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Abstract

In this thesis field theoretical methods are applied to few- and many-body systems of strongly
interacting ultracold quantum gases, mainly using the functional renormalization group (fRG).
First, the quantum mechanical three-body problem of resonantly interacting bosons is solved
exactly within a two-channel model. It is shown how the recently observed universality of
the three-body parameter in Efimov physics can be explained from two-body physics only. In
a derivative expansion the four-body problem is analyzed. The four-body sector is governed
by a limit cycle flow and one finds that no additional four-body parameter is introduced in
the renormalization procedure. The second part of this thesis studies a single impurity im-
mersed in a majority Fermi sea. The impurity undergoes a transition from a polaron state to
a molecule for increasing attraction. In this context we develop a new, numerical {RG tech-
nique which allows the computation of Green’s functions with full frequency and momentum
dependence including full self-energy feedback. We compute the decay rates of excited states,
predict the existence of a highly excited repulsive polaron state and propose a radio-frequency
experiment to measure the impurity spectral function. Using a non-self-consistent T-matrix
approximation the impurity problem in two spatial dimensions as well as for mass imbalance
is studied. Our results are in excellent agreement with recent experiments and exemplify the
intricate interplay between few- and many-body physics in ultracold atomic systems.






Kurzfassung

In dieser Dissertation werden feldtheoretische Methoden auf Wenig- und Vielteilchenssys-
teme stark wechselwirkender, ultrakalter Quantengase angewandt, hauptsichlichlich unter
Verwendung der funktionalen Renormierungsgruppe (fRG). Zuerst leiten wir die exakte
Losung des Dreikorperproblems resonant wechselwirkender Bosonen in einem Zwei-Kanal-
Model her. Es wird gezeigt, wie die kiirzlich beobachtete Universalitit des Dreikorperpara-
meters allein auf Basis von Zweiteilchen-Physik erklirt werden kann. In einer Ableitungsent-
wicklung wird das Vierteilchen-Problem analysiert. Der Vierteilchensektor wird bestimmt
durch einen Limit-Cycle-Fluss und man findet, dass kein weiterer Vierkdrperparameter in
der Renormierungsprozedur eingefithrt wird. Der zweite Teil dieser Dissertation betra-
chtet ein Fremdatom im Fermisee einer Majorititsspezies. Fiir wachsende Attraktion voll-
zieht das Fremdatom einen Ubergang von einem polaronischen Zustand zu einem Molekiil.
In diesem Zusammenhang entwickeln wir eine neue, numerische fRG Methode, welche,
unter Einbindung der vollen Selbstenergie-Riickwirkung, die Berechnung von Greensfunk-
tionen mit voller Impuls- und Frequenzabhingigkeit erlaubt. Wir berechnen die Zerfall-
sraten der angeregten Zustinde, sagen die Existenz eines hoch angeregten, repulsiven Polaron-
zustandes voraus, und schlagen ein Radiofrequenz-Experiment vor um die Spektralfunk-
tion des Fremdatoms zu messen. Anhand einer nicht-selbstkonsistenten T-Matrixnidherung
analysieren wir das Fremdatom-Problem in zwei riumlichen Dimensionen. Unsere Ergeb-
nisse sind in exzellenter Ubereinstimmung mit Experimenten und veranschaulichen das kom-
plizierte Zusammenspiel von Wenig- und Vielteilchenphysik in ultrakalten, atomaren Syste-
men.
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Chapter One

Introduction

N a system of many particles without any interactions, the single particle is ignorant of the
others and some might regard the systems as rather simple and uninteresting. As soon as
interactions are switched on the situation becomes, however, much more complex and intrigu-
ing. The particles start to influence each other and instead of non-interacting ‘bare’ particles
one deals with ‘dressed’ quasiparticles - effective degrees of freedom - whose properties, such
as their dispersion relation or their mutual interactions differ from the non-interacting case.

Due to instabilities in the effective interactions and the resulting symmetry breaking, even
truly new degrees of freedom may emerge such as composite Cooper pairs, molecules or
magnons. The description of this transformation from the simple to the complex is one aim
of theoretical physics. Since, furthermore, it is the microscopic few-body interactions that lay
the basis for the complicated, macroscopic many-body physics, a deep understanding of the
link between both the few- and many-body physics becomes indispensable.

When interactions are weak many well-controlled, theoretical approaches exist to describe
many-body systems 5. The story becomes, however, increasingly complicated
when strong interactions are at work and no small parameter is available. In order to improve
the theoretical tools to tackle such problems, it is desirable to find experimentally realizable
systems which allow a reliable comparison of theory and experiment. Ultracold atoms provide
such a system [[6] and in this theoretical thesis we apply functional renormalization group
techniques to ultracold atomic systems in the intricate strong coupling regime. The functional
renormalization group provides a way to study problems ranging from few- to many-body
physics in a unified framework. For this reason the link between few- and many-body physics
becomes particularly transparent in this approach which helps to systematically improve the
approximations used in the solution of many-body problems. Along this line we obtain results
in excellent agreement with experimental findings and predict effects which have subsequently
been observed in cold atom experiments.

The role of ultracold atoms

Dilute vapors of atoms can be confined in magnetic and optical traps using the intrinsic po-
larizability and magnetic moment of the atoms. Using various experimental techniques
these vapors can then be cooled to extremely low temperatures of 0(nK) which makes them to
what is today known as ultracold atoms. In terms of absolute temperatures ultracold atoms are
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among the coolest matter known in nature.! With the exception of liquid Helium, at such low
temperatures the absolute ground state of the system is a solid and the ultracold gas is there-
fore in a metastable state. The decay of the ultracold vapor towards the solid state takes mainly
place due to three-body recombination collisions of atoms [[I1]]. To increase the lifetime of the
ultracold atomic samples these processes have to be suppressed which is why the atomic gas has
to be made very dilute. Although in consequence the typical interparticle distance d becomes
rather large, it is because of the ultracold temperatures that the thermal de Broglie wavelength
of the atoms can by far exceed the interparticle spacing d and quantum (statistical) effects be-
come relevant. Exploiting this fact and the progress in experimental techniques led to the first
realization of an almost ideal Bose-Einstein condensate (BEC) in 1995 [13], awarded with
the Nobel prize in 2001. Similarly, a degenerate, two-component Fermi gas was achieved in
1999 [[14]], leading to the observation of superfluid pairing and the realization of the BEC-BCS
crossover [[15], see also [[16].

Ultracold atoms can be described exceptionally well by theoretical physics for various rea-
sons. Most importantly, the interactions between the atoms can be modeled in very simple
terms although at first sight the interaction potential V(7) of two colliding atoms is rather
complicated. In terms of this interaction potential, the corresponding interaction Hamilto-
nian is given by

A, = j &7 j & GV (= D)), (L1)

with creation and annihilation operators gﬁ, 95 of bare atoms of mass 7 and where at large
distances 7 the atoms interact via a van-der Waals type potential with a tail ~ 1/7° which
is a short-range potential [[18]]. The ultralow temperatures imply a very small collision energy
E = %#?k?/m of the atoms. The scattering amplitude - which carries the full information
about the non-relativistic two-body scattering - is then given by the (s-wave) low-energy ex-
pansion (in three spatial dimensions)?

1

M= e kv oy (-2

The key to simplicity and an efficient description of ultracold atoms is that this scattering am-
plitude remains the exactly same no matter which concrete short-range interaction potential
is chosen. This applies in particular to the simple contact interaction V(7) ~ &(7) so that
ultracold atoms can theoretically be described by the much simpler Hamiltonian

H, =g f & r ) ) ). (13)

'In relative scales the temperatures are not as cold as they might seem: for instance, in experimentally realizable
two-component Fermi gases the Fermi temperature 7} itself is very low so that the lowest achievable relative
temperature 7'/ T, is today only on the percent level. This is comparable but not less than what is found in typical
metals at room temperature [[8] or neutron stars [9}[10]].

?Unless stated otherwise, we will work in ‘natural’ units 5 =2m =k, = 1.




Here, the coupling constant g, is chosen such that it yields the desired scattering length a in
Eq. (I.2). As long as all scales such as temperature or a possible Fermi energy are small the
low-energy limit is justified and the Hamiltionian (L.3) is a valid representation of the true
interaction Hamiltonian (I1). In fact here we encounter a first example of the consequences
of the concept of universality to be discussed in more detail in Chapter[2land which is a guid-
ing principle in the description of systems ranging from few- to many-body physics: the ob-
servable macrophysics, e.g. f(k), is independent of the exact realization of the microphysics,
e.g. V(r), and it is described in terms of a few relevant parameters only; here the scattering
length a.

As a theorist one then arrives at a very pleasant situation: in contrast to other (strong
coupling) systems such as high-7. superconductors or the quark-gluon plasma, we deal not
only with a Hamiltonian in whose validity we have large confidence - in contrast, e.g. to
the question of how well the Fermi-Hubbard model describes the physics of high-temperature
superconducting materials - but which is also rather simple - in contrast, e.g., to the standard
model governing the phase diagram of QCD.

There are also other advantages to cold atoms which make them interesting, among them
in particular Feshbach resonances and optical lattices. Using so-called Feshbach resonances
it is possible to adjust the interaction parameter g, and accordingly the scattering length a
almost at will. This tunability of the interaction strength opens up a whole new realm of pos-
sibilities and allows to enter the strong coupling regime in an experimentally controlled and
rather simple way. Furthermore, using optical lattices, the kinetic part of the Hamiltonian can
be manipulated and lattice Hamiltonians, such as the Fermi- or Bose-Hubbard model, can be
implemented. This led for instance to the observation of the Mott-Insulator to superfluid tran-
sition and the detailed experimental study of the phase diagram of the Fermi-Hubbard
model is under way [20]. Using similar techniques, lower spatial dimensions with d < 3
can be studied. Today imaging techniques are available which even allow for the single-site re-
solved detection of atoms in optical lattices [21, 22]] and which admit the study of the real-time
evolution of correlation functions in lattice systems far from equilibrium [23]].>

It is important to keep in mind that there are also severe limitations to ultracold atoms.
For instance, cold atomic systems are finite systems and they are subject to the external trap-
ping potential which complicates the direct comparison of experimental data to theoretical
calculations which are often performed for bulk systems and in the thermodynamic limit.
Also the experimental analyzing techniques are rather limited in comparison to the plethora
of methods available for solid state systems. Most information about the cold atom clouds is
obtained from absorption imaging. During the imaging process the sample is unfortunately
destroyed so that experiments have to repeated very often to collect the necessary statistics.
Furthermore, the more sophisticated the data, the more relevant corrections to ‘ideal’ physics
become: range corrections, the intricate calibration of the temperature and atom number mea-
surement, and the relevance of transversal modes in reduced dimensions are among the com-

*There are many more possibilities to be listed: dipolar gases [24]], reduced and mixed dimensions [25} 26]],
(multiflavor) fermions [27]], mass- and spin-imbalance [29], artificial gauge fields [30], deterministic single-
lattice site preparation of many-body states [31]], and many more (for a comprehensive overview and review see

e.g. 6} 32]).
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plications. Finally, it should be emphasized that ultracold atoms are after all artificial systems
which indeed help to understand complex physics’ questions. But in the end, it is worthwhile
to take the step back to, e.g., hard condensed matter physics, and apply the knowledge gained.

Despite these limitations, we have seen that ultracold atoms provide a large toolbox to set
up systems virtually at will, which is why ultracold atomic gases are often highlighted for their
role as universal guantum simulators reviving Feynman’s original idea [33]]. The idea is
that Hamiltonians, whose physics is too complicated to be solved analytically or by numeri-
cal means on a classical computer, can be designed in the laboratory and it is nature, namely
the experiment itself, which then performs the calculation. In a sense, the experiment can be
viewed as an instance of a very specialized quantum computer, and much research is focused
on proposals of how to experimentally realize Hamiltonians of interest. Recent experiments
studying the unitary Fermi gas or the realization of the Bose-Hubbard Hamiltonian
can be interpreted as such quantum simulations, where ultracold atoms provide an
ideal basis for testing theoretical many-body techniques versus experimental data. In this re-
gard, in particular the excellent agreement between experiment and theory for the unitary
Fermi gas, a long standing, strong coupling many-body problem [[16], is truly remarkable
37]]. The possibility to improve our theoretical methods as well as our understanding of
many-body physics on the basis of detailed experiments which can directly test the theoretical
predictions makes ultracold atoms so appealing for many branches of theoretical physics, rang-
ing from hard condensed matter physics [38]], to quantum information processing [39,40], to
nuclear matter [41]], to high-energy and black-hole physics [42,43]].

Outline

Few-body Efimov physics. In the first part of this thesis, cf. Chapters 2] and 3] we focus
on the few-body aspect of cold atoms. This is an important aspect on its own since the few-
body physics ultimately determines the stability of the cold atomic samples. On the other
hand a thorough investigation of the few-body physics leads to effects not present in standard
condensed matter systems. A prominent example is the Efimov effect [44] which is introduced
in detail in the beginning of Chapter &} three particles interacting via resonant short-range
potentials form an infinite number of three-body bound states which obey universal scaling
relations. These states exist even in a regime where the two-body interaction does not support
a bound state. Although predicted in 1970 in the context of nuclear physics, Efimov states
have been first observed in ultracold atoms .

We study the Efimov effect from a functional renormalization group (fRG) perspective.?
One finds that the well-known unitary, non-Gaussian renormalization group fixed point in
the two-body sector is supplemented by a universal RG limit cycle running of the six-point
correlation function. The Efimov effect has profound consequences regarding universality as
a new three-body parameter has to be introduced in addition to the scattering length @ which
fixes the overall phase of this limit cycle. A priori this three-body parameter is not expected to
be a universal number. Nonetheless, recent observations suggest such a universality of the

*For a review on the application of the fRG to the Efimov effect in the case of zero-range interactions, see

[44].



three-body parameter and its origin had been unclear. On the basis of an exact solution of the
three-body problem, we show in Chapter 2l how the observed universality can quantitatively
be explained in terms of the standard two-channel model of ultracold atoms close to a Feshbach
resonance. This model is of great relevance for the many cold atom experiments that employ
Feshbach resonances. By studying also the non-universal corrections due to the finite range
of the microscopic interaction potentials, our results give further insight into the limitations
of universality in cold atomic systems in general and how the microscopical details governing
the collisions of atoms and molecules have impact on the observable physics.

Furthermore, it had been an open question whether further parameters are necessary
when going to the four-body problem. From the numerical solution of the four-body prob-
lem for the lowest four-body bound states, Greene and coworkers [48]] conjectured that no
such parameters are needed. They however could not access the particularly interesting, scale-
invariant unitarity point for infinite scattering length at the scattering threshold where physics
truly becomes universal. In Chapter Bl we study the four-body problem using RG equations.
Within a derivative expansion we are able to support the conjecture that indeed no four-body
parameter is needed for the consistent renormalization of four-body physics by studying the
problem directly for the highly excited states in the scaling limit.

Many-body polaron physics. The second part of this thesis is related to the quantum simu-
lation aspect of cold atoms and the question: can the Stoner transition to itinerant ferromag-
netism be realized in a Fermi gas of ultracold atoms? This question has recently been debated
and first measurements seemed in favor of such a transition
[49]]. The situation exemplifies how subtle differences between the paradigm condensed mat-
ter and cold atom systems can complicate an attempted quantum simulation. These subtle
differences arise from the microscopic physics and can be understood from a simple argument:
consider a three-dimensional electron gas with screened interactions (the condensed matter
system) versus a two-component, ultracold Fermi gas (the quantum simulator). Both systems
are described by an effective Hamiltonian A with a contact interaction ~ gA(gbATgbA)z as given
by Eq. (13). In the electron gas the interaction represents the screened Coulomb interaction
which is repulsive, i.e. g, > 0. Contrarily, the contact interaction in the cold atomic system
is determined by the short-range interatomic van der Waals potential which is attractive and
thus g, < 0. In consequence, although both the cold atom as well as the condensed matter
system may feature the same positive scattering length a, the former system remains micro-
scopically attractive - and features an associated molecular bound state - and thus can simulate
the screened electron gas only in a very limited regime [49} 50, [51]].

In Chapter 4 we study this highly controversial problem
in the limit of extreme spin imbalance where a single |-impurity is immersed in a Fermi sea
of T-atoms. In the context of this so-called Fermi polaron problem, we developed a new, nu-
merical fRG technique which allows to study the RG flow of full spectral functions. In terms
of diagrams, our method is similar to a selfconsistent Ward-Luttinger approach 558]].
The results from the fRG are in excellent agreement with recent diagrammatic Monte Carlo
calculations for various ground state properties and depending on the interaction
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strength one finds a transition in the ground state from a molecular to a dressed impurity state
which interacts attractively with the majority atoms. Additionally, the algorithm allows the
calculation of the decay rates of the molecule and attractive polaron across the transition.

But most importantly, the resulting spectral function reveals that the impurity can also
propagate as a highly excited, metastable repulsive polaron. In the limit of 2 going to zero
from above, quasiparticle weight is shifted towards the repulsive polaron excitation which,
in this regime, becomes stable. This can be viewed as an a posteriori justification for using
a weakly-coupled effective (Fermi liquid) field theory for stable, repulsively interacting po-
larons in the limit of small positive scattering length 4. Only in this limit a quantum simu-
lation of the repulsive Fermi gas of ‘standard’ condensed matter physics is possible. Contrar-
ily, when approaching the regime of strong repulsion the repulsive polaron decays into the
low-lying molecular states via three- and higher-body processes and the attempted quantum
simulation becomes impossible. For this reason the Stoner transition to ferromagnetism in
a spin-imbalanced, repulsive Fermi gas cannot be straightforwardly studied using ultracold
atoms.

Using a non-selfconsistent T-matrix approach, we study the polaron problem in two spa-
tial dimensions in Appendix[Aland find that it has very similar features compared to the three-
dimensional case. Calculating the radio-frequency response, we show that a recent experiment
by the group of Kohl in Cambridge can be reinterpreted in terms of polarons rather than
confinement induced molecules. Following our predictions [[62} [63] (cf. also Appendix [B),
repulsive polarons have recently been observed experimentally in two and three dimensions

using radio-frequency spectroscopy [[64,63]].



Chapter Two

Efimov physics beyond universality

N this chapter we present an exact solution of the quantum three-body problem using func-
tional renormalization. Three particles interacting via resonant, short-range interaction
potentials build a series of three-body bound states. Their existence is connected to a universal
discrete scaling symmetry and the appearance of a new three-body parameter which had been
presumed to be a non-universal quantity. Recent experiments with cold atomic gases close
to Feshbach resonances suggest, however, that this parameter exhibits universal behavior. In
the following, we present an extended yet simple model for Bose gases close to Feshbach res-
onances and derive the exact solution of the corresponding three-body problem. Our results
explain the observed behavior of the three-body parameter and we provide new predictions
for the deviation from universal scaling of the lowest Efimov states which can be tested in
future experiments.

In Section [Z.1] we give a brief review on Efimov physics which is largely based on the
excellent review by Braaten and Hammer, see [[66]. Section [Z.2] explains the main methods
how Efimov trimers have experimentally been measured and we elucidate the observed ap-
parent universality of the three-body parameter. In Section 23] we then introduce a simple
two-channel model describing the physics of ultracold atoms close to a Feshbach resonance
and determine the model parameters by solving the corresponding two-body problem. The
following Section 2.4l introduces the functional renormalization group method used to solve
the three-body problem, the truncation of the effective action is given and the renormaliza-
tion group equations are derived, which are solved in Section[2Z.3] In Section 2.6l we develop a
numerical procedure to determine the bound state spectrum and we present the results in Sec-
tion[Z.7] In Sections[Z.8 and 2.9 we study the extent of universality for the low-lying Efimov
states. We compare our result to experiments and conclude in Section[2.10

2.1 Universality in cold atoms

In cold quantum gases, one deals with atoms interacting via pairwise short-range potentials.
The scattering properties of these systems can be described solely in terms of the s-wave scat-
tering length , when their average interparticle distance d = 1/1'/, as well as their de-Broglie
wave length A= h/p is much larger than the characteristic length scale of their potential range
75, that is d > 7y and p < 1/7,. As we have seen in the introduction in Chapter [I} these
conditions are fulfilled for dilute atomic gases at ultralow temperatures and they ensure that
the kinetic energy of the atoms is so small that they are neither able to resolve the short-range
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details of the interaction potential nor can they probe these short distances by merely being
located ‘on top of each other’.

Being characterized by a single parameter, cold atoms are an example of a system which
exhibits universality. Quite generally, a phenomenon is called universal, if the observables are
independent of the microscopic details such that the system is characterized by a few variables
only. Universality appears, for instance, in the physics close to critical points. A critical
point is the end point of a line of a first order phase transition. One of the most prominent
examples is the liquid-gas transition. As illustrated in the pressure-temperature phase diagram
shown in Fig. 2] a line 7 = T(P) marks the phase transition from a liquid to a gaseous
phase with an associated discontinuity of the density. This line terminates in the critical point
beyond which the phase transition becomes a crossover. The gas and the liquid phase have the
same density o, at the critical point, which is approached according to a power law, p —
o, = C(T —T,)P [66]. While the coefficient C is non-universal, the exponent 3 is the
same for a whole class of systems. It does not matter which specific gas of particles is chosen
and, even more impressively, the same critical exponent 3 appears in systems which are at
first sight completely unrelated to the liquid-gas transition as for example in solids featuring a
ferro- to paramagnetic phase transition. All these systems are then said to belong to the same
universality class and they are described by a common universal effective field theory which
has only a few parameters as input.

In the context of cold atoms, there is a more narrow notion of universality and physics is
termed #niversal if observables depend only on the scattering length @ and on no other param-
eter 67, [68]]. For instance, the physics of a weakly interacting Bose-Einstein condensate
can universally be described by the expansion parameter 74>. One speaks of non-universal
corrections when there are residual dependencies on microscopic details such as the scale 7,,
which characterizes the range of the interatomic potentials.

Py .
Tog
SO),@/./& ‘
P, “%,
liquid
gas
T, T

FIGURE 2.1: Phase diagram of the liquid gas transition [66]. The critical line (solid) terminates in
the so-called critical point (dot) beyond which the phase transition becomes a crossover. Physics
close to such a critical point is related to the existence of a renormalization group fixed point
and exhibits universality as well as scale invariance.
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The appearance of universality is intimately related to the existence of renormalization
group fixed points [70]. Various theories, although being different on the microscopic
level, may flow to the same fixed point and thus, at large distances, lead to the same observable
physics. The non-relativistic system of cold atoms is governed by the existence of two fixed
points [72, [73]]. One is a weak coupling or so-called Gaussian fixed point, the other a
strong coupling fixed point which corresponds to unitary interactions. In the context of Bose-
Einstein condensation, universality is usually connected to the Gaussian fixed point and is
thus a weak coupling phenomenon.

In the following we will be interested in the universality associated to the non-perturbative
fixed point. Here, the system is characterized by a large scattering length, || > 7y, and univer-
sality applies as well. The most simple example of a universal observable is the existence of a
weakly bound molecule (the so-called dimer) with binding energy

h2
€p = — (21)
ma
where % is Planck’s constant and 7 the mass of the atoms. Other examples are found in the
case of a two-component Fermi gas. In the unitarity limit where the scattering length diverges,
a — o0, the chemical potential of the Fermi gas is measured to be [34]!

u=C&ep, & =0.376(4), 2.2)

which is in excellent agreement with theoretical results [37, 75,76, [77]. Here & is the so-called
Bertsch parameter which is a universal number. Similar, excellent agreement between
theory and experiment is found for the critical temperature 7, /T [79180]). It is one of
the remarkable consequences of universality that theoretical insight and methods developed

with having cold atoms in mind can then be applied to other systems ranging from neutron
stars to hard condensed matter physics [[6, 38]].

The Efimov effect

When three identical bosons interact with resonant short-range potentials (z > 7,) a new
universal quantum phenomenon is revealed. This was first realized by Vitaly Efimov in 1970.
He showed the existence of an infinite series of three-body bound states in the resonance limit,
a — 00 B1].> The binding energies of the so-called Efimov trimers form a geometric
spectrum so that the binding energies of consequent levels exhibit a constant ratio’

ET 25

—— —e7% =515.03..., s,=1.00624... (2.3)
ET

n+1

'An improved experimental analysis of the Feshbach resonance position in the °Li Fermi gas by Ziirn et al.
yields a corrected value of the Bertsch parameter & = 0.370(5)(8) [74].

2The Efimov effect occurs quite generally if two out of three pairs of the participating particles are interacting
with a large scattering length [[66]].

*Here the universal number s, is given for the case of identical bosons.
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when the unitarity point 1/a = E = 0 is approached. At this point two bosons are just at the
verge of being bound into the weakly bound dimer.

We show a typical Efimov bound state spectrum in Fig. [2.2] where the axis are rescaled
in order to make several of the three-body bound states visible. Each of the infinitely many

El\

///////”/»/’//////////// //////////////’/’/’///////////////
. > = >

22.7

FIGURE 2.2: lllustration of the Efimov energy spectrum. The Efimov trimers (ved solid) extend
from the atom threshold (blue hatching) at vanishing energy E = 0 and a < O to the side of
positive scattering length a > 0 where they merge into the atom-dimer threshold (green solid).
For negative a, the trimers are of Borromean nature as they exist in a regime where no two-
body bound state exist — a purely quantum phenomenon not present in classical mechanics.

Efimov states evolves from the three-atom threshold (dashed blue hatching) fora < 0 across the
resonance and merges into the atom-dimer scattering threshold for 2 > 0 (green line). Quite
counterintuitively, the trimer states exist even in a regime where no two-body bound state is
present. In this regime the Efimov states are sometimes called Borromean in reference to the
legendary Italian family: take one of the three away and the whole system falls apart.

Eq. @.3) is a universal law as it does not depend on any short-range details. The only impor-
tant ingredients are: short-range interactions, a large scattering length |a| > 7y, and energies
|E| < B /(m r2). The Efimov effect is a strong coupling phenomenon taking place in the
vicinity of the two-body strong-coupling RG fixed point. It was predicted by Efimov in the
context of nuclear physics and it took more than thirty years to find experimental evidence for
its existence. Its observation is an example of the broad implications of universality: instead of
being found in a nuclear system, the Efimov effect was observed using ultracold atoms close to
a Feshbach resonance [[45]. Unfortunately, the search for Efimov states in the nuclear matter
context has been quite unsuccessful so far, despite much effort such as the decades of research
devoted to the search for the elusive *He trimer 83]).

The Efimov effect, which existence was rigorously proven by Amado and Noble [84, 85],
demands the introduction of a new notion of universality. Although the existence of the
Efimov states, the relation 2.3), as well as the shape of the spectrum shown in Fig. 2.2 is
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universal, the absolute value of the binding energies is not universally fixed. In fact, the whole
Efimov spectrum in Fig. 2.2] can be shifted arbitrarily while leaving universal ratios such as
Eq. @.3) unaffected. This arbitrariness necessitates the introduction of an additional three-body
parameter (3BP). This is made explicit by rewriting the Efimov binding energies as

E(n) 1 e hzxi 2.4)
T <515.03> m '

where 7n* denotes the number of some reference Efimov state as indicated in Fig.[2.2l The wave
number x, is a free parameter which is chosen to set the overall position of the spectrum. x*
can be regarded as the three-body parameter but this is not a unique choice. From Fig. 221t is
evident that one may choose any observable which fixes the overall position of the spectrum.

This could, for instance, also be the value of the scattering length a(_n )< 0, where the reference
trimer 7" meets the three-atom threshold. As shown by Efimov, the trimers meet the atom

threshold at values (see also [166]])
A" =22.694277 ;) (2.5)

for large |a|/ 7y > 1.

Due to the Efimov effect, two-body universality is violated: not only the scattering length
a is needed in order to characterize the physics but an additional parameter. While in the
two-body problem non-universal corrections scale as positive powers of 7,/|2| and hence are
suppressed for large |a|, the three-body parameter x* never disappears. It reflects the ignorance
of the short-range details of the interatomic potentials and thus it had - until recently - been
regarded as a non-universal number.

From Efimov’s results (Z.3) and Z.4) it follows that there are infinitely many weakly bound
trimers. But how does the spectrum behave for the deeply bound states? In order to answer
this question let us define two important limits. We argued that non-universal corrections to
the two-body scattering scale as powers of 7y/|a|, for a detailed discussion see [[66]. There are
two limits in which these corrections go to zero. One is the so-called:

Unitary or resonance limit [66]]

|a| = 00, 7, finite. (2.6)

In this limit infinitely many, weakly bound trimer states exist. One may go away from the
resonance limit by lowering the absolute value of the scattering length |a|. When the inverse
wavenumber of the 7th bound state 1/x() or the corresponding scattering length 4" where
it meets the atom threshold, becomes of order 7,, the Efimov states cease to exist due to the
finite range of the interaction potentials. Hence there will be a lowest Efimov state. The
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Efimov states in this situation are illustrated as solid red lines in Fig.[Z3] As also indicated, the
low-lying states can not be expected to obey the universal geometric scaling, since here non-
universal corrections of order 7y/|a| become relevant. For this reason one expects that the
specific position of the lowest state is highly dependent on microscopic details. This explains
why the three-body parameter is expected to be a non-universal number.

The resonance limit is a very physical limit and it can be realized using a shape resonance
as depicted in Fig. 2.4(a) and (b) for the case of a square well potential. Keeping the potential
range constant, the depth of the potential is fine-tuned to a critical value V,, at which a two-
body bound state just vanishes into the continuum. Another possibility to reach the resonance
limit is the use of so-called Feshbach resonances 92]]. This mechanism is
employed in cold atoms and we will investigate it in more detail in Section[2.3]

The second limit in which the corrections r,/|a| go to zero is the

Zero-range or scaling limit

2| fixed, 7,—0. (2.7)

This limit is illustrated in Fig.2.4(c). It was explicitly studied in the context of Efimov physics
first by Frederico et al. [93]]. In this limit, which is often referred to as scaling limit, the
purely theoretical, idealized situation of contact interactions is realized and the two-particle
interaction potential reads V(¥ — r) = g 8(r' — r). The scattering phase shift becomes exactly
kcot8y(k) = —1/a for the partial s-wave and vanishes identically for all higher partial waves,
8; =0for L > 0. At first sight the zero-range limit seems quite unphysical, as interaction

E A
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<« — physical theory
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—
—

FIGURE 2.3: lllustration of the Efimov spectrum obtained from scaling theory (dashed black) com-
pared to a (physical) finite range model (solid red).
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FIGURE 2.4: (a) and (b): Shape resonance. The depth of a square well potential is fine-tuned to a
critical value where the scattering length diverges and the weakly bound molecule disappears
into the scattering continuum. (c) Zero-range limit. While keeping the scattering length a fixed
the range of the potential is sent to zero. In (a-c) also the wave function, which defines the
scattering length a, is indicated.

potentials in non-relativistic physics are never contact interactions. The non-universal correc-
tions due to the true physical range vanish, however, as powers of 7,/|a| so that in the limit of
large scattering length the scaling limit yields accurate results (cf. the discussion in Chapter/[).
The zero-range limit has the advantage that it makes calculations feasible and in Section[Z.2 we
will encounter various examples where the scaling limit is used to derive analytical results.
However, as soon as |«| or the relevant, inverse wave numbers 1/x become of order of 7,
the scaling limit leads to unphysical or even pathological results: there are not only infinitely
many weakly bound trimer states but also infinitely many infinitely deeply bound states. The
reason for this pathological behavior is the absence of any scale 7, which prevents the system
from collapsing to infinite binding energies - and thus the collapse of the trimers to infinitely
small size. Obviously this collapse is prevented in nature by the presence of a finite potential
range and, theoretically, it is prevented by the presence of a regulating effective range term
~ 7,k?/2 in the inverse scattering amplitude £ (k), see Eq. Z26) below. Such an effective range
7, is for instance introduced when the range 7, is kept fixed as previously discussed following
Eq. @.8). Furthermore, due to the absence of any short-range scale, all Efimov states exactly
obey the universal scaling relations such as Eqn. Z:4) and Z.3). The corresponding Efimov
states are illustrated as dotted lines in Fig. 2.3 However, the dependence on the three-body
parameter x*, cf. Eq. (Z4), is still present, and x* has to be fixed to determine the overall
position of the spectrum. It is of importance - and unfortunately often not properly taken
into account in the literature - to realize that the scaling limit only leads to valid predictions
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when |a| is much larger than the range r,.* For the deep Efimov states accessible in experiments
with cold atoms this is typically not realized, and, strictly speaking, scaling theory cannot be
applied.

As mentioned above, it is, however, very tempting to apply results from scaling theory
because it allows to derive analytical expressions for many physical observables. For example,
already Efimov showed that the atom-dimer scattering length a4, at the atom-dimer
scattering threshold (green solid line in Fig.[2.3) obeys [[66]]

asp = (by— bytan[syln(ax,) + Bla 2.8)

where the b; are universal coefficients, first calculated in [[94]]. Universal results like this can
easily be used to fit experimental data, but once again, they are applicable only if |a| > 7,.
The collapse of the trimer states to infinite binding energies is connected to what was
found by Thomas prior to the calculation by Efimov [95]]. He considered atoms interacting
via a square well potential where he performed the scaling limit 7, — 0 while keeping a con-
stant, cf. Fig.[2.4(c). He showed that there exists a three-body bound state with binding energy
E ~—b/(m r3) — —o0. In 1979, Efimov succeeded to connect Thomas” and his own work

and showed that there are the above mentioned infinitely many, deep trimer states where the
2 2
deepest of those scales as £, ; ~ —#"/(mr;) — —oo [86].

Efimov effect and the renormalization group. The Efimov effect also leaves its traces in
a renormalization group analysis of the three-body problem and it presents one of the
extremely rare cases where a renormalization group limit cycle [97, 98] is realized in nature.

*As we will see below, |4| has often to be up to two orders of magnitude larger than of 7, or |r,| to be safely in
the scaling regime.
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FIGURE 2.5: Renormalization group flow of the three-body coupling constant with logarithmic
RG scale k in units of the UV cutoff scale A as computed in [96]] for (a) bosons, (b) SU(2)

fermions.
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The connection between limit cycles and Efimov physics was first discussed in [99]] and studied
in detail using effective field theory by Bedaque, Hammer, and van Kolck . Later
the connection was also analyzed in [96] 102} [103] (105, [108]].

As mentioned before, the two-body sector is governed by a strong coupling fixed point
[[70, [72, 73, [107]]. The existence of the fixed point directly implies that the system exhibits
scale invariance so that the system is invariant under the continuous scale transformations

66} (108, [109} [110]

a— Aa r—Ar t — At 2.9)

The Efimov effect changes the situation. One finds that the running of the three-body coupling
exhibits a flow which is log-periodic in the RG momentum scale & as shown in Fig. 2.5)a).
This result was obtained from the functional renormalization group and it is similar to
the calculation performed by Bedaque ez al. [[100, [101]]. The period of the flow is given by the
Efimov number s,, which Efimov showed to obey

So coshTO = —sinh—. (2.10)

The log-periodic structure of the limit cycle flow reflects the geometric spectrum (2.4): when
the RG scale is changed by a multiple factor of exp 7t/s, new divergencies appear in the flow
of the three-body coupling and these divergencies correspond to the appearance of new bound
states. The three-body parameter x, also appears in the renormalization group framework and
it sets the overall phase of the renormalization group flow. In a sense [[66], x, labels a continu-
ous set of universality classes. The periodic structure of the flow with its fixed frequency /s,
reveals that the continuous scale invariance present in the two-body problem is broken and
only a discrete scale invariance remains. This symmetry breaking is purely quantum, and one
may speak of a quantum anomaly as discussed in [113]]. The system is now invariant
only under the discrete scale transformations [[66]]:

X, — X, a— Na r— AT t—nlé”t

with
do=e"/%, 2.11)

The quantum anomaly is connected to the physics of two particles interacting via an inverse
square potential. The reason is that the quantum mechanical solution of the three-body prob-
lem can be reduced to the solution of a Schrédinger equation with an 1/R? potential [66]. We
studied this problem and its connection to the renormalization group limit cycle in [T11]].

It is worth mentioning that scale invariance is a very important feature when considering
many-body systems such as the unitary Fermi gas [[16]]. It allows to derive many exact relations
such as the vanishing of the bulk viscosity or the exact time evolution of the system
[116 [118]]. Contrarily, if one considers unitary bosons, scale invariance is
broken rendering calculations much more difficult. For two-component fermions with a mass-
imbalance smaller than a factor of 13.6 [[119, [120] no Efimov effect, however, takes place.
Instead of showing a periodic limit cycle the atom-dimer coupling exhibits an RG fixed point



16 CHAPTER 2. EFIMOV PHYSICS BEYOND UNIVERSALITY

tied to the renormalization group running of the two-body sector, cf. Fig. Z5(b). Thus no
quantum anomaly appears, scale invariance is preserved, and calculations can safely exploit
this important symmetry.

2.2 Observation of Efimov physics with ultracold atoms

Basically there are two experimental routes which have been taken to reveal Efimov physics
with cold atoms. One is the direct photo association of Efimov trimers using radio-frequency
spectroscopy. The other is an indirect detection by measuring three-body loss enhancements
caused by Efimov physics. For the latter one exploits the instability of cold atomic gases caused
by the recombination of atoms into molecular bound states. The binding energy gained in the
formation of a molecule is transferred into kinetic energy of the atoms participating in the
process. When this energy exceeds the trap depth, the atoms have sufficient momentum to
escape from the trapping potential. Having escaped from the trap, these atoms are obviously
not present in a subsequent absorption image, by which the number of trapped atoms is deter-
mined experimentally. By measuring the remaining fraction of atoms as function of time the
loss rate can then be inferred.

In order for momentum to be a conserved quantity, such collisional loss processes have to
involve at least three atoms.” The third atom ensures momentum conservation by carrying
away a portion of the binding energy released in the recombination process. Since three atoms
are involved, the loss rate is proportional to the third power of density [11]],

n=—Kyn’, (2.12)

where Kj is the three-body loss coefficient and 7 the density of atoms. As discussed in Chap-
ter[T] the existence of loss processes in ultracold atomic gases is quite natural: after all, the true
ground state of the system is not the gas of atoms but a solid - with the exception of the helium
where the atoms would form a liquid. In consequence, ultracold gases are in a metastable state
and the loss process discussed above is one of the many ways by which the system can reach
its true ground state.

Let us now briefly discuss three observables which are related to three-body decay and
which can be used to detect Efimov physics.

Three-atom recombination maxima for 4 < 0. The first possibility to find evidence for
Efimov states is the measurement of the loss coefficient K; in dependence of negative scattering
length a. In the scaling limit, cf. Eq. (Z.7), K5 can be expressed as [66]]

hat

K3 =3C(a)—. (2.13)
m

When no Efimov state is present, one finds a pure 4* scaling with a constant coefficient C(a)
. This scaling is due to the process schematically shown in Fig. 2.6(a), where two

>Two-body decay processes are also possible. These can, however, be often made sufficiently small in order to

be neglected [[11]].
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atoms form a virtual scattering state (dashed line). This state subsequently interacts with a
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FIGURE 2.6: Collisional processes leading to three-body decay of ultracold atomic gases. Solid lines
represent atoms, dashed lines molecules and dotted lines with three arrows Efimov trimers. (a)
Three-atom recombination. (b) In the presence of a trimer a new decay channel opens up. (c)
Atom-dimer recombination at the atom-dimer scattering threshold.

third atom (dashed vertex). The outgoing, deeply bound molecule as well as the outgoing
atom can be on-shell, physical scattering states. The evaluation of the corresponding matrix
element yields Eq. Z.13).

The situation changes, when an Efimov state is nearby or even crosses the atom scattering
threshold at the scattering length a where the measurement is performed. In this case a new,
fast decay channel opens up. The new process contributing to Fig. 2.6(a) is schematically
depicted in Fig. 2.6b). When the third atom enters, a new state, the trimer, can be formed.
This trimer has typically a very short lifetime and it decays quickly into deeply bound states.
Furthermore, when the trimer is energetically close to the atom threshold at zero energy, it is
almost gapless and thus the corresponding matrix element becomes very large. This leads to a
large enhancement of the loss which is visible as a resonance in K5 = K;(a).

This additional modification due to Efimov physics is described by the scattering length
dependent prefactor C(a) in Eq. €.13), which, in the resonance limit, has to obey C(22.74) =
C(a) due to the discrete scale invariance of Efimov physics. The loss process for a < 0 was first
discussed by Esry, Greene and Burke and shortly after in [127]]. Using
effective field theory, Braaten and Hammer succeeded to derive an analytical expression for

C(a) in the scaling limit [[126)]

sinh(27_)

Cla) = 4590 .
sin®[syIn(a/a_)] +sinh?7_

(2.14)

Here a_ is a representative of the three-body parameter as described in the previous section
and 7)_ reflects the finite lifetime of the trimer state involved. By fine-tuning the parameters a_
and n_, Eq. 2.14) can be used to fit the experimental results. Three-body loss enhancements
due to Efimov physics have been found in many cases [128},[129, 130, [132,[133]
and in Fig.2.7lwe show two examples. While in Fig.[Z.7|a) the first measurement of
an Efimov loss resonance for identical bosons is shown, Fig. ZZIb) displays the loss co-
efficient in a three-component ®Li Fermi gas compared to a functional renormalization
group calculation .
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FIGURE 2.7: (a) First indirect observation of an Efimov trimer in a ultracold gas of ** Cs atoms.
The measured recombination length (symbols) is shown versus the scattering length a and com-
pares well with results from scaling theory (solid curve) [Figure taken from [45]] by conrtesy
of R. Grimm]. (b) Three-body loss coefficient K5 as function of magnetic field in a three-
component ®Li Fermi gas. The resonances are due to Efimov states. Experimental data from
[128)] (symbols) versus a functional renormalization group calculation [137)].

Three-atom recombination minima for 4 > 0. For a4 > 0, three atoms at the atom threshold
at E =0, cf. Fig. can recombine into the weakly bound dimer state (green solid line in
Fig.2.2). In this case the two processes shown in Fig. 2.6(a) and (b) do not lead to enhance-
ment but rather a reduction of losses, since both processes conspire in such a way that the
corresponding matrix elements interfere destructively with each other. In the scaling limit,
the corresponding coefficient C(a) obeys the equation

C(a)=67.1e~7+(cos’[soln(a/a,)] + sinh? ny)+16.8(1—e ). (2.15)

Similarly to Eq. Z14), a4 is a possible representative of the three-body parameter and ), deter-
mines the lifetime of the trimer responsible for the minimum. Recombination minima were
for instance observed in [[45]], cf. Fig.[Z.Z(a, inset). The existence of these minima may become
of great importance for many-body physics as they might help to stabilize strongly interacting
repulsive Bose or SU(N) Fermi gases for a /7y > 1.

Loss resonances in atom-dimer scattering. It is also possible to prepare a mixture of weakly
bound dimers and free atoms in which both constituents interact with each other. During this
process, depicted in Fig.[2.6|c), the weakly bound dimer can fall into a deeply bound molecular
state and the participating atoms leave the trap. Similar to the discussion below Eq. €.13), a
close-by trimer state leads to an enhanced loss and the corresponding loss rate is parametrized

by [138]°

np=ny=—LB(a)npn,. (2.16)

®Here we neglect dimer-dimer scattering as well as the three-atom recombination also present in these mix-
tures.
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In the scaling limit, the coefficient 3 has been calculated using effective field theory [[139] and
has the form

h
Bla)=Capla)—, 2.17)
with ‘
C,pla)=20.3 sinh(27.) (2.18)

sin®[syIn(a/a,)] +sinh® 7, ’

and where again, a, and 7, are representatives of the three-body parameter and the lifetime
of the trimer, respectively. The enhanced atom-dimer loss has been studied for instance in
[140]. Note that in the case of @ > 0, non-universal corrections become generally par-
ticularly important, as the atom-dimer threshold itself (green solid line in Fig.[2.2) exhibits a
strong dependence on microscopic details when a becomes of the order of 7.

Photo association of trimers. The last possible route taken to detect Efimov physics is the
direct formation of Efimov trimers. Recently the group of Jochim succeeded to use radio-
frequency (rf) modulations to associate trimers from a mixture of atoms and dimers in an
two-component mixture of °Li atoms [[141]]. By applying an rf pulse, one hyperfine spin is
flipped and a trimer is associated in the final state. By measuring the rf response it was then
possible to directly determine the binding energy of the Efimov bound state, which, however,
is very short-lived. Similar results have been reported in [[129, [142]].

The apparent universality of the three-body parameter

In Section [Z.3] we have seen that for potentials with a finite range 7, there always exists a low-
est Efimov state in the spectrum. From now on, we will identify this state with the number
n = 0. As discussed above, one key experimental signature of Efimov physics is the reso-
nant enhancement of the three-body recombination rate when the nth Efimov state meets the

)

atom threshold at a scattering length 2", In practice, it is, however, often only the lowest

Efimov state at «_ = 4 that can be observed because of large atom losses as the scattering
length increases, cf. Eq. Z13). As more experimental data have been accumulated in recent
years [[47,[128},[129} (130}, 131}, 132} [133][134, [135]], a puzzling observation came to light: in most
experiments, the measured values for a_ clustered around a_ &~ —9.45 ;, no matter which al-
kali atoms were used. In consequence, this observation suggests a three-body parameter which
is indeed independent of the microscopic details. But where does this apparent ‘universality of
the three-body parameter’ come from? A possible answer to this question is based on the ob-
servation that, typically, Efimov trimers which are accessible with ultracold atoms appear in
a situation where the scattering length is tuned via a Feshbach resonance. Here the scattering
length is greatly modified and enhanced due to the presence of a molecule in a closed scatter-
ing channel. Thus the underlying microscopical mechanism is similar in all experiments. If
the three-body parameter is additionally not too sensitive to the remaining differences, the
observed "universality’ may appear not too surprising after all.
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Feshbach resonances are characterized by an additional parameter, the width »*, which
introduces a new scale into the system. In the following we present a theory for the three-body
physics of ultracold atoms close to a Feshbach resonance of arbitrary width. For so-called
open-channel dominated resonances, where r*// 4 is very small, we find as a main result
that the lowest Efimov state appears at a_ &~ —8.3 [ 4 consistent with experiments. These
open-channel dominated Feshbach resonances can, under certain conditions, be described by a
single-channel picture. Such a single-channel picture has been employed in recent, independent
work by Wang and coworkers and Chin where results similar to ours have been
found. Irrespective of the short distance behavior, single-channel potentials with a van der
Waals tail are known to have [ 4, as the only relevant length scale at energies much smaller
than the depth of the potential well [[145]. In the absence of genuine three-body forces, it
is plausible that this result extends to the three-particle Efimov problem and thus, that / 4,
provides the characteristic scale for the three-body parameter.

While being consistent with the observed correlation between a_ and the van der Waals
length /4, for a number of different alkalis, such a single-channel description does not apply
in general and suggests a universality of the ratio a_//_ 4, which is far too general even within
the constraint that only two-body interactions play a role. In particular, a single-channel
description cannot apply for closed-channel dominated Feshbach resonances. In this case, it is
known that the three-body parameter is set by the intrinsic length »* which determines the
strength of the Feshbach coupling [147].

In the following, we present an exact solution for the Efimov spectrum within a standard
two-channel model [92]] which incorporates the finite range of the Feshbach coupling and
properly recovers both limits of open-channel and closed-channel dominated resonances. It
provides a complete description of the trimer spectrum in terms of only two, experimentally
accessible, parameters: the van der Waals length / ;.. and the intrinsic length 7*. Depending
on the dimensionless resonance strength s, = 0.956 [ /7" [92], there is a continuous change
in the relation between the trimer energy and the scattering length, with the lowest Efimov
state appearing at a_ & —8.3 [ 4, as 5., > 1 while a_ &~ —10.3 r* in the opposite limit s, < 1.
This model provides a minimum description of the Efimov spectrum which is based on two-
body physics only and has no adjustable parameter. It explains why the ratio a_// 4, is in the
observed range for open-channel dominated resonances and predicts strong deviations from
this in the intermediate regime s,., = O(1).

2.3 Two-channel model

In cold atoms the scattering length 4 can be tuned by means of Feshbach resonances [88]].
Here one takes advantage of the fact that during a collision the pair of atoms can virtually
change their spin configuration. In the different spin configuration they interact then via a
different scattering potential, which is, due to the Zeeman effect, shifted with respect to the
potential of the incoming atoms when an external magnetic field is applied. For an illustration,
see Fig.[2.8] If the Zeeman energy shift ~ uB is larger than the typical kinetic energy of the
colliding particles (in the so-called open channel), the scattering states of the spin-flipped chan-
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FIGURE 2.8: Feshbach resonance model. During their collision the atoms ¢ in the open channel
can virtually flip their hyperfine spin state. The presence of a magnetically tunable molecule
& in the closed channel leads to an enhanced scattering cross section. A detailed discussion is
given in the main text.

nel are energetically inaccessible. Thus the latter is called the closed channel. Both the open
and the closed channel typically support many vibrational bound states. When tuning the
magnetic field, vibrational bound states of the closed channel cross the scattering threshold of
the open channel which causes an enhancement of the scattering cross section. In the follow-
ing we explain this mechanism, which leads to so-called Feshbach resonances, by introducing
a simple two-channel model.

Let us concentrate on one of the closed-channel molecular states which we denote by the
field ¢, cf. Fig. 28l Its bare energy is detuned by an amount E,_ | from the open-channel
threshold. Due to the coupling of the open and closed channel, the closed-channel molecule is
renormalized and becomes a quantum mechanical superposition of open- and closed-channel
states. When this renormalized state is crossing the threshold it causes a resonance in the
scattering length which can be parametrized by the phenomenological formula [[92]]

2

ﬂ(B)Zﬂbg — m

(2.19)

Here, u is the difference in the magnetic moment between the molecule and the open-channel
atoms, and Bj is the magnetic field where the divergence in 4 appears. a;,, denotes the back-
ground scattering length caused by the scattering solely in the open channel when no coupling
to the closed channel is present. The parameter r* characterizes the width of the resonance
as function of the magnetic field. It is determined by the dimensionless ‘strength’ s, of the
Feshbach resonance which is given by

res

a
r
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and where we introduced the so-called mean scattering length

1 i / 0.95598...1 2.21
a F(1/4)Z vdw = 0- B (2.21)
We will find that »* plays an important role in our study of non-universal corrections in
Efimov physics. Feshbach resonances characterized by s, < 1 (s,.s > 1) are termed closed-
(open-)channel dominated resonances.

Our goal is to explain the observed universality of the three-body parameter mentioned
in Section [2.2] within a simple model. The experimental observations indicate that the first
Efimov bound state appears for rather large scattering lengths a of ordera_ ~ —10/ 4. Typi-
cal background scattering lengths are of the order of the van der Waals length” [92]], such that
the scattering length needed to enter the regime of Efimov trimers is mainly due to the second
term in Eq. ZI9), which originates from the coupling of the open to the closed channel. Based
on the dominant role of this term, we are justified to neglect the first term in Eq. Z19). The
scattering length is then given by

a(B)=-—

where V(B) defines the renormalized dimer binding energy. Neglecting the background in-
teraction potential altogether, the system is described by the following classical action for

non-relativistic bosons ,

Pcl
é

§ = J {Sb*(r’t)[iat_vz]¢(r’t>+¢*(r’t) I:iat_vz/z'i'Emol(B)] ¢(r’t>}

n %L’rz,tx(rz “r) |:¢ <r1 —;rz,t> G (1, )" (1, z)+c.c.] , (2.23)

where we use natural, non-relativistic units 5 = 2m = 1. Here, ¢ denotes the atoms in the
open channel and ¢ the molecule in the closed channel. We introduced the bare detuning
of the closed-channel molecule E,_ |(B) = u(B — B,,,), cf. Fig. 2.8, where B, describes the
threshold crossing of the molecule when no closed- to open-channel coupling were present.
The molecule ¢ has the same classical, Schrdinger propagator as the atoms besides a factor of
two reflecting that the molecule consists of two atoms and thus has twice the mass.

The term ~ g describes the conversion of two atoms into the closed-channel molecule
with coupling strength g: two atoms ¢ at separation |r, — r| are annihilated and a molecule
@ is created at the corresponding center of mass coordinate. Note, that for a description of

7¢Liand **Cs are examples of alkalis which feature a large background scattering length, ||/ Lyay > 1. While
®Li is fermionic and thus less relevant for our study, >Cs has a background scattering length which is large and
positive. As the Efimov phenomenon we are after appears for negative scattering length, however, the second term
in Eq. Z19) is even more dominant in this case.
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— e™/% this atom-

universal features of Efimov physics, like the asymptotic ratio a4

molecule conversion amplitude ~ g may be taken as pointlike in coordinate space [66}, 100,
101]] which simplifies calculations considerably. In reality, however, it is apparent that the
conversion coupling has a finite range o which is determined by the scale of the wave function
overlap between the open- and closed-channel states. As has been pointed out by a number
of authors [150, [156], this can be accounted for by a form factor y(r)
in Eq. @.23). Although the precise form of y(7) depends on the (short-range) details of the
interatomic potentials, and thus is unknown, we choose an exponential form factor y(r) ~
e~7/7 /r. This form mimics the asymptotics of the bound state wave function in the closed
channel (green dashed line in Fig. 2.8) which is a weakly bound state for the usually small
magnetic fields employed in experiments. In momentum space this leads to y(p) = 1/(1+
o2 PZ)

As we will show below, the characteristic range o is given by the van der Waals or the mean
scattering length 2 & 0.96 [ 4. In physical terms, this reflects the fact that the classical turning
point in the closed-channel states is of the order of /4, because, as just mentioned, for typical
magnetic field-tuned Feshbach resonances, it is only the weakly bound states in the closed
channel which are close to the continuum threshold that are experimentally accessible. In
contrast to the more standard Gaussian cutoff , our choice for y(7) is optimal in
the sense that the resulting effective range 7, = 34 of two-body scattering near an open-channel
dominated Feshbach resonance (see Eq. 2.34) below) agrees very well with the standard result
7, ~2.924 [[145] for a single-channel potential with an 1/7° tail.

The action @Z.23) has three open parameters: g, B, and 0. Our goal is to fix these
by experimentally observable two-body physics. All three-body observables will then be a
prediction with no adjustable parameters at all. In order to achieve this let us derive the two-
body scattering properties of the model Z.23).

Determination of model parameters

The two-body problem can be solved exactly by computing the renormalization of the dimer
propagator P¢, cf. Eq. @.23). Evaluating the standard ladder diagram one obtains the full

inverse, retarded dimer propagator 47! which reads

¢

2 2 32
GNE,Q=—E+ Lt E_(B)—ie— g°/(2r) -,
2
0|:1+0 —%—i—%—ie]

p > (2.24)

and where the last term can be interpreted as the self-energy of the dimer. Note that due to the
finite range of the “Yukawa’-type coupling ~ g the regularization of the ladder is automatically
taken care of such that the corresponding integral can be straightforwardly evaluated.

The scattering of two atoms in the open channel is mediated by the exchange of the
molecule ¢. Evaluating the tree-level diagram shown in Fig. [2.9] (where the dashed (solid) line
denotes the propagation of a full dimer (atom) and the dot represents the Yukawa coupling
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~ g) one obtains the scattering amplitude

g xRy
T 16

f (k)

Y4(2k%,0). (2.25)

Here, the scattering is evaluated in the center of mass frame with incoming atoms of momenta
+k and total energy E = 2k? with & = |k|. The low-energy expansion of the scattering
amplitude defines the scattering length and effective range:

1
 —fa+r B2+ 00k —ik

(k) (2.26)

By expanding the exact solution (Z.25) in small £ and comparing the result with Eq. 2.26) the
experimentally accessible scattering length can be extracted from our model. One finds

1 1 167
=5 _EmoI(B>' (227)
a 20 g?

The bound state energy spectrum can in turn be obtained from the poles of dimer Green’s
function ¥4(E,0) in Eq. @Z4). It is shown in Fig.[2.10(a) in dependence of the magnetic field
for finite coupling g > 0 (solid line) and also for the case when no open- to closed-channel
coupling is present, g = O (dashed line). It is possible to derive an analytical expression for
the dimer energy £, = Ep(B) but as it is a very lengthy expression we refrain from showing
it here explicitly. In Fig. Z.10(b) we display the scattering length obtained from Eq. Z.27) in
dependence of B for the same parameters as in Fig.2.10(a).

Without any coupling between the open and closed channel, i.e. g =0, the bound state
spectrum is very simple. There is the two-atom threshold at £ = 0 and the closed-channel
molecule at £ = u(B — B,,). Contrarily, for nonzero g the position where the dimer reaches
the threshold and then vanishes in the scattering continuum, is shifted by® AB = B,., — B, and
accordingly the resonance in a(B) appears at By, cf. Fig. ZI0(b). The resonance shift AB is
readily obtained from Eq. (Z.Z7) evaluated at B = By, and one finds

2
/UAB = /u(BO - Bres) = s . (228)
3210

8Note, AB must not be confused with the magnetic width of the Feshbach resonance.

>‘0‘->->-g<
Go

FIGURE 2.9: Tree level diagram yielding the effective atom-atom scattering amplitude Eq. 2.23).
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FIGURE 2.10: (a) Energy spectrum of the two-channel model @.23). The energy of the molecular
state ¢ is shifted with respect to the non-interacting, bare state (dashed line) due to the a nonzero
coupling of closed- and open-channel states for g # 0 (solid line) (b) Scattering length a as
function of magnetic field B for the same parameters as in (a).

The magnetic field dependence in Eq. Z.27) can be compared to Eq. (2.22):

1 2
a= = (2.29)

%_%H(B_Bres) r*/u(B_BO)'

The insertion of uB

s from Eq. (Z.28) into this expression gives the identification of the cou-
pling g,

) 327
g =— (2.30)
”

The Feshbach range r* is accessible from the experimentally measured Feshbach resonance
profiles a(B) or from a fit of the dimer binding energy close to resonance. Since the resonance
position B, is experimentally measurable as well, Eq. @.28) fixes the parameter B, in our
model. The only parameter now left is the range 0. Here we exploit that the resonance shift
AB, cf. Eq. @.28), which is always positive in our model, has previously been calculated by
Julienne and coworkers using quantum defect theory for a multi-channel model with micro-
scopic interaction potentials that have a van der Waals tail [157]. They obtain (see Eq. (15) in

[1500)

2 1—a /62 a.—0 1
UAB = be e 2.31)

A1t (1—ald)’ T4
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Comparing this with Eq. @.28) finally yields’
o=a. (2.32)

All parameters of our model are now fixed by two-body physics only. Let us summarize
the identifications made:

from scattering length profile a(B): g = 7

from resonance shift Eq. (Z.28) compared to uB., <= ubB,
measurement of By:

from resonance shift Eq. Z.28) compared to o S
quantum defect theory, Eq. Z.31):

Finally we comment on the effective range approximation which has been employed in
recent work on Efimov physics . Within the effective range approximation one uses
in the three-body calculation the scattering amplitude f (k) expanded up to order k2

1

= , 2.33
—1/a+r,k*[2—ik 233)

[ (k)

where in our model the effective range 7, is obtained from expanding the exact /' (k) in Eq. (Z.25),

40
r,=—2r"+30 <1—§> . (2.34)

It has to be emphasized that the use of Eq. (Z33) together with Eq. (Z34) is an approxima-
tion. It will zot be employed in our following three-body calculation. We comment on this
approximation at this point, as on the one hand the analysis of the effective range Eq. (2.34)
is instructive and on the other hand we want to comment on the range of applicability of the

effective range approximation.
In the limit where the physical range o goes to zero the effective range is given by

r:—27‘*<0 0‘:0, 2.35
e (0=0) (2.35)

which is negative as required by the causality bound derived by Wigner [[160], see also [[161]].
The resulting model respecting Eq. (2.35) is known as the effective range or resonance model.

Note, alternatively o can also be determined from a fit of the measured dimer energy spectrum.
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It will be studied in detail in Section 2.8 Taking the additional limit »* — 0 corresponds to
the scaling limit.

We emphasize that for finite o > 0 the limit »* — 0 is well-defined and yields the physics
of open-channel dominated Feshbach resonances with an effective range given by 7, =30 on
resonance. In this case, upon integrating out the field ¢ in the action (Z.Z3), one obtains an
effective action for the atoms ¢ where the dynamical part of the inverse propagator P;l can

be completely neglected as can be seen from evaluating the corresponding tree-level diagram
shown in Fig. The action then describes a single-channel model with an effective range
of the atom-atom coupling which is in good agreement with the value obtained from a single-
channel model with true van der Waals potentials [145]. Thus we may expect that our model
also describes situations well where the scattering physics is solely dominated by a background
scattering potential with a van der Waals tail. This also explains the good agreement of our
results, to be derived in the following, with the one obtained in the single-channel calculations
by Wang et al. [[143]. Note however, that as long as o > 0, the single-channel model obtained
from integrating out the field ¢ in the limit of open-channel dominated Feshbach resonances
is still not equivalent to a single-channel model featuring a van der Waals type interaction. The
difference is that in such a ‘standard’ single-channel model the van der Waals interaction takes
place in the density channel while the two-channel model, after integrating out ¢, becomes
equivalent to a single-channel model with an interaction of finite range in the pairing channel.

E [arb. units]
2

By B [arb. units]

- - - effective range approximation
-+ universal theory

FIGURE 2.11: Molecule energy obtained from the exact expression 2.25) (solid black) compared
to the effective range approximation Eq. 2.36) and @.34) (dashed green). The result for the

universal dimer energy Ep, = —2/a? is shown as dotted, red line.

Coming back to the effective range approximation, we compare the exact bound state
spectrum as shown in Fig. 2.10(a) to the spectrum obtained from Eqn. Z.33) and 2.34) in
order to estimate the range of validity of this approximation. The result is shown in Fig. 2.11]
(dashed line) for a relatively open-channel dominated resonance with s, = 10. We also show
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the universal formula £, = —2/a? (dotted line). Within the effective range approximation the
scattering amplitude has a pole corresponding to a bound state energy

2

2 27,
Ep=——=|1—4/1——| . (2.36)
r a

The apparent breakdown for 2 < 27, and r, > 0 is prevented by the scattering length de-
pendence of 7, itself, cf. Eq. 2.34). Note that keeping an effective range independent of the
scattering length is not sufficient. The effective range expansion has a wider range of appli-
cability when the closed-channel character of the resonance increases, s.., — 0, since then 7*

dominates Eq. 2.34).

res

2.4 Functional renormalization group approach

In the following we will exactly solve the three-body problem for the action given by Eq. (Z.23)
using the functional renormalization group. Although there is no three-body coupling present
in the action (Z.23)), quantum fluctuations will generate an effective interaction between atoms
and dimers described by a term

NJQ 0,,Q A3(Q15 Qy, Q3)$™(Q)) ¢ (Q)P(Q3)(Q) + Q, — Qs), (2.37)

where the fourmomenta Q; = (£,,q;) include energy and momentum. A process leading to
the generation of the vertex A, even in absence of a microscopic three-body coupling, is given
by the diagram

s
)\3 ~

o 3 (2.38)

where dashed lines denote (full) dimer propagators, solid lines atom propagators, and the ver-
tex dots represent the atom-dimer conversion (Yukawa) coupling ~ g. The vertex A, develops
a complicated energy and momentum dependence and poles in this vertex signal the presence
of Efimov bound states.

Within a standard effective field theory approach the solution of the three-body problem
amounts to a self-consistent solution of the set of integral equations shown in Fig. [[100,
[163]]. When few-body physics is concerned only, the set of equations corresponding to
these diagrams yields the exact solution of the three-body problem. It is rather remarkable how
small the set of equations is considering that one is dealing with a strong-coupling problem.
And indeed, in a many-body problem, the situation is much more complex. In this case, one
has to deal with the fact that in general there is an infinite hierarchy of coupled equations



2.4. FUNCTIONAL RENORMALIZATION GROUP APPROACH 29
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FIGURE 2.12: Integral equations for the (a) two-body problem (Lippmann-Schwinger equation)
and the (b) three-body problem (Skornyakov-Ter-Martirosyan (STM) equation [162)]). Thick,
dashed lines denote the full dimer propagator, thin lines atoms. Further symbols are: Yukawa
coupling (small circle), bare atom-dimer coupling (gray square), and full atom-dimer vertex

(dashed, big circle).

describing infinitely high 7-body couplings.!® For instance, consider the vertex A,(¢*$)?
which belongs to the four-body sector. It describes dimer-dimer scattering and is generated by
quantum fluctuations of the type

Y
)\4 ~
Vs * (2.39)

In the generic many-body setting, it couples back to the two-body sector by a tadpole diagram
as shown in Fig. Z13(a). The same ‘backfeeding’ takes place for the atom-dimer coupling A;.
In the many-body problem it influences the one- and two-body sector via the diagrams shown
in Fig. (b-c). These diagrams in turn would yield additional contributions to the integral
equation in Fig. rendering the exact solution of the problem inaccessible.

In the few-body problem, however, the density of particles is zero and thus no holes can be
present. This is a direct consequence of the fact that in non-relativistic few-body physics one
studies the excitations out of the vacuum state and not out of a many-body ground state, which
for example may be a filled Fermi sea or a Bose-Einstein condensate. Diagrams generating a
coupling belonging to an 7’-body sector which involve a higher-n-body vertex with n > »’,
always involve the propagation of at least one hole and thus they vanish.

This can also be understood from the statistical physics point of view. While in the many-
body problem the partition function is taken with respect to the set of many-body states

In the following we will often use the notion of n-body couplings or sectors. This shall define the set of
(interaction) terms which describe 7 in- and outgoing particles. Here the fundamental field ¢/ counts as one
particle, while the composite field ¢ corresponds to two particles as given by their respective charge under the
global U(1) symmetry.
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FIGURE 2.13: Diagrams where higher n-body couplings feed back into lower n’ < n-body sectors.
They vanish in the few-body problem.

compatible with the desired particle number (or, if grand-canonical, the chemical potential),
in the few-body problem the partition function is taken with respect to the vacuum only. In
non-relativistic physics, it is impossible to annihilate a particle out of this vacuum. This is dif-
ferent from relativistic, ‘few-body’ high-energy physics where in a sense the vacuum reminds
much more of non-relativistic many-body physics. Here, antiparticles can be excited out of
the vacuum, and thus arguments applying to non-relativistic few-body physics do not hold
anymore. In summary, with the arguments outlined above one can show the so-called vac-
uum hierarchy [[46] 66] which states that in the few-body problem the 7-body sector cannot
influence the 7’-body sectors for n” < n. Note that in the context of fRG flow equations the
argument becomes more subtle [163]. As recently shown by Tanizaki [[164], depending
on the choice of regulators there are additional equations to be considered to close the set of
few-body flow equations. In the following we, however, employ a regulator scheme which
respects the vacuum hierarchy as also pointed out in [[164]).

Since we only want to solve the three-body problem, we can ignore the quantum genera-
tion of the four-body and higher order couplings by virtue of the vacuum hierarchy. Therefore
the only equations to be solved are the ones displayed in Fig. These equations have to
be solved self-consistently which means that the full, exact dimer propagator, cf. Fig. Z12(a),
has to be inserted into the equation for the three-body coupling A5, displayed in Fig. Z12(b).
The solution of the three-body problem thus consists of several steps: the two-body problem
has to be solved, the three-body integral equation has to be derived, and finally, it has to be
solved as well. In order to achieve this we choose to use the functional renormalization group
for two reasons. First, the derivation of the three-body equation becomes particularly simple
in this approach, and secondly, it offers the solution of the few-body problem within a frame-
work which allows not only to tackle the few-body problem but also the much more complex
many-body problem within the same, unified approach.

The functional renormalization group (fRG) is introduced in Appendix[Cland some com-
putational details will be covered in Chapter[dl For detailed reviews, we refer to
[169, [170, [175]]. In brief, the fRG uses an RG scale & dependent generating
functional 'y, - the so-called effective average action - which interpolates between the classical
action § =T',_,, when £ equals the UV cutoff scale A of the theory, and the full (quantum)
effective action I' = I',_,, when £ reaches the infrared, by successively including quantum
fluctuations on momentum scales p 2 k.

The effective actionI' = I'[ ), ¢] is the generating functional of all 1PI vertex functions and
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thus the knowledge of I is equivalent to having solved the many-body Schrodinger equation.

The evolution of I';, with the RG scale & is governed by the non-perturbative renormalization
group equation [[176]]
1 1
rik = _TrTQkRk' (240)
2 I +R,

Using this RG equation we derive the exact effective action I" of the three-body problem in
the s-wave channel described by the underlying action .23). This problem presents one of
the rare examples where the RG evolution of a non-trivial problem can actually be solved
exactly. As such, it is of interest from an RG perspective alone, since it offers the possibility
to study the consequences of regulator choices in (2.40) on the basis of an exact solution. This
has to some extent been done in a similar context studying SU(2) fermions in and open
questions concerning an observed regulator dependence have been resolved in [[164]).

The functional I'[¢, ¢] contains all possible terms of ¢ and ¢ allowed by the symmetries.
The first step in solving Eq (2.:40) is to single out a truncation of I',, which contains the complete
information about the three-body problem. In general, infinitely many couplings of arbitrarily
high order are generated during the RG flow, e.g. terms ~ ()", ~ $*$*J* etc. By the
virtue of the vacuum hierarchy, however, the n > 4-body sector does not feed back to the
lower 7 <3 body sectors. It is for this reason that we can write down an exact and complete
vertex truncation of I'y, for the three-body problem. It reads

I, = J {gﬁ*(r,t)[iat—Vz]gb(r,t)+¢*(r,t)P¢Je(i3t,V2/2)¢(r,t)}

r +r,
2

+ 8 LW x (1 —r1>[¢(

> ,t)¢*(r1,t)¢*(r2,t)+c.c.] +138, (2.41)

where TzB is the three-body term generated by quantum fluctuations which reads [cf. Eq. Z.37)]

Iy =- JQ QR Q1 Q2 Q)F"(QDF(QIHQRHQ + Q. — Q). (2:42)

Note, that there are more terms in Eq. (Z.41) allowed by the symmetries of the problem such
as e.g. A (), or &(¢4*¢)’, which would be generated by diagrams of the form shown
in Fig. 214 These diagrams however vanish because holes appear in the loops. Note, the
coupling A, (¢*¢)? generated by the diagram in Fig.[2.74(a) would induce a flow of the Yukawa
coupling g. Since A, remains, however, zero during the flow, the Yukawa coupling is not
renormalized, d,g = 0. For this reason the only running couplings to be introduced in the

truncation of I'; are the inverse dimer propagator Py ;. and the atom-dimer coupling Agk). Both
couplings are complicated functions of momenta and frequencies so that one technically has
to deal with an infinite set of coupled flow equations.

The flow equations for Py ;. and )gk) are derived upon insertion of Eq. Z41) into Eq. 2.40)
and by taking the suitable functional derivatives with respect to the fields at fixed external
momenta. The flow equations are displayed in terms of diagrams in Fig.



32 CHAPTER 2. EFIMOV PHYSICS BEYOND UNIVERSALITY

V{ S
Y E AT

FIGURE 2.14: (@) Diagram generating an atom-atom scattering term ~ Ay(* )? which belongs
to the rwo-body sector. Since it contains holes in the loop, it vanishes in the non-relativistic
vacuum. (b) Diagrams generating a three-atom scattering term ~ y(¢* ) which belongs to
the three-body sector. Since the diagrams contain holes in the loop, they vanish as well.
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FIGURE 2.15: RG flow equations in terms of Feynman diagrams. Lines with one (two) arrows
denote atoms (dimers). The two thin lines cutting internal lines denote regulated, inverse
propagators PS = =Py;4+Ry;4- () Flow equation of the inverse dimer propagator Py ;. (b)

Flow equation of the atom-dimer coupling )gk)

We have now to devise an RG scheme which yields infrared vertices Py = Py ;_, and

Ay = Agk:o) which in turn solve the self-consistent equations displayed in Fig. In order
to achieve this we have to first integrate the flow of the dimer propagator and then insert
its infrared solution into the flow of Agk). Remarkably, this RG flow prescription can be
implemented by a specific choice of regulators Ry and Ry which we put forward in [96]. It is
based on the observation that in every diagram belonging to the three-body sector one dimer
appears in the loop while in the two-body sector only atoms are present. Thus we can choose
a dimer regulator which stays extremely large while we are lowering the atom regulator R,
to zero in a first RG step. The result is then the full, exact solution of the two-body problem.
In a second RG step we then lower the dimer regulator R;. By inspection of Fig. 2.I3(b) we
see that the internal atom lines are then not regularized anymore and only a regulator on the
dimer lines remains. As a result of this second RG step we obtain the full, exact solution of
the three-body problem. A similar scheme has been used by Diehl ez al. for the solution of the
atom-dimer scattering problem of fermions [[177]]. Moroz et al. then introduced the notion of
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the two-step RG prescription for the solution of the three-body Efimov problem in the
scaling limit. Here we adapt this method to solve the three-body problem for the finite-range
action (2.23) for arbitrary energies and scattering lengths, cf. [178]).

In the end, this prescription amounts to solving first the two-body problem exactly, and
then using the resulting dimer propagator ¢ = 1/Py ;. as input for the flow equation of Agk)
depicted in Fig. We already derived the solution of the two-body problem in Section2.3]
cf. Eq. @24). It is however instructive to re-derive this result using the fRG method. For
similar treatments, see [46} 96, [177]).

Exact solution of the two-body problem

The flow equation of Py , is given by

1 2 2|)?
GPyp(Q)=—= ¢ x(lp+a/2) . (2.43)

3
2 L “TPy(—P)+ Ry(—P)I[Py(Q+P)+ Ry(Q+P)]

Here, the symbol é} implies that the scale derivative only acts on the explicit £ dependence of
the regulators R . Equation 43) can be solved analytically for various regulators R . The

particle-particle loop shown in Fig.[Z.15(a) would diverge in the case of zero-range interactions
if no regulator were present and each choice of R represents a different regularization scheme

for this loop. Here we use the particularly simple form

Ry1(Q)= k2 (2.44)

which simply adds a static gap to the atoms. Note that the Yukawa coupling g can be placed in

front of the integral, because J, acts only on the regulator and furthermore g is not dependent
on k anyway. After having performed the frequency integration, the flow equation reads

2 3 2

g x [ 4p x(lpl)

akpq%k(q’E):__a/eJ 3 T, 2
(2n)’ —E+2p°+q°/2+2k

: (2.45)

where used a shift in the integration variable p — p—q/2 which makes the angular integration
trivial. Since no coupling appearing in Eq. (Z.49) is k-dependent we are allowed to replace ék
by J, upon which we can directly perform the RG flow by integrating the flow equation from
k = 0 up to the UV cutoff scale & = A. We obtain the infrared, (retarded) inverse dimer
propagator

2 00
_ 8
GUED = Pyar)=Puaa D)+ | dpr o)

1 1
X - . (2.46)
[—E+2p2+q2/2+2A2—ie —E+2p2+q2/2—ie] (

Here, P \(E, p) equals P;I defined in Eq. @.23).
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For a finite value o > 0 the momentum integral is regularized by the finite range of y(r)
which gives an additional 1/p? decay for large momenta. We may therefore directly take the
UV limit A — co. Note, that this is different from the case of zero-range potentials which
has been discussed previously in the context of the fRG and which is subject of
most literature on Efimov physics [[66]. In this case, y (p) = 1 and the limit A — oo cannot be
taken right away since then the second term in Eq. 2.46) diverges upon integration. Instead,
A has to be kept finite so that the first term in the bracket in Eq. (Z.46) is responsible for the
regularization. The now convergent integral is evaluated, the A-dependence absorbed in the
definition of the UV dimer propagator (renormalization) and 7 the end the limit A — oo can
be taken. We note that the limits A — co and ¢ — 0 are not interchangeable.

In our present case, where we have the physical cutoff 1/0 given by the range of the
conversion coupling g, no artificial UV regularization is needed. After having taken the UV
limit A — oo we obtain the result previously obtained, cf. Eq. (Z.24), which we display again

2 2 32
GNE,Q)=—FE 4+~ +E (B)—ic— g°/C2r) .
2
0|:1+0 —%—i—%—ie]

p : (2.47)

Having solved the two-body problem and having fixed all parameters of our model as discussed
in the previous Section we can now turn to the solution of the three-body problem.

2.5 Exact solution of the three-body problem

In our two-step RG scheme, we are now left with the final step to derive and solve the flow
equation for the vertex /lgk) using the full, infrared propagator (Z.47) as input.

Derivation of the flow equation

The derivation of the flow equation for A(Sk) follows the previous works which we
extend to account for finite range potentials as well as finite scattering energies and scattering
length a. In our scheme the atoms ¢ are not regulated while the molecules ¢ are supplemented
with a sharp momentum regulator, such that

1 1

A(lq| — k). (2.48)

The starting point of the second RG step is the truncation .41) with Py replaced by its

infrared counterpart in Eq. Z47). The only running coupling is then Agk) which depends on
three four-momenta Q,, Q,, and Q. Following this complexity can be simplified by per-
forming the calculation in the center-of-mass frame (CMF). The definitions for the kinematic
variables is equivalent to our choice in Ref. and it is summarized in Fig.
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FIGURE 2.16: Kinematics of the vertex Agk)(Ew, a15E 45, @ E).

Q

In the CMF, the vertex depends only on 9 variables and we write it as!!

