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Abstract

In this thesis a class of trust-region multilevel methods for the solution of high-dimensional
nonlinear optimization problems with convex constraints is investigated. Typical applications are
discretizations of infinite-dimensional problems. Besides the actual objective function, the methods
use models that can be evaluated more cheaply, for instance discretizations with less degrees of
freedom. A comprehensive global convergence result is shown, where particular attention is paid
to make all assertions largely independent of the problem’s dimension. In a typical Sobolev space
setting, it is further discussed under which conditions smoothing steps, that can be calculated
cheaply, produce a sufficient descent. If these conditions are not met, the coarser models can
be used instead. The application to typical problem classes is shown and numerical results of
different examples, amongst others a 3D contact problem with nonlinear material model, confirm
the excellent properties of the algorithm.

Zusammenfassung

Die vorliegende Arbeit befasst sich mit einer Klasse von Trust-Region Multilevelverfahren zum
Losen hochdimensionaler nichtlinearer Optimierungsprobleme mit konvexen Nebenbedingungen.
Typische Anwendungsbeispiele sind Diskretisierungen unendlich-dimensionaler Optimierungsprob-
leme. Die untersuchten Verfahren verwenden neben der eigentlichen Zielfunktion auch giinstiger zu
berechnende Modelle, etwa Diskretisierungen mit weniger Freiheitsgraden. Fiir diese Klasse wird
ein umfassendes globales Konvergenzresultat gezeigt. Hierbei wird besonders darauf geachtet, alle
Aussagen weitgehend unabhéngig von der Dimension der Probleme zu halten. Im weiteren Verlauf
wird in dem typischen Fall, dass der zugrundeliegenden Raum ein Sobolev-Raum ist, untersucht,
unter welchen Voraussetzungen numerisch giinstige Glattungsschritte einen hinreichenden Abstieg
liefern oder ob stattdessen Schritte auf einem anderen Modell gemacht werden sollten. Die
Anwendung auf typische Problemklassen wird diskutiert und numerische Ergebnisse verschiedener
Beispiele, unter anderem von einem 3D-Kontaktproblem mit nichtlinearen Materialmodell, bestéti-
gen die guten Eigenschaften des Verfahrens.
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1. Introduction

In this thesis we analyse a class of trust-region algorithms for the solution of convexly constrained
optimization problems. Our main interest are objective functions that are discretized versions of
a nonlinear functional which acts on an infinite dimensional space. A typical example of such an
infinite dimensional problem from the calculus of variations is

min/ j(z,u(z), Vu(z)) dz (VP)
ueC JO

where C is a closed and convex subset of the Sobolev space H(2), 2 C R%, and j: Q x R x R?
a nonlinear function. These problems are typically large scale and therefore not well suited for
standard optimization algorithms. Furthermore, the condition of the Hessians of these problems
becomes large when the degrees of freedom grow due to a finer discretization. In this case, a simple
steepest descent method requires more and more steps to reach a predefined precision. A simple
example that illustrates this effect in one dimension was given in [Neu97, Chapter 2]. Contrary
to that, it can be shown that (inexact) Newton’s methods often behaves independent of the
discretization [AII86, WSDO05]; but if no special care is taken, the effort for the computation of one
Newton iteration grows more than proportional with the degrees of freedom. One of our major goals
is to create an algorithm that does not exhibit this behaviour.

In the unconstrained case, the first-order optimality systems of problems of the type often
corresponds to a (nonlinear) partial differential equation (PDE). For linear elliptic PDEs, Multigrid
or Multilevel algorithms are computational optimal in the sense that the number of operations
needed to reach a predefined precision depends only linearly on the degrees of freedom. These
methods were first introduced in the early sixties by Fedorenko [Fed61l, [Fed64]. In the West, the
first works on multilevel algorithms came from Brandt in 1973. First theoretical insights were
given by the works of Nicolaides and Hackbusch. Since then multigrid methods attract a lot
of attention and are still an active field of research. An elaborate description of the historical
development till 1994 can be found in [Bra95].

Multigrid methods employ a hierarchy of discretizations with increasing degrees of freedom. The
main observation that leads to the development of multigrid methods for linear systems was
that cheap iterative solvers often effectively reduce the high frequencies of the error quickly
but fail to diminish the low frequencies. The idea is to transfer the problem to a coarser
grid where the error again has high frequency error components — in relation to the coarser
discretization — which can be reduced effectively by the iterative methods. This is done in
a recursively fashion on the complete hierarchy and leads to very effective solvers. A good
overview over the theory and practice of multigrid methods can be found in the monographs
[Hac85, [Wes92l, [TOS01), BZ00].

Multigrid methods were also applied to solve nonlinear PDEs. Several different approaches are
available to achieve this. The first one, often called Newton Multigrid algorithm, uses an outer
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Newton iteration where the linear system is solved either directly by multigrid methods or with a
preconditioned conjugated gradient algorithm where multigrid iterations are used as preconditioner.
There is a large set of literature about these methods, for example [BR82, BVWO03|, [Hac85]. These
methods were also used to solve optimization problems where the multigrid algorithm is applied to
the KKT-system [DW97], [Kor01l, DMS00] and, in particular, to solve PDE constrained optimization
problems, see [BS09] and the references therein. Similarly, in [BHT09] the authors use multigrid
methods to approximately solve the perturbed KKT-systems that occur in every iteration of an
interior point algorithm.

Another approach used for unconstrained and constrained convex optimization problems are
subspace correction methods where the function is successively minimized over a large series of
simple — often one dimensional — subspaces [Tai03), Bad06, BTW03, Kor94, [(GK09b|]. The basis for
these algorithms is a different interpretation of multilevel algorithms, namely as subspace correction
algorithms [Xu92l, [Yse93]. In [Tai03, Bad06], the authors show that the number of iterations
needed to reach a given precision is bounded independently of the fineness of the discretization if
the problem is unconstrained and bounded by a constant that depends weakly on the degrees of
freedom if the problem is constrained by simple pointwise bounds.

Finally, there are methods where the multigrid iteration is directly applied to the nonlinear
problems. The two main methods are FAS (Full Approximation Scheme), proposed in [Bra77],
and NMGM (Nonlinear Multigrid Method) [Hac85, [HR89]. Extensions were also used to solve
variational inequalities [Hop87, IBC83 Man84]. Based on these methods, in [Nas00] the MG /Opt
algorithm was introduced. Here, for the first time, we have a truly nonlinear multigrid method
for unconstrained convex optimization problems that is independent of a PDE setting. MG/Opt
formulates the FAS method for optimization problems and uses a line search algorithm to ensure
global convergence. An improved variant of the algorithm was introduced in [LNO5] where the
length of the lower-level steps is bounded similar to a trust-region approach. In the short note
[Bor05], the global convergence of MG /Opt was shown for strictly convex problems by applying
the theory of [HR89]. In [WG09] a more elaborate convergence theory of an algorithm similar
to MG/Opt was made, which also includes an estimate of the total number of iterations needed
to obtain a given precision if the objective function is uniformly convex. However, this estimate
depends on the condition of the Hessian matrices and is of the same order as the number of steps
needed in a steepest descent algorithm.

Instead of a line search, the algorithm RMTR (Recursive Multiscale Trust-Region algorithm)
[GSTOS8| uses a trust region for globalization. A comprehensive convergence analysis was made,
which does not need the convexity of the objective function. For the first time, the usage of
coarser models was restricted to cases where one can expect good steps. We emphasize this point
since it will become important in our analysis. The algorithm was extended to box-constrained
problems in [GMTWMOS|, (IGMS™10|. A variant which needs less differentiability assumptions was
considered later in [GK09al.

These more recent multilevel optimization algorithms were all formulated in a typical Euclidean,
finite dimensional setting, which allows a broad usage for many optimization problems as long as
a suitable level hierarchy is available. The often infinite dimensional structure of the underlying
problem is not taken into account. Therefore, the constants that appear in the statements
often depend on the discretization, which leads to estimates that are highly level-dependent.
This distinguishes the analysis of these class of optimization algorithms from other multilevel



methods where the special structure is heavily used to show level-independent convergence
behaviour.

In this thesis we try to bridge this gap and bring — at least partially — these different approaches
closer together. The main algorithm we analyze in this thesis is based on RMTR and RMTR,
which is the version for box-constrained problems. However, we generalize these algorithms
in various ways. Not only classical multilevel settings fit in our framework but also domain
decomposition methods or a combination of both are possible. In theory, we are not limited to
bound constrained problems, but allow general convex feasible sets. But most importantly, we
analyse the algorithm with the infinite dimensional setting in mind. That means we work directly
in abstract Hilbert spaces whenever possible and carefully pay attention whether constants depend
on the dimension of the problem. Furthermore, we later restrict ourselves to a more concrete
setting and consider cheap-to-calculate multigrid smoothers for the calculation of steps and analyse
the descent that we obtain. To this end, we will use results from the theory of subspace correction
methods.

We end this introduction by summarizing the contents of the upcoming chapters.

We start Chapter 2] by introducing the abstract setting we are going to consider and present a
trust-region multilevel algorithm for convexly constrained problems. We continue to show the
convergence to first-order critical points under quite general assumptions on the function and the
hierarchy. The theory is a lot more general than it is needed for the chapters that follows where
we restrict ourselves to a more concrete setting. However, we hope to identify the important
assumptions that must be satisfied to show global convergence and that allows one to easily use
the theory for other problem classes.

In Chapter [3] we consider unconstrained problems in a setting that one typically has if the function
hierarchy was created by discretization of an infinite dimensional problem with finite elements.
This variational setting will be introduced first, and an important connection between smoothness
and estimates of certain norms will be pointed out. Then we analyze the descent which we obtain
by typical smoothing methods for convex and non-convex problems. For this we use the abstract
theory of subspace corrections algorithms. We finish this chapter with some remarks about the
concrete implementation of the smoothers.

Chapter [ considers problems where the feasible set is a closed and convex proper subset of the
whole space. We start by introducing a continuous stationarity measure that can be calculated
with a reasonable effort. Similarly to the second chapter, we then analyse the descent produced of
various smoothing methods. Finally, we turn to a special class of feasible sets, boxes, and show
how the abstract choices of lower-level sets introduced in Chapter [2| can be implemented. In this
case we will also present an active-set strategy which can greatly improve the convergence speed
of the method.

In Chapter [5] we will consider concrete classes of infinite dimensional problems and establish the
various assumptions that we made so far.

Finally, in the last chapter, we will show convincing numerical results of the algorithm on selected
2D and 3D examples and different choices of parameters.
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2. A multilevel trust-region algorithm

In this chapter we will introduce a multilevel trust-region algorithm which is applicable to a wide
range of problems. It is evolved from the algorithms RMTR |[GSTO08] and RMTR«, [GMTWMOS].
Before we state the algorithm, we will give a motivation of its ingredients and show how to choose
them in some common settings. We finally show the global convergence to first-order stationary
points.

We start by introducing some basic notation that we will use subsequently.

2.1. Notation

Let X be a normed vector space over R. The dual space, X* denotes the space of all bounded
and linear mappings of X to R, £(X, R). Instead of the notation g(x) for g € X* we often use
the dual pairing

(9, ) x+ x-
In most cases, we omit the spaces in the above notation and just write (g, z). X* equipped with
the norm
gllx+ == sup (g,2)x-x
zeX
zllx=1

is a Banach space. It follows from the definition of the dual norm that

(g, 2)x+x < llzllxlgllx- (2.1)

By L£(X,Y) we denote the space of linear continuous operators between two normed vector
spaces X and Y. Every operator P € L(X, Y) is bounded, i.e., there exists a positive constant
M such that ||Pz|y < M]|z|x for all z € X. The operator norm on this space is given
by
[Pllxy = sup [Pzy.
llzllx =1
The dual or adjoint operator of P € L(X,Y) is denoted by P* € L(Y*, X*) and satis-
fies
(9, Px)y~y = (P*g,x)x-x forallz e X, geY".

If X is reflexive, Y = X* and P fulfills
<Py7x>X*,X = <any>X*,X for all T,y €< X7

we call the operator P symmetric or self-adjoint.
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2.1.1. Lebesgue and Sobolev spaces

Let Q € R% d > 1, be a domain with Lipschitz-continuous boundary 0€2. We use the standard
notations LP() with 1 < p < oo for the Lebesgue spaces consisting of p-th power integrable func-
tions and L>°(2) for the space of essentially bounded functions. Let W""P(Q2) C LP(2) be the set
of all functions having weak derivatives D%u € LP(Q) for |a| < m:

WmP(Q) == {u € LP(Q) | D% € LP(Q) for |a| < m}.

The set W™P(Q) with the norm

1/p
lullwrsey = ( )3 ||Daurfzp(m) . pel),

|a|<m

ullymoe @y := > 1Dl (-

laj<m

forms a Banach space and is called Sobolev space of index (m,p). In the special case p = 2,
H™(Q) := W™2(Q) with the inner product

(U, 0) grm(q) == Y (D%, D)

laf<m

is a Hilbert space. We will often work in the space HE(£2), which can be characterized
by
HY(Q) = {uec HY(Q)| tru =0 on 9N}

Here, tr: HY(Q) — L%(09) is a continuous linear mapping with trv = v|gq for all v € C1(Q)
called the trace operator. This mapping exists under the assumptions on the domain 2. When no
confusion arises, we simply write tr u = u.

2.1.2. Gelfand triple

Let V be a reflexive Banach space that densely and continuously embeds into a Hilbert space
U. By the Riesz representation theorem we can identify ¢ with U* by means of the embedding
wi:U = U u— (-, u)y. Then U* = U is embedded continuously and densely into the dual space
V*. The chain V — U — V* is called a Gelfand triple. The continuous extension of the scalar
product (-, )y to V x V* results in the dual form (-, )y« . Hence, we use the notation (g, v)y for
v,g €U as well as g € V*, v e V.

An example for a Gelfand triple is

HY Q) — L2(Q) — H Q) := H}(Q)*.
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2.2. Problem setting

In this chapter we present a multilevel trust-region algorithm for convexly constrained problems
and prove global convergence. Let C, be a closed and convex subset of a Banach space V,.. We
consider the problem

min f,(x,). (2.2)

mT‘ECT‘

We assume that the function f,: V, — R is continuously differentiable and that the second-order
Gateij %4ux derivative exists and the mappings z, — f/(x,)[h, h] are continuous for all h € V.
This is satisfied if, for instance, f, is twice continuously differentiable. Since f/(z,) € L(V;, V),
we also use the notation (f)(z,)h,h).

We are interested in cases where ([2.2)) is a large-scale optimization problem and where besides the
objective function f, there are auxiliary functions

fitWixV, =R, i=1,...,r—1

defined on — normally lower dimensional — spaces V; and W;, which are somehow connected to f;.
For every x; € W, the functions f;(x;,-): V; — R are assumed to have the same differentiability
properties as f.. Each of these functions serves as a model of f,. at a point x, and we suppose that
evaluating the auxiliary functions is cheaper in terms of computational effort than evaluating f,.
Each time a lower-level function f; is used to obtain a new iterate, the point x; € W; is fixed. This
allows us to use different spaces W; and V; for the “development points” and the search directions.
However, in many applications the spaces W; are equal to V; and f;(z;,v;) := fz(avz + v;) with

A

fz'i Vi — R holds.

A typical example is when the spaces V; form a nested sequence of finite dimensional spaces with
increasing dimension, e.g., constructed by a successive refinement process and the functions f; are
approximations of f, on V;. This is similar to a classical multigrid setting. Throughout this work
we are mostly concerned with such multigrid hierarchies and hence we will often use the terms
coarse and fine to distinguish between the spaces V.

Besides multigrid hierarchies, other choices of V; and f; are possible. Domain decomposition
methods like the alternating Schwarz method use a divide and conquer methodology to solve
problems (typically PDE’s) that are defined on a large domain by splitting it into smaller parts.
On each subdomain an approximation of the original problem is solved and its solutions are
merged to obtain an approximate solution of the problem on the whole domain. Assume that V.,
is a finite dimensional function space over a domain 2. We split 2 into (not necessarily disjunct)
subdomains {Q;}; and define V; as a suitable function space over €2; for all i. Since the elements
of V; are only defined on a part of the whole domain, the functions f; must be chosen suitably to
approximate f, on V;. A concrete choice is given in Example

Combinations of multilevel and domain decomposition approaches are also possible, e.g., an overlap-
ping domain decomposition approach with an additional coarse space.
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=~

Figure 2.1.: Two examples of a hierarchy

2.2.1. Function hierarchies

To use the auxiliary functions, they must be connected to f, and proper transfer operators between
the spaces must exists.

In order to treat all levels the same, we set W, = V,. and define the function f.: W, x V. = R by
fr(xp,vp) := fr(x, + v,), where the right-hand side is given by the objective function of problem
. Although both functions have the same name, no confusion should arise since the number
of arguments is different.

To describe the hierarchy, we define for every level index i the set of direct children nodes
N(i) c{1,...,r}, which can be empty. We use the relation j < i to indicate that there is a path
connecting level j and level i. More precisely, there is a sequence or chain of levels (j,1,. .., ln,?)
such that

jeN(), lg1€N(Ig), k=2,...,m andl, € N(i). (2.3)

From the definition it is clear that < is transitive, i.e., from j < i and ¢ < [ follows j < [.

We require the hierarchy to be a tree with level r as root node in the sense of graph theory. This
means especially that the path between two levels j,¢ with j < 4 is unique and that i < r for all
i=1,...,7 — 1. Furthermore a tree is circle free, i.e., from j < i follows ¢ A j. This and the fact
that the number of levels is finite imply that every chain between two levels is finite. By fii we denote
the maximum length of a level-chain that ends at level i, i.e.,

#i := max {0, mgg;) Is|},  S@) :={(li,....lm) |lm € N(i), lg—1 € N(lx) VE=2,...,m}.
seo(e

Here, |s| denotes the number of elements in s. If N (i) = (), we get i = 0. For j € N(i) it is easy
to see that fj < #¢ — 1 and hence #§r > i for all levels i.

Remark 2.1 We will often assume a multigrid level structure, where the levels are numbered
increasingly from the coarsest to the finest. In this case, we set N(i) = {i — 1},i=2,...,r, and
N(1) = (. Then j < i is equivalent to j < i and #i =i — 1.
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To connect the levels, for every pair (i,7) with j € N(i) there must be a restriction opera-
tor A
RZ: WZ' X Vi — Wj

and a linear and continuous prolongation operator
PJZ : Vj — V.

As a natural extension, we define a prolongation for every pair of levels (i, k) with i < k by
successive prolongation from ¢ to k:

k __ k lo Pl
Pi =B, PP

where (4,01,...,ln, k) describes the unique sequence of levels from ¢ to k in the sense of

E3).

In general, we allow that the prolongation operators Pj’ are not fixed, but depend on the current
iterate on level i. An example for this will be the active-set strategy for bound constrained
problems where we use slight modifications of the standard prolongation operators. Of course
this will also affect the operators Pf , which then depend on all iterates of the intermediate levels.
To simplify the notation we omit an additional iteration index.

The following examples will show how to concretely choose the spaces, the auxiliary functions
and the transfer operators in two different settings.

Example 2.1 (Obstacle problem) Let us consider a membrane with uniform tension 7 at-
tached to the boundary 99 of a domain  C R? above a rigid obstacle ¢ € H2(Q) with ¢ < 0 on
09. A vertical force with density 7f, f € L?(f), is acting on the membrane. If we consider only
small strains, the vertical displacement u of the membrane is the function that minimizes the
membrane energy

J(u) = ;/QHVuHde—/qudx

over the set U := {u € H}(Q) |u > ¢ a.e. in Q} of admissible displacements. Since U is closed
and convex, it follows directly from the Lax-Milgram lemma (see for instance [Bra07]) that this
problem has a unique solution.

Figure 2.2.: Obstacle problem

In the following, let € be polygonal. To discretize the problem, we start with a triangulation 77
of € with simplices t of diameter less than h;. Starting from this coarse triangulation, a sequence
of triangulations 75, ..., 7, of Q is created by uniform refinement with mesh sizes hg, ..., h,. This
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ensures that the sets of nodes N, i = 1,...,r, which consist of all vertices of T;, are nested. On
the triangulations we define conforming finite element spaces

S;:={uc C°%Q) |u=0on 09, u restricted to ¢ is affine linear for all ¢t € T;}.

Since the sets of nodes N; are nested, S; C Sy C --- C S, C H&(Q) holds. We now consider the
discrete problem

. 1 2
Join Jr(uy) == Q/QHVU’"H dz /qurdx

with the feasible set C,. = U, := {u € S, |u > ¢, in Q} where ¢, € S, is the nodal interpolant of
the obstacle ¢ satisfying ¢, (z) = ¢(x) for x € N,.. Notice that in general U, ¢ U. In the same
way, we can define functionals J;: S; — R on the coarser grids.

If ) is convex, one can show the estimate ||u* —u;||g1(q) < C(u*, f, p)h, for the error between the
continuous solution u* and the solution u; of the discretized problem, where h, is the maximum
diameter of the triangles in 7, (cf. [Cia78|, Section 5.1]). The constant C(u*, f, ¢) is independent
of the mesh size.

We now construct a valid multilevel hierarchy according to Section The child sets N (7),
i=1,...,r, are set as in Remark [2.1 We show two different ways how to define the spaces V;
and W; and the transfer operators between adjacent levels:

1. Set V, = S,, fr(vy) := Jp(v,) and
Vi =W; =5;, fl(l'z,vl) = Jl(l'l + Ui) fori=1,...,r—1.

Since the spaces V; are nested, we can use the identity id;_1: V;_1 — V; as prolongation
operator PLI. An element u; € S; can be restricted to S;_1 by means of a nodal in-
terpolation I;_1: H&(Q) — S;_1, l.e., u;—1 = I;_1u is the unique element that satisfies
wj—1(zi—1) = u(wi—q) for all z;_1 € N;—;. The restriction operators are now defined by

Rﬁ_l(:ri, v;) = Liq1(zi + ;).

2. Alternatively, one can use the coarser spaces S; together with the functional on level r. Set
Ve =Sy, fr(vp) := Jp(vr) and

V=8, W, =5, fl({El,UZ) = JT(IZ + Ui) fori=1,...,r—1.

In this case, we can use the identity by means of Rf_l(aci, v;) 1= x; + v; as restriction and,
as in the first case, the identity as prolongation operator.

The second approach has the disadvantage that in general the evaluation of f; is as expensive as
of f.

Alternatively, we can also build a hierarchy for an overlapping domain decomposition approach.
For this let the domain €2 be partitioned into r — 1 polygonal subdomains €2; such that = U’;ll Q;
holds. The intersection of two neighbouring subdomains is assumed to be non-empty. We set
N(r)={1,...,r—1}and N(i) =0 for i = 1,...,7 — 1. For simplicity, we assume that we have a
triangulation 7 of Q that is consistent with the triangulations of the subdomains, i.e., there are

10



2.2. Problem setting

subsets 7; of T such that Q; = Ute; t- The set of nodes of 7; is denoted by N;. On each Q; we
define a finite dimensional function space by

S; := {u € C°() | u restricted to t is affine linear for all t € 7;, u = 0 on 9N N Y}

fori=1,...,7 — 1, and by S, C H}(Q) the linear finite element space on ). Furthermore, we
set Si0:=5;N H} () for i = 1,...,7 — 1. There are natural extension operators P;: Sio = S,
which take local functions on §2; with zero boundary conditions and extend them by zero on
ui(x) if z € Q,

PZSrL —>Sr, Pl i =
0 (Prus) (@) {0 ifz e\

Similarly, we define for the restriction of elements u, € S, the operators R;: S, — S;, Rju, = ur|q,.
Both P, and R; are linear and well-defined since the triangulations are consistent. In the case of
nonmatching grids, the operators R; and P; can be defined by interpolation.

As in the multilevel scenario, at least two different possible constructions of hierarchies are possible:

1. Set VT:ST, WZ:Sl and Vi: 4,0 fOl"iZl,...,?“—l. Define fz by

filwi,v;) = ;/Q_”V(wi +v;)[|* dw — /Q [ (wi 4 v;) da,

the prolongations by P = P; and the restrictions by R. = R;.

2.8t V, =5, W, =5, and V; = S;p for i = 1,...,r — 1. Define the functions f; by
fi(xi, v;) := Jp(x; + Pv;). As in the multilevel case, the identity can be used as restrictions
R!. The prolongations are chosen as in the first setting.

Example 2.2 (Obstacle Bratu problem) We consider the nonlinear problem suggested in
[Mor90] given by

—Au < Ae"in Q, uw=0on J9, (2.4)
u < and (—Au — Xe")(u — 1) =01in (2.5)

where Q = (0,1)? is the unit square, A € R a parameter and C°(Q2) 3 ¢ > 0 an obstacle function.
We introduce a regular grid with mesh width (h;, hy) on Q and 99 by

Qn={(z,y) €eQlz=1i-hy, y=j-hy, i,j € L},
o, ={(z,y) €|z =14 -hy, y=17-hy, i,j € L}.
For simplicity, we assume that h = h, = h, and that for every (x,y) € Q) the neighbouring
points (x & hg,y £ hy) are contained in Qj, U 0€Q),. We are interested in approximate solutions

up: Qp U0Q, — R of (2.4) on the grid ;. We discretize the system by means of

—Apup < Ae, in Qp,  up =0 on 09,
up, < Yy, and (—Apup — Ae")(up — ) =0 in Q.

11
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Figure 2.3.: Stencil notation and different grids for hz = 1/8, ha = 1/4 and h; = 1/2.

Y Qp — Ris a grid function with i, (x,y) = ¥ (z,y) for (x,y) € Q. For the discretization Ay,
of the Laplace operator, we use the classical five-point approrimation:

1
—(Bnun)(2,y) = 15 un(z,y) —un(z = h,y) —un(e +h,y) —un(z,y = h) = un(z,y + h)]
1 -1
= |-l 4 1| up(z,y).
-1 i

The formula of the last line uses the descriptive stencil notation (cf., e.g., [TOS01l Wes92]). By
ordering the values of 0}, lexicographically, there is a unique representation of a grid function
up € Qp by a vector 4, € R™ with length n = |Q]. Other orderings of the grid points, e.g.,
red-black ordering, are also possible. In the following, we will not distinguish between the grid
function and its vector representation and simply write uy, for @y and vy, for ¥, when no confusion
can arise.

The operator —A}, is linear and can be represented by a symmetric matrix h=24; € R™*". Here,
the values of up on the boundary of 2 are considered to be zero, which is compatible with the
Dirichlet boundary condition. Finally we arrive at the following nonlinear system in R™:

h_2Ahuh < Aer, uy, < 1, and (h_2Ahuh — e uy, — ¢h> =0. (2.6)

Here, (-,-) denotes the standard inner product on R™. It is well known that Ay is irreducibly
diagonal dominant and hence positive definite [Hac92, Criterion 4.3.24]. If A < 0, the nonlinear
operator

Dy (up) = h_QAhuh — eMn

is monotone in the sense that
(@h(uh) — @h(ﬁh),uh — ﬂh) > 0 Vuh,ﬂh e R™.

&, is the gradient of the function ¢y, (up,) := %h_Q (up, Apup)—AY iy eUh and since ®;, is monotone,

¢p, is a convex function.

12



2.2. Problem setting

In order to show that solving the discretized problem is equivalent to an optimization problem,
we use the following well-known characterization of the solutions of bound constrained problems:

Lemma 2.1 Let B:= [l,u] C R" be a box with bounds | € R" U{—oco} and u € R" U {cc} [ If

x* is a local solution of

mip f(z)

and f is differentiable in x*, then
=0 forl < (z*) <¥,
€ B and Vf(x*)'{<0 foru' = (z*), fori=1,...,n (2.7)
>0 forll=(z*)!
is satisfied. Moreover, if | = —oo (analogously: u = 00), (2.7)) can equivalently be written as
zreB, Vf(@")<0 and (u—2",Vf(z"))=0. (2.8)

If f is convex and (2.7) or (2.8)) s satisfied for x* € B, then z* is a global solution of the
minimization problem.

A proof can be found for instance in [UUH99, Thm. 4.1].
Using o¢p,, can be written as
Von(up) <0, up <9y, and (Vu(un), up — bn) = 0.
Accordingly, Lemma yields that solving is equivalent to finding a solution of the problem

miﬂlg on(up) subject to  up < Uy,

up €
which is a bound constrained optimization problem in R".

Let us now assume that we have different grids 5,, ¢ = 1,...,r, and the grid-sizes satisfy the
relation 2h; 1 = h; for i =1,...,7 — 1; cf. Figure [2.3]for an example. We denote the associated
coefficient spaces by R™. A grid function up; € {24, can be prolongated to €2, , by standard
bilinear interpolation (Figure . In stencil notation we can write this operator as

{Pii—o—l} _ %

the adjoint operator relative to (-,-)p, and (-,-)p,
notation reads

.1 is the full weighting operator, which in stencil

[N
— N

hi+1—>hi

'The notation [I,u] = {z € R™ |l < x < u} is meant componentwise.
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2. A multilevel trust-region algorithm

Figure 2.4.: Prolongation by bilinear interpolation

To restrict a point we can use the full weighting operator or a simple injection which is defined by

IZ+1(uhi+1)(x7y) = Uh; 44 (m,y) \V/(ﬁ,y) € th'

In our trust-region algorithm we compare the reduction achieved by a step on a lower grid with
the reduction of the prolongated step. This suggests that the functions of our hierarchy should be
scaled such that ¢p, (up,) & én, (P up,). This is not the case for the functions ¢y, which is
easy to see when setting uj, = 0 where we obtain a factor 4 for each level. This can be avoided
by multiplying ¢p,, by hZ, which leads to the functions

A 1

n; .

T 2 b

on, (up,;) == iuhiAhiuhi — Ahj E e, i=1,...,7
j=1

The construction of a multilevel hierarchy is straightforward. Set N (i) as proposed in Remark
Vi = W; = R" with the inner product (+,-)n, and fi.(xi,vi) = ¢p,(x; +v;) fori=1,...,r. The
restriction operators are defined by RY™ ! (z;,v;) := I (i + ;).

2.3. A trust-region algorithm

The algorithm we present in this chapter uses a trust-region framework to ensure global convergence
to first-order stationary points. A comprehensive presentation of trust-region algorithms can be
found in the monograph [CGT00].

In each iteration, a trust-region method minimizes a simple local model of the objective func-
tion around the current iterate. Since the model is assumed to be a good approximation
only in a neighborhood of the current iterate, we seek for trial steps that lie inside a trust
region. The size of this trust region is adaptively controlled by the quality of the model’s
predictions.

Applied to problem ({2.2)), in each iteration k on level r a trial step s, is calculated which is an
approximate solution of the trust-region subproblem:

Smierllj myk(srk)  subject to ||sykllr < Avk, Vrk + spk € Cr, (2.9)
rk s
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2.3. A trust-region algorithm

where m,. j;, is a model of the objective function f,. at the current iterate v, € C, ||||» is a suitable
trust-region norm and A, > 0 is the trust-region radius. The trial step is required to produce a
“sufficient” decrease

pred, = m(0) = i (s,)

of the model function, which is called predicted reduction. Whether the algorithm accepts the
step, depends on the ratio p,;, between the actual reduction

aredr,k = fr‘ (U’r,k) - fr (Ur,k: + Sr,k)

and its prediction pred, ;. If the actual reduction is a sufficiently large fraction of the predicted
reduction, i.e., p, > 1m1 > 0, the step is accepted. Otherwise, the size of the trust region was too
optimistic and the trust-region radius for the next iteration is decreased by a factor v < 1 and
the step is rejected. If p,, is close to one, i.e., it satisfies p, > 72 > 71, the trust-region radius
for the next iteration is increased by a factor v; > 1.

A common choice for the model function m,.j, is the quadratic Taylor approximation of f, at v, .
This leads to the quadratic trust-region subproblem

1
i = —(H
sgler]l}TQT,k(sr,k) <gr,ka Sr,k> + 2( r,kSrk, Sr,k> (2'10)

subject to ||, kllr < Avk, Upk + Srk € C,

where g, 1 == fl (v, 1) is the first Fri;%chet derivative of f, at v, and H, € £(V;, V) the second-
order Gatel; %2ux derivative, or a suitable symmetric approximation of it.

Depending on the structure of the feasible set C)., there are many well-known algorithms to
find good approximate minimizers of the subproblem , e.g., for problems with simple
bounds [CLI6, [UIb01]. If, however, the number of unknowns is large, these algorithms become
expensive. In the multilevel trust-region algorithm one would like to use the coarser spaces
Vi, i € N(r), and the auxiliary functions f; by defining a lower-level trust-region subprob-
lem

3161]1511 hi(si) subject to || P s;|lr < CAy g, vrp+ Pisi € Cy, (2.11)
where h; is a model of f, on the space V; near the current iterate v, and C' > 0 a constant. Besides
the quadratic subproblem, can also be used to calculate trial steps if it “is appropriate’ﬂ A
step s; . that approximately solves this problem is then prolongated to level r. As in the standard
case, the size of the ratio between the reductions of h; and f, decides whether the step is accepted
and how to change the trust-region radius.

An obvious drawback of is the fact that the evaluations of the constraints are made on
the finer level, which generally is too expensive. Therefore, we do not use this problem directly.
Instead, we relax the constraints such that its evaluation can be solely done on the lower level
and the new feasible set is a subset of the feasible set of problem . This will be discussed in
the next sections. Before that we render more precisely what properties the lower-level models h;
must satisfy.

2We will discuss a sufficient condition when to use such models in Section m
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2. A multilevel trust-region algorithm

2.3.1. The lower-level model

Contrary to the first conjecture, the function f; itself in general is not appropriate as model
function h; on the subspace V;. Without being as general as possible, we will now motivate a
condition that must be satisfied by the lower-level models. The idea of trust-region methods is
that the agreement between the model and the function increases as the trust-region radius tends
to zero. At least, we would expect that in descent directions s; of the model the fraction p;.
of the actual and the predicted reduction tends to one if the length of the step tends to zero,
ie.,

lim fr(vr,k + PiTSi) - fr(vr,k)
[ls:|—0 hi(si) — hi(0)
(R(0), 1) <0

=1. (2.12)

From the assumptions that f, and h; are Fri;'chet differentiable and the prolongation P is
linear and continuous, we obtain

o It Prs) = frlok) _ L (Fnk), Psi) + ol P sill) _ fr(vee), B si)
Isi]l =0 hi(si) — hi(0) [l —0 (R;(0), si) +o(lsill) (h;(0), si)
(h}(0),s:)<0 (h;(0),8:)<0

Hence, a necessary and sufficient condition for (2.12)) to hold is (f/ (v, k), P si) = (h;(0), s;) for all
si € V; with (h}(0), s;) # 0. This leads to the following definition:

Definition 2.1 A continuously differentiable function h;: V; — R is a lower-level model of
hi: Vi = R at v;, if j € N(7) and

(R5(0), 55) = (hi(vir), Pis;) Vsj €V (2.13)

Remark 2.2 This condition is slightly stronger than it is necessary to prove global convergence.
It would be enough to demand that the error

(h5(0) = (P})"hi(vi), 55)

is small in a certain sense, see, e.g., [CGT00L Section 8.4] for conditions in the standard case. In
practice it is no strong restriction to assume (2.13)) instead.

A trivial example for a lower-level model of f, at an iterate v, is given by the function
hi(si) == fr(vyr + P'si), which has the obvious disadvantage that its evaluation is in general as
expensive as evaluating the original function.

A more reasonable lower-level model of f;,. consists of the function f; and an additional first-order
correction term:

hi(si) := fi(zi, i) + ((P))" fr(vrg) — fi(2i,0), 50, (2.14)

where x; := RL(0,v,4) is the development point. Besides models of f,., we also (recursively)
need models of models. Assume that h; is a model on level ¢ and z; € W; its development
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point. Then the first-order corrected model on level j € N(i) at the point v; is given
by

hi(s;) = fi(xj, 85) + (PO Ri(vig) — f}(x5,0),85), x; = Rl (2i,v3)- (2.15)

These models are widely used in multilevel optimization methods, for example in [Nas00, (GST08,
WG09).

Remark 2.3 First-order consistent models are also commonly used in approximation/model
management optimization (AMMO) [ALO1]. Here, low-fidelity models fj, are used to calculate
steps for a high-fidelity model fj; inside an optimization algorithm. To ensure first-order consis-
tency, a modification of f;, similar to is often used, the S-correlation approach [CHGK93].
For this, one defines the scaling factor 3(s;) := fr(vrr + Pl si)/ fi(RL(0,v,.1), s;) and builds a local
model 5. of 5 at s; = 0:
Be(si) = B(0) + (VB(0), 5i).

A straightforward calculatlon shows that h’B (i) == Be(i) fi(RL(0,v,.), 8;) is a lower-level model

of f at v; which satisfies . In comparison to (2.15)), these models can only be used when
Ji(RL(0,v,1),8i) # 0 holds.

In [GMS™10], lower-level models that are second-order correct were introduced. Besides (2.13)),
these models also satisfy

(1 (0)s),55) = (] (vik) s, Pisj) Vsj € V. (2.16)

By appending an additional second-order correction term to (2.15)), we obtain a second-order
corrected model of h; at v; j:

hj(s;) == fj(zj,85) + <(P?)*hé(vi,k) - f;(xja0)75j>
1 i ;
+5 <((P) hi (k) Py — £} (24,0))s5,55), ;= Rj(zi,vix).
Remark 2.4 The models (2.15)) are also implicitly used in standard nonlinear multigrid methods,
e.g., the Full Approzimation Scheme (FAS) (cf. [Bra77]) or the Nonlinear Multi-Grid Method

(NMGM) described by Hackbusch in [Hac85, Ch. 9]. For simplicity, we will illustrate the connection
only on the basis of a two-grid FAS method, the transfer to more levels is straightforward.

(2.17)

FAS is a method to solve nonlinear systems of the form Ly(v3) = 0, where Lo: R™ — R"2 is
the discretization of a nonlinear differential operator. A typical example is the mildly nonlinear
operator ®j, introduced in Example It assumes that a coarser discretization L;: R™ — R™,
n1 < ng, of Ly and proper prolongation and restriction operators exist. Starting from an iterate
v20 the two-grid iteration consists of two steps:

1. Smoothing: vy = Sa(v2), where Sy is a smoothing operator, e.g., a nonlinear version of
the Gaui;'.-Seidel iteration.

2. Coarse-grid correction: The current iterate is restricted to the coarser grid, z; = R%’Ugyl,
and a step v} that (approximately) solves the system

Li(xy +v1) = Ly(x1) — (PE)*La(va1) (2.18)

is calculated. Set v99 = va1 + vaf.
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As we have done it here, it is possible to choose different restrictions for the residual La(vs,.)
and the point vy .. Typically, the adjoint of the prolongation operator with respect to a properly
scaled Euclidean inner products is used to restrict the residual (cf. Example [2.2)).

We will now formulate the FAS method in our (unconstrained) optimization context. For this
purpose, we assume that the equations L;(v}) =0, ¢ = 1,2, can be written as f/(v}) = 0 where f]
is the derivative of a function f; (cf. Example . The nonlinear Gauij 2-Seidel step can be
formulated as cyclic coordinate search: Starting with ¢ = 1 and v9 9,9 = v2,0 We successively seek
for all i =1,...,n2 a minimizer ¢} of the function ¢;(¢) := f2(ve,0,i—1 + te;), where e; is the i-th
coordinate direction, and set vgg; = v2,0,,—1 + t;e;. The iterate v is then set to the resulting
vector v2 0 ,. For the coarse-grid correction, we define a lower-level model of the type
by hi(v1) := fi(z1 +v1) + (v1, (PE)* f4(v21) — fi(x1)), where z1 = Riva1. A solution v} of the
problem

in h
moin hy(v1)

satisfies ) (vy) = 0 and hence
filr +v1) = fi(z1) — P5 fa(va,), (2.19)
which is equivalent to (2.18]).

Remark 2.5 If we use the second-order corrected models (2.17)) instead of (2.15)) in the previous
remark, we obtain a different nonlinear multigrid method. A straightforward calculation shows
that the resulting algorithm is just the method MNM (Multilevel Nonlinear Method) proposed in
[YDO6].

2.3.2. The lower-level trust-region subproblem

The lower-level trust-region subproblem ([2.11]) has some disadvantages that make it hard to solve:
On the one hand, both the trust-region and the feasibility condition are evaluated on the space
Vr, which is contrary to the effort of using a space with lower dimension for the subproblem. On

the other hand, the trust-region condition is not in standard form, which could make it hard to
handle.

