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ABSTRACT. We consider a backward stochastic differential equation with jumps (BSDEJ)
which is driven by a Brownian motion and a Poisson random measure. We present two
candidate-approximations to this BSDEJ and we prove that the solution of each candidate-
approximation converges to the solution of the original BSDEJ in a space which we specify.
We use this result to investigate in further detail the consequences of the choice of the
model to (partial) hedging in incomplete markets in finance. As an application, we consider
models in which the small variations in the price dynamics are modeled with a Poisson
random measure with infinite activity and models in which these small variations are
modeled with a Brownian motion. Using the convergence results on BSDEJs, we show
that quadratic hedging strategies are robust towards the choice of the model and we derive
an estimation of the model risk.

Since Bismut [6] introduced the theory of backward stochastic differential equations
(BSDEs), there has been a wide range of literature about this topic. Researchers have kept
on developing results on these equations and recently, many papers have studied BSDEs
driven by Lévy processes (see, e.g., El Otmani [19], Carbone et al. [9], and Oksendal and
Zhang [34]).

In this paper we consider a BSDE which is driven by a Brownian motion and a Poisson
random measure (BSDEJ). We present two candidate-approximations to this BSDEJ and
we prove that the solution of each candidate-approximation converges to the solution of the
BSDEJ in a space which we specify. Our aim from considering such approximations is to
investigate the effect of the small jumps of the Lévy process in quadratic hedging strategies
in incomplete markets in finance (see, e.g., Follmer and Schweizer [20] and Vandaele and
Vanmaele [33] for more about quadratic hedging strategies in incomplete markets). These
strategies are related to the study of the Follmer-Schweizer decomposition (FS) or/and the
Galtchouk-Kunita-Watanabe (GKW) decomposition which are both backward stochastic
differential equations (see Choulli et al. [12] for more about these decompositions).

The two most popular types of quadratic hedging strategies are the locally risk-minimizing
strategies and the mean-variance hedging strategies. To explain, let us consider a market
in which the risky asset is modelled by a jump-diffusion process S(t);>o. Let € be a contin-
gent claim. A locally risk-minimizing strategy is a non self-financing strategy that allows
a small cost process C(t);>o and insists on the fact that the terminal condition of the value
of the portfolio is equal to the contingent claim (see Schweizer [31]). In other words the
existence of the local risk-minimizing strategy for ¢ is related to the Follmer-Schweizer
(FS) decomposition, i.e.,

(0.1) £=¢0 / XFS(5)dS(s) + 7S (T),
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where xF(t);>0 is a process such that the integral in (0.1) exists and ¢ (t);>¢ is a mar-
tingale which has to satisfy certain conditions that we will show in the next sections of the
paper. The financial importance of the FS decomposition lies in the fact that it directly
provides the locally risk-minimizing strategy for &. In fact at each time ¢ the number of
risky assets is given by x™%(t) and the cost C(t) is given by ¢"%(t) + ¢©. The mean-
variance hedging strategy is a self-financing strategy which minimizes the hedging error in
mean square sense (see Follmer and Sondermann [21] ).

In this paper we study the robustness of these two latter hedging strategies towards
the approximation of the market prices. Hereto we assume that the process S(t);>o is
a jump-diffusion with stochastic factors and driven by a pure jump term with infinite
activity and a Brownian motion W (t);>o9. We consider three approximations to S(t);>o. In
the first approximation Sp.(t);>0, we truncate the small jumps and rescale the Brownian
motion W (t);>o to justify the variance of the small jumps. In the second approximation
S1:(t)i>0, we truncate the small jumps and replace them by a Brownian motion B(t):>¢
independent of W (t);>o and scaled with the standard deviation of the small jumps. In the
third approximation Sp.(t);>¢, we truncate the small jumps.

This idea of shifting from a model with small jumps to another where those variations are
represented by some appropriately scaled continuous component goes back to Asmussen
and Rosinsky [1] who proved that the second model approximates the first one. This
explains our choice of the two models Sy .(¢);>0 and Sy .(t):>0 . This kind of approximation
results is here considered for the purpose of a study of robustness of the model. Hence it
is interesting from the modeling point of view. In addition, it is also interesting from a
simulation point of view. In fact no easy algorithms are available for simulating general
Lévy processes. In the present paper the approximating processes we obtain contain a
compound Poisson process and a Brownian motion which are both easy to simulate (see
Cont and Tankov [13]). For numerical solutions to BSDEs driven by a Brownian motion
and a compound Poisson process, we refer to the paper by Bouchard and Elie [7]. This
latter paper is in fact an extension of the work by Bouchard and Touzi [8] written for
Brownian noise where time discretisation is studied to solve BSDEs with an Euler type
scheme. In a forthcoming paper by Khedher et al. [24], BSDEs driven by Brownian motion
and jumps with infinite activity are considered. There the combined effect of approximation
and time-discretisation is studied together with a numerical scheme to solve such BSDEs.
This then will be used to prove the robustness of the locally risk-minimizing strategies to
model risk and numerical discretisation.

We do not discuss in this paper any preferences for the choice of the model. We leave this
to further studies. For instance Daveloose et al. [14] have this type of discussion about the
model choice, in the case the dynamics are given by an exponential Lévy process. Benth et
al. [4, b] investigated the consequences of this approximation to option pricing in finance.
They consider option prices written in exponential Lévy processes and they proved the
robustness of the option prices after a change of measure where the measure depends on
the model choice. For this purpose the authors used Fourier transform techniques.

In this paper we focus mostly on the locally risk-minimizing strategies and we show
that under some conditions on the parameters of the stock price process, the value of the
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portfolio, the amount of wealth, and the cost process in a locally risk-minimizing strategy
are robust to the choice of the model. Moreover, we prove the robustness of the value
of the portfolio and the amount of wealth in a mean-variance hedging strategy, where we
assume that the parameters of the jump-diffusion are deterministic. To prove these results
we use the convergence results on BSDEJs and we exploit the relation between BSDEJs
and quadratic hedging strategies. In this context, we refer to a paper by Jeanblanc et al.
[23] in which the authors exploit the relation between BSDEJs and mean variance hedging
strategies in a general semimartingale setting.

This robustness study is a continuation and a generalization of the results by Benth et
al. [5]. In fact we consider more general dynamics and we prove that indeed the locally risk-
minimizing strategy and the mean-variance hedging strategy are robust to the risk of model
choice. For the special choice of dynamics for the price process, namely an exponential
Lévy process, Daveloose et al. [14] study robustness of quadratic hedging strategies using
a Fourier approach.

The paper is organised as follows: in Section 2 we introduce the notations and we make a
short introduction to BSDEJs. In Section 3 we present the two candidate-approximations
to the original BSDEJ and we prove the robustness. In Section 4 we prove the robustness
of quadratic hedging strategies towards the choice of the model. In Section 5 we conclude.

1. SOME MATHEMATICAL PRELIMINARIES

Let (2, F,P) be a complete probability space. We fix 7' > 0. Let W = I/l/(t) and
B = B(t), t € [0,T], be two independent standard Wiener processes and N = N(dt, dz),
t

),

2 €[0,T] x Ry (Rg := R\ {0}) be a centered Poisson random measure, i.e. N(dt, dz) =
N(dt,dz) — £(dz)dt, where £(dz) is the jump measure and N (dt, dz) is the Poisson random
measure independent of the Brownian motions W and B and such that E[N(dt,dz)] =
{(dz)dt. Define B(Ry) as the o-algebra generated by the Borel sets U C Ry. We assume
that the jump measure has a finite second moment. Namely fRo 2*((dz) < co. We introduce

the P-augmented filtrations F = (F;)o<t<r, G = (Gt)o<t<r , respectively by

Ft:a{W(s),/s/N(du,dz), s <t AGB(RO)}\/N,
0o JA

G, = a{W(s),B(s),/s/ N(du,dz), s<t, AeBR)}VA,

where N represents the set of P-null events in F. We introduce the notation H =
(Hi)o<t<r, such that H, will be given either by the o-algebra F; or G, depending on our
analysis later.