¢ ¢
Q Q
k k) N7 N
A = XE ), a0 E gy a0 E) (2.49)

where E denotes the total incoming energy of the atom and dimer. The flow equation, dia-
grammatically shown in Fig.[2.15 then reads

- (1] — )
&t O¢. _
Ay (Q[,QE) = 3kjp¢(w’l>P¢(_w+E’_l)x (2.50)
L

[Aé“(Qf,L;EMQk)(L,Qf;E>

x(a +EDx 1+ %)

P¢(—a) +E—qf,—l—q1)
x(la+2Dx 1+ %)

Py(—w+E—gq5,~l—q,)

. Exlla+i0x(1+%2)  x(a+EDx(t+2))
Py(—~w+E—qy—l—q,) Py(—w+E—q},~l—q,)

+¢ AL, QY5 E)

+¢2AM(QY, L;E)

>

where L = (w, 1) is the loop and Q = (£, 0) the ‘external’ momentum. We may now apply the
residue theorem to evaluate the w integration. Here it is important to note that we assume
that singularities (bound states) arise in /1(3/6) solely from singularities in the last argument £
belonging to three-body bound states and not from the first two arguments. This is similar to
the reasoning leading to decompositions of vertex functions into bilinears as done by Giering,
Husemann, Metzner, and Salmhofer [182]]. In our case this assumptions holds
exactly as verified by our final result. Since the loop frequency only appears in the first two

"Tn the following, various definitions of igk> are used, which only differ in their momentum dependence.
Which of the definitions we use shall be implied by the corresponding kinematic arguments.
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arguments of A(Sk) we may safely integrate Eq. (Z.50). Furthermore we consider only energies
E <0 below the atom (2 < 0) and atom-dimer threshold (z > 0), respectively, so that we do not
pick up additional bound state poles from the dimer propagator when closing the frequency
integration contour. Note that this would become a subtle issue when solving the three-body
problem for more complicated atomic potentials featuring deeply bound states.

The frequency integration puts the atom appearing in the first line in Eq. Z.50) on-shell,
w — 12, cf. [[46,166, 96} [177], such that it is only required to track the flow of a ‘half-on, half-off
shell vertex’ /1(3/6), defined by

(q13q2a ) (E¢1 ql,Q1,E¢2—q2,anE> (251)

Differently to the solution of the two-body problem, we are not allowed to make the replace-
ment d, — J, in Eq. (2.50) as the integrand includes k-dependent couplings. Instead we per-
form the d, derivative which acts only on the step function. The flow equation then reads

3
Ek,lg@(ql,qz;g) = — (jn;p:élll;f)—l) Agk)(qpl;E)/lgk)(l,qz;E) (2.52)
x(lax+3Dx (L+ %)
—E+q+ 1+ (q+1) —ie
g X(|f121+§|))((|l+%|).
—E+q;+1 +(q+1)* —ie
ot x(a+3Dx 2+ 2 x(a+3Dx(1+ %))
—E+@+ P+ (g +1P —ie —E+ @+ +(q+1) —ie

(k)
+82’1 (ql’ S E)

k
X014y E)

The collisions of atoms take place in the low-energy limit. Thus we may perform an s-wave
projection of the atom-dimer scattering and define [[96]

X g1 E) j deost i gy anE),  6=Lapa), 2.53)

where the prefactor is defined for later convenience.!? Taking the angular average of Eq. 2.52)
and evaluating the delta function leads to the rather simple expression!’

g2 kZ
—— X
27 Py(E — K2, k)
[ Grlars )X s E)+ X0(q1 k3 )Gk, )

+Gp(a1, k)G (ks + Xa, X (kg E)] @54

2With this choice the coupling )gk) is rescaled by the quasiparticle weight Z; ~ 1/ g2 of the molecule at
resonance in the zero-range and broad resonance limit.
BFor computational details on the angular average we refer to Appendix[E]l

k
alefl(; )(41’42§E>
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where we defined

(2.55)

Ge(p,q)= J d cost )((‘p+§“))((‘q+§‘)
E

—E+p*+ @ +(p+q)P —ie

The function Gz(p,q) can be calculated analytically for a Gaussian as well as the exponen-
tial shape function y (7). The resulting expression is however quite lengthly. In the limit of
vanishing range o — 0 it reduces to the well-known expression [[66} 163}

1 2+ pP+qp—L—ie
Grlq,p)= 7 log qz Pz a7 2 —. (2.56)
P g tp —qp— 7 —i€
Remarkably, the flow equation (Z.54) can be integrated exactly [[177]. The final result will be
a modified version of the famous Skornyakov-Ter-Martirosyan (STM) equation [[162]. For the
derivation we follow closely the derivation in extended to our problem.
First note that Eq. Z.54) is in a binomial (matrix) form. This is the key to be able to
integrate this equation exactly. In order to do so it is convenient to define the quantities

8e(q1q) = 16419,GE(91592), (2.57)
Wana) = 16010, X(q1,9E), (2.58)
fE(k)(qpqz) = gE(ql,qz>+if)(qqu), (2.59)
and finally
Ge(l)=—g*94(E - I2,1)[(32727). (2.60)

Using Eqs. 2.57)-2.60) the differential flow equation Z.54) can be written in the compact

form

a/efE (91,92) = fE (611, )fE (k. q5)- (2.61)
which can be expressed as [[96}
A= dl | arf P, DAL ) 26
with
AR 1Y = G (k)8 (b — 1) (R — 1), (2.63)

Interpreting Eq. (2.62) as a matrix equations with matrices of a continuous index we may
formally write Eq. (2.62) as

k k k k
9, f 0 = f0. AW p® (2.64)

— () =—AD. (2.65)
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It is remarkable how the complicated three-body problem is reduced to such a simple flow
equation. Before integrating this equation, we have to specify the initial condition at the UV

scale £ = A for fE(k). For now we assume that there are no sizable microscopic three-body
forces, so that 1(3A) =01in Eq. @59). This implies

17V (a0 02) = 86(a192)- (2.66)

In reality, there are, however, genuine three-body forces and we will qualitatively study their
influence in Section[2Z.9] Respecting the initial condition 2.66), Eq. (2.63) is integrated from k
to A which yields

A /
) ) = o)+ | a4 ) 26)

The inversion of this result gives the following expression in matrix representation - note, in
this step the resummation of infinitely many diagrams takes place -

A , -1
£ = [I+9-L dk'AY >] g (2.68)

From this equation, when integrating down to the infrared scale &£ = 0, we then finally obtain!*

A
16(q1,92) = 86(q1502) —L dl gp(q1, 1) (D) fe(l,q2) (2.69)

When inserting the definition of fz, Eq. @.39), into Eq. (Z.69) one finds that this is a modified
version of the famous STM equation (see also [|66]) - here in a version for the irreducible
vertex function A; and for finite range potentials. In ‘standard’ treatments of Efimov physics
using zero-range potentials, the integral in 2.69) is UV divergent and the regularization with
the cutoff A has to be kept. Adjusting A one can then control the actual position of the Efimov
states in the (1/a, E) plane of the bound state spectrum. Therefore, in the zero-range case, the
UV cutoff A can be regarded as a representation of the three-body parameter.

In our case the situation is fundamentally different. Having a physical range o present, the
integral is not divergent anymore by virtue of the form factor y(r) appearing in the terms gz
as well as (. Thus we can safely take the limit A — oco. In a sense, nature takes care of the
regularization by itself and the artificial three-body parameter A disappears from the theory.

Numerical renormalization group flow of Agk)

Equations (Z.68) or (2.69), respectively, have to be solved numerically. For this purpose, it is
advantageous to put the vertex f5 and all other functions such as g, on a logarithmic grid in

“When Eq. @89) is solved for energies E above the atom-dimer threshold for @ > 0, a pole in { is picked up
in the /-integration in Eq. Z.69) leading to an imaginary part of f,. This is responsible for a finite recombination
rate at the atom-threshold.
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momentum space. In this way, one can then easily follow the RG evolution of, for instance,

/1(3/6)(611,612). The numerical procedure is stable and robust due to the fact that Eq. (Z.68) is
not an implicit integral equation unlike the standard STM equation (2.69). Specifically, we use
dimensionless quantities and measure the momenta and RG scale & with respect to the inverse
range of the potential A, =1/¢ and define

k A
t=In—, t=lnh—, ¢t =Iln— (2.70)
A A

where ¢ is larger than zero. If one considers the zero-range limit, 0 =0, then A is traded

for the UV cutoff scale A itself such that ¢, = 0. In the case of o > 0 any choice A > A
can be used and A only appears because of the numerical implementation. On a discrete
logarithmic grid with spacing At and extension (., ... t,..)> Eq. @.68) reads in discretized
form

-1

tmax

[fE]tl,t2 = Stl,t/ + At Z [gE]tl,tl gE(tl)Stlt/ [gE]t’,zz’ (2'71)
L=t et
1>

where t,, t,, t/, t;, and t denote discrete indices labeling the points on the logarithmic RG
scale and momentum grid, respectively. In the numerical solution ¢, and thus A is chosen
to be much larger than 1/0 so that the integral in 2.68) has converged within the numerical
accuracy. In Fig.[2.17] we show an exemplary RG flow of Agk) for external energy E = 0 and
a finite, negative 1/a < 0. In the beginning of the flow the vertex A;(z,t,, E = 0), which
is symmetric in momentum space, remains zero, cf. Fig. Z17(a), until it reaches the scale
k =~ 1/0 [Fig.2ZIZb)]. From this scale on, high momentum modes become renormalized and
a log-periodic pattern, characteristic for an RG limit cycle, develops, cf. Fig. 2.17(c-d). When
the RG scale reaches the scale given by the scattering length 1/|z| the RG flow is effectively
stopped, cf. Fig.[2.17(e), and a finite number of periodic patterns remains [Fig. Z.I7(f)]. The

development of each of these periodic patterns is related to the appearance of a resonant en-

hancements of )gk) during the flow. This in turn gives rise to the presence of a bound state and
therefore the number of periodic patterns along the diagonal #; = ¢, axes gives the number of
Efimov states. From this observation it is already evident that when |z| becomes of the order
of o no Efimov states can be present as essentially no flow is generated at all.

Fig.[2.17| was derived for a large value of s, & 100. If s, is chosen to be small, then it is
the scale 1/7* which suppresses the flow of the atom-dimer vertex in the UV so that the flow
is started only on a much smaller RG scale k. For this reason much larger values of |a| are
needed in order for A; to support bound states. It is important to note that a finite energy |E]|
takes also the role of an IR cutoff scale such that the flow at 1/4 = 0 but at finite £ < 0 looks
very similar to the one shown in Fig.2.17
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FIGURE 2.17: Renormalization group flow of the atom-dimer vertex A(Sk)(ql,qz, E =0). Thesolid
lines represent the scale q; = 1/ o and the dashed lines the inverse scattering length q; = 1/|al.
For a detailed discussion, see main text.

2.6 Determination of the bound state spectrum

The knowledge of the full vertex A at the infrared scale gives all information about the scatter-
ing of three bosons, such as bound states, recombination rates, and lifetimes, by evaluating the
corresponding tree-level diagrams [[66]. In the following we compute the trimer bound state
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spectrum by identifying the poles of A;(q,,¢,;E) as a function of the energy E. As shown
recently [48]], such poles also exist in higher order vertices Ay for N > 4 which are not consid-
ered in this chapter. In Chapter[3] we will study the four-body problem using renormalization
group equations and show that the Efimov effect extends to the four-body sector. Indeed, it is
likely that there are N-body bound states for arbitrary large N, a conjecture consistent with
a recent theorem by Seiringer which states that any pairwise interaction potential with
negative scattering length 4 has an N-body bound state for some value of N, no matter how
small |a| may be. So far, the existence of N-body Efimov states has been shown numerically
up to N = 13, see [[184]).

Three-body bound states are determined by the poles in the vertex function A; as function
of total incoming scattering energy of the atom and the dimer, cf. Fig. Basically, the
procedure is similar to the case of simple two-atom scattering which is determined by the scat-
tering amplitude f(E) in Eq. .25). The difference is that the vertex A; is a more complicated
quantity depending also on the momenta of the in- and outgoing atoms. Close to its poles A5
can be parametrized by

" A(q1,9)
gy, E) ~ By 2.72)
E+E."+:10
where F(;) accounts for the possibility of unstable trimer states and 9 represents the momen-

tum dependent residue of the bound state pole. In our case we have neglected the background
scattering potential and use a closed-channel potential which supports only a single bound
state such that no deeply bound molecular states are present. In consequence, there are no

decay channels for the trifners and F(;) = 0. The pole structure of A5(¢y,4,;E) in Eq. @72)
carries over to the vertex A; defined by Eq. (Z58). Since g, as defined by Eq. Z57) is a regular
function of energy at E = —(E(Tn) +1 F(;)), it can be neglected in Eq. (Z.59) such that indeed

@(41,612>
E+EW 4ir%

fE(n)(Ch,qZ) r (2.73)

In order to determine the bound state energies, Eq. 2.73) is inserted into the modified STM
equation (Z.69). This equation is evaluated for energies close to a possible bound state pole so
that the regular function g, can be neglected. This finally yields the matrix equation

2 A
. g gelgnl) 4
B(a,a,)=—— | dI—C"7 B o). 2.74
(ql qZ) 327‘[2 L P¢(E _ lz,l) ( 42) ( )

As before, as long as o > 0, the UV cutoff A can be sent to infinity. Eq. Z.74) can conveniently
be written in matrix representation as

RB=C B (2.75)
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with 2 ( )
CqanE) = ——— g LI (2.76)
8(3+&)m” Py(E — q5,9,)

Eq. €.75) is a homogeneous matrix equation which has non-trivial solutions for 2 only if
9 =det[6 —I]=0. 2.77)

It is straightforward to repeat the proceeding derivation for the case of three interacting (mass-
balanced) SU(2) fermions and for completeness we included a factor & in Eq. 2.75) which is
& =1 for bosons and £ = —1 for fermions. Since the second fraction in Eq. (Z.Z8) is positive,

it is directly evident that there cannot be an Efimov effect for SU(2) fermions.

Numerical procedure

In order to find the bound state spectrum of the two-channel model (Z.23) we have to calculate

the zeros of the determinant 2 in Eq. (Z77) where 2 is a function of the scattering length,
energy, resonance strength, and potential range, 2 = 9(1/a,E, g,0). To evaluate ¥ numeri-
cally, the function ¢ — 1 from Eq. @.77) is put on a logarithmic momentum grid as defined
by Eqn. @.70). This grid extends from high momentum modes of order g, ~ 5/0 down
to low momenta of order ¢, & 0.01g;zx where gy is determined by the lowest out of 1/|4|
or |E|'/2. The choice of the interval g, ; /max €0SUTres convergence within numerical precision.
The unitarity point E = 1/a = 0 can be treated analytically, which we have done in Ref. [96]].
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FIGURE 2.18: Determinant 9 evaluated for zero energy, as function of scattering length a < 0
and conveniently rescaled by a positive factor of (14e~119/41/2)," (a) Comparison of the flow for
various grid sizes used for the numerical representation of 6. Note, the results for N = 30,40
lie almost on top of each other. (b) Determinant 9 as function of negative scattering length
for two values of resonance strength. The smaller s, the larger |o a| has to be to allow the

formation of an Efimov trimer.
In Fig.[2.18)a) we show the determinant & for an open-channel dominated resonance char-

acterized by g? = 100/c at E =0 as function of In|o /a| for a varying number of grid points
N x N. For the displayed range of o/|a|, one finds convergence of the results for N & 40.
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The number of necessary grid points depends on the range g,.... ... g This follows also di-
rectly from our discussion of the RG flow shown in Fig. 217t the smaller || or |E|, the wider
the range where A5(q;,¢,; E) has a non-trivial structure in momentum space. In this way
Fig.[2.18(a) nicely illustrates the necessity to keep a constant (high) resolution of logarithmic
momenta as higher excited Efimov states are studied and thus ¢,;, is lowered. This constraint
is implemented in our numerical procedure and we find that a resolution of logarithmic mo-
menta with a grid spacing of Az = 0.2 leads to convergent results. As a consequence of the
logarithmic scaling of the Efimov states this implies that, for instance, about 10° grid points
are needed for the study of the fourth excited Efimov state, in particular when closed-channel
dominated Feshbach resonances are considered.

In Fig. 2.18(a) each zero-crossing of 2 (indicated by the circles) corresponds to the ex-
istence of an Efimov state reaching the atom threshold and the first four Efimov states are
visible in this figure. From this picture we may thus directly read off the ratio of the various
scattering length 4™ . While the first Efimov states with low numbers 7 show deviations from
the universal scaling (2.3)), this scaling is quickly recovered as unitarity, 1/a =0, is approached.
In Fig.Z.18|(b) the determinant 7 is shown, again as function of In|o /4| at E =0, and we com-
pare an open-channel dominated resonance with s, = 1000 to a closed-channel dominated
resonance, where s, = 0.01. Similarly, we show 2 for the same values of s, as function of
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FIGURE 2.19: Determinant 9 as function of energy |E| in the resonance limit 1/a = 0 for two
values of resonance strength. The smaller s, the smaller |E o%| has to be to allow the formation

of an Efimov trimer.

In |o2E | in Fig. Z.1%in the resonance limit, a = co. Again, one can nicely read off the approach
of universality as |E| is lowered. From Figs. 2,18 and [Z.19 one of our main results becomes
already apparent: as the parameter s, is decreased one finds that the overall Efimov spectrum
is pushed towards the unitarity point £ = 1/a = 0. This crossover of the spectrum will be
explored in detail in the following section.
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2.7 Universal Efimov spectrum

The numerical procedure to find the bound state poles in A5(q;,¢,; E) as described in the pre-
vious section can be used for arbitrary values in the (£, 1/a) plane. In Fig.2.20 we show the re-
sulting Efimov spectrum including the atom-dimer threshold for an open-channel dominated
Feshbach resonance of s,., = 100 [Fig. 2.20(a)], and for a resonance of intermediate strength,
S.es = 1 [Fig.2.20(b)]. The position of the trimer states in the (1/a,E) plane is completely

00 F - - - - - - - - - - 0.0 - - - - - - - - - - - - - - -
t Sres = 100 t Sres = 1

051 7 051

[ (a) 1 13 (b)

05 00 05 10 05 00 05 10
+(@/la))"* +(a/la))"*

FIGURE 2.20: Rescaled Efimov spectra. (a) The Efimov spectrum in dimensionless units for an
open-channel dominated Feshbach resonance of strength s,,. = 100. (b) The spectrum for a
resonance of intermediate strength s, = 1. The dimer binding energy is shown in blue.

fixed by our calculation. We choose a convenient rescaling of the axis to make several Efimov
states visible. A rescaling as applied in Fig.2.20is made in most plots of Efimov spectra found
in literature. One should, however, keep in mind that this rescaling somewhat hides the true
shape of the levels. For this reason we find it instructive to show the spectra in Fig. Z.21] also
without rescaling of the axis. On the one hand this reveals the actual ratio of energy levels,
which is so large that the excited states are not even visible in the plots. On the other hand
the non-universal shape of the atom-dimer threshold becomes much more apparent - note
in particular the large deviations in the energy scale when comparing resonances of different
strength. The overall appearance of the spectrum remains similar as the strength of the reso-
nance s, is varied. As discussed in the previous section, it gets pushed towards the unitarity
point £ = 1/a = 0 in the limit s < 1, while for open-channel dominated resonances it
reaches a maximal extent in the (1/4, E) plane.

The detailed position of the lowest energy levels depends on both the value of the van der
Waals length / 4, - which equals ¢ in our model'® - and the resonance strength s,... Only in
the experimentally hardly accessible limit of highly excited Efimov states, n >> 1, the ratios

of 4™, ain) (the scattering length for which the trimer meets the atom-dimer threshold), and

E of consecutive levels approach their universal values. It is instructive to quantify to which
extent the lowest states deviate from this scaling within our model. In Table[2Z.1 we show our
results for various dimensionless ratios for Feshbach resonances of widely different strengths.

5Up to a factor of & 0.96, cf. Eq. @21).
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FIGURE 2.21: Efimov spectra without rescaling of the axis. (a) The Efimov spectrum in dimen-
sionless units for a open-channel dominated Feshbach resonance of strength s,,, = 100. (b) The
spectrum for a resonance of intermediate strength s, = 1. The dimer binding energy is shown
in blue. The universal dimer binding energy is shown as dotted red line.

A plot of these ratios as a continuous function of the resonance strength is shown in Fig.[2.22]
Already for the third state the results are close to the asymptotic behavior determined by the
universal Efimov number sy & 1.00624, regardless of the value of s_.

Sres | n | 0 1 2 | n > 1
E(M) E(+1) 530.871 515.206 515.035 515.028

oo | a7 17.083 21.827 22.654 22.694
A" 14" 3.980 40.033 23.345 22.694
A 2121 1.573 1.512 1.5076

E() [E(+1) 515.830 515.039 515.035 515.028

L | "t 22.869 22.650 22.690 22.694
A" 14" 17.183 22.303 22716 22.694

%g ) 1.500 1.511 1.508 1.5076

E() E(+1) 521.273 515.059 515.010 515.028

o1 | a7 26.230 22.964 2.71 22.694
a1 26.965 21.286 22.48 22.694
%) 1.296 1.489 1.506 1.5076

TABLE 2.1: The ratio between consecutive trimer energies E) = /’iz(ngl))z | m and threshold scat-
tering lengths a(_n,i as well as the product a™ for an open-channel (s, = 100), intermediate
(5,0s = 1) and closed-channel dominated (s,,, = 0.1) Feshbach resonance for the three lowest-lying

Efimov states n =0, 1,2. The rightmost column shows the ratios in the universal scaling limit
(E=1/a=0).
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By contrast, the experimentally most relevant lowest states (7 = 0,1) exhibit large devi-

ations. Remarkably, our prediction a! /a_ = 17.08 for open-channel dominated resonances
is in reasonable agreement with recent measurements of the position of the second Efimov
trimer in °Li, which find a ratio near 19.7 [185]], definitely smaller than the asymptotic
value 22.69. Surprisingly, for intermediate Feshbach resonances (s, & 1), the interplay be-
tween the scales * and o leads to ratios close to their asymptotic ones even for the lowest states

(see Fig.2.22). Note that the values of ain) for small 7 are highly sensitive to the precise form of
the two-body bound state spectrum which, on its own, is strongly non-universal, cf. Fig. Z.21]
and the discussion in Section 23l The ratios between the lowest 4" are therefore in general
not suitable for a measurement of universal ratios. As also apparent from Fig.[2.21] for open-
channel dominated resonances aio) approaches in our model values of aio) ~ 1314, Thisis
of the order of the van der Waals length and thus comparable with typical background scatter-
ing lengths. Since we completely neglected any background interaction potentials, our model
is not valid in this regime. Nonetheless, even in more elaborate models including the back-
ground scattering, the atom-dimer threshold will remain non-universal in the regime where
the lowest Efimov state merges into it. In order to observe universal Efimov physics in the
regime of positive scattering length a one has to access the states with 7 > 1 near threshold,
where the dimer binding energy has the universal form €, = #%/ma?. In fact, the latter can
be regarded as a good measure to test if one reached the universal regime, both in theory and
experiment, cf. also Fig. 2Z.11]

To investigate generic features of the trimer spectrum which are independent of the precise
form of the dimer energy, we study the dependence of 4" and xﬁ”) on the strength of the
Feshbach resonance. In Fig.[2.23]the behavior for the lowest, experimentally accessible, state

is shown. For open-channel dominated resonances a_/a and ax, become independent of s,

and we find
a_~—8271,, (2.78)

and
%14, = 0.26. (2.79)

Vi

This is in agreement with the results by Wang ez al. [[143]] who find x, [ 4, =0.226(2) and a_ =

—9.73(3) 4, using a purely single-channel model with interaction potentials which feature a
van der Waals tail.

In the limit of closed-channel dominated resonances, the van der Waals length becomes
irrelevant, and the scale for the Efimov spectrum is set by r*. This is also reflected by the

dominant role of 7* in the effective range 7,, cf. Eq. (Z34). Specifically, we find

Ay = g, (2.80)

with numbers &) and n*) which approach universal values as 7 — co. In fact, we accurately
reproduce the results for the scaling limit (2 > 1) of closed-channel dominated Feshbach reso-



2.7. UNIVERSAL EFIMOV SPECTRUM 47

-

-

FIGURE 2.22: Various dimensionless ratios as function of the Feshbach resonance strength s,
Shown are the results for the lowest level (dot-dashed), first excited state (dashed), and second

excited state (dotted). The universal scaling result is shown in red. a) Ratio of scattering lengths
(n+1) ; (n
a’fal

) where the consecutive trimer states meet the atom threshold at E = 0. b) Ratio

(n) (n)

EM)ECHY of the consecutive trimer energies at unitarity 1/a = 0. ¢) Ratio x,"a" as a

measure of the distortion of the trimer levels from their universal shape in the (a, E) plane.

nances,

A = 129047 (2.81)

x*”>>1) = 0.117/r" (86 — 0, scaling limit)
which were previously derived within an effective range model with ¢ = 0 yet r* > 0 [[146,
. For the low-lying Efimov states scaling theory, however, does not apply as discussed in
Section2.1] For this reason these low-lying states deviate from the limiting scaling behavior in

Eq. @81) and our model predicts for example for the lowest Efimov state the ratios'®
A" = 109, (2.82)
x(*” =0 = o0.118/r* (806 = 0, lowest Efimov state)

At first sight, one expects that the precise numbers which quantify the deviations (2.82) from
the universal scaling predictions (Z.81) are specific for our model Z.23) with an exponential

Note, to obtain these values r* has to be chosen as large as 0(10°)o.



48 CHAPTER 2. EFIMOV PHYSICS BEYOND UNIVERSALITY

[ --- k. _emTTTTTTTTT ]
02 /// B
— afa— L’
[ / i
IS 0.1 // 4
*
e p 1
- r ///
J 00~ Y
= | IK 133 (g ]
r 85Rb — 1
-0.1L 7Li§ - I = -
! L L L I I L L L ]
3 2 1 0 1 2 3

1g(sres)

FIGURE 2.23: Inverse threshold scattering length a_ (solid line) and wavenumber x, = x(*o)

(dashed line) in units of a as functions of the resonance strength s,,. The dots with error bars

show the experimental results for ” Li [131,[134], *’K [132], **Rb [135]] and '>*Cs [47].

form factor y(7). As it turns out however, there is a larger degree of universality involved
here. As we will see in Sections[2.8land 2.9] the deviations from the universal scaling relations
in the limit of 7*/2 > 1 are themselves universal again so that the numbers &) and 5"
are, remarkably, not dependent on microscopic details. Note that it is possible to study the
deviations from universal scaling using a systematic expansion in the small parameter /,;,, /|4|
within effective field theory as done by Ji and coworkers [186]. Such an approach, however,
requires not only an adjustable three-body parameter, but in addition further counterterms
which are necessary to renormalize the theory with an interaction of finite range at finite
scattering lengths a.

2.8 Effective range model

In this section we derive the Efimov physics of the so-called effective range or resonance model
which corresponds to the zero-range limit o — 0 of the model (Z223). In this limit the scatter-
ing amplitude £ (k) is exactly given by the expansion of f(k) up to order £? [cf. Eq. @.33)]

1
f®) —1fa+rk2)2—ik @83
This can be seen from the solution of the two-body problem which is obtained by the evalua-
tion of the ladder diagram, cf. Fig.[2.12)(a). Since in the resonance model y (7) =1, a ultraviolet
regularization is necessary. The resulting UV scale dependence is absorbed in the definition
of E_ . in Eq. @Z3), which takes the role of a scattering length dependent UV counterterm
(renormalization). The final expression for the dimer propagator then reads

¥ \E )——]5+q—2—ie—|-g—2 —1/a+ —£+q—2—ie (2.84)
g V4 2 167 V 2 4 ’ '
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which yields, upon evaluation of Eq. 2.25), the expression Z.83) for f (k) with

64
7y, =———=-2r"<0. (2.85)

e gz

The three-body problem is straightforwardly solved along the same lines as in Section[2.3]
with Eq. Z.84) as input in the STM equation €.69). However, note that the UV regularization
has to be kept due to the absence of a regulating form factor y(p). The bound state spectrum
is determined as described in Section 2.6 from the solution of Eqn. Z.76) and @.77) where
gg and Py are given by Eq. 2.56) and Eq. 2.84), respectively. The numerical procedure is
analogous to the discussion in Section[2.6lbelow Eq. £2.77), with the choice g,,,,, = A.

In the following we measure all quantities in units of the ultraviolet scale A = aa; ' with 4,
conveniently chosen to be the Bohr radius and where « is an open parameter. This parameter
can be tuned to fit the results of experiments and represents as such a reincarnation of the
three-body parameter. The resulting Efimov spectra are very similar to the results shown for
instance in Fig. and one finds that the extent of the bound states in the (1/4,E) plane is
dependent on the dimensionless width #* = r*A.

2 1 1 005 0.10 0.5 1 *(/)\‘2;)
1 T
. r*A
0005 |
<
oo < oo}
~
—
-0.10
1l -0015 |
(a) Aa_ (b)

FIGURE 2.24: (a) Scattering length a_ = 4% where the lowest Efimov trimer meets the atom
threshold as function of the dimensionless width r*A. (b) For large dimensionless values r* A
the scaling of a_ becomes independent of the cutoff scale A and scales linearly with r*.

In this section we concentrate on the scattering lengths 4" where the trimers meet the

atom threshold and the wave numbers ") corresponding to the energy of the trimer at uni-

tarity. In Fig. 224 we show a_ = 4% in units of A as function of #*. As shown in Fig.2.24(a)
we find that for 7*A < 1 the scattering length a_ approaches a maximal value a_ = /A
with £ a numerical constant dependent on the regularization scheme chosen; here a sharp
momentum cutoff. Although the relation a_ ~ 1/A is similar to the result a_ ~ [ 4, derived
in Section[2.7] it is important to note that here A is an artificial cutoff scale which serves as a
free parameter. Note, from the relation a_ ~ 1/A we recover the Thomas collapse in the limit
A — .

For r*A > 1, that is for a large effective range |r,|, the situation is different, cf. Fig. Z.24(b).
Due to its linear behavior we find that 2_ becomes independent of the cutoff scale A and
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a(_n) =&y a5 in Eq. 2.80). In Table Z2 we show &) and ™ for various 7 and similar to
Section 2.7l we find deviations from the universal scaling, Eq. Z.81), for low 7. We find that
the values £ and 5™ turn out to be new universal numbers for all n which do not depend on
the specific model or regularization scheme chosen as long as the model features a large value
of r*, see also Section 2.9

n 0 1 2 3 4
Ee™ -10.90 12.72 -12.89 -12.897 -12.899
nMes 0.118 0.117 0.117 0.117 0.117

a1 26.48 22.98 22713 22.698 -

TABLE 2.2: Approach of universal scaling of the lowest Efimov states in the limit r*A > 1.

In Table 2.2l we also quantify how the ratios P /a(_n) quickly approach their universal

value 22.694 as n — oo. We find that the decrease of the deviations from universal scaling is
relatively well described by a the phenomenological formula

ﬂ(n—i—l)
o N 22694+, (2.86)
a

where y; = 63(20) and y, = 2.7(3). The large error in the numerical constants is due to the
very large momentum grid needed in the regime »* — oo.

Since we find that the deviations from the universal scaling, Eq. (Z81), itself is again univer-
sal, we conjecture that there exists a universal relation of a form similar to Eq. (Z.86) governing

the approach of A" / 4" towards the universal value 22.694 with universal numbers Y-

2.9 Test of universality

Let us now address the question to which extent the properties of the lowest Efimov state, such
as the scaling of a_ with [ 4, and r*, cf. Eq. @78) and 282), depend on the microscopical
details of our model Z.23). We will test two possible sources of such non-universal correc-
tions: first, a modification of the form factor determining the atom-molecule conversion and,
secondly, non-universal corrections due to a non-zero three-body force.

Form of the atom-molecule conversion coupling y (7). Our original idea was, cf. Sec-
tion that the apparent universality of the three-body parameter is due to the fact that in
all experiments having measured a_, ultracold atoms close to a Feshbach resonance have been
used. This led us to the assumption that it is the Feshbach mechanism itself which causes the
observed, apparent universality. In order to support this picture we introduced the simple
two-channel model @23) with the specific, physically motivated form factor y(r) ~e’/? /7.
This choice is, however, by far not the only, unique choice and we may use the freedom of
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choosing different form factors y to test the degree of universality involved in the solution of
the corresponding three-body problem.
Specifically, we study here the results for a Gaussian form factor often employ in litera-

ture ,
1(@)=e 77, (2.87)

which in coordinate space yields y(r) ~ e”*/2"), Using this form factor the solution of the
two-body problem is slightly modified. In particular we find

2 2 2 2
_ q . g g E q |
Y NE,q = —E4+—+4E_ (B)—ie+ + —— 4+ — — i€
¢ ( q) 2 Ol( ) 167‘[3/20 1671'2 2 4
E ¢ E ¢
X exp |:02 <—E+q7—i6>:| erfc | o —E+q7—i6 , (2.88)

which gives, upon expansion of the scattering amplitude f(k), the identifications

1 167
- = _?Emol(8>+

40 To
r, = —2r 4+ — <1— ‘/_ >, (2.90)

o= (2.91)

, (2.89)

and by comparing the resonance shift with the quantum defect calculation by Julienne and
coworkers , as described in Section[Z.3] we find

0 =——a. (2.92)

The three-body problem is solved analogous to Section 2.52.7] with the Gaussian form
factor (Z.87) used in the corresponding expressions. Subsequently the three-body bound state
spectrum can be determined. As a measure for the extent of universality we concentrate on

the dependence of 4" on r* and Lo4w- In Fig.2.25 we show the crossover of @/a_ from the
closed- to the open-channel dominated limit (solid line) and compare the results to the one

obtained in Section2.7] (dashed line).

In the limit of open-channel dominated resonances, s, > 1, we find

res

a_=—7.401,,. (2.93)

This shows that, while the functional form of the scaling of a_ with [ 4, for open-channel
dominated resonances is universal, the specific prefactor is a non-universal quantity which,
however, is of the order of 0(10)/ 4, Comparing the result Eq. (Z.93) with the result derived
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FIGURE 2.25: Inverse threshold scattering length a_ in units of a as functions of the resonance
strength s,,. We compare the result using the exponential form factor (dashed), cf. Section
to the Gaussian form factor in Eq. @.87) (solid).

in Section[ZZlwe conjecture that in the limit of open-channel dominated resonances the typical
deviations from the experimentally observed scaling around the mean value a_ ~ —9.45[
can be expected to be at the 10% level. This is also consistent with the findings of Wang
et al. who find similar non-universal deviations using a variation of the depths of the
two-body potentials employed in their single-channel model calculation.

Similarly to Section[2.7] we find for closed-channel dominated resonances, s, < 1, that
a_ scales with the resonance width »* according to
a_=-0.1187r". (2.94)

Contrary to the relation (Z.93) this scaling turns out to be independent of the microscopic
model chosen. It is the same for the exponential, the Gaussian, as well as a delta-function like
form factor employed in the effective range model in Section 2.8 For all Efimov states we
recover exactly the results shown in Table The underlying reason for this new, extended
universality can be found by inspection of the expression for the effective range in the various
models, cf. Eqn. 2.34), @.83), and 2.89). When r* is large, the effective range 7, is dominated
by this scale, the effective atom-atom scattering is determined by the term r, = —27*, and the
observable physics becomes independent of the microscopical details.

Influence of a three-body force. When studying the dipole-dipole interactions between
neutral atoms in third-order perturbation theory, one finds that they induce a microscopic
three-body interaction (or force)

14 3cosb,,cosl,; cos by,

WAT =Y 3 3 3 5 (295)
"12723731
where 0, 7,; are the angles and sides of the triangle spanned by the three atoms. The in-

teraction (2.95) is known as the Axilrod-Teller potential and it is valid at large atomic
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separations 7;; [188]]. The coefficient y depends on the specific atoms chosen and it has
been calculated to high precision for various mixtures of atom species by Babb and coworkers
[[188]]. The short distance behavior of the three-body force is largely unknown and presumed
to be highly dependent on microscopic details. Also exchange interactions play a major role
at short and intermediate interparticle distances.

Here we want to study the consequences of a microscopic three-body force for the scal-
ing of the lowest Efimov trimers in a simple approximation. Eq. 2.93) is a very complicated
function of momenta which renders the exact solution of the three-body problem intractable.
In order to, nonetheless, get some insight into the question how strong the influence of the
three-body force is on the observable three-body physics, we introduce a phenomenological
atom-dimer contact interaction ng) [cf. Eq. @38)] in our model 2.23). Integrating out the
dimer field ¢ in the classical action yields an effective momentum dependent, microscopic
three-atom interaction ~ (¢*¢)* which is determined by the evaluation of the tree-level dia-

gram shown in Fig.[2.26/(a).

(a) (b) 0.00

no 3B-force -

ool attractive 3B-force -

=015+

aja_

o

repulsive 3B-force 1

I I I
0 2 4 6

lg(sres)

FIGURE 2.26: (a) Tree-level diagram which gives the effective, microscopic three-body force ~
(")’ upon integrating out the composite molecular field ¢. (b) aja_ as function of s,,.. The
shaded region corresponds to the result obtained including a microscopic three-body force with

values ng) = —0.1 (attraction) up to ng) = 0.01 (repulsion) in units of a. Here we use the
exponential form factor y employed in Section[Z7)

: . : : . (A
As a result of the introduction of the microscopic atom-dimer force )g ) one finds a new,
modified STM equation,

~ A ~
fe(a122) = 861 42) + A g1, 42) —jo Al [ge(q D)+ M, DG fr(Lg). 2.96)

The bound state spectrum is derived in a similar way as in Section[2.6l In Fig.[2.26]b) we show
a/a_ as function of s,,,. While the solid line displays our result from Section[2Z.7] (/1(3A) =0), the
shaded region corresponds to choices of i(SA) €(—0.1...0.01) in units of 0.



54 CHAPTER 2. EFIMOV PHYSICS BEYOND UNIVERSALITY

Note that our choice of the three-body force is purely with the aim to find some insight
into the question to which extent three-body forces induce non-universal corrections. In

fact our choice of a constant ng) in momentum space leads to a momentum dependence of
A(* )" which does not bear much resemblance with the momentum structure of Eq. (Z.95).
In particular our model leads to irrelevant three-body forces in the limit of closed-channel dom-
inated Feshbach resonances. Furthermore, evaluating the tree-level diagram in Fig.[2.26(a) we
find that our phenomenological three-body force carries a dependence on the external mag-
netic field due to the appearance of dimer propagators in the tree-level diagram. Nonetheless,
although we employ here only this simple toy model, we expect that the strong influence of a
three-body force on our results, cf. Fig. 2.26(b), will carry over to the inclusion of the correct,
yet unfortunately unknown, microscopic three-body interaction.

Specifically, we find that the effect of the three-body force is much more pronounced for
a repulsive three-body interaction. Contrarily, for attractive interactions, we find that the
value of a_/o is shifted towards larger values. Remarkably, our results for a_/o converge

to a finite value even for an arbitrarily large three-body force 1(3A) — oo with a shift of a_/a
of not more than 15%. Since we expect the real three-body force to be indeed attractive due
to the induced dipole-dipole interactions this observation might explain why the influence
of three-body force appears to be rather weak for open-channel dominated resonances. This
interpretation is also in agreement with the experimental results which show only a weak
scattering of the data for a_ around the isotope averaged mean value a_ &~ —9.45/ 4 . In
summary, from our results this remaining scattering of a_ can be attributed to a combined
effect of microscopical details of the Feshbach model, such as the form factor y, as well as a
non-zero, attractive three-body force. We estimate that both effects yield corrections on the
10 — 15% level.

2.10 Comparison to experiment and conclusion

We have presented a simple, exactly solvable model for the three-body physics of ultracold
bosonic atoms, containing only r* and [ 4, as experimentally accessible parameters, in which
the full Efimov spectrum is fixed without an adjustable three-body parameter. Our results pro-
vide an explanation for the observed proportionality between the scattering length a_ where
the first Efimov trimer appears and the van der Waals length / 4, which is often interpreted
as a ‘universality’ of the three-body parameter. This relation applies for open-channel dom-
inated resonances. With regard to three-body forces we showed, using a simple model, that
the presence of these forces, if attractive and short ranged, only yields a weak correction to
the results. For increasing values of 7*, a continuous crossover is found into the regime of
closed-channel dominated resonances, where the scale for the three-body parameter is set by
r* alone, recovering previous exact solutions [147]).

Comparing to the experimental data, see Fig.[2.23] the open-channel dominated resonances
in ¥Rb and in 33Cs fit well into our prediction. The 12% deviation between the
value a_ &~ —9.45/ 4 inferred from averaging the results from different experiments and our
ratio —8.27 shows the absence of a true universality of the three-body parameter in a strict
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sense: short range physics which enters, for instance, into the details of the form factor y(7)
leads to slightly different numbers. From both the experimental data [see Fig.2.23]] and a study
of how much our numbers change for various choices of the form factor y (7) [cf. Section2.9]]
we conclude that they are generically at the ten percent level.

As mentioned above, the van der Waas length does not set the scale for the Efimov spec-
trum in general. In particular, in the regime of Feshbach resonances of intermediate strength
S.es & 1 both scales 7* and o become relevant. Our approach equally applies to this regime,
which is realized, e.g., in the case of *’K, where Ses = 2.1 [[132]]. As shown in Fig. the
observation [[132] of a considerable deviation from the result a_~—9.45/_ 4, in this case is in
qualitative agreement with our model.'” By contrast, the case of "Li, which seems to follow
nicely the result a_~x—9.45[ 4, for open-channel dominated resonances despite
the even smaller value s, >~ 0.58 of the resonance strength is not consistent with our
prediction.

A possible origin of this discrepancy may be three-body forces of or beyond the Axilrod-
Teller type [[187]. Whether it is indeed three-body forces or other effects not captured by
our model that will account for the discrepancy between the observed a_ in “Li, *’K and our
prediction is unknown at present. Note, however, that an explanation of the observed result
for a_ in “Li within a single-channel description is likely to be inadequate due to the
rather small value of s, ~ 0.58.

Studying in detail models with various form factors y, we revealed a new extended uni-
versality for bosonic three-body systems which feature a large width 7*. For these systems,
even deviations from the 7 > 1 scaling are universal themselves. Finally, we have shown that
for the lowest Efimov states within a given trimer spectrum, there are appreciable deviations
from the asymptotic scaling relations, consistent with experiments. Clearly, a more systematic
experimental investigation of these non-universal ratios and of resonances with intermediate
strength s, = O(1) is necessary to clarify to which extent the generic features of the Efimov
effect in ultracold atoms are captured by our simple model, in which the complete trimer
spectrum is obtained without any adjustable parameter from two-body physics only.

7New experimental data suggests that the value of /

aw/a_ reported in [[132] has to be corrected and is shifted
to a larger value [[136]).






Chapter Three

Renormalization group study of the four-body
problem

AS discussed in the previous Chapter, few-body physics saw a renewed interest in recent
years following the observation of three-body Efimov states in experiments using cold
atoms. The findings of Kraemer ez al. stimulated extensive activity in the field of three-
body physics, both experimentally and theoretically and as a result the Efimov effect in three-
body systems is a well-understood phenomenon today. The next natural step is then to raise
the question:

“What is the physics of four particles interacting with strong, short-range interactions?”
). g 8 g

Early attempts towards an understanding of this system were made in the context of nu-
clear physics using a variety of approaches [[189} (190, (191} [192]. Also the four-body physics
of *He atoms has been investigated in much detail, for an overview see e. g. [[193] [195].
The simpler four-body physics of fermions with two spin states, relevant for the dimer-dimer
repulsion, has been studied in [[196], while the four-body problem of fermions with isospin
symmetry was investigated in the context of a-particle condensation in [199]].

In their pioneering work, Platter and Hammer ez al. [200, 201]] investigated the four-body
problem using effective interaction potentials and made the conjecture that the four-boson
system exhibits universal behavior. Calculating the energy spectrum of the lowest bound
states in dependence on the scattering length a the existence of two tetramer (four-body bound)
states associated with each trimer was conjectured. In 2009, von Stecher, D’Incao, and Greene
investigated the four-body problem in a remarkable quantum mechanical calculation.
They found that the Efimov trimer and tetramer states always appear as sets of states with
two tetramers associated with each of the trimer levels and calculated the bound state energy
spectrum of the lowest few sets of states. The calculation suggests that the energy levels within
one set of states are related to each other by universal ratios, which were obtained from the
behavior of these lowest sets of states.

The experimental detection of tetramer states follows similar steps as described in Sec-
tion It is, however, even more challenging and requires extremely precise measurements.
Remarkably, Ferlaino et al. were able to observe signatures of the lowest two of the tetramer
states in a recent experiment which was supported by several other observations [131
[132] 204} 205]], verifying the predictions by Stecher ez al. [[48, 202], Platter and Hammer et
al. 201]], and the work which will be presented in the following [[106]. Also the further
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step towards the experimental observation of five-body bound states has been taken [205]. Re-
cently, Stecher was even able to show theoretically the existence of N-body bound states for
up to N =13 [[184].

In Chapter 2] we have seen that when one uses zero-range, two-body interactions to study
the three-body problem, a three-body parameter in addition to the scattering length a has to be
introduced in order to characterize the problem completely. Similarly, one may ask if there is
anew four-body parameter entering the physics in order to renormalize the four-body problem.
This would, in accordance with the discussion in Section[21] reduce the universality of the few-
body problem further because more parameters are introduced in the theory. The question
of the existence or absence of a four-body parameter has been much debated in recent years
with contradictory results. While Yamashita ez al. [[206] conclude that a four-body parameter
enters the problem at leading order, the calculations [[48],[200, 201} 202} 207 suggest otherwise.

While the calculations by Platter et al. and von Stecher ez al. rely
on quantum mechanical approaches, in this work we want to shed light onto the four-body
problem from a different perspective. A lot of insight into the three-body problem had been
gained from effective field theory and renormalization group methods [[66}, 96| 100, (101}, [208]]
and it is desirable to apply these also to the four-body problem. In this Chapter we will make
a first step towards such a description that is complementary to previous quantum mechan-
ical approaches. Of special interest is the further investigation of universality and the role
of a possible four-body parameter. In this context the so-called unitarity point, defined by
E = 1/a = 0, is of particular importance. In this limit not only the scattering length a is
infinite but also all binding energies in the problem accumulate at the atom threshold at zero
energy. Only at this point the non-universal corrections which scale with powers of r,/|a| or
r$|E|, respectively, vanish and physics becomes completely universal so that, for example, the
ratio between the binding energies of consecutive trimer levels assumes exactly its universal
value, E, | /E, = exp(—2m/sy). For this reason the unitarity point is of particular interest.
Unfortunately, in the previous calculations [48} 200, 201} 202]] the unitarity point was inacces-
sible and only the few lowest lying states were determined. As we have seen in the previous
Chapter, the Efimov spectrum for these lowest states is, however, not yet perfectly in the uni-
versal regime. The major advantage of the present RG approach is that it allows to investigate
analytically the complete spectrum and, in particular, to address directly the unitarity point
in order to extract the universal relations between the three- and four-body bound states.

While we solved the three-body problem in Chapter [ exactly using the vertex expansion
of the effective average action I';, in Eq. 2.41), the four-body problem is so complicated that we
have to rely on an approximate, yet simple and physically intuitive model. This model is based
on a derivative expansion of the average action I';, and neglects the momentum dependence of
the three- and four-body vertices. As discussed in Chapter 2] the Efimov effect reveals itself as
a limit cycle RG flow of the three-body coupling. The three-body parameter sets the overall
‘phase’ of this flow which has a period given by s,/7 when studied at the unitarity point.
Similarly, the presence of a four-body body parameter would naturally appear as an additional
feature in the RG flow of the four-body couplings with a new parameter needed to characterize
the structure of the four-body flow. In the following we will show, however, that the three-
body limit cycle enforces a more complicated limit cycle flow of the four-body sector which is
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strictly attached to the limit cycle of the three-body sector. In turn, this strict connection of
the three- and four-body sector leaves no room for any four-body parameter.

Furthermore the RG method allows for computations away from the unitarity point.
From a two-channel model we calculate the bound state energy spectrum and investigate how
the relations between tetramer and trimer states approach the universal limit as one comes
closer to the unitarity point. The Chapter is structured as follows. In Section 3.1l we set up
and explain the microscopic model. Sections[3.2] and 3.3] are devoted to the FRG analysis of
the two- and three-body sector. In Section[3.4 we discuss the four-body sector and present our
numerical results while in Section[3.5]we comment on a rebosonization technique used for the
numerical solution. Our findings are summarized in Section[3.6l

3.1 Definition of the model

In the following we will solve the four-body problem approximately by the use of the func-
tional renormalization group and follow the RG evolution of the average action I', governed
by the exact RG equation .40). Instead of an exact solution using a vertex expansion of I',

as in the previous Chapter, we employ here a derivative expansion of I', where the vertex

(n)
. . k . . . . . .

cal derivation and solution of the flow equations possible, it leaves us only with approximate

results. The model shall again describe atoms close to a Feshbach resonance, but contrarily to
Chapter 2l we consider a zero-range approximation of Eq. 2.23) with o — 0. The truncation
for the Euclidean flowing action is given by

functions I'}” are expanded in terms of energy and momentum. While this makes the analyti-
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where A denotes the Laplace operator and we again use the natural, non-relativistic convention
2m = b = 1 with the atom mass 7. ¢ denotes the field of the elementary bosonic atom, while
the dimer, which equals the closed-channel molecule at £ = A, is represented by the field
¢ ~ ¢¢. The atom is supplemented with a non-relativistic propagator with gap E. The

explicit dependence on E will allow us to capture some of the energy dependence of the
higher order vertices as we will argue below. The dimer propagator is given by a derivative
expansion where Galilean symmetry enforces the expansion coefficient Ay ;. to be the same in
2 .
front of the frequency and momentum. Furthermore, the gap term m S equals the detuning

E ol in Eq. @23) for & = A. Although this approximation of Py, is obviously not exact,
cf. Eq. @24), the dynamics of P, allows us to capture essential details of the momentum

dependence of the two-body interaction. For instance, the wave function renormalization
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factor A allows us to correctly account for an anomalous dimension 7 of the dimer field ¢.
This anomalous dimension is unity at unitarity as can be seen from Eq. (Z.24) by evaluating the
square root structure of the dimer propagator and 7 = 1 is recovered correctly in our simple
model (3.1).

The only nonzero interaction, present at the microscopic UV scale & = A, is taken to
be the Yukawa-type term with the coupling g. As discussed in detail in Chapter 2 the two-
atom interaction is given by the tree-level exchange diagram shown in Fig. From the
evaluation of this diagram we will show below that the Yukawa interaction g and the wave
function renormalization A4 can be connected to the effective range 7, in an effective range
expansion. We furthermore assume that no three- or four-body forces are present, so that the
atom-dimer interaction A as well as the various four-body interactions A4, 3, and y vanish
at the UV scale and are built up only via quantum fluctuations during the RG flow. All
couplings present in Eq. (3.1) are allowed to flow during the RG evolution and are taken to be
momentum-independent in Fourier space.

In the general case of nonzero density and temperature one works in the Matsubara for-
malism and the integral in Eq. 3.1) sums over homogenous three-dimensional space and over

imaginary time [ = [d’x | 01 e, Although our method allows us to tackle the full, many-
body problem at finite temperature in this way, we are here interested solely in the few-body
physics, for which the density 7 and temperature T vanish. For T'=0, [ reduces to an in-
tegral over infinite space and time as it was also the case in Chapter 2l Our truncation (3.J)
is again based on the simple structure of the non-relativistic vacuum and, as discussed in Sec-
tion [Z4 numerous simplifications occur when solving the exact RG equation (Z.40) compared
with the general, many-body case.

The flowing action (1) has a global U(1) symmetry which corresponds to particle num-
ber conservation. In the vacuum limit it is also invariant under spacetime Galilei transforma-
tions which restricts the form of the non-relativistic propagators to be functions of d. — A for
the atoms and d.—A/2 for the dimers. Similar to the arguments given in the previous Chapter,
one can shown that the truncation 3.1) includes every possible interaction term which can be
built up due to quantum fluctuations. All other U(1) symmetric couplings belonging to the
N < 4-body sectors like, for instance, ~ (¢* )2, ~ (¢* ), or ~ ¢*p** vanish identically as
no diagram can generate them. Thus the truncation (.J) is complete within the leading order
derivative expansion. Due to the vacuum hierarchy, the different N-body sectors can be solved
in subsequent steps [[177]. In this spirit we first solve the two-body sector, then investigate the
three-body sector in order to finally study the four-body problem.

The model G.) is equivalent to a zero-range, single channel model in the limit of open-
channel dominated Feshbach resonances, where g — co. In this limit the momentum depen-
dence of Py 5 can be neglected. Then, upon integrating out the molecular field, one obtains an

effective atom-atom coupling A,(¢*¢)* with A, = g%/ m; which is a zero-range interaction.
In Eq. 3.1) the higher-order couplings carry no explicit momentum or energy dependence.

This makes the derivation of flow equations much simpler as we may project onto couplings
at zero external momentum and frequency. The use of the energy gap £, however, allows to

‘recapture’ the energy dependence in an implicit way in the center-of-mass frame. The reason
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for this is an additional semi-local gauge symmetry of the action (3.1). This symmetry has been
discussed in detail in and it leaves the real-time microscopic action § =T",_,,
cf. Eq. 3.1), invariant under the time-dependent U(1) transformations [[105]

¢ N e—iEt ¢ ¢ N e—iZEt (/5’ (3.2)
when additionally the gap £ is shifted by
E,—E,+E. (3.3)

This symmetry corresponds to an overall energy shift in the (real frequency) atom propagator.
As a consequence, we may, instead of evaluating P, explicitly at a finite external frequency £
and E; = 0, that is Py(w = E,q; Ey = 0), equally well evaluate it at zero external frequency
but at a finite gap £y = E, Py(w =0,q;E; = E). As we will see below this argument carries
over to the dimer propagator and allows also to correctly capture the energy dependence of
A5(qy, 455 E), cf. @351), so that only the dependence on the momenta g, and g, is neglected.
What we gain is a very simple and efficient way to derive flow equations as only zero external
frequencies have to be considered while still keeping the energy-dependence of the vertices.
Note, for few-body physics the energy gap E,, is always negative, £, < 0. In the case of
finite density, £, is replaced by the chemical potential u which is adjusted to yield the correct
density n=—1/VIT'/3d u.

Beside the ansatz of I', we must choose a suitable regulator function R, in order to solve
Eq. 2:40). Based on our treatment of the closely related three-fermion problem [137]), we
choose the regulators,

Ry, = (K> —g"0(k* -4,
A</5 2 2 2 2
Ry = — (K =q)0(k" =g, (34)

with ¢ =|q|. These regulators are optimized in the sense of and allow the derivation
of analytical results.

3.2 Two-body sector

The solution of the two-body problem can be found analytically in our approximation® (for
the analogous problem considering fermions, see [105,212]]). The only running couplings in
the two-body sector are the dimer gap 72 and the wave function renormalization A g As

there are no possible nonzero flow diagrams for the Yukawa coupling g, it does not flow in
the vacuum limit. The flow equations of the two-body sector are shown in terms of Feynman
diagrams in Fig.[3.1ka). The resulting expressions are given by

"The inverse atom propagator (one-body sector) is not renormalized in the non-relativistic vacuum.
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#a) Two-body sector }

{c) Four-body sector
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FIGURE 3.1: The flow equations in terms of Feynman diagrams for the (a) two-body, (b) three-

body, and (c) four-body sector. All internal lines denote full, regularized propagators. The
scale derivative 3, on the right hand side of the flow equations acts only on the regulators.
Solid lines represent elementary bosons , while dashed lines denote composite dimers ¢. The
vertices ave: Yukawa coupling g (small black dot), atom-dimer vertex A, (open circle), dimer-
dimer coupling Ay (black circle), coupling 3 (two circles), and the atom-atom-dimer vertex y
(black square). Due to the large number of diagrams for the latter rwo vertex functions, we
only show two exemplary diagrams.
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2 5
g k
amy = 1272 (k2 —Ey — i€}
¢
2 kS
g4y = —= (3.5)

2222 —Ey—ie)

where ¢t = In 55\ In contrast to the derivation of similar equations in [105, (108, 212,
we keep here explicit the infinitesimal 7€ terms, which will be useful when
identifying our model parameters with the two-body scattering physics.

The flow equations (3.3) can be solved analytically by direct integration from & =0...A.
The UV cutoff A of the theory effectively corresponds to a finite inverse range of our model
which is of the order of A ~ 1/[ 4. In the true zero-range limit we have to take A — oo
which yields the scaling limit and correspondingly leads to the artificial Thomas collapse in
the three-body problem, cf. Section 2.3l Here we take A large but finite and A will serve as
the three-body parameter fixing the overall position of the Efimov spectrum. Also we will
measure length and energy scales in terms of A. We assume that the cutoff scale is much larger
than any other scale in the system, so that in particular |Ey| /A? < 1. Under this condition

the solution of Eqn. (3.5) reads:

g’ g’

2 _ _ B

m¢(k_0) = m¢’A_127-52A+_167T —Ey —ie, (3.6)
g’ 1

Ag(k=0) (3.7)

Ayp— .
M et TE, e
When working at the unitarity point where £y, = 0, it is useful to have the full RG scale

k-dependent solution of the flow equations. As easily seen from Eqn. (3.35) the resulting expres-
sions are

2

8
m;(k,E¢:o) = m¢,A—12n2(A—k), (3.8)
dyE,=0) = A, L (1] 3.9
4(k,Ey=0) = ¢,A_E<E_K>' (3.9)

The next step is to fix the values of the parameters 4, y, and g. Since the average

2
My v
action at the UV scale has to equal the classical action, Iy = §, and because we deal with a phys-
ical molecular state in the Hamiltonian, see also Eq. @€.23), we have Ay y = 1. Furthermore,

mé,A is given by
2 g’

SN 102

where the first term represents a counterterm taking care of the UV regularization of the
two-body sector. The second term —2E is enforced by the semi-local gauge symmetry (3.2)

m A—2E,+8m?, (3.10)
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and physically accounts for the fact that a dimer consists of two atoms. The additional term
S m; and the Yukawa coupling g are fixed by experimentally observable two-body scattering

physics and the procedure is similar to the steps described in Section 2.3

The two-body scattering amplitude f(g) is obtained from the evaluation of the tree-level
process shown in Fig. [2.9] at the infrared scale & = 0. Using the shift symmetry (.2) the
corresponding expression reads

1 gz

fla)= :
1670 Py j,_o(c =0,0;Ey = q°)

(3.11)

Here, Py is not evaluated at finite frequency w = 2¢% and E, =0 as done in the exact case,
cf. Eq. @25). Instead it is evaluated at = O and at £ = g* > 0, which is positive since we

deal with the scattering of two atoms of momenta +q above the atom threshold at £ =0 and
each of these atoms carries a kinetic energy £, = q*. We then obtain

2
flg) = : 8

16 ’ .
ﬂé\m;—Zqz-i-é—ﬂ —q* —ie
1

2
16778”2(;5 e

gz ?q
! (3.12)
B —1/a+%req2—iq. .

2

q

where in the last line we compare our result to the effective range expansion of f(g). This
then yields the identification & m; = —g?/(167a) and g is given by the effective range,

647

o= = 2y, (3.13)

g

Here r* denotes the characteristic ‘range’ of the underlying Feshbach resonance as defined in
Eq. @.22). We then obtain for the dimer gap:

2

20 _ 8 L =
m¢(k —O,E¢)— —2E¢+ E <—; + —E¢ — ZG> . (3.14)

In the following we derive the bound state energy spectrum of the four-body problem in the
(1/a,E) plane by using E, to determine the energy of the various bound states. Thus we are
only interested in negative energies which is why £, <0 and the z¢ terms in Eqn. (.6), 6.7),
and (3.14) can safely be sent to zero.

The model (3.7) features a dimer bound state and in order to determine its binding energy
¢ we calculate the pole of the dimer propagator, corresponding to the condition m;(k =
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O§E¢)|E¢:eD/2 =0, which yields in the limit ESL/A2 <1

2 4 2 -1
a
eD:2E¢ = =2 g — g 2—I—g
647 (647) 327
2
2 27,
= -5 1—y/1—— , (3.15)

7’6 a

where we used in the first equation that the dimer consists of two atoms of energy E each. In

the limit g — oo, corresponding to r* — 0 one recovers the well-known result €, = —2/4°.
The dimer bound state energy is shown as a function of the inverse scattering length in Fig.
(black solid line). The deviation from the universal ~ 1/a? scaling for large inverse scattering
lengths is due to the finite size of g which is taken to be g2/A = 10. In the regime of small
scattering length a one finds a crossover of the dimer binding energy to the limiting behavior

ep=—4/(ar”).

3.3 Three-body sector

In the previous Chapter, we found that the bound state spectrum of the three-body sector is
much richer than its two-body counterpart. Let us summarize some of our findings: in his
seminal papers Efimov showed the existence of an infinite series of three-
body bound states for strong two-body interactions. These energy levels exhibit a universal
geometric scaling law as one approaches the unitarity point £ = a~! = 0. Remarkably, these
three-body bound trimer states exist even for negative scattering lengths 2 where no two-body
bound state is present; they become degenerate with the three-atom threshold for negative
scattering length and merge into the atom-dimer threshold for positive 2. Within a zero-range
model one has to introduce an additional three-body parameter in order to determine the
actual positions of the degeneracies [101]]. The fitting of such a three-body parameter
becomes obsolete if one however starts from a truly physical model as done in Chapter 21
In the present Section we want to shortly review how Efimov physics can be treated within
a derivative expansion. For a more detailed account on this matter and an application to
the three-component °Li Fermi gas we refer to [137]. For a recent review on fRG
applications to Efimov physics, see [46]].

In our truncation, the three-body sector contains a single, pointlike? ¢*¢* ¢ term with
a coupling A5, which is assumed to vanish in the UV. It is build up by quantum fluctuations
during the RG flow and the corresponding Feynman diagrams of the flow equation for A; is
shown in Fig. B.I(b). The derivation of the flow equation of A; follows essentially the same

2We denote a vertex as pointlike if it carries no explicit energy and momentum dependence.
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steps as outlined in Section[2Z.5] The starting point is the flow equation

2 2

. 1
3P E) =~ J AE) + 8 ., (.16
b (E)== PR(w,DPE (-0 +E,—1) | E) PR(—eo +E,-1) 016

L

which can be derived from Eq. (Z30) and (Z.52), respectively, with the difference that the
propagators are regulated additively, P(f 6= Py 4+Ry 4 and a projection onto zero external

momenta has been performed A;(E) = 45(0,0; E). Furthermore, note the relative minus sign
compared to Eq. ZZ50) which is due to a different sign convention for A;. The form factors y
are absent as we are considering only the limit ¢ — 0 in this chapter. Since we are working in
the pointlike approximation we furthermore perform the projection onto zero external energy
k

L, /13,/e = /1(3 )(E>|E=O'

At this point, note that the propagators in Eq. (316) are defined for vanishing atom gap
E, as also done in the Chapter @ The shift symmetry (.2) can now be used to retain the

energy dependence of )gk) despite the projection onto zero energy. To see this, note that the
energy E is the total energy which the three atoms have which enter the atom-dimer collision,
cf. Fig.[2.16] and thus each atom carries an energy £, = E /3. Furthermore the dependence on

E in Eq. 316) and Eq. Z54) appears in the last argument of Agk)(ql,qz;E ). It is thus a pure
‘external’ parameter which is not influenced by the loop momenta’. We may now perform a
shift & — w + E,; of the real loop frequency and use the identification £ = 3£, to find that

the evaluation of J, Agk)(E JatEy =0is identical* to the evaluation of the RHS of Eq. (3.16)
at vanishing £ but for a finite £, = E//3. Due to this equivalence we can use the dependence
on E of the pointlike coupling A; to recover the energy dependence of the atom-dimer vertex.
This dependence will be used below to determine the Efimov spectrum at finite energy. Note,
that the momentum dependence of )gk)(ql,qz;E ) is not resolved in our approximation. This,
together with the approximation of the dimer propagator Py, leads to deviations in the Efimov
scaling and the corresponding number s;.

Three-body limit cycle

In this Chapter, we are mostly interested in the unitarity point where the scattering length di-
verges and where the energy E is at the atom-threshold and thus vanishes, £ = 0. Remarkably,
it is possible to obtain an analytical solution for the flow equation of A; in this limit, while

away from unitarity we have to rely on a numerical solution. In our approximation the dimer
A,
Ay

with the exact solution of the two-body sector [[96} . As the atom and dimer propagators

field ¢ develops a large anomalous dimension 7 = —

= 1 at unitarity which is consistent

3This is different in the four-body sector. Here the coupling A, appears in a different momentum configuration
in the loop such that the loop momentum appears in the last argument of )gk). This can be seen from the last two
flow equations depicted for the flow of A, in Fig. Blc).

“Due to the shift symmetry the exact dimer propagator obeys Py(w+2E',p,E; =0)=Py(w,p,E;, = E').
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have vanishing gaps in the IR the two-body sector respects a continuous scaling symmetry.
This reflects that at the unitarity point all intrinsic length scales drop out of the problem and
the system becomes classically scale invariant. Furthermore, the Yukawa coupling g is dimen-
sionless due to the anomalous dimension 7 = 1 and the only length scale present is the inverse
ultraviolet cutoff A~!, which defines the validity limit of our effective theory. When further-
more the limit A — oo is taken all scales are gone and the system is perfectly scale invariant.
Contrary to the analogous fermionic system, for bosons this continuous scaling symmetry is
broken by the Efimov effect.

In order to find the solution of the three-body sector we switch to the rescaled, dimension-

less coupling A; = /;—2/13. With this choice the flow equation of A; becomes independent of the

RG scale k and Yukawa coupling g,

. 24 ny\ s, 14 4n\ s 26 U
A, = —<1——>/13——<1——>/13+—<1——>- (3.17)
25 15 25 35 25 65
_ —- —
a b ¢

The terms proportional to 7 are due to the d, derivative acting on the wave function renormal-
ization Ay in Ry, cf. Eq. 3.4). In order to make the fixed point structure of the three-body
RG flow apparent it is useful to rewrite Eq. 3.17) as

~ 112 . ~
O =—(A—c)(A—0q) (3.18)

with ¢;, =(31£15+/535)/112. We see that the limit cycle character of the RG flow is signaled

by the fact that the fixed points are not real but complex numbers! Since the coupling 13
is a real number its winding around the (in the complex plane symmetrically located) fixed
points ¢q/, leads to periodic divergencies of the RG flow of A; € R. To visualize the flow of

A, it is helpful to use the idea of complex extension, developed in [111]. Here, the flow of
13 = ;11 +: iz is studied in the complex plane and it is depicted in Fig.[3.2(a). The terminology
of a limit cycle becomes even more apparent when the flow is stereographically projected onto
the Riemann sphere as shown in Fig. B.2(b).

As was demonstrated in 2171, the behavior of the solution of this type of flow
equation is determined by the sign of the discriminant D of the right hand side of Eq. 3.17)
which is negative, D = b% — 4ac < 0. Eq. (3.17) can be solved analytically and one finds®

—b+v=Dran (Y2(: +9))

Jy(t) = > , (3.19)

where & is connected to the three-body parameter and determines the initial condition. Re-
markably, the three-body sector exhibits a quantum anomaly: the RG flow of the renormal-

ized coupling 13 exhibits a limit cycle, which, due to its periodicity, breaks the classically

*Here, a denotes the first coefficient in Eq. 307) and not the scattering length.
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(b)

- fixed points

FIGURE 3.2: Three-body RG limit cycle in the complex plane. (a) The phase portrait of the flow
equations Eq. 3.I8). (b) RG flows in the complex plane and the corresponding map onto
the Riemann sphere. The pink dots represent the rwo complex fixed points. The solid lines
with arrows, pointing towards the UV, correspond to different RG trajectories. Additionally,
the black straight solid line from the north pole illustrates the stereographic projection of the
Riemann sphere §? onto the complex plane C.

continuous scaling symmetry to the discrete subgroup Z. The Efimov parameter can be deter-
mined from the period of the limit cycle and is given in our approximation by

v—-D 107
sp = —— =/ — =~ 0.925203. (3.20)
2 125

As we have seen and derived in Chapter[2] the exact result is given by s, & 1.00624 [66]. Con-
sidering the simplicity of our pointlike approximation, which, as discussed above, does not
resolve any momentum structure of the interaction vertex of the three-body sector, the agree-
ment is quite good and suggests that our model should provide a solid basis for an approximate
solution of the four-body problem.

Efimov spectrum

The presence of N-body bound states leads to divergencies in the corresponding N-body ver-
tices. The periodic divergencies in the analytical solution of 13 in Eq. 3.19) correspond there-
fore to the presence of the infinitely many Efimov trimer states at the unitarity point. We can
use the divergencies in A5 to calculate the bound state spectrum also away from the unitarity
point. In Chapter 2 we showed that the trimer energies can be extracted from the poles of A;
as function of E. From the discussion before we know that the explicit energy dependence
of A3(E) can be extracted from the dependence of A; on E,;. The trimer energy can then be

calculated by determining the atom energies £ for which /~13 exhibits divergencies in the IR
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as function of =, The trimer binding energies are then given by E, = 3Ey. The resulting
three-body spectrum is shown in Fig. [3.3] (green lines). For calculational purposes we switch
to the static trimer approximation which is equivalent to our two-channel model in Eq. G.1).
We describe this procedure in Section[3.5

Similar to the exact result in Chapter 2l we find that as the unitarity point is approached
the trimer binding energies form a geometric spectrum and the ratio between adjacent levels
is given by

S (3.21)

This can also be understood from the limit cycle flow of A;. At each scale £ = Ae?, where A,
diverges, one hits a trimer state. The RG scale & can in turn be connected to the atom energy
E, and as the divergencies appear periodically in ¢ one easily obtains Eq. 3.21).

There is an additional universal relation obeyed by the trimer energy levels which we may

take as a measure of the quality of our approximation. It is given by the relation of the trimer
(n)
T

ate with the atom-dimer (ain)) and three-atom threshold (a(_n)), respectively. For comparison

binding energies £/ at unitarity and the value of 4 for which the trimers become degener-

with the literature, it is useful to define a wave number x* given by E; = —#°x*2/M (in our
convention, E; = —2x*?). We then find

a0 —1.68, axM 008 (n—o0) (3.22)

*

which may be compared with the exact result a(_n)xgn) = —1.5076, ain)x(*n) = 0.07076 from
the fully momentum-dependent calculation in and as also recovered in our
calculation in Chapter[2l Again, the good agreement with our approximate solution suggests

that our model should provide a solid basis for the step to the four-body problem.

3.4 Four-body sector

Recently, the solution of the four-body problem in the low-energy limit has gained a lot of
interest. In quantum mechanical calculations the existence of two tetramer (four-body bound)
states was conjectured for each of the infinitely many Efimov trimers [200, 201]]. By calculat-
ing the lowest few sets of bound state levels von Stecher ez al. concluded that the
ratios of the binding energies of the two tetramers with respect to the energy of the trimer
state approach universal constants. However, with the quantum mechanical approach the cal-
culation directly at the unitarity point («~! = E = 0), marked by a star in Fig. has so far
been impossible, although this point is of great interest when one wants to gather evidence for
universality of the four-body system. In fact, in the three-body sector the universal, infinite
RG limit cycle appears only exactly at the unitarity point and only here all non-universal cor-
rections vanish identically. It is one of the advantages of the fRG approach that, in contrast to
the quantum mechanical calculation, the unitarity regime can be directly accessed.
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FIGURE 3.3: The generalized Efimov plot for four identical bosons. We plot the energy levels of the
various bound states as a function of the inverse s-wave scattering length a as numerically cal-
culated in our approximative, effective theory. In order to improve the visibility of the energy
levels we rescale both the dimensionless energy E | A and the dimensionless inverse scattering
length a=' |\ where A denotes the UV cutoff of our model. Also, we only show the first three
sets of Efimov levels. The solid black line denotes the atom-atom-dimer threshold, while the
dotted black line gives the dimer-dimer threshold. In the three-body sector one finds the well
known spectrum of infinitely many Efimov trimer states (green, dashed) which accumulate at
the unitarity point E = a~' =0, indicated by the orange star. In our pointlike approximation
the four-body sector features a single tetramer (solid, red) associated with each trimer state.

In order to investigate the four-body sector we include all possible, U(1) symmetric, mo-
mentum independent interaction vertices in the effective flowing action I'y. As discussed in
Section[3.Tlone can show by the use of the vacuum hierarchy [96, 165} [177, 210] and under the
assumption that all three- and four-body couplings vanish in the microscopic action, § =Ty,
that from all these possible vertices only the three couplings /1¢, S, and y are built up by quan-
tum fluctuations. These are thus included in our truncation, Eq. 3.1). Very recently Tanizaki
showed that the vacuum hierarchy may be violated in the RG evolution when the atoms and
composite dimers are integrated out simultaneously [[164]. While our RG scheme in Chapter[2]
respects fully the vacuum hierarchy, the regulator choice in this Chapter may mildly violate
the decoupling of n-body sectors. From [[164] we, however, expect that the deviations due
to this violation are small compared to the corrections introduced by using the approximate
derivative expansion.
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Four-body limit cycle and universality

Let us first analyze the unitarity point. Here it is helpful to switch to rescaled, dimensionless
couplings
. k3 xRt n*k’
Ay = Ay B=—=p, 7=—57. (3.23)
) gt ¢ pe e

The corresponding flow equations are obtained by inserting the effective flowing action I';,
Eq. G.1), into the Wetterich equation (Z.40). By the use of the rescaled couplings we find three
coupled ordinary differential equations, which are again coupled to the two- and three-body
sectors, but become independent of an explicit g and k. The diagrammatic representation of
the flow equations is shown in Fig. B.1)c). Considering the 0(10?) Feynman diagrams which
have to be evaluated it is quite remarkable that the flow equations at the unitarity point take
the fairly simple, analytical form®

. 128 62, 1124,
o), = —-ZX+—-2 (3.24)
125 1257 125

128 .
Ay = — ——/1 3A, 4+ — X2
oy + ﬂ +345+—

¢)
2 188/3 1 128.
1T 125 y 125
224, , 156, 4384 .
+ 8- —l+—
125 P 12573 " 375 79
128 3 39681 ; 326)
+ — A Ay, .
%3 ¢ 375 379 (
4592 8768 » 128
A = et 2
eV 375 375f6 P
1 79072 7936 -
ST e
1257 1875 375
448 . 743685, 5376
+ A+ 37 o8 3
125 1875 625

(3.25)

3

(3.27)

We pointed out in the last section that the appearance of bound states is connected with

(n)

divergent vertex functions I',” and we exploit this behavior to determine the bound state
spectrum of the four-boson system. These infinities are complicated to handle in a numerical
solution of the theory. In particular, the numerical treatment of unbounded limit cycles is
problematic due to the periodic infinities during the RG flow. In order to circumvent this
difficulty we use the method of inverse couplings.

The basic idea is quite simple. In the beginning of the RG flow one follows the rescaled

couplings iqs, ﬂ~ , and § according to Eqn. (3.24)-(3.27). When the couplings reach a critical

®For illustrative purpose we show the analytical form of the flow equations at the unitarity point only. Away
from this limit their explicit expressions become much more complex.
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FIGURE 3.4: Renormalzzatzon group limit cycle behavior of the three- and four-body sector at the
unitarity point E = a= = 0. The rescaled, dimensionless couplings A5, 4 & ,3 /6, and 7 /1000
are plotted as functions of t = In(k/A). Not only the three-body coupling /13 (dashed, black)
exhibits a limit cycle behavior, but also the four-body sector couplings igé (red, solid), ,BN (blue,

dotted), and 7, (green, dotdashed) obey a limit cycle attached to the three-body sector with the
same period.

numerical value in the close vicinity of a tetramer resonance at the (logarlthmlc) RG scale
(n)
= [

and }7 = 1/7. In the corresponding flow equations at first sight potentially dangerous terms

, one switches to the flow of the inverse couplings A, = 1/4;, A g =1/ A & B=1/ /5

such as the expression A2 / [ appearing in the flow J /1¢ approach in fact well-defined, finite
(n)

. In order to handle the additional zero-

(n)

has to be taken. It turns out that in this case numerlcally stable results can be achieved by
studying the evolution of the rescaled couplings /1¢ = /1¢ /25 B= 15/ /1 S 7=7/ /13

The result of the numerical calculation of the four-body sector at unitarity is shown in
Fig.[3.4l Here, we display the RG flows of all nonzero three- and four-body sector couplings
as a function of the logarithmic RG scale ¢ = In(k/A). The three-body coupling A; (black
dashed line) exhibits the well-known limit cycle behavior, described in Section [Z.5] with the
period being connected to the Efimov parameter sy. Remarkably, there is an additional limit
cycle in the flow of the four-body sector couplings with a periodic structure of exactly the
same frequency as the three-body sector. This four-body sector limit cycle exhibits resonances
which are shifted with respect to the ones belonging to the three-body system. The magnitude
of this shift is given by a new universal number, which is inherent to the four-body sector.

Our observation is that the four-body sector is intimately connected with the three-body
sector at the unitarity point. Its flow is permanently attached to the running of the three-body
sector from the first three-body resonance on. For k < A the flow reaches its “final’ periodic
structure. Due to the tight bond between the three- and four-body sector, no room is left for
an additional four-body parameter.

We have explicitly checked the universal aspects of the flow by using, for instance, finite
initial values of the four-body couplings in the UV. The result is shown in Fig. Note in

values as both /1¢ and ,5 tend to zero at t = ty

crossings of /1 when the flow approaches a trimer resonance at t = ¢, /, a different approach
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" surdnod

FIGURE 3.5: Check of universality. Renormalization group limit cycle behavior of the three- and
four-body sector at the unitarity point E = a~' = 0. The rescaled, dimensionless couplings A;

(dashed, black), 4 o (ved, solid), /3~ /6 (blue, dotted), and 7 /1000 (green, dotdashed) are plotted as
functions of t =In(k/A). In contrast to Fig. B Anonzero UV values for the four-body couplings
have been used. Although different in the UV the flow approaches its universal infrared limit
cycle very quickly.

particular the shift of the first tetramer resonance. While the position of the first tetramer and
even its existence is highly non-universal, the higher tetramer states approach the universal,
infrared result very quickly and we find that arbitrary choices of initial values lead to the same
infrared behavior. Furthermore, the Yukawa coupling g, which is connected to the strength
of the Feshbach resonance by Eq. (.13), completely disappeared in the flow equations at uni-
tarity: again an indicator of universality. Having done this calculation directly at the unitarity
point our conclusion is, that, within our simple approximation, the four-body sector behaves
truly universal and independent of any four-body parameter confirming the conjecture made
by Platter et al. [200, 201]] and von Stecher ez al. [[48,202]. We expect that universality will

also hold for an improved truncation and maybe even for N-body bound states with N > 4.

