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2 Greiner et al. / Telecommunication tra�c and subexponential distributions1. Background and TerminologyRecent measurements of tra�c both on local and wide area communicationsnetworks have shown some extraordinary behaviour which proves critical for un-derstanding the performance of broad-band networks: the data collected (e.g.packets on Ethernet networks) at Bellcore [32], frames from Variable-Bit-Rate(VBR) video service [7,18], FTP data connections, NNTP, and WWW arrivalsin wide area tra�c show enormous variability of arrival rates indicating that ahomogeneous Poisson process may be an insu�cient model for packet tra�c, seePaxson and Floyd [40].Other measurements have indicated that CPU times and data �le sizes (see[17,38,39]) follow heavy-tailed distributions.Moreover, the time series of teletra�c data show a long-range dependencee�ect, meaning that the current state of the time series has a strong dependencyon the remote past. De�nitions vary from author to author, but a commonlyaccepted de�nition in a covariance stationary time series is that a process (Xn)has long-range dependence, if the correlation coe�cients corr(X0;Xn) decrease to0 at a rate slower than exponential. Admittedly, many authors even require thatthe autocorrelation coe�cients are not absolutely summable, but we want somemore 
exibility in modelling. The exponential as a reference rate is motivatedby the fact that for linear models as for instance causal and invertible ARMA(autoregressive-moving average) processes the correlation coe�cients decrease to0 exponentially fast, hence long-range dependence in the above sense cannot bemodelled in this traditional way.Various models have been suggested to capture these e�ects. They rangefrom traditional queueing models to sophisticated on/o� models [23,22,24],Markov modulated queues [25,26], shot noise models [31] and fractional Brownianmotion [32,49,50].



Greiner et al. / Telecommunication tra�c and subexponential distributions 3The aim of this article is- to clarify the various notions of heavy-tailed distributions as used in thequeueing and network area,- to describe the consequences of subexponential input distributions to thedistributional behaviour of the output processes,- to discuss possible models where heavy-tailed or dependent input mayexplain the observed long-range dependence in teletra�c data.Our paper is organised as follows. In Section 2 we summarise various notionsand properties of heavy-tailed distributions, the outer frame being built by theclass of subexponential distributions.In Section 3 we indicate what disasters heavy-tailed input can result in classi-cal queueing models. Such models have been taken as basis for more sophisticatedmodels in teletra�c data transmission. For instance, bu�er sizes correspond toworkload processes. We want to gain some qualitative insight into the e�ectof heavy tails on performance measures like waiting time distribution, workloadprocess, and queue length.In Section 4 we discuss various models within the queueing context whichhave been suggested for teletra�c data. We derive certain performance measuresfor such models. Section 5 concludes the paper with an explorative data analysisof Munich Universities' intranet data, measured at a network access point of theGermany wide broadband research network (B-WiN).2. Subexponential distributionsIntuitively, we consider heavy-tailed distributions as models for possiblyvery large values in a sample. There is a common agreement that the tail of aheavy-tailed distribution function (df) decreases to zero more slowly than anyexponential tail, i.e. for a heavy-tailed random variable (rv) XP (X > x)e"x !1 ; x!1 ;



4 Greiner et al. / Telecommunication tra�c and subexponential distributionsfor all positive ". This class includes Pareto, lognormal and heavy-tailed Weibulldistributions. In certain applications, in particular in queueing theory, morestructure for the distribution tail is needed, which leads to the de�nition of subex-ponential distributions.In this section we summarise de�nitions and properties of subexponentialdfs concentrating on those properties which we shall need later on. A morecomplete account on subexponential dfs can be found in Embrechts, Kl�uppelbergand Mikosch [13] or in the review article by Goldie and Kl�uppelberg [20], fromwhich results are quoted freely. If possible, we refer to Karl Sigman's \A primeron heavy-tailed distributions" [46] in this issue.We give two equivalent de�nitions of subexponential dfs. The �rst, analyticone is motivated by the Pollaczek{Khinchin formula (3.2) below, while the second,probabilistic one provides a more intuitive interpretation.De�nition 2.1. (Subexponential distribution function)Let (Xi)i2N be iid positive rvs with common df F such that F (x) < 1 for allx > 0. Denote by F (x) = 1� F (x) ; x � 0 ;the tail of F andF n�(x) = 1� F n�(x) = P (X1 + � � �+Xn > x) ; x � 0 ;the tail of the n{fold convolution of F . F is a subexponential df (F 2 S) if oneof the following equivalent conditions holds:(a) limx!1 F n�(x)F (x) = n for some (all) n � 2 ;(b) limx!1 P (X1 + � � � +Xn > x)P (max(X1; : : : ;Xn) > x) = 1 for some (equivalently all) n � 2. 2Remark 2.2. (i) De�nition (b) provides a physical interpretation of subexponen-tiality: the sum of n iid subexponential rvs is likely to be large if and only if their



Greiner et al. / Telecommunication tra�c and subexponential distributions 5maximum is. This accounts for large values in a subexponential sample.(ii) An important (though much smaller) subclass of S is the class of dfs withregularly varying tail. We write F 2 R(��) iflimx!1 F (tx)F (x) = t�� ; t > 0 :Since F is non-increasing, the index � 2 [0;1). F 2 R(��) is equivalent toF (x) = x��L(x) for some slowly varying function L (L 2 R(0)). Examplesfor L are constants, functions converging to a constant, logarithms, or iteratedlogarithms. If F 2 R(��) for � < 1, then F has in�nite mean; if � < 2,then F has in�nite variance. The class of regularly varying functions allowsone to apply Abel-Tauber theorems, quite a common tool in applied probability(see e.g. Bingham, Goldie and Teugels [8] or Feller [16]). Unfortunately, thereis no characterisation of a subexponential distribution in terms of its Laplacetransforms.(iii) Further examples of subexponential distributions include the lognormal andthe heavy-tailed Weibull distributions F (x) � exp(�x�) for � 2 (0; 1). 2All subexponential dfs also belong to the following class; see [46], Remark 2.3.De�nition 2.3. The df F of a positive rv X such that F (x) < 1 for all x > 0belongs to the class L iflimx!1P (X � x > yjX > x) = limx!1 F (x+ y)F (x) = 1 8 y 2 R : (2.1)The convergence is then locally uniformly in y. 2For positive y, P (X � x � yjX > x) is the df of the overshoot over a thresholdx. For the class L, this overshoot degenerates as x!1, i.e. it becomes in�nite.De�ne for a positive rv X with df F having �nite mean � its equilibriumdistribution (or integrated tail distribution) byFI(x) = 1� Z x0 F (y) dy ; x � 0 : (2.2)



