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Abstract The quark-gluon plasma produced in heavy-ion collisions at RHIC and LHC is

a hot and dense state of strongly correlated matter. It behaves like an almost-perfect fluid

featuring a small ratio of shear viscosity to entropy density. In this thesis we calculate within

a two-flavor Nambu–Jona-Lasinio model the shear viscosity as function of temperature and

chemical potential. A new Kubo formula is developed, incorporating the full Dirac structure

of the quark spectral function and avoiding commonly used on-shell approximations. Mesonic

fluctuations occurring at Fock level provide the dominant dissipative process. The resulting

parameter-free ratio is an overall decreasing function of temperature and chemical potential.

In combination with hard-thermal-loop results we find this ratio to feature a minimum slightly

above the AdS/CFT benchmark.

Zusammenfassung Das am RHIC und LHC in Schwerionenkollisionen erzeugte Quark-

Gluon-Plasma ist ein heißer und dichter Zustand stark korrelierter Materie. Es verhält sich

wie eine beinahe perfekte Flüssigkeit, die ein kleines Verhältnis von Scherviskosität zu Entropie-

dichte aufweist. In dieser Arbeit berechnen wir ihm Rahmen des Nambu–Jona-Lasinio Models

mit Up- und Down-Quarks die Scherviskosität als Funktion der Temperatur und des chemis-

chen Potentials. Es wird eine neue Kubo-Formel entwickelt, welche die exakte Dirac-Struktur der

Spektralfunktion von Quarks einbezieht, wobei häufig verwandte on-shell Näherungen vermieden

werden. Die auf Fock-Niveau auftretenden mesonischen Fluktuationen stellen den dominanten

dissipativen Prozess dar. Das sich ergebende parameterfreie Verhältnis ist eine fallende Funk-

tion der Temperatur und des chemischen Potentials. In Verbindung mit Ergebnissen aus Hard-

thermal-loop Rechnungen erhalten wir ein Verhältnis mit einem Minimum, das geringfügig über

dem AdS/CFT Vergleichswert liegt.
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1. Motivation

“Before the Standard Model we could not go back further than 200,000 years after

the Big Bang. Today, especially since QCD simplifies at high energy, we can

extrapolate to very early times, where nucleons melt and quarks and gluons are

liberated to form a quark-gluon plasma.”[Gro05]

David Gross, Nobel Lecture 2004

The world we are experiencing on a daily basis is dominated by electromagnetism and gravity.

In our low-temperature world at T ≈ 300 K the strong force which is described by Quantum

Chromodynamics (QCD) is restricted to microscopic scales due to the phenomenon of confine-

ment: quarks and gluons cannot be observed freely but they form hadrons such as nucleons

and mesons. Nature realizes a deconfined state of QCD matter only under extreme conditions

present in the early universe with T & 0.2 GeV ≈ 2 · 1012 K, or perhaps in the center of (cold)

compact stars. Since the year 2000 the creation of such an extreme state of hot matter has be-

come possible also on Earth using collider experiments with gold, copper or lead ions. They have

been carried out first at the Relativistic Heavy Ion Collider (RHIC) of the Brookhaven National

Laboratory (BNL). Nowadays, collisions at even higher center-of-mass energies are pursued at

the Large Hadron Collider (LHC) of the European Organization for Nuclear Research (CERN).

In such ultra-relativistic heavy-ion collisions a quark-gluon plasma is produced. It is under-

stood to be a highly correlated system behaving like an almost-perfect fluid with small viscosities.

