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Abstract

In this paper we deal with the utility maximization problem with general utility
functions including power utility with liability. We derive a new approach in which we
reduce the resulting control problem to the study of a system of fully-coupled Forward-
Backward Stochastic Differential Equation (FBSDE) that promise to be accessible to
numerical treatment.
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1 Introduction

One of the most commonly studied problems in mathematical finance and applied proba-
bility is related to maximizing expected terminal utility from trading in a financial market.
In its version we consider here, the focus is more on an insurance issue: a small agent is
interested in securitizing a random liability arising in his usual business by investing on
a capital market. He therefore has two sources of income: his random liability, and the
wealth obtained from trading on the capital market up to a terminal time with appropri-
ate investment strategies. The agent’s preferences are described by a utility function. So
the stochastic control problem he faces results in the maximization of his terminal utility
obtained from both sources of income with respect to all admissible strategies available to
him. More formally, given his initial wealth x > 0, he aims at attaining the value function

V(0,z) := SEBE[U(X% + H)]. (1.1)
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Here U is a general real-valued utility function with properties to be specified, A denotes
the set of admissible trading strategies, T' < oo the trading horizon, X7 is the agent’s wealth
obtained upon following a strategy = € A, and the random variable H describes a liability
he must deliver at terminal time 7. In the typical focus of mathematical interest of this
problem we find questions related to existence and uniqueness of optimal solutions, as well
as the characterization of optimal strategies and the value function V which is defined for
times 0 < ¢ < T and initial wealth x > 0 as

V(t,x) := sup E[U(X{p + H)|F].
TeA
Here X; 7 denotes the wealth the agent is able to obtain from trading in the capital market
in the investment period [t, T, and the filtration (F;);cjo,7] describes the evolution of infor-
mation.

The most important techniques to tackle the existence of optimal strategies 7* are based
on concepts of convexr duality. This tool first appears in Bismut [4], was further developed
on Brownian bases in the works by Pliska [35], Karatzas and co-workers (see for instance
Karatzas et al. [18], [19], [7]), with its modern and abstract form formulated in the setting
of general semimartingales due to Kramkov and Schachermayer [21]. In this setting, growth
conditions on U or related quantities such as the asymptotic elasticity, if U is defined on
the half line, can be formulated. Together with mild regularity conditions on the liability
and convexity assumptions on the set of admissible trading strategies (see e.g. [2] for de-
tails) they guarantee the existence of optimal investment strategies. Duality techniques are
general and far-reaching, yet not constructive, especially from the perspective of numerical
approximation: they are so far not amenable to computation or simulation of optimal strate-
gies and value functions. They reveal yet another shortcoming arising if one is interested in
working with non-convex constraints: convexity breaks down for instance if the strategies
are supposed to take integer values.

A direct stochastic approach to simultaneously characterize optimal trading strategies and
utilities is provided by an interpretation of the martingale optimality principle by the tools
of (forward) backward stochastic differential equations (FBSDE). In the case of exponential
utility it was discussed in El Karoui et al. [12], and Sekine [37], still with elements of convex
analysis. Conceptually not linked to convex duality methods, in [I4] it was seen to work
in the setting of constraints that are just closed, not necessarily convex. If the filtration is
generated by a standard Wiener process W, if either U(z) := — exp(—ax) for some o > 0
and H € L? or U(x) := % for v € (0,1) or U(x) = Inz and H = 0, and if the selection of
admissible strategies is restricted to a closed set, it has been shown by Hu et al. [I4] that
the control problem can essentially be reduced to solving a BSDE of the form

T T
Y; = H—/ ZsdW, —/ f(s, Zy)ds, tel0,T), (1.2)
t t

where the driver f(t,z) is a predictable process of quadratic growth in the z-variable. The
method only works well in the cases of classical utility functions, i.e. exponential with gen-
eral endowment, and power or logarithmic with zero endowment. In these cases the forward
part, the portfolio process, and the backward part given by , are decoupled. This is



due to a “separation of variables” property shared by the classical utility functions: their
value function can be decomposed by V (t,z) = g(x)V; where g is a deterministic function
and V is an adapted process. As a result, optimal future trading strategies are indepen-
dent of current wealth levels. The stochastic approach has since been extended beyond the
Brownian framework and to more general utility optimization problems with complete and
incomplete information in numerous papers, of which we only quote [13], [29], [30], [31] and
[27].

More generally, there has recently been an increasing interest in dynamic translation invari-
ant utility functions. A utility function is called translation invariant if a cash amount added
to a financial position increases the utility by that amount, and hence optimal trading strate-
gies are Wealth—independenﬂ Although the property of translation invariance renders the
utility optimization problem mathematically tractable, independence of the trading strate-
gies on wealth is rather unsatisfactory from an economic point of view. In [28] a verification
theorem is derived for optimal trading strategies for more general utility functions in case
H = 0. More precisely, given a general utility function U and assuming that there exists an
optimal strategy regular enough such that the value function possesses some regularity in
(t,x), it is shown that there exists a predictable random field (¢ (t,))t,2)[0,7]x(0,00) SUch
that the pair (V) solves a backward stochastic partial differential equation (BSPDE) of
the form:

V(t,x)ZU(x)—/t (5,2)dIV, /T L A (1.3)

where @, denotes the partial derivative of ¢ with respect to « and V,, the second partial
derivative of V with respect to the same variable. The optimal strategy 7* can then be
obtained from (V). Unfortunately, the theory of BSPDE is still not well developed, and
to the best of our knowledge the non-linearities arising in cannot be handled except
in the classical cases mentioned above where once again one benefits of the “separation of
variables” (see [17]). Moreover, the utility function U only appears in the terminal condition
which is not very handy. This corresponds to a general stochastic version of the Hamilton-
Jacobi-Bellman equation in the Markovian setting.

In this paper we propose a new approach to solving the securitization problem with liability
for a larger class of utility functions and characterize the optimal strategy 7* in terms
of a fully-coupled system of FBSDE. In contrast to the classical Markovian framework corre-
sponding to the analytical HJB equations for which they are supposed to be functions of the
terminal value of the forward process, the general terminal liabilities we work with usually
create a system which is non-Markovian. It is therefore essentially more general than the
system of FBSDE outlined in Peng [34] in the context of classical stochastic control prob-
lems. Coupled FBSDE have already been extensively studied, but essentially for Lipschitz
coefficients. The treatment has focused on mainly three methods: one using contraction
mappings ([1], [33]), one based on PDE ([24], [9]), and the method of continuation ([15],
[38]). We refer to [25] for the investigation of FBSDE with Lipschitz coeffients.

Tt has been shown by [I0] that essentially all such utility functions can be represented in terms of a

BSDE of the form



The derivation of the FBSDE system appropriate for our purposes starts with a verifica-
tion type observation. In case of utility functions defined on R (if they are defined on
R4, a refinement of the argument will be applicable), given an optimal strategy n* of
the (forward) portfolio process X™ | to realize martingale optimality we postulate that
U'(X™ +Y) be a martingale, where (Y,Z) is the associated backward process. As a
consequence, (Y, Z) is given by a certainty equivalent type expression for marginal util-
ity Y = (U)"YE(U'(XF + H)|F) — X™ . This identification allows us to compute the
driver of the BSDE related to (Y, Z). It is given in terms of the derivatives of U, involves
the optimal forward process X™ , and provides the backward part of the FBSDE system. In
a second step, we consider possible solution triples (X, Y, Z) of the FBSDE system obtained
in the first step, not assuming that X corresponds to an optimal portfolio process. We then
use the variational maximum principle in order to verify that under mild conditions on U
the triple (X,Y, Z) solves the original optimization problem. This in particular means that
X coincides with an optimal forward portfolio process X™ . In summary, under mild regu-
larity conditions, solutions (X,Y, Z) of the FBSDE system provide solutions of the original
securitization problem.

With this we also extend the fully stochastic approach of [14] of the optimization problem
with terminal liability by means of a direct translation of martingale optimality into stochas-
tic equations. Since it is not based on convex duality techniques, it should be able to cope
with closed, non-convex constraints as well. Although it appears that we can write down
systems of FBSDE with closed, non-convex constraints, we were not able to relate them to
the corresponding utility optimization problem yet. However, it requires essentially more
effort to solve a fully-coupled FBSDE system (which in general will fail to possess solutions)
compared to the decoupled one of [I4]. In classical cases in which decoupling techniques
apply our FBSDE system possesses solutions. In a more general setting, solutions are con-
structed using a compactness criterium due to Delbaen and Schachermayer [11] for which
so far we cannot avoid convexity assumptions.

Our approach provides in particular an FBSDE system for the case of power utility with
general non-hedgeable liabilities. To the best of our knowledge ours is the first treatment
that allows to characterize and calculate optimal strategies in this case.

The remainder of this paper is organized as follows. In Section 2] we introduce our financial
market model. In Section [3| we first derive a verification theorem translated into a system
of FBSDE for utilities defined on the real line. Its converse shows that a solution to the
FBSDE system obtained allows to construct the optimal strategy. Section [ is devoted to
the discussion of analogous questions for utilities defined on the positive half line. In Section
we relate our approach to the stochastic maximum principle obtained by Peng [34] and
the standard duality approach. We use the duality-BSDE link to construct a solution of
the FBSDE associated with the problem of maximizing power utility with general positive
endowment.