6 Greiner et al. / Telecommunication tra�c and subexponential distributions3. Classical queueing models and subexponentialsThe �rst papers to recognise the importance of subexponential dfs for queue-ing theory were Cohen [12], Pakes [37], and Smith [47]. Further (early) referenceson subexponential dfs in the context of insurance risk can be found in [13].We consider an M/G/1 queue with arrival rate � > 0, service time df Fhaving �nite mean � and equilibrium df FI(x). We assume that the queue isstable, i.e. its tra�c intensity � = �� < 1.Denote by Wn the waiting time of the nth customer. Then the sequence(Wn) satis�es Lindley's equation which is given by the following recursionW0 = 0 ; Wn+1 = (Wn +Xn � Un)+ ; n 2 N ; (3.1)where Xn is the service time of the nth customer and Un = Tn+1 � Tn is theinterarrival time between nth and (n+ 1)st customer. It can be shown (see e.g.Feller [16] or Resnick [41]) thatWn d= max1�k�n kXi=1(Xi � Ui) ; n 2 N ;and E(Xi � Ui) = �� ��1 = ��1(��� 1) < 0 ; i 2 N :Then Wn is distributed as the maximum of a random walk with negative drift.Hence Wn ! W1 a:s:, where W1 is a �nite rv with df �(t), t � 0. For (Un) iidexponential the stationary waiting time distribution �(t), t � 0, is given by thePollaczek-Khinchin formula:�(t) = (1� �) 1Xn=0 �nF n�I (t) ; t � 0 ; (3.2)where F 0�I = I[0;1) is the df of Dirac (unit) measure at 0. In this representation�FI is the ladder height df of the embedded random walk. The in�nite serieson the rhs of (3.2) de�nes a defective renewal measure (�FI(x) ! � < 1 asx!1), and the corresponding renewal process is transient: the sequence of



Greiner et al. / Telecommunication tra�c and subexponential distributions 7renewals (ladder heights) eventually stops, and at each ladder height 1� � is theprobability of termination then and there. This is a consequence of the negativedrift of the embedded random walk, which is ensured by � < 1. For details seeFeller [16], Section VI.9.We rewrite formula (3.2) in terms of the tails,�(t) = (1� �) 1Xn=1 �nF n�I (t) ; t � 0 :Dividing both sides by F I(t), we see that De�nition 2.1(a) yields an asymptoticestimate for �(t) for large t, provided that one can safely interchange the limitand the in�nite sum. This is ensured by Lemma 2.10 of [46] and Lebesgue'sdominated convergence theorem.It turns out that the asymptotic equivalence of �(t) and F I(t) is not justa consequence but a characterisation of subexponentiality, as follows from thefollowing theorem (see Embrechts and Veraverbeke [14]).Theorem 3.1. (Stationary waiting time in the M/G/1 queue)� 2 S () FI 2 S () limt!1 �(t)F I(t) = �1� � : 2This theorem can partly be generalised to a GI/G/1 queue, where the arrivalprocess is an arbitrary renewal process.Theorem 3.2. (Stationary waiting time in the GI/G/1 queue)� 2 S () FI 2 S =) limt!1 �(t)F I(t) = �1� � : 2The next question is how and when high workloads (i.e. large bu�er contentsor bu�er over
ows) happen in a classical queueing system such as M/G/1 orGI/G/1.Recall that the sequence of waiting times (Wn) given by (3.1) de�nes aregenerative process with respect to the renewal process formed by the visits of



8 Greiner et al. / Telecommunication tra�c and subexponential distributions0. Wlog we assume that a regeneration cycle begins at W1 > 0 (with W0 = 0)and ends at � = inffn > 0 : Wn = 0g = inffn > 0 : Sn � 0g ;where Sn = Pni=1(Xi � Ui) is the random walk starting in S0 = 0 with genericincrement Y = X � U . If we assume that the df F of X belongs to the class L,then Y has distribution tailG(x) = P (Y > x) = Z 10 P (X > x+ y)dP (U � y) � P (X > x) = F (x) ; x!1 :(3.3)This implies also that the stationary distribution � is tail equivalent to the inte-grated tail distribution of F , more precisely, with � = E(X � U),�(x) � 1� Z 1x F (y)dy = �� F I(x) ; x!1 : (3.4)A re�ned probabilistic description of the maximum of a regenerative cycle is givenin Asmussen [2], Section 2.1, providing some further intuition. Denote byM� = max1�n�� Snthe cycle maximum and by�(x) = inffn > 0 : Sn > xgthe �rst hitting time of the boundary x by the random walk (Sn) and note thatP (M� > x) = P (�(x) < �). Now we investigate how a large maximum of a cycle\happens". To this end de�ne for 0 < x0 < x <1 the quantitiesN(x; x0) = cardfn : 0 � n < �; Sn � x0 and Sn+1 > xg ;p1(x; x0) =P (Sn+1 > x for some 0 � n < � with Sn � x0) ;p2(x; x0) =P (�(x) < � and x0 � S�(x)�1 � x) :Theorem 3.3. With m = E� and the notation introduced above we have,(i) p1(x; x0) � P (M� > x) � p1(x; x0) + p2(x; x0) ; x > x0 ;



Greiner et al. / Telecommunication tra�c and subexponential distributions 9(ii) EN(x; x0) � p1(x; x0) � m�(x0)F (x) ; x0 > 0 ; x!1 ;(iii) If � has a density �0 such that �0(x) � F (x)=� as x!1 (i.e. (3.4) holdsfor the densities), then limx0!1 lim supx!1 p2(x; x0)F (x) = 0 ;(iv) P (M� > x) � mF (x) ; x!1 :Proof (i) is obvious by inclusion of the events.(ii) We �rst summarise some results from renewal theory and regenerative processtheory (see e.g. [1]). Denote by R the renewal measure of the random walk, i.e.for any Borel set A � R the quantity R(A) = P1n=0 P (Sn 2 A) denotes theexpected number of points of (Sn)n�0 in A. Then there exist a; b 2 R such thatR([x; x+ y)) � a+ by holds for all x; y 2 R. Furthermore, with I(�) denoting theindicator function, C(A) = E ��1Xn=0 I(Sn 2 A) = m�(A) :Now let (Yi)i2N be iid rv with common df G, thenEN(x; x0) =E ��1Xn=0 I(Sn � x0; Sn + Yn+1 > x) = Z x00 G(x� y)dC(y)= m Z x00 G(x� y)d�(y) �m�(x0)F (x) ; x!1 ;where we used (3.3) and the fact that G 2 L (since F 2 L) and local uniformconvergence in (2.1). For p1(x; x0) we use the crude approximation for k � 1,P (N(x; x0) � k + 1jN(x; x0) � k)� 1Xn=0P (Sn < x0; Sn+1 > x)= 1Xn=0P (Sn < x0; Sn + Yn+1 > x) = 1Xn=0 Z x00 G(x� y)dP (Sn � y)� G(x� x0)R([0; x0)) �G(x� x0)(a+ bx0) =: �(x; x0) :Since P (N(x; x0) � 1) = p1(x; x0) this implies thatP (N(x; x0) � k + 1)=P (N(x; x0) � 1) kYj=1P (N(x; x0) � j + 1jN(x; x0) � j)



