.

Exponential attractors of semigroups that are asymptotically compact in the space V
were not considered previously, except in [32] (Theorem 1.3), where the existence for dis-
crete semigroups was shown, but under different and more restrictive assumptions which
are difficult to verify in applications. We now discuss other settings for the semigroup to
recover and generalize former results. In the particular case that A = 0 immediately follows
the existence of exponential attractors for semigroups that satisfy the smoothing property.
Moreover, we consider semigroups that are asymptotically compact in the weaker space W
and prove the existence of exponential attractors in the space W. These situations were
addressed previously (among others see [13], [19], [35], [32], [33]). In both cases, it suffices
that the absorbing set is bounded in W and, if the semigroup is time continuous, that the
Holder continuity is satisfied with respect to the metric of W.

(S4)" The semigroup {T'(t)| t € R, } is Holder continuous in time: There exist 0 < t; < to
such that

1T (s1)u — T(s2)ul|w < C|s1 — sa” for all s1,s9 € [t1,t2),u € B
for some constant ¢ > 0 and exponent 0 < 6 < 1.
The following corollary generalizes the results in [19] (Corollary 2.6), in [32] (Theorem

1.1), and in [13]| (Corollary 2.9), and improves the estimates on the fractal dimension of
the attractor.
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Corollary 3.1. Let {S(t)| t € T,} be a semigroup in the Banach space V and the as-
sumptions (Hy) and (S2) be satisfied. Moreover, we assume that Property (S1) holds with
{T(t)| t € Ty} replaced by {S(t)| t € Ty}, where it suffices that the absorbing set is
bounded in the metric of W. If the semigroup is continuous, we additionally suppose that
it satisfies the Holder continuity property (S4)'. Then, for any v € (0,3) there exists an
exponential attractor M = MY for the semigroup {S(t)| t € T}, and its fractal dimension
18 bounded by

dim{' (M) <log . (N¥ (BY (0)))

in the discrete case and by
.V 1 W nV
dimy (M) < 7 +log 1 (N2 (By (0))

in the time continuous case.
Moreover, the global attractor of the semigroup exists and an estimate for its fractal
dimension s given by

dim{'(A) < log . (N¥(BY (0)))

for both discrete and continuous semigroups. For the existence of the global attractor As-
sumption (S4)" is not required.

Proof. 1f the absorbing set B is bounded in W the smoothing property (S2) implies that

the set S(#)B is a bounded absorbing set for the semigroup {S(¢)| t € T,} in V. For

discrete semigroups the corollary follows immediately from Theorem 3.3 and Theorem 3.5.
If the semigroup is time continuous and satisfies Assumption (54)" we observe

HS(f—i— S1)u — 5(54— So)ully = HS(f)S(Sl)u — S(t)S(s2)ullv
< k[|S(s1)u— S(sa)ullw < KC|s1 — 52/

for all s1,s9 € [t1,12] and u € B, where we used the smoothing property (52). Conse-
quently, the semigroup {S(t)| ¢t € Ry} is Holder continuous with respect to the metric in
V and satisfies Property (S4) in the interval [t + 1, + t5]. Theorem 3.4 and Theorem 3.5
now imply the statement of the corollary in the time continuous case. [

The following theorem addresses attractors of asymptotically compact semigroups in the
weaker space W and generalizes Proposition 2.7 in [13] for time continuous semigroups. In
the discrete case we recover Proposition 1 in [33]. Such attractors are also called bi-space
attractors or (V, W)-attractors. To this end we replace the assumptions accordingly.

(S1)" There exists a bounded absorbing set B C W for the semigroup {T'(¢)| t € T+} in
W: For every bounded subset D C W there exists Tp € T, such that

Tt)D C B for all t > Tp.
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(S3)" The family {C(t)| t € T} is a contraction in W within the absorbing set:
IC#H)u — CE)|lw < Mju—v|lw for all u,v € B,
for some constant 0 < \ < %

Theorem 3.6. Let {T'(t)| t € T} be a semigroup in the Banach space W and the as-
sumptions (Hy), (S1)', (S2) and (S3)" be satisfied. In the time continuous case, T = R,
we additionally assume that the semigroup fulfils the Hélder continuity assumption (S4)'.
Then, for any v € (0,% — \) there exists an exponential attractor MY = M for the semi-
group {T'(t)| t € T} in W, and its fractal dimension can be estimated by

dimf" (M) <log_ -

2(v+A)

(N (BY (0)))

in the discrete case and by

dimf’ (M) < 5 +log_+ (NF(BY(0))

0 2(v+A) K

in the continuous case.
Moreover, the global attractor A of the semigroup exists, and its fractal dimension is

bounded by

dim{¥ (4) < log (N (BY(0)))

for both discrete and time continuous semigroups. The Hélder continuity (S4)" of the
semagroup is not required for the existence of the global attractor.

Proof. Without loss of generality we can assume that the absorbing set is positively semi-
invariant.

We indicate how to adapt the covering method in the proof of Theorem 3.3 to the
different setting. Let v € (0,5 — ) be fixed, R > 0 and vy € B such that B C B}Y (v).
Moreover, we choose wq, ..., wy such that

N
=1

where N := N.¥(By (0)). We construct by induction the family of sets W", n € Ny, with
the following properties:

(W1) W™ cCT(nn)B C B,
(W2) g <N,

(W3)  T(nn)B C U,epn B(";/(VH))”R(u).
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Defining the set W° := {vy} the properties are certainly satisfied for n = 0. We assume
the sets W' are already constructed for all [ < n, n € N, which yields the covering

T(ni)B C ) Bl i)

ueWn

To construct a covering of the iterate T'((n + 1)n) B let u € W™. The smoothing property
(52) implies

I1S(R)u — S(R)v|ly < kllu—v|lw < &2+ A)"R for all v € Bg(wr/\))nR(u) N B,
and consequently,

S(R)(Bsaynr(w) NT(nit) B) C By, ayymnr (W)

N
C | BBwsayror(2( + X)) "k Ruw; + S(it)u).

i=1

To shorten notations we define y; := (2(v + \))"kRw; + S(n)u, where i = 1,..., N. The
contraction property (S3)" yields

IC(n)u — CR)v|lw < Mu—v|lw < A2(v+ X))"R  forallve B(V;/(VJF,\))V,LR(U) N B,
and consequently, we obtain the covering

T(72) (Blyg () N T(na)B) = (S(7) + C(7)) (Byg,1aynr(w) N T(ni)B)

- U B(VQV(VJ,-A))WVR(yi) U B(Vg(wr,\))n,\R(C(ﬁ)U)
=1
N

- U By iy wenri + C(R)u).
i=1
If necessary, doubling the radii of the balls we can choose centres within the set
T(72) (B r(w) N T(na)B) € T((n+1)n)B.
We construct in the same way for every u € W™ such a covering of
T (72) (B3 r(w) N T(nn)B)

by balls with radius (2(v + A\))"*' R in W and denote the union of the new sets of centres
by WL, Tt follows

T((n+ D)a)B C T(R)( | Bluiayrr@ NTmi)B) € (] Blyamsip(),

ueWwn uewn+1
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by construction the set W™t C T((n + 1)n)B, and $W"t < NgW™ < N™t'. This
concludes the proof of the properties (W1)-(W3).

If the semigroup is discrete we set E° := W and define the sets E", n € N, iteratively
by E* == W™ U Up_, U, T((k — 1)A + 1)W"*. Exactly as in the proof of Theorem 3.3

—l-llw

follows that the set M = M | where

M= |]J E",

n€eNg

is an exponential attractor for the semigroup {T'(¢)| t € Z,} in W.
In the time continuous case we use the method above to construct the exponential
attractor M, for the associated discrete semigroup {T'(n)| n € Z, }, where T'(n) := T(nt),

—I-llw

n € Z,. We choose k € Ny sufficiently large such that kt > t;, and define M := M ,
where -
M:= ] T(sMa

sclkt,(k+1)t)

Repeating the arguments in the proof of Theorem 3.4 implies that M is an exponential
attractor in W for the time continuous semigroup {7'(t)| t € R }.

The existence of the global attractor A and the bound on its fractal dimension can
be shown as in the proof of Theorem 3.5, where the Holder continuity (S4) was not
applied. O

3.2. Non-Autonomous Evolution Equations

3.2.1. Evolution Processes and Non-Autonomous Global
Attractors

We now analyse the existence of exponential attractors in non-autonomous problems. Since
the solutions of non-autonomous initial value problems depend on both the elapsed time
after starting and the initial time, the rule of time evolution of the associated dynamical
system is described by a two-parameter family of operators. Here and in the sequel, (X, dx)
denotes a complete metric space and T =Z or T = R.

Definition 3.7. The family {U(t,s)| t > s} ser of operators U(t,s) : X — X is called an
evolution process in X if it satisfies the properties

U(t,s)oU(s,r) =U(t,r) t>s>,
U(t,t) =1d teT,
(t,s,z) = U(t,s)x is continuous from T x X — X,

where T :={(t,s) e TxT| t > s}.
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3.2. Non-Autonomous Evolution Equations

If the operators U(t,s), t > s, depend only on the difference t — s,
U(t,s) =U(t—s,0) forallt>s, t,seT,

we call {U(t,s)| t > s} an autonomous evolution process.
Moreover, if T = R the family of operators {U(t,s)| t > s} is called a time continuous
evolution process and in the case T = 7Z a discrete evolution process.

Evolution processes extend the notion of semigroups. Indeed, if {T'(¢)] t € T,} is a
semigroup in the metric space X, the operators U(t,s) := T(t — s), t > s, form an
autonomous evolution process in X. Conversely, if the evolution process {U(t,s)| t > s} is
autonomous, the operators T'(t — s) := U(t, s),t > s, satisfy the properties of a semigroup
in X.

While the theory of attractors of autonomous dynamical systems is well-established,
its counterpart in the non-autonomous setting is far more complex and less understood.
Different concepts were proposed to generalize the notion of global attractors of semigroups
for evolution processes ([11], [12], [17]). One of the first attempts was to consider uniform
attractors. Uniform attractors of evolution processes are fixed compact sets that attract all
bounded subsets of the phase space uniformly with respect to initial time. This concept is
well adapted for certain classes of non-autonomous functions and for small non-autonomous
perturbations of autonomous problems (see [12]| and [42]|). However, for general non-
autonomous terms in the equation the notion of uniform attractors is not appropriate
what we illustrate in the following example.

Example 3.3. The solution of the non-autonomous ODE

—x(t) = —x(t) +t t>s,

x(s) = x5 seR, x5 €R,

is the function x : [s,00[— R, z(t;s,25) = (v, + 1 — s)e" (=) +t — 1. Since every solution
becomes unbounded when time t tends to infinity there does not exist a fized bounded subset
of R that attracts all solutions.

On the other hand, the difference of two solutions satisfies the initial value problem

Calt) = ~(alt) — y(1) 1>

x(s) —y(s) = x5 — ys sE€R, x5,ys € R,
and consequently, x(t;s,z5) — y(t;s,vs) = (vs — ys)e =) fort > s. When time t tends to
infinity all solutions approximate each other exponentially fast and converge to the solution

Z:R =R, Z(t) =t — 1. Consequently, in spite of the fact that no bounded attracting set
exists the system satisfies a certain property of attraction.
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3. Exponential Attractors of Infinite Dimensional Dynamical Systems

To allow for more general non-autonomous terms in the equation, requires to weaken
the concept of uniform attractors, which leads to families of time-dependent sets instead
of a fixed bounded attracting set (for instance see [11] or [17]). In particular, the notion
of pullback attraction turned out to be useful to study the longtime dynamics of evolution
processes.

Definition 3.8. The family of non-empty subsets {A(t)| t € T} of X is called the (global)
pullback attractor of the evolution process {U(t,s)| t > s} if the sets A(t) are com-
pact, for all t € T, and the family {A(t)| t € T} is strictly invariant,

Ult,s)A(s) = A(t) for all t > s.

Moreover, it pullback attracts all bounded subsets of X, that is, for every bounded set
D C X and timet €T
lim disty(U(t,t — s)D,.A(t)) = 0,

§—00

and {A(t)| t € T} is minimal within the families of closed subsets that pullback attract all
bounded subsets of X.

If an evolution process possesses the uniform attractor follows the existence of the pull-
back attractor. In particular, for certain classes of non-autonomous terms it was shown
that the the pullback attractor {A(t)| ¢t € T} reflects the structure of the uniform attractor
Aun7

Aun = [ At)
teT
(see [12], Theorem 6.2 in Chapter IV).

If we compare Definition 3.8 with the definition of global attractors for semigroups the
minimality is an additional property which is needed to ensure uniqueness of the pullback
attractor since non-autonomous invariance is a weaker concept than the invariance of a
fixed set in the autonomous setting. This is illustrated the following example.

Example 3.4. The initial value problem

d
Em(t) = —x(t) t>s,

x(s) = zg seR, zs €R,

generates an evolution process {U(t,s)| t > s} in R, which is defined by the operators
Ut,s) :R =R, z, — x,e” ") where t > 5. We observe that for every o > 0 the family
of compact sets {An(t)] t € R}, where Ay(t) := [—ae ", ae™], is invariant and pullback
attracts all bounded subsets of R.

If we replace the pullback attraction in the Definition 3.8 by forwards convergence; that
is, for every bounded subset D C X andt € T

lim disty(U(t + s,t)D, A(t + s)) =0,

§—00
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3.2. Non-Autonomous Evolution Equations

the family {A(t)| t € T} is called the forwards attractor for the evolution process
{U(t,s)| t > s}. If the pullback (forwards) convergence to the attractor holds uniformly in
time ¢ € T, it implies the forwards (pullback) convergence and the attractors coincide. We
then call the family {A(¢)| t € T} a uniform forwards attractor or uniform pullback
attractor for the process. However, these concepts are not related in general (see [11]).
Some evolution processes possess the pullback but no forwards attractor and vice versa.
In other cases both attractors exists, but do not coincide. Finally, we remark that for
autonomous evolution processes the pullback convergence is equivalent to the forwards
convergence. In this case the pullback attractor coincides with the global attractor of the
associated semigroup.

Remark 3.2. The pullback attractor of the evolution process generated by the initial value
problem in Example 3.3 consists of the singleton sets A(t) = {t — 1}, t € R. It is also the
forwards attractor of the evolution process.