2 Preliminaries

We consider a financial market which consists of one bond S° with interest rate zero and of
d > 1 stocks given by

St = Sidwi + Sigidt, i€ {1,...,d}

where W is a standard Brownian motion on R? defined on a filtered probability space
(L F, (Fo)teor)s P)s (Fi)ieo.r) is the filtration generated by W, and 6 := (6',...,67) is a
predictable bounded process with values in R?. Let us remark at this place that a gener-
alization of this model to one with a volatility matrix ¢ for which oo* is uniformly elliptic
(as in Hu et al. [14]) is straightforward, and just adds notational complexity to the treat-
ment. Since we assume the process 6 to be bounded, Girsanov’s theorem implies that the
set of equivalent local martingale measures (i.e. probability measures under which Sis a
local martingale) is not empty, and thus according to the classical literature (see e.g. [11]),
arbitrage opportunities are excluded in our model. For simplicity we write throughout

(2

ds} := dSSt
t

We denote by - the inner product in R? of vectors a and 8 and by |-| the usual associated
L?-norm on R%. In all the paper C will denote a generic constant which can differ from line
to line. We also define the following spaces:

SY(RY) := {B : Q% [0,7] = R%, continuous and adapted , E[ts[tépT] 18:%] < oo} ,
€,

T
H2(RY) := {ﬁ : Q% [0,T] = R%, predictable, E [/0 ﬁt|2dt} < oo}.

Since the market price of risk # is assumed to be bounded, the stochastic process

t 1 t
5(—(9 . W)t = €exp <_/ edes - / |98‘2d8>
0 2 Jo

has finite moments of order p for any p > 0. We assume dy + do = d and that the
agent can invest in the assets St ..., 8% while the stocks SUt ... §% are inaccessi-
ble to the agent. Denote S™ := (S',...,8%,0...,0), W = (W',...,. W%, 0...,0),
WO :=(0,...,0,Wh+l W) and 6" := (',...,07,0...,0) (the notation H refers to
“hedgeable” and O to “orthogonal”). To any investment strategy m in H?(R%), we define
XT™ its associated wealth process defined as:

t di ¢
X7 =X§ —I—/ mdSH = XF + Z/ m,.dS;, te€|0,T],



and for every > 0 we denote by II* the set of trading strategies with initial capital x, that
is:

I = {weﬂﬂ?(Rdl), Xg:x}. (2.1)

Every 7 in II? is extended to an R%valued process by

In the following, we will always write 7 in place of 7, i.e. 7 is an R%valued process where
the last do components are zero. Moreover, we consider a utility function U : I — R where
I is an interval of R such that U is strictly increasing and strictly concave. We look for a
strategy 7* in II% satisfying E[U(XT + H)] < oo such that

T = argmaX ey B (X5 +H)ll<oo {EU(XT + H)J} (2.2)

where H is a random variable in L?(§2, Fr,P) such that the expression above makes sense.
We concretize on sufficient conditions in the subsequent sections.

3 Utilities defined on the real line

In this section we consider a utility function U : R — R defined on the whole real line. We
assume that U is strictly increasing and strictly concave and that the agent is endowed with
a claim H. We introduce the following conditions.

(H1) U : R — R is three times differentiable
(H2) H is an element of L%(Q, Fr,P)

(H3) We say that condition (H3) holds for an element 7* in I1%, if E[|U’ (X% + H)|?] < oo
and if for every bounded predictable process h : [0,7] x © — R, the family of random

variables . ) .
< / h,dSIt / U’ <X§z* + H +er / hudﬁ) dr)
0 0 0 £€(0,1)

is uniformly integrable.
Before presenting the first main result of this section, we prove that condition (H3) is

satisfied for every strategy m* such that E[|U’(XF + H)|] < co when one has an exponential
growth condition on the marginal utility of the form:

Uz +y) <C(1+U'(z)) (1+exp(ay)) for some a € R.

Indeed, let G := fOT h,dS!* and d > 0. We will show that the quantity

1
q(d) = agg)an HG/O U(XF +H +erG)dr Lt unxz 1 H1erGdr|>d



vanishes as d tends to infinity. For simplicity we write 6, 4 := 1| G [ UN(XE" +H erG)dr|>d° By

(55,d:|

) 1/2
5] |

Since E [|U'(X7 + H)|?] is assumed to be finite we deduce from the inequality

the Cauchy-Schwarz inequality

1
qg(d) < sup E [(1 +U'(XF + H)) ‘G(l —|—/ exp(aerG))dr
e€(0,1) 0

. 1/2
< CE [\U'(Xg,z +H)y2] sup E
e€(0,1)

1
‘G/ exp(aerG)dr
0

exp(aCzr) <1+exp(azr) forallzeR, 0<(<1

that

1/2
q(d) < C sup E \G(2+exp(aG))\2 55,d] / .
€€(0,1)

Applying successively the Cauchy-Schwarz inequality and the Markov inequality, we deduce

- 11/4
q(d) < CE||G(2 + exp(aG))|*| * sup E[5.q'/*
- - e€(0,1)

- - 1/4 1 . 1/4
< CE ||G(2+ exp(aG)[*| * d~V* sup E {]G|/ U'(XT + H +erG)dr
L - €€(0,1) 0

1/4 —1/4 211/8
d VT E[|G(2+ exp(aG))|?] 7.

< CE[|G(2 + exp(aG))|*]

Let p > 2. Since h and 6 are bounded it is clear that E [|G]??] < co and

E|

G(2 + exp(a@))P]
<E[I0P?]) " E 2 + explac)|¥ | i

<C (2 +E [|exp(aG)|2p} ) i

T T
1
—-C <2 +E {exp < / 2pach, AWt — 3 / |2pahr]2dr>
0 0

1 T 1/2
exp (2/0 12pach, |2 4 2pah,. - 9,&#)})

<C.

Hence limg . q(d) = 0 which proves the assertion.

3.1 Characterization and verification: incomplete markets

We are now ready to state and prove the first main results of this paper namely a charac-
terization of the optimal strategy (cf. Theorem [3.1)) and a verification theorem presented in
Theorem [3.5



Theorem 3.1. Assume that (H1) — (H2) hold. Let 7* € II* be an optimal solution to the
problem such that (H3) is satisfied. Then there exists a continuous adapted process
Y with Yr = H such that U'(X™ +7Y) is a square integrable martingale and the optimal
strategy allows for the representation

U'(XT +Yy)

71';; :—sz—Zz, tG[O,T], i:17...7d1
where Zy = d<YC’l¥V>t = (d<Y’;tVi>t,...,7d<Y’;fd>t>.

Proof. We first prove the existence of Y. Since E[|U’(XZ% +H)|?] < oo, the stochastic process
a defined as oy := E[U' (XX + H)|F], for t in [0, 7] is a square integrable martingale. Define
Y := (U) Y ay) — XJ. ThenY is (Ft)efo,r)-predictable. Now Ito’s formula yields

o . T 1 1 (T UBU(ay))
i+ X[ =Yr+ X7} —/t Ull(Ul_l(as))das—i—2/t (U”(U’—l(as)))3d<a’a>s' (3.1)

By definition, « is the unique solution of the zero driver BSDE

T
ar = U'(XF + Vi) — / B.dW,, tel0,T], (3.2)
t

where 3 is a square integrable predictable process with respect to dt @ dP with values in R%,
Plugging (3.2)) into (3.1]) yields

|Bs|*ds.

1 1/T UGHXT" +Y5)
(

T
Y, + X© =X~ 4+ H — - BdW.,+ =
it =Ar / ixr 1Y) Mt g ) o 1 1)

Setting Z := ))ﬁ, we have

1
UN(X™ Y
T 7®3)

o (XT +Y,)|Z|ds.

T
* * ~ 1
Yi+ X7 =XF +H/t stWs+2/t

Now by putting Z* := Zi—q* i =1,...,d, we have shown that Y is a solution to the
BSDE

T T
Y, = H—/ ZdW, —/ f(s,XT,Y,, Zs)ds, te[0,T], (3.3)
t t
where f is given by
. 1v® . )
s, X3 Ve, Z) = =5 (X 4 Vo)l + Z[* = 7 0 (3.4)

Finally, by construction we have U’(XJ + Y;) = oy, which thus is a martingale.