10 Greiner et al. / Telecommunication tra�c and subexponential distributions� p1(x; x0)�(x; x0)k :Hence E(N(x; x0)I(N(x; x0) � 2)) =P1k=1 P (N(x; x0) � k + 1)� p1(x; x0)P1k=1 �(x; x0)k = p1(x; x0) �(x; x0)1� �(x; x0)This yieldsp1(x; x0) � EN(x; x0) � p1(x; x0) + p1(x; x0) �(x; x0)1� �(x; x0) :Now note that limx!1 �(x; x0) = 0, since G has �nite mean.(iii) Consider only the downcrossings of x within the regenerative cycle. De�neby D� (x) = E ��1Xn=0 I(Sn > x; Sn+1 � x)the expected number of downcrossings of a threshold x within a cycle. By theassumtion on the density �0 we obtain by regenerative process theory,D� (x)m = limn!1P (Wn > x;Wn+1 � x) = limn!1 Z 1x P (Y � x� z)dP (Wn � z)= Z 1x G(x� z)d�(z) = Z 1x G(x� z)�0(z)dz= �0(x) Z 0�1 �0(x� y)�0(x) G(y)dy � F (x)� Z 0�1G(y)dy = ��� F (x) ;where �� = R 0�1G(y)dy = E(X � U)�. Now split the regenerative cycle upaccording to the jumps from below x0 over x and denote by�1= inffn > 0 : Sn � x0; Sn+1 > xg ;�2= inffn > �1 : Sn � x0; Sn+1 > xg ; : : : ;�K�1=supfn < � : Sn � x0; Sn+1 > xg�K = � :



Greiner et al. / Telecommunication tra�c and subexponential distributions 11Now write D� (x) = E KXj=1 �jXn=0 I(Sn > x; Sn+1 � x) :Notice that p2(x; x0) � P�1n=0 I(Sn > x; Sn+1 � x). Moreover, the overshootover x after an upcrossing from a level � x0 converges in distribution to 1(as a consequence of G 2 L) and hence the expected subsequent number ofdowncrossings of level x before the process falls below x0 is approximately ��=�.Hence, asymptotically for x!1 we getD� (x) � p2(x; x0)+EN(x; x0)��� (1+o(1)) � p2(x; x0)+m�(x0)F (x)��� (1+o(1)) :This implies that lim supx!1 p2(x; x0)F (x) � m�(x0)��=� :(iv) is a consequence of (i)-(iii). 2Conclusion. The process evolves in a typical way, with negative drift, un-til a very large service time causes an upcrossing over high threshold. After theovershoot the drift takes over again, but there may be some additional upcross-ings on the way down which can be considered as aftershocks caused essentiallyby the preceding large service time. 2A continuous time version of (Wn)n�0 is the workload process (Vt)t�0 whichdenotes the sum of service times (whole or remaining) in the system at time t.Important information about a queueing system with heavy-tailed servicetime can be gained by considering high excursions of the workload process (Vt)t�0just after a bu�er over
ow happened (see Figure 1). This would be the tra�cbeing lost or to be stored elsewhere. For mathematical details and proofs we referto Asmussen and Kl�uppelberg [4].
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Figure 1. Sample path of the workload process (Vt) showing three high{level excursions.Assume a GI/G/1 queue with service time X, which has df F 2 S� with�nite mean �, i.e. limx!1 Z x0 F (x� t)F (x) F (t)dt = 2� : (3.5)For more details on the class S� see Kl�uppelberg [27]. F 2 S� implies in particularthat F 2 L and FI 2 S.The stationary distribution of (Vt)t�0 is the stationary waiting time distri-bution �, which is linked by subexponentiality to the integrated service time dfby Theorems 3.1 and 3.2. Let P (x) denote the distribution of a doubly in�niteversion fVtg�1<t<1 of the workload process for which a stationary excursionabove level x starts at time 0; i.e. for any event A,P (x)(A) = P (A j V0� � x; V0 > x) = P (A; V0� � x; V0 > x)P (V0� � x; V0 > x)= P (A; V0� � x; V0 > x)R x0 P (V0� = t; V0 > x)d�(t) = P (A; V0� � x; V0 > x)R x0 P (X > x� t)d�(t) :The point 0 is of no importance, we simply describe a stationary excursion as atypical excursion in a stationary system, which starts with a jump from a pre-



Greiner et al. / Telecommunication tra�c and subexponential distributions 13level 0 � z = V0� < x, distributed as � conditioned to [0; x), to a level V0 > x,such that for 0 � z < x,P (x)(V0 > x+ y j V0� = z) =P (V0 > x+ y j V0� = z; V0 > x)= P (V0 > x+ y; V0� = z)P (V0 > x; V0� = z) = F (x+ y � z)F (x� z) ! 1 ; x!1 ; (3.6)where the limit 1 is a consequence of F 2 L.Denote the measure �(x)(A;B) = P (x)(V0� 2 A; V0 � x 2 B) describing thejoint distribution of the pre-level V0� of the excursion and its initial overshootV0 � x of level x. From (3.6) we get for 0 � z < x; y � 0 the formula�(x)([0; z); (y;1)) =P (x)(V0 > x+ y; V0� < z)= R z0 P (V0 > x+ y; V0� = t)d�(t)R x0 F (x� t)d�(t)= R z0 F (x+ y � t)d�(t)R x0 F (x� t)d�(t) :By the Markov property, the question of existence of a limit law for the excursionis equivalent to the convergence to a proper limit of V0 � x in P (x){distribution.One might intuitively expect that the limit, if it exists, would either be properor 0, but in fact it is a defective df:Theorem 3.4. For all y � 0,limx!1P (x)(V0 � x > y) = limx!1 �(x)((0;1); (y;1)) = �F I(y) ; y � 0 : 2To formulate this more precisely, decompose �(x) as�(x)(A;B) = �(x)1 (A;B) + �(x)2 (x�A;B) ;where �(x)1 (A;B) = P (x)(V0� 2 A; V0� � x=2; V0 � x 2 B) ;