Therefore, we simplify the subproblem in the following way: First, we introduce level dependent
norms ||-||; that are compatible with the prolongation operators in the sense that

|Pis;lli < Cplls;ll; for all s; € C; and j < 4 (2.20)

with a level-independent constant Cp > 1. We call a constant level-independent if it does not
depend on the level and does not deteriorate if the number of levels goes to infinity. We replace

the first constraint of (2.11)) by
[silli < A

All iterates that satisfy these conditions also satisfy the original trust-region constraint with the
constant C' = Cp.

Second, the constraint
v+ Pls; € C,
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of problem ([2.11)) is replaced by the requirement s; € C;, where C; C V; is a closed and convex
set that satisfies

0e€C; and v+ FPs; € G, forall s; € Cj. (2.21)

An obvious choice for C; is the convex set C"**(v,.1) := {s; € Vi|vrp + P{'s; € C,}, which is
just the set used in (2.11)). This choice has in general some computational disadvantages: To
check whether an element of V; is also an element of Cj"®*, we must prolongate the element
and make an evaluation on the fine level, which is expensive. Furthermore, if the set C, has
a special structure, for instance is given by pointwise bounds on the variables, the set C;"®*
will in general lose this structure. This is in most cases not desired, because then we have to
use a different class of algorithms to solve the trust-region subproblems. We will discuss in
Section how to construct suitable lower-level sets for the typical case that C) is given by
pointwise bounds.

Summarizing the above, we obtain a simplified lower-level trust-region subproblem

min hz(Sl)
S €V (222)
st |Isilli < Ak, si € G,

where all evaluations are made on the space V;. In the following, if we use these subproblems,
we call the resulting step a multilevel step. Otherwise, if (2.10) was used, we call it a Taylor or
smoothing step.

In general, h; is a non-quadratic function so that we cannot use standard trust-region subproblem
techniques to compute a step for . However, the problem is similar to , except for
the additional trust-region constraint. Therefore, we calculate steps for using the same
trust-region method, where we use either a quadratic model of h; or again recursively a lower-level
model of h; on a level j € N(i). This is achieved by calling the algorithm on level i with the
function h;, the convex set C; and by setting the initial trust-region radius A; g to A, ;. In order
to ensure the trust-region constraint in for the final step, we demand that every successive
radius Az‘,k’ satisfies Ai,k’ < A@o - ”Uz',k’ — Ui,OHi'

Remark 2.6 Another way of dealing with the additional trust-region constraint is to merge it
into C; by defining the new feasible and convex set C; = C; N {si||lsilli < Aio}. This was done in
[GMTWMO08] where problems in R™ with pointwise bounds were considered and the trust-region
norm on every level was given by the maximum norm ||-||s. In this case, the resulting set C;
can also easily be described by pointwise bounds. In general however, the disadvantage of this
approach is that if C; has a special structure, the set C; will lose it. As an example, consider
the case in R” of an Euclidean trust-region norm and a box C;. In particular, this could lead to
problems when constructing a new lower-level set C;, j € N (7).

Level dependent norms

As outlined in the last section, the simplified lower-level problems use level dependent norms.
Because of condition ([2.20)), they depend on the norm on level r.
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If Vs, i =1,...,r, are Hilbert spaces with inner product (-,-);, we can identify the dual space
V¥ with V;, which follows from the Riesz representation theorem. In this case we assume
that the prolongation operators P]Z maps from V; to V; = Vi and the adjoint (Pj’)* satisfies
(955 Pj?sj)i = ((P]’)*gl, s;);. In this setting, one can use the norms defined by ||s;||; := /(M] s;, 5;)
with the self-adjoint operator M := (P])*P;. The norm is well defined if P is injective
and it is easy to see that with Cp = 1 holds. This type of level dependent norms was
first introduced in [GSTO§| for the special case of the Euclidean norm in R™. As we will later
see in the case of bound constrained programs, our prolongation operator can change in each
iteration. This leads to higher computational costs because the operator M, has to be recalculated
every time a coarser grid is entered. Even worse, it can happen that the prolongation is not
injective and thus the norm is not well defined anymore. In these cases other norms are more
suitable.

In a typical multilevel scenario, the spaces V; form a nested sequence as for instance in Example [2.1]
In this case, the natural prolongation operator is the identity. Hence, every norm on the finest
space V, could be used as level-dependent trust-region norm. Obviously, is satisfied in this
case. In Example [2.1 the H!(Q)-norm would be a feasible choice.

Let A € R™™ be a matrix. The operator norm ||A||,, z € {1,2,00}, that is induced by the
corresponding vector norm ||-||, is given by

Ax
Al = sup 1AL,
zeR™ ||$Hz

In the setting of Example[2.2] it is easy to see that the operator norm of the prolongation operators
satisfies || P/™!||o = 1. Hence, if the maximum-norm is chosen as trust-region norm on each level,

(2.20) is valid with Cp = 1 because
k k k l2 pl k !
1P sille = P silloo = 1F%,, -+ B2 Byt silloo < (1B, lloo - 1P ool illoo = llsill:-

The well known inequality ||A]|3 < || Allso||A[l1 (see for instance [GVL.I6), Corollary 2.3.2]) allows us
to estimate the Euclidean norm of the prolongation operators by | P/ 13 < || P/ s | P/ < 4.
This is what we expect considering that n;41 ~ 4n;. If we choose [|-||; = |||z for i = 1,...,r,
assumption is satisfied but only with the level dependent constant Cp = 287, A better choice

are the norms induced by the level dependent inner products (-, -)p,, i.e., ||-[[i == 1/ (-, )n, = hill-||2-
They satisfy

1P/ sillivn < hia | PP 2l sillz < hallsill = Nlslli, i=1,...,0 =1,

and thus (2.20) with Cp = 1.

2.3.3. Stationarity measures

Before we introduce stationarity measures, we recapitulate the first-order necessary optimality
condition for the problem

min h;(s;), (2.23)

$;€C;

where Cj; is a closed and convex set.
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2.3. A trust-region algorithm

Lemma 2.2 Assume h;: C; = R, C; # () convex, is a Gij%teauz differentiable function and let

s7 be a local solution of (2.23), then
st eC; and (hi(s)),si—sf) >0 foralls; € C;. (2.24)

PROOF See, for instance [HPUU09, Theorem 1.46].

We call a point s that satisfies (2.24)) a stationary or KK T point of (2.23)).

In this thesis, we use the concept of stationarity measures to check for first-order convergence:

Definition 2.2 A continuous function y;: C; — Ry, C; convex, is called a stationarity measure
for problem ([2.23) if it satisfies

Xi(si) = 0 if and only if s; is a KKT-Point of (2.23)). (2.25)

In the unconstrained case, i.e., if C; = V;, the norm of the derivative is the most commonly used
stationarity measure:

xi(si) = [[Ri(si)llvz-
Depending on the concrete setting, other choices for the norm are possible.

If V; is a Hilbert space, an example of a stationarity measure in the constrained case is the norm
of the projected gradient:

Xi(si) = ||si — Proje, (si — Vv, hi(s:))llv;- (2.26)

Here, Vy,h;(s;) is the representation of hl(s;) with respect to the inner product on V;, i.e., we
have the identity
(hg(si), Ui> = (Vyihi(si),vi)yi for all v; € V;.

The existence of such an element is just the assertion of the Riesz representation theorem.
By
Proj, (d;) = arg min |lu; — d;l|y,
u; €Cy
we denote here the V;-orthogonal projection of d; onto C;.

Another measure mentioned in [CGT00] in the case of R", which was also used in conjunction
with multgrid optimization in [GMTWMOS], is defined by

0oy — | 1) o
W(si) o= | nf (his), ) (227)
Idill v, <0

where 6 > 0 is a fixed constant.

Lemma 2.3 Let C; C V; be a nonempty, closed and convex set and h;: C; — R a continuously
differentiable function.
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2. A multilevel trust-region algorithm

. Let V; be a Banach space. The function X? defined by (2.27) is a stationarity measure.

. Let V; be a Hilbert space. Furthermore, let Vy,h;i(v) be the representation of hi(v) € V}

with respect to the inner product on V;. The function x; defined by ([2.26|) is a stationarity
Measure.

Proor 1. We first show that x? is well-defined. We set

22

F(si) = o dnt  (hi(sq), di).
lldillv, <0

For a fixed s; € C;, F{(s;) is bounded below by —8| k. (s;)]

V: because
[(hi(si), di) | < [ldallv,l1Ri(si)llv; < Ol (sa)lvz-

Hence, x¢ < oo is satisfied.

Inserting d; = 0 in the definition of F; shows that ﬂe(si) < 0 for all s; € C;. This gives
X?(sz‘) =0 < (hi(s}),d;) > 0 for all d; with sf + d; € C; and ||d;||y, < 6. Because C; is
convex, this is equivalent to (2.24)).

It remains to prove that X? is continuous, which is equivalent to the continuity of Ff. Let
s; € C; and € > 0 arbitrary. Since h/ is continuous we get for £ = £/(26), a 0 > 0 such that
|hi(si) — hfi(§i)\|vi* < ¢éand M > 0 with Hh;(‘gl)HW < M for all

5 € Bs(s:) == {s € Vi||ls — sillv, <3}

Set § = min{g, e/(4M)}. Let s; € Bs(s;) N C; and (di‘c)keN C D(s;) :=={d; € Vi|s; +d; €
Cs, |ldilly, < 6} be a sequence such that (h/(s;),d¥) — F?(s;) for k — co. For each d¥ we set
d¥ :=0/(5 + 0)(d¥ + s; — 5;). Note that d¥ € D(5;) because C; is convex and 0/(5 + 6) < 1.
We estimate

[(Bisi), dF) = (i(5), d)| = |(Ri(s) — hi(5i), df)
@+ 0)7 [(his0), df) — OUi(5), 5 — 5)] |
<EQ+ M(5+60)71200 < e/2+2M6 < e.

Since (d¥) is a minimizing sequence and F?(5;) < (h.(5;),d¥) for all k, it follows that
Ff(5;) < FY(s;) + . Similar by considering a minimizing sequence (d¥)gen for (h%(5;),-)
and choosing suitable d¥, we obtain FY(s;) < F/(5;) + ¢ with the same . This shows
|Ff(s;) — F(5;)] < e for all 5; € Bs(s;) N C; and thus the continuity of x?.

. Let s7 € V; with x;(sf) = 0. From the definition of y; follows

Xi(s7) = 0% |[sj — Projg,(si — Vy,hi(si))llv, = 0 < Proje, (si — Vv, hi(s7)) = s;.
Now let s; € C;, then with the Projection Theorem we obtain

(hi(s7)ssi = s7) = (Vv hi(s)), 50 = s7)v, = ((s7 = Vv, ha(s))) — 87,87 — si)y, > 0.



2.3. A trust-region algorithm

Hence, s} is a KKT-Point. On the other hand if (s} — Vh;(s}) — s}, sf — si)y, > 0 for

1%
all s; € C;, from the alternative definition in the Projection Theorem it follows that

s; = Projc, (sf — Vy,hi(s})). Hence, x;(s7) = 0 if 57 is a KKT-Point.

The projection in a Hilbert space on a closed and convex set is continuous (cf. Lemma [A.1])
and since h; is continuously differentiable, the continuity of x; follows. O

Remark 2.7 If V; is a reflexive Banach space, then for every s; € V; exists d; € C; with
|d¥||y, < 0 that realizes the minimum of (2.27)), i.e.,

(hi(si),di) = min_(hi(s;), d;).

This result is a straightforward conclusion of Theorem [A-3]and Lemma [A-2]

The next lemma shows that if the projected gradient is well defined, there is a correlation between
both stationary measures.

Lemma 2.4 Let V; be a Hilbert space. Under the assumptions of Lemma 2., the projected
gradient p(s;) := Projc,(si — Vy;hi(si)) — s; is a solution of

siﬂ§20i<h;(si)’ di) = min (Vyhi(si), di)y, (2.28)
lld:illv, <0 lldillv, <6

with 6 = [[p(s0) ;.

PRrROOF In the following we use the set D; := {d; € V;|s; +d; € C;, ||di||y, <0}. If df € D; is a
solution of (2.28]), then
(Vyihi(si),df)yi S (Vvihi<8i), dz)VL = (—Vyihi(si), d;k — di)y. Z 0 fOI‘ all di S Di.

7

Let d; € D; be an element with ||d;||y, = 6. For every d; € D;,

(=Vv,hi(si), di — di)y, = (=Vy,hi(si) — di, di — di)y, + (di, di — di)y,
holds. Since
0 < |ldi — dill, = l1dall5, + l1dall5, — 2(ds, di)y, = (ds, di)y, < 6%,

it follows that (—Vvihi(si), CL — dz)Vl > (—VVZhZ(SZ) - CL‘, CZZ - dz)];z Setting JZ = p(Si) and using
the Projection Theorem ((A.2]) yields

(Si_vvihi(si)_Projci(si_vvihi(si))yProjci(Si_vvihi(si))_(3i+di>)V,- >0 for all s;+d; € C;.
Hence, we get (—Vy,hi(si), p(si) — d;)y, > 0 for all d; € D;, which shows that p(s;) is a solution

of (2:28). 0

Both stationarity measure can be quite expensive to evaluate depending on the space V;. In our
typical setting, where V; is a finite dimensional subset of H!(£2), the computation of the projected
gradient involves the calculation of a representation and the projection with respect to the inner
product on H'(£2), which is very expensive. In Chapter [4] we will therefore consider a typical
multilevel setting and introduce a multilevel stationarity measure which is well suited and could
be evaluated relatively cheap in a concrete implementation.
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2. A multilevel trust-region algorithm

2.3.4. Cauchy decrease condition

A trust-region algorithm is expected to converge to a local solution only if the trial steps produce
a sufficiently large decrease of the model function. A well-establish way to impose such a
condition is the requirement that the decrease provided by the trial step should be at least a
fraction of the Cauchy decrease. In the unconstrained case, the Cauchy decrease denotes the
maximum model reduction along the steepest descent direction of the trust-region subproblem.
We impose the following fraction of Cauchy decrease condition for every Taylor step s; 5 in our
algorithm:

[ xi(vik)
predix = —q; 1(8ik) > Fmde Xi(vVi,x) min [1, Z(ﬂ(j 7Ai,k:| : (2.29)
with constants Knge > 0 and S¢ > 1. One of our goals in the construction of the algorithm is
the level-independence in examples like Example or For this it is necessary that the
constants which appear in the condition must not depend on the level and the mesh-size of the

discretization. In Chapters 3| and [@ we will analyse various algorithms that approximately solve
the trust-region subproblems, which satisfy (2.29)).

We will see in the convergence proof of the trust-region method that a condition similar to
(2.29) with different constants also automatically holds for the multilevel steps in our algo-
rithm.

2.3.5. Smoothness property

In classical multigrid theory, the usage of coarser grids is only reasonable if the error is smooth
enough. A similar problem occurs for the multilevel step. From the definition of the lower-level
models follows for the derivative at the origin of a model h;

h;(0) = (P})"hi(vi).

In most applications, the kernel of (sz)* is much larger than its range. In Example the
prolongation operators P;H map from R™ — R™+! where 4n; =~ n;+1. The prolongation is
injective and hence from ker((P/™1)*) = image(P/ ™)+ follows dim(ker((P/™1)*)) ~ 3n;. So it is
possible that the origin is already a (nearly) stationary point of the lower-level model h;. In this
case, we cannot expect a good step that produces a reasonable descent of the lower-level model.

A similar problem can occur if the feasible set C; of the simplified lower level problem
is too small compared to C;. This depends of course on the construction of the lower-level set,
but even in the case C; = C7*** the set could be equal to {0}. Consider as an example for this
Figure where on level 2 the set Cy = [l2, us], the shaded area, consists of pointwise bounds
on the steps. As prolongation we use standard linear interpolation. There are non-zero steps in
this set, e.g., the step s2 as shown in the figure. But on the lower level, every step in C}"** must
be equal to zero, because otherwise it would violate either the lower or the upper bound at the
nodes that are also on the coarse grid.
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Figure 2.5.: Example of a zero set CT"** on level 1

These considerations motivates that we only should use the lower-level models on level j € N (i)
when its origin is not “too stationary” in comparison to the current iterate. Indeed, it turns out
that a sufficient condition, which guarantees an adequate descent of the multilevel step, is the
following smoothness property:

X;(0) > kyxi(vig), 0<rky <L (2.30)

When this condition is not satisfied, we make a Taylor iteration. In comparison to usual trust-
region methods we will not try to solve the trust-region subproblem as good as possible. Instead,
we use a cheaper algorithm that has a smoothing effect such that is more likely to be fulfilled
in the next iteration. Of course these steps must satisfies the Cauchy decrease condition. We will
see in Chapter [3]and Chapter ] that the violation of the smoothness property is important to show
for the smoothing steps. The situation is different for Taylor steps on the coarsest levels
where N (i) = (). In this case we use a standard algorithm to obtain a step which approximately
solves the trust-region subproblem.

2.3.6. The algorithm TRMLConv

After these preliminaries, we formulate the complete algorithm:

Algorithm 2.1 (TRMLConv(z, h;, A;o, Zi, C;))
Choose 0 <1 <m2 <1, 71 > 1, 72 <1, ky €(0,1] and

X>0,0<ef <1 fori=1,...,r

Step 0: Initialization
Set k=0. If i =r, set v.0 = 2, and x, = 0, otherwise set v; o = 0 and z; = Z;.
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2. A multilevel trust-region algorithm

Step 1: Model choice
If N(i) = 0 (coarsest level), go to Step 3 (Taylor step). If (2.30) and

x;(0) > e} (2.31)

are satisfied for at least one j € N (i), go to Step 2 (Multilevel step) or Step 3. Otherwise,
go to Step 3.

Step 2: Multilevel step computation
Choose j € N(i) and define a lower-level model h; of h; at v; j, such that and
are satisfied. Furthermore, determine a transfer operator P;: V; — V; and a
convex set C; such that conditions are satisfied. Call

TRMLCOHV(j, hj,Ai7k, Rz (:L’i,’t)i7k), CJ)

which returns with a step v; ..
Set six = Pjvj. and pred; = h;(0) — hj(vj«). Go to Step 4.
Step 3: Taylor step computation

Choose an approximation H,; € L(V;, V)) of h(v;). Compute an approximate
solution s; j of the trust-region subproblem

1
i ) Y = (R (v ) “(H: .s; X
Sgiller%}in,k(sz,k) <hz(vl,k’)7 Sz,k) + 2( i,kSiks 31,k> (232)

subject to ||s; klli < Ak, vig + sik € Ci,

that satisfies the fraction of Cauchy decrease condition (2.29). Set pred;r = —¢; k(sik)-

Step 4: Acceptance of the trial point
Set ared; = hi(vix) — hi(vig + six) and pyp = ared; i /pred; .
If pi . > M, set v; g1 = Vi + Sk, otherwise set v; 41 = v; 1. Define

MnAik if pig > 2,
Afy=1q A i < pig <y (2.33)
Yo Aik i pik <1,

and set
. min {A:rk, Ai,O — ||'Ui,k+1||i} ifi < T,
Step 5: Termination
If X (vi 1) <eforif i <rand
lvigsalli > (1 =) A, (2.35)

return with v; 1. Otherwise, set k <— k + 1 and go to Step 1.
One is also free to terminate if 7 < r and at least one successful step was already made.
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2.4. Global convergence

The algorithm on level r is started by calling TRMLConv(r, fr, Ayo, &, C;), where A, ¢ is the ini-
tial trust-region radius and Z, the initial point of the algorithm.

Remark 2.8 For the evaluation of (2.30)) in Step 1 we actually have to construct the lower-level
model h; and the convex set C;, which must be the same as in Step 2 of the algorithm.

Remark 2.9 If we make a multilevel step at level ¢ in iteration k and enter level j € N(i), the
initial trust-region radius A; o satisfies A;g = A; ;. This fact will often be used in the following.

Remark 2.10 The trust-region update rule (2.33]) can be altered in various ways without changing
the global convergence properties of the algorithm. For instance we could allow the following,
more general update rule:

(Ad 714 k] if i > 12,
Choose Aik € ¢ 72k, Aigl] it m < pik <mne,

(130 12 Qi) if ik <M,

with an additional constant 3 < 2.

Remark 2.11 Condition (2.31]) ensures that we have to make at least one successful step on the
coarser level before the algorithm terminates.

In the following, we call an iteration (i, k) successful (very successful) if p; i, > m (pir > 12) in
Step 4 of the algorithm, otherwise we call it unsuccessful.

2.4. Global convergence

The proof of global convergence follows the classical proofs of trust-region methods, but the
methods are more technical. On the one hand, this is because of the multilevel setting, on the
other hand it comes from the need to obtain estimates that are independent from constants that
become worse as the number of levels increases. One example is the norm of the Hessian matrices
of the fine level function. In the classical theory it is common to demand that these norms are
bounded by a constant that occurs in many places of the proof. For multilevel optimization
problems like Example [2.1| the discrete L2-norm of the Hessians is of size O(h~2) where h is equal
to the mesh size. As we will see later, this is also important for the choices of the stationarity
measure and the level dependent trust-region norms.

The first lemma shows that a step generated by Algorithm violates the trust-region condition
at most by the factor Cp from (12.20)).

Lemma 2.5 Let the trust-region norms ||-||; satisfy (2.20) and let s;, be generated by Step 2 or
Step 3 of Algorithm . Then ||s; k|l < CpA; 1 holds.

Proor If s;;, is generated by Step 2 of the algorithm, the assumption follows directly from
(2.22). Hence, in the following we assume that (7, k) is a multilevel iteration on level j € N (i) and
Sik = P}Uj,*. Without loss of generality, we assume that iteration (x — 1) is the last successful
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2. A multilevel trust-region algorithm

iteration on each level. Therefore, s;, = Pjvj7* = Pj(vj7*_1 + 5j4-1). If 5541 is a Taylor step,
we obtain
[siklli < Cpllvju—1 + sjs-1llj < Cp(lvjs—1llj + Ajs1)-

From ((2.34)) it follows that Aj .1 < Ajg— ||vj«—1]|; and thus ||s;x]|i < CpA; .

If instead s;+—1 is a multilevel step, we further decompose the iteration until we reach a level [,
lm <11 = j, where the last successful step was a Taylor step. We get

; I
Sige = Pl (Vi1 + P (Vg1 + P2 (oo + P (0 et + Sipie1) - -2))

m
=D Phs1+ Pl Sl
k=1

With (2.20) follows

m m
Isiglli < D NPy s—tlli + 1P st setlli < Cp > (lvigs—tlliy, + I8t e1ll)
k=1 k=1
m
< Cp Y (log il + Auype—1)-
k=1

Repeated application of (2.34) for the iteration *« — 1 on levels I, l;—1,. .., 11 yields

m—1 m—1
lsigelli < Cp Y (ol + Ai0) = Cp D7 (v sl + Aty em1)
k=1 k=1
<. =0p(lvjully + Aju—1) < CpAig. U

Corollary 2.1 All iterates vj, with j <r generated by Algom'thm satisfy ||vjk
In particular, if s;x = Pjvj. is a multilevel step, |[vjll; < CpA;y holds.

i < CPAjo-

Proor Since v;jo = 0, the assertion is true for k£ = 0. Hence, we assume k& > 0. Using the
previous lemma, (2.34) and Cp > 1 we conclude

viklly < llvjk—1lly + Isjr-1ll; < [lvje-1ll; + CPA; k-1
< (1= Op)llvjp-1ll; + CrAjo < CpAjo.

The second statement now follows directly from Remark [2.9] O

For the global convergence theory we need further assumptions on the lower-level model functions
h;. First of all, we assume that h; possesses the same differentiability properties as the functions
v; — fi(x;,v;). This means that all models h; are continuously differentiable and that the
second-order Gateij4ux derivatives exist and the mappings v; — h!/(v;)[s, s|] are continuous for
all directions s € V;. This is obviously satisfied for the first- and second-order corrected models

and (ZT7).
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The other assumptions concern the approximation of the Hessian used in the quadratic model.
We assume that there exists a constant §; > 0 such that for all ¢ € {1,...,r}, iterates v; ,, € Cj,
feasible steps s; and ¢ € [0, 1]

[(Hige = B (vige + tsig))sik, sig)| < 281150 kll7 (2.36a)

is satisfied, where H;j, is the approximation used in the quadratic trust-region subproblem
at the point v; ;. Note that from the definition of the algorithm h, = f, follows. The second
assumption is needed for the multilevel step and demands that for all ¢ with N (i) # 0 and all k
the Hessians of the lower-level models h; of h; at v;j are related in the sense that for all v; € Cj
and t € [0,1]

(R b0 — (P B i+ EPi0) Py, )] < 28]l (2.36)
holds.
Remark 2.12 If (2.364)) is satisfied for H;j = h!/(v; ) and
((R1(0) — (PiY R (o PiYog,05)] < Cllugll? - for all v € €, (237
holds for all iterates v; , assumption (2.36bj) is also satisfied:
(R (tvj) = (P})* By (vi g + tPjv;) P})vj, v5)]
< [{(h] (tvs) — (P})*hﬁ;/(vi,k)P})Uj’UjH + |<(P'})*(h§'(vi,k).— hi (vi g + tPf“j?ﬂ?%“jH
< (R (tog) = B (0))vz,v5) | + [((R5(0) = (P)*hi (vige) P vg, v5) | + 261 ]| Pj 17
< 251||vg||2 +Cllojl1 + 251079”%”2 (251(1 +C%) + O)llv]13.

This shows ([2.36b]) with S = 251 (1+ CP) + C'. In the case of second-order corrected models, e.g.,
when using the model defined by (2.17]), assumption (2.37) is satisfied with C' = 0, which follows

directly from (2.16)).

The last assumption on the models is only needed to ensure that the algorithm terminates after a
finite amount of time and is always satisfied if the spaces V; are finite dimensional, which is the
typical case. The models h; must be bounded below on every ball BA(0) := {v; € Vi | |lvils < A}
with 0 < A < oo. If V; is infinite dimensional, this must not necessarily be true since balls
are not compact. However, even in this case the assumption can be shown for the first- and
second-order corrected models if all functions f; are bounded below and the trust-region norms
||-||; satisfies ||v;||y, < C|lvs||; with a fixed constant C' > 0. Let hj, j € N(i), be a second-
order corrected model of h; at v;. Since f; and h; are twice Gi'4teaux differentiable, we can
estimate
1

hi(vg) = Fi(g05) + (P hi(vs) = £z, 0),05) + S{((P)) "B (vi) P} = £} (25,0))s5, 85)

> fi(zj,v5) = (P hi(vi) = £i(25,0) Vs llvjllv, = 1(P])*hi (vi) P} = £} (@5,0) [l v, v 05113,
> fj(a:j,vj) — C(vi, zj) max {1, A%},

_l’_

where C(vj, ;) is a constant that does not depend on v;. Since f; is bounded below, this shows
the assertion for second-order corrected models. The argumentation for the first-order corrected
models is nearly identical.
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2. A multilevel trust-region algorithm

For the upcoming results, we generally assume that all lower-level models used in Algorithm
satisfy (2.36al) and (2.36b)).

Lemma 2.6 The estimate
|pred; j, — ared; 1| < 5Az27k

with 3 := C% max{1, 81, B2} holds in every iteration of Algorithm .

Proor We have to distinguish whether s; j is a multilevel or a smoothing step. Suppose s; j, was
generated by Step 2. Then the predicted reduction pred; j is equal to

1
pred; . = —qik(sik) = —(Ro(Vik), Sik) — = (H; kSiks Sik)

2
1
= —(h,(vig), Sik) — /0 (1 —t)(H; kSik, Si k) dt.

By Taylor’s Theorem with integral remainder term (cf. Lemma |A.3)), we obtain for the actual
reduction

1
ared; i, = hi(vig) — hi(vig + sik) = —(Ri(vig), Sig) — / (1 = &) (Y (vig + tSi k) Si ks Si k) di.
0

With assumption (2.36a)) and Lemma the rest follows straightforward:

1
/ (1 — ) {((Hig — hi (vig + tsik))Si ks i) dit
0

\pred; ), — ared; 1| =

<2 [[0~ 0B llsiall < el
< Billsixll; < 51072?A12,k'
Let us now consider the case where s; j, = P;%* is a multilevel step. We use Taylor’s Theorem
for both the actual and the predicted reduction:
ared; , = hi(vi ) — hi(vi g + P;vj,*)
= —(hi(vig), Pjvjs) — /0 1(1 — t)(h} (vik + tP}vj ) Pivj ., Pjvj.) dt,
pred g, = h;(0) — hj(vj.)
= {H(0),v7.) — /0 1= Oty g 1)

From the definition of the lower-level models (2.13), it follows that (h/;(0),vj.) = (hj(vix), Pjvj)-
Thus, we get for the difference

1 . . .
| 0= D030 = (BB i+ Py ) P, ) ]

\pred; ), — ared; 1| =

Using (2.36b]) and Corollary we get by the same argument as in the first case:
lpred; i — ared; k| < Ballvj«ll; < B2ORAF.

Taking the maximum of the estimates finishes the proof. O
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The previous lemma shows that the prediction error between a function h; and its model decreases
at least quadratically with the size of the trust-region. This holds in both cases if we use the
quadratic approximation and the multilevel model, where for the latter property (2.13]) is essential.

Remark 2.13 For the proof of the global convergence we are only interested in the difference of
the reductions for “small” steps, i.e., how the models behave locally. Therefore, it is enough to
demand that and hold for steps s; j, resp. v; whose norms are bounded by a fixed
positive constant.

The next lemma shows that every step of our algorithm is very successful, whenever the trust
region is small enough.
Lemma 2.7 Let s;;, be a step generated by Algorithm . Iteration (i, k) is very successful and

ared; , = hi(vi ) — hi(vig + si%) > Ugiﬂfﬁmdc ﬁngi(Ui,k)Ai,k (2.38)
holds whenever

5 W (0ig) (1 — m2) wE (i) }

(2.39)

Ai,k < min {17 Rmde 3 ) Bc

Proor We first consider the case where s; ;, is a Taylor-step. It satisfies the fraction of Cauchy
decrease condition (2.29) and because A;; < min{l, x;(v;)/Bc} we obtain for the predicted
reduction

predi k= —qi k(5 k) > Kmde Xi (Vi k) Di k-
Using Lemma (2.39) and 72, Ky < 1 we estimate

predig — aredi < Al < REpE (1 =) < (1—mp)
pred; = Fmde Xi(Vig)Aip — X2 - ’
which leads to
ared; j,
Pik = = 2.
pred; i

Therefore, the step is very successful and
- 4
hi(vig) — hi(vig + Sik) = =245k (Sik) = M2kmde Xi(Vik) Di g > ng” Kmdc Hngi(vi,k)Ai,k-

We use induction to prove the multilevel case. Note that at the latest on levels [ with N(I) = 0,
we have to make Taylor steps for which the lemma was already proven. So in the following, we
assume that the statement of the lemma holds on level j € N(i), which was entered in iteration

(i, k).
In this case, the smoothness property ([2.30) is satisfied for j. Thus, by assumption (2.39) follows

B0 Hin, (0 _ i (o,
K v 1 K v
Ajo=A;r <min< 1, Kmde Up) XXz( i) ( 772)’ XXZ( i)
p Be
Yt (0)(1 — 12) KEx;(0
K K
< min {1, Kynge 2 x50 772)’ X (0) '
B Be
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2. A multilevel trust-region algorithm

(0,0) , (0,1)

successful unsuccessful

Figure 2.6.: Example iteration graph

This allows us to use the induction assumption at level j which yields that the first step s, is
very successful and assertion (2.38)) holds. Using (2.30) and #j < #i — 1, we can estimate the
actual reduction on level j by

h]’ (v]”o) — hj ('Uj,(] + 8j70) > ﬁgj+1f€mdc Kgng ('Uj,O)Aj,O > ngi’imdc K%Xi(vi,k)Ai,k- (2.40)

Let us assume that we make m > 0 more steps on the j-th level and terminate afterwards. The
algorithm is a descent method, which follows from the update rule in Step 4 of the algorithm.
Therefore,

pred; k= hj(vj0) = hi(vjm) > hj(vjo) — hj(vjo + s50)-

From Lemma and (2.39)) we infer

pred; ;, — ared; BA; i
pred; N5 Kmde Kx Xi(Ti, Vi k)
and hence
ared; i,
Pik = —— =12
prediy,

This shows that the step is very successful. Assumption (2.38) now follows immediately from
(2.40). O

Remark 2.14 It is noteworthy that in the multilevel case the previous proof only uses the
reduction of the first successful step on the coarser grid. This justifies the additional termination
criteria after one successful step in Step 5 of the algorithm.

For the upcoming analysis we need to establish some additional notation. We say a multilevel
iteration (i, k) generates another iteration (7,1) if (j, 1) occurs in the recursion started and ended in
iteration (7, k). Furthermore, let p be a function that returns the predecessor of a given iteration
(7,0). This is either (j,{ — 1) if [ > 0, or the multilevel iteration (i,k) in which level j was
entered.

We are interested in every sub-step on lower levels of which the final multilevel step consists. Here,
it is important that all steps generated by non successful multilevel iterations have no influence,
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2.4. Global convergence

because the final step that they have contributed to is rejected. Thus we ignore these steps and
denote by Z(i, k) the chronological sequence of iterations that were generated by (i, k) without
steps generated by non successful multilevel iterations. In case that (i, k) is a Taylor step, Z(i, k)
consists only of (7, k). An example with three levels is shown in Figure Here, the sequence for
iteration (2, k) is

Z(2,k) = ((2,k), (1,0),(1,1),(1,2), (0,0), (0,1), (1,3)).

The first two iterations (0,0) and (0,1) on level 0 are not included, because the multilevel step
(1,1) was not successful. Note that the numbering of the iterations is ambiguous since we normally
enter a level more than once. In the following, it should be clear from the context, which iteration
is meant.

We denote the first successful Taylor step of a sequence Z(i, k) by a(i, k). The algorithm ensures
that if (i,k) is successful, there is at least one successful Taylor iteration in every sequence

Z(i,k). This is because after entering a level j with N(j) = 0 a successful Taylor step must be
made before the algorithm is allowed to return. Furthermore, let Z(i, k) the first part of Z(i, k)
until the step «(i, k). In the example iteration from Figure we have a(2,k) = (0,0) and
Z(2,k) = ((2,k),(1,0),(1,1),(1,2),(0,0)).

In the following we will omit the level index if we are on level r. We use a superscript to enumerate
the tuples in the ordered sets Z(i, k).

Remark 2.15 For Z(i, k) holds:
Azipint < Az < Digs G =1, TG, k)| - 1.
Furthermore, let (j,1) € Z(i, k) then
Xj(vj0) > fﬁgffﬁsz‘(Ui,k%
because vj; is either v;; if j = ¢, or v;; = 0 and condition is satisfied.
Remark 2.16 If (j,1) € Z(i, k) is a successful multilevel iteration, then Z(j,1) C Z(i, k).

The next lemma shows that if the stationarity measure is bounded below on a set of iterations,
then the trust-region radius cannot become arbitrary small.

Lemma 2.8 Let x;(vi ;) > € > 0 for all iterations k on level i, then

fr fr 1— fir
K K
Ai,kZBA(s) = 72mjn{17/imdc><"72(r]2)57)(5} 'L'fi:T',

s Be (2.41a)
A, > min{Ba(e),ef Aio} ifi <.
Moreover, for a multilevel step (i, k) we have for all (j,1) € Z(i,k):
A > Ba(e ifi=r,
. g (2.41b)

Aji = min{BA(€)>5iAAi,o} ifi<r.
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2. A multilevel trust-region algorithm

ProOOF We first show (2.41al) for i = r. Suppose the statement of the lemma was false and the
k-th iteration is the first one where
A < Ba (E)

Then the preceding iteration must have been unsuccessful and it follows from the update rule

[£:39) that
A Kﬂr fr 1— Hjir
Ay 1= =k min I,Emdcwg’ x4
V2 B Be
However, since € < x,(vk—1), the fact that iteration k — 1 is unsuccessful is a contradiction to
Lemma and therefore Ay > Ba(e).

We now turn to the case ¢ < r, where we also assume that the assertion of the lemma is false and
the k-th iteration is the first in which (2.41a)) is violated. Since 6Z-A < 1, the statement is obviously
true for £ = 0. If £ > 0 and iteration k& — 1 is successful, it follows from (2.34) that

Ajp = min{cA; p—1, Do — |viklli}
with ¢ =1 or ¢ =7 > 1. Since A; < A; ;—1, we conclude that
Ak = Do — ||vigli-

From A, < 5iAAi70 follows 5Z-AA¢,0 > Ajo— ||vik —viplli- Hence, in iteration k —1 the termination
criterion was already satisfied contrary to the fact that there exists an iteration k. If,
however, iteration k — 1 is unsuccessful we get from , because of v; p_1 = v;x and 72 < 1,
that A; p = 724 x—1. As in the case ¢ = r, we can now derive a contradiction to Lemma This

completes the proof of (2.41a)).

We also prove the last bound by contradiction. We assume that there exists a first iteration
(7,0) € Z(i, k) where does not hold. From it follows that (j,1) # (i, k). Furthermore
[ > 0, because otherwise the previous iteration p(j,0) were the first one where the bound is
violated (cf. Remark [2.9). From the definition of « it follows that (j, — 1) is not a successful
Taylor iteration. It also cannot be a successful multilevel iteration, since then there would have to
be a successful Taylor step in Z(j,{ — 1) and in this case (j,1) &€ Z(i, k). Hence, it was unsuccessful.
Using € < x;(vig) < x5(vj1-1)/ mgg_ﬁj, which follows from Remark one obtains

A (L= ) ﬂ}

g " Be

Aji—1 < min {1, Kmde

St (1 — ) pir 44

< min {1, Kmdec 5 X;(Vj1-1), BCXj(Uj,l—l)}

85,89 (1 _ ]

, w5 (1 —n2) K

< min 1,HdeLXj(Uj,l—1)afx Xj(“j,l—l) :
B Be

This is a contradiction, because again according to Lemma iteration (i,j — 1) has to be
successful. O

We next show that part of the descent that is obtained by the first successful Taylor step in a
multilevel iteration carries over to the outgoing level.
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2.4. Global convergence

Lemma 2.9 FEvery successful iteration (i,k) leads to an actual reduction of

KA G (v )

Bo

hi(vi k) — hi(vig41) > AR ﬁ?f“jxi(vi,k) min |1, WAVTA I (2.42)

where (j,1) = a(i, k).

PROOF Let us first suppose that (i, k) is a Taylor iteration. In this case, (j,!) = (i, k) holds. By
assumption, the step is successful and thus from the fraction of Cauchy decrease condition ([2.29))
it follows that

. i\ Vi k
hi(vi k) — hi(Vig41) = T Kmde Xi (Vi) min [1, Xil ; ),Ai k] :

Since ky < 1 and n; < 1, (2.42) is proven in this case.

Now let j < i. From the definition of «, it follows that the step (j,!) is the first successful one
on level j and a Taylor step. Due to this, because of vj; = v, and (2.29), we obtain the actual
reduction
. X;\Y5,0
hj(vio) = hj(vji41) = Mkmde X;j(v5,0) min {1» 3(503)7 Aj,l:| :
The algorithm is a descent method and therefore the reduction achieved by the final step on level 7,

7 = Vjx —Vj0, is also greater than or equal to the right hand side of the last inequality. According

to the definition of Z(i, k), the prolongation of the step s is successful. Let (7,1) = p(4,0). For
the iteration (7,1) to be valid, (2.30) must have been satisfied. This yields

hi(vs7) — hs(vs p+ Pls3) = hs(v;g) — hs(v;7,4)

. KxX;(V57)
> 7% Kmde KxX;(v; ) min [1, #, AN] :

If j =4, then [ = k and the proof were completed. Otherwise if j < i we know from the definition
of a that [ is the first successful iteration on j and therefore v;7 = vjo. The rest of the proof
follows straightforwardly by applying the above arguments inductively. For every level in the
sequence between 7 and j we get the additional factors x, and 7, which explains the factor /-;g("_ﬁj

and n?ifﬁ]url in (2.42). O

Up to now, we have always assumed that it is possible to generate multilevel steps, which means
that if we make a multilevel step, at least one termination criterion of the algorithm is satisfied
after a finite number of iterations on the lower levels. The next lemma shows that this is indeed
guaranteed.