It is remarkable that the measurement of particle-flow patterns in comparison to results from

hydrodynamic simulations allow the extraction of the shear viscosity to entropy ratio η/s. This

ratio has been found to be close to the benchmark 1/4π calculated from principles based on the

AdS/CFT correspondence. In particular, for the quark-gluon plasma it is smaller than for any

other fluid studied so far, sketched in Fig. 1.1. The AdS/CFT benchmark refers to a perfect fluid

with infinitely strong correlations. Small values of the shear viscosity indicate indeed a highly

correlated system of quarks and gluons. In this thesis we aim to calculate the shear viscosity

η(T, µ) as function of temperature and quark chemical potential within the two-flavor Nambu–

Jona-Lasinio (NJL) model. Such a T - dependent viscosity can serve as input for hydrodynamic

simulations and can therefore help improving the understanding of the quark-gluon plasma.

The outline of this thesis is as follows: In Chapter 2 we review the basics of our work

starting with symmetries of QCD and the AdS/CFT correspondence. We examine also the

synergy between experimental flow-results and hydrodynamic simulations. The Kubo formalism

which allows the derivation of the shear viscosity from a microscopic quantum field theory is

briefly reviewed, too. In Chapter 3 we introduce the NJL model and discuss its large-Nc

properties. It is shown how standard results such as the gap equation and the Bethe-Salpeter

equation describing mesonic (soft) modes can be derived within this formalism. The general

Kubo formalism for the shear viscosity becomes more specific when applying it to the NJL model

as it is done in the first part of Chapter 4. In its second part we investigate essential features of

the shear viscosity in a parameter study assuming that the shear viscosity is represented by one

single momentum-dependent spectral width. We introduce a suitable numerical approximation

scheme and investigate how the three-momentum cutoff and the thermal constituent-quark affect

the shear viscosity. The kinetic approach is reviewed and parallels and differences with respect to

7



1. Motivation

 

Figure 1.1.: Ratio η/s as function of temperature in the vicinity of the respective criti-
cal/crossover temperatures Tc for different hydrodynamic systems. The value corresponding
to the quark-gluon plasma produced in ultra-relativistic heavy-ion collisions has been found
to be very small and close to the AdS/CFT benchmark 1/4π. Figure taken from [L+07].

the Kubo formalism are discussed. In Chapter 5 we consider mesonic fluctuations contributing

to the self-energy of both on-shell and off-shell constituent quarks. These fluctuations provide

the dominant dissipative process contributing to the shear viscosity of the hot and dense plasma

we are investigating. Furthermore, we compare our findings to well-known results from chiral

(cloudy) bag models and show that they are consistent with our more general field-theoretical

calculation. Chapter 6 starts with the discussion how the entropy density can be derived within

the large-Nc NJL model. Then we generalize the Kubo formalism used for the parameter study

in order to incorporate the full Dirac structure of the quark-self energy calculated from mesonic

fluctuations. Our results for the shear viscosity and the ratio η/s are shown as functions of

temperature and quark chemical potential. We also compare them to lattice results and other

approaches. Finally, we summarize our most important findings in Chapter 7. The closing

Appendix A contains some technical details and general reviews for techniques we have used

in this thesis.

8



2. Quantum Chromodynamics and the
Quark-Gluon Plasma

“It is wrong to think that the task of physics is to find out how nature is.

Physics concerns what we can say about nature...”[McE01]

Niels Bohr

In this introductory chapter we review the three topics which form the basis of this work. First,

the symmetry patterns and main features of Quantum Chromodynamics (QCD) are discussed.

We introduce the large-Nc extension of QCD and investigate how it affects its structure. Second,

heavy-ion collisions are reviewed and it is illustrated how hydrodynamic simulations are used to

extract the ratio η/s (shear viscosity to entropy density) from anisotropic-flow measurements.

The main goal of this work is to calculate the temperature dependence of this ratio using the

Nambu–Jona-Lasinio (NJL) model. Therefore, third, we introduce the Kubo formalism which

provides a microscopic description of dissipative parameters such as shear viscosity. We discuss

how the Kubo formula can be derived from linear response theory and pinpoint its complexity

arising from a diagrammatical treatment.