Now we deal with the characterization of the optimal strategy. To this end, let h : [0, 7] x
Q— R% be a bounded predictable process. We extend h into R? by concatenating zeros
via h = (h',..., hd o, ..., 0) and by abuse of notation denote h again by h. Thus for every



¢ in (0,1) the perturbed strategy 7* + eh belongs to II*. Since 7* is optimal it is clear that
for every such h we have

e—0 ¢

T T
I(h) = lim ~E [U(:c + / (7% + ehy)dSH + V) — Uz + / wrdSH + YT)] <0. (3.5)
0 0

Moreover

3

T 1 T
= / h,.dS7 / U’ (X;E* + Y7 + 6 / hrdSZ*> de.
0 0 0

Now by (H3), Lebesgue’s dominated convergence theorem implies that (3.5)) can be rewritten
as

1 T T
= (U(x + / (7} + eh,)dS? + Yr) —U(x + / T dST + YT))
0 0

T
E [U’(X{,E* +Y7) / thsﬁ] <0 (3.6)
0

for every bounded predictable process h. Applying integration by parts to U’(X7 +Y;) s€[0,7]

and (f(f thSZ{)se[O,T]’ we get

T
U'(XE +Yr) / h,dSH
0

T
=U'(z+Yy) x0 +/ U'(XT 4 Yy)hgdS™
0

T S
+/ / hedS? U"(XT +Ys) [(7?;‘ + Z)dWH 4 (770, + f(s, XY, ZS))ds]
o Jo
1 [T ors .
+ 2/ / hedSTE U (XT Yy |nk + Zs|%ds
o Jo
T *
+/ UNXT +Yy)hs - (mk + Zs)ds.
0
By definition of the driver f, the previous expression reduces to

T
U'(XZ +Yr) / h,dSTt
0

T
- / (01X 4 Y0+ U (X + V)5 + Z)) - huds
0

T prs T
+/ / hedSH U(XT +Y,) (w2 + Zg)dW +/ U'(XT +Y)hdW.  (3.7)
0o Jo 0
The next step would be to apply the conditional expectations in (3.7). However the two
terms on the second line of the right hand side are a priori only local martingales. We
start by showing that the first one is a uniformly integrable martingale. Indeed, from the
computations which have led to (3.3)) we have that

U'(X™ +Y)(r*+ Z) = B,



where we recall that ( is the square integrable process appearing in (3.2)). Using the BDG
inequality we get

E | sup
s€[0,T]

/ / hodST U"(X™ 4+ Y, ) (7 + Z,)dWH
0 JO

T s
/ / h,dSTt
0 0

< CE <sup / h,dS7
0

s€[0,T]
Young’s inequality furthermore yields

s 2 1/2 T 1/2
E ( sup / h,dSH ) </ ’58|2d5>
s€f0,771/0 0

s 2 T
< CE /hrdSZ{ + CE U |652ds}
0 0

s 2
/ hdWH D

0
where we have used that h and 6 are bounded. Applying once again the BDG inequality,

we obtain
s T
/ hedWt | <4E [/ |hT]2dr] < 0.
0

0
Putting together the previous steps, we have that
] < 00,

T s
E U / hedS? U (XT + Ye)(mh + Zs)dwﬂ =0.
0 0

9 1/2
|B|%ds

2\ 1/2 T 1/2
) <A |BS|2d5)

< CE

sup
s€[0,T]

sup
$€[0,7T

SC(l—HE

2

E | sup

s€[0,7

E | sup

s€[0,7

/ / hadSY U(XT + Vo) (mf + Zp)dW}!
0 JO

and thus we get

Note that (fot U(XT + Ys)hdeSH> 0] is a square integrable martingale. Indeed
telo,

U'(X™ 4+Y) = « is a square integrable martingale and thus

r rpT
E / UXT 4 Vh,
LJO

s
ds| < oo.

Similarly,

T
U'(XE 4+ Yr) / hrdsﬂ < 0.
t

&=

10



Taking expectation in (3.7) we obtain for every n > 1 that

T
E {U’(X;E* + Y7) / hrdsﬁ]
0

=E [/OT (U/(X;u FY)0, + U (X™ + V) (nh + Zs)) : hsds} ’ (3.8)
which in conjunction with leads to
. [/OT (U/(X;f* F Y0 + U(XT + Vo) (nh + zs)) . hsds} <0
for every bounded predictable process h. Replacing h by —h, we get
E [ /OT (U’(X;u + V)0, + U (XT + Vo) (rt + zs)) . hsds] o (3.9)

Now fix i in {1,...,d1}. Let A% := U'(XT + Y,)0i + U"(XT + Yo)(x¥ + Zi) and hy :=
0,...,0, 1i4i>035 0, .o, 0) where the non-vanishing component is the i-th component. From

B3) we get
T * ; * i ;
E [ | 1 0O + Y00+ UK 4 Yo+ Z;)]ds} —o.
0

Hence, A® < 0, dP ® dt — a.e.. Similarly by choosing hs = (0,...,0, 1aicoy: 0, ,0) we
deduce that

U'(XF + Y0+ U'(XT +3)(nf +2) =0, dP@dt—ac.
This concludes the proof since i € {1,...,d;} is arbitrary. O

The characterization of the optimal strategy above can also be given in terms of a fully-
coupled Forward-Backward system.

Theorem 3.2. Under the assumptions of Theorem the optimal strategy * for (2.2) is
given by

S g T i e 0,T), i=1,....d
Ty tU//(Xt'f‘}/t) to € [07 ]7 ? ) , U1,

where (X,Y, Z) is a triple of adapted processes which solves the FBSDE

(Xs+Ys (Xs+Ys
Xi = o[y (0 + Z) Wi - 5 (0.0 + Z) - o

T UG (X4Y:)|U (X545
Y, = H-["Zaw,— [F [ Lo (UT,(X)'W(S))* Ik (3.10)

oYY | 7 g 11 Z0PUR (X, +Y)] ds,

with the notation Z = (Zl, /A A Zd). In addition, the optimal wealth process

-

=:ZH —.Z70

X™ is equal to X.

11



Proof. From Theorem [3.1] we know that the optimal strategy is given by

U Y

t U//( er + Y} )

where (Y, Z) is a solution of the BSDE (3.3) with driver f as in (3.4). Now plugging the
expression of 7* into equation (3.4]) yields

T (XT +Y5) H U (X7 JFYS) H
Xt = x—f()( m—i—Z)dW f0< m Zs>'08d8

—Zi tel0,T), ie{l,...,di},

T T UGB XT" +Y)|U (XTI +Y5) 2 )
Y, = H- [T Zaw,— | {_19H|2 (X7 U (O 4%2) (3.11)

U// X7T +Y) U’

_HQH‘QU (X7 +Ys) + 7, - 97—[_7Zo’2U<3)(X7r _1_}/8):| ds.

\

Recalling that X™ :=z + [, 75 (AW + 0%ds) for any admissible strategy m, we get the
forward part of the FBSDE. O

Remark 3.3. Using It6’s formula and the FBSDE (3.10), we have
UX4Y)=U'(z+Yy) + / 07U (X + Y )dWH + / U"(Xs+ Ys)Z22aw?.
0 0

Remark 3.4. Note that using the system (3.10)), for a := U'(X™ +Y), integration by parts
yields for every t in [0,T]

U'XT +Y)(XT — XT)
t t

- / (XT — X™)dov, +/ o (ms — 2)dWH
0 0

t
4 [ (0t 4 UM 4 VYR ) - (- s
0

t t
:/ (XT — X™)do, +/ a(ms — w)dWIE,
0 0

This shows that U'(X™ +Y)(X™ — X™ ) is a local martingale for every w in II*.
The converse implication of Theorems and constitutes the second main result.

Theorem 3.5. Let (H1) and (H2) be satisfied. Let (X,Y,Z) be a triple of stochastic pro-
cesses which solves the FBSDE satisfying: Z is in H2(RY), E[|U(Xt + H)|] < oo
E[|U (Xt + H)|?] < oo, and U'(X +Y) is a positive martingale. Moreover, assume that
there exists a constant £ > 0 such that
U'(x)
U (z)

<K

for all x € R. Then
i UXi+Yy)
LUMXi )
is an optimal solution of the optimization problem (2.2)).

0: — 7!, tel0, 7], ic{l,...,d},
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Proof. Note first that by definition of 7%, X = X™ . Since the risk tolerance —g,l,((z)) is
bounded and since Z € H?(R?), we immediately get E [fOT |7T;"\2ds] < 00, thus, 7 € II*. By

assumption, U'(X +Y) is a positive continuous martingale, hence there exists a continuous
local martingale L such that U'(X +Y) = £(L). And we know from Remark [3.3| that

‘ U Xs +Y5)
og(U'(z + Y0)) —i—/o 07 dWr + ; 7U’(X V) o dW

Define the probability measure Q ~ P by

dQ  U'(Xr+H)
AP~ E[U/(X7+H)|

Girsanov’s theorem implies that W := WH4+W© = (Wit [i0tdt,..., Wh+ [) 0% dt, W1 —

0 %Zm“dt W — [0 %Z‘bdﬂ is a standard Brownian motion under

Q. Thus X7 is a local martingale under Q for every « in II*. Now fix 7 in II* with
E[|U(XF+ H)|] < oo. Let (7,)n be a localizing sequence for the local martingale X™ — X™ .
Since U is a concave, we have

UXFE+H)-UXE +H) <U(XF + H)(XF - XT). (3.12)
Taking expectations in (3.12) we get

EU(XF+ H) - U(XF + H)]

< Eq[XF — XT ]

E[U" (X1 + H)]
TNATn N
=Eg [ lim / (s — w:)dWsH]
n—oo 0
T ATn _
_ lim Eq [/ (s —w;)dwgf] —0

which eventually follows as a consequence of Lebesgue’s dominated convergence theorem.
To this end we prove that
] < o0.