Origin of the degenerate tetramer resonance

Naively one expects that each resonance in the flow of the vertex functions is connected to
the presence of a bound state. As one observes there are also additional resonances in the four-
body sector being degenerate with the three-body sector resonances. At first sight one may
arrive at the conclusion that these resonances are pure artifacts of our approximation and that
they will disappear as one includes further momentum dependencies in the field theoretical
model. On the other hand one can also take a different perspective on these resonances by
taking into account that the RG scale k-dependence of vertices is related to their respective
energy dependence.” For this reason the divergencies at t,(le)
insight. In fact, these divergencies may be due to non-analyticities of the energy dependence

may carry some deeper physical

"By a simple argument, one can see that there is such a relation between the RG scale k-dependence of a cou-
pling and its ‘true’ energy dependence: Let us consider the energy dependence of the full, inverse dimer propagator
Py which is a solution of the fully energy dependent flow equation Z45) in Chapter[2 which we have to continue

to real energies E. In a standard ladder summation in Eq. Z45) no k? regulator term were present. The energy
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of the four-body vertices which are not connected to bound state poles. Indeed, as the energy
of a tetramer becomes larger than the energy of the lowest trimer state, the tetramer can decay
into a trimer and a free atom, which is in this case the energetically favorable configuration.
The trimer energy in this respect marks the atom-trimer scattering threshold. It is well-known
that such continuum thresholds are connected to branch cuts in the respective vertex function,
with a branch point exactly where the continuum emerges. Although in our pointlike approx-
imation such non-analyticities cannot be resolved by the vertex A; itself, they can show up as
spurious divergencies in the RG scale k-dependent A; = A;(k). At first sight one may guess
that these divergencies cannot be distinguished from divergencies belonging to true bound
state poles within a derivative expansion. This is, however, not quite true.

In order to show this, we use the method of complex extension developed in [96]. The
idea is to extend the domain of the running couplings to the complex plane

/13—>/13,1+l./13,2 /1¢—)/1¢,1+l/1¢,2
B— Bi+iB,; Yy —=rtir. (3.28)

This effectively doubles the number of real flow equations and additional initial conditions
must to provided. We choose a small value A; ,/A* = ¢ = 107 in our numerical calculation
and take all other imaginary parts to be zero in the UV. In physical terms, by the complex
extension we convert the stable bound states into metastable resonances. One may compare
this with the procedure of Braaten and Hammer who introduce a parameter
n* in order to model the decay of the trimers to deeply bound states which have not been
explicitly included in the effective model.® In this line we view our complex extension as
a way to, on the one hand, include these deeply bound states in the fRG calculation. On
the other hand, this allows us to study the evolution of the imaginary part of the four-body
vertices as the trimer resonance, which represents energetically the atom-trimer threshold, is

crossed. Specifically, we find that for € < 1 the decay width of the n® Efimov trimer T(Trg is
given by F(ﬁ? = 46Ej(;i) at unitarity. This is in agreement with the result in [[66]
4 *
(1) o 11 (o)
L~ B (3.29)

which holds for small »n*. Thus, for € < 1, the relation to the parameter n* introduced by
Braaten and Hammer is given by

e=—L. (3.30)

E itself however serves as an effective infrared cutoff. In a pointlike RG approximation we project this equation
onto zero external energy. Instead we, however, have the regulator &% in the denominator of Eq. Z45). One can
now directly see that we may trade the energy E in the full energy dependent ladder expression with the term 2k2
in Eq. Z43). In the resulting k-dependent solution Py, the k-dependence is equivalent to the dependence on the
energy E in the limit of g — co.

8The parameter 7* has for instance been measured in a system of “Li atoms where one finds * ~ 0.2 [[134].
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FIGURE 3.6: Renormalization group limit cycle behavior of the dimensionless, complex coupling

;13: real part (ved, dashed), imaginary part (blue, solid).

~— °S2I JoWeI}d)

FIGURE 3.7: Renormalization group flow of the imaginary part of dimensionless coupling qu.

In Fig. 3.8 we show the flow of the real and imaginary part of the three-body coupling A,
as function of the logarithmic RG scale ¢. This plot corresponds directly to what was shown
in Fig. B2 before. In the three-body sector the trimers are only unstable due to the decay
to the deeply bound states not explicitly included in our model. We observe that there is a
resonant enhancement of 13,2, with a shape of a typical bound state resonance everytime a
trimer resonance is passed. These resonances have a constant width obeying Eq. (3.29).

The situation is different for the four-body couplings. In Fig. 3.7l we show the flow of the
imaginary part of the coupling A 4- Asthe coupling encounters the first tetramer state, the flow
shows a peak in the imaginary part much like in the case of A; and its width can be interpreted
as due to the decay to the deeply bound states; other decay channels are not present for this
state. Having crossed this resonance the imaginary part goes back to its small value. As the
k? dependence of the flow of couplings resembles to some extent the energy dependence of
the full vertices, the behavior of /1¢ corresponds just to what one would expect from a bound
state pole.” The flow changes its characteristics, however, dramatically when it crosses the

) 0
first trimer state at ¢ = £

;- Here the imaginary part experiences a large enhancement which
Il

The bound state peak in ImA ¢ has the wrong sign when using the adhoc replacement .28). Strictly speak-
ing, one should take the 7€ prescription for the propagators involved in the theory and carry them through the
calculation for a finite €. We then expect this resonance to have the correct signature. Since we are only interested
in an heuristic argument we carry on with the more simple prescription (3.28).
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FIGURE 3.8: (a) Imaginary part of the full two-atom scattering vertex Ay, (I'matrix) as function
of energy for a = 1. (b) RG flow of the purely real coupling A (k) given by Eq. 3.32) evaluated
Jor a positive energy E;, above the atom threshold. (c) RG flow of the imaginary part of A, =
Ay + 1Ay as function of the logarithmic RG scale t =In(k /) for Ey, > 0.

does not go back to small values after the resonance. The k-dependence of this enhancement
reminds of the typical energy dependence of the threshold behavior of a scattering vertex.

A similar threshold behavior can, for instance, be seen when evaluating the energy depen-
dence of the full two-atom scattering vertex A,(E) which, taking the single-channel limit of

Eq. @47), has the form
1 ;
A¢(E)—1o<—;+,/—E/z—ze. (3.31)

The resulting imaginary part is shown in Fig.[3.8(a) for a scattering length 2 = 1.

We can use the two-body problem as an analogy in order to support our expectation that
the divergencies in the four-body couplings at the position of the trimer states are indeed due
to a atom-trimer scattering threshold behavior. To do so we calculate the RG flow of the two-
atom vertex /1¢ in a leading order derivative expansion, i.e. in the pointlike limit. The flow
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can be derived from Eq. 3.5) using Aj = — g%/ m; with the resulting expression

2
%, =— Yy # .
T R (R —Ey)

(3.32)

This flow equation can be solved numerically for such an initial value /1¢(/e = A) such that
a weakly bound state exists, i.e. 2 > 0, and for energies E; above the atom threshold. One
then encounters divergencies during the flow which can be handled similarly as for the case
of the four-body coupling using the inverse coupling 1/4,. The result is shown in Fig. B.8(b).
Two divergencies appear, and the first belongs to a bound state resonance. At first sight the
second resonance, which reminds of the degenerate resonances we encounter in the four-body
couplings, could be mistaken as a bound state resonance. When the flow equation is, however,
evaluated in the complex coupling plane (44 = Ay ; + iy ,), and using the strict z¢ prescrip-
tion for the propagators, the true nature of the resonance becomes clear, see Fig.[3.8(c) where
we show the RG flow imaginary part A ,. The first resonance features a large enhancement of
Ay, which has the characteristics of a bound state resonance. In the vicinity of the second en-
hancement of A, from Fig. B.8(b), A , behaves differently and very similar to what we found
in the case of the four-body coupling: the coupling A, , shows an enhancement which does
not vanish after crossing the resonance. In this case we, however, know that this resonance is
indeed connected to the non-analyticity of the full solution /1¢(E ) which corresponds to the
atom-atom scattering threshold. Having this analogy in mind, it is reasonable to assume that
the additional resonances of the four-body couplings A4, 5, and y at the trimer resonances
are indeed due to non-analyticities in the full energy dependent couplings, which are not con-
nected to bound states, but merely to the onset of the atom-trimer scattering continuum.

Missing tetramer state

We can already infer from the calculation at unitarity that within our approximation we are
only able to resolve a single tetramer state attached to each trimer. In contrast, the ‘exact’
quantum mechanical calculations in predict the existence of two tetramer
states which have been observed in 2009 by Ferlaino et al. [203]. As one includes further
momentum dependencies, it is well possible that new, genuine resonances associated with the
‘missing’ tetramer state will appear. Such an effect occurs for example in the three-body prob-
lem. There, it is essential to include the momentum dependent two-atom vertex. Only under
this condition one arrives at the quadratic equation (3.17) which gives rise to the Efimov ef-
fect. This can easily be seen by inspection of the flow equation of A; depicted as Feynman
diagrams in Fig. B(b). The assumption of a momentum independent two-atom interaction
corresponds to a momentum (and frequency) independent dimer propagator. In this approxi-
mation the first term on the RHS of Fig.B.1|(b) vanishes because all poles of the loop frequency
integration lie in the same complex frequency half-plane. This directly leads to the loss of the
Efimov effect in this crude level of approximation.



78 CHAPTER 3. RENORMALIZATION GROUP STUDY OF THE FOUR-BODY PROBLEM

There is, however, also a much simpler explanation for why there is only a single tetramer
state in our approximation. In order to understand the reasoning let us consider solely the flow
A 4> Eq. @.25). The coefficients in this equation are sensitive to the approximation chosen as
well as to the regulators employed. In order to keep the argument simple, we neglect the inter-

four-body sector coupling given by the term ~ . When solving the resulting flow equation
one does find a single tetramer state in the spectrum. However, as argued above, the coeffi-
cients in Eq. (3.25) will change as the approximation is altered. It turns out that by changing

the coefficient in front of J; it is possible to produce an arbitrary number of tetramer states
attached to each trimer. For instance, in Fig. 3.9 we show the solution of the equation

.1 . . 128,
I A= o cAy 4324+ EA@ (3.33)

up to the first trimer resonance with ¢ = 10 [Fig.3.9a)], and ¢ = 2 [Fig. B.9(b)]. In the latter
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FIGURE 3.9: (@) RG flow of the coupling Ay given by Eq. .33) up to the first trimer resonance.
The number of tetramer resonances is sensitive to the value of the coefficient c, here ¢ = 10. (b)
Same as in (a) but with ¢ = 2.

40

(a)

case we find exactly two tetramer states attached to the trimer. From this simple result we are
led to the conclusion that it is likely that for a more elaborate truncation the coefficients in the
flow equations change in such a way that exactly two tetramers appear in the spectrum. We
thus also expect that more generally, for instance, for changing mass ratios it is well possible
that a different number of tetramers might appear in the spectrum.

Spectrum away from the unitarity point

Similar to our solution of the three-body problem, cf. Section B3] we can also use our model
to investigate the bound state energy spectrum of the four-body problem away from the uni-
tarity point by solving the flow equations for arbitrary values of the scattering length a. The
energy levels of the various bound states are determined by varying the energy of the funda-
mental atoms £ such that one finds a resonant four-body coupling in the IR. The result of
this calculation is shown in Fig. 3.3 where we plot the energy levels of the various bound
states versus the inverse scattering length. We find one tetramer state attached to each of the
Efimov trimer states. These tetramer states become degenerate with the four-atom threshold
for negative scattering length and merge into the dimer-dimer threshold for positive 4. In the
experiment this leads to the measured resonance peaks in the four-body loss coefficient [[203]].
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In order not to overload the plot we show only the first three sets of levels, although the {RG
method allows to calculate an arbitrary number of them. One also observes that the shape of
the tetramer levels follows the shape of the trimer levels. In analogy to the three-body sector
one can calculate a universal formula relating the tetramer binding energies E"(fzt)* = —2()(5;2* &
at a — oo with the corresponding scattering length at which the tetramers becomes degenerate

with the four-atom threshold ﬂ(TZt) _and the dimer-dimer threshold “%2 > respectively. We find

) A =175, A A %020 (n> 1), (3.34)
In their quantum mechanical calculation von Stecher er al. were able to calculate the lowest
few sets of bound state energy levels [48]]. From their behavior it was inferred that the ratio
between the tetramer and trimer binding energies approaches a universal number within these
first few sets of levels. It is therefore expected that the universal regime in the energy plot in
Fig.3.3]is reached very fast as one goes to smaller 2~ and Ey.

In order to investigate this observation made by von Stecher et al., we calculate the behav-
ior of two ratios as a function of the number 7 denoting the set of level for Which they are

,(r 2 and 4 a ) for which the

tetramer and trimer become degenerate With the four-atom threshold The second is the

(n) (n)

* and the n'” trimer EL
nance, 2 — co. The resultmg plots are shown in Fig. [3.] \We calculate the ratios for different
values of the microscopic couplings in order to test the degree of universality of the various
sets of energy levels. To test the dependence on the resonance strength s, oc g2 we show the
results for various values of the Yukawa coupling g. As one sees, only the first of the ratios
depend on the microscopic details. Already from the second set of levels on the microscopic
details are washed out and the ratios become independent of the choice of initial conditions:
The regime of universality is reached extremely fast and as =1 and E y are lowered one will

determined. The first ratio relates the negative scattering lengths a
nth

ratio between the binding energies of the n® tetramer E at reso-

ultimately find the four-body limit cycle described above.
For the asymptotic ratios we find (7 > 1)

a)  ~ 051840 (3.35)
(o (n)s
EX ~ 4.017E0. (3.36)

Von Stecher et al. obtain a(Tn) /a(n.) & 0.43 for the deeper bound tetramer and E /E
et,-! " Tri,- Tr1

4.58, respectively. Considering the simplicity of our model the agreement is quite good. Wlth
an ultracold bosonic gas of Cesium atoms Ferlaino et al. measured a /a . ~0.47. In this

experiment only the lowest set of tetramer states in the energy spectrum had been accessible
due to the particular scattering length profile. Considering our observation that the deepest
set of levels is still strongly dependent on the microscopical details, in accordance with our
findings in Chapter 2] one cannot expect to find the universal numbers in this particular set-
ting. Therefore more experiments for bosons interacting via larger scattering lengths would

be desirable.
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FIGURE 3.10: Calculation of universal ratios for the lowest five set of levels. The calculation is
done for different values of the Yukawa coupling g* | A which determines the effective range in

our model (in the figure: h = g). The dotted lines are only guide for the eye. (a) Ratios between
(n)

the values of scattering lengths a., Tor- and a" ay, for which the tetramer and corresponding trimer

become degenemte wzth the four-atom t/areshold (b) Ratios between the values of binding
energies E Tt " and E g " at resonance a — oc.

3.5 The trimer approximation and rebosonization

In this section we will apply the rebosonization method developed in [219] to our model 3.7).
By a Hubbard-Stratonovich transformation in the atom-dimer scattering channel, we intro-
duce an additional trimer field y ~ ¢ ¢, representing the bound state of three bosons, which
mediates the atom-dimer interaction, see Eq. (3.37) below. A similar procedure had already
been used a long time ago by Fonseca and Shanley [[192] in the context of nuclear physics and
was recently employed by us in for the treatment of the three-component Fermi gas.
There are several reasons for employing this procedure. First, it is useful to reduce the number
of resonances one has to integrate through in the RG flow. Instead of calculating the divergent
coupling A; one only has to calculate zero-crossings of the trimer energy gap which is numer-
ically much easier to handle. Secondly, by the introduction of a dynamical trimer field one is
able to mimic some of the complicated momentum structure of the atom-dimer interaction
in a simple way which could be sufficient to find the missing tetramer state in our calculation.
A third reason is that the four-body problem allows to study the method of rebosonization
in a context where the resulting field dependencies are more involved as compared to typical
applications put forward so far 220].

But most importantly, the rebosonization scheme allows to describe the many-body prob-
lem based on the action (.1)) in a physically intuitive way and in particular in the symmetry
broken phases of the system. In order to explain this point in more detail, note that the anal-
ysis of the three- and four-body problem considered in the previous sections works equally
well when considering a three-component SU(3) Fermi gas, with the exception that there exist
no tetramer states due to the Pauli principle.!® Employing continuity arguments, the phase

°One may also consider the bosonic case. Here the gas becomes unfortunately unstable for negative scattering
length at homogeneous finite density. This is the reason why we analyze the fermionic case here.
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diagram of this system has been discussed in [[105]. In the few-body system (cf. Fig. 2.2), for
small, negative scattering length |2 < [ 4, the ground state is given by unbound fermions.
Increasing the density to finite values one expects that the ground state is given by attractively
interacting fermions which build an extended ‘color’ superfluid phase. At a critical coupling
a = a_ the ground state changes character and becomes a gas of fermionic trimers, which can
be expected to be an almost ideal Fermi gas deep in the unitary regime where the trimers fea-
ture a large energy gap.!! Similarly, for = 4, in the few-body problem, the trimers merge
into the atom-dimer channel and the dimer is now the ground state. This will be reflected
also by the many-body problem and one expects that for a & a, a new color superfluid phase
of repulsive molecules appears. Since the symmetry of the trimer phase is different from the
color superfluid phases, there have to be quantum phase transitions, with possible associated
quantum critical regions in between.

The proper description of these quantum critical regimes is a complicated task and up to
now no attempts for solving this problem have been made in the case of a continuum system.
For the similar problem of SU(3) fermions on the lattice we refer to 223]]. The
main difficulty is the competition of various degrees of freedom which are in this case com-
posite particles with varying particle content. In order then to describe the phase transitions
properly, quantum fluctuations of all relevant degrees of freedom have to be included. For
instance, at the quantum phase transition at 4 & a_ fluctuations of the superfluid order param-
eter field ~ ¢, unbound atoms ~ ¢ and trimers ~ y will be important. We already see from
this argument that an intuitive way to describe this situation is the use of the relevant effective
degrees of freedom. From this perspective the introduction of a trimer field is quite natural.
Note, that in principle the system can be described in terms of the atoms ¢ only. This would,
however, necessitate the evaluation of the fully frequency and momentum dependent vertices
of the three- and four-body sector which seems to be an impossible task.

Even having introduced the trimer field, the calculation remains difficult close to the phase
transitions. For instance, close to a & a_ collisions between trimers and atoms ~ y “¢* y ¢ or
collisions converting a trimer and an atom into two Cooper pairs ~ y *¢*p ¢ will be impor-
tant. As these couplings belong to the four-body sector our previous discussion of four-body
physics becomes of relevance even for the many-body problem. In order to describe the sys-
tem properly all couplings belonging to the four-body sector will be important in the effective
average action I',. One may then hope!? that the introduction of the trimer field together
with the inclusion of all these interaction vertices in the effective average action I', allows a
rather accurate description of the system.

Technically, the trimer field is introduced by a Hubbard-Stratonovich transformation at
the UV scale, Ay ~ h?/ m)zf , which replaces the atom-dimer scattering in the UV by a trimer

exchange. The main problem of a standard application of a Hubbard-Stratonovich transfor-
mation is that the regeneration of the replaced coupling by quantum fluctuations on lower

"Unless they feature a small effective attraction, for instance in the p-wave channel .
2Since one deals with a strong coupling problem, also a// higher order couplings might potentially become
relevant.
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momentum scales is typically not taken into account. For instance the critical temperature
of conventional superconductors given by BCS theory can be derived from a model in which
the atom-atom attraction is replaced by a pair exchange (for a detailed discussion see
and Appendix[D). In BCS theory the regeneration of the vertex (¢*¢)? is neglected. Taking
into account this vertex yields a correction to 7, as large as a factor of almost two, which is
the famous Gorkov correction to BCS theory. The method of rebosonization allows to ac-
count for these contributions in a systematic way. In the Efimov problem it is even solely for
these contributions that the Efimov effect appears [[105]. Having a future application of the
results of the previous sections to many-body physics in mind, it is thus the first step to study
the rebosonization for the trimer field. In contrast to our previous work [[105]], we will here
also include the four-body couplings which, as discussed above, will be important in a proper
description of the atom-trimer-molecule quantum phase transitions.

In the three-body sector the atom-dimer coupling A, exhibits divergencies when the energy
gap of the fundamental atoms £ is tuned such that one hits a trimer bound state in the IR.

In the static trimer approximation,® the coupling A, is mediated by the exchange of a trimer
. . . _ 2 . .
field  with the non-dynamical, inverse propagator P, = mys which can be depicted as

The trimer field y ~ ¢ ¢ is introduced on the microscopic scale by a Hubbard-Stratonovich
transformation and our ansatz for the effective average action, motivated by the resulting clas-
sical action, reads

o= | W@ -atey
) A
+¢ <A¢(3T - 5)"‘ mé> ¢ +)(*m)2()(
+2(S PP+ )+ Y B
+h(x"¢d+xd°¢")
Ayl PP+ BB SPg+$b I D)
R AR IAR NN,
+8,00 Y PP+ 196 $)
+8,00 PSP+ 29PN, 6.37)

The Yukawa interaction b couples the trimer field to the dimer and atom field. The &, are the
additional U(1) symmetric four-body couplings which are generated by quantum fluctuations.

BIn the case of many-body physics this can be extended to account for a dynamical trimer field, e.g., with a
derivative expansion for the inverse trimer propagator.
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By virtue of the vacuum hierarchy, all other possible couplings can be shown to stay zero dur-
ing the RG evolution provided they vanish at the UV scale. The coupling A is regenerated
through a box diagram in the RG flow. However, it is possible to absorb all emerging cou-
plings &; and A; by the use of the rebosonization procedure. For this matter we promote the
trimer field y to be explicitly scale dependent, y — y;, y* — x; and the Wetterich equation

generalizes to!*
1 7 -1

)
+ <Erk[¢k]> 3,%,, (3.38)

where @, now includes all fields including the trimer fields (y, y,).- The additional term in
the generalized flow equation (3.38) allows for the absorption of the reemerging couplings
since one has the freedom to conveniently choose the scale dependence of the trimer fields as a
function of fields. In order to continuously eliminate the couplings A; and 8; during the flow,
we choose

Fexr = PP+ bl
+P Pl p+ PPl
Gxp = PV R+t
+PP G+ L e (3.39)

Upon inserting Eq. (3.39) into the generalized Wetterich equation (3.38) the condition that the
flows of A; and &, vanish leads to

I 04
o= T (b__zm;
a,8 3,8, +h(
(L‘ = —k—zz, gd:—k:;—zb. (3.40)
m m
X X

When one calculates now the flow equations of the remaining flowing couplings by projecting
Eq. (3.38) onto them, one obtains new contributions due to the presence of additional terms
arising from Eq. (339). Note that in particular the term {, takes care of the reemerging atom-
dimer vertex.

In our static trimer approximation the trimer field has no dynamical propagator and the
model given by Eq. (3.37) is equivalent to the two-channel model in Eq. (3.0). Furthermore,
no regulator has to be specified for the trimer field since in our approximation the original
atom-dimer coupling A, is solely replaced by h?/ m)zf . At this point it becomes clear why the

“There is a correction to this result when the trimer is a dynamical degree of freedom and the flow equation is

then modified [[172}220].
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modified flow equations will be easier to handle numerically: instead of calculating a divergent
A; in the three-body sector one has only to deal with zero crossings of m)z( at the values of &

where originally A; had divergencies. The modified flow equations are given by

oh = dhls +moL,
atﬂ = gtﬂlék'i'hgc’

‘9:7/ gt)/|11>k +2hgd’ (3.41)

where the first terms in the flows are the original flow equations with the trimer field taken
to be scale independent. In fact, by expressing all flow equations in terms of the coupling
H = h? one can also get rid off the problematic 4 in the denominator of ¢, in Eq. 340),
cf. [105]]. We point out that the static trimer approximation allows to calculate easily the
three-body sector and, remarkably, it allows for an analytical solution of the flow of A; in
the complex coupling plane [[I11]]. In the four-body sector the original divergencies of A; still
appear since trimers y appear in the corresponding flow diagrams and therefore one has to
deal with terms ~ 1/m?2. These difficulties can, however, be resolved in a similar fashion as

described in Section B4 Finally, the bound state spectrum of the trimers can be computed
by calculating the poles of the trimer propagator, m)z( (k =0,E;) =0, in a straightforward
manner.

3.6 Conclusion

In this chapter, we investigated the four-body problem with the help of the functional renor-
malization group. Employing a simple two-channel model with pointlike three- and four-body
interactions we were able to study universal properties at the unitarity point a — oo, £ =0 as
well as to perform computations away from it.

In the RG language the Efimov physics of the three-body problem manifests itself as an
infinite RG limit cycle behavior of the three-body coupling constant at unitarity. We found
that also the four-body sector is governed by such a limit cycle which is solely induced by the
RG running of the three-body sector, signaling the absence of a four-body parameter.

We computed the energy spectrum away from unitarity and were able to obtain the uni-
versal relations between four- and three-body observables in our approximation. Our calcula-
tion provides an explanation for the findings of von Stecher ez al. [48]], who found that these
ratios approach universal constants very quickly for higher excited states. We also found a
dependence of the ratios for the lowest level on microscopic details such as the strength of
the underlying Feshbach resonance. This is of relevance for the experimental observations by
Ferlaino and coworkers [203]]. In this experiment only the lowest tetramer states have been
observed and hence one cannot expect to find the exact universal relations between them.

Considering the simplicity of our model, we find good agreement with the previous studies
in [[48][200,201]]. There had been disagreement in literature about universality and the absence
or existence of a four-body parameter, see e.g. 225]]. Our renormalization group
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results support the conclusion that the four-body system is universal and independent of any
four-body parameter.

An important shortcoming of the pointlike approximation is the absence of the shallower
of the two tetramer states. We presented ways how this shortcoming might be overcome,
either by the use of a truncation with an improved momentum and energy dependence of the
vertices or by a different choice of regulators. From the energy spectrum in Fig.[3.3]it becomes
also evident that the excited tetramer states can decay into an energetically lower lying trimer
plus an atom. The higher excited states in the four-body system are therefore expected to have
an intrinsic finite decay width [201]]. Whether this width has a universal character, however,
still remains an open question. Using the method of complex extension of RG flows [[111
we presented a method for how to infer this width from a functional renormalization group
analysis even in a simple, lowest order derivative expansion.

The inclusion of the full momentum dependencies in the three- and four-body sector seems
to be a rather complicated task. In the effective field theory study of the three-boson system
the introduction of a dynamical dimer field, often called the di-atom trick [[66], has been a
decisive step towards the exact solution of the three-body problem. From this perspective
we suggest that the inclusion of a dynamical trimer field in the effective action might help to
simplify the momentum dependent calculation. Furthermore, we indicated how this approx-
imation gives a good starting point for a many-body calculation addressing possible quantum
phase transitions in the system and we showed how the method of rebosonization may be
used to simplify the calculations.






Chapter Four

Full spectral functions and excitation spectra near
the polaron-to-molecule transition from the fRG

AS we have seen in the previous Chapters, in three spatial dimensions the ground state of
two interacting fermions of different species changes its character at the critical unitary
interaction strength 1/a = 0. While for 1/a < 0 it is given by two unbound, free atoms, it
becomes a weakly bound molecular state with universal binding energy ¢, = — 42 /(ma?) for
1/a > 0. How this situation changes when one of these species, say the T-atoms, has a finite
density 7y = k3. /(67%) characterized by the Fermi wave vector kg, is one of the main questions
we will address in this Chapter.

In this case, one deals with a polaron problem where an impurity, the |-atom, is immersed
in an environment, the J-Fermi sea. In general, a polaron is an impurity immersed into some
environment which changes the single particle properties of the impurity due to the interac-
tions with the bath [226]. Impurity problems are ubiquitous in physics with many prominent
examples ranging from lattice polarons [227]] to Kondo physics [228} 229} 230]. In the present
polaron problem, the single |-spin atom constitutes a mobile impurity in the environment of {-
fermions and below a critical dimensionless interaction strength ¢ = 1/(kza) < §, the ground
state is given by the so-called Fermi polaron, a single particle excitation with well-defined
quasiparticle properties [[3]]. For increasing microscopic attraction, ¢ > ¢, the ground state
changes its character, and the impurity forms a molecular state with an atom of the {-Fermi
sea. This qualitative change of the ground state marks the so-called polaron-to-molecule transi-
tion and has been predicted by Prokof’ev and Svistunov [[59,[60]. It has not only been studied
extensively theoretically [59} 160, [72, 231}, 232, [233], 234| 235}, (236}, 237, 238}, 239], but also has
been verified experimentally [240].

As it turns out, not only the ground state features interesting physics but also the excita-
tion spectrum across the transition exhibits a rich structure. On the one hand, as shown from
a microscopic calculation in this chapter (see also [62]]) and in a phenomenological two-loop
calculation by Bruun et al. [241]], the polaron (molecule) remains a well-defined excited quasi-
particle of finite lifetime for ¢ > ¢, (§ < ¥,) with a power-law decay of its lifetime confirming
the first-order nature of the polaron-to-molecule transition [59,/60]. On the other hand, a new
quasiparticle appears for large microscopic attraction (1/a > 0) at positive energies: the repul-
stve polaron.

In order to access these excited states it is necessary to calculate the full energy and momen-
tum dependent self-energies of the impurity and the molecular state. So far, there had been a
lack of theoretical work which studies all the features in the polaron-to-molecule transition in
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a unified approach. In this Chapter we present a new, numerical functional renormalization
group method which allows such a unified description.

The polaron-to-molecule transition is of great relevance for many-body physics as it consti-
tutes a two-component Fermi gas in the limit of extreme spin imbalance. While the repulsive
polaron sheds light on the question if the attractive Fermi gas prepared on the so-called 7e-
pulsive branch is stable enough to reach the phase transition to (Stoner) ferromagnetism

[49, 50, 52} 56, 242] 243, the ground state of the polaron-to-molecule tran-

sition provides information about the phase diagram of the imbalanced BEC/BCS crossover

[16, 245

Motivated by this many-body perspective, we will first briefly review the phase diagram of
the imbalanced Fermi gas in Section .1} after which we introduce the Fermi polaron physics
in more detail (Section®.2). In Section[#.3] we derive the RG flow equations and analyze the
ground state properties using a simple derivative expansion. The discussion of the advantages
and disadvantages of such an approximation then leads to the question of how to calculate
the RG flow of full spectral functions in Section[£.4l After we analyze the spectral properties
in Section .3, we use the full Green’s functions to predict the radio-frequency response in a
mixture of ®Li atoms using linear response theory in Section .6l We summarize our results

in Section 471

4.1 Aspects of the phase diagram of an imbalanced Fermi gas

A spin-balanced, two-component Fermi gas with attractive interactions becomes superfluid -
and superconducting if the fermions carry charge - at low temperatures, as first observed by
Onnes in 1911 and sucessfully explained many years later, in 1957, by Bardeen, Cooper,
and Schrieffer [247]]. As shown by Cooper [248]], the combination of arbitrary weak attractive
interactions and the presence of a Fermi surface leads to the formation of so-called Cooper
pairs, which, as bosonic degrees of freedom, condense and build the superfluid BCS-state. In
fact, the attraction can even be so weak that in the corresponding two-body problem no bound
state exists.
The transition temperature for BCS-suprafluidity is exponentially suppressed,

T )T, =2 3w 1)
SIET e ’ .

with y the Euler constant, 7 the Fermi temperature, k; the Fermi wave vector, and a4 the
scattering length. This result, as derived by Bardeen ez al. [247], is, however, not exact but
receives a correction by a factor of 1/(4e)'/? due to particle-hole fluctuations known as the
Gorkov-Melik-Barkhudarov correction to BCS theory [249]. For a derivation of both results
from the functional renormalization group we refer to Appendix Low temperatures as
in Eq. @) in the weak coupling regime kp|a| < 1, where BCS theory becomes valid, can
presently not be achieved with ultracold atoms. However, the use of Feshbach resonances al-
lows to enhance the attraction so much that the strong coupling regime ky|a| > 1 is accessible
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where T, ~ 0(T;) which is well in reach of cold atom experiments. This finally allowed the
observation of fermionic superfluidity in ultracold gases by the MIT group 1 n fact,
at unitarity, the critical temperature has been measured to be 7, /T = 0.167(13) which
is in excellent agreement with various theoretical predictions ranging from a self-consistent
Ward-Luttinger approach that gives 7./7Ty = 0.16 to Monte Carlo calculations which
give T./ Ty = 0.152(7) [79] and 0.171(5) [80].

The tunability of the interactions allows to realize the so-called BCS-BEC crossover (for a
collection of related articles we refer to [[16]): while for negative and small kpa the formation
of highly non-local Cooper pairs takes place, for positive scattering lengths a the fermions
form molecules which become tightly bound in the BEC-limit kza — 0T. In this limit the
tightly bound molecules with the universal binding energy ¢, = % /(ma?) form a weakly inter-
acting, repulsive and thus stable BEC of bosonic molecules with the standard BEC transition
temperature [[1]?

T, ppc/ Tr ~0.218. 4.2)

Within standard BCS theory for a spin-balanced Fermi gas, the superfluid state is protected
by an energy gap A which vanishes at the transition temperature in a second order phase
transition. But what happens when a spin imbalance is introduced? Such an imbalance can
be enforced in cold atoms by choosing an actual imbalance in the densities 7y # 7| of 1- and
|-atoms which, in a grand canonical description, implies a finite difference in the chemical
potentials 5 = (uy — 1)/2 # 0. This is similar to an electron gas in an external magnetic field
B which likewise leads to an imbalance in the chemical potentials 5 = (uy — u|)/2 = yB/2
with y the gyromagnetic ratio.

Contrarily, a finite value of / does, however, not necessarily imply a imbalance in the
fermion densities. In fact, due to the protecting energy gap A, a finite effective magnetic
field h can be applied before the superfluid state breaks down at a critical value 4, due to the
large mismatch of the Fermi surfaces. While the superfluid phase for b < b, has a vanishing
polarization P = (ny —n|)/(n+n)), the phase for 5 > h, is characterized by P # 0. The finite
jump in the polarization (and density) implies a first order phase transition at 5,. Note, that
the existence of such a jump has been indicated by the experiment at MIT [29] but it is yet not
theoretically proven.

In Fig.[4.la tentative phase diagram at zero temperature is shown where the axis are given
by the dimensionless effective magnetic field / /¢ and coupling constant 1/(kza).> Two lines
are of particular importance: the Clogston field /4, and the so-called saturation field hg. As
discussed above, /. marks the phase transition from a balanced superfluid (SF,) to a nor-
mal, partially polarized Fermi gas (N,,,). In weak coupling, it equals the so-called Clogston-
Chandrasekhar limit of the breakdown of superfluidity [250,251]] which, in mean-field theory,

'A historical side remark: Remarkably, one of the two first, Nobel prize rewarded, BECs in 1995 as well
as the superfluid fermionic system [[15,29] were created at the MIT with the same machine.

2That the interaction between the molecules becomes indeed weak in the deep BEC limit was shown in a
four-body calculation by Petrov et al. [196].

*In this Section we use the definitions 7 = n +n = k;/(37%) and €, = k; in natural units 5 = 2m = 1,

whereas in the following Sections as well as in Fig. LTl we use the different convention 7 = n, = k; /(67).
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FIGURE 4.1: Schematic plot of the zero temperature phase diagram of the spin-imbalanced Fermi
gas. The axis are given by the dimensionless intevaction strength 1/(kpa) and the difference
in chemical potentials b = (uy — w)/2 in units of €. In this figure the convention ny =

k2. /(67%) is used. The fignre is taken from Punk et al. [236)] with courtesy of W. Zwerger.

is given by

h.= £ (Clogston-Chandrasekhar limit). (4.3)
V2

If the magnetic field 4 is above the saturation field A, the system undergoes a second order

phase transition to a fully polarized, single component Fermi gas of majority f-atoms. At

low temperatures, interactions are frozen out due to the Pauli principle and the phase » > b,

corresponds to an ideal -Fermi gas.

Due to the first order phase transition for k;a — 07 from a superfluid state SF, with
zero polarization P; to the normal, spin-polarized state N, with high polarization P, for
h > b, there is a jump in the densities of T- and |-atoms at b, as predicted by Bedaque ez
al. [252]] and experimentally verified by Shin et al. [253]]. This implies that there is a regime
of polarizations P* with P, < P* < P, which are not allowed in the system. This regime is
sometimes termed the forbidden region or the phase separated state. The latter terminology is
easily understood considering a cold atomic system, where particular particle densities 7; and
n| can be prepared which correspond to a “forbidden’ P*. Given such a P*, it is energetically
favorable for the system to form two types of domains of finite size in space: one type consists
of a balanced superfluid while the other consists of a normal Fermi gas of finite polarization.
Adding now more minority |-atoms, the superfluid domains will grow, while the other do-
mains shrink. This is similar to bubble nucleation in the liquid gas transition [[170]. This first
order phase transition is shown as thick line in Fig.[£1] It terminates at the so-called splitting
point S where the transition along 5, turns second order. As discussed by Son [254]] using
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effective field theory, the point S marks a sharp transition at 7 = 0 but becomes a crossover
at finite temperature and it is related to a characteristic change in the dispersion relation of the
fermions in a balanced superfluid 76} [255]]. While the fermionic excitation spectrum E(k) in
the balanced situation has a minimum at momentum & = 0 for ¢ > ¥, it has its minimum at
a finite momentum for ¢ < ¥s.

In the weak coupling regime, where the fermions are barely renormalized, the saturation
field 4, is obtained in lowest order by setting 1| = 0 which yields b, = 11/2 = €;/2. The
first order correction due to interactions is in mean field theory given by u| = gn which
results in b, = €;(1/2+2/(3x|0])+...) [256]. As shown in Fig. 1] b, increases towards
the BEC side. The point M marks the endpoint of this second order phase transition from a
non-interacting -Fermi gas with P = 1 to a normal, partially polarized Fermi gas with P # 1.
For couplings ¢ beyond the point M, A, determines the transition from an ideal {-Fermi gas
to a polarized superfluid (SF,,), where superfluid molecules are immersed in excess majority
T-atoms. In Pilati and Giorgini argue, based on a fixed-node Monte Carlo (FN-QMC)
calculation, that for couplings ¢ > 4, the line b, marks a first-order phase transitions to the
phase SF,, due to the large atom-dimer repulsion in the regime close to the point M. Further
in the BEC regime, for ¢ > 34 > &, it this first order transition turns second order, with
¥} marking a tricritical point. Due to the phase separation between atoms and dimers for
¢ Z ¢, the point M might be difficult to observe in experiments. For decreasing values of 5
within the SF,, phase, a second phase transition takes place to a balanced superfluid which is
a continuous Lifschitz transition with a vanishing Fermi surface of f-atoms [256]. Similarly,
for § < ¢, and at T = 0, there is also a Lifschitz transition along the line A, since here the
Fermi surface of |-atoms vanishes; for finite 7' > O this transition becomes a crossover, while
the SF(-SF,, transition remains second order at 7' > 0 [256]].

Along the line of the saturation field 4, the system is just on the verge of having a finite
occupation of |-atoms and thus it gives the energy of a single down impurity in a {-Fermi
gas. The point M then represents the position of the polaron-to-molecule transition. Since the
point M plays such a prominent role in the phase diagram of a spin-imbalanced Fermi gas, its
quantitative determination is of great importance. As we will show in the following sections,
we determine the point M to be localized at the interaction strength ¢,, = 0.904(5) which is
in excellent agreement with the result from diagrammatic Monte Carlo, ¢,, = 0.90(2). From
this perspective our fRG approach builds a good starting point to explore the more involved
dynamical aspects of the polaron-to-molecule transition.

4.2 The Fermi polaron problem

The remainder of this Chapter is devoted to the Fermi polaron problem, that is, as described
in the introduction, a single |-atom* immersed in an 1-Fermi sea. This situation is realized
along the saturation field A, in Fig. 41l Some of the questions to be addressed in this Chapter

*As long as there is only a single impurity, the statistics of the impurity plays no role and consequently the
|-atom can also be a boson. We will, however, refer to the |-atom as a fermion of the same mass as the T-atoms
since we are interested in the relevance for the phase diagram of an imbalanced Fermi gas.
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FIGURE 4.2: Sketch of the basic features of the excitation spectrum of the Fermi polaron prob-
lem. (a) For very weak attraction the impurity is barely renormalized. (b-c) As the microscopic
attraction increases the impurity becomes dressed with {-fermions and is a renormalized quasi-
particle, the attractive polaron. (d) Beyond a critical interaction strength . = (kpa )~ the
molecule becomes the ground state of the system. (e-f) The attractive polaron and the molecule
exist as excited states above their respective ground state also across the polaron-to-molecule
transition. (g-h) A new quasiparticle excitation, not present in the microscopic action - the
repulsive polaron — appears at positive energies. Also shown are the energies of the attractive

polaron (green), molecule (purple), and repulsive polaron (blue).

are: what is the ground state of the system? At which energy and interaction strength does the
polaron-to-molecule transition occur? What is the nature of this phase transition? What is the
quasiparticle excitation spectrum and what are the corresponding quasiparticle properties?

In Fig.[£.2] we schematically show some of the main features of the excitation spectrum of
the Fermi polaron problem as function of the dimensionless interaction strength & = 1/(kpa).
On the left side of the figure, Fig.[£.2(a), the impurity is interacting only very weakly with the
1-Fermi sea; the |-atom can propagate almost freely through the medium and is barely renor-
malized. As the microscopic attraction is increased, ¢ — 0, the |-atom becomes a strongly
renormalized quasiparticle, c.f. Fig. [£.2lb-c), with corresponding Landau quasiparticle param-
eters such as an effective mass m, and wave function renormalization Z. Furthermore the
interaction between the - and |-atoms is effectively screened by the medium. In the following
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we will call this quasiparticle the attractive polaron. Due to the attraction, interaction energy is
gained when the impurity is added to the {-Fermi sea as indicated by the green line in Fig.

At a critical interaction strength ¢, > 0 the ground state changes character and it becomes
energetically favorable to form a molecular bound state composed of the |- and an {-fermions,
cf. Fig.£.2(d). This bosonic molecule is an impurity itself in the surrounding T-Fermi sea. It
is a renormalized quasiparticle as well, but, contrarily to the attractive polaron, it interacts via
effective repulsive interactions with the Fermi sea. The energy gained by forming the molecule
is indicated by the purple line in Fig.[£.2] The crossing of the energy levels of the molecule and
the attractive polaron marks the polaron-to-molecule transition. It corresponds to the point
M discussed in the previous Section. Note that the attractive polaron and the molecule exist
as well-defined quasiparticle excitations even across the transition, cf. Fig. f.2le-f). As excited
states they can decay into their respective ground state, but as we will see, this decay is a very
slow process. The corresponding decay rates are calculated in Section f.5] and indicate a true
level crossing of the polaronic and molecular state, which confirms the first order nature of
the polaron-to-molecule transition [60].

As we will see in the following Sections, there is, however, a further excitation in the
system at positive energies: the repulsive polaron [cf. Fig. A2(g-h)]. The repulsive polaron
is a quasiparticle excitation which is highly unstable for 1/(kza) — 0, but which becomes
a stable excitation in the limit kza — 0. In this limit it is in fact the quasiparticle in the
system with unity weight Z — 1. This finding justifies perturbative methods for ultracold
atoms in the ‘weak coupling limit’ £za — 0T.> The repulsive polaron has been studied by Cui
and Zhai [243] as well as by Massignan and Bruun [258]] using a non-selfconsistent T-matrix
approximation. We will discuss the properties of the repulsive polaron and its relevance in
detail in Section [£.35] using fRG methods which go far beyond previous studies. In a sense the
polaron-to-molecule transition can be regarded as a modification of the two-body problem
due to medium effects , see Fig. In this picture, one may regard the emergence of
the attractive and repulsive poloron branch as an effective level repulsion and splitting of the
original free atom threshold due to many-body effects.

The ground state of the polaron-to-molecule transition, cf. Fig. £.2(a)-(d), has been exten-
sively studied theoretically . A quantity
of interest is for instance the energy | of the polaron. In particular at unitarity, where the
scattering length a diverges and perturbation theory breaks down, the polaron problem pro-
vides an ideal benchmark for many-body methods. The polaron energy at unitarity has been
calculated in a state-of-the-art diagMC calculation and it is found to be £ = —0.615¢
whereas a standard MC approach yields £} = —0.59¢ [232]). Furthermore the polaron energy
can be calculated from a simple variational wave function with a single particle-hole excita-
tion 233]]. The result £ = —0.607¢ is in remarkable, and at first sight rather surprising,
agreement with the diagMC result. It can be shown, that this approach is equivalent to a
next-to-leading order 1/N expansion [[I07]], non-selfconsistent T-matrix [233]], and Nozierés-

SFrom an RG perspective the microscopic problem is strongly coupled in this limit as the microscopic attrac-
tion is largest here. The effective, infrared degrees of freedom, namely the molecule in the ground state and the
repulsive polaron in the excited state are, however, weakly coupled with the environment.
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FIGURE 4.3: The polaron problem may be regarded as the emergence of an effective two-level
system. Due to many-body physics the degenerate atom threshold at zero energy undergoes an
energy splitting and the interacting levels repel each other, as typical for a two-state system.
In this picture the molecule can be regarded as rather an additional spectator mediating the
interactions.

Schmitt-Rink calculation. Combescot ez al. systematically studied the influence of mul-
tiple particle-hole fluctuations and the result converges to the value £| = —0.616¢, [234].
Experimentally, the group of Zwierlein at MIT measured the polaron energy at unitarity us-
ing radio-frequency spectroscopy and find £ = —0.59¢ [240]. Similar, excellent agreement
has been found for various other ground state properties so that by now the ground state of
the polaron problem can be considered to be well understood.

4.3 RG flow equation and analysis in a simple derivative
expansion

Model and most general truncation

In the following Sections we closely follow our results as presented in [62]]. We study a two-
component Fermi gas at 7 = 0 in the limit of extreme population imbalance. The system is
described by the microscopic, euclidean action

5= fm{ ;l%[%—A—Mg]¢g+g¢}“¢f¢l¢1}, (+4)

with imaginary time 7. The Grassmann-valued, fermionic fields ¢; and ¢| denote the {- and
|-spin fermions, which have equal mass 7. The associated chemical potentials u, are adjusted
such that the T-fermions have a finite density 7y = &}/(67%) while there is only a single im-

purity |-atom. The atoms interact via a contact interaction with coupling constant g which
is related to the s-wave scattering length a. The scattering T-matrix acquires a complicated
frequency and momentum dependence in the strong-coupling limit and the pairing is due to
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a pole in the particle-particle scattering channel. It is then convenient to perform a Hubbard-
Stratonovich transformation of the action (£.4) introducing a bosonic molecule (pairing) field
¢ ~ ¢ ¢4 which mediates the two-particle interaction ~ g gb? ¢I¢ 1#1- The resulting action is

given by

s=[ (Sule-a-ulbrpaherhsgisrhal 69
= o=

with a real Yukawa coupling 4 for the conversion of two fermions into a molecule. In Eqn. £.4)
and (#3) we suppress the dependence of the fields on the coordinate « and imaginary time 7.
Integrating out the bosonic field ¢ in the standard path integral shows that Eq. #5) is equiv-
alent to the single-channel model @#.4) provided that _thng, A = g. Within the two-channel
model, G4 5 may include a momentum dependent, closed-channel contribution as discussed
in Chapters2land[3 In this case the model becomes equivalent to a single-channel model only
in the limit » — oo [[72,1260]. As we have seen in Chapter[2} the characteristic range r* of the
Feshbach resonance is inversely proportional to the Yukawa coupling #% ~ 1/7* such that this
limit corresponds to open-channel dominated Feshbach resonances [|6, 62} [178]).

Physical properties such as quasiparticle weights or energies can be accessed via Green’s
functions which are derivable from generating functionals. The one-particle irreducible vertex
functions I'™ are obtained from the effective quantum action I', which can, for instance, be
computed approximately in a loop expansion within perturbation theory. As we are interested
in the intrinsically non-perturbative regime of fermions close to a Feshbach resonance where
the scattering length a diverges we again employ the functional renormalization group where
the evolution of the effective average action I'y, is given by the exact renormalization group
equation

! Ly 6

1
oI, ==ST
kR > r rf)‘i‘Rk 2 k

as introduced in Appendix[Cl Since we are working now with fermions the standard trace is
replaced by the supertrace STr which includes an additional minus sign when the sum is per-

) is the full, field dependent inverse two-point

formed over fermionic degrees of freedom. T’
Green’s function at scale k, and R, is a regulator taking care of the successive inclusion of mo-
mentum scales. I', is in general a functional of the fields and contains all possible operators of
the fields allowed by the symmetries. For this reason its exact calculation is usually impossible

and one has to rely on approximations for I',. Here let us first perform a vertex expansion of
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T, of the form
r, = Jp,w{ﬁ[_"“+P2_”T]¢T+¢IGQ§(@,P>¢1+¢*qu’}e(w,p)¢}
+ Jm h(Ps P)[1(Py) b (Py) (P + Py) + h.c.]
+ JPPPPPS Ay 1 (Pys Py, P 1 (Py) (o) b (P5) b (Py + Py — Ps)]
+ 2 J 208 P1s Py P o (PL) BB by (P)B(P, + Py — Py)]
ST PPy

+ J Ao p(Pys---P5)8(Py + Py + Py — Py — Ps — P)
X[1(Py) y(Po) & (P5) b (Py) 1 (Ps)h1(Pe)] *.7)

with Matsubara frequency w, and where we made explicit the dependence of the interaction
vertices on the various four-momenta P; = (w;,p;) of the in- and outgoing particles. In the
low-energy limit this truncation is complete, that is, all terms contributing to the exact so-
lution of the polaron problem have been included.® This can be seen from the following
arguments: as there is only a single |-atom in the system there cannot be the formation of a
macroscopic BEC of molecules. Due to the absence of the corresponding finite occupation of
a macroscopic mode with finite expectation value p = 4/ ¢* ¢, there is no functional depen-
dence of the vertices '™ on - For the same reason, there are no anomaleous terms for the
fermionic propagators ~ ¢ 4. Furthermore, the majority f-atoms are renormalized only by
the single impurity |-atom to order 1/N;. Hence one can neglect the renormalization of the
T-atoms in the thermodynamic limit, and the chemical potential uy = ¢ = k2/(2m) is that of

a free Fermi gas [59}160].” Because there is only a single |-atom, all terms contributing to the
polaron problem can only have at most a single |-atom involved, either directly or as a com-
ponent inside the composite field ¢. For example, although terms ~ (¢*$)” are generated
during the flow, they do not couple back to the operators containing only a single |-atom. Ac-
cordingly the only interaction terms which have to be kept are given by the third-sixth line in
Eq. @.2). The four-fermion coupling A, the atom-dimer scattering term ~ A4, describing the
scattering of a fermion of spin ¢ with a molecule, and the six-fermion scattering vertex ~ A,
vanish in the UV and are generated solely by quantum fluctuation. Note that in particular
the term ~ Ay can be ignored as it includes two |-fermions and thus does not belong to the
polaron problem.

In a sense, these arguments reflect, that the polaron problem may be viewed as in between
a few- and many-body problem, since similar arguments like in the Chapters on few-body

*We exclude the scale dependent pressure p, in this argument as it does not couple back to the other flow
equations.
"We work in units where the Fermi momentum &, = 1 so that e, = 1.
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physics can be applied. Furthermore, the most general momentum dependencies respecting
translational symmetry have been kept in Eq. .7) and assuming low-energy scattering, only
spin-antisymmetric terms in the four-fermion scattering have been included. Note that already
the problem of two polarons is much more involved as then a possible p-wave pairing between
the two minority atoms is possible 261} [262]]. This effect would be reflected by a term ~
(gb? ¢1)?, and many others, not present in Eq. @.2).

Derivation of the flow equations

Since the vertices in Eq. @.7) are momentum dependent, the couplings G|, Gy, b, Ay, and A4

represent formally an infinite number of couplings. In order to derive their flow equations
'@ has to be calculated,
ST [x]

3 (Q)8x(P)
where y denotes the ‘superfield’ y = (¢T, ¢l’ gb?, gbI, &, ¢*). The expression T y ]+ R, may
then be separated into a field dependent part Z and a field independent part &2 according to

T 1(P,Q) (4.8)

T 1+R, =2+ F[y]1=2(1+ 27 T[] 4.9)

The logarithm or denominator in Eq. @8), respectively, can be expanded in terms of 2 1.7 [y ].

(n)
. . . . k . . . . . .

For complicated expressions including their intricate momentum dependence this derivation

is done using a computer algorithm developed in [[106]].

In terms of diagrams, each field derivative corresponds to pulling out one external leg of
the full field-dependent propagator loop in Eq. #6). The resulting flow equations can be
diagramatically expressed as displayed in Fig. 44l Here, only a few representative diagrams
are shown and only those which contribute in the polaron problem. For example, a tadpole
diagram contributing to the molecule self-energy due to scattering off a virtual molecule is
zero as it is proportional to the boson occupation number 7, which is zero in the polaron
problem. This holds as long as 7= 0. For finite temperatures one obtains finite molecule and
|-atoms occupations 7 and 7| due to the finite temperature.

Then the desired flow equations for I", ’ are derived by taking the suitable field derivatives.

The solution of the complete set of flow equation, depicted in Fig. 44, with fully mo-
mentum and frequency dependent vertices gives the exact solution of the polaron problem.
Finding the solution is, however, computationally impossible and we have to use a suitable
truncation of the effective average action I';, in Eq. @.7).

Besides keeping the most relevant terms, which, since we are working in the strong cou-
pling regime, will be partially based on at least some physical intuition, one should obviously
also include the vertices corresponding to the observables one is interested in. In our case this
is the excitation spectrum of the polaron-to-molecule transition. It is determined by the ana-
lytical structure of the Green’s function of the impurity G| and molecule G,. Additionally,
the dominant contribution to the interaction between the - and |-fermions comes from the
exchange of the molecule field ¢. Based on this argument, we devise a truncation which takes
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FIGURE 4.4: Full set of Feynman diagrams contributing to the RG flow of the polaron problem.
Their calculation yields the exact solution of the polaron problem. The flow equation generating
the coupling A, is not shown.
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into account the renormalization of G| and molecule G, while neglecting the couplings /1¢,
/1¢T and A,. The effective average action then reads

Iy = J {ﬁ[‘iw+P2_HT]¢T+¢IG&:(@,p)¢l+<]5*G(;je(a),p)¢}
p,w
[ 410

where we keep the full frequency and momentum dependence of the Green’s functions G,
and Gy4. Within the truncation @I0) the Yukawa coupling / is not renormalized which
can be seen as follows: in Eq. @10) we neglect the term gﬁ?gbng 1#1- This term, although
replaced at the UV scale with the boson exchange would be regenerated during the flow by
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particle-hole fluctuations, cf. Fig. 4] 263]).8 This does not imply, however, that our
truncation only includes particle-hole fluctuations in lowest order as in a Chevy- or in the T-
matrix approximation, see below. Contrarily, in our approach an infinite number of particle-
hole fluctuations is taken into account. Similarly to the term ~ A, the term ~ ¢?¢*¢T¢ for
the atom-dimer interaction has been omitted. Both terms, ~ /1¢ and ~ A o would lead to a
renormalization of 5 as can be seen by inspection of the flow equations shown in Fig.[£4l Due
to their omission, however, there is no diagram generating a flow of » which is why

h=0 (4.11)

and » remains independent of frequency and momentum.

In consequence, the only running couplings are the Green’s functions G| and G4 which
are themselves functions of both frequency w and momentum p. Their flow equations are
derived by standard means, taking the appropriate functional derivatives of Eq. (4.6) with
respect to the fields upon insertion of Eq. (£.10) into (.8). One obtains

KL p(P) = 23, JQ G5, (Q)G; (P +Q)
9Py (P)=—h3, JQ G{(Q)G; (P~ Q) (4.12)

with multi-indices P = (e, p) and Q = (v,q). The functions P, = Gk_1 on the left-hand side are

the flowing inverse propagators without the regulator from Eq. #.10), while the propagators
G, on the right-hand side are regulated:

Asusual, the tilde on é/e indicates that the derivative with respect to the RG scale k acts only on
the regulator term R;, in the cutoff propagators G : specifically, the single-scale propagators

read 5’k G, = —(Gg)zakRk. This set of flow equations is depicted in Fig. f.5] and it will be
investigated in the remainder of the chapter.

Previous diagrammatic approaches to the polaron problem used mainly a non-self-con-
sistent T-matrix approximation [233][258]] which is equivalent to the solution via a variational
wave function proposed by Chevy 239]]. In such an approach the molecule
propagator (second diagram in Fig.[£.5) is renormalized only by the bare fermion propagators.
The resulting full T-matrix given by G is then used to calculate the |-atom self-energy. Our
approach is fundamentally different and goes beyond the non-selfconsistent T-matrix approxi-
mation: the flow equations (£.12) have a one-loop structure but contain the fu/l propagators at
scale k. By integrating the flow, diagrams of arbitrarily high loop-order are generated and con-
stantly fed back into each other. For this reason in the fRG approach also the full propagator of

8This type of particle-hole fluctuations are the ones responsible for the Gorkov-Melik-Barkhudarov correction

to BCS theory as described below Eq. @1).
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FIGURE 4.5: Diagrammatic representation of the fRG flow equations @12) for the impurity and
molecule propagators.

the |-atom (at scale k) appears in the renormalization of the molecule Green’s function unlike
in the non-selfconsistent T-matrix approximation 258]). In this way
our approach is diagrammatically similar to a Ward-Luttinger approach [[37, 58} (264, 255, 265]]
where the diagrammatic series in Fig. 5] is solved self-consistently. While in this approach
all momentum and energy modes are integrated out in a single step, in the RG approach the
integration is performed stepwise

Derivative expansion

In order to get some insight in the ground state properties of the polaron-to-molecule tran-
sition - answering for instance the question whether and for which interaction strength this
transition takes place - we first devise a very simple, further truncation of Eq. #10), which
allows the derivation of the flow equations #.12) in analytical form. In particular, we are in-
terested in the calculation of the ground state energy and quasiparticle weights. In order to
address these, it is sufficient to keep only a limited momentum and frequency dependence of
the Green’s functions G| and G, namely those at low energies close to the ground state pole.
We may thus perform a derivative - also called gradient - expansion of I', and expand the

propagators Gl_l(a),p) and Gg;l(a),p) in powers of momentum and frequency,
G (w,p) = S|[-iw+p’]+m],
G;l(a),p) = S¢[—ia)+p2/2]+m;, (4.14)

where the gap terms mf and mé are related to the flowing static self-energies ) 4(0,0), e.g. mf =

Note that we allow only for a common prefactor | 4 in front of frequency and momen-
tum. In the few-body problem this is valid as a consequence of Galilean symmetry . This
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constraint does not hold, however, for finite density, e.g. an effective mass corresponds to a
different prefactor in front of p?. Note, that this does not imply a breaking of Galilean invari-
ance which still holds at finite density and it is guaranteed by a relation of the effective mass
to the four-fermion vertex (see, for instance, Eq. (19.2) in [2]]). Being interested only in the
ground state energy and quasiparticle weight, and for the sake of simplicity we use the simpler
approximation (£.14). In Section[4.4 this constraint will be completely relaxed.

The quasiparticle weights Z| 4 are given by

Z,4=1/[9, P g(w,p=0)]| =1/ 4 (4.15)

where the frequency derivative is evaluated at the respective ground state pole c*. Note again,
that the majority fermions are not renormalized, §; =1 and uy = ¢5.

So far we did not specify the regulator terms R| and Ry in Eq. @.13). We choose sharp
cutoff functions R, which allow to write the regulated Green’s functions G; in the particularly
simple, multiplicative form (for unoccupied |-atoms)

] O(pl—*k)
Gl,k(a), p)= SRR )

Pue(w p)
65 oy 001
’ Py (e, Py p(,p)’
A1 02 — a| — B2
GS (,p) = (P =l =% (4.16)
: Py i (w,p)
This corresponds to a (additive) regulator of the form
R = P 1 ! 4.17
Le(P) = Plw,p) | 1- 0l —%) (4.17)
1
R = P - 4.18
$.(P) 4.6(0>P) [ a0p] —k)} (4.18)
1
Rip(p) = Ppp(ew,p) |1- (4.19)
! ! 0 p* — g — &%)

A few comments are in order: the regulators #17)-@#.19) are solely momentum and not fre-
quency dependent. This implies directly that they break Galilean invariance as boosts in mo-
mentum are intimately connected to shifts in energy. At first sight this seems to be a severe
violation because symmetries should not be destroyed by the choice of regulator.” In the
present case, however, the few-body problem, where Galilean invariance holds exactly, can be

This problem of breaking of Galilean symmetry appear also, although subtly hidden, in other theoretical
approaches to the cold atoms [266} [267]).
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solved exactly as demonstrated in Chapter[2] Being the exact solution, the IR result of the RG
flow becomes necessarily regulator independent and thus Galilean symmetry, although arti-
ficially broken during the flow, finally gets restored at the end of the renormalization group
flow. Since Galilean invariance of the propagators would be broken anyway by the finite den-
sity on the quantum level (k£ = 0), we assume that the contribution to the symmetry breaking
induced by the regulator, keeping in mind the exactness of the few-body flow, is subleading.

Furthermore, were we to take a Galilean invariant regulator with a momentum and fre-
quency dependence!® we would face a new problem. The resulting frequency dependence
could give new, artificial poles in the complex frequency plane of the regulated Green’s func-
tions G¢. This in turn would entail a severe breaking of the vacuum hierarchy. As the vacuum
hierarchy lies at the heart of the solution of the few-body problem, such a violation is not ac-
ceptable. There is, however, a quite simple choice of regulator which keeps Galilei invariance:
the mass-like £%-regulator. We solved the polaron problem also for this regulator and we find
that the artificial breaking of Galilean symmetry does indeed not have an important impact
on the results.

For the |- atoms and molecules the sharp regulators @I7)-(#.19) strictly exclude low mo-
mentum modes with |p| < k& which implements the Wilsonian RG idea of shell-wise integra-
tion of momentum modes. The majority fermions have a finite density and thus their pole is
not at zero momentum but at momenta p on the Fermi surface. These low energy modes have
to be integrated out at the end of the flow which is why the T-atom regulator has the modified
form @#19). Note, that the correct pole structure is automatically kept due to the propagator
P; appearing in the prefactor of R;. For example, if one uses a masslike, additive k? regulator
one has to carefully implement the correct pole structure by using the sign function inside the
regulator of the {-fermions, Ry ;, = sign(p® — ,uT)kz.

Having specified the regulators the flow equation for the running couplings S 4, mf 4 can

be obtained in a straightforward manner. The frequency as well as momentum integration can
be performed analytically and one obtains

2%k , \ 1=k k
RS === Q(VT_zk)[ 2 2 2t 2 2]’ (4.20)
2
, b , Vi —k k
akml = Q(IUT —2k )I: 3 3 + 3 3 ], (421)

1t is desirable to have a momentum dependent regulator in order to keep the flow maximally local in theory
(momentum) space [[172]].
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b2k iZEd
XSy = —— ; —, (4.22)

) Wk /e tk
Gemly, = — . — (4.23)

In the derivation the step functions appear due to the pole structure in the zero-temperature
frequency integration.

The RG flow equation (4.6) is a (functional) differential equation and the resulting system
of coupled differential equations (#.20)-@#.23) has to be supplemented with appropriate initial
conditions at the ultraviolet scale £ = A. In the UV, physics does not resolve large distances.
To be more precise, if we choose A to be on the order of a few thousand Fermi wave vectors
A ~ 0(10°k) then the system is completely insensitive to the scale set by the density. For this
reason the initial condition is dictated by few-body physics.!!

As already discussed in Chapter 2] the s-wave vacuum scattering amplitude for the inter-
action of an - and |-fermion with momenta g, —q in the center-of-mass frame is given by

(g =lal)

1
- 404
fa)=— e is (4.24)
is related to the full, retarded molecule propagator GV*¢ evaluated at the infrared RG
q propag 4R
scale £ =0, ,
fl@)=5-Gyx(w=24"p=0), (4.25)

where «w = 247 is the total kinetic energy of the interacting atoms. The subscript R indicates
that the analytical continuation to the retarded function of real frequencies (ico — w + 10)
has been performed. As calculated from the fRG in Chapter [ the exact vacuum molecule

propagator GQV;% in the limit of microscopic contact interactions has the form
2 2
[G¥ (w,p)] ' = L =242 o). (4.26)
PR 87 2 4

é.R
Eq. #23), and dictates the form of the UV propagator G;\ for a given choice of regulator.

This expression for G¥ reproduces the correct scattering amplitude (£.24) when inserted into

In particular, the square root appearing in Eq. (£28) is responsible for the term i¢q in the
scattering amplitude (£.24). As we do not account for the square root structure of the molecule
propagator using the simple derivative expansion (4.14), this term cannot be recovered in this
approximation. We therefore focus on the correct calculation of the scattering length a at zero

"n fact, as we will see below, the RG flow will only deviate from its few-body trajectory in theory space when
k becomes of the order of k;. Only at this scale the particles ‘become aware” of the many-body environment.
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momentum. In order to do so, we have to solve the flow equation J, mé in the vacuum limit,

where neither the {- nor the |-atoms are renormalized and u| = uy = 0. Then the flow of the
molecule gap can be integrated analytically and we obtain

vac 2 — 2 hZA 4 27
(mqs’kzo) _m¢’A_m. ( . )
In order to reproduce the correct (infrared) scattering length a the molecule gap has to ful-

fill the infrared condition (m;azzo)z = —h?/(87a). This leads to the UV condition for the

molecule gap,
2

2 _ P 1
My p= 87_£(2A/7T a), (4.28)
which incorporates the correct regularization of the UV divergence ~ A in Eq. #27). At the
UV scale the momentum and frequency dependence of P; , can be neglected due to the large

bosonic gap m;,A, and we set $;5 y = 1.

For finite density the initial condition for the fermions is given by their form in the mi-

. . -1 _ . 2 . P
croscopic action (.5), Gg’k: \(w,p) = —tw +p*—p,. This corresponds to initial values
2 - _

S\ = —H, and S,y = 1. After having specified the initial conditions we can solve the
system of differential equations (£.20) numerically.

But how to extract the ground state energy and how to determine where the polaron-to-
molecule transition takes place? In order to answer this, we note that the chemical potential
| is the energy required to add one |-atom to the system [3],

m

The chemical potential (|, as a Legendre parameter, is independent of the cutoff scale £ and
the interaction effects on the |-fermion, which are successively included during the flow, are
captured by the k-dependent wave function renormalization §| and static selfenergy > (0,0).
In the polaron problem we are interested in a two-component Fermi gas in the limit of extreme
population imbalance where one considers only a single [-atom, N = 1, and the relation #.29)
can be used to determine the ground-state energy of the system. On the other hand | adjusts
the density of |-atoms and thus its value marks the phase transition from a degenerate, fully
polarized -Fermi gas to a phase of finite |-fermion density [[236], which is just the critical line
given by A discussed in Section[£1]l Accordingly, for all choices of [ui < (| there has to be

a vanishing occupation of both |-fermions and molecules at every RG scale &, which leads to
the condition

PLp(0,0,4) 20, Pyp(0,0,))20 V| <py. (4.30)

In order to have only a single |-atom or molecule, 1 has to be determined self-consistently
such that either the |-atom or the molecule ¢ is gapless in the infrared, P Jk=0(0,0) =0
(ground state), see also Table[4.1]
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coupling [ gy "< ey [ Copa) "> (e
ground state polaron molecule

| gap P((0,0)= mf =0 | P|(0,0)= mf >0

& gap P4(0,0)= m; >0 | Py(0,0)= m; =0
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TABLE 4.1: Conditions for the polaron and molecule ground states. The polaron-to-molecule

transition occurs at the critical interaction strength (kpa, )™ at which m? = m? = 0.

¢ !

We indeed find that depending on the value of the dimensionless coupling (kza)~!, either
the polaron or the molecule becomes the ground state. The polaron-to-molecule transition
occurs at the critical interaction strength (kza,)~! at which m2 = m? =0.
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FIGURE 4.6: (a) Ground state energy spectrum of the Fermi polaron problem from a derivative
expansion. The attractive polaron (solid) is the ground state for & < 0. In this regime the
molecule (dot-dashed) is an excited state. For § > & the molecule (dashed) becomes the ground
state while the polaron exists as an excited state (dotted). (b) Same as (a) with the universal
dimer binding energy substracted.

In Fig. [£.6}a) we show the ground state energy spectrum for a broad Feshbach resonance
of width r*k; = 0.005 as function of § within the derivative expansion #.14), using the sharp
regulators ({17)-(#.19). Indeed, the ground state switches from being an attractive polaron to
a molecule at a critical interaction strength ¢, = 0.972. In order to make this transition more
visible it is convenient to substract the two-body binding energy ¢, = —2/a?, cf. Fig. EL@(b).
Only a single €5 has to be subtracted since at most only a single molecule can be formed
in the system. The value ¢, = 0.972 compares quantitatively well with the diagMC result
¢, = 0.90(2) [60]. Comparing energies of different variational wave functions for the
molecule and the polaron one obtains ¢, = 0.84 [236,237]]. Considering the simplicity of our
approximation the agreement is quite remarkable.



106 CHAPTER 4. FUNCTIONAL RG FOR SPECTRAL FUNCTIONS

A further benchmark is the energy of the polaron at unitarity, 2 — co. Here, we find
/€ = —0.534 which has to be compared with | /e = —0.615 (diagMC 60]]), —0.59
(MC [232]), —0.607 (Chevy’s variational ansatz [[231]], T-matrix [233,1268]]), —0.6158 (multiple
particle/hole excitations [234]]), and —0.59 from experiment [240].
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FIGURE 4.7: (a) Spectral weight of the polaron as function of the dimensionless interaction strength
¥. The non-analyticity at the transition is an artifact of the truncation. (b) Spectral weight of
the molecule across the polaron-to-molecule transition. The molecule’s small weight is due to
its high degree of compositeness as discussed in Section

We also calculated the quasiparticle weights of the attractive polaron and the molecule as
shown in Fig. .7} The attractive polaron has a weight Z| close to unity for small attraction
and looses weight as the interaction is increased towards the transition. Already at this point
we may rise the question: where is the spectral weight lost to? This question is often simply
ignored in studies in the context of critical phenomena where one is solely interested in the
low-energy degrees of freedom. However, it is an important physical question, as we know
that the spectral function of a particle .7, given by

| 4(,p) =2ImG| 4 g(w,Pp) (4.31)
has to obey the sum rule
dw
——d(w,p)=1, (4.32)
21

no matter the interactions involved. Obviously, this sum rule is broken in the derivative
approximation where the spectral function for the impurity reads

i
5|

JZfl(co,p):27tZl3(a)—p2+ ). (4.33)

The question of loss of spectral weight is also closely related to a further drawback of the
simple derivative expansion which concerns the excited states in the system. We will see in the
following that indeed a new well-defined quasiparticle appears in the spectrum which corre-
sponds to a polaron excitation interacting repulsively with the majority atoms. This state will
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be the one absorbing most of the spectral weight lost in Eq. @#33). Furthermore we will also
see that the attractive polaron as well as the molecule exist as excited states above their respec-
tive ground state across the transition at &,. This is indicated by the dotted (dashed-dotted)
lines for the polaron (molecule) in Fig. These lines have, however, to be considered with
care, because it is not straightforward to extract these energies within a derivative expansion.

To understand this difficulty, we recall that a quasiparticle excitation is given by the poles
of the retarded Green’s function Gg(w,p). Near each quasiparticle pole the retarded propaga-
tor can be approximated by a pole expansion of the form

Galeo, )~ —— ’ (439
R C(),p I — = - .
wep—w—10  E(p)—w—il'y

where Z is the quasiparticle weight, I’ , its decay width, and E_,(p) its dispersion so that w

is a complex number. Let us concentrate on the excited polaron state.!” The Green’s function
of the polaron is given by Eq. (£.14) which is easily continued to real frequencies and yields the
spectral function in Eq. @33). In this expression, we have no freedom to adjust the chemical
potential . As described above, it has to be chosen such that there is no finite occupation of

polarons. For ¢ < ¢, where the polaron is the ground state the condition mf = 0 gives the

spectral function ./ (w,p) = 27Z 8 (w — p?) while for ¢ > ¢, the gap mf is finite and the

spectral function reads

szl(a),p):%czlé\(a)—pz—mf/Sl), (4.35)

since the quasiparticle pole is located at the real finite frequency wg, = mf Here we see an-

other drawback of the derivative expansion: it does not account for the finite lifetime expected
for an excited state. In order to extract the energies shown in Fig.[4.6lwe used the identification

Wgp = mf /S But this is obviously not the correct value. Within the derivative expansion we

assume, up to the wave function renormalization Z, a frequency independent self-energy X).
It is extracted from the flow by the projection onto the gap mf,

g mf = 9,P|(w,p) (4.36)

w=0,p=0 ’
evaluated at zero frequency. In general the self-energy X is, however, frequency dependent and
to extract the correct quasiparticle energy w, we need the self-energy to be evaluated not at
zero frequency but at the quasiparticle pole, after continuation to real frequencies. This leads
to a complicated implicit equation which is impossible to solve in a straightforward manner.
In other words, for excited states we expand around the wrong expansion point of the Taylor
expansion in frequency and only for the ground state we perform the correct projection to
extract the quasiparticle energy because here the correct expansion point is indeed v = 0. For
this reason the data in Fig.[.6lhas to be at most understood as a qualitative estimate of the exact
quasiparticle energies. The same reasoning applies to the quasiparticle weights of the excited

2The reasoning is analogous for the molecule.
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states shown in Fig. The quasiparticle weight is evaluated from Eq. (£33) which is again
obtained from a projection at « = 0 and not at the true quasiparticle pole. This is the reason
for the non-analyticity in Z visible at J, which is an artifact of the derivative expansion.

In conclusion, we see that a derivative expansion is a very simple approximation which
yields reasonable results when ground state properties are concerned. For non-universal quan-
tities and dynamical properties it is, however, not sufficient. In the following we derive a new
numerical fRG method which copes correctly with the various drawbacks indicated above and
which allows us to extract the full quasiparticle spectrum of the polaron problem.

4.4 RG for full spectral functions

The main goal of this Chapter is to solve the system of flow equations #12) without imposing
any constraints on the frequency and momentum dependence of the polaron and molecule
propagators G| 4 1(c, p). This formally corresponds to the evaluation of the flow of infinitely

many coupling constants which is impossible analytically and one has to resort to a numerical
solution. In order to do so, the inverse, flowing Green’s functions Pl /é p(w,p) are evaluated
on a discrete grid in frequency and momentum space,

P p(w,p) = Py p(w;s p;) :Pf,]}e
Py p(w,p) = Py p(w;, p;) =P;j,k- (4.37)

The propagator of the majority atoms is not renormalized and it is kept in its analytical form.
For P4 (e, p) we choose a logarithmically spaced, finite grid with w; € (0,...,@w,,,,) and

©2 P max
p; € (0o, Pmax)- As a result of rotational invariance the propagators depend only on the
magnitude of spatial momentum p = |p|, and due to the condition P*(w) = P(—w) for

Euclidean (Matsubara) propagators it is sufficient to consider positive frequencies only [2]].
Later we will perform the analytical continuation to real frequencies. Therefore it is necessary
to resolve the structure of the propagators well for small frequencies and momenta where most
of the interesting physics takes place. For this reason we choose to sample the propagators in
two regions separately with different grid resolutions. In Fig.[.8(a) we show a typical grid on
a logarithmic scale as well as on a linear scale in Fig. 4.8(b). In both, the small (cw, p) (green
area) and the high (w, p) regions (blue area) we choose to sample the same number of nodes.
In the polaron case, we find that this sampling is the best compromise between efficiency and

accuracy. y

During the RG flow we keep then only track of the finite number of couplings Pll; i
which are complex numbers. From these the full (w, p) dependence of the inverse propagators
is reconstructed by cubic spline interpolation,

Py (0, p) = Spline({P)], . })

3.
=2, CI;iZ(w — ;) (p - Pj)ﬂ’ (4.38)
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FIGURE 4.8: Illustration of the frequency and momentum grid (red dots) chosen for the numer-
ical representation of the inverse propagators P| 4 on a logarithmic scale (a) and linear scale
(b). Two different regions are employed with a higher resolution in the low frequency and mo-
mentum regime (green area). The additional outer points are used for the fit of the asymptotic
behavior of the Green’s functions.

with w € (w;,@;41), p € (pj>pj4+1) and c[jjz the corresponding spline coefficients. The

grid only extends up to frequencies e, and momenta p, .. For the asymptotics of the
propagators for high frequency and momentum modes we rely on the property that these
modes are practically not renormalized. Their form can then be approximated by simple fit
models for w > w,, and/or p > p..., and we choose

Pik(a),p):—iw +p’ —uy (4.39)

P> _hz L iw p2
MW&)—@ —a + _7+T+f¢,/e :

with f4 ;. determined by a continuity condition from the numerical value of Py , for the largest
momenta | p| = p..- We find that this procedure yields the desired numerical accuracy which
is higher than the accuracy of the numerical differential equation solver employed later on.