Define the following spaces;

e LZ: the space of all Hy-measurable random variables X :  — R such that

1X])? = E[X?] < 0.

m KPMG Center of Excellence
in Risk Management



e H2Z: the space of all H-predictable processes ¢ :  x [0, 7] — R, such that
ol = [ [ ot0Pat] < oc.
e H2Z: the space of all H-adapted, cadlag processes ¢ :  x [0, T] — R such that
T
Il = B[ [ wP] <o
: the space of all H-predictable mappings 6 : Q x [0,7] x Ry — R, such that
16]1%. —E[/T ye(t,z)w(dz)dt} < .
T 0 JRo

S2: the space of all H-adapted, cadlag processes v : Q x [0,7] — R such that
17152 = E[ sup_|7*(t)]] < oo
0<t<T

[ ]

o v =52 x H2 x H2,
o U= 5% x H? x H? x H?.
o LZ(Rgy, B(Ry),): the space of all B(Rg)-measurable mappings ¢ : Ry — R such
that
||¢||%%(RO,B(R0),Z) = - |77/)(Z)|2€(d2) < 0.

The following result is crucial in the study of the existence and uniqueness of the back-
ward stochastic differential equations we are interested in. Indeed it is an application of
the decomposition of a random variable £ € L2 with respect to orthogonal martingale ran-
dom fields as integrators. See Kunita and Watanabe [26], Cairoli and Walsh [10], and Di
Nunno and Eide [17] for the essential ideas. In Di Nunno [15, 16}, and Di Nunno and Eide
[17], explicit representations of the integrands are given in terms of the non-anticipating
derivative.

Theorem 1.1. Let H = G. Every Gr-measurable random variable ¢ € L% has a unique
representation of the form

3 T
1.1 = ¢ dt,d
(L1) SAEDY / / oult, 2 (dt, dz),

where the stochastic integrators
pua(dt, dz) = W(dt) x do(d2),  pa(dt, dz) = B(dt) x do(d=),

/’L3(dt7 dZ) = N(dt7 dz)l[O,T]XRo (t7 Z))
are orthogonal martingale random fields on [0, T] x Ry and the stochastic integrands are
01, Yo € H2 and @3 € H2. Moreover £ = E[¢].
Let H = F. Then for every Fr-measurable random wvariable ¢ € L2, (1.1) holds with
pe(dt,dz) = 0.
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As we shall see the above result plays a central role in the analysis that follows. Let us
now consider a pair (£, f), where £ is called the terminal condition and f the driver such
that

Assumptions 1.
(A) & € L2 is Hy-measurable
(B) f:Q2x[0,T] x RxR xR — R such that

o f(-,z,y,2) is H-progressively measurable for all x,vy, z,

e (-,0,0,0) € H2,

o f(-,z,y,2) satisfies a uniform Lipschitz condition in (x,y,z), i.e. there exists a
constant C such, that for all (z;,y;, %) € R x R x L2(Ry, B(Ro),£), i = 1,2 we have

|f(t, 21,01, 21) — f(t, 22,92, 22)]
< C (w1 = aal + Iy = ol + 121 = 2]}, for all .

We consider the following backward stochastic differential equation with jumps (in short
BSDEJ)

19 —dX(t) :f(t,X(t),Y(t),Z(t,-))dt—Y(t)dW(t)—/ Z(t, 2)N(dt, dz),
X(T) =¢ ’

Definition 1.2. A solution to the BSDEJ (1.2) is a triplet of H-adapted or predictable
processes (X,Y, Z) € v satisfying

X(t)=¢ —i—/t f(s,X(s),Y(s),Z(s,-))ds —/t Y (s)dW (s)

T
—/ / Z(s,z)N(ds,dz), 0<t<T.
t Ro

The existence and uniqueness result for the solution of the BSDEJ (1.2) is guaranteed
by the following result proved in Tang and Li [32].

Theorem 1.3. Given a pair (&, f) satisfying Assumptions 1(A) and (B), there exists a
unique solution (X,Y,Z) € v to the BSDEJ (1.2).

2. TWO CANDIDATE-APPROXIMATING BSDEJS AND ROBUSTNESS

2.1. Two candidate-approximating BSDEJs. In this subsection we present two candidate-
approximations of the BSDEJ (1.2). Let H = F and f° be a function satisfying Assump-
tions 1(B), for all ¢ € [0,1]. In the first candidate-approximation, we approximate the
terminal condition £ of the BSDEJ (1.2) by a sequence of random variables £ € L2,
Fr-measurable such that

lim¢ =¢,  in L3.
e—0
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We obtain the following approximation

~dXL(0) = JO X0, Yalt) Zult, )t = VoW (0) — [ Zu(t, )Nt ),
X.(T) =& ’

£

(2.1)

We present the following condition on f°, which we need to impose when we study the
robustness results in the next section. For all (x;,y;, z;) € RxRx L2(Rg, B(Ry), £), i = 1,2,

and for all ¢ € [0, 7], it holds that
|f(t, 1,1, 21) — J2(E 22, 42, 22))|
2:2) < C(Jar = 2l + g1 = vl + 121 = 22l + Gyl + G|zl

for C' and G(e) positive constants and G(e) vanishing when & goes to 0.

In the next theorem we state the existence and uniqueness of the solution (X, Y, Z.) € v
of the BSDEJ (2.1). This result on existence and uniqueness of the solution to (2.1) is
along the same lines as the proof of Theorem 1.3, see also Tang and Li [32].

Theorem 2.1. Let H = F. Given a pair (€2, f2) such that £ € L3 is Fr-measurable and
12 satisfies Assumptions 1(B), then there exists a unique solution (X.,Y.,Z.) € v to the
BSDEJ (2.1).

Let H = G. We present the second candidate-approximation to (1.2). Hereto we intro-
duce a sequence of random variables Gr-measurable £ € L3 such that

lim &l = ¢
e—0
and a function f! satisfying

Assumptions 2. f!: QO x [0,7] x R x R x R x R — R is such that for all € € [0,1],

o (- z,y,2, () is G-progressively measurable for all z,y,z,(,
€ Yy g Yy Yy
L4 fsl(7 07 07 07 0) S H’]Z“:
o f1(-,x,y,2,() satisfies a uniform Lipschitz condition in (x,y, z, ().

Besides Assumptions 2 which we impose on f!, we need moreover to assume the fol-
lowing condition in the robustness analysis later on. For all (z;,4;,2:,() € R x R X

L2 (R, B(Ry),¢) x R, i = 1,2, and for all ¢ € [0, 7], it holds that

|f (1,51, 21) — f2(E 22, 2, 22, C)
(2.3) < C(Jay = @2l + g1 = vl + 121 = 22l + ¢ + Gzl )
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for C' and G(e) positive constants and G(&) vanishing when & goes to 0.
We introduce the second candidate BSDEJ approximation to (1.2) which reads as follows
(2.4)
—dX (t) = fHt, X (¢),Ye(t), Z(t,-), C(t))dt — Yo (¢)dW (¢) —/ Z.(t,2)N(dt, dz)
Ro
X(T) =&

€9

where we use the same notations as in (2.1). B is a Brownian motion independent of
W. Because of the presence of the additional noise B the solution processes are expected
to be G-adapted (or predictable). Notice that the solution of such equation is given by
(Xe, Yo, Z.,(.) € v. In the next theorem we state the existence and uniqueness of the
solution of the equation (2.4). The proof is very similar to the proof of Theorem 2.1.
However we work under the o-algebra G,.

Theorem 2.2. Let H = G. Given a pair (&, 1) such that £ € L3 is Gr-measurable and

€
f1 satisfies Assumptions 2, then there exists a unique solution (X.,Yz,Z.,(.) € U to the

BSDEJ (2.1).

It is expected that when (2.3) holds, the process (. vanishes when ¢ goes to 0. This will
be shown in the next subsection in which we also prove the robustness of the BSDEJs.

2.2. Robustness of the BSDEJs. Before we show the convergence of the two equations
(2.1) and (2.4) to the BSDEJ (1.2) when ¢ goes to 0, we present the following lemma in
which we prove the boundedness of the solution of (1.2) and of that of (2.1). We need this
lemma in Theorem 2.4 and for our analysis in the next section.