Similarly, we observe that the pullback attracting family of compact non-autonomous sets
{A.(t)] t € R} in Example 3.4 attracts all bounded subsets of R in the forwards sense as
well. It illustrates that for the uniqueness of non-autonomous attractors it is necessity to
require the minimality property. The forwards attractor of the evolution process coincides
with the pullback attractor and consists of the singleton set {A(t)| t € R} = {0}.

D At) B At)
| 1 [ 5 1 ] 1 LY
1 1 1 F 4 1 1 1 Fd
t-r t-s t tr t-s t
A t+r)
D D
At+s)
1 1 1N 1 1 I
| | | F4 | 1 [F 4
t t+s t4r t t+s tHr

Figure 3.1.: Pullback and Forwards Attraction

Pullback attractors proved to be a useful concept to study the limiting dynamics of non-
autonomous systems in various applications. Comparing with forwards attraction pullback
attractors have the advantage that convergence to a fixed target is shown, not to a moving
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3. Exponential Attractors of Infinite Dimensional Dynamical Systems

target which is generally difficult. However, to capture the complete asymptotic dynamics
of non-autonomous systems it is necessary to take both the forwards and the pullback
attraction into account. In a certain sense, the pullback attractor is related to the past of
the system while the forwards attractor reflects the future limiting dynamics of the system.
The pullback limit does not signify going backwards in time, it is the limit when the initial
time tends to —oo as illustrated in Figure 3.1. If we are interested in the states of a non-
autonomous system at a certain time ¢ € T, all trajectories that have started in the distant
past and have been evolving for a long time are well approximated by the states of the
system within the section A(t) of the pullback attractor. The future asymptotic behaviour
of the system however may be different and is described by the forwards attractor.

Global pullback attractors have the same nice properties and drawbacks as global attrac-
tors of semigroups, which motivates to generalize the notion of autonomous exponential
attractors and to define pullback exponential attractors for evolution processes (see [19]
and [49]). Like exponential attractors of semigroups pullback exponential attractors are
not unique.

Definition 3.9. Let {U(t,s)| t > s} be an evolution process in the metric space (X, dx).
We call the family of non-autonomous sets M = {M(t)| t € T} a pullback exponential
attractor for the evolution process {U(t,s)| t > s} if

(i) for allt € T the subset M(t) C X is non-empty and compact,
(11) the family M is positively semi-invariant; that is,

Ul(t,s)M(s) C M(t) for all t > s,

(ii1) the fractal dimension of the sections M(t), t € T, is uniformly bounded,

igg{dim? (M(1))} < o0,

(iv) and M exponentially pullback attracts all bounded subsets of X : There exists a posi-
tive constant w > 0 such that for every bounded subset D C X and everyt € T

lim e“*disty(U(¢t,t — s)D, M(t)) = 0.

§—00

The construction of exponential attractors for discrete semigroups in |33| was extended
for discrete non-autonomous problems by using the concept of forwards attractors in [32].
An explicit algorithm for discrete evolution processes that satisfy the smoothing property
was developed and in an application also a time continuous exponential attractor was con-
structed. Based on these results very recently, the construction was modified considering
the pullback approach, and the algorithm was generalized for time continuous evolution
processes in [19] and [49]. The constructions are similar, require strong regularity assump-
tions on the process and restrictive assumptions with respect to the pullback attraction.
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3.2. Non-Autonomous Evolution Equations

In the following section we shortly summarize previous work before we present a different
construction for time continuous pullback exponential attractors in Section 3.2.3. In [19]
and [49] the existence of a fixed bounded pullback absorbing set was assumed. This allows
the pullback attractor to be unbounded in the future, but it is always uniformly bounded in
the past. In this case the theory of global (and exponential) pullback attractors essentially
simplifies, and similar results as in the autonomous case are valid (see Section 3.2.2).

We modify the construction, show the existence of pullback exponential attractors under
significantly weaker hypothesis and obtain better estimates for the fractal dimension of the
sections of the attractor. Moreover, instead of a fixed bounded absorbing set we consider
a family of time-dependent absorbing sets which can even grow in the past, and obtain a
pullback exponential attractor with sections, that are not necessarily uniformly bounded
in the past. If the pullback exponential attractor exists, it contains the global pullback
attractor and immediately implies its existence and the finite dimensionality of its sections.
Existence proofs for global pullback attractors of asymptotically compact processes often
require the boundedness of the global pullback attractor in the past (see |8]). Our main
theorem implies existence results for global pullback attractors. In particular, the finite
dimensionality of pullback attractors that are not uniformly bounded in the past was an
open problem (see Section 1 in [49] or Remark 3.2 in [50]).

3.2.2. Previous Results: Existence of Global and Exponential
Pullback Attractors

Global Pullback Attractors

The following theorem characterizes the evolution processes possessing a global pullback
attractor and generalizes Theorem 3.1 for evolution processes. For its proof we refer to

117].

Theorem 3.7. Let {U(t,s)| t > s} be an evolution process in a complete metric space X.
Then, the following statements are equivalent:

(a) The evolution process {U(t,s)| t > s} possesses a global pullback attractor.

(b) There exists a family of compact subsets {K(t)| t € T} of X such that for allt € T
the set K (t) pullback attracts all bounded subsets of X at time t.

Furthermore, the pullback global attractor is given by

Aity= | J w(D,t) teT,

D C X
bounded

where w(D,t) denotes the pullback w-limit set of the set D C X at time instant t € T.
The pullback w-limat set of the subset D C X at time instant ¢ € T is defined by

w(D,t) = JU(t.t-s)D.

r>0s>r
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3. Exponential Attractors of Infinite Dimensional Dynamical Systems

Theorem 3.7 implies that if an evolution process possesses a pullback exponential attrac-
tor {M(t)| ¢ € T} immediately follows the existence of the global pullback attractor
{A(t)] t € T}. Moreover, the global pullback attractor is contained in the pullback ex-
ponential attractor and possesses finite dimensional sections. Indeed, by the minimality
property in Definition 3.8 we conclude A(t) C M(t), for all t € T.

In applications the existence of global pullback attractors often follows from the existence
of bounded absorbing sets. For evolution processes that are not eventually compact it is
generally difficult to apply Theorem 3.7 directly. To establish the existence of the global
pullback attractor in problems with asymptotically compact processes it is often assumed
that the process satisfies a stronger pullback absorbing property (see [8]).

Definition 3.10. Let {U(t,s)| t > s} be an evolution process in the metric space X. A
family of bounded subsets {B(t)| t € T} in X is said to be strongly pullback absorbing
all bounded sets of X, if for every bounded set D C X and every s < t there exits
Tps € Ty such that

U(s,s —r)D C B(t) forall r >Tp,, s<t.

Evolution processes possessing a family of bounded strongly pullback absorbing sets are
called pullback strongly bounded dissipative.

If the family of bounded subsets { B(t)| t € T} is strongly pullback absorbing all bounded
sets, the absorbing set B(t) at a given time ¢ € T is also pullback absorbing for all earlier
times s < t. Under this hypothesis the theory of pullback attractors simplifies. For
instance, the minimality property in Definition 3.8 is not needed to ensure the uniqueness of
the global pullback attractor. Moreover, if an evolution process is pullback asymptotically
compact and pullback strongly bounded dissipative follows the existence of the global
pullback attractor, and the sections of the attractor coincide with the pullback w-limit sets
of the absorbing family (see [8]).

Definition 3.11. An evolution process {U(t,s)| t > s} in a metric space X is called
pullback asymptotically compact if for every timet € T, every sequence {s,}nen C Ty
and bounded sequence {x, }neny C X such that

lim s, =00 and {S(t,t — s,)Tp}nen s bounded,
n—oo

the sequence {S(t,t — $,,)xp tnen possesses a convergent subsequence.

Theorem 3.8. We assume {U(t,s)| t > s} is an evolution process in the complete metric
space X that is pullback asymptotically compact and pullback strongly bounded dissipative.
Then, the global pullback attractor {A(t)| t € T} exists, for every t € T the union |J,., A(s)
15 bounded and the global pullback attractor is given by -

Alt) =w(B(t),t) teT.

126
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This theorem extends the corresponding result for semigroups (Theorem 3.1). We ob-
serve that the global pullback attractor of strongly bounded dissipative processes is always
uniformly bounded in the past. To be more precise, for every time instant ¢ € T the union

UAGs)

s<t

is bounded.

Exponential Pullback Attractors

In this subsection we shortly summarize the results in [19] and [49], where time continuous
pullback exponential attractors for evolution processes that satisfy the smoothing prop-
erty were constructed. Both articles are based on the construction of discrete forwards
exponential attractors in [32], modify the construction by using the pullback approach and
extend the algorithm for time continuous evolution processes.

In the following we assume T = R and {S(¢,s)| ¢ > s} is an evolution process in the
Banach space (V|| - ||v). The construction of exponential pullback attractors in [19] and
[49] is based on the compact embedding (Hy) of the phase space into an auxiliary normed
space (W, || - [[w) (see Section 3.1.4) and the smoothing property of the process. Moreover,
it was essential for the proof that the evolution process is strongly bounded dissipative. To
be more precise, for some t; € R the following assumptions were made:

(Hy) There exists a bounded subset B C V, that uniformly pullback absorbs all bounded
sets of V for all t < ty: For every bounded set D C V there exists an absorbing time
Tp > 0 such that
US(t,t—s)DCB for all s > Tp.
t<to
(Hs) The evolution process {S(t,s)| t > s} satisfies the smoothing property within the
absorbing set: There exists a constant £ > 0 such that

[S(t,t—Tp)u—S(t,t—Tp)v|v < kllu—vllw  forallu,v € B,t <t,

where Tz > 0 denotes the absorbing time corresponding to the absorbing set B in
Hypothesis (H).

(H3) The evolution process {S(t,s)| t > s} is Lipschitz continuous in V: For every t € R
and s <t there exists a constant L; ; > 0 such that

|1S(t, s)u — S(t, s)v||y < Lys|lu— vy for all u,v € B.

(Hy) The evolution process is Holder continuous in time with respect to the metric in W:
There exist constants (7, (s > 0 and exponents 0 < 61,05 < 1 such that

sup||S(t,t — Tp)u — S(t — s,t — 5 — T)ul|w < (18" for all s € [0,T5],
t<tg
supl|S(t,t — s1)u — S(t, t — so)ullw < Co|sy — 59| for all sy, 89 € [T,2T5],
t<tg
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for every u € B.

Remark 3.3. 1. In Hypothesis (Hy) it is not only assumed that the process is pullback
strongly bounded dissipative, but also that the absorbing time Tp corresponding to a
bounded subset D C V is independent of the time instant t < ty. This implies that
the pullback exponential attractor may be unbounded in the future, but it is always
uniformly bounded in the past, and the same applies to the global pullback attractor.
Namely, for every t € R the unions

JA® c M)

are bounded. We generalize these uniform assumptions regarding the pullback absorb-
ing set in the next section.

2. It follows from the smoothing property (Hs) that the process {S(t,s)| t > s} is (even-
tually) compact. Furthermore, under the stated assumptions Theorem 3.8 implies the
existence of the global pullback attractor and

A(t) = w(B,t) for all t < t.
By definition the global pullback attractor is invariant and we obtain

A(t) = S(t,t9).Alto) for all t > to.

3. The Holder continuity in time of the process was important for the construction of
time continuous pullback exponential attractors in [19] and [49] and is typical for
parabolic problems. Howewver, it is a restrictive assumption and generally not satis-
fied, for instance in hyperbolic problems. To apply the theory to evolution processes
generated by hyperbolic equations also requires to extend the construction for asymp-
totically compact processes (see Section 3.2.5).

4. The assumptions (Hy)-(Hy) are taken from the article [19]. The hypothesis in [{9]
are very similar, but less general.

5. The absorbing time Ty corresponding to the bounded absorbing set B in (Hi), the
smoothing time in (Hy) and the intervals, where the process is Holder continuous co-
incide. This is not necessary for the construction of the pullback exponential attractor
as we proved in Section 3.1.4 for semigroups.

For further details and the proof of the following theorem we refer to [19] and [49].

Theorem 3.9. Let {S(t,s)| t > s} be an evolution process in the Banach space V' and
the assumptions (Ho)-(Hy) be satisfied. Then, for every v € (0,%) there exists a pullback
exponential attractor {M"(t)| t € R}, and the fractal dimension of its sections is uniformly
bounded,

1 1
sup dimg(M”(t)) < max{—, —}(1 +log1 (1 + ux)) + log s (NXV(BY (0))) .
teR 01 92 2v 2v K
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3.2.3. Existence Results for Pullback Exponential Attractors

In this section we present an algorithm for the construction of pullback exponential attrac-
tors which generalizes former results. In particular, we consider time-dependent pullback
absorbing sets which possibly grow in the past, extend the construction of pullback expo-
nential attractors for asymptotically compact processes and modify previous constructions
in the time continuous case. This leads to pullback exponential attractors with sections
that are not necessarily uniformly bounded in the past. Moreover, we prove the existence of
pullback exponential attractors for time continuous evolution processes under significantly
weaker hypothesis and obtain better estimates for the fractal dimension of the attractor.

Let U = {U(t, s)| t > s} be an evolution process in the Banach space (V, ||-||v) and T = R
or T = Z. The construction of the pullback exponential attractor is based on the compact
embedding (Hy) and the asymptotic smoothing property of the process. We assume the
process U can be represented as U = S + C, where {S(t,s)| t > s} and {C(¢t,s)| t > s}
are families of operators satisfying the following properties:

(H1) There exists a family of bounded subsets B(t) C V, t € T, that pullback absorbs all
bounded subsets of V: For every bounded set D C V' and every ¢t € T there exists a
pullback absorbing time 7, € T such that

U(t,t —s)D C B(t) for all s > Tp ;.

(H2) The family {S(¢,s)| t > s} satisfies the smoothing property within the absorbing
sets: There exists ¢ € T, \{0} and a constant x > 0 such that

1S(t+1,t)u—St+t vy <kllu—vllw  forallu,ve B(t), t €T.

(H3) The family {C(t, s)| t > s} is a contraction within the absorbing sets:
IC(t+t,t)u—Ct+1t )|y < Alu—v|v for all u,v € B(t), t € T,
where the contraction constant 0 < A\ < %

(H4) The process {U(t,s)| t > s} is Lipschitz continuous within the absorbing sets: For
allt € T and ¢t < s <t +¢ there exists a constant L, ; > 0 such that

(U (s, t)u — U(s, t)v|ly < Lygllu—vlly  forall u,v € B(t), t € T.