Indeed the BDG inequality and the Cauchy-Schwarz inequality imply that

|

T 2
< CEg (/ |Ts — Tr:|2d8>
0

U(Xr+ H) T 9 3
=CE s — o |°d
ey ) /0 Ims = ml"ds

t ~
Eg / (ms — w5)dW
0

sup
t€[0,T)

sup
t€[0,T]

t ~
Eq / (g — 7Y ATV
0

13



=
-

U/(XT + H)
’E[U’(XT+H)]

< CE

212 T 3
] E [/ |7ms — 7T;|2d8:| < 00.
0

We have proved in Theorem that if exhibits an optimal strategy «* € II*, then
there exists an adapted solution to the FBSDE . As a byproduct we showed that the
optimization procedure singles out a “pricing measure” under which the asset prices and
marginal utilities are martingales. In this sense, the process Y captures the impact of future
trading gains on the agent’s marginal utilities. If we assume additional conditions on the
utility function U, we get the following regularity properties of the solution (X,Y, 7).

|

Proposition 3.6. Assume that H € L>*(Q), Fr,P) and that the FBSDE (3.10|) admits an
adapted solution (X,Y,Z) such that'Y is bounded. Let

U'(x) U ()|U (z)?

UG (x
1(x) == m, pa(x) == U (z)

w3(x) == W, x €R.

Assume that U is such that ;, i = 1,2,3 are bounded and Lipschitz continuous functions.
Then (X,Y, Z) is the unique solution of (3.10) in S?(R) x S?(R) x H?(R?). In addition,
Z - W is a BMO-martingale.

Proof. Let (X,Y,Z) be a solution to such that Y is bounded. Then, using the usual
theory on quadratic growth BSDEs (see for example [30, Theorem 2.5 and Lemma 3.1]) we
have only from the backward part of the FBSDE that Z is in H?(R?) and that Z - W is
a BMO-martingale. In addition there exists a unique bounded solution to the backward
component for a given process X. Now the previous regularity properties of the processes
(Y, Z) imply that X is in S?(R). We turn to the uniqueness of the process X. Assume
that there exists another solution (X’,Y”,Z’) of (3.10). Hence, Theorem implies that
™ = —%01 + 2", ie{l,...,d1} is an optimal solution to our original problem
and X’ is the optimal wealth process. However, by strict concavity of U and by
convexity of IT* the optimal strategy has to be unique. So X and X’ are the wealth processes
of the same optimal strategy, thus, they have to coincide (for instance X7 = X/, P — a.s.)
which implies (Y, Z") = (Y, Z). 0

In the complete case we are able to construct the solution (X,Y, Z). This is the subject

of the following Section.

3.2 Characterization and verification: complete markets

In this section we consider the benchmark case of a complete market. We assume d = 1 for
simplicity. H denotes a square integrable random variable measurable with respect to the
Brownian motion W.

In the complete case we can give sufficient conditions for the existence of a solution to
the system (3.10). Our construction relies on the following remark.

14



Remark 3.7. Using (3.10)) the martingale U'(X™ +Y') becomes more explicit, because It6’s
formula applied to U'(X™ +Y) yields

t
U'XT +Y;) =U'(x + Yo) + / U"(XT" + Ys)(nh + Zg)dW,
0

t

=U'(z+Yp) — / U'(XT 4 Ys)0:dWs,
0

where we have replaced ™ by its characterization in terms of (X,Y,Z) from Theorem .

Hence,

U(XT +Y) =U'(x+Y0)E(—0- W), tel0,T]. (3.13)

This remark will allow us to prove existence of a solution to the system (3.10) under
a condition on the risk aversion coefficient —%,,, of U. To this end, we give a sufficient
condition on U for the system (3.10]) to exhibit a solution. We have the following remark.

Remark 3.8. If (X,Y, Z) is an adapted solution to the system (3.10), then P := X +Y is
solution of the forward SDE

(Fs) LUB (Py)|U'(Py) 2
Pi=x+Yy— /eU,, aw, - / S s teDT) (314

In addition, if (X,Y,Z) is in SQ(R) x S?(R) x H2(RY), then P € S*(R). Thus a necessary
condition for the FBSDE (3.10)) to have a solution is that the SDE (3.14]) admits a solution.

We are now going to state an existence result for the FBSDE system (3.10|) that char-
acterizes optimal trading strategies in terms of the functions ¢;(x) = g,,(( )) and pa(x) =

U® (@)U (2)[?
GO

Proposition 3.9. Assume that the functions 1 and s are bounded and Lipschitz contin-
uwous. Then the FBSDE

U'(Xs+Ys U'(Xs+Ys
Xi == Jy (Ot + 2o ) AW, = Ji (0. + 2,) - 0.ds

(3.15)

(U"(Xs+Y5))3 U"(Xs+Ys)
+ Zs-05)ds

(3)
1/2 — H — j;gT ZSdWS _ J;T (_%|05|2U (Xs+Ys)‘U (X5+Y5 + |0 |2 X5+Ys)

admits a solution (X,Y, Z) in S*(R) x S?(R) x H?(RY) such that B[|U(Xt + H)|] < oo and
E[|U (Xt + H)|?] < oc.

Proof. Let m in R. Consider the following SDE

P =gz +m— /05g01 ™AW — / —10s|%p2(P™)ds, t € [0,T).

Since this SDE has Lipschitz coefficients the existence and uniqueness of a solution in S?(R)
is guaranteed (see for example [36, V.3. Lemma 1]). Next, consider the BSDE

T T 1
v—t- [ zraw,- | (—2|es|2go2<P;“>+es|2so1<P;”>+Z§"-es> ds.  (3.16)
t t

15



We denote its driver by f(s,p, z) := —£|65*02(p) + |0s|*¢1(p) + 2 - 0,. Using the regularity
properties of ¢ and s and the fact that 6 is bounded, we see that there exists a constant
K > 0 such that

£ (s,p,2)] < K(1+|z2])

and the constant K depends only on aj, a2 and on ||f||~, thus in particular K does not
depend on m. Since the driver f is Lipschitz continuous in z, there exists a unique pair of
adapted processes (Y™, Z™) in S?(R) x H?(R) which solves (3.16). In addition, |V, < K
holds P-a.s. for all ¢ in [0,7]. We recall that this constant K does not depend on m, thus
|Yy"| < K. Using standard arguments we can show that the map m — Y is continuous.
Even if this procedure is straightforward, we reprove this fact here to make the paper self-
contained. Fix m,m’ in R with m # m/. We set 0Y; := Y/ — Y™, §Z; .= Z" — Z/™'. By
it follows that (0Y,dZ2) is solution to the Lipschitz BSDE:

T T
5Y; = 0— / S 7AW, — / (0,07, + h(s))ds
t t

with h(s) := 5653 (p2(P™) — ©2(PT)) + 1042 (01 (P™) — 1 (P™)). Using classical a priori
estimates for Lipschitz growth BSDEs (see for example [26, Lemma 2.2]) we get

T

16Yo* < E[ sup |§Y;]?] < CE [/ ]h(s)|2ds] .
te[0,7) 0

The boundedness of # and the Lipschitz assumption on ¢; and on @y immediately imply

that

sup [P — P"|
te[0,7

T T
E [/ ]h(s)\zds] < CE U P — P;"’Pds] < CE
0 0

Combining the inequalities above with classical estimates on Lipschitz SDEs (see for example
[36, Estimate (***) in the proof of Theorem V.7.37]) we finally get that

|6Yo[* < Clm —m/|?

which concludes the proof by letting m’ tend to m. This in conjunction with m — Y™ being
bounded yields that there exists an element m* € R such that Yom* = m”*. Setting

XM =P" Y™, tel0,T),

it is straightforward to check that (X™ , Y™, Z™") satisfies (3.15). Moreover, we have
X™" € S%(R) since Y™ is bounded and since P™ € S?(R). Next, note that E[|U’(Xp +
Y7)?] < oo since U'(X7 + Yr) = U'(x + m)E(—0 - W). Now using the concavity of U, we
see

U(x) <U'(0)x+U(0), -U(z)<-U'(x)r—-U(0), VreR.

Consequently, we have
E[|U(Xt + H)|] <E[U'(0)| | X7 + H|+ |U0)|] + E[|U" (X1 + H)(X7 + H)| + |U(0)]] < o0,

which concludes the proof. O
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4 Utility functions on the positive half-line

In this section we study utility functions U : RT — R defined on the positive half-line.
Again, we assume that U is strictly increasing and strictly concave.

In the previous section we have derived a FBSDE characterization of the optimal strat-
egy for the utility maximization problem . The key observation was that there exists a
stochastic process Y such that U/(X™ +Y) is a martingale. However if U is only defined
on the positive half-line, it is not clear a priori that the expression U/(X™ + Y) makes
sense. We could generalize this approach by looking for a function ® such that ®(X7,Y;)
is a martingale and such that ®(X7", Yr) = U'(XZ + H). If H = 0, it turns out that a
good choice for ® is given by ®(z,y) := U'(x) exp(y), since the system we obtain coincides
(up to a non-linear transformation) with the one obtained by Peng in [34] Section 4] using
the maximum principle. Note that the system of Peng is not formulated as a FBSDE but
rather as a system of equations: one for the wealth process whose dynamics depend on the
strategy and one adjoint equation, but a reformulation of this system of equation allows to
get a FBSDE (details are given in Section .