Lemma 2.3. Let (X,Y,7), (X., Y., Z.) be the solution of (1.2) and (2.1), respectively.
Then we have for all t € [0,T],

E[/tTXQ(s)ds} +E[/tTY2(s)ds] +E[/tT /R Z2(s, 2)0(dz)ds

T

< C(E[fQ] +E[/t |f(s,0,0,0)\2ds]>,

respectively,

E[/thf(s)ds} +E[/tTYf(s)ds] +E[/tT/R Z2(s, 2)0(dz)ds
< (mnerl + B[ [ 1126,0.0.0)s]).

where C'is a positive constant.
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Proof. Recall the expression of X given by (1.2). Applying the Ito formula to e** X?2(t) and
taking the expectation, we get

Ele”X?(t)] = E[e"" X*(T)] — BE [ /t ' eBSXQ(s)ds} —E [ /t ' eBSYz(S)ds]
—I—2E[/tTeﬁsX(s)<f(s X(9).¥(5). Z(s..) ~ £(.0.0,0))ds]
—I—QE[/TeﬁsX(s)f(s 0,0,0) ds — / / P 7%(s,2) dz)ds}

Thus by the Lipschitz property of f we find

E[ef X2 (1)] +E[ / ' eﬂsw(s)ds} +E[ /t ' /R eﬂsz2(s,z)e(dz)ds]

t

< E[*TX*(T)] - ﬁE[ /t ' eﬁsXQ(s)ds]
+ 2CE[/T X (s) (IX(5)] +[¥ ()] + |

t Ro

+ Q]E[/tT ™ X (s)f(s,0,0, O)ds} :

Z%(s, 2)0(dz)|? )ds]

Using the fact that for every & > 0 and a,b € R we have that 2ab < ka® + % and
(a+ b+ c)* < 3(a® + b + ¢?), choosing 3 = 6C? + 2, and noticing that 8 > 0, the result
follows for (X,Y,Z). The same computations lead to the result for the approximation
(X67 }/;7 ZE) 0

From now on we use a unified notation for both BSDEJs (2.1) and (2.4) in the BSDEJ

~dXe() = fe)t— VPOAW ()~ [ 22(0,2)N(dd2) — CLaB(D),

(2.5)
Xr(T) =&, for p=0and p =1,
where
ﬂ(t) — { 50< ) g(t),Y;O(t),Zg(t)), 1Y 07
: foX2(), Y (), Z2(1), ¢ (1), p=1
and

€

0 p=20
P(t) = ) )
Ce( ) { Cl(t)a =1.
Notice that the BSDEJ (2.5) has the same solution as (2.1) and (2.4) respectively for p = 0

and p = 1. We state the following theorem in which we prove the convergence of both
BSDEJs (2.1) and (2.4) to the BSDEJ (1.2).
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Theorem 2.4. Assume that f0 and f! satisfy (2.2) and (2.3) respectively. Let (X,Y,Z)
be the solution of (1.2) and (XP,YF,ZP (P) be the solution of (2.5). Then we have for
tel0,T], p=0and p=1

/ X (s) \ds / Y (s) \ds}

]E /t [ 12(5.2) —z;’(s,z)y?e(dz)ds] +E[ /t |g§(s)|2ds]
< KE[l¢ - &) + RE)01 — o) (I + B[ 172(:,0.0,0)as)

+ R @p (Rl + B[ 17(6,0.0,0)044).

where K, K, K and CNJ(e) are positive constants and with CNJ(s) vanishing when € goes to 0.

Proof. Let
Xe(t) = X(t) = X2(t), YX(t)=Y(t)=YL(t), ZL(t2)=Z(t2) — ZL(t, 2),
(26) o) = f(t. X(1),Y (1), Z(t,.) — f£(2).
)

Applying the It6 formula to e%|X?(t)|?, we get

E[e™X2(8)[?) +E[ / eﬂsri‘/f(s)r?ds +E[ / ' /R 0 eﬂﬂZf(s,z)Pe(dz)ds}

t

vE[ [ ieeorad

= E[e*|X2(T) ") - 6E| / " exe(9)ds] + 28] / Rl ds].

Using conditions (2.2) and (2.3), we get

E[e”| X (1))?] + E[/T |V P (s)|*ds] + E[/tT/R eﬁs|Zf(s,z)|2€(dz)ds}

t

+B[ [ ez

B2 - o[ [ e

(2.7)

+2CE| / XL (IX2(3)] + V2 ()] + [¢E(s)| + (1 = p)G()Y(s)

+ pG(e)( / |Z(s, 2)]0(d2))2 + (L= p)G(e)( | |25, 2)*(d2))?

Ro
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+( ]Zf(s,z)\zé(dz))%>ds]

Ro
Using the fact that for every k > 0 and a,b € R we have that 2ab < ka? + % and
> az) <7327 . a2, we obtain

=1 "1

E[e”| X (1)]?] —|—E[/ |V P (s)|*ds] —i—E[/tT/R eﬁs|Z£(s,z)|2£(dz)ds}

t

+B[ [ ezt
[ | X2(T)[) - OE / "o 2 (s)ds] + UCPE] / ' | X2 (5) s

t

v 3 [ exeeras] 8] [ ot

+ g /tTeﬁsym )ds] + 28 / / | 285, 2)P0(d2)ds]

+§<1— p)C2()E [/ P2e)as] + 50| [ | 1z, petayis
1
>

(1- / /Ro ™ Z0(s, 2 2£(dz)ds}

Choosing 3 = 14C?% + 1 and since E[e*| X?(¢)[*] > 0, we get
T B T B T _
E[/ eﬁS|X5(s)|2ds} +E[/ eﬁsmﬂ(s)ﬁds} +E[/ / | 20 (s, 2)|2(dz)ds
t t t JRy
T
+E[/ o[t (s) s
t

< KB SN + 50 - 0@ (B[ [ roeras

+E / /R | 29(s z)|2£(dz)dsD + pG2 / /R | Z (s, 2 2€(dz)ds],

where K is a positive constant and the result follows using Lemma 2.3 and the fact that
6> 0. O

Remark 2.5. Since F; C G, for allt € [0,T], the solution of (1.2) is also G-adapted. This
fact allowed us to compare the solution of (1.2) with the solution of (2.4).

+

Notice that in the case p = 0, the condition (2.2) implies that for (z,y,2) € R x R x
L7 (Ro, B(Ry), )
liﬂ[l) ot 2y, 2) = f(t, 2,9, 2), P-a.s.,Vt € [0,T7.
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Thus the convergence of the solution of (2.1) to the solution of (1.2) in the space ﬁ% X

H2 x PAI%, follows directly from Proposition 2.1 in El Karoui, Peng, and Quenez [18]. We
presented the proof for the sake of completeness. In the latter theorem, we proved the
convergence of the solution of (2.1) respectively (2.4) to the solution of (1 2) in the space

H2 x H% x H% respectively H2 x H2 x H2 x HZ. In the next theorem we prove the
convergence in v, respectively 7.

Theorem 2.6. Assume that (2.2) and (2.3) hold. Let X, X be the solution of (1.2),
(2.5), respectively. Then we have for p =0 and p =1

B[ sup |X()— X2(0F] < CElls — €21+ RGHe)o (B + B[ 17(5,0.0,0)Fas])

0<t<T

+RC)(1 - o) (BIEP) + | / 112(5.0.0,0)[%ds]).

where C, l?, and K are positive constants.

Proof. Let X2, Y2, Z¢, and f? be as in (2.6). Then applying Holder’s inequality, we have
for K >0

[ sup [X2(0F] < K(E[IXé’(T)F] vu[ [ 172ra] +5[ s | [ wromvor

0<t<T 0<t<T J¢

sup]//Z”sz dsdz)w
0<t<T Ro

B[ swp | [ ¢(s)aBo)R]).

0<t<T t

However from Burkholder’s inequality we can prove that for C' > 0, we have (for more
details see Tang and Li [32])

T
sup |/ / ZP(s,z)N(ds dz)\ < CE / \Zﬁ(s,z)|2€(dz)ds],
Ro LJo Jrg

0<t<T

E[ sup | YP( YdW (s )| | < C’E:/OT|Y€P(S)|2dS},

0<t<T t

B[ sw | [ o] < cu] [ ).