The construction of pullback exponential attractors requires to impose additional as-
sumptions on the pullback absorbing family in Hypothesis (H;).

(A1) The family of absorbing sets {B(t)| t € T} is positively semi-invariant for the evolu-
tion process {U(t, s)| t > s},

U(t,s)B(s) C B(t) forallt > s, t,s € T.
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(A2) For every bounded subset D C V' and time t € T the corresponding absorbing times
are bounded in the past: There exists T, € T such that

U(s,s —r)D C B(s) for all s <t, r > Tp,.

The stated assumptions allow to construct pullback exponential attractors for the evo-
lution process {U(t,s)| t > s}.

Theorem 3.10. Let {U(t,s)| t > s} be an evolution process in the Banach space V and
the assumptions (Hy), (H1)-(Ha), (A1) and (Az) be satisfied. Moreover, we assume that
the diameter of the family of absorbing sets {B(t)| t € T} grows at most sub-exponentially
wn the past. Then, for every v € (0,% — \) there exists a pullback exponential attractor
{MV(t)| t € T} = {M(t)| t € T} for the evolution process {U(t,s)| t > s}, and the fractal
dimension of its sections is uniformly bounded by

dim{ (M(t)) <log_ 1

2(v+X)

(N%V(BY (0))) for all ¢ € T.

Remark 3.4. 1. The uniform pullback absorbing assumption (Hy) in Section 3.2.2 im-
plies Hypothesis (H1), (A1) and (As).

Indeed, let to € T be arbitrary and B be the uniformly pullback absorbing set in
Assumption (Hy). A family of bounded pullback absorbing sets is given by

(1) = Usor, Ult,t —s)B for t <ty
| U(t,to)B(to) for t > t,.

Moreover, the family {B(t)| t € Ty} is positively semi-invariant for the evolution
process {U(t,s)| t > s}, and the absorbing times are bounded in the past as required
by Hypothesis (As).

2. For our construction of time continuous pullback exponential attractors the Holder
continuity in time (Hy) of the evolution process is not needed. Moreover, we improve
the estimates on the fractal dimension in Theorem 3.9 and obtain the same bound
for the pullback exponential attractors of discrete and of time continuous evolution
Processes.

3. We generalize Theorem 3.9 for evolution processes that are asymptotically compact
in the Banach space V. For evolution processes this setting was only considered in
[82] (Theorem 2.3), where forwards exponential attractors were constructed, but for
discrete processes and under hypothesis that are difficult to verify in applications. In
[36] time continuous forwards exponential attractors for evolution processes that are
asymptotically compact in the weaker space W were constructed.

4. Time-dependent absorbing sets were also considered in [36]. However, it was assumed
that the diameter of the absorbing sets {B(t) t € R} is uniformly bounded and the
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absorbing times are independent of the time instant. This implies that the union
Uier B(t) is a bounded pullback absorbing set for the evolution process and satisfies
the uniform hypothesis in Section 3.2.2. Furthermore, the aim of this article was not
to prove the existence of forwards exponential attractors in general, but knowing the
existence of the uniform attractor for the evolution process, to show the existence of
time-dependent forwards exponential attractors.

We remark that in applications the family of contraction operators often forms an evo-
lution process in V. In this case, and if the contraction property (Hs) is globally satisfied,
the smoothing time and the contraction time can be arbitrary, and it suffices that the evo-
lution process C' is a strict contraction. To be more precise we could replace Assumptions
(H2)-(H4) by the following:

(7@) The family {S(Z,s)| t > s} satisfies the following smoothing property within the
absorbing sets: There exists ¢ € T, \{0} such that for all s > ¢

|S(t+ s, t)u — S(t+ s, t)v|ly < ks|lu—v|jw for all w,v € B(t), t € T,
for some constant x, > 0.

(H5) The family {C(t,s)| t > s} is an evolution process and a strict contraction in V:
There exists ¢t € T, \{0} such that

1Ot +t,t)u—Ct+t )|y < Alu— vy for all u,v € V, t € T,
where the contraction constant 0 < \ < 1.

(#4) The evolution process {U(t,s)| t > s} satisfies the Lipschitz continuity in () for

~

allteTand t <s<t+ L
Indeed, let k¥ € N be such that \*¥ < % and kt > t. Then, Property (7:23) implies
|C(t +thk, t)u — C(t +th, t)vlly < Nlu—v|v for all u,v € B(t), t € T.
Furthermore, by the smoothing property (7-72) follows
|S(t+tk,t)u — S(t +tk, t)vlly < kllu—v|w  forallu,ve B(t), t €T,

where k := k. Consequently, the assumptions (Hs)-(Hs) are satisfied if we replace ¢ by

tk and the smoothing and contraction constants by A = \* and & = k.

The Discrete Case

First, we construct pullback exponential attractors for discrete evolution processes. We
assume T = 7Z and {U(n,m)| n > m} is a discrete evolution process in the Banach
space V. Here and in the sequel, we use the letters n,m and k& to denote discrete times
n,m, k € Z. Without loss of generality we suppose that = 72 = 1 in the hypothesis (Hs)
and (#H3). The general case i € N follows as in the proof of Theorem 3.3 for semigroups.
Properties (Hy), (H2) and (#H3) then imply that the discrete process {U(n,m)| n > m} is
Lipschitz continuous and Assumption () is automatically satisfied.
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3. Exponential Attractors of Infinite Dimensional Dynamical Systems

Theorem 3.11. Let {U(n,m)| n > m} be a discrete evolution process in the Banach
space V, and the assumptions (Hy), (Hi)-(Hs), (A1) and (Az) be satisfied with n = 1.
Moreover, we assume that the diameter of the family of absorbing sets {B(k)| k € Z}
grows at most sub-exponentially in the past. Then, for every v € (0,% — \) there ezists a
pullback exponential attractor {M(k)| k € Z} = {M" (k)| k € Z} for the evolution process
{U(n,m)| n > m}, and the fractal dimension of its sections is uniformly bounded by

dim{ (M(k)) < log_ (N%V(BY (0))) for all k € Z.

V+)\)

Proof. Step 1: Coverings of U(k,k —n)B(k —n)
Let v € (0,5 — A) be fixed, R, > 0 and v, € B(k) be such that B(k) C By, (v;) for all
k € Z. Moreover, we choose elements w1, ...wy € V such that

where N := NY(By(0)). We define the sets WO(k) := {v.}, k € Z, and construct by

induction in n € N the family of time-dependent sets W"(k),n € N,k € Z that satisfies
the properties:

(W1)  Wn(k) c U(k,k —n)B(k —n) C B(k),
(W2) g™ (k) < N™,
(W3)  U(k,k —n)B(k — 1) € Uyewn Blawnyer,_, (1W):

for all k € Z, n € Ny. To construct a covering of the image U(k,k —1)B(k —1), k € Z, we
note that v € By, (vg—1) implies

N
1
—vp_1) € BY(0) | ) BY (w;
Rk_1<v Uk 1) 1( ) Z:LJI ¥ (w)
and consequently,
N
ng 1(Uk 1 CUBRk 2 v (Rk—1w; + v_1).
=1

Using the smoothing property (Hz) we obtain
|S(k,k —1)a— Sk, k—1)0]ly < kllt—0|lw < 2vRk_4

for all @,v € Bg_lz(Rk,lwi +vp_1) N B(k — 1), which yields the covering

Sk, k —1)(Bf,_, (vs-1) N B(k UBzyRk (2),
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for some zq,...,zy € S(k,k—1)B(k—1). In particular, we can choose y1, ...,yy € B(k—1)
such that z; = S(k k—1)y;, where i =1,..., N. For u € B(k—1) the contraction property
(H3) now implies

|C(k k= 1u—C(k, k= Dyillv < Mlu—yilly <2ARp—1,
forall i =1,..., N, and we conclude
C(k,k—1)B(k—1) C BQ/\R (Ck k= 1)y).
Finally, we obtain the covering

Uk, k—1)B(k—1) = (S(k: k—1)+ Clk,k — 1))B(k — 1)

c UBM ((S0k k= 1)) U BYg, |, (Clkk = D)

C U B;/(V+>‘)Rk—1(U(k7 k — 1)yz)7

i=1
with centres U(k,k — 1)y; € U(k,k —1)B(k — 1), ¢ = 1,..., N. Denoting the new set of
centres by W(k) follows

Ulk,k—=1)B(k—1)C | Byins._, (W),

ueWl(k)

where the set Wl(k) c U(k,k — 1)B(k — 1) C B(k) and $W'(k) < N.
Let us assume that the sets W'(k) are already constructed for all [ < n and k € Z, which
yields the coverings

Uk, k —n)B( c U B wnym,, (W) for k€ Z.

uewn (k
In order to construct a covering of
Uk,k—n+1)Bk—(n+1)=Ulk,k—1)Uk—1,k—1—n)B(k—1—n)
c U Ukk-1DBL g, (W)

ueWn(k—1)
let u € W™(k — 1). We proceed as before and use the covering of the unit ball By (0) by
Z-balls in W to conclude

Bl s U B2 Re_y L (2 + A)" Rem1-nwi + ).
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3. Exponential Attractors of Infinite Dimensional Dynamical Systems

By the smoothing property (Hs) then follows

Stk k= 1) (U(k = 1,k =1 =n)B(k = 1= n) N Bl o, (0)
N
- U Bg;(y+k))”2yRk_1_7l(S(k’ k— 1)3‘/?)7
=1

for some yi,...,y% € Uk — 1,k — 1 —n)B(k — 1 — n). Furthermore, the contraction
property (H3) implies

Clkk = 1) (Ulk = 1k =1 =n)Blk =1 =) N Bl i, (1)
- B(‘g(VJr)\))”?)\Rk,l,n(C(ku k—1)y),

forall i =1,..., N. Consequently, we obtain the covering
Uk, k—1) (U(k 1 k—1-n)Bk—1-n)nN B(VQ(M))RRHH(U))

— (k. k= 1)+ Clky b = 1) (U(k = 1,k =1 =n)B(k = 1= 0) N By, ,_, (W)

N
U (Bl (S k= 1) + Blygyanymans, . (Clk k= 1))
=1

N
< U Bluwonym o (SO = Dyt + Clk k= 1))

=1

N
- U B(‘g(l"f')\))"“kalfn (U(k7 k— 1)%@)7
=1

with centres U (k, k—1)y € U(k,k—1—n)B(k—1—n), for1 = 1,..., N. Constructing in the
same way for every u € W™ (k—1) such a covering by balls with radius (2(v+\))"™ Ry,
in V' we obtain a covering of the set U(k,k — (n+1))B(k — (n + 1)) and denote the new
set of centres by Wt (k). This yields W™ (k) < NtW"™(k—1) < N™*! by construction
the set of centres W (k) C U(k,k — (n+1))B(k — (n+ 1)), and

Uk, k— (n+1)B(k— (n+1)) C U Blawiayia, ., (1),
ueWntl(k)

which concludes the proof of the properties (W1)-(1/3).
Step 2: Definition of the Pullback Exponential Attractor
We define the sets E°(k) := WO(k) for k € Z, and set

EMk) == W™k)UU(k,k— 1)E" " (k—1)  for n€N,

Then, the family of sets satisfies the properties:
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3.2. Non-Autonomous Evolution Equations

(B1) Uk k—1)E"(k —1) C E™Y(k), E™K) C Uk, k —n)B(k —n) C B(k),
(E2)  E"(k) =UL Uk, k =Wk —1), #E"(k) < 3 N,

(E3)  U(k.k—n)B(k—n) C Uuepmp B(‘g(erA))"kan (u),

for all n € Ny and k € Z. These relations are immediate consequences of the definition of
the sets E"(k), the properties of the sets W™(k) and the semi-invariance of the absorbing
family {B(k)| k € Z}, and can be proved by induction.

Using the family of sets E™(k), n € No, k € Z, we define

M(k) = | E"(k)  forall k € Z,

n€eNy

and show that its closure {M(k)| k € Z} := {M(lﬁ)n HV\ k € Z} is a pullback exponential
attractor for the evolution process {U(n,m)| n > m} in V.

Step 3: Semi-invariance of the Exponential Attractor

Primarily, we show that the family {M(k)| k € Z} is positively semi-invariant. To this
end let [ € Ny and k € Z. By Property (E1) we obtain

Uk +1,k)M(k) = | J Ulk+ 1Lk E"(k) C | ) E"'(k+1) C | E"(k+1) = M(k+1).

neNg neNg neNg

The continuity of the process {U(n,m)| n > m} now implies the semi-invariance of the
family {M(k)| k € Z},

lI-llv —— v = II-llv

Ulk+1,k)M(k) = Uk+LEME)  CUk+LEME)  cME+D) = ME+D),

for all I € Ny and k € Z.

Step 4: Compactness and Finite Dimensionality of the Exponential Attractor

We first prove that the sets M (k) are non-empty, precompact and of finite fractal dimension
in V, for all k£ € Z. For every m € N and n > m we observe

E™"(k) < U(k,k—n)B(k—n)=U(k,k—m)U(k—m,k—n)B(k—n)
C U(k,k—m)B(k—m),

where we used the semi-invariance of the absorbing sets. Consequently, we obtain

M(k) = OE”(k)U G E"(k) C OE”(k)UU(k,k—m)B(k—m).

n=m+1

Let € > 0. If we choose m € N sufficiently large such that

(2<V + )\))mRk,m <e< (2(V + )\))mile,erl
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holds, Property (1¥3) implies the covering

Uk, k—m)B(k—m)c | B!(u).

ueWm (k)

We can therefore estimate the number of e-balls in V' needed to cover the set Mv(k:) by

NY (M) < 4| E"(k) +£W™ (k) < (m + 1)$E™ (k) + N™
< <7§ff+ 1)2N™ + N™ < 2(m + 1)2N™,

for all k € Z, where we used Properties (1W2) and (F2). This proves the precompactness
of the sets M(k), k € Z. Since V is a Banach space, taking the closure of the precompact

——|llv

sets M(k) the subsets M(k) :== M(k) , k € Z, are compact in V.
Finally, for the fractal dimension of the sets M(k) we obtain the estimate

—~ In(NV k
dun}/(/\/l(k)) = lim sup n(N. ('Al/l< )
€0 ln;
In(2 21 1 In(N
< limsup n2)+ n(m+1 )+ mn( )Slog 1 (N),
e—0 lnz 2(v+2)

where we used that the family of absorbing sets grows at most sub-exponentially in the
past. Proposition 3.1 implies that the fractal dimension of the family {M (k)| k € Z} is
uniformly bounded by the same value,

dim! (M(k)) = dim? (M(k) ) = dim¥ (M(k)) ke Z.