In the previous section, m denoted the total amount of money invested into the stock (the
number of shares being 7/5). Now we denote by 7 the proportion of wealth invested in
the i-th stock S*. Once again we denote by II* the set of admissible strategies with initial
capital z which is now defined by

I .= {77 e H2(RY), X7 =z, } . (4.1)
where X™ stands for the associated wealth process given by

t
X = X7 +/ T XTdSH?, te[0,T).
0

Again, we extend 7 to R? via 7 := (7',...,7%,0,...,0) and make the convention that we
write 7 instead of 7. Thus, we have

X[ =€ (/ mdSﬁ) , teo,T].
0 t

We need to impose the following assumptions.
(H3) U : R* — R is three times differentiable, strictly increasing and concave
(H4) H is a positive Fr-measurable random variable in L?(§2, Fr,P)

(H5) We say that assumption (H5) holds for an element 7* in IT7, if

(1) E[IXF U (XF + H)’] < oo;
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(ii) the sequence of random variables

1 * * 1 * * *
<(X;3 te _ XT )/ U'(XF + H+r(XE ™ — XF ))dr)
€ 0 €€(0,1)

is uniformly integrable;

(iii)
I 2
lim sup E |[|[=(X] ™ - X7 ) - & | =0,
e=04cj0,1) €
where d¢; = 7;&dSH + p X[ dSH, ¢ €0,T), and sup;eio 1 E[|&?] < oo.
(H6) There exists a constant ¢ > 0 such that % <cforall z € RT.

4.1 Characterization and verification: incomplete markets
Note that in condition (H5), if U’(0) < oo or if H > a > 0 is satisfied, then (iii) implies (ii).

Theorem 4.1. Assume that (H3) and (H4) hold. Let m* be an optimal solution to ([2.2))
satisfying B[|U(XX + H)|] < oo and assumption (H5). Then there evists a predictable
process Y with Yp = log(U'(XX" + H)) —log(U'(XX")) such that X™ U'(X™ )exp(Y) is a

martingale and

P U |
T = o) Gt 0 s €T =L,
where Z; = (d<YvthV1>t . d(yfl/;/d)t).

Proof. As in the proof of Theorem 3.1} we prove the existence of Y such that X™ U’(X™ ) exp(Y)
is a martingale with Y7 = log(U'(XF + H)) —log(U'(X%")). Consequently, U’ (X7 + H) =
U'(XF ) exp(Yr). By (H5), the process

ar = E[XT U (X7 + H)|F]

is a square integrable martingale. In addition it is the unique solution to the BSDE
* * T
ap = X7 U (XE +H) / BsdWs, t € 0,T],
t

where 3 is a square integrable predictable process with values in R?. We set Y := log(a) —
log(U'(X™)) —log(X™). As in the proof of Theorem It6’s formula implies that

T U// X *
/Bs ( ;r) *
Y, =YV — 55 s Jxmoak g | dW,
¢ r /t [as U(Xr:) e = Ms

S
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T 2 "exm*
t

22 \U(XT)
X |2 nexm* 2 BG)(xr *|2
PE S e v Yl e A Wl P
2 U'(XT") U(XT") 2
Setting '
7l = i—L*(XZT*U”(Xf*)—FU/(XZT*)) i=1,...,d (4.2)
at U’(Xtﬂ-) ) ) b b
we get
T T (3) * " *
LUYW(XT ) o _s2 n o ooy (VXD ) e
Y, = Yr— | Zadw,— — S XT TP = (Z0 40 | et X T+
t T \/t /t |: 2 U/(Xg) ’ s 7-(_5’ ( s + s) U/(X;r) s 7T5+7Ts
U"(XT) ymry sz Ly, 12
- XT |k — =|Zs|7|ds, t , 1.
i X mP = 5 ds v e 0.T)

We now derive the characterization of 7* in terms of U’ and Y and Z. We employ an
argument put forth in [34] and then substitute the Hamiltonian by a BSDE. Fix = € II".
Since the latter is a convex set, for p := 7 — 7%, 7* + £p remains an admissible strategy for
every € € (0,1). We have

1 ﬂ-* *

—(UXT ™+ H) - UXF +H)) =
1 * * 1 * * *
SO = XF) [ UKE + H (X7 = XE

Since 7* is optimal we find

1 * * 1 * * *
E g(X;Z ter _ X )/0 U'(XF + H+r(XE T~ X7 ))dr| <0, Ve>0. (4.3)

Now let £ be defined by
dé = (m7& + pe X[ )dS], te[0,T).

By (H5), we can apply Lebesgue’s dominated convergence theorem in inequality (4.3|) which,
possibly passing to a subsequence, yields

* 1 * * 1 * * *
BlerU'(XF + H) = lim B 2O = XF) | UK+ H 4 r(X = X )ar|

€ 0
Combined with (4.3)), this leads to
E[er( X2 WU/ (XE)XE exp(Yr)] = E[¢rU'(XE + H)| <0, Vrell® (4.4)

We now restrict our attention to a particular class of processes m. We choose p to be a
bounded predictable process and define 7 := p + 7" which is an admissible strategy since
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it is square integrable. The integration by parts formula for continuous semimartingales
implies that

t t
ft(Xtﬂ*)_l = / pdesH +/ [ps - 93{ — ps - mglds, t€[0,T].
0 0

Another application of integration by parts to a = U'(X™ ) X™ exp(Y) and £(X™ )~ yields
ErU'(XF +Yr) = &r(XF )W (XF)XE exp(Yr)

T ; T
& (XT )_ldat+/ oy prd Wt
0
T * * * *
4 [ prexp(Y)XF - (UK )2+ ) + U X )XT w)de. (45)
0

We now intend to take the expectation in the above relation. To this end, we need the
following moment estimates. Using that p is bounded, we obtain
2]
sup

t t
| paw s [ (o8 - po-myds
0 0
t 2 2
sup /pdesH /Ips 7 — ps - milds ]
t€[0, 7] 1/0 t€[0,T]
T 2
SC( [/ |p3\2d8]+E ’/ Ds QHds / ps - Tads ])
0
T
§C<1+E[/ |7T2<2d5:|> < 00, (4.6)
0

where we have used Doob’s inequality. Consequently, we get

Ellér(XF) ™ arl] < Ellar*)Elller(XF) Y2 < oo,

sup
te[0,T]

E[ sup [&(X7) '] =E
t€[0,T

IN

CE

+E

which follows from the Cauchy-Schwarz inequality. With p being bounded, we get for some

generic constant C' > 0
T T
E {/ |a5p5|2ds] < CE [/ |a5|2d8] < 00.
0 0

Hence fo atptthH is a square integrable martingale. Next, let (7,)n,>1 be a localizing
sequence for the local martingale [; & (X7 )~'doy. Then we have

Tn » t )
/ &(XT) oy / &(XT ) Hday| .
0 0

To apply Lebesgue’s dominated convergence theorem and show that E [ fOT &(XT )_ldat} =

1/2]

< sup
t€[0,T]

0, we need to prove E [supte[O’T] ’fg ft(XZr*)_ldatH < o0. In fact,

T *
E[SHP /ft X7 doy &P IXT) T Pd(a)

te[0,T]

]<CIE
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1/2
< CE | sup \&PKX?*)”Q] E((e)]

te[0,7)

< 00,

where we have used the estimate (4.6)). Thus, (4.5) entails

“|

and from (4.4)), it holds that for every 7 in II” such that p is bounded, we get

T
/ peexp(Yo) X[ - (U'(XT)(Z]* +0]') + U”(XZr*)XZT*F?)dtH < oo
0

T
B | [ memDXE - (U NZE + 08 + U(XT)XT wi)ie| <.
0
Substituting p with —p in the previous inequality, we obtain for every p
T
B| [ mosXE - (U NZE + 00+ UXEXT e =0, (@)
0
Now let Ay := U'(XT)(Z]+6]1) + U" (X[ ) X[ 7} and let py(w) := 14, ()0} Recall that
we have dP @ dt-a.s. exp(Y;) X7 > 0. Plugging p into (£.7) yields
A(w) <0, dP® dt — a.e.
Similarly choosing pt(w) := 14, (w)<0}, We find
Ai(w) =0, dP @ dt — a.e.
Thus, we achieve

U :—W(Zf—i-@z)a Vit € [O,T], 221,...,d1.
Let us now deal with the converse implication.

Theorem 4.2. Assume (H3)-(H4) and (H6). Let (X,Y,Z) be an adapted solution of the
FBSDE

Xi = — [§ g3 (21 + 02 aw i — [3 S (2 + 07)0.ds,

U (Xr+H T UGN XU (X (4.8)
v, =log (“FET") - ftT 122+ 0% (1 = 3t ) — 3107 ds
—ft ZsdWs,

such that E[JU(XE + H)|] < oo, Z is an element of H2(R?) and the positive local martingale
XU'(X)exp(Y) is a true martingale. Then
* U/(XS)
7Tt = -
X U"(Xs)
is a solution to the optimization problem ([2.2)).

(Zi+06Y), sel0,T), i=1,...,d
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Proof. We first note that 7* € TI* since by the fact that Z is in H?(RY), there is a constant

C > 0 such that . .
E U |7r;f]2dt} <CE [/ |Z#+9Z*\2dt] < 0.
0 0

Now let m be an element of II*. Let D := U'(X)exp(Y). Applying Itd’s formula and
inserting the expression for 7*, we find

dD; = Dy(—0,dW]t + Z, dWP), Do =U'(z)exp(Yp).