Lemma 2.10 Let all lower-level models h; be bounded below on all balls {v; € C;|||vil|; < A}
with 0 < A < oo. Then every multilevel step (i,k) is well defined, i.e., always generates only a
finite number of iterations on the lower levels.
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2. A multilevel trust-region algorithm

ProOOF We first show that we only make a finite number of iterations if we enter a level ¢ with
N(i) =0, i.e., a level where every step is a Taylor step. Suppose the assertion is false, then for
every iteration (7,[) the termination criterion is not satisfied and therefore

Xj(vjr) >ef and [lvjg —wvjoll; < (1 - EJ-A)Aj,O for all iterations .

From Lemma follows Aj;; > min{Ba (52‘), 5]~AA]-,0} =: C' and consequently we make infinitely
many successful steps. Every successful step satisfies the fraction of Cauchy decrease condition

(2.29), so we can estimate the actual reduction by
ared;j; = hj(vj,l) —h;j (Uj,l+1) > 11 Kmde E?‘ min [1, 83‘/50, C} )

Let 0(1) be the number of successful steps till the I — th iteration, then we get

-1
hj(vj0) = hj(vie) = > (hi(viw) = hj(vj11))
v=0
> 0(k) M1 Kmde z—:;-‘ min {l,sf/ﬁc,C} — oo for k — oo.

Because all iterates lie in the set {v; € Cj||lv; — vjoll; < Ajo}, which is a subset of the ball
{v; € Cjl|vjll; £ Ajo+ |lvjoll;}, this is a contradiction to the boundedness from below of h; on
balls.

Now we suppose that the assumption holds for all multilevel iterations on level j that was entered
in iteration (i,k). Again, we assume that the termination criteria in Step 5 of Algorithm 1 are
never satisfied. As in the case N(j) = 0, it follows from Lemma [2.§| that all trust-region radii Aj;
are bounded below by a constant C and therefore we make infinite many successful steps. From
the induction assumption we already now that every multilevel iteration is finished after a finite
amount of time. So it suffices to show that we only make a finite number of iterations on level j.
For a successful iteration (j,1), it follows from Lemma that

K0 (050)

Bc ’

with (j,1) = a(j,1). According to the second assertion of Lemma E Aj;; > C and thus with
)

hj(vjp) — hj(vjie) > 77 bnde ’@gg_ﬁij(Uj,l) min |1, Ajr

hj(vji) = hj(vji1) > C'

with a constant C’ that does not depend on k. By the same argument as in the case N (i) = (), we
can derive a contradiction to the boundedness of h; on balls and the lemma is proven. O

Remark 2.17 The previous lemma is obviously satisfied without any further assumptions if we
add an additional termination condition in Step 5 of the algorithm: Return when ¢ < r and the
number of successful steps 6(k) on this level is greater or equal a fixed constant kmax € N.

We will now analyse the convergence behavior of the algorithm on the finest level. To this end,
we assume that eX = 0 and we show that the sequence (x,(v,))ken generated by Algorithm
converges to zero. We first prove that, provided there are only finitely many successful iterations,
the last successful iteration belongs to a stationary point.
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2.4. Global convergence

Lemma 2.11 Let (vg)ren be a sequence generated by Algom'thm. Suppose that eX = 0 and that
there are only finitely many successful iterations on the finest grid. Then vi = v, for sufficiently
large k and x,(vy) = 0.

PROOF Assume that the algorithm generates infinitely many iterations. From the assumptions
follows the existence of a last successful iteration on the finest grid, which we denote by (7, *).
Since all remaining iterations are unsuccessful, 72 < 1 implies A, — 0, k — 0o and v, = v«
for k > *. If x;(vrx) > 0, it follows from Lemma [2.7| that there exists a successful iteration (r, k)
with k > %, which is contrary to the assumption. Hence x, (v, ) = 0. O

If we make infinitely many successful steps, the next result states that there is at least one
subsequence that converges to a stationary point.

Theorem 2.1 Let f, be bounded below on C, and let (vg)n be a sequence generated by Algo-
rithm[2.1. Furthermore, let X = 0. If the algorithm does not terminate after a finite number of
iterations, then

lim inf x, (v, ) = 0. (2.43)
k—o0 ’

PRrROOF Lemmal[2.1T]implies that the algorithm generates infinitely many successful steps. Suppose
that the assumption does not hold. Then there exists an £ > 0 such that

xr(vrg) > e for all k.

Hence, Lemma [2.8| gives a lower bound on the trust-region radii A. Similar to the second part of
the proof of Lemma [2.10] one shows that

(Frlar +vn0) = frly +vp4)) 2 €' lim O(k) = o0

lim
k—o0
where 0(k) denotes the number of successful steps until the kth iteration. Because v, j, € C, for
all k, this is a contradiction to the boundedness of f, on C.. O

Lemma 2.12 The descent of a successful step k on level r satisfies

Fr(xr +omg) = Fr(@r + o) 2 08 Ronae 857X (vnp) min [A, g, Ba (xr (0r1))]

where Ba is defined as in (2.41al).

PRrROOF On level 7, the model h, (v, ) is equal to the function f,(z, + v, ;). Because iteration
(r, k) is successful, we use estimate (2.42) from Lemma [2.9| with (j,1) = a(r, k) to obtain

Hg(T_WXT (Ur,k)
Be (2.44)

> 08 kande K5 X0 () min [A 1, BA(xr (0r1)), Al

Fr(@e +vek) = fo(zr + vopr1) 2 007 e 79y, (vpp) min |1, A,

#r
where the second inequality follows from Ba(xr(vrk)) < 1, Ba(xr(vrk)) < %év?k) and
A < A, . Without loss of generality, we can demand that either j = r or [ > 0, because

otherwise since Ajo = Ap(;0), we can replace (j,1) by p(j,0) in (2.44) as long as j < r and [ = 0.
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2. A multilevel trust-region algorithm

If Aj; > Ba(Xr(vr)) or j =7, the assertion is true. Let us now suppose A;; < Ba(xr(vrk)) and
[ > 0. The definition of the function « implies that iteration (j,! — 1) was unsuccessful and hence

BA(XT(UT,k)) .

Aji1 <
V2

After inserting the definition of Ba and using x;(vji—1) = x;(vj1) > /ig(”_ﬁjxr(vnk), we obtain

A nd (1 — By (vs
. k5 (1 —m2) K8y (v50)
Jil—1 < mm {1’ Kmdc %Xj(vjﬁ)y Xﬁjicj X

Therefore, the unsuccessfulness of step v;;_1 is a contradiction to Lemma and it follows that
Aji > Ba(Xr(vrk))- O

Now we can prove the global convergence of the algorithm under the additional assump-
tion that the stationarity measure Yy, is uniformly continuous on a suitable subset of C..

Theorem 2.2 Let f, be bounded below on C, and let x, be uniformly continuous on a set S C C,.
that contains the sequence of iterates (v, k)ren. Then

lim x,(vy%) =0. (2.45)
k—o0

PrROOF We denote by S the set of successful iterations on level r.

Let us assume that (2.45]) is not true. Then there exists ¢ > 0 such that x,(v,x) > 2¢ for infinitely
many k € S. Since (2.43) holds, we thus find increasing sequences (j/);>0 C S and (k});>0 C S
with j;j < kj < ji,; and

Xr(“r,j;) > 2 xp(vpg) > e Vk €S with j; < k <k, Xr(’Ur,k;) <e.
Setting S = U2y S; with S] = {k € S; j! <k < k}}, we have

lim inf ) > e.
S'5k—00 xr( T’k) -

Using Lemma we deduce for k € S’ that

fr(xr + U'r,k) - fr(wr + Ur,k—l—l) > n§r+1’imdc ﬂgzna min[Ar,ku BA (5)] (246)

The sequence { f,.(z,+vr i) }1; is monotonically decreasing and bounded below, hence it is convergent
and the left-hand side of (2.46)) must tend to zero when k tends to infinity. This gives

S'5k—00

As a consequence, the first term dominates in the minimum of (2.46)) and we obtain that, for
k € S’ sufficiently large,
1

A < W—ﬁr[fr(ifr + v k) — fr(@r + U gg1)].
m Rmdc Kx €

38



2.4. Global convergence

We then deduce from this bound that, for ¢ sufficiently large,

K/ %
g = orpllr < D0 Mvg —vegrally < Y5 OpAy,
je€s’, j=j! JeS’, j=3;
Cp
< fr+1 ir [f?"(l‘r + Ur,j{) - f?“(xT + Ur,k’l)]'
M KRmdchx€

The right hand side of this inequality must converge to zero, and therefore ||v, jo — v, s/l tends to
zero as ¢ tends to infinity. By uniform continuity of y,., we thus deduce that Xr(Ur,j;) — Xr(Ur,k;)
tends to zero. However this is impossible, because of the definition of (j/) and (k}), which imply
that xr(vy 1) — Xr(vrp) 2 €. O
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3. Unconstrained problems

In this chapter we consider unconstrained problems, i.e., where C; = V; holds, in a typical
multilevel setting. Since hj(v; ) € V5, the natural stationarity measure is the (dual)-norm of the
derivative, i.e.,

Xi(vik) = ||hi(vig) llv- (3.1)

We assume that the spaces V;, i = 1,...,r, are finite dimensional and subsets of a suitable
chosen Hilbert space U. In this setting we will first show an important norm equivalence if the
smoothness property does not hold. Further, we analyze different possibilities how to
implement the Taylor step computation in the trust-region algorithm. In the case of convex
trust-region subproblems, we show that classical smoothing algorithms, like Gauf3-Seidel or Jacobi
smoothers, can be used to calculate an approximate solution. Our main result is that provided
the smoothness assumption is not satisfied, a typical smoothing step achieves a descent
satisfying the fraction of Cauchy decrease condition ([2.29)) where the constant kyq. is independent
of the level i.

Throughout this chapter we will use a generic constant C' which neither depends on the level ¢ nor
the number of levels r. C' may assume different values in the inequalities and is assumed to be large
enough, such that the inequality is satisfied. In general we call a quantity level-independent if it does
not depend on the level ¢ and also does not deteriorate for » — oo.

3.1. The variational setting

Let U be a Hilbert space with an inner product (-,-) and associated norm ||-|| = \/(+,-). Further-
more, let V < U be a dense and continuously embedded Hilbert subspace with inner product (-, -)y.
Then V C U C V* forms a Gelfand triple (cf. Section [2.1.2)).

We assume that we have a nested sequence of finite dimensional subspaces Vi C Vo C ... C V. CV
with dimensions ny,...,n, and norms |-||y, := [|-/[y. We suppose a multilevel hierarchy as in
Remark Furthermore, let {¢? }?’:1 be a basis of V; for every ¢ = 1,...,r. Every element v; € V;

~J 1]

i, U] ¢] where 0; € R™ denotes the associated coefficient vector. As

can be represented by v; = ZFl

in Example we suppose that the identity between V; and V;41 is used as prolongation Pf“.
We will often regard an element of U as element of its dual space by means of the embedding
iU U v (v,-).

In the following, we need the U-orthogonal projection onto the space V;, which we denote by
Qi: U — V;. According to Theorem it satisfies the relation

(Qiu,v;) = (u,v;) forall v; € V; and u € Y. (3.2)
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3. Unconstrained problems

In this setting, there exist representations g; , € V; and H; .: V; — V; such that the quadratic func-
tion g;  of the trust-region subproblem ([2.32)) can be written as

1
Gik(sik) = (Sik, gik) + 5( ides HikSik)-

This is shown by the following lemma;:

Lemma 3.1 Let g € V] and V; a finite dimensional subspace of a Hilbert space U. Then there
exists an element g; € V; such that

(viy gi) = (g, vi) Vv; € Vi (3.3)

PROOF Since Vj; is finite dimensional, V; equipped with the inner product (-,-) forms a Hilbert
space. From the Riesz representation theorem follows the existence of an element g; that satisfies

B3). 0

Remark 3.1 The choice of g; does not seem to be natural when V is a Hilbert space. Instead
one would like to use the representation with regard to (-, -)y. The main difficulty lies in the fact
that the calculation of this representation is often expensive whereas the one of Lemma [3.1] comes
for free in many applications. See Chapter [5] for details. This is a major difference to Sobolev
gradient methods where, in case that V is a Sobolev space, a gradient representation with regard
to (-, )y is used, cf., e.g., [Neu97].

Let g; = Vyhi(vi i) be the representative of h(v; ;) according to Lemma The representation
of the adjoint of the prolongation operator P} ;: V;_; — V; is given by the {/-orthogonal projection
Q;_1 since

(PL1)*hi(vig), vie1) = (hi(vig),vie1) = (9 vie1) = (Qi—19i, vie1) = (i (Qi=19i), vi1)-

Furthermore, due to the choice of the stationarity measure, it follows directly from Definition [2.1
of the lower-level models that

,47 0,1)‘_1 P-if *R. Vik)sVi—1

i1 (0) = W @ = sup P @ovim) o () (o) vic)
vi—1€Vi—1 HUz‘—IHVH vi—1€Vi—1 ‘|vi—1HV¢4

. (Qi-19i,vi-1)
vicrevie vty

= [la(Qi-19:) vz -

As a tool for our analysis, we define for ¢ = 1, ..., r the linear operators V;: V; — V; by

(Vivi,w;) = (v, w;)y  for all vy, w; € V. (3.4)

Remark 3.2 The operators V; satisfy V; = @Q;V,. because

(Vivi, wi) = (vi, wi)y = (Vevi, wi) = (QiVevi, wy).
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From the definition it follows that the operators V; are symmetric and positive definite, i.e.,

(Vivi, w;) = (vi, Viw;)  for all vy, w; € V;,
(vi, Vivi) = |lvil|3 >0 for all 0 # v; € V;.

Therefore, the powers V;*, s € R, are well-defined and we can define a scale of norms by
vlllis ==/ (Vifv,0). (3.5)

Directly from the definition it follows |||v;

1,0 = [lvill and [[lvif[li,n = [lvillv for vi € Vi.

The next lemma shows that the dual norms of |||y, and ||-|]y are equivalent on the space
{w(vi) | vi € V;} for suitable spaces U:

Lemma 3.2 1. Foralli=1,...,7 and g; € V; we have ||gillli,—1 = |luwi(gi)llv:-

2. Let the projection @); be stable in V), i.e., there exists a level-independent constant Cg > 0
such that

|Qiv|ly < Cqllvlly  for allv e V. (3.6)

Then the norms ||HV; and ||-||y= are equivalent on V;, more precisely

lewe(gi)llvy < Nla(gi)llve < Colla(gi)llvy — for all gi € Vi (3.7)

Proor 1. Let g; € V;. We first remark that ||v;|y = ||V;1/2vi|| for v; € V;. From the definition
of the dual norm we infer

)

—1/2 1/2
(a0l = sup W) — o 057 P00 VI P0)
’ A N - .
' v EV; HleV v EV; H‘/;l/Q'UzH

Since v; — V;l/ 2% is surjective, we have
—1/2
V. Gi, Wi
liae(gi) e = sup i _9020)

~1/2
€V [|w; || =1V gill = llgills, -
wie Vi 7

2. Using the definition of the dual norm and that V; C V we obtain

wi(gi)|ly= = sup "vi)<su (9i )
e v (g:

= = ||ty g V.
wevs villv, = wev vlly e (gs) |

To verify the second inequality, we use (3.2]) and the stability of Q;:

(gi7 /U) (gu QZU) (gla Ui)
t14(gi) ||y = sup < Cgsup ———+= = Cp sup
lize(go)] vev [[vllv Coev 1Quvlly @ vev, Juillv

= Cqlle(gi)llv;-
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3. Unconstrained problems

Figure 3.1.: Twice uniform refinement of a triangle

We do not assume that the norms on U and V are equivalent. Thus, on the finite dimensional
spaces V; the equivalence constants of these norms are in general level-dependent. We demand
that the constants do not grow too fast, i.e., there exists a constant 7, independent of i, such
that

)\max
L <7 foralli=1,...,r (3.8)
Apax
where
lv; 13
AP = sup 12 L2 (3.9)

vev; lvsl?
Without loss of generality we assume AJ*** > 1.

The following example describes a typical setting which we will often consider throughout this
thesis:

Example 3.1 Let  C R? be a bounded polygonal domain, V = H}(Q) and U = L?(Q2). It
is well known that Hg(Q)) — L*(Q) — H () forms a Gelfand triple. As in Example let
Ti C {Ty,} be a conforming triangulation of 2 with simplices of diameter less than or equal to
hi. We assume that the family of triangulations {7}, } is quasi-uniform, i.e., there are constants
01,02 > 0 such that
maxﬁ < o1, w <oy Vhy >0, (3.10)
teT1 Py minger; hy
where h; denotes the diameter of ¢ and p; the diameter of the largest ball contained in ¢. Let
N7 be the set of nodes of 7; that are not on the boundary 9. We create a sequence T1,...,7,
with corresponding node sets N7, . .., N, obtained from 7; by regular subdivision (cf. Figure .
Therefore, with h; = maxe7; diam(t), we have the following relation between the mesh sizes:

hy = 20" h;.

On each triangulation we define a finite element space V; that consists of continuous functions
which are linear on each triangle t € 7; and vanish on 9€2. Since the triangulations are nested, we
have

ViCVIC...CV, C HY(Q).
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3.2. Level-independent Cauchy decrease

Figure 3.2.: The nodal basis functions for two consecutive levels in one dimension

For each node xg € N, there exists a unique function ¢g € V; satisfying
ol (xF) = ix for all 2 € A (3.11)

The set {¢] }ity C W, °°(Q) forms a basis of V;. A basis satisfying ([B.11) for j = 1,...,n; will in
the following be referred to as nodal basis.

The largest eigenvalue of V; can be estimated by

Jvl|7
AP = sup < O, (3.12)
v; €V Hvi||L2(Q)

which follows directly from an inverse inequality (see for instance [Cia78, Thm. 3.2.6]). This
upper bound cannot be improved, which can be seen by setting v; = ¢f in the above fraction.
Therefore, assumption is fulfilled in this setting. The H{-stability of the L2-orthogonal
projector, necessary for to hold, is a well known fact. A rigorous proof can be found for
instance in [BX91, Thm. 3.4].

3.2. Level-independent Cauchy decrease

In this section we show that under certain assumptions the fraction of Cauchy decrease condition
is satisfied by a very simple and cheap smoothing step. We are in particular interested in a
decrease that is independent of the number of levels and the mesh size h of the discretizations.
This was not examined in other multilevel optimization works, e.g., [GST08, IGMTWMO08, WG09,
Nas00] where level dependent factors like the Euclidean norm of the stiffness matrices or the
dimensions of the finite element spaces appear in estimates.

We will first analyse how the violation of the smoothness property allows us to derive an estimate
for the dual norms. This is done in two cases.

3.2.1. The regular case

We will first assume that a strong regularity assumption is satisfied. We need the V;-orthogonal
projection, which we denote by P;. We use this notation, although it is similar to the prolongation
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3. Unconstrained problems

operators, since it is quite common in the literature and is only needed in this section. The
operator P;: V — V; is defined by the relation

(Pyu,vi)y = (u,v;)y for all v; € V;.
We assume that it also satisfies the relation
llei — Pi_leiHQ < C( ?_af‘)_lﬂei — Pi_le,;H% foralle; € V;andi=2,...,r. (3.13)
We will later discuss when this assumption holds in the setting of Example[3.1]

For the following lemma we use the identity Q;—1V; = Vi—1P;_1]y,, which can be shown easily:
Let e; € V;, then for all v;_1 € V;_1 we have

(ViciPi—iei,vim1) = (Pi—1ei, vi—1)y = (ei, vi1)y = (Vies, vi—1) = (Qi—1Viei, vi—1).

Lemma 3.3 Let (3.13) be satisfied and let g; € V; be not smooth, i.e., it holds:

lee(Qi-19) vz, < rxlle(gi)llvz- (3.14)
Then there exists a level-independent constant C' such that the following estimate is satisfied:

lgill* > C™H 711 = )N e (g0) 13+ (3.15)

PROOF Set ¢; = Vi_1 gi- The element e; — P;_je; is V-orthogonal on V;_1, hence
lei — Picieilly = (es — Pio1es, e — Pioiei)y = (e; — Pi_iei, Viey) < |les — Pioeq| || Vied].
Inserting the approximation property yields
lei = Pireall3 < G2 N) 72 les — Proaeillv |l gill.
After dividing by ||e; — Pi—1¢;]|y and using (3.8)), we obtain
lle; — Pireil3 < CTO) gl (3.16)

By definition of e; it follows from Lemma |3.2] 1., that [le;[|y = [[t/(gi)|lv+ holds. Furthermore, we
have

la(Qimrgi)llvr | =l (Qi-1Vie:)|
Again the V-orthogonality of the operator P;_; implies

ve = lw(VicrPicaes)llvs | = || Picveil|y.

llei = Piaeills = llesll + [1P—reilly — 2(ess Pimren)y = [leill3 — ([ Pimreill-
Inserting the last identity in (3.16)) and using (3.14)) finally yields
CTOF™)  Hlgill? = Nleally — | Pireil3 = (1= w3)llesll,,

which is equivalent to the assertion. O
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3.2. Level-independent Cauchy decrease

In the context of Example estimate (3.16)) is also often called Approzimation Property in the lit-
erature (cf., e.g., [BSO8|, Sec. 6.4]). In this case, assumption (3.13]) is strongly related to elliptic regu-
larity and holds whenever for each g € L?(€2) the variational problem

find w € H}(Q) with (Vw, Vu) = (g,u) for all u € H}(Q)
has a solution w € H?(2) that satisfies

[wlg20) < Cllgllr2)- (3.17)

For a proof see for instance [BS08, Thm. 5.4.8]. Whether elliptic regularity holds depends on
the domain 2. It is well known that it is satisfied when €2 is polygonal and convex but not for
polygonal domains with reentrant corners.

3.2.2. The case without regularity

In this section we derive a result similar to Lemma but without demanding the strong
assumption (3.13). Instead, we assume that the following approximation property for the U-
orthogonal projections holds:

v — Q]| < CP™)|w||E  for v € V. (3.18)

Considering the setting of Example in comparison to the approximation property (3.13]), (3.18))
holds for general Lipschitz domains Q C R?, d < 3, triangulated by a family of quasi-uniform

meshes. This was shown for instance in [BX91, Thm. 3.2].

The error estimate remains true if both norms are “shifted”. Let g € U, then

(L=Q)gv) gl = Qo
w(g — Qig) ||y = sup —————= < sup < gl
ey = Qig)lly- = sup == U= < sup el

Here, we have used the approximation property (3.18) and that @Q; is self-adjoint as operator in
U, ie., (Qiu,v) = (u,Q;v) holds for all u,v € U, which follows directly from (3.2)). This proves

the next lemma:

Lemma 3.4 From the approzimation property (3.18|) follows

C
larlg = Qigllhv < sz llgll - forallg €U, (3.19)

If we consider non-smooth elements g; € V; where QQ;_1g; = 0, we obtain from the previous lemma
that

C C\F
llwe(gi) v = llu(gi — Qiz19i) v < ——==llgill = —==Ilgill-
AR VAL

(3.20)
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3. Unconstrained problems

On the other hand, we get for the U/-norm

lgill = sup (298 < g (Qitwngs) - (i gs) A sup (ui, g:)

wett Ul T wen 1Quull  wev uil wevs |[uilly

< /AR gy v, 9i) = /AP e24(94) || v+,
vEV HUHV

where we have used that ||Q;u|| < ||u|| for all u € U, which follows directly from the orthogonality
of the projection (3.2)). This shows that on the space of oscillatory functions the ¢/- and V*-norm
are equivalent with constants that are level dependent but share the same asymptotic behaviour

for A" — oo:
ve < lgill < /AR Ja(ga) o= (3.21)

/ max

IILu(gz)!

A similar observation leads to

Lemma 3.5 Let (3.8), (3.18) and (3.6) be satisfied. Furthermore, let ky > 0 be chosen such that
Cory < 1, where Cg denotes the stability constant from (3.6). If g; € V; is an element that is
not smooth, i.e., (3.14) holds, then

lgill* = €™M (1 = Cory)* X[l (90) I3

ProOOF With the inverse triangle inequality, (3.7)) from Lemma and (3.14)) follows

e (gi = Qim1g0)llve = llewa(gi)llve = llewa(Qi-19:)]
> (1= Cory)llai(gi)llv:-
Now the assertion follows directly from Lemma and (3.8). O

ve 2 lu(gi)llvy — Colla(Qi-19:) lv:

We emphasize that in comparison to the regular case we have the stronger assumption that
Cgky < 1, which limits the choice of x,. In Section we will derive a result similar
to the regular case with a different choice of the stationarity measure without this restric-
tion.

3.2.3. An abstract smoothing algorithm
We will consider smoothing algorithms for the quadratic trust-region subproblem

1
srféﬁql(&) (50 9i) + 5 (50, Hisi) (3.22)
subject to ||s;|li < A;.

In the following, we always assume that H;: V; — V; is a linear and symmetric operator which
satisfies

(v,;,Hiui) < CH)\;navaiH HU”LH for all Ui, V; € V; (3.23)
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3.2. Level-independent Cauchy decrease

with a level-independent constant C'i;. We note that often the stronger assumption
(vi, Hiug) < Cllvil|lvllug|ly  for all u;,v; € V;

is true, which just says that the bilinear form induced by the operator H; is bounded. Justified by
Lemma [3.3] and Lemma [3.5] we make the following assumption:

Assumption 3.1 If v; € V; violates the smoothness property (2.30)), i.e.,
Xi—1(0) < ryxi(vi) (3.24)

holds, then

2A§nax 2

lgill* > c(ry, 7) xi(vi)

is satisfied, where g; € V; is the representation of hl(v;) according to Lemma . The constant
c(ky,T) > 0 must be level-independent but could depend on ky and T.

Lemma 3.6 Let Assumption hold. Suppose B;l: Vi — V; is a linear operator that satisfies

(B; 'gi, H;B; gi) < 0(9s, B ' 9s) (3.25a)
with § € (0, 2),
(96 B gi) = O ™) 7 gal® (3.25b)
and
0500 5 o1 pany 172, (3:250)
1B gilli
where ||-||; denotes the trust-region norm on level i. Then s; = —tB; ' g; with stepsize

_ [min{L A B il if (B g HiBy i) > 0,
Ai/||B;19iHi otherwise

is a feasible step of the trust-region subproblem . Moreover, if g; is not smooth in the sense
that holds, then
—qi(5:) > O te(ky, ) (1 = 0/2)x;(v;) min { Ay, c(ky, 7)xi(vi) }
is satisfied for the predicted reduction of the step s;.
PRrROOF The feasibility of s; follows straightforwardly from the definition of ¢.
Inserting s; in —g; yields

2
2

If (B; 'g;, H;B; 'g;) <0, it follows from the choice of the stepsize t and (3.25d):

— — '7B‘_1 i - max\—
_QZ(_th lgz) > t(g%Bz lgl) = AZM >C 1()\Z a ) 1/2A1”gz”
i Yilli

—qi(—tB; tg;) = (B; 'gi, HiB; " g;)i + t(gi, B; *gi)-
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3. Unconstrained problems

By Assumption 3.1 and 6 > 0, we further obtain
—qi(—thlgi) > C_lAiC(K,X,T)Xi(UZ’) > C_lAiC(KXﬂ')(l —0/2)xi(v;).

Hence, in this case the assertion is valid.

Let us now assume that (B; 'g;, H; B; 'g;) > 0. Then from ([3.25a) and ¢ < 1 we infer
_ 0 - - -
—qi(—tB; ' gi) > —t2§(gz‘,3i i) + t(gi, By ') = t(1 - 0/2)(g:, B ' gi).- (3.26)

For a full step (t = 1) we obtain from (3.25b)) and Assumption
—qi(—B; ' gi) 2 CTH (1 = 0/2)N") " Hlgil? = C ey, 7)2 (1 = 0/2)xi(vi)*.

On the other hand, if t = A;/||B; 'g;|i, the full step is not feasible and instead we stop at the
boundary of the trust region. From (3.26), (3.25c) and Assumption follows:

—qi(=tB; ' g;) = CTM A1 = 0/2) ()T gi
> C7 (g, ) (1 = 0/2)x3 (i)

Taking the minimum of the estimates completes the proof. O

The choice of the smoothing operator B, Lis crucial. A simple example is the following operator
which returns a steepest descent step. If the curvature of ¢; in gradient direction is positive,
the step that minimizes neglecting the trust-region condition in direction —g; is given
by

lgill>
(9i> Higi) 9
—_———

=iwj

(3.27)

P = —

If (i, Higi) < 0, the quadratic function ¢; is not bounded from below in direction —g;, and as
a consequence, the step that achieves the maximum descent lies on the boundary of the trust
region. The next lemma shows that an operator B;” ! based on this considerations satisfies the
assumptions of Lemma [3.6]

Lemma 3.7 Let

[villi < C /A [Jwi (3.28)

and (3.23) hold. Then the operator

Bl wily if (9i, Higi) > 0,
! I; else,

where w; is defined as in (3.27) and I; denotes the identity operator on V;, satisfies (13.25al)
to (3.25¢).
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3.2. Level-independent Cauchy decrease

PrROOF We first consider the case (g;, Hig;) > 0. From (3.23) we infer
I

o > O )~ gl

. Blg) > —
(0 B0) 2 G g

which shows ([3.25b]) with C' = C'y. Furthermore,

1 1 llgil|* ~1
(B; 9i, HiB; "gi) = m = (9i, B; " 9:)

holds, which implies (3.25a)) with 6 = 1.
Finally, from w; > 0 and (3.28)) we obtain

. B lg. |2
(i 7{ gi) _ ngH > C—l()\;neDc)—l/?||gz.||7
| B; " gills lgilli

which shows (3.25¢)).

If (gi, Higi) < 0, then also (B; 'g;, H;B; 'g;) < 0. Since (gi, B; 'g:) = |lgil|> > 0, (3:254) is
obviously true for every 6 € (0,2). We recall that we postulated A\*** > 1 and hence (3.25b|) and
(3.25¢) are also satisfied with C' = 1. O

Remark 3.3 The step that is induced by the operator B, ! from the last lemma happens to
be just the standard Cauchy step. It satisfies s; = —t*g;, where t* is the solution of the one
dimensional problem

ming;(—tg;) subject to t|gifli < A

If we choose instead w; = A, Lin (3.27) with 8 € (0,2) and ); as the maximal eigenvalue of H;,
the smoother corresponds to the Richardson method applied to the equation H;s; = —g;. The
proof of Lemma for this choice of w; is straightforward.

3.2.4. Smoothers for strictly convex trust-region
subproblems

Lemma [3.7 shows that a properly scaled gradient step can achieve a level-independent Cauchy
decrease. However, numerical tests suggests that this type of step is inadequate, because it does not
smooth the gradient very well and hence a lot of steps are necessary before the smoothness property
is satisfied. Better results are obtained by algorithms that are based on subspace correction
methods. In classical multigrid theory, these correspond to smoothers obtained by matrix splittings
as for example the (block) Jacobi or Gauss-Seidel methods. We will formulate these smoothers in
an abstract setting which is based on [BZ00, Xu92, [Yse93].

In this section we assume that the quadratic problem is strictly convex. This is the case if
and only if H; is positive definite, i.e., (s;, H;s;) > 0 for all 0 # s; € V;. We show, using the
theory in [BZ00], that for a large class of operators B; ! the assumptions in Lemma are
satisfied. We consider methods that minimize the function ¢; either in parallel or successively
over certain subspaces. This leads to two different types of smoothers: additive and multiplicative
smoothers.
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3. Unconstrained problems

We assume a decomposition of the space V; into I; subspaces V} . . ., Vfi such that

i
Vi=> V.
j=1

Note that this does not have to be a direct sum. Every element g; € V; is represented by at least
one sum of elements in V7, i.e.,

gi = ng with g/ € V).

This sum may or may not be unique. For each j we define operators sz Vz»j — Vij by the
relation o ' ‘
(!, Hlul) = (v!, Hyu!)  for all u!, v € V)

and the U/-orthogonal projections Qf V= Vl.j by

(Qggi,vf) = (gi,vg) for all vf € Vl-j and g; € V.

The additive smoother is defined as the sum of the minima of ¢; on each subspace Vij damped by
a factor w. It can be calculated by the following algorithm:

Algorithm 3.1 (ASmoother)
Choose a damping factor w > 0.

Step 1 Minimize gpl(sz) (ngz, Z) + 3(s] J H] 3) on Vf for all j =1,...,l; and denote the
solutions by s*.

Step 2 Set s; ;= w Zé-"zl sg* and return with s;.

The minimum of the function ¢; on the space Vij is attained at sg * = —(Hf )leZ gi- Therefore,
the algorithm above corresponds to the operator defined by

—wy (H)'Q, (3.29)
j=1
and s; = —Bi_ Lg; holds. The operators HZJ are symmetric, which follows from the symmetry of
H;. Hence, from
li , Li A A A _
wlv =w w’L7 2 9i) = W 3 B Wi, &5 91) = ’L_ Wi, gi
( > (wi, (H) ' Qlgi) = w0y (H]) ™' Qlwi, Qlgi) = (B; 'wi, gi)
j=1 j=1

follows the symmetry of B’i_ ! Furthermore, because of

li . li . ) )
gl7 H] 1Q£92) = UJZ(ngl) (Hf)ilQ‘zng) Z 07
1

=1

(gla =w
J
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3.2. Level-independent Cauchy decrease

it is positive semi-definite. If (g;, B 19:) = 0, it follows from the positive definiteness of H J that
Q] gi = 0 for all j. Now using ¢g; = Zé:l g} we obtain

li

l;
gzagz Z glagz Q glagz =0.
j=1 1

]:
Hence, g; = 0 and the operator Bi_ is positive definite.

All subspace minimizations are independent from each other and can thus be calculated in
parallel. For this reason these additive methods are often also called parallel subspace correction
methods.

Instead of minimizing the functions independently on each subspace, it is also possible to update the
step after each iteration. This leads to multiplicative smoothers:

Algorithm 3.2 (MSmoother)

Step 0 Set s; =0 and j = 1.

Step 1 Minimize %(Sf) = (gi,si + Sf) +1(si+ s{, H;(s; + sf)) on Vij and denote the solution
by s!*.

Step 2 Update s; + s; + sz* If j < l;, set j < j+ 1 and go to Step 1, otherwise return with
S;5.

Since the quadratic problems in Step 1 are strictly convex, the solutions sg *

by

can be expressed

sI" = —(H])"'Ql(g: + Hisi). (3.30)

As in the previous case, the algorithm induces a linear operator:

li
H (1= () 7QE T ) | HyY, (3.31)
and s; = —B;” Lg; holds. This can be Seen as follows: Define wj by wj = fg 1 sk for j=1,...,1
and w? := 0. Then with s} := —HZ gi we obtain
w] — s " s =w] - (H) Qg+ Hiwl ) — s

J
= (I — (H)'QIH)w! ™! + (H])'QIH;s — st = (I — (H)) QI H;) (w] ™" — s7).

Hence, the final step s; satisfies,

l;
li l —jAIN—1 Ali—j+1 ~1
s =w;' —s;+8 = H ( T Q J HZ) s; =—B g
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3. Unconstrained problems

The multiplicative operator B, 1 is not symmetric in general. A symmetric version can be con-
structed by additionally minimizing ¢; on the subspaces in reverse order. This leads to

Bl = I—ﬁ([ (H? 1Q3H)1l‘[( (H QU ) | H (3.32)

j=1
Another representation of the symmetric variant is
Bi'=B;"+B;' - B "H;B; ",
which can be shown by a straightforward calculation.

Remark 3.4 For the following theory it is not strictly necessary to solve the optimization
problems on each subspace in Algorithms [3.1] and [3.2] exactly. Instead, one can replace the inverse
operator (H; )~ J in - by an approximation R] Suppose, there is 0 € (0,2) and @ > 0 such
that

(Rlv!, HI RIv)) < 0(v!, RIv])  for all v! € VI,

1 7,’ ~(
w

(o], Rlv]) > = (v].v])  forallv] €V,

where R! = RJ + (Rj )T — (R))TH/ R? and ); denotes the largest eigenvalue of H;. Under these
assumptions on RJ Theorem [3.1| can also be proven (cf. [BZ00, Thm. 8.3, Thm. 8.4]). As a

simple example consider R! = 67 (H 7)=1 07 € (0,2), which clearly satisfies the assumptions. This
allows us to use SOR (successwe overrelaxation) type smoothers.

Example 3.2 A simple but important example is the direct decomposition of V; into the one
dimensional spaces spanned by the [; = n; basis functions (bj i.e., setting VJ = {aqﬁj |a € R}. In
this case the operators HZ] and Q‘g are given by

H,fvf = ((Z’Jh;lsjb)g)vf and fgz = ((¢Z,i;)) (ﬁj. (3.33)

The additive smoother becomes

l;
gl_wz gm

=1 H%‘Z)J)

Let us assume that we have representations H; € R™*" of H; and ¢g; € R™ of g;, which have

the entries H; Ik — = (¢! ngék) and gl (9is gb]) These are the typical representations when using
finite element discretizations (cf. Section E 4| for more details). Using the additive smoother, We
get for the j-th entry of the coefficient vector sJ = ng/H” and thus 3; = —w Diag(H;) g;.
This is exactly one damped Jacobi iteration applied to the linear optimality system ]j[i§;: —Ei.
In a similar way, the multiplicative smoother is connected to a Gauss-Seidel algoritﬂm, or to a
symmetric Gauss-Seidel algorithm when using the symmetric variant. From an optimization point
of view we minimize the quadratic function successively along the coordinate directions. This is
also known as sequential coordinate minimization. More details on the classical algorithms can be
found, e.g., in [Var62] or [Saa03]. It should be noted that the effort to calculate one iteration of
the multiplicative algorithm for this decomposition is of order of a single matrix-vector product.
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3.2. Level-independent Cauchy decrease

Not every space decomposition leads to smoothers that satisfy the assumptions from Lemma [3.6]
For this we need to impose certain requirements. Let the matrix 1 be defined by

gk JO if (vg,Hivf)zofor all v{evg', oF € VF,
m = . (3.34)
1 otherwise.
We assume that there exists a constant 14 > 1, independent of ¢, such that
[71lloe < v1. (3.35)

This condition says that, independent of the level, only a fixed number of subspaces are not
orthogonal with respect to the inner product induced by the operator H;. In many cases the
number v is small compared to the number of subspaces. Note that if 1 = 1, we have an
orthogonal decomposition of V; and one iteration of Algorithm [3.1] or [3.2] returns a step s; that
exactly minimizes g;.

The second assumption is that for every ¢; € V; there exists a decomposition g; = Z?Zl gf ,
g! € V!, such that

Lo
Y lgll? < Cllgil? (3.36)
j=1

with a constant C' independent of i.
Under these two assumptions, the following theorem can be proven:

Theorem 3.1 Let {Vij}é-i:l be a decomposition of V; such that (3.35) and (3.36) are satisfied.
Then it holds:

1. The additive smoother B; ', defined by (3-29), satisfies (3.25a)) and (3.25D) for w = 6/vy.
2. The smoother Bz-_l, defined by , satisfies assumptions and .
PRrROOF Instead of , we show
(96 By Lg1) > OA7 g (3.37)

where \; denotes the largest eigenvalue of H;. The estimate (3.37) implies (3.25b|) because of
Ai < Cp A", which follows from ((3.23):

\; = sup (i, Hivi) 12%)
v, €V Hvl”
Under the stated assumptions, for the additive smoother (3.25a)) follows directly from Theorem 8.1,
and (3.37) from Theorem 8.7 in [BZ00].

In Theorem 8.2 in [BZ00] it is shown that (3.25al) is satisfied for the multiplicative smoother and
(3.37) for the symmetric smoother provided that assumptions (3.35)) and (3.36) are satisfied. We
can formulate the symmetric multiplicative smoother (3.32)) by the definition of the multiplicative

< CpAPe,

smoother on a new decomposition of V; into 2[; subspaces, with )}g = Vij for 7 < I; and
V! = VE BT for j > l;. This decomposition satisfies assumption (3.35) with v; < 21 and (3.36))
with the same constant C'. Hence, (3.25a}) holds also in the symmetric case. O
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3. Unconstrained problems

Whether assumption is satisfied depends also on the choice of the trust-region norm ||-||;.
The nnext lemma shows that if the trust-region norm is not stronger than the norm induced by
the operator H;, holds without additional assumptions. This for instance is the case when
Il = ||-]ly and the norm induced by H; is equivalent to ||-||y: There exists an « > 0 independent
of ¢ such that

(si, Hisi) > al|si||3  for all s; € V.

The last assumption is satisfied for example if H; is a suitable discretization of an elliptic operator
on V, e.g., the negative Laplace operator.

Lemma 3.8 Let ||gi|li < C\/(gi, Higi) for all g; € V;. If B;l satisfies (3.25b)) and (3.25a)), then
condition (3.25¢) holds as well.