0<t<T t

Thus from the estimates on f° and f! in equations (2.2) and (2.3), Lemma 2.3 and Theorem
2.4 we get the result. U

Notice that we proved the convergence of the two candidate approximating BSDEJs
(2.1), (2.4) to the BSDEJ (1.2) in the space v, v respectively. This type of convergence is
stronger than the L2-convergence.
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3. ROBUSTNESS OF QUADRATIC HEDGING STRATEGIES
We assume we have two assets. One of them is a riskless asset with price S(© given by
dSO(t) = SO t)r(t)dt,

where the short rate r(t) = r(t,w) € R is F-adapted. The dynamics of the risky asset are
given by

dsO(t) = 5(1)(t){a(t)dt + b(t)dW (t) +/
5(1)(0) =rx€eR,, v

where a(t) = a(t,w) € R, b(t) = b(t,w) € R, and (¢, 2) = y(t,z,w) € R for t > 0, z € Ry
are F-adapted processes. We assume that (¢, z,w) = ¢g(z)7(t,w), such that

(3.1) G*(e) = /|< g (2)0(dz) < oo

+(t, 2)N(dt, dz)},

The dynamics of the discounted price process S = 520; are given by
(3.2) dS(t) = S(t) [(a(t) — 7(t))dt + b(t)dW (t) + / y(t, z)N(dt,dz)|.
Ro

For S to be positive, we assume (¢, z) > —1, a.e. in (¢, z,w). We further assume that the
semimartingale S is locally square integrable (in the sense of Definition 2.27 in Jacod and

Shiryaev [22]). We can decompose S into a locally square integrable local martingale M
starting at zero in zero and a predictable finite variation process A, with A(0) = 0, where
M and A have the following expressions

(3.3) M(t):/otb( //R 5, 2)3(s)N (ds, d=),

A(t) = /0 (a(s) — r(s))S(s)ds.

We denote the predictable compensator associated to M (see Protter [28]) by

(M)(t) = /62 )52 (s als+//ROS2 2)0(dz)ds

and we can represent the process A as follows

(3.4) Aft) = / o )d(M)(s)
where
a(t) —r(t)
3.5 a(t) = = 0o<t<T
(3:5) Q St)( + Jp, VA( 2){(dz)) -
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We define a process K by means of a as follows
(a(s) —r(s))?

(3.6) K(t) = /O a®(s)d(M)(s) = /0 B2(s) + J 72(s,2)0(d2)

The process K is called the mean-variance tradeoff (MVT) process.

Since the stock price fluctuations are modeled by jump-diffusion, the market is incom-
plete and not every contingent claim can be replicated by a self-financing strategy and
there is no perfect hedge. However, one can adopt a partial hedging strategy according to
some optimality criteria minimizing the risk. Follmer and Schweizer [20] introduced the
so-called quadratic hedging strategies. The study of such strategies heavily depends on
the Follmer-Schweizer (FS) decomposition. This decomposition was first introduced by
Follmer and Schweizer [20] for the continuous case and extended to the discontinuous case
by Ansel and Stricker [2].

In order to formulate our robustness study for the quadratic hedging strategies, we
present in the sequel the relation between BSDEs and the F'S decomposition. We denote
by L(S ), the S- integrable processes, that is the class of predictable processes for which we

can determine the stochastic integral with respect to S. We define the space © by

(3.7) 0= {9 e L(S) \E[/OT 02(s)d(M)(s) + (/OT ye(s)dA(s)yﬂ < oo}.

Consider a process ¥ € ©. Let € be a square integrable contingent claim and E =
¢/SO(T) its discounted value. Define the process V as follows

ds.

Vo =Efi- [ FeaamiE] . osisr

Then applying the Galtchouk Kunita—Watanabe decomposition (see, e.g., Ansel and Stricker [3])
to the random variable U (T — [, x T \FS(s)dA(s), we get

3.9 v =g - / ' XFS<s>dA<s>] b [ o) + 075,

where Y € © and ¢! is a square integrable martingale such that [¢f™, M] is a local
martingale. Taking conditional expectations in (3.8), we obtain

E[U(Tnft]:E{f— / xFS<s>dA<s>}+ / R(s)dM(s) + ¢"5(t),  0<t<T,

which implies

t t
V() =V(0) + [ X)M(s)+ [ x"S(5)dAG) + 675(0).
0 0
In Proposition 14 in Schweizer [29], it is shown that ¥ = x/* in L?(M) under the condition

(3.9) w <C, Pas, V 0<t<T,
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where r(t) = b*(t) + fR v2(t, 2)¢(dz) and C' is a positive constant. Thus we obtain the

following decomposition for the process 1%

(3.10) V(t) =V(0) + /t X (s)dS(s) + o7 (1),  0<t<T.

The latter decomposition is called the F'S decomposition of the value process V' and in
particular of ¢ for t = T. This explains the superscript F'.S in ™ and ¢°. Notice that
(3.9) is a sufficient condition for the existence of decomposition (3.10). The most general
result concerning the existence and uniqueness of the F'S decomposition is given by Choulli
et al. [11].

The financial importance of such decomposition lies in the fact that it directly provides
the locally risk-minimizing strategy in our setting. In fact, V' (¢) is the value of the portfolio
in a locally risk-minimizing strategy at time ¢, the component y*9(¢) is the number of
risky assets to invest in the stock at time ¢, and ¢ + V/(0) is the cost process in a locally
risk-minimizing strategy (see Proposition 3.4 in Schweizer [31]). These components will
be identified solving some BSDEJs of the type presented in Section 2. We refer also to
Jeanblanc et al. [23] for a discussion about the relation between BSDEJs and quadratic
hedging strategies in the context of general semimartingales.

Now substituting the dynamics (3.2) of S in (3.10) we get

dV(t) =7(t)(alt) — r(t))dt + 7(t)b(t)dW (t)
(3.11) + [ Fene )N dz) + a0,
~ ~ Ro
V() =¢
where 7 = \*'5S. The process 7 is interpreted as the amount of wealth V(¢) to invest in
the stock at time t in a locally risk-minimizing strategy.
Since ¢f¥(T) is a Fr-measurable square integrable random variable, applying Theorem

1.1 with H = IF and the P-martingale property of ¢ we know that there exist stochastic
integrands Y, Z5 such that

"5 (t) = E[¢"5(T)] —i—/ot YFS (s / /R ZF5(s, 2) ds ,dz).

Since ¢ is a martingale, we have E[¢"*(T)] = E[¢?°(0)]. However from (3.10) we deduce
that ¢f9(0) = 0. Therefore

(3.12) o3 (t) = /0 YFS(s)dW (s) + /0 t /R 78 (s,2)N(ds, dz).

In view of the orthogonality of ¢ and M, we get

(3.13) YES()b(t) + / ZP5(t, 2)y(t, 2)l(dz) =

Ro
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In that case, the set of equations (3.11) are equivalent to
dV(t) = 7(t)(a(t) — r(t))dt + (F()b(t) + YF5(t))dW (t)
(3.14) +/ (F(t)y(t, 2) + Z75(t, 2)) N (dt, d=),

Ro

3.1. First candidate-approximation to S. Now we consider an approximation to the
price of the risky asset. In this model we approximate the small jumps by a Brownian
motion B which is independent of W and which we scale with the standard deviation of
the small jumps. That is

dst(t) :sfg(t){a(t)de(t)dW(t)+ /
|z|>¢€
Si2(0) =5M(0) ==

The discounted price process is given by

45, +(8) = $1.(){ (alt) — r(0))dt + b(1)dW (1) + /

|z|>e€

Yt 2)N(dE, dz) + G (DB §.

At 2)N(dE, dz) + G (DB §.

It was proven in Benth et al. [4], that the process §1,€ converges to S in L? when & goes to
0 with rate of convergence G?(¢) defined in (3.1).

In the following we study the robustness of the quadratic hedging strategies towards
approximations where the price processes are modeled by S and ;.. We will first show

that considering the approximation §1,5, the value of the portfolio in a quadratic hedging
strategy will be written as a solution of a BSDEJ of type (2.5) with p = 1. That is what

explains our choice of the index 1 in §1,E. Here we choose to start with the approximation

S1,e because it involves another Brownian motion B besides the Brownian motion W. The
approximations in which we truncate the small jumps in the underlying price process and
the one in which we truncate the small jumps and replace them by scaling the Brownian
motion W are studied in the next two subsections.