14 Greiner et al. / Telecommunication tra�c and subexponential distributions�(x)2 (A;B) = P (x)(x� V0� 2 A; x=2 < V0� < x; V0 � x 2 B) :Thus we distinguish excursions which start below x=2 and between x=2 and x.Properties of the subexponential distributions lead to the following result.Theorem 3.5. For any a; y > 0 the following holds.(i) limx!1 �(x)1 ((a;1); (y;1)) = limx!1 P (x)(a < V0� � x=2; V0 > x+ y)= (1� �)�(a) ;(ii) limx!1 �(x)2 ((a;1); (y;1)) = limx!1 P (x)(x=2 < V0� � x� a; V0 > x+ y)= �F I(a+ y) : 2Conclusion. Thus, asymptotically, the �rst type of excursion, given by �(x)1 ,has pre-level V0� distributed according to �, and the excess is 1. The secondtype, given by �(x)2 , has pre-level such that x � V0� is distributed according toF I , and the conditional distribution of the excess given V0� = x � z is just theovershoot distribution F (z)(y) = 1� P (X > y + z j X > x), y > 0.(1) With probability 1 � � the excursion starts from V0� = O(1) and theexcess is huge. There is one indicated in Figure 1, the �rst one.(2) With probability � the excursion starts from pre{level x � V0� = O(1)and the excess V0 � x has df FI . There are two indicated in Figure 1. 2Another quantity of interest is the queue length in system (stationary numberof customers in system), we denote it by L. In an M/G/1 queue under FIFO(�rst in �rst out) and when the nth customer's sojourn time Dn in the system(total time spent in the system from arrival to departure) is independent of futureinterarrival times, then Little's law holds in distribution, meaning thatL d= ND ; (3.7)where (Nt) denotes a stationary version of the renewal counting process (with�rst arrival time distributed according to the equilibrium distribution) and D



Greiner et al. / Telecommunication tra�c and subexponential distributions 15denotes the stationary sojourn time. Notice that D =W +X (independent sum)is the sum of the stationary waiting time and the service time. If the servicetime X is subexponential, then by Lemma 3.1 of [46] F (x) = o(F I(x)), hence Wdominates X in the sum (Proposition 2.7 of [46]) andP (D > x) � P (W > x) ; x!1 :For heavy-tailed service times, the following result has been proved in Asmussen,Kl�uppelberg and Sigman [5].Theorem 3.6. Consider an M/G/1 queue with arrival rate � > 0 and tra�cintensity � < 1. Denote the service time df by F and assume that the equilibriumdf FI 2 S. Let W1 denote the stationary waiting time. Assume thatlimx!1 F (xey=px)F (x) = 1 ; locally uniformly in y 2 R : (3.8)Then the stationary queue length L satis�esP (L > k) � P (�W1 > k) � �1� �F I(k=�) ; k !1 : (3.9)2The extra condition (3.8) is a tail condition guaranteeing that the tail decreasesto zero more slowly than the Weibull tail exp(�px), hence the result holds forany F 2 R(��) for � > 1, lognormal df and Weibull distributions with tailF (x) � exp(�x�) for � < 0:5. In these cases the queue length becomes largeonly by a large service time. The Poisson arrivals do not contribute substantiallyto the queue length (only via the arrival rate in �).When the service time is lighter than the tail of a Weibull distribution withparameter � = 0:5, the number of arriving customers comes into the pictureas well. Then the combination of the number of customers and the likely largeservice time makes the queue-length large.



16 Greiner et al. / Telecommunication tra�c and subexponential distributionsExample 3.7. (i) Let F (x) � exp(�px), thenP (L > k) � exp(1=(8�)) exp(�qx=�) ; k !1 :(ii) Let F (x) � exp(�x�) for � 2 (1=2; 2=3), thenP (L > k) � exp ��k��� + (1� �)�2� �k��2��1! ; k !1 :(iii) For � > 2=3 terms of higher order enter. 24. Long-range dependence and heavy tails in teletra�c dataIn recent years the question has been raised whether classical queueing andnetwork models may not be too simplistic for modelling teletra�c networks. Theheavy tails and dependence structure exhibited in explorative data analyses ofteletra�c data cannot always be explained in the frame of such classical mod-els, where heavy-tailed output is only possible by heavy-tailed input as we haveseen in the preceding section. However, quite a variety of models has a regener-ation structure leading to Lindley's equation (3.1) and hence, as in Section 3, toasymptotic results.As an example consider the Asynchronous Transfer Mode (ATM) basedbroadband networks with statistical multiplexing (SMUX). Most of the multi-plexed entities are calls originating from various sources. In order to operateproperly, each of these calls has to satisfy some quality of service requirements(QoS). QoS requirements are usually bounds on performance measures character-ising the dynamic behaviour of the multiplexed tra�c. The most basic model of aSMUX is an in�nite bu�er single server queue with a work conserving scheduler.The fundamental performance measure is the tail of the stationary waiting timedistribution P (W > x).Numerous investigations have shown that the arrival processes that arise inATM networks (like voice and video) have a very complex statistical structure; anespecially troublesome characteristic is the strong dependency. The modelling of



Greiner et al. / Telecommunication tra�c and subexponential distributions 17this phenomenon usually leads to analytically very complex statistical character-istics, typically making the associated evaluation of the queue length distributionintractable. However, because of the stringent QoS requirements in ATM, thetail of the stationary waiting time distribution is needed in the domain of verysmall probabilities.4.1. A simple on/o�-modelA simple physical model is based on a sequence of points (Tn)n2N whichconstitute a stationary renewal process, i.e. P (T1 > t) = F I(t), t � 0, is theequilibrium df of F , where F is the df of all interarrival times after the �rstone. Assume further that the interarrival times are heavy-tailed in the sense thatF 2 L, which implies that F (x) = o(F I(x)) (see Lemma 3.1 of [46]).Suppose that each of the interarrivals is either an on-period, where tra�cis transmitted, or an o�-period, where no tra�c is transmitted. Assume further-more that each interarrival is randomly chosen as on- or o�-period by a Markovmechanism. De�ne the continuous-time 
uid process (At)t�0 as being 1 duringan on-period, and 0 during an o�-period. The process (At) is sometimes calleda \Markov chain embedded in a stationary renewal" process. This process givesrise to long-range dependence, as is seen from the following argument. Long-range dependence is de�ned by the property that corr(A0; At) decreases to 0more slowly than exponentially.Theorem 4.1. Let (Tn)n2N be a stationary renewal point process whose inter-arrival times have df F 2 L and FI 2 S. Furthermore, let (At)t�0 be the em-bedded Markov chain with state space E = f0; 1g, transition probabilities pij fori; j = 0; 1, and stationary distribution �i for i = 0; 1. We consider the stationaryversion for (At)t�0. Thencov(A0; At)� var(A0)F I(t) ; t!1 ; (4.1)