PRrRoOOF

(9, B; *g1) _1 (i, B 'g9:) c! 1 ct —1/2
= >C < > \V (9i, Bigi) > —=(N"™) 2g:]l.
”Bz 19@'”2’ \/(Bz_lgz,HlBZ_ng) \/5 \/g

g

If the trust-region norm only satisfies
Hsl”l < C\/)TZHSZH for all S; € Vi7 (3.38)

where \; denotes the largest eigenvalue of H;, we can show (3.25c) under a stronger con-
dition on the decomposition of V. For this we define similar to v; a matrix 9 with en-
tries

/7 17 71
0 1 otherwise.

ik {0 if (v7,vF) = 0 for all vg € Vg, oF € VE,
We demand

170/[00 < w0, (3.39)

with a constant vy independent of i.

Lemma 3.9 Let the space decomposition of V; satisfy (3.35), (3.36), (3.38), (3.39) and
N
A

Then both the operator Bi_1 = B’i_l defined by (3.29) and Bi_1 = Bi_l defined by (3.32) satisfy
(6259.

PrOOF By Theorem 8.8 in [BZ00] it follows that under the stated assumptions

||2 < (vf,vaf) < CAi||vg||2 for all v{ c Vz-j and j =1,...,1;. (3.40)

(vi, By toy) < CA7Ywil|? for all v; €V (3.41)

holds for B; ' = B; ! and B;! = B;"'. From (3.38) follows || B; 'g:||? < C\i||B; gi]|>. Since B;*
is symmetric and positive definite, we obtain from (3.41)):

_ —1/2 _ —1/2 _
1B g:ll? < CN(B; 201, BB, 2 g,) < Clagi, B ' g2).

i
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3.2. Level-independent Cauchy decrease

Hence, from (3.25b)) it follows

(gzaBilgl) 71 gsz gz

T llgill-
max
153l = fan Ba i .

Remark 3.5 The statement of Lemma stays true if the operators (HZJ )~! are replaced by
approximations R’ as defined in Remark
(13.40)).

in the definition of B; L and B{ L and assumption

Example 3.3 The decomposition from Example 3.2] satisfies when the number of non-zero
entries in each row of the stiffness matrix (¢!, H;¢¥) ;5 and the mass matrix ((ﬁz , @F)k is bounded
independently of 7. This is true in the majority of cases when using finite elements for the
discretization, since the support of the nodal basis functions is bounded to a small number of
simplices. To show , we assume that the Euclidean norm of the coefficient vectors o; of an
element v; € V; fulfills

1y ~ d i o
i loill* < (1513 < Ceflloil®, v =) o] ¢7, (3.42)

where cg is a level-dependent constant. In the setting of Example this is a well-known fact with
cf =h; 4. 1t follows from the shape regularity of the triangulation, cf., e.g., [Bra07, Thm. 2.5].
With (3.42)) we can estimate

l; l;

Sl = wa l67]* < C(c Z 52 < Clui*. (3.43)

7j=1 7j=1 7=1

The lower bound in ({3.40) is satisfied for instance if the norm induced by Hj; is equivalent to |||y
and |¢7]|3 > C~1AMaX||4!||2 holds. The last inequality says that the nodal basis functions are
not completely smooth but have a fixed and level independent non-smooth part. If the estimate
92| < Cll¢p} — Qi—1]| is satisfied, it follows directly from the approximation property (3.18).

3.2.5. A smoother for non-convex problems

The techniques used in the convex case cannot be transferred one-to-one to the non-convex case.
One reason is that in the proofs a Cauchy-Schwarz type inequality for the H; inner product
is heavily used, which does not hold in the non-convex case. Moreover, the following simple
example in R? shows that we cannot expect a sufficient minimum decrease for general subspace
minimization algorithms like Algorithm

Example 3.4 Let ¢ € (0,1) and ¢: R? = R,
T
1 € 1 e 1
S SRR O L S i 7
qg(x)=g ;1:—1—236 Hac.—<1> ;1:—1—230 (1 1)
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3. Unconstrained problems

Independent of e, the eigenvalues of H are in the interval
[(1-V5)/2,2]

and therefore is satisfied with C'y = 2 for the choice ||| = |||y = ||||2. We apply the
multiplicative subspace correction algorithm (Algorithm to ¢ where we use the decomposition
of R? into the subspaces which are spanned by the unit vectors e; = (1,0)T and ep = (0,1)T. This
decomposition satisfies (3.35)) and (3.36]). We assume that the trust region is large enough to not
influence the step that we calculate in the following.

e We start with s =0 and j = 1. In the first minimization in Step 1 we obtain the solution

gl — _ gle

- efHel

e1 = —e1. The update in Step 2 yields s = —e;.

e Since Vq(s) = 0, s is a stationary point. The curvature in direction e is positive and
therefore ¢t = 0 is the global minimum of ¢ — ¢(s + tez). So Algorithm returns with the
step s = —ej.

+ The descent of this step, however, is ¢(0) —q(s) =0+e -5 =5 < %Hg”% Therefore, the
descent becomes arbitrary small for ¢ — 0 and we cannot guarantee a minimum decrease

that only depends on ||g||2 and || H||2.

We have already seen that the steepest descent step achieves level-independent Cauchy decrease
even in the non-convex case. The goal of this section is to establish a smoothing algorithm that is
more similar to the classical additive and multiplicative smoothers introduced in the last section.
For this, we assume that we have a decomposition of V; into subspaces V! C V;, j = 1,...,p,
where each subspace is the linear span of lf basis functions

o (o % =1 .
7 {¢27¢@"“7¢@}C{¢17‘7J 7"‘7”2}'

Furthermore, we suppose that the basis functions in <I>g are pairwise H;-orthogonal, i.e, for all
j=1,...,pit holds

(¢), Hi¢!') = 0 for ¢/, ¢! € O with ¢! £ ¢ . (3.44)
We stress that the number p is assumed to be level-independent.

In a typical finite element setting the support of the nodal basis functions are small which leads
to a sparse stiffness matrix, i.e., for a fixed j, (67, H;¢¥) # 0 only for a small number of different
k. This number does not depend on the meshsize of the triangulation (cf. also Example and
is level-independent for shape-regular triangulations. By graph coloring arguments it follows that
in this case a decomposition that satisfies exists (cf. Section for more details). An
example is given in Figure [3.3] where we assume that the support of each nodal basis function
consists only of the triangles surrounding the node. This is the case for piecewise linear finite
elements. The supports of the nodal basis functions belonging to the same color are disjunct
and hence with p = 4 is satisfied. Note that in this case the functions in ®] are also
U-orthogonal. Another typical example is the red-black or checkerboard coloring, which can be
used in the finite differences setting of Example 2.2] Here the grid is divided into red and black
points (like on a checkerboard) and each unit vector corresponding to a red resp. black point is
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3.2. Level-independent Cauchy decrease

support

Figure 3.3.: Example coloring of a triangulation with four colors

independent in the sense of (3.44). More details about this classical coloring in the context of
finite differences can be found for instance in [TOSO01].

Using this decomposition we consider the following partial successive subspace correction algo-
rithm:

Algorithm 3.3 (PSSC ({®!};, H;, gi))
Choose constants o > 0, 6 € (0,2) and C, > o

Step 0 For every j € {1,...,p} calculate @/ = Zweqﬂf (¢7,9:)%. Define the ordered set of

indices J = (J!,...,JP) such that 0/ >0 fork=1,....,p—1. Set k=1, j = J*
and s¥ = 0.

Step 1 For every element ¢g € <I>g calculate the step size
ty = —(gi + His; ', ¢]) /w(¢], Hy)

where

w(

J gy o (@) (6] Hig)) > aXr g,
O Codmax || gl ]2 else.

k—1 j
Step 2 Set s¥ = s; +02¢36¢3t¢z¢§.
Step 3 If ||sF||; < A;and k < p, set k< k+1, j = J¥ and go to Step 1. If ||s¥||; < A; and

k = p, return with sf.

Step 4 Set 5F = sF ! 4 #(sF —sF71) with the maximal stepsize 0 < ¢ < 1 such that ||5¥|; < A,

holds. Tf —¢q;(5%) > —¢;(s"™1), return with ¥, otherwise with s#~1.

The main idea of the algorithm is to identify a partition where we could expect a good descent.
We then make a step in each basis direction in this partition as in the additive smoother. If
(61, Hi¢!) > al|¢?||3, the step length ¢ py is chosen such that ¢ gy ¢! minimizes the quadratic function

in the direction ¢g, i.e., solves miny cpg(t) = qi(sf_l + td){). In the other case, the curvature of g;
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3. Unconstrained problems

in this direction is small, or even negative. The algorithm exploits this fact, but it is necessary
to limit the length of the step in this direction. Since the elements of ®/ are H;-orthogonal, the
optimizations along these are independent of each other and we can successfully handle the case
where the curvature is negative. Because of the ordering of the partition, the step §Zl already
achieves (under suitable assumptions) enough descent to show the fraction of Cauchy decrease
condition.

To show that a step calculated by Algorithm [3.3] satisfies the Cauchy decrease condition, we need
another assumption similar to (3.39): For each j = 1,...,p define the matrix 7o ; € {0, 1}l§le
by

. ik gk
kk! . {0 if (¢g #bg ) = Oa

0,5 *— .
0.3 1 otherwise.

We assume that there is a level-independent constant 1y with
v > 70,4l forall j=1,...,p. (3.45)

This is a rather weak assumption, which is satisfied with 19 = 1 for instance if the basis functions
in each set ®] are also U-orthogonal. Furthermore, if is satisfied for the decomposition of
V; into the spaces spanned by the nodal basis functions, then holds as well with 7y = vyg.
The following Cauchy-Schwarz type inequality, which was similarly proven in [BZ00], is the main
reason for this assumption:

Lemma 3.10 Let X be an inner product space and vi,u; € X, i =1,...,n. Definey € {0,1}"*"
by

1 else.

- {O if (vi,uj)x =0,
The following estimate holds with v = max{||Y||co, [|Y]]1}:

> (i ug)x| < I/J Z(%;W)XJ > (ui, ui) x

ij=1 i=1 j=1
If v is symmetric, we have v = ||7V|0o-
PrROOF Note that 3%, 74 < v for all i and similar 3" | % < v for all j. Weset ||-||x = /(, ) x.

Using the Cauchy-Schwarz inequality we obtain

n n n n
> 1w wg)xl < D7 AV willxllugllx < \l > ’Y”HviH?x\l > Yillullk

1,7=1 1,7=1 i,7=1 i,7=1

< \IV;HWH%(J V;H”j”%( = VJ Z(quz’)XJ > (ug, wi)x. O

i=1 j=1

For the following theorem, we suppose that (3.42) holds, i.e.,

56?Hvi||2 < @ill3 < Ollvil|* for all v; =Y/ ¢;
j=1
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3.2. Level-independent Cauchy decrease

is satisfied. A simple consequence is the following upper bound on the V-norm of the basis
functions:

max c max
167113 < APl |1* < N (3.46)

G

Furthermore, from

il = (vi, Z el = Y 0 (i, ¢ < Hvsz wm )2 </Ccf Hvz\h vz, O7)?,
m=1

we infer
Z(viv¢i )? > WH%” . (3.47)
m=1

The next theorem shows that a step generated by Algorithm [3.3] achieves a level-independent
Cauchy decrease, when the gradient is not smooth.

Theorem 3.2 Let assumptions (3.23), (3.8), (3.18)), (3.42) and (3.45) hold. Furthermore, assume
that C,, < Cpg and

lvilli < C\JAPXX|vi]]  for all v; € V. (3.48)

Then the step §; generated by Algorithm 1s feasible for the trust-region subproblem. Moreover,
if Assumptz’on and (3.14) hold, the predicted reduction of the step satisfies

2 el (e min (el i), 5 = )

_Qi(§z) o 1 71/2

with a level-independent constant C' > 0.
PROOF The feasibility follows directly from the conditions in Step 3 and Step 4 of the algorithm.

To show the bound on the predicted reduction of ¢;, we start by estimating the descent of the
step 8} after the first iteration. It is given by

sl 1 j
3l i=ts] =0 Z_t(ﬁgqﬁ
slew)
where t := min{1, A;/||s}||;}. Inserting the step into the quadratic function yields

J

jm a2 [ 1 5 jm’
—q; — 10 gz,</5 ) t 6 (917¢‘ ) ¢jm (gwqﬁ} ) Hz jm’
q Z ¢Jm ) 92 Z (¢Jm ) Z:l w((bzm ,Hz') (bl

Since all basis functions in @g are H;-orthogonal, the last expression simplifies to

J

Al) . ﬁ: 0 (gugbzm)z _ 1262 (gz@fm)j <¢zm Hz¢zm)]

—q;(8; . i
Z( ' m=1 w(qszmle) 2 w(ﬁbgm,Hz 2
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3. Unconstrained problems

Now, we look at a fixed term of the sum. From the definition of the function w and (3.23)) follows
: Jmy 2 202 ; Jmy2 ) ) 1202 ; jmy2
e B OE G oy (1 P gl
w(g™ Hi) 2 w(g™, Hi)? 2 ) (o™ Hig!™)
_p2 o Jmy2
Z t20 9 (gﬂ (bz )m
20 CaAre™|?

if (gbfm,Hld){m) > a)\?lax||¢gm|]2. In the case (qb{m,qung) < a)\?lax\|¢gm|]2, we can derive the
same estimate:
(g’ia ¢_Zm)2 - t292 (gla ¢fm)2 a)\max‘|¢jm|’2 > t20 B 02 (glv ¢gm)2
. : ; . > S—
Cal ™[l ™12 2 (AP)2C3lle ™[I ' 2 Cuar™(e™|?

m

Hence, we have

v m
—qi(5}) > t 20— 0° (Z (9:, &1 )2). (3.49)

20a N\ 2 llel™ |12

Using the estimates 1} (3.47) and ©7 "> 07" forall k = 1,...,p we conclude

ng¢]m c;'i@Jl d o m > om 1, —1 ||2

>C'p” 1C(ﬁxﬁ) Ai'maxxz'(%) :

where we have used Assumption to derive the last estimate. If we make the full step, i.e.,
t = 1, we hence obtain for the predicted reduction

20 — 62
Cai(sl) > -1, -1
qz(sl) - QCH ¢

c(rx, T)2xi(vi)?. (3.51)

On the other hand, if t = A;/||s}||;, it follows from (3.48)) that t > A;/(C\/A"*||s}||) holds.
Lemma applied to V/ then yields

v v
Isill* =0 Y (tyimdi™ by &™) < 0200 Y (tym)?ll67™" 1.
m,m/ ' ¢ m=1 "
From the definition of w it follows that w(gb] " H;) > a)\max||¢] ™2 for m = 1,. lg . Therefore,

v m . v i
e < 92A (Quﬁf)j ) ¢]m < 92’/0 <9z‘7¢g ' )2 '
% ]m 2 \max max|| 4" ||2
w(g!™, H;)? QTATT o ATl

Inserting ¢ in (3.49) yields

J .
B P — ZZ 0,67 ), A
20— ORI ol | T OO

$- (o0

m=1 167712
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3.3. Estimating the dual norm

We can estimate the sum in the last expression by (3.50) and finally obtain

1920 — 67

o
20y c(Fy T)Xi (Vi) =1 (3.52)

N

By taking the minimum of (3.51)) and (3.52)) it follows that if the algorithm returns with s} or &
the assertion is true.

—qi(8)>Cp

1

79

Let us now assume that we have just finished the (k — 1)th iteration with a step sf_l that satisfies
|51, < A;. Then the next step, s¥, has a lower function value than s¥~!. This can be seen as
follows: First note that with ds := 6 Zqﬁ{e@{ tqbf ¢l 5= J* it follows

k—1

—qi(sE 1 4 65) = —qi(s87) — (gu + Hish 1, 65) — (35, Hids).

1
2
By the same techniques as for the first step, we can now prove that the descent produced by
the step ds for the quadratic function ¢¥~'(ds) := (g; + His"1,8s) + (s, H;ds)/2 is positive
and hence —¢;(s¥) = —qi(s¥ 71 4 0s) > —qi(s¥71). The test —q;(8F) > —q;(s*') in Step 4 of the
algorithm ensures that if ||s¥||; > A;, the final step will at least be as good as sf_l and therefore,
by induction, it obtains at least the descent of s}. This completes the proof. O

3.3. Estimating the dual norm

As we have seen in the previous section, we gain level-independent descent through a smoothing
step if the gradient g; is rough in the sense of . If, on the other hand, the gradient is smooth,
a successful multilevel step also achieves a descent in the objective function that is similar to
a successful smoothing step (cf. Lemma . Up to this point we have always assumed that
we can check whether is satisfied in an iteration. However, in a concrete implementation
this task can be very expensive depending on the normed space V. In our typical setting, V is a
subspace of H!(f2). For example let V = H}(Q), V; C V be an finite dimensional subspace and
gi € V;. The value of the dual norm [lq/(g:)||v> is equal to |v] g1 (), Where v; € V; is the solution
of

(Vvi, Vul)Lz(Q) = (gi, ui)LQ(Q) for all u € H&(Q) (353)
This follows from
(9i,ui) 12 (Vvi, Vui) 2(q)
lea(gi)llvs = sup —————= = sup : = |vilm1 ()
0£wey; |Uilai@)  ozwev,  |wilmo)

where the last equality is a consequence of the Cauchy-Schwarz inequality. The solution of the dis-
crete variational equality (3.53]) is in general too expensive to calculate since the condition of the re-
sulting linear system grows quadratically with the dimension of V;.

So instead of doing an exact calculation of the quotient

ewe(Qi-19) v+, /Nad(gi)llvs, (3.54)

we will approximate it in a suitable way. Based on this approximation we will then present a
new multilevel stationarity measure that can be used as a substitution for the dual norm of the
derivative.
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3. Unconstrained problems

3.3.1. Additive multilevel preconditioner

In this section we restrict ourselves to the setting of Example [3.I] We emphasize that in this
setting, besides ) being polygonal, no additional assumption about the domain 2 was made. In
particular, we do not make any regularity assumptions.

One way of estimating the dual norm of the gradient is to use additive multilevel preconditioners.
The idea is to apply the operator that represents one cycle of the additive smoothing algorithm
(Algorithm using a special multilevel space decomposition. As in Example we decompose
V; into one dimensional subspaces spanned by the nodal basis functions. But instead of using only

7 j=1,...,n; we also add all basis functions of the coarser spaces Vy, k < i. More precisely,
we assume the decomposition

i Ng

Vi=Y >V, Vi={ad]|aecR}.

k=1j=1

If H; is positive definite, Algorithm [3.1] applied to this decomposition leads to the symmetric
and positive definite operator B{ ! (3.29) which can be used as preconditioner for instance in a
conjugate gradient (CG) algorithm. The important feature of this simple preconditioner is that
the condition number of the operator B{ LH; is bounded level-independently in many scenarios.

Moreover, even when replacing (H. Zj )~ L in (3.29)) by a suitable scaling, a level-independent condition
number can be shown.

Since we want to replace the evaluation of the dual norm, we consider these method for the simple

Laplace equation ([3.53]).

We first look at the MDS (Multilevel diagonal scaling)-method proposed in [Zha92], which is just
Algorithm [3.1] applied to the multilevel nodal decomposition.

Theorem 3.3 In the setting of Example the MDS preconditioner M[lz Vi — Vi defined by

%

=YY g“;;k) o
k=1j= 1

satisfies
1
C
with a constant C that is independent of i and h;.

(vi, Vivg) < (M; Wivg, Vivy) < C(vi, Vivy)  for allv; € V;

PROOF A proof is given in [Zha92, Thm. 3.1] or [Osw94, Thm. 19]. O

From the previous theorem it follows that
1
C
and hence with Lemma we get

(9, Vi i) < (g4, M gi) < Clgi, Vit i)

1 ~
Glla9dl: < (gi, M 0i) < Cllu(ga)ll;-
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3.3. Estimating the dual norm

Therefore, the norm induced by ]\;Iifl is equivalent to the dual norm and we can replace the
smoothness condition by

—— i—1 <y (Qi—19i,¢7)°
\/(Qi—lgmMi,lle’—lgi) B D=1 22551 (@161

—1 B 0.9
(9i, M; gi) Zk 1ZJ 1 5;’(;]5;

> Ry

with a suitably chosen &,.

A similar level-independent condition holds also for the even more simple BPX preconditioner
(named after its inventors Bramble, Pasciak and Xu) presented in [BPX90]:

Theorem 3.4 Under the assumptions of FExample the multilevel nodal basis preconditioner
M defined by

Mg =3 ™" Y (90 61)0%
k=1 j=1
satisfies
1 N
(i Vivi) < (M;'Vivy, Vivy) < C(v;, Vivy)  for allv; € V;,
with a constant C that is independent of i and h;.

PROOF There are various proofs of this theorem, cf., e.g., [Zha92, Thm. 3.1] , [Osw94, Thm. 19].00

Remark 3.6 Both preconditioners can be modified without changing the level-independent
condition number, by solving the coarse grid problem exactly. This leads to

Vi : g’La d) Nr— _ d _ k S
M g = Vi ' Qugi + ZZ kgl vesp. Mg =Vi'Qugi+ Y bt (g6 01)01

Jj
== ( e PRV k=2 j=1

3.3.2. A multilevel stationarity measure

A natural question is whether we can directly use the multilevel norms applied to g;, examined in the
last section, as stationarity measures. Since they are equivalent to the dual norm of the derivative,
they clearly induce a continuous stationarity measure in the sense of Definition Furthermore,
Assumption is satisfied as we will show in the next lemma.

Lemma 3.11 Assume that x; is a stationarity measure defined by
A 7 1/2
- A
(vi) := (ZZW(W),%) n(qﬁ‘z’c)) ; (3.55)
k=1j=1

where n: V; — R satisfies n(¢§) < C()\?ax)*lthgH*Z forall j =1,...,n;. Furthermore, let (3.42))
and (3.39)) hold. Then Assumption is satisfied with

c(kiy, ) = C tyyt 1 — K2
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3. Unconstrained problems

PrROOF By definition of the lower-level models it follows that for all K = 1,...,7 — 1 and
j = 1, ey NE

(hi—1(0), &1,y = ((P_1)"hi(vi), &) = (hi(vi), o)
holds which implies

i—1 ng

Xi—1(0)2 = 37 3 (hi(vi), o1y n(1).

k=1j=1

Suppose that v; € V; satisfies (3.24]). This means

S5 (R, o) n(0]) — S (h(i), 1) n(el) < k2 303 ((wi), 61) n(oh),
k=1j5=1 j=1 k=1j5=1
which is equivalent to
(1= R22(w) < 3 (W), 8] n(6)). (3.56)
j=1

As usual we denote the representation of h(v;) with respect to (-,-) by g;. Since g; € V;, there
exists a coefficient vector g; with g; = >} | g; qbk Using this representation and the entries of the

matrix o from (3.39)), we obtain

nq

> (g 81)*n(]) < COP)~ 2(27 ok, o))’
C(m) 12(27 lgketl)”
j=1 k=1

where we have used the Cauchy-Schwarz inequality in the last step. We recall that for real
numbers a,, > 0

n 2 n
( Z am) <n Z a?n
m=1 m=1

holds, which follows directly from Jensen’s inequality. Since ||7g|/co < 1o, the inner sum has at
most vy non-zero terms for each j. Hence, we can further deduce

Uz g Ny

3 (gi, 1) 2n(8]) < COP) Ty 3TN ARGk 2 < o) Ty ZH o112

j=1 j=1k=1

Using (3.43)), which follows from (3.42)), to estimate the last sum we finally have
(0 0])*n(9]) < COP™) " vllgil

=1

Inserting this result in (3.56]) yields the assertion. O
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3.4. Implementation

If the function n in (3.55)) is given by
n(@}) = (5. ¢1)y" or n(¢]) =hy

we obtain the preconditioners of Theorem [3.3] and [3.4] Hence, it is convenient to use these
directly instead of the dual norms. Another benefit is that Assumption [3.1] is satisfied for all
ky € (0,1) in comparison to the non-regular case, where we had to assume k, < C’él (ct.

Lemma .

Before we finish this section, we present a result that can be used in a practical implementation. As-
sume that x;, ¢ = 1,...,r, are chosen as in Lemma and that

1 g2 =1l ' ' n; ' '
DI UIARICAED A RIC ),
X  k=sj=1 j=1

holds for some s € {1,...,i — 1}. Then it follows directly that
xi-1(0)* > F&iXi(Ui)2

and hence the violation of the smoothness property. This can be used as a “quick test” for s near
i—1.

3.4. Implementation

In this section we will give a short summary on how the smoothing algorithms and the dual norm
estimates can be implemented efficiently. This is important since one smoothing iteration should
be inexpensive in terms of computational costs. The same should hold for the (approximate)
evaluation of the smoothness quotient . We will show that by a suitable implementation
the number of floating point operations (flops) for the typical decomposition of V; into the one
dimensional spaces generated by the n; basis functions (cf. Example is of order O(n;) on
level 1.

We assume that an element v; € V; is represented in terms of its coefficient vector o; € R™ with
respect to the basis {¢? }j=1,.. 0, C Vi, vi = Z?;l o] ¢]. For elements that have their origin in the
dual space, the canonical representation is given by their action on the basis. Hence, the gradient
g; is not represented by its coefficients, but by the vector gi € R™ whose entries are gf = (¢, 9i),

j = 1, ey Ny
The operators H; are identified by matrices H; € R">*" such that (v;, Hyu;) = oF H;t; is satisfied.

Obviously, the matrices with elements glj k= (qbf , H;#¥) have this property. Similarly, we have
matrices V; for the operators V; and furthermore we define the Gram matriz or mass matriz G;

by g‘gk =( f ,¢F). Since (uj,v;) = ﬂ?giﬁi, these are used to calculate the inner product and the
norm on U.

With this notation the quadratic function (3.22)) can be evaluated by
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3. Unconstrained problems

The standard Euclidean gradient of ¢; in R™, V§;(8;) = (6527(151-)’ R 8?5(75;) )T, corresponds directly

to the U-representation of the Fréchet derivative of ¢;, i.e., for v; € V; with coefficient vector
€ R™ we have the identity

(gi (i), vi) = (Vugi(si), vi) = V§i(5;) 0.

3.4.1. Smoothers

We will first analyze how the smoothers in this chapter and the estimates of the dual-norm can
be implemented and estimate their computational complexity.

Steepest descent step

The simple step s; = —t||gil|?/(g:, H;gi)gi, which corresponds to the minimization in direction
of the steepest descent with ¢ as in Lemma [3.0] is surprisingly expensive to implement. The
coefficient vector §; of s; is given by

Due to this, we have to solve the linear system §; = G gi in each step. Although the dimension
of the matrix G; depends on n;, the condition number is often level-independent, for example
in the setting of Example 3.1} Therefore, a simple iterative algorithm like a conjugate gradient
method should give an adequate approximation after a fixed number of steps independent of n;.
If we further assume that H; and G are sparse, i.e., the number of entries per row is bounded
independently of i, we get that a good approximation of the step can be calculated in O(n;)
operations. However, although the condition number of G; is level-independent, the approximate
solution of G;g; = gi is still quite expensive.

An alternative steepest descent step

Instead of minimizing ¢ in the direction g;, an alternative is to search for a minimizer in direction
>y giqﬁg. This leads to the step

lgill3
9i Higi

i(gi,qﬁ?)cﬁ (3.57)

j=1

Si:—t

As usual we denote by ||-||2 the Euclidean norm. The corresponding coefficient vector of the step
is hence given by

s HQZH% UL

‘ 9i Hzgz ‘
and can thus be calculated without inverting the Gram matrix. Under the assumption that H; is
sparse, the evaluation needs O(n;) flops. The next lemma gives us a result similar to Lemma

for this choice.
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3.4. Implementation

Lemma 3.12 Let Assumption (B42) and ([3:28) be satisfied. Furthermore, let B; * be defined

by
n; ' '
Bigi =i} (0 016
j=1
with
llg:ll3 H, 0.
w; = 9 Higi ngz idi >
cf otherwise.

Then the step s; = —tB;lgl- with

_ min {1, Ai/||B; " gilli} ngl Higi > 0,
Ai/HBi_lgz‘Hi otherwise,

fulfills
—qi(si) = C7'Clry, 7)(1 = 0/2)xa(vi) min { Ay, C(ry, 7)xi(vi) }-

ProOF We will show that the operator satisfies (3.25a)—(3.25c]); then the assertion follows directly
from Lemma

First, assume that g}’ Hig; > 0. Since

_ _ lgill3 lgill3 _
(B; g, HiB; 'g;) = ( Hg) ZQMWH ng(;ﬁj = T Hg = (9i» B '9i),
Z K3 — 191
(3.25a)) holds with 6 = 1.
Furthermore, we have
gy < Jol a3
1y g 1) —

gi Higi — A™<(H;)’

where \™®*(H;) denotes the largest eigenvalue of the stiffness matrix. From the definition of A\j"**

and - ) follows
nl . .
o Hity < CaA™||vgl|> for all v; = > /¢!
Let 4; be an eigenvector of H; to the eigenvalue A™**(H;). Then using (3.42) we obtain
a Hity = X" (Hy)||%l|3 > C7 I (Hy)ef il
and thus the following upper bound on A™**(H;):

)\max

)\max(l;{) < CCH

l
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3. Unconstrained problems

Together with (3.47)), which is a consequence of (3.42)), this shows ({3.25b|):

d 2
ci llgilla _ _
> CTH™) gl

(glaB gz) W_

From the definition of G; and (3.42)) we infer

Givi =Y N (], )ik = |wi]> < C(e) a3 for all ; € R™. (3.58)
j=1k=1

From (3.28)), i.e.,
l|silli < Cy/AP||s;||  for all s; € V;,

(13.58) and (3.47) it further follows that

(gsz gz) > 1 HQZHQ

> — > ==\ ¢ lgill2 > mangzH
HB QZHz C\//\iy/ Tngz C\/ )‘ \F CVA;

which proves (3.25¢]).
Now, let gl Hig; < 0. Th1s is equlvalent to (B gi, HiB; 1g:) < 0 and since ¢ > 0, m follows.
To prove lb we use again:

(96, B7 ' 91) = fllgill3 > C™Hlgall* = C7HP) " gl

Note that we have used A"®** > 1, which holds by definition. Property (3.25¢c) follows as in the
other case. This finishes the proof. O

Remark 3.7 The direction used in the previous lemma corresponds to an Euclidean steepest
descent direction of ¢; at §; = 0. In contrast, the direction of Lemma is a steepest descent
direction of g; at §; = 0 corresponding to the inner product (i, fﬁi)gi = fLZTgﬁ),

Additive and multiplicative smoothers

The implementation of the smoothers presented in Section [3.2.4] depends on the decomposition
{VJ . Let us consider the simple decomposmon into the ba51s functions as presented in Exam-
ple[3.2l In this case the additive smoother B Lg; can simply be evaluated by

U =w Diag(gi)_lgia

which obviously needs only O(n;) operations. By Diag(H;) we denote the matrix in R"*™ that
consists only of the diagonal entries of H;.

For the implementation of the multiplicative smoother (Algorithm [3.2]), we use the following
algorithm:
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3.4. Implementation

Algorithm 3.4
Step 0 Set r; =g, §i=0and j=1.

, j
Step 1 Calculate §] = —%

Step 2 Update r; <+ r; + 53 gieg , where eg € R™ denotes the j-th unit vector.

Step 3 If j < n;, set j «+ j+ 1 and go to Step 1. Otherwise return with §;.

To show that the algorlthm 1ndeed calculates the correct step, we use the representation (3
of the intermediate steps s . Since we use the splitting into the spaces spanned by the ba81s

functions, the operators HZ] and @/ are given by (3.33] (3-33). Thus we obtain with w) = 0 and

Jo_ J k*
Wi = 2 k=15 -

o
g _ g+ Hiwi,4)) &
Z (o], Hid})
Hence, in the corresponding coefficient vector only the j-th entry is not equal zero. This implies that
the entries of the coefficient vector of the final step are simply given by

o
' (97, Hig7)

It is left to show that in Step 1 of the algorithm L“f = (gi—I—Hiw{*l, #¥) holds forallk = 1,...,n;. We

prove this by induction. Since w? = 0 and r; is initialized by g; this is true for j = 1. Now suppose

that the assumption is true for fixed j. The vector r; is upaated in Step 2. From the induction
hypothesis we infer for the corresponding element r; € V;

o
|

orj=1,...,n;.

ri = gi + How] ™' + 8 Hi¢] = gi + Hi(w] ™ +5¢]) = g + Hi(w] " + /). = g; + Hyw]
This shows that in the next iteration the assumption holds, which finishes the induction.

Assumptions implies that the numbers of entries in each column of the matrix H; is bounded
independently of i. Therefore, the matrix-vector product in Step 2 can be implemented with
O(1) operations and the whole algorithm requires O(n;) operations. The same is true for the
symmetric variant.

Remark 3.8 In Step 2 of the algorithm it is not necessary to update the whole vector r;. It
is enough to consider only the components ff with £k = j+1,...,n;, which are needed for the
further iterations.

Remark 3.9 Suppose the typical matrix splitting H; = D; — L; — LT in a diagonal and a lower
left triangular matrix. By a simple induction one can show that the apphcatlon of Algorithm [3:4]
can also be expressed by

8; = (-Qz - g/i)ilgz

This corresponds to one iteration of the classical Gauss-Seidel algorithm applied to the linear
system H;§; = g;. Similarly, one iteration of the symmetric variant is given by

§ = (Di — L)) "'Di(Di — Li) " 'gs
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3. Unconstrained problems

Graph coloring

To use Algorithm we need to group the nodal basis functions, such that all entries in each parti-
tion are pairwise orthogonal with respect to the bilinear form (-, H;-). Given the matrix representa-
tion H; of the operator H;, we seek index sets I, ..., I;, such that

(€N T Hiek =0 for all k, k' € I;, k £

Here, eg’ € R™ denotes the unit vector, which is one at the k-th entry of I; and zero otherwise.
This property depends only on the sparsity pattern of the matrix, which in most applications
does not change during the iterations since it is determined by the discretization and does not
depend on the point v; ;. In this case, we have to define these sets just once for each level when
we enter it for the first time.

In order to obtain such index sets, graph coloring algorithms can be used. Then each set consists
of nodes that have the same color. For this we interpret H; as adjacency matrix where we assume
a connection between two nodes k and &’ if the entry ]jlfk/ is not equal to zero. This is just
the matrix v, defined by . Consider for exampleNa simple greedy algorithm, where one
takes an arbitrary ordering of the nodes and iteratively color each node with the first available
color not already used in the neighbourhood. Obviously, this algorithm needs at most p = v 41
colors, where v is given by . Hence, the number of colors can be chosen independent
of the level i as long as is satisfied. Using the lexicographic ordering, the complexity of
this algorithm is of order O(n;) since the number of neighbours of each node is bounded. More
sophisticated algorithms can decrease the number of colors even further, see for instance [PMXO9§]
for a survey.

3.4.2. Dual norm estimates

We now consider the implementation of the multilevel preconditioners in Section [3.3.1] and the
multilevel stationarity measure from Section [3.3.2] For this we have to calculate the scalar
products (g;,¢;,) for k =1,...,5and j = 1,...,ny. For k = i these are just the entries of Gi-
Hence, we now suppose k < i. From the deﬁmtlon of the U-orthogonal projection Qy it follows
that (g;, (b] ) = (Qryi, gb] ). Since Qg is also used as restriction in this setting, we analyze the
complexity of this operation.

The spaces V; are nested, which allows us to express each basis function qﬁg_l € V;—1 in terms

of the basis of V;, i.e. qﬁz L = Y1, ajj¢l. Let us denote the matrix with the entries a;; by
Il | € R%*"i-1, Then 1t holds:

(gz, gzyzal] Zal] .927 Zal]gi'

This shows that the restriction of g; represented by g; can be calculated by

gi1 1= Qinagi = (1) g
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3.4. Implementation

In most applications the matrix I ; is sparse and cheap to assemble. For example in the case of
a linear nodal basis that satisfies

¢l(al)y =065 forallzle Njand j=1,...,n;

the entries match the values at the nodes, i.c., a;; = ¢, (z}).

A step s;—1 € V;_1 is prolongated by means of the identity. Given a coeflicient vector §;_1 € R"™-1,
we seek the element in R™ that correspond to the same element in V;. From

Ti—1

) n; n; Ni—1 )
5= % 500, = z (50 ael) =3 (60 & yay).
=1 =1 j=1

we obtain that the entries of the coefficient vector are given by o = 37 il ;8 and therefore
’l~}i = If_1§i_1 holds.

Remark 3.10 The matrices I! ; and (I} ;)T are similar to the restriction and interpolation
operators in multigrid theory for finite differences. See also Example 2.2

In the same way we can construct the matrices I,i for k=1,...,7— 2. Note that we also have the
identity

L=I" 1 (3.59)

With these preliminaries we can formulate the preconditioners in terms of matrices and vectors.
For ease of notation we set I} € R"*™ to the identity matrix. The MDS preconditioner can be
evaluated by

“r— ' g27 ¢ : 7
(90 M gi) = Z Z ’j = > (1) )" Diag(Va) " (10) " gs,
k=1j= 1 QS ) k=1
and for the BPX preconditioner we obtain
(90, M;g2) = Y b I () gill3.
k=1

We assume that there exists a § < 1, not depending on ¢ or r, such that the number of unknowns
satisfy ng_1 < dny, for k =1,...,r. Typically, if we use uniform refinement, we get 6 = 2~¢. The
evaluation of one summand in the preconditioner can be implemented using with C'ng
operations and hence in total

ops = Z Cn, <C Z 6 Fn; = Cn; Z ok < Cinl
k=1 k=1

So, independent of the number of levels, the costs for one evaluation is O(n;).
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4. Convexly constrained problems

In this chapter we consider problems whose feasible sets are convex. As in the preceding chapter,
we will derive conditions under which smoothing steps yield a decrease of the quadratic model
function that satisfies the fraction of Cauchy decrease condition where the constant kKpqc
and B¢ are level-independent. Furthermore, we will turn to a special class of constrained problems
where the feasible set is a box. Here, we will show how to construct suitable lower-level boxes.
Additionally, we will introduce an active-set strategy which changes the prolongation operators so
that more directions are allowed in these lower-level boxes.

4.1. A level-independent stationarity measure

Considering our model setting from Example , we see that the projected gradient as
introduced in Chapter 2] is very expensive to evaluate. This has two main reasons: First, the
gradient must be calculated with respect to the H}(Q) inner product on V, which involves the
solution of a PDE. Second, the projection on the feasible set must also be done with respect to
the norm on H}(Q), which is even more expensive. What one would like to have is a stationarity
measure where the gradient and the projection can be estimated cheaply at least for simple convex
sets as for example pointwise bounds.

Similarly to the stationarity measure in the unconstrained case, one could try to use the dual
norm of the projected gradient where both the representation as well as the projection is with
respect to the U-norm. It can be shown that such a measure is indeed a stationarity measure in
the sense of Definition but even in simple examples the continuity depends strongly on the
fineness of the mesh, in comparison to the case without constraints. Since we are interested in
level-independent quantities, we need a different measure.

4.1.1. A multilevel stationarity measure

In this section we introduce a new stationarity measure that uses the whole level hierarchy in the
style of the measures introduced in Section [3.3.2]

We assume the variational setting from Section Additionally, we introduce on each space V; a
level-dependent inner product ((-,-)); and its associated norm ||| - |||l; := +/((+,-))i- We require the
norm to be level-independently equivalent to the norm on U, i.e., there exists a constant C' > 0
such that

1 )
auuzn S ”|’LL7J’”Z § C’||u1|] for all Ui € Vi, 1= 1, ceey T (4.1)
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4. Convexly constrained problems

As in the previous chapter, we denote by C' a generic constant, which is level-independent and is
allowed to take different values in inequalities.

We define orthogonal projectors Q{ : Vi = Vj, j < i, with respect to these inner products. This
means they satisfy

((ngi,vj))j = ((Ui,vj))i for all vV € Vj and v; € V;. (4.2)

In the first section no additional assumptions on the inner products are made. Hence, one is free
to choose ((+,-)); = (+,+). The main reason why we introduce these norms will become clear when
we turn to box-constrained problems in Section [£.2.2]

The following assumption is fundamental for the multilevel stationarity measure we are going to
introduce:

Assumption 4.1 Let g; € V;. There exists a level-independent constant C such that

(2
C (g5 < D) 7HIQjgill* < Cllau(gi)llys - for all gi € Viyi=1,....r
j=1
is satisfied. As in the preceding chapter we denote by Q); the U-orthogonal projection onto V;.