The locally square integrable local martingale M, . in the semimartingale decomposition

of Sy is given by

Ml,e(t>_/0t b(s )Sls / /Z|>E s, 2) Sls (s)N(ds, dz)

(3.15) 1 G(e) / 3(5)81. ()dB(s)

and the predictable finite variation process A; . is given by

(3.16) ApL(t) = /0 a2 (8)d(My2) (s)
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where
_ a(t) —r(t)
Sl,e(t)(lﬂ(t) + G2(e)72(t) + f\ZI>€ v2(t, z)ﬁ(dz))

Thus the mean-variance tradeoff process K . is given by

o, [ (a(s) —r(s))?
Ki(t) = /0 i (s)d{Mye)(s) = / B2(s) + G2()7(5) + [ 1on Y z)e(dz)ds
(3.18) = K(t),

(317) Ozl’e(t) =

in view of the definition of G(¢), equation (3.1). Hence the assumption (3.9) ensures

the existence of the F'S decomposition with respect to S;. for any square integrable G-
measurable random variable.
Let £! be a square integrable contingent claim as a financial derivative with underlying

S&) and maturity 7. We denote its discounted payoff by E; = ¢1/SO(T). Consider
x1% € © and define

_ _ T
Vie:=E {fal - / Xff(s)dALE(s) |Qt1 : 0<t<T.
¢

Then following the same steps as before and imposing the condition (3.9), we prove the

F'S decomposition for the value process V; . written under the world measure P to be as
follows

(3.19) Vot = V1.(0) + / S (5)dB () + OFS (1),

where ¢f'? is a P-martingale such that [¢f2, M; ] is a local martingale. Replacing §1,5 by

its expressmn in (3.19), we get
dVie(t) =Tt (a(t) — r())dt + F1 (D)W () + T1 () G(e)T(1)dB(t)
[ RN do) + dof(),
|z|>e
‘71,£(T) = ¢!

e

where 7. = XI55, .. Notice that ¢7'5(T) is a Gr-measurable square integrable random
variable. Thus applying Theorem 1.1 with H = G and using the P-martingale property of

r % we know that there exist stochastic integrands Yf’;s , VS and ZF5 such that

FS(1) = B[6FS(T)) + / YiES (5)dW (s) + / VS ()dB(s)

t ~
+/ / ZF5(s,2)N(ds, dz).
0o Jre
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Using the martingale property of ¢1 2 and equation (3.19), we get E[¢f2 (T)] = E[¢12(0)] =
0. Therefore we deduce

(3.20) HOE / Y5 (s) / Y35 (s)dB(s / / ZF5(s,2)N(ds, dz).
0 Ro
In view of the orthogonality of ¢! with respect to M., we have
(3.21) 0= Y22 ()b(t) + %is(t)G(Sﬁ(t) + /R ZE3(t, 2)7(t, 2) 125y £(d2).
0

The equation we obtain for the approximating problem is thus given by
dVie(t) =T1e(O)(alt) = r(0)dt + (T (6)b(t) + Y/ (8)dW (¢)
H( (WG () () + YL (1)dB(t)
+ / (Fre(O1(t, 2)Lguoey (2) + Z55(2, 2)) N(dt, d2),

Ro

(3.22)

Vi(T) =¢.

In order to apply the robustness results studied in Section 2, we have to prove that 1%
and V] . are respectively equations of type (1.2) and (2.4). This is the purpose of the next
lemma. Notice that the processes V., m ., and ng S are all G-adapted.

Lemma 3.1. Assume (3.9) holds. Let V, Vi be given by (3.14), (3.22), respectively. Then
1% satisfies a BSDEJ of type (1.2) and i & satisfies a BSDEJ of type (2.4).

Proof. From the expression of V, we deduce

AV () =—f(& V(8),Y(t), Z(t,))dt + Y (£)dW () + / Z(t,z)N(dt,dz),

where
Y () =7O)b(t) + Y1), Z(t,2) =7y, 2) + Z75(t, 2),
FEV(0),Y (), Z(t,.)) = =F(t)(a(t) — r (1)

We have to show that f satisfies Assumptions 1(B). We first express 7 in terms of 17, 17,
and Z. Inspired by (3.13), we combine Y and Z to get

(3.23)

Y (£)b(t) + /R Z(t, 2)v(t, 2)0(dz) = 7(t) <b2(t)+ /R VA (t, z)E(dz)) + Y5 (4)b(t)
+/]R ZE5(t, 2)y(t, 2)e(dz).

From (3.13), we deduce that

(3.24) 7(t) = ﬁ(Y(t)b(t)Jr /R Z(t, ), z)é(dz)).
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Hence

(325)  FLV@. T, Z(t, ) = — W =Tt

(?(t)b(t) + /R Z(t, )t z)e(dz)).

k(L) 0
Now we have to prove that f is Lipschitz. Let

_a(t) —r(t)
(3.26) h(t) = T, t€0,7].
We have

|f(t,z1,y1,21) — f(t, 22,92, 22)| < |R(t)] [Iyl — yo||b(t)] +/R |21 — 2| |7 (2, Z)Wdz)]
< |h(®)|[lyr — va|Ib(t)]
+ ([ |z — 2lPUd)): ([ |yt 2)Pedz))3]

< RO (I = 2l + 12 = 21))-

Thus f is Lipschitz if there exists a positive constant C' such that

VE)|R()] = % <C Vte|o,T]

and we prove the statement for V.
From equation (3.22), we have

AVio(t) = — At Vie(t), Ya(t), Zo(t, ), Co(8))dt + Y (£)dW (t) + (. (t)dB(t)
+ / Z.(t,2)N(dt, dz),

Ro

‘Z,E(T) = 5617

where

Yo(t) = T (tb(t) + Y2 (1), () = F1 (DG () + Vi (1),
(3.27) Ze(t,2) = Fre(t)7(t, 2)La5ey (2) + Z55(8, 2),
FEE V() Yo(t), Ze(t,), G(1) = —Tre(t)(alt) — r(1)).

With the same arguments as above and using (3.21) we can prove that

(3.28) ﬁe(t)z%{z(t)b(t)+§(t)G(€)5(t)+ / Ze(t, 2) 15y (21 (1, 2)0(d2) }.

Hence
PHTL0, 70,2200, 50 = =05 (Tt + et
(329) + [ 2t 1ppa (o0t ()
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and
|f2(E 2y, 2, G) — fH(E 22,92, 22, )|
< 1Ml = selBO1+ | 1oa 2l = 2l 2)e(dz)
GERMIG - G|
< VEDROI (g1 = w2l +16 = Gl + 121 = )
and we prove the statement. Il

Now we present the following main result in which we prove the robustness of the value
of the portfolio.

Theorem 3.2. Assume that (3.9) holds and that for all t € [0,T],

(3.30) | U(af_:()t) yg K, P-as

Let V, Vi be given by (3.14), (3.22), respectively. Then
E| sup |V(t) = Vi ()] < CEJE - &)+ CG2(e).

0<t<T

Proof. This is an immediate result of Theorem 2.6 with p = 1 and noticing that f(¢,0,0,0) =
0. We only have to prove the assumption (2.3) on the drivers f and f! given by (3.25) and
(3.29). We have for all t € [0, T}, recalling (3.26)

VY1), Z(1,)) = £ Vaelt), Volt), Ze(t,2),C.0)
= [r{ (7 @) = V()pe) - COGERW
Z , 2 —ZE , 2 ,2)l(dz A ,2)y (L 2)e(dz
v G- Zane e+ [ Zeane )
< IOIVED + FOD{IT () = Vo)l + 12, - Ze(t, )
GENZ(E ) + 1)1

which proves the statement. ]

Remark 3.3. We used the expectation E[|g— §§|2] to dominate the convergence results.

In finance the discounted contingent claim & = £/SO(T) is given by the payoff function
¢ = g(SYO(T)). Thus we have

E[l§ - &) =E SO)(T) SO(T)

where the case p = 0 refers to the second candidate-approrimation of Section 3.3 and
p = 2 refers to the one in Section 3.2. The convergence of the latter quantily when ¢

[EEaal m%ﬂwwk p— 012
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goes to 0 was studied in Benth et al. [4] using Fourier transform techniques. It was also
studied in Kohatsu-Higa and Tankov [25] in which the authors show that adding a small
variance Brownian motion to the big jumps gives better convergence results than when we
only truncate the small jumps. For this purpose the authors consider a discretisation of
the price models.