2.1. Quantum Chromodynamics – a symmetry-guided overview

2.1.1. QCD Lagrangian and its main features

The strong interaction of quarks and gluons is described by Quantum Chromodynamics given

in terms of the Lagrangian1

LQCD = ψ̄
(
i /D − m̂

)
ψ − 1

2
Tr (GµνG

µν) , (2.1)

gauged by the color symmetry SU(3)c with the physical number of colors Nc = 3. The fermion

field ψ = (ψ1, . . . , ψNf
)T collects the Nf = 6 quark flavors with their additional color structure

ψi = (ψr
i , ψ

g
i , ψ

b
i )T. The mass matrix is diagonal in flavor space, m̂ = diag(m1, . . . ,mNf

), and

trivial in color space due to the gauge symmetry. In the isospin limit all quarks feature the

same mass, m̂ = m0 1Nf×Nf
. In the chiral limit these current-quark masses are sent to zero:

m0 → 0. Whereas the chiral limit is a good approximation for Nf = 2 flavors only, the isospin

limit is sometimes used also for the three-flavor case.

In the QCD Lagrangian (2.1) the covariant derivative is denoted by

Dµ = ∂µ − igQCDA
a
µT

a , (2.2)

with gQCD the fundamental coupling strength of QCD, Aaµ denoting the eight gluon (vector

boson) fields, and T a the (infinitesimal) generators of the gauge group2. The gluonic field-

1For reviewing QCD we refer to standard textbooks, e.g. [PS95, Wei99, ESW03], and partly to [Lan10].
2Some group-theoretic details about the Lie group SU(N) are discussed and summarized in the Appendix A.1.

9



2. Quantum Chromodynamics and the Quark-Gluon Plasma

QCD Lagrangian QCD vacuum

global flavor symmetry full QCD isospin limit chiral limit 〈ψ̄ψ〉 6= 0

SU(Nf )L × SU(Nf )R × × X ×
SU(Nf )V × X X X

U(1)V X X X X

U(1)A × × classical ×

Table 2.1.: Summary of global flavor symmetries of the QCD Lagrangian (2.1) and the vacuum
state. × denotes an absent symmetry and X denotes a present symmetry, cf. the discussion
in the text.

strength tensor is
Gµν = GaµνT

a = ig−1
QCD [Dµ, Dν ] ,

Gaµν = ∂µA
a
ν − ∂νAaµ + gQCDf

abcAbµA
c
ν ,

(2.3)

where the gauge fields are assumed to be smooth functions on Minkowski space, Aaµ ∈ C2[M].

The non-Abelian structure of QCD is encoded in the non-vanishing structure constants fabc 6= 0.

They are cyclic and totally antisymmetric and lead to three-gluon and four-gluon vertices. Apart

from the gauge symmetry QCD is also invariant under Poincaré transformations and features

the discrete C × P × T symmetries.

In flavor space there are (under certain approximations) additional global symmetries: at the

classical level and in the chiral limit the QCD Lagrangian (2.1) is invariant under

U(Nf)L ×U(Nf)R = SU(Nf)L × SU(Nf)R ×U(1)L ×U(1)R . (2.4)

As we discuss later in more detail (cf. Eq. (3.62) and the related instanton discussion), the

axialvector symmetry is anomalously broken: U(1)L × U(1)R 7→ U(1)V. This can be under-

stood from the non-trivial transformation behavior of the path-integral measure
´
DψDψ̄ under

ψ 7→ exp(−iγ5α)ψ [Fuj79]. It explains the rather large η′-meson mass of 958 MeV.

In this work, the chiral symmetry SU(Nf)L × SU(Nf)R and its breaking mechanisms are of

fundamental importance. We introduce left- and right-handed quark fields by

ψL/R =
1

2
(1∓ γ5)ψ , (2.5)

which allow us to rewrite the QCD Lagrangian (2.1) as

LQCD = ψ̄L

(
i /D
)
ψL + ψ̄R

(
i /D
)
ψR −

(
ψ̄Lm̂ψR + ψ̄Rm̂ψL

)
− 1

2
Tr (GµνG

µν) . (2.6)

It is obvious that in the chiral limit left- and right-handed quark fields can be transformed

independently. A finite mass term breaks this symmetry, because it mixes ψL and ψR. However,

in the isospin limit the chiral symmetry is broken explicitly to the remnant SU(Nf)V symmetry

where left- and right-handed fields transform only simultaneously via ψ 7→ exp (−iαaTa)ψ.