Hence

Dy = U'(z) exp(Yo)E (- / OsdW 7 + / ZSdWSO> , telo,T], (4.9)
0 0 t

which is a positive local martingale. Now fix 7 in II*. By definition of X™ and of D, the
product formula implies that X™ D satisfies

DX™ = zDo&((x — 0) - WH + 2. WO).
Hence, X™D is a supermartingale and so E[DyrX7] < Dgzx. By assumption, XD =
XU'(X)exp(Y) is a true martingale, so E[DrX7] = Dox. Finally combining the facts
above, recalling that Dy = U’ (X}E* + H) and using the concavity of U, we obtain
EU(XT+ H) -U(XF +H)| <EU/(X} +H)(X] - X7)] <0. (4.10)
O

Remark 4.3. In the previous proof, if we apply the integration by parts formula to D =
U'(X)exp(Y) and X™ — X™ | we get

U (X exp(Y)(X™ —X™) = / (XF — X[ )dD; + / Dy(m XT — mf XT )dWilt.
0 0

Thus U'(X™) exp(Y)(X™ — X™ ) is a local martingale for every admissible strategy .

Remark 4.4. Note that using the regularity assumptions of the FBSDE (4.8)), we derived
that D := U'(X™ ) exp(Y) is a true martingale

Dy =U'(z) exp(Yo)€ (=0 - W + 29 - W°).

4.2 Characterization and verification: complete markets

We adopt the setting and notations of Section [f] with d; = d = 1 and H = 0. In the
complete case we can give sufficient conditions for the existence of a solution to the system
(4.8). To this end, take note of the following remark.

Remark 4.5. Similarly to Remark: we can use (4.8)) to characterize further the mar-
tingale U'(X™ )exp(Y). Applying It6’s formula to U'(X™ )exp(Y) gives rise to

U/(XF Y exp(Yy) = U'(z) exp(Yo) — /0 U (X,) exp(Ys)BsdWs.

Hence we have

U'(XT ) exp(Y;) = U'(z) exp(Yo)E(—60 - W)y, t€[0,T). (4.11)
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This observation allows to prove the existence of (| under a condition on the risk

aversion coefficient —%-. Let 1(z) = g,,(( 2 and pa(x ) =1 %% We will now
b

give a sufficient condltlon for the system (4.8)) to exhibit a solution. We begin with the
following remark.

Remark 4.6. Note that if po is constant then the system above decouples. An elementary
analysis shows that this happens if and only is U is the exponential, power, logarithmic or
quadratic (mean-variance hedging) function. If U(x) = —exp(—aiz) — exp(—agz) then ¢
is bounded and Lipschitz and if U(x) := ﬂ + ﬂ then o is a bounded function.

Theorem 4.7. Assume that w2 is a continuous bounded function. Then there exists an

adapted solution (X,Y,Z) in S’ (R) x S*(R) x H*(R) of the FBSDE

Xy =3 — [§ grox (Zs +05)dW, = [3 505 (Zs + 05)0ds
(4.12)

(3) ’
Yi=0— [T Zaw, - [T [yz +0,% (1 - 3559855 ) - §12.7) ds

Moreover, E[|U(X7)|] < oo and E[|JU"(X7)|?] < .

Proof. Fix m > 0 and consider the BSDE

r 1
v =0 [ [120 40P (U)W @ explmig (-0 W) exp( 1) - 4123

T
- / ZmdW,.
t

Since 2 is bounded, the driver of the BSDE above in (Y™, Z™) can be bounded uniformly
in m. Hence [20] yields a solution pair (Y™, Z™) € S?(R) x H2(R) of this equation with
|Y™| < C, where C does not depend on m and Z - W is a BMO-martingale. In addition
(once again using standard arguments as in the proof of Proposition we may state that
m + Y is continuous. Thus there exists an element m* > 0 such that Yg" = m*. Now
applying It6’s formula to

X" = (U) (U () exp(m*)E(—0 - W) exp(=Y™)),

we check that (X™ Y™ Z™") satisfies ([£.12)). It remains to show that E[|U(X7)|] < oo.
From the concavity of U we have

E[|U(X)[] < [U'(0)[E[Xz]] + [U(0)] + E[[U" (X)X + [U(0)].

Since X = z&(— XU,(,())(Z—i— 0) - W), —% < kforx € Rand (Z+60) -W is a
BMO-martingale, X is a true martingale, and thus E[Xy] = z. Similarly we have that
XpU'(Xr) = XrU'(Xr) exp(Yr) = aU'(x) exp(Yo)E((— sy (Z + 0) = 0) - W) and so

XU'(X)exp(Y) is a true martingale. This proves E[| XU’ (X7)|] < oo. O
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5 Links to other approaches

In this section we link our approach to characterizing optimal investment strategies to two
other approaches based on the stochastic maximum principle and duality theory, respec-
tively.

5.1 Stochastic maximum principle

This section links our approach in the complete market setting to the approach using the
stochastic maximum principle. As this section is solely of illustrative character, we will only
give a formal derivation. In particular, we assume here that U and U~! are sufficiently
smooth functions with bounded and continuous derivatives. Moreover, we confine the con-
sideration to the complete market case with d; = d = 1 and H = 0 and recall that in this
setting, the wealth process is given by

t t
X[ :a:—i—/ ﬂSdWS+/ mslsds, t€[0,T].
0 0
We consider J(7) := E[U(XF)] and set X7 := U(X]). Ito’s formula yields
. - - 1 -
dX]T =U' (U (X)) mdW, + [U’(U’l(Xf))mHt + iU”(U’l(Xf))hrt\Q] dt

and J(r) = E[XF]. Applying the maximum principle technique described in [5] (see also
[34, Section 4]), we introduce the adjoint equation to get

dXT = U'(U~Y(XT))mdW; + [U’(U‘l(f(t”))met + %U"(U—l()?gf))mﬂdt, X5 =Ul(a),
—dpy = | (GO XD + SO XD ml?) oo+ T G (U (X)) dt + kWi, pr = 1.

(5.1)
We now introduce the corresponding Hamiltonian, defined as
—1/ym 1 —1/ym —1l/ym
H(t,p, k,m) = p[U' (U™ (XT))mb; + FU'U HXD) |mel ] + kU (UH X))
A formal maximization gives
U - ki
Fi= = (UTHXT)) | = + 0] -
U U//( ( t )) |:pt + t:|
Plugging this into (5.1)) yields
or _ _ |U']? —1/ym k 1 (k T
aXp =P w &) (2 +o) [awi -4 (- 6) at], X5 =U(a), 52

2 OVU 1171/ Sn
dpt:—<zk7:+9t) bt [—1"‘%%((] I(Xt ))] dt + kedWy, pr =1

We now relate this system with (4.12]) using a Cole-Hopf type transformation. First we plug
7* into (b.2)) and obtain

AXF = (X7 [& + 0] (Wi + 0an), X7 =,

k 2 LUGU o (5:3)
dpy = — (p—f - 9t> pe [—1 + g o (XT) | dt + kedWy, pr = 1.
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Next consider the system

*

AXT" = — (X7 (Z + 0,)(dW; + 0dt), X,

J
(3) * ! w*
dY: = |(Ze+0,)°(1 - L© 3\§J)it|z())ng(*))(t = Y| dt+ ZdWy, Y = 0.

:{L"

(5.4)

Setting pr := exp(Y:), k:= Zp and X := X, we see that It6’s formula implies that (P, l;:) is

a solution of (5.3).

5.2 FBSDE solution via convex duality methods

Let us now turn to a very important link of our approach with convex duality theory. We
have seen in Sections [3] and [4] that our approach relies on choosing a process Y such that
the quantities U’(X™ +Y) and X™ U'(X™ ) exp(Y), respectively, are martingales. In fact,
these martingales are not any martingales. For instance in case of a utility function on the
whole real line, U'(X™ +Y) is exactly U'(z + Yo)&(—0 - WH + UL(X™ + V)29 - WO). So
in the complete case it is exactly the martingale under which the price is itself a martingale.
For utility functions defined on the positive half line this leads directly to duality theory,
since it is known from [18] and [2I] that (under some growth-type condition on U) the
optimal wealth process X™ and the stochastic process Y* that solve the dual problem are
such that the stochastic process X™ Y* is a martingale. In addition, in our notation, it
is known from the dual approach that Y* has the form Y* = Y;&(—0 - W + M) where
M is a martingale orthogonal to W*. Recall that in our case X™ U’(X™ )exp(Y) is a
martingale and from (£.9), we have proved that D := U'(X™" ) exp(Y) is exactly of the form
DyE(—0- wWH4 Z0. Wo). In other words Y* = D and the Z© component appearing in the
solution of our FBSDE exactly represents the orthogonal part of the dual optimizer in the
language of the convex dual approach. Obviously, this needs to be derived more formally.