18 Greiner et al. / Telecommunication tra�c and subexponential distributionswhere FI is the equilibrium df of F .Proofcov(A0; At) =E(A0At)� (EA0)2=E[E(A0AtjA0)]� �21= �1P (At = 1jA0 = 1)� �21= �1 P (At = 1; T1 > tjA0 = 1) + 1Xn=1 p(n)11 P (Tn � t < Tn+1)� �1!= �1 P (T1 > t)(1 � �1) + 1Xn=1(p(n)11 � �1)P (Tn � t < Tn+1)! (4.2)� �1(1� �1)F I(t) = var(A0)F I(t) ; t!1 :For the estimation of the in�nite sum in (4.2) we need several ingredients:(i) Under very general conditions, there exist some a > 0 and some � 2 (0; 1)such that for convergence of the nfold transition probabilities to the stationarydistribution � the rate of convergence jp(n)ij � �jj � a�n, i; j 2 E, n 2 N, holds(see e.g. Lindvall [33]).(ii) P (Tn > t) = 1 � FI � F (n�1)�(t) � F I(t), t!1, n 2 N, by Lemma 3.1 andPropositions 2.7 and 2.8 of [46] . This implies that P (Tn � t < Tn+1) = o(F I(t)).(iii) Furthermore, for all " > 0 and all n 2 N there exists some positive constantK(") (independent of n) such that 1 � FI � F (n�1)�(t) � K(")(1 + ")nF I(t) forall t � 0 (cf. Remark 2.2(ii)).(iv) Finally we use Lebesgue's dominated convergence theorem. 2This proof is a special case of the argument given in Jelenkovi�c and Lazar [26].Remark 4.2. Observe that for large values of t, corr(A0; At) is roughly propor-tional to the probability that the on-period that covers 0 is still active at t. Theresulting distribution of the residual activity period has df FI , i.e. has a heaviertail than the usual interarrival times. Consequently the autocorrelation functiondecreases like F I , implying long-range dependence. 2



Greiner et al. / Telecommunication tra�c and subexponential distributions 19If F has a regularly varying tail, then we can apply Karamata's theoremand obtain the following.Corollary 4.3. Let F (x) = x��L(x), x � 0, for � > 1 and L 2 R(0). Thencov(A0; At) � var(A0) 1(�� 1)� t�(��1)L(t) ; t!1 :For � 2 (1; 2) the autocorrelation function is not integrable. 2This model is a simple idealisation. It assumes that the tails for both, the on- ando�-periods, have the same relative heaviness. As Willinger et al. [50] point out,this may not be consistent with telecommunication data. However, the exampleillustrates in a simple way how heavy tails can induce long-range dependence.4.2. On/o� models with di�erent on-time and o�-time distributionsIn this section we present a generalisation of the above model with alter-nating on- and o�-periods. We follow the presentation in Heath, Resnick andSamorodnitsky [23]. The non-negative iid rvs (�on; �n)n2N represent the on-periods, and the non-negative iid rvs (�o� ; �n)n2N the o�-periods. On- and o�-periods are assumed to be independent, the on-periods have common df Fon, theo�-periods have common df Fo� , both have �nite mean �on and �o� and we set� = �on + �o� .There exists a stationary renewal process with interarrival times distributedas �on + �o� . This means that each renewal point is the starting point of anon-period, and each interarrival time consists of exactly one on- and one o�-period. In a stationary version of the process we see in 0 either an on-periodor an o�-period. If we see an on-period, then an o�-period follows before therenewal point T1. If we see an o�-period, then the renewal point T1 followsimmediately after this o�-period. To capture the time interval [0; T1) we de�neindependent rvs �I , �I , and B independent of (�o� ; �n; �n)n2N , where �I has dfFon;I(x) = (1=�on) R x0 F on(y)dy, �I has df Fo�;I(x) = (1=�o� ) R x0 F o�(y)dy and B



20 Greiner et al. / Telecommunication tra�c and subexponential distributionsis a Bernoulli rv with success probability P (B = 1) = �on=�. Then the stationarysituation is modelled by T1 = B(�I + �o�) + (1�B)�I :The corresponding on/o� process (At)t�0 which is equal to 1 if t falls in an on-period and 0 if t falls in an o�-period can be de�ned in terms of (Tn)n2N asfollows: At = BI[0;�I)(t) + 1Xn=1 I[Tn;Tn+�n+1)(t) ; t > 0 :Thus, if t � T1, At = 8<:1 if Tn � t < Tn + �n+1 ;0 if Tn + �n+1 � t < Tn+1 ;while for t 2 [0; T1) we haveAt = 8<:1 if B = 1 and 0 � t < �I ;0 otherwise :With this construction, (At) is strictly stationary ((At) inherits the stationarityfrom the stationary renewal sequence (Tn)). Moreover, P (At = 1) = �on=�. Tosee this, writeP (At = 1) = EAt = P (B = 1)P (�I > t) + 1Xn=1P (Tn � t < Tn + �n+1) : (4.3)Recall that the renewal function of the stationary sequence (Tn) is equal toU(t) = 1Xn=1P (Tn � t) = t� ; t > 0 :Now we can evaluate the in�nite sum in (4.3) as1Xn=1 Z t0 F on(t� u)dP (Tn � u) = Z t0 F on(t� u)dU(u)= 1� Z t0 F on(t� u)du= �on� Fon;I(t) ; t > 0 :