Remark 4.1 Let {\'**}; satisfy the growth condition
max

L_>7>1 forallj=2,...,7

Then, in the setting of Example Assumption follows from the famous equivalence (cf. for
instance [Osw94! [Yse93|, BY93])

CHuill, < AP Quuill* + Z/\ma"ll = Qj-D)uil* < Clluil}, for all v; € V; (4.3)
7=1
by duality arguments. To verify this, first note that we can rewrite v; € V; as

= Q1v; + Z Q] 1 'Uza
and since (Q; — Qj—1)v; is orthogonal on Vj,l, we have
(vir w) = (Quvi, Quwi) + Y _((Q5 = Qj—1)vi, (Q5 — Qj-1)wy).
=2

Using the Cauchy-Schwarz inequality twice, we obtain
(vi, wi) < ()\max)*l/ZHsz‘ll(/\max)l/2|!Q1wi|!

"’Z AP V21(Q) — Q1) uil [ AP™) V2 (Q; — Qj—1)wil|

7j=2

1/2
< ()~ il + 3O (@ - Q- Duill?)

7j=2

(P Qu ] + ZAWH — Qi)
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4.1. A level-independent stationarity measure

By definition of the dual norm, (4.3) and the last estimate it follows

lai(gi)llv: = sup g, ws) _ sup (gi, wi)

evs llwilly, T = i
0Aw; €V || lHVz 0Aw; €V; ()\rlnaXHQlwz'H2 +E;’:1 A;nax”(@j _Qj—l)wiH2)

1/2

< (™) Qg2 + fjg(x?aﬂln(@j —Qpal?)”.
o

To show the other direction, we set

w; = (AP Qugi + zi;()\;nax)_l(Qj - Qj-1)gi-

=
Note that (Qr —Qx—1)wi = (AP™) ™ (Qr—Qr—1)gi and Q1w; = (X"**)~1Q1g; holds. Furthermore,
(@3, gi) = (AP) 7 HQugil|” + Zi;()\;nax)—l”(Qj —Qj—1)gill*-
=

Using this special element and (4.3]), one obtains the other inequality:

(gi,w;) _ 1 (i, w;)
C T (rIQu])? + S A(Q) - @-n)wi)?)
1 max\— : max\— 1/2
= S (O™ 1Quaal* + AP (@ ~ Qi-1)aill?)
j=2
We finish this remark by noting that
i i—1
A=) THIQugall? + D) THIQs — Qj-1)gill® = D_((AF™) ™ = (A HIIQs4il®
j=2 j=1
+ (AP 7 Qigil
> (1=771 2 () Qa1
j=1

and

i—1 i

DT = OFED) T IQsgil” + AF™) T HQigal® < D (AF™) 7 Qjgill?

j=1 j=1
holds.
Given the problem

i i(v; 4.4
&1& hi(vi), (4.4)
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4. Convexly constrained problems

with a closed, convex and nonempty set C; C V; we define the multilevel stationarity measure

ME: O — Ry to ([d4) by

i 1/2
)i= () IProic ) QIR (1.5)
7=1
where Cj(v;) := C;—v;, and C(v;) C V; are closed convex sets that satisfy
0€Cj(v;) and s; € Cj(v;) = v+ 55 € C.

The gradient Vh;(v;) € V; denotes here the representation of hl(v;) with respect to ((-,)),
i.e.,

<h;(1}2),u2> = ((Vhl(vl),ul))z for all u; € V.
The operator Projcj (v) 18 assumed to be the orthogonal projection onto C (v;) with respect to
(+,-); for all j.
We start our analysis of xM by showing that it satisfies (2.25)).

Lemma 4.1 The function XZML satisfies

YME(v?) = 0 if and only if v} is a KKT-Point of mig hi(vi).
v;€C5

ProOF We first show the following implication:

IProjc, ey (= VAl =0 = [[Proje, e (—QIVhi(v)))[ll; = 0 for j = 1,...,i — 1.
(4.6)

By definition of the sets Cj(v;), Cj(v;) C C;(v) holds. If Proje,,»)(—=Vhi(vy))) = 0, it follows
from the Projection Theorem [A22] that

(Vhi(v7),v:)i >0  for all v; € Ci(vy),
and hence for j=1,...,7—1
0 < (Vhi(v}),v5)i = (@] Vhi(v]), vy));  for all v; € Cj(vy)

is satisfied. Another application of the Projection Theorem yields assertion (|4.6]).

After this prerequisite, it remains to show that Proje,,»)(—=Vhi(v7)) = 0 iff v} is a KKT-Point.
Let v be a KKT-Point, i.e., it satisfies

0 < (h(v}),v; —vf) = (Vhi(v]),v; — v})); for all v; € C;.
Using the set Cj(v)), this can be written as
< (Vhi(v]),v:));  for all v; € Cy(v)).

According to the Projection Theorem, this is equivalent to Projc, ) (—Vhi(v;)) = 0. O

78



4.1. A level-independent stationarity measure

If the problem is unconstrained, the measure is equivalent to the dual norm of the derivative.
This is the assertion of the next lemma.

Lemma 4.2 Let Assumption hold. Then

1 ! max\— j
5Hh§(vz‘)| be < D OF)THIQIVh (il < CllRi (w5 for all v € Vs
j=1

is satisfied. Moreover, if C; = V; and the lower-level feasible sets are chosen as Cj(v;) = V;, then

there holds 1

)

v < XM (w) < ClIR )

1% fO?” all v; € V;.

PROOF Assume that g; and g; are elements of V; that satisfy
(9i,vi) = (9i,vi))s for all v; € V;.
Using the definitions of @); and Qg we have for all v; € V;:
(Q19i,v) = (96 v7) = (31> v3)i = (@G, v1);-
The equivalence of the norms ||| - [||; and ||-|| on V; yields
(Q59::v5) (@1gi,v3); (@gi-v1)

Qigil| = max ——— = max . < C max i=C Qj_- i
1Qigill = g mness, =T = o, ™ o] 0B, gty Nl

In the same way, one shows H]Qfgzm] < C||Qjgill. Hence, if we replace |HQthZ(’UZ)‘H] by

|QiVhi(vi)||, where Vihi(v;) is the U-representation of hl(v;), we obtain an equivalent station-
arity measure. Using Assumption now shows the assertion.

The second assertion follows directly from the fact that under the stated assumptions the
stationarity measure becomes

%

A 1/2
) = (SO QI TR W)

=1

4.1.2. Continuity of yMt
In order to analyse the continuity of the new stationarity measure X%\/IL , we need a concept of
continuity for set-valued mappings.

Definition 4.1 Let M be a normed space. The Hausdorff distance dg: P(M) x P(M) — |0, oo]E|
of two sets A, B C M is defined by

dr (A, B) := max { supd(v, B),supd(v, A)},
vEA vEB

By P(M) := {A| A C M} we denote the powerset of M.
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4. Convexly constrained problems

where the distance d is given by

A) = inf ||jv — w||.

(v, 4) = inf [[o — w]

A sequence of sets (Ap,)nen, An C M converges to a set A in the Hausdorff sense iff
nh_?godH(An’A) =0.

The next lemma gives an estimate for the distance between the projections on different sets.

Lemma 4.3 Let H be a Hilbert space and A and B be closed conver subsets of H that both
contain 0. Then it holds for all x,y € H:

| Proja(w) — Proj(y)|l < v/2min{|lz]l, |yl}du(A, B) + | -y,
where Proj, (Projg) denotes the H-orthogonal projection onto A (B).

PROOF We recall that the projection on a closed convex set is well-defined and unique, since H
is a Hilbert space (cf. Theorem |[A.2)). We first derive an estimate for the simpler case x = y. We
have

[Proj 4 (z) — Projg(z)|* = (Proj(z) — Projg(z), Proj4(z) — Projp())
= (Projs(z) — @, Proj,(z) — Projp(w))
+ (Projg(z) — x, Projg(x) — Proj4(z)).

From the definition of the Hausdorfl distance follows the existence of an element z; € A with
|z1 — Projg(x)|| < du(A, B). Using 21, we estimate

(Proj4(z) — z,Proj4(z) — Projg(z)) = (Proja(z) — @, Proj4(z) — 21)
+ (Proj4(x) — z, 21 — Projg(x))
< [[Proju(z) — z||du (A, B),

where we have used that the first term is negative, which follows from the Projection Theorem [A-2]
Since 0 € A, it follows further that

[Proja(z) — x| = min|ly — zf| < [0 — z|
yeA
holds and hence
(Proj4(z) — @, Proja(z) — Projp(z)) < |lz[|du (A, B).
In the same way, we obtain
(Projp(x) — =, Projp(x) — Proja(z)) < [lz/ldu (A, B).
Hence, we have
[Proj(a) — Projp(«)|* < 2|/l du (A, B). (4.7)

In the case x # y we use triangle inequality and the Lipschitz continuity of the projection (cf.
Lemma |A.1):

[Proj4(z) — Projp(y)|| < [[Proja(z) — Projp(x)[l + |z —yl < \/2|zlldu(A, B) + |z -y

The observation that we can switch the roles of x and y finishes the proof. O
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4.1. A level-independent stationarity measure

Remark 4.2 A similar estimate was proved in [AN95] for the more general case of projections
in Banach spaces, which is a lot more technical compared to our setting.

The following simple lemma is needed for our main theorem:

Lemma 4.4 Let (ay)}_, and (by)}_, be sequences with elements ay, by belonging to a Banach
space with norm ||-||. The following estimate holds:

n n n 1/2 n 1/2
7 el = 1061 | < D llaw = bl +2( Do 10kl?) (D llaw — bil?)
k=1 k=1 k=1 k=1

PROOF The assertion follows easily with the inverse triangle and the Cauchy-Schwarz inequality:

n

S ol = )] < 37 [(llarl = 10x1)* + 201bxll laxll = o]
k=1

k=1

< 3l lP+2( o) (i (sl = l)?)

k=1

<3 flak - bill? +2(

k=1

3

3

Zi:kuIIQ) (illak—bﬂ)p 0

We now show the continuity of X%V[L under suitable assumptions. Since we are interested in the
continuity with respect to the level i, we explicitly estimate the size of the ¢ in the -9 definition
of continuity. We will later use these estimates to make a more extensive analysis in the special
case of box-constrained problems.

Theorem 4.1 Assume that hi;: C; — V; is continuous, i.e., for every ¢4 > 0 and every v; € C;
exists a 04(vi,e4) > 0 such that

Rl (v;) — h;(uZ)HV: <gg for all u; € C; with ||v; — u;|ly, < dg(vi,eq). (4.8)
Furthermore, suppose that
A (Cj(vi), Cj(ui)) < Cejllvg — willy, forall j=1,...,i—1, (4.9)

where c; is a constant which depends on j. Then XML is continuous on C;, more precisely for
every € > 0 and every v; € C; it holds:

IXME (v;) = xME(uy)| < € for all u; € C; with ||v; — willy, < 6(vi,e), (4.10)
where 0(v;, €) := min{e?, 6,(vi,e4)} with

& }
€g:=min< 1, (4.11)
! { Crmax {1, |7 (v) [ }(Bi + 1)

and

B} i=max {1, S (A}, (4.12)
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4. Convexly constrained problems

PROOF For brevity we set g;(v;) = QZVhi(vi). We start by estimating the difference
[Projc, (u,) (=95 (vi)) — Proje; () (—9; (i) |7 using Lemma 4.3/ and (.9):

IProje; (v, (=95 (vi)) = Projo ) (=95 (wa))ll§ < (\/2|ng(vi)\deH(Cj(vi)»Cj(Ui))

+ gy os) - gsCu)ll;)”
< 41,0l (Cy (). s (1) + 2y (v) — g5 (w2
< Ceyllgy (o)l s — villv, +2llg; (v0) — g w1

Although pessimistic, this estimate is also true for j = i. Summing over all levels and using the
Cauchy-Schwarz inequality yields

i

A= () THIProje o) (—95(vi) = Proje u (—g; (wi)lll3

j=1
: max\— 1/2 ! max)— 1/2
< Cllus = willv, (o) Mg wa)lI3) (Do) ~1e?)
j=1 j=1
+ 2 () 7 lg; (w) — g5 (w1
j=1

< Cllu; — vily, |hi(vi) vy Bi + 2C|| R (vi) — hi(us)]|

2
Vi
Note that we have used Lemma [£.2] in the last step.

Let 0 < g4 <1 be arbitrary. From the continuity of k] follows

A2 < C’(Hh;(vl)HV:ég(vZ,5g)Bl + 63) for all Uq with Hul — UiHVi < 5g(vi,69).

In the following, we assume that |[u; — v;|ly, < d4(vs,€4) holds. Since MU is non-negative, we
have

2
G () = X () |7 < T (0n)? = x0T ()

(2
= | SO (IProics ) (5 @I — [1Projo, g,y (~gs ) I3)|
j=1

From the previous technical lemma we infer
i

™ (00) =" () [* < A2 4 2( Z@?ax)_lH|Pfoicj<vi>(—91(”1‘))”@)WA'

j=1

Inserting our estimate of A in the last expression and using that v/a + b < \/a + v/b for a,b > 0,
yields

2
™ () =X (i) [ < (1 (03)llve 8y (05, 2) Bi + <)
+ O™ (w0) (11 0n) 128 (01, 2) B+ ).
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4.2. Level independent Cauchy decrease

Since 0 € Cj(v;) and the projection is Lipschitz continuous with Lipschitz constant one, we can
estimate

> T (IIProj, ) (g5 (wa) s = IIProjc, o (0) 1)
i=1

Z A=) lgs @l < Cllhi(va)l-

X (vi)?

(4.13)

Without loss of generality, we assume that 64(v;,e4) < 53 and since €, < 1 we also have 53 < gq.

Hence, using (4.13)) we obtain
™ (1) = 3 () < Cegmase{L, [ (w) [} (Bi + ).

Inserting (4.11]) into the last statement with a suitable constant C, yields |xME(v;) — xME(u;)| < e
for all w; with |lu; — villy, < 8(vi,€) := min{eZ, §y(vs,£4)}. This finishes the proof. O

Under the assumptions of the last theorem, it follows with Lemma that ML is a stationarity
measure according to Definition

We finally analyze in which cases we have the stronger property that y U is uniformly continuous,
which is needed for the strong convergence result in Theorem This is the assertion of the
following corollary:

Corollary 4.1 Let h} be uniformly continuous on a set S; C V;, i.e., there exists d4(g4) > 0
independent of v; such that (4.8) holds with 64(vi,e9) > d4(eg) for all v; € S;. If furthermore

[7i(vi)l|vs is bounded by a constant B; for all v; € S;, then XML s uniformly continuous on S;.

PRrROOF If [|h;(v;)||y: is bounded, the choice of ;4 in the previous theorem can be done in-
dependent of v;. From the uniform continuity of A/ finally follows then that we can choose
i(e) < min{sg, d4(e4)} independent of v; € S; such that (4.10)) is satisfied with (e, v;) > 6(e). O

We are also interested, whether the uniform continuity is level-independent, meaning that the
choice of §(¢) does not depend on the mesh-size h; or the number of levels used. In a typical
setting where the underlying infinite dimensional functional is uniform continuous, the answer to
this question depends mainly on the construction of the lower-level sets. We will analyse the level
dependency for our typical setting in Section [.3.1]

4.2. Level independent Cauchy decrease

For a given iterate v; ., we consider the quadratic trust-region subproblem

1
min gisi) = (i, gi))i + 5 (50, Hisi))i (4.14)

subject to ||s;|l: < A;, s € Ci.

83



4. Convexly constrained problems

Here, g; € V; is the gradient of h; in terms of the new inner product, i.e., ((s;, g:))i = (hi(vik), si)
holds for all s; € V;. The linear operator H;: V; — V; is an approximation of the second derivative
of hi(vix). As in the unconstrained case we demand that H; is symmetric and satisfies (3.23),
ie.,

((UquUz))z < CH)\;naXH’U,ZH HUZH for all u;,v; € V.

From the norm equivalence follows
(i, Hyv;))i < COp A [[lwillill[villl:- (4.15)

Note that in contrast to problem ([2.32), we assume without loss of generality v; 1, = 0 in the con-
straints. This can be achieved by replacing C; in ([2.32)) by the convex set

Ci(vi,k) = {Si eV |Ui,k + s; € CZ}

We always assume 0 € C;.

For the rest of this section, we will consider algorithms that approximately solve the trust-region
problem (4.14). To show a level-independent Cauchy-decrease, we demand an assumption similar
to Assumption [3.1]in the unconstrained case:

Assumption 4.2 If v;, € V; violates the smoothness property (2.30), i.e.
Xi—1(0) < Kyxi(vik) (4.16)

holds, then
2)\Enax

lpallF = ey, )2 AP X3 (vie)?

is satisfied, where p; = Projc,(,,)(=Vhi(vik)) is the projected gradient with respect to ((-,-));.
c(ky,T) > 0 denotes a level-independent constant that depends on K, and T.

The proof of the following lemma is omitted, since it follows directly from the definition of y M.

2

Lemma 4.5 The stationarity measure XlML satisfies Assumption with ¢(ky, T) = /1 — K3 -

Since we consider a trust-region subproblem in a fixed iteration k, we omit this index in the
following.

4.2.1. A projected gradient step

Similarly to the unconstrained case, we first consider the simple step s; = t*p; where t* is the
solution of the one dimensional problem

. t?
min ;(t) := ¢;(tp;) = t(pi, 9:)i + = (pi, Hipi))i
tE]R.»,_ 2 (4 17)
AV, )
subject to t < ol tp; € Ci,
Dilli
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4.2. Level independent Cauchy decrease

and
pi = Projg,(—g:).

If p; is not smooth, the next lemma shows that the fraction of Cauchy decrease condition ([2.29))
holds for the step s; with constants that are level-independent.

Lemma 4.6 Let x; satisfy Assumption . Suppose that t* is the solution of (4.17) and let the
trust-region norms satisfy

HUzHZ < CA?’I&X’HU’L”’Z fOT all V; € Vz (4.18)

If (4.16) holds, the step s} :=t*p; satisfies (2.29)); more precisely the predicted reduction can be
estimated by

—qi(s;) > C ey, 7)xi(vi) min {Az‘, c(lglf)xz‘(vi)} ;

with a level-independent constant C.

PrOOF We first analyse the case (p;, H;p;)); > 0. A simple calculation shows that

fam (pi, 9i))
(pi» Hips))i

is the global minimum of ;. From (4.15)) we obtain

iy = L g _ 1 (i, 9:)?
vt = 2 (pi, Hipi))i = CCgAmIplI?

From the Projection Theorem (A.2)), it follows

llpill? = (~gi-p)i = (=gi = pi-pi)i < (g1, Pi)s (4.19)
>0

and thus —;(f) >

> WM})ZHE Let us now assume that ¢* < f, which is the case when the

step lies on the boundary of the feasible set. Then from the definition of ¢ follows —((piy9i)i >
t*((pi, Hy, pi))i and hence with (4.19)):

* *

Uilt") = (i 00+ 5 (o0 Hipii < 5 (0000 <~ Il

When the stepsize is limited by the trust-region condition, i.e., t* = ”ﬁ’“., it follows from ({4.18))
that

Aillpally 5 A
- i
2 ol = A=

holds. Otherwise, if the step length ¢* is limited by the convex set, i.e., t* = max{t > 0|tp; € C;},
we infer from the definition of p; that ¢t* > 1 and hence

—i(t7) >

o1
—0i(t") 2 5 il
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4. Convexly constrained problems

We recall that by definition A\;"** > 1 and therefore, in either case, we can estimate the descent of
t*p; by

. * 1 - [lp3ll:
—;(t7) = —q;(tTp;) 2> ——==|l|pillli A, ———. 4.20
(") ¢ (t"pi) C\//\?WH\P If mln{ CH\/W ( )

If the curvature of H; in direction p; is not positive, i.e., (p;, Hip;))i < 0, 1; is unbounded for
t — oo and therefore the minimum lies at the boundary of the feasible set. As above we have
t* > min{A;/||pil|;, 1}. This leads to

—i(t*) = —t*(pi> 9:))i > %miﬂ {\/)\A;;W’ H\Pz‘|||z} lpillls-

Thus the step also satisfies (4.20)) in this case. Now the final descent estimate follows from (4.16|)
and by applying Assumption to (4.20]). O

Instead of the step s from the preceding lemma, another common choice is an approximate
minimizer of the trust-region subproblem along the projected gradient path s;(t) := Projc, (—tg:),
t > 0. Such algorithms were studied for instance in [Toi88] or [CGT00, Sec. 12.2]. We will outline
a method presented in [Mor8§].

Let 0 < po, 1 < 1, @« > 0 and B € (0,1) be given constants. Assume that we have a step size
t > min{«, At} such that

qi(si(t)) < po((si(t),g:)i and |[[si(t)]i < A, (4.21)

holds, where ¢ > 0 satisfies

qi(si(t)) > po((si(t), )i or si(t)]li > 1A

Such a step size exists and can be calculated with a finite number of evaluations of s(-) by a
simple backtracking technique similar to the Armijo rule.

Lemma 4.7 Let Assumptz'on and (4.18)) hold. If p; = Projc,(—g:) is not smooth, i.e., (4.16])
is satisfied, each step s;(t) where t satisfies (4.21]) achieves the descent

—a(si(9) > € elme (o) min {85, LT |

The constant C' is independent of © but depends on the parameters ug, p1, @ and f3.

PROOF The proof of this lemma runs along the lines of the proof of Theorem 4.4 in [Mor88].
Only simple modifications are necessary; we leave the details to the reader. As in Lemma [.6] the
non-smoothness of the projected gradient must be used to change the norm of p;. O
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4.2. Level independent Cauchy decrease

4.2.2. Separable constrained problems

From now on for the rest of this chapter, we suppose that the finite dimensional spaces V;
and feasible sets C; have a particular structure. We assume that V; can be decomposed

as
ng X
— E J
=1

such that the decomposition is orthogonal with respect to ((-, -));, i.e.,

(v, 0F)i=0 forallv! eV of e VE j+#E. (4.22)

177

Because of the orthogonality, the representation of an element v; € V; as v; = Z}Zl vzj , vzj € Vij ,

is unique and moreover ||v;]||? = POy |||vZ] |7 holds. In the following, a superscript as in u;
denotes the orthogonal projection of u; onto V/. Notice that n; need not necessarily be equal
to the dimension of V; but is allowed to be smaller. Since we will exclusively use it in cases
where each V} is spanned by a single basis vector, we will stick to this notation in the follow-

ing.

We assume feasible sets C; C V; that are the sum of convex subsets of Vij , more precisely:

C; = Z C?, € c V! closed and convex.
=1

A simple consequence of the orthogonality of the subspaces Vl-j and the special structure
of C; is that the projection onto C; is just the sum of the projections onto each subspace.

ng

Lemma 4.8 In the setting depicted above, the projection of an element v; = ZFl vf € V; onto

the convex set C; satisfies:

n;
Proje, (vi) =Y Proje; (vi).

j=1
PROOF Let u; = 377, ug, uf € C’ZJ Then
n; n; n; n; ‘
((UZ' — Z PlrojczgC (vi), ZProng (vi) — ul))l = Z ((vZ — Z ProjclgC (vi), Projcg (v;) — uf))l
k=1 J=1 j=1 k=1

g .
=D _(vi = Projg (vi), Proje (vi) — ul))s.
J:l 7 7
From the Projection Theorem it follows that each summand is non-negative and hence

((vi — ki;l PlrojclgC (vi),gProng (v;) — ul))l > 0.

Now the second part of the Projection Theorem proves the assertion. O
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4. Convexly constrained problems

Example 4.1 Consider the setting from Example The finite element spaces V; can be written
as the sum of the one-dimensional spaces that are generated by the nodal basis functions ¢?,
Vi= ZW, VI = {a¢!|a € R}

1
j=1
The standard L?(2)-inner product does not satisfy the orthogonality property (3.44). Two

common choices (cf. for example [BS08, Sec. 6.2] or [Bra07, Ch. V, Sec. 2]) for an equivalent
inner product for d = 2 are

(i, vi))i == % S [t (i) vi(zen) + uilze2)vi(we2) + uizes)vi(aes))
teT;

or even simpler

(wiyvi)i == hi Y wilafoi(f).

mf eN;

Here [t| denotes the area of the triangle t and x;;, I = 1,2, 3, its vertices. Since ¢f(xf) = 0, for
x¥ € N, it is obvious that both products satisfy the orthogonality assumption (3.44)).

In this setting, each closed and convex subset C’j C Vj can be written as an interval in the
coefficient space, i.e., 7 = {a¢! |a € [I/,4!]} with suitable lower and upper bounds ;, @; € R™.

Since the elements in V; are piecewise linear, the sets
CZ:{’L)ZEVZHZSUlguz} and {’UIEVHZZ( )<U1( )<u1( ) .CL‘ E./\/}

coincide for [;,u; € V;. Hence, we can decompose such sets using the coefficient vectors l~¢ and u;:
U . ~ .
C; = ZC’ZJ, C] = {aqﬁ]\ Z <a<al}
j=1

The special form of the inner product makes the projection a cheap operation. Given an element
v; € V; with associated coefficient vector @;, the coefficient vector of the projection w; = Projq, (v;)
is due to Lemma [4.§] just

d)g :min{uj max{ll, ; }, j=1,...,n,.
Notice that the projection of an element in regards to the standard inner product is vastly more
expensive.

4.2.3. Smoothers in the strictly convex case

In this section we analyze a projected (block) successive relazation algorithm to approximately
solve the trust-region subproblem . Under the additional assumption that the operator H; is
positive definite, we will show that each step satisfies the fraction of Cauchy decrease condition if
the smoothness property is violated, i.e., holds. If C; = V; and 6 = 1, the algorithm
coincides with the multiplicative subspace correction algorithm, Algorithm considered in the
previous chapter.
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4.2. Level independent Cauchy decrease

Algorithm 4.1 (PSR)
Choose 0 € (0,2), set k =1 and y; 0 = 0.

Step 1 Find s/* € CF such that

G (Yig—1 +57) < qi(yir1 +uf) VuF e CF.

Step 2 Set Yik = Yik—1 +9ks§* with 0, = min {9, max{t >1 ]yi7k,1 —i—tsf* S CZ}} If £ < n;,
set k <~ k+ 1 and go to Step 1.
A

i
Hyz nzHZ

Step 3 If ||yin,lli > Ay, set s; = Yin,, Otherwise set s; = y; »,. Return with s;.

Notice that the optimization problems in Step 2 possess a unique solution, because ¢; is uniformly
convex if H; is positive definite.

Remark 4.3 Algorithm can easily be modified to allow more than one optimization sweep
through the subspaces:

Repeat m times: Instead of going to Step 3 when k& = n; holds, restart the algorithm
but use yi 0 = Yin,;-

Since every step sf* produces descent, each y; ,, has a lower function value than the preceding
one.

Remark 4.4 The order in which we process the subspaces in Step 1 can be chosen arbitrarily.

As for unconstrained problems (cf. (3.35])), we impose the sparsity condition
[71llee < 21 (4.23)

with a positive and level-independent constant v1. Here, 73 € R™*™ is the interaction matrix
with entries

ik {o if (v, HivF); = 0 for all v/ € V!, vF € VF,
ik

1 otherwise.

Theorem 4.2 Let s; be a step generated by algorithm PSR. Assume that H; is positive definite
and that

(ul, Hyul )i > (COpA P Y ||? for allul e CY, j=1,...,m (4.24)

is satisfied. Let furthermore (4.23) and

Jui||f < C (Z((u{,Hiu{))i) Vu; € C; (4.25)

j=1
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4. Convexly constrained problems

hold. Then s; is a feasible step of the trust-region subproblem (4.14)). Moreover, if Assumption
and (4.16|) is satisfied, it yields the descent

—qi(si) > C™!

c(Cr,v1,0)c(ky, T)Xi(vi) min {Ai, Oc(ky, 7)c(Ch, v, H)Xi(vi)}

with ¢(Crr,v1,0) = [VCr (1 + (|11 — 0] + ym6))] .

Proor We first show the feasibility. Each partial step sf is element of Cf . The definition of 8
guarantees 0xsF € CF and hence y; ,,, = Sy st € C; follows. The scaling in Step 3 ensures
|Isilli < A; and from the convexity of C; follows s; € C; and thus the feasibility of s;.

To show the second assertion, we start by estimating the descent achieved by one iteration of
Algorithm For 1 < k < n;, we have

N 1
0 (Yik-1) — G(yir) = —0k(sF*, 9:)i + 5 (((yz',k — st Hi(yi g — 0k5%))i — (Wirk Hiyi,k))i)

(s g+ i+ (s ),
= —0k((sy*, 9i + Hi(yig—1 + 55" — (1 = O)sy™)))i + 02’%((8?, His})i
= _016((571,?*7 gi + Hi(Yi -1 + Sf*)))z + 29162_0]%((856, stf))l
sf* is the solution of the convex optimization problem
min ¢(uf), Y(uf) = qi(yir1 +uf) (4.26)

and hence, due to Lemma satisfies the necessary optimality condition (2.24]). Since 0 € Cik,
we obtain
0 < (0= s, Vo(si™))i = = (s, 9i + Hi(yih—1 + 5))i

and thus
20y, — 62

4 (Wik—1) — ¢ (Yik) > T((Sf,HiSf))i-

The definition of 6 implies 0 = 0 for 6 € (0,1] and 1 < 6 < 6 for § > 1. The function
0 — %(291: — 0%) is monotone decreasing for ) € [1,2). Hence,

20 — 62

5 (sf, His}))s

4Yik—1) — @(Yig) >

is satisfied for all 6 € (0,2). Representing the difference of the function values as telescope sum
yields
20 — 0% &

5 > (sF, Hys))s. (4.27)

k=1

2i(0) — qi(Yin;) >

Taking into account that s¥* is the optimal solution of (4.26)), we get

(=Vi(sF), 87" —ui)i 2 06 ((s7 — Veilsi) — si st —uf))i 2 0 Vi € CF.

% %
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4.2. Level independent Cauchy decrease

The Projection Theorem now shows that

= PI‘OJCk( V%( ") = PI‘OJck( —(9i + H(Yigo—1 + s ). (4.28)

Using Lemma (4.28) and the Cauchy-Schwarz inequality we obtain

ng

llpall? =3~ (Proic, (=g, pF)
k=1
=fj((ProjC;<—gi>+[ ~ Projes(sf” — (g1 + Hilyie—r + 58] pF))
k=1

[l + 1Projer (5 = (gi + Hilyin—1 + 55))) = Projes (—ga)l:] IIpF

Ny
Z
Z [sE* i + 1Projes (s§* = (gi + Hi(yin—1 + 55))") = Projes (—gf) ] lpf -

Note the use of PI‘OJCk (v;) = PI‘OJCk( k) in the last step. From the Lipschitz continuity of the
projection (cf. Lemmam follows

* k
|||pz|||lsz[2ms’f i+ I g + 550 1] 12 e

Since y; 1, is the sum of the (scaled) steps, i.e., y;r = E§:1 0]-3{, we further have

k
lipill? sz(z st rumu) +ZHHH ZH st (L= 09 Hist || ekl
(Z st 1111 m) 403 SIS 11— 013 N F

k=1j=1 k=1
(4.29)

Note that we have used the triangle inequality and |1 —6;| < |1 —6|. In the next step, we derive
upper bounds for the three sums of the last expression separately.

With the Cauchy-Schwarz inequality, the orthogonality of the decomposition, and (4.24)) we can
estimate the first term of the sum:

1/2 / ny 1/2 n 1/2
2 Z s lllpf il < 2 (Z HS'”M) (Z H\ﬁl\l?) < <CCHA§““ Z((Sf*yffﬁf*))i) el
k=1 k=1 k=1
Since H; is positive definite, we conclude from (4.15)) that || H;u;||? < COg N ((u;, Hyu;)); for
u; € V;. Furthermore, we have

ng
kxyk kxyj k
I CEsT) I < D2 (s 11 = [ Hsi™ 1.
j=1
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4. Convexly constrained problems

Using the Cauchy-Schwarz inequality, the previous estimate and (4.24)), we obtain for the last
term:

n; ng 1/2
kx\k k ok
1 =01 > (s  lilllpg i < 11— 6] (Z | His; H!?) llpilli

i 1/2
<[1-0) (ccwax z«sf*,msf*»i) lpilli.

k=1

Assumption implies ;" 171 < 1 for 1 < j < n;. Thus, similarly to the proof of
Lemma [3:10] it follows that

I V2 /o 1/2
9227%” His) lillpfll: < 0 (ZZ II(H;s7) H\2> (ZZW!HP?H?)

k=1j=1 J=1k=1 k=1j=1
ng 1/2 ng 1/2
k k
<4d (Z H\Hisi*m?> (Z v llp; \H?)
k=1 k=1

i 1/2
<0yn (CCH)\?“X Z((sf*,&sf*)ﬁ) plll:-

k=1
Combining these estimates with (4.29)) gives
n: 1/2
lplls < € [V (1 + (11 = 0] + yii0))] /A (Z«sf, Hz»sf))i) )
k=1
and finally because of (4.27):

29—921
2 C

G(0) — ai(vin) > VO + (1 =60+ vao)] el (@31

If ||y, lli < A, the proof is finished after applying

|||pz|||2 > c(k T)Q ( )2 4.32
max = X Xi UZ) ’ ( ' )

which follows from Assumption and (4.16)).

—=t— < 1. Since

[ msz

Let us now turn to the case ||y, |i > A;. This implies that s; = ty; ,, with ¢ =
H, is positive definite, we have

t2

7((yi7ni’ Hiyi,m ))Z > *t((.gia yz,m))z -

t
) = (Yini> Hiyin, )i = —tqi(Yin,)-

—qi(si) = —t(9i, yim, )i — 2

92



4.2. Level independent Cauchy decrease

From (4.27)) and assumption (4.25]) follows
20602 A &

—qi(si) > —— > (s}, His )i
2 Hyz,m”Z k=1
9_0 A oo i 1/2 /ny . . 1/2
> | D (s, His}))i > (Orsy, Hibgsy)s
2 Myinilli \;= k=1
n; 1/2
2-0A [~ & K
> 208 (g«sz, ) )
Now we use ([4.30) and obtain
A2-46 =1 ax—
~ai(si) = 55— |VOr(L+ (11 =01+ )] 072 Il
Combining the last estimate with (4.31)) and (4.32]) we obtain the assertion. O

Remark 4.5 In the special case that the trust-region norm is given by
uills = max{|juf |l p [ £ =1,... 7},

where |||« are arbitrary, we can modify Algorithm PSR to incorporate the trust-region condition
in the first step. Instead of seeking the optimal step in the set Cf, we consider the set

k k ko k
Ci H{ui € Vi | ||u;

Obviously, the final iterate y; 5, then always satisfies ||y;n,|li < As, and the scaling in Step 3 of

the algorithm is not necessary. In the setting of Example the L*(Q2)-norm is of this type.
We strongly conjecture that a result similar to Theorem [£.2] can be shown for this variant of the
algorithm.

Remark 4.6 Instead of this successive algorithm, one can also use a parallel method similar to

Algorithm The proof of the minimum descent for this variant is similar to the proof of the
preceding theorem.

The next lemma shows that (4.24) and (4.25) from the last theorem hold under assumptions
that were similarly postulated in Lemma [3.8] and Lemma for unconstrained problems.

Lemma 4.9 1. Let ||uil|i < C/(wi, Hiui))i and (4.23)) be satisfied. Then (4.25) holds.
2. Let |[ui||? < ON\i||Juil|? and
A . 1 . . ‘
(ul, Hiul)); > 5)\Z\Hufmf forallul € CY and j=1,...,n; (4.33)

be satisfied, where \; denotes the largest eigenvalue of H;. Then (4.25) and (4.24]) hold.
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4. Convexly constrained problems

ProoOr 1. Since H; is positive definite and (4.23) is satisfied, we obtain by Lemma

ng Ny

(s, Hiug)); = ZZ ]Hiu <ylzu Hiuk)

j=1k=1

(4.25)) now follows directly by the assumption on the trust-region norm.

2. Assumption (4.33)) implies (4.24). Furthermore,
n;

1. & 1 1
D (' Hif)s 2 o D e = gulleallf 2 il

k=1

holds, which shows (4.25)). O

4.2.4. Non-convex trust-region subproblems

If H; is not positive definite, we cannot prove the fraction of Cauchy decrease condition for a
step generated by the PSR algorithm (cf. Example . Since the simple projected gradient
step does not have a good smoothing effect, we combine both algorithms by a strategy motivated
by the classical Dogleg method due to [Pow70] for the approximate solution of trust-region
subproblems.

Algorithm 4.2 (DoglegSmoothing(m))
Choose 6 € (0,2),set j =1 and k = 1.

Step 1 Calculate a solution ¢* of problem (4.17)) and set 5; = s;,c = t*Projo,(—g:).

Step 2 Find s#* € CF N BF, where BF C VF is an arbitrary compact set, such that

Gi(8; + s5) < qi(8i +u¥) VuF e CFn B

Step 3 Update §; + §; +0ksf* with 6, = min {0, max{t > 1|3, —l—tsf* € C;}}. If k =n; and
J =m go to Step 4, otherwise set k «— k+1if k <n;ork=1and j < j+1if £k =mn,.
Go to Step 2.

Step 4 Find the solution ¢ of the trust-region subproblem (4.14) on the path
s(t) = sic + (8 —sic), te[0,1],

and return with s7 = s(¢¥).

The compact sets Bf are needed to ensure the solvability of the problems in Step 2, since the
sets CF need not be compact. One possibility is to use the trust-region condition by setting

= {uf € VF||uF|l; < A;}. From Lemma it follows that the step s;c generated by
Algorithm satisfies the fraction of Cauchy decrease condition under the assumption postulated
in the lemma. Since the descent produced by the final step s] is even larger, it also satisfies
[2.29).
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4.3. Construction of lower-level boxes

Remark 4.7 In our numerical implementation we use a slightly different version of the above
algorithm: If ||3;]|; > A; in Step 4, we also calculate the point 5; = A;/||8;||:8;, and return with s;
if gi(5:) < qi(s}) holds.

It should be possible to construct a pure subspace correction algorithm, similar to Algorithm [3:3]
if H; is not positive definite. However, even in the unconstrained case, our numerical tests show
that Algorithm [.2] is superior to Algorithm [3.3] and hence we have not studied it further for
unconstrained problems.

4.3. Construction of lower-level boxes

Both, for the trust-region algorithm (Algorithm and the multilevel stationarity measure yM¥,
it is necessary to construct feasible sets on the lower-levels. Let k be the current iteration index
of Algorithm on level ¢ and j € N(7). Before we enter level j in step 2, we have to construct a
closed and convex set Cj(v; ) that satisfies

0e Cj(vi,k) and Uikt P;Sj € C; for all Sj € Cj(vi,k). (4.34)
It is favorable that the lower-level set C;(v; ;) has the same structure as the feasible set C;. In order
to simplify notation, we assume without loss of generality v; 5, = 0.

In this section we consider a special class of convex sets that occurs frequently, and show how to
construct suitable lower-level sets.

Let {¢F17 | CV; be a basis of V. We call a set C; a box if there exist [; € {R U {—00}}™ and
@; € {RU {oo}}™ such that

CZ':{’UiEVHUZ‘:Z’Dfd)?, LS@ZS’[L@} (4.35)
k=1

Here and in the following, the inequality between two vectors is applied component wise. Note that
these are just the type of sets we have considered in Example

We will present two possibilities for the construction of lower-level boxes. We make the analysis
using an arbitrary transfer operator T7: V; — V) instead of the prolongation P}. This is because

we will introduce a slight variation of the algorithm in Section where Pj’ is replaced by a
modified prolongation operator.

We denote by T; € R™*™ the matrix representation of T]Z that operates on the coefficient vectors.
That means, given the bases {#¥} and {gb;“} of V; and V;, we have the identity

n; nj
Tivj = Z(Tjﬁj)k@“, for all v; = > 6;%?.
k=1 k=1

Throughout this section we always use a tilde to denote the associated coefficient vector.
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4. Convexly constrained problems

Let C; be a box with bound vectors I; € {R U {—o00}}" and 4; € {R U {oo}}". Together with
the prior assumptions, condition (4.34) translates as follows: Seek [; € {RU {—o0}}"™ and
€ {RU{o0}}"™ such that

I; <0<d; and [; <T)v; < for all o; € [}, i]. (4.36)

The first lemma describes a well-known construction that can be found in various papers, e.g.,
[GMTWMOS, Man84l, [Kor97, [Tai03]. For notational clarity, we often omit the level indices of
the transfer operators in the remainder of the section. By T we denote the entry in row [ and
column k of T'.