Step 5: Pullback Exponential Attraction

[t remains to show that the set M (k) exponentially pullback attracts all bounded subsets
of V at time k € Z. Let D C V be bounded and k € Z. By Assumptions (H;) and
(Az) there exists npy € N such that U(l,l —n)D C B(l) for all n > npy and [ < k. If
n > npyx + 1, then n = npj + no for some ny € N, and we conclude

dist (U (k, k — n)D, M(k)) < dist} (U (k, k — no)U(k — no, k — ng — npx)D, U E" (%)

n=0

< disty; (U(k, k — ng) B(k — ng), G E"(k))

disty; (U (k, k — no)B(k — ng), E™(k))

<
< (2(r 4+ N)" Rg—py < ce™",

136
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for some constants ¢ > 0 and w > 0. These estimates are valid since the family of pullback
absorbing sets grows at most sub-exponentially in the past. This proves that the set M (k)
exponentially pullback attracts the set D at time k& € Z. Since M(k;) C M(k), for all
k € Z, immediately follows the exponential pullback attraction property of the family
{M(Ek)| k € Z}.

We have verified all required properties in Definition 3.9 which shows that {M (k)| k € Z}
is a pullback exponential attractor for the evolution process {U(n,m)|n >m}in V. O

The Time Continuous Case

Using the results for discrete evolution processes we now construct pullback exponential
attractors for time continuous evolution processes in V' and prove Theorem 3.10 for the
case T = R.

Proof of Theorem 3.10. Let T = R and {U(t, s)| t > s} be a time continuous evolution pro-
cess satisfying the hypothesis of Theorem 3.10. We define the associated discrete evolution
process {U(n,m)| n > m} by U(n,m) := U(nt, mt) for all n. > m, n,m € Z. The discrete
evolution process satisfies the hypothesis of Theorem 3.11, and we_conclude that there
exists a pullback exponential attractor {Mgy(k)| k € Z} for process {U(n,m)| n > m}. We
recall that the pullback exponential attractor was defined by

My(k) = Mvd(k)ll'\\v _ W'IIV’

and we refer to the proof of Theorem 3.11 for the definition of the sets E™(k), k € Z,n € Nj.

To obtain a pullback exponential attractor {M(t)| t € R} for the time continuous process
we define

M) = U(t, k) My(k)  fort € [kE, (k+ 1), k € Z,

and take its closure M(t) := M(t) | HV, t € R. We observe that M(kt) = My(k) for all
ke Z.

By Proposition 3.1 follows for the fractal dimension of the sections of the time continuous
attractor

dim¥ (M(1)) = dim! (M) ) = dimY (M(t)) = dimY (U (¢, ki) M (kF))
< dimy (M(ki)) = dim} (Ma(k)),

for all t € [kt, (k+1)t[, k € Z, where we used the Lipschitz-continuity (#,) of the evolution
process in the last estimate. Consequently, the bound for the fractal dimension in the time
continuous case coincides with the bound for discrete pullback exponential attractors.

To show the semi-invariance of the family {M(t)| ¢t € R} let t,s € R such that ¢ > s.
Then, s = kt + s, and t = It + s, for some k,l € Z, k <1 and s, s € [0, 1].
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If ] > k+ 1 we observe
U(t,s)M(s) = U(If + s, ki + s1) M (Kt + s1) = U(If + s0, ki + s1)U(k + s1, kE) M(k)
= Ui + s2, U (I, kDM (k) € UIE + 52, 1) M(IF) = M1 + 52) = M(1),

where we used the semi-invariance of the family {/\A/l/(kf)] k € Z} under the action of the
discrete process {U(n,m)| n > m}.

On the other hand, if | = k, then s = kt 4+ s; and t = kit + s, for some s, s, € [0, [ and we
conclude

U(t, s)M(s) = Ukt + so, ki + s1) M(kt + 1) = U(kt + s, ki + s1)U (kT + s1, k) M (kt)
= U(KL + so, kD) M (kD) = M(KL + s5) = M(2).

The semi-invariance of the family {M(t)| ¢ € R} now follows by the continuity of the

process and the semi-invariance of the sets {M(tﬂ t € R} as in the discrete case.

It remains to prove that the set M(t) exponentially pullback attracts all bounded subsets
of V' at time ¢ € R. To this end let D C V be bounded, ¢ € R and Tp, € Ry be
the corresponding pullback absorbing time in Assumption (A4;). Then, t = kt + s, for
some k € Z and sy € [0,f[. Moreover, we assume s > Tp; + t + so, which implies
s=1It+ Tp:+ so+ s1, for some | € N and s € [O,f[. We observe

U(t,t —s)D = U(kt + so, (k — )t — Tp; — s1)D
= U(t, kt)U(kt, (k — DOU((k — Dt, (k — )t —Tpy — s1)D

C Ut kDU (KE, (k — DB B((k — 1)),

and conclude

< distiy (U(t, t — s)D, U(t, ki) M(ki))
< disty (U (t, KU (kE, (k — )8 B((k — D)), U(t, ki) M (k)
< Lt,kfdiStH (UUﬂL (k= D) B((k = 1)), M(kt))

< Ly gedisty (U (k, k — 1) B((k — i), Ma(k)),

where we used Hypothesis (H4), and L;;; > 0 denotes the corresponding Lipschitz con-
stant. Consequently, it follows from the proof of Theorem 3.11 that M(t) exponentially
pullback attracts the subset D C V' at time ¢ € R. ]

disty; (U(t,t — s)D, M(t)) = disty (U(t,t — s)D,U(t, k )/\/l(kt) )
)

3.2.4. Consequences of the Construction and Properties of the
Pullback Exponential Attractor

Consequences and Different Settings

An immediate consequence of Theorem 3.10 is the existence and finite dimensionality of
the global pullback attractor.
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Theorem 3.12. Let T = Z or T = R, {U(t,s)| t > s} be an evolution process in the
Banach space V- and the assumptions (Hy), (H1)-(Hs), (A1) and (As) be satisfied. More-
over, we assume that the diameter of the family of absorbing sets {B(t)| t € T} grows at
most sub-exponentially in the past. Then, the global pullback attractor {A(t)| t € T} of
the evolution process {U(t,s)| t > s} exists, and the fractal dimension of its sections is
uniformly bounded by

dimy (A(t)) <log_.__ (NgV(BlV (0))) Jor all t € T.
Proof. For discrete evolution processes the statements follow from Theorem 3.10, Proposi-
tion 3.1 and the minimality property of the global pullback attractor (see Definition 3.8).

If T = R we define the associated discrete evolution process {U(n,m)| n > m} by
U(n,m) := U(nt,mt) for all n > m, n,m € Z. It satisfies the assumptions of Theorem
3.11, and we conclude that there exists a pullback exponential attractor {M,(k)| k € Z}

for the discrete evolution process {U(n,m)| n > m}. We define the sets

M (t) = U(t, kt)My(k)  for t € [kt,(k+ 1)t], k € Z,

which implies M'(kt) = My(k) for all k € Z. Since the operators U(t,s) : V — V, t > s,
are continuous and the sections My(k), k € Z, are compact, {M'(t),| t € R} is a family
of compact subsets of V. Moreover, it follows as in the proof of Theorem 3.10 that the
family {M'(¢)| ¢t € R} pullback attracts all bounded subsets of V. By Theorem 3.7 we
conclude that the global pullback attractor {A(¢)| t € R} of the time continuous process
{U(t,s)| t > s} exists, and the minimality property implies A(t) C M'(¢) for all ¢ € R.
By Proposition 3.1 and Theorem 3.11 the fractal dimension of the discrete global pullback
attractor is uniformly bounded by

dim} (A(kt)) < log_

2(v+A)

(NgV(BY(O))) for k € Z.

It remains to estimate the fractal dimension of the time continuous sections. To this
end let r € R be arbitrary and the evolution process {U,(t,s)| t > s} be defined by
Un(t,s) :=U(t+r,s+r) forall t > s,t,s € R. The associated discrete evolution process
{U.(n,m)| n > m} is given by U.(n,m) := U.(nt,mi) for all n > m, n,m € Z, and
satisfies the hypothesis of Theorem 3.11. Consequently, there exists a pullback exponential
attractor {M(k)| k € Z} for the discrete evolution process {U,(n,m)| n > m}, and the
fractal dimension of its sections satisfies the estimate stated in the theorem. We follow the
previous arguments to conclude the existence of the global pullback attractor {A4,(t)| t € R}
for the time continuous evolution process {U,(t,s)| t > s} and observe that

A (t) = At +r) for all t € R.

Moreover, the fractal dimension of the discrete sections of the global pullback attractor is
uniformly bounded,

dimy (A, (kt)) < dim{ (M7(k)) < log_ 1

2(v+A)

(N%V(BY (0))> for all k € Z.
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Finally, since » € R was arbitrary and
A, (kt) = A(kt + 1) for all k € Z,

follows the uniform bound for the fractal dimension of the time continuous global pullback
attractor {A(t)| t € R}. O

Remark 3.5. We remark that the Lipschitz continuity (H,), which is essential for the
construction of the time continuous pullback exponential attractor, is not required to es-
tablish the existence of the global pullback attractor and to derive estimates on its fractal
dimension (see the hypothesis in Theorem 3.12).

We now discuss different settings for the evolution process. Theorem 3.10 in the partic-
ular case that A = 0 yields the existence of exponential pullback attractors for evolution
processes that satisfy the smoothing property. It suffices to assume that the family of
absorbing sets is bounded in the metric of W and, in the time continuous case, that the
evolution process is Lipschitz continuous in W. The following theorem generalizes the
previous results in [19] and [49], which were formulated in Theorem 3.9.

(H4)" The evolution process {S(¢,s)| t > s} is Lipschitz continuous in W within the ab-
sorbing sets: For all t € T and ¢ < s < ¢ 4t there exists a constant L, > 0 such
that

|S(s,t)u — S(s, t)v||w < Lys|lu —vljw for all u,v € B(t), t € T.

Corollary 3.2. Let T =7 or T =R, {S(t,s)| t > s} be an evolution process in the Banach
space V' and the assumptions (Hy) and (Hz) be satisfied. We assume that Properties (Hy),
(A1) and (As) hold with {U(t,s)| t > s} replaced by {S(t,s)| t > s}, where it suffices that
the absorbing family is bounded in the metric of W. Moreover, the diameter of the family
of absorbing sets {B(t)| t € T} grows at most sub-exponentially in the past. If the evolution
process is time continuous we additionally assume that (H4) or (H4)' is satisfied. Then, for
any v € (0,3) there exists a pullback exponential attractor {M(t)| t € T} = {M"(t)| t € T}
for the evolution process {S(t,s)| t > s}, and the fractal dimension of its sections can be
estimated by

dim{ (M(1)) < log 1 (NgV(BIV (0))) for all t € T.

Moreover, the evolution process {S(t,s)| t > s} possesses a global pullback attractor and the
fractal dimension of its sections is uniformly bounded by the same value. For the existence
of the global pullback attractor, the hypothesis (Hy) or (H4)' are not required.

Proof. 1f the family of absorbing sets is bounded in the metric of W we define the sets
B(t):=S(t,t—1)B(t—1) teT,

which are pullback absorbing and bounded in the space V' by the smoothing property (Hs).
In the discrete case, T = Z, the corollary is an immediate consequence of Theorem 3.11
and Theorem 3.12.
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If the evolution process is time continuous and Hypothesis (H,4) is satisfied the claim
follows from Theorem 3.10 and Theorem 3.12. The same applies in the case that T = R and
Property (H,)" holds. Indeed, by the smoothing property (#3), the Lipschitz continuity
(H4)" and the continuous embedding (Hy) we observe

|S(t+1+s,t)u—S{t+t+s )|y <k||lSE+ s, t)u— S+ s, t)vl|w
< kLgsllu —vllw < KL spllu — vy,
for all u,v € B(t),t € R and s € [0,#]. This proves the Lipschitz continuity of the evolution
process in the space V' and the results remain valid. O

We could also consider evolution processes that are asymptotically compact in the weaker
phase space W. This setting was addressed in [32] for discrete evolution processes and in
[36] for time continuous evolution processes, where forwards exponential attractors were
constructed.

(H1)" The family of bounded subsets B(t) C W, ¢t € T, pullback absorbs all bounded
subsets of W: For every bounded set D C W and every t € T there exists a pullback
absorbing time Tp; € T, such that

U(t,t —s)D C B(t) for all s > Tp ;.

(Hs)" The family {C(t,s)| t > s} is a contraction in W within the absorbing sets:
IC(t+1,t)u—Ct+tt)[w < A|lu—v|lw for all w,v € B(t), t € T,

where the contraction constant 0 < A\ < %

Theorem 3.13. Let {U(t,s)| t > s} be an evolution process in the Banach space W
and the assumptions (Hy), (H1)', (H2), (Hs)', (A1) and (As) be satisfied. Moreover, we
assume that the diameter of the family of absorbing sets {B(t)| t € T} grows at most sub-
exponentially in the past. In the time continuous case, T = R, we additionally assume that
the process {U(t, s)| t > s} satisfies the Lipschitz continuity property (H4)'. Then, for every
v € (0,3 —\) there exists a pullback exponential attractor {M"(t)| t € T} = {M(t)| t € T}
for the evolution process {U(t,s)| t > s} in W, and the fractal dimension of its sections
can be estimated by

- 2(v+A)

dim" (M(t)) < log_s (NgV(By(o))) for all t € T.

Furthermore, the global pullback attractor of the evolution process in W exists, and the
fractal dimension of its sections is uniformly bounded by the same value. For the existence
of the global pullback attractor, the assumption (H4)' is not required.
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Proof. Generalizing the covering method in the proof of Theorem 3.6 for the non-autonomous
setting as done in the proof of Theorem 3.11 for asymptotically compact processes in the
phase space V' yields discrete pullback exponential attractors in WW. In the time continuous
case let {M (k)| k € Z} be the pullback exponential attractor for the associated discrete

evolution process. We define the time continuous sections of the pullback exponential
——|llw
attractor by M(t) = M(t) , where

M) = Ut k) Ma(k)  te ki, (k+ D], k € Z.