Greiner et al. / Telecommunication tra�c and subexponential distributions 21Hence, EAt = �on� (P (�I > t) + P (�I � t)) = �on� :The main theorem in [23] describes the autocovariance function of the pro-cess (At)t�0.Theorem 4.4. Assume that F on(t) = t��L(t), t � 0, where L 2 R(0) and� 2 (1; 2). Assume also that F o� (t) = o(F on(t)) as t!1 and that �on + �o� isnon-degenerate. Thencov(A0; At) � �2o�(�� 1)�3 t�(��1)L(t) ; t!1 : 2The proof in [23] is based on the following representation of the autocovariancefunction: cov(A0; At) = c( limx!1 z � U(x)� z � U(t)) ;where c > 0 is a constant, U =P1n=0(Fon �Fo� )n� is the renewal function to thedf Fon � Fo� and z(t) = R t0 F on(t� u)Fo� (t)du.The essential argument of the rather technical proof relies on the rate ofconvergence in Smith's key renewal theorem (see [16] or [41]) for heavy-tailedinterarrival times.De�ne by A�t = Z t0 Audu ; t � 0 ;the cumulative input to the system up to time t. Since EAt = �on=�, we have bythe SLLN A�t =t! �on=� a:s: as t!1. Assume the system has a constant releaserate r > 0 if the bu�er is not empty. For stability we require �on=� < r < 1(recall that 1 is the input rate of tra�c into the system). If the bu�er is empty,we set r = 0. The release rate of the system when the bu�er content has level xis then r(x) = r or 0 according as x > 0 or x = 0.



22 Greiner et al. / Telecommunication tra�c and subexponential distributionsDe�ne the bu�er contents process (Vt)t�0 (which corresponds to the workloadprocess) by the stochastic di�erential equationdVt = dA�t � r(Vt)dt ; (4.4)for given initial rv V0. During an on-period tra�c enters at net rate 1 � r andduring an o�-period the bu�er content is released at rate r. The (Tn) are regener-ation times of the contents process (Vt)t�0 which is stationary ergodic. Considerthe change in the bu�er between Tn and Tn+1. We see thatVTn+1 = (VTn + (1� r)�n+1 � r�n+1)+ ; n 2 N ; (4.5)where the increments have meanE�(1� r)�n+1 � r�n+1� = (1� r)�on � r�o� = �on � r� < 0 :Hence VTn satis�es Lindley's equation (3.1) and the limit variable is determinedby VTn d! VT1 = maxn�1 nXi=1((1� r)�n+1 � r�n+1) : (4.6)In a subexponential regime the tail behaviour of the stationary waiting timedistribution is given by Theorem 3.2. The rvs (1� r)�n correspond to the servicetimes in this theorem. The constant � is given by� = rate of the arrival process / rate of the service process = (1� r)�on=(r�o�) :Now we can reformulate Theorem 3.2 in our context and obtain the followingresult.Proposition 4.5. Let � denote the df of VT1 and set � = (1 � r)�on=(r�o�).Then � 2 S () Fon;I 2 S =) �(x) � �1� �F on;I � x1� r� ; x!1 : 2If Fon has regularly varying tail, then we can apply Karamata's theorem andobtain the following.



Greiner et al. / Telecommunication tra�c and subexponential distributions 23Corollary 4.6. Let F on(x) = x��L(x), x � 0, for � > 1 and L 2 R(0). Then�(x) � �1� � (1� r)��1�on(�� 1)x�(��1)L(x) =: bx�(��1)L(x) ; x!1 : 2The bu�er content process has its cycle maxima not at the points (Tn), but atthe points (Tn + �n), hence the following result is not surprising. It shows thatthe distributional limit of Vt has even a heavier tail than that of VTn .Proposition 4.7. Let F on(x) = x��L(x), x � 0, for � > 1 and L 2 R(0).De�ne b as in Corollary 4.6. Then Vt d! V1 andP (V1 > x) �  b+ (1� r)��1�(�� 1) !x�(��1)L(x) ; x!1 : 2
Remark 4.8. The bu�er contents process as above has already been consideredin Boxma [10], also in the context of telecommunication tra�c. He requires (asHeath et al. [23] do) regularly varying tails for Fon. Boxma's model is moregeneral in the sense that he allows for several (N 2 N) sources transmitting datato one bu�er. But as he states, the analytical treatment becomes then rathercomplicated. Apart from the case of one source, he treats some examples forN > 1. The mean time to bu�er over
ow (as the bu�er size tends to in�nity) ina multisource model is given in [44]. 24.3. Dependent tra�c transmissionThe connections between heavy tails and long-range dependence may fur-thermore arise from a more complicated mechanism than in the above simplemodels. Various suggestions have been made, and we try to explain some ofthem within the queueing context.



24 Greiner et al. / Telecommunication tra�c and subexponential distributionsMarkov modulated queuesFor modelling subexponential correlated arrivals, Jelenkovi�c and Lazar [25,26] introduce the class of general \Markov chain embedded in a stationary re-newal" processes. Consider the arrival sequence (Tn)n2N with iid subexponentialinterarrival times with df F . We take a stationary version by choosing the equi-librium df FI for the �rst interarrival time T1. Let Jn be an irreducible aperiodicMarkov chain with �nite state space E, transition matrix P and stationary dis-tribution �. Now we construct the processAt = Jn ; Tn � t < Tn+1 :The process (At) describes not only on- and o�-periods, but allows for instance fordi�erent tra�c transmission rates to and release rates from the bu�er in di�erentintervals [Tn; Tn+1). The environment Jt = i for i 2 E corresponds to a certaindf of the bu�er input process Fon;i and the bu�er output process Fo�;i. Moreover,bu�er input and bu�er output in [Tn; Tn+1) are conditionally independent, givenJn�1 and Jn.In general, it would be rather di�cult to construct a stationary versionof the process (At)t�0 as done for the simple case above, where E = f0; 1g.Stationarity of (Jn)n2N , however, guarantees stationarity of (At)t�0 provided anoverall stability condition holds. For i 2 E let Fon;i have �nite mean �i and Fo�;i�nite mean 1=�i. Denote by � = (�i)i2E the stationary distribution of (Ji)i2E .For stability we require that � =Pi2E �i�i�i < 1.A �rst result states that, due to the heavy-tailed interarrival times, theprocess (At)t�0 approaches its stationary distribution � only at a very slow rate.Proposition 4.9. Let (Tn)n2N be a stationary renewal point process whose in-terarrival times have df F 2 L and FI 2 S. De�ne (At)t�0 as above and denotePi(�) = P (�jA0 = i). ThenPi(At = j)� �j � (�ij � �j)F I(t) ; t!1 :