In the grids shown in Fig.[£.8] we chose w,,,, = 100¢; and p, .. = 100k;. Note that there
are additional grid points visible at even higher frequency and momenta which are situated
in rather close vicinity of w_.. and p. ... We also track these additional points which are
necessary for two reasons. First, they are used to determine the coefficients in our fit models
for high frequency and momenta. More important is, however, that they guarantee a higher
numerical stability of the spline interpolation. This can be seen by considering the inverse, in-
frared dimer propagator in vacuum, shown in Fig. 29 At high frequencies the propagator has



110 CHAPTER 4. FUNCTIONAL RG FOR SPECTRAL FUNCTIONS

@) Re o imte

FIGURE 4.9: Infrared solution of the flow of the inverse dimer propagator Py(cw,p) in vacuum.
(@) Real part of Py(w, p). (b) Imaginary part of Py(c,p).

a fairly simple structure and the two narrowly spaced, high frequency grid points prevent the
cubic spline algorithm to overshoot between the quite distant sampling points at intermediate
scales. At each RG step the flow equations have to be evaluated with the interpolated Green’s
functions .38) as input.

In order to keep the numerical cost of computing the flow equations #12) low it is advan-
tageous to employ the sharp momentum regulator functions R| ;, Ry s, and Ry ;. defined by
Eq. @18). This reduces the number of loop integrations by one. The flow equations evaluated
by our algorithm are then given by

anpton=-L [ o[ 0"

y X (p,g,x)
P¢ £ (v, @)Pp (w0 +v,p+aq)

ak ¢k(a)p J de dVJ qu

PAVXE:

x (4.40)
P (v, @)P; (w0 —v,p—q)
where we have defined the characteristic functions
X (pa-x) = Sg—R)O((pEa) — | —#?)
+ 2k0(q—Fk)S((p£a) — | - #%) (4.41)

and x = cos @ expresses the angle & between the momentum vectors p and g such that [p£q|* =
p2 + q2 +2pgx.

The ¢ integration can be performed analytically and results in the evaluation of the &-
distributions and thus a replacement of ¢ in Eq. (£40). Note, that the stepfunctions & depend
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on the angular variable x and evaluate to zero depending on the value of x. It is advantageous
to evaluate their argument in analytical form to keep the numerical cost of the following x-
integration as low as possible. Finally one ends up with expressions for the flow equations of
the schematic form

1 [
ngl/gs’k(wi,pj) = ZjldXJ dy

f;z(a)i’pjax’v’k,h,luT)
Py (pjs P £ v,y (pjo)

(4.42)

where the sum over the index o comprises the various contributions from the evaluation of
the 8-distributions in Eq. #40). The function f,(cw;, P v,k b, /‘T) contains the checks of
the step functions as mentioned above and the g4 /1 denote the magnitude of momenta for
which the propagators appearing in the loop have to be evaluated.

In the numerical algorithm a number of about 0(10° —10*) couplings is necessary to reach
the desired numerical accuracy. We find that the numerical cost of a direct computation of the
frequency integration is much too large so that we need a different approach to cope with
this. As a way out, we find that the computational speed can be greatly enhanced by mapping
the numerical integration onto an analytical integration using the spline polynomials in the
interval (— e, ., . )- In order to do this we are forced to perform the frequency integration
before the angular x-integration. As mentioned above, w_ .. is chosen such that the error in
the w integration of the outer regime w > w,,. introduced due to the approximation (4.39)
is smaller than the accuracy of the numerical solution of the system of differential equations
@.12). Since the analytical form of P} is known the frequency v-integration can be greatly

simplified. It requires then only the evaluation of a sum of terms of the form

med 1 1 )
~ w 4.4
w, a+bo+cwt+dw’ et fo

1

which can be done analytically. The computation involves the finding of roots w,, of cubic
polynomials which is not only numerically stable but also fast. For the final angular inte-
gration in x = cos® on the right-hand side of the flow equation #42) we use a numerical
integration with adaptive nodes in order to cope with discontinuities of the integrand.

At this stage, let us summarize the algorithm which is executed at each RG step at scale k:

e Input: P;j L scale k.

For each external w;, P> do

1. Evaluate the g-integration in Eq. £40) by appropriate replacements of g
2. Perform numerical angular x integration with adaptive stepsize by evaluating

a) Compute the complex coefficients 2 — f in Eq. £43) for each w;-interval
b) Perform the (inner) w-frequency integration from —c,,, to e, ..
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¢) Perform the (outer) frequency integrations (—oo, —c,,,.) and (v, ,00)

3. Check precision of x-integration.

e Output: akP;j | at scale k.

P;j ! is straightforwardly solved using a
Runge-Kutta algorithm, which we have implemented in a version with adaptive stepsize in
RG time ¢ = In(k/A). An adaptive stepsize is essential in order to detect the kinks in the RG
flow of the |-propagator due to the sharp Fermi surface of the {-fermions at zero temperature.

The values k where these kinks appear are dependent on the external momenta p;. They

The system of ordinary differential equations for

appear due to the sharp regulator as well as the pole structure of the integrand of J, P in the
complex frequency plane. For example for zero external momentum, the flow of g, P | remains

identically zero down to the scale k /by = 1/+/2. If fact, until the scale k& = k. is reached only
the molecule flows and thus P , at this scale is equivalent to the result of a leading order 1/N
expansion in presence of a sharp infrared regulator for modes p > k. Finally, we observe that
about 10* adaptive RG steps are necessary to obtain an error smaller than € ~ 107>,

The algorithm is started at the UV scale £ = A, where the initial condition is specified.
It is determined by the few-body calculation #26). As we employ no approximation for the
momentum and frequency dependence of the molecule propagator we are able to incorporate
the exact two-body scattering amplitude (#.24). This is in contrast to the calculation in the
previous Section using the derivative expansion where this is not possible. The vacuum prob-
lem can be solved exactly using the sharp regulators (4.16)), which leads to the UV molecule
propagator

B BN B2 O(lg—21-AN)0(lg+8—A) H(g—A
P¢,A(w,p>=—8—+—2—7 (lg—3l | ) (IZ 2l=0 (q2 ) @ad)
e R e e I

which is evaluated numerically at the beginning of the RG flow.

In Figs. and B.11] we show an exemplary flow of the molecular, inverse propagator
from the UV scale to the IR scale at £ = 0. One observes that the inverse euclidean propaga-
tors are perfectly smooth in frequency and momentum which is essential for the applicability
of our spline algorithm. The drawback of working in the imaginary frequency domain is,
however, that we have to perform the numerical continuation to real frequencies at the end of
the flow.

The flow of the dimer in Fig. 410 nicely illustrates some basic properties of the RG flow.
At the UV scale one starts with the classical action (the bare Hamiltonian) where we deal
with a short-range interaction. As we see from Fig. £10(a), the dimer propagator is flat in
momentum space which reflects that one deals with a contact interaction. Indeed, were we
to integrate out the dimer field ¢ in Eq. @&3) we would find that the resulting term (¥)?
is proportional to 5%/ Py » which becomes momentum independent as A — oo (and thus the
effective range goes to zero). Note, within a derivative expansion one only follows the flow of
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FIGURE 4.10: Renormalization group flow of the real part of the euclidean, inverse molecule
propagator Py(w,p) with RG scale k (blue surface) for unitary interactions. The red dots are
the actual data computed with onr new renormalization group algorithm. In green the exact

infrared vacuum solution is shown. Note the different scale in the z-axis for the various figures.
In red the result of the derivative expansion in the infrared is shown.
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(a) (d)

(b) (e)

FIGURE 4.11: Renormalization group flow of the imaginary part of the euclidean, inverse
molecule propagator Py(cw,p) with RG scale k (blue surface) for unitary interactions. The red
dots are the actual data computed with our new renormalization group algorithm. In green
the exact infrared vacuum solution is shown. In red the result of the derivative expansion in
the infrared is shown.
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FIGURE 4.12: Renormalization group flow of the real part of the self-energy X(cw,p) of the
euclidean, inverse impurity propagator P|(w,p) with RG scale k (blue surface) for unitary
interactions. The red dots are the actual data computed with our new renormalization group
algorithm.
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(a) (d)

k=1000. k- k=0.635802 k;

(b) (e)

k=0.855642 k- k=0.297887 kr
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FIGURE 4.13: Renormalization group flow of the imaginary part of the self-energy = (w,p) of
the euclidean, inverse impurity propagator P|(e,p) with RG scale k (blue surface) for unitary
interactions. The red dots are the actual data computed with our new renormalization group
algorithm.
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FIGURE 4.14: Renormalization group flow of the spectral function of the impurity A|(w,p) with
RG scale k from the UV (upper left) to the IR (down left) for unitary intevactions. When the
flow hits’ the scale k. spectral weight is transferred from the lower, attractive polaron branch to
the upper, repulsive polaron branch. High momentum modes are renormalized first. In order

to make the 8-function peak for the ground state visible we introduced an artificial width of
the quasiparticles of 0.03 € .
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two couplings instead of the @(10%) couplings employed here. Going to this complexity allows
us to resolve the square root structure in Eq. 4.26), which is impossible within a derivative
expansion. In Fig.[FI0(f) we also show the molecule propagator resulting from the derivative
expansion where we subtracted an overall constant to allow for direct comparison. While it fits
well in the low-energy region - as it should - it becomes completely wrong for high frequencies.
In fact, at high frequencies one finds again the consequence of the anomaleous dimension of
unity found in Chapter[Z} the square root will always prevail at scales |w|, p* > k.

In Figs. and .13l we show the flow of the impurity self-energy. Note that it does not
flow until the RG scale k/k; =1 is reached. Finally, when the flow reaches the infrared, £ =0,
we end up with the full Matsubara Green’s functions G| ;_o(w, p) and Gy ;_o(w, p). The
initial value of | for a given kpa is adjusted such that a vanishing macroscopic occupation of
|-atoms and molecules is obtained at the end of the flow, as discussed in Section[d.3] In order to
access the spectral functions we perform the analytical continuation to real frequencies using
a Padé approximation.

4.5 Full spectral functions

We now present the numerical results for the spectral functions of the polaron and molecule
across the whole transition region. To clarify our notation we also recall the conventions of
the definition of spectral properties which we will use in the following.

At the end of the RG flow, the Matsubara Green’s functions Gl / ¢,k=o(w’P)’ are contin-
ued analytically to retarded Green’s functions G| 4 r(w, p) of real frequency, using the Padé
approximation. The spectral functions are defined as

As an example the spectral function 4| (w, p) of the impurity at unitary is shown in Fig. .13

The coherent single-particle excitations at zero momentum are determined by the solu-

tions w, of the equation

w,p=0) e = 0 (4.46)
=®@qp

-1
NI
for w in the complex lower half-plane and we show the zero-momentum spectral functions
A} 4(w,p = 0) as functions of frequency and coupling (k ra)” ! in Fig. Near each quasi-

particle pole the retarded propagator can be approximated by the form

Zy14

a)qp—a)—zO

where the real part of w, determines the quasiparticle energy

Ep, =)+ Ref[wy,]. (4.48)
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FIGURE 4.15: Full momentum and frequency dependence of the polaron spectral function A (e, p)

at unitarity (kpa)~! = 0. In order to make the 8 -function peak for the ground state visible we
introduced an artificial width of the quasiparticles of 0.007 € .

We have shifted the ground-state energy, which is zero in our calculation (vanishing gap), to
the conventional value ¢ from Eq. (£.29). The imaginary part of the pole e, determines the

decay width
I =—Im[ewg,]. (4.49)
A Fourier transform in time relates the decay width to the quasiparticle lifetime
Tep = h/rqp. (4.50)

The quasiparticle weight Z| 4 is obtained from the frequency slope at the complex pole posi-
tion,
z-! :—iG_l (e :0)| 4.51)
U~ Do UpR\OP ' '

a):wqp

Note that an alternative definition of the decay width, often used in literature, see e.g. [258],
has to be treated with care. It is defined in terms of the self-energy evaluated not at the complex
pole position but on the real frequency axis,

Ty =ImE 5 (c,p= 0)| , (4.52)

w=Re[wg,]

and agrees with our definition for I’ only for a single quasiparticle pole (£.47) with Z = 1.

qp
This is however not the generic case as demonstrated in the polaron problem where further
excited states are present and Z < 1. Hence, only I' ) from Eq. @.49) can be interpreted as the

half-width of the peaks in the spectral function and as the inverse lifetime.
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FIGURE 4.16: Spectral functions at zero momentum in dependence on 1/(kga). (a), (b): Polaron
spectral function A|(w,p = 0). (¢), (d): Molecule spectral functions A 4(cw,p = 0). In order to
make the 8 -function peak for the ground state visible we introduced an artificial width of the
quasiparticles of 0.007 € .

We will now in turn discuss the features seen in the spectral functions: the peak position
(Eqp), width () and weight (Z), first for the polaron (upper row of Fig. B.16) and then for

the molecule (lower row of Fig.[4.16).
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FIGURE 4.17: (a) Energy spectrum of the single-particle excitations of the polaron-to-molecule
transition. (b) [RG result for the ground-state energy (with the universal dimer binding energy
E, = — 1" /(ma®) subtracted) in comparison to the results obtained with diagMC by Prokof’ev
and Svistunov [59,[60] (symbols).

Attractive and repulsive polaron

Energy spectrum. First, we analyze the energy spectrum of the quasiparticle excitations de-
picted in Fig. 17l in dependence on the coupling strength (kza)~!. From our data we find
two coherent quasiparticle states for the |-atom, the attractive and the repulsive polaron, and
one bound state for the molecule. The attractive polaron (red solid line) is the ground state
for (kpa)™! < (kpa,)™! (polaronic side) but becomes an excited state for (kpa)™! > (kpa, )™
(molecular side). Conversely, the molecule is the ground state on the molecular side (blue
dashed line) and an excited state on the polaronic side, in accordance with the results us-
ing the derivative expansion in Section For the critical coupling strength we obtain
(kpa,)™! = 0.904(5), which agrees very well with the value (kpa,)~! = 0.90(2) obtained us-
ing diagrammatic Monte Carlo (diagMC) by Prokof’ev and Svistunov [59,[60]. At this point
we already see, how the inclusion of the full frequency and momentum dependence signif-
icantly improves our results. This does not come as a surprise when considering the large
discrepancy between the approximated propagators and the full result visible in Fig. EI0(f)
and[.T1Kf). Also note that we expect the critical value kya, not to be a universal number. The
value of 1/kpa, = 0.904 is the result for a contact interaction and we expect it to be dependent
on microscopic detail such as the width of the Feshbach resonance. Moreover, kpa, changes
with the mass ratio, cf. Appendix[Bl

As shown in Fig. BT7(b), also the values for the energies agree well with diagMC (sym-
bols). At unitarity, (kza)~! = 0, we obtain the ground-state energy u | = —0.57 €5 while di-
agMC gives the value u| = —0.615¢. Note that any non-analyticity in the energy spectrum
across the transition has disappeared in contrast to the results from the derivative expansion,
cf. Fig. Having treated the full frequency and momentum dependence of the propaga-
tors in the truncation (£.10), we can attribute the major part of the residual deviation in the
ground state energy to the omission of the terms gb?gbigb (¢ and ¢*4" b, The latter term
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describes the atom-dimer interaction and is expected to further reduce the ground-state energy
in the transition regime in accordance with the results from the variational wave function ap-

proach [236}237]. The term gb?gbjgb |#1> generated by particle-hole fluctuations, is expected

to give the main correction in the unitarity regime [234]]. Both terms can be included in the
fRG flow as additional flowing couplings, or implicitly by using the Katanin scheme [269] or
rebosonization [219].

Until recently [49] most experiments with ultracold Fermi gases have focused on the lower,
attractive branch on the BEC side (kza)™! > 0. There exists, however, also the repulsive
polaron branch (solid green line) which corresponds to a higher excited state of the |-atom
interacting repulsively with the T-Fermi sea. Our results for the energy of the repulsive branch
agree with the weak-coupling results [270] for (kza)~! = 1. In the strong-coupling regime
our energies lie between the result from the non-selfconsistent T-matrix approach and
results for square well potentials numerically computed by Monte Carlo methods [242]]. In
the polaron spectral function, cf. Fig. B.16(b), one can clearly discern the attractive polaron
branch asa very sharp peak at low frequencies, and the much broader repulsive polaron branch
at higher frequencies. In a recent experiment by the Innsbruck group using a mass-imbalanced
mixture of °Li and *°K fermions, the repulsive polaron in three dimensions has been measured
for the first time [[64]. The radio-frequency (rf) spectroscopy used in this experiments has
been essential identical to the one proposed in our earlier theoretical work which we
discuss in Section[4.6l In Appendix Bl we will briefly comment on our results which predict
the rf spectrum for the case of a mass-imbalanced mixture using a simple, leading order 1/N
expansion.

Decay widths. The repulsive polaron has a large decay width I, as calculated from Eq.
(#49) and depicted in Fig. 4.18(a), and correspondingly a short lifetime. The leading-order de-
cay channel for the repulsive polaron is the process shown as tree-level diagram in Fig. £.18(b,
left) where the repulsive polaron, which is an excited state, decays to the attractive, and en-
ergetically lower lying, polaron due to the interaction with an {-atom. This diagram can be
translated via the optical theorem into a contribution to the imaginary part of the |-atom self-
energy, as depicted in Fig. AI8|b, right). This self-energy diagram is already included in the
non-selfconsistent T-matrix propagator Plnsc, and has been studied recently using this approxi-

mation [258]]. Of course, this diagram is also included in our {RG approach. Note, that in the
fRG approach also higher-order decay processes are included due to the constant feedback of
the impurity self-energy into the flow of the molecular propagator.

In the weak-coupling limit (kza)~! — oo the excitation becomes sharp, I rep — 0, and the
repulsive polaron is a well-defined quasiparticle. Towards unitarity, I',.,, grows but remains a

well-defined, finite quantity even at unitarity. We find that indeed T, , and not the approx-

rep?
imation T:gp from Eq. #52), is the correct half-width at half-height of the respective peak
in the polaron spectral function in Fig. BT6(b). For (kpa)~! < 0.6 the energy E,., of the

rep
repulsive branch exceeds the bath Fermi energy, E,, > €;. At this point it is energetically

favorable to spin-flip or ‘phase separate’ the impurity atom, which can be interpreted as the
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condition for the onset of saturated ferromagnetism 243]]. At the same time the decay
width I, > 0.2 ¢ is large, which destabilizes the transition to a ferromagnetic phase [50].
Note, that here we discuss a Nagaoka type problem as discussed by Barth and Zwerger
[55], while deals with the balanced gas within a random phase approximation extended
beyond the putative Stoner instability.

On the polaronic side (kza)™! < (kpa.)™! the attractive polaron is the stable ground state
with decay width I, = 0, while on the molecular side it is an excited state with finite lifetime
and decay width I, > 0, cf. Fig. d£.1%a). This decay is much weaker and also qualitatively
different from the repulsive channel. The attractive polaron can decay by a three-body recom-
bination process as shown in Fig. f19b, left). Via the optical theorem this process can be
translated into a contribution to the |-atom self-energy as depicted in Fig. A.19Db, right), plus
an additional contribution with crossed lines. This decay channel has recently been studied
using a phenomenological three-loop calculation [241]]. The resulting finite lifetime cannot be
seen in the non-selfconsistent T-matrix approximation, where the self-energy corrections of
the [-atom - indicated by the inner white box P| - are not fed back into the T-matrix ~ P!

(233, 258]]. In contrast to the non-selfconsistent T-matrix calculation, our fRG includes the
full feedback of both the | and ¢ self-energies, denoted by bold internal lines in the flow equa-
tions in Fig. Therefore, the contributions from the decay diagram in Fig. E19(b), and
many more, are automatically included in our approach.

Quasiparticle weights. Fig. depicts the quasiparticle weights of the attractive and re-
pulsive polaron computed using Eq. £.51). On the polaronic side the attractive polaron state
contains most of the weight, but as one moves towards the molecular side the spectral weight
gradually shifts to the repulsive branch, and the corresponding peak in the polaron spectral
function in Fig. £16[b) becomes larger. This can also nicely be seen from the flow of the
impurity spectral function depicted in Fig. [£.14] where quasiparticle weight is transfered to
the repulsive branch when the RG scale hits the scale given by the density, & = k. We find
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FIGURE 4.18: (@) Decay width T, of the repulsive polaron as a function of the coupling (k ra)” L
We also show the width according to the approximate formula Eq. @52) (dotted line). (b)
Decay channel for the repulsive polaron. (left) Two-body process which leads to the decay of the
repulsive polaron. (right) Corresponding contribution to the |-atom self-energy via the optical
theorem.
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FIGURE 4.19: (a) Decay width T, of the attractive polaron as a function of the coupling (kpa)™".
(b) Decay channel for the attractive polaron. (left) Three-body recombination process which
leads to the decay of the attractive polaron. (right) Corresponding contribution o the |-atom
self-energy via the optical theorem (there is also a contribution with crossed lines).
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FIGURE 4.20:  Quasiparticle weight Z| of the attractive (solid line) and repulsive (dashed line)
polaron. The weights of the two guasiparticle peaks in the |-spectral function make up almost
completely the total spectral weight, and the contribution from the incoberent background is
very small.

that the attractive and repulsive branches almost completely make up the total spectral weight,
hence the contribution from the incoherent background is very small. This is also apparent
in the polaron spectral function in Fig. £.16lb). Note that the contribution of the incoher-
ent background is enhanced when considering a closed-channel dominated resonance (see also
Appendix[B).

Our results for the quasiparticle weights agree well with those from the non-selfconsistent
T-matrix and variational wave-function approaches. At unitarity we obtain for the attractive
polaron Z| . = 0.796 compared to the variational value Z ,,, = 0.78 [231} 256]. For the

= 0.71, in agreement with the recent non-

att

repulsive polaron at (kza)~! = 1 we find Z Lrep

selfconsistent T-matrix calculation [258]].
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Note that there is an alternative definition of the quasiparticle weight [256]]

Z{" = lim |G|(2,p=0)|. (4.53)
t—00

This definition has to be treated with care: on the molecular side of the transition the polaron
acquires a finite decay width I'; > 0 but nonetheless continues to be a well-defined quasiparti-
cle with finite spectral weight, as can be seen from Fig. However, definition (£.53) yields
zero as soon as I'| > 0 and in this case cannot be interpreted as a measure of spectral weight
anymore. In contrast, the definition (#.51) remains correct for a finite decay width and accord-
ingly our data for Z| shows no discontinuity at the transition. In the experiment the finite
lifetime of the attractive polaron on the molecular side complicates the direct measurement
of Z| by radio-frequency spectroscopy because the molecular state and not the attractive po-
laron becomes occupied as the initial state (cf. Sectionf.6). Finally, note that all problems of
extracting the quasiparticle properties have disappeared in our new approach compared to the
derivative expansion.

Molecule

Energy spectrum. The molecule spectral function in Fig. £.16(d) displays a sharp quasipar-
ticle peak of the bound state at low frequencies, followed by an incoherent background at
higher frequencies which actually carries most of the spectral weight. This background is nei-
ther taken into account in the simple derivative expansion discussed in the previous section
nor in the Wilsonian RG approach [235] as for example popularized by Shankar [272]]. On
the molecular side (kya)~! > (kza,)~! the molecule is the ground state and is clearly separated
from the incoherent continuum. On the polaronic side of the transition the molecule be-
comes an unstable, excited state and develops a clearly visible finite decay width in the spectral
function.

Decay widths. The leading decay channel of the excited molecule state is via the three-body
recombination process shown in Fig. [£.21)(a, left). Via the optical theorem this process can
be translated into a contribution to the molecule self-energy as depicted in Fig. B.21Ka, right).
Similarly to the attractive polaron, in the non-selfconsistent T-matrix approximation the |-
atom self-energy corrections in P are not fed back into the T-matrix ~ P;l, and the molecule

does not decay in the vicinity of the polaron-to-molecule transition. In contrast, the diagram
Fig. E19%b, right) is included in the fRG, which leads to the visible broadening in the spectral
function.

Ref. shows, by an analytical calculation of the phase space for three-loop diagrams
of the type in Fig.£.21ka), that the decay width of the molecule scales as

Iy o Aw’l? Aw = E¢ — El, (4.54)

att

where Acw is the difference between the energy levels of the excited molecule and the attractive
polaron ground state. In Fig.4.21i(b) we show I'; as a function of Aw in a double logarithmic
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FIGURE 4.21: (a) Leading decay channel for the excited molecular state. (left) Three-body re-
combination process which leads to the decay of the molecular state. (right) Corresponding
contribution to the molecule self-energy via the optical theorem (there is also a contribution
with crossed lines). (b) The decay width T y of the excited molecular state as a function of the en-
ergy difference Acw = Ey — E| ,, between the excited molecule and attractive polaron ground

state. The solid line indicates the power-law scaling Iy, o A,

plot. The large fluctuations of our numerical data are due to the accuracy of the Runge-Kutta
integration as well as due to the restriction to a finite number of Matsubara frequencies. We
have estimated the corresponding error by comparing the results for different grids with vary-
ing number and position of (Matsubara) frequencies. The solid line in Fig. £.21kb) indicates
the power law Acw”/2. The triangles in Fig. E21Y(b) correspond to a calculation with a higher
number of frequency grid points and we find convergence to the solid curve for decay widths
larger than our numerical integration accuracy € = 107°. This indicates that the error for
larger I’y can be attributed to the Padé approximation, while for I'y < ¢ the accuracy of our
results becomes limited by the absolute error of our numerical integration. Specifically, we

find

1"¢ AC!) 9/2

— ~0.021 <—> . (4.55)
€F €F

With our fRG calculation we are thus able to verify the prediction by Bruun and Massignan

241]] now from a microscopic calculation. The correctness of the power law attests to the
strength of our method to describe many features of the polaron-to-molecule transition in one
unified approach.

Quasiparticle weight and compositeness. The quasiparticle weight Zy of the molecular
bound state in the spectral function in Fig. B.16(d) is very small, Z; ~ 0.002 at unitarity, and

increases slowly towards the molecular limit, see Fig.[4.22(inset). For open-channel dominated
resonances, h? ~ AB — oo, the two-channel model #3) is equivalent to the single-channel,

zero-range model @.4) and Zy =0 [260]. Specifically, we obtain for the weight of the bound
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state In vacuum

32n
h?a
This is consistent with the interpretation of Z 4 as the closed-channel admixture (cf. Eq. (29) in
[6]). In our calculation we set the physical UV cutoff scale to A = 10°k;, which is of the order
of the inverse Bohr radius, and choose 5% < co. We observe Z ¢ o< 1/kpa on the BEC side and
a deviation from the vacuum scaling close to unitarity, which may be due to a combination of

finite density corrections and the admixture of closed-channel molecules in the microscopic

action by choosing finite values of 4 and A. Starting from the two-channel model Z.23) in
Chapter[Zlwe find that Z, — 1 fora — 0*.

Z 6= (vacuum, A — o). (4.56)
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FIGURE 4.22: Compositeness (1— Zy) of the molecular bound state. A value of 100% would indi-

cate that the molecule has no overlap with elementary closed-channel bosons. Inset: Molecular
residue Z .

The quasiparticle weight Z can be interpreted as the overlap between the ‘true’ particles
and the ‘elementary’, or bare, particles in the microscopic action (3). The attractive Fermi
polaron becomes elementary, Z| . — 1, in the BCS limit (kza — 07), while in the opposite
limit of kya — 0% the repulsive Fermi polaron becomes elementary, Z ., — 1. Near unitar-
ity, both excitations have a sizable weight. In contrast, the molecular bound state is almost
exclusively a composite particle in the whole transition region. Indeed, the deviation of the
quasiparticle weight from unity, 1 — Z, is a well-established measure of compositeness in nu-
clear physics [273]], and in Fig. .22l we show that for our choice of the Yukawa coupling 5 the
compositeness of the molecule is very large (> 98%). This is consistent with the measurement
of a small molecular weight Z; for a balanced ®Li Fermi gas close to a open-channel dominated
Feshbach resonance by Partridge ez al. [[274]. In experiments with a closed-channel dominated
Feshbach resonance the compositeness will decrease in particular away from resonance and a
single-channel description becomes invalid. This has recently been verified by the Innsbruck
experiment using a mass-imbalanced Fermi gas [64]].

In the vacuum there exists no molecular state for negative scattering length 4 as can easily
be seen from Eq. (£.26), which then has no bound-state pole. In the presence of a medium of
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FIGURE 4.23: (a) Radio frequency spectroscopy. Using rf photons atoms in a hyperfine state |1 >
are driven to a final state |f >, while the second species in the initial mixture, | 1>, is unef-
fected. (b) Scattering length profile of °Li atoms in the three lowest hyperfine states as calculated
by P. §. Julienne based on the model described in [273]. The stars indicate the magnetic field
values for which we determine the rf-response of the imbalanced Fermi gas in Fig.
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T-fermions, however, the molecule propagator develops an excited bound-state pole also for
negative scattering length a. This bound state will become the superfluid ground state when
the impurity density exceeds a critical threshold .

4.6 Rf-response of the °Li Fermi gas

As a final application we connect our results for the polaronic spectral function to experimen-
tally observable radio-frequency (rf) spectra. The attractive branch of the polaron-to-molecule
transition has been studied experimentally by Schirotzek et al. using a population imbal-
anced, two-component mixture of °Li atoms. In the experiment the rf-response of the system
has been used to infer information about the low-frequency behavior of the fermionic spectral
functions. For instance, the ground-state energy and the residue Z| of the |-fermions were
measured and confirmed the theoretical predictions.

In order to measure the rf-response, an rf-pulse is applied to the system which drives the
transition of the atoms to a third, initially empty state, cf. Fig. 4.23(a). In Fig. 4.23(b) we
show the scattering length profile of °Li versus the magnetic field. In the experiment [240] a
mixture of fermions initially in the hyperfine states |1) and |3) had been prepared in a range of
the external magnetic field B = 630...690G (shaded area). In this regime the scattering length
a3 in the initial state is large and positive, while the final state scattering lengths a5, 4,5 are
rather small.

Information about the spectral function can be accessed from rf-spectroscopy, for example
by populating the particle under investigation up to the energies one is interested in. Then one
drives the transition to a weakly interacting final state for which the spectral function is well-
known. This route had been taken for the study of the attractive polaron. For the repulsive
polaron branch, on the other hand the protocol has to be different. The main complication
is that the repulsive polaron has a very short lifetime in the strong-coupling regime of interest
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[cf. Fig. [418(a)]. Hence, its macroscopic population is inhibited on longer time scales, and
even after a fast ramp to the desired magnetic field most minority atoms may have decayed
into the respective ground state. A similar situation arises in the detection of Efimov trimers
in a three-component mixture of °Li atoms [142]. The decay of the repulsive branch is
also of relevance for the balanced system and the competition between ferromagnetic order
and molecule formation [[49} 50].

In this section we propose an experimental procedure to circumvent these difficulties and
directly analyze the spectral function of the repulsive polaron. This protocol has by now been
implemented successfully by the Innsbruck group for a mixture of ®Li and *°K atoms [[64].
It led to the first observation of the repulsive polaron in three dimensions. Here, we focus
on a prescription for the detection of the repulsive polaron in a strongly imbalanced two-
component °Li Fermi gas, which we have put forward [[62] prior to the observation [[64]. The
®Li Fermi gas is prepared in hyperfine states |1) and |3) for magnetic fields B > 690G across
the (1,3) Feshbach resonance. In this regime the initial scattering length is negative, 2,3 < 0.
One then drives an rf-transition to the final state |2) which is characterized by large, positive
scattering lengths a,, and a,; and thus strong interactions. Because the attractive polaron
spectral function of the initial state, with its negative scattering length a3, is well understood
both experimentally and theoretically, the final-state spectral function can then be analyzed in
a controlled fashion.

Within linear response theory the induced transition rate from the initial state |z) to the

final state |f) is given by
(cop) =2Imyg (us — p; — r) (4.57)

where the Rabi frequency (2 is given by the coupling strength of the rf-photon to the atomic
transition, 1; (uy) the initial (final) state chemical potential, and w; denotes the rf-frequency

offset with respect to the free rf-transition frequency. Neglecting the momentum of the rf-
photon, the retarded rf-susceptibility yg is given by the analytical continuation to real fre-
quencies of the correlation function in imaginary time = (Matsubara frequency w)

== | [ e wmgjeapeaglecogeon 6

where T is the imaginary time-ordering operator. Eq. (4.58) leads to various diagrammatic
contributions which are in general difficult to handle if the final-state interactions are not neg-
ligible [263]]. Here we will evaluate Eq. (£.58) in a simple approximation with full Green’s
functions but without vertex corrections. In this approximation Eq. {358) yields the suscepti-
bility in Matsubara frequency

X(w):Jk G;(k,v)Gs(k,v+ w). (4.59)

The rf-response in real frequency is then given by

5 Hi—prtor dy
0
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B field [G] | (kpay3)™" | (kpay)™" | (kpayy)™!
@ | 8103 1.88 0.0 0.39
G) | 800.8 -1.80 0.2 0.58
© | 7882 1.70 0.5 0.86
(d) 780.6 -1.62 0.7 1.04

TABLE 4.2: Interaction parameters at the four transitions indicated in Fig. B23(b), using kpy =
0.000154;".

where u; — us+w; >0.

In Eq. @60) the initial-state spectral function A; is probed for negative frequencies only.
Hence, there is no rf-response for the pure polaron problem at vanishing density and chemical
potential ‘u(o). In the experiment one has, however, a small but finite concentration x = /n;

of |-fermions which leads to an observable rf-response. In order to describe the experimental
situation we therefore need a calculation for a finite minority (]) density characterized by a
©)
!

the regulator R| in Eq. (£.16) to be adjusted in order to cope with the finite Fermi surface of

chemical potential y; = | > @ . Within the {RG framework such a calculation requires

|-fermions which complicates the computation. Fortunately, our calculation for the polaron
problem shows that for negative scattering length, where the polaron is the ground state and
decay processes do not matter, the fRG results are in excellent agreement with the results from
a non-selfconsistent T-matrix approach. We may therefore use the T-matrix approach instead
of a full-feedback fRG for the calculation of the imbalanced Fermi gas of finite densities 74 and
n| in order to determine the initial-state spectral function. The non-selfconsistent calculation
was also done by Punk and Zwerger and is obtained in our fRG formulation by simply
switching off the feedback of the |-atom self-energy into the molecule flow.

Because the occupation of |-atoms is small, only the low-momentum modes are relevant.
The |-atoms form a degenerate Fermi gas of polaronic quasiparticles and the spectral function

can be approximated by [232]
p?
2m1‘

A(w,p)=2nZ, 8<w - +A>, (4.61)

*

!

where Z; is the residue, m the effective mass of the impurity atoms, and A determines the

Impurity concentration x.
We have calculated the parameters m?, Z;, and A as functions of (kya)~! via the non-

feedback (non-selfconsistent T-matrix) calculation. y; is determined self-consistently to ensure
the correct impurity density. Inserting the spectral function Eq. (.61) into the susceptibility
(4.60) we obtain for the rf-response

szi ZmIA kz
=1 )

(CAES dkk:ZAf<k:,lui—{uf+a)L—A+2

(4.62)

*

!
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FIGURE 4.24: Rf-spectra I(cw;) for minority species |1) (solid blue lines) and minority species
|3) (dashed red lines). The interaction parameters correspond to the four magnetic freld values

marked in Fig. E.23(b), and listed in Table[#2 (a) top—(d) bottom.

For the final state |f) we use the spectral function obtained in Section 4.5 from the full fRG
calculation. In Fig. we show an example of the full final-state spectral function in de-
pendence of frequency and momentum which enters the momentum sum in Eq. #.62). One
can clearly discern the broadening of the attractive polaron branch at larger momenta, as well
as the broad repulsive branch at higher frequencies. A similar feature appears in the spectral
function for the balanced Fermi gas above T, as calculated by Haussmann et al. [255]]. In this
work the fermionic spectral function and rf-spectra were determined using a state-of-the-art
self-consistent T-matrix (2PI) calculation and forms the basis for a full linear response calcula-
tion of transport coefficients like the spin diffusion and shear viscosity including vertex

corrections [110].

Initially, the gas is prepared in a |1) and |3) mixture, and both states can serve as minority



132 CHAPTER 4. FUNCTIONAL RG FOR SPECTRAL FUNCTIONS

or majority species, for example, |T) = |3) and ||) = |1) such that |s) =|1) and |f) = |2). The
initial occupation of the minority |]) states is small and for our numerical calculation we use
x = n[ny = 0.01. The energy scale is set by the Fermi momentum of the majority species
kpy =0.000154, ! as appropriate for the MIT experiment [240]. We calculate the rf-spectra at
four values of the magnetic field indicated as stars in Fig.[£.23|b), and listed in Table The
resulting spectra are shown in Fig.[£.24 the solid blue lines indicate the response for minority
species |1), while the dashed red lines correspond to minority species |3). In the latter case the
sign of the frequency offset c; is changed because the state |3) is energetically above the final
state.

The position of the sharp attractive polaron peak at negative frequency offset cw; shifts
with the interaction parameter (kza f)_l in accordance with the energy spectrum in Fig. {.171
One observes that the attractive polaron looses quasiparticle weight on the molecular side,
cf. Fig. In contrast, the repulsive polaron branch gains quasiparticle weight towards the
molecular side, and the respective peak in the rf-spectra becomes both larger and narrower,
and one can read off the increasing lifetime.

The spectra in Fig. B2 are convolved with a sinc function sinc?(co T/2) which gives the
response to an rf-pulse with a rectangular profile of length 7' = 20 ms [255]]. While our curves
are computed for zero temperature, a finite temperature ~ 0.01 7 would lead only to a slight
broadening of the experimental rf-peaks. The broadening of the attractive polaron due to the
finite lifetime on the molecular side (kza f)_l > (kpa,)~!, however, is too small to be resolved.
Note that we have included both final-state and initial-state interaction in our calculation: the
knowledge of the spectral function for the initial state allows for a detailed study of the final-
state spectral function.

4.7 Conclusion

We have presented a new computational method to solve the non-perturbative, exact renor-
malization group equation (4.6) and have demonstrated its efficiency for the Fermi polaron
problem as a specific example. The inclusion of the full frequency and momentum depen-
dence of the propagators opens up new perspectives to apply the functional renormalization
group to problems where the detailed dynamics of the relevant degrees of freedom becomes
important [277]. In particular, the method draws its strength from the possibility to succes-
sively bosonize further channels of the interaction via additional auxiliary fields (Hubbard-
Stratonovich transformation) [182]]. In this way one can partially capture the
complicated analytical structure of higher-order vertex functions I'*), including possible quasi-
particle poles and branch cuts, as we have explicitely shown for the s-wave scattering channel
in the polaron problem. In combination with the recently developed flowing rebosonization
technique [219]] our numerical method can be extended to also incorporate re-emerging ver-
tices. Our approach complements a related proposal for bosons [278]] and it is a first example
where a ‘full’ solution of the fRG equations has been demonstrated for a problem involving
fermions with the inclusion of their self-energy.

For the Fermi polaron problem we achieve a unified description of many dynamical ef-
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fects beyond thermodynamics. We verify the non-trivial power-law scaling of decay rates
241]] and determine the properties of the repulsive polaron with a method beyond the non-
selfconsistent T-matrix approximation [243}258]]. This is of value in the ongoing debate about
the possible occurrence of ferromagnetism in ultracold Fermi gases with short-range interac-
tions [49} 50, 52, 55} 242, 243}, 258]]. The polaron problem sheds light on this question in the
limit of strong population imbalance. For the repulsive polaron we find the critical interac-
tions strength kpa = 1.57 from our numerical data (Fig. B.17). This is just the value when
the energy of the repulsive polaron is above the Fermi energy ¢, but due to the fast decay
with I', . /e & O(1) there is no real critical behavior here [55]. Going to a finite density
of |-fermions is straightforward within the fRG and involves only a slight modification of
the regulator of the |-fermions (£.16) as long as no spontaneous symmetry breaking occurs.
By continuity we can infer that the repulsive branch will remain to exist for small but finite
l-population and will exceed the critical energy € for the presumed onset of saturated ferro-
magnetism. It is an open question whether for larger impurity concentrations the repulsive
branch is so strongly renormalized that saturated ferromagnetism can be ruled out [55]], or
whether competition with molecule formation may preclude the observation of ferromagnetic
domains [50]. Answering these questions will require a full non-equilibrium calculation.

There has been much theoretical progress on the repulsive Fermi gas with short-range
interactions, but relatively few experiments have been completed. While the repulsive *He
Fermi gas has been studied extensively in experiment, it is not dilute and has a large repulsive
hard-core potential [279]. In contrast, ultracold Fermi gases offer the realization of a proper
contact interaction of tunable strength. We predict rf-transition rates for the repulsive branch
and propose a possible route to measure these excited states in a °Li Fermi gas. This is a
challenging problem because the final repulsive polaron state is highly unstable. Following
our work these obstacles have recently been overcome by Kohstall er al. using a mixture
of ®Li and *°K atoms [[64]. In this experiment the repulsive polaron energy as well as its
quasiparticle weight have been measured and fit remarkably well the theoretical predictions
(see Appendix[B).

The repulsive polaron in two spatial dimensions had not been studied so far. We analyze
this problem in Appendix [A] using a simple non-selfconsistent T-matrix approach and find
that the physics is rather similar the three-dimensional case. Using a calculation of the rf
spectrum including the specific trap specifications of a recent experiment [[61]], we show that
this experiment can be interpreted in terms of polaron physics. Following our work [[63]], the
repulsive polaron in two dimensions has very recently been directly observed experimentally
by Koschorreck et al. [[65]].






Chapter Five
Conclusions and outlook

N this thesis we theoretically studied the physics of ultracold quantum gases ranging from
few- to many-body problems. Of particular interest was the application of the functional
renormalization group (fRG) which allows the description of the few- and many-body physics
in a unified field theoretical framework. In ChapterZlwe solved the quantum mechanical three-
body problem of bosons interacting with short-range interactions for an extended two-channel
model which accounts for the finite physical range o of the pairwise interaction potential. Us-
ing renormalization group equations we derived a modified STM equation and calculated the
bound state spectrum of the system. While universality, governed by the strong coupling
unitary fixed point for infinite scattering length @ — oo and scattering energy at the threshold
E =0, is approached quickly for the highly excited Efimov states, the experimentally accessible
low lying trimer states show deviations from universal scaling. We predicted, from two-body

physics alone, the scattering lengths 2" where the n-th Efimov states reach the atom thresh-
old as function of r*/o where r* characterizes the width of the Feshbach resonance. In the
limit of open-channel dominated resonances r*/o — 0 our results explain the experimentally

observed ‘universality” of the so-called three-body parameter a_ = 2% ~ —9.45[ 4., in
terms of the ‘standard model’ of cold atoms and we predict a crossover to a scalinga_ ~ r* for
closed-channel dominated resonances. Since the zero-range version of our model is a typical
starting point for many-body theory of cold atoms our results attest to the validity of this
model but also show its limitations. We analyzed in detail the universality of our results by
using various forms of the atom-to-molecule conversion coupling and studied the influence of
a microscopic three-body force. We found that they - in the open-channel dominated limit

- generically lead to deviations from the ‘universal’ result a_ = a9~ —9.45[ 4,, on the ten
percent level. Finally, we showed that in the closed-channel dominated limit a new class of uni-
versality arises where even the deviations from the scaling limit for the lowest Efimov states
become universal themselves.

In Chapter [B] we extended the study of few-body physics to the four-body problem using
a derivative expansion of the effective flowing action I',. We solved the flow equations at the
unitarity point and found that a four-body RG limit cycle is attached to the three-body limit
cycle. This shows that no additional four-body parameter is needed for the renormalization
of the four-body problem. In order to solve the RG equations we relied on an extension of
the flow to the complex plane developed in [[111]]. The quantum mechanical calculation by
Stecher et al. [[48] for the lowest four-body bound states away from the unitarity point
predicts the existence of two tetramer states attached to each trimer. In our approximation
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we are only able to resolve a single of these states but we showed ways of how our calculation
can be extended to account also for the second tetramer. Furthermore we studied how the
intrinsic lifetime and threshold behavior of the excited tetramer states can be inferred from
the flow of pointlike couplings in the complex plane. In order to connect our results to many-
body physics we studied how the method of rebosonization 219]] can be used for the
introduction of a trimer field which accounts for these trimers as new effective and physically
propagating degrees of freedom. Finally we discussed the relevance of this approach when
studying e.g. the quantum phase transitions in an SU(3) Fermi gas or the strongly coupled
Bose gas.

The second part of this thesis dealt with aspects of the many-body physics of cold atoms.
In particular we focussed on the Fermi polaron problem where a single, mobile impurity
is immersed in a Fermi sea of majority atoms. Compared to many other methods the RG
has the advantage that it can describe intrinsically non-perturbative situations and in this re-
spect the Fermi polaron is a case in point. Typically, however, in standard RG approaches for
fermions one follows only a few relevant coupling constants so that one retains only a
very poor spectral resolution of Green’s functions. In Chapter [ we developed a new numeri-
cal functional RG technique, which removes this disadvantage and which allows the study of
the flow of fully momentum and frequency dependent vertex functions. This gave us access
to the RG flow of the full spectral function of the impurity which we in turn used to predict
the excitation spectrum of the system across the polaron-to-molecule transition. Besides find-
ing accurate results for the ground state properties which compete with recent state-of-the-art
diagMC results [59, [60] we were also able to access the excited states in the spectrum. We
found that the attractive polaron and the molecule remain to exist as well-defined quasipar-
ticles across the polaron-to-molecule transition with a lifetime = which increases quickly as
the transition is approached according to T ~ AE~%/2, where AE is the energy difference be-
tween the excited and the ground state. The finding of this power law, which is not possible to
obtain for instance in a leading order 1/N expansion, attests to the strength of the fRG. The
scaling ~ AE~%/? had been conjectured on a basis of a phenomenological two-loop calculation
in [241]], and in Chapter @ we derived it directly from microscopic physics. Furthermore we
found that spectral weight is transferred from the attractive polaron to a new, emerging quasi-
particle in the spectrum at positive energies: the repulsive polaron. We calculated the energy,
lifetime, and quasiparticle weight of the repulsive polaron and found that it becomes a stable
excitation of unit weight in the BEC limit. It interacts repulsively with the surrounding Fermi
sea and its energy exceeds the Fermi energy for a critical interaction strength. At this point
it becomes energetically favorable to add an additional majority atom to the system instead
of a minority impurity which can be interpreted as an instability of the system towards ferro-
magnetism. However, at this presumed transition the repulsive polaron is a very short-lived
quasiparticle which shows that molecule formation may be the true, leading instability. This
prohibits cold atoms as a quantum simulator of a strongly repulsive Fermi gas. Finally we
proposed a radio-frequency spectroscopy experiment to measure the impurity spectral func-
tion which has been implemented by the Innsbruck group [64]]. In Appendix[Blwe presented
our calculation of the rf spectrum expected for this specific experimental setup which studies
a mass-imbalanced Fermi gas of °Li and “°K atoms. Our results are in remarkable agreement
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with the experimental data.

In two spatial dimensions the excitation spectrum of the polaron problem had not been
studied so far and in Appendix[Alwe presented the calculation of the spectrum using a Nozieres-
Schmitt-Rink approach. We found that the spectral properties are rather similar to the three-
dimensional case. We compared our results to the experimental situation by approximately
taking into account the quasi two-dimensional character of the optical lattice employed in
experiments and performed a trap averaged calculation of the rf signal of the system within
linear response theory. We showed that a experiment by Frohlich et al. can find a reinter-
pretation in terms of polaron physics. Recently, our results have been experimentally tested
by Koschorreck et al. and the data agrees well with our prediction.

In the context of the physics studied in this thesis, many open questions remain. Concern-
ing few-body physics, one such question is the fate of N-body bound states. In his recent work
von Stecher found evidence for the existence of series of N-body bound states attached

to each trimer. The ratio of scattering lengths axl,)_ / “"(rtf and energies E;ﬁz) JE ;[(”) seem to be

universal numbers for large 7, with the ratios increasing as the particle number N grows. Ex-
perimentally, the lowest states are the ones which are most easily accessible. Combining our

knowledge gained in the Chapters[2land Bltogether with the finding that the ratios axl)_ /a(Tzl)

grow with N indicates that there might be a maximum number N, as soon as a true finite
range of the interaction potential is considered. Whether the number N, . is universal in cold
atomic systems, similarly to what we found for a_, or if the influence of N-body forces be-
comes particularly important for these lowest N-body bound states poses questions far from
being answered.

An important shortcoming of the pointlike approximation used in our study of the quan-
tum four-body problem is the absence of the shallower of the two tetramer states. In fact, it
would be interesting to use the principle of minimal sensitivity used in the context of RG flow
optimization within the present simple, pointlike truncation. One could use, for
instance, the existing universal ratios such as a(Trelz,_ /ﬂ(T? as an optimization criterion. Then,

parameters of regulators could be tuned to yield extremal results (principle of minimal sen-
sitivity). As a result, it is well possible that the relevant coefficients in the flow equations
of the four-body couplings are modified in such a way as to yield the expected two tetramer
states. Similarly the extension of our truncation to account for a dynamical trimer field may
be sufficient to find the missing tetramer state.

The Efimov effect is an example of a quantum anomaly in non-relativistic physics which
breaks the scale invariance of the system and can be understood in terms of an effective three-
body, inverse square potential [[66]. This mechanism becomes of particular interest as sym-
metry arguments suggest that the conformal field theory emergent in recent studies [280] of
non-Fermi liquids using the AdS/CFT correspondence might be conformal quantum
mechanics with an inverse square potential. We studied this problem in the context of this
thesis and developed a method to extend RG flows to the complex plane [[111]]. By compar-
ing our results to the low-energy behavior of the real and imaginary parts of the retarded
Green’s functions computed numerically by McGreevy and coworkers within the AdS/CFT
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framework [282]], we found further evidence for this correspondence. This suggests that the
complex extension of RG flows might become useful for a better understanding of non-Fermi
liquids from the AdS/CFT correspondence. The extend of this analogy is, however, still far
from being understood.

Concerning the polaron problem it is still an open question what the fate of two impurities
strongly coupled to a bath of majority fermions is in two or three spatial dimensions. This
question is of great relevance for the phase diagram of the imbalanced Fermi gas as well as the
stability of ferromagnetism in the case of repulsive interactions and it combines the many- and
few-body aspect of cold atoms: for example in the case of two bosonic impurities the Efimov
effect in presence of a Fermi sea will become important while for fermionic impurities the
mediating force of the bath might lead to the formation of a p-wave molecule [261]].

Finally our numerical fRG technique can be extended to study the question of how com-
peting orders change physics in a possibly associated quantum critical regime [283]]. Conven-
tional ordering is signaled by singularities in higher point correlation functions I'”). Using
an expansion of I'") in the singular momentum and spin structure, the RG algorithm pro-
vides a means to study the competition of potentially critical channels including their interre-
lated backreaction which is very difficult using other diagrammatic methods such as diagram-
matic Monte Carlo [284]. Similar to the scheme used by Giering, Husemann, Metzner, and
Salmhofer for the study of the Fermi-Hubbard model at van Hove fillling
in our approach the full self-energies are taken into account and can be used to compute non-
trivial linear response properties, such as radio-frequency signals or transport coefficients. Us-
ing these observables, our numerical fRG method could then be benchmarked against experi-
ments with ultracold atoms. This in turn could provide insight into the question how compet-
ing orders influence critical transport properties as well as which signatures they have in the
resulting quasiparticle spectrum. An example for a system of interest in this regard is the mi-
croscopically repulsive Fermi gas in two and three dimensions. Similar to the Hubbard model,
where d-wave superconductivity competes with antiferromagnetism, in the itinerant, repul-
sive Fermi gas, ferromagnetism may compete with the onset of p-wave superfluidity [285].
Whether such a scenario, partially reminiscent of the physics of *He [279], prevents the sys-
tem from turning ferromagnetic is yet unresolved, and an fRG study including the competing
channels as well as full self-energies might shed new light on this. Furthermore, taking the
full momentum dependence of vertices into account, the fRG allows to start with arbitrary
microscopic interactions which can be used to study the phase transition to ferromagnetism
also in the case of dipolar gases trapped in lower-dimensional geometries.



Appendix A

The two-dimensional polaron and its observation

N this Appendix we theoretically analyze radiofrequency (rf) spectroscopy experiments in
two-component Fermi gases and follow closely our work [[63]. Similar to Chapter @, we
consider a small number of impurity atoms interacting strongly with a bath of majority atoms.
While in Chapter ] we studied impurities in three spatial dimensions, we consider here two-
dimensional geometries and find that the main features of the rf spectrum correspond again to
an attractive polaron and a metastable repulsive polaron. Our results suggest that the attractive
polaron has been observed in a recent experiment [[61]] and new experimental results now
directly support our predictions [[65} 286]].

The behavior of a mobile impurity (polaron) interacting strongly with a bath of particles is
one of the basic many-body problems studied in condensed matter physics 288,1289,1290]).
With the advent of ultracold atomic gases [6], the Fermi polaron problem in which a single
spin-| atom interacts strongly with a Fermi sea of spin-] atoms, has become a subject of in-
tensive research [245]]. In three dimensions we found that the polaron state splits into two
branches, a low-energy state interacting attractively with the bath of fermions, and the repul-
sive polaron, which is an excited, metastable state, cf. 258]]. In this way the polaron
exemplifies a more general paradigm of a many-body system driven into a nonequilibrium
state where a small number of high energy excitations interact strongly with the surrounding
degrees of freedom [291,292]]. The polaron is the limiting case of a Fermi gas with strong spin
imbalance, and the repulsive polaron provides insight into the question whether a quenched,
repulsive Fermi gas may undergo a transition to a ferromagnetic state even though it is highly
excited 243],258]]. Similarly, the ground state of the polaron problem has important
implications for the phase diagram of a strongly interacting Fermi gas [240} 256, 293]).

It is a key question how many-body properties are affected by reduced dimensionality, and
the polaron is a case in point. The combination of optical lattices and Feshbach resonances
[6] provides a unique setting to experimentally study strongly interacting low dimensional
systems using ultracold atoms [[61} 294]. Recent advances in radiofrequency (rf) spectroscopy
afford to measure energy spectra [240] and give access to excited states as well as full spec-
tral functions using momentum resolved rf 296]. So far, only the ground state of the
two-dimensional polaron problem has been investigated theoretically [297, 298], 299]] with the
focus on a possible polaron-to-molecule transition. This is similar to the three-dimensional
situation, considered in Chapter @] where for strong interactions it becomes energetically fa-
vorable for the impurity to form a molecular bound state 60]. The structure of high
energy excitations and the experimental polaron signatures in rf spectroscopy have remained
open questions which we address in this Appendix.
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We introduce the microscopic Hamiltonian and discuss the few-body scattering in quasi
two-dimensional geometries in Section[A.l The few-body T-matrix is modified by the medium
and we use the Nozieres-Schmitt-Rink approach, which is equivalent to the leading order in
a 1/N expansion [[110], to calculate the corresponding corrections in Section [A.2 Further-
more the properties of the dressed molecular state are discussed. In Section[A.3] we derive the
impurity spectral function and find that the impurity state splits into the attractive and the
repulsive branch. We compute rf spectra for homogeneous 2D systems as well as for the exper-
imentally relevant quasi-2D geometries in Section[A.4l Finally, we argue that our calculation
provides an alternative explanation of the recent experiment by Frohlich et al. [[61] in terms
of the polaron picture.

A.1 Model and physics of quasi two-dimensional scattering

We consider a two-component 2D Fermi gas in the limit of extreme spin imbalance, described
by the grand canonical Hamiltonian

g Tt
H= kZ(Ek:a - #a)cz,gck:a + Z Z CkTCk/lck:’—qlckz-i-qT’
o kK q

with single-particle energies ¢4, = k?/2m,, for species o (5 = 1), chemical potentials u, and
system area A. Having in mind the experiment of Ref. [61]], we focus on the case of equal
masses my = m| = m. Generalizations to mass imbalanced situations are straightforward
(297, 298]]. In the low-energy limit the attractive s-wave contact interaction g can act only
between different species due to the Pauli principle. The majority atoms are not renormalized
by the presence of a single impurity with finite mass such that uy = ep = k. /2m at zero
temperature. The chemical potential 1 of the impurity atom is determined such that the
impurity state ||) has vanishing density. Furthermore, 1| is negative due to the attractive
interaction between 1- and |-atoms.

Quasi two-dimensional scattering

The two-body scattering of a spin- atom and a spin-| atom in two spatial dimensions is de-

scribed by the exact two-body 7-matrix [300]

4rt/m
Ty(E)=—0 1" (A1)
In(eg/E)+im
The pole of the T-matrix at E = —ep corresponds to a molecular bound state, and the asso-

ciated vacuum scattering amplitude for two particles with relative momenta k and —k in the
center-(?f-mass frame i§ flk = |k:|) :'mTO(Zek) = 47‘1{/[1n(1/k26¢§D> +i7] [6]. In the lat'ter
expression, the scattering amplitude is parametrized in terms of the so-called 2D scattering

length a,p.
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Experimentally it is not possible to realize a perfect two-dimensional geometry. Instead
a quasi-2D geometry can be designed using an optical lattice in one direction with associated
trapping frequency w,. The atoms are then trapped in separate sheets of laser light, where
the sheets have a finite transversal extent. In the case of such a confinement, a confinement
induced two-body bound state exists for an arbitrarily weak microscopic attractive interaction
with binding energy ¢ > 0. The spatial extent of the bound state is related to
the 2D scattering length given by a,p, = %/ /meg > 0.

The bound state energy allows to relate our results to harmonically confined Fermi gases.
In order to do so, we have to connect the strict 2D calculation to the quasi-2D geometry
relevant to experiments [[6, 301]]. Well below the confinement energy %, where only the
lowest transverse mode is occupied, this can be done by replacing ¢, with the exact quasi-2D
two-body binding energy. In harmonic confinement ¢ is given by ([301]], cf. Eq. (82) in [l6]])

t, (> du <1 e~ >
wp o Vit \ I-ep(=20)]n))
where Q=¢,/(hw,). In consequence, ¢ ; becomes a function of both the 3D scattering length
asp and the confinement length £, = v/ 5 /me,. Using the parametrization ey = # [(maj,),
the 2D scattering length a,,, can then be expressed in terms of its three-dimensional coun-
terpart a;py and £,. One finds that in the weak coupling BCS regime of small 3D scattering
length a5, < 0 the dimers are large and weakly bound (¢ ; < 5w, [6], while in the BEC limit
of small a5, > 0 the weakly interacting molecules are too tightly bound to feel the confine-
ment (e ~ 52/ (mafD) > hw,). Around the Feshbach resonance (“3_1)1 = 0) there is a strong

(A.2)

coupling regime where the binding energy attains the universal value ¢ 3 =0.244 f e, [6} .

A.2  Nozieres-Schmitt-Rink approach and the many-body T-matrix

At finite density the majority atoms form a Fermi gas with Fermi energy ¢, and the two-
body scattering is replaced by many-body scattering which gives rise to important qualitative
differences, most notably the emergence of two polaron branches. In the presence of a Fermi
sea of spin-T atoms, the molecular state itself is dressed by fluctuations and it is described by the
many-body 7-matrix. This can be calculated in the Nozieres-Schmitt-Rink approach [259],
as done in the 2D case by Engelbrecht and Randeria [303]]. We generalize these results to
the case of spin imbalance and compute the many-body T-matrix in the ladder approximation
which is represented diagrammatically in Fig.[A.Td. This yields

d*k np(e—up)+np(eprq— 1))
@2r) w+i0+ up+ ) —ep—epig
(A3)

with the Fermi function 7;(¢). At zero temperature where (4 = ¢ and u| <0, we obtain a

T7Hg,w) = Ty (w +i0+ py + uy —e4/2) +

>

very compact analytical expression for the many-body 7-matrix

T(q, )= TOGZ + 14 /(2 —e ) - 45ng) (A.4)
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(a) | 1) (b)
(O O
12)

@
(@ _ I |1 | 1)

TMB — + TMB
[ 4) [ 4) | 1)

FIGURE A.1: Diagrammatic representation of (a) the rf photon self-energy, (b) the self-energy of
spin-| atoms, (c) the Dyson equation for the dressed Green’s function G|, and (d) the many-body

T'matrix between states |T) and ||).

1)

€ =

with z=cw +10—¢;+ | and £ =sgn Re(z —¢ ;). Remarkably, within the simple Nozieres-
Schmitt-Rink approach the many-body 7T-matrix can be expressed as the two-body T-matrix,
cf. Eq. (A.d), with shifted argument. The spectral function .« (g, ) = —2Im7T(q, ) of the
molecule is shown in Fig. [A.2] for several values of the interaction strength parametrized by
the two-body binding energy ;. One observes a bound state peak at low energies and the
particle-particle continuum at higher energies.

The continuum of dissociated molecules arises mathematically from the branch cut of
the square root (A.4) in the region w_(q) < w < w,(q), wy = ep(1 £ q/ky)* — w (dash-
dotted/solid lines), as well as from the branch cut of the logarithm (A.1) for co > cw (¢) and
forwy=eg4/2—ep—p) <w <w_(q)if g > 2ky (dashed lines).

The bound state arising from the pole of the many-body T-matrix has the dispersion rela-

tion [297]
eq/2(eq/2—cp)tep(ep—cp)
eq/2+¢p

w, (@)= —u (A.5)

which changes qualitatively with the two-body binding energy ;. For large binding ¢ >
2¢p (Fig. [A.2d), the bound state has minimum energy w, = ¢z — ez — pp at g = 0and
we find an effective mass m*/m|,_q = 2/(1—2¢p/e) > 2.1 For smaller binding e < 2¢,

"Note that the T-matrix does not yield the correct binding energy in the BEC limit [298]]. However, in this



A.3. POLARON AND QUASIPARTICLE PROPERTIES 143

0
0 05 10 15 20 25 300 05 10 15 20 25 30
q/kr q/kr

FIGURE A.2: Molecular spectral function <, (q, w) for different values of the two-body binding
energy eg/ep: (a) 0.1, (b) 0.5, (¢) 1.0, (d) 2.5. The dashed lines mark the log continuum c,

dash-dotted and solid the root continuum c_.

(Fig.[A.2b-c), the effective mass at ¢ = 0 becomes negative and a new minimum appears at finite

wave vector ¢, = 24/ kpayy — 1/a,p and with positive effective mass m*/m|,_, =[2~
2/(krayp)]~' > 0. For decreasing binding energy ¢ the bound state eventually touches the

continuum at momenta g, /ky =14 4/1—2¢ /¢ (dotted line in Fig.[A.2h). Forg_<g <q,

the bound state has negative residue (m* < m) and it ceases to exist.

A.3  Polaron and quasiparticle properties

The impurity atom is dressed with virtual molecule-hole excitations and becomes a renormal-
ized quasiparticle. Its self-energy is given by scattering an {-hole off a molecule as depicted in

limit the repulsive polaron is the relevant excitation and its energy is correctly reproduced in our approximation.
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Fig.[A.1b. Explicitly, the self-energy reads

d*k dz
z:f(q,w): o [ nB(z)Gf(k—q,z—w)lmT(k,z)

nF(z)Ime(k,z)T(k:+q,z + w)] (A.6)

where G?’R refers to advanced/retarded 1-Green’s functions. The first contribution comes

from the pole and branch cuts of the 7-matrix. In the polaron problem neither the |-state nor
the molecular state are macroscopically occupied at zero temperature, hence the molecular
spectral function o< Im7" has weight only at positive frequencies z > 0 where 7,(z) vanishes,

cf. Fig.[A.2l The second contribution of (A.6) with the bare {-spectral function Ime(k, z)=
—in8(z — &), + y) directly yields 268} 303]

d*k
>i(g,w :J T(k+q,ep, — ur+w), (A.7)
(g, ) oo, ) ( K Mt )

which, in three spatial dimensions, leads to the same ground state energy as a variational ansatz
[233]]. The |-self-energy yields the |-Green’s function via the Dyson equation (A.8) depicted
in terms of Feynman diagrams in Fig.[A.Tk. We perform the integral in (A7) numerically and
obtain the spectral function of impurity atoms

szl(q,a)):—21m[a)+i0+lul—sq—Zl(q,a))]_l. (A.8)

The frequency and momentum dependence of the spectral function is shown in Fig. [A3] (left
panel) for three values of the interaction strength. In Fig.[A.4] we display the spectral function
/|(q = 0,E — ) at zero momentum versus the interaction parameter 7 = In(kza,p) =
—In(ez/2e)/2. In both figures we set the reference energy to the free atom threshold by
subtracting the chemical potential ).

At weak binding ¢ ; < ¢ (Fig.[A.3h) the attractive polaron is a well-defined quasiparticle
at small momenta but for g 2 k; it scatters off virtual molecules and acquires a large decay
width. Similarly to the three-dimensional case, for intermediate binding (Fig. [A3b) a new
repulsive polaron state appears at positive energies. It is a metastable state with broad decay
width, and it is shifted to higher energy due to the repulsive interaction with the Fermi sea
of spin-1 atoms. The dispersion of the repulsive polaron has a minimum at finite momentum
q ~ kp reflecting a similar feature in the molecular spectral function (Fig. [A.2k); for larger
momenta it approaches the free particle dispersion. Finally, for strong binding (Fig. [A.3k)
both polaron branches are well separated and the repulsive polaron becomes an increasingly
long-lived and stable quasiparticle. Between the attractive and the repulsive polaron branches
appears the molecule-hole continuum (see also Fig.[A4). Its spectral weight is small in the case
of a broad Feshbach resonance studied here, but it is enhanced for narrow resonances by an
admixture of closed-channel molecules [[62].

It is instructive to see how the quasiparticle properties of the polaron change as the interac-
tion parameter 7 is varied. The right inset of Fig.[A.4lshows a continuous crossover where the
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FIGURE A.3: Left panels: spectral function ./|(q,E — ) for impurity atoms interacting with a
2D Fermi sea. Red lines indicate the free particle dispersion and white (black) dashed lines mark
the dispersion of the attractive (vepulsive) polaron. Right panels: corresponding rf spectra
illustrating how weight is shifted from the attractive polaron state (peak at negative frequencies)
to the new repulsive polaron state at positive frequencies. The two-body bound state energy is

(@) ep/er=0.1,(B)eg/ep =1, (c)ep/ep =5.

quasiparticle weight shifts from the attractive and to the repulsive polaron branch: for small
binding (n > 0), the attractive polaron is the dominant excitation and the weight is gradually
transferred toward the repulsive branch for increasing binding (7 < 0). This crossover is also
reflected in the effective mass m*/m (Fig.[A.4lleft inset). Our strong coupling calculation re-
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FIGURE A.4: Polaron spectral function .</|(q = O,E — ) versus the interaction parameter 1).
The dashed lines indicate the perturbation theory of Ref. [304]. Left inset: effective mass
m* [ m of the attractive and repulsive polaron as well as the molecule. Right inset: crossover
of the quasiparticle weight Z from the repulsive to the attractive polaron.

produces the perturbative results for the attractive and repulsive polaron energies in the
weak and strong binding limits (dashed lines in Fig.[A.4). Therefore, we expect our results to
be reliable also in the intermediate regime of strong coupling (7 — 0%) where perturbation
theory in 1/ breaks down and the confinement induced resonance appears [6,305].

A.4 Radiofrequency spectroscopy and comparison to experiment

The spectral properties of the imbalanced Fermi gas can be accessed experimentally using rf
spectroscopy. We assume that an rf pulse is used to drive atoms from an initial state |z) to
an initially empty final state |f). We choose the final state to be strongly interacting with a
bath of a third species |1) such that |f) is the impurity state, |f) =||). This inverse rf proce-
dure interchanges the roles of |i) and |f) with respect to Ref. [I240]; it has been proposed in
Refs. [[62258]] and it is described in detail in Chapter[ It has been realized in the experiment
using two-dimensional Fermi gases by Frohlich et al. [61]].
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Within linear response theory, the rf transition rate is given by
Irf(wrf) = ZfoImXR(_wrf — it luf) (A9)

where € ¢ is the Rabi frequency, w  the detuning of the rf photon from the bare transi-
tion frequency and u; s the initial (final) state chemical potential. The retarded correla-

tion function y® can be computed from the corresponding time-ordered correlation function
—10(t — t/)([gb;(r, £)i(r,t), gbj(r/, t")¢ r(r',¢")]) [153,268]. In general vertex corrections are

crucial [[110,263]], but we find that they vanish in the case of negligible initial state interactions
as appropriate for the experiment [61]]. At 7' =0, we obtain

alZ
L(ew,s) = szj qz (@0 +eq— 1)) (A.10)
§ eq<Wi (27'5)

Eq. (A.10) is calculated numerically and the resulting rf spectra are shown in Fig. [AJ] (right
panel). The rf probes the final ||) state spectral function along the free-particle dispersion up
to the initial state chemical potential ;. As in the experiment [61]], we assume a balanced
initial state mixture with u; = us. We find a peak in the rf spectrum once the detuning cwq
reaches the final state chemical potential 1| (u is negative in the polaron problem). Similar
to the situation in three spatial dimensions, cf. Fig.[£.24] the transfer of spectral weight from
the attractive to the repulsive polaron can be directly observed in Fig.[A.3]

Comparison to experiments

Recently a quasi-2D geometry has been realized experimentally with a Fermi gas of **K atoms
[61]]. Following the inverse rf procedure described above, an initially non-interacting balanced
mixture is driven into a strongly interacting final state. As long as its occupation remains small
the final state is a Fermi polaron, and our calculation predicts the experimental rf response.

In Fig. [A.5 we show our trap averaged rf spectra versus magnetic field. We use the exper-
imental parameters of Ref. [[61]] with w, = 27t x 80 kHz, | = 27 x 125 Hz, and express
asp in terms of the magnetic field as described in Section[AT] cf. [|6,306]. We incorporate the
radial trapping in the 2D plane using the local density approximation. In the experiment [[61]]
not only a single (central) 2D layer is populated but also additional pancakes along the axial
direction. For each of these layers we calculate the rf response

L) = J &1 o) ()1 (w,). (A.11)

The various pancakes are indicated by the index v and /Og])a A(D)= ms;v)( r)/27h” is the Thomas-

Fermi distribution of the density of non-interacting fermions within a single layer. Ir(fv )(a), r)

is the rf response Eq. (A.10) computed for a homogeneous system with local Fermi energy

sg)(r) and interaction parameter 7(r) = —In(e/ 255!)(7)) /2. In the experiment [[61]] 30 layers

have been populated. To obtain the complete rf response of the trapped system we thus finally



148 APPENDIX A. THE TWO-DIMENSIONAL POLARON AND ITS OBSERVATION

sum over 30 contributions It(r:)p where we assume that the peak density of each layer, ES;')(O),
varies according to a Thomas-Fermi profile in axial direction with confinement frequency w) .
The local Fermi energy is e p(r) =¢p — ma)i 72 /2 with peak Fermi energy ¢ =9 kHz.

frequency shift [kHz|

222 223 224 225 226
magnetic field [G]

FIGURE A.5: Trap averaged rf spectra of a quasi-2D Fermi gas: vf detuning versus magnetic field B.
The experimental data points (blue and red diamonds) are taken from Ref. [61|]. Also shown
are the energy of the repulsive (dashed) and attractive (dash-dotted) polaron as well as the rwo-
body binding energy (solid, white) in a homogeneous system.

We observe that the lower branch of the experimental spectra (circles) agrees well with the
attractive polaron picture (Fig.[A.5) and our calculation provides an alternative interpretation
to the two-body bound state (solid line) put forward in Ref. [[61]]. We note that also the
measured frequency shift in 3D as shown in [6]]] fits the polaron picture [[62]. Our results
show a second rf peak at positive detunings corresponding to the repulsive polaron. The
dashed line in Fig.[A.5] indicates its quasiparticle energy in the bulk (cf. Fig.[A.4). As similar
for the attractive polaron energy (dash-dotted line) the trap average leads to a significant shift of
the rf peaks to lower energies. The experimental data (diamonds) in this magnetic field range
agrees qualitatively with our calculation. One possible reason for the remaining discrepancy
is the large final state occupation in the experiment.

Influence of shape and length of the rf pulse. The line shape of the rf spectra has a strong
dependence on the rf pulse shape. The rf pulse used in Ref. [61] is approximately rectangular
with duration 7 = 100 us. We compute the experimental rf signal as the convolution of
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FIGURE A.6: RF spectrum of a trapped quasi-2D Fermz gas for (a) B = 227 G, (b)) B = 225 G,
(c) B =1224.5 G, and (d) B = 224 G. The attractive polaron gives rise to the peak at negative
frequencies and the repulsive polaron corresponds to the peak at positive frequencies. The dashed
line depicts the trap averaged signal 1,,,, while the solid line shows the expected experimental
signal 1., which takes into account a rectangular 1f pulse of duration T = 100 us (not to scale)

f61]

I.. () with the Fourier spectrum of the rf field

trap
T / / . 2 /
Lep() = gy de’ I pp(w — ') sinc™(w'T'/2). (A.12)

In Fig.[A.6l we show the resulting rf spectra for different values of the external magnetic field.
Note that the broadening may shift the apparent peak position, see e.g. Fig.[AZb.

A.5 Conclusion

In conclusion, we studied Fermi polarons in two dimensions which exhibit an attractive and
repulsive branch and computed their rf spectra. Additional work is needed to understand
discrepancies between theory and experiment for repulsive polarons. As an example, pump
and probe experiments in the form of a sequence of two short pulses may shed further light on
this issue. Recently the attractive and repulsive polaron has been measured in experiments
[286]]. The observation agrees well with the results from the simple NSR approach presented
in this Appendix. We expect, however, that corrections to this result will become of relevance
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FIGURE A.7: Same as Fig.[A.6 but for different vf pulse duration (from top to bottom) T = 50 us,
T =100 us, and T = 200 us (not to scale).

in future experiments with quasi-two dimensional Fermi gases, in particular at finite density
of both species, so that a more involved analysis using, for instance, methods such as those
presented in Chapter @ will be necessary.



Appendix B

Polaron in a mass-imbalanced Fermi gas

N this Appendix we present and summarize theoretical results which we obtained in collab-
oration with the group of Grimm in Innsbruck and which was related to the interpretation
of an at the time ongoing experiment aiming at the measurement of the excitation spectrum
of the polaron problem across the polaron-to-molecule transition.! In this experiment a spin-
imbalanced, two-component mixture of ®Li and *°K atoms was prepared with the lighter °Li
atoms being the majority species. In the initial state the two species were in a non-interacting
state. Then an rf pulse was applied, driving a transition between hyperfine states of the minor-
ity **K atoms to a strongly interacting final state. In this way the proposal for an inverse rf
procedure to measure the excitation spectrum of an impurity across the polaron-to-molecule
transition, put forward by us in [62] and by Massignan and Bruun in [258]] and as discussed
in detail in Chapter [} was experimentally realized.

The two major differences to the protocol discussed in Chapter @ are the mass imbalanced
situation and the fact that one deals with a Feshbach resonance of a relatively ‘narrow’ char-
acter. Here, the term ‘narrow’ has to be understand in the sense that the dimensionless quan-
tity kz7* is of order one or larger. The experiment focussed in particular on the measure-
ment of the impurity’s energy spectrum and its quasiparticle weight. As we have seen in
Chapter 4} these properties can be described relatively well in a simple, non-self-consistent T-
matrix approach [259].2 We employed such a non-self-consistent T-Matrix approach already
in Appendix[Alfor the description of the polaron in two spatial dimensions and we apply this
formalism here to the impurity problem in a mass-imbalanced situation (For similar, recent

treatments we refer to [[64} 307, [308]]).

The microscopic action describing the system of fermions of masses 72y and m| with a
mass ratio my/m| = c close to a Feshbach resonance of finite width * is given by?

s = | {le-a-ule+gila —ca-uy,
x,T
C
s [ - B ()| B+ g0 8+ b)) ®.1)
"The experimental results have by now been published [[64].
Note, if one is, however, interested in a detailed quantitative description of these observables or, for instance,
the lifetime of the excited molecule and attractive polaron branch, more involved methods such as the fRG ap-
proach presented in Chapter M are indispensable.

3We neglect a possible background scattering potential which for the °Li -*K mixture, where background
scattering length takes the small value a,,, = 634, is a good approximation.
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where we introduced the units 2my = % = 1. In this convention, 7| = 1/(2¢) and the reduced
mass becomes m, = 5 F The bare detuning of the molecule ¢ in the closed channel is given
by E

ol = M(B — Bres) with y the molecule’s magnetic moment.

B.1 Two-body problem

First we solve the two-body problem as it lays the basis of the renormalization of the model
and allows to connect the model parameters B, and g to physical two-body observables.
Evaluating the standard particle-particle ladder yields the inverse, retarded dimer propagator

C .
Pfac,¢(w’ q) = —w+ qu +EmoI(B) —i0"

g? 2A 1 —w c , . 7
- — + g —i0t|. (B.2)
47 | (1+c¢) 1+cl 14+c (14¢)7?

The theory is renormalized by a redefinition of the bare detuning £, | which cures the UV
divergency. It can be inferred from the scattering amplitude which in the mass-imbalanced
case is given by

£ B m, g’ 1 g? 1
2 PY fe=(140k%0) 4n(1+O P (w=(1+k0) —1/a=ik
(B.3)
Furthermore, the scattering length in dependence of the magnetic field close to the Feshbach
resonance is given by

ik 14+¢

O i BB BBy -

From (see Eq. (B3))

g’
0,0 Ry E— 5
PE 00 = ®3)
then instantly follows the identification
47(1+¢)
gi=—7— (B.6)
r
for the Yukawa coupling g, and for the resonance shift AB = u(B, — B,,,) we find
2(1+¢)

(By—B,) = ——A. B.7)

P
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For contact interactions, A goes to infinity and the resonance shift becomes infinite. Using
Eqn. (B.6) and (B.7) we obtain the inverse, molecule propagator in vacuum

R _ 2 +
P’uac,gﬁ(w’q) = —w+ 1+Cq —10 +1U(B_BO)
2 —w Cc
+—8 + _* —i0*, B.3)
4n(l4+c) | 14+¢c  (1+0)
——
(14c)/r"

It is instructive to analyze the spectrum of this propagator in some detail and compare it to the
spectrum obtained from the molecule propagator of the two-channel model which features a
finite, physical range o and which we studied in Chapter @ cf. Eq. @24). In view of our
discussion of compositeness in Section [4.5] we focus in particular on the quasiparticle weight
Z, of the molecule across the Feshbach resonance.