Utility functions defined on the real line

The aim of this section is to employ convex duality results to obtain a solution to the
forward-backward system that has been derived for the case of utility functions defined
on the entire real line. To this end, we adopt the convex duality results from [32] and
summarize in the following their framework. We also remark that a more general setting is
considered in [3]. The utility function U : R — R is assumed to satisfy the Inada conditions
lim, oo U'(x) = 00 and lim, o U'(x) = 0 as well as the reasonable asymptotic elasticity

conditions U () U (2)
Ty T s

The Fenchel-Legendre transform of U is given by

V(y) := 51615 {U(ac) — ajy}, y € R.

<1.

Rather than tackling the primal problem (2.2), the dual approach attacks the convex opti-
mization problem

vi= inf ]E[V(;LT) +MTH}, (5.5)

pureC

25



where C denotes the set of all measure densities yv; := y%] 5 wherey > 0, Q < Pis a
probability measure such that S7 becomes a Q-local martingale and which has finite entropy
E[V(z%)] < 0o. Two conditions are essential in [32]:

(A1) the set C is non-emptys;

(A2) there exists constants Cy,Cy € R and ¢ € H2, (R%) such that fOT ©sdS™ is bounded
from below such that the endowment H satisfies a.s.

T
Ch SHSCz+/ psdST
0

where for any integer k, ]H[?OC(R’“) denotes the set of stochastic processe X for which there

exists a sequence of stopping times (7;,), increasing to T such that for every n, X 10,7, 18
an element of H?(R¥). The key results Theorem 1.1 and Proposition 4.1 from [32] then state
that the dual problem ({5.5)) admits a unique solution p5. € C that satisfies

i = U' (X5 + H),

where X := X[ = x+f(f 7*dS is the solution to the primal problem (2.2)) and that X*u*
is a true martingale. The following lemma is an easy observation on the structure of the
dual optimizer p*.

Lemma 5.1. Under Assumptions (A1) and (A2), there exists a process v € HZ, (R%) such
that the dual optimizer u* yields the representation

ufzuéé’(—@H-Wﬂ—l—u-Wo) 0<t<T.

t?

Proof. Let us assume w.l.o.g. that p* is normalized, hence the density of a probability
measure that is absolutely continuous with respect to P. Thus, there exist &, € H2 _(R%)
such that

ufzg(ﬁ-WH+l/'Wo)t, 0<t<T.

By It6’s formula, we obtain
A1) = (X e + 05 ) AWE o+ X i dWE + i (01 + ) dt.
Due to the martingale property of X*u*, the drift must vanish leading to x = —67. O

We are now in the position to construct a solution to the coupled FBSDE (3.10]) by
making use of the characterization of the dual optimizer from the previous lemma.

Theorem 5.2. Under the assumptions (A1) and (A2), the FBSDE (3.10) admits a solution
(X,Y, Z) which satisfies the identity p* =U'(X +Y).

Znote that here we identify the set of %—integrable processes with HZ
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Proof. Given the optimal wealth process X; = x+f0t mEdSH, let us define Y := (U')~L(u*) -
X*. Note that the Inada conditions imply that (U’)~! is continuous. This obviously induces
the terminal condition Y7 = H and Itd’s formula yields

+ 77 ) AW, + TG ))z/tth

(16711 + [4]?) + wé‘@?*) dt,

dY;t _ _(97—[ U//( Mt

<1U (U > ) st

2 U (U)Y(w)’

(7))
£)

‘ 2

which by setting

*

H _  pH :u; —* O _ Hi vy .
S T (GO I (ORI M >0

and using the identity uf = U’(X} + Y;) becomes

2 U (X7 + Y1)

orpP 2
O )

+ Z; - 01

Y, = _,,9 |2U<3>(X;‘+Yt)!U’(X:+mP
(U"(XF +Y2))?

—*IZ |

G (X: + Yt)> dt + Zawt 4+ z2awP.

This is the backward equation from the system (3.10). However we obtain from (5.6))

T = —92{% ZJt which gives rise to
U(X;+Yr)
X;=x off — L — 4 zMast, 0<t<T.
t /( PO vy T A0S 0SS
Hence, putting X := X* we finish the proof. O

Using the framework of duality theory, we recall below as Proposition [5.3] and Corollary [5.4]
an alternative verification theorem to Theorem [3.5] proposed in Sectlon Bl under a different
set of assumptions. The difference between these assumptions lies in the fact that the set of
admissible strategy consists of predictable and integrable (with respect to & ) processes T
the associated wealth process of which is a supermartingale with respect to any probability
measure whose density is in C (with y = 1). This set of strategies will be denoted as .#77¢™™
according to [32] Definition 1.1]. We provide a proof of Proposition in order to make
this paper self-contained.

Proposition 5.3. Assume conditions (A1)-(A2) are in force. If there exist a process ™ in
e and a triple (u*, v, X*) solving

X =z+ fo (AWt + 0% ds)
(5.7)
pp = U'(H + X3) + [ 0% psdw — [ pivsdw?,

such that X*p* is a true martingale and E[p}] < oo, then ©* is an optimal strategy for

sup E[U(XT+ H)].
ﬂ.ejfperm
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Proof. Indeed, let 7 be an admissible strategy in s, Hence X7 is a supermartingale
under the probability measure Q* defined by % Using the convexity of U, we have

E[U(XF + H)| - E[U(X} + H)] < E[U'(X} + H)(XF — X3)]
— 11 Eqr [XF] — E[u3-X7] < 0.

Here we have used the supermartingale property of X™ under Q* and the martingale property
of p*X*. O

Corollary 5.4. Assume Conditions (A1)-(A2) are in force. If there exists a process triple
of adapted processes (X,Y,Z) solution to the system (3.10) such that XU'(X™ +7Y) is a

true martingale and 7w = —9% — Z belongs to A7T™ | then * is an optimal strategy

for
sup E[U(XT + H)].
mePerm
Proof. If (X,Y,Z) is solution to (3.10]), then by Remark (X,Y, Z) is solution to the
system (j5.7)) with v := %,,I(X +Y)ZC. The conclusion follows from Proposition O

Utility functions defined on the positive half-line

The aim of this section is to employ convex duality results to obtain a solution to the forward-
backward system that has been derived for the case of utility functions defined on
the positive half-line. We denote by II' the set of admissible strategies with initial capital
given by one unit of currency. In the case of zero endowment H = 0, the solution to the
concave optimization problem is achieved by formulating and solving the following
dual problem. Denote the convex conjugate of the concave function U by

Viy):= sup {U(z) — 2y}, y>0,

and consider wealth processes given by dX[ = X[ m dgt, X§ = x > 0. Define a family of
t

nonnegative semimartingales via
D .= {D >0:Dg=1, X™D is a supermartingale for every 7 € Hl}.

Then the primal problem ({2.2)) is solved by finding a solution to the convex dual optimization
problem

o(y) = jinf E[V(yDr)], v>0. (5:8)

If this dual problem admits a unique solution D7} € D, then the primal problem ({2.2) with
H = 0 also yields a unique solution

. N
. . ,dS
X7 :x—i—/ XTI mi22
0 S
T
:x—i-/ asdSs
0
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= I(yYr),

with the corresponding optimal control 7" = )O‘(Zé: . Here we have I = (U')™! and z =

—v/(y)P| The case of bounded terminal endowment H is dealt with in [8], where instead of
(5.8) a dual problem of the type

U(y) = DlTnEfD]E[V(yDT) + yDTH]> Yy > 07

is considered with a different choice of the domain D. The case of general integrable H has
been studied in [16], using the original dual problem but a modification of the domain
D for the case H = 0. A ubiquitous property of the convex duality method is that once
the primal and the dual optimizers are obtained, their product X™ D* is a nonnegative
true martingale (hence uniformly integrable), see [2I] for an economic interpretation. In
the context of utility maximization with bounded random endowments, this martingale
property of X™ D* is pointed out in [§, Remark 4.6]. This martingale property of X™ D*
constitutes the first main ingredient for deriving a solution to the forward-backward equation
. A second main ingredient is constituted by the characterization of the dual domain
D. Note that in the setting of continuous processes, D is the family of all non-negative
supermartingales (see e.g. [21} [16]). According to a well known result, every nonnegative
cadlag supermartingale D € D admits a unique multiplicative decomposition

D =AM

where A is a predictable, non-increasing process such that 4y = 1 and M is cadlag lo-
cal martingale. However, [23] characterizes the elements of D € D by the multiplicative
decomposition

D= AE(—0" - W + K- W9), (5.9)

where A is a predictable non-increasing process such that Ag = 1 and K € HZQOC(]RdZ) (see

[23] Proposition 3.2]). Using that the Fenchel-Legendre transform V is strictly decreasing,
[23, Corollary 3.3] shows that the dual optimizer is a (continuous) local martingale and
admits the representation

D*=¢&(—0"- wH 4 K. wO) (5.10)

for a uniquely determined K* € H2 (R%). If v(y) = E [V(yD;)} < 00, then we can check

that the optimal K* actually belongs to H?(R%). This is done in the following lemma whose
proof is in the same spirit as the one of [22, Lemma 3.2].