Greiner et al. / Telecommunication tra�c and subexponential distributions 25Proof Denote �ij = 1 for i = j and 0 otherwise. ThenPi(At = j)� �j =P (At = jjA0 = i)� �j= (P (At = j; T1 > tjA0 = i)� �jP (T1 > t))+(P (At = j; T1 � tjA0 = i)� �jP (T1 � t))=P (T1 > t)(�ij � �j) + 1Xn=1(p(n)ij � �j)P (Tn � t < Tn+1)� (�ij � �j)F I(t) ; t!1 :The last line follows exactly as (4.2). 2Another characteristic of these processes is that their autocovariance functioncov(At; A0) is asymptotically proportional to the tail of the equilibrium df of theinterarrival times.Proposition 4.10. If F 2 L and FI 2 S, thencov(A0; At) � var(A0)F I(t) ; t!1 :Proof We use Proposition 4.9 and obtaincov(A0; At) =E(A0At)� (EA0)2=E[E(A0AtjA0)]� (EA0)2= Xi;j2E aiaj(�iPi(At = aj)� �i�j)� Xi;j2E aiaj�i(�ij � �j)F I(t)=0@Xi2E �ia2i � Xi;j2E �i�jaiaj1AF I(t)= var(A0)F I(t) ; t!1 : 2



26 Greiner et al. / Telecommunication tra�c and subexponential distributionsIn this situation, with initial rv W0, Lindley's equation holds, i.e.Wn+1 = (Wn + �n � �n)+ ; n � 0 :Here (�n; �n) denotes the pair of bu�er input and bu�er output during the timeinterval [Tn; Tn+1). Recall that (�n) and (�n) are conditionally independent, givenJn�1 and Jn, but their dfs change with the environment.As is immediate from Lindley's equation, �n can be interpreted as the in-terarrival time between customer n and n + 1, and �n can be considered as thenth customer's service requirement in a Markov modulated queue.As proved in Asmussen, Fl�e Henriksen and Kl�uppelberg [3], if at least forone i 2 E the df Fon;i is subexponential, then Theorem 3.2 extends to the Markovmodulated model in the sense that the subexponential environment determinesthe asymptotic behaviour of the stationary waiting time.Theorem 4.11. Assume that for all i 2 E,limx!1 F on;i(x)H(x) = cifor some df H 2 L, HI 2 S and constants ci 2 [0;1). Assume furthermore thatc =Xi2E �i�ici > 0 :Then, for i 2 E, Pi(W1 > t) � c1� � Z 1t H(u) du ; t!1 : 2The independence of the proportionality constant of the initial state i 2 E hasbeen shown by Jelenkovi�c and Lazar [26]. The result generalises to semi-Markovmodels as is shown in Asmussen, Schmidli and Schmidt [6].Exponential mixture modelCan light-tailed input also cause heavy-tailed output? We answer this ques-tion by the following example taken from Greiner, Jobmann and Lipsky [21].



Greiner et al. / Telecommunication tra�c and subexponential distributions 27Let Xn be an exponential rv with mean 
n for some 
 > 1. Let furthermoreN be a geometric rv with parameter � > 0. Then for x � 0P (XN > x) = (1� �) 1Xn=1 �n�1P (Xn > x)= (1� �) 1Xn=1 �n�1e�x=
n :Notice �rst that for k 2 NEXkN = 1� �� Z 10 1Xn=1 �n
�nxke�x=
ndx= 1� �� Z 10 1Xn=1 �n
nkxke�xdx= 1� �� 1Xn=1 �n
nk�k ;where �k is the kth moment of a standard exponential rv. Notice that the in�niteseries on the rhs is �nite if and only if �
k < 1 or, equivalently, ifk < � ln �ln
 =: � :Take (Xn) as an iid sequence of service times in a GI/G/1 model and X1 d=XN . If we choose k � � ln �= ln
, then the moment of order k is in�nite, hencewe are in a heavy-tailed regime. However, if we truncate the geometric rv N , sayat � 2 N, and denote by XN(�) the corresponding rv, thenP (XN(�) > x) = 1� �1� �� �Xn=1 �n�1P (Xn > x) ; x � 0 :This rv has �nite exponential moments, and we are in a light-tailed regime, so thatthe tail of the stationary waiting time distribution decreases to zero exponentiallyfast. Notice that XN(�) a:s:! XN as � ! 1 and hence a result of Borovkov [9],p.118, applies for � > 1; see also Feldmann and Whitt [15]. The queueingmodels GI/G�/1 (with service times distributed as XN(�)) converge weakly tothe original model GI/G/1. Then the stationary waiting time distribution forthe truncated model converges to the stationary waiting time distribution of the



28 Greiner et al. / Telecommunication tra�c and subexponential distributionsoriginal model. This means that, by truncation, we approximate a heavy-tailedregime by a light-tailed one.In Greiner et al. [21] such an approximation has been applied, not to theservice times, but to the interarrival times. They show for small tra�c intensity� that the mean of the queue length may become arbitrarily large for � close to1 where truncation points are as low as � = 10. For more details see [21].Furthermore, by the use of these truncated rvs XN(�) instead of XN analyticevaluation techniques based on matrix algebraic approaches (see e.g. Lipsky [34]or Neuts [36]) can be applied to those queueing models for large degrees of trun-cations (close to the heavy-tailed regime in the above sense).Remark 4.12. In a similar spirit, though much more sophisticated, Resnick andSamorodnitsky [43] suggest a stationary sequence of light-tailed interarrivals,which are not independent, quite contrary, their sequence has a long-range de-pendence pattern. The structure is determined by a sequence (�n) of interarrivaltimes which is a moving average process built from the increments of the gammaprocess Y : �n = 1Xj=0(Y (j � n+ aj)� Y (j � n)) ; n 2 N ;where (aj) is a sequence of non-negative numbers such that P1j=0 aj = 1. It canbe shown that �k d= kXi=0 n�1Xj=k �(i; j) ; k = 0; : : : ; n� 1 ;where �(i; j) are independent Gamma rvs, all with scale parameter 1 and shapeparameter given in terms of (aj). Then it can be shown thatcov(�m; �m+n) = 1Xi=n+1 ai ; n 2 N :Furthermore, if an decreases to 0 slowly enough, the process (�n) has long-rangedependence. 2