Following the arguments in the proof of Theorem 3.10 we conclude that the family of
compact subsets {M(t)| t € R} is a pullback exponential attractor for the time continuous
evolution process {U(t,s)| t > s} in W.

The statements about the existence of the global pullback attractor follow as in the proof
of Theorem 3.12, where the Lipschitz continuity of the evolution process is not required. [J

Time Dependence of the Pullback Exponential Attractor and Forwards Attraction

Global pullback attractors are strictly invariant under the action of the evolution process,
and the time dependence of the process is directly inherited by the attractor. To be more
precise, let {U(t,s)| ¢ > s} be an evolution process in the Banach space V possessing a
global pullback attractor {A(t)| t € T}. Then, the invariance property

Ult,s)A(s) = A(t) forallt>s, t,seT,

immediately implies: If the evolution process is periodic, quasi-periodic or almost-periodic
the pullback attractor exhibits the same property.

We analyse the respective property of the pullback exponential attractors constructed
in Section 3.2.3. To this end we define the group of time shift operators or temporal
translations acting on the space of evolution operators.

Definition 3.12. Let {U(t, s)| t > s} be an evolution process in the Banach space V. The
action of the group of time shift operators {S,| r € T} is defined by

SU(t,s)=U(t+r,s+r) t>s, t,seT,
where r € T.

Since pullback exponential attractors are not unique we could certainly construct for
an evolution process U and the shifted process S,.U, where r € T, pullback exponential
attractors My and Mg,y that do not satisfy the cocycle property

My(t+r) = Ms,u(t) for all t,r € T.

However, if {My(t)| t € T} is a pullback exponential attractor for the evolution process U
the translation of the attractor {My(t+r)| t € T} yields a pullback exponential attractor
for the shifted process S, U, for every r € T.
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Corollary 3.3. Let {U(t,s)| t > s} be an evolution process in the Banach space V. We
assume that the hypothesis of Theorem 3.10 (or Theorem 3.11, if T = 7Z) are satisfied and
denote by {My(t)| t € T} the pullback exponential attractor constructed in the proof of
Theorem 3.10 (Theorem 3.11). Then, for every r € T the family {My(t +r)| t € T} is a
pullback exponential attractor for the evolution process {S,U(t,s)| t > s}, and the family
of attractors satisfies the cocycle property

Myt +r) = Ms,u(t) for all t,r € T.

In particular, if an evolution process is periodic, quasi-periodic or almost periodic the family
of pullback exponential attractors {Ms.u(t)| t € T}.er exhibits the same property.

Proof. Let r € T and {My(t)] t € T} be the pullback exponential attractor for the
evolution process {U(t,s)| t > s} constructed in the proof of Theorem 3.10, or Theorem
3.11 respectively. We define the sets

M, u(t) == My(t+r) for all t € T.

Then, the family { Mg ¢(t)| t € T} is semi-invariant under the action of the evolution
process {S,U(t,s)| t > s}. Moreover, the exponential pullback attraction property with
respect to the process {S,U(t,s)| t > s}, the compactness of the sections and the uniform
bound for the fractal dimension immediately follow from the corresponding properties of
the family { My (t)| t € T}, which proves that { Mg,y (t)| t € T} is a pullback exponential
attractor for the shifted process.

0]

Next, we formulate conditions such that the pullback exponential attractor also forwards
attracts all bounded subsets exponentially.

Definition 3.13. Let {U(t,s)| t > s} be an evolution process in a metric space (X,dx).
We call the family {M(t)| t € T} a forwards exponential attractor for the evolution
process if it satisfies Properties (i)-(iii) in Definition 3.9 and forwards exponentially attracts
all bounded subset of X: There exists a constant w > 0 such that

lim e**disty(U(t + s,t)D, M(t + s)) = 0,

S§—00

for every bounded set D C X and timet € T.

Theorem 3.14. Let {U(t,s)| t > s} be an evolution process in the Banach space V and
the assumptions of Theorem 3.10 (or Theorem 3.11, if T = Z) be satisfied. Moreover, we
assume that the absorbing time corresponding to a bounded subset D C V' in Hypothesis
(H1) is independent of the time instant t € T. Then, the pullback exponential attractor
{M(t)| t € T} in Theorem 3.10 (Theorem 3.11) is also a forwards exponential attractor
for the evolution process.
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Proof. Tt suffices to show the forwards exponential attraction property of the pullback
exponential attractor {M(t)| t € T}. If the absorbing time in Hypothesis (#,) is indepen-
dent of the time instant ¢t € T, the family {B(t)| ¢t € T} is also forwards absorbing for the
evolution process. Indeed, for a bounded subset D C V there exists a pullback absorbing
time T € T, such that

U(t,t —s)D C B(t) forall s >Tp, t €T,
which is equivalent to the forwards absorbing property
U(t+s,t)D C B(t+s) forall s>Tp, teT.
We recall that the pullback exponential attractor 0~f the associated discrete evolution pro-
cess {U(n,m)| n > m}, where U(n,m) := U(nt, mt), for all n > m,n,m € Z, was defined

— [l
as Mg(k) = M(k) V, and

=JE(R) forkez

n€eNy

(see the proof of Theorem 3.11). We show that the family {My(k)| k € Z} is forwards
exponentially attracting for the discrete evolution process {U(n,m)| n > m}. Let D CV
be bounded, Tp € Z, be the corresponding pullback absorbing time and k € Z. If
n >Tp+ 1, then n = Tp + ng for some ng € N, and we observe

disty; (U (k +n, k) D, Ma(k +n))

< dist}; (U(k + Tp + no, k + Tp)U(k + Tp, k) D, Ma(k + n))
< disty; (U(k + Tp + no, k + Tp)B(k + Tp), Ma(k + n))

< distyy (U (k + TD +ng,k+Tp)B(k +Tp), E™(k + n))

< disty; (U (k, k — no) B(k — no), E™(k)),

where k = k + n. Consequently, the forwards exponential attraction property follows from
the proof of Theorem 3.11.

For time continuous evolution processes the pullback exponential attractor was defined
v
by M(t) = M(t) ,t € R, where

M(t) == U(t, kD) My(k)  fort € [ki, (k+ 1)i[, k€ Z
(see the proof of Theorem 3.10). To show the forwards exponential attraction property of

the time continuous attractor let ¢ € R, D C V' be a bounded subset and T € R, be the
corresponding pullback absorbing time. If s > Tp + 2t, then s > (I 4+ 1)t + T for some

144
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| €N, and t + s = nt + ¢, for some n € Z and sy € [0,%]. We obtain

distyy (U (t + 5,8)D, M(t + s)) < dist}y (U (t + s,)D, M(t + s))
= disty; (U(nt + so, nd)U(nt, t)D,U(nt + so, nf)ﬂd(n))
< Ldist U(nt t)D /\/ld(n )
U((n DE,)D, Ma(n))
B((n — D)I), Ma(n))
U(n, (n - l)) ((n = D)E), Ma(n)),

where we used the Lipschitz continuity (#4), and L > 0 denotes the corresponding

Lipschitz constant. Now, it follows from the proof of Theorem 3.11 that the family
{M(t)| t € R} exponentially forwards attracts all bounded subsets of V. O

A Pullback Exponential Attractor for Time Continuous Semigroups

We now apply our results to autonomous evolution processes. In the discrete case we
recover the results we obtained in Section 3.1.4 for semigroups. They differ, however, in
the time continuous case since the invariance of a family of subsets in the non-autonomous
setting is a weaker concept than the invariance of a fixed set under the action of a semigroup.

The previous construction of pullback exponential attractors for time continuous pro-
cesses in Theorem 3.9 is different (see also [19] and [49]). To obtain the time continuous
attractor the union over a certain time interval of the image of the discrete attractor is
taken. It requires additional regularity properties in time of the evolution process and leads
to weaker estimates for the fractal dimension of the attractor. However, when applied to
time continuous semigroups the construction yields an exponential attractor according to
Definition 3.6. In the proof of Theorem 3.10 we take the time evolution of the discrete
attractor instead and prove under significantly weaker assumptions the existence of a pull-
back exponential attractor for time continuous evolution processes. If the assumptions of
Theorem 3.9 are satisfied, our pullback exponential attractor is contained in the pullback
exponential attractor of Theorem 3.9. However, applying our method for autonomous time
continuous evolution processes does not lead to a fixed semi-invariant subset of the phase
space.

We therefore propose to consider pullback exponential attractors for time continuous
semigroups instead of exponential attractors in the strict sense. They coincide with ex-
ponential attractors in the discrete case, and pullback exponential attractors for time
continuous semigroups satisfy the same dimension estimates as exponential attractors of
discrete semigroups. In other words, weakening the semi-invariance property in the defini-
tion of exponential attractors we avoid the artificial increase in the fractal dimension of the
attractor (see Theorem 3.3 and Theorem 3.4 in Section 3.1.4). Moreover, the construction
does not require the Holder continuity in time (54) of the semigroup.

In the sequel let T = R and {U(¢, s)| t > s} be an autonomous time continuous evolution
process in the Banach space V. The family of operators T'(t — s) := U(t — s,0), where
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3. Exponential Attractors of Infinite Dimensional Dynamical Systems

t > s, t,s € R, then forms a semigroup in V. We propose to weaken the semi-invariance
property of time continuous exponential attractors and to consider pullback exponential
attractors. For autonomous evolution processes Definition 3.9 leads to the following:

Definition 3.14. We call the family {M(t)| t € R} a pullback exponential attractor
for the semigroup {T(t)| t € R} in V if there exists a constant 0 < a < oo such that
M(t) = M(a+t) for allt € R,

(i) the subsets M(t) C V are non-empty and compact in V. for all t € R,
(i1) the family is positively semi-invariant,

T(t)M(s) C M(t+ s) for all t € Ry, s € R,

(iii) the fractal dimension of the sets M(t), t € R, is uniformly bounded and

(iv) the family exponentially attracts all bounded subsets of V' uniformly in time: There
exrists a positive constant w > 0 such that

lim sup e**disty (T (s)D, M(t)) =0

S5§—00 0<t<a
for every bounded subset D C V.

The definition implies that the set My = M(a) is an exponential attractor for the asso-
ciated discrete semigroup {T'(n)| n € Z,}, where T(n) := T(na) for all n € Z... Moreover,
any member of the family {M(t)| t € R} satisfies the properties of an exponential attractor
of the semigroup {7'(t)| t € R} except for the semi-invariance property.

Remark 3.6. If a semigroup possesses an exponential attractor it implies the existence of
the global attractor and its finite dimensionality. The same applies to pullback exponential
attractors for time continuous semigroups: If the pullback exponential attractor exists any
member of the family {M(t)| t € R} contains the global attractor of the semigroup and the
fractal dimension of the global attractor is finite.

We assume the semigroup {T(¢)| t € R} can be represented as T'(t) = S(t) + C(t) for
all t € Ry, and the assumptions (S1)-(S3) in Section 3.1.4 are satisfied. Instead of the
Holder continuity in time (S4) we assume Lipschitz continuity of the semigroup.

(S4)" The semigroup {7T'(t)| t € R, } is (eventually) Lipschitz continuous in V' within the
absorbing set: There exists so € Ry such that for all ¢ > sg

T (t)u —T(t)v||y < Lillu —v||v for all u,v € B,

for some constant L; > 0.
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Theorem 3.15. Let {T'(t)| t € R} be a semigroup in the Banach space V', and the
assumptions (Hy), (S1)-(S3) and (S4)” be satisfied. Then, for any v € (0,5 — \) there
exists a pullback exponential attractor {M(t)| t € R} = {M"(t)| t € R} for the semigroup
{T(t)| t € Ry}, and the fractal dimension of its sections is uniformly bounded by

dim{ (M(1)) <log_1 <N§V(B¥ (0))) for all t € R.
Proof. By Lemma 3.1 without loss of generality we can assume that the absorbing set B
is positively semi-invariant. The family of operators {U(¢,s)| t > s} defined by U(t,s) :=
T(t—s) forallt > s,t,s € R, forms an autonomous evolution process in the Banach space
V. The evolution process {U(t,s)| t > s} certainly satisfies the absorbing assumptions
(H1), (A1) and (Asg) in Section 3.2.3, where the pullback absorbing sets B(t) = B for all
teR.

We apply the method in the proof of Theorem 3.10 and first construct a pullback
exponential attractor M, for the discrete evolution process {U(n,m)| n > m}, where
ﬁ(n,m) .= U(nt,mt) for all n > m,n,m € Z. For autonomous evolution processes the
family of sets E™, n € Ny, is independent of time and consequently, according to Definition
3.6 the set

lI-lv

—Illv

Ma=M, =] E

neNp

is an exponential attractor for the associated discrete semigroup {T'(n)| n € Z.}, where

T(n) :=T(nt), n € Z,. Moreover, Theorem 3.11 implies that the fractal dimension of the
exponential attractor is bounded by

dimy (My) < log,_1_ (N%V(BY (0))> .

We take the iterate T(so)My = U(sp,0)M, and define the time continuous pullback

——Illv

exponential attractor for the evolution process {U(t,s)| t > s} by M(t) == M(t)
t € R, where

M(t) :=U(t, kDU (s, 0)Mg = T(t — ki + s)My  for all t € [kE, (k + 1)i[, k € Z.

By Assumption (S4)” the semigroup is Lipschitz continuous within the absorbing set for
t > sg. Proposition 3.1 therefore implies

dim{ (M(t)) = dim} (M(t)) = dim} (T (t — ki + s9)My) < dim} (M,),

for all t € [kt, (k + 1)t], k € Z, which proves the uniform bound on the fractal dimension
of the family {M(t)| t € R}. In Theorem 3.10 we showed that {M(¢)| t € R} is a pullback
exponential attractor for the autonomous evolution process {U(t, s)| t > s}, which implies
that the family is a pullback exponential attractor for the time continuous semigroup
{T(t)| t € Ry}, and satisfies the properties in Definition 3.14 with a = . O
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3. Exponential Attractors of Infinite Dimensional Dynamical Systems

An immediate consequence is the existence of the global attractor and its finite fractal
dimension.