Lemma 4.10 Let C; a box of the form (4.35)) that satisfies 0 € C;. Let furthermore j € N (i)
and T': V; — V; be a linear transfer operator with corresponding matriz T'. Assume l; and i; are
defined by

. am _m
@; :=min { 0o, min — %, min ! , (4.37a)
m~:1,...,ni Tm m~:1,...,ni Tm
Tmk>0 Tmk<0
~ [m —gm
lf ‘= max { —00, max < —— ,, max ! (4.37b)
m=1,.,n; | Tm m=1,....n; Tm,
Tmk>0 Tmk<0

for k=1,...,n;, where 7, = ZZJ:I |T™*|. Then l~j and G; satisfy (4.36)).

PROOF Let m € {1,...,n;} arbitrary. A simple calculation using (4.37a)) and (4.37b)) shows that
(T'3;)™ =T'3; < @™ holds:

n;
(T3 =>_Tmsh= > T4 Y Tmkgh
k=1 k=1,...,n; k=1,...,n;
Tmk>0 Tmk<0
Z ka: z + Z ka: Z |ka| — u
Ck=lom Tm 1 .n  Tm k=1
ka>o ka<o

In the same way one shows that (T'3,)! > IL. This establishes the second condition in (@.36). The
first condition is a direct consequence of the assumption 0 € C;. O

Although the result seems rather technical at first glance, the next example shows in a concrete
case that the construction of the bounds is quite natural.

Example 4.2 We assume the setting of Example where the spaces V; consists of continuous
and piecewise linear functions. Since we have a nodal basis {¢F}r—1. ., with ¢¥(z!) = oy, for all
zt € N;, a box C; can be written as

Co={v e V|l <vial) <afWi=1,...,n}.
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4.3. Construction of lower-level boxes

O Level 1 nodes
e Level 2 nodes

Figure 4.1.: Example of a smooth upper bound us and its lower-level approximation according to
(14.38)).

We assume that I! > —oco and @l < oo for all I = 1,...,n;. Then C; satisfies
Ci=A{vi e V|l <v; <y}
with I;, u; € V;, because the finite elements are piecewise linear.

Now let j € N(i) and T]Z be the identity from V; — V;. The support of a given basis function gb?
is given by
W = {a € Q| gh(x) £ 0}.

It is easy to see that the entries of le and @; given by (4.37al) and (4.37b) satisfy

1% = max {1;(x;) |z € Ny Nk},
’ { i) (4.38)

ﬂ? = min {u](acz) |z; € N ﬂwf} )
It is clear that these bounds satisfy the necessary conditions.

In the case of pointwise bounds, we can interpret the procedure of constructing u; as application
of a nonlinear operator Ij@: V; — V; to the upper bound w;. Similarly, we can denote the

construction of the lower bound by an operator I ]@. These operators are exactly the ones analyzed
by Tai in [Tai03].

This approach of obtaining lower-level bounds is cheap to calculate but has a serious disadvantage:
If the bounds on the fine grid are smooth in the sense that u; € V; resp. l; € V;, the bounds
created by (4.38) are in general too pessimistic (cf. Figure for an example).

We next describe a more advanced construction of the boxes, which uses a successive ap-
proach to determine the lower-level box. The method is a generalization of a construction
proposed by Kornhuber in [Kor97, Sec. 3.1.3], who uses it in the case of linear finite ele-
ments.

For the sake of clarity, we restrict ourselves to the case of transfer matrices TJ’ whose entries are
non-negative, which is the case when using nested linear finite element spaces or finite differences
and the typical bilinear interpolation as prolongation. The extension to more general transfer
operators is possible but more technical.
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4. Convexly constrained problems

Algorithm 4.3 (CreateCorseBounds(ii;, T'))
Step 0 Create an initial guess u; € V; with 4; > 0. Set m = 1.

Step 1 If 3,7, kaﬂf < 4", go to Step 4.

Step 2 Set 7, := Zle T™k . Define the index sets
Ic:={k=1,...,n;|T™ >0, muay <@},
Lo={k=1,...,n;|T™ >0, mpait > a"}.

Step 3 For k € I set

w”

k= min {aﬁ, (@ = > Tal) (3 T’ml)l}. (4.39)

lelc lels

Step 4 If m < n;, set m <~ m+ 1 and go to Step 2. Otherwise return with .

Remark 4.8 The algorithm can also be used to calculate a lower bound vector ZNJ by starting it
with —/; instead of @; and by setting [; = —CreateCorseBounds(—1l;, j, T').

Remark 4.9 The first guess in Step 0 can be chosen arbitrarily. One obvious choice is to use
the restriction operator R} if W; = V; holds.

In Figure the execution of Algorithm is demonstrated on a simple one dimensional example.
The identity is used as transfer operator. The corresponding matrix satisfies 7, = 1 for all
k=1,...,n;. Given the upper bound us, the algorithm starts with a lower-level approximation
uy of the bound uy. In the example we use the pointwise interpolant. For k € {1,3,5,7} the
algorithm does not enter Step 2 and 3 since the values at the nodes already satisfy u; (k) < ua(k).
For k = 2 we have I« = {1} and I~ = {3}. The value of u; at x = 3 is reduced such that
u1(2) = uz(2). The same happens for k = 4 with u;(5). For k = 6, we have u1(6) < uz(6) and
hence we do not enter Step 2. The function @ in the last graph is the upper bound obtained by
the construction in Lemma which is far more pessimistic than the bound u; obtained by
Algorithm

The next lemma proves that Algorithm [£.3]creates suitable lower-level bounds.
Lemma 4.11 Let C; be a box of the form (4.35) that satisfies 0 € C;. Let j € N(i) and

T:V; —V; be a linear transfer operator with associated matriz I' whose entries are non-negative.

Let the coefficient vectors 1i; and le be generated by Algom'thm (see also Remark . Then le
and u; satisfy (4.36)).

PROOF Let 4; be the coefficient vector in Step 4 of iteration m. Since (4.39)) holds for all k¥ € I,
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4.3. Construction of lower-level boxes

Figure 4.2.: Successive approach of determining the lower-level bound

a simple calculation yields

(P = 30 Tk 30 Thal < Y Tvkat e Y |1k (a - Y 2l (3 7

]{36[5 kel kJEIS kel ZEIS lels
-1
rmk ~k ~ ml ~1 ml mk ~
< ¥ (o - Y ) (2 ) (5 1) —
k‘EIE ZEIS lels kels

Obviously, the algorithm never increases the entries of @;. So, if (T@j)m < u}" holds after iteration
m, it is also satisfied for the final vector, which follows from the non-negativity of 7'. This shows
Tii; < @;. The lower-level bound [; is the result of —CreateCorseBounds(—l;,j,T) and hence
(=TI;)™ < —I™ < (T1;)™ > I holds. This proves the second condition in (4.36]).

It is left to show that [, 7 < 0 < @;. The first guess of @; in Step 0 is non negative and by assumption
@; > 0 holds. From the definition of /< and 7, follows

kel« m k‘GIS
Hence,
-1
~m mk ~k rmk
uZ—ZT uj)( T) >0
kel kel
and thus

This shows that after each iteration all entries in @; are non-negative. As a consequence of the
construction of /; this also proves —I; > 0, which completes the proof. O

Remark 4.10 Note that the proof of the algorithm does not depend on the order in which the
entries k are processed. The final bound 4;, however, is in general different when choosing a
different order.
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4. Convexly constrained problems

Finally, we show that the bounds obtained by Algorithm [£.3] are at least as good as the bounds

defined by ([E-37a)-(E.375).

Lemma 4.12 Let the assumptions of Lemma hold. If the initial guess in Step 0 of Algo-
rithm [{.3 satisfies

S~
71;?2 min {ul} forallk=1,...,n;, (4.40)
m=1,...,n; | T
Tmk>0

then it also holds for the final bound.

PrROOF We prove this result by induction. From the assumption it follows that the inequality
holds for #; in Step 1 in the first iteration of Algorithm Now, assume that the assertion
is true for iteration m. The only place where u; is altered is in Step 3. From the definition of the
set /< we obtain

S

v
|

V

~E.

B
—_
|55
——

Therefore, the assertion is true for m < m + 1. This finishes the proof. O

4.3.1. Uniform continuity of yM

We now come back to the question how strong the continuity of the multilevel stationarity
measure ' depends on the level. We consider the typical setting of Example where the
feasible set is given by a box C; := {v; € Vi|l; < v; < w;} with lower and upper bounds
li,u; € V;.

As already mentioned in Example H, Tai studied in [Tai03] the interpolation operators I j@ and

I;@. We recall that the lower-level feasible sets C(v;) using the bounds of Lemma can be
written as

Cj(vi) = {Uj S Vj | lj = IJ@(lZ - ’Ui) < Vj < Ije(ul - vl)} (4.41)
The following error estimate are shown in [Tai03, Theorem 2]:
Theorem 4.3 For any v;, w; € V; C H(Q) it holds

115 (vi) = I} (wi) — (vi = wi) || 12y < cahjlvi — wil g (q),

115 (i) — I3 (wi) — (vi — wi) || 12y < cahjlvi — wil g q)

with cg = C if d =1, cg = C(1+ |loghj/hi|'/?) if d = 2 and cq = C(h;/h)"/? if d = 3.
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4.3. Construction of lower-level boxes

The next corollary follows directly by using the inverse triangle inequality:
Corollary 4.2 For any v;,w; € V; C H(Q) it holds
113 (vi) — I3 (wi) || L2 () < (C + cahy)|vi — will g1 (),
1L (i) — I7 (wi) | L2 () < (C + cahy)|vi — will g

with ¢q as in Theorem [].3

The Hausdorff distance of two boxes can easily be written in terms of the bounds:
Lemma 4.13 Let S :={v € V; |l <v <wu}, k =1,2, be nonempty sets with l, < up. Then
the following estimate holds:

1/2
dp(S1,52) < (Il — Ll + llur —w2ll?)

where the Hausdorff distance is measured with respect to ||| - |||:.

PROOF Let v; € S7 be arbitrary. The distance to the set Sy is given by
d(v1,52) = [[Projg, (v1) — vilfls-

In the following we set v3 := Projg,(v1). Using Lemma and the orthogonality of the subspaces
V! = {a¢]|a € R} with respect to ((-,-)); it follows:

d(v1, S2)? ZH\PFOJSJ vi) — o lf = Z\Uz = oIl I

fl% < < @i}, we obviously have 0= |(112)] — | < max{|l} — ], \ug - u1|} If (53)7 < !, then
03)) = @} holds and because of 7] < @] we can estimate |(03) — o7| < |a} — @]|. Similarly, if
3) > U1 we have |(#3)7 — &J| < |I}, — I!]. Thus, we obtain for the distance the estimate

—~

i . - . . .
d(v1,82)* < Y max{|B§ — K, a3 — @ [P l67 17 < Mz — LllF + lluz — ua ]I
j=1

By the same argumentation, we obtain the identical bound for d(S1, v2)2, v9 € S9. This finishes
the proof. O

Using the previous lemma, we can estimate the Hausdorff distance of two sets Cj(v;) and Cj(w;)
which were generated according to Lemma by

drr(Cj(vi), Cj(wi)? < IF (wi — vi) =I5 (wi — w17 + 117 (1 = vi) = I3 (L — wi) I3

From the level-independent equivalence of the norms ||-|| and ||| - |[|; on V; and Corollary it
further follows

A (Cj(vi), Cj(wi))* < (C + cahy)?||vi — will3,.
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4. Convexly constrained problems

We recall that this estimates shows that assumption (4.9) of Theorem is satisfied with
Ccj = (1 + thj)'

To analyze the amount of which the constants d(¢) in Corollary depends on the level 7 and
the meshsize h;, we assume that A} is uniformly continuous and that the mapping e, — d(gg4) is
level-independent. Furthermore, we assume that also the constant 5; does not depend on i. These
assumptions are not very restrictive if we suppose that the functions f; are discrete versions of a
uniformly continuous differentiable non-linear functional f: )V — R, whose derivatives are bounded.
If this is not satisfied, we would also not expect that the f; and the derived lower-level models
h; are having this features (level-independently). Note that for the global convergence proof of
the trust-region algorithm ( Theorem we only need the uniform continuity of x,, which is
independent of the concrete choice of the lower-level models.

Under these assumptions, the only term left that depends on the level is the constant B; which
was defined in Theorem [4.1] by

7

B? := max {1, > (()\;-nax)flc?)}.
j=1
We recall that in the current setting, AJ'** > Cilhj_2 holds and hence B —1 < C Z;’:l h?c? is
satisfied.

We assume that there exists a constant v < 1 with h; ~ ~vh;_; for all j = 2,...,r. We
typically have v = 1/2 in the case of uniform refinement. Thus we get ¢; = (1 + cgh179™1)
and

B —1<CY hic < Ch%(z 224401 Z’W‘”)
Jj=1 j=1 j=1

(2
<Chi Y 'V 4 Chi(1 =477
j=1
The second term does not depend on i, therefore we only consider the first term in the following.
Since c¢g is constant for d = 1, the sum in the first term is bounded by means of the geometric
series. Hence, B? and thus also the uniform continuity does not depend on i or on the meshsize
h;. For d > 1 we obtain a weak dependence on :

d=2:
ChE Y ciy*U™Y < O Y- (1 + log [y /il "0~
J=1 j=1
<ChEY (1+i— )y 07D < Chti(l =44~
j=1
d=3:

C'hi1 Z c?nA(j—l) < Chﬁll Z hj/hi’Y4(j_1) — Ch?(hi)_l Z,y5(j_1)

< ChYh;H (1 —~")""
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Although we have a dependency on the number of levels used, it is rather weak. If we consider the es-
timates derived in Theorem[£.I]respectively Corollary[£.I]we have the bounds

5(e) < Ce'Bihy*i~tifd=2 and () < Ce'BPhiO if d = 3.

Remark 4.11 Unfortunately, we cannot show a result like Corollary for the construction
according to Algorithm [£:3] This comes from the fact that a small difference in one point can
propagate and leads to completely different lower level bounds. As an example consider the
functions in Figure [f.11] Although the bounds ug and us differ only in the node x2, the resulting
lower-level bounds w1 and w7 are different in any coarse grid point. A straightforward calculation,
using an example like this, shows that the results of Corollary .2 do not hold.

Figure 4.3.: Construction of two lower-level bounds by Algorithm

However, we can use these lower-level bounds for the calculation of the step in the lower-level
trust-region subproblem.

4.3.2. Active sets

Even the best algorithms for constructing lower-level bounds will not succeed in providing a good
approximation if the bounds are oscillatory (cf. Figure . Another source of poor lower-level
bounds are active fine grid components. We call an index m € {1,...,n;} of a coefficient vector
o; € R™ active if 0} = @t or 9% = I} holds. If V; is equipped with a nodal basis, each active
coefficient ¢ corresponds to an active node z! € N, i.e., vi(xl) = I;(2}) or vi(2}) = w;(al) is
satisfied.

Why active components can lead to small feasible sets on lower levels is illustrated on a simple
multilevel example in one dimension using piecewise linear functions (Figure . The upper bound
ug on level 3 is active at = 2 in this example. Due to this, every feasible step s;, ¢ = 1,2, 3, must
satisfy s;(2) < 0. Since the functions are piecewise linear, s3(2) = 0.5(s2(1) + s2(3)) < 0 holds and
therefore also ua(1) 4+ u2(3) < 0. Because us must be non-negative, this yields ua(1) = u2(3) = 0.
Similarly, u;(1) = u1(5) = 0 follows for the upper bound on level 1. Hence, no steps with positive
step sizes are possible in this interval. We will now discuss two modifications that stops the
“spread of activeness”.
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Figure 4.4.: Upper bounds with and without active set strategy

Truncated basis methods

The truncated basis method was first presented by Kornhuber in [Kor94] in the context of monotone
multigrid methods (see also [Kor97]). The idea is to truncate each coarse grid basis function such
that it is zero at active fine-grid points.

Assume V; C V; for all ¢,j with j € N(4). As usual in this setting, the identity is supposed to
be used as prolongation. Each coarse grid basis function ¢7* can then be written as a linear
combination of fine grid nodal basis functions, i.e., we have

o) = 3 pmel(a) (4.42)
=1

where the p™ are the entries of the prolongation matrix ]5; Let the current iterate be v;; and
denote the set of active indices by A; i C {1,...,n;}. The truncated coarse grid functions in
iteration k are now defined by setting p!™ = 0 in for each | € A;, and m =1,...,n;. This
can be written as follows: Let Ni,k = Diag(d; 1) a diagonal matrix where the elements of d;
are

L ifl € A,
Lk 1 otherwise.

The truncated basis functions QAST are now defined by

(gzgjl’ QZ/SJZ’ Tt &?]’)T = (‘f)jl)TNz,k(qbzlv ¢z27 R d)?l)T (443)
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4.3. Construction of lower-level boxes

Figure 4.5.: Example of a truncated basis function (solid) in comparison to the usual nodal basis
function (dashed) if one node is active

We set ]A/j = span({dgé? }ZJ: 1)- The important property of this space is that the prolongation of
a step 5; € f/j is zero at active components. Therefore, the active points are irrelevant when
determining the lower-level bounds. By it also follows that T]’ = Nzklsjl is the transfer
operator for the coefficient vectors. Note that the prolongation is not changed, only its matrix
representation with regard to the truncated generating system {ggf}k, which need not be a basis
anymore.

The truncated space )A/j is a subset of V;, but it is in general different from V; and even ]A/j ZV;
holds in most cases. Therefore, we cannot directly use the functions f;(z;,-) since they are
defined on V;. In many cases, however, it is possible to define the functions also on the truncated
space f/j, but the calculation of the function values for a given coefficient vector can be more
expensive. This is the case, for instance, in a finite element setting, since the truncated functions
q@é are in general not piecewise linear on each coarse grid triangle anymore. Therefore, often
more sophisticated and expensive quadrature formulas must be used to obtain the same accuracy.
Another problem is that already existing finite element software must be adapted to support these
basis functions.

One example where this method is applicable without further modifications is if f; = 0 for
j # r and the second-order corrected model is used: Let v;; be the current iterate and
9ik = Vhi(vi) and H; .- V; — V; be the gradient and the Hessian approximation of h; at v; . On
level j, j € N(i), we obtain a simple quadratic model h; : f/j — R,

hj(sj) = (85, 9ik)i + %((SjaHi,ij))i-

In particular, the representation with regard to the coefficient vectors of )A}j is given by:

Therefore, we only have to calculate the vector g; = (T;)Tglk and the matrix H; = (TJZ)ngkTJZ
when entering level j.

Remark 4.12 It is obvious that if we use the lower-level sets obtained by the truncated basis

method to calculate the stationarity measure yMY, we lose the continuity since the active set
changes discontinuously, which influence both, the lower-level sets and the projection operator Q7.
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Active set strategy

Our second approach is also applicable if the lower-level functions f; cannot be changed as
necessary for the truncated basis ansatz or the spaces V; are not nested as, for instance, in
Example [2.2] The idea is simple: Instead of changing the lower-level basis, we just use a modified
prolongation operator, which sets the coefficients of active indices to zero. This is achieved by the
transfer operator used in the truncated basis method. Instead of just considering active points,
we use a larger set of e-active points: Let g; , = Vh;(v; 1;). Define

— A— + - : ~ 7 7i A ~j
Aze',k = Ai,k U Ai,ky A@k ={0<j <ny Vik I; < Eik and ik <0},

j j A - (4.44)
AZk ={0<j<nila] - 171]-7,C <e¢j) and —gik > 0}.

The motivation behind this definition is that for a suitable choice of €2y, e.g., e = £?(|Gi k0o

with €4 € (0,1), we expect that A,ik is a better approximation of the set of indices that
are active in the solution than the indices in A; ;. When we enter Step 2 in iteration (i, k)
of Algorithm we define the transfer operator T]Zk V; — V; that is given by its matrix
representation
" = N, P (4.45)

The matrix Ni,k = Diag(d, ;) is diagonal and the entries of the vector d; € {0,1}" are given
by

,JO ifl e Ay,

ST L g A,

This new transfer operator first prolongates the step using the standard prolongation and afterwards
sets all active indices to zero. This shows that active indices on the fine level do not limit steps
on the lower level. Now the transfer operators T;k are used in Algorithm instead of the

prolongations Pl-j . In particular, (4.34) becomes

0e Cj and l~Z < 'IN}Z'JC + T;’kgj < @; for all S; € Cj. (4.46)
A lower bound that satisfies in our example using T¢ = Diag((1,0,1,1,1))P} is shown on
the right side of Figure [£.4] We see that the new bound is far less restrictive, the “activeness” does
not spread. In general, assumption allows larger lower-level sets than , i.e., each closed
and convex set C; satisfying also satisfies : Consider a box C; with bounds [; and u;.
For a step s; with v; + Pjs; € C;, we obtain for the coefficients

5511 : €
o7y, it m € Ay,

_ elm an
(Vi + Pjsj)™ it m & Af, | ]

7

(W3 + Tj*35)™ = 7 + d7(Pj3;)™ = {

for all m = 1,...,n; and therefore v; ;, + Tijsj € C; holds.

One downside of this approach is that contrary to the truncated basis method, there could be
steps s; # 0 with T;’ksj = 0 for which h;(s;) # 0. This results in a poor performance of the
lower-level steps and the trust regions become small. This is not surprising: Consider the case
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where all fine-grid bounds are active, then by (4.46)) we are allowed to use C; = V;, which is
obviously not a good approximation of C; on the coarse grid. One way to prevent this is to
constraint the lower-level set C; besides (4.46]) so that no direction s; # 0 is included that satisfies

ﬁ’ksj = 0. For the case of nodal basis functions where the set of lower-level nodes ./\/'j is a subset

of N;, this can be achieved by setting l~jm = @' = 0 for indices m for which (Tj¢7")(z7") = 0,
2" € Nj, holds.

Additional attention must be paid to the choice of the trust-region norm since assumption
must hold for the new transfer operators. In the case of linear finite elements, the LP({2)-norms
for p=1,...,00 obviously satisfy the assumption. The same is true if V; = R, 15]Z > 0, and the
trust-region norms are similar to ||-||,, p € {1,2, 00} (properly scaled if necessary). However, if the
trust-region norm is ||-|| g1 (q), the assumption is in general not satisfied, since setting the step to
zero at singular nodes can introduce oscillations, which increase its norm. This happens only at the
boundary of the active set which in most cases consists just of a small number of nodes and hence
the effect of the additional oscillations is negligible. In our numerical implementation we added a
watchdog, which refuses a lower-level step that violates the trust-region condition on the originating
level too much. In this case, the multilevel iteration is repeated using the standard prolongation.
However, in our numerical tests this never happened.
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In this chapter we analyze concrete examples and show how the different parts of the trust-region
algorithm can be chosen, such that the assumptions necessary for global convergence of the
algorithm are satisfied.

Most assumptions we have made so far were concerned with the function spaces and their
discretization. We have showed that in the case that we have suitable discretizations of H!(£2), most
of them are satisfied. Hence, we concentrate in this chapter on the assumptions that are related to
the functions f, and the lower-level models h;. Let us recall them:

(H1) The function f, and all lower-level models h;, i = 1,...,r— 1, are continuously differentiable.
Furthermore, they are twice Gateaux differentiable and the mappings v, — f/(v,)[d,, d;],
dy € Vy, and v; — hl/(v;)[d;, d;], d; € V;, are continuous.

(H2) There exists a level-independent constant ; such that
[((Hige = B (Vi + tsik))sies Sik) | < 2518k

holds for all ¢ € [0, 1], iterations v; ;, € V; and steps s; ,, generated by Algorithm

B

(H3) There exists a level-independent constant /33 such that
(B (tv;) = (P))* B (vig + tPjv) Phvs, v5)| < 282|vi3

is satisfied for all t € [0, 1], multilevel iterations v; ;, € V; and steps v; generated by Algorithm
Here, h; is the lower-level model of h; at v; .

(H4) The following estimate holds for all Hessian-approximations H; j, with a level-independent
constant Cpg:
<UZ‘, Hi,kw) < CH)\?IaXHulH HUZH for all u;,v; € V.

(H5) f] is uniformly continuous on a set S C C,. that contains the sequence of iterates (v, x)ken,
i.e. for all € > 0 there is a § > 0 such that

£ (vr) = £7.(ur)]

v < ¢ for all v, u, € S with |lv, —u,lly, <9

Assumption [(H5)|is essential to show the uniform continuity of the stationarity measures, which
is needed to show the strong convergence in Theorem [2.2]

In the examples that we are considering in this chapter, we assume an underlying infinite
dimensional problem with an objective function f: V — R. Furthermore, we suppose that
the level hierarchy consists of the same problem considered on nested and finite dimensional
subspaces with increasing degrees of freedom. More precisely, we assume the following set-
ting:

109
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Assumption 5.1 1. The spaces V; are finite dimensional, V; C Viyq fori=1,...,r —1 and
Vr CV holds.

The identity is used as prolongation.
Wi =V; and fi(z;,vi) == f(xi + vi).
The first-order corrected model (2.15) are used as lower-level model.

AR

The Hessian approzimation H;j, in the quadratic models q; . is the exact Hessian of h; at
vi,k-

In this case, the assumptions [(H1)H(H4)| can be simplified:

(H1'") The function f is continuously differentiable. Furthermore, it is twice Gateaux differentiable
and the mappings v — f”(v)[d, d] are continuous for all d € V.

(H2') There exists a level-independent constant §; such that
(" (@i 4 viw) = S (@i + vig + tsin)) ik sie)| < 2B1lsi k7
holds for all ¢ € [0, 1], iterations v; ;, € V;, and steps s; , generated by Algorithm
(H3'") There exists a level-independent constant 33 such that
((F"(iz1) = £ (i + vig) Vi1, vie1) | < Bsllvi—a |72y for all v;—1 € Ci4

with z,_1 = Rﬁ_l(aci,vi,k) is satisfied for all iterations x; + v; 1 € V; generated by Algo-

rithm 211
(H4') There is a level independent constant Cyr such that for all iterates z; + v;  the estimate
(i, [ (i +vig)ui) < CaN™lui|[Jvi]|  for all u;, v; € Vi
is satisfied.

Lemma 5.1 Assumptions and [(H1") - [(H4T) imply [(HT) - [(HZ)

PRrROOF Obviously, when the first- or second-order corrected models are used, the differentiability
assumptions on f imply [((H1)l By inserting the definition of the first-order model in [(H2)| we
directly obtain |(H2")|

To establish |(H3)} it follows from Remark that it is sufficient to show

[{((R_1(0) = (PLy)*h{ (vig) Py Jvie1, vim1)| < Cllvima |7y for all vy € Gy (5.1)
Since the identity is used as prolongation, we obtain using [(H3')|
’<Ui—17( ;/—1(0) - (Pii—l>*h;',(vi,k)Pii—1)Ui—1>‘ = ’<Ui—17( 2/_1(0) - h;’(vi,k))vi—ﬁ!
= [{(f"(R: (s, vi)) — " (25 + vig))vie1, vie1)|

< Bsllvi1llF1,

which shows the assertion. Finally, follows directly from H;j = hl/(vi ) = f"(xi + vig). O
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In this chapter we shall only consider bounded domains 2 with Lipschitz-boundary. Hence,
from Theorem we infer the continuous embedding of H'(Q) into LP(Q2) (H'(Q) — LP(Q))
for

pti=—.

c [1,00) ford=2 2d
P d—2

[1,p*] ford>3’
In these cases, the inequality [|ul|»(q) < Clul| g1 (o) holds true for all u € H(Q).

As in the previous chapters, we use a generic constant C' which may take different values in the
inequalities. It is always assumed to be level-independent and sufficiently large. We sometimes
omit the domain 2 in the notation when this information is obvious from the context, i.e., we
write L? instead of L?(€2).

5.1. Example 1

Let Q C R?% d < 3, be a bounded domain with Lipschitz-boundary. Furthermore, let a € L?(1),
b € L>(Q) be real valued functions and A: Q — R4 be such that A(x) is symmetric for
all z € Q and the entries satisfy a;; € L>*(Q) for i,j = 1,...,d. We consider the prob-
lem

meing(u), Ji: HY(Q) — R, uH/jl(m,u(x),Vu(x))dx,
U Q

(5.2)

1
j1: QxR xR 5 R, ji(z,u,2) = §(zTA(x)z + b(x)u?) + a(z)u + p(z, u),

where ¢: 0 Xx R — R is measurable in z € 2 for each u and twice continuously differentiable in u
for almost all z € Q. We assume C C V := H'(£) to be a nonempty, closed and convex set with
the property

velC, (eRut+éelC = [ <C, (5.3)

where the constant C' is independent of v and £&. Examples of feasible sets that satisfies this
assumption are subsets of H!(Q) with Dirichlet boundary conditions on (a part of) the boundary.
Other examples are sets with pointwise constraints, i.e.,

{ve HY(Q)|1°(z) <wv(z) <ub(z) forzeQae}

with L°°(Q)-functions 1%, u® that satisfy I < u® a.e. in Q. Under this assumptions on the feasible
set, the generalized Poincaré’s inequality (cf., e.g., [AIt06, Section 6.16)) is satisfied, i.e., it exists
a constant C' > 0 such that

lull 2y < C(IVull o) + 1) for all u € C. (5.4)

In the following, let p > 2 be chosen such that H'(Q) < LP(Q). Then, from the embedding and
(5.4) we infer

[ullzr @) < Cllulli @) < CIVullr2@) +1) Vuel. (5.5)
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A, a, b and ¢ shall be chosen such that J; admits a minimizer. We are going to consider the case
that there exist € > 0, 1 < s < 2 and C' > 0 such that

2T A(x)z > e2T2 Ve e Qand z € RY,
b(z) >0 Vo €,
o(z,u) > —C(Jul® + 1) Ve € Q and u € R.

Under these assumptions, by using the generalized Poincaré’s inequality and Hélder’s inequality,
we can estimate

Ji(w) > /Q (el vul? = fa@)l[u] - C(jul* +1)) dz
> e[ Vul|720) — llall2 el L2 @) — C(llullis ) + area(R))
> el|Vul32(0) = Clall 2@ IVl 2@) — C(IVuljq) +area(®) — €
— o0 as |[Vul[2q) — oo.

This shows that Ji is a coercive function. Together with the weak lower semicontinuity of Jy
(cf. Theorem and Remark , Theorem yields the existence of a minimizer u* of

problem ([5.2]).

To ensure the necessary differentiability of J;, we further assume the following growth assumptions:

p(z,u)| < Clor(@) + [ul?), g €L (Q) (5.6a)
lou(z, w)| < Clga(x) + [ul™h), g2 € LY7D(q) (5.6b)
| ouu(, )| < Clgs() + |ul?7?), g3 € LY72(Q). (5.6¢)

with 2 < ¢ < p. Here and subsequently, we often denote the partial derivatives by in-

dices as for example ¢, = dp/du. If pyu(z,u) is bounded, we can set ¢ = 2 and have
L9/(@=2)(Q) = L®(Q).

The next lemma shows that the functional J; satisfies the differentiability assumptions [(H1")|

Lemma 5.2 Under the assumptions (5.6|), the functional Jy is twice Gateauz differentiable on
HY(Q). Furthermore, the first derivative is continuous and the operator u v J7 (u)[d,d] is
continuous for every fized direction d € H'(Q).

PRrROOF We show that the function j; satisfies assumptions (A.4). Using the growth condition
(b.6al) and Young’s inequality, we obtain for almost all z € Q:

1(@,u,2)] < [A@)I[12] + b(2)|u® + a(@)|ul + C(gr(x) + [u]7)
1
< All o ggyaxall 21 + 1Bl o @yu® + 5 (a(@)? + u?) + Cloa(x) + [ul?).

Since ¢ > 2 and a € L?(2), there exists a constant C and a L'(2)-function g; such that the
following bound holds:

1(@,u,2)| < CGi(x) + [|2]* + |ul?)  ae. on Q.

112
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Similarly, we obtain with g, being a suitable L9/(¢=1)(Q)-function the following estimates for the
partial derivatives almost everywhere on :

aj _ _
DL a,,2)] = b+ a(a) + pulr, u)] < C@ale) + fult™),
9
o =||A < .
1% 10,2 | = 42l < Ol

Together with Remark [A-2] Theorem [A.4] shows that J; is continuously differentiable.

In the same way, one estimates the second-order partial derivatives of j; and uses Theorem in
consideration of Remark to obtain the second-order differentiability. U

The next lemma shows that J{ satisfies|(H5)[under suitable assumptions on ¢,.

Lemma 5.3 Let @, with ®,(u)(z) := @u(z,u(x)) be uniformly continuous as mapping from
LI(Q) to LY@=1(Q), 2< q<p, on a set S C HY(RQ), i.e., for all ep, > 0 exists a dp, > 0 such
that

[Pu(u) = Pu(V)|lLas@-1 () < €0, for allu,v €S with |lu—v||Laq) < do,.
Then Ji is uniformly continuous on S.

PROOF Let ¢ > 0. We set g, = ¢/(2C), where C must be chosen large enough such that
lwllpa)y < Cllwll gy for all w € H(2) hold. The existence of such a constant is assured by
the embedding H'(Q2) < L(Q). We denote by dg, the corresponding § of the uniform continuity
of ®,. The definition of the dual norm, Hélder’s inequality and the embedding of H'(Q) into
L1(Q) yield

11 (u) = Ji(v)|ly+ = sup {(Ji(u) = J{(v),d)

lldlly=1
= / (VdTA(x)(Vu — V) + b(x)d(u — v) + d(pu(z,u) — pu(z, v))) dz
Q
< [JA] poaxal[Vu = Vol 2[[Vd] 12 + [[bl| o< [|dll L2 |u — v]] 22

+ lldll e[| ®u(u) = Pulv)l] para-n
< [JAll pooaxal Vu = Vol L2 + [|b][ oe lu = vl[ 2 + Cf|@u(u) = u(v)]| Lasa-1)-

Now let u,v € § arbitrary with
. € _
lu =y < 6 := min {8o,, 5 (4]l pocaxa + [b]lz=) " }.
Then we have
11 (u) = J1(0)[lye < (1Al poaxa + [[b]l =)0 + Cea, < ¢,

which shows the assertion. O
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Remark 5.1 The uniform continuity of ®,, is weaker than demanding that the function ¢, (x,-)
is uniformly continuous for almost all z € Q. As an example consider the function ¢(z,u) := u?/q,
q > 2, for which ¢, (x,-) is not uniformly continuous on R. But if we assume that ||u||z« < C for
all u € S, one can show, using the inequality (u?~' —v971) < (¢ — 1)(|u|972 + |[v]92)|u — v], that
there exists a C' > 0 such that

[@0(u) — @u(v) || pasa-1 = U™ =0 a1y < Cllu— v]|La,

which shows the uniform continuity of ®,, in the sense of the previous lemma.

We continue to verify the remaining assumptions [(H2")H(H4'")| for which we need the second-order
directional derivatives, which are given by

T (w)[dy, do] = /Q (Vds" A() Vs + (b(z) + o u(x)))dada) dir. (5.7)

We now show that the induced bilinear form is bounded on H!(f2) for all iterates of Algorithm
i.e., there is a constant C'y independent of 7, k£ and ¢ such that

JV (@ + vi g+ tsix)[dr, dao] < Crlldi|l g ylldall g o)-

To show this, we define @y, (1) (2) := @uu(x, u(z)) and assume that it is bounded in L9/(7=2)(Q) for
all iterates generated by Algorithm[2.1] i.e., there exists a constant Cg such that

[Puu(zi + Vi + i k)l Lasa-2) () < Co forall t € [0,1],i=1,...,7 and all iterations k =1,....
(5.8)

Now Holder’s inequality and the embedding H*(Q2) < L%(Q) yield for ¢ € [0, 1]

JV (i + vig + tsip)[dr, do] < || Al pecaxal| V1| 2] V|| 12 + [|b]| Lo [|da || 2 || d2]| 2
+ | P (i + Vi + i )| para-2 || di ] Lal|d2]| La (5.9)
< Cl|dyl| g ||de]

H1

where Cy = max{||A| cdixa, ||b][z=} + CCp. With the definition of A***, (3.12), follows
(H4)
In the next step, we want to determine how to choose a trust-region norm such that [(H2')

and |(H3')| are satisfied. It follows immediately from (5.9) that both assumptions hold with
B1 = B3 = 2Cy if |||[g1(q) is chosen as trust-region norm. We will now show that it is also
possible to choose a weaker norm for the trust region in this example. Using Holder’s inequality

it follows from (5.7)):
(1 i+ i) =7 (4 vig + i) [ 5]

dx

< /Q ‘(%u(x, i+ Vi) — Puu(T, Ti + Vi + i) 57,
< NPuul@i + vik) = Pual@i + Vi + 8ik) || Lara-2) () Hsi,k”%q(g)-

Hence, if (5.8) holds, then also[(H2")|and [(H3|for ||-[|; = ||| ey, i = 1,.. .,

114



5.1. Example 1

The requirement that ®,,, is bounded on C, which implies , is strong, in particular in the
unconstrained case. We will now show that is satisfied in our setting for a slightly changed
algorithm if the restriction operators are stable with respect to the trust-region norm. To this
end, we use the following lemma:

Lemma 5.4 Let Assumption be satisfied. Suppose that &, € C,. is a point such that its
sublevel set,

Ly (f) i=A{zr € Vo0 Cp| fr(zy) < fr(@r)},

is bounded with respect to a norm |-||4, which satisfies ||vi||lx < [lvi|ls for all v; € Vi and
it=1,...,7. Assume that there are linear restriction operators R;: V, — V; fori=1,...,r —1
such that

Rl (Tis1,vig1) = Ri(@ig1 + vig1)

and the estimate

IR (Riq (- (Rj(vj+1)) I < Crllvjsally for alli <j <r (5.10)

holds with a level-independent constant Cr. Then all points x; + v; + ts; 5, t € [0,1], that are
generated by Algorithm [2.1], applied to f, with start point &, are bounded indepedently of the
level with respect to ||-|| if there exists a mazimum trust-region radius A, max > 0 such that
Ar i < Apmax for all k holds.

ProOF Since |[|s; k|l4 < ||sik
x; + v; ) are bounded.

li < Ajr < Apmax holds, it is enough to show that the iterates

= N —=

Algorithm is a descent method and thus all iterates x, + v, = v, on level r stay inside the
sublevel set. Since the sublevel set is bounded, there is a constant B such that ||v,x||4 < B holds.

In contrast to h, = f., the lower-level models h; on levels i < r can be unbounded from below.
However, due to the trust-region management, the iterates on the lower levels also stay bounded:
Let iteration (i, k;) be generated by iteration (i + 1, k; 1) which itself was generated by iteration
(1 + 2, kiy2) and so on till an iteration (r, k,). From Corollary we infer

i + vik 4 < llillg + llviglli < llzillg + CpAip.

Without loss of generality, we require Cp > Cr > 1. We recall that by construction z; =
Rj(xj+1 +vjy1,k,,,) forall j =1,...,7 — 1 is satisfied. Hence, using (5.10)) we can estimate

[ill = (1B (@isr + vigksy )l < B Rip1 (e + Vigo ko)l + [ Bivits b |4

r—1 r
< S IR Rpviagglle < Cr Y lloj ll4
j=i j=it+1

This yields

T '
Iz +vig, 4 < Cr D llvjk, I+ Cpio < Cp > vl + CrAis1 iy
Jj=i+1 Jj=i+1

From the second part of the trust-region update rule (2.34]), it follows

CpAjr; < CpAjo— Cpllvjklly < CpAjo — Cpllujgllg  foralli+1<j<r
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and hence

.
zi+ ikl <Cp D vjallg+CrAirory < - < Cpllvek, 4 +CpArg, < Cp(B+Armax)-
j=i+2

This completes the proof. O

Remark 5.2 The additional assumption, A, < A, nax, can be guaranteed by changing the

update rule (2.34]) in Algorithm to

A B {min{Aifk, Ai,O — ||Ui,k+1||i} ifi <,
i,k+1 — . + o
mln{Aiyk, Ay max } if i =r.

The global convergence properties of the algorithm are not affected by this change.

Now let [|-[|; = ||| La(q) for i = 1,...,r. From the coercivity of J; and follows the boundedness
of all sublevel sets of J; with respect to the LY(Q)-norm. Set ||| = [|||ze() and let the
assumptions of the preceding lemma on the restrictions holdH Let ¢ # 2 and let x; + v; 1 +
tsik, t € [0,1], be an arbitrary iterate. Then from the growth condition on QYyy, it
follows

_ (g—2)/q
| P (2 + vig + 85 4) || Lasia—2) < (/Q | u (@, 25 + vi g + tsi1) |7 T2 dﬂ?)