In Table 2.1 all global flavor symmetries are summarized. On the level of the Lagrangian,

symmetries are broken explicitly, whereas the vacuum state breaks symmetries spontaneously.

Having in the chiral limit also the anomalous breaking of U(1)A symmetry (denoted by “classi-

cal”), QCD features all possible symmetry-breaking mechanisms present in a relativistic quan-

tum field theory. We also mention the possibility to add both a P and C × P (and therefore

10



2.1. Quantum Chromodynamics – a symmetry-guided overview

also T ) violating θ-term to the QCD Lagrangian (2.1):

Lθ = − θ

32π2
GµνG̃

µν , (2.7)

with G̃µν = 1
2ε
µναβGαβ denoting the dual gluonic field-strength tensor and θ ∈ C some free

parameter. Despite the fact that Lθ is a total derivative (cf. again Eq. (3.62) and the re-

lated instanton discussion), it gives rise to an electric dipole moment of the neutron (nEDM)

[CDVVW79, Dar00]:

|dn| ≈ gπNN
0.04 |θ|
4π2mN

ln
mN

mπ
e = 2.7 · 10−5|θ| e MeV−1 = 5.4 · 10−16|θ| e cm , (2.8)

where mN = 939 MeV is the neutron (nucleon) mass and gπNN = 13.2 ± 0.1 denotes the pion-

nucleon coupling constant. All experimental searches so far are consistent with a vanishing

nEDM and one can state an upper limit at |dn| < 2.9 · 10−26 e cm (with 90% confidence level)

[B+06]. Therefore, the QCD θ-term is small, |θ| . 10−10, leading to the so-called strong CP

problem which is discussed elsewhere [Wil78, CL06]. In most applications and investigations of

QCD the θ-term is set to zero.

Apart from the current-quark masses there is no scale introduced by the QCD Lagrangian.

Therefore, on the classical level, QCD is scale invariant in its chiral limit. This scale invariance

is only one of the aspects of conformal symmetry which is anomalously broken by quantum

effects leading to a non-vanishing beta function3:

β(as) = µ
∂as(µ)

∂µ
= −2

∞∑
n=1

βn−1a
n+1
s (µ) , (2.9)

with µ being the renormalization scale and as denoting the reduced strong fine-structure con-

stant:

as =
αs

4π
=
g2

QCD(µ)

16π2
. (2.10)

In the SU(Nc) case, the coefficients read in the MS renormalization scheme [vRVL97, Cza05]:

β0 =
11

3
Nc −

2

3
Nf ,

β1 =
34

3
N2

c −
10

3
NcNf −

N2
c − 1

Nc
Nf ,

β2 =
2857

54
N3

c +
(N2

c − 1)2

4N2
c

Nf −
205

36
(N2

c − 1)Nf −
1415

54
N2

cNf +
11

18

N2
c − 1

Nc
N2

f +
79

54
NcN

2
f .

(2.11)

At leading order this leads to4:

β(αs) = −β0
α2

s

2π
⇒ αs(µ) =

αs(µ0)

1 + β0

4παs(µ0) ln
(
µ2

µ2
0

) . (2.12)

For β0 > 0, i.e. for Nf < 11Nc/2 = 17, the beta function is negative and asymptotic freedom is

realized meaning that gQCD features small values at high energy scales allowing for a perturbative

treatment. This is fulfilled for the physical values, Nc = 3 and Nf = 6, but also in the large-Nc

3Note that there are several equivalent definitions of the beta function using different variables, e.g.
β(αs) = 4πβ(as) or β(gQCD) = 2π

gQCD
β(αs).