Spectrum of the resonance model (¢ =0). In Fig.[B.I(a) we show the spectral function A é
as defined in Eq. @.45) with G(I; =1/ PSM 4 from Eq. (B.8) at zero momentum as function of
the inverse, dimensionless scattering length 7*/a. One clearly discerns the bound state peak at

negative frequencies and positive scattering length a with energy given by the generalization
of Eq. (2.38) to mass-imbalance,

(a) 4 (®)

08l J

0.6 ; 020k 4 ;

04] ] ]

02+ = -

-0.10 -0.08 =006 -0.04 -0.02 0.00

0.07\““\““\““\““\““\““
- 300 - 250 - 200 - 150 - 100 -50 0

—r*/a

—r*/a

FIGURE B.1: (a) Spectral function Ay(w,0) of the molecule in vacuum at zero momentum in
units of r*. (b) Quasiparticle weight Z, of the molecule. Inset: Spectral weight Z close to
resonance. For both figures we choose the mass-balanced situation, ¢ = 1.
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Ep=- 1—y/1-— | . (B.9)

For positive a far away from resonance the molecule is an elementary particle - it has com-
plete overlap with its bare counterpart - and its quasiparticle weight approaches unity, see
Fig. B.1Yb). For the resonance model (B.1) is possible to derive an analytical expression for Z
which is given by

1

Z,=1/11 , .10

g =1/ < + - m) (B.10)
and which is independent of the mass ratio ¢. As the Feshbach resonance is approached the
molecular bound state looses its quasiparticle weight, which is transferred into the continuum
of states of unbound atoms at positive frequencies. This continuum of states then carries most
of the spectral weight. Note that Ay(w, q) fulfills the sum rule Eq. @32) for arbitrary values
of a. At the resonance 4 — 00, Z goes to zero and the molecule dissolves completely, see
Fig. [B.1lb,inset). For negative scattering length 4 < 0 the quasiparticle pole ceases to exist
and the molecule is a purely composite particle with C = 1—Zy = 1. Remarkably, the
molecule remains purely composite for arbitrary values of 2 < 0. This is due to the infinite
resonance shift given by Eq. (B7) which prohibits the interacting molecule to approach the
bare molecular state even far from resonance although the interactions are weak in this regime.
This is fundamentally different in the more realistic two-channel model of finite range o as
discussed below and in Chapter[2l

Spectrum of a realistic finite range model (0 > 0). Let us now analyze the spectrum of
the molecule propagator for the more realistic two-channel model 2.23)) in Chapter[2l In this
model P, 4 is given by Eq. (2.24). First note that the spectral function again fulfills the sum
rule #32) for an arbitrary value of a.

In Fig. B.2(a) we show the spectral function Ay(w,0) as function of ¢ /a for a closed-
channel dominated resonance of width */o = 3, whereas in Fig. [B2(b) the spectrum for an
open-channel dominated resonance characterized by r*/o = 0.05 is shown. Note that in the,
compared to the resonance model (where o = 0), more realistic finite range model 2.23) o sets
the scale of the two-body problem. Only this allows the definition of open- and closed-channel
dominated resonances by comparing the actual short-distance scale o to *. Contrarily, in the
resonance model such a comparison is not possible as ¢ — 0, and only a notion of narrow or
broad resonances in the sense of bz 7* being large or small, respectively, is possible. From this
perspective the finite range model with ¢ > 0 allows for a much more detailed study of physics
at a Feshbach resonance. Nonetheless, for the many-body problem considered below we will
focus on the simpler resonance model because it allows already a quite accurate description of
the physics at low energies and close to resonance.

In Fig.[B3)a) we show the quasiparticle weight of the molecule for the open-channel dom-
inated resonance of width »*/o = 0.05, cf. Fig. B2(b). As the resonance is approached the
bound-state molecule (green line) becomes a composite particle. In fact, the universal dimer
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FIGURE B.2: Spectral function A 4(cw,0) of the molecule in vacuum at zero momentum in depen-
dence of the dimensionless inverse scattering length o |a for the finite range two-channel model
@223). (a) Closed-channel dominated resonance of width o [r* = 1/3; inset: same spectrum
close to the resonance. (b) Open-channel dominated resonance of width o [ r* = 20.
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FIGURE B.3: () Quasiparticle weight Z, of the molecule in vacuum as function of the dimension-
less inverse scattering length o [a for an open-channel dominated resonance. The bound state at
negative energy (green line) looses weight which is mostly transferred to the renormalized closed-
channel bound state at positive energies (blue line). Only a fraction of the weight is found in the
scattering continuums inset: weight of the bound state close to resonance. (b) Decay width Ty
according to the approximate formula @52) of the renormalized closed-channel molecule at
positive energy compared to its energy Ey. Although carrying a substantial fraction of spectral
weight the closed-channel molecule is highly unstable close to the resonance due to the decay into
unbound atoms in the scattering continuum. It becomes, however, a well-defined quasiparticle
away from resonance reflected by Zy — 1 and T 4 [E 4 — 0.
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has again a quasiparticle weight which vanishes linearly in 1/a close to the resonance (black
dashed line). Contrarily to the resonance model, however, most of the lost spectral weight is
transferred to the closed-channel molecular state at positive energy, visible as a rather broad
peak in Fig.[B.2Ib), and which carries most of the weight (blue line Fig. B3|a)). This is differ-
ent from the resonance model where the weight lost in the bound state at negative energy is
transferred solely into the scattering continuum at positive energies. From our analysis here,
the reason for this difference becomes apparent: in the resonance model, the resonance shift
is infinite so that there is just no bare state at finite, positive energies into which the weight
could be transferred.

The molecular state in the finite range model at positive energies can decay into unbound
atoms in the scattering continuum due to the coupling between the open and closed channel.
For this reason the molecular state is relatively short-lived close to the resonance. We show the
widthI'y /E 4 (using the approximate formula @.52)) of the molecular state at its quasiparticle
energy E4 > 0 in Fig. [B.3(b). We find that the molecule is indeed not a well defined particle
close to resonance. For a — 07 it becomes, however, again a stable quasiparticle excitation
with almost no composite character, Cy =1—Z4 — 0.

B.2  In-medium molecule propagator

After having analyzed the two-body problem in some detail, let us come back to the many-
body polaron problem. Within the non-self-consistent T-matrix approximation we have to
first derive the many-body T-matrix which is, within our bosonic-fermionic model Eq. (B.1)
equivalent to the molecule propagator ¢ in the medium of the {-Fermi sea. It is given by the
resummed ladder diagram and separates into two parts:

A

2 A 1 1
(g—l(v’q) = P;}_g—zj dppzj dx . 2 2
¢ (27)" Jo —1 —ivte(p+q) +pT— -y
2

v ! 1
+ S ze(wj dppzj dx— u— .B.A1)
(2m) 0 -1 —ivte(p+q) +pT -y -y

B

While the terms denoted by A are given by the solution of the two-body problem when in-
cluding the additional chemical potentials into Eq. (B.8), the term B represents the effect of the
medium. It can be calculated in an analytical form which facilitates a fast numerical calculation
of the polaron selfenergy in Eq. (B.13) below.

In the calculation the minority chemical potential 1 is fixed to yield the desired density
of |-atoms. In Fig. B4l we show the in-medium spectral function of the field ¢ at unitarity
for two different mass ratios and for a finite density of both the 1- and |-atoms in the case
of an open-channel dominated Feshbach resonance: in Fig.[B.4a) for the mass-balanced case
¢ = 1 and in Fig. BAIb) for ¢ = 6/40 as appropriate for a mixture of °Li and “°K atoms.
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FIGURE B.4: In-medium spectral function Ay at unitarity for the two mass ratios ¢ = 1 [(a)]
c = 6/40 [(b)]. The minority chemical potential is chosen to take the value of the critical
‘magnetic field’ hy = (uy — u|)/2 at which the molecule starts to have spectral weight at
negative frequencies implying a finite occupation of dimers.

In both cases the chemical | is chosen to be at the critical value by = (uy — 1))/2 where
the spectral function A(c, p) begins to have weight at negative frequencies, so that a finite
occupation of dimers emerges. Since the calculation was performed at zero temperature, these
dimers condense and the system becomes superfluid. Remarkably, in the mass-balanced case
the minimum of the dimer spectral function is at a finite momentum which may be interpreted
as the onset of the transition to a superfluid of the FFLO type 310]. Note, whether
at finite density FFLO is really the ground state is an open problem. For mass imbalance
¢ > 1 this effect is even more pronounced. It is, however, likely that this effect will disappear
when the feedback of the fermion selfenergy into the T-matrix loop is properly included. For
a mass imbalance ¢ = 6/40 [Fig. B.4(b)] the minimum of Ay remains at zero momentum
(corresponding to a positive effective mass of the dimer) and the non-selfconsistent T-matrix
approach thus predicts a transition to a ‘standard’ superfluid of the BCS type. Also note that
the spectral function of the dimer A 4 bears much resemblance with the two-dimensional case,

see f.e. Fig.[A.2lin Appendix[Al

B.3  Polaron spectral function

Let us now analyze the polaron problem of the mass-imbalanced Fermi gas with mass ratio
¢ = 6/40. The calculation is analogous to the case of two spatial dimensions and the polaron
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FIGURE B.5: Polaron spectral function A|(w,q = 0) versus dimensionless, inverse scattering

length for various widths of the Feshbach resonance and mass ratio ¢ = 6/40. (a) kpr* =104
(b) kpr* =0.5 () kpr* =5.

spectral function

is derived from the calculation of the polaron selfenergy which is given by

43
Yi(q,w) = ZJ G, (k+q,ep, — ur+ w), (B.13)
l( ) 8 bk, (27_[)3 (;5( k luT )

with the dimer propagator from Eq. (B.I1). As discussed in detail in Chapter[} in the polaron
problem the chemical potential | is fixed such that neither the dimer nor the impurity has a
finite occupation.

In Fig. we show the polaron spectral function 4|(w,q = 0) at zero momentum as
function of the dimensionless interaction strength 1/(kpa) for a mass-imbalanced Fermi gas
with mass ratio ¢ = 6/40. In Fig. [B.3\a) and (b) the results for a broad and a resonance of
intermediate width &z 7* = 107* and k7" = 0.5, respectively, are shown and they are similar
to the result for the mass-balanced case. The spectrum, however, changes dramatically when
a narrow resonance is considered as shown e.g. in Fig.[B5lc) for £z 7* = 5. On the one hand,
the attractive polaron branch appears only for very weak attraction kza — 07 and spectral
weight is transferred to a more pronounced molecule-hole continuum close to resonance and
in between the two polaron branches (note, the plot-range of A is the same for all plots in
Fig.[B.5). On the other hand, the repulsive polaron shows an enhanced lifetime. This indi-
cates that narrow resonances help to stabilize the repulsive Fermi gas of cold atoms. Note,
however, that the energy of the repulsive polaron is shifted to lower energies. In fact, the
energy of the repulsive polaron remains below the Fermi energy of the majority for arbitrary
interaction strength. Therefore it is always preferable to inject an impurity into the {-Fermi
sea instead of increasing the density of majority atoms. This shows that the increase of the
lifetime of the repulsive branch comes at a prize as it becomes at the same time impossible
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FIGURE B.6: As discussed in Chapterd, for small occupation of the minority species in the initial
state, the 1f response is accurately described by A|(w,q = 0) and can be compared to the exper-
imental 7f response. (a) Polaron spectral function A (e, q = 0) versus dimensionless, inverse
scattering length for a Feshbach resonance of width kpr* = 0.95. Both panels show the same
spectral function. In the lower panel the plot range is chosen so that the molecule-hole contin-
uum is saturated at unitary in order to mimic the high power rf pulse used in the experiment
[64]. (b) Experimental rf response of an resonance of the same width kpr* = 0.95. (upper
panel) Low power rf spectrum. (lower panel) High power rf spectrum which allows to access
the final state spectral function in regions of small weight. The experimental figures in (b) are
taken from [64)] with the courtesy of Grimm et al..

to cross the threshold to the onset of saturated ferromagnetism: again, the Stoner transition
defies a quantum simulation with cold atoms.

Finally, we compare our results to experimental data. The polaron problem has been stud-
ied experimentally in [[64]. In the following we calculate the polaron spectral function for
parameters as appropriate for this experiment [[64], where a mixture of °Li and *°K atoms
had been prepared with a Fermi energy of the majority °Li atoms of €, = h x 44kHz. This
corresponds to a Fermi wave vector ky = 1/28504,. Furthermore, the width of the resonance
is r* = 27004, so that kz7* &~ 0.95. In the experiment [[64] the mixture in the initial state
was strongly spin-imbalanced. In this case, the rf pulse addresses only the low momentum
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part of the final state spectral function so that A|(w,q = 0) is expected to accurately reflect
the expected rf response of the system, cf. Eq. (£.60) in Chapter[d In Fig.[B.6(b) we show the
experimentally measured rf response from [[64]]. While the upper panel shows the low power
rf response, the lower panel corresponds to the response when the rf is driven at high power
saturating the final state spectral function. In Fig.[B.6(a) we show our theoretical result for the
spectral function 4| (w,q = 0) at zero momentum as function of the inverse, dimensionless in-
teraction strength 1/(kza) which is expected to reflect rather accurately the rf response. There
is no fit parameter involved in the calculation and we use the experimental values of & and 7*
as input. We find that our result indeed compares remarkably well to the experimental data.



Appendix C

The functional renormalization group

N this Appendix we briefly introduce the functional renormalization group which is a mod-
ern realization of Wilson’s renormalization group concept [[97]. It is used in quantum and
statistical field theory, especially when dealing with strongly interacting systems (for reviews
see [[166} (167, [168], 169} [170, , for a review which focuses on the applica-
tion of the functional renormalization group to the few-body problem, and on which we base
this appendix, we refer to [46]). The method combines functional methods of quantum field
theory with the physically intuitive renormalization group idea. The main motivation for its
development was the observation that it is often more useful and transparent to perform the
integration of quantum fluctuations in continuous steps rather than doing this at once. The
renormalization technique allows to interpolate smoothly between the known microscopic
laws and the complicated macroscopic phenomena. In this sense, it bridges the transition
from simplicity of microphysics to complexity of macrophysics.
In quantum field theory (QFT) quantum fields are associated with particles 312]].
For example, in the Euclidean, grand canonical action

S=dejd3x {7 (=3 — 1) d+ g9V}, C.1)

which corresponds to the Hamiltonian in Eq. (L3), the complex scalar field ¢ represents a
non-relativistic bosonic particle. In QFT, the effective action I is a quantum analogue of the
classical action functional S. It depends on the fields of a given theory and includes all quan-
tum fluctuations. Variation of I" with respect to fields yields exact quantum field equations.
Mathematically, I is the generating functional of one-particle irreducible vertices. Interesting
physics, like propagators (two-point Green functions) and scattering amplitudes (higher-point
amputated, connected Green functions), can be extracted from I' in a straightforward way. In a
generic interacting field theory the effective action I is, however, difficult to obtain. The func-
tional renormalization group provides a practical tool to calculate I" based on renormalization
group ideas.

The central idea of functional renormalization is the introduction of a scale-dependent
effective action functional I', often called average action or flowing action. The average ac-
tion I', interpolates smoothly between the known microscopic action § and the full quantum
effective action I where k is the RG sliding scale. The dependence on the sliding scale & is in-
troduced by adding an infrared regulator term to the microscopic action. This regulator term
has the purpose to suppress fluctuations below the scale & and it is introduced by defining (for
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a bosonic field SZ) the k-dependent Schwinger functional W, [/]

A J 9§ eSI-BSLI+1IT C2)

~

The difference to the standard QFT Schwinger functional W [J] is the additional term AS, [¢]
in the exponential in Eq. (C.2). AS,[¢] is quadratic in the fields. In momentum space it reads

AS,[J]= fQ F(QR(QIQ). )

where we use the abbreviations Q = (¢,,q) and fQ = f‘]o | . with [ o= % [2 dgy @ T =0)

and fq = (2711)3 [ d°q. The infrared regulator function R (Q) is not fixed in the unique way, but

must satisfy three important conditions. First R,(Q) should suppress infrared modes below
the scale &, i.e.,

R,(Q)>0, (C4)

for Q® < k2. This adds effectively an additional masslike term to the particle suppressing its
propagation if its momentum Q is below the RG scale k. Second, the regulator must vanish
in the infrared

lim Ry(Q) =0. (C.5)

With this condition it is guaranteed that W), equals the standard, exact Schwinger functional
W in the infrared, W = W},_,. Finally, we should recover the classical action in the ultraviolet
and thus we demand

lim Ry(Q)=oo. (C.6)

Apart from these requirements, the regulator can be chosen arbitrarily. Nevertheless, it is rec-
ommended to pick the regulator carefully depending on a concrete physical problem. More-
over, one should better choose a regulator that respects as many symmetries of the studied
problem as possible. For our purpose it is convenient to choose R, (Q) = R, (q) independent
of the frequency argument ¢q,. Often, R, (q) is chosen to decay for large g% > k2. As can be
seen from Eq. (C2) the regulator R;, suppresses fluctuation modes with momenta g* < &% by
giving them a large “mass” or “gap”, while high momentum modes are not (or only mildly)
affected. Thus, W, includes all fluctuations with momenta g* > k2.

The flowing action Iy, is now obtained by subtracting from the Legendre transform of the
Schwinger functional,

Pulg]= j T4 - W] )

with ¢ =8 W, [J]/8], the cutoff term

Te[4] =T[4 - AS[4]. (C.8)
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The reason why the flowing action I', [¢/] is the central object to study is that it obeys the
elegant and exact functional flow equation

1
GTi[Y] = SSTraR T[]+ R (C9)

derived by Wetterich [[176]. In Eq. (C.9) g, denotes a derivative with respect to the sliding
scale k at fixed values of the fields. The functional differential equation for I',[¢/] must be
supplemented with the initial conditionI',_,, = S, where the “classical action” S[¢] describes
the physics at the microscopic ultraviolet scale £ = A. Importantly, in the infrared limit £ — 0
the full quantum effective action I'[¢] =T, ,[¢] is obtained. In the Wetterich equation STr
denotes a supertrace operation which sums over momenta, frequencies, internal indices, and
different fields (taking bosons with a plus and fermions with a minus sign).

It is important to note that the exact flow equation for I',[¢/] has a one-loop structure.
This is a significant simplification compared for example to perturbation theory where all
multi-loop Feynman diagrams must be computed to obtain exact results. Remarkably, the
flow equation (C.9) implicitly takes care of this. Note however, that Eq. (C9) is a nonlinear

functional differential equation. Indeed, on the right-hand side in the denominator appears
2)
k

is usually not possible to find closed solutions to Eq. (C.9) and one has to rely on a truncation

Of Fk
To make the implications of (C.9) more transparent we write the flowing action as an
expansion in some complete set of operators

the second functional derivative I',”[¢/] which is a functional of the fields. For this reason it

rd1= 6, 014) c10

The renormalization group evolution of I'y traces a trajectory in the theory space, which is
the infinite-dimensional space of all possible couplings {c,} allowed by the symmetries of the
problem. At the microscopic ultraviolet scale # = A one starts with the initial condition
I'p_p = S. As the sliding scale & is lowered, the flowing action I', evolves in theory space
according to the functional flow equation (C.9). Accordingly, different couplings ¢, become
running or flowing under the renormalization group evolution. The choice of the regulator
R, is not unique, which introduces some scheme dependence into the renormalization group
flow. For this reason, different choices of the regulator R, correspond to the different paths
in theory space. At the infrared scale £ = 0, however, the full effective action I'y_y = T" is
recovered for every choice of the cutoff Rj, and all trajectories meet at the same point in the
theory space. When an approximation of Iy, is employed, however, a regulator dependence of
I is introduced.






Appendix D

BCS transition temperature and Gorkov correction
from functional renormalization

N this Appendix we show how the critical temperature 7, for superfluid pairing in a spin-

balanced Fermi gas can be computed from the functional renormalization group. If one

only includes pairing fluctuations in the particle/particle (p/p) channel one arrives at the stan-
dard BCS result (for a derivation using the {RG, see e.g. also [213]])

eV _z_1
TC/TF:—ze 2 kplal | D.1)

e

This result, however, neglects the effect of particle-hole (p/h) fluctuations which lower the
critical temperature by a factor of (4e)'/3 & 2.2 as shown by Gorkov and Melik-Barkhudarov
[249]. A physical interpretation of this suppression in terms of the exchange of spin fluctu-
ations is given in [313]]. The inclusion of p/h fluctuations in the {RG framework had been
studied approximately in previous work [214]]. In this Appendix we calculate the correction
exactly from fRG flow equations.

D.1 Microscopic action and pairing instability
We consider a Fermi gas described by the purely fermionic, classical action [cf. (£4)]

5= LT{ ;lsb:;[af—A—#g]%‘i‘gz\%ﬁ%%}- 0.2)

which is equivalent to the mixed bosonic-fermionic action [cf. £3)]
=1 D A Nl (A S

obtained by a Hubbard-Stratonovich transformation in the pairing channel with the pairing
field ¢ ~ ¢¢. Integrating out the pairing field ¢ by, for instance, the insertion of its classical
equation of motion

b
¢ =——591¢ (D.4)
"
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into Eq. (D.3) yields the identification g, = —h?/ m; A+ Thus an attractive contact interaction
g < 0 directly implies a positive ‘mass’ gap m> £ >0

We are interested in the regime where kp|a| < 1. Then the fermionic propagators are
assumed not to be renormalized and according to power-counting the momentum dependence
of the fermionic vertex (or the dimer propagator, respectively) can be neglected. Based on
this argument we devise a truncation of the effective flowing action I', in a leading order
vertex and derivative expansion which amounts in only promoting the couplings g and m;,

respectively, to be RG scale dependent, g — g, and m?% — m>

p e Specifically, the purely

fermionic truncation reads
r=| { 3 40-a- b vadidigin) 03
The corresponding mixed, bosonic-fermionic truncation is given by
=] | 3 hle- A+ S b rigigip el 0

When considering only the flow in the p/p channel, at this level of truncation the identifica-
tion of g with 72 holds on every RG scale,

¢
2

& =" D.7)
myy
Note that when the Gorkov correction due to p/h fluctuations are considered the fermionic
truncation (D.5) will be more convenient because staying within the truncation (D.6) then
necessitates the use of a rebosonization procedure [214].

The specific values of g;, and m;’k, respectively, depend, besides the scattering length a,

on the temperature T and density 7 = k; /(37c%) set by the chemical potential . The onset of
(local) superfluidity and the breakdown of Fermi liquid theory is indicated by a divergence in
the coupling g, during the RG flow which is equivalent to the emergence of a negative mass
gap m; , <0anda corresponding symmetry breaking in the effective potential U(¢* ).

The (pseudo-)critical temperature 7, can be determined by tuning the temperature in such
a way that the divergence in g, occurs exactly in the infrared. The condition for the onset of
superfluidity then reads

8IR|, = D.3)

c

This condition corresponds to the Thouless criterion and gives strictly speaking only an upper
bound on 7.: for 7' < T, the flow enters the symmetry broken regime where Goldstone
bosons associated with the Mexican hat structure of the effective potential U(¢*@) in the
pairing field ¢ lead to a further suppression of 7,. Indeed, in two spatial dimensions it is for
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the Goldstone bosons that symmetry is restored in the flow for any finite temperature so that
no condensate appears unless 7 = 0 (316]. In fact, if one wants to study the flow
also in the symmetry broken phase, it is more convenient to consider the bosonic truncation
(D.6) since here the full functional dependence of the effective potential can be studied. In
the following we are interested, however, only in the derivation of the critical temperature
according to (D.8) and hence we will only consider the purely fermionic truncation (D.5)
where the only running coupling is given by g,.

In order to derive the RG flow equation of g, we have to find the correct projection of the
full RG equation

1,
3T, = Eaksmn[rgj) +R,], D.9)

onto g;. In order to find this projection it is helpful to take a step back and to realize that
(4)

in general during the RG flow the scale dependent vertex function I,

interaction term

corresponding to the

~ L TPy, Py, PGS (PG (P)b o (P, (Py+ Py — P)) (D.10)

12

acquires a complicated momentum and energy dependence, where the P; denote four-momenta
P, = (w;,p;) as illustrated in Fig. [D.1[a). Since we are only interested in the regime where

() P P (b) D1 7’

Py P1+P2—P{ —p1+q _ﬁ1/+q‘

FIGURE D.1: (a) The fourfermion vertex T) acquires a complicated dependence on the three
independent four-momenta P,, Py, and P,. (b) Reduced momentum dependence. In the weak
coupling limit scattering takes place close to the Fermi surface. Considering only the pairing
instability, the parametrization of U®) in terms of the center-of-mass momentum of the pair q
is convenient. For zero-momentum pairs, ¢ = 0, and the vertex is only dependent on the angle
between p, and p’l.

kplal € 1and T < T} this dependence can be simplified considerably. First, in this regime
the scattering of fermions takes place close to the Fermi surface. For this reason the energy
of the incoming atoms is zero according to the perturbative dispersion relation E = p? — u
which vanishes for |p| = k. This dispersion relation is valid since the fermions are assumed
not to be renormalized. Furthermore, we consider the instability towards superfluid pairing.
Therefore we may consider the momentum configuration shown in Fig.[D.1(b). When study-
ing the full g dependence of the vertex one finds that the leading instability takes place for
zero-momentum pairs so that ¢ =0, which implies that no phase of the Fulde-Ferrell-Larkin-
Ovchinnikov (FFLO) type appears [310]. This finally implies that the vertex is only a
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*Pl +q —pl +q
BCS theory Gorkov

FIGURE D.2: Diagrammatical representation of the flow equation of the point-like coupling g,
(black solid circle). The operator 2, denotes the s-wave projection according to Eq. (D.11) and
the prescription described below Eq. (D.10).

4 —

function of p, — p/l, e. I, (p1 ) and because both momenta are on the Fermi

surface, |p;| = |p|| = kp, only the dependence on the angle ¢ = Z(p,,p)) remains. As the
pairing takes place in the s-wave channel our final projection onto the couplmg g, reads

1 [+ )
& =3 d costl Fge )(cos 9). D.11)
1

The flow equation of the vertex g is shown in terms of diagrams in Fig. where we also
indicate the underlying momentum dependence of the vertex. The flow equation reads

K = —8/€2é/ej G(Q)G(-Q)
g2 j dcosej G+ —p) e, )G L) D)

3 .
where fQ =73, [ %, Q=(w,), 0 =ZLp;p)), Ip| = I}l = /&, and in the first
term we used that the integrand does not depend on @ so that the angular integration over & is
trivial. Now me may invert this flow equation by division by gkz If we kept the momentum

dependence of T™)(P,, P,, 1) this inversion could not be done as I'*) then appeared inside

the integral. Furthermore, ak commutes with g, because the derivative ak acts only on the
regulators inside the cutoff Green’s functions G as described in Chapter[d After the inversion
the flow equation for g~ ! reads

Gg = @ej QG (-Q)

-I-ak J dcos@J —py),w,)G(l,w,). (D.13)
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Note, we could equally well derive all results in terms of a flow equation for g, which would
then, however, necessitate a numerical solution.

There are two contributions in Eq. (D.13). The first is a p/p contribution. It is responsible
for the pairing instability and will lead to the BCS transition temperature. The second p/h
diagram takes into account spin and exchange fluctuations which lead to a suppression of the
pairing instability.

D.2 BCS transition temperature from functional renormalization

It is instructive to concentrate on BCS theory first which ignores the second term in Eq. (D.13)
altogether. Before calculating 7, in BCS theory we show from the RG flow equation (D.14)
below that for arbitrarily weak attraction, g, <0, the Fermi liquid is unstable with respect to
superfluid pairing at zero temperature.

Superfluid pairing at T =0 for arbitrarily weak attraction

We have to evaluate the flow equation

dg'=4 | c@c-a .14
In this Appendix we employ sharp regulators in momentum space such that
G(q,w,) = G(g,®,)0(la" - | - k7). (D.15)
At zero temperature Eq. (D.14) can straightforwardly be evaluated. One obtains
i 2k8(|q” — u| = k)
a/e 8L = -
(w4 iw+E )

é‘(q g —1=k) kz) B S(u—gt k)
where in the first step we acted with ak on the step function and where we define £, = ¢* — .
In the second step we performed the frequency integration. Here, the two terms arise due to
the pole structure of the integrand and the second term appears only for positive chemical po-
tential © > 0. This becomes in particular important when studying the BEC-BCS crossover in
a simple (e.g. Nozieres-Schmitt-Rink like) truncation, where the fermions are not renormal-
ized. Then on the BEC side of the resonance, where ¢ < 0 this term does not contribute. In
Chapter [ we have seen that in a more elaborate truncation where the fermions are renormal-
ized! the second term would even contribute on the far BEC side due to the large self-energy

"Note, in a self-consistent Ward-Luttinger approach, which goes far beyond a simple Nozieres-Schmitt-Rink
calculation and which was employed by Haussmann ez al. to study the BEC-BCS crossover [[37, 58] [255]1265]],

this effect 1s included as well.



APPENDIX D. BCS CRITICAL TEMPERATURE AND GORKOV CORRECTION FROM THE
170 FRG

of the fermions. Evaluating the §-distributions in Eq. (D.14) then finally yields

ey =—

1
> [\/,u-l-/ez-l-\/,u—/ezﬁ(,u—/ez)] (D.17)
47k
At this point let us set the initial condition for g, which is determined by two-body scat-
tering physics and the UV regularization of the contact interaction. In order to obtain g, we
have to evaluate Eq. (D.17) at vanishing density, © = 0, which yields

P 11 A D15)
L8 = —— — _ —— — .
k 47’ g &r AT’

so that we obtain

—= (D.19)

The analysis of this simple relation allows for a brief side remark: in Chapter[2lwe learned that
1/A can be viewed upon as representing the range of the microscopic interaction potential. In
consequence Eq. (D.19) tells us that for microscopic repulsive interactions the scattering length

a is bounded from above by [209]
T
a< Ty (forgy >0). (D.20)

For contact interactions, A — oo, and thus ¢ — 0, which can be viewed as a reincarnation of
the triviality of non-relativistic ¢* theory.

We are, however, interested in attractive, microscopic interactions, g, < 0, for which no
such bound applies. Indeed depending on the choice of g, any scattering length a can be
achieved as can easily be seen by inversion of Eq. (D.19),

1

427
Hence a ‘shape resonance’ condition, cf. SectionZ1]in Chapter2is fulfilled for g, = —47%/A.

After having discussed the few-body physics, let us come back to the question of an instabil-
ity of a Fermi gas towards superfluidity at 7 = 0 for arbitrarily weak attraction, parametrized
by a small, negative scattering length 4.2 Eq. (D.17) straightforwardly answers this question:
first note that d, g~ ! is negative for all &, which implies that 1/g, increases towards the in-
frared. In the case of finite density, when u > 0 we observe that d, g~ ! diverges for & — 0.
This in turn means that for any interaction strength g, < 0, 1/g;, will cross zero at some
finite RG scale k. Since g, = oo implies the onset of symmetry breaking, this shows that
the spin-balanced Fermi gas with arbitrarily weak, attractive interactions in unstable towards
superfluid pairing at 7 =0.

From Eq. (D.19) it is then apparent that this implies an arbitrarily weak g, <0.
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Transition temperature

In order to determine the critical temperature 7. of BCS theory we have to solve Eq. (D.14) at
finite temperature and density 7. T, is then given by the criterion for the onset of superfluidity
Eq. (D.8). This calculation is a nice and simple example to show the connection between the
present fRG approach and resummed perturbation theory. To see this connection we solve
the RG flow equation in two different ways which lead to the same result. First we explicitly
derive the flow equation for g, in an analytical form and then integrate the flow from the UV
to the IR. Second, we use a more direct, simpler approach which relies on the perturbative
assumption of non-renormalization of the fermionic Green’s function to instantly integrate
the flow without ever calculating the flow equation explicitly.

Let us start with the first approach. The BCS flow equation is given by Eq. (D.14). We
act with the derivative ék and perform the Matsubara summation over (fermionic) Matsubara
frequencies using

1

T2y =
IS = mD= 1
)=, 1=2m(E)=ush[B£/2). 0.2)
One obtains
g, = —% OwdqqZMS(lfql—kz)
_4/%Ujdgx/mt?h[ﬁiﬁ]a(_{_kz)
+Joood§ ‘/mta;h [’65/2]8(5—18)], (D.23)
which yields the flow equation in its final form
deg;! :—% [Q(Iu—/ez)\/,u—/ez—i-\/,u +/e2] . D.24)

The inspection of Eq. (D.24) nicely shows that the divergency encountered in the flow of g, at
T =0 is cured by the tanh term. This flow equation can now be integrated analytically from



APPENDIX D. BCS CRITICAL TEMPERATURE AND GORKOV CORRECTION FROM THE
172 FRG

00f s s ‘ g
-20 -15 -10 -05 0.0

1/(kpa)

FIGURE D.3: Dimensionless transition temperature T, | ¢ . towards superfluid pairing taking into
account only particle-particle correlations. Analytical, approximate result Eq. (D.29) (dashed,
red) versus numerical solution of Eq. (D.26) (solid, green).

the UV (k= A) to the IR (k =0)

1o _;Uﬁdkwwﬁkzw_kz)

Suv &R 4 k
A h[Bk?/2
+J d/ew\/wkz], (D.25)
JE

which, after inserting Eq. (D.19), gives

1 ;_;[A_Jﬂdkwg/wkzﬂ/#_kz)

A h{Bk%/2
—J d/ew\/fwkz]. (D.26)
JE

One can arrive at Eq. (D.26) in more direct way by realizing that in the original low equa-
tion (D.14) the only RG scale k-dependence arises due to the regulators appearing explicitly in

the cutoff propagators G¢. Therefore we can safely replace the derivative d, by d,. Note, this
would neither work if we took into account self-energy corrections of the fermions nor if any
k-dependent coupling appeared on the right-hand-side of the flow equation. The replacement
ék — J, becomes possible here only due to the ability to invert the flow equation g, — 1/g,
so that g, does not appear on the RHS of the flow equation. In particular, this would not have
worked if we kept any explicit momentum dependence of g,.

After the replacement d, — d, in Eq. (D.14) we can directly integrate the RG flow,

Ri—p

1 1
o1 jQ G(Q)G4(~Q) 0.27)

g&mr 8A

Re—o
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After performing the Matsubara summation using Eqn. (D.22) we find

1 1 J‘ d3q 1—2nF(5q)
(

SR 8A 2ry 2¢,

B {4§§%ﬁﬁ

(A"~ &)

8A —u 8n* &

tanh [ BE /2] 6(A* - |&)). (D.28)

The careful evaluation of the momentum integral shows that the result is again given by
Eq. (D.26).

In order to determine 7., Eq. (D.26) is solved so that the condition (D.§) is fulfilled. In
Fig.[D.3]we show 7. /¢ as function of the dimensionless interaction strength 1/(kza). In the
weak coupling limit, kra — 07, we recover (for a review of how to solve Eq. (D.26)) analytically
in the weak coupling limit we refer to [313]])

er -3k
T, =—e¢ 1), (D.29)

e

where y & 0.577 is the Euler’s constant. Deviations from this analytical formula become
relevant for larger |kpal.

D.3 The Gorkov-Melik-Barkbudarov effect

In this Section we include the effect of p/h fluctuations given by the second term in Eq. (D.13)),
cf. Fig.[D.2) which we omitted so far in our discussion. In order to keep the calculation brief,
we will use the second approach taken in the previous Section and integrate the flow (D.13)
instantly from the UV to the IR after realizing that also in the p/h contribution any RG scale
k-dependence is due to the regulators appearing in the cutoff propagators G°. Then we may
again replace ék — J, and arrive directly at

r é\IBCS .
11 o e
—-— = | ¢QEQ
8uv  8IrR Q Roco
11 Rpp
+ EJ dcosﬁj Gc(l+(p/1 -py),w,)G(,w,) . (D.30)
! Q Ri=o

é\IGMB

8 Iycg was calculated in the previous Section. Here we concentrate on the correction to the
superfluid pairing interaction due to p/h fluctuations given by the term &1;yz. Employing
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the sharp momentum regulator, cf. Eq. (D.15), it is given by

d*l 1
SIGMB = J dCOSQTZJ

ia)n + gl] [_la)n + é’l+(p/1—p1)]
x [60él —A2>9<|£l+(,,;_pl)| -a)-1], D31)

where |py| = |p}| = /& &, =q* — 4, and 0 = Z(p,, p)). In the limit A — oo the term propor-
tional to the step functions vanishes. Performing the Matsubara summation using Eqn. (D.22)
and the definition g = p/1 — p, one obtains

d’l ”F(furq —np(&)
) = —— | dcosl
o = ). & A
d*l np(&)
= dcost _Eel ) )
J JZTE é’l+q é’l (D32)

where we shifted the momentum integration variable in the second step and used &, = &_,.

To progress further it is convenient to switch to dimensionless momenta / = |l|/,/z and

=|q|/(2,/®). Eq. (D.32) can then be brought into the form

1126(
Sloyy = J deost™ 0w Ty J dzansz dy . (D33)

where y = cosn, and n = Z(q,1). This yields

1/2 /l-l—

g/I-1

Let us evaluate Eq. (D.34) first at zero temperature, 7 = 0. The momentum integral can then
be performed analytically,

1/29
8110 J deost 221 (/u) |: + = (1— 4%)In

GMB

Sy = J dcos ———= a (D.34)

J diin (I /@)

17'cq

q+1
q—1

] . (D.35)

The last step is the s-wave projection represented by the remaining angular integral. Remark-

ably, also this can be performed analytically. Here we use ¢*> = 2u(1 — cos6), dcost =
—q/ udq and find

8]G€/IBO - 1/?26(2#)(1_’_1114): ‘/fegmln(%)% (D.36)

At this point we note that the few- body problem, which is characterized by u = 0, is not
changed by the p/h contribution & 1 wh1ch is identically zero in this limit. Thus the ini-
tial value for g, given by Eq. (D.19) is not affected by the p/h term and the Gorkov correction



D.3. THE GORKOV-MELIK-BARKHUDAROV EFFECT 175

simply appears as an additional term in Eq. (D.26). In the weak coupling regime, where the
transition temperature to the superfluid state is very low, cf. Eq. (D.29), we may use Eq. (D.36)
to derive the change in 7, due to p/h fluctuations. The term &1 (GYI:;O) gives then a correction to

the p/p contribution solely taken into account in Eq. (D.26). In fact the additional correction
to Eq. (D.26) can be absorbed in a redefinition of the scattering length

1 2
= — + ZIn(4e)'>. D.37)

1
ad a =«

This redefined scattering length then appears in the expression for 7. in Eq. (0.29) and leads

(e e e S
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FIGURE D.4: Dimensionless transition temperature T, [ ¢ . towards superfluid pairing taking into
account particle-particle as well as particle-hole correlations (lower solid line). Analytical, ap-
proximate result Eq. (D.38) (dashed, black) versus numerical solution of Eq. (D.26) and (D.34)
(solid, blue). The result from BCS theory is also shown (upper lines), cf- Fig.[D.3]

to a shift of 7, according to

8el z_L 1 8e’
o kpd —

TGMB _ oer
¢ e’ (46)1/3 e’

z_1
e2kra (D.38)

which is the famous shift by a factor of (4e)'/? ~ 2.2 we aimed to derive.

When the interaction characterized by kpa is not arbitrarily weak Eqn. (D.26) and (D.34)
have to be evaluated numerically. The resulting critical temperature 7, /¢ versus the dimen-
sionless interaction strength 1/(kza) is shown in Fig.[D.4l

Finally we comment on the significance of p/h fluctuations in the BEC-BCS crossover,
in particular for the unitary Fermi gas where kpa is infinite. Remarkably, it was found that
theories, such as the self-consistent T-matrix approach used in 58, 264, 265]], which
take into account only the p/p channel, but not the Gorkov correction due to the p/h chan-
nel, give very accurate results e.g. for 7., compared to experiments and state-of-the-art
diagrammatic Monte-Carlo calculations [35]. At first this is surprising when considering the
large correction by a factor of about 2.2 in 7, due to p/h fluctuations in the weak coupling
limit. However, from the inspection of Eq. (D.36) we find that the correction & Iy decreases
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for a decreasing value of the chemical potential u. In the BEC-BCS crossover the chemical po-
tential decreases as the interaction is tuned from the BCS to the BEC regime and u crosses zero
for a specific value of 1/(kpa). Hence within at least a non-self-consistent T-matrix approach,
which does not take into account the renormalization of the fermions, the p/h contribution
will yield no significant contribution to 7, around unitarity. In a self-consistent T-matrix ap-
proach the renormalization of the fermions is taken into account so that this simple argument
does not apply. From an RG perspective, and taking into account our findings in the context of
the polaron-to-molecule transition in Chapter[d} it seems, however, likely that the flow of the
fermionic self-energy is such that the effective ‘flowing’ chemical potential ©+%(0,0) remains
negative or small until shortly before the IR so that the correction due to p/h fluctuations
remains suppressed. This technical argument might give some insight why T-matrix approx-
imations work so well for the unitary Fermi gas in the context of the BEC-BCS crossover as
well as for the polaron problem.



Appendix E

Angular average in the derivation of the modified
STM equation

The goal is to take the angular average, Eq. Z.33), of Eq. Z.52). The resulting expression is a
sum of terms of the form

1 o) 1
I:cJ a’cosl(ql,qz)J dllzh(l)J dcosZ(l,q,)f (q,,!,cosZ(l,q,))g(q,,!,cos £(1,q,)),
-1 0 -1
(E.T)

where ¢ is a numerical constant, [ = ||, ¢; = |g;| and the function h([) does not depend on
any angle. Now first the angular average [ dcosZ(qy,q,) is performed where the vectors g,
and [ are chosen to be fixed. The angular integration amounts then in an integration over all
@, on a sphere of constant radius |g,| and the integrals can be interchanged:

00 1 1
I:cJ dllzh(l)J a’cosl(l,ql)f(ql,l,cosl(l,ql))J dcosZ(q,,q,)g(q,,1,cos £(1,q,)),
0 -1 -1

(*)

(E.2)
Since both g, and I are fixed for the integration marked by (), one can integrate equally over
all angles Z(q,1) instead of Z(q,,q,). The resulting expression is then

00 1 1
]:CJ dllzh(l)J dcosl(l,ql)f(ql,l,cosl(l,ql))J dcosZ(q,,1)g(q,,!,cosL(l,q,)).
0 -1 -1

JACIT)) 8(92:0)

(E.3)
One obtains a product of two separate s-wave projections and there is no mixing of partial
waves involved which is due to the separation into the two separate functions f and g in
Eq. (EJ). Applying Eq. (E3) to each term in Eq. (2.52) then finally yields, after having per-
formed the /-integration, the expression Eq. (Z.54).
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Abstract

The old problem of a singular, inverse square potential in nonrelativistic quantum mechanics
is treated employing a field-theoretic, functional renormalization method. An emergent contact
coupling flows to a fixed point or develops a limit cycle depending on the discriminant of its
quadratic beta function. We analyze the fixed points in both conformal and non-conformal phases
and perform a natural extension of the renormalization group analysis to complex values of the
contact coupling. Physical interpretation and motivation for this extension is the presence of
an inelastic scattering channel in two-body collisions. We present a geometric description of the
complex generalization by considering renormalization group flows on the Riemann sphere. Finally,
using bosonization, we find an analytical solution of the extended renormalization group flow

equations, constituting the main result of our work.
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I. INTRODUCTION

Exactly solvable problems play an important role in physics. They provide a backbone of
our understanding and allow to develop perturbation theory on the basis of an exact solu-
tion. In nonrelativistic quantum mechanics the harmonic oscillator and the Coulomb central
potential are certainly the two most important examples. Another prominent example of
an exactly solvable problem in quantum mechanics is the central, inverse square potential

Vir)= -2 (1)

=t
Most remarkably, in any spatial dimension the potential (1) is classically conformal invariant
because it is a homogeneous function of degree -2 and has the same scaling as the nonrel-
ativistic kinetic energy. Hence, the classical action is invariant under the nonrelativistic
scaling 7 — pr, t — p?t. The quantum problem with the potential (1) has a long history
and is discussed both in standard textbooks [1, 2] and in the scientific literature [3, 4]. More
recently there were a number of renormalization group (RG) studies of this problem [5-15].

The quantum physics of the inverse square potential is well understood. The interaction
(1) is an example of a singular potential [16] and must be treated with care. It is known that
for the repulsive and weakly attractive coupling (k < r¢-)!, the scale symmetry is preserved
at the quantum level and the theory provides an example of nonrelativistic conformal field
theory [17]. On the other hand, for strong attractions (k > k.,) a discrete, geometric bound
state spectrum develops in the two-body problem, and the continuous scale symmetry is
broken to a discrete subgroup by a quantum anomaly [18]. The anomaly has its origin in
the singular short-distance behavior of the inverse square potential. In the RG language the
anomaly manifests itself as a limit cycle instead of a scale-invariant fixed point.

The inverse square potential is a paradigmatic system for nonrelativistic conformal in-
variance and scale anomaly. Remarkably, there is a number of different physical systems,

which are described (often only in some restricted domain) by the inverse square potential:

e The celebrated Efimov effect, first derived in [19], consists in the formation of a tower
of three-body bound states of identical non-relativistic bosons? interacting through a

short range potential. Exactly at resonance (unitarity regime) all scales drop out of the

2
! ke represents the critical attractive coupling. In d spatial dimensions it is given by K¢, = @.

2 More generally, for the occurance of the Efimov effect it is sufficient that at least two two-body subsystems
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problem and the three-body spectrum becomes infinite and geometric. The three-body
problem in quantum mechanics is treated most easily in hyperspherical coordinates
[20]. Employing the adiabatic hyperspherical approximation [21], Faddeev decompo-
sition of the wave function [22] and restricting to the zero total angular momentum
sector, one arrives at the remarkably simple one-dimensional effective equation [23]:
2 2
A ) = e )
with the Efimov parameter sg = 1.0062. This is a one-dimensional radial Schrédinger

equation with the inverse square potential in the overcritical regime (x > i)

The interaction of a polar molecule with an electron in three spatial dimensions can

be approximated by a point dipole-charged particle anisotropic potential

cos

V)~

(3)

r2 7
where the angle 6 is measured with respect to the direction of the dipole moment.
As was demonstrated in [24], this anisotropic conformal potential can be reduced to
the effective isotropic inverse potential (1) in the zero angular-momentum channel.
Remarkably, the dipole-electron system exhibits all interesting features characteristic

for the potential (1).

At the critical coupling k.. the theory undergoes a transition from the conformal
(k < Ker) to the non-conformal (k > k) regime. It has been demonstrated recently
in [15] that this transition is closely related to the classical Berezinskii-Kosterlitz-
Thouless (BKT) phase transition in two dimensions. In particular, the energy B of
the lowest bound state near the critical coupling k. in the non-conformal regime

vanishes like

™
B~ exp <_T/§cr> (4)

which is analogous to the behavior of the inverse correlation length as the BKT tran-

sition temperature is approached from above [25].

have s-wave bound states close to the zero-energy threshold unless two of the three particles are identical

fermions.
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e Quite unexpectedly, the inverse square potential arises in the near-horizon physics
of some black holes. More specifically, this is the case for a massive, scalar field
minimally coupled to gravity on the non-extremal spherically-symmetric Reissner-
Nordstrom (RN) black hole background. It was demonstrated in [18] that the Klein-
Gordon field equation of the scalar field reduces to the effective Schrodinger equation
with the overcritical (k > k) inverse square potential in the near-horizon limit. The
related problem of a scalar particle near an extremal RN black hole was treated in [26]

leading to a similar finding.

e Finally, the conformal inverse square potential appears naturally in the context of
vacuum AdS/CFT correspondence [27]. The field equation for a scalar field ¢ of mass
m in the Euclidean AdSgy1 is

d—1 2
00— ——06- s =0, =)+, (5)

where we transformed to the momentum space on the AdS;; boundary (z°,Z) —
(¢°, q), and r denotes the radial direction in the AdSqy1 space. We can change variable

¢ = r@1/2¢) and obtain

m2+ (d*> —1)/4
—opp e OV Ly, )
which is a one-dimensional Schrodinger equation with an inverse square potential
of strength x = —m? — # and energy F = —¢?. As was emphasized in [15],

the overcritical coupling k£ > k.. corresponds to the violation of the Breitenlohner-

Freedman bound in AdSg,.

In this work we study the quantum problem of the inverse square potential using a functional
renormalization method. The plan of this paper is the following: In Sec. II we introduce our
method, the physical system of interest, and derive the flow equations using the sharp cut-off
regulator. A general mathematical discussion of the flow equation is performed in Sec. III.
Our central result is derived in Sec. IV, where we extend the analysis to the complex plane,
discuss the fixed point structure and find a numerical solution of the extended set of flow
equations. Additionally, we provide a physical interpretation, geometric description and
motivation for the complex extension. In Sec. V we bosonize the interaction. This allows us

to view the problem from a different angle and, most remarkably, obtain an analytic solution

4
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of the generalized complex flow equations. We draw our conclusions in Sec. VI. Finally, in

Appendix A we present the renormalization group flows on the Riemann sphere.

II. THE METHOD, THE MODEL AND THE FLOW EQUATION

In this work we use the functional renormalization group and calculate a scale-dependent
effective action functional I'y [28] (for reviews see [29-31]) called also average action or flow-
ing action. The method is formulated in Euclidean spacetime and employs the Matsubara
formalism if one works at finite temperature. The flowing action I'y includes all fluctuations
with momenta ¢ 2 k. In the infrared (IR) limit & — 0 the full quantum effective action
I' = 'y is recovered and the problem is solved. In practice the dependence on the scale
k is introduced by adding a regulator term Ry to the inverse propagator I'®. The flowing

action I'y obeys the exact functional flow equation [28], and its bosonic version is given by
1 1 -
aka = §TI‘ 8kRk (F,(f) + Rk)_l = §TI‘ 8k ln(F,(f) + Rk) (7)

The functional differential equation for I'y must be supplemented by an initial condition
I'ya = S. The “classical action” S describes the physics at the microscopic ultraviolet
(UV) scale k = A and is assumed to be known. In Eq. (7) Tr denotes a trace which sums
over momenta, Matsubara frequencies, internal indices, and fields. The second functional
derivative F,(f) is the full inverse field propagator, which is modified by the presence of the
IR regulator Ri. The momentum dependent regulator function Ry(g) must satisfy three
important conditions, but otherwise can be chosen arbitrary [28]. The regulator dependence
of the flowing action drops out for £ — 0, and one obtains the exact solution of Eq. (7). In
the second form of the flow equation (7) 5k denotes a scale derivative, which acts only on the
IR regulator Rj. This form is convenient because it can be formulated in terms of one-loop
Feynman diagrams. It is also convenient to introduce the RG “time” ¢ = In(k/kg), where ko
is an arbitrary reference scale. The RG evolution towards the UV (IR) corresponds to t > 0
(t <0). In the following we will use both ¢ and k.

In most cases of interest Eq. (7) can be solved only approximately. Usually one adopts
some type of expansion of I'y and then truncates at finite order. This leads to a finite
system of ordinary differential equations. The expansions do not necessarily involve any

small parameter and are generally of non-perturbative nature.
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Although our method allows us to address the quantum many-body problem at finite
temperature, in this work we are interested only in the few-body (vacuum) physics, which
is characterized by vanishing density (n = 0) and vanishing temperature (7" = 0). In this
case the effective action I'y—g, being the generating functional of the 1PI vertices, can be
easily related to the different scattering amplitudes and bound state energies. Additionally,
numerous simplifications arise in the structure of the flow equations (for a detailed discussion
see [32, 33]).

Finally, we note that the three-body quantum problem for fermions and bosons was
treated with functional renormalization in [32-35]. In this work we apply functional renor-
malization to solve an arguably simpler problem, and our aim is twofold. First, the inverse
square potential is a paradigm and it is important for understanding of other, more challeng-
ing problems. Second, working with this simple system, we develop a new renormalization
group method of complexified flows in this paper. The method may be useful for more
technical few-body problems in the future [36].

In this work we study the nonrelativistic quantum mechanical problem of identical bosons
interacting through a long-range potential (1) in d spatial dimensions. The many-body field

theory is defined in the UV by the microscopic action Sg

1T

Sl v / dT/ddw 90— A~ pu(r, )
A Y g (r, 0, B B0, ) (8)
1/T o
- [ ar [ sty e (Lot e ),

Our convention is h = 2My;, = 1 with the boson mass My. We work in the Matsubara
formalism with Euclidean time 7 € (0, 1/7"). In what follows we will be interested exclusively
in the few-body (vacuum) physics. The vacuum state is characterized by zero density, which
corresponds to zero chemical potential (1 = 0), and zero temperature (T' = 0). The bare
action (8) is invariant under a global U(1) transformation and possesses Galilean space-time
symmetry. The microscopic bare parameter x characterizes the strength of the long-range
potential and is positive in the attractive case. We augmented the theory by a four-boson
contact interaction term with a coupling A,. This is a consequence of the fact that the

inverse square potential is singular at the origin [3, 16]. On its own the singular potential

is not sufficient to define a quantum mechanical problem and must be augmented by the

6
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boundary condition at the origin [15]. We will see that the introduction of Ay in the UV
determines the r = 0 boundary condition and makes the problem well-defined.
For our method it is convenient to switch to momentum space. The Fourier transform of

the 1/r? potential in d spatial dimensions reads

1 . . o0
Fy(l) = /ddr—2 explil - 7] = (27r)d/2|l|2_d/ A2z J g1 (2) =
r

0
, 9)
d/2 _ 2-d
_ (4m) r(df )] N

The restriction to dimensions d in the range 2 < d < 5 can be understood easily by the

fact that on the one side, d = 2 is a natural lower dimension, in which the integral (9) is IR
logarithmically divergent. On the other side, the upper bound d = 5 can be relaxed, if we
modify the Fourier integral by the introduction of a UV suppression factor exp(—e|7]) and
perform the limit ¢ — 0 in the very end. Hence, we will use

(4m)?/2D(d/2 = )]~
4

Fy(l) = d>2. (10)

In what follows we consider only d > 2. First, we consider a momentum-independent

(pointlike) truncation for the flowing action

MWWﬂ=LwWMm+fW@%

. /Q oo, FaD Q@Y (QH(QuA- @1+ Q= Qu+ Qu) - (1)
_ M

9 P (Q1)Y(Q2)Y™ (Q3)Y(Q4)d(—Q1 + Q2 — Q3 + Qu),
Q1,Q2,...,Q4

where Q@ = (w,q) and fQ = f;—“;f(gdi‘)ld. The vector [ = ¢y — i = Gy — G4 gives the
spatial momentum transfer during a collision and [ = \ﬁ . In the nonrelativistic vacuum the
propagator of the elementary field 1 is not renormalized because the only diagram, which
contributes to its flow, contains a hole (antiparticle) in the loop. As there are only particles
but not holes in the nonrelativistic vacuum the propagator keeps its microscopic form.
Remarkably, the coupling k, characterizing the strength of the long-range 1/r? potential, is
also constant during the renormalization group flow (we discuss this issue in more detail in

Sec. V). The only coupling which flows during the RG evolution in our truncation is the

contact coupling Ay. Its flow equation is

[ Ay + 2F4(1)R)?
Oihy = /Lat (iw + 12 + Ry(L))(—iw + 12 + Ry(—L))’ (12)

7
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8tngw+5t _)_‘|‘5t_)_ ‘|‘5t "

Figure 1: Flow equation of the four-particle contact coupling Ay, in form of Feynman diagrams. The
solid lines with an arrow denote the boson v regularized propagator, the dashed lines correspond

to the long-range interaction vertex, and the dark blobs represent the contact coupling Ay.

The flow equation is depicted in terms of Feynman diagrams in Fig. 1. In order to proceed
further we must specify the cut-off function Ry (L).
Nevertheless, we note that already at this point it is possible to identify the generic form

of the flow equation which reads
OAy = aX] + By + 7 (13)

with a, 8,7 € R, which depend on the coupling x, dimension d and a concrete choice of the
cut-off function. We postpone the general analysis of equation (13) until Sec. III.

It is convenient to rewrite Eq. (12) as
at)\q,/; = JO,d)\fp + 4J1’dl'€)\¢ + 4J27dl'€2, (14)

where we defined the cut-off dependent integrals

[ dw d¥ Fg (D)
Ina = / 27 2m)t (i + B+ Ru(L)) (—iw 1 B+ Ry(—L)) )

where F(l) = Fy(l)". In the rest of this section we finish the computation by specifying
the sharp regulator Ri(L) = (iw + [?) (m — 1).

The cut-off function Ri(L) = (iw + [?) (0(12—1—1&) - 1) cuts off quantum fluctuations
sharply, i.e. it totally suppresses the modes with [> < k? during the renormalization group

evolution. This type of cut-off was used in the closely related three-body problem in [33].

The cut-off satisfies

1 1
— =4 12 — k2 . 16
iw+ 1?4+ Ri(L) ( )iw+l2 (16)
Employing this property we can calculate J, 4 defined in Eq. (15) explicitly as
dw dl F(l) 7S,
Jn - _—89 12 — kg d = — k;dszn k 17
. / o (2m)d " ( )(iw + 2)(—iw + 1) (2m)dtH 4 (k) (17)
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with Sy = ﬁsz—d//;) being the area of a unit sphere in d-dimensional space. The resulting J, 4

can be readily substituted in Eq. (14)
k=2 2 26 (47r)d/2r(d/2)l<62

O = ~mapria/)™ ~d—2 T (d—2p

(18)

The contact coupling Ay has a naive (Gaussian) scaling dimension [A\;] = 2 — d and is IR

irrelevant in d > 2. Our aim is to investigate the fixed point structure of Eq. (18). For
2)\2/

. . . . . k- .
this reason we introduce a dimensionless, rescaled coupling A\ygp = m and its flow

equation reads

2k K2

d—2 (d—2)*

As will be shown in Sec. III, the discriminant D of the quadratic S-function determines the

OApr = =g + ( +d— 2> \or — (19)

overall behavior of the solution. In our case D = —4x + (d — 2)?. The critical k., is defined

by the condition D = 0 yielding
(d—2)?
4 )

which is in agreement with the quantum-mechanical non-perturbative calculation [15]. For

(20)

Rer =

K < K¢ (weak attraction and repulsion) the dimensionless coupling Ayg has two real fixed

points
K d—2 (d—2)?
Nop=— + -
s R 4

and the theory is scale invariant in the IR respectively UV. For k > k., (strong attraction)

K (21)

the coupling Ayg ceases to have real fixed points and scale invariance is lost.

III. GENERAL ANALYSIS OF THE FLOW EQUATION

The flow equation for Ayg found in Sec. II has the general form

& Mun(t) = @Aur(6)? + Bhon(t) + 7. (2)

where «, 8,7 € R are numerical coefficients. Without loss of generality we consider a < 0.
This choice corresponds to the result obtained in Sec. II. The form of the solution of Eq.
(22) is determined by the sign of the discriminant D = 32 —4ary of the quadratic S-function.
We consider the three different cases depicted in Fig. 2

e D>0
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Figure 2: The B-function of the coupling Ay for &« = —1 and 8 = 0. The three lines correspond
to different values of v with D = 1 (solid blue), D = 0 (dashed red) and D = —1 (dashed black).

In this case the S-function has two real fixed points A}t and ATy with A < AUp.

The solution of Eq. (22) depends on the interval, where the UV initial condition A\yg
belongs. For the initial condition AJ; < Ayr < A the solution is attracted towards

the IR by the fixed point )\ﬁ% and has the form:

—B — /D tanh [Q(t + 77)}

2a ’

Avr(t) = (23)

with 7 fixed by the UV initial condition Ayg(t = 0). For the initial condition Ayg >
Ayy the flow runs into a positive divergence (Landau pole), but reemerges at negative
infinity and subsequently approaches )\fﬁ% in the IR. The explicit solution in this case

reads

—B+ /D coth [@(—t + 77)]
Apr(t) = 5o :

with 7 fixed by the UV initial condition. In fact, the case x = 0, which leads to D > 0,

(24)

corresponds to the well-studied case of a contact interaction in atomic physics. In this
context the appearance of the Landau pole signals the presence of a weakly bound
molecular (dimer) state. Finally, for the initial condition Ayr < AL the RG flow is a
smooth, monotonic function Ayg(t), which approaches /\ﬁa with the explicit solution
given again by Eq. (24). Notably, for D > 0 the IR value A\ygr(k = 0) = )\ﬁ% is not
sensitive to the concrete choice of the initial condition. We offer an elegant geometric

description of the flow in Sec. IV and Appendix A.

e D=0

10
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Figure 3: The renormalization group flows of the coupling Ayg for o = —1 and 8 = 0 and initial
condition Aygr(t = 0) = 0. The different lines correspond to three different choices of v with
D =1,n7=0 (solid blue), D = 0,7 — oo (dashed red), and D = —1,n = 0 (dashed black).

This is a limit of the previous case (D > 0) when the two fixed points merge. Excluding

the trivial choices a = 8 =v =0 and a = 8 = 0; v # 0, the S-function has a single

fixed point A}, = —% (see Fig. 2). The RG equation takes the form
ilit = a[Ayr(t) = Aygl? (25)
with the solution
1

)\wR(t) = )‘TpR - (26)

at+mn’
where 7 is fixed by the initial condition. The running of the coupling Aygr(k) is log-
arithmic (which corresponds to the marginal deformation) and for n < 0 it hits a IR
Landau pole. The coupling runs into the pole at the scale ¢ = —Z, nevertheless the

RG evolution can be extended beyond this scale and approaches Ay p at k = 0.

e D<O

In this case there are no real fixed points. The formal solution can be written as:

—B+ /=D tan [@(t + 77)]
2a ’

Ayr(t) = (27)

where 7 is fixed by the initial condition. This solution is periodic with a period

T = \/2_%. Remarkably, in this case the UV initial condition Aygr(k = A) plays an

important role as it determines the infrared value Ayr(k = 0).

3 This is analogous to the necessity to introduce the well-know three-body parameter in the context of the
Efimov effect [23].

11
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We plot the RG flows of Aygr in the three cases in Fig. 3. While for D > 0 the flows
approach a fixed point in IR, the renormalization group evolution develops a limit cycle*
for D < 0. As the RG scale k can be related to the energy of the particles, the physical
interpretation of the limit cycle solution is clear: During the RG flow one hits bound states,
manifesting themselves as divergences of the coupling A\yz. And since there are infinitely
many divergences one has an infinite tower of bound states with a geometric spectrum for

the case D < 0.

IV. COMPLEX EXTENSION

In this section we discuss the different subcases, considered in Sec. III, in more detail
and extend the analysis to complex values of the interaction coupling. We also present a

physical interpretation of this extension.

A. Negative discriminant: complex fixed points

The renormalization group flow equation in our point-like approximation is®
O\ = al? + BN+ (28)

with o, 5,7 € R, and one can vary the parameters 5 and 7 by considering different x and d

in Eq. (19). It is sometimes useful to express Eq. (28) in the alternative form

2
’ Ay—n- 2 (29)

A=aA=)\)*+A A= —~—,
at a( ) + v 2& 4&

If the discriminant D = 3% —4ay = —4aA~y < 0, the B-function has a pair of complex roots

—Bxi\/|D V]aA

4 Strictly speaking, to find a limit cycle one needs at least two couplings connected by the RG flow equations
(see, for example, Egs. (63, 65)). In the case of a single coupling constant an infinite (unbounded) limit
cycle appears only if there are periodic real discontinuities in the RG flow. We provide an elegant
description of the infinite limit cycle on the Riemann sphere in Sec. IV.

5 This equation coincides with Eq. (22). To simplify notation, we denote the coupling Ayg as A in this
section.

12
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For this reason it is natural to consider the RG evolution of a generally complex variable

A= A1+ in Eq. (28). The resulting flow equations in the complex plane now read

OiA] = oz)\f - a)\g + B+

(31)
@)\2 = 20[)\1)\2 -+ ﬁ)\g
Notably, if we start on the real axis (i.e. A\o(t = 0) = 0), the flow remains real
3,5)\1 = O[)\? + 6A1 + Y (32)
3,5)\2 - O
with the periodic solution
—B+v/=Dtan[¥F2(t +

20 ’
where 7 is fixed by the initial condition A;(¢ = 0). The solution can be nicely identified
with a limit cycle if we map the complex plane of the Riemann sphere. On the Riemann
sphere the real line corresponds to a great circle and the solution (33) traverses this circle
periodically (see Fig. 4 (A) and Appendix A). Remarkably, on the complex plane the real
axis is the separatrix of the two complex fixed points.

Let us investigate the properties of the fixed points A* by considering the stability ma-

trices
0B
M = =)z 34
3= b (34)
A straightforward computation shows
0 —b*

M* =

, vt = +i/|D. (35)

bvt0

The stability matrices M* have a pair of complex conjugate pure imaginary eigenvalues

kE=2iV/[D]  kE = (kD))" (36)

Therefore, the local flow near the fixed points has a form of a circle. The sign of b*
in the matrix (35) determines the orientation of the circle. For b+ > 0 the circulation is
anticlockwise, while for b* < 0 it is clockwise. Hence the fixed points A* have the opposite
circulation.

The phase portrait of the RG flow in the complex plane, computed numerically for specific

values of parameters, and the example of the RG flow are depicted in Fig. 5. We observe

13
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(A) I (B) I

A=0
Figure 4: The real flows of A projected onto the Riemann sphere: Great circle with arrows pointing
towards the UV represents the real line. (A) For negative discriminant the fixed points AT and A~
are complex, and the flow traverses the real great circle periodically generating a limit cycle. (B)
For positive discriminant the IR fixed point AT and the UV fixed point A~ lie on the real great
circle. The UV fixed point can be reached from the IR fixed point via two different paths— the
“short” path I and the “long” path II.

A1 ’AZ

Figure 5: (A) The phase portrait of the flow equations (31) for the specific choice of parameters
a=+v=—1and 8 =1. Arrows denote the direction towards the UV. (B) Corresponding periodic

flows of the real part A; (blue) and the imaginary part Ao (red) of the complex coupling .

that the periodic divergences of the pure real solution (33) are regularized and the flow of
the imaginary part Ay develops a tower of resonances. The analytic solution of Eq. (31) for

D < 0is given in Sec. V.

14
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B. Positive discriminant: real fixed points

If the discriminant D is positive, the S-function has a pair of real roots

_—5+VD
BT

AE (37)

As before, we generalize the coupling to complex values A = A; 4+ ¢A9 and obtain the pair
of coupled differential equations (31). The phase portrait and a specific solution of the flow
equations (31) for D > 0 are depicted in Fig. 6. We find the analytic solution of Eq. (31)
for D > 0 in Sec. V.

The character of the fixed points Ay can be determined from the stability matrices M

i3
defined by Eq. (34). For D > 0, we obtain

+/D 0
0 +vVD

M* = = +VDI (38)

with the degenerate eigenvalues k*

K=k = ki =+VD. (39)

The sign of the real eigenvalue determines whether the fixed point is UV attractive or
repulsive. The eigenvalue k™ is positive and hence the fixed point \* (left fixed point in
Fig. 6(A)) is UV repulsive, meaning that as the sliding scale k is increased the flow is driven
away from A*. On the other hand s~ is negative and therefore the fixed point A~ (right
fixed point in Fig. 6(A)) is UV attractive. Notice that any two-component vector is an
eigenvector of the fixed points A\*.

We propose a geometric interpretation for the different behavior of the real solution
in dependence on the initial conditions, which we observed in Sec. III. For a positive
discriminant D both the UV fixed point A~ and the IR fixed point A* are situated on the
large real circle on the Riemann sphere (see Fig. 4 (B) and Appendix A). We note that
the UV fixed point can be reached from the IR fixed point following two different paths.
Depending on the initial conditions Ay, = A" & ¢, the flow can follow either a “short” path
I or a “long” path II (see Fig. 4 (B)). Path I corresponds to the solution (23), which is a
standard way how to regularize the inverse square potential at £ < k... On the other hand,

the path II traverses A = oo on the Riemann sphere and corresponds to the solution (24)
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Figure 6: (A) The phase portrait of the flow equations (31) for the specific choice of parameters
a = —1 and f = v = 1. Arrows denote the direction towards the UV. (B) Corresponding
renormalization group flows of the real part A; (blue) and the imaginary part As (red) of the

complex coupling A.

with the Landau pole. The divergence during the RG evolution is identified with a single
bound state, which, in the case of kK = 0, becomes the the well-known shallow dimer studied
extensively in atomic physics [23]. We notice that on the full Riemann sphere the path II
can be continuously deformed into the path I. Thus, the introduction of a small imaginary
initial condition Ay(t = 0) for the complex extended flow, which leads to a small deformation
of the path II, regularizes the divergence in the real part of the coupling (see Fig. 6 and

Appendix A).

C. Zero discriminant: degenerate fixed points

Finally, for D = 0, the pair of roots of the S-function becomes degenerate

B

20

M=AT=)"= (40)
which corresponds to a single, real-valued fixed point A,.

As it turns out, the stability matrix M;; = gfi_
J

A, vanishes in the case of D = (0. This
corresponds to a logarithmic (marginal) renormalization group flow in the vicinity of the

fixed point and local properties of the degenerate fixed point A, are accounted for by the
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Figure 7: (A) The phase portrait of the flow equations (31) for the specific choice of parameters
a= -1, =2and v = —1. Arrows denote the direction towards the UV. (B) Corresponding
renormalization group flows of the real part A; (blue) and the imaginary part Az (red) of the

complex coupling A.

second derivative of the S-function Kj at A,

0*B;

Kijj = =————|» 7,0 =1,2. 41
Jl 8/\]8)\1 ’)\ [2W) ( )
The only nontrivial components are

K111 = —Kigo = Koo = Kao1 = 2. (42)

Again, we computed the phase portrait and a specific solution of the flow equations (31)
and show the results in Fig. 7. We observe that the Landau pole of the real part of A is

regularized and the imaginary part of A develops a single resonance.

D. Physical interpretation of the complex extension

One may wonder about the physical meaning of the complex contact coupling A intro-

duced in this section. To answer this question, we consider inelastic scattering® of particles

6 By definition inelastic collisions change the internal state of the colliding particles and, hence, at least one

of the colliding particles must be composite and have some internal structure. For example, in experiments
two atoms might collide and fall into energetically deeper lying internal states. The excess in energy will
be converted into kinetic energy and the atoms will be lost if the released energy suffices to overcome the
trapping potential.
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in a central potential in quantum mechanics. Following [2] in three spatial dimensions the

scattering amplitude in the center of mass frame can be expanded in partial waves

~

=00

[e(0) = )20+ 1) fi(k)Pi(cos(8)), (43)

o)

where Pj(cosf) are the Legendre polynomials. From the unitarity constraints the partial

waves scattering amplitudes f;(k) as functions of scattering momentum k are given by

1

fl(k) = m (44)

Here, g;(k?) is an even function of k which is generally complex in the case of presence of
inelastic channels.

For low-energy scattering of particles, interacting through a short-range potential, only
the s-wave contribution f = f; is substantial and g(k*) = go(k?) can be expanded as

1
g(k*) = —at + Eregkg +..., (45)

where in the case of elastic scattering a and r.g are real and denote the scattering length
and effective range. However, in the inelastic case a may also be regarded as a complex
scattering length a = a + i and the effective range r.¢ might also be complex [37]. In the
forthcoming argument it is sufficient to consider low energy scattering and therefore we keep
only the scattering length a and neglect the second term in Eq. (45).

The generalized optical theorem for the scattering of indistinguishable particles

k k
Imf(k) = 8_7TUtOt = 8_7T(Uel + 0in) (46)

holds also in the case of general inelastic scattering [2]. In this case the total scattering
cross section oy, is the sum of the positive elastic o, and inelastic oy, contributions. The
positivity of o, and the optical theorem (46) imply that the imaginary part of the scattering
length 8 must be negative. At low energies and for sufficiently short-range interactions the
complex scattering length fully determines the elastic and inelastic cross sections, and for

indistinguishable particles the result reads [2]

oa = 8mlal*(1 — 2k|B])

n= 877%(1 —2k|B)).
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We observe that a non-vanishing imaginary part of the scattering length 5 is required to
obtain an inelastic contribution to the total cross section”, which results in loss of particles.

The presented arguments can be connected to a complex generalization of A by the simple
observation that in a system of identical bosons with short-range interactions the physical
scattering length a is related to the IR value of the dimensionful, contact coupling Ay, in

d = 3 via the simple formula (in the case of £ = 0)
A(k = 0) = —8ra. (48)

Thus, allowing for complex values of A, during the RG flow corresponds to the presence of
inelastic two-body collisions leading to particle loss. This provides a physical interpretation
of the complex coupling A,,. We must stress, however, that the local (119)? operator with a
negative imaginary coefficient can describe inelastic scattering only to deep energetic states,
i.e. the gap energy Eyq, of the state must be large compared to other energy scales in the
problem [38]. On the other hand, decay into shallow bound states can be described by
introduction of a non-local operator with a complex coefficient. In fact, a large imaginary
part of the two-body interaction might also be useful in the context of atomic physics. This
case has recently been studied for cold atoms confined to motion in 1D. In particular it
has been shown that a Tonks-Girardeau gas, where 1D strongly repulsive bosons exhibit
fermionic like behavior, can also be induced by the effect of strong dissipation [39, 40],
meaning large imaginary two-body interaction Aye.

Finally, we note that our extension of the RG equation to the complex plane can be used
as an efficient numerical tool. As was demonstrated in Sec. III, the flow equation (22) has
the periodic solution (27) in the non-conformal phase. The running coupling Ayg diverges
periodically during the RG evolution, making the numerical solution impossible beyond the
first divergence. We showed in this section that adding a small imaginary part to the initial
condition A\yg(t = 0) makes the solution of Eq. (22) numerically feasible. Physically, this
corresponds to converting stable bound states to long-lived resonances. As shown in the
next section, the problem considered in this work can be treated analytically and hence the

numerical treatment is not necessary. Nevertheless, the extension turns out to be useful in

7 We note that according to [2] Eq. (47) is valid for sufficiently fast decrease of the interaction potential
at large distances (at least 1/r%). Thus, it is not strictly applicable in our case of the long-range 1/r?

potential, and the presented argument has to be taken as heuristic.
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some other few-body problems, which can not be solved analytically [36].

V. BOSONIZATION

In this section we approximate the four-particle vertex by an exchange of a composite
particle. In the literature [31] this is known as bosonization procedure and it is a powerful,
physically transparent concept. In this work we will bosonize in two distinct ways. The
first bosonization corresponds to the exchange of a massless non-dynamical particle in the
t-channel. In this realization the composite particle mediates the long-range 1/r? interaction
combined with the contact four-particle interaction. Alternatively, one can approximate the
contact vertex by the exchange of a massive particle in the s-channel. While at low energies
and momenta bosonization simply reproduces the pointlike (momentum-independent) ap-
proximation of Sec. II, it resolves some of momentum structure of the interaction at higher

energies.

A. t-channel bosonization

In this subsection we approximate the total four-particle interaction vertex by the ex-

change of a composite massless particle y in the t-channel.

==
Galilean symmetry of the nonrelativistic vacuum implies that the inverse propagator P, (w, §)
of the massless particle depends only on the absolute value of the spatial momentum ¢, but

not on the frequency w. Thus, the composite x is not a dynamical particle and serves only

to mediate the two-body long-range interaction.
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Mathematically, bosonization is implemented by means of the Hubbard-Stratonovich

transformation. At 7'= p = 0 one adds an auxiliary part to the microscopic action (8)

Ssaclb )= [ ROKED + S @@

*****

I(=Q1+ Q2 — Q3+ Qy),

—

where L = (w;, 1) = Q2— Q1 = @Q3— Q4 is the momentum transfer d+ 1-vector and x is a real-
valued field. The modified action S}; = SEg+SE.aue defines an equivalent quantum mechanical
problem as the action Sg because the functional integral in the field x is Gaussian.

Notably, at the UV scale we can achieve the cancellation of the four-particle interaction
term by choosing the non-local inverse propagator

(1) = £ WY 4 20F )] (50)

where )\gv is the microscopic (bare) contact coupling in Eq. (8). The modified bare action

!
Sp now reads

5ol = [ ¥ (@l + #(@) + 5 [ M-QR(X(@)

(51)
iy / P QU Qo)x(Q)5(— Q1 + Qs + Q)
Q1,Q2,Q3

with the four-boson interaction replaced by the Yukawa-like term x*. Our truncation for

the flowing action is chosen to be

ey / Q1) U(Q)X(Q5)8(~ Q1 + Qo + Qs) (52)
Q1,Q2,Q3

2

where A is a contact coupling, which is zero in the ultraviolet by construction and is regen-
erated during the RG flow through a box diagram.
Due to the numerous simplifications of the nonrelativistic vacuum, which are described

in detail in [33], we note
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e the inverse propagators Py and P, are not renormalized during the RG flow
2
. N —1
Pi@Q =iw+q  PUQ) =T NV +2rFu0)] (53)

Technically this arises from the fact that the one-loop Feynman diagrams, which would
renormalize Py, and P,, have poles in the same half plane of the complex loop frequency.
One can close the integration contour such that it does not enclose any frequency
poles. As the result of the residue theorem, the frequency integrals vanish, leading
to the non-renormalization of the propagators. We observe the clear manifestation
of the non-renormalization of the long-range potential, mentioned already in Sec. II.
Another example for this behavior is the boundary sine-Gordon theory, which was

studied in [41, 42].

e The coupling g can be chosen arbitrarily, e.g. g = 1, at the UV scale. This is a well-
know ambiguity of the Hubbard-Stratonovich decoupling. Furthermore, the coupling
g is also not renormalized during the renormalization group evolution for the reason

mentioned in the previous point.

e Interaction terms of the form x™ with n > 1 and ¥*1x* with & > 1 are absent in the
ultraviolet and are not generated during the flow due to the argument provided above.
On the other hand interaction terms of the form (*1)?x* with k > 0 are generated

through box diagrams during the renormalization group evolution.

e Our truncation is complete up to the two-body sector. This is a result of the special
hierarchy of the flow equations in the nonrelativistic vacuum [32, 33|, where the cou-
plings from the higher-body sectors do not influence the couplings from the lower-body

sectors.