The next theorem contains the robustness result for the amount of wealth to invest in
the stock in a locally risk-minimizing strategy.

Theorem 3.4. Assume that (3.9) holds and that for all t € [0,T],
(3.31) sup 72(s) < K, inf r(s)>K, P-a.s.,

t<s<T t<s<T

where K 1s a positive constant and K isa strictly positive constant. Let T, 1. be given
by (3.24), (3.28), respectively. Then for all t € [0,T],

]E[/tT 7 (s) — 7?1,5(3)]2(13] < CE[E — &2 + CG2(e),

where C and C' are positive constants.

Proof. Using (3.24) and (3.28), we have

7(9) =T = g { (V(6) = Vels)bls) = GG

(Z(s,2) — Z(s,2))v(s, 2)l(dz) + /||< Z(s,z)’y(s,z)ﬁ(dz)}2

IN

+GR®)| | 1Z(s,2)Pe(dz) + |Z(s,z)—z<s,z)\2adz)}.

RO IRO

Hence from Lemma 2.3, Theorem 2.4 and Lemma 3.1, we deduce

E[/tTﬁ(s) ~u(s)ds] < L@{Euﬂf/(s) ~ ()] +E[/f|@(s>|2ds]

inftgng K

+G2(e) sup ws)E[ / ' i |Z(s,z)\2e(dz)ds}

t<s<T t
T ~ ~
+E| / Z(s.2) — Z:(s. 2)Pe(dz)ds| }
t Ro
< CE[|¢ - & "] + CG*(e)E[¢7]
and we prove the statement. Il

The robustness of the process ¢ defined in (3.12) is shown in the next theorem.
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Theorem 3.5. Assume that (3.9) and (3.31) hold and for all t € [0,T],
(3.32) sup k(s) < K < o, P-a.s.

t<s<T

Let ¢F5, o1 be given by (3.12), (3.20), respectively. Then for all t € [0,T], we have
E|l6"5(t) — o5 (0I2] < CEIIE - & + C'G*e),
where C' and C" are positive constants.

Proof. From (3.23), (3.27), Theorem 2.6, and Theorem 3.4, we have
T T ~
B[ [ vP(s) - viS(Pds| < {E[ [ [F(5) - Tl
t t
T
+ sup R(S)E[/ 17 (s) —%175(3)\2&9}}
t

t<s<T
(3.33) < CE[I€ - &) + KG?(e)E[|§]).

Moreover, starting again from (3.27) we arrive at

E[/ |y2F;S( )| ds] <C / |C‘E |d3+ sup k( / |TT(s) — T1.(9)] ds]
t t<s<T

+G(e) sup F(E] / fi(s) Pds].

t<s<T

However from (3.24) and Lemma 2.3, we get

E[/tTﬁ(s)Pds} < W{E[[W(s)@] +E[/tT /]R 2°(s,2)(d=)ds] }

(3.34) < CE[¢?].
Thus from Theorem 2.4 and Theorem 3.4 we conclude in view of assumption (3.32)
T ~ ~ ~
(3.35) E[ / miS(s)Fds] < CE[E - & + C'C() B
t
Let G*(00) = [, ¢° . From (3.23), (3.27), Theorem 2.4, Theorem 3.4 and (3.34),
we obtam

E[/tT/R |ZF5 (s, 2) — Zfs(s,z)|2€(dz)ds]
< CE[/tT A 1 Z(s,2) —Zg(s7z)’2£(dz)d8]

+ G¥(o0) sup F()E| / " /(s) - Fro(o) s

t<s<T
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+G2(e) égﬁ?(sm [ /t ' |%<s)|2ds}

(3.36) < CE[|{ — &) + C'G*(=)E[¢Y).
Finally from (3.12) and (3.20), we infer

16750 — o2 < B[ [ 7o) - v ras] + [ [ ]

T
+ ]E[/ |25 (s, 2) — Z55(s, z)|2€(dz)ds]
0o Jro
and combining with the relations (3.33), (3.35) and (3.36) the result follows. O

Let C(t) = ¢7S(t) + V(0) and Che(t) = o1 2(t) + ‘71,8(0). Then the processes C' and

(. are the cost processes in a locally risk-minimizing strategy for 5 and 2; In the next
corollary we prove the robustness of this cost process.

Corollary 3.6. Assume that (3.9), (3.30), (3.31), and (3.32) hold. Then for allt € [0,T],
we have

E[|C(t) = C1. ()] < KE[JE - €] + K'GX(e),
where K and K' are two positive constants.
Proof. From Theorem 3.2, we deduce
E|IV1.(0) = V(0) ] < CE[I€ - &) + CG2(e).
Applying the latter together with Theorem 3.5 we get
E[[C(t) - Cr(t)") = E[| (Ve (0) + 65 () = (V(0) + 6" (1)
< 2(E|[1.(0) — V(0)] + Ell6f5(t) — 675(1) )
< KE[§ - &) + K'G*(e).
U

In the next section we present a second candidate-approximation to S and we study the
robustness of the quadratic hedging strategies.

3.2. Second candidate-approximation to S. In this model we truncate the small jumps
in .S. We obtain

s (t)

S(l) a + W + y(t, 2z z
2,e (t){ (t)dt b<t)d (t) /z|>6 (tu )N(dtu d )}7
Séls) 0) =8M(0)==z.

m KPMG Center of Excellence
in Risk Management



24

The discounted price process is given by

dSs.(t) = §2,E(t){(a(t) —r(t))dt + b(t)dW (t) + / v(t, )N (dt, dz)}.
|z|>e
It is easy to show that §275 converges to S in L? when ¢ goes to 0 with rate of convergence

G?(g). Notice that this second choice of the approximating process Séla) allows to work
under the same filtration F as for the original process. However it involves a different
variance. _

Let my, = X; 585, where X; 5 € 0, (3.7). Without going through details and since the
computations are similar to the previous section, we claim that the discounted value of the
portfolio associated with S, . is given by

AVac(t) = Toe(t)(a(t) — r(t))dt + oo ()b(t)dW (t)
+ [ Tt 2)N(dt,dz) + déf 2 (1),

_ _ |z|>e€
Vv2,a (T) - €a2a
where 5 9 is a P-martingale such that [¢§ 5 Ms,,] is a local martingale with M, . being the

locally square integrable local martingale part in 5’/275 and where gf is the discounted value
of the contingent claim. Moreover, gbg 9(T) is a Fpr-measurable square integrable random

variable. Thus applying Theorem 1.1 with H = F and using the P-martingale property of

5% we know that there exist stochastic integrands Y and Z5, such that

)= [ vrwave = [ f EACEICE)

Thus the equation we obtain for the approximating problem 17275 is given by
Vae(t) = Toe(t)(a(t) = r(0)dt + (e (D)D(E) + Y5 (1))dW (1)

(3.37) +/ (Foc()9(t, 2)Vpapsey (2) + 255 (8, 2)) N (dt, d2),
B -2

To prove similar convergence results as in Section 3.1, we identify (3.37) with the BSDEJ
(2.1). In that case the driver of (3.37) is given by

B3 00 Vo). Vo) Z2(00) = ~hOpFe0 + [ Zete 2t 2],

where
a(t) —r()
Ke(t)

In the following lemma we prove that under some conditions on the parameters of the price
process, fU is Lipschitz and satisfies (2.2).

(3.39) he(t) = and k. (t) = b*(t) + /|> VA (t, 2)0(dz) .
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Lemma 3.7. Define r1(t) = 0*(t) + [, 7*(t, 2)(dz). Assume that for all't € [0,T], we
have
(3.40) =l _ g pgs,

ra(t)

where K is a positive constant. Then fO(t,x,y,2), t € [0,T], satisfies a uniform Lipschitz
condition in (z,y, z), for all e € [0, 1].
Moreover, assume

(3.41) inf k(s)>K, and sup 7(t) <K P-a.s.,

t<s<T t<s<T

where K and K are positive constants. Then fo(t,x,y,z2), t € [0,T], satisfies condition
(2.2).