4Later in Section 3.3 we use the beta function to introduce the large-Nc scaling in the NJL model.
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2. Quantum Chromodynamics and the Quark-Gluon Plasma

limit. It is known that only non-Abelian Yang-Mills Lagrangians can feature asymptotic freedom

[WG73, CG73, Pol73, Gro05]. In 2004 Gross, Politzer, and Wilczek were awarded the Nobel

Prize in Physics “for the discovery of asymptotic freedom in the theory of the strong interaction”.

From the anomalous breaking of conformal symmetry expressed by the beta function an

intrinsic energy scale emerges: ΛQCD. It is defined from the pole α−1
s (ΛQCD) = 0. From

Eq. (2.12) one finds at leading order:

ΛQCD = µ0 exp

(
− 2π

β0αs(µ0)

)
. (2.13)

For four active quark flavors at the renormalization scale µ0 = 2 GeV and αs(µ0) ≈ 1/3 it

evaluates to ΛQCD ≈ 0.2 GeV. The fact that the coupling αs appears in Eq. (2.13) in the

exponent’s denominator expresses the non-perturbative nature of ΛQCD. This scale separates

the perturbative from the non-perturbative sector of QCD. It also separates the light hadrons

(e.g. pions) from the more energetic states (e.g. nucleons) of the physical spectrum.

For low energies the strong coupling becomes large indicating the phenomenon if confinement.

We emphasize that the beta function is derived using Feynman diagrams which is a perturbative

technique, therefore conclusions about large αs are beyond the applicability of this approach.

Confinement is still not fully understood and there are several aspects of confinement which can

be approached in different ways. One possible approach is provided from a closed Wilson line

in imaginary time, the Polyakov loop:

L(x) = P exp

(
i

ˆ β

0
dτ A4(x, τ)

)
, (2.14)

where P denotes the path-ordering symbol, β = 1/T is the inverse temperature and A4 is

the fourth component of the gluon field field Aµ = AaµT
a. Introducing also the renormalized

Polyakov loop,

Φ(x) =
1

Nc
Trc L(x) , (2.15)

one can show that [MS81]:

〈Φ(x)Φ†(y)〉β = e−βFqq̄(x−y), (2.16)

where Fqq̄(x−y) denotes the free energy of two static color sources q and q̄ with spatial separation

r = x−y. Sending one color source to infinity, correlations between the two sources vanish and

the thermal expectation value 〈·〉β in Eq. (2.16) factorizes. This allows to relate the (thermal

expectation value of the renormalized) Polyakov loop to the free energy of a single quark:

〈Φ〉β = e−
β
2
F∞q . (2.17)

It can be seen that for a divergent free energy of a single quark one has 〈Φ〉β = 0. This is

interpreted as confinement. In the deconfined phase one has 〈Φ〉β ≈ 1. We note that strictly

speaking this is only true in the pure gauge case without quarks, but the Polyakov loop is used

as an order parameter for the deconfinement transition also in the matter case. Additionally,

the Polyakov loop does not describe confinement in a sense that quarks are spatially clustered.

It only ensures the suppression of colored configurations, denoted as statistical confinement.

Calculating the potential between two static color sources q and q̄ using lattice QCD provides

a more fundamental indication for confinement [B+00]. The lattice potential can be fitted by

V (r) = −e
r

+ σr + const. (2.18)

12



2.1. Quantum Chromodynamics – a symmetry-guided overview

The string tension is calculated to be
√
σ ≈ 450 MeV, cf. the review [Bal01] for instance.

For large distances the linear part of the potential dominates and indicates confinement in

the closer meaning: when separating two color sources too much, the spontaneous creation of

a quark-antiquark pair becomes energetically favored, hence the spatial distance between two

color sources is bounded from above. However, we mention that confinement is still not fully

understood and subject of intense investigations.

2.1.2. PCAC and low-