It is straightforward to derive the flow equation of the momentum-independent coupling A.
The result turns out to be given by Eqgs. (14, 15) with the substitution FJ}(1) — F}(1)+ %
in Eq. (15). The initial condition Ay (k = A) = AL of the one-channel model of Sec. IT is
implemented directly as the initial condition of the inverse propagator P, in the bosonization

approach. Otherwise, the flows are completely equivalent at the level of our approximation.

22



202 APPENDIX F. LIST OF PUBLICATIONS
B. s-channel bosonization

We will follow an alternative bosonization procedure in this subsection. In this approach

the four-particle contact vertex is approximated by the exchange of a massive (M, = 2M,,)

L=<

(U

particle ¢ in the s-channel.

At the level of the microscopic (bare) action this is achieved via the Hubbard-Stratonovich

transformation. The auxiliary part, added to the microscopic action (8) at T = u = 0, reads

SE,auI[wv w*v ¢; ¢*] = / m2{¢*(Q1 + Q3) + Q—:;LQw*(Ql)w*(Q?))}X

Q1,Q2,..,Qa
h =
{6(Qa+ Qo) + 5 7¥(@)(@upx BV
0(—=Q1 + Q2 — Q3+ Qu).
For the specific choice ’\71” = %, we can cancel the contact term in the modified microscopic

action Sy = Sg + Sg aus
Solth, ¥*, 6, 87) = / 5(Q)liw + F(Q) + / o(Qm*6(Q)
Q Q
25 [ (@)@ + Q) Q) Q)G+ Qa + @y
Q1,Q2,Q3
- f‘é/Q o o Fi(D)Y™(Q1)v(Q2)v™ (Q3)Y(Q4)0(—Q1 + Q2 — Q3 + Q4).

(55)

During the renormalization group evolution the massive field ¢ becomes dynamical and
develops an inverse propagator Py(Q) = f(iw + % + m?), where f is some yet unknown
function. The argument of the inverse propagator is fixed by the Galilean symmetry of the

nonrelativistic vacuum, while the function f is determined by the dynamics. Our truncation
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0y P, ¢(Q) = 51&*+<>*+
oun =i+~

Figure 8: Flow equations of Py(Q), h and X in the form of Feynman diagrams. The solid lines with

one (two) arrow(s) denote regularized propagator for the field 1) (¢), the dashed lines correspond

to the long-range interaction vertex, the dark blob represents the contact coupling A.

of the flowing action within the s-channel bosonization approach is
N6, = | 0QP@UQ + [ 6@ P(Q6@)

3 @ (@N@IVQ) @ (@2 (@) -1 + Qs+ Q)

- /‘i/ Fa(Dv" (Q1)Y(Q2)Y" (Q3)¥(Q4)0(—Q1 + Q2 — Q3 + Q4)

(56)

where h denotes the momentum-independent Yukawa-like coupling introduced above and A

stands for the contact four-boson 1PI vertex, which is regenerated during the flow through

the box diagram. The non-trivial flow equations for the couplings of the average action (56)
are depicted in Fig. 8 in terms of Feynman diagrams.

It is desirable and possible to cancel the RG flow of the coupling A by absorbing it into

the flows of the other couplings. This can be achieved by a rebosonization procedure [43, 44].

The idea is to make the composite field scale-dependent ¢ — ¢ with the choice

Ot = Pt Oy, = ™", (57)

where ay, is some real, scale-dependent function. The one-loop flow equation (7) for the

average action generalizes to

or or
ol = ook (0 + R+ [ § Faons [ 5 ko (58)
k
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The unknown scale-dependent coefficient oy, can now be fixed by the condition that the flow
of the contact coupling A is zero

A =0=\=0. (59)

The resulting flow equations (with unspecified cut-off) for the Yukawa coupling h and the

inverse propagator Py(Q) now read

0P(Q) = 5 a(@Q)

4I€2P¢(Q = O)JQ,d
h )

where J, 4 was defined in Eq. (15), and for Jy4 we introduce the momentum-dependent

(60)
@h = QhKZJLd +

generalization

dw dl 1
Foal@) = / 2 ) s+ o) 1 (T4 0P 4 Bell + Qi + By AL )

In order to proceed we must specify the cut-off function and the ansatz for the inverse

propagator of the field ¢. We choose the sharp cut-off, introduced in Sec. II and take the
simple ansatz Py(Q) = Ag(iw+ %) +m? as used also for the related vacuum 3-body problem

in [34]. With this choice the flow equations become

1
omy = (26 —d — 2)m3 + ihg,

O = (€ =2~ = )hn - (di)g’;—f, (62)
Ot Apr = (26 — d)Apr — ih%,
where we expressed the flows in terms of the rescaled parameters m% = k=272%m?2 A,p =
k=42 Ay, and hp = mkﬁ_%. The parameter £ is not specified yet, but can be

identified with the naive scaling dimension of the composite field, i.e. [¢] = £. At this point
it is convenient to multiply the second equation in (62) by 2hg and obtain flow equations
for m% and h%
1
omy = (26 —d — 2)m3, + th,
257,

—_— 2(6E—2
(d _ 2)2mR + (6

The equations in (63) form a closed linear system of first order ordinary differential equations.

) (63)

Ol = “i 2

)

The eigenvalues Ay of this system can be readily found
d K 1

— -3 - - - — — 2 _
Ne=2-3-5 -5 +5/(d-2° i~ (64)
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We note that k.. = %, found in Sec. II, provides an important boundary value also in
the current analysis. While for k¥ < k., (repulsion and weak attraction) the eigenvalues are
purely real, for k > k., (strong attraction) A\* acquires a non-trivial imaginary part.
Let us investigate the latter case in more detail. It is convenient to cancel the real part
of A\* by choosing & = % (3 + % + df’z) With this choice the eigenvalues A* are imaginary,
leading to a pure oscillatory behavior of the flows of m% and h%. Choosing the initial

conditions m%(t = 0) = M, h%(t = 0) = H, we obtain

m3(t) = M cos(

t) + W sin(\/;—Dt) (65)

h%(t) = H cos( t)+ Wy sin(\/jt),

where D = (d — 2)? — 4 is the discriminant of the quadratic S-function introduced in Sec.

IT and Wy, and Wy can be expressed as

War — %? ([2 —4d2+ %] M +H> 2 (66)
i i U

As expected, we obtain a finite (bounded) limit cycle solution (65) for the pair (m%, h%) for
strong attraction K > k.. It is clear that the infinite number of the two-body bound states,
present in this case, manifest themselves as zeros of the mass coupling m%(¢) during the RG
flow.

It is possible to complexify the flow equations (63) in a similar manner as presented in

Sec. TV by extending the couplings h% and m% to the complex plane
hi = hyy + ihi Mp = My + M. (67)

In this extension the non-zero value of m%, makes the composite particle ¢ unstable. If
small compared to m%,, it equals to the decay width, which is inverse proportional to the
life-time of the particle. Due to the linearity of the evolution equations (63), the flow
equations for the pairs (m%;, h%,;), (Mm%, h%y) decouple. They have exactly the same form
as Eq. (63) with the solution (65, 66), provided we perform the substitution m% — m#%,,
h% — h3, M — M;,H — H; with ¢ = 1,2. We depict the numerical solution of the
complexified system in Fig. 9. As expected, the flow of the coupling Ag = % reproduces

our finding from Fig. 5.

26



206

APPENDIX F. LIST OF PUBLICATIONS

2
h Rl N ro m? Rl MRy /\R1 Ar2

LA AL A A A t
vvwkvwv% :

Figure 9: Periodic flows of the real part (blue) and imaginary part (red) of the complex couplings

S

-2

2
h%7 m% and A\g = 2th specific choice of parameters d = 3 and k = 1. The amplitude of
the 7”%22 oscillations is related to the decay rate, which must be fixed by experiment. The width

of the peaks of Aps is of the order of magnitude of the decay rate.

Most importantly, we are now in the position to find an analytical solution of the general
non-linear system of flow equations introduced in Sec. IV
at)\l'-tl = a)\?%l - 04)\?{2 + ﬁ)\Rl +y
OiAr2 = 20AR1AR2 + BAR2,

(68)

with o, 3,7 € R and D = 82 —4ay < 0. In order to achieve this goal, it is sufficient to

project the complex coupling

h? h? h?
dp= o = T TR (69)
2my,  2im3, +ima,]
onto its real and imaginary part Ag; and Ago
mi, h%, + miyh? Mm% h%, — My ha
App = riltin Rr2/TR2 Apy = r1lthe Rr2'VR1 (70)

2[771‘}{1 + m%?,z] 2[m4R1 + m}l-‘cz]

This expression comprises an explicit solution of the system (68) provided we substitute

V=D,
V=D,

—-D
ma,; = M; cos( t) + Wy sin(

(71)

-D
h%, = H;cos( t) + Wy sin(

with D = 3% — 4ay and

(ﬂM + aH;)

T"—A
—
N
N
~—

Wi = —ﬁ (4yM; + BH;)

where i =1, 2.
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We comment on the issue of initial conditions. Obviously, the first-order system (68)
must be supplemented with two initial conditions Agi(t = 0) and Age(t = 0). In our
description, however, there are four unknown constants M;, M,, H; and Hs to be fixed.
The identification

1M H, + MyH,

1 MyHy — MoH,y
At =00 =5 e -

Are(t =0) = S M ME (73)

fixes only two of them, leaving the remaining two ambiguous. This is the known arbitrariness
arising in the Hubbard-Stratonovich transformation. Remarkably, one can fix the remaining
two constants almost arbitrarily®. An especially convenient choice corresponds to M; = 1
and My = 0. With this choice we have

1 1
Ari(t =0) = §H1 Aro(t=10) = §H2- (74)

We present also the analytic solution of Eq. (68) in the conformal phase with D > 0. The
solution is still given by Eq. (70) provided we substitute

D D
ma,; = M; cosh(gt) + W sinh(gt)

(75)
D D
h%, = H; cosh(gt) + Whi Sinh(gt)
with
1
Wi = ——— (BM; + o)
1\/5 (76)

Finally we note that the analytic solution (69) can be expressed in the unified, compact

form p b
1 e — Ce
p=—|-B-—vVD_—— "7

7 90 < g e 4+ Ce ‘/zﬁt) (77)

for both conformal and non-conformal phase. In the last expression vD = /D + i€ = iv/—D
for D < 0, and the complex constant C' determines the initial condition for Ag. Using Eq.
(77) we compute the curvature k and the related radius R of the complex RG trajectories,

which are given by
1 |A/ /Y n |
- R17'R2 R27'R1 (78)
R [Na A+ AR

8 Some discrete values of two constants lead to a degenerate solution and are therefore forbidden.
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Here the primes denote the first and second derivative with respect to t. We observe that
the curvature does not depend on the “RG time” ¢ in both the conformal and non-conformal
phase. For D > 0 the trajectories form arcs of circles of radius R = ]ﬁ\\/ﬁ (see Fig. 6),
while for D < 0 the trajectories constitute closed circles of radius R = |ﬁ|m (see

Fig. 5).

VI. CONCLUSIONS

In this work we investigated the nonrelativistic, quantum-mechanical problem of an in-
verse square potential problem using functional renormalization. The potential is classically
scale-invariant. Additionally, it is singular at the origin and the model must be augmented
by a contact term, which is necessary for renormalization. We demonstrated that the RG
flow of the contact coupling A either approaches a real fixed point (conformal phase) in the
IR and UV or undergoes a scale anomaly which manifests itself in an infinite, unbounded
limit cycle (non-conformal case). The overall behavior is determined by the sign of the dis-
criminant D of the quadratic S-function of the contact coupling, and depends on the strength
of the long-range inverse square potential and spatial dimension. Remarkably, in the non-
conformal phase (D < 0) the S-function possesses a pair of complex conjugate fixed points.
This observation led us naturally to the extension of the RG analysis to complex values of
the coupling A — Ay + ¢As. The RG evolution was computed numerically and the phase
portraits of the flows were obtained. Additionally, we provided a geometric description of
the complex flows on the Riemann sphere. We observed that in the non-conformal phase the
real part \; and the imaginary part Ay develop a finite (bounded) limit cycle in the complex
plane. This suggests that the complex extension can be utilized as an efficient numerical tool
for investigation of various problems with infinite (unbounded) limit cycles, as for example,
in few-body physics of cold atoms near unitarity. One should simply add a small imaginary
part Ay to the real part A; and follow the extended RG evolution. This procedure regulates
the periodic singularities during the RG flow making the numerical treatment feasible. From
a physical point of view, the introduction of the complex coupling constant appears quite
natural since it arises from an inelastic channel in the two-body scattering. The bosonization
procedure allowed us to view the problem from a different perspective. More importantly,

it enabled us to find an analytical solution of the extended set of non-linear flow equations.
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Quite surprisingly, a similar RG behavior as in our case of an inverse square potential
appears also in the context of chiral dynamics in QCD with a large number of flavors [45, 46].
Here, gluon exchange between the quarks induces quark self-interactions. The flow equations
governing the RG evolution of these self-interactions exhibit the same behavior as shown in
Fig. 2. Depending on the value of the gauge coupling a the flow equations possess either
two fixed points (a < ay,) and the system is in the chiral symmetric phase, or as « increases
above this critical value o, one ends up in the chiral symmetry broken phase. The analog
to the conformal symmetry breaking in dependence on the value of x in our simple case of
an inverse square potential appears to be quite remarkable.

Finally, we comment on a possible connection between our work and the recent studies
of non-Fermi liquids using the AdS/CFT correspondence [47-49]. The authors of [48, 49
studied the relativistic many-body physics of fermions at vanishing temperature in d space-
time dimensions by mapping onto a classical gravity problem with an extremal charged
black hole in anti-de Sitter spacetime (AdSy1). In this description the low-energy scaling
behavior around the Fermi surface is related to the near-horizon geometry, which turns out
to be AdS, x R%L. Notably, the isometry group of the AdS, part is SO(2,1), which is
exactly the symmetry group of the quantum mechanics of the inverse square potential in the
conformal phase [18]. This suggests that the emergent IR CFT, defined in [49], might be
conformal quantum mechanics with the inverse square potential. Another evidence in this
direction is given by the observation that the low-energy behavior of the real and imaginary
parts of the retarded Green functions, computed numerically in [48, 49], agrees remarkably
well with the RG flows of the real and imaginary part of the contact coupling in conformal
and non-conformal phases (see Figs. 5, 6). This suggests that the complex extension and
its analytical solution, found in this work, might be useful for a better understanding of
non-fermi liquids from the AdS/CFT correspondence.
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Figure 10: RG flows on the complex plane and the corresponding map onto the Riemann sphere
in the non-conformal phase. The pink dots represent the two complex fixed points. The solid lines
with arrows, pointing towards the UV, correspond to different RG trajectories. Additionally, the
black straight solid line from the north pole illustrates the stereographic projection of the Riemann

sphere S? onto the complex plane C.
Appendix A: Complex RG flows on the Riemann sphere

As has already been noted in Sec. IV, the generalized RG flow of the complex coupling
A = A1 +12A2 can be most conveniently studied on the Riemann sphere. The Riemann sphere
is a unit sphere S? in three dimensional real space R?, which intersects the complex plane
C = CU {oo} at the equator. The map o: S* — C onto the complex plane (A, ;) is
given by the stereographic projection (see Fig. 10) and reads in the Cartesian coordinates

(z,y,2) € §?

if (z,y,2)# (0,0,1)
(A1, A2) = 00 if (x,y,2)=1(0,0,1). (A1)

The inverse map is given by
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1o

Figure 11: RG flows on the complex plane and the corresponding map onto the Riemann sphere

in the conformal phase. The pink dots represent the two real fixed points. The solid lines with

arrows, pointing towards the UV, correspond to different RG trajectories.

2\, 2o M+ -1 A
rT=_—— =< 2= =" o)
VRIS VNI L A VIFIS VRN YRS VRS
x =0, y=0, z=1, A= co. (A2)

The analytical solution of the complex flow equations (31) was obtained in Sec. V. We
substitute these solutions into Eq. (A2) and obtain the analytical solution on the Riemann
sphere, which we plot for both the non-conformal (D < 0) and the conformal (D > 0) phases

in Figs. 10, and 11.
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Renormalization group study of the four-body problem
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We perform a renormalization group analysis of the non-relativistic four-boson problem by means
of a simple model with pointlike three- and four-body interactions. We investigate in particular the
region where the scattering length is infinite and all energies are close to the atom threshold. We
find that the four-body problem behaves truly universally, independent of any four-body parameter.
Our findings confirm the recent conjectures of Platter et al. and von Stecher et al. [1-3] that the
four-body problem is universal, now also from a renormalization group perspective. We calculate
the corresponding relations between the four- and three-body bound states, as well as the full bound
state spectrum and comment on the influence of effective range corrections.
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I. INTRODUCTION

During the last decade few-body physics experienced
a renewed interest due to the advent of experiments with
ultracold atomic gases. Whereas the study of few-body
physics in nuclear systems is hindered by the large com-
plexity of the interparticle potentials, the interactions in
ultracold atomic gases are describable to high accuracy
with very simple short-range models. In addition, ul-
tracold atomic gases become even more attractive as an
ideal theoretical and experimental playground since they
do not only offer excellent experimental control but also
the amazing possibility of tuning the two-body interac-
tion strength over a wide range using so-called Feshbach
resonances [4].
This made it possible, that, about forty years after V.
Efimov’s seminal prediction [5] of the existence of univer-
sal three-body bound states in systems with large two-
body interactions, first evidence in favor of the presence
of these states had been found in the remarkable experi-
ment by Kraemer et al. in 2006 [6]. In his work, Efimov
predicted the existence of infinitely many trimer states
for infinitely large scattering length where the two-body
interaction is just on the verge of having a bound state.
The energy levels form a geometric spectrum and the
three-body system is found to be universal in the sense
that apart from the s-wave scattering length a only one
piece of information about the three-body system enters
in the form of a so-called three-body parameter [7]. The
findings of Kraemer et al. stimulated extensive activity
in the field of three-body physics, both experimentally
[8-12] and theoretically; for recent reviews on also the
latter see 7, 13] and references therein. As a result, the
Efimov effect in three-body systems is a well-understood
phenomenon today.

*Electronic address: richard.schmidt@ph.tum.de
TElectronic address: s.moroz@thphys.uni-heidelberg.de

The next natural step is to raise the question what the
physics of four interacting particles may be. Early at-
tempts towards an understanding of this system were
made in the context of nuclear physics using a variety
of approaches [14-17]. Also the four-body physics of
4He atoms has been investigated in much detail, for an
overview see, e. g. [18]. The simpler four-body physics
of fermions with two spin states, relevant for the dimer-
dimer repulsion, has also been studied [19].

In their pioneering work, Platter and Hammer, et al.
[1, 2] investigated the four-body problem using effective
interaction potentials and made the conjecture that the
four-boson system exhibits universal behavior. They also
found that no four-body parameter is needed for a self-
consistent renormalization of the theory. Calculating the
energy spectrum of the lowest bound states in depen-
dence on the scattering length a the existence of two
tetramer (four-body bound) states associated with each
trimer was conjectured.

Recently, von Stecher, D’Incao, and Greene [3, 20] in-
vestigated the four-body problem in a remarkable quan-
tum mechanical calculation. They found that the Efimov
trimer and tetramer states always appear as sets of states
with two tetramers associated with each of the trimer lev-
els and calculated the bound state energy spectrum of the
lowest few sets of states. The calculation suggests that
the energy levels within one set of states are related to
each other by universal ratios, which were obtained from
the behavior of these lowest sets of states. In accordance
with the results of Platter et al. [1, 2] the absence of
any four-body parameter was also demonstrated. In or-
der to find experimental evidence of the tetramer states
extremely precise measurements are required. Remark-
ably, Ferlaino et al. were able to observe signatures of the
lowest two of the tetramer states in a recent experiment
[21].

While the calculations by Platter et al. [1, 2] and von
Stecher et al. [3, 20] rely on quantum mechanical ap-
proaches, in this work we want to shed light onto the
four-body problem from a different perspective. A lot of
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FIG. 1: (Color online) The generalized Efimov plot for four
identical bosons. Here, we plot the energy levels of the vari-
ous bound states as a function of the inverse s-wave scattering
length a as numerically calculated in our approximative, ef-
fective theory. In order to improve the visibility of the energy
levels we rescale both the dimensionless energy F/A? and the
dimensionless inverse scattering length a~'/A where A de-
notes the UV cutoff of our model. Also, we only show the
first three sets of Efimov levels. The solid black line denotes
the atom-atom-dimer threshold, while the dotted black line
gives the dimer-dimer threshold. In the three-body sector
one finds the well known spectrum of infinitely many Efimov
trimer states (green, dashed) which accumulate at the unitar-
ity point Fy = a~' = 0, indicated by the orange star. In our
pointlike approximation the four-body sector features a single
tetramer (solid, red) associated with each trimer state.

insight into the three-body problem had been gained from
effective field theory and renormalization group (RG)
methods [7, 13, 22, 23] and it is desirable to apply these
also to the four-body problem. In this paper we will make
a first step towards such a description that is complemen-
tary to the previous quantum mechanical approaches.
Of special interest is the further investigation of uni-
versality in the four-body system. In this context the
so-called unitarity point, illustrated by the star in Fig.
1, is of particular importance. In this limit not only the
scattering length a is infinite but also all binding energies
in the problem accumulate at the atom threshold at zero
energy. Only at the unitarity point physics becomes truly
universal in the sense that for example the ratio between
the binding energies of consecutive trimer levels assumes
exactly its universal value, E,i1/E, = exp(—2n/so),
with sg &= 1.00624 the so-called Efimov parameter. The
unitarity point is therefore the most interesting one from
a theory point of view. Unfortunately, in the previous
calculations only few lowest lying states were determined.
The major advantage of the present RG approach is that
it allows to investigate analytically the complete spec-
trum and to address directly the unitarity point in order
to extract the universal relations between the three- and
four-body bound states in this limit.
We investigate the renormalization group behavior of the
relevant four-body interactions with an approximate, but
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simple and physically intuitive model which allows only
for pointlike (i.e. momentum independent!) three- and
four-body interactions. In the three-body problem uni-
versality manifests itself in an RG limit cycle of the three-
body coupling. We find that this three-body limit cycle
leads in turn to a “self-sustained” limit cycle of the four-
body sector leaving no room for any four-body parame-
ter.

The RG method allows furthermore for computations
away from the unitarity point. We calculate the bound
state energy spectrum in the pointlike approximation
(see Fig. 1) and investigate how the relations between
tetramer and trimer states approach the universal limit
as one comes closer to the unitarity point.

The paper is structured as follows. In Sec. II we
introduce the functional renormalization group (FRG)
method and set up the microscopic model. Secs. III
and IV are devoted to the FRG analysis of the two- and
three-body sector. In Sec. V we discuss the four-body
sector and present our numerical results. Our findings
are summarized in Sec. VI.

II. METHOD AND DEFINITION OF THE
MODEL

In this work we are interested in the computation of

the few-body properties, such as the bound state spec-
trum, of four identical bosons. In a quantum field theory
approach the information about these properties can be
extracted from the effective action I which is the generat-
ing functional of one-particle irreducible vertex functions
'™ and which contains all information about a given
system. The computation of I is a very complicated task
as quantum (and, as in the case of nonzero density, statis-
tical) fluctuations have to be integrated out on all length
and therefore momentum scales ¢. In order to cope with
this task we rely on the functional renormalization group
[24], for detailed reviews we refer to [25, 26].
The central quantity of the FRG is a scale dependent
effective action functional, the so-called effective flowing
action I'y. The effective flowing action I'y, which in-
cludes all fluctuations with momenta ¢ 2 k, interpolates
between the classical action S at some ultraviolet (UV)
cutoff scale k = A and the full quantum effective action
I' in the limit & — 0. The underlying idea is similar
to Wilson’s idea of momentum shell-wise integration of
fluctuations. The evolution of I'y, is governed by the Wet-
terich equation [24], which is an exact, non-perturbative
RG equation. It reads

1 -1
Iy = §Tr (F;(f) + Rk) Ok R, (1)

1 Throughout the paper we will use the term momentum inde-
pendence to refer to combined spatial momentum and frequency
independence.
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where F,(f) is the flowing, full inverse propagator and
the trace Tr sums over momentum ¢ and Matsubara fre-
quency qo as well as the internal degrees of freedom such
as species of fields. The dependence on the RG scale k is
introduced by the regulator Ri. At the UV scale k = A
the effective flowing action 'y, equals the classical action
S and as we want to consider dilute atomic gases the UV
scale A is set to be of the order of the inverse Bohr radius
agy . For most problems, quantum and statistical fluctu-
ations will generate infinitely many terms in I'y. Due
to this fact it is in practice impossible to solve Eq. (1)
exactly. Therefore one has to decide for a truncation of
Iy, which in turn corresponds to solving the theory only
approximately.

In this work we investigate the four-boson problem by
approximately solving Eq. (1). Our truncation for the
Euclidean flowing action is given by a simple two-channel
model

[

/{w*(af A4 B

+ ¢ <A¢(0r +m¢) <75+ (@™t + grp™ep)

+ MDY PP + Ay (67 ¢)?
+ B(¢" " P + ppd™ P %) + v P ppy}, (2)

where A denotes the Laplace operator and we use the
natural, non-relativistic convention 2M = h = 1 with
the atom mass M. v denotes the field of the elementary
bosonic atom, while the dimer, the bosonic bound state
consisting of two elementary atoms, is represented by the
field ¢ ~ v¢). Both the atom and the dimer field are sup-
plemented with non-relativistic propagators with energy
gaps Ey and mi, respectively. In our approximation the
fundamental four-boson interaction ~ Ay (1)*4)? is medi-
ated by a dimer exchange, which yields Ay = —h?/m? in
the limit of pointlike two-body interactions. The dynam-
ical dimer field ¢ allows us to capture essential details
of the momentum dependence of the two-body interac-
tion. We introduce a wave function renormalization fac-
tor Ay for the dimer field in order to take into account
an anomalous dimension of the dimer field ¢. The only
nonzero interaction, present at the microscopic UV scale
k = A, is taken to be the Yukawa-type term with the cou-
pling h. Together with the microscopic value of Ay the
Yukawa interaction h at the UV scale can be connected
to the effective range reg in an effective range expansion.
The atom-dimer interaction A4p as well as the various
four-body interactions A4, B, and vy vanish at the UV
scale and are built up via quantum fluctuations during
the RG flow.

At this stage we want to emphasize the meaning of the
term pointlike approximation which must not be con-
fused with the notion of a zero-range (contact) model.
Consider for example the two-body contact interaction
~ Ay (¥*v)%, which has no momentum dependence on
the UV scale, k = A. In order to describe the scattering
of two particles in quantum mechanics one proceeds by
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solving the two-body Schrodinger equation. From this
one obtains the well-known result for the zero-range s-
wave scattering amplitude fo(p) = (—a~! —ip)~! (with
p = |p] denoting the momentum of the colliding par-
ticles). The scattering amplitude becomes momentum
dependent. In the RG approach one deals with the effec-
tive vertex Ay which varies with the RG scale k. On the
UV (k = A) scale Ay is momentum independent. When
including more and more quantum fluctuations — mean-
ing lowering the RG scale k from A to eventually k£ = 0
— the effective vertex function )\, assumes a momentum
dependence which in the IR limit & = 0 is equivalent to
the result for fy in the zero-range model. In a pointlike
approximation one ignores this generated momentum de-
pendence. In the simple model Eq. (2) the three- and
four-body sector is treated strictly in the pointlike ap-
proximation. However, in the two-body sector the mo-
mentum dependence of effective vertex Ay is captured
by the exchange of the dynamic (i.e. momentum depen-
dent) dimer propagator, such that the two-body sector is
treated beyond the pointlike approximation.

In the general case of nonzero density and temperature
one works in the Matsubara formalism and the integral in
Eq. (2) sums over homogenous three-dimensional space
and over imaginary time [ = [d®z 1/ T dr. Although
our method allows us to tackle a full many body prob-
lem at finite temperature in this way, we are interested
solely in the few-body (vacuum) physics in this paper, for
which density n and temperature T" vanish. For T" = 0, f
reduces to an integral over infinite space and time. Our
truncation (2) is based on the simple structure of the non-
relativistic vacuum and, as demonstrated in [23, 27], nu-
merous simplifications occur when solving Eq. (1) com-
pared with the general, many-body case. The flowing ac-
tion (2) has a global U(1) symmetry which corresponds
to particle number conservation. In the vacuum limit it
is also invariant under spacetime Galilei transformations
which restricts the form of the non-relativistic propaga-
tors to be functions of 8, — A for the atoms and 9, — A/2
for the dimers. All couplings present in Eq. (2) are al-
lowed to flow during the RG evolution and are taken to
be momentum-independent in Fourier space as explained
above.

Besides the ansatz of I'y, we must choose a suitable reg-
ulator function Ry, in order to solve Eq. (1). Based on
our recent treatment of the closely related three-fermion
problem [28, 29], we choose optimized regulators,

Ry = (K —¢*)0(k* — ¢%),
Ry = S22 - 00— ) 3)

with ¢ = |g]. These regulators are optimized in the sense
of [26, 30] and allow to obtain analytical results.



III. TWO-BODY SECTOR

A remarkable and very useful feature of the vacuum
flow equations is comprised by a special hierarchy: the
flow equations of the N-body sector do not influence the
renormalization group flows of the lower N — 1-body sec-
tor [23]. For this reason the different N-body sectors can
be solved subsequently. In this spirit we first solve the
two-body sector, then investigate the three-body sector
in order to finally approach the four-body problem.

The solution for the two-body sector can be found ana-
lytically in our approximation? (for the analogous prob-
lem considering fermions, see [28, 31]). The only run-
ning couplings in the two-body sector are the dimer gap
mi and its wave function renormalization Ag. The flow
equations of the two-body sector are shown in terms of
Feynman diagrams in Fig. 2(a) and read

, h2 i
KM = Tom2 (12 4 By
h? K°
A Ay = (4)

1272 (k2 4 Ey)3’

where t = In % As there are no possible nonzero flow
diagrams for the Yukawa coupling h, it does not flow in
the vacuum limit.

The infrared (IR) values of the couplings h and m? can
be related to the low-energy s-wave scattering length a
via

h2(k = 0)

167m3(k = 0,Ey =0)’

(5)

a =

Knowing the analytical solution of the two-body sec-
tor, this relation can be used to fix the initial values of
our model. For the UV value of the dimer gap mi we
find

2
mi(A) = a4 o

16m 1972 A+ 2Ey. (6)

The first term fixes the s-wave scattering length ac-
cording to Eq. (5), while the second term represents a
counterterm taking care of the UV renormalization of
the two-body sector. Finally, the last term accounts for
the fact that the dimer consists of two elementary atoms.
Additionally, we choose A4z(A) = 1 which corresponds

to the effective range reg = 76;%}’.

The action (2) can also be used for a quite accurate
description of Feshbach resonances. In this context Eq.
(2) is referred to as resonance model. In such a model m}
is proportional to the detuning energy of the molecule in

2 Remarkably, the atom inverse propagator (one-body sector) is
not renormalized in the non-relativistic vacuum.
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the closed channel with respect to the atom-atom thresh-
old [32] and the coupling h is proportional to the width of
the associated Feshbach resonance being a function of the
strength of the coupling to the closed channel. The choice
Ag(A) =1 then corresponds to the so-called characteris-
tic length r* = —2reg often used in literature [7, 33].

In the limit of large, positive scattering length there
exists a universal, weakly bound dimer state. In or-
der to find its binding energy we calculate the pole of
the dimer propagator, corresponding to the condition
m3(Ey, k = 0) = 0, which yields in the limit Ey /A% < 1

2
h? ht h2a~1
En=-2E, = -2 — —
b ki <647r ©m? | 32n )

2
2 2
= 1=y 1) (7)
/"Cﬂ' a

In the limit A — oo, corresponding to 7 — 0 one re-
covers the well-known result Ep = —2/a®. The dimer
bound state energy is shown as a function of the inverse
scattering length in Fig. 1 (black solid line). The de-
viation from the universal 1/a? scaling for large inverse
scattering lengths is due to the finite size of h which is
taken to be h2/A = 10 in Fig. 1. In the regime of small
scattering length a one finds a crossover of the behavior
of the dimer binding energy which then has the limiting
behavior Ep = 4/(ares)-

IV. THREE-BODY SECTOR

The bound state spectrum of the three-body sector is
much richer than the one of the two-body system. In
his seminal papers [5] Efimov showed the existence of
an infinite series of three-body bound states for strong
two-body interactions. These energy levels exhibit a
universal geometric scaling law as one approaches the
unitarity point Ey = a' = 0. Remarkably, these
three-body bound trimer states exist even for negative
scattering lengths a where no two-body bound state is
present; they become degenerate with the three-atom
threshold for negative scattering length and merge into
the atom-dimer threshold for positive a. An additional
three-body parameter is needed in order to determine
the actual positions of the degeneracies [22]. In this
section we want to shortly review how Efimov physics
can be treated within our approach. For a more detailed
account on that matter and an application to the
three-component Li Fermi gas we refer to (23, 28, 29].

In our truncation, the three-body sector contains a sin-
gle, pointlike ¢*1)* 1) term with a coupling Asp, which
is assumed to vanish in the UV. It is build up by quan-
tum fluctuations during the RG flow and the correspond-
ing Feynman diagrams of the flow equation for Aap is
shown in Fig. 2(b). First we investigate the unitarity



point, By = a~! = 0. For this limit we are able to ob-
tain an analytical solution for the flow equation of Aap
while away from unitarity we have to rely on a numerical
solution.

At the unitarity point all intrinsic length scales drop

out of the problem and the system becomes classically
scale invariant. At unitarity, the Yukawa coupling h is di-
mensionless and the only (extrinsic) length scale present
is the inverse ultraviolet cutoff A=!, which defines the
validity limit of our effective theory.
In our approximation the dimer field ¢ develops a large
anomalous dimension 7 = 78;1& = 1 at unitarity which
is consistent with the exact sohi)ti()n of the two-body sec-
tor [23, 27]. As the atom and dimer propagators have
vanishing gaps in the IR the two-body sector respects a
continuous scaling symmetry.

In order to find the solution of the three-body sec-
tor we switch to the rescaled, dimensionless coupling
A AD = %/\ Ap- One finds that the flow equation for

Aap becomes independent of k and h,

R 24 < 14 an\ <
OAap = o (1 n)/\in—g (1__77> Aap
—_——

25\ 15 35
~—_———
a b
26 n
Z(1-21).
+ 5 (- 5) ®)
N——

As was demonstrated in [23, 34], the behavior of the so-
lution of this type of flow equation is determined by the
sign of the discriminant D of the right hand side of Eq.
(8) which is D = b? — 4ac < 0. Eq. (8) can be solved
analytically and one finds

—b++v/—Dtan (—V;D(t + 5))
2a ’

Aap(t) = )
where § is connected to the three-body parameter and
determines the initial condition. Most remarkably, the
three-body sector exhibits a quantum anomaly: The RG
flow of the renormalized coupling Asp exhibits a limit
cycle, which, due to its periodicity, breaks the classically
continuous scaling symmetry to the discrete subgroup Z.
The Efimov parameter can be determined from the pe-
riod of the limit cycle [23] and is given in our approxi-
mation by

vV-D

s0 = Y ~ 0925203, (10)

The exact result is given by so ~ 1.00624 [7]. Consider-
ing the simplicity of our pointlike approximation, which,
as discussed in Sec. III, does not resolve any momentum
or frequency structure of the effective (k dependent) in-
teraction vertex of the three-body sector, the agreement
is quite good. In fact, in previous work [23] we have
shown how to obtain the exact value of s¢ using the FRG.
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FIG. 2: The flow equations in terms of Feynman diagrams
for the (a) two-body, (b) three-body, and (c) four-body sec-
tor. All internal lines denote full, regularized propagators.
The scale derivative 9, on the right hand side of the flow
equations acts only on the regulators. Solid lines represent
elementary bosons v, while dashed lines denote composite
dimers ¢. The vertices are: Yukawa coupling h (small black
dot), atom-dimer vertex Aap (open circle), dimer-dimer cou-
pling A4 (black circle), coupling 3 (two circles), and the atom-
atom-dimer vertex 7 (black square). Due to the large number
of diagrams for the latter two vertex functions, we only show
two exemplary diagrams.

The presence of N-body bound states leads to diver-
gencies in the corresponding N-body vertices. The peri-
odic divergencies in the analytical solution of Aap in Eq.



(9) correspond therefore to the presence of the infinitely
many Efimov trimer states at the unitarity point.

We can use the latter correspondence to calculate the
bound state spectrum also away from unitarity. The
trimer binding energies are calculated by determining the
atom energies Ey, for which Aap exhibits divergencies in
the IR as function of a~!. The trimer binding energy is
then given by B = —3Ey. The result is shown in Fig. 1.
In this plot the dashed, green lines indicate the binding
energies of the Efimov trimer states. For calculational
purposes we switch to the static trimer approximation
which is completely equivalent to our two-channel model
in Eq. (2). We describe this procedure in Appendix A.

At the unitarity point the trimer binding energies form
a geometric spectrum and the ratio between adjacent lev-
els is given by

(n+1)

E — 2z

= (1
ET

which can be understood from the limit cycle flow of A4 p.
At each scale k = Ae!, where Asp diverges, one hits a
trimer state. The RG scale k can in turn be connected to
the atom energy Fy (23, 28, 29] and as the divergencies
appear periodically in ¢ one easily obtains Eq. (11).
There is an additional universal relation obeyed by
the trimer energy levels which we may take as a mea-
sure of the quality of our approximation. It is given as
the relation between the trimer binding energy E* for
a — oo and value of a for which the trimer becomes
degenerate with the atom-dimer (a%) and three-atom
threshold (a* ), respectively. For comparison we define
a wave number k* by E* = —h?k*2/M (in our conven-
tion, E* = —2x*2) and find
a* k"~ —1.68, afrk*~0.08 (12)
which has to be compared with the exact result
a* k* = —1.56(5), atx* = 0.07076 from the fully
momentum-dependent calculation in [7, 22]. The agree-
ment with our approximate solution suggests that our
model should provide a solid basis for the step to the
four-body problem.

V. THE FOUR-BODY SECTOR

Recently, the solution of the four-body problem in the
low-energy limit has gained a lot of interest. In quantum
mechanical calculations the existence of two tetramer
(four-body bound) states was conjectured for each of the
infinitely many Efimov trimers [1, 2]. By calculating the
lowest few sets of bound state levels von Stecher et al.
[3, 20] concluded that both ratios of energies between the
different tetramers and the trimer state approach univer-
sal constants. However, with the quantum mechanical
approach the calculation directly at the unitarity point
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(a~! = Ey = 0), marked explicitly in Fig. 1, turns out to
be difficult, although this point is of great interest when
one wants to gather evidence for universality of the four-
body system. In fact, in the three-body sector the infinite
RG limit cycle appears only exactly at the unitarity point
and its universal appearance is directly connected to the
breaking of the continuous scale symmetry. Within our
approach, the unitarity region is easily accessible.
In order to investigate the four-body sector we include
all possible, U(1) symmetric, momentum-independent in-
teraction couplings in the effective flowing action I'y. If
one assumes all these couplings to be zero at the mi-
croscopic UV scale A, one can show, by evaluating all
possible Feynman diagrams and using the vacuum hier-
archy described in [23], that from all possible four-body
couplings only the three couplings Ay, 5, and ~ are built
up by quantum fluctuations and are therefore included
in Eq. (2). Couplings other than X4, 3, and v, such as,
for instance, the term ~ (*1))* are not generated during
the RG evolution. This consideration leads to our ansatz
for the effective average action (2).

For the investigation of the unitarity point we first
switch to rescaled, dimensionless couplings

< K3 -kt _ mkS
Ap = W&n B= hjﬁ, Y = 2 s (13)

and obtain the corresponding flow equations by insert-
ing the effective flowing action I'y, Eq. (2), into the
Wetterich equation (1). By the use of the rescaled cou-
plings we find three coupled ordinary differential equa-
tions, which are again coupled to the two- and three-
body sectors, but become explicitly independent of A and
k. We show the diagrammatic representation of the flow
equations in Fig. 2(c). Their analytical form at the uni-
tarity point is given by

- 128 62 < 112
Aap = =223 g e 14
Gdap = 155 = Toptan + ppAans (14)
- 1 1. 1- - 198~
dt)\zb = 1—6+§B*6)\AD+3)\¢+1—5)\2, (15)
. 188. 1. 128
0B = ﬁﬁ-i-g”/—k ﬁAAD
224~ - 156+ 4384 <
il QN iy S Wi
+ Il — stan + gt
128 .- 3968~ -
+ 5 P g Apde, (16)
. 4592 8768, 128 -,
T T
oL T2 936 5
1257 1875 AP T 375 AP
448 - 74368 < 5376 <.
) A2, - 22058 ar
+ 57+ Tgrs Aap — s ap- (17)

3 For illustrative purpose we show the analytical form of the flow
equations at the unitarity point only. Away from this limit their
explicit expressions become much more complex.
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FIG. 3: (Color online) Renormalization group limit cycle behavior of the three- and four-body sector at the unitarity point

Ey=a"!

= 0. The real parts of the rescaled, dimensionless couplings :\Ap,l, 45\¢,1, Bl /6, and 41/1000 are plotted as functions

of t = In(k/A). Not only the three-body coupling Aap 1 (dashed, black) exhibits a limit cycle behavior, but also the four-body
sector couplings Ay 1 (red, dotted), B1 (blue, solid), and 41 (green, solid) obey a limit cycle attached to the three-body sector

with the same period.

We pointed out in the last section that the appear-
ance of bound states is connected with divergent vertex
functions F;C") and we exploit this behavior to determine
the bound state spectrum of the three- and four-boson
system. At this point we must note that these infini-
ties are complicated to handle in a numerical solution of
the theory. In particular, the numerical treatment of un-
bounded limit cycles is problematic due to the periodic
infinities during the RG flow. In order to circumvent this
difficulty we used the method of complex extension, de-
veloped in [34]. The basic idea is to extend the domain
of the running couplings to the complex plane

AAD = Aap,1 +iAap2
B — B1+iB (18)

On the one hand this effectively doubles the number of
real flow equations and additional initial conditions must
to provided. We choose Ayp o =€ = 10~ in our numer-
ical calculation and take all other imaginary parts to be
zero in the UV. On the other hand this procedure allows
us to perform the numerical integration of the flow equa-
tions as it regularizes the periodic infinities in the flow
and makes the numerical treatment feasible. Physically,
by the complex extension we convert the stable bound
states into metastable resonances and by taking different
values of ¢ we are able to vary the decay width of the
resonances. One may compare this with the procedure
of Braaten and Hammer [35] who introduce a parameter
n* in order to model the decay of the trimers to deeply
bound states which have not been included in the effec-
tive model. In this line we also view our complex exten-
sion as a way to include these deeply bound states in the
FRG calculation. Specifically, we find that for ¢ < 1 the

decay width of the n'" Efimov trimer F% ) is given by

/\d) — )\¢11 + i)‘(b,?
Y=t i

F,(fl) = 45E,<r") at unitarity. This is in agreement with the
result in [7]

(19)

which holds for small n*. Thus, for € < 1, the relation to
the parameter n* introduced by Braaten and Hammer is
given by

(20)

The result of the numerical calculation of the four-body

sector at unitarity is shown in Fig. 3. Here, we display
the RG flows of the real parts of all nonzero three- and
four-body sector couplings as a function of the RG scale
t = In(k/A). The three-body coupling Aap,1 (black
dotted line) exhibits the well-known limit cycle behavior,
described in Section IV, with the period being connected
to the Efimov parameter so. Remarkably, there is an
additional limit cycle in the flow of the four-body sector
couplings with a periodic structure of exactly the same
frequency as the three-body sector. This four-body
sector limit cycle exhibits resonances which are shifted
with respect to the ones of the three-body system. The
magnitude of this shift is given by a new universal
number, which is inherent to the four-body sector.

Our observation is that the four-body sector is
intimately connected with the three-body sector at
the unitarity point. It is permanently attached to
the running of the three-body sector from the first
three-body resonance on. From here on the periodic
structure of the flow remains unchanged as one goes to
smaller values of k. Due to this tight bond between the
three- and four-body sector, there stays no room for an
additional four-body parameter.

We also find that the magnitude of the shift beyond
the first resonance is neither dependent on the initial
values of the four-body sector couplings in the UV nor
is it influenced by finite range corrections which we
are able to check by choosing different values for the
Yukawa coupling h. Arbitrary choices lead to the same
behavior. Having done this calculation directly at the
unitarity point our conclusion is, that, within our simple
approximation, the four-body sector behaves truly
universal and independent of any four-body parameter



a%ﬂe} 052 a R R a
n
AT
050 -
Iy
048 -
.
046 .
ol =09 o B 4g4
044 1" )
s B =10 A B =90
042
(a) # Level
L \ : \ T
1 2 3 4 5
(n)
ETCt .
B . o E_py9 o _yga
ast E = B0 A -9
.
40 ‘ B T Rt Y
A
35-
(b) # Level
‘ ‘ ‘ ‘ ‘
1 2 3 4 5

FIG. 4: (Color online) Calculation of the universal ratios for
the lowest five set of levels. The calculation is done for dif-
ferent values of the Yukawa coupling h? /A which determines
the effective range in our model. The dotted lines are only
guide for the eye. (a) Ratios between the values of scattering
lengths agf;)t and ag:;,)i for which the tetramer and correspond-
ing trimer become degenerate with the four-atom threshold.
(b) Ratios between the values of binding energies ESY. and

E$ at resonance a — .

confirming the conjecture made by Platter et al. and
von Stecher et al.. We expect that universality will also
hold for an improved truncation.

Naively one expects that each resonance in the flow
of the vertex functions is connected to the presence of a
bound state. As one observes there are also additional
resonances in the four-body sector being degenerate with
the three-body sector resonances. However, we arrive at
the conclusion that these resonances are artifacts of our
approximation. The mathematical structure of the flow
equations is of a kind that divergencies in the three-body
sector directly lead to a divergent four-body sector. We
are confident that the resonances at these positions will
disappear as one includes further momentum dependen-
cies in the field theoretical model. Therefore we can al-
ready infer from the calculation at unitarity that within
our approximation we are only able to resolve a single
tetramer state attached to each trimer state also away
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from unitarity. In contrast, the “exact” quantum me-
chanical calculations in [1-3, 20] predict the existence of
two tetramer states which have recently been observed
by Ferlaino et al. [21]. As one includes further momen-
tum dependencies, it is well possible that not only the
degenerate resonance disappears but also new, genuine
resonances associated with the “missing” tetramer state
will appear at the same time. This effect indeed occurs
in the three-body problem. There, it is essential to in-
clude the momentum dependent two-atom vertex. Only
under this condition one arrives at the quadratic equa-
tion as in (8) which gives rise to the Efimov effect. This
can easily be seen by taking a look at the flow equation
of Aap depicted as Feynman diagrams in Fig. 2(b). The
assumption of a momentum independent two-atom in-
teraction corresponds to a momentum (and frequency)
independent dimer propagator. In this approximation
the first term on the RHS of Fig. 2(b) vanishes because
all poles of the loop frequency integration lie on the same
complex frequency half-plane. This directly leads to the
loss of the Efimov effect in this crude level of approxima-
tion.
We can also use our model to investigate the full bound
state energy spectrum by solving the flow equations for
arbitrary values of the scattering length a. The energy
levels of the various bound states are then determined
by varying the energy of the fundamental atoms £ such
that one finds a resonant four-body coupling in the IR.
The result of this calculation, using the static trimer ap-
proximation presented in Appendix A, is shown in Fig.
1, where we plot the energy levels of the various bound
states versus the inverse scattering length. We find one
tetramer state attached to each of the Efimov trimer
states. These tetramer states become degenerate with
the four-atom threshold for negative scattering length
and merge into the dimer-dimer threshold for positive
a. In the experiment this leads to the measured reso-
nance peaks in the four-body loss coefficient. In order
not to overload the plot we show only the first three sets
of levels, although the FRG method allows to calculate
an arbitrary number of them. One also observes that
the shape of the tetramer levels follows the shape of the
trimer levels. In analogy to the three-body sector one can
calculate a universal formula relating a tetramer binding
energy B, = —2k4? at a — oo with the corresponding
scattering length at which the tetramer becomes degen-
erate with the four-atom threshold a}_ and the dimer-
dimer threshold a7}, , respectively. We find

ap_kp = =175, ap, k7~ 0.20. (21)
In their recent quantum mechanical calculations von
Stecher et al. were able to calculate the lowest few sets of
bound state energy levels [3]. From their behavior it was
inferred that the ratio between the tetramer and trimer
binding energies approaches a universal number within
these first few sets of levels. Figuratively speaking it is
therefore expected that the universal regime in the en-
ergy plot in Fig. 1 is reached very fast as one goes to
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smaller ¢! and Ey.

In order to investigate this observation we calculate
the behavior of two ratios as a function of the set of level
for which they are determined. The first ratio relates
the negative scattering lengths a<T'"2t and agi,)i for which
the n* tetramer and trimer become degenerate with the
four-atom threshold. The second is the ratio between the
binding energies of the n'! tetramer K}, and the n'h
trimer E;f;)l at resonance, a — oo. The resulting plots
are shown in Fig. 4. We calculate the ratios for different
values of the microscopic couplings in order to test the
degree of universality of the various sets of energy levels.
In the plots we show in particular the dependence on the
choice of the Yukawa coupling h determining the effective
range T of the model. As one sees, only the first of the
ratios depend on the microscopic details. Already from
the second set of levels on the microscopic details are
washed out and the ratios become independent of the
choice of initial conditions: The regime of universality is
reached extremely fast and as a~1 and E,, are lowered one
will ultimately find the four-body limit cycle described
above.

For the asymptotic ratios we find

(n)

al, ~ 05184\ (22)
B~ 4.017 B, (23)
Von Stecher et al find aéf;)t a(TTi,)i ~ 0.43(0.9)
for the deeper (shallower) bound tetramer and
E(TE/E({Z ~ 4.58(1.01), respectively.  Considering

the simplicity of our model the agreement is quite good.
With an ultracold bosonic Cs gas Ferlaino et al. found

a(TnE)L a(TnT)i ~ 0.47(0.84). In this remarkable experiment
only the lowest set of tetramer states in the energy
spectrum had been accessible due to the particular
scattering length profile. Considering our observation
that the deepest set of levels is still strongly dependent
on the microscopical details it cannot be expected to
find the universal numbers in this particular setting.
Therefore more experiments for bosons interacting via a
larger scattering lengths would be desirable.

VI. CONCLUSIONS

In this paper, we investigated the four-body problem
with the help of the functional renormalization group.
Employing a simple two-channel model with pointlike
three- and four-body interactions we were able to inves-
tigate universal properties at the unitarity point a — oo,
Ey = 0 as well as to perform computations away from it.
In the RG language the Efimov physics of the three-body
problem manifests itself as an infinite RG limit cycle be-
havior of the three-body coupling constant at unitarity.
We found that also the four-body sector is governed by
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such a limit cycle which is solely induced by the RG run-
ning of the three-body sector, signaling the absence of a
four-body parameter.

We also computed the energy spectrum away from uni-
tarity and were able to obtain the universal relations be-
tween four- and three-body observables in our approxi-
mation. Our calculation provides an explanation for the
findings of von Stecher et al. [3], who found that these
ratios approach universal constants very quickly as they
are computed for higher and higher excited states. We
also found a dependence of the ratios for the lowest level
on microscopic details such as the effective range. This in
turn is of relevance for the experimental observations by
Ferlaino et al. [21]. In this experiment the lowest states
have been measured and one can therefore not expect to
find the exact universal relations between them.
Considering the simplicity of our model, the agreement
with the previous studies in [1-3] is quite good. There
had been some disagreement in literature about univer-
sality and the absence or existence of a four-body pa-
rameter, see e.g. [36-38]. Our RG results support the
conclusion that the four-body system is universal and in-
dependent of any four-body parameter.

An important shortcoming of the pointlike approxima-
tion is the absence of the shallower of the two tetramer
states. Obviously the pointlike approximation of the
three- and four-body sectors is not sufficient and in fu-
ture work one should include momentum dependent in-
teractions. From the energy spectrum in Fig. 1 it be-
comes also evident that the excited tetramer states can
decay into an energetically lower lying trimer plus atom.
The higher excited states in the four-body system are
therefore expected to have an intrinsic finite decay width
[2]. Whether this width has a universal character still
remains an opened question as well as in which way the
corresponding imaginary coupling constants will change
the RG analysis.

The inclusion of the full momentum dependencies in the
three- and four-body sector seems to be a rather compli-
cated task. In the effective field theory study of the three-
boson system the introduction of a dynamical dimer field,
often called the di-atom trick [7], has been a decisive step
towards the exact solution of the three-body problem.
From this perspective we suggest that the inclusion of a
dynamical trimer field in the effective action might help
to simplify the momentum dependent calculation.

The four boson system remains still a subject with many
open questions. With our RG analysis in the point-
like approximation, we made the first step towards a
renormalization group description of the four-body prob-
lem supplementing the previous quantum mechanical ap-
proaches. From this perspective this work provides a
starting point for a deeper understanding of universality
in the four-body problem.
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Appendix A: The trimer approximation and
rebosonization

In this appendix we will apply the rebosonization
method developed in [40] to our model (2). We intro-
duce an additional trimer field y, representing the bound
state of three bosons, which then mediates the atom-
dimer interaction. A similar procedure had already been
used long time ago by Fonseca and Shanley [17] in the
context of nuclear physics and was recently employed by
us in [28, 29] for the treatment of the three-component
Fermi gas. There are several reasons for employing this
procedure. First, it is useful to reduce the number of res-
onances one has to integrate through in the RG flow. In-
stead of calculating the divergent coupling A4p one only
has to calculate zero-crossings of the trimer energy gap
which is numerically much easier to handle. Secondly, by
the introduction of a dynamical trimer field one may be
able to mimic some of the complicated momentum struc-
ture of the atom-dimer interaction in a simple way which
could probably be sufficient to find the missing tetramer
state in our calculation. The third point is of a more tech-
nical nature and concerns the method of rebosonization,
which we will employ here in a quite extensive manner.

In the three-body sector the real atom-dimer coupling
Aap exhibits divergencies when the energy gap of the
fundamental atoms Fy, is tuned such that one hits the
trimer bound state in the IR. In the static trimer approx-
imation, the coupling A4p is mediated by the exchange
of a trimer field x with the non-dynamical, inverse prop-
agator P, = mi7 which can be depicted as

The trimer field x ~ ¢ is introduced on the microscopic
scale by a Hubbard-Stratonovich transformation and our
ansatz for the effective average action, motivated by the
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10
resulting classical action, reads
Do = (v - A+ B
x

* A *
+¢ <A¢(8T - 5) +mi> o+ x mix

+}—2L(¢*1/)¢ + oY) + Aapd YT ip
+9(X* ¢ + xd*Y*)

+A(0*8)% + B(¢" D dutp + dppg™ Y ™)
FYPTP P pPp 4+ 1 XY XY
+oa(X Y b + xpTP™)

+o3(X Y PPy + xPp P ")}

The Yukawa interaction g couples the trimer field to the
dimer and atom field. The §; are the additional U(1)
symmetric four-body couplings which are generated by
quantum fluctuations. All other possible couplings can
be shown to stay zero during the RG evolution provided
they are zero at the UV scale. Also the coupling Aap
is regenerated through a box diagram in the RG flow.
However, it is possible to absorb all these emerging cou-
plings by the use of the rebosonization procedure.

For this matter we promote the trimer field x to be ex-
plicitly scale dependent, x — xx, X* — Xj, and the Wet-
terich equation generalizes to

(A1)

, 1 -1,
dka[@k] = iTr (FLZ)[q)k} JrRk) O Ry

+ <irk[<1>k]) N Pr, (A2)

0Py,
where ®; now includes all fields including the trimer
fields (x, x*). The additional term in the generalized flow
equation (A2) allows for the absorption of the reemerging
couplings since one has the freedom to choose the scale
dependence of the trimer fields as a function of fields. In
order to continuously eliminate the couplings Aap and §;
we choose

Okxk = ¢VCak + UV XKV k
F PPCe k. + VT PYYCa ks
Oxe = UV Cak +VXRV ook
PP ¢ (o + PP P Y (o (A3)

Upon inserting Eq. (A3) into the generalized Wet-
terich equation (A2) the condition that the flows of Aup
and §; vanish leads to

_ Bk/\AD _ ak61
Ca - = 2 ) b— — 2
g 2m3,
002 Okd3 + g
= ——= = ——— A4
Cc mi ;G mi ( )

When one calculates now the flow equations of the re-
maining flowing couplings by projecting Eq. (A2) onto
them, one obtains new contributions due to the presence
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of additional terms arising from Eq. (A3).

In our static trimer approximation the trimer field has no
dynamical propagator and the model given by Eq. (A1)
is completely equivalent to the two-channel model in Eq.
(2). Furthermore, no regulator has to be specified for
the trimer field since in our approximation the original
atom-dimer coupling Aap is solely replaced by g*/mj.
At this point it already becomes clear why the modified
flow equations will be easier to handle numerically: in-
stead of calculating a divergent Asp in the three-body
sector one has only to deal with zero crossings of m)zc at
the values of k where originally A4p had divergencies.
The modified flow equations are given by

Og = Oigla, +miCa,
0 = 0iBle, + 9¢e,
Oy = 0yle, + 29G4, (A5)
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where the first terms in the flows are the original flow
equations with the trimer field taken to be scale indepen-
dent. In fact, by expressing all flow equations in terms
of the coupling G = g2 one can also get rid off the prob-
lematic g in the denominator of (, in Eq. (A4). We
point out that the static trimer approximation allows to
calculate easily the three-body sector. In the four-body
sector the original divergencies of A4p still appear since
trimers x appear in the corresponding flow diagrams and
therefore one has to deal with terms ~ 1/ mi For this
reason it had been essential to perform the complex ex-
tension described in Section V. Finally, the bound state
spectrum of the trimers can be computed by calculating
the poles of the trimer propagator, mi(k =0,Ey) =0,
in a straightforward manner.
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Efimov physics from the functional renormalization group

Stefan Floerchinger - Sergej Moroz - Richard Schmidt

Abstract Few-body physics related to the Efimov effect is discussed using the functional renormalization
group method. After a short review of renormalization in its modern formulation we apply this formalism to
the description of scattering and bound states in few-body systems of identical bosons and distinguishable
fermions with two and three components. The Efimov effect leads to a limit cycle in the renormalization
group flow. Recently measured three-body loss rates in an ultracold Fermi gas of °Li atoms are explained
within this framework. We also discuss briefly the relation to the many-body physics of the BCS-BEC
crossover for two-component fermions and the formation of a trion phase for the case of three species.

Keywords Efimov effect - Functional renormalization - Limit cycle

1 Introduction

The physics of two or three non-relativistic particles that can scatter of each other or form bound states can
be well described by quantum mechanics. Nevertheless, we present here an approach to these problems that
is based on a method borrowed from the modern formulation of quantum field theory. Why should this be
useful? There are several reasons. First, to better understand few-body physics it is desirable to have several
different approaches at hand. Intuitive pictures and quantitative results can be compared and improved.
Second, by applying powerful but also involved methods to rather simple problems one can also learn
how to improve these methods. Also, by establishing a unified description of different physical phenomena
(possibly on very different energy scales) one can hope for fruitful interference between different fields.
Some universal aspects might even be transferred directly. Finally, for the field of ultracold quantum gases
one has the very concrete advantage that functional renormalization can not only be applied to few-body
problems but allows in a very similar way also the description of many-body phenomena.

Our formalism uses the quantum effective action I"[i] which is a functional of the field y(t, x) repre-
senting in our case non-relativistic particles. Formally speaking, the quantum effective action I'[y] is the
generating functional of one-particle irreducible Feynman diagrams. This means that tree level expressions
for scattering amplitudes are exact when the vertices and the propagators are obtained from functional
derivatives of I'[y]. In some sense the effective action I'[¢/] is similar to the microscopic action S [¢] but
with the difference that all quantum and statistical fluctuations are included. Variation of I"[] with respect
to ¢ yields exact equations. The functional form of I'[] and the connection to scattering and bound state
properties will become more clear below. Here we remark that for a generic interacting field theory the
calculation of I'[] is non-trivial. A method for this task is provided by functional renormalization.
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A particularly interesting feature of few-body physics relevant for experiments with ultracold quantum
gases is universality [1]. Broadly speaking this means that for a large class of microscopic properties (such
as the interaction potential between two particles) the macroscopic, low-energy properties are independent
of the microscopic details and depend only on a few parameters. In particular if the scattering length is large
compared to the effective range of the interaction potential the macroscopic properties can be equivalently
calculated from a contact potential (with a vanishing range). In a renormalization group picture universality
manifests itself as a (partial) fixed point. A large class of microscopic theories is attracted towards the same
RG trajectory during the flow towards the infrared. The low-energy properties of the whole class can be
characterized in terms of one representative which is for simplicity chosen to be the contact potential. For
this case the microscopic or classical action has a particularly simple form. For a single boson field ¢ (as
appropriate to describe identical bosons) it reads

) 1 .
S = fdrffﬁx {zp* (a, - ;m —y)¢+ E/lw(zp*epf}. (1)

The microscopic interaction strength 4, will later be related to the s-wave scattering length a. We use in
Eq. (1) a formulation with imaginary time 7 which is integrated from O to 1/7 in the Matsubara formalism.
We also introduced a chemical potential u. Although we are interested here only in the few-body properties
in vacuum, i.e. for vanishing temperature 7 = 0 and particle density n = 0, the generalization to many-
body physics at nonvanishing temperature is possible and straightforward in principle by adjusting u and
T. Real-time properties can be obtained from analytic continuation ¢ = ir. Throughout this paper we will
use natural units with 7 = kg = 1. In addition we measure energies in units of momentum squared which
leads to 2M,, = 1.

Signatures of universality also arise in few-body physics related to the Efimov effect [2]. A remarkable
feature which underlies the Efimov effect is the presence of a discrete scaling symmetry. Specifically,
at the unitarity point, where the scattering length diverges, the solution of the Efimov problem remains
invariant (self-similar) under rescaling of length by integer powers of some discrete scaling factor. In the
renormalization group language the discrete scaling symmetry is reflected in a renormalization group flow
that periodically traverses a closed orbit, a so-called limit cycle [3]. Limit cycles encode the essence of
the Efimov effect and broaden the concept of few-body universality introduced in the previous paragraph.
Recent experiments with ultracold atoms (for a summary see [4]) provided the first clear evidence of how
Efimov physics is realized in nature.

Since the three-body sector develops a renormalization group cycle scaling at the unitarity point, one
must provide a proper ultraviolet initial condition for the three-body interaction, which is dictated by the
details of the microscopic physics such as for instance the underlying interatomic potentials. Phrased in
RG language, the limit cycle scaling implies that a three-body term ~ A3(4*¥)* has a complex anomalous
dimension and is exactly marginal at unitarity. For these reasons a three-body interaction term must in
principle be included in the microscopic action (1). In the main part of this work we do, however, not
concentrate on the direct comparison with particular experiments in which case the microscopical details
and correspondingly a three-body term would become of relevance. For the sake of simplicity we tune the
three-body parameter A3 to zero which is why such a term is not included in the microscopic action (1). In
this simple setting all three-body correlations are generated during renormalization group evolution. Only
in section 6, where we compare our findings with recent experiments with three-component fermionic °Li
atoms, the three-body term becomes a part the microscopic description.

This paper is organized as follows. In section 2 we give a short introduction to the functional renor-
malization method with emphasis on the non-relativistic few-body problem. In section 3 we discuss the
problem of two identical bosons with contact interaction as well as the problem of three identical bosons
at a broad Feshbach resonance where the scattering length diverges. The subsequent section 4 is dedicated
to a system of fermions with two species (e.g. hyperfine states). We discuss how the renormalization group
flow equations are modified compared to the case of bosons in the few-body sector and sketch how they
account for the BCS-BEC crossover physics at non-zero density. Section 5 contains a discussion of our
renormalization group treatment for a system with three fermion species. We assume that the fermions
have equal properties (apart from their hyperfine spin) and that there is a common Feshbach resonance for
all particles leading to a global SU(3) symmetry. We generalize this model to the case where the resonances
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occur at different values of the magnetic field in section 6. In this setup we explain three-body loss rates
recently measured in experiments with 5Li atoms [53,6]. Finally, we draw our conclusions in section 7.

2 Method
2.1 Functional renormalization group

Functional renormalization is a modern realization of Wilson’s renormalization group concept which is
used in quantum and statistical field theory, especially when dealing with strongly interacting systems (for
reviews see [7]). The method combines functional methods of quantum field theory with the physically
intuitive renormalization group idea. The main motivation for its development was the observation that
it is often more useful and transparent to perform the integration of quantum fluctuations in continuous
steps rather than doing it at once. The renormalization technique allows to interpolate smoothly between
the known microscopic laws and the complicated macroscopic phenomena. In this sense, it bridges the
transition from simplicity of microphysics to complexity of macrophysics.

In quantum field theory a particular useful quantity is the effective action I” which is a direct analogue of
the classical action functional S . It depends on the fields of a given theory and includes all quantum fluctua-
tions. For a generic interacting field theory the effective action I', however, is difficult to obtain. Functional
renormalization provides a practical tool to calculate I employing the concept of renormalization group.

The central idea of functional renormalization is the introduction of a scale-dependent effective action
functional I often called average action or flowing action. The average action Iy interpolates smoothly as
a function of the RG sliding scale k between the known microscopic action S and the full quantum effective
action I". The dependence on the sliding scale k is introduced by adding an infrared regulator term to the
microscopic action. This regulator term has the purpose to suppress fluctuations below the scale k and it is
introduced by defining (for a bosonic field i) the k-dependent Schwinger functional W[J]

Wil — f DY S48+ [ 10 )

The difference to the standard QFT Schwinger functional W[J] is the additional term A4S «[¥] in the expo-
nential in Eq. (2). 4S Wl s quadratic in the fields and in momentum space it reads

ASk[‘Z’]:LJ’*(Q)Rk(Q)J’(Q)- 3)

.. _ _ . 1 00 _ 1 3
We use the abbreviations Q = (qo,q) and fQ = fqo fq with fqo = 5 f_m dgo and fq = G fd q. The
infrared regulator function R;(Q) is not fixed in the unique way, but must satisfy three important conditions.
First Ry(Q) should suppress infrared modes below the scale &, i.e.

Ri(0) ~ k2. 4)

This adds effectively an additional masslike term to the particle suppressing its propagation if its momentum
is below the RG scale k. Second, the regulator must vanish in the infrared

]lci_)mORk(Q) =0. &)

With this condition it is guaranteed that Wy equals the standard, exact Schwinger functional W in the
infrared, W = W;. Finally, we should recover the classical action in the ultraviolet and thus we demand

Jim Ri(Q) = co. ©)

Apart from these requirements, the regulator can be chosen arbitrarily. Nevertheless, it is recommended to
pick the regulator carefully depending on a concrete physical problem. Moreover, one should better choose
a regulator that respects as many symmetries of the studied problem as possible. For our purpose it is
convenient to choose Ry (Q) = Ri(q) independent of the frequency argument gg. Often, R;(q) is chosen to
decay for large q*> > k. As we have seen, in Eq. (2) the regulator R suppresses fluctuation modes with



228 APPENDIX F. LIST OF PUBLICATIONS

4 Stefan Floerchinger et al.

caoA Fg=r =S

[y—o =T

>
C1
Theory space

C3...Cp,

Fig. 1 Renormalization group flow in the theory space of all possible couplings allowed by symmetries. Different trajectories corre-
spond to different choices of the infrared regulator Ry.

momenta q> < k? by giving them a large “mass” or “gap”, while high momentum modes are not (or only
mildly) affected. Thus, Wy includes all fluctuations with momenta q2 > k2.

The flowing action Iy is now obtained by subtracting from the Legendre transform of the Schwinger
functional,

ilyl = lel’— WilJ] (7N
with ¢ = §W;[J]/6J, the cutoff term
Iy = Tily] - A4Sy, 3)

The reason why the flowing action I'[y/] is the central object to study is that it obeys the elegant and
exact functional flow equation

1
wum:fﬁm&aﬁw+&ﬂ, 9)

derived by C. Wetterich in 1993 [8]. Despite its compact form, the flow equation governs the full quantum
dynamics. In Eq. (9) dx denotes a derivative with respect to the sliding scale k at fixed values of the fields.
The functional differential equation for I';[¥/] must be supplemented with the initial condition ;4 =
S, where the “classical action” S[y] describes the physics at the microscopic ultraviolet scale k = A.
Importantly, in the infrared limit & — O the full quantum effective action I'[y] = I'y_o[y] is obtained. In
the Wetterich equation STr denotes a supertrace operation which sums over momenta, frequencies, internal
indices, and different fields (taking bosons with a plus and fermions with a minus sign).

Itis important to note that the exact flow equation for I'¢[/] has a one-loop structure. This is a significant
simplification compared for example to perturbation theory, where all multi-loop Feynman diagrams must
be included. Note however, that Eq. (9) is a nonlinear functional differential equation. Indeed, on the right-
hand side in the denominator appears the second functional derivative I ,((2) [¥]. Due to that it is usually not
possible to find closed solutions to Eq. (9) in an analytical form.

To make the implications of (9) more transparent we write the flowing action as an expansion in some
complete set of operators

Lyl = ) ¢, Oy, (10)
n=0

The renormalization group evolution of I traces a trajectory in the theory space, which is the infinite-
dimensional space of all possible couplings {c,} allowed by the symmetries of the problem. As schemat-
ically shown in Fig. 1, at the microscopic ultraviolet scale k = A one starts with the initial condition
I'i=q = §S. As the sliding scale k is lowered, the flowing action I'; evolves in theory space according to
the functional flow equation (9). Accordingly, different couplings {c,} become running or flowing under
the renormalization group evolution. The choice of the regulator Ry is not unique, which introduces some
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scheme dependence into the renormalization group flow. For this reason, different choices of the regulator
Ry correspond to the different paths in Fig. 1. At the infrared scale k = 0, however, the full effective action
I't—o = I is recovered for every choice of the cutoff R, and all trajectories meet at the same point in the
theory space.

2.2 Non-relativistic few-body problem

As was mentioned above we use here a field-theoretic formalism with which also many-body problems
in thermal and chemical equilibrium can be addressed. In this setup the properties of a few particles such
as scattering amplitudes and binding energies are encoded in the n-point correlation functions in vacuum.
The projection of the effective action I onto the vacuum state was developed in [9,10]. It amounts in
cooling the system (T — 0) and making it dilute (» — 0) in such a way, that the temperature 7" always
stays above its critical value in order to avoid many-body effects (e.g., Bose-Einstein condensation). The
chemical potentials of different particles in a given problem are related to their binding energies measured
with respect to some reference energy level. As usual in non-relativistic physics the absolute energy scale
can be shifted, and it is often convenient for us to fix it such that the lowest energy excitation (lowest energy
n-particle bound state) has a vanishing energy.

All few-body systems discussed here are translation invariant, i.e. no trapping potential is considered.
Moreover, they are invariant under space-time Galilei transformations, which restricts the form of the non-
relativistic propagator of a field ¢ to be a function of the combination 8, — V2 of temporal and spatial
derivatives (we recall that in our units 2M,, = 1). In addition, all systems possess an internal U(1) symmetry
associated with particle number conservation.

As was discussed in detail in [10,11,12,13], numerous mathematical simplifications appear in few-
body problems compared with more complicated many-body problems. For instance, all Feynman diagrams
with loop lines pointing in the same direction necessarily vanish. This simplification originates from the
fact that there are only particles, but no antiparticles or holes as excitations of the non-relativistic vacuum.
As aresult, a remarkable hierarchy of RG flow equations arises in few-body physics. The flow equations of
the n-body sector are not influenced by the higher-body sectors.! One can solve the two-particle problem
without any information about the three-particle problem and so on. We note that the presence of this
hierarchy makes the systematic vertex expansion, discussed in Sec. 2.3.2, very useful for the treatment of
few-body problems. The generally applicable strategy thus is to solve n-body problems subsequently by
starting with the lower (one-particle, two-particle) sectors and proceeding to the higher ones.

2.3 Truncations

In most cases of interest the flow equation (9) can only be solved approximately. Usually some type of
expansion of I is first performed, which is then truncated at finite order leading to a finite system of
ordinary differential equations. The choice of a suitable expansion scheme should be physically motivated
and depends on the given problem. The expansions do not necessarily involve a small parameter (like an
interaction coupling constant or 1/N) and thus they are, in general, of nonperturbative nature. Here we
describe two different expansion schemes that we used for studying few-body quantum problems with
functional renormalization.

2.3.1 Derivative expansion

A particularly simple truncation scheme is the derivative expansion. One expands the flowing action in
terms with increasing number of spatial and temporal derivatives.? As an example consider bosons with the

' The n-body sector is defined here as the set of one-particle irreducible 2n-point functions expressed in terms of the elementary
y-fields. For a detailed discussion of the few-body hierarchy as well as a general proof of this feature see [13].

2 Due to the non-relativistic nature of the problem we can assign to the derivatives the scaling dimensions [V] = 1 and [0;] = 2
which corresponds to the dynamical critical exponent z = 2.
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microscopic action given in Eq. (1). In the derivative expansion the ansatz for the flowing action is

Iyl = f {0 v + 20000+ 220 (T
(11)
VI 0D+ Vol 0V + Ve~V + }

Similar to the effective potential Ui ("), being a function of ¥*y, the coefficients Z; and V; are functions
of the scale parameter k£ and depend in principle also on the U(1) invariant combination *i. Besides higher
order derivatives also terms of the form y*y(—V?2)"y*y will appear in Eq. (11).

The derivative expansion is particularly useful for the investigation of many-body problems [7]. In
problems where bound state formation plays a role one expects that the derivative expansion in the form
(11) is not particularly useful. The reason is that one expects in this case a pole in the effective four-point
correlation function. Extracting this object from Eq. (11) by taking the appropriate functional derivatives,
one finds that it is given by a combination of terms with different frequency and momentum dependence.
However, all these terms are regular and any finite number of them cannot account for a bound state pole.

For this reason, instead of working with the microscopic action in Eq. (1) it is sometimes useful to
perform a Hubbard-Stratonovich transformation. One adds a term that is quadratic in the complex auxiliary
field ¢. The action becomes

S = f {w*(aT = V2 =y + 34,9
X (12)
(0 =y w3 (o - Lruw).
Since the action for ¢ is Gaussian, the field ¢ can be easily integrated out. Hence, the action (12) is equiv-
alent to the original action (1), and under the condition
/’l2
2
My

+12, =0, (13)
the interaction term ~ Ay is cancelled. The resulting theory is of the Yukawa type

$= [ 0@ - - - n@ww+ v v o)+ s i) (14)

It is possible to investigate the theory in this form using a derivative expansion for the original field ¢ as
well as the composite auxiliary (dimer) field ¢. This will be described in more detail below.

For some purposes it is useful to do the Hubbard-Stratonovich transformation not at a single scale but
in a k-dependent way. This is advantageous in particular when the interaction parameter that develops a
bound-state pole is due to fluctuation effects and emerges from the functional renormalization flow. An
exact flow equation that realizes such a scale-dependent Hubbard-Stratonovich transformation has been
derived [14,15]. For a discussion of this approach to the treatment of bound states in the context of non-
relativistic physics see ref. [16].

2.3.2 Vertex expansion

As we advocated in Sec. 2.2, a systematic vertex expansion of Iy is especially suitable for studies of few-
body problems. The vertex expansion is an expansion in powers of fields, i.e. schematically

I'n= ka(n) =I2)+ 3+ T4+ ..., (15)
n=2

where n represents the number of fields in the monomial I'y(n). We dropped I+(0) in (15) which encodes
the ground state energy of the non-relativistic (Fock) vacuum. The term linear in fields is absent due to
U(1) symmetry. It is important to stress that, even if absent in the microscopic action S = I';=,, the vertices
I'y(n) become in general nonlocal in position space during the RG flow. Assuming translation invariance it
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is convenient to Fourier transform to momentum space, where the monomials 7'y (n) are functions of n — 1
kinematically independent momenta and energies. At the infrared scale (k = 0) this kinematic dependence
of I' directly translates into energy and momentum dependence of scattering and bound state properties of
the system.

To make this construction transparent we consider the example of bosons described by the microscopic
action S in Eq. (1). The term I'x(3) vanishes in this case, and the vertex expansion in Eq. (15) starts with
the terms

Ii(2)= f W (Q)P(QW(Q)
- (16)
Ii(4) = 3 f 0 (01, Oz, Q)W (O (ODW(O3)Y(Q1 + Qs — 03),

where P, (Q) is the scale-dependent inverse propagator and 4,(Q1, Q2, Q3) is the nonlocal scale-dependent
four-particle vertex. Due to the U(1) particle number symmetry only terms with equal number of  and ¥*
can appear in the vertex expansion.

3 Identical bosons

In this section we investigate the few-body physics of identical bosons interacting via a contact interaction.
The hierarchy of flow equations introduced in section 2.2 turns out to be extremely useful as it allows us
to tackle few-body problems step by step. Completely detached from higher n-body sectors we can first
analyze the flow equations describing a single particle, then proceed to the two-body sector followed by
the three-body system. For solving the n-body problem we only need the solution of the m-body systems
with m < n.

3.1 Two-body problem

The interacting bosons are governed by the microscopic action in Eq. (1). In the following it will be useful
to switch to the formulation after the Hubbard-Stratonovich transformation in Eq. (14).