Corollary 3.4. We assume the hypothesis of Theorem 3.15 are satisfied. Then, the global
attractor A of the semigroup {T'(t)| t € Ry} exists, is contained in any member of the
pullback exponential attractor {M(t)| t € R}, and its fractal dimension is bounded by

(NE @Y 0).

Proof. 1t follows from the proof of Theorem 3.15 that the pullback exponential attractor
for the time continuous semigroup {7°(t)| t € R, } is a pullback exponential attractor for
the autonomous evolution process {U(t,s)| t > s}, where U(t,s) :=T(t—s),t > s,t,s € R.
Theorem 3.7 implies that the evolution process {U(t, s)| t > s} possesses a global pullback
attractor {A(t)| t € R}, and the global pullback attractor is contained in the pullback
exponential attractor, A(t) C M(t) for all ¢ € R. Consequently, the fractal dimensions of
the sections of the global pullback attractor satisfy the uniform estimates in the Corollary.

Since the global pullback attractor {A(t)| t € R} of the autonomous evolution process
{U(t,s)| t > s} exists if and only if the associated semigroup {7T'(t)| t € R, } possesses a
global attractor A and A(t) = A for all ¢t € R, the statement of the corollary follows from
Theorem 3.15. ]

dim{ (A) < log_ 1

2(v+X)

Remark 3.7. We proved a stronger version of Corollary 8.4 in Section 3.1.5 (see Theo-
rem 8.5). However, if we apply Theorem 3.12 to autonomous time continuous evolution
processes we recover Theorem 3.5 about the existence and finite dimensionality of global
attractors of semigroups, where the Lipschitz continuity of the semigroup (S4)" is not re-
quired.

If we apply Corollary 3.2 to autonomous evolution processes follows the existence of
pullback exponential attractors for time continuous semigroups that satisfy the smoothing

property.

Corollary 3.5. Let {S(t)| t € Ry} be a time continuous semigroup in the Banach space
V', and the properties (Hy) and (S2) be satisfied. Moreover, we assume that (S1) and (S4)”
hold with {T'(t)| t € R} replaced by {S(t)| t € Ry }. Here, it suffices that the absorbing set
is bounded in the metric of W. Then, for any v € (0, %) there exists a pullback exponential
attractor {M(t)| t € R} = {M"(t)| t € R} for the semigroup {S(t)| t € R}, and the
fractal dimension of its sections is uniformly bounded by

dim} (M(1)) < log1 (NgV(BIV (0))) for all t € R.

Moreover, the semigroup possesses a global attractor A, it is contained in any member of
the exponential pullback attractor, A C M(t) for all t € R, and its fractal dimension is
bounded by the same value. To show the existence of the global attractor and to derive the
estimate on its fractal dimension the Lipschilz continuity (S4)” of the semigroup is not
required.
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Proof. We apply Corollary 3.2 to autonomous evolution processes and argue as in the proof
of Corollary 3.4 to show the existence of the pullback exponential attractor {M(t)| t € R}
for the semigroup {S(t)] ¢ € R;}. The statement about the global attractor for the
semigroup follows as in the proof of Corollary 3.4. [

Finally, we formulate the result for semigroups that are asymptotically compact in the
weaker phase space W.

Theorem 3.16. Let {T'(t)| t € R} be a semigroup in the Banach space W, and the
assumptions (Hy) (S1), (S2) and (S3)" be satisfied. Moreover, we assume that the Lipschitz
continuity (S4)" holds with V replaced by W. Then, for any v € (0,3 — ) there ezists
a pullback exponential attractor {M"(t)| t € R} = {M(t)| t € R} for the semigroup
{T(t)] t € Ry} in W, and the fractal dimension of its sections is uniformly bounded by

dim{” (M(t)) < log_

2(v+A)

(N,EV(BY (0))) for all t € R.

Moreover, the semigroup possesses a global attractor A, it is contained in any member of
the exponential pullback attractor, A C M(t) for all t € R, and its fractal dimension is
bounded by the same value. To show the existence of the global attractor and to derive the
estimate on its fractal dimension the Lipschitz continuity of the semigroup (S4)"” in W is
not required.

Proof. We apply Theorem 3.13 to autonomous evolution processes. It follows as in the
proof of Corollary 3.4 that the pullback exponential attractor {M(t)| t € R} in W for
the time continuous semigroup {7'(t)| t € R, } exists. Moreover, the existence and fi-
nite dimensionality of the global attractor for the semigroup can be shown by the same
arguments, where the Lipschitz continuity of the semigroup is not required. O

Remark 3.8. Let {T'(t)| t € Ry} be a time continuous semigroup in the Banach space V
that possesses a pullback exponential attractor {M(t)| t € R}. If the semigroup satisfies
the Hélder continuity property (S4), then

M= JM(t)

teR

s an exponential attractor for the time continuous semigroup in the sense of Definition 3.6
and coincides with the exponential attractor constructed in Section 3.1.4.

3.2.5. Applications

We now apply the theoretical results of the previous sections to show the existence of pull-
back exponential attractors for evolution processes generated by non-autonomous partial
differential equations.
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Non-Autonomous Chafee-Infante Equation

First, we analyse an initial value problem for a non-autonomous Chafee-Infante equation
and show the existence of a pullback exponential attractor for the generated evolution
process. In particular, we obtain an example for a finite dimensional pullback attractor
which is unbounded in the past.

Let Q2 C R™, n € N, be a bounded domain with smooth boundary 02 and s € R. We
consider the initial-/boundary value problem

2u(:v,t) = Au(x,t) + Au(z,t) — B(t) (u(:v,t))3 r €N, t>s,

t
u(z,t) =0 r €00, t > s, (3.5)

u(z, s) = ug(x) x € (),

where A € R, A denotes the Laplace operator with respect to the spatial variable z € €

and % the partial derivative with respect to time ¢ > s. The initial data u, is a continuous

function that vanishes on the boundary, u, € Cy(€2). Moreover, we assume the non-
autonomous term 3 : R — R, is strictly positive, continuously differentiable and satisfies

the properties

0 < sup B(t) < fi, (3.6)
teR

Jim_ (1) =0, (3.7
|B(2)]

A < .

tlir_noo ;TF;) =0 for all v > 0, (3.9)

where the constants 0 < fy, 81 < co. We consider the evolution process generated by (3.5)

in the phase space W := Cy(f2), where the norm in W is defined by
[ullw := max|u(z)|  weW.
z€ef)
To show the existence of a positively semi-invariant family of absorbing sets we use the
method of lower and upper solutions (see [58], Chapter 2).

Definition 3.15. A function u* € C(Q x [s,00[) N C*}(Qx]s, o0[) is called an upper
solution for (3.5) if it satisfies the inequalities

Eu*(:z:,t) — Au(z,t) > M (z,t) — B(t) (u*(x,t))3 reQ, t>s,
u*(z,t) >0 red, t>s, (3.10)
u*(z,s) > us(x) x € .

Analogously, the function u, € C(2 x [s,00[) N C#H(Qx]s,o0[) is a lower solution for
(8.5) if it satisfies the reversed inequalities in (3.10).
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Lemma 3.2. There exist constants a,b > 0 such that the function ¢* : [s,o0o[— R4,

is an upper solution for (3.5) if the initial data satisfies us(x) < c*(s) for all x € Q.
If the initial function fulfils us(x) > —c*(s) for all x € Q, the function ¢, : [s,00]— R,
ci(t) == —c*(t), is a lower solution for (3.5).

Proof. We define c¢*(t) := \/% + b, where the constants a,b > 0 are chosen below, and
obtain
0
7 (0) = &t (t) = A () + () (¢ (1)’
a B'(t) a a 3
= -\ +b) 4 B(t)(—=— + b
_ e sl e “_, BB(t) + 3a2b + 3/B(t)ab>

— I b
AW A&

a B'(1) 2 @ 2 3 2
= —= + (3a”b — \b) + — N+ b°B(t) + 3ab t
5+ )+ e = )+ P8+ 3B
_ 2 (LB Ba— ) + (-3 + E B+ 3280)
/B \ 268() a a '
Since § vanishes slowly,
G <<
there exist positive constants a,b > 0 such that
(1) — e (1) = At (1) + B (e (1) = 0,

which proves that the function ¢* is an upper solution for (3.5).
The non-linearity is odd with respect to u, which implies

0
570+(8) = Dea(t) = Aeu(t) + B(t) (e (1)
0
=5 (=) = A(=c®) = A= M) + 80 (— (1)
—_ (%c* (t) — A (t) — Ac*(t) + B(t) (" (t))3) .
Consequently, the function ¢, := —c* is a lower solution for (3.5) if the initial data satisfies
us(z) > ei(s) for all z € Q. O
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The linear heat equation

%u(w,t) = Au(z,t) reQ, t>0,
u(z,t) =0 red, t>0, (3.11)
u(z,0) = up(z) x € (),

generates an analytic semigroup in the Banach space W := (Cy(Q), || - |lw) (see [54]). We
denote the semigroup corresponding to the linear problem (3.11) by {e®!| t € R, }, and

the associated fractional power spaces by X®, o > 0. The operators e®! are linear and
bounded from W to X, and the operator norm || - ||zw,x~) satisfies the estimate
At Ca
H€ HL(W;XO‘) < t_a for all ¢t > 0, (312)

where the constant C, > 0. One can show that the semi-linear problem (3.5) generates an
evolution process {U(t,s)| t > s} in the phase space W, where the operators are defined
by

Ul(t,s)us :=u(-,t;us, s) t> s,

and u( -, -;ug,8) 1 Q X [s,00[— R denotes the unique solution of (3.11) corresponding to

initial data us € Cy(Q2) and initial time s € R. Moreover, the evolution process satisfies
the variation of constants formula

t
Ul(t, s)us = e, + / D f(7,U (7, s)uy))dr.

For further details and the proof we refer to [54] and [61].
Lemma 3.2 and Theorem 4.1 in [58] imply the existence of a pullback absorbing family
of bounded semi-invariant subsets.

Proposition 3.3. The family of bounded subsets
Bt):= foeW |llw <)  teR,

is positively semi-invariant for the evolution process {U(t, s)| t > s} generated by the initial
value problem (3.5) and pullback absorbs all bounded subsets of W.

Proof. Let s € R and the initial data us, € W satisty |lus|jw < ¢*(s). Lemma 3.2 implies
that the functions ¢* and ¢, are upper and lower solutions for the initial-/boundary value
problem (3.5). By Theorem 4.1 in Chapter 2 of [58] follows that there exists a unique
classical solution u(-, -;ug,s) : Q x [s,00[— R corresponding to the initial data u, and
initial time s € R, and the solution satisfies

c(t) < u(zx, t;ug, s) < c(t) for all v € Q,t > s.

Consequently, the associated evolution process satisfies U(t, s)us € B(t) for all us € B(s)
and ¢t > s, which shows the semi-invariance of the family {B(¢)| t € R}.
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It remains to prove that the family {B(¢)| t € R} is pullback absorbing. To this end let
D C W be bounded and t € R. Then, the set D C BW(O) if R > 0 is sufficiently large. By
Assumption (3.7) there exists ¢y € R such that R < () for all t < t;, and consequently,

D C B(t) for all t < ty. Finally, we observe that the pullback absorbing time is bounded
in the past, Tp, <t —ty for all s <t. O

The following lemma states that the evolution process {U(t,s)| t > s} satisfies the
smoothing property with respect to the Banach spaces V := C}(Q) and W, where the
norm in V' is defined by

[ullv = llullw + Z ||—||w

Lemma 3.3. Let {U(t,s)| t > s} be the evolution process generated by the initial value
problem (8.5). Then, there exists a positive constant k > 0 such that

WU+ 1, 0)u—U(t+1,t)v|v < &llu—v|w for all w,v € B(t), t € R.

Proof. Let s € R and the initial data u,v € B(s). We denote the corresponding solutions
by w(t) := U(t,s)u and v(t) := U(t,s)v, where t > s. It was shown in [54] (Theorem
2.4) that the continuous embedding X* — V exists for all o > % Moreover, we use the
variation of constants formula and obtain

Ju(t) = o)l < cllu®) = v(0) o
< eI —vllxe + [ 1D ru(r) = o)l xedr)
< AN gy — ol
e [ 1D epwono £ utr)) = o) e

where ¢ > 0 denotes the embedding constant. By Proposition 3.3 we conclude

1 (r,u(T)) = f(7,0(7))lw

< Alu(r) — o()llw + 18() (u(r) — (7)) (ulr)? + u(r)o(r) + v(r)?)[|lw

< MJu(r) = o()|lw + 2/| (u(r) — (7)) B(r) (u(1)? + v(7)?) |w

< Alu(r) = o(7)|lw + 4/ (u(r) — (ﬂW7(¢——+®2

< A+ O)Ju(r) — o(7)||w, (3.13)

for some constant C' > 0, where we used Assumption (3.6) in the last estimate. The bound
on the operator norm (3.12) and the continuous embedding V' < W imply

Ju()) = v(®)lly < eCa Ju = wlhw + (A C) | lu(r) = v(r) lwdr )

1
(t—71)

1
(t—71)e

1
(t =)

1 t
< _
< o=l wlw + O+ [

u(r) = o) vdr).
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3. Exponential Attractors of Infinite Dimensional Dynamical Systems

where ;1 > 0 denotes the embedding constant. Finally, we set { = s+ 1 and
y(s+1):=|U(s+ 1,s)u — U(s + 1, s)v|ly,

which implies

s+ 1) < eCaluvlw + 0+ [ ——atrlar)

From a generalized Gronwall inequality (see Theorem 1.26 in [75]) we conclude
y(s+1) < kllu — v||w,
for some constant x > 0, which concludes the proof of the lemma. O

Corollary 3.2 now implies the existence of a pullback exponential attractor in V' for the
evolution process {U(t,s)| t > s}.

Theorem 3.17. Let {U(t,s)| t > s} be the evolution process in the Banach space W
generated by the initial-/boundary value problem (3.5). Moreover, we assume that the
non-autonomous term satisfies Properties (3.6)-(3.9). Then, for every v € (0,1) there
exists a pullback erponential attractor {M(t)| t € R} in V for the evolution process
{U(t,s)| t > s}, and the fractal dimension of its sections is uniformly bounded by

dim{ (M*(t)) < log 1 (N%V(BY (0))) for all t € R,

where k > 0 denotes the smoothing constant in Lemma 3.3. Furthermore, the global pull-
back attractor exists and is contained in the pullback exponential attractor.