<C

(¢—-2)/q
llg3ll Lasa—2) + (/Q |z + v ) + tsi |7 dx) ]

< C[llgsll pasta-2 + |l + vig + tsipl| %]

Lemmal5.4shows that the last expression is bounded independently of i and k and hence there exists
a constant C'g such that (5.8)) is satisfied. In the case ¢ = 2, (5.8]) becomes

[P (i + Vi + i) | 2oy < Co

and follows directly from the growth condition on ¢,,,.

By a similar argumentation using (5.5]), it can be easily seen that we obtain the same result for
-l = [l = 112 ) -

5.2. A quasi-interpolation restriction operator

Before we consider other application classes, we present in this section two different restriction
operators that satisfy the assumptions of Lemma

It is easy to see that the simple nodal interpolation operator (injection) generally do not satisfy

condition ((5.10)) if ||-|| La(q) or [||[z1(q) is chosen as trust-region norm. One possible choice for
a restriction operator that satisfies (5.10) both for |||l = [|-[| 1 () and [|-[ = [|[[Le(q) is the

'For a restriction operator that satisfies (5.10]) see Section
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5.2. A quasi-interpolation restriction operator

L%(Q)-projection @;. To see this, we first note that Q;(Q;)v = Q;v for all v € L?(Q2) and i < j,
which follows directly from the orthogonality (cf. (3.2))):

1Qi(Qjv) — Qivl72(q) = (Qi(Qjv — v), Qi(Qjv — v)) L2() = (Qi(Qjv — v), Qv — v) L2(q)
= (Qi(Qjv —v), Qjv)2(0) — (Qi(Qjv — v),v) 2y = 0.

Therefore, it is enough to show the stability, i.e., that ||Q;v|x < Cg||v|/4 holds. For the H'-norm
this is a well-known result (cf. for instance [BX91, Thm. 3.4]). In [DDWT5| a stability result for
the LP-norms was proven, more precisely, it was shown that

1Qivl| o) < C' 2P| oy forallv e LP(Q) and 1 < p < o0

holds for a large number of finite element spaces over quasi-uniform grids, for instance in
the setting of Example The constant C is level-independent and does not depend on

p.

We now present another restriction operator, which can be numerically evaluated cheaper
than the L?-projection. For this, we require that each space V; is equipped with a basis
{1} izt n; C WH™(Q) that satisfies the following assumptions:

1. (ﬁi >0forall j=1,...,n,
2. |6l Loy = 1,
3. 0 < 6; <1 almost everywhere in {2 where 6; := Z?;l gzﬁz .

A typical example of a basis that satisfies these conditions is the nodal basis presented in
Example [3.1]

We define quasi-interpolation operators I; by
Li: LNQ) = Vi, Liu) =Yl (u)e] (5.11)
j=1

where

o (u ¢f) B , . ~1
7l (u) == ((ﬁg,l) —/Quqﬁg dx(/Qdﬂ da:) .

These types of quasi-interpolation operators were also be considered in [BPV00] and [Car99]. In
the latter they analysed a slightly different interpolation where the coeflicients are defined by

A A N
il (u) == [oud?/b; dm( Jo &) dx) . In the setting of Example the operators differ only at
nodes near the Dirichlet boundary.

Remark 5.3 We emphasize that in comparison to the L?-projector the evaluation of the quasi-
interpolant is inexpensive since no linear system involving the mass-matrix has to be solved.

We first show the stability with respect to the LP(§2)-norms.
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Lemma 5.5 The interpolations defined by (5.11)) are continuous and linear operators from LP(Q)
to LP(Q) for 1 < p < oo. In particular, for u € LP(QQ) it holds:

I Ziul| zp () < llullre)- (5.12)

Proor Obviously, the interpolation is a linear operator and well-defined since the basis functions
satisfy ¢; € L>°(Q) fori =1,...,n;. We show ([5.12)) for p = 1 and p = co. From this, the assertion
then follows by the Riesz-Thorin interpolation theorem (cf. for instance [Wer07, Thm. I1.4.2]).

p=1: Using ¢g > 0 and Z;”;l ¢g =1 a.e. on {2, we obtain

[l <3 |mw)]| [1¢llde <Y [ uiglde < [ julde = Jullp. (513
= Q oe Q

p =o00: Let u e L>®(Q). Clearly, \Wf(u)\ < ||lul| oo (@) and hence

1 Ziull ooy < 13- 7 (W) || oo () < MNull oo 1Y 67|y < el oo e)-
j=1 =1

We will now show that this interpolation operator also satisfies (5.10]) for the H'-norm in the
setting of Example To show this, we use the following result from [BPV00, Lemma 3.2]:

Lemma 5.6 There exists a constant C' not depending on h;, such that

Using similar techniques as in the proof of [Car99, Thm. 3.1], one can also show that
[ Liul| g1 < Cllull iy for all u € Hy ().

These result are also valid for spaces where we have homogeneous Dirichlet conditions just on a
part I'p of the complete boundary 952, as long as it aligns with the meshes. That means that
each edge of the triangulation is either contained in I'p or intersects I'p at most at the endpoint
of the edge.

For the next lemma, we need the inverse estimate
HUZHHl(Q) < h;IHUiHL?(Q) for all v; € Vi, (5.14)
which is satisfied if the triangulation of 2 is quasi-uniform.

Lemma 5.7 In the setting of Ea:ample the quasi-interpolants I;, i = 1,...,r satisfy (5.10)
for Il = Il 51 (@) -
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PrROOF Let ¢ < j <7 and vj41 € Vj41. We set I]Z: =111y 1;. Using (5.14), (5.12), and the

estimates above, we obtain

1vja ) < I (T (- - (Lojaen = o)) ) + TG (w0 @)
< b (L (- (Lugsn = vis))z2) + 15— 1vjllm @
< hi i1 — vigill ) + - 1villm o)

< Chi ' hyl|vjsallme) + 111041l 1 @)

4 j
< O by ezl = Cllvgall oy D by '
k=i k=i

The sum in the last expression is bounded by means of the geometric series since h; = 27 _1hj
holds. This shows the assertion. 0

5.3. Example 2

Let Q C R? be a bounded domain with Lipschitz-boundary. We consider the problem

min Jo(u), Jo: H(Q)NL®(Q) - R, uw— / Jo(z,u(x), Vu(z)) dz,
uee ° (5.15)

jo: QX R xR = R, jo(z,u,2) := i(w(u)sz + b(z)u?)
with ¢ : R — R, twice continuously differentiable and b € L*°(2) non-negative. We further

demand that a lower bound ¢, > 0 exists such that
Y(u) > ¢y forall u € R.

As in the previous example we assume C to be a nonempty, closed and convex set that satisfies

E3).

Remark 5.4 The problem is well-defined and possesses a solution if we use H'!(Q) as domain of
definition of Jy. This follows from Theorem [A.7] and the coercivity of Js, which can be shown
by a straightforward calculation. However, in this setting we cannot show that J, satisfies the
necessary differentiability assumptions. Hence, we consider instead H'(€2) N L°°(£)) as preimage
space. This is justified by the fact that in typical cases, which depend on the feasible set C, the
solution has higher regularity and thus is an element of L>(2). See for instance Theorem for
the case with Dirichlet boundary conditions or pointwise bounds.

We first show that J satisfies the differentiability assumptions|(H1')|

Lemma 5.8 The functional Jo is twice Gateaux differentiable on H'(2) N L>(Q). Furthermore,
the first derivative is continuous and the operator u — J3(u)[d,d] is continuous for every fized

direction d € H*(Q) N L>(Q).
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PROOF Since 1 is twice continuously differentiable, there exists a constant C(R) > 1 for each
R > 0 such that there hold

[Y(u)| < C(R), ' (u)| < C(R) and [¢"(u)| < C(R) for all u € R with |u| < R.

Without loss of generality we assume C(R) > ||b|| max{R, R?}. From the definition of j we
obtain the following estimates for |u| < R:

o, 2)| < C||2] + [bl] o) B < CR)V2,
0 . 1 -
| da,u, )| = 51 )2 2] + b < CR)2 + [leoy R < CR)T,

0 . 1 -
| 552w 2)|| = bzl + Sa(@)e® < CR)|2] + bll=@ B < CR)V,

where V := (14 ||2/|?)"/2. Thus, the functional .J; satisfies assumptions of Theorem and
it follows that Jo is continuously differentiable. In the same way, one shows that the second-order
partial derivatives of jo satisfy . Then the second-order differentiability of J, follows directly
from Theorem [A.5] O

In the previous chapters we have often considered the case V = H'(Q). One important example
is the equivalence of the multilevel stationarity measure and the dual-norm of the gradient,
which greatly reduces the computational complexity. It is not evident that we obtain the same
results for the space V = H(Q) N L>(£) or, more precisely, for the discrete finite element spaces
Vi, ||l riare ). However, in the discrete setting we can still work in (V;, ||-|| 1) because the spaces
are finite dimensional and the norms therefore equivalent. We would expect though that Jj and
hence the stationarity measure is not level-independently continuous anymore. The next lemma
shows that this is indeed true, but the level-dependence is rather weak and of the same order as the
one we have observed in the constrained case (cf. Section .

Lemma 5.9 Let (Vh, ||| poonmt) be the space of continuous, piecewise linear functions defined
on a quasi-uniform triangulation of Q C R? with maximum diameter h. Then for every g € X*,
X == L>®(Q) N HY(Q), there exists an element gy, € Vy, such that (gn,vn) = (g,vn) for all vy, € Vy,
and

1 9h, Un
Szl < logzamllg = sup 9 < g v

onevy lonllx

holds with a constant C' that is independent of h and g. Furthermore, we have

(9n> vn) 1/2
anllve < llgnllw,.i- = sup — < (14 C|log(h gn v
lgnllvi < Nlgnll a1 ay) S0 Tonla ( [ Log(h) [ %)l gnllv;

for all gn, € Vy.

PRrROOF The existence of g, with the asserted properties follows from the Riesz representation
theorem. Using the stability of the L?-projection with respect to ||-||g1(q) and [|-||ze, the
equivalence of the norms on V), follows as in Lemma [3.2
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The left-hand side of the second assertion follows directly from [|vp || g1(q) < [|vnll g1 (Q)nzee (@) In or-

der to verify the right-hand side, we use the well-known inequality [|vp || (o) < C|log Al 12| |lop || g Q)
(cf. [BSO8, Lemma 4.9.2]) and obtain

(gthh) (gfmvh) 1/2\—1
sup > sup = (14 C|logh gh . .
2B Tonllx = b, W CTog A7) fonllry — O+ NP lonl ot oy
which shows the assertion. O

The following corollary follows directly from the previous lemma:s:

Corollary 5.1 Let F: X — X*, X := HY(Q)NL>®(R), be uniformly continuous on a set S C Vy,
i.e., for all € > 0 there exists 6(¢) > 0 such that

|F(vn) — F(up)||x+ <e  for all up,vp, € S with ||up — vl x < 6(e),

with the space Vy, as in the previous lemma. Then Fy: (Vy, HY(2)) — (W, HY(Q))* with Fj,(up) =
F(up) for all up € Vy, is uniformly continuous on S, more precisely for all € > 0 it holds

1Fn(vn) = Fu(un)llov,,m1)- <€ for all up,vp € S with |lup — vpllg1(a) < n(e)
where 0y, (¢) < 5((1+ C|log(h)[*/?)e).

In what follows, we assume that the function v and its derivatives are bounded on the feasible
set, i.e., there exists a constant Cy such that

[ ™ @l < Cy forall ue Cand kb =0,1,2

A simple calculation shows that the Gateaux derivative of Jo in direction d € X := H(Q)NL>(Q)
is given by

1
)l = 5 / (4 () VT - d + 20(w) VeVl 4 b(a)ud) de,
Q
and its second derivative in directions dy,ds € X by

JY (w)[dy, do) = % /Q (W(u)dldgvuTqu(zp’(u)(dlvuTVdg+d2vuTVd1)+¢(u)Vd2Tw1))dx.

Using Holder’s inequality, we get the estimate

1
T3 (u)ldy, da] < Sl (w)][ oo ey | oo | da | oo | V|72

+ |1 (u) | e [IVull 2 (il Lo | Va2 12 + (| dal L | Vi | £2)
+ [ (u)[[ Lo | Vi 12| Vda]| 12 (5.16)

1
< S @l [Vullz + 2[10 @)l [Vl 2 + 2] (w) [ 22) e [ x | d2 ] x
< 2Cy([[VullZ + Dllda |l x]ld2] x-
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On the sublevel sets
Ly (J2) :=={u e H'(Q)NLX(Q)| Ja(u) < Jo(1)},
we have

1 A
§Cw||VU”2L2(Q) < Ja(u) < Jo(a) (5.17)

and hence the boundedness of the elements in L (J) with respect to the H!(£2)-seminorm. By
(5.4)) it follows that also their H'(Q)-norm is bounded. Thus, if we use a trust-region norm which
satisfies ||-||i > ||| g1(q), ? = 1,..., 7, and suitable restriction operators, we can apply Lemma
with [[[[# = [[|g1(q)- This yields the boundedness of all iterates i +vig +tsig, t € (0,1,
i=1,...,r, k=1,2,..., in terms of ||-|| g1(q). Together with (5.16) we finally conclude that there
exists a level—independent constant Cy such that

J3 (@ + vig)[d1, da] < Cglldy| x|lda|x- (5.18)

Since d = 2 and the triangulation is quasi-uniform, there exists a level-independent constant C'
such that the inverse inequality

HUZ'HLoo(Q) < Chi_IHUiHLQ(Q) for all v; € Vi,i = 1, e, T
holds (cf. for instance [Cia78, Thm. 3.2.6]). Hence, the following estimate is true:
lvillx = V03l 2@ + lvill oo @) < ChiHwill 20
Estimating the norm in (5.18)) by the last inequality yields
Jy (zi + vig)ld1, do] < Crhi || di| 2@ ldall n2@) = CaAP* ldil 2@ ldal 12(0)
for all directions dy,ds € V;. Thus, |(H4")|is satisfied.

From (5.18)) it also follows that [(H2")| and [[H3")] is satisfied if we choose ||-||x as trust-region norm
on every level.

Finally, we verify that J; is uniformly continuous on L (J2) by showing that it is Lipschitz
continuous. By definition of the dual norm we have

I~ - = 5 s | / (@ (][ Vull? = ¢/ (0) Vo) do

+ / w)Vu — (v)Vo)'Vd + b(z) (u — v)d) dx}
(5.19)
<5 | W @ITul® - 0)|VelP? o
1
1Y) Vu = 9(0)Voll gz + SlIbll2 u — v 2.
In order to make further estimates, we first reformulate the integral term

ol T = Dol < [ f 1)~ NPl + 90l
+/| (@)([IVul]? = Vo[ dz].
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Using the fundamental theorem of calculus for almost each x € €2 then yields
1
10w = @Il + 9ol de = [ | [C6 e+ o = w) o = ) (196l + [ T0]?) de|da
< Gy [ o= ul(IVal® +][70]?) da
2 2 4Cy -
< Cyllv = ufl = (IVulzz + [Vollz2) < ZJz(U)Hv — ullx-

We have used that C is a convex set and that (5.17) holds for all w,v € L (J2). Further, we
have

6@+ @IVl = V0l de <20, [ [(Fu— Vo) (Tu+ Vo) do
< QCvau + V|| r2||Vu — V|12

2 \1/2
<40y (L 2(@) " llu = vlx.
Similarly, we estimate the second term in (5.19):

[460) Ve = (@) Vol 2 < 2 [[1(06(w) = 9(0)) (Vi + V)2 + | () + () (Va — Vo) ]

2
1,2 N\ 1/2
< S (S R@®) () = (o)l z= + Cy|Vu = Vol 2
Cp
1 2 \1/2
< 5Cu( ()l = vllx + o= vlx.

Inserting all estimates in (5.19) shows the Lipschitz continuity of Jj on L (J2) and thus
(H5)

5.4. Minimum surface problems

Let Q C R? be a Lipschitz-continuous domain with boundary I'. Furthermore let ug be a continuous
function on I' that describes the values of a surface on the boundary. The solution of the problem

mingec J3(u) with € := {u € H'(Q)| (u — up) € HF(Q)} and
J3(u) = / V14 VulVudx
Q

describes the minimum surface. Whether a solution of this problem exists depends on the domain
Q) and the set C. It is well known that the problem has a solution if €2 is convex and wug is a
C?(Q)-function (cf., e.g., [Giu03, Theorem 1.6]). As a variant, we also consider different feasible
sets C where besides the Dirichlet boundary conditions additional constraints on the surface are
demanded, as for example that it has to lie above an obstacle. In this case, however, the solvability
of the problem is not so easy to analyse. If we replace H!(Q2) by a suitable finite element space
Vy with mesh size h, it is easy to see that the problem is always solvable. However, the solutions
will in general not converge for h — 0.
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To show that J3 satisfies we define the C?-function j3(z,u,2) := V1 + 272 and estimate
the partial derivatives of js:

’jg(ﬁﬂ,u, Z)’ <1+ ”ZH?
9 IEd
Hafjg(x,u,Z)H = Jiras <1

1 |zz

Haza Js(@ “’Z)H T Vit (4T3 <2

Hence, assumption (A.2)) of Theorem and assumption (A.5)) of Theorem are satisfied,
which shows with V = H'(Q).

The second-order directional derivative is given by

Vd'Vd(1 + VulVu) — (Vul'Vd)?

1" _
J3 (u) [dv d] = /Q (1 + vuTvu)3/2 de.

We can easily derive an upper bound for J4 (u)[d, d] in terms of ||d|| f1:

VuTVd)? [Vul?|Vd|?
1" </ 2 ( </ 2 YA YL
Hlddl < | (VP + g rgyms) 4 < [ (VP + TG 7 o) de

< 2| Vdll%, ) < 2l g

This verifies assumptions |(H2')} |(H3')| and [(H4')|if ||-|| g1 (q) or the H'-semi-norm is chosen as
trust-region norm. Moreover, since the operator Jf (u) is bounded by L = 2 in L(H(Q), (H'(2))*)
for all u € H(Q), it follows from Lemma that J} is Lipschitz continuous on H'($2) and hence

satisfies |(H5)

5.5. Signorini Problem

The Signorini problem is a simple contact problem from the theory of linear elasticity. A
deformation of an elastic body is searched that is subjected to body forces and surface tractions
and which has frictionless contact to a rigid obstacle on some part of his surface. The contact area
is not known in advance but is part of the solution. Instead of the whole nonlinear elasticity model,
a linearization is used and hence the results are only valid for small deformations of the body. We
shall give just a very short description of the problem, a more comprehensive introduction can be
found for instance in [KOS88| Ch. 2 & 6].

Assume Q C R%, d = 2,3, is a domain with Lipschitz-boundary. We will think of © as the
part of space occupied by a body in a natural state, i.e., unstressed state, before it is deformed.
We assume that the boundary 9 consists of three parts I'p,I'y,I'c with T'p NT¢ = 0. We
have Dirichlet conditions on I'p and traction forces t € (LOO(F N))d act on I'y. The area of the
boundary where contact to the obstacle is possible is denoted by I'c. For simplicity, we demand
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5.5. Signorini Problem

I'p # Qﬂ We are looking for a displacement v* € V := {v € H}(Q)¢|v =0 on I'p} that solves
the problem

Illjaelllf)l/Q {ue(v) ce(v) + %(div v)2 —f- v} dz — /FN t-vdS(x) (5.20)

s.t. vI'n < gonTgc.

Here, f € (L*°(£2))? denotes the body forces, e(v) := 3(Vv + VoT) the linearized strain tensor
and A and p are material parameters (Lamé’s parameters). n(z) € R? denotes the normal vector
at © € I'c and ¢g(z) > 0 the Euclidean distance (gap) from z to the rigid obstacle in direction

Theset C := {v € V|vTn < g a.e. on I'¢} of feasible displacements is closed and convex.

As it is shown for instance in [KO88, Theorem 6.1], the problem admits a unique solution if

c+0.

The objective function of the Signorini problem ([5.20) is quadratic and hence it is easily seen that it
satisfies all assumptions|(H1')H(H4‘)|and|(H5)|for the trust-region norms |[|-||; = |- ||H1(Q)d.

5.5.1. Discretization

We will now shortly introduce a finite element discretization of Signorini’s problem based on
[KKO1] that leads to a box constrained minimization problem.

We assume that Q is polygonal. Let T; be a quasi-uniform triangulation (tetrahedra in R3) of
Q with minimum diameter h; and let N be the corresponding set of free nodes z1,..., 27",
i.e., all the nodes that are not contained in I'p. We assume that I'p aligns with the triangu-
lations, i.e., an edge is either contained in I'p or intersects it at most at the endpoint of the
edge.

Let ¢i: Q — R, i=1,...,n1, be the piecewise linear nodal basis functions that satisfy ¢} (%) = 4,
for all nodes x¥ € Nj. The finite element space is now defined by

ni
V)= {vl = Zf)ilgbﬁ |07, € RY, i = 1,...,n1} cV,
i=1
where 7¢ € R™? is the corresponding coefficient vector of v1. A standard approximation of the con-
tact condition is to demand it only for nodes on the contact boundary, i.e.,
vi(2¥) () < g(af) & (17fk,)Tn(xlf) < g(z) for all 2§ € My NT¢. (5.21)

In [HL77] it was shown that the solution of this finite element approximation converges to the
solution of ([5.20)) for mesh sizes h — 0.

In general, ([5.21]) does not lead to standard box conditions on the coefficient vectors. In order
to formulate it as a simple bound constraint, we use a special local orthogonal basis of R¢ for

2If no Dirichlet boundary is given, additional conditions are needed to assure unique solvability of the problem,
cf. [KOSS].
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every grid point in 2§ € Nj. This basis is represented by a matrix Q(z¥) € R¥*? whose first
column is equal to n(x}) for ¥ € Tc N Aj. One possibility to construct Q(z¥) is by rotating
the Cartesian basis such that the first unit vector ended up on n(z¥) (Givens rotation). On grid
points that are not contained in I'¢, an arbitrary orthogonal basis, e.g., the standard Cartesian
basis, Q(z¥) = I, can be chosen. With this, we obtain a different representation of the functions
in Vy:

ni
v =Y Qh)Tiidy, B € R
i=1
The contact condition then becomes

(Q(xk)016) n(zy) = (D14)" < g(wy) for z, € NyNTe,

which is a simple upper bound on the first entry of each part of the coefficient vector. We
define

Q")

and @1 := (plel, pie? ... pled ... oTtel, ... o] e?), where ¢/ € RY, j = 1,...,d, denotes the
j-th unit vector. Then each element of V; can be written as v1 = ®1Q191. The finite dimensional
problem in terms of the new coefficient vector is

. 1. - - -
min ivlTQ{Cllel — f{‘FQ1U1 - 91TQ1211

1 EREM1

s.t. 01y < g(af) for 2} € MiNTe

where

(C1)Y = /Q (zug(cpg):5(¢{)+Adiv(q>§)div(cb{)) dz,

fi=(f, (DEL'L)LQ(Q) and ¢} = Jry g®i dS(x). Since Q1 is an orthogonal matrix, the condition of the
problem is not influenced by the transformation.

For the multilevel algorithm, we construct the spaces Vo C V3 C --- C V), in the same way where the
underlying triangulations of Q) are obtained by uniform refinement.

5.6. Nonlinear elasticity

Often the linearized elasticity model used in the previous section are not accurate enough, e.g., for
large displacements of the body. In this case, one has to work with nonlinear models. A special
class of nonlinear materials are hyperelastic materials, for which a stored energy density function
W: Q x R¥d 5 R exists. Roughly speaking, W assigns each point of the reference configuration
and each deformation gradient the strain energy in this point. A typical example of a hyperelastic
material is rubber.
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5.6. Nonlinear elasticity

Given body forces f and forces g that act on the Neumann parts of the boundary, the total
potential energy of the body is given by

A

J5(v) :z/ﬂ(W($,F)—f-U) dm—/FNg-vdS(z:),

where F(x) := I + Vu(z) denotes the deformation gradient. Typically, one postulates that a
rotation of the whole system does not change its outcome. This axiom is called frame-indifference.
We further assume that the material is homogeneous, i.e., %4 depends only on the deformation
gradient and not on z. In this case there exists a function W: Mi — R, Mi being the set of
symmetric and positive definite d x d matrices, such that W (C) = W (z, F) where C = FTF
denotes the right Cauchy-Green strain tensor [Cia88, Thm. 4.2-1].

Furthermore, it is necessary to constrain the space of possible displacements such that physical not
possible deformations like self penetration can not happen. A mathematically suitable constraint
is det F' > 0 almost everywhere on ().

There are many different models for hyperelastic materials and it would go beyond the scope of
this thesis to discuss them in detail. Hence, we will consider only the special class of Compressible
Mooney-Rivlin materials, which was suggested in [CG82| (c.f. also [Cia88 Chapter 4]). The stored
energy function is given by

W (F) = al|F||? 4 b||cof F||? + ~v(det F) + e
or respectively in terms of the right Cauchy-Green strain tensor by
W(C)=atrC+btr(cof C) +v(VdetC) + e

with parameters a,b > 0, y(0) = c6 — dlog(d), ¢,d > 0 and e € R. Here, cof denotes the
cofactor matrix. A common demand is that for small deformations the hyperelastic material
reassembles the properties of the linear model. This restricts the choice of the parameters

to
A A A A
T b—z—c, c< d—§—|—,u, e=—Ba+3b+c)

where A € R and p > 0 are the Lamé constants.

Bk
a—2—|—c

Although one can show that this stored energy function is not convex (this holds true for any
reasonable non-linear material, cf. [Cia88, Thm. 4.8-1]), this material has the advantage that its
stored energy function is polyconvex and one can show the existence of a solution, i.e., there exists
at least one v* € H'(9)? such that J5(v*) = infye 1 (qye J5(v). A detailed discussion of this theory,
which goes back to John Ball, can be found in [Cia88, Chapter 7]. Furthermore, the log-term
serves also as an implicit barrier for the constraint det F' > 0.

It is not possible to show the necessary differentiability properties with the theory that we have
used for the last examples. The problem is that an actual material has the property that an
infinite amount of energy is required in order to annihilate volumes. Mathematically this can be
expressed by the assumption that W — oo for det F — 0. Hence, the growth conditions which
we have used in the previous cases do not hold.

To our knowledge, there is no satisfactory theory about the differentiability of the function
Js. Nonetheless, we can use our method since, in the discrete setting, the differentiability is

127



5. Applications

ensured. In the worst case, we will observe level-dependent factors when we increase the mesh
size.
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In this chapter, we apply Algorithm to various 2D and 3D test problems which are mostly of
the type discussed in the previous chapter. The algorithm allows a lot of freedom for the concrete
choices of the parameters and the sub-algorithms used. Therefore, we will first introduce two
different concrete implementation variants. Then we will describe the test problems and analyze
the numerical performance of the algorithm. We do not focus here on the absolute runtime of
the algorithm but instead on its behaviour when the number of levels grow. Furthermore, we do
not compare the algorithm with other general purpose optimization methods. This comparison
would not be completely fair since we consider a special class of optimization problems that is
well suited, and we would therefore expect that our algorithm clearly outperforms these codes.
This presumption is confirmed by the results in [GMS™10] where a multilevel optimization code
was tested against a standard Newton trust-region algorithm. However, it would be interesting
to compare the performance against Multigrid-Newton methods for optimization problems. We
assume that this would be a much closer race.

6.1. Two variants of Algorithm 2.1

Standard multigrid algorithms typically use a fixed iteration cycle, i.e., a rule, only depending on
the iteration number, which determines when the algorithm smooths and when it changes the
level. Most commonly used are V- and W-cycles (cf. Figure .

These fixed cycles are in general not possible in our algorithm since we are only allowed to go on
a coarser grid when the smoothing property

x;(0) > kyxi(vi k), (6.1)

is satisfied. Furthermore, it follows from the theory in Chapter [3] and [4] that we cannot expect an
adequate descent of a smoothing step if the iterate is already smooth. Nonetheless, a strategy
similar to a V-cycle can be used and works quite well for a large class of examples. The following
algorithm shows the concrete implementation of Step 1 and Step 5 in Algorithm for a V-cycle

level 4

level 3

level 2 ® Smooth step
level 1 O Solve step

Figure 6.1.: Two V-cycles (left) and one W-cycle with pre- and postsmoothing
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strategy with presmoothing. As in the proof of Lemma we denote by 6(k) the number of
successful iterations until the k-th iteration of the algorithm.

Algorithm 6.1 (TRMLConv(V-cycle))
Step 1: Model choice
If i > 1, 0(k) > 0, (6.1) and

Xi*l(o) > 52(,1
are satisfied, go to Step 2 (Multilevel step). Otherwise, go to Step 3.

Step 5: Termination
Return if one of the termination criteria in Step 5 of Alg. is satisfied or if ¢ < r and
one successful multilevel step was made. Otherwise, set k <— k + 1 and go to Step 1.

A different strategy that is better suited for our theory is to choose whether to make a smoothing
step or enter a lower level depending on the smoothness of our current iterate. In comparison
to the V-cycle version, we do not terminate automatically after a successful multilevel step on
the lower levels but instead when the residuum is reduced suitably or a maximum number of
successful iterations were made. The following algorithm shows how Step 1 and Step 5 are
implemented.

Algorithm 6.2 (TRMLConv(Free))
Besides the parameters of Algorithm [2.1} this variant introduces two additional constants
0 < Kpeqg < 1 and kpax € N.

Step 1: Model choice
If (6.1), 7 > 1 and

xi-1(0) > &},
are satisfied, go to Step 2 (Multilevel step). Otherwise, go to Step 3.
Step 5: Termination
Return if one of the termination criteria in Step 5 of Alg. is satisfied. If i < r and

Xi(Vik+1) < KreaXi(vip) or the number of successful iterations satisfies 6(k) > kmax,
return with v; 1. Otherwise set k <— k£ + 1 and go to Step 1.

For simple problems, the V-cycle algorithm performs often slightly better than the free form
version. In these cases, the level pattern of the free form algorithm is similar to the V-cycle
algorithm but with postsmoothing instead of presmoothing. One disadvantage of the free form
version is that the smoothing parameter x, must be chosen more carefully. If it is too low,
convergence can slow down since virtually no smoothing steps are made. It could be interesting
for future research to determine a good smoothing parameter automatically. In our tests, we
use K, = 0.7 for the V-cycle and x, = 0.8 for the free form algorithm. The free form variant
often leads to faster convergence for more complex problems, and one problem the V-cycle
algorithm was not capable to solve within a reasonable number of function evaluations. In this
cases, the free form version uses the lower levels more extensive and behaves more like a W-cycle
algorithm.
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6.2. Details of the implementation

6.2. Details of the implementation

We will now discuss some of the parameter and algorithmic selections we made. It would go
beyond the scope of this thesis to numerically justify each choice in great detail. However, we have
tried to identify the important parameters whose choices have major influence on the performance
of the algorithm. This will later be illustrated on selected examples. These are chosen such that
the observed effects are also representative for the majority — but not necessarily for all — of the
other examples too.

6.2.1. Discretization

The feasible sets of the problems in this chapter are subsets of the infinite dimensional space
H'(Q) where Q is a polygonal domain. To calculate approximate solutions to this problem,
we triangulate €2 and construct a hierarchy of finite element spaces with piecewise linear and
continuous functions by uniform refinement of the grid as in Example [3.1} All Dirichlet boundary
conditions are implicitly handled and do not occur as constraints in the discrete problems. This
setting satisfies Assumptions [5.1] and the assumptions we made on the spaces in Chapter [3] and
Chapter [4

More details on the implementation of the prolongation and restriction operators, and the smooth-
ing algorithm for the coefficient vectors can be found in Section

As stationarity measure we use the multilevel stationarity measure yM" defined in (4.5]), which is
equivalent to the measure introduced in Theorem [3.4)if the problem is unconstrained.

We only consider constrained problems where we have pointwise bounds on the variables. This leads
to box constraints on the coefficient vectors as described in Example We use Algorithm [4.3] to
create the lower-level boxes. We have obtained similar results using the construction of Lemma[f.10]
though. To allow larger steps on the coarser levels we use the active-set strategy introduced in
Section [£.3.2] This leads to a large performance increase in comparison to the standard version,
which we will illustrate on some selected examples.

6.2.2. Hessian approximation

Standard multigrid algorithms for linear elliptic problems are known to converge with a linear rate.
So — at best — we would also expect linear convergence for our nonlinear multigrid algorithm. This
suggests that it is not necessary to always work with the exact Hessian in our quadratic models
qi k- Instead, we use a heuristic strategy to update the Hessian that is similar to the strategy used
in [GMTWMOS]. For a Taylor step, we calculate a new Hessian if one of the following criteria is
met:

1. The current level is the coarsest level, i.e., i = 1.
2. No previous Hessian approximation is available.

3. The previous iteration was a non-successful smoothing iteration.
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6. Numerical results

4. The current Hessian approximation H;j does not suitably describe the curvature in the
direction of the last step. Suitably means here that for given Cpgq > 0 and a > 1 the
inequality

|Vhi(vig) — Vhi(vig—1) — Hi (i — vig—1)|| < Crallvig — vig—1]]*
is violated.

Otherwise, we set H;, = H; 1 for £ > 0 or initialize H; o with the approximation we have used
the last time we visited this level. If we calculate a new Hessian on a level i, we also recalculate all
Hessians on levels j with j < ¢ when they are needed the next time.

Since calculating the Hessian is in many cases by far the most expensive operation in our algorithm,
this massively improves the performance. For our experiments, we have chosen Cgya = 0.5 and
a=3/2.

6.2.3. Full multigrid

In our theory we have used the level hierarchy only to calculate correction steps. However, one
can (and should) also use it to obtain a good initial iterate on the finest level. This strategy is
often called the full multigrid or nested iteration. The idea is to successively solve the lower-level
problems

min f;(v;

v; €C} fZ( Z)
fort=1,...,7 — 1 up to a certain precision and use the prolongated solution as initial value
for the next finer level. The coarser problems can be solved cheaply and provide us with a
good initial iterate. The feasible sets C; are suitable approximations of the feasible set C.
here.

6.2.4. Trust-region radius update

To update the trust-region radius, we do not use the simple update rule (2.33)) of Algorithm but
a more practical choice that was proposed in [CGT00, Ch. 17]:

max{A; p, villsikli} if pigx > 2,
Aj,k =1 A it m < pig < mo,
Yo min{A; g, |sixlli}  if pir < m,

with 77 = 2, 79 = 0.5, 71 = 0.1 and 72 = 0.75. This update rule does not suffer from the
typical problem that the trust-region radius can become very large due to many very successful
small steps and then needs a lot of unsuccessful iterations to be small enough to constrain the
step length. The global convergence results of Chapter [2] remain valid with this trust-region
update.
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6.2.5. Smoother

We use Algorithm with m = 6 and # = 1.48 as smoother to calculate the Taylor steps
if ¢ > 1. This algorithm seems to be most robust for both constrained and unconstrained
problems.

In comparison to classic multigrid methods where the number of smoothing cycles is normally
smaller than 3, the choice m = 6 seems rather large. This is justified by the fact that af-
ter a smoothing step we have to evaluate the objective function and — for the stationarity
measure — its derivative at the new iterate. This is in general more expensive than a couple
of smoothing cycles. Hence, we choose a larger number to minimize the number of function
evaluations.

The choice of the relaxation parameter 6 also has a large influence on the performance. In nearly
all examples an overrelaxation increases the convergence speed, which we will illustrate on some
examples.

6.2.6. Coarse grid solver

The degrees of freedom on the coarsest grid is typically very small and therefore we can use a
more sophisticated algorithm to approximately solve the optimization problem, that uses the
second-order information more extensively. We choose an affine scaling trust-region method [CL96]
and use a standard Steihaug-Toint CG method (cf. [CGT00, Alg. 7.5.1]) for the calculation of the
trial steps, which was very fast and reliable in our examples.

6.2.7. Termination criteria

For a typical user the multilevel stationarity measure is difficult to interpret. Hence, we use a
more commonly used measure to decide when we terminate the iteration in Step 5: The projected
gradient of the current step in the supremum norm

ter

Xr (U’r,k) = ||U7’,k - PrOjCT (vr,k - vfr(”r,k))”oo

where V f,(v,;) denotes the standard euclidean representation of f).(v, ). We terminate the
algorithm if this measure is smaller than X = 1075.

If not said otherwise, we use the same parameter set for all examples. Of course, this is not
in every case the optimal choice, but it shows that the algorithm can be used for this kind of
problems without tweaking the parameters.
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6.2.8. Computational framework

To implement the algorithm, we use the platform independent language PYTHON with the linear
algebra libraries NUMPY and SciPy [JOP™ |. This language enjoys high acceptance in the
scientific computing community — even for high performance computing — because it is possible to
quickly implement algorithms in an interpreted language using high level structure like vectors
and matrices with a good performance due to highly optimized libraries. To implement some time
critical parts, like the smoothing algorithms, we use C++.

To calculate function values, gradients and Hessians of the more complex examples, we use the
finite element toolbox FENICS [LMW™11], which is programmed in C++ and provides an interface
to PYTHON.

All tests were made on an Intel Xeon CPU with 2.93 GHz core speed. The code uses only one
processor core.

6.3. Test problems

We have applied our algorithm to various test problems. We use some classical problems from
the MINPACK-2 test problem collection [ACM91] and COPY!| [DMMO04] that are suited for
our algorithm as well as some new examples. Since the total computation time is dominated
by the time used for operations on the finest grid, the numbers in the result tables denote
solely fine grid quantities as for example the number of function evaluations and multilevel
steps.

We measured the time the algorithm needs for the optimization, including the nested itera-
tion to obtain a good initial point, but without the time needed to create the level structure
like the refined meshes and the prolongation operators. Unless otherwise stated, we use the
V-cycle variant of the algorithm with the settings discussed previously and a H'()-trust-
region.

6.3.1. Bound constrained quadratic problems

The objective functions of the first two problems, taken from [DMMO04], are quadratic. In both
cases the feasible set is given by pointwise bound constraints. The third problem is a 3D contact
problem from linear elasticity.

Elasto-Plastic torsion problem

Let © C R? be a domain with Lipschitz-boundary. We consider an infinitely long cylindrical bar
with cross section €2 that is made up of an isotropic elastic perfectly plastic material. Starting
from a zero-stress initial state, an increasing torsion movement is applied. The constant ¢ > 0

!Constrained Optimization Problem Set
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6.3. Test problems

Levels dof ML Smooth f f' time (sec.)

5 632 5 7 13 12 0.1
6 1272 4 6 11 10 0.2
7 2552 4 6 11 10 0.4
8 5112 4 6 11 10 1.5
9 10232 5 6 12 11 6.0
5 632 11 12 24 23 0.3
6 1272 12 13 26 25 0.4
72552 12 13 26 25 0.9
8 5112 10 11 22 21 2.5
9 10232 14 15 30 29 13.4

Table 6.1.: Results for Elasto-Plastic Torsion with # = 1.48 and active-set strategy (top) and with
6 = 1 and no active-set strategy (bottom).

characterises the torsion strength. The resulting stress potential v* is the solution of the variational
problem
1
min 7/ [Vvl]|? dz — c/ vdz  s.t. Ju(z)| < d(z,00) a.e. on Q.
veHL(Q) 2 Ja Q
The corresponding stress field is then given by 6 = Vv*. More details on this problem can be
found for instance in [Glo84) Sec. II.3].

For our tests, we use the same problem parameters 2 = (0,1)% and ¢ = 5 as in [DMMO04].

The first part of Table shows the results of the optimization where the standard parameters
were used. Each row corresponds to a full run with the given number of levels and degrees of
freedom (dof). The entries in the columns labeled ML and Smooth show the number of multilevel
steps and the number of smoothing iterations that were necessary on the finest grid before the
algorithm terminates. Similar the entries in the columns f, f’ and f” show the number of function,
gradient and Hessian evaluations on the finest grid. If the function is quadratic, we only need one
Hessian evaluation and omit the entry f” in the result table.

We can see that the algorithm needs roughly the same amount of work independent of the number
of levels and the mesh-size of the discretization. The total computational time grows linearly with
a factor of 4, which corresponds exactly to the increase in the number of unknowns. Hence, we
have optimal complexity in this example.

To show the positive effect of the overrelaxation and the active-set strategy, we calculate the
same example without these choices. The results in the second part of Table show that the
algorithm needs twice as much time in this case. Figure [6.2] also shows the positive effect of these
choices.