In order to apply the functional renormalization group equation (9) we first have to choose a truncation
for the effective flowing action I'y. We choose a vertex expansion as introduced in Eq. (15), which, up to
third order in fields, reads in momentum space

Fk(2)=Lw*(Q)(iq0+q2—/Jw)lﬁ(QHfQW(Q)qu(Q)qﬁ(Q),

h
I'y(3) = 3 f (9" QY (O (Q3) + (Y (Q)Y " (03)10(Q1 — Q2 — 03). (17
01,02,03

We stress that I'x(2) and I'x(3) do not have the most general form compatible with Galilean and global U(1)
particle number symmetry. This would include a general inverse atom propagator Py (Q) and a momentum
dependent Yukawa coupling h(Q1, Q»). However, using the special properties of the vacuum one can show
that neither Py(Q) nor h(Q;, Q2) get renormalized. Indeed, the condition of vanishing density implies
that the poles of the propagators with respect to the frequency argument gy are restricted to the upper
complex half-plane. Therefore diagrams with all internal lines pointing in the same direction (we call these
diagrams ‘cyclic’) have integrands whose poles lie in the upper complex frequency half-plane. By closing
the integration contour in the lower half-plane one finds that the corresponding expressions vanish.

Let us investigate now the renormalization of the two-body sector. Here, we have to consider the cou-
plings A, Ay, and the inverse dimer propagator Py. At the UV scale, k = A, the contact coupling 4, vanishes
because it has been replaced by the dimer exchange interaction in the Hubbard-Stratonovich transforma-
tion. Yet there is the box diagram corresponding to the S-function 6,4, schematically shown in Fig. 2 (left).
This diagram potentially regenerates A, during the RG flow. It is however cyclic and thus one has 4, = 0
during the whole RG flow. The only possible diagram renormalizing the Yukawa coupling % contains the
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N
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Fig. 2 The beta functions of the coupling 1, (left) and the dimer propagator P (right) depicted schematically as one-loop Feynman
diagrams. The arrows in Feynman diagrams correspond to flow of particle number associated with U(1) symmetry.

vertex Ay, which is zero. For this reason also / is not renormalized, and one is left with the flow equation
for the inverse dimer propagator Pys(Q). For this reason, the truncation (17) is complete to third order in
fields.

The diagram renormalizing Py is shown in Fig. 2 (right) and can be written as follows:?

2 - h?
o,P = - 0, s 18
WO =-3 Lf (Py(L) + Ry(D)(Py(Q — ) + Ry(Q - L)) (%)
with p = 1 for bosons ,*
Py(0) = igo + q* — uy (19)

and R, (Q) denotes the atom regulator. In Eq. (18), the symbol d; represents a formal ¢ derivative that hits
only the cutoff R,(Q). For the choice of R, we follow [10,11] and choose a frequency and momentum
independent cutoff of the simple form R, = k2. It turns out that this masslike regulator allows a relatively
simple, analytical integration of the flow equation (18). The two-body problem has also been solved ana-
lytically using the so called optimized Litim cutoff by Birse [17]. In contrast to the k* regulator, the Litim
regulator breaks Galilean invariance such that symmetry restoring counterterms have to be inserted in the
Uv.
First we perform the frequency loop integration in Eq. (18) with the help of the residue theorem:

2 Bl - >
8,Ps(Q) = —
Po(@) = =37 pJ @n? ige + P+ (- q)? - 2u, + 2R,
2h? &l 1
= 9 (20)

34p ') @aYigo+ P+ (- q?—2uy +2R,

In the second line we replaced d; with d,. The tilde indicates that the derivative acts only upon the k-
dependence of the regulator. We are allowed to drop the tilde as neither the Yukawa coupling 4 nor the atom
propagator Py is renormalized such that only the regulator term exhibits a k-dependence. This permits to
perform the 7 integration of the flow equation from the UV scale ryy = 0 to the IR scale fir = —oo. Using
the specific values of the regulator R, (fir) = 0 and Ry (tuv) = A? we obtain

PR(Q) - P3Y(Q)

B 2h2fd3l 1 1
3+ p) o3 \igo+ P+A-q)%—2uy  igo+ P+ (- q)% - 2uy +2A2

R fdl P 2
34pJ W P (2 %)) PA(L T gy 42

h? iqp  q?
SR Y (7 Y o LI IR 21
4n(3 +p)(A 2 * 4 Ha) @D

3 Here we use the logarithmic, dimensionless RG scale ¢ = In % such that 9, = k0.

4 The scattering physics of two distinguishable particles such as two fermions with opposite spin can be solved analogously with
p=-1[11].
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In the first line we get rid of the angular integration by substituting 1 — 1—q/2 and the last identity assumes

A >> |yl 1dl, Igol-
At this point we have to fix the initial condition for P};V at k = A in order to obtain the physical inverse

propagator P;R at k = 0. The momentum and frequency independent part of the inverse dimer propagator
at the microscopic scale can be written as
ng =6v+v(a). (22)

The physical properties determined by the inverse infrared propagator P:/,R, should be independent of the
cutoff scale A. From Eq. (21) we see, that this condition determines the term §v,
/’12

Furthermore, as the composite dimer ¢ mediates the interaction between atoms, P{,,R has to correctly de-
scribe the scattering physics characterized by the s-wave, zero-range scattering amplitude

1
f@=—=" (24)
-a ! —ig
where E = 2q? is the total energy of the two scattered atoms with momenta +q respectively. The scattering
amplitude is in turn connected to P},)R. A simple tree level analysis shows

1 h?

0)=-a= ———,
f( ) 161 P;R(O, Onulll — 0)

(25)
where the dimer propagator is evaluated for vanishing frequency and momentum. At this point it is im-
portant to note, that when describing the s-wave scattering of atoms one deals with atoms at the energy
threshold in the in- and outgoing states. For this reason it is necessary to work at vanishing atom energy,
Hy = 0. Taking this into account we are in the position to determine v(a). Evaluating Eq. (21) for vanishing
momentum, energy and atom gap , we find

h? 1
-———
473 + p)

We finally arrive at the solution of the two-body problem encoded in the exact infrared inverse dimer

prOpagatOI‘
¢ ¢,k=0 ( ) a /ulp . 2 '

This propagator also recovers — after performing the Wick rotation to real energies — the exact (s-wave)
zero-range scattering amplitude in Eq. (24).

Quantum mechanics predicts the existence of a universal, weakly bound dimer state for two particles
with an interaction characterized by a large, positive scattering length a. Its binding energy can be extracted
from a pole of the T-matrix at negative energy. In our approach the T-matrix is given by

hZ
PIR(0,0. 1 = E/2)

v(a) = (26)

7(E) = -

(28)

and finding its pole therefore corresponds to solving prR(O, 0, uy) = O for the atom gap —p,, > 0. This leads

to
1

iy
As the dimer consists of two atoms we find for its binding energy

h2
Cma?

a =

(29)

2
Ep =2py = — Ep = (30)

The second equation is expressed in conventional units and is the well-known universal relation for the
binding energy of the shallow dimer. The determination of y, takes care of the correct vacuum limit. The
atom gap p, < 0 is fixed to the value where the dimer becomes gapless in the infrared. This reflects that
for a > 0 the dimer is the two-body ground state of the system.
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/
Q7

Fig. 3 Kinematics of the vertex /13(Q‘f, Qf, E) in the center-of-mass frame. The atoms and dimers have momenta Q‘f = (Ey1,q1) »
0} = (~Ey1 + E.~qp) and Q) = (Ey2. q2), 0 = (~Ey2 + E, ~q).

3.2 Three-body problem

In order to treat the three-body system of identical bosons within the vertex expansion scheme, we extend
our truncation (17) by the term

Iy(4)=- f 3(01, 02, 03)3(Q1Y(Q2)¢" (03¢ (02)6(Q1 + Q2 — O3 — Q4) (31)
01,..04

with A3(Q1, 02, O3) denoting the atom-dimer vertex. For simplicity we restrict our discussion to unitarity,
a™' = 0, and demonstrate how Efimov physics emerges from the renormalization group flow equation for
the atom-dimer coupling A3(Q1, O2, 03).

First consider the kinematics of the atom-dimer scattering. The 1PI vertex A3(Q;, Q», QO3) depends on
three independent energies and spatial momenta. In the following we work in the center-of-mass frame and
take the incoming atom and dimer to have momenta q; and —q;, and energies Ey; and E — Ey;;, while the
outgoing particles have momenta ¢, and —q and energies Ey, and E—E,. In the following the atom-dimer
vertex will be denoted by 23(0Y, 0¥, E). The kinematics is summarized in Fig. 3.

The closed exact solution of the two-body problem, presented in the previous subsection, provides a
simple strategy for the derivation of the renormalization group flow equation for the atom-dimer vertex.
In principle, one can introduce completely independent regulators R, and Ry for the atoms ¢ and dimers
¢. Nevertheless, since the presence of the cutoff R, does not alter the solution of the two-body problem,
we choose for the atoms the Galilei-invariant momentum independent cutoff R, used in subsection 3.1,
and lower it first from R, = A to zero while keeping Ry fixed. As the result of this step the dimer inverse
propagator is renormalized according to Eq. (27). This also induces interactions between dimers, as for
example a term ~ (¢*¢)?. However, these interactions belong to the four-body and higher sectors. By virtue
of the vacuum hierarchy, they do not influence the flow of A3. Subsequently in the second step, only the
dimer cutoff is present and we lower R, from its UV value to zero. In the second step P, and Py, are fixed
according to Egs. (27) and (19). In this subsection we use a sharp cutoff for the dimer field,

1
Ry(Q.k) = P (Q)(——l)- (32)
’ VTS
The special feature of this cutoff is that the regularized dimer propagator takes the simple form
Ol - b (33)
Py(Q) + Ry(Q, k) Py(Q)
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Fig. 4 Graphical representation of the flow equation for the atom-dimer vertex A3. Full lines denote atoms ¢ and dashed lines dimers
¢. The shaded circle denotes the atom-dimer vertex A3.

Following the procedure described above we derive the flow equation for the atom-dimer vertex A3( Q‘f, Qw; E),
which is given by

ko (Il — k)

VoY, _ vor. (/%
8:43(Q", Q% E) = Lf PP, L+ Q)| CH @ L ML, O3 ) (34)
B n? v v n?
———A3(L, JE)+ A L E)——————
+2{Pw(—L+QT) 3(L, Q% E) + A3(Q )P¢(—L+Q‘§’)}
2 2
+A h h )],

Py(-L+ Q) Py(-L+ Q!

where Q = Q‘f + Q‘f =(E,0),A =1, B =2and C = 1. The graphical representation of this flow equation
in terms of one-loop Feynman diagrams can be found in Fig. 4.

Fortunately, at low energies and momenta the flow equation can be considerably simplified (for details
see [11]). After introducing the angle-averaged 1PI atom-dimer vertex

1

1 qi - q2
A3(q1,92,E) = — d(cos ) A3(q1, q2; E), s(6) = 35
391,92, E) = 77 L (cos 0)A3(q1, q2; E) cos(6) PArE (35
and transforming to the real-time formalism, the flow equation reads
23 + K
0:43(q1, g2, E) = - G+p) [C/l3(q1,k, E)As(k, q2, E) +
T 3k2 E .
T T IE
B
5 {A3(q1, k, E)YG(k, q2) + G(q1, k) A3(k, g2, E)} + AG(q1, k)G(k, g2) |, (36)
where we remind that for bosons p = 1, and the symmetric function G(g1, ¢») is defined by
1 GHp+qg— 5 —ie
Glg1,q2) = —— . (37)
44192 q11t49, —q1q2 — 5 — 1€

The infinitesimally positive ie term arises from the inverse Wick rotation and makes both Egs. (36) and
(37) well-defined. Note that Eq. (36) is independent of the Yukawa coupling / and thus is well-defined in
the broad resonance limit 7 — co.

The flow equation (36), obtained above, is quite complicated. In order to gain physical understanding,
we first employ a crude, but simple and intuitive pointlike approximation. In this approximation the 1PI
vertex A3(q1, g2, E) is replaced by a momentum and energy independent coupling A3. In the pointlike limit
the flow equation (36) takes the simple form
43+ A B
% i E/lf + C(AR? [+ 28, (38)

where the rescaled dimensionless coupling /l§ = A3k? is introduced. The right-hand side of this differential
equation is a quadratic polynomial with constant coefficients. The sign of its discriminant D determines
the behavior of the solution of Eq. (38). For the bosonic problem D ~ —7.762 and we obtain a periodic
solution of the form /l§ ~ tan[nt/T] with a period T’ = jf_D. Note that the renormalization group evolution
is governed by a limit cycle scaling. RG limit cycles are the manifestation of the Efimov effect. Indeed, we

8,45 = -
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can give the following intuitive interpretation of the periodic solution: During the RG flow we encounter
three-body atom-dimer bound states, which manifest themselves as divergences of the atom-dimer coupling
A% In the unitary limit there are infinitely many of these bound states, which are equidistant in a logarithmic
RG energy scale. In this way the continuous scaling symmetry is broken to the discrete scaling subgroup,
and the generalized universality emerges.
It is well-known that at the unitarity point, where the scattering length a diverges, the energy spectrum
of Efimov trimers forms a geometric series
Enat _ exp(=27/s0) (39)
E,
with E,;; and E, denoting neighboring bound state energies. The Efimov parameter sy is given by the
solution of a transcendental equation and one finds 5o ~ 1.00624 [1]. By dimensional arguments we can
connect the artificial RG sliding scale k*> with the binding energy E as E ~ k?. The proportionality factor
disappears in the ratio of the energies and hence the Efimov parameter can be read off from the RG period

2
ki1 _ B _ exp(=2T) = sy = z (40)
2 E, T

In the pointlike approximation we obtain so ~ 1.393, which differs from the correct result by 40%. Ob-
viously the simple pointlike approximation is too crude to get the correct quantitative agreement. Never-
theless it provides us with the qualitative picture of how the Efimov effect appears as limit cycles in the
functional renormalization group framework.

It is remarkable that for E = 0 the flow equation (36) can be solved exactly. Here only the main results
will be summarized while for details we refer to [10, 11]. In order to find the exact solution most easily we
perform the redefinition

JSit1, 12, E) =43 + p)q1q243(q1, 42, E) g1, 2) =43 + p)q192G(q1, q2) 41)
and introduce the connected, one-particle reducible atom-dimer vertex
fit1, 1) = pfi(t, 1) + g1, 1), (42)

where from now on we prefer to work with 1og,iarithms of momentat; = In(q;/A)and t, = In(g2/A). The RG
scale dependence of the atom-dimer vertex f;(¢1, f2, E) is denoted by the subscript . The renormalization
group flow equation and the initial condition for f; are given in matrix notation by

orf; = —%f? A f f=s (43)
where A; has matrix elements A;(t1,#) = 6(t — #1)0(t — t») and matrix multiplication denotes integration
over t. The formal solution of this differential matrix equation reads for ¢ € (—c0, 0)

-1

f,:(n%fodsg.As) g, (44)
T

where I denotes the identity matrix.
In the IR limit # — —oo, which corresponds to the integration of all quantum fluctuations, f = fi-_
solves the following matrix equation
F=g+—Lg-f (45)
3r
This is the well-known integral equation for the amputated, connected Green’s function obtained by Skor-
niakov and Ter-Martirosian more than fifty years ago [18].

For illustration purposes we discretized Eq. (44) and solved it numerically. A series of cartoons of
the RG evolution of the 1PI vertex f(t;,#,) is depicted in Fig. 5. In the UV we start with a simple initial
condition f;(#;, ) = 0 and observe how a periodic structure (with period Tspaiar = 6.2) gradually develops.
This intricate periodic landscape is completely missed in the pointlike approximation which corresponds
to a planar landscape with no #; and 7, dependence. The RG evolution of the point f;(#; = 0,#, = 0) of the
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Fig. 5 The RG evolution of the momentum dependent modified vertex fi(t1,%) = 4(3 + p)q19243(q1, g2, E). Spatial momenta 7y,
t> and the RG time ¢ are discretized to N = 50 intervals with a step 4t = 0.4. The cartoons correspond to the descritized steps
10,25, 35, 50.

100 ~ : . ; 5
sof ° ]

° ® *
ft 0‘ .\.“ .\_ \..
-50} . . ‘ ;
~100 - : : : :
-8 -6 —4 -3 0

t

Fig. 6 Numerical evolution of the point fi(f; = 0,7, = 0) with the RG time 7. Renormalization group develops a limit cycle with a
period Tyemp ~ 3.1

landscape is depicted in Fig. 6. Similar to the solution obtained in the pointlike approximation we observe
“temporal* oscillations. The period of these oscillations Tieyp =~ 3.1 which leads to the Efimov parameter
So = T‘:“p ~ 1.0. This is in a good agreement with the “exact” result so = 1.00624 obtained from the
quantum mechanical treatment and is only limited by our numerical accuracy.

4 Two-component fermions
4.1 Few-body problem

The solution of the two- and three-body problem, presented in the previous section, can be straightfor-
wardly extended to a system consisting of two fermion species with equal masses My, = My, near a broad
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Feshbach resonance described by the Euclidean action

S = f {%(37 = V2 — 1 + ¢" Py — h(¢™ Y + tﬁ?/"{‘f’)}- (46)

Here, the two species of elementary fermionic atoms i1, ¥ are described by Grassmann-valued fields, and
¢ is a composite bosonic dimer with the inverse propagator Ps. Wherever equal indices appear summation
is implied. Note that in Eq. (46) the dimer ¢ is just an auxiliary field which has no own dynamics, i.e. its
inverse propagator Py = Py -4 is a constant. This fermionic system has a global SU(2) xU(1) internal sym-
metry with (¥, i) transforming as a doublet and ¢ as a singlet of the SU(2) flavor subgroup. Two-species
fermion systems (46) near a broad Feshbach resonance have for example been realized experimentally
using two hyperfine states of ®Li or “°K ultracold atoms.

The two-body problem can be solved analytically following the very same route that we have taken for
bosons in subsection 3.1. The only difference for fermions consists in setting p = —1 in Eqs. (18)-(27).
Similar to bosons, for a > 0 there is a universal dimer bound state with the binding energy given by Eq.
(30).

The solution of the fermionic three-body problem is also directly analogous to the computation for
bosons, presented in subsection 3.2. For two-component fermions one arrives at the flow equation (34)
with coefficients A = 1, B = —2 and C = 1. The solution of this flow equation is, however, qualitatively
very different from the bosonic case. This can be understood already in the pointlike limit, where the flow
equation is given by (38). Crucially, for fermions the discriminant D is positive. We find D = 9.881, and the

solution of the flow equation is of the form /l§ ~ tanh (‘/Tﬁ(t + K)), where « is fixed by the initial condition.

The solution in the pointlike approximation approaches fixed points in the IR and UV. The numerical
solution of the full RG flow equation (34), detailed account of which can be found in [11], supports this
finding. In summary, the renormalization group flow does not develop a limit cycle scaling and there is no
Efimov effect in the three-body problem for two-component fermions with equal mass.

4.2 Many-body physics

Although the few-body physics of two-component fermions of equal masses is not as rich as for the case of
identical bosons, this system exhibits interesting many-body physics [19,20]. We concentrate on the case
of equal densities pt = uy, = uy,. For small negative scattering length a — 0_ BCS theory becomes valid.
Many-body quantum fluctuations lead to spontaneous U(1) symmetry breaking and a superfluid ground
state. Also for small positive scattering length a — 0, the ground state will be superfluid, now given by a
Bose-Einstein condensate of dimers. In between these two regions one finds a smooth BCS-BEC crossover,
including in particular unitarity with a~! = 0.

The functional renormalization description of this system has been developed in the recent years [12,
21,22]. It proved to be convenient to work with the Hubbard-Stratonovich transformed microscopic action
in Eq. (46) and to use a truncation of the flowing action Iy in terms of a derivative expansion. The most
elaborate truncation studied so far [22] reads

yrT
Iy = f dr f d%{w;zw(a, -VZ+ mj)lpi +¢"(Zy0r — A,V
0
+ Ur(¢™d) — h(@ iy + dysyp)) + ﬂ¢¢¢*¢w§‘wi}- 47)

Here, the coeflicients Z,, mi, Zs, Ay, h, Ay and the effective potential Uy(¢*¢) are k-dependent quantities.

The truncation in Eq. (47) can be used both for the few-body physics (vacuum) and to describe thermal
and chemical equilibrium. In the former case one finds the characteristic binding energy of the dimers
as in Eq. (30). Due to simplicity of the truncation it is also rather easy to calculate more complicated
observables such as the scattering length of dimers ay,. In the limit a — 0. the result ay/a = 0.59 [22] is
in good agreement with the exact result ay;/a = 0.60 [23] obtained from solving the Schrodinger equation.
The dimer-dimer scattering was also recently studied with functional renormalization by the Manchester
group [24,25]. In [25] all possible local couplings that can be generated in the fermion four-body problem
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were included and it was found that ay/a = 0.58 + 0.2, where the error was estimated from the regulator
dependence of the final result.

At non-zero density the flow equations are modified, for example the particle-particle diagram renor-
malizing the boson propagator in Fig. 2 has a stronger effect. As a result for small temperatures the effective
potential Ui (¢*¢) becomes of a mexican hat form at the macroscopic scale k = 0. This leads to spontaneous
U(1) symmetry breaking and superfluidity. For a more detailed discussion of the flow equations as well as
for the results of this approach we refer to ref. [12,22,26].

5 Three-component fermions with global SU(3) symmetry

As was discussed in section 4 there is no Efimov effect for two fermion species with equal masses. The
main reason for this is Pauli blocking. An obvious question is what happens in the case of three species
(flavors) of fermions. The question is of particular interest as systems with three hyperfine states have been
realized in recent experimants [5,6]. In this section we will consider the case where all fermion masses are
equal as well as the three pairwise scattering lengths such that the system possesses a global SU(3) internal
symmetry. The generalization to the experimentally accessible system of ®Li atoms, where the pairwise
scattering lengths are not equal, is discussed in section 6.

5.1 Exact solution at unitarity: Vertex expansion
For the case of SU(3) symmetric fermions we extend the action (46) to
* * h * ® g%
S = f {% (0 = V2 = ) g + 67 (0 = V2/2+ m2) ¢ + Sei (CHTE } (48)
X

Eq. (48) is the analog of a two-channel model where the composite bosons ¢; have a non-trivial propagator
already in the microscopic action. The analog of the single channel model in Eq. (46) corresponds to the

limit of broad resonances h*> — co, mi — oo. The inverse propagator of the bosons is then dominated by

the constant part mé. For finite /& the action in Eq. (48) can describe also Feshbach resonances of finite
width.

The three Grassmann valued fields ; for the fermions can be assembled into a vector ¥ = (¥, ¥, ¥3)
and the bosonic fields ¢; form a vector ¢ = (P1, P2, ¢3) ~ Ways, Y3y, Y1y,). The action possesses an
SU(3) x U(1) internal symmetry with ¢ transforming as a triplet 3 and ¢ as an anti-triplet 3 under the SU(3)
flavor subgroup. The three dimers mediate the pairwise scattering in the three possible s-wave scattering
channels.

What about Efimov physics in such a system? The answer to this question is in fact quite simple and
can be understood with the following quantum mechanical argument: To identify the bound state spectrum
one has to solve the three-body Schrédinger equation. In the case of fermions the bound state wave function
has to be totally antisymmetric. The total wave function can be separated into the orbital and flavor part.
If we take the flavor part to be antisymmetric, (&li > |j > |k >), the orbital part must be symmetric and
therefore has the same symmetry properties as in the bosonic case. As the orbital part solely determines
the bound state spectrum in a quantum mechanical calculation, the bound state physics of SU(3) fermions
is identical to the bosonic case leading to the same Efimov spectrum.

A proper analysis of the renormalization group flow equations confirms these expectations. It is more
complicated than for identical bosons since two different terms ~ ¢*¢y*y similar to Eq. (31) are allowed
by the symmetries. Specifically, the analog to Egs. (17) and (31) reads

. . h
Iy = f {w'@ = V2 W+ ' Pot + S0~ O + dsa U O + Asb¢;¢;¢,-w,}. (49)

We have suppressed here the nonlocal structure (momentum dependence) of the inverse propagator Py and
the couplings A3, and A3, for simplicity. Nevertheless, in the broad resonance limit 4> — oo, the solution
of the flow equation at a=! = 0 can be constructed in close analogy to the one presented in Sec. 3.2. In
particular one finds also a limit cycle with the same Efimov parameter sy =~ 1.00624. For details we refer
to [11].
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5.2 Approximate solution away from unitarity: Derivative expansion

Although the foregoing discussion formally resolves the question about the Efimov effect for SU(3) fermions,
we want to elaborate a bit more on this case. The solution of the flow equation in terms of the vertex ex-
pansion works well (and is numerically exact) at the unitarity point with ~! = 0 and E = 0. However, one
would like to understand also the region away from this point, especially since for experiments the physics
directly at the unitarity point is hard to access. In this subsection we develop a simplified truncation of the
flowing action in terms of a derivative expansion.

Based on the ansatz (49) our first goal is to find a “‘minimal’ truncation which still captures the essential
features of Efimov physics. Due to fermion statistics the Efimov trimer is expected to be a SU(3) singlet.
Only the term proportional to A3, in Eq. (49) can have a bound state pole due to the combination of all
three flavours. From this perspective, the term proportional to A3, which plays a similar role as in the two
component fermion case, is expected to be less relevant for the description of the three-body bound state.
We expect it only to affect quantitative results but not the qualitative features and we will neglect it from
here on.

Instead of keeping the full momentum and energy dependence of Py and A3, as in the vertex expansion
(49) we will employ a derivative expansion

Ii= f (010 = V2 — 0w + 97 |4 (0. V212) 4 3| 941" [A, (00 = V73) + 2y
+gfijk (4’?%’% - ¢ill/;¢’2) +8(@ivix — dibix”) } (50)

The inverse dimer propagator is now approximated by a gradient expansion in leading order in momentum
and energy with a gap term mi and wave function renormalization A,4. The truncation (50) furthermore
contains a single component fermionic field y which is a singlet under SU(3) and represents the totally
antisymmetric combination ¥ 1¥2y3. The Efimov trimer field y, which we also call sometimes the ‘trion’,
mediates the original atom dimer interaction ~ A3, and is introduced by a Hubbard-Stratonovich transfor-
mation analogously to the dimer field introduced in section 2.3. Similar to the dimer we approximate the
inverse propagator for the field y in terms of a derivative expansion.

The Yukawa-type term proportional to g describes how the composite field y is formed from its con-
stituents. At the microscopic scale k = A we choose g = 0, A, = 1 and mf( — oo. The field y is then an
auxiliary field that decouples from the other fields. With this choice we recover the original microscopic
action (48) in the broad resonance limit. In the next subsection we will relate the initial values of the dimer
gap mi(A) and the Yukawa coupling / to the scattering properties of the elementary fermions ;.

5.2.1 Two-body problem

We proceed as in section 3 by subsequently solving the flow equations in the two- and three-body sector. In
the following analysis we will employ the regulator R, = r(k> — p>)8(k> — p?) with » = 1 for the fermions
Wi, r = Ag/2 for the bosons ¢; and r = A, /3 for the trion field y. From the arguments presented in Sect. 3.1
it follows that the fermion propagator and the Yukawa coupling /4 are not renormalized. The flow equation
for the boson gap parameter reads

/’12 kS
2 _
G = &0 @ oY
and for the boson wave function renormalization we obtain
nwoor
0 Ay = —————. 52
Ag o (2 — )} (52)

Egs. (51), (52) can be solved by direct integration, for details we refer to ref. [27].

The initial values for A, mé, and 4 can be related to the scattering properties of the elementary fermions
close to a Feshbach resonance. We can use the freedom to perform a rescaling of the field ¢; and choose
A4(A) = 1. To fix the remaining parameters we note that the scattering length between the fermions is given
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Fig. 7 The beta functions of the three-body couplings m)z( and g depicted as Feynman diagrams. The dotted lines with three arrows
denote the composite trimer field y.

bya = —% where the couplings are evaluated at the macroscopic (IR) scale k = 0 and for vanishing u.

This fixes the initial value of mé to be

2 no_ ’
m¢(A) = —ad_ + @A - 2[1, (53)
where the term —2u accounts for the fact that the dimer consists of two fermions.
The value of the Yukawa coupling # is related to the width of the Feshbach resonance. The scattering
length close to a Feshbach resonance at magnetic field By and width 4B can be parametrized by [19,28]

_ abgAB

" B-By )

with ayp, the background scattering length. Furthermore, we may identify the boson gap mi(k =0,u=0)
with the energy of the closed channel molecule, E. = (B — By), with py being its magnetic moment (for
more details see [12]). From this one can see that the Yukawa coupling 4? is proportional to the width of
the Feshbach resonance:

h? = —8napgumAB. (55)

Broad Feshbach resonances correspond to 42 — co. However, we can study also the crossover from narrow
to broad Feshbach resonances within the two-channel model Eq. (48).

5.2.2 Three-body problem and energy spectrum

The flow equations of the three-body sector read

6 2 A kS
a,m}( = i2 2 ; 2727 (56)
e (3Ask> — 2A4u + 2m¢)
and
2 h2 k5 (6A¢k2 — 5A¢/.l + 2m2)
0,8 = m)z(('),oz -k ¢ (57)

32 (K2 — )2 (3Agk? — 2A4u + zmg)f

While the expression in Eq. (56) and the second term in Eq. (57) are straightforwardly found from the
diagrams shown in Fig. 7, the first term in Eq. (57) needs further clarification.

Although the original atom-dimer interaction ~ A3, has been replaced on the UV scale by the trion
exchange using the Hubbard-Stratonovich transformation, an atom-dimer interaction term of the form

f Apy ;P (58)

builds up again in the RG flow due to the box diagram shown in Fig. 8. As it turns out, it is essential to
include this evolution in our RG treatment to recover Efimov physics. In order to do so, we use a scale
dependent Hubbard-Stratonovich transformation, a method developed in [14,15]. By this we absorb the
regenerated atom-dimer coupling Ay, into the flow of the Yukawa coupling g.
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D e

O Agy ~ O,

—_— - ————

Fig. 8 The box diagram leads to the regeneration of the atom-dimer vertex Agy in the RG flow. Using a k-dependent Hubbard-
Stratonovich transformation it is absorbed in the flow of the Yukawa coupling g.

As was shown in [14,15], the Wetterich equation gets supplemented by an additional term from the
scale dependence of the Hubbard-Stratonovich transformation. We choose this scale dependence such that
the box diagram in Fig. 8 gets cancelled. This leads to

W KB (9AK? = TAgu + 4m)
1272 (K2 = 1)® (BAgk® — 244 +2m2)>

da = (59)

This determines the first term in Eq. (57) and with this choice A4y = 0 is enforced on all scales k. The scat-
tering between fermions and bosons is now described exclusively by the exchange of the (scale dependent)
trion bound state y.

We now investigate the energies of the different states — elementary fermions i; (“atoms”), composite
bosons ¢; (“dimers”) or composite fermions y (“trimers”) — as a function of the model parameters (e.g.
the fermion scattering length a). In general it is not possible to find a simple analytical solution to the
flow equations (56), (57) and we have to resort on a numerical solution. To find the energy of the lowest
excitation we adjust the chemical potential 4 < 0 such that the lowest excitation of the vacuum is gapless
atk=0.

For a finite UV cutoff scale A we find that for a=! — —co, the lowest energy state is given by the atoms
which implies u = 0, mé > 0, and m)z( > 0. No bound states are present in this regime.

In contrast, for a~! — oo, the dimer ¢ is the lowest energy state, u < 0, mé =0, and m)z( > 0. In fact, we
can use our analytical solution of the two-body sector to obtain the dimer energy. In the limit A/|u| — oo

we find
2
2 4 152
#z_[h h +ah}_ )

327 3272 ' 16n

which gives the binding energy of the weakly bound dimer state Ep = 2u. For finite & and the choice
Ay4(A) = 1 the dimer binding energy also depends on the “effective range”

32
Teff = R (61)
according to
2
2 2
ED:2,u:——(1— |- r“ff] : (62)
Feff a
In the broad resonance limit (vanishing effective range) one recovers the well-known result Ep = —2/a® =
—1*/(Mya®).
Let us investigate to the regime of strong interaction close to the point with a=' = 0. In a region

a;ll <al< a;zl, we find that the lowest energy is given by the trion, such that u < 0, mé > 0, and m)z( =0
for k = 0. In this region the lowest energy state is a bound state of three fundamental fermions y ~ ¥y, y3.
The critical scattering length a;ll (a;ZI), at which the Efimov trimer becomes degenerate with the atom
(atom-dimer) threshold, depends on the effective range. For narrow resonances 4%/A < 1 we find a linear
increase with h* as a_] = —0.0013/4? and a_) = 0.0085h?. For broad Feshbach resonances, h*/A > 1, the
depth of the trimer state becomes independent of the effective range and is determined solely by the UV
cutoff scale a;ll, a;z' ~ A such that the cutoff scale can be viewed as the additional three-body parameter
needed to determine the exact position of the universal Efimov trimer state [1]. This crossover behavior

from narrow to broad resonances is shown in Fig. 9 (left).
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Fig. 9 Crossover from narrow to broad Feshbach resonances. left: Scaling of the critical scattering length a;ll <0 (a;zl /4 > 0)
at which the lowest Efimov trimer becomes degenerate with the atom (atom-dimer) threshold in dependence on the width of the
Feshbach resonance given by h. right: Analogous scaling of the lowest trimer binding energy given by the chemical potential y, at
unitarity.

In Fig. 9 (right) we show our result for the energy per atom g, of the trimer as a function of /42 at
unitarity a=! = 0. For narrow resonances we find y,, = —2.5 x 107°A4*. In the broad resonance limit /> — oo
also u, depends only on the three-body parameter given by the cutoff scale, u, ~ A%.

From the work of Efimov [2], and as we seen in section 5.1, one expects a whole tower of infinitely
many Efimov trimer states close to the resonance. In the following we will calculate this excitation spec-
trum. In order to do so, we make the following observation. First consider the inverse propagators of the
atoms, dimers and trimer after analytical continuation, T = it, to real frequencies

Plp:—w¢+p2—u,
P’ 2
—w¢+7—2u+v¢(y+w¢/2—p /4),

Ps/Ag

2
Py/A, = —w, + % — 3 v+ w3 - p2)9). (63)

We note that v, and v, can dependent only on the particular combinations of i, w, and p? indicated above.
This is a consequence of an additional symmetry of the real-time microscopic action S = I'4 under the
time-dependent U(1) transformation ¢ — e#y, ¢ — eF'¢, and y — e3Py if we also simultaneously
change the chemical potential y — u + E. In vacuum we do not expect any anomalies, such that also
the quantum effective action I = I'y=¢ possesses this symmetry. As consequence any dependence on u
is accompanied by a corresponding frequency dependence and vice versa. This allows only the particular
combinations wy + y, wg + 2u, and w, + 3u to appear. The additional relation between frequency and
momenta is a consequence of Galilean invariance.

The dispersion relations are obtained from the poles of the propagators, that is from solving Py(wy =
&y) = 0 and analogous for the atoms and the trion. The dimer dispersion for example reads

2 2 m
Eo) =2 —op vy +p-pa =2 + 22, (64)
2 2 Ay
To obtain the dimer and trimer energy levels E4 and E, we have to substract two or three times the atom
energy E, = —u from the dispersion relation at rest such that

Ey = E4(p* = 0) + 21 = vy(wy = Ep, p* = 0, ),
E, =&,(* =0)+3u = v (w, = &, p* =0,u). (65)

Here u is the effective chemical potential which accounts for an shift in the atom energy using the time-
dependent U(1) symmetry. The ground and excited states are obtained by the condition that the particular
particles are gapless in the IR which corresponds to a gapless dispersion, i. e. for example E4(p? = 0) = 0.

This means that the corresponding gap parameter has to vanish in the infrared, i. e. u = 0, or mé =0, or
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Fig. 10 The Efimov spectrum for SU(3) fermions. We plot the lowest three Efimov trimer levels Ey (blue). The dimer binding energy
is shown as black curve. To improve the visibility of the energy levels, we rescale both the dimensionless inverse scattering length
a~'/A and the dimensionless energy E/A%. We have chosen the UV cutoff A = ag and the Yukawa coupling #>A = 100 as appropriate
for °Li atoms in the mp = 1/2, mp = —1/2 channel close to the Feshbach resonance at By ~ 810 G.

m)z( = 0. In practice, we extract the bound state energy levels E4 = 2u, E, = 3u by calculating the gaps mé
and m)z( for k = 0 such that they vanish for a specific choice of E, = —u.

As it turns out for the trimer there is not only the ground state solution which we discussed before but a
whole infinite set of possible solutions corresponding to the infinite tower of universal Efimov trimer states.
The numerical result for the dimer energy level E4 and the lowest three Efimov trimer levels E,, as function
of a~! measured in units of A is shown in Fig. 10. In this figure we used a convenient rescaling to make the
excited Efimov states visible. We have identified the UV cutoff A with the inverse Bohr radius, A = a; !
and have additionally chosen 4> = 100A. This choice corresponds to the width of the Feshbach resonance
of ®Li atoms in the mp = 1/2, mp = —1/2 channel relevant for experiments [29].

5.2.3 Limit cycle scaling at the unitarity point

Already in section 3 we have discussed the especially interesting unitarity point in the spectrum where the
scattering length diverges and the atom energy is at the threshold, a™! = E,, = —u = 0. It is instructive to
consider this limit also within the derivative expansion as it allows us to obtain analytical results. At the
unitarity point all length scales drop out of the problem and one obtains a simple scaling solution for the
flow equations. In this limit the flow equations for the three-body sector simplify and read

36 k2
2 _ Y .2Rr
Iy = 55812
64 13 K2
8 =-——g - —=m’—. 66
8 = 7258 T 5" (66)

where we used Ay(k) = h*/(6*k) and m; = Agk> for k — 0. Using g(A) = 0 as initial coupling we find the
oscillatory, analytical solution

k
o= (3]

— 5

k 7 k
m2(A) cos(s In —)+ sin(s In —) ,
v cos soln VAo A ]

7
1302 (k\'Z . k
k) = e (Z) m;(A)sin (so In Z) (67)

with so = V419/25 ~ 0.82.° From this solution we see that m}(A) drops out of the ratio g*/m; which
determines the atom-dimer interaction A3, ~ g*/m;. The flow of m; and g* describes a closed limit cycle

3 Using the analogous derivative expansion for bosons, where there exists only a single term describing the atom-dimer interaction
~ ¢*Y* pyr, one finds s =~ 0.93 [30].
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with the frequency given by sy. Considering the simplicity of our approximation this is in reasonable
agreement with the ‘exact’ result, s ~ 1.00624. The limit cycle goes on ‘forever’ only exactly at the
unitarity point and at the threshold energy u = 0. A finite a~' as well as a finite atom energy E, = —u act
as infrared cutoffs, which stop the limit cycle flow once k = |u| or k = 3nla”"|/4, respectively.

5.3 Many-body physics

The simple truncation of the exact functional renormalization group equation in terms of a derivative ex-
pansion yields a detailed picture of the spectrum of bound states and scattering in the system with three
species of fermions with SU(3) symmetry. Depending on the scattering length a, the lowest energy state
may be a fundamental fermion (atom) or a bosonic molecule (dimer) or a composite fermion formed from
three atoms (trion). Trions are stable (lowest energy state) in the interval (aill))’1 <al< (ailz))’l.

We have so far only considered the flow equations in vacuum, but we can already infer some interesting
features of what happens at non-zero density for the many-body ground state at 7 = 0. The qualitative
properties for small density follow from our computations and simple arguments of continuity. Importantly,
we find that a novel “trion phase” separates the BEC phase and the BCS phase [27].

For nonvanishing density, the chemical potential i increases above its vacuum value py. At T = 0 for
a~' > (ax)”! the BEC phase occurs for small density. Due to the symmetries of the microscopic action,
the effective potential U(p) for the bosonic field depends only on the SU(3) x U(1) invariant combination

p=Asd ¢ = Ag(pl1 + ¢3¢ + ¢¢h3). It reads for small p — o

A
Umwrgf—zw—mm, (68)

where we use the fact that the term linear in p vanishes for u = yy, i.e. mé(yo) = 0. The minimum of the
potential shows a non-zero condensate

2(u — 2
po= 20 gy = o, (69)
¢ ¢
with density Uy 4
_ Uy _ 4
=T = ) (70)

For the BCS phase for a < a.; < 0, one has gy = 0. Non-zero density corresponds to positive i, and
in this region the renormalization flow drives mé always to zero at some finite k., with BCS spontaneous
symmetry breaking (oo > 0) induced by the flow for k < k.. Both the BEC and BCS phases are therefore
characterized by superfluidity with a non-zero pg = As¢’¢.

As an additional feature compared to the BCS-BEC crossover for a Fermi gas with two components,
the expectation value for the bosonic field ¢ in the three component case also breaks the “spin® SU(3)
symmetry. Due to the analogy with QCD this is called “Color Superfluidity” [31], see also [32]. For any
particular direction of the expection value of ¢ a continuous symmetry SU(2) x U(1) remains. According
to the symmetry breaking SU(3) x U(1) — SU(2) x U(1), the effective potential has five flat directions.

For two component fermions the BEC and BCS phases are not separated, since in the vacuum either
uo = O or mé = 0. There is no phase transition, but rather a continuous crossover. For three component

fermions, however, we find a new trion phase for (aill) Yl<al< (a(clz))’l. In this region the vacuum has
Ho < 0 and mé > 0. The atom fluctuations are cut off by the negative chemical potential and do not drive
mi to zero, such that for small density mé remains positive. Adding a term mép to the effective potential
(68) we see that the minimum remains at pg = 0 as long as mé > 2(u — o). No condensate of dimers
occurs in the trion phase. The BEC and BCS phases, that show both extended superfluidity through a
spontaneous breaking of the SU(3) x U(1) symmetry, are now separated by a phase where py = 0, such that
the SU(3) x U(1) symmetry remains unbroken (or as we argue below will be only partially broken).

Deep in the trion phase, e.g. for very small |a~!|, the atoms and dimers can be neglected at low density
since they both have a gap. The thermodynamics at low density and temperature is determined by a single
species of fermions, the trions. In our approximation it is simply given by a non-interacting Fermi gas,



246

APPENDIX F. LIST OF PUBLICATIONS

22 Stefan Floerchinger et al.

with fermion mass 3M and chemical potential 3(u — up). Beyond our approximation, we expect that trion
interactions are induced by fluctuations. While local trion interactions ~ (y*y)? are forbidden by Fermi
statistics, momentum dependent interactions are allowed. These may, however, be “irrelevant interactions”
at low density, since also the relevant momenta are small such that momentum dependent interactions will
be suppressed. Even if attractive interactions would induce a trion-trion condensate, this has atom number
six and would therefore leave a Zg subgroup of the U(1) transformations unbroken, in contrast to the BEC
and BCS phase where only Z, remains. Furthermore, the trions are SU(3)-singlets such that the SU(3)
symmetry remains unbroken in the trion phase. The different symmetry properties between the possible
condensates guarantee true quantum phase transitions in the vicinity of a.; and a., for small density and at
T = 0. We expect that this phase transition also extends to small non-zero temperature.

While deep in the trion phase the only relevant scales are given by the density and temperature, and
possibly the trion interaction, the situation gets more complex close to quantum phase transition points.
For a = a.; we have to deal with a system of trions and atoms, while for a =~ a, a system of trions and
dimers becomes relevant. The physics of these phase transitions is not clear now, it might be complex and
interesting.

6 Three-component fermions without SU(3) symmetry

Quite recently three-component Fermi gases have been realized with ultracold atoms [5,6]. In these exper-
iments %Li atoms are prepared in three hyperfine states. Using external magnetic fields the scattering length
of the different pair of atoms (1, 2), (1, 3), and (2, 3) can be tuned due to the presence of three Feshbach
resonances. In the SU(3) invariant system discussed before all pairs of atoms had equal scattering lengths.
This is not valid in the case of ®Li atoms as can be seen from the scattering lengths profiles shown in Fig.
11. Although the Feshbach resonances are close to each other, they are still at different magnetic fields and
also the profiles of the scattering lengths differ for the different pairs of atoms. In order to compare our
calculations with the experimental observations we have therefore to extend the model discussed in section
5.

The experiments by Ottenstein et al. [5] and Huckans et al. [6] concentrated on the magnetic field
region between B = 100G and B = 550 G where all scattering lengths are rather large and negative. The
main observation was a distinct feature in the atom loss rate which could be attributed to a three-body
process and shows up in the three-body coefficient K3 which is defined by the loss rate:

dn,‘
dt

where n; denotes the density of the various atom species. The measured data points from [5] are shown in
Fig. 13 (right) together with our numerical results which will be derived below.

Already from the work of Efimov [2] it is known that trimer bound states should persist in systems
were the pairwise scattering lengths of the three involved particles differ from each other as long as at
least to of them are large in magnitude. This is the case in the regime investigated by the experiments and
in the following we will show how the observed loss features can be explained by Efimov physics using
functional renormalization [33]. Similar predictions have been made using different methods by Braaten et
al. [34] and Naidon und Ueda [35].

= Ksn, (71)

6.1 Derivative expansion

First consider the model which we will use to describe the system. We generalize the truncation given by
Eq. (50) presented in section 5. The average action then reads

3 3
I = f{ D U@ =V =i+ ) 05 A (00 = VP /2) + i | ¢y +x” [Ay (9, = V213) + |
X 3 i=1

3 ) .
Z %fijk (¢7¢/$k _ ¢I¢j‘¢]’2) + ' gi(Piix — dibix™) }, (72)
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Fig. 11 Two-body scattering lengths aj2 (solid), a»3 (dashed), and a3 (dotted) in dependence of the magnetic field B of OLi atoms in
the lowest three hyperfine states. These curves were calculated by P. S. Julienne [29] and are taken from Ref. [5].

The generalization consists in allowing for three different inverse boson propagators determined by the
six couplings A4; and méi, i = 1,2,3, and the three independent Yukawa couplings %;. This enables us to
describe the distinct scattering properties of the three channels. Furthermore we allow for three couplings g;
which couple a dimer and a fermion to the trimer bound state y. As in section 5, the trimer field y mediates
the effective interaction between dimers and atoms /lg) such that for vanishing center of mass momentum
one has

PR (73)

X

By permitting three independent couplings g; we are able to account for different strength of the atom-
dimer interaction. Note, however, that we neglect the atom-dimer scattering channel denoted by A3, in Eq.
(49). We again expect its effect to be subdominant.

6.2 Flow equations and initial conditions

The flow equations of the two-body sector are the straightforward generalization of Eqns. (51) and (52) with
the replacements mé - m;i, Ay — Ay, and h — h;. Since the Yukawa couplings /; are not renormalized
the flow equations can be immediately integrated. As in section 5, the microscopic values of the gap terms
méi and the A; are chosen to reproduce the experimentally measured scattering lengths ai,, a3, a3 in the
infrared. Due to our ignorance of the microscopic details (e. g. effective range) leading to the specific
scattering profiles in the regime between B = 100 G and B = 550 G (see Fig. 11), we choose here large and
equal values of i = h; = hy = hs. This corresponds to contact interactions at the UV scale. However, we use
the dependence on the specific choice of 4 to estimate the error within our truncation. We emphasize that in
this problem the bosonic fields ¢; are not associated with the Feshbach molecules of the nearby resonance.
They should rather be seen as true auxiliary Hubbard-Stratonovich fields representing the T-matrix of the
atom-atom scattering.
The flow equations of the three-body sector read for the gap term,

, < 28%k°
om;, = ! 74
" ; M2 Agi(3K? = 241 + 2m> /A gi)? i
and for the Yukawa-like coupling g; one finds
m2 m2
2ol kS (6k2 —Su+ 1—;) g3hsh K5 (6k2 —Su+ 2A—¢)
0:g1 = — - - (75)

2, \2 . \2 ’
32Ap (2 — p)? (3k2 ~ou+ ZAT“) 32 A (k2 — )2 (3k2 —ou+ ZA—;})

The flow equations for g, and g3 can be derived from Eq. (75) by permuting the corresponding indices.
There is an additional contribution to the flow of g; arising from the box diagram which regenerates the
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atom-dimer interaction during the RG flow. As explained in the previous section it can be computed using
a k-dependent Hubbard-Stratonovich transformation and the flows of the g; receive the additional contribu-
tion

2

(3) 3 (3)
61/1,'/' B 6,/151) 4 giat/lj/

m;, |- . (76)
o2 20 2m
Here we define (i, j, 1) = (1,2, 3) and permutations thereof and find
. K hihahshi(O — T + 22ty
3, j> = - (77)

2m? '
6m2A 5(k* — 3 (3k* — 2u + ﬁ)z

Although this contribution is essential to obtain the full tower of Efimoyv states at the resonance it plays only
a subdominant role for the properties of the lowest Efimov state. For simplicity we will therefore neglect
this term in the computation of the loss coefficient K3.

In the broad resonance limit, #; — oo, Efimov physics is universal in the sense that it is only dependent
on the given scattering lengths ¢;; and an additional three-body parameter [1]. In section 5 we found that
this parameter may be given by the cutoff scale A. Here, we however use the ratio of the couplings g;
and m)z( at fixed UV scale A as the three-body parameter, which is equivalent to using A as the parameter
itself. Also we choose g = g1 = g2 = g3 at UV scale such that our three-body parameter is given by
A% = —¢%(A)/m3(A). Note, however, that the couplings g; evolve differently during the flow towards the
IR.

6.3 Numerical results and comparison with experiment

We solve the flow equations (74) and (75) numerically. We note at this point that the zero-range limit is
valid if the magnitude of the scattering length is much larger than the range of interaction given typically
by the van der Waals length /,;w, which for SLiis Lgw ~ 62.5 ao. Although the loss resonances appear for
la;j| 2 214w such that the zero-range approximation might be questionable, we will assume its validity. We
will, however, estimate the error by using various values for the Yukawa coupling /4, which is related to the
effective range, as we have seen in section 5.

The trimer energy level can be calculated in the same way as in the case of SU(3) symmetric fermions
by determining the chemical potential x4 such that m)z( = 0 for k = 0. We find mf( = 0 for large enough
values of a;; which indicates the presence of a trimer bound state. Now, the experimental observations offer
a way to determine the three-body parameter inherent to Efimov physics: We simply adjust the initial value
of A® such that the Efimov trimer becomes degenerate with the atom threshold exactly at the position of
the observed loss feature at B = 125 G. This fixes the three-body parameter 1) to the physical value and
we assume that it is constant for all other investigated magnetic field strengths B.

Having determined the three-body parameter we are able to calculate the energy level of the trimer
bound state as a first prediction. We find the existence of the trimer in the magnetic field range from B =
125G to B = 498 G. The binding energy E7 is shown in Fig. 12 as solid line when choosing > = 100 a;" as
appropriate for ®Li in the (1, 2) channel. The shaded region is an error estimate obtained by choosing values
K e (20 ag 1,300 ag 1. If we include the contribution due to the k-dependence of the Hubbard-Stratonovich
transformation given in Eq. (76) we find a reduction of the trimer binding energy. The result is shown as
dashed curve.

As a second prediction we determine the loss coefficient K3 measured in experiments [5,6]. Within
our model the observed three-body loss can be explained as follows below, an illustration is shown in Fig.
13 (left). So far we have shown the existence of the Efimov state in the regime of interest. This trimer
state may the formed in a collision of three atoms. However, one must keep in mind that °Li atoms have
a complicated substructure with various bound states so that the composite trimer can become unstable.
We account for this decay to not further specified degrees of freedom by a phenomenological decay width
I',,. For example, the decay might involve the molecular dimer states associated with the nearby Feshbach
resonance. The trimer formation from three atoms proceeds via the exchange of the effective bosons ¢;.
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Fig. 12 Upper panel: Scattering length aj, (solid), ap3 (dashed) and a3 (dotted) as a function of the magnetic field B for SLi. Lower
panel: Binding energy Er of the three-body bound state y=y1y3. The solid line corresponds to the initial value 4> = 100 aal. The

shaded region gives an error estimate by using values of / in the range 4> = 20 ay ! (upper border) to #* = 300 ay ! (lower border). The
dashed line shows the reduction of the trimer energy when the refermionization of the atom-boson interaction is taken into account.

Evaluating the matrix elements corresponding to the diagram shown in Fig. 13 (left) we can estimate the
loss coefficient K3 to be proportional to

_3higi 1 g
P=> (78)

205 .
i=1 Mgi (m)( - l%)

The amplitude for forming a trimer out of three atoms is given by Z?zl higi /méi. The amplitude for the
evolution from the initial state of three atoms to the unknown decay products further involves the inverse
trimer propagator which in the real-time formalism reads
2

G;‘:w—%—m;n%. (79)
We evaluate it in the limit of small momenta p? = (3; p;)*> — 0, and small on-shell atom energies w; = p?,
w = Y,;w; — 0. That the incoming atoms in the recombination process are at the atom threshold also
implies that we have an effective chemical potential u = 0. The trimer gap mf( is then negative for B =
125...498 G. A further ingredient of the calculation of the matrix elements in Eq. (78) is the decay width
I', which we first assume to be independent of the magnetic field B. Furthermore the evaluation of K3 via
Fermi’s Golden rule involves unknown vertices and phase-space factors for the trimer decay such that our
compuation contains an unknown multiplicative factor ck. In terms of p in Eq. (78) we obtain

K3 =ck p. (80)

The resulting curve is shown in Fig. 13 (right) and agrees reasonably well with the experimentally measured
data points. To sum up, our estimation of K3 involved three parameters: The location of the first loss
resonance at By = 125 G fixes the three-body parameter. The overall amplitude of K3 at the first resonance
is adjusted by cx and the unkown decay width I, is tuned to the width of the first resonance yielding a
trimer lifetime of & 10 ns. The extension of the curve away from the first resonance then involves no further
parameter.

Our calculation predicts a second sharp resonance feature at B = 498 G where the trimer becomes again
degenerate with the atom threshold. The assumption of a constant I', fixes the width of this peak. The
measured feature is however much broader. This may have a simple explanation: It is plausible to assume
that the trimer decays into the molecular dimer states associated with the nearby Feshbach resonances
and a free atom. Approaching the Feshbach resonances the molecular state becomes closer to the trimer
energy level. Therefore it is reasonable to assume that the matrix element for the decay from the trimer to
the dimers becomes larger. This in turn implies a shortening of the lifetime of the trimer as the magnetic
field B is increased. We have tested this assumption and indeed found a significant broadening or even
disappearance of the second resonance peak. Recently, there had been phenomenological studies of this
reasoning in [36].
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Fig. 13 left: Three-body loss involving the Efimov trimer. right: Loss coefficient K3 in dependence on the magnetic field B as
measured in [5] (dots). The solid line is the fit of our model to the experimental curve. We use here a decay width I’ that is
independent of the magnetic field B.

By now, the system of three-component °Li atoms is quite well understood also away from the mag-
netic field range discussed above. This includes theoretical predictions [37,38] as well as experimental
measurements [39,40] which also finally led to the first direct association of a Efimov trimer in ultracold
atoms by Lompe et al. [41].

7 Conclusions

During recent years non-relativistic few-body physics has experienced a revived interest and undergone
considerable progress. A wealth of experiments with ultracold atomic gases together with a significant the-
oretical effort initiated the (re)birth of an exciting field known as Efimov physics. In this paper we reviewed
the studies of various aspects related to the Efimov effect using the method of functional renormalization.

By constructing solutions to exact functional renormalization group flow equations, we have obtained
a rather detailed picture of non-relativistic few-body problems related to the Efimov effect. We considered
identical bosons and fermions with two or three spin components, the latter both for the case of a common
Feshbach resonance with a global SU(3) symmetry and for the case of ®Li where this symmetry is broken.

Solving the flow equations in terms of a vertex expansion leads to (numerically) exact solutions. A
remarkable hierarchy in the structure of the flow equations allows to construct the parts of the quantum
effective action relevant for the one-, two- or three-body problem without further approximations. Beyond
the present context it becomes apparent how the quantum mechanical formalism is embedded in non-
perturbative quantum field theory.

Besides the vertex expansion we also established the derivative expansion as a way to find approximate
solutions. In connection with a k-dependent Hubbard-Stratonovich transformation this allows for a simple
and very efficient parameterization of the essential physics. No equivalent approximation scheme is known
to us for the quantum mechanical formalism. As we have demonstrated this scheme is particularly valuable
in more complex situations where a full solution in the vertex expansion becomes too involved. An example
for this was given by the calculation of the three-body loss rate in a system of ultracold °Li atoms which
shows how our theoretical investigations can be directly tested in experiments.

Both in the vertex expansion and in the derivative expansion the Efimov effect shows up as a limit cycle
in the solution of the flow equations at the point where the scattering length diverges. This mechanism is
very interesting from a theoretical perspective. Realistic models in relativistic quantum field theory that
show a similar behavior have not been found so far. Also the universality of the non-relativistic few-body
physics is very interesting from a theoretical point of view. While in a renormalization group description
universality is usually associated with the presence of fixed points, the Efimov effect with its limit cycle
scaling and the connected discrete scaling symmetry goes beyond this standard paradigm. This generalized
notion of few-body universality is expected to extend beyond the physics of three particles. First studies of
four-body universality using functional renormalization have been undertaken [30].

In conclusion, we believe that the functional renormalization group is a powerful and suitable method
for investigation of non-relativistic few-body physics and of the Efimov effect in particular. It allows to
address few-body problems from an unconventional perspective and provides an interesting alternative
to the standard quantum mechanical and effective field theory treatments. Importantly, the method is not
only limited to few-body problems but also is widely used for studying many-body physics. In this way
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functional renormalization provides a unified framework for studying an interplay between few-particle
and many-particle phenomena.
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Excitation spectra and rf-response near the polaron-to-molecule transition
from the functional renormalization group

Richard Schmidt and Tilman Enss
Physik Department, Technische Universitat Munchen, D-85747 Garching, Germany

A light impurity in a Fermi sea undergoes a transition from a polaron to a molecule for increasing
interaction. We develop a new method to compute the spectral functions of the polaron and molecule
in a unified framework based on the functional renormalization group with full self-energy feedback.
We discuss the energy spectra and decay widths of the attractive and repulsive polaron branches
as well as the molecular bound state, and confirm the scaling of the excited state decay rate near
the transition. The quasi-particle weight of the polaron shifts from the attractive to the repulsive
branch across the transition, while the molecular bound state has a very small residue characteristic
for a composite particle. We propose an experimental procedure to measure the repulsive branch in
a %Li Fermi gas using rf-spectroscopy and calculate the corresponding spectra.

PACS numbers: 11.10.Gh, 32.30.Bv, 32.70.Jz, 67.85.Lm

I. INTRODUCTION

A single impurity J-atom immersed in a background of
t-fermions is a screened Fermi polaron [1] below a critical
interaction strength. For larger interaction the ground
state changes its character and the impurity forms a
molecular bound state with the bath atoms. This qual-
itative change marks the polaron-to-molecule transition
and was predicted by Prokof’ev and Svistunov [2]. The
transition can be regarded as the modification of the
two-body problem due to medium effects: For two non-
relativistic particles with an interaction characterized by
the s-wave scattering length a, a weakly bound molecule
is the ground state for positive a, whereas for negative a
the molecular state ceases to exist and the ground state
is given by the free atoms.

Related impurity models have been studied for many
years, in particular the Kondo effect for a fixed impurity
with discrete energy levels immersed in a Fermi sea of
conduction electrons [3]. A mobile but very heavy impu-
rity loses its quasi-particle character in low dimensions
d =1, related to the orthogonality catastrophe [4]. The
transition of the light mobile impurity poses a new and
challenging many-body problem.

The polaron-to-molecule transition is observable with
ultracold atoms where the scattering length can be tuned
via Feshbach resonances [5]. Using radio-frequency (rf)
spectroscopy the lineshape, ground-state energy, and po-
laron quasi-particle weight have been measured across
the transition [6]. The ground-state properties near the
transition have been calculated using variational wave-
functions [7-13], non-self-consistent T-matrix approxi-
mations [8], 1/N expansions [14], Wilsonian renormal-
ization group [15], variational Monte Carlo [16] and dia-
grammatic Monte Carlo (diagMC) [2].

It turns out that even beyond the critical interaction
strength the polaron remains as a long-lived excitation
above the molecular ground state, and conversely the
molecule becomes an excited state on the polaronic side
of the transition. The proper description of these ex-

cited states and in particular their finite lifetime remains
a difficult problem. Using a phenomenological model in a
three-loop calculation, Bruun and Massignan have shown
that the decay rates of the excited states decrease rapidly
as Aw?/2 toward the transition, where Aw is the energy
difference between the ground and excited states [17].

Recently, interest has focused on an additional fea-
ture present in the polaron-to-molecule transition: The
renormalization of the |-spectral function by the strong
interactions leads to the appearance of an additional
quasi-particle excitation for positive energies. This ex-
citation corresponds to a Fermi polaron interacting re-
pulsively with the f-Fermi sea. The repulsive polaron
has a finite lifetime which becomes very small at uni-
tarity, @ — oo. In the opposite limit of weak coupling
a — 0, the repulsive polaron is long-lived and its spec-
tral weight approaches unity. This justifies perturba-
tive methods which neglect the presence of the molecular
channel [18, 19]. The repulsive polaron has been stud-
ied theoretically in the context of ultracold gases by Cui
and Zhai [20] and more recently by Massignan and Bruun
[21]. Experimentally, the repulsive polaron has not yet
been observed in the strong-coupling regime. However,
it has important implications for the stability of a fer-
romagnetic phase in Fermi gases [20, 22-26]. Further-
more, a single |-fermion in an f-Fermi sea corresponds
to a strongly imbalanced, two-component Fermi gas near
full polarization, and the polaron-to-molecule transition
sheds light on a region of the zero-temperature phase di-
agram of the polarized Fermi gas [10, 15, 27].

So far, there is a lack of theoretical work which de-
scribes all of these features within one unified approach.
In this paper we present a method capable of doing this:
Using a novel numerical implementation of the functional
renormalization group (fRG) we are able to determine
both the full spectral functions and the quasi-particle
features of the polaron-to-molecule transition.

‘With the renormalization group one usually limits one-
self to a few running couplings. In this work we develop
a computational tool which allows us to keep track of
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the renormalization group flow of fully momentum and
frequency dependent Matsubara Green’s functions based
on an exact renormalization group equation [28]. By in-
troducing an auxiliary bosonic field which mediates the
interaction between 1- and J-atoms, we are able to accu-
rately capture the momentum and frequency dependence
of both vertex functions and propagators. In particular
for non-universal quantities our approach, which com-
plements the proposal by Blaizot, Méndez-Galain, and
Wschebor [29], may prove vital, and we demonstrate its
efficiency in the polaron problem.

Our main results from the fRG are the following. We
give the spectral functions of the |-fermion and—for the
first time—also of the molecule in a wide range of in-
teraction values. From this we extract the quasi-particle
properties including energies, decay rates and residues
for both the polaron and the molecule. We connect the
quasi-particle weight of the molecule with a measure of its
compositeness introduced by Weinberg [30]. We propose
a new experimental procedure to measure the repulsive
polaron in a SLi Fermi gas using rf-spectroscopy, and we
employ our spectral functions to predict the expected rf-
response.

The paper is organized as follows: in section II we in-
troduce the model of the polaron-to-molecule transition
and derive appropriate fRG flow equations. These equa-
tions are solved in section III for the full frequency and
momentum dependent spectral functions, which are pre-
sented and interpreted in section I'V. Section V is devoted
to rf-spectroscopy, and we conclude with a discussion in
section VI. In the appendix the fRG flow equations are
solved using the simpler derivative expansion, which al-
ready gives qualitatively correct results.

II. MODEL AND RG FLOW EQUATIONS

In this work we study a two-component Fermi gas in
the limit of extreme population imbalance at 7" = 0. The
microscopic action describing the system is

= )4

in natural units A = 2m = 1 and with imaginary time
7. The Grassmann-valued, fermionic fields 14 and
denote the up and down fermions, which have equal
mass m. The associated chemical potentials p, are ad-
justed such that the 7-fermions have a finite density
n+ = k3 /(67%) while there is only a single impurity |-
fermion. The atoms interact via a contact interaction
with coupling constant g which is related to the s-wave
scattering length a via g = 8ma. The T-matrix acquires a
complicated frequency and momentum dependence in the
strong-coupling limit. It is then convenient to perform a
Hubbard-Stratonovich transformation of the action (1)
introducing a bosonic molecule (pairing) field ¢ ~ 113
which mediates the two-particle interaction gyieje s

S wsl0r — A= s +gUiuivien b (1)
o=",
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The resulting action is given by

5=
+ RS0 o+ h.c.)} 2)

with a real Yukawa coupling h for the conversion of two
fermions into a molecule. Integrating out the bosonic
field ¢ shows that (2) is equivalent to the single-channel
model (1) provided that —h2Gya = g and b — oo
[14, 31]. As h% ~ AB this limit corresponds to a broad
Feshbach resonance [5].

The physical properties can be accessed via Green’s
functions which are derivable from generating function-
als. The one-particle irreducible vertex functions I'(™
are obtained from the effective quantum action I', which
can, for instance, be computed perturbatively in a loop
expansion. As we are interested in the intrinsically non-
perturbative regime of fermions close to a Feshbach res-
onance where the scattering length a diverges we employ
a different approach. T' includes quantum fluctuations
on all momentum and energy scales. The main idea of
the functional renormalization group (fRG) is to intro-
duce an interpolating effective flowing action I'j, which
includes only fluctuations on momentum scales ¢ 2 k
larger than the renormalization group scale k. At the
UV scale k = A — oo the effective flowing action reduces
to the microscopic action S which does not include any
quantum corrections. In the infrared limit & — 0, 'y
equals the full quantum action I'.

The evolution, or flow, of I'y with the RG scale k is
given by the exact renormalization group equation [28]

1 1
OkF,C = —STr (Q)OkRk> .
2 Iy + Ry

The supertrace symbol STr denotes a loop integration
over frequency and momentum as well as the summation
over all fields and internal degrees of freedom, with a mi-
nus sign for fermions. I‘,(CZ) is the full, field dependent
inverse two-point Green’s function at scale k, and Ry is
a regulator taking care of the successive inclusion of mo-
mentum scales. The regulator acts by imposing a large
mass term on the modes with momenta g < & lower than
the cutoff scale k. Ry can be chosen freely as long as
R0 — 0 and Rj_.oo — 0o. For further details on the
fRG we refer to the literature [32-34], and to its applica-
tion to the BEC-BCS crossover [35].

I is in general a functional of the fields and contains
all possible operators of the fields allowed by the sym-
metries. For this reason its exact calculation is usually
impossible and one has to rely on approximations for I'j.
In this work we will use the truncation

;i Prl0r — A = polte + 67 Gl b

3)

Ty = / {z/);[—iw +p® — oy + d}jGJi(MP)d&
p,w

+0 Gl o) + [
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FIG. 1: Diagrammatic representation of the fRG flow equa-
tions (8) for the impurity and molecule propagators.

with Matsubara frequency w. For the momentum and fre-
quency dependence of the k-dependent, or flowing, prop-
agators of the |-fermion G ; and the boson Gy 1 we will
present a simple approximation in terms of a gradient
expansion in the appendix. In the following section III
we develop a new numerical method to solve the renor-
malization group flow of the propagators as completely
general functions of w and p. This will enable us to cap-
ture decay rates and dynamic effects which is not possible
in a simple gradient expansion.

Within the truncation (4) the Yukawa coupling A is not
renormalized which can be seen by a simple argument:
In Eq. (4) we neglect a term 131]¢ 14 which would be
regenerated during the flow by particle-hole fluctuations
[36]. Similarly, a term ¢3¢*1p1¢ for the atom-dimer in-
teraction is neglected. Both terms would lead to a renor-
malization of h. Due to their omission, however, there is
no diagram generating a flow of A which is why dyh =0
and h remains independent of frequency and momentum.
Furthermore, we neglect terms (¢*¢)"22 which would
give higher-order corrections to the bosonic self-energy.
The majority f-atoms are renormalized only by the sin-
gle impurity |-atom to order 1/Ny, hence one can neglect
the renormalization of the -atoms in the thermodynamic
limit, and the chemical potential ur = ep = k%/(2m) is
that of a free Fermi gas (we work in units where the Fermi
momentum kp = 1) [2].

As Eq. (3) is a (functional) differential equation, it has
to be supplemented with appropriate initial conditions at
the UV scale A, which are obtained from few-body (vac-
uum) physics. The s-wave vacuum scattering amplitude
for the interaction of an 1- and |-fermion with momenta
q, —q in the center-of-mass frame is given by (¢ = |q|)

1
() — L 5
0= i o)
f(q) is related to the full molecule propagator G;‘",‘ﬁ eval-
uated at the infrared RG scale k = 0,
h

2
v vac _ 2 —
flg) = P GPR(w=2¢"p=0), (6)
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where w = 2¢? is the total kinetic energy of the interact-

ing atoms. The subscript R indicates that the analytical

continuation to the retarded function of real frequencies

(iw — w+10) has been performed. In [37] the exact vac-
'vac

uum molecule propagator Gi'; has been calculated using
the fRG and agrees with the well-known result

vac - h? - w p2 :
[ ¢,R(w7p)} 1_871_(@ 1+ 2+4’LO> (7)

This expression for G;’j‘ﬁ reproduces the correct scatter-

ing amplitude (5) when inserted into Eq. (6), and dictates
the form of the UV propagator Gqﬂ\ for a given choice of
regulator.

Furthermore, the initial condition for the fermions
is given by their form in the microscopic action (2),
G;}C:A(w,p) = —iw + p? — jy. As we will see in the
following, the momentum and frequency dependence of
both propagators, G¢ r and G|k, is strongly renormal-
ized during the fRG flow toward the infrared, which leads
to a rich structure of the spectral functions.

After inserting the truncation (4) into the flow equa-
tion (3), the flow of G, and Gy . is derived by taking the
appropriate functional derivatives of Eq. (3) with respect
to the fields. One obtains the fRG flow equations

OPL(P) = 120, [ G54(Q)C5 (@~ P)
Q
OuPux(P) = 18 | GELQIGHP-Q)

with the multi-indices P = (w,p) and @ = (v,q). The
P, = G,:,l on the left-hand side are the flowing inverse
propagators without the regulator from Eq. (4), while the
propagators G, on the right-hand side are regulated:

G, =1/Py Gj, =1/(Py + Ry). (9)
The tilde on J), indicates that the derivative with respect
to the RG scale k acts only on the regulator term Ry, in
the cutoff propagators G§: specifically, the single-scale
propagators read 9yG§ = —(G%)29, Ry in Eq. (8). Note
that the flow equations (8), which are depicted in Fig. 1,
have a one-loop structure but contain the full propaga-
tors at scale k: by integrating the flow, diagrams of arbi-
trarily high loop order are generated and constantly fed
back into each other. It is especially for the latter rea-
son that our approach goes beyond other approximations
used for the description of the polaron problem such as
for example the non-self-consistent T-matrix approxima-
tion [8, 21]. The goal of this paper is to solve the system
of differential flow equations (8).

In the following we choose sharp cutoff functions Ry,
which strictly cut off all momentum modes with |p| < &
while the frequencies are not restricted [54]. Then the
regulated Green’s functions Gj, take the particularly sim-
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ple form (for unoccupied |-atoms)

G° () = Pi‘f} Ap -1, (10)
8(p| - k)
e s
c s o 9(‘1) 2 ‘7162)
GT.k(""ap) - PT,k(‘Jv p) .

For the f-atoms it is crucial to regularize the low-energy
modes around the Fermi energy 4. Using the Dyson
equation

Pk‘(va) = G;Zl(va) = G(;l(va) - Ek(wap)z

where Gy = G denotes the free (UV) and G, the full
Green’s function at scale k, we can in particular identify
the gap term

m] 1= P (0,0) = —p, — 51 (0, 0). (11)

The chemical potential j| is the energy required to add
one J-atom to the system,

wp=E(Ny) -

and is independent of the cutoff scale k. The interac-
tion effects on the |-fermion, which are successively in-
cluded during the flow, are captured by the k-dependent
self-energy X (w,p). In the polaron problem we are in-
terested in a two-component Fermi gas in the limit of
extreme population imbalance where one considers only
a single |-atom, N, = 1, and relation (12) is used to
determine the ground-state energy of the system. This
value of the chemical potential | then marks the phase
transition from a degenerate, fully polarized 1-Fermi gas
to a phase of finite |-fermion density [10]. Accordingly,
for all choices of ui < py there has to be a vanishing oc-
cupation of both |-fermions and molecules at every RG
scale k, which leads to the condition

In order to have only a single J-atom or molecule, p
has to be determined self-consistently such either the
J-atom or the molecule ¢ is gapless in the infrared,
Py/¢k=0(0,0) = 0 (ground state). We find that depend-
ing on the value of the dimensionless coupling (kpa) 1,
either the polaron or the molecule becomes the ground
state, see Table I. The polaron-to-molecule transition oc-

E(N, —-1), (12)

Pl,k(07 07 Ni) > 0’

curs at the critical interaction strength (kpa.) ! at which
2 _ 02
my =mj = 0.
coupling |(kra)™' < (krac)”'|(kra)™! > (kpac) ™"
ground state polaron molecule
1 gap Py(0,0)=m] =0 | P,(0,0)=m] >0
¢ gap Py(0,0) =m3 >0 | Py(0,0) =m3 =0

TABLE I: Conditions for the polaron and molecule ground
states.
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III. RG FOR FULL SPECTRAL FUNCTIONS

The main goal of this work is to solve the system of flow
equations (8) without imposing any constraints on the
frequency and momentum dependence of the polaron and
molecule propagators. This problem can only be solved
numerically, and the inverse, flowing Green’s functions
P4 1(w, p) are evaluated on a discrete grid in frequency
and momentum space,

Py i(w.p) = Pyr(wi,p;) = PP,

Py (w.p) = Py(wi,pj) = P (14)

We choose a logarithmically spaced, finite grid with
wi € (0,...,Wmax) and p; € (0,...,Pmax). As a result
of rotational invariance the propagators depend only on
the magnitude of spatial momentum p = |p|, and due to
the condition P*(w) = P(—w) for Euclidean (Matsubara)
propagators it is sufficient to consider positive frequen-
cies only [39]. The full (w,p) dependence is reconstructed
from the finite number of couplings P, L / bk by cubic spline
interpolation,

Psr(w,p) = Spline({Pj% o)

1}
=Y o) 1)
£,9=0
9
with w € (w;,wit1), p € (pj,pj+1) and (1]/55 . the corre-

sponding spline coefficients. For the asymptotics of the
propagators for high frequency and momentum modes,
W > Wmax and/or p > pmax, we choose the simple fit
models

(16)

Py(w,p) = —iw +p? — py

h? iw p?
> _ 1 .
P(p,k(w-,l)) =& (—a =+ —2+4+f¢,k>

with f; 1 determined by a continuity condition from the
numerical value of Py for the largest momenta |p| =
Pmax-

In order to keep the numerical cost of computing the
flow equations (8) low it is advantageous to employ the
sharp momentum regulator functions R, Ry, and
Ry defined by Eq. (10). This reduces the number of
loop integrations by one. The flow equations evaluated
by our algorithm are then given by

Ok P is(w, p) 27r / dT/ dy/ ¢*dq
o Xk (P, 4, )
P¢quPTkV7 w,q—P)
Ok Py 1 (w, P) 271_ / da:/ du/ ¢ dg

" Xk (P, 4, )
Py p(v,Q)Prp(w—v,p—Qq)

(7)



where we have defined the characteristic function

Xk(py g:2) = 8(g = K)O(|(p — @)® — jip| = K?)
+2k0(q — k)o(|(p — q)® — | — k% (18)

and z = cos 6§ expresses the angle § between the momen-
tum vectors p and q such that |p + q|?> = p? + ¢ £ 2pgz.

The initial condition at the UV scale k = A is deter-
mined by the few-body calculation (7). As we employ
no approximation for the momentum and frequency de-
pendence of the molecule propagator we are able to in-
corporate the ezact two-body scattering amplitude (5),
in contrast to the calculation in the appendix using the
derivative expansion where this is not possible. The vac-
uum problem can be solved exactly using the sharp reg-
ulators (10), which leads to the UV molecule propagator

h? h2A
P, =t —
o (w:P) 8ra  4m?
R 10(a—8[-A)0(a+ B[ —A)  6(g—A)
2 Ja| @+ (% B~ ) ¢

At each RG step we first perform the ¢ integration in
Eq. (17) which is trivial due to the d-functions in the
characteristic function yg. Next the frequency integra-
tion in Eq. (17) is carried out. The computational speed
is greatly enhanced by mapping the numerical integration
onto an analytical integration using the spline polynomi-
als in the interval (—wWmax, Wmax). Wmax 18 chosen such
that the error in the w integration of the outer regime
W > Wmax introduced due to the approximation (16) is
smaller than the accuracy of the numerical solution of the
system of differential equations (8). For the final angu-
lar integration in z = cos @ on the right-hand side of the
flow equation (17) we use a numerical integration with
adaptive nodes in order to cope with discontinuities of
the integrand.

In order to obtain a stable numerical result it is suffi-
cient to calculate the flow of the propagators for roughly
1500 grid points (w;,p;) in frequency and momentum
space. The corresponding system of ordinary differen-
tial equations is straightforwardly solved using a Runge-
Kutta algorithm, which we have implemented in a ver-
sion with adaptive stepsize in RG time ¢ = In(k/A). An
adaptive stepsize is essential in order to detect the kinks
in the RG flow due to the sharp Fermi surface of the 1-
fermions at zero temperature. We observe that about 10*
RG steps are necessary to obtain an error smaller than
€~ 1075,

Finally, when the flow reaches the infrared, £k = 0,
we end up with the full Matsubara Green’s functions
G k=0(w,p) and Gg p=o(w,p). The initial value of s
for a given kra is adjusted such that a vanishing macro-
scopic occupation of |-atoms and molecules is obtained
at the end of the flow, as discussed in section II. In order
to access the spectral functions we perform the analytical
continuation to real frequencies using a Padé approxima-
tion.
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IV. FULL SPECTRAL FUNCTIONS

We now present our numerical results for the spectral
functions of the polaron and molecule across the whole
transition region. First, the Matsubara Green’s func-
tions at the end of the RG flow, G /4 x—o(w, P), are con-
tinued analytically to retarded Green’s functions of real
frequency, G| /4 r(w,P), using the Padé approximation.
The spectral functions are defined as

In Fig. 2 the zero-momentum spectral functions
Ay /p(w,p = 0) are shown as functions of frequency and
coupling (kpa)~1.