Proof. We have
£t 1,2) = F2(0 22, 52)| < [hel0)] Ol — el + |
|z|>€
_ la(t) —r(0)

Kl(t)

Thus f2 is Lipschitz requiring (3.40) is satisfied.
Recall the expressions of h and h. in (3.26) and (3.39), respectively. Then we have using
(3.25) and (3.38)

V@)Y (0), Z(8)) = f2(8 V1), Yelt), Ze(t, )]
< [R(ObOIY (1) = Yo(O)] + [h(t) = he()]b(1) Yo(t)]

|21 = 2l (t, 2)E(dz)]

[|?Jl — Y| + (/R |21 — z2|2€(dz))%} .

O] [ 1Z(t,2) = Ze(t, )|t 2)[¢(dz)

+ [h(t) = he(t)| A | Ze(t, 2)7(8,2)|€(dz) + [he(2) " | Ze(t, 2) (8, 2)|0(dz) -
Notice that
] = et — ey FEO (O]
o

Thus
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t) — T‘(t)|~ 1 =~ ~ 1
+G25|a<—2t + 1 (1Y) + Z.(t,2)[20(dz))>
= m[m J(T01+ ([ 1Z.. 2Pt
and the statement of the lemma follows providing that conditions (3.40) and (3.41) hold.
U

We do not prove in this section the convergence results since they follow the same lines
as the latter section. However we claim that, considering the approximation Sy, the value
of the portfolio, the amount of wealth to invest in the stock, and the cost process in the
locally risk-minimizing strategy are robust when imposing certain boundedness conditions
on the parameters of the price process.

3.3. Third candidate-approximation to S. In the candidate-approximation S ., the
variance of the continuous part is given by b*(t) + G?(¢)72(t), which is the same as the
sum of the variance of the small jumps and the variance of the continuous part in S.
We studied this approximation by embedding the original model solution into a larger
filtration G. If one insists on working under the filtration F, then one could also select a
third candidate-approximation Sé}s) in the following way.

s (t)

S altydt + (b(t) + Gle)F(1)aw () + /| e 2N (dt, dz) |,
S62(0) = SV(0) ==,
where G(e) satisfies the relation
(b(t) + G()7(t)* = B*(1) + G ()7 (1),
We choose

(3.42) Gile) = o)+ seulb(t)) %b:t()t) + ()G (e))? |

which is clearly vanishing when ¢ goes to 0.

Notice that we obtain this third candidate-approximation S((]’IE) by truncating the small
jumps of the jump-diffusion and replacing them by the Brownian motion W which is scaled
with G(e)7(t). G(e) is chosen in a way to keep the same variance as the original model

1

S

The discounted price process is given by

dSy (1) = §O,E(t){(a<t) — r(t))dt + (b(t) + G(e)F())dW (t) + / ~(t, z)ﬁ(dt,dz)}.

|z|>€

It is easy to show that §07g(t) converges to S(t) in L? when ¢ goes to 0 with rate of
convergence G(¢).
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The locally square integrable local martingale M, . in the semimartingale decomposition
of Sy is given by

Moott) = [ 000) + GERNSo W)+ [ [ (02500 V s, ).
We define the process ag. by
0c(t) = = aft) —r(?) 0<t<T.
S0 (1) (B2(t) + [, ¥2(t, 2)0(dz))
Thus the mean-variance tradeoff process K. is given by
[ G (als) = ()
Faclt) = [ 3. )it2)6) = | s

Let £ be a square integrable contingent claim as a financial derivative with underlying

505 We denote the discounted payoff of €2 by €0 = £2/5©)(T). Following the same steps
as before, we get the following equation for the value of the portfolio

Voo (t) = To.(t)(a(t) — r(t))dt + To. () (b(t) + G()F(£))dW (t)
+/ To(t)y(t, 2)N(dt, dz) + g2 (t),

|z|>e

ds = K(t).

Voo(T) =€

£

where 7y, = XOeS()g and x{2 € ©, (3.7). Since ¢f2(T) is a Fr-measurable square
integrable random variable, then applylng Theorem 1.1 with H = F and using the P-
martingale property of ¢5 5 we know that there exist stochastic integrands Y% and Z'
such that

(3.43) b2 (t) =K 55(T)]+/0t1QFS / /R ZFS(s,2)N(ds, dz).

Using the same arguments as for ¢{2 we can prove that E[¢{2(T)] = E[¢{2(0)] = 0. In
view of the orthogonality of ¢ 0. Wlth respect to M., we have
(3.44) 0 =Y5()b(t) + G()7(1)] +/ ZE(t, 2)7(t, 2) 125 (2)(d2).

Ro

The equation we obtain for the approximating problem is thus given by

dVoe(t) = Toc(t)(a(t) — r(t)dt + (Fo(H)[b(t) + G(e)A(H)] + YIS (1)) dW (t)
(3.45) +/ (Fo()7(t, 2)L sy (2) + Z55(8, z))N(dt, dz),

Vo,e (T) = 62
In the next lemma we prove that ‘70,5 satisfies the set of equations of type (2.1).

Lemma 3.8. Assume that (3.9) holds. Let 17075 be given by (3.45). Then ‘7078 satisfies a
BSDEJ of type (2.1).
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Proof. We rewrite equation (3.45) as

oult) = =120 Toc0.T0, 2t it + 0w () + [ 2o, dz),
ToelT) =8, 0
where we introduce the processes }75, ZE and the function f9 by
V() = Fo (H() + G)T 0] + Y0,
(3.46) Z.(t,2) = Fo (D (t, 2)Leney(2) + ZE5(1, 2),
PO Voo (8),Ya(t), Ze(t,) = =To()(alt) — r(1)).

With the same arguments as above and using (3.44) we can prove that

(3'47) %O,E(t) = %{i}s(t) [b(t> + é(g)%(t)] + /Ro zs(tv Z>1{\z|>a}(z)7(t? Z)€<dz)}
Hence
= a(t) —r(t) (&

J(t Vo (8), Yelt), Ze(t,)) = = (Yb) + GEAw)

K(t)
+ [ 2t gt

Ro
and along the same lines as in the proof of Lemma 3.7 it is easy to show that f? is Lipschitz
when (3.9) holds. This proves the statement. O

Now we present the following theorem in which we prove the robustness of the value of
the portfolio.

Theorem 3.9. Assume that (3.9) and (3.30) hold. Let V, Vy. be given by (3.14), (3.45),
respectively. Then we have

E| sup |V(t)~ %,E(t)ﬂ < CE[I€ - &) + CIG*(e) + G* () [E[IE2)°),

0<t<T
where C' and C' are positive constants and G(¢) is given by (3.42).

Proof. Following the same steps as in the proof of Theorem 3.2, we can show that fY
satisfies condition (2.2). Indeed

|f(t, 21,91, 21) — fO(t, T2, Y2, 22)|

< [n(®)] [\yl — 2l b()] + G ()l [F(D)] +/ |22l [7(#, 2)|€(dz)

|z|<e

+ [l =zl ) e

Ro

< 1Rl = gellb®)] + G (&) sl F(E)] + ( / (. 2)Pe(d2))3 ([ |zl U(dz))?

|z|<e Ro
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YRRV NERETICON

< (A + [ (@)]) [Iyl = yol + G)yal + Gzl + |21 = 22| -

From (3.30) and (3.9) and noticing that f°(¢,0,0,0) = 0, we prove the statement by
applying Theorem 2.6. U

Remark 3.10. In the convergence result in the latter theorem, the term IE[|EQ|2] appears.
1
9055 (7))

It is given by
~ 2
BIEP) = E||“goier | )

where g is the payoff function. In case g is Lipschitz with K being the Lipschitz coefficient
and g(0) = 0, then we have

(1) (1)
g(SOz-:(T)) 2 SO:—:(T) 2
) < ) .
E|| SO(T) ] < x| S(O)(T)H
This latter quantity is bounded in € by a constant (see Lemma 3.2 in Benth et al. [4]).

In case g is not Lipschitz, one can still prove the boundedness of ]E[|g(Sé715)(T))/S(O) (T)?]
using Fourier transforms as in Benth et al. [4].

In the next theorem we prove the robustness of the amount of wealth to invest in a
locally risk-minimizing strategy.

Theorem 3.11. Assume that (3.9) and (3.41) hold. Let 7, T be given by (3.24), (3.47),
respectively. Then

E| / [7(s) — Foe(s)Pds| < CE[E — &)+ CIC2(e) + GX()E[EN

where C' and C are positive constants.