Proof. The family of pullback absorbing sets {B(t)| t € R} defined in Lemma 3.3 satisfies
the hypothesis (A;) and (Ay) in Section 3.2.3. Since the diameter of the absorbing sets is
bounded by

a

B(t)
and the non-autonomous term satisfies Property (3.9), the absorbing sets grow at most
sub-exponentially in the past. Moreover, the embedding V' << W is compact, and the
smoothing property with respect to the spaces V and W was shown in Lemma 3.3. To
apply Corollary 3.2 it remains to verify the Lipschitz continuity of the evolution process.
The variation of constants formula implies

U (t,s)u —Ul(t, s)v||w

< A — 0) oy + / [AC (F(r,U(r, syu) — F(r, U(r, $)0)) w7

1B(®)lw < 2( +b)  teR,

< Colju — vllw + Co / V(. U(r, s)u) — £(r, Ulr, $)0) lwdr

t
SCOHU—UHm/-FCO()\-FC)/ U (T, s)u — U(T, s)v||wdr,
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3.2. Non-Autonomous Evolution Equations

for some constant Cy > 0, where we used the estimate (3.13) in Lemma 3.3. By Gronwalls
Lemma follows the Lipschitz continuity of the evolution process in W.

O]
Non-Autonomous Damped Wave Equation

The following initial value problem for the non-autonomous dissipative wave equation gen-
erates an evolution process that is asymptotically compact,

T+ AO D) = Do) + fu(e,t)  ze s
u(x, s) = ug(x) x e, (3.14)

9 . ) = vi(x) req,

u(z,t) =0 x €I, t>s,

where s € R and 2 C R", n € N, n > 3, is a bounded domain with smooth boundary 0f).
We assume that the non-linearity f : R — R is continuously differentiable and satisfies

If'(2)| < c(1+]2]7) z € R, (3.15)
lim sup f(z ?) <0, (3.16)
|z| =00

for some constant ¢ > 0 and 0 < p < % Furthermore, the function 5 : R — R, is Holder
continuous and bounded from above and below by positive constants 0 < by < by < 00,

bo < B(t) <y for all t € R. (3.17)
We apply Theorem 3.10 to show that the evolution process generated by (3.14) possesses
a pullback exponential attractor. Setting v := au and w := ( Z ) we rewrite Equation

(3.14) in the abstract form

%w = Ag(t)w + F(w) t>s, (3.18)

w‘t:s = Ws Ws € ‘/a

where the initial data w, = ( Zs ), and the phase space is V := H}(Q2) x L?(€2). The norm

s

in V' is given by

N|=

lwlly = (lullf o) + IvlZ20) for w = (u,v) € V.

Furthermore, the operators are defined by Ag(t) = Ay + As(1),

A ::(—OA ]od)’ A0 :I<8 —mot)fd)’ e :(f?W)
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3. Exponential Attractors of Infinite Dimensional Dynamical Systems

where A = —A denotes the Laplace operator with homogeneous Dirichlet boundary con-
ditions and domain D(A) = HJ(Q) N H*(Q) in L*(Q). The domain of the operator A; in
Vis D(Ay) = (Hy(Q) N H*(Q)) x Hj(R), and F denotes the Nemytskii operator

F:Hy(Q) = L*(Q), F(u) = f(u():

The initial value problem (3.18) generates an evolution process {U(t,s)| t > s} in the
Banach space V', which is asymptotically compact and pullback strongly bounded dissipa-
tive. In the sequel, we only present a sketch of the proof and refer to [42] (Chapter 4), [12]
(Section VI.4), [3] and [8] for details.

We first consider the linear homogeneous problem

%w = Az(t)w t>s, (3.19)
w|t:s = Ws W € V,

and denote the generated evolution process in V' by {C(¢,s)| t > s}. The following lemma
was proved in [8] and yields the exponential decay of the solutions of the linear homogeneous
equation.

Lemma 3.4. Let {C(t,s)| t > s} be the evolution process in the Banach space V' generated
by (5.19). Then, there exist constants C' > 0 and w > 0 such that the norm of the operators
15 bounded by

1C(t, 8)|| covivy < Cem (72 forallt > s, t,s €R.

Sketch of the proof. We consider the Hilbert space Hj(€2) with the norm and scalar product

1
<U7U>H3(Q) = /Q VU($) ’ VU(%’)CL%, HuHH&(Q) = <u7u>[2{6(9) u,v € H3<Q)7

which is equivalent to the standard norm and scalar product in H}(€2) by Poincaré’s in-
equality. We define the functional F : V — R by

1 1
F(o,9) == §H¢H§{&(Q) + §|W||2L2(Q) +26(9, V) 12(0),

u(t)
v(t)

where the constant b > 0 will be chosen below. If w(t) = (
(3.19) we observe

) is a smooth solution of

0 = (v,v1) 2() + (U, V) ey + B [V]| 720,
0 = (u,v)2() + ||“||12Hg(n) + B(t)(u, v) 2(0)-
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3.2. Non-Autonomous Evolution Equations

Using these identities and Poincaré’s inequality follows

d
—F(u,v) = (u, v) g1y + (0, ve) L2(@) + 2b(ur, v) L2(0) + 2b(u, vi) 12(0)

dt
= —20||ull31 () — (B() = 2b) [0l Z2q) — 208(t){u, v)12(0)
1
< —25||U||§{3(Q) — (B(t) = 20) [0l 720 + 0B () (ellull72() + ZHUHQLQ(Q))

€ 1
< _ZbHUH?{g(Q) - (ﬁ(ﬂ - 25)”“”%2(9) + bbl()\—l”UH?{g(Q) + E“UH%Q(Q))

b1€ bb1
< —b(2 - )\—1)||U||§15(Q) — (bo — 20— ?)||U||%2(Q)>

where we used Young’s inequality, and A\; denotes the first eigenvalue of the Laplace oper-

ator A. If we chose ¢ = % and b = —%— follows
1 2(2+-1)

d
7w v) < =b([lull o) + v lia@) = =bll(w, 0)l7-

Next, we prove that the functional F defines an equivalent norm on V, if the constant
b > 0 is sufficiently small. Let (¢,1) € V| then

1 1
F(o,¢) < 5“@’?{3(9) + §WH%2(9) +0([¢l1720) + 1Ul72(0)) (3.20)
1 ob 1 , 3 ,
< (5 + )\—1)’\¢\|H3(Q) + (5 + )Y ll72) < Z”<¢’ Vv,

and on the other hand

1 1
F(o,¥) > §H¢H?{01(Q) + §H¢H%2(Q) = b([¢l172() + 1911 Z2(6)) (3.21)

1 b 2 ]- 2 1 2
2 (5= Ml + G = DI lE@ = 7l

if b < Lmin{1, \;}. Setting o = min{?, &, 2(211’1771)} we obtain

d 4
7 (wv) < —all(w, v)|ly < —gaF(u,v).

Gronwall’s Lemma now implies
Flu,v) < .F(us,vs)e’a%(t’s) t>s,
and using the equivalence of the norms follows the exponential decay of the solutions,

1C(t, s)wslly < V3e 59wy lly > s,
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3. Exponential Attractors of Infinite Dimensional Dynamical Systems

The semi-linear problem (3.18) generates an evolution process {U(t, s)| t > s} in V| that
satisfies the integral equation

Ult, s)ws = C(t, s)ws + / C(t,7)F(U(T, s)ws)dr
= C(t,s)ws + S(t, s)ws

(see |8] and [42]). Next, we show that the evolution process {U(t,s)| t > s} is pullback
strongly bounded dissipative.

Lemma 3.5. Let {U(t,s)| t > s} be the evolution process in the Banach space V' generated
by the initial value problem (3.18). Then, there exists a bounded subset B C V' that
uniformly pullback absorbs all bounded sets of V': For every bounded set D C V' there
exists Tp > 0 such that

Ut,t—s)DCB for all s > Tp, t € R.

Sketch of the proof. We only indicate the ideas of the proof and refer to [12]| (Section VI1.4)
and [42] (Chapter 4) for details. We define the functional 7 : V — R by

_ 1 1 .
F(6.0) = 510l + 51013 + 20 V) — [ Glol@))da,

Q

where G(s) := [ f(r)dr and b > 0 will be chosen appropriately. If w = w(t) = (

a smooth solution of (3.18) we observe

0= <U7Ut>L2(Q) + <U7U>H3(Q) + 5(””“”%2(9) - <ﬁ(u)uv>L2(Q)7
O = <U, Ut>L2(Q) + ||u||fqé(9) + 5(t)<u,’U>L2(Q) — <F(U)7U>L2(Q)

Using these identities and the growth restriction (3.15) on the non-linearity one can prove,
similarly as in Lemma 3.4, that the functional satisfies

d ~ -~
%.F(U,U) < —b}"(u,v) + 617

for some constant ¢; > 0, if we choose b>0 sufficiently small. Gronwall’s Lemma and the
norm equivalence in the proof of Lemma 3.4 now imply

F(u(t),v(t)) < Flug,ve)e =9 4 %1(1 _ e—E(t—s))
1

< (vl = [ Glutade)e 0 + 2,

Furthermore, the growth restriction (3.15) and the continuous embedding Hj (2) < LP2(0)
(see (3.22) below) allow to estimate the integral

’/QG(US(:U))CZ:U] < éz(/Q lug(z)|P2da + 1) < 6263(”%”?[’;5?9) +1),
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3.2. Non-Autonomous Evolution Equations

where the constants ¢, ¢ > 0. On the other hand, one can show using Assumption (3.16)
and the estimates in the proof of Lemma 3.4 that there exits a constant ¢4 > 0 such that

~ 1 y
Flu(t),v(t) = Zll(ult), o)} — e
Combining all estimates we conclude
1O (2, ) (s, v < &5 (1| (s v) I3 + llusigg, + 1) e + é,

for some constants ¢s, ¢g > 0.

This shows that the set B := {w € V| ||w|]ly < 26} is a fixed bounded pullback
absorbing set for the evolution process {U(t,s)| t > s}. Moreover, for a bounded subset
D C V the corresponding pullback absorbing time 7p > 0 is independent of the time
instant ¢t € R. O

To show that the family of operators {S(t, s)| t > s} satisfies the smoothing property we
establish several auxiliary results. We denote by X%, a € R, the fractional power spaces
associated to the operator A with domain D(A) = X' = H}(Q)NH?(Q) in X := L*(Q) (see
[69] or [61]). Furthermore, let H*(Q2), s € Ry, be the fractional Sobolev spaces obtained
by interpolation between the spaces H™ () and L*(Q2), m € N (see [1] or Section I1.1.3 in
[69]). Since the domain €2 is bounded we have the following continuous embeddings

. . , , L1 1.1 s
Hy(Q) — H*(Q) — L (Q) — L*(2) if §ZEZ§_E>O’ (3.22)
where H$(€2) denotes the closure of C5°(Q) in H*(Q2) (see [1] or [12] Theorem 1.1 in Chapter
2). If the second inequality in (3.22) is strict, the embedding H*(Q) < L¥ () is compact.
Moreover, for all s > 0 the embeddings

H3(Q) — X2 — H*(Q),

are continuous (this follows by Theorem 16.1 in [75]). By duality we conclude

) . 1 1 1.1 1
L*(Q) — L1(Q) — X2 if —4+—-=1, =>—>=
Poq 27 p 72

> 0, (3.23)

Slw

and the embedding L7 (Q) < X ~2(Q) is compact if the second inequality in (3.23) is strict.
The solution theory of the linear homogeneous problem can be extended to the fractional
power spaces X® x X 2, o € R (see [69] Section IV.1.1).

Lemma 3.6. Let ¢ > 0 and the space V¢ := Xz27¢ x X~ Then, for every initial data
ws = ( Z‘S ) € Ve there ezists a unique solution w € C([s,s + T]; V) of the homogeneous
problem

wy = Ag(t)w t>s,

€
Wli—s = Wy ws € VE,
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3. Exponential Attractors of Infinite Dimensional Dynamical Systems

where T > 0 is arbitrary. Moreover, the generated evolution process is uniformly bounded
wn Ve,

||C<t, S)HE(VE;VE) <d t Z S, t, S € R7
for some constant d > 0.

Proof. We consider the operator

Ag(t) = Ay + Ag(t) = < _Oz [od ) * ( 8 —B(Ot)fd ) ’

in V¢, where the operators Ay(t) : V¢ — V¢ are linear and uniformly bounded in ¢ by
Assumption (3.11). Here, A denotes the extension of the operator A to an operator in X ¢
with domain D(A). Since A is selfadjoint the operator A; is dissipative in V. Indeed, let

w= ( Z ) € D(A) = D(A) x X3¢, then

U v 1_. 1. —e —er T
(wodw)y = (") (% )y = (A Ab ) 4 (A0, A (),
= <Z%_EU,Z%_EU>X — <Z%_€’U,Z%—EU>X =0.

By [61] (Corollary 4.4 in Chapter 1) the operator A; generates a strongly continuous
semigroup of contractions in V. The lemma now follows by Theorem 1.2, Chapter 6 in
[61]. O

Lemma 3.7. There exists 0 < € < 1 such that the Nemytskii operator F is uniformly
Lipschitz continuous from H'=5(Q) to L*(Q) within bounded subsets of HJ (),

IF(u) — F(v)|l 20 < ¢fllu—vl|gey  for all u,v € D,
where the constant ¢; > 0 and the subset D C H}(Q) is bounded.

Proof. Let the subset D C H}(2) be bounded, u,v € D and R > 0 such that D C By,

where By := Bg‘%(ﬂ)(O). By assumption, p < ﬁ and consequently, p = (1 — e)

some 0 < € < 1. The growth restriction (3.15) and Holder’s inequality with p’ =
¢ = 7=57a. imply

() = F(v)]| 2@

= for

n

<X+ [C]7)(u = v)[lr2)
< c(|lu = vllL2() + H|C’pHL2P'(Q)Hu — |20 ()
< ¢(Cillu = vllm-<@) + CallClF 2 g It = Vi)

for some ( € By. Here, we used the continuous embeddings H'~¢(Q2) — L?(Q) and
H'¢(Q) — L*(Q) in (3.22), and C},Cy > 0 are the corresponding embedding constants.

2n

Since the set D C By C H}(Q) is bounded, the embedding H}(Q) < L (Q) = L7"-2(Q)
in (3.22) yields the uniform bound on the norm |[|([[" and concludes the proof of the

L2pp Q)?
lemma.