The coherent single-particle excitations at zero mo-
mentum are determined by the solutions wq, of the equa-
tion

-1 - .

Gi/¢,n(w7p =0) oy 0 (20)
for w in the complex lower half-plane. Near each quasi-
particle pole the retarded propagator can be approxi-
mated by the form

Z

/¢

G p=0)~ ———— 21
J,/¢,R(W, p ) Wap — @ — 10 (21)
where the real part of wq, determines the quasi-particle
energy

Eqp = p1y + Relwgp). (22)

We have shifted the ground-state energy, which is zero
in our calculation (vanishing gap), to the conventional
value 1| from Eq. (12). The imaginary part of the pole
position determines the decay width

Pgp = — Imfwgp)- (23)

A Fourier transform in time relates the decay width to
the quasi-particle lifetime

Tap = /Lap. (24)

The quasi-particle weight Z| /4 is obtained from the fre-
quency slope at the complex pole position,

0
-1 __ 9 ~ _ =
2116 = "5 Grer(@P = O)LZWW- (25)
Note that an alternative definition of the decay width
in terms of the self-energy evaluated not at the complex
pole position but on the real frequency axis,

Paie = Im 3 5 m (w0, p = 0) . (26)

w=Rewqp
agrees with our definition for I'q, only for a single quasi-
particle pole (21) with Z = 1. However, for the po-
laron problem there are further excited states and Z < 1.
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FIG. 2: (color online). Spectral functions at zero momentum in dependence on 1/(kra). (a), (b): Polaron spectral function
Ap(w,p =0). (c), (d): Molecule spectral functions Ag(w,p = 0). In order to make the d-function peak for the ground state
visible we introduced an artificial width of the quasi-particles of 0.007 ef.
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FIG. 3: (color online). Energy spectrum of the single-particle
excitations of the polaron-to-molecule transition. In the in-
set we show our fRG result for the ground-state energy (with
the universal dimer binding energy E, = —h*/(ma?) sub-
tracted) in comparison to the results obtained with diagMC
by Prokof’ev and Svistunov [2] (symbols).

Hence, only T'yp, from Eq. (23) can be interpreted as the
half-width of the peaks in the spectral function and as
the inverse lifetime.

We will now in turn discuss the features seen in the
spectral functions: the peak position (Eqp), width (Igp)
and weight (Z), first for the polaron (upper row of Fig. 2)
and then for the molecule (lower row).

A. Attractive and repulsive polaron

Energy spectrum. Let us first look at the energy
spectrum of the quasi-particle excitations depicted in
Fig. 3 in dependence on the coupling strength (kpa)~?.
From our data we find two coherent quasi-particle states
for the |-atom, the attractive and the repulsive po-
laron, and one bound state for the molecule. The at-
tractive polaron (red solid line) is the ground state for
(kpa)~t < (kra.)~! (polaronic side) but becomes an
excited state for (kpa)~! > (kpa.)™! (molecular side).
Conversely, the molecule is the ground state on the
molecular side (blue dashed line) and an excited state
on the polaronic side, in accordance with the discus-
sion at the end of section II. For the critical coupling
strength we obtain (kpa.)™! = 0.904(5), which agrees
with the value (kpa.)™! = 0.90(2) obtained using di-
agrammatic Monte Carlo (diagMC) by Prokof’ev and
Svistunov [2]. As shown in the inset of Fig. 3, also the
values for the energies agree well with diagMC (sym-
bols). At unitarity, (kra)~! = 0, we obtain the ground-
state energy p) = —0.57 e while diagMC gives the value
p) = —0.615ep. Having treated the full frequency and
momentum dependence of the propagators in the trun-
cation (4), we can attribute the residual deviation in
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FIG. 4: (color online). Decay channel for the repulsive po-
laron. (left) Two-body process which leads to the decay of
the repulsive polaron. (right) Corresponding contribution to
the J-atom self-energy via the optical theorem.

the ground state energy to the omission of the terms
dﬁwiw 1 and @Y ¢d1),. The latter term describes the
atom-dimer interaction and is expected to further reduce
the ground-state energy in the transition regime in accor-
dance with the results from the variational wave function
approach [10, 11]. The term ¢f¢¢ 11, generated by
particle-hole fluctuations, is expected to give the main
correction in the unitarity regime [9]. Both terms can
be included in the fRG flow as additional flowing cou-
plings, or implicitly by using the Katanin scheme [40] or
rebosonization [41].

Until recently [22] most experiments with ultracold
Fermi gases have focused on the lower, attractive branch
on the BEC side (kra)™! > 0. There exists, however,
also the repulsive polaron branch (solid green line) which
corresponds to a higher excited state of the |-atom inter-
acting repulsively with the 1-Fermi sea. Our results for
the energy of the repulsive branch agree with the weak-
coupling results [18] for (kra)™! 2= 1. In the strong-
coupling regime our energies lie between the result from
the non-self-consistent T-matrix approach [21] and the
MC results for square well potentials [24]. In the polaron
spectral function, cf. Fig. 2(b), one can clearly discern
the attractive polaron branch as a very sharp peak at
low frequencies, and the much broader repulsive polaron
branch at higher frequencies.

Decay widths. The repulsive polaron has a large
decay width T'yep, as calculated from Eq. (23) and de-
picted in Fig. 5, and correspondingly a short lifetime.
The leading-order decay channel for the repulsive po-
laron is the process shown in Fig. 4(left) where the re-
pulsive polaron, which is an excited state, decays to the
attractive, and energetically lower lying, polaron due to
the interaction with an f-atom. This diagram can be
translated via the optical theorem into a contribution
to the imaginary part of the |-atom self-energy, as de-
picted in Fig. 4(right). This self-energy diagram is al-
ready included in the non-self-consistent T-matrix prop-
agator P™° and has been studied recently using this ap-
proximation [21]. Of course, this diagram is also included
in our fRG approach.

In the weak-coupling limit (kpa)~! — oo the excita-
tion becomes sharp, I'yep — 0, and the repulsive polaron



260

Falt

rep

Tate/(10~%¢p)

E T B 1}
1/(kra)

021

00 1 1 1 1 1 =

00 02 04 0.6 08 10 12

FIG. 5: Decay width I'rep of the repulsive polaron as a func-
tion of the coupling (kra)~'. We also show the width accord-
ing to the approximate formula Eq. (26) (dotted line). Inset:
Decay width T'aty of the attractive polaron.

is a well-defined quasi-particle. Toward unitarity, I'icp
grows but remains a well-defined, finite quantity even at
unitarity. We find that indeed I'yep, and not the approx-
imation F;?é}, from Eq. (26), is the correct half-width at
half-height of the respective peak in the polaron spectral
function in Fig. 2(b). For (kpa)™! < 0.6 the energy Eyep
of the repulsive branch exceeds the bath Fermi energy,
Eiep > €p. At this point it is energetically favorable to
spin-flip the impurity atom, which can be interpreted as
the condition for the onset of saturated ferromagnetism
[20, 26]. At the same time the decay width T'yep > 0.2€p
is large, which potentially destabilizes a ferromagnetic
phase [25].

On the polaronic side (kra)™t < (kpa.)~! the attrac-
tive polaron is the stable ground state with decay width
Tate = 0, while on the molecular side it is an excited
state with finite lifetime and decay width [,y > 0, see
Fig. 5(inset). This decay is much weaker and also quali-
tatively different from the repulsive channel. The attrac-
tive polaron can decay by a three-body recombination
process as shown in Fig. 6(left). Via the optical theo-
rem this process can be translated into a contribution to
the J-atom self-energy as depicted in Fig. 6(right), plus
an additional contribution with crossed lines. This de-
cay channel has recently been studied using an explicit
three-loop calculation [17]. The resulting finite lifetime
cannot be seen in the non-self-consistent T-matrix ap-
proximation, where the self-energy corrections of the |-
atom—indicated by the inner white box P|—are not fed
back into the T-matrix ~ P, [8, 21]. In contrast to
the non-self-consistent T-matrix calculation, our fRG in-
cludes the full feedback of both the | and ¢ self-energies,
denoted by bold internal lines in the flow equations in
Fig. 1. Therefore, the contributions from the decay dia-
gram in Fig. 6(right), and many more, are automatically
included in our approach.

Quasi-particle weights. Fig. 7 depicts the quasi-
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FIG. 6: (color online). Decay channel for the attractive po-
laron. (left) Three-body recombination process which leads
to the decay of the attractive polaron. (right) Corresponding
contribution to the |-atom self-energy via the optical theorem
(there is also a contribution with crossed lines).

particle weights of the attractive and repulsive polaron
computed using Eq. (25). On the polaronic side the at-
tractive polaron state contains most of the weight, but
as one moves toward the molecular side the spectral
weight gradually shifts to the repulsive branch, and the
corresponding peak in the polaron spectral function in
Fig. 2(b) becomes larger. We find that the attractive and
repulsive branches almost completely make up the total
spectral weight, hence the contribution from the incoher-
ent background is very small. This is also apparent in the
polaron spectral function in Fig. 2(b).

Our results for the quasi-particle weights agree well
with those from the non-self-consistent T-matrix and
variational wave-function approaches. At unitarity we
obtain for the attractive polaron 7| ,¢¢ = 0.796 compared
to the variational value Z| ¢t = 0.78 [7, 10]. For the re-
pulsive polaron at (kpa)™! =1 we find Z| sp = 0.71, in
agreement with the recent non-self-consistent T-matrix
calculation [21].

Note that there is an alternative definition of the quasi-
particle weight [10]

7 = lim (G (t,p = 0)|- (27)
This definition has to be treated with care: on the molec-
ular side of the transition the polaron acquires a finite
decay width I') > 0 but nonetheless continues to be a
well-defined quasi-particle with finite spectral weight, as
can be seen from Fig. 2. However, definition (27) yields
zero as soon as I'y > 0 and in this case cannot be in-
terpreted as a measure of spectral weight anymore. In
contrast, the definition (25) remains correct for a finite
decay width and accordingly our data for Z| shows no
discontinuity at the transition. In the experiment the fi-
nite lifetime of the attractive polaron on the molecular
side complicates the direct measurement of Z by radio-
frequency spectroscopy because the molecular state and
not the attractive polaron becomes occupied as the initial
state (cf. section V).
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FIG. 7: (color online). Quasi-particle weight Z, of the at-
tractive (solid line) and repulsive (dashed line) polaron. The
weights of the two quasi-particle peaks in the | spectral func-
tion almost completely make up the total spectral weight,
and the contribution from the incoherent background is very
small.

B. Molecule

Energy spectrum. The molecule spectral function
in Fig. 2(d) displays a sharp quasi-particle peak of the
bound state at low frequencies, followed by an incoherent
background at higher frequencies which actually carries
most of the spectral weight. Note that this background is
not taken into account in the simple derivative expansion
in the appendix nor in the Wilsonian RG approach [15].
On the molecular side (kpa)~! > (kra.)~! the molecule
is the ground state and is clearly separated from the inco-
herent continuum. On the polaronic side of the transition
the molecule becomes an unstable, excited state and de-
velops a clearly visible finite decay width in the spectral
function.

Decay widths. The leading decay channel of the ex-
cited molecule state is via the three-body recombination
process shown in Fig. 8(left). Via the optical theorem
this process can be translated into a contribution to the
molecule self-energy as depicted in Fig. 8(right). Simi-
larly to the attractive polaron, in the non-self-consistent
T-matrix approximation the |-atom self-energy correc-
tions in P| are not fed back into the T-matrix ~ P
and the molecule does not decay. In contrast, the dia-
gram Fig. 6(right) is included in the fRG, which leads to
the visible broadening in the spectral function.

Ref. [17] shows by an analytical calculation of the phase
space for three-loop diagrams of the type in Fig. 8 that
the decay width of the molecule scales as

[y ox Aw?/? Aw = Ey — E| ags (28)
where Aw is the difference between the energy levels of
the excited molecule and the attractive polaron ground
state. In Fig. 9 we show I'y, as a function of Aw in a dou-
ble logarithmic plot. The large fluctuations of our nu-
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FIG. 8: (color online). Leading decay channel for the ex-
cited molecular state. (left) Three-body recombination pro-
cess which leads to the decay of the molecular state. (right)
Corresponding contribution to the molecule self-energy via
the optical theorem (there is also a contribution with crossed
lines).

merical data are due to the accuracy of the Runge-Kutta
integration as well as due to the restriction to a finite
number of Matsubara frequencies. We have estimated
the corresponding error by comparing the results for dif-
ferent grids with varying number and position of (Mat-
subara) frequencies. The solid line in Fig. 9 indicates the
power law Aw®2. The triangles in Fig. 9 correspond to
a calculation with a higher number of frequencies and we
find a convergence to the solid curve for decay widths
larger than our numerical integration accuracy ¢ = 107°.
This indicates that the error for larger I'y can be at-
tributed to the Padé approximation, while for I'y < € the
accuracy of our results becomes limited by the absolute
error of our numerical integration. With our fRG calcu-
lation we are thus able to verify the prediction by Bruun
and Massignan [17], and the correctness of the power law
attests to the strength of our method to describe many
features of the polaron-to-molecule transition in one uni-
fied approach.

Quasi-particle weight and compositeness. The
quasi-particle weight Zy of the molecular bound state
in the spectral function in Fig. 2(d) is very small, Z, ~
0.002 at unitarity, and increases slowly toward the molec-
ular limit, see Fig. 10(inset). For broad resonances,
h? ~ AB — oo, the two-channel model (2) is equiva-
lent to the single-channel model (1) where Z4 = 0 [31].
Specifically, we obtain for the weight of the bound state
in vacuum

32m
" h%a
This is consistent with the interpretation of Z, as the
closed-channel admixture (cf. Eq. (29) in [5]). In our
calculation we set the physical UV cutoff scale to A =
103k, which is of the order of the inverse Bohr radius,
and choose h? < co. We observe Z, o 1/(kpa) on the
BEC side and a deviation from the vacuum scaling close
to unitarity, which may be due to a combination of finite

Z (vacuum, A — 00). (29)
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FIG. 9: The decay width I'y of the excited molecular state as
a function of the energy difference Aw = Ey — E| a1+ between
the excited molecule and attractive polaron ground state. The
solid line indicates the power-law scaling Ty oc Aw®/2.

density corrections and the admixture of closed-channel
molecules in the microscopic action by choosing finite
values of h and A.

Furthermore, the quasi-particle weight Z can be inter-
preted as the overlap between the “true” particles and
the “elementary”, or bare, particles in the microscopic
action (2). The attractive Fermi polaron becomes ele-
mentary, Z| ¢t — 1, in the BCS limit (kpa — 07), while
in the opposite limit of kra — 0T the repulsive Fermi
polaron becomes elementary, Z| .ep — 1. Near unitarity,
both excitations have a sizable weight. In contrast, the
molecular bound state is almost exclusively a composite
particle in the whole transition region. Indeed, the de-
viation of the quasi-particle weight from unity, 1 — Z,
is a well-established measure of compositeness in nuclear
physics [30], and in Fig. 10 we show that for our choice of
the Yukawa coupling h the compositeness of the molecule
is very large (> 98%). This is consistent with the mea-
surement of a small molecular weight Z4 for a balanced
6Li Fermi gas close to a broad Feshbach resonance by Par-
tridge et al. [42]. In experiments with a narrow Feshbach
resonance the compositeness will decrease and a single-
channel description becomes invalid. A strength of the
fRG approach is that both situations are naturally de-
scribed by tuning the values of h and Gy a.

In the vacuum there exists no molecular state for neg-
ative scattering length a as can easily seen from Eq. (7),
which has no bound-state pole. In the presence of a
medium of 7-fermions, however, the molecule propagator
develops an excited bound-state pole also for negative
scattering length a. This bound state will become the
superfluid ground state if the impurity density exceeds a
critical threshold [10].
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FIG. 10: Compositeness (1—Z,) of the molecular bound state.
A value of 100% would indicate that the molecule has no over-
lap with elementary closed-channel bosons. Inset: Molecular
residue Zg.

V. RF-RESPONSE OF THE °LI FERMI GAS

As a final application we want to connect our results for
the polaronic spectral function to experimentally observ-
able radio-frequency (rf) spectra. The attractive branch
of the polaron-to-molecule transition has been studied
experimentally by Schirotzek et al. [6] using a popula-
tion imbalanced, two-component mixture of °Li atoms.
In the experiment the rf-response of the system has been
used to infer information about the low-frequency behav-
ior of the fermionic spectral functions. For instance, the
ground-state energy and the residue Z| of the |-fermions
were measured and confirmed the theoretical predictions.

In order to measure the rf-response, an rf-pulse is ap-
plied to the system which drives the transition of the
atoms to a third, initially empty state. In Fig. 11 we show
the scattering length profile of SLi versus the magnetic
field. In the experiment [6] a mixture of fermions initially
in the hyperfine states |1) and |3) had been prepared in
a range of the external magnetic field B = 630...690 G
(shaded area). In this regime the scattering length a;s
in the initial state is large and positive, while the final
state scattering lengths aj2, ass are rather small.

Information about the spectral function can be ac-
cessed from rf-spectroscopy, for example by populating
the particle under investigation up to the energies one is
interested in and then driving the transition to a weakly
interacting final state for which the spectral function is
well-known. This route had been taken for the study
of the attractive polaron. The repulsive polaron branch,
on the other hand, has not yet been observed directly
in experiments. The main complication is that the re-
pulsive polaron has a very short lifetime in the strong-
coupling regime of interest (cf. Fig. 5). Hence, its macro-
scopic population is inhibited on longer time scales, and
even after a fast ramp to the desired magnetic field most
minority atoms will have decayed into the respective
ground state. A similar situation arises in the detection
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FIG. 11: (color online). Scattering length profile of SLi atoms
in the three lowest hyperfine states as calculated by P. S.
Julienne based on the model described in [43]. The stars
indicate the magnetic field values for which we determine the
rf-response of the imbalanced Fermi gas in Fig. 13.

of Efimov trimers in a three-component mixture of °Li
atoms [44, 45]. The decay of the repulsive branch is also
of relevance for the balanced system and the competi-
tion between ferromagnetic order and molecule formation
[22, 25).

In this section we propose an experimental procedure
to circumvent these difficulties and directly analyze the
spectral function of the repulsive polaron. A strongly
imbalanced two-component Li Fermi gas is prepared in
hyperfine states |1) and |3) for magnetic fields B > 690 G
across the (1,3) Feshbach resonance. In this regime the
initial scattering length is negative, a;3 < 0. One then
drives an rf-transition to the final state |2) which is char-
acterized by large, positive scattering lengths a2 and
ass and thus strong interactions. Because the attrac-
tive polaron spectral function of the initial state, with its
negative scattering length aj3, is well understood both
experimentally and theoretically, the final-state spectral
function can then be analyzed in a controlled fashion.

Within linear response theory the induced transition
rate from the initial state |i) to the final state |f) is given
by [46-48]

I(wy) =202 Im xr(py — pi —wi) (30)

where the Rabi frequency €2 is given by the coupling
strength of the rf-photon to the atomic transition, p;
(peg) the initial (final) state chemical potential, and wy,
denotes the rf-frequency offset with respect to the free rf-
transition frequency. Neglecting the momentum of the rf-
photon, the retarded rf-susceptibility ygr is given by the
analytical continuation to real frequencies of the correla-
tion function in imaginary time 7 (Matsubara frequency
w)

x(w) = —//,/eiW<TT1/)}(r, T)i(r, 7)
X L, 00y (x',0),  (31)
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11
B field [G]|(krais) ™" | (krass) | (kraia) "

(a)| 810.3 -1.88 0.0 0.39

(b)|  800.8 -1.80 0.2 0.58

(c)| 7882 -1.70 0.5 0.86

(d)| 780.6 -1.62 0.7 1.04

TABLE II: Interaction parameters at the four transitions in-
dicated in Fig. 11, using kp+ = 0.00015ag "

where T, is the imaginary time-ordering operator.
Eq. (31) leads to various diagrammatic contributions
which are in general difficult to handle if the final-state
interactions are not negligible [49]. Here we will calcu-
late Eq. (31) in a simple approximation with full Green’s
functions but without vertex corrections. In this approx-
imation Eq. (31) yields the susceptibility in Matsubara
frequency

x(w) = Gi(k,v)Gy(k,v +w). (32)

Jk,v

The rf-response in real frequency is then given by

L ]
ren =9 [ [ -
x Ap(k,v) Aij(k, v+ py — p; —wr)  (33)

where p; — py +wp, > 0.

In Eq. (33) the initial-state spectral function A; is
probed for negative frequencies only. Hence, there is
no rf-response for the pure polaron problem at vanish-
ing density and chemical potential u(f]). In the experi-
ment one has, however, a small but finite concentration
x = ny/ng of |-fermions which leads to an observable
rf-response. In order to describe the experimental sit-
uation we therefore need a calculation for a finite mi-
nority () density characterized by a chemical potential
i = py > ,u,io) . Within the fRG framework such a
calculation requires the regulator R in Eq. (10) to be
adjusted in order to cope with the finite Fermi surface
of |-fermions which complicates the computation. For-
tunately, our calculation for the polaron problem shows
that for negative scattering length, where the polaron
is the ground state and decay processes do not matter,
the fRG results are in excellent agreement with the re-
sults from a non-self-consistent T-matrix approach. We
may therefore use this approach instead of a full-feedback
fRG for the calculation of the imbalanced Fermi gas of
finite densities n4 and n in order to determine the initial-
state spectral function. The non-self-consistent calcula-
tion was also done by Punk and Zwerger [46] and is ob-
tained in our fRG formulation by simply switching off
the feedback of the |-atom self-energy into the molecule
flow.

Because the occupation of |-atoms is small only the
low-momentum modes are relevant. The |-atoms form a
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FIG. 12: (color online). Full momentum and frequency depen-
dence of the polaron spectral function A (w,p) at unitarity
(k’F(L)71 =0.

degenerate Fermi gas of polaronic quasi-particles and the
spectral function can be approximated by [16]

2
P +A),
Qmj

Ay(w.p) = 217 5(w - (34)

where Z; is the residue and m? is the effective mass of
the impurity atoms. A determines the impurity concen-
tration z.

We have calculated the parameters mj, Zi, and A
as functions of (kpa)~! via the non-feedback (non-self-
consistent T-matrix) calculation. pu; is determined self-
consistently to ensure the correct impurity density. In-
serting the spectral function Eq. (34) into the suscepti-
bility (33) we obtain for the rf-response

2mTA
/ kK
0
k2

x Af(k,u,. oy twn— A 2mj>. (35)

QQZZ'
2n2

I(WL) =

For the final state |f) we use the spectral function ob-
tained in section IV from the full fRG calculation. In
Fig. 12 we show an example of the full final-state spec-
tral function in dependence of frequency and momentum
which enters the momentum sum in Eq. (35). One can
clearly discern the broadening of the attractive polaron
branch at larger momenta, as well as the broad repulsive
branch at higher frequencies. A similar feature appears in
the spectral function for the balanced Fermi gas above T,
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FIG. 13: (color online). rf-spectra I(wy) for minority species
|1) (solid blue lines) and minority species |3) (dashed red
lines). The interaction parameters correspond to the four
magnetic field values marked in Fig. 11, and listed in Table II:
(a) top—(d) bottom.

as calculated by Haussmann et al. [48]. The fermionic
spectral functions and rf-spectra in this work were de-
termined using state-of-the-art self-consistent T-matrix
(2PI) approximations and form the basis for a full linear
response calculation including vertex corrections [50].

Initially, the gas is prepared in a |1) and |3) mixture,
and both states can serve as minority or majority species,
for example, |1) = [3) and |}) = |1) such that |i) = |1)
and |f) = |2). The initial occupation of the minority ||)
states is small and for our numerical calculation we use
x =ny/ny = 0.01. The energy scale is set by the Fermi
momentum of the majority species kry = 0.00015 agl as
appropriate for the MIT experiment [6]. We calculate the
rf-spectra at four values of the magnetic field indicated
as stars in Fig. 11, and listed in Table II. The resulting
spectra are shown in Fig. 13: the solid blue lines indicate
the response for minority species |1), while the dashed red
lines correspond to minority species |3). In the latter case
the sign of the frequency offset wy, is changed because the
state |3) is energetically above the final state.

The position of the sharp attractive polaron peak at



negative frequency offset wy, shifts with the interaction
parameter (kpay)~! in accordance with the energy spec-
trum Fig. 3. One observes that the attractive polaron
loses quasi-particle weight on the molecular side, cf.
Fig. 7. In contrast, the repulsive polaron branch gains
quasi-particle weight toward the molecular side, and the
respective peak in the rf-spectra becomes both larger and
narrower, and one can read of the increasing lifetime.

The spectra in Fig. 13 are convolved with a sinc func-
tion sinc?(wT/2) which gives the response to an rf-pulse
with a rectangular profile of length 7' = 20 ms [48]. While
our curves are computed for zero temperature, a finite
temperature ~ 0.01 T would lead only to a slight broad-
ening of the experimental rf-peaks. The broadening of
the attractive polaron due to the finite lifetime on the
molecular side (kpay)~! > (kpac)~!, however, is too
small to be resolved. Note that we have included both
final-state and initial-state interaction in our calculation:
the knowledge of the spectral function for the initial state
allows for a detailed study of the final-state spectral func-
tion.

VI. DISCUSSION

We have presented a new computational method to
solve the non-perturbative, exact renormalization group
equation (3) and have demonstrated its efficiency for the
Fermi polaron problem as a specific example. The inclu-
sion of the full frequency and momentum dependence of
the propagators opens up new perspectives to apply the
functional renormalization group to problems where the
detailed dynamics of the relevant degrees of freedom be-
comes important [51]. In particular, the method draws
its strength from the possibility to successively bosonize
further channels of the interaction via additional aux-
iliary fields (Hubbard-Stratonovich transformation) [52].
In this way one can partially capture the complicated an-
alytical structure of higher-order vertex functions '™,
including possible quasi-particle poles and branch cuts,
as we have explicitely shown for the s-wave scattering
channel in the polaron problem. In combination with
the recently developed flowing rebosonization technique
[41] our numerical method can be extended to also incor-
porate re-emerging vertices. Our approach complements
the proposal for bosons [29] and additionally includes
fermions.

For the Fermi polaron problem we achieve a unified
description of many dynamical effects beyond thermo-
dynamics. We verify the non-trivial power-law scaling
of decay rates [17] and determine the properties of the
repulsive polaron with a method beyond the non-self-
consistent T-matrix approximation [20, 21]. This is of
value in the ongoing debate about the possible occur-
rence of ferromagnetism in ultracold Fermi gases with
short-range interactions [20-26]. The polaron problem
sheds light on this question in the limit of strong popu-
lation imbalance. For the repulsive polaron we find the
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critical interactions strength kpa = 1.57 from our numer-
ical data (Fig. 3). Going to a finite density of |-fermions
is straightforward within the fRG and involves only a
slight modification of the regulator of the |-fermions (10)
as long as no spontaneous symmetry breaking occurs. By
continuity we can infer that the repulsive branch will re-
main to exist for small but finite |-population and will ex-
ceed the critical energy e for the presumed onset of satu-
rated ferromagnetism. It is an open question whether for
larger impurity concentrations the repulsive branch is so
strongly renormalized that saturated ferromagnetism can
be ruled out [26], or whether competition with molecule
formation may preclude the observation of ferromagnetic
domains [25]. Answering these questions will require a
full non-equilibrium calculation.

There has been much theoretical progress on the re-
pulsive Fermi gas with short-range interactions, but rel-
atively few experiments have been completed. While the
repulsive *He Fermi gas has been studied extensively in
experiment, it is not dilute and has a large repulsive hard-
core potential [53]. In contrast, ultracold Fermi gases
offer the realization of a proper contact interaction of
tunable strength. We predict rf-transition rates for the
repulsive branch and propose a possible route to measure
these excited states in a SLi Fermi gas. This is a chal-
lenging problem because the final repulsive polaron state
is highly unstable. One possible approach could involve
fast tomographic imaging similar to the MIT experiment
[6], another might be to measure the loss in the final state
which is expected to scale with the rf-transition rate for
a constant rf-pulse time but may be suppressed by the
quantum Zeno effect [44]. Hence, the possible observa-
tion of the repulsive polaron represents not only a test of
theoretical predictions but poses an interesting challenge
touching several aspects of many-body physics.
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Appendix A: Derivative expansion

In this appendix we qualitatively study the polaron-
to-molecule transition using a simple approximation for
the renormalized Green’s functions G| ;, and G4 ;. As we
have seen, G, and G, generally develop a complicated
frequency and momentum (w,p) dependence. Here, we
will use an expansion in small frequencies and momenta
(derivative or gradient expansion) which allows for an an-
alytical evaluation of the loop integrals on the right-hand



266

side of the flow equation (8). The derivative expansion
proves to be a good approximation if one is interested in
physics determined by the structure of the Green’s func-
tions close to their poles as, for example, in the descrip-
tion of phase transitions and critical phenomena [32]. In
the derivative expansion the dependence of the inverse
propagators P4 (w,p) on the RG scale k is approxi-
mated by

Puc(w,p) = Ai,k- . (71@' + p2) + mik (Al)

Py (w,p) = Ag i - (—iw + p?/2) +m .

In this approximation, which is similar to the one used
in the Wilsonian RG approach to the polaron problem
[15], we assume that the renormalization of the frequency
and momentum coefficients is given by common wave-
function renormalizations A, and Agy, respectively,
which in turn are related to the quasi-particle weights
via 74 = Al’/l(/). The flowing gap terms mik and mik
are related to the flowing static self-energy via Eq. (11).
From equation (8) one can derive the flow equations
for the four running couplings Ay, Agk, mik, and
mi - The T-fermions are not renormalized, Ay, = 1 and
m%k = —py. With the sharp cutoff (10), the frequency
as well as the momentum integrations can be performed
analytically. The resulting flow equations read

\ Ut — k2

(k2 + puy + 2m3 [Ag)?

2h%k 9
*mg(/ﬁ -2k )[

LA, =

k
A2
+ (=K% +2up + 2’”Li/A¢)2:| (A2)

h2k N

Om? = O(pur — 2k2) | — X~
k"L‘L TF2A¢ (MT ) L{‘z + H’T -+ QTTIi/Aqb

k
+
—k2 4+ 2p4 + 2m§)/A¢]

DA, — h2k \/u¢+l€2
FEOT T om2 AL (2K + iy + m3JAL)?
a0 o R%k Vi + k2
dkm¢:

2m2A; (2k2 + py +m2/AY)

The initial conditions for this system of differential equa-
tions (A2) are specified at the UV scale k = A. We
note that the derivative expansion (A1) of the molecule
propagator Py ;(w, p) cannot account for the correct vac-
uum scattering amplitude (5), because the term ig is
rooted in the non-analytical structure of the molecule
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14

propagator (7). We therefore focus only on the correct
calculation of the scattering length a for ¢ = 0, which
leads to the infrared condition (m;fj‘,zzo)z = —h?/(8wa)
for p1y = py = 0. In this case of two-body physics Py j
is not renormalized, A}, =1 and mf & = 0, and the dif-
ferential equations for Ay ) and mék decouple and can
be solved analytically. The integration of (A2) in the
vacuum limit yields

4m?’ (A3)

(M5 0)® = m? -
This leads to the UV condition for the molecule gap,

2 h? -1
Mo = 87(21\/7 —a ),

(A4)
which incorporates the correct regularization of the UV
divergence A in Eq. (A3). At the UV scale the momen-
tum and frequency dependence of Py 5 can be neglected
due to the large bosonic gap mi#A, and we set Agp = 1.

For a finite density of f-atoms the system of differ-
ential equations (A2) is solved numerically. The initial
values for the | propagator are then given by mf A=
and A o = 1. The down chemical potential 1| is deter-
mined in the way discussed in section II. We find that
the polaron is indeed the ground state for interaction
strengths (kra)™* < (kpa.)~! whereas the molecule be-
comes the ground state for (kpa)™ > (kpa.)~!, with
(kra.)~! = 0.96.

The energy spectrum from the simple derivative ex-
pansion is in qualitative agreement and even in rough
quantitative agreement with the results obtained from
our new numerical method and other theoretical calcula-
tions. A drawback of the derivative expansion is that
it is impossible to extract a reasonable spectral func-
tion from an ansatz of the form (A1) as it only accounts
for a single coherent quasi-particle excitation. Neither
higher excited states, such as the repulsive polaron, nor
the incoherent background, which comprises the major
weight for the molecule (cf. section IV), can be cap-
tured with this ansatz. Furthermore, although decay
processes lead to a finite lifetime of the excited polaron
and molecule branches, in the simple approximation (A1)
these states have a vanishing decay width. Note that the
finite lifetime of excited states can be obtained neither
from simple variational wave functions [7] nor from the
non-self-consistent T-matrix approach [8]. Their descrip-
tion requires the full self-energy feedback developed in
section III.
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Fermi polarons in two dimensions
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We theoretically analyze inverse radiofrequency (rf) spectroscopy experiments in two-component
Fermi gases. We consider a small number of impurity atoms interacting strongly with a bath of
majority atoms. In two-dimensional geometries we find that the main features of the rf spectrum
correspond to an attractive polaron and a metastable repulsive polaron. Our results suggest that the
attractive polaron has been observed in a recent experiment [Phys. Rev. Lett. 106, 105301 (2011)].

PACS numbers: 67.85.Lm, 68.65.-k, 03.65.Ge, 32.30.Bv

The behavior of a mobile impurity (polaron) inter-
acting strongly with a bath of particles is one of the
basic many-body problems studied in condensed mat-
ter physics [1-4]. With the advent of ultracold atomic
gases [5], the Fermi polaron problem in which a single
spin-} atom interacts strongly with a Fermi sea of spin-
1 atoms, has become a subject of intensive research [6].
In three dimensions it was found that the polaron state
splits into two branches, a low-energy state interacting
attractively with the bath of fermions, and the repul-
sive polaron, which is an excited, metastable state [7—
9]. In this way the polaron exemplifies a more general
paradigm of a many-body system driven into a nonequi-
librium state where a small number of high energy ex-
citations interact strongly with the surrounding degrees
of freedom [10, 11]. The polaron is the limiting case of
a Fermi gas with strong spin imbalance, and the repul-
sive polaron provides insight into the question whether a
quenched, repulsive Fermi gas may undergo a transition
to a ferromagnetic state even though it is highly excited
[7-9, 12, 13]. Similarly, the ground state of the polaron
problem has important implications for the phase dia-
gram of a strongly interacting Fermi gas [14-16].

It is a key question how many-body properties are af-
fected by reduced dimensionality, and the polaron is a
case in point. The combination of optical lattices and
Feshbach resonances [5] provides a unique setting to ex-
perimentally study strongly interacting low dimensional
systems using ultracold atoms [17, 18]. Recent advances
in radiofrequency (rf) spectroscopy afford to measure en-
ergy spectra [14] and give access to excited states as
well as full spectral functions using momentum resolved
rf [19, 20]. So far, only the ground state of the two-
dimensional polaron problem has been investigated the-
oretically [21-23] with the focus on a possible polaron to
molecule transition. This is similar to the 3D situation
where for strong interactions it becomes energetically fa-
vorable for the impurity to form a molecular bound state
[24]. The structure of high energy excitations and the
experimental polaron signatures in rf spectroscopy have
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FIG. 1: (color online). Left panels: spectral function
A, (¢, E— py) for impurity atoms interacting with a 2D Fermi
sea. Red lines indicate the free particle dispersion and white
(black) dashed lines mark the dispersion of the attractive (re-
pulsive) polaron. Right panels: corresponding rf spectra
illustrating how weight is shifted from the attractive polaron
state (peak at negative frequencies) to the new repulsive po-
laron state at positive frequencies. The two-body bound state
energy is (a) ep/er = 0.1, (b) ep/er =1, (c) ep/er = 5.

remained open questions which we address in this work.
We derive the spectral functions of both the molecule
and the impurity atom (Fig. 1 left) and find that the
impurity state splits into the attractive and the repul-
sive branch. We compute rf spectra for homogeneous 2D
systems (Fig. 1 right) as well as for the experimentally



relevant quasi-2D geometries (Fig. 4). Finally, we argue
that our calculation provides an alternative explanation
of the recent experiment by Frohlich et al. [17] in terms
of the polaron picture.

A quasi-2D geometry can be realized experimentally
using an optical lattice in one direction with associated
trapping frequency w,. In this case, a confinement in-
duced two-body bound state exists for an arbitrarily
weak attractive interaction [25-27] with binding energy
ep > 0. The spatial extent of the bound state is related
to the 2D scattering length given by asp = h/ /mep > 0.
In the weak coupling BCS regime of small 3D scattering
length agp < 0 [5] these dimers are large and weakly
bound (¢p < hw,); in the BEC limit of small asp > 0,
the weakly interacting molecules are too tightly bound to
feel the confinement (ep ~ h%/(map) > hw,). Around
the Feshbach resonance (aaTD1 = 0) there is a strong cou-
pling regime where the binding energy attains the uni-
versal value ep = 0.244 hw, [5, 27].

At finite densities the majority atoms form a Fermi
gas with Fermi energy er and the two-body scattering
is replaced by many-body scattering which gives rise
to important qualitative differences, most notably the
emergence of two polaron branches. Spectral weight is
shifted from the attractive to the repulsive polaron in the
non-perturbative regime where the interaction parameter
1/In(ep/2er) diverges [28] and the confinement induced
resonance appears [5, 29].

We consider a two-component 2D Fermi gas in the limit
of extreme spin imbalance, described by the grand canon-
ical Hamiltonian

g
H= 2(6’“” - Ma)Canka + A Z CLTCL'J,Ck’—qLCk-%—qu
ko kk'q

with single-particle energies eg, = k> /2m, for species o
(h = 1), chemical potentials /1, and system area A. Hav-
ing in mind the experiment of Ref. [17], we focus on the
case of equal masses my = my = m. Generalizations to
mass imbalanced situations are straightforward [21, 22].
In the low-energy limit the attractive s-wave contact in-
teraction g can act only between different species due to
the Pauli principle. The majority atoms are not renor-
malized by the presence of a single impurity with finite
mass such that ur = ep = k%/2m at zero temperature.
The chemical potential p) of the impurity atom is de-
termined such that the impurity state ||) has vanishing
macroscopic occupation. Furthermore, p is negative due
to the attractive interaction between 1 and | atoms.

Dressed molecule. The two-body scattering of a spin-
1 atom and a spin-| atom is described by the exact two-
body T-matrix [26]

4 /m
To(E) = —————— . 1
o(B) In(eg/E) +im M
The pole of the T-matrix at E = —ep corresponds

to the molecular bound state, and the associated vac-
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FIG. 2: (color online). Molecular spectral function Amoi(gq,w)
for different values of the two-body binding energy g /er: (a)
0.1, (b) 0.5, (c) 1.0, (d) 2.5. The dashed lines mark the log
continuum wop, dash-dotted and solid the root continuum w4 .

uum scattering amplitude for two particles with rela-
tive momenta k and —k in the center-of-mass frame is
f(k = |K|) = mTy(2ex) = 4n/[In(1/k%a3p) + iw] [5].

In the presence of a Fermi sea of spin-1 atoms, the
molecular state is dressed by fluctuations and described
by the many-body T-matrix. This can be calculated in
the Nozieres-Schmitt-Rink approach [30], as done in the
2D case by Engelbrecht and Randeria [31, 32]. We gen-
eralize these results to the case of spin imbalance and
obtain

T Hg,w) =Ty (@ +i0 + pg + p1, — £4/2)

+/ Pk np(er — pr) + np(errq — 1) @)
(2m)2 w+i0+ pr + f) — €k — Ektq

with the Fermi function ng(e). At zero temperature
where py = ep and py < 0, we obtain an analytical
expression for the many-body T-matrix

T(q,w) = To(%z +34/(z—€q)% — 4$F£q) (3)

with 2 = w4190 — ep + p; and + = sgnRe(z — gq). Due
to the constant density of states in 2D the many-body T-
matrix can be expressed as the two-body T-matrix with
the argument shifted by Pauli blocking. The molecular
spectral function Amel(q,w) = —2Im7T(g,w) is shown
in Fig. 2 for several values of the interaction strength
parametrized by the two-body binding energy eg. One
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observes a bound state peak at low energies and the
particle-particle continuum at higher energies.

The continuum of dissociated molecules arises mathe-
matically from the branch cut of the square root (3) in
the region w_(q) <w < w4 (q), wy =er(1£q/kr)*—p
(dash-dotted/solid lines), as well as from the branch
cut of the logarithm (1) for w > w4 (g) and for wy =
eq/2—er —py <w <w_(q) if ¢ > 2kp (dashed lines).

The bound state pole of the many-body T-matrix has
the dispersion relation [21]

_ €q/2(¢q/2—cr) +en(er —€B)
eq/2+¢nB

ws(q) - (4
which changes qualitatively with the two-body binding
energy e (see Fig. 2): for ep < 2ep the bound state has
minimum energy at a finite wave vector with positive
effective mass m*/m = (2 — 2/krazp) "t [33].

Polaron and quasi-particle properties. The impurity
atom is dressed with virtual molecule-hole excitations
and becomes a quasi-particle with self-energy [32-34]

Sy (q.w) = /
k<kp

which leads to the same ground state energy as a vari-
ational ansatz [35]. Here we have used the fact that in
the zero-temperature polaron problem the molecule has
vanishing macroscopic occupation. Hence it has spectral
weight only at positive frequencies (cf. Fig. 2) where the
Bose distribution vanishes. We perform the integral in
(5) numerically and obtain the spectral function of im-
purity atoms

&k
(27)

T(k—i—q,ak—m +w), (5)

)

Ay(q,w) = —2Imlw +10 + py — g — Zy(q,w)] 7 *. (6)

The frequency and momentum dependence of the spec-
tral function is shown in Fig. 1 (left panel) for three values
of the interaction strength. In Fig. 3 we display the zero-
momentum spectral function A (¢ = 0,E — p1)) versus
interaction parameter n = In(kpasp) = —In(ep/2ep)/2.
In both figures we set the reference energy to the free
atom threshold by subtracting the chemical potential .

At weak binding ep < ep (Fig. 1a) the attractive po-
laron is a well-defined quasi-particle at small momenta
but for ¢ 2 kp it scatters off virtual molecules and ac-
quires a large decay width. For intermediate binding
(Fig. 1b) a new repulsive polaron state appears at posi-
tive energies. It is a metastable state with broad decay
width, and it is shifted to higher energy due to the re-
pulsive interaction with the Fermi sea of spin-1 atoms.
The dispersion of the repulsive polaron has a minimum
at finite momentum ¢ ~ kp reflecting a similar feature in
the molecular spectral function (Fig. 2c¢); for larger mo-
menta it approaches the free particle dispersion. Finally,
for strong binding (Fig. 1c) both polaron branches are
well separated and the repulsive polaron becomes an in-
creasingly long-lived and stable quasi-particle. Between
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the attractive and the repulsive polaron branches appears
the molecule-hole continuum (see also Fig. 3). Its spec-
tral weight is small in the case of a broad Feshbach res-
onance studied here, but it is enhanced for narrow reso-
nances by an admixture of closed channel molecules [8].

e

repulsive polaron

E/EF

-1 0 1 2 3
large binding n = In(krasp) small binding
FIG. 3: (color online). Polaron spectral function A4, (¢ =
0, E — ) versus the interaction parameter 7. The dashed
lines indicate the perturbation theory of Ref. [28]. Left inset:
effective mass m* /m of the attractive and repulsive polaron
as well as the molecule. Right inset: crossover of the quasi-
particle weight Z from the repulsive to the attractive polaron.

It is instructive to see how the quasi-particle prop-
erties of the polaron change as the interaction param-
eter 7 is varied. The right inset of Fig. 3 shows a con-
tinuous crossover where the quasi-particle weight Z =
1/[1-0,%(q = 0,w)] evaluated at the quasi-particle pole,
shifts from the attractive to the repulsive polaron branch:
for small binding (n > 0), the attractive polaron is the
dominant excitation and the weight is gradually trans-
ferred toward the repulsive branch for increasing binding
(n < 0). This crossover is also reflected in the effective
mass m*/m (Fig. 3 left inset). Our strong coupling cal-
culation reproduces the perturbative results [28] for the
attractive and repulsive polaron energies in the weak and
strong binding limits (dashed lines in Fig. 3).

Radiofrequency spectroscopy. The spectral properties
of the imbalanced Fermi gas can be accessed experimen-
tally using rf spectroscopy. We assume that an rf pulse
is used to drive atoms from an initial state |i) to an ini-
tially empty final state |f). We choose the final state
to be strongly interacting with a bath of a third species
[1) such that |f) is in fact the impurity state, |f) = [{).



This inverse rf procedure interchanges the roles of |i) and
|f) with respect to Ref. [14]; it has been proposed in
Refs. [8, 9] and realized in the experiment by Frohlich et
al. [17].

Within linear response theory, the rf transition rate is
given by [36]

Lig(wig) = _QfoImXR(_er — i + if) (M)

where €, is the Rabi frequency, wys the detuning of
the rf photon from the bare transition frequency and
pi(y) the initial (final) state chemical potential. The re-
tarded correlation function x® can be computed from the
corresponding time-ordered correlation function —if(¢t —
Y[ ()i (), ] () (', )]) (34, 37). In gen-
eral vertex corrections are crucial [38, 39], but we find
that they vanish in the case of negligible initial state
interactions as appropriate for the experiment [17]. At
T = 0, we obtain

d?q
(2m)?

Irf(wrf) = Q12<f/

eq<pi

Ap(g,wee +eq — ). (8)

The integral in equation (8) is calculated numerically and
the resulting rf spectra are shown in Fig. 1 (right panel).
The rf probes the final |]) state spectral function along
the free-particle dispersion up to the initial state chemical
potential p;. As in the experiment [17], we assume a
balanced initial state mixture with p; = py. We find
a peak in the rf spectrum once the detuning w,s reaches
the final state chemical potential | (p; is negative in the
polaron problem). The transfer of spectral weight from
the attractive to the repulsive polaron can be directly
observed in Fig. 1.

Comparison to experiments. In order to relate our
results to harmonically confined Fermi gases, we have
to connect the strict 2D calculation to the quasi-2D ge-
ometry relevant to experiments [5, 27]. Well below the
confinement energy hw, where only the lowest transverse
mode is occupied, this can be done by replacing € p with
the exact quasi-2D two-body binding energy. Thus ep
becomes a function of both the 3D scattering length
asp and the confinement length ¢, = \/h/mw, ([27], cf.
Eq. 82 in [5]).

Recently the quasi-2D geometry has been realized ex-
perimentally with a Fermi gas of “°K atoms [17]. Fol-
lowing the inverse rf procedure described above, an ini-
tially non-interacting balanced mixture is driven into a
strongly interacting final state. As long as its occupation
remains small the final state is a Fermi polaron, and our
calculation predicts the experimental rf response.

In Fig. 4 we show our trap averaged rf spectra versus
magnetic field. We use the experimental parameters of
Ref. [17] with w, = 27 x 80 kHz, w; = 27 x 125 Hz,
and express asp in terms of the magnetic field [5, 40].
We incorporate the radial trapping in the 2D plane using
the local density approximation; the local Fermi energy
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4

is ep(r) = ep — mw? r?/2 with peak Fermi energy ep =
9 kHz. Finally, we average over 30 pancakes in the z
direction [17].

frequency shift (kHz)

222 223 22 225 226
magnetic field (G)

FIG. 4: (color online). Trap averaged rf spectra of a quasi-2D
Fermi gas: rf detuning versus magnetic field B. The experi-
mental data points (blue and red diamonds) are taken from
Ref. [17]. Also shown are the energy of the repulsive (dashed)
and attractive (dash-dotted) polaron as well as the two-body
binding energy (solid, white) in a homogeneous system.

‘We observe that the lower branch of the experimen-
tal spectra (circles) agrees well with the attractive po-
laron picture (Fig. 4) and our calculation provides an
alternative interpretation to the two-body bound state
(solid line) put forward in Ref. [17]. We note that also
the measured frequency shift in 3D as shown in [17] fits
the polaron picture [8]. Our results show a second rf
peak at positive detunings corresponding to the repulsive
polaron. The dashed line in Fig. 4 indicates its quasi-
particle energy in the bulk (cf. Fig. 3). As similar for
the attractive polaron energy (dash-dotted line) the trap
average leads to a significant shift of the rf peaks to lower
energies. The experimental data (diamonds) in this mag-
netic field range agrees qualitatively with our calculation.
One possible reason for the remaining discrepancy is the
large final state occupation in the experiment.

In conclusion, we studied Fermi polarons in two dimen-
sions which exhibit an attractive and repulsive branch
and computed their rf spectra. Additional work is needed
to understand discrepancies between theory and experi-
ment for repulsive polarons. As an example, pump and
probe experiments in the form of a sequence of two short
pulses may shed further light on this issue.
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Supplementary material

Many-body T-matriz. The molecular spectral func-
tion displayed in Fig. 2 changes qualitatively with the
binding energy. For large binding e > 2ep (Fig. 2d),
the bound state (4) has minimum energy w, = ep —ep —
py at ¢ = 0 and we find an effective mass m*/m|q—o =
2/(1 — 2ep/eg) > 2. While it is well known that
the T-matrix does not yield the correct binding en-
ergy of the molecule in the BEC limit [22] the repul-
sive polaron, which is the focus of our work, is repro-
duced correctly [28]. For smaller binding eg < 2¢ep
(Fig. 2b-c), the effective mass at ¢ = 0 becomes nega-
tive and a new minimum appears at finite wave vector
ge = 2vkrasp — 1/azp [21] and with positive effective
mass m*/m|g—q. = (2 — 2/kpasp)~ . For decreasing
binding energy ep the bound state eventually touches
the continuum at momenta g+ /kr = 1+ /1 —2ep/ep
(dotted line in Fig. 2a). For ¢— < g < g4+ the bound state
has negative residue and it ceases to exist.

Polaron self-energy. We compute the many-body T-
matrix in the ladder approximation which is represented
diagrammatically in Fig. 5d. The self-energy of the |
atom is given by scattering an 1 hole off a molecule as
depicted in Fig. 5b. Explicitly, the self-energy reads

2k dz
Zf(q,w):/%%[nB(z)G?(qu,sz)ImT(k:,z)
7nF(z)ImGﬁ(k,z)T(k+q,z+w)] 9)

where G2 refers to advanced /retarded 1 Green’s func-
tions. The first contribution comes from the pole and
branch cuts of the T-matrix. In the polaron problem
neither the | state nor the molecular state are macroscop-
ically occupied at zero temperature, hence the molecular
spectral function o< Im 7" has weight only at positive fre-
quencies z > 0 where ng(z) vanishes, cf. Fig. 2. The sec-
ond contribution of (9) with the bare 1 spectral function
Im GF(k, 2) = —imd(z — g + ) directly yields Eq. (5).
The | self-energy yields the | Green’s function via the
Dyson equation (6) depicted diagrammatically in Fig. 5c.

Local density approzimation. To incorporate the ra-
dial trapping potential we use the local density approx-
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FIG. 5: Diagrammatic representation of (a) the rf photon
self-energy, (b) the self-energy of spin-| atoms, (c) the Dyson

equation for the dressed Green’s function G, and (d) the
many-body T-matrix between states [1) and |).

imation (LDA). In the experiment [17] not only a single
(central) 2D layer is populated but also additional pan-
cakes along the axial direction. For each of these layers
we calculate the rf response

12@) = [ @ 1w, (o)
The various pancakes are indicated by the index v
and pi’ﬁA(r) = mag')(r)/%rhz is the Thomas-Fermi
(a) \ (b)
0.8] 0.8]
é 0.6 g 0.6
'J;_:: 0.4] "E
< 3
0.2
(e) , (d)
-jé: 0.6 é
= =
£ o4 £
< <
0.2]

FIG. 6: (color online). RF spectrum of a trapped quasi-2D
Fermi gas for (a) B =227 G, (b) B =225 G, (c) B =224.5
G, and (d) B = 224 G. The attractive polaron gives rise to
the peak at negative frequencies and the repulsive polaron
corresponds to the peak at positive frequencies. The dashed
line depicts the trap averaged signal Itrap while the solid line
shows the expected experimental signal Iex, which takes into
account a rectangular rf pulse of duration 7' = 100 us (not to
scale) [17].
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distribution of the density of non-interacting fermions
within a single layer. Ir(f" ) (w,r) is the rf response in
Eq. (8) computed for a homogeneous system with local

Fermi energy 55.? () and interaction parameter n") (r) =

—ln(53/25<F")(r))/2. In the experiment [17] 30 layers
have been populated. To obtain the complete rf response
of the trapped system we finally sum over 30 contribu-
tions If:fa)p
layer, e},”(o), varies according to a Thomas-Fermi profile
along the lattice direction.

where we assume that the peak density of each

Shape and length of the rf pulse. The line shape of
the rf spectra has a strong dependence on the rf pulse
shape. The rf pulse used in Ref. [17] is approximately
rectangular with duration 7' = 100 us. We compute the
experimental rf signal as the convolution of Iiyap(w) with
the Fourier spectrum of the rf field [36]

Texp(w) = N /dw' Tipap(w — w') sinc?(W'T/2).  (11)

2w

In Fig. 6 we show the resulting rf spectra for different val-
ues of the external magnetic field. Note that the broaden-
ing may shift the apparent peak position, see e.g. Fig. 7b.
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FIG. 7: (color online). Same as Fig. 6 but for different rf

pulse duration (from top to bottom) 7" = 50 us, T = 100 us,

and 7" = 200 us (not to scale).
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Abstract. We provide an exact solution of the Efimov spectrum in ultracold gases within the standard two-
channel model for Feshbach resonances. It is shown that the finite range in the Feshbach coupling makes the
introduction of an adjustable three-body parameter obsolete. The solution explains the empirical relation
between the scattering length a— where the first Efimov state appears at the atom threshold and the
van der Waals length l,qw for open-channel dominated resonances. There is a continuous crossover to the
closed-channel dominated limit, where the scale in the energy level diagram as a function of the inverse
scattering length 1/a is set by the intrinsic length 7* associated with the Feshbach coupling. Our results
provide a number of predictions for the deviations from universal scaling relations between energies and
scattering lengths that can be tested in future experiments.

1 Introduction

Most of the basic features that distinguish quantum from
classical physics show up already at the single particle
level. Genuine two-particle effects like the Hong-Ou-Man-
del two-photon interference are typically a consequence
of particle statistics, not of interactions [1]. Surprisingly,
novel quantum effects in which statistics and interactions
are combined appear at the level of three particles. As
shown by Efimov in 1970 [2], three particles which interact
via a resonant short-range attractive interaction exhibit an
infinite sequence of three-body bound states or trimers.
Remarkably, the trimers exist even in a regime where the
two-body interaction does not have a bound state. Efimov
trimers thus behave like Borromean rings: three of them
are bound together but cutting one of the bonds makes
the whole system fly apart. While theoretically predicted
in a nuclear matter context, Efimov states have finally
been observed with ultracold atoms [3]. The assumption of
short range interactions is perfectly valid in this case and,
moreover, the associated scattering lengths can be tuned
by an external magnetic field, exploiting a Feshbach res-
onance [4]. An important feature of the Efimov trimers is
that the binding energies exhibit universal scaling behav-
ior. In the limit where the two-body interaction is just at
the threshold to form a bound state, the ratio E(™ /E(+1)
of consecutive binding energies approaches the universal
value 27/50 ~ 515.028 for n > 1 with the Efimov number
sp ~ 1.00624. One key experimental signature of Efimov
physics is the resonant enhancement of the three-body re-
combination rate when the nth Efimov state meets the
atom threshold at a scattering length a""’. Also here the
universal scaling law prevails: the ratio of consecutive val-
ues of a™ approaches ™™ /o™ — ¢7/5%0 ~ 22.6942. The
origin of this universality can be understood from an ef-

fective field theory approach to the three-body problem
[5,6]. There remains, however, a non-universal aspect in
the theory: Although the relative position of the trimer
states is universal, this does not fix their absolute posi-
tion in the (a, E) plane which is determined by the so-
called three-body parameter (3BP). It is presumed that
the 3BP is highly sensitive to microscopic details of the
underlying two-body potential as well as genuine three-
body forces [7].

In practice, it is often only the lowest Efimov state at
a_ = (L(P) that can be observed because of large atom
losses as the scattering length increases. As more exper-
imental data have been accumulated in recent years [8-
15], a puzzling observation came to light: In most ex-
periments, the measured values for a_ clustered around
a— ~ —9.45lyqw, no matter which alkali atoms were used.
Since a_ determines the overall scale of the whole Efimov
spectrum, this observation suggests a three-body param-
eter which is independent of the microscopic details. But
where does this apparent ‘universality of the three-body
parameter’ come from? A possible answer to this ques-
tion is based on the observation that, typically, Efimov
trimers which are accessible with ultracold atoms appear
in a situation where the scattering length is tuned via an
open-channel dominated Feshbach resonance. Such reso-
nances are well described by a single-channel picture. Ir-
respective of the short distance behavior, the associated
two-body problem is then known to have lyqyw as the only
relevant length scale at energies much smaller than the
depth of the potential well [16]. In the absence of genuine
three-body forces, it is plausible that this result extends to
the three-particle Efimov problem and thus, that lyqy pro-
vides the characteristic scale for the 3BP. This has in fact
been shown in recent, independent work on this problem
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by Chin [17] and by Wang et al. [18], using single-channel
potentials with a van der Waals tail.

While being consistent with the observed correlation
between a_ and the van der Waals length [,y for a num-
ber of different alkalis, such a single-channel description
does not apply in general and thus suggests a universality
of the ratio a_ /lyqw which is far too general even within
the constraint that only two-body interactions play a role.
In particular, it fails for closed-channel dominated Fesh-
bach resonances. In fact, in this case, it is known that
the 3BP is set by the intrinsic length r* which deter-
mines the strength of the Feshbach coupling [19,20]. In
the following, we present an exact solution for the Efimov
spectrum within a standard two-channel model [4] which
incorporates the finite range of the Feshbach coupling and
properly recovers both limits of open-channel and closed-
channel dominated resonances. It provides a complete de-
scription of the trimer spectrum in terms of only two, ex-
perimentally accessible, parameters: the van der Waals
length l,qw and the intrinsic length r*. Depending on
the dimensionless resonance strength syes = 0.956 lyaw/7*
[4], there is a continuous change in the relation between
the trimer energy spectrum and the scattering length,
with the lowest Efimov state appearing at a_ ~ —8.3 lyqw
as Spes > 1 while a_ =~ —10.37* in the opposite limit
Sres << 1. This model provides a minimum description of
the Efimov spectrum which is based on two-body physics
only and has no adjustable parameter. It explains why
the ratio a_ /lyaw is in the observed range for open-channel
dominated resonances and predicts strong deviations from
this in the intermediate regime s;es = O(1). Our results
are consistent with most of the experimental data, even
though no details of the interatomic potentials at short
distances or three-body forces are included. As an im-
portant additional feature, we find that the experimen-
tally accessible lowest Efimov states exhibit strong devia-
tions from the universal ratios that characterize the scal-
ing limit, which have apparently been observed in recent
experiments [21,22].

2 Two-channel model

We consider non-relativistic bosons described by the mi-
croscopic action (in units where 2m = h = 1)

s= [ {renio - e

+ ¢*(r, t)PdC>1¢(r7t)} + %/rl“,t x(r2 —r1) x

W“_;r?,t)w*(rl,t)w*(rz,t) +ecl, (1)
where 1) denotes the atoms and ¢ the molecule in the
closed channel. Here P§' = i, — V?/2 + v with v(B) =
(B — Byes) the bare detuning from the resonance and
1 is the difference in the magnetic moment between the
molecule and the open-channel atoms. For a description
of universal features of Efimov trimers like the asymptotic

ratio ot / a™ = e/ % the atom-molecule conversion
amplitude ~ g may be taken as pointlike in coordinate
space [5,6]. In reality, however, the coupling has a finite
range o which is determined by the scale of the wave func-
tion overlap between the open- and closed-channel states.
As has been pointed out by a number of authors [23-28],
this can be accounted for by a form factor x(r) in Eq. (1).
The solution of the modified Skornyakov-Ter-Martirosian
(STM) equation (7) below, can then be used to fit the loca-
tion of three-body resonances for different alkali atoms by
adjusting the associated range parameter o [26-28]. The
precise form of the form factor x(r) depends on details
of the interatomic potentials. As will show below, how-
ever, its characteristic length ¢ is given by the van der
Waals or the mean scattering length a. In physical terms,
this reflects the fact that the classical turning point in
the closed-channel states is of the order of l,qw because
for typical magnetic field-tuned Feshbach resonances, it is
only the bound states close to the continuum threshold
that are experimentally accessible. Specifically, we choose
an exponential form factor x(r) ~ e~"/?/r, which leads
to x(p) = 1/(1 + ¢?p?) in momentum space. In contrast
to the more standard Gaussian cutoff [23-25], this choice
is in fact optimal in the sense that the resulting effec-
tive range 7. = 3a of two-body scattering near an open-
channel dominated Feshbach resonance (see Eq. (3) below)
agrees very well with the standard result r. = 2.92a [16]
for a single-channel potential with a 1/r% tail. It is im-
portant to note that the action (1) can also be used to
describe the situation where the interaction is dominated
by a large background scattering length apg. Indeed, inte-
grating out the closed-channel field ¢, one obtains a contri-
bution ~ (1*1))? that properly describes background scat-
tering of range o and scattering length ~ g2/, provided
the Feshbach coupling g2 = 327 /r* > 1/lyay is strong
enough such that the momentum dependence of P§' can
be neglected. In the opposite limit of closed-channel dom-
inated resonances, however, using a proper two-channel
model cannot be avoided [24,26-28].

3 Determination of the model parameters

In our model the scattering of two atoms is mediated by
the exchange of the closed-channel or dimer field ¢. The
two-body problem is thus solved by computing the renor-
malization of the inverse propagator of the dimer g;l.
Evaluation of the standard ladder diagram yields

g°/(32m)

U{l-ﬁ-m/—%—}—"%—ie}

with Pdc)l(E, q) = —E + q%/2 — v(B) — ie. The two-atom
scattering amplitude now follows from f(k) = g%x(k)%x
G4(2k2,0)/(167). Its standard low-energy expansion then
determines the scattering length a and the effective range
Te Via

1 1 167

e 20 g2

ngl(E7q):P$1(qu)_ 2(2)

V(B), re=-2r"+30 (1 - %) NG
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Fig. 1. Feynman diagrams contributing to the renormaliza-
tion of the atom-dimer vertex )\ék) (large circle). The small
black circle represents the atom-dimer coupling ~ g and the
solid (dashed) line denotes the atom (dimer) propagator.

This allows to express the bare parameters g, o, and j1Byes
which appear in (1) in terms of fixed, experimental param-
eters. Close to a Feshbach resonance at magnetic field By,
the scattering length can be written as a(B) = —1/r*0(B)
where 7(B) = (B — Bp) is the renormalized detuning in
units of a wavenumber squared, while 7* > 0 is the in-
trinsic length scale which characterizes the strength of
the Feshbach coupling [4,29]. This fixes g2 327 /r*.
Moreover, the resonance shift is given by p(By — Bres) =
1/(r*o), which is always positive in our model. This res-
onance shift has previously been calculated using micro-
scopic interaction potentials that have a van der Waals
tail [30]. Comparison with this result yields the identifi-
cation ¢ = a, with the so-called mean scattering length
a = 4m/T(1/4)%yaw = 0.956 lyqy [31]. All parameters of
our model (1) are thus fixed by two-body physics.

4 Functional renormalization group solution
of the three-body problem

Based on the knowledge of the full two-body scattering
amplitude, the three-body problem can be solved exactly,
keeping only s-wave interactions. In particular, the three-
boson scattering can be expressed in terms of an atom-
dimer interaction ~ ¢*¢*¢. The corresponding one par-
ticle irreducible atom-dimer vertex A3(Q1, Q2, Q3) [Q:
(Ei,q;)] develops a complicated energy and momentum
dependence which determines the full Efimov spectrum for
arbitrary values of the scattering length. The derivation
becomes particularly simple using the functional renor-
malization group (fRG) [32]. The central quantity of the
fRG is an RG scale k dependent effective action I, which
interpolates between the microscopic action S = [j—
and the full quantum effective action I = Iy—¢ by suc-
cessively including quantum fluctuations on momentum
scales g 2 k. Here, we adopt an RG strategy adjusted to
the few-body problem as discussed in [33,34], where the
flowing action I, is of the form of S in (1) but with P;l
replaced by 1/G4 from (2) and an additional three-body
term

e :—/Q oo (@102,00)
¢"(Q1)V"(Q2)p(Q3)Y(Q1+ Q2 — Q3).  (4)

Since we do not consider a microscopic three-body force
here, we have /\gA) = 0 at the UV scale A. The atom-

dimer vertex /\gk) is then the only running coupling in

I. It is important to note that the truncation of I
is complete for the solution of the three-body problem
as no additional couplings can be generated in the RG
flow [33,34]. In our scheme the propagator of the bosons
1 is not regularized and the dimer ¢ is supplemented
with a sharp momentum regulator. In Fig. 1 we show
the Feynman diagrams contributing to the flow of /\ék).
The number of independent energies and momenta is re-
duced by working in the center-of-mass frame and by not-
ing that the loop frequency integration puts one inter-
nal atom on mass-shell [6]. After performing the s-wave
projection )\gk) (q1,92;: E) = 1/(29) fdcos())\ék) (a1,92; E),
0 = Z(a1,92), one finds the RG equation

9*k2Gy(E — k2, k)
- 272 %

M (s AL (k. 023 ) + AL (0, s B)G (s )

AN (1,42 E) =

+Gplar, KN (k.02 B) + G, k)G (k. a2)], (5)
where

1 q 4
_ _/ deosg— Xp+3Dx(a+ 8 .
2/, ~-E+p?+a’+(p+a)? —ic
(6)
Making use of the binomial form of Eq. (5) the flow can
be integrated analytically and yields

Gi(p,q9)

A
Fola, a2) = gp(a, @) — /0 dl g (a1.1) (1) Fio(ls 42),

(7
which is a modified form of the well-known STM equation
[35] with fr(q1,q2) = 9r(q1,q2) + Ae(q1, ¢2), 9E(01,¢2) =

16¢192GE(q1,92), Ae(q1.q2) = 16¢1¢2 A3(q1,q2; E), and
(e(l) = —g°Gy(E — 17,1)/(327).

In a standard treatment of Efimov physics with contact
interactions [6], the STM equation (7) has to be regular-
ized and the resulting dependence on the UV cutoff scale
A reflects the presence of the three-body parameter. The
exact position of the Efimov states is then adjusted by
choosing an appropriate value of A. In our case, the sit-
uation is fundamentally different. Due to the presence of
the form factor y in gg and the finite range corrections in
Eq. (2), the UV limit A — oo can safely be taken and the
usual three-body parameter completely disappears from
the theory. As a result, the exact position of the states in
the Efimov spectrum is predicted without any adjustable
parameter.

The knowledge of the full vertex A3 gives all informa-
tion about the scattering of three bosons, such as bound
states, recombination rates, and lifetimes, by evaluating
the corresponding tree-level diagrams [6]. In the following
we compute the trimer bound state spectrum by identify-
ing the poles of A3 as a function of the energy E. As shown
recently [36,37], such poles also exist in higher order ver-
tices Ay for N > 4 which are not considered in our work.
Indeed, it is likely that there are N-body bound states
for arbitrary large N,! a conjecture consistent with a re-

! This has been shown numerically up to N = 13, see [38].
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cent theorem by Seiringer [39] which states that any pair-
wise interaction potential with negative scattering length
a has an N-body bound state for some value of N, no
matter how small |a| may be. In the vicinity of a bound
state pole the atom-dimer vertex can be parametrized as
Aa(q1,90, B) = B(qi,q2)/[E + E™ 4 iI'™]. When in-
serted into Eq. (7) an integral equation for B is obtained
which is solved by discretization and amounts to evalu-
ating the determinant det[C — I] = 0 with C(q1,¢2) =
9%95(q1,02)Gs(E — ¢3,¢2)/(327%). C has a log-periodic
structure where low-momentum modes are suppressed by
any finite 1/a # 0 and energy E < 0 below the atom-
dimer threshold. High-momentum modes are suppressed
due to the finite range potential of our model.

5 Universal Efimov spectrum

In Fig. 2 we show the resulting Efimov spectrum including
the atom-dimer threshold for an open-channel dominated
Feshbach resonance and one of intermediate strength in di-
mensionless units. The position of the trimer states in the
(1/a, E) plane is completely fixed by our calculation. The
overall appearance of the spectrum remains similar as the
strength of the resonance is varied. In the limit s, < 1,
it gets pushed towards the unitarity point E = 1/a = 0,
while for open-channel dominated resonances it reaches a
maximal extent in the (1/a, E) plane. The detailed posi-
tion of the lowest energy levels depends on both the value
of the van der Waals length and the resonance strength
Spes- Only in the experimentally hardly accessible limit,
n > 1, the ratios of a<n), a,in) (the scattering length for
which the trimer meets the atom-dimer threshold), and
E™) of consecutive levels approach their universal values.
It is instructive to quantify to which extent the lowest
states deviate from this within our model. In Table 1 and
Fig. 3 we show our results for various dimensionless ratios
for Feshbach resonances of widely different strengths. Ap-
parently, already for the third state the results are close
to the asymptotic behavior determined by the universal

0.0
Sres = 100
w -05F ,
3
=
famn
=
o 0. 00 05 10
S 10k 00 —
l 0.5
1.0
L5F Sres = 1 LS 1
; .
<05 0.0 0.5 10
1/4
+(a/lal)"/
Fig. 2. (color online). The Efimov spectrum in dimension-

less units for a open-channel dominated Feshbach resonance of
strength syes = 100. The inset shows the spectrum for a res-
onance of intermediate strength syes = 1. The dimer binding
energy is shown in blue.

Sres n 0 1 2 n>1
E™/ETFD 530871 515.206 515.035 515.028

oo AUTV/a170s3 2127 22654 22.694
al" ) /g™ 3.980  40.033  23.345  22.694
£ 2.121 1.573 1512 1.5076
E™/ETTD 515830 515.039 515.035 515.028

1 ™™ 22869 22650  22.690  22.694
o™ /el 17183 22303 22716 22.694
w{Ma™ 1500 1511 1508  1.5076
E™/ETFD 521273 515.059 515.010 515.028

01 a"Y e 26230 22.964 2271 22.694
a™V /e 26965  21.286 2248 22.604
kMM 1.296 1.489 1.506  1.5076

Table 1. The ratio between consecutive trimer energies

EM™ = hz(mim)Q/m and threshold scattering lengths (a&")*)
as well as the product a(,")/-ei") for a open-channel (sres =
100), intermediate (sres = 1) and closed-channel dominated
(Sres = 0.1) Feshbach resonance for the three lowest-lying Efi-
mov states n = 0, 1, 2. The rightmost column shows the ratios

in the universal scaling limit (E = 1/a = 0).

Efimov number sy &~ 1.00624, regardless of the value of
Sres- By contrast, the experimentally most relevant lowest
states exhibit large deviations. Remarkably, our prediction
a Ja_ = 17.08 for open-channel dominated resonances is
in reasonable agreement with recent measurements of the
position of the second Efimov trimer in Li, which find a
ratio near 19.7 [21,22], definitely smaller than the asymp-
totic value 22.69. Surprisingly, for intermediate Feshbach
resonances (syes = 1), the interplay between the scales r*
and o leads to ratios close to their asymptotic ones even
for the lowest states (see Fig. 3). Note that the values of

a'™ for small n are highly sensitive to the precise form of
the two-body bound state spectrum which, on its own, is
strongly non-universal. The ratios between the lowest ain)
are therefore in general not suitable for a measurement of
universal ratios. Instead one has to access the states with
n > 1 near threshold, where the dimer binding energy has
the universal form €, = h?/ma®.

To investigate generic features of the trimer spectrum
which are independent of the precise form of the dimer
energy, we study the dependence of a™ and nim on the
strength of the Feshbach resonance. In Fig. 4 the be-
havior for the lowest, experimentally accessible, state is
shown. For open-channel dominated resonances a_ /a and
ak, become independent of s,es and thus of r* and we
find a_ ~ —8.27lyqw and kilyqw = 0.26. In the limit of
closed-channel dominated resonances, the van der Waals

length becomes irrelevant and the scale for the full Efimov
(n) _

spectrum is set by r* only. Specifically, we find a
EMp* and ﬁﬁ")r* = 5™ with numbers £¢™ and 7™
which approach universal values as n — oo. In fact, we
accurately reproduce the results for the universal scaling
limit (n > 1) of closed-channel dominated Feshbach reso-
nances, a_(n > 1) = —12.90r* and k.(n > 1)r* = 0.117,
which were previously derived within a zero range model
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Fig. 3. (color online). Various dimensionless ratios as func-

tion of the Feshbach resonance strength sres. Shown are the
results for the lowest levels (black). The universal scaling re-
sult is shown in red. a) Ratio of scattering lengths a(f“)/a(f)
where the consecutive trimer states meet the atom threshold
at E = 0. b) Ratio E™ /E™+D of the consecutive trimer en-
ergies at unitarity 1/a = 0. c) Ratio 5 a"™ as a measure of
the distortion of the trimer levels from their universal shape in

the (a, F) plane.

where o = 0 [19,20]. The low-lying Efimov states how-
ever deviate from this limiting scaling behavior and our
model predicts for example for the lowest Efimov state
the ratios a_— = —10.37* and k.r* = 0.125. The precise
numbers which quantify the deviations from the universal
scaling predictions are specific for our model (1) with an
exponential form factor x(r). Note that it is also possible
to study these deviations using a systematic expansion
in the small parameter l,q4,/|a|] within effective field the-
ory as done by Ji and coworkers [40]. Such an approach,
however, requires not only an adjustable three-body pa-
rameter, but in addition further counterterms which are
necessary to renormalize the theory with an interaction of
finite range at finite scattering lengths a.

6 Comparison to experiments

Comparing to the experimental data, the open-channel
dominated resonances in 8°Rb [15] and in '33Cs [14] fit
well into our prediction, see Fig. 4. The 12 % deviation
between the value a_ ~ —9.45l,qy inferred from averag-
ing the results from different experiments and our ratio
—8.27 shows that there is no true universality of the 3BP
in a strict sense: short range physics which enters into the
details of the form factor x(r) leads to slightly different
numbers. From both the empirical data and a study of
how much our numbers change for various choices of the
form factor x(r), they are generically at the ten percent
level. As mentioned above, the van der Waas length does

~

not set the scale for the Efimov spectrum in general. In
particular, in the regime of Feshbach resonances of inter-
mediate strength syes &~ 1 both scales r* and o become rel-
evant. Our approach equally applies to this regime, which
is realized, e.g., in the case of 3°K, where sy == 2.1 [11].
As shown in Fig. 4, the observation [11] of a considerable
deviation from the result a_ &~ —9.45[,qy in this case is
in qualitative agreement with our model?. By contrast,
the case of Li, which seems to follow nicely the result
a_~—9.45lyqy [10,13] for open-channel dominated reso-
nances despite the even smaller value syes ~ 0.58 [13] of
the resonance strength is not consistent with our predic-
tion. A possible origin of this discrepancy may be three-
body forces of the Axilrod-Teller type [42], which lead
to substantial changes in the position of the first Efimov
trimer [7]. Their magnitude, in fact, depends quite sen-
sitively on the choice of how these forces are modeled at
short distances. Whether it is indeed three-body forces
or other effects not captured by our model that will ac-
count for the discrepancy between the observed a_ in 7Li
and our prediction is unknown at present. Note, however,
that irrespective of this problem, an explanation of the
observed result for a_ in 7Li within a single-channel de-
scription [18] is likely to be inadequate due to the rather
small value of $,e5 >~ 0.58.

7 Conclusion

We have presented a simple, exactly solvable model, con-
taining only 7* and lyqw as experimentally accessible pa-
rameters, in which the full Efimov spectrum is fixed in
quantitative terms without an adjustable 3BP. Our results
provide an explanation for the observed proportionality
between the scattering length a_ where the first Efimov
trimer appears and the van der Waals length lyqyw, which

2 note added: new experimental data suggests that the value
of lyaw/a— reported in [11] has to be corrected and is shifted
to a larger value [41].
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is often interpreted as a 'universality’ of the 3BP. This re-
lation applies for open-channel dominated resonances and
in situations in which three-body forces are negligible. A
continuous crossover is found into the regime of closed-
channel dominated resonances, where the scale for the
3BP is set by 7*, recovering previous exact solutions [19,
20]. Our results provide a clue for why the ratio a_ /lyaw
in %K is quite different from those in the open-channel
dominated resonances. It remains an open question, how-
ever, why the 7Li resonance, which is far from being open-
channel dominated, has an a_ that fits perfectly the open-
channel dominated limit. Finally, we have shown that for
the lowest Efimov states within a given trimer spectrum,
there are appreciable deviations from the asymptotic scal-
ing relations, consistent with experiments. Clearly, a more
systematic investigation of these non-universal ratios and
of resonances with intermediate strength s,es = O(1) is
necessary to clarify to which extent the generic features
of the Efimov effect in ultracold atoms are captured by
our simple model, in which the complete trimer spectrum
is obtained without any adjustable parameter from two-
body physics only.

We thank Francesca Ferlaino, Rudi Grimm, Selim Jochim,
Robert Seiringer, Felix Werner and Matteo Zaccanti for use-
ful discussions and acknowledge support by the DFG through
FOR 801.
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