Lemma 5.5. If for some y > 0 we have

o=t Bl 7)<

This is equivalent to u’(z) = y where u(z) = sup, E[U(XT + H)]. The differentiability of both v(y) and
u(z) are shown in [g].
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we obtain

o=, S G )

i.e. the optimal K* minimizing v(y) can be assumed to belong to H?(R%).
Proof. We introduce the family of stopping times

™ :=inf {¢t>0: /Ot (1672 + |K?|*)ds > n}, n € N.
Let y > 0. Then we have

o(y) =E[V(yer(— 0" W+ k" wO))]

E [E[v(ysT( e WM K WO)) \]—“TnH

v

E[V(y&-n( LN G o Wo))],

where the last line follows by Jensen’s inequality. Continuing the last line and recalling that
V is a strictly convex function, we have

v(y) >E[V(yexp(/07n (-9?dW?+K§dW§9))exp(—;/oTn (,9y|2+|f<;|2)ds))}

n n

>V <E[yexp(/0 (= 01awH + KrdWO)) exp (- ;/0 (9f|2—|—lK§|2)ds)D

> v (v (2[5 [ (022 1)),

where Jensen’s inequality has been used twice. By continuity of V' and of the exponential
function, it follows from the monotone convergence theorem that

o) 2 i v (o (- 3 [ (62 + 1z)as]))
v (e (=3[ [ (02 azp)ar))
Since v(y) < oo and V(exp(—OO)) = V(0) = U(0) = oo, it follows that
B [ e+ m)as] < o

We deduce that K* € H?(R%). O

Now using that X™ Y* is a true martingale and that the dual optimizer Y* is a local
martingale satisfying (/5.10)), we get the following result.
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Theorem 5.6. Let H be a non-negative bounded random endowment and assume that the
xU”(:J:)
U'(x)

lim sup <_acU”(x)> < o0. (5.11)

coefficient of relative risk aversion — satisfies

T—00 U’ (1')

Then there exists xg > 0 such that for all x > xg the coupled FBSDE has a solution
(X,Y,Z) such that Xg = x. In addition, X is the optimal wealth of the problem and
the dual optimizer Y* associated with it is given by Y* = U'(X)exp(Y) (so that yY; =
U(Xr+ H)).

Proof. The existence of zg > 0 such that for every = > xg the quantity

u(z) = :eurli‘)lE[U(X% +H)| =E[U(X] + H)]

is finite has been shown in [§]. We set X* := X™ . Also recall that we have y = u/(z) > 0
for £ > g and that we have
E[yX%qu} = zy.

Moreover, yY} = U'(X} + H). We define the true martingale a = yX*Y*. We set
Y :=log(a) — log(X*) — log(U’'(X*)). We observe

Qi
Y, =log [ —t—
PTos <X:U'<Xz>>

= log a0
U'(X7)

= log(y) + log(Y;") — log(U'(X}).

Recall that by definition of X* and Y* we have
aYy =Yy (-0t awt + K;awP)

and
dX; = X; (mpdWt + m7o}tdt) .

Hence
1
dYy = =07 AW} + Kdw? — S(6F2 + |k )t
U//(X*) R N
- U/(Xitk) (m XFdWH + mf X[ 0] dt)

LUGHXHU (X)) — (U (X)), 4 os

We define
U"(X7)

H . H
SRS

* *
T Xt
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so that m X} = —(Z}* + GZ{)L(X;) , and

Un(xy)
z° = K.
Then
dY; = Ztawjt + zPdwP — %(wzf\? + |K;|?)dt
o oz 4 gy - LUPXOUE) — X0 120 + 92*12|U'<X:>2] i
2 U'(X)? TP

= zltaw}t + z2awP + dt.

LUBH(XHU'(X]) 1
H | gH|2 t t Ap)
|Zt +0t ‘ <1_2 |U//(Xt*)|2 _§|Zt |

U'(X5+H)

Finally note that by construction Y = log (W

). Hence, (X,Y, Z) = (X*,Y,Z) is a
solution to (4.8) and

yY* = U'(X) exp(Y).

a

and

Let us recall that the absolute risk aversion of U is defined by ARA(x) := —[[J], ((;))
the risk tolerance as m. We say that U has hyperbolic absolute risk aversion (HARA)
if and only if its risk tolerance m is linear in x. More precisely, it can be shown that a

utility function U is HARA if and only if

11—~/ ax v azr
Ux:—( +b), 2 4b>o,
(@) 7y M=y L—v

for given real numbers v, a, b € R.

Corollary 5.7. Assume that U is HARA. Then there exists a constant k € R such that the
backward equation from (4.8)) can be written as

_ U (X} +H) r Tr 1, H o gH|2

U/(X* +H) T T
—1 <,T)_/ ZdW—/ AL
og U (X%) ; S S : g(S S) 8
Proof. Notice that for the risk tolerance

1 U'(z)

T ARA(z)  U'(2)

fx):

the equation
: U'(2) UG (z)
f@)=-14—F—7=n—"
) TP
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holds. U being HARA implies that f is linear in z. It follows that there exist constants
¢,d € R such that f/(x) = cz + d. Hence the BSDE from (4.8]) can also be written as

U'Xp+H)y\ [T Y R PPN B SRR
U’(X;“)) /tZSdWS /t< §|Zs| ""(5 §f(Xs))|Zs +95]>ds

U(X:+H) T T,
=log(—5L ") — | ZdW,— — 2|z, gH o gH2
°g< U (X3) ) /t d /t ( |26l #ilZs +95‘)d8’

Ytzlog(

1 _1
for/-f—2 5C. O

Obviously the driver of the BSDE (5.12), g(s, z), satisfies the quadratic growth condition
Y
9(s,2)] < ot TP

for suitably chosen real numbers «,y > 0. In this setting [0, Theorem 2] yields the following
result.

Corollary 5.8. If £ = log (%) satisfies E[e”'f‘] < 00, then the BSDE (5.12) admits
T

a solution (Y, Z) such thatY is continuous and Z € HZ (R9).

loc

5.3 The case of power utility with general endowment

We finally show that our FBSDE approach yields a constructive solution to a central prob-
lem in utility optimization: the case of power utility with general endowment. We know
from duality theory that an optimal solution exists. We aim at describing the solution
more explicitly, this way proving for instance that the optimal strategy is square integrable
(whereas convex duality theory usually only ensures measurability), and characterizing it in
terms of the solution to an FBSDE which is potentially amenable to numerical computation.
We will use definitions and notations of Section 4l Let U(x) := % with v a fixed parameter
in (0,1). Let H be a positive bounded Fr-measurable random variable, where we recall
that (Fi)iecpo,7) is the filtration generated by W = (W, WO). We recall that we denote by
II* the set of admissible strategies with initial capital x which is now defined by

m° .— {77 e H2(RY), X7 =z, } . (5.13)

where X™ stands for the associated wealth process given by
¢
X[ = X[ +/ T XTdS!, te[0,T).
0

Here 7',i = 1,...,d; denotes the proportion of wealth invested in the stock. Again, we

extend 7 to R? via 7 := («!,...,7%,0,...,0) and make the convention that we write m

instead of #. Thus, we have

X[ =€ (/ mde‘) , telo,T].
0 t
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Note that this setting covers the case of a purely orthogonal endowment of the form H :=
gb(S? ) where ¢ is positive. Now we can proceed to the analysis of the problem

supE[

(XT+H )7]
mellz .

. (5.14)

It is known in this case is that an optimal strategy exists (see [16]) which is located in
a much larger space than II*. In particular it is not proved that the optimal strategy
is square integrable. For the characterization of this optimal strategy we can write the
Hamilton-Jacobi-Bellman PDE in the Markovian case. Yet, it is not clear how it can be
solved. We shall show by a combination of duality theory and BSDE concepts that the
optimal strategy belongs to the space I1”, and that it can be characterized as a solution of
a system of FBSDE. Let us be more precise.

Theorem 5.9. There exists xg > 0 such that for every x > xq, the system

Xy = o+ [§ X200 gy [ g XelZEH00 g,

(5.15)
Yi= (v = Dlog (14 4) = [ Zoaw, — [ (5122 + 622 = 112 ds

admits an adapted solution (X,Y, Z). If in addition Z" = (Z1, ..., Z%) is in H2(R%), then

. 1 o
™ = ﬁ(zl—i_al), Z:1,7d1 (516)

is the optimal solution to the mazximization problem ([5.14]).

Proof. First note that the system is exactly the system with U(z) = % Hence
due to Theorem there exists o > 0 such that the system admits a solution
(X,Y,Z) if ¢ > xyg. We fix x > x( and consider the associated solution (X,Y,Z) (that is
Xo = x). In addition, we know from Theorem that X = X*. Hence 7* is given by
. It just remains to prove that «#* is in II*, which is a direct consequence of the fact
that Z is in H?(R%). Indeed, this fact plus the fact that 6 is bounded implies that

E [/OT |w512ds} _ (7_11)21@ UOT Iz +95|2ds} < . (5.17)

|

Remark 5.10. Note that since we know that the dual optimizer Y* is given by Y* =
U'(X)exp(Y), it is clear that XU'(X)exp(Y) is a true martingale. Hence the square in-
tegrability of Z implies that the condition of Theorem is satisfied: E[(Xp + H)Y| < oo.
Finally notice that Z© is in H?(R%) by Lemma .

So the only element missing in the proof is to establish that Z™ is in H?(R%) which
would imply that 7* given by (5.16) is in H?(R%) as proved above in (5.17)). This question
requires a deeper analysis of the system and is currently investigated by the authors.
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