]
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3.2. Non-Autonomous Evolution Equations

Next, we show that the evolution process {U(t,s)| t > s} restricted to the bounded
pullback absorbing set B is uniformly Lipschitz continuous in V2 = X X X ~2, where
€ =1 —Z(n — 2) was defined in the proof of Lemma 3.7.

Lemma 3.8. Let € := 1 — 2(n — 2) and the initial data w, = ( s ) € B, where BC 'V

denotes the uniformly pullback absorbing set in Lemma 3.5. Then, the evolution process

{U(t,s)| t > s} generated by the initial value problem (3.18) is Lipschitz continuous with
respect to the norm of V2.

Proof. We assume u,v € B. We proved in Lemma 3.7 that the Nemytskii operator F is
uniformly Lipschitz continuous from H'~¢ to L*(Q) in bounded subsets of Hj(f2). More-
over, using the continuous embeddings L3(Q) = X < X2 and X' 2= — H'¢(Q) we
obtain

|1 (u) = F(v)

les < allF@) - F)lx < cperllu— v« < erercallu - ol] ooc

for some constants c;,co > 0. This shows that the operator F is uniformly Lipschitz
continuous from X z° to X2 in bounded subsets of H} ().

Let the initial data wy, zs € B. We recall that the solution of the semi-linear problem
(3.18) satisfies the integral identity

Ul(t, s)ws = C(t, s)ws + /t C(t,7)F(U(T, s)ws)dr t>s,

and the evolution process {U(t, s)| t > s} is bounded in V' by Lemma 3.5. We can estimate

wi(t) ) =U(t, s)ws and 2(t) = ( a(l) ) =U(t,5)z

the difference of the solutions w(t) = ( wa(t) 2(t)

in the space V2 by
Jw(t) = z@)ll, 5 < [|C(t;s)

2

||£(v%;v%) |ws — ZSH\/%—'_

IN

A(llw, — =5 + / I1F(uwr (7)) = Flaa (7)) - r)

IN

A(lw. = 2llys + [ ccaeflun(r) = aa(r)] ozer)

t
<d(llw.~ zlys + [ ccserulr) - (0l sdr),

where we used the above estimate and Lemma 3.7. The Lipschitz continuity now follows
by Gronwall’s Lemma,

Ut s)ws = Ut s)zsllys = wt) = 2@)lly5 < dllws =zl 5620, (3.24)

2
where the constant c3 = dc;icacy.
]
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3. Exponential Attractors of Infinite Dimensional Dynamical Systems

Combining the previous results we prove the smoothing property of the family of oper-
ators {S(t, s)| t > s} with respect to the Banach space V' and the auxiliary normed space

€

W .=Vz,
Lemma 3.9. Let e = 1 — Z(n — 2) and W := V2. Then, the embedding V —— W is
compact, and for every ty > 0 there exists a positive constant Ky, > 0 such that
|S(t +to, )w — S(t + to, t)z||v < kyllw —2|lw forall w,z € B, t € R,
where B denotes the uniformly pullback absorbing set defined in Lemma 3.5.

Proof. Let t € R, tg > 0 and the initial data w,z € B. We denote the corresponding

solutions of (3.18) by U(r,t)w = ( Zlg:’ glwv ) and U(7,t)z = ( glg: 22 ), where 7 > ¢.
PANE) AE)

By the definition of the operators {S(t,s)| t > s}, Lemma 3.4 and Lemma 3.8 we obtain
t+to
|S(t + to, )w — S(t + to, t)z]|v < / |C(t + to, T) (F(U(T, tyw) — F(U(, t)z))) lvdr
t+to . ' .
<C / e~ =N E(U, (1, t)w — F(UL(7,t)2) || xdr
t

t+to
< ch'/ ||U1(7', t)w — Ul(T, t)Z“Hlfe(Q)dT
t

t+to

t+to
< cfc4c/ [0, tw — Uy, 0)2]] 1o dr < cfc4c/ \U(r, ) — U, )zl g dr
t t

t+to
< cfc4C/ dec3(T_t)Hw — szng < K llw — 2||ws
t
for some constants ¢, > 0 and x;, > 0. In the estimate we used the continuous embedding
X2 < H<(Q) and the Lipschitz continuity (3.24) of the process {U(t,s)| t > s} in V<,
which was proved in Lemma 3.8. The compactness of the embedding V' << W follows

by (3.23). u

Theorem 3.10 now implies the existence of a pullback exponential attractor for the
evolution process {U(t, s)| t > s}.

Theorem 3.18. Let {U(t,s)| t > s} be the evolution process in the Hilbert space V =
H}(Q) x L*(Q) generated by the initial value problem (3.18). We set e =1 —E(n—2) and
consider the space W = X3 x X5, Moreover, for arbitrary A < % we define tg := iln %,
where the constants C' > 0 and w > 0 are determined by the estimate in Lemma 3.4.
Then, for every v € (0,3—\) there ezists a pullback exponential attractor {M"(t)| t € R}
for the evolution process {U(t,s)| t > s}, and the fractal dimension of its sections is

uniformly bounded by

dim{ (M"(t)) < log_

2(v+A)

<N?/(B¥ (0))) for all t € R,
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where k = Ky, > 0 denotes the smoothing constant in Lemma 3.9.
Furthermore, the global pullback attractor exists and is contained in the pullback expo-
nential attractor {M"(t)| t € R}.

Proof. In Lemma 3.5 we proved the existence of a fixed bounded uniformly pullback ab-
sorbing set B C V for the evolution process {U(t, s)| t > s}, and by Remark 3.4 in Section
3.2.3 the pullback absorbing assumptions (), (A1) and (A,) are satisfied. If A € (0, 1)
and ty = %ln %, Lemma 3.4 implies that the linear operators C(t + ty,t), t € R, are con-
tractions in V' with contraction constant \ < %, which verifies Hypothesis (H3). Moreover,
the smoothing property (Hz) of the family of operators {S(t,s)| t > s} is valid within the
absorbing set B by Lemma 3.9. Tt remains to show the Lipschitz continuity (#4) of the
evolution process. To this end we recall that the Nemytskii operator Fis uniformly Lip-
schitz continuous from H'~¢(Q) to L?(Q) in bounded subsets of H}(Q) (see Lemma 3.7).
If the subset D C H}(Q) is bounded we use the continuous embedding H}(Q2) < H'~¢(Q)
and obtain

IF(u) — F(0)ll 20y < erllu — vllgi-cioy < Cpllu —vllgry  forall u,v € D, (3.25)

where the constant Cy > 0. The Lipschitz continuity of the process {U(t,s)| t > s} in V
now follows as in the proof of Lemma 3.7 by replacing the space V2 by V and using the
estimate (3.25).

Consequently, all required hypothesis are verified and the existence of the pullback ex-
ponential attractor and the uniform estimates for the fractal dimension of its sections
follow from Theorem 3.10. The global pullback attractor of the evolution process exists by
Theorem 3.12 and is contained in the pullback exponential attractor. O

3.3. Concluding Remarks

We constructed pullback exponential attractors for asymptotically compact evolution pro-
cesses assuming that the process possesses a family of time-dependent pullback absorbing
sets that possibly grow in the past. In Section 3.2.5 we applied the theoretical results to
show the existence of pullback exponential attractors for a non-autonomous Chafee-Infante
equation and a non-autonomous damped wave equation. We hope our results are appli-
cable in various other cases such as the non-autonomous Navier-Stokes equation or more
general non-autonomous wave equations.

Another interesting problem is whether the theory of exponential attractors can be ap-
plied to study the longtime behaviour of degenerate parabolic equations such as the biofilm
models discussed in Chapter 1. This requires the construction of exponential attractors
in a generalized setting, which was developed in [20] for semigroups. For non-autonomous
degenerate parabolic problems it is necessary to extend this construction for evolution
processes.

An important property of exponential attractors is its stability under perturbations. For
semigroups it was proved in [26] (Theorem 4.1) that the Holder continuity of exponential
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3. Exponential Attractors of Infinite Dimensional Dynamical Systems

attractors up to a time shift follows from the exponential attraction property. The proof
can be adapted and extended to show the Holder continuity (up to a time shift) of the
pullback exponential attractor constructed in Theorem 3.10. However, it is desirable to
establish a stronger version of Holder continuity. In the autonomous case this was obtained
in [35], and similarly in [32] where the stability was also shown for discrete non-autonomous
forwards exponential attractors.
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A. Function Spaces

We collect and explain in this appendix frequently used notation for function spaces. For
details and properties of the spaces we refer to [1] and [69].

Spaces of Continuous Functions
Let Q C R", n € N, be a bounded domain and u : {2 — R be a scalar function. We denote
partial derivatives of u by

0

and use the multi-index notation for partial derivatives of higher order m € N,

O, fori=1,...,n,

=00 ok, (Bl=) Bi=m,
=1

where 5 = (ﬁl,;. ,Bn), and B; € Zy fori=1,... n. B
The space C(£2) consists of continuous functions u : @ — R, and the norm is defined by

ullc@) = max {lu(z)| | z € Q} u e C(§).

We denote by C™(2), m € N, the functions u : @ — R that are m-times continuously

differentiable on Q. The space C™(f2) contains all functions in C™(Q2) such that the
function and all partial derivatives up to order m can be continuously extended to €2. The

norm in C™(£2) is given by

cm@) T Z ||65U||C(§) ue C™(Q).

1BI<m

i

Finally, the space CI*(Q) consists of the functions in C™(Q) that have compact support in
Q.
For 0 < o < 1 the Holder space C%(Q2) contains all functions in C(2) such that

u(z) —u
|u|a,Q = sup {% ‘ T,y € Q,x 7& y}
is finite. The norm in C*({2) is defined by
[ullcee) == llullo@) + lulao u e CUQ).
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A. Function Spaces

Let T' > 0 and the parabolic cylinder be defined by Q7 := Q x (0,7). In the sequel we
consider functions u : Q7 — R depending on the spatial variable z € €2 and time variable
t € (0,T). The space C*™(Qr), where k, m € N, consists of functions u : Q7 — R that are
k-times continuously differentiable with respect to x and [-times continuously differentiable
with respect to t. Analogously, the spaces C*™(Qr) are defined.

Furthermore, we denote by C*?(Qr) the functions in C(Qr) that are Holder continuous
with exponent 0 < a < 1 with respect to x and Hélder continuous with exponent 0 < 5 < 1
with respect to time ¢.

Lebesgue Spaces

For 1 < p < oo the Lebesgue space LP(€2) consists of measurable functions u : @ — R such

that the norm 1
iy = ( / |u<x>|ﬁda:)

is finite. The space of essentially bounded functions L*>°(£2) consists of measurable functions
u : £ — R such that

[ u]| oo (@) := esssup{|u(z)| | z € Q}

is finite. The local Lebesgue spaces L7 (R™), where 1 < p < oo, contain the measurable

functions u : R™ — R such that for every bounded subset K C R" the restriction f|gx
belongs to the space LP(K).
If p = 2 the space L?(Q) is a Hilbert space, and the inner product is defined by

(U, v) 12(0) = /Qu(x)v(:v)dx u,v € L*(9).

For vector valued functions u : Q — R* where k € N, the Hilbert space L?(2; R¥) consists
of functions u = (uy, ..., u;) such that u; € L*(Q) for all ¢ = 1,...,n. The inner product
in L%(Q;R*) is defined by

k

(u, U>L2(Q;Rk) = Z<ui,U1>L2(Q) u,v < L2(Q,Rk)

=1

Sobolev Spaces

We denote the Sobolev spaces by W™P(Q), where m € N and 1 < p < oo. The norm in
Wm™P(Q) is defined by

lallwrae) = D 107l ue WmP(Q).

|8]<m
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For p = 2 the Sobolev spaces are Hilbert spaces that we denote by H™(Q) := W™2(Q).
The inner product in H™(2) is defined by

(U, v) pm(q) = Z (&Bu,@ﬁv)p(m u,v € H™(Q).

18]<m

For non-integer s € R, the spaces H*({)) are defined by interpolation between L?(£2)
and H™(Q2), m € N. Moreover, for s € R we denote by H§(Q2) the completion of the
space C3°(Q2) in H*(R2), and by H~*(Q2) the dual spaces of Hj(2).

Banach Space Valued Functions

Let (V| - |lv) be a Banach space and T" > 0. We denote by C([0,T];V) the space of
continuous functions w : [0,7] — V, where the norm is defined by

||U||C([0,T};V) = max{||u(t)||v| t e [O,T]} u e C([O,T], V)

The Bochner spaces LP((0,7);V), where 1 < p < oo, consist of measurable functions
u: (0,7) — V such that the norm

1

T 1
oy i= ([ ute) )"
0

is finite. Similarly, the Bochner space L*((0,7"); V) contains all measurable functions
u:(0,7) — V such that

lull (o) = esssup{[[u(®)llv | £ € (0,T)}

is finite.
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B. An Auxiliary Lemma

The following result is needed in the proof of Lemma 1.3. Tts proof was indicated by M.A.
Efendiev.

Lemma B.1. Let the function f € C*(R;R) satisfy Ci|ulP~! < f'(u) < Cy|ulP™!, where
p > 1 and the constants Cy and Cy are positive. Then, for every s € (0,1) and 1 < ¢ < oo,
we have

1
[llwermony < Coll F(@) 1% a0y

where the constant C, > 0 is independent of w.

Proof. Let f~! denote the inverse of the function f. The conditions on f imply that the
function G(v) := sgn(v)|f~'(v)|P is non-degenerate and satisfies

02 S G/(?}) S Cly
for some positive constants C'; and C5. Consequently, we obtain
1 (v1) = 1 (w)P < GplG(v1) — Glua)| < Chluy — v,

for all vy, v9 € R and some constant Czl) > 0. Finally, according to the characterization of
fractional Sobolev spaces (see |27]) follows

- - q ! —f P
Hf 1<U)|€Zs/p,qp(9) — ||f I(U)|z£pq(9) +/Q/Q| (U(é)) y|n+sq(v(y)| dz dy

q / "U(l’) B U(Z/)’q o q
< Ollollzag) + CP/Q 0 |z — y|rte d dy = CP|v][jyeaq),

for some constant C? > 0 , where we implicitly used that f~!(v) ~ sign(v)[v|'/7. O
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