Proof. We have

7 (s) — Foelo) = 5 (F(5) = Va(s))b(s) — Vo) B (s)

+ /R (Z(s,2) — Ze(s,2))y(s, 2)0(dz) + /| 3 25(5,2)7(5,2)6((12)}2

< S{TO - TP+ CeREITeP?

+ [ |Z(s,2) = Z(s, 2)PU(dz) + G*(2)F(s) |Z€(s,z)\2€(dz)},

RO RO

where C' is a positive constant. Hence from Theorem 2.4 and Lemma 2.3, we deduce

E T|%<s)—%0,a(s)|2ds < ¢ g T|17(s>—?;<s)|2ds
t (s) t

inftgng KR

m KPMG Center of Excellence
in Risk Management



30

t<s<T

+ G2(e) sup 7 / Y. (s |ds

+G%>wpv<mL[ [ V22 Petaz)as)

t<s<T
T ~ ~
+E| / Z(s.2) — Zuls, ) Pe(dz)as) )
t Ro
< CE[l¢ - &1°) + C'(G*(e) + G () E[IE2)
and we prove the statement. O

In the next theorem we deal with the robustness of the process ¢°.

Theorem 3.12. Assume that (3.9) and (3.41) hold. Let ¢*°, ¢{2 be given by (3.12),
(3.43), respectively. Then for all t € [0, T] we have

E[l6"5(t) — 55 (02| < CEIIE - & + TG () + GHIEIEF] + C'G2(e),
where C, 5’, and C" are positive constants.

Proof. From (3.23), (3.46), Lemma 2.3, Theorem 2.4 and Theorem 3.11, we have

]E[/tT|YFS(s) ¥ (s)Pds| < C{E[/tTHN/(s) V()P

+ sup &( / 1T(s) — To.e(9)] ds}}
t<s<T

—1—62( supy /|7T08 |ds

t<s<T
< CE[€ - &P + C'1G°(e) + G*()[E[IE2P).
Combining (3.23), (3.46), Lemma 2.3, Theorem 2.4 and Theorem 3.11, we arrive at

E[/tT 5 |Z15 (s, 2) — Zfs(s,z)|2€(dz)ds}
< CIE[/tT A 1 Z(s, 2) —Zg(s,z)ﬁﬁ(dz)ds}

+ G?(00) sup F*( / 1TT(s) — To.e(9)] ds}

t<s<T

+6%) swp F(E| [ [F(s)Ps]

t<s<T ¢
< CE[|€ — &% + C'G*(2)E[¢7] + C[G2(e) + G*(2)|E[1€2)?
and the result follows. O
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Define the cost process in the risk-minimizing strategy for gg by
CO,E(t) = g,f(t) + ‘70,5(0)'

Then an obvious implication of the last theorem is the robustness of the cost process and it
is easy to show that under the same conditions of the last theorem we have for all ¢ € [0, 77,

E[|C(t) = Coc(t)’] < KE[IE - &°] + K'G*(e) + K[G*(e) + G*(e)|E[1€2*),

where K, K’, and K are positive constants.
Analogously and using similar computations, one can prove the robustness of the amount
invested in the riskless asset in locally risk-minimizing strategies.

3.4. A note on the robustness of the mean-variance hedging strategies. A mean-
variance hedging (MVH) strategy is a self-financing strategy for which we do not impose
the replication requirement. However we insist on the self-financing constraint. In this
case we define the shortfall or loss from hedging & by

£—V(0) — /OT I(s)dS(s), V(0)eR, T €O.

In order to obtain the MVH strategy one has to minimize the latter quantity in the L2-
norm by choosing (V(0),I') € (R,0). Schweizer [29] gives a formula for the number of
risky assets in a MVH strategy where he assumes that the so-called extended mean-variance
tradeoff process is deterministic.

In this paper, given the dynamics of the stock price process S, the process A defined
in (3.4) is continuous. Thus the mean-variance tradeoff process and the extended mean-
variance tradeoff process defined in Schweizer [29] coincide. Therefore applying Theorem
3 and Corollary 10 in Schweizer [29] and assuming that the mean-variance tradeoff process

K is deterministic, the discounted number of risky assets in a MVH strategy is given by

(3.48) D(t) = X"5(t) + a(t) (va—) ~V(0) - /0 f(s)dé’(s)),

where o and 7 are as defined in (3.5) and (3.10), andy is the value of the portfolio in a

locally risk-minimizing strategy. Multiplying (3.48) by S we obtain the following equation
for the amount of wealth in a MVH hedging strategy

T(t) =7 () + h(t) (V(t=) = V(0) - /0 f(s)dé’(s)),

where h is given by (3.26). Since K is deterministic then a, b, r, v, and thus h should be
deterministic. We consider the approximating stock process S;.. The amount of wealth
in a MVH strategy associated to S . is given by

Tie(t) = F1o(0) + h(t) (Vic(t=) = To(0) - / f“(s)d@g(s)).
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Before we show the robustness of the mean-variance hedging strategies. We present the
following lemma in which we show the boundedness in L? of Y.

Lemma 3.13. Assume that the mean-variance tradeoff process K (3.6) is deterministic
and that (3.9) holds true. Then for all t € [0,T7],

E[T*(t)] < C(T)E[E,
where C(T) is a positive constant depending on T

Proof. Applying It6 isometry and Holder inequality, we get
E[T2(1)] < E[F(0)] + C'h2(1) (E[VA(1)] + E[V2(0)]

+ [ BTN ale) = ) + 5(0) + [ (s 2)00a))as).

where C” is a positive constant. Using Lemma 2.3, Lemma 3.1, and equation (3.24), the
result follows applying Gronwall’s inequality. O

In the following theorem we prove the robustness of the amount of wealth in a MVH
strategy.

Theorem 3.14. Assume the mean-variance tradeoff process is deterministic and that (3.9)

and (3.31) hold. Then for all t € [0,T],
E[IT(t) - T1.()%) < CE[I€ - & + CG*(e).
Proof. We have
() = T1e(t)
§ﬁ@—%4M+W®KW@#—%JFN+W@—%AW

+ [ 176) ru>mm—r\w+v° - 1)V (o)
+y//b ~F oo ()(s, 2) N(ds, d2)|
+G@w/@um—f@%mw@n

H/Lm MNWMMG|/ T(s)dB(s)]).

Using Ito isometry and Holder inequality, we get
E[Y(t) = Tr.(0)]
< E[[#(t) — 71 (0)7) + CH(0) (EIV (1) — Voo ()] + EIV(0) ~ Vo (0)
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+ / E[IT(s) = Tro(s) ] (Ja(s) = r(s) 2+ 10(s) 2+ | 7(s,2)[20(dz) ) ds

Ro

+ @) [ BT 6))

where C is a positive constant. Using Theorem 3.2, Theorem 3.4, and Lemma 3.13 the
result follows applying Gronwall’s inequality. U

We proved in this section that when the mean-variance tradeoff process K defined in
(3.6) is deterministic, then the amount of wealth in a MVH strategy is robust towards the
choice of the model. It follows immediately that the value of the portfolio and the amount
invested in the riskless asset are also robust for the mean-variance hedging strategy. The
same results hold true when we consider the stock price process Sy, or Ss. . We do not

present these results since they follow the same lines as for the approximation 51,5.

4. CONCLUSION

In this paper we consider different models for the price process. Then using BSDEJs we
proved that the locally risk-minimizing and the mean-variance hedging strategies are robust
towards the choice of the model. Our results are given in terms of estimates containing
E[|€ — ]2, which is a quantity well studied by Benth et al. [4] and Kohatsu-Higa and
Tankov [25]

We have specifically studied three types of approximations of the price S and we con-
sidered the role of the filtration in our study of these approximations. It is also possible to
consider other approximations to the price S. For example we can add to the Lévy process
a scaled Brownian motion. In that case, based on the robustness of the BSDEJs, we can
also prove the robustness of quadratic hedging strategies. This type of approximation was
discussed and justified in a paper by Benth et al. [4].

As far as further investigations are concerned, we consider in another paper a time-
discretisation of these different price models and study the convergence of the quadratic
hedging strategies related to each of these time-discretised price models to the quadratic
hedging strategies related to the original continuous time model. Moreover, we are con-
cerned with the characterization of the approximating models which give the best conver-
gence rates when the robustness of quadratic hedging strategies is taken into account.
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