Remark 6.1 We recall that our active-set method is similar to the truncated basis methods
used in [Kor94] for monotone multigrid methods. There, a similar performance increase was
numerically shown in comparison to the standard method, see also [GK09b].
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Figure 6.2.: Performance of the Elasto-Plastic-Torsion problem for different parameter choices

Journal-Bearing problem

The journal bearing problem simulates the pressure distribution between two circular cylinders of
length L and radii R and R + c. The separation between the cylinders is ec, where 0 < e < 1 is
the eccentricity. The pressure is the solution of the problem

1
min 7/(1+5cosaz1)3HVU||2d$—5k:/ esinzjvdr st v>0a.e on
veHL(Q) 2 Jo Q

with Q = (0,27)x(0,2b), b = L/(2R) and a constant k that depends on various physical parameters.
As in [DMMO04], we assume this constant to be equal to 1.

The results for the choice ¢ = 0.1 and b = 5 are given in Table [6.2l We also observe perfect
level-independent convergence and see that the free form algorithm performs slightly worse in this
example.

A Signorini problem

We next consider a problem of the class described in Section that is the 3-D version of a test
problem from [HWO05]. A cube made from steel is transformed by a rigid displacement and traction
forces act on the four side surfaces (cf. Figure . The cube has frictionless contact to a rigid
foundation. The transformation is the solution of the problem

min /Q [us(v) ce(v) + i(divv)2 —f-v] dx—/FNt-vdS(x)

veHL () 2

st vln < gon o,
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6.3. Test problems

Levels dof ML Smooth f f’ time (sec.)
5 632 3 4 8 7 0.1
6 1272 3 4 8 7 0.2
7 2552 3 4 8 7 0.5
8 5112 3 4 8 7 1.5
9 10232 3 4 8 7 5.6
5 632 3 4 8 7 0.1
6 1272 3 5 9 8 0.2
7 2552 4 5 10 9 0.5
8 5112 3 4 8 7 1.4
9 10232 4 4 9 8 6.3

Table 6.2.: Results for Journal-Bearing problem V-cycle (top) and free form (bottom)

where e(v) denotes the linearized strain tensor. The following configuration is used:
¢ Reference domain  := (0,1)3 C R3? .
¢ Neumann and Dirichlet boundary conditions

Iy :={0,1} x [0,1]?U0,1] x {0,1} x [0,1],
Ip:=[0,1]? x {1}, T¢:=[0,1)* x {0}.

o Displacements H5(Q) := {u € H'(Q)3 | u = (0,0,-0.07)T on I'p}.

o Material constants (steel): Shear modulus p = E/(2 + 2v), Lame’s first parameter A =
Ev/((1+v)(1—2v)), Young modulus E = 200 and Poisson’s ratio v = 0.3.

« Volume forces f = 0 and boundary forces t = (10(1 — 2x),0,6.5)7 on T'y.
e The gab g between the cube in reference configuration and the obstacle is 0.03.

We discretized the problem using piecewise linear continuous tetrahedron elements, the coarsest
mesh consists of 27 nodes. In each node we have three degrees of freedom. Since the normal
vector n on I'¢ is in every point equal to (0,0,—1)7, we have simple bound constraints on
the z component of the displacement in the discrete case. Hence, we do not need the special
discretization basis of Section [£.5.11

The results in the first half of Table [6.3] shows that the algorithm performs level-independently
in this example. Even more, the number of iterations decreases, which is based on the fact that
the initial value obtained by the nested iteration scheme becomes better as the number of levels
increase. Without the full multigrid, the iteration number stays nearly constant (cf. bottom part

of Table .
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Figure 6.3.: Profile view of the cube and the rigid obstacle (left). Solution where the contact area
is colored blue (right)

6.3.2. Minimum surface problems

The minimum surface problem, which we introduced in Section has in comparison to the
previous problems a non-quadratic objective function.

Enneper’s Minimal Surface

We first let the algorithm determine Enneper’s Minimal surface, which is a test problem from
[ACMO91]. It is the solution of the problem

mln/ V1+ Vul'Vude (6.2)

where Q = (—1/2,1/2)x(—1/2,1/2) and the convex set C is defined by
C= {u € H'(Q) |u(z) = up(x) for z € GQ}.

The boundary function up: R? — R is implicitly given as solution of up(z) = v? — w?, where v

and w are the unique solutions of the equations

1 1
ml—v+vw2—§v?’ zgz—w—02w+§w3.

Because we directly incorporate the boundary condition into the discretization, this problem is
unconstrained.

The results in Table[6.4]show again level-independent convergence behaviour.
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Levels dof ML Smooth f f' time (sec.)
3 1,936 10 11 22 21 1.5
4 15,488 10 11 22 21 6.9
5 104,329 9 10 20 19 47.2
6 810,000 8 9 18 17 351.6
3 1,936 9 11 21 20 1.2
4 15,488 10 11 22 21 6.6
5 104,329 10 11 22 21 48.2
6 810,000 11 12 24 23 408.6

Table 6.3.: Results for the Signorini problem with (top) and without full multigrid strategy
(bottom)

Levels dof ML Smooth f f' f” time (sec.)

5 632 3 4 8 7 2 0.3
6 1272 3 4 8 7 2 0.5
7 2552 3 4 8 7 2 1.0
8 5112 4 5 0 9 2 3.1
9 10232 4 5 10 9 1 10.3

Table 6.4.: Results for Enneper’s Minimal Surface Problem

Minimum Surface with Obstacle

The next example, taken from [DMMO04], is also a minimum surface problem but this time the
surface is not determined by the boundary values alone but must also lie above an obstacle.
We seek a solution of the problem (6.2) with © = (0,1)? and where the feasible set is given
by

C= {u e HY(Q) |u(z) = up(zx) for z € 9Q and u(z) > I(z) a.e. on Q}

The boundary function is defined by
1— (221 — 1), 29 €{0,1},
0, otherwise,

and the obstacle by

1, if |z —1/2| <1/4, |ze —1/2| < 1/4,
l(x) =
0, otherwise.

This problem does not possess a continuous solution which makes it difficult to solve. The slope
of the discrete solutions near the obstacle goes to infinity as the mesh size approaches zero
(cf. Figure . This difficulty was also observed for minimum surface problems on non-convex
domains (cf., e.g., [Cia78, Ch. 5]).
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Figure 6.4.: Plots of the solutions of two minimum surface problems with obstacle (left: Example
from [DMMO04], right: Example from [GMS™10])

Remark 6.2 We will give a heuristic motivation why an infinite slope is very likely to result in
numerical problems. Consider the family of 1-D functions f5,: [0,1] — R defined by

0, if0<xz<1-—h,

fu(z) = {(w —(1—=h))/h, otherwise.

A simple calculation shows that the H!(Q)-semi-norm of f}, goes to infinity as h — 0. Even
more, if we consider the sequence (h;)y with h; = 27%, the distance between two elements is
|fhi = friilar @) = |fhi_yi|H1(q)- Hence, the distance goes to infinite as i — oo. The solutions
to the discrete minimum surface problem with obstacle behave like the functions f3, near the
obstacle when the meshsize of the finite element space is h;. Although the full multigrid calculates
an approximation of the solution on the space with mesh size h;_1, it is hence no good initial
value since its distance to the solution grows (in terms of H'(Q)) as i goes to infinity. A standard
multigrid method for linear, elliptic problems converges linear in terms of the energy norm, which
is equivalent to the H'-semi-norm. If we make the plausible assumption that our trust-region
algorithm will at best converges like a standard multigrid method in this example, the number of
steps on the fine grid also increases for larger i.

Hence, we would not expect that the algorithm performs level-independently, which is confirmed
by the numerical results in the first part of Table

The considerations in the previous remark suggests that the main errors occur near the obstacle.
In order to obtain faster convergence, we made a slight modification to our smoother. For this
we determine all non-active grid nodes which are near the active set. More precisely, given a
fixed integer | > 0, the set B; contains all non-active nodes which are connected by at most [
edges to an active node. This set is then used to make additional smoothing sweeps using just
the nodal basis functions corresponding to the nodes in B;. Normally, B; is only a small subset of
the complete set of nodes and the additional costs for the extra smoothing cycles are low. For
the results in the second half of Table we have set [ = 5 and made six additional smoothing
sweeps on B; after every full smoothing cycle. We see a much better performance of this variant
and a weaker dependence on the number of levels used.
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Levels dof ML Smooth f [ f” time (sec.)

5 632 8 15 24 23 3 0.6
6 1272 10 21 32 30 3 1.3
7 2552 15 24 40 38 3 3.8
8 5112 19 34 54 51 4 16.5
9 10232 28 44 73 70 3 85.6
5 632 5 10 16 14 3 0.4
6 1272 6 12 19 17 3 0.9
7 2552 9 14 24 20 3 2.7
8 5112 8 17 26 23 3 9.7
9 10232 12 19 32 28 4 47.5

Table 6.5.: Results for Minimum Surface problem with obstacle (top) and with additional smooth-
ing steps near the active set (bottom)

Levels dof ML Smooth f f' f” time (sec.)

5 632 5 19 25 19 7 0.6
6 1272 6 20 27 20 7 1.2
7 2552 7 26 34 22 8 3.7
8 5112 22 39 62 48 8 20.5
9 10232 28 64 93 73 11 120.7

Table 6.6.: Results for minimum surface problem from [GMS™10] with additional smoothing steps
near the active set

A similar example was considered in [GMS™10]. Here, the feasible set is given by
C= {u € HY(Q) |u(x) = up(z) for ¢ € 92 and u(z) > I(x) a.e. on Q}

with
.%'1(1—.1‘1), o € {0,1},
up(w) := .
0, otherwise,

and the obstacle

oy {2 Tl =12 1718, far =172 <1718,
x) =
0, otherwise.

This one is even more difficult to solve since the obstacle is higher than in the previous example
(cf. Figure [6.4]), which is confirmed by the results in Table

In a final minimum surface example we now will show the positive effect of the active-set strategy.
To this end, we use the same data as in the last problem except for the lower bound which we set
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Levels dof ML Smooth f ff" time (sec.)
5 632 4 6 11 10 2 0.3
6 1272 4 6 11 10 2 0.5
7 2552 4 6 11 10 2 1.1
8 5112 4 6 11 10 2 3.7
9 10232 4 6 11 10 2 14.6
5 632 26 27 54 53 2 1.0
6 1272 33 34 68 67 2 2.4
7 2552 41 42 84 83 2 6.9
8 5112 47 48 9 95 2 25.6
9 10232 53 54 108 107 2 110.9

Table 6.7.: Results for Minimum Surface problem with single point obstacle with (top) and without
the active set strategy (bottom)

to
2, ifxy=x9=1/2—h,,
() = V2 1 . 2 / r
0, otherwise,
where h, denotes the grid size of the finest mesh. In the solution, the function is active at exactly

one fine grid node. As discussed in Section in this setting the lower-level steps are zero near
the active point if we do not use the active set strategy.

As we can see in Table the differences are huge. With the active set strategy the algorithms
converges in a level independent number of steps, whereas without the active set strategy we
observe a dependence of the size O(log h,).

6.3.3. Example on a non-convex domain

All domains in the previous examples were convex, and in this case we have a strong regularity
result for second-order elliptic PDEs. Thus, we consider in the next example an L-shaped domain
with reentrant corner (Figure [6.5]).

On this domain, we solve the following problem whose objective function is non-convex and of the
type discussed in Section [5.3}

1 ' RPN 2
uer‘;'{tl}lﬁg) 5/9 [(&El sin(47u)” + Z)VU Vu+u } dx

where

Hp () == {u € H Q) |u(x) = 0 for 2 € Ty, u(z) =1 for z € I .

The results in Table [6.§ show again nearly perfect level independent convergence for this example.
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I'y

Iy

Figure 6.5.: Domain 2 with initial triangulation (left) and plot of the solution (right)

Levels dof ML Smooth f [ f” time (sec.)
7 24,447 19 20 40 38 3 5.0

8 98,047 21 23 45 44 2 16.3

9 392,703 20 21 42 41 2 56.6

10 1,571,839 19 20 40 39 1 214.3

Table 6.8.: Results for problem on domain with reentrant corner

6.3.4. Optimal design with composite materials

Another problem from [ACM9]1] requires determining the placement of two elastic materials in
the cross-section of a rod with maximal torsional rigidity. We will not go further in the details of
the modeling. The problem to solve is given by

min | @a(IVul) +u) do
Q

u€H (Q)
where ¥y : R — R is a piecewise quadratic function defined by
Shat?, 0<t<t,

@b/\(t) = ,uztl(t — %tl), t <t <t
S (82 — 83) + poti(te — 3t1), t2 <0,

tr= 28 and = [2af2.
M2 H1

Here, Q = (0,1)? and the parameters are A = 0.008, 1 = 1 and po = 2.

with the breakpoints

The main difficulty of this problem lies in the fact that the function 1) is not twice continuously
differentiable and hence the whole functional does not satisfy our differentiability assumptions.
Nonetheless, the standard V-cycle version of our algorithm worked very well but failed to converge
in a reasonable time on the finest level. Hence, we also tried it with the free-form version which
was capable to solve also the fine-level problem (cf. Table [6.9).
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Levels dof ML Smooth f ff" time (sec.)
6 16,129 26 26 53 44 10 4.9
7 65,025 37 31 69 54 16 14.8
8 261,121 87 78 166 135 45 122.0
9 1,046,529 - >1000 — - -
6 16,129 41 28 70 56 8 8.8
7 65,025 21 27 49 40 18 12.9
8 261,121 42 44 87 75 19 87.6
9 1,046,529 24 38 63 55 23 249.9

Table 6.9.: Results for optimal design problem, V-cycle (top), free form (bottom)

6.3.5. Nonlinear elasticity

Our final set of test problems consists of finding deformations of bodies made from hyperelastic
material. The problem class was already presented in Section[5.6] The solution images show the de-
formed bodies, where the displacement vectors are not amplified.

Twisting of a hyperelastic cube

In the first example, we consider a cube whose bottom side is clamped to a fixed foundation. The
top surface is rotated by 60 degrees and no forces operate on the cube, which is assumed to be
made of a compressible Mooney-Rivlin material with Young modulus £ = 200 and Poisson’s ration
v = 0.3. The results in Table show again level-independent convergence of the algorithm in
this example.

In comparison to the previous problems, the objective function is much more difficult to evaluate.
As an example, the calculation of the Hessian on the finest level takes roughly 140 seconds. The
proportion between the time we spend on evaluating the function and the time we use for the
smoothing is not balanced very well. Hence, one can hope for faster convergence by making more
smoothing cycles in one smoothing step. This guess is approved by the results in Table where
we compare our standard choice m = 6 against m = 60. The difference is even larger in the next
example.

A buckling plate

A typical phenomena which is observed in reality is buckling of an elastic body. Buckling occurs
if compressive stress is so large that the body buckles in one direction to reduce its stress. For
example, consider a piece of paper that is held tight between two hands. If the hands move
together, the paper “buckles” in one direction that is perpendicular to the movement direction
of the hands. In general, the final state is not unique as there are two directions in which the
paper could buckle. With this in mind, it is obvious that this effect cannot be observed in
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Figure 6.6.: Solution of twisted cube example (4 levels)

Levels dof ML Smooth f [ f” time (sec.)
3 1,681 7 10 18 17 4 5.9
4 12,996 8 10 19 18 3 19
5 101,124 8 10 19 18 3 112.9
6 797,449 7 8 16 15 2 661.8
3 1,681 1 4 6 5 3 5.1
4 12,996 3 5) 9 8 3 16.3
5 101,124 3 ) 9 8 2 79.5
6 797,449 3 ) 9 8 2 629.0

Table 6.10.: Results of the twisted cube example with m = 6 (top) and m = 60 (bottom) cycles
in the smoothing algorithm

simulations that use a linear elasticity model, since the solution of these are unique (cf. [Cia88|,
Theorem 6.3-5]).

The basic configuration of our problem is the following: A plate made of a hyperelastic compressible
Mooney-Rivlin material, which we already introduced in Section [5.6] is clamped to a wall on the
face I'p (cf. Figure . The face I}, undergoes a rigid translation in direction of the first unit
vector e;. More precisely, we seek a displacement u* that solves

: 2 2 _ —
ueHIjgl%g,RS)/Q (a||F|| + b||cof F|| + vy(det F) — (3a + 3b + c)) dz, F(z):=1+4 Vu(z),

with
HLH(Q,R?) := {uec HY(QR*) |u(xr) =0onTp, wu(z)= —%61 on I'p},

7(9) := c6% — dlog(5) and the parameters

_K Al A _A g2
a—2—i—c 7 b—4 ¢ =y, d=—+p.
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FD - -7

Figure 6.7.: Reference configuration 2 of the buckling plate example

Figure 6.8.: Solution of the unconstrained buckling plate problem with 3 Levels

The Lami; % parameters A and p are given by

Ev E

A ATy M AT

with Young’s modulus £ = 200 and Poisson’s parameter v = 0.3.

As in the last example, we increase the number of cycles in one smoothing iteration to m =
60.

We first solve the problem without any additional constraints (cf. Figure . The results in
Table [6.11] show that the algorithm is quite fast and the time grows linearly with the degrees of
freedom. The second part of the table shows the result of the free form variant, which clearly
outperforms the V-cycle algorithm. The algorithm uses the lower levels more intensively and the
form is more like a W-cycle.

As a last example, we add additional constraints to the feasible displacement in direction es on
the top and bottom surface and assume that the contact between the body and the rigid obstacle
is frictionless. We seek a solution to

mig/ (allFI? + bllcof FI? + y(det F) — (3a+3b+ ) dz,  F(z) =T + Vu(z),

ue (9]

with the feasible set

C={uec HH(QR? |us(x) <0.20nT¢e, wus(z)>—0.2o0nTL}.
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6.3. Test problems

Levels dof ML Smooth f fmf"  time (sec.)
3 11,025 82 84 167 166 5 41.0
4 78,597 68 69 138 137 2 190.9
5 590,733 64 65 130 129 1 1172.66
3 11,025 53 59 113 112 7 40.7
4 78597 20 24 45 44 3 135.8
5 590,733 11 14 26 25 2 519.3

Table 6.11.: Results of the unconstrained buckling plate problem with V-cycle version (top) and
free form version (bottom)

Figure 6.9.: Solution of the constrained buckling plate problem with 3 Levels

Levels dof ML Smooth f  f f” time (sec.)
3 11,025 143 122 266 241 11 64.0
4 78,597 147 149 297 296 4 389.6
5 590,733 128 128 257 255 2 2413.5
3 11,025 146 125 272 245 12 94.7
4 78597 69 68 138 131 6 326.4
5 590,733 32 36 69 68 3 1199.3

Table 6.12.: Results of the constrained buckling plate problem with V-cycle version (top) and free

form version (bottom)

Figure shows the final solution. We see that the constraints at the bottom surface is active in
some points and the solution buckles twice.

Similar to the unconstrained example, the free form algorithm perform much better on five levels

(cf. Table |6.12)).
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A. Appendix

In this appendix we summarize some result from functional analysis which we often use in the
preceding chapters. Furthermore, we show a differentiability result for nonlinear variational
problems.

A.1. Sobolev embeddings

Theorem A.1 Let Q C R, d € N, be a bounded domain with Lipschitz-boundary and furthermore
m1 > meo > 0. Then the embedding

Wm1,p1 (Q) [N Wm2»p2 (Q)

exists and is continuous if my —n/p1 > mo —n/py. In this cases, the following inequality is
satisfied:

[ullwmer (@) < Cllullwmipe(q)-

The embedding is compact if my —n/p; > mg — n/pa.

PROOF See for example [AIt06, Thm. 8.9]. O

A.2. Projections in Hilbert spaces

Theorem A.2 (Projection Theorem) Let U be a Hilbert space and ) # C C U a closed and
convez set. Then there exists a unique mapping Projo: U — C' that satisfies

Iz~ Proje(e)lly = inf e~ yllo for allw € U,
y
Furthermore, the projection on the set C' can also be defined as the unique operator that fulfills for

everyx € U:
(x — Projo(z), Projo(x) —y)u >0 forally € C.

If C is a subspace, then it holds:
(z,y)u = (Projo(x),y)u  for ally € C.

PROOF See, e.g., [HPUUQ9, Lemma 1.10]. O
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The next lemma shows that the projection operator is Lipschitz continuous with constant L = 1
and monotone.

Lemma A.1 Let U be a Hilbert space and ) # C C U a closed and convex set. Then the
projection satisfies

| Projce(x) — Projo(y)|lu < ||z —yllu  for allz,y € U

and
(x —y, Projo(z) — Projc(y))uy >0 for all z,y € U.

PROOF See, e.g., [HPUUQO9, Lemma 1.10].

A.3. Weak convergence

Definition A.1 Let V be a normed space with dual space V*. A sequence (vg) C V is said to
converge weakly to an element v (v, — v) if

(fyvg) = (f,v)y forall feV™

Theorem A.3 (Eberlein-Shmulyan) A Banach space V is reflezive iff every strongly bounded
sequence of V' contains a subsequence which converges weakly to an element of V.

PROOF See, e.g., [Yos80, Section V .4]. O

Lemma A.2 Let V be a normed vector space. If C C V is closed and convex, then it is weakly
sequentially closed, i.e., for every weakly convergent sequence (vy) C C with vy, — v also v € C is
satisfied.

PROOF See, e.g., [ALL06]. O

A.4. Differentiability in Banach spaces

In this section we summarize some basic results about differentiability in Banach spaces, a more
extensive presentation can be found, e.g., in [IT79)].

In the following, let X and Y be Banach spaces and U be an open subset of X. A function
f: U =Y issaid to be Gateauz differentiable at x € U if the limit

lim ¢~ (F(x + ts) — f(a)) = f/(2)[s]

t—0

exists for all directions s € X and the mapping s — f/(x)[s] is linear and continuous. If this holds
for all x € U, we call the mapping f Gdteauz differentiable. If Y = R, then f'(x) € X* and we
will also use the dual pair notation (f’(x),s) for f'(z)[s].
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If there exists a bounded linear operator L, € £(X, Y) such that

fx+5)=f(@)+ Les + ¢(s),  [[6(s)lly/lsllx = 0as [lsl|x =0,

for all s with x + s € U, the function is called Fréchet differentiable at x € U. One can
show that in this case f is continuous and also differentiable in the Géateaux sense with

1 (x)[s] = Lys.

If f is Gateaux or Fréchet differentiable and the mapping 2 — f’(z) is continuous on the Banach
space L(X, Y), then f is said to be continuously differentiable. One can show that in this setting
a continuously Géateaux differentiable function is also Fréchet differentiable. Hence, it will cause
no confusion if we do not distinguish between Gateaux and Fréchet continuously differentiability
in this case.

A function f: U — Y is twice Gateaux (Fréchet) differentiable if f and its first derivative
/U — L(X,Y) are Gateaux (Fréchet) differentiable. Similar, higher-order differentiability is
defined inductively. One can show (cf. [Zei86, Prop. 4.20]) that f has a n-th Gateaux derivative
at x € U iff f has a (n — 1)th Gateaux derivative at « and

(n—1) _ £(n—1)
f(”)(x)[sl,...,sn] — lim f (x+t8n)[517--~73n—1] f (x)[slw--vsn—l]
t—0+ t

exists, is n-linear and bounded.
We need the following generalized version of Taylor’s theorem:

Lemma A.3 (Taylor’s Theorem) Let f: U — R be n-times Gateaux differentiable at every

point of the interval [z, x + s] C U and let the mapping x — f™(x)[s, ..., s] be continuous. Then
1 1
ot ) = £@) 4 F@]+ g0 @lsis] +oob o SO+ R0
with
Ry(x) := ! /1(1 — )" (& 4 ts)[s, s, ..., 8] dt
n A (n _ 1)! O ) LA *
PROOF [Zei806, Theorem 4.A] O

Lemma A.4 Let f: U C X =Y be a Gateaux differentiable function in a neighborhood U(x) of
x, then for all s € X with {x +ts|t € [0,1]} C U(x), the following holds:

[f(z+s) = f@)ly < sup [[f'(z+ts)[s]]ly-
0<t<1

If there exists a constant L such that || f'(Z)|lzx,yv) < L for all z € U, then f is Lipschitz
continuous with Lipschitz constant L.

Proor [HPUUQ9, Section 1.4.1] O
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A.4.1. Differentiability of variational integrals

Let © C R? be a nonempty, open and bounded measurable set. We are interested in the
differentiability of the functional

J(u) = / f(z,u, Vu)dz, (A.1)
Q
where f: QxRN xRN, (2,u, 2) — f(z,u, 2), is a Carathéodory function, that means f is measur-

able in x for each (u, z) € RY xR and continuous in (u, z) for almost all z € .

Before we start, we shortly introduce vector-valued Lebesgue- and Sobolev-spaces.

Definition A.2 Let Q ¢ R be a domain, 1 < p < oo, N € N and m > 0. The space Wm’p(Q)N
consists of all functions u: Q — RY with u; € W™P(Q) foralli=1,..., N,

Remark A.1 Normally, if u € W™P(Q)™, m > 1, the weak gradient Vu(z) is a matrix with
dimensions d x N. In this section, however, we will identify it instead with a vector in RV,

Lemma A.5 Let ||-|| be an arbitrary norm on RN . If u € LP(Q)Y, then |ju € LP(Q).

PRrOOF We use the fact that all norms on RY are equivalent. Hence, with a constant Cn that
does only depend on N we obtain:

N N
[lu@lrds < ¢t [ (X luita)r) do = €% Sl o
i=1 i=1

In the following we denote by f, resp. f, the derivative of f with respect to uw resp z. It is
well-known that functions of the type (A.1I]) are continuously differentiable under certain growth
assumptions:

Theorem A.4 Assume that with a constant C > 0 either
|f (,u,2)] < CV?,
Hfu(maua Z)H < CV» |’fz($7u> Z)H <V, (AQ)
Vo= (14 [ful + 12]1%) 2.

is satisfied for all (u,z) € RN x R™ and almost all x € Q, or for all R > 0, ||u|| < R, z € R¥
and almost all x € )

|f(z,u,2)] < C(R)V?,
ful,u, )| < CRVZ, | fo(,u, 2)| < CR)V, (A.3)
V= (14 2)2)2,

holds with a constant C(R) > 0 that does depend on R. Then:

1. If assumptions (A.2) are satisfied, J is continuously differentiable on Hl(Q)N.

152
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2. If instead (A.3) hold, J is continuously differentiable on Hl(Q)N NL®(Q)N, the norm on
this space being

el g1 gy ¥ ey = 1l ooy + 1920 2y

In both cases the derivative in direction d is given by

T (u)[d] = /Q (fule,u. Vu)d + £z, u, Vu)Vd) da.

ProoF [Mor08, Theorem 1.10.3]. O

Remark A.2 Assumptions (A.2) can be weakened by considering the embeddings given by
Theorem For this we need the additional assumption that 2 has a Lipschitz-continuous
boundary. For example, in the case d = 2, the following conditions, 2 < ¢ < oo arbitrary, can be

used instead of (A.2)):

|f(@,u, 2)| < Clgr(x) + Jull” + [[]*), g1 € LN(Q)
Ifulz,u,2)]| < Clga(@) + [lull ="+ |2>7%9), g2 € LY71() (A.4)
1f (2w, 2)|| < Clga() + ul? + |12]), g3 € L*(Q).

The situation is more complicated for the second derivative of J. Even under restrictive growth
conditions, functions of the type are in general neither twice continuously nor Fréchet
differentiable. An example can be found in [Nol93|. Instead, we will show that J is twice Gateaux
differentiable and that the mapping u — J”(u)[d, d] is continuous for each direction d. To this
end, we need the following two preliminary lemmas.

Lemma A.6 Let Q C R? be a nonempty measurable set and ¢: Q x R¥ — R be a Carathéodory
function, i.e., ¢ is measurable for all x € Q and continuous in v € R¥ for almost all x. Suppose
that the following growth condition with g € LY(Q2), b >0 and 1 < p,q < oo is satisfied:

|p(z,v)| < g(z) + b||v][P/9.

Then ®: LP(Q)F — LI(Q) with ®(v)(z) := ¢(x,v(z)) is continuous and bounded with

[P(0)[|Lae) < Cll9llLae) + HUHi/Pq(Q)’“)

PROOF [Zei90), Theorem 26.6] O

Lemma A.7 Let Q C R? be bounded. Furthermore let ¢: Q x RN — R™X™2 be g bounded
Carathéodory function, i.e., there exists a constant M such that ||¢(x,u)|| < M for all u and
almost all x € Q. Then

Glu) = /Q dy ()7 (2, w)do () dz

with di € L2(Q)™" and dy € L?>(Q)™ is continuous on LQ(Q)N.
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PROOF It is clear that G(u) < oo because of the boundedness of ¢.

Let (ug) C LQ(Q)k be a sequence that converges to u. We assume that G(ux) # G(u). Then
there exists a subsequence (u;) such that [G(u;) — G(u)| > 6 > 0 for all k.

The function ¢ is bounded and hence satisfies the growth condition of Lemma for arbitrary
1 < ¢ < oo (componentwise). Therefore, the operator ®: LQ(Q)k — LI(Q)™X™2 P (u)(z) =
¢(x,u(z)), is continuous. Setting ®; := ®(u;) and @, := ®(u) we have &; — P, as k — oo in
LA(€2). As a consequence, there exists a subsequence (®y) of (®;) with ®4/(x) — ®4(x) almost
everywhere on 2. Moreover, by Egorov’s Theorem it follows that for each £ > 0 there exists a
measurable set . C Q with [\ E.| < ¢ and sup,cp_|| P (z) — ®u(2)]| — 0 as k' — oo.

Using the boundedness of ¢, we obtain for each € > 0
G (up) — G(u)| < /Qllcb(ﬂf,w(:ﬂ)) — ¢z, u(x))||[|da]l||dz]| dz

< sup [|p(x, up (2)) —¢($’U($))II/E ||d1||||d2||div+2M/Q\E [l dz| da.

reF,

Since [o g, [|d1]||d2]| dz — 0 as € — 0, we find an £ > 0 such that

)
2M [ fdilldallde < .
O\E_« 2
Because ®j, converges uniformly on the set E.+, we find K.« € N such that

0
sup [|o(x, up (2)) — o(x, u(z))]] / ldil[lldz]| dz < 5 for &' > K-
ZUGEE* EE*

This shows |G(ug) — G(u)| < 0 for all k&' > K.+, which contradicts our assumption. Finally, this
shows the continuity of G. O

Theorem A.5 Suppose that the assumptions of Theorem[A.4] hold. Moreover, let the function
(u,z) = f(x,u,z) be twice continuously differentiable for almost all x € Q and let either

[ (2, s )| | fou (2, 0, )] ([ foz (20, 0, 2) || < C (A.5)
hold, or for all R >0 and ||u|| < R
| fuu(, u, 2)|| < C(R)VZ,
1%

[ fuz (2, u, 2) | < C(R)V,
[fz2(2,u, 2) || < C(R)

(A.6)

with a constant C(R) >0 and V as in Theorem be satisfied.

1. If (A.2) and (A.5) are satisfied, J is twice Gateauzr differentiable on Hl(Q)N, and the
operator u — J"(u)[d,d] is continuous for every fized direction d € Hl(Q)N.

2. If instead (A.3)) and (A.6) hold, J is twice Gateauz differentiable on Hl(Q)NﬂLOO(Q)N, and
the operator u — J"(u)[d,d] is continuous for every fized direction d € Hl(Q)N NLe )Y,
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In both cases, the derivative in direction di,ds is given by

I (@)dsdo) = [ (funla,u, Tu)lds,do] + fux(a, . V)l Vi)

t fuz(2,u, V) [V, do] + fox (2,4, V) Ve, Vdo] ) da,

and J"(u)[dy,ds] = J"(u)[d2, d1] holds.

ProoF It follows from Theorem [A.4] that the functional J is continuously differentiable. We
define ¢(t) := J'(u + tds)[d;] and formally differentiate ¢:

P(1) = St td) ]

d
= / = (ful,u+ tds, Vi + tVdo)[di] + fa(w, u + tdy, Vu + V) [V ] ) da
Q
= /Q (fuu(m, u + tds, Vu + tVdg)[dl, dQ] + fuz (.ZC, u + tds, Vu + tde)[dl, Vdg]
+ fuz (ZL', u ~+ tdoy, Vu + tde)[le, dg] + fzz ($, u ~+ tdy, Vu + tde)[le, Vdg]) dx

=: / g(z,u,dy, da, t)de.
Q

To justify this formal argument, we have to show that the integrand is uniformly bounded by an
integrable function in a neighborhood of ¢ = 0. Then we are allowed to interchange integration
and differentiation.

We first assume that (A.5)) holds. In this case, the integrand can be estimated independently of ¢
by

l9(, u, dy, d2, )] < C[Ildl(w)H(Hdz(x)ll + | Vda(2)[]) + IV ()] (lda(2)]| + IIde(:L‘)II)]a (A7)

which is integrable since ||d1]|, ||dal|, [|Vd1]|,||Vdz| € L?*(2). Thus the directional derivative is
given by J”(u)[dy1,d2] = ¢'(0). Since f is twice continuously differentiable, J”(u)[d1, d2] is linear
in d; and dg, and J"(u)[d1,d2] = J"(u)[d2,d1] holds. Even more, from follows (with a
different constant C) that

T ()ds,da) < Clldal s 1ol sy

which shows the boundedness of the differential J”(u). Together with the linearity this implies the
continuity of J”(u) with respect to the directions. Therefore, J is twice Gateaux differentiable.

Now assume that the weaker conditions (A.6) are satisfied. Since u,dy € X := H 1(Q)d N L ()
holds, there exists a constant R, which depends on w and da, such that ||u + tdQHLOO(Q)d < R for

t € [-1,1] and therefore also ||u(z) + td2(z)|| < R for almost all = € 2 and ¢ € [—1, 1]. Hence, by
(A26) and using ||[Vu + tVda||? < 2(||[Vul|? + ||[Vdz||?), we obtain the following estimate, which
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holds almost everywhere on €2:

l9(2, u,dy, da, t)] < C(R)

(L +2(I V(@) + [Vda(@) ) ldi ]| oo oy lld2]] oo gy

+ L4 2Va(@)| + 2/ Vda @) [2(1Vda @) 1| e oyt + 1771 @) 2] e )
T+ Vi) me)u].

The right-hand side is integrable, which follows from ||Vul|, |Vdz||, [[Vd1]| € L?($2). This justifies
our formal argument, and J”(u)[dy, d2] = ¢’(0) holds. Using Holder’s inequality, the boundedness
of the differential J”(u) follows easily (with a different C'(R))

sup —[J"(w)[dy, dol] < C(R)(u+ [V 2 gyan)-
lld1]lx=1,|ld2||x =1

Here, ;1 > 0 is a constant which does not depend on dy, ds and u. As in the other case, this shows
that J is twice Gateaux differentiable.

It is left to show that u — J”(u)[d, d] is continuous. Again, we first consider that the assumptions
(A.5) are satisfied. We show exemplary that the function

Ga(u) == /Q fuz(z,u, Vu)[d, Vd] dz = /Q dT'V2_ f(x,u, Vu)Vddz

is continuous. The continuity of the other parts of J”(u)[d,d] can be shown in the same way.
Note that we use the notation V2, f to refer to the matrix representation of f,.. Obviously, the
function ¢(z, (u, Vu)) := V2, f(z,u, Vu) is a bounded Carathéodory function. Hence, we can
apply Lemma [A77] which yields the continuity of G,.

Now assume that (A.6|) are satisfied instead. As in the other case, one uses Lemma to prove
the continuity of

u%/ fzz(z,u, Vu)[Vd, Vd] dz.
Q

It is left to show the continuity of the function
H(u) := / (fuu(a;, u, Vu)[d, d] + 2 fu.(x,u, Vu)[d, Vd]) dx.
Q

For this, let (ug) be a sequence that converges to u strongly in H 1(Q)N. Using Holder’s inequality,
we estimate

1) — H@)| < [ (V25 @0, V) = V0 e, V) (@)
+2|| Vi, f (@, u, Vu) = Vi f (@, ug, Vug)||]|d]] HVdH) dz

1/2
+ 2l ey IVl 2oy ( [ V3. (V) = V2 f e, V) [P do) ).
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From Lemma we obtain that the operators
o1: L2V S LY YN @1 (0, V) (@) = V2, f (2, u(z), Vu(z))

and

N+dN NxdN

dy: L2 (Q) — L*(Q) , ®o((u, V) (z) := V2_f(z,u(z), Vu(z))
are continuous. As a consequence, we have |H (uy) — H(u)| — 0 as ux — u. This finishes the
proof. O

Remark A.3 Similar to Remark we can use the Sobolev embeddings to weaken the assump-
tions on the second derivatives. In the case d = 2, we can substitute (A.5]) by

| fuu (s 2) | < Clga(a) + 772 + [|2]*4/9), g1 € LY7(Q)
1 fuz(,u, 2) | < Clgala) + [ful U727 + |12 ~2/9), g2 € LD (Q)
[fzz (2, u, 2)| < C,

with 2 < ¢ < 0.

A.5. Existence of optimal points

We summarize some results which we use to discuss the existence of solutions of infinite dimensional
optimization problems.

Definition A.3 Let U be a normed vector space. A function f: U — R is called coercive in a
set C C U iff
fu) = oo
lully—o0
ueC

Definition A.4 Let U be a normed vector space. A function f: U — R is called weakly lower
semicontinuous iff
up —u= f(u) < lim inf f(ug).
k—o00

Theorem A.6 Let U be a reflexive Banach space and f weakly lower semicontinuous. Further-
more, let C C U be a nonempty and weakly sequentially closed subset. If C' is bounded or f is
coercive in C, then f takes its minimum in C.

PROOF Since C is nonempty, the infimum of f in C exists and hence we find a minimizing
sequence (ur) C C. We have assumed that C is bounded or f is coercive and due to this (uy)
must be bounded. Due to Theorem every bounded sequence contains a weakly convergent
subsequence. Therefore, there exists (uy,) with ug, — u* as j — oo. The feasible set C' is
assumed to be weakly closed and therefore u* € C'. Finally, from the fact that F' is weakly lower
semicontinuous follows f(u*) < limj o inf f(ug,) and hence f(u*) < f(uy). Therefore, u* € C' is
the minimum. O

Corollary A.1 Let U be a reflexive Banach space, C C U be a closed and convex set and f be
continuous, convex and coercive in C. Then f takes its minimum in C.

ProoOF By Lemma it follows that C' is weakly sequentially closed. Furthermore, one can
show that under the assumptions f is weakly lower semicontinuous (see for instance [Wer(7,
Lemma II1.5.9]). Hence, the assertion follows directly from the preceding lemma. O
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A.5.1. Weakly lower semicontinuity of variational
integrals

Theorem A.7 Let Q C R% be an open and bounded set with Lipschitz-continuous boundary.
Furthermore, let f(x,u,z): Q x R x R? be such that

1. f(z,u,z) is a Carathéodory function, i.e., f is measurable in x for every (u,z) and contin-
uous in (u,z) for almost every x € S.

2. 2z f(x,u,z) is convex for almost every x € Q and for every u € R.
3. f is bounded below.
Then the function
J(u) = / flx,u, Vu)dx
Q
is weakly lower semicontinuous in WH1(Q).

PROOF See for instance [Giu03| Corollary 4.1]. O

Remark A.4 In the preceding theorem, the condition f is bounded below can be weakened by
demanding that instead
fla,u,2) 2 =C(|2™ + [ul* + g(2))

with C >0, g € L'(Q) if u € L*(Q), k > 1, and Vu € LP(Q), m < p, holds.

A.5.2. Regularity

Theorem A.8 Let Q C R? be an open and bounded set with Lipschitz-continuous boundary.
Furthermore, let f(z,u,z): Q x R x R? be a Carathéodory function that satisfies the growth
condition

where e, L >0, 1 <p <k <p":= dfd and a,b are non-negative functions belonging to L°(Q2),

s>n/p, and L*(Q), t > p*p—ik. Assume that v is Hélder continuous on 02 and ¢ € WHP(Q) with
tr(¢) <+ a.e.. Then each solution u* of the problem

elzP = b(@)|ul* — a(x) < f(z,u,2) < LIz” + b(@)|ul* + a(x)
p
p

min/ flx,u, Vu)dz
Q

uel
where C = {u € WHP(Q) |tr(u) =7, u > ¢} is Holder continuous in €.

ProoOF Follows from Example 6.4 and Theorem 7.8 in [Giu03]. O
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