Greiner et al. / Telecommunication tra�c and subexponential distributions 29Remark 4.13. A more realistic model assumes that the bu�er receives input fromseveral access lines and is emptied by a single high-speed backbone communica-tion link. There are various approaches to describe this model and give mean-ingful performance measures. In [22] the total input rate at time t is given bythe sum of the input rates of the di�erent sources, each described as an on/o�process as in Section 4.2. As a performance measure the mean time to bu�erover
ow is determined.Choudhury and Whitt [11] follow a di�erent approach. They base a 
uidmodel on a environment process (At) with �nitely many states, as for the Markovmodulated model of Section 4.3. When At = i, there is a constant net 
uid 
owinto the bu�er at rate ri. Then bounds can be found e.g. for the distribution tailof the stationary bu�er content. 24.4. SelfsimilarityAnother important feature of network tra�c has been observed from thedata, which we cannot present in detail in this paper. Since it is an importantobservation we want at least to mention it and give further references on thetopic. Network tra�c looks roughly the same when measured over a large rangeof time scales ranging from milliseconds to minutes to hours to days etc. (seeespecially [50]). Data tra�c of this type is said to be selfsimilar.One of the models in teletra�c for capturing the observed selfsimilarity isfractional Brownian motion, the only selfsimilar Gaussian process with stationaryincrements (see e.g. Samorodnitsky and Taqqu [45]). This process may appear asthe weak limit process of the aggregated workload of a sequence of on/o� models,i.e. during on-periods a source is active, tra�c is transmitted, during o�-periodsno transmission happens. First letting the number of sources tend to 1 andthen time, the limit process is fractional Brownian motion (see Taqqu, Willingerand Sherman [48], Taqqu and Levy [49]). This is an extension of a model �rstintroduced by Mandelbrot [35].



30 Greiner et al. / Telecommunication tra�c and subexponential distributionsAnother class of models, also with a selfsimilar limit process, has been con-sidered by Kurtz [31] as an alternative to the classical workload process, whereeach arrival brings at the instant of its arrival a required random service timeinto the system (see Section 3). Assume that the input of work into the systemcomes from a large number of sources. Each source turns on at a random timeand inputs work into the system for some period of time. We assume that thetime-points, where on-times start, constitute a Poisson process (Nt)t�0. While asource is active it feeds work into the system, and we model the workprocess of theith activation by a stochastic process (X(i)t )t�0 with cadlag and non-decreasingsample paths. We furthermore assume that the stochastic processes (X(i)t ) areiid and independent of (Nt).Then the total work input into the system up to time t is given by the shotnoise process Vt = NtXi=1X(i)t�Ti ; t � 0 ; (4.7)where T1; T2; : : : denote the points of the process N , i.e. the points when a sourcebecomes active. When the ith source becomes inactive, the process X(i)t remainsconstant from this time on, hence does not increase the workload in the systemany more.Such models have also been considered in Kl�uppelberg and Mikosch [28,29]and in Kl�uppelberg and Sch�arf [30] within the framework of insurance mathe-matics. These models give rise to selfsimilar limits, under appropriate momentconditions to selfsimilar Gaussian processes ([28,29]) or to selfsimilar stable limits([30]).5. An explorative data analysisThe appropriateness of on/o� models is shown by an application to telecom-munication tra�c observed at a network access point (Customer Service Switch)



Greiner et al. / Telecommunication tra�c and subexponential distributions 31of the Munich Universities' intranet to the Germany wide broadband researchnetwork (B-WiN) at the Leibniz Research and Supercomputing Center of theBavarian Academy of Sciences. For more details on how the data were collectedsee Gogl [19].The outgoing pure IP (Internet Protocol) data tra�c is presented in Fig-ure 2. From the frequency and size of the peaks the data seem to be heavy-tailed.This opens the way to �t models as presented in this paper.
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Figure 2. Length of on-periods in �s; i.e. lengths of cell bursts, extracted from a total of 1 690 730ATM cells. This comprises 247 995 IP packets which were captured within approximately twominutes in the afternoon of December 23, 1997.Various graphical tools are presented in the literature to investigate the tailbehaviour of a distribution. For details we refer to Section 6.2 of [13]. For suchmethods applied to telecommunication data see Resnick [42].



32 Greiner et al. / Telecommunication tra�c and subexponential distributionsAn excellent explorative method to discriminate distribution tails is themean excess function. For a non-negative rv X it is de�ned ase(u) = E(X � ujX > u) ; u > 0 :This function is constant for exponential X, it tends to 0 for light-tailed dfs andto 1 for heavy-tailed dfs. The Pareto distribution is characterised by a linearlyincreasing mean excess function.Figure 3 shows the empirical mean excess function of the on- and o�-periodsof the above tra�c. A Pareto tail (or regularly varying tail) seems to �t extremelywell to the on-periods, whereas the o�-periods have apparently a lighter tail thanthe on-periods.
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Figure 3. Mean excess function of the on-periods (lhs) and o�-periods (rhs).This indicates that an on/o� model as presented in Section 4 may be ap-propriate for our data. Notice that for the moment we ignore the clusters aroundthe peaks and assume that the lenghts of on-periods can be modelled by iid rvs.We investigate the corresponding 
uid process (At)t�0, which is de�ned as 1 dur-



Greiner et al. / Telecommunication tra�c and subexponential distributions 33ing an on-period and 0 during an o�-period. We estimate the autocorrelationfunction of this process for our data. The result is shown in Figure 4, where weplot the estimated autocorrelation function from lag 5 to lag 7 000. We only startfrom lag 5 to make the function visible at larger lags (of course the estimatedautocorrelation at lag 0 is equal to 1). Comparing the estimated autocorrelationfunction to the 95% con�dence bounds, we see a long-range dependence e�ect.
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Figure 4. The empirical autocorrelation function of (At)t�0 from lag 5 up to lag 7 000.We plot the estimated autocorrelation function on log-scale, i.e. we uselogarithmic axes (to the basis 10). Now we estimate the slope of the curve bylinear regression for the lags in the interval (20; 7 000). The slope is estimated by�0:82, hence we estimate \corr(A0; At) = c t�0:82 ;for some positive constant c. Notice that for this model we have estimated anautocorrelation function, which is heavy-tailed and not integrable over t.We should like to say that this �rst very crude model �tting is by no meansthe end of the story. On the contrary, we only consider it as a promising start.
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Figure 5. The log-log plot of the empirical autocovariance function of (At). Both axes havebeen log-transformed to the basis 10.The data exhibit many structural features which have to be explored in muchgreater detail. We only mention here the clusters around the peaks in Figure 2.The data will be analysed and modelled much more carefully and the results willbe presented in future work.AcknowledgementThe data analysed in Section 5 are part of a much larger set of measurementstaken by Helmut Gogl of the Department of Computer Science. We would liketo thank him very much for his e�orts.References[1] S. Asmussen. Applied Probability and Queues. Wiley, New York, 1987.[2] S. Asmussen. Subexponential asymptotics for stochastic processes: extremal behaviour,stationary distributions and �rst passage probabilities. Ann. Appl. Probab., 8:354{374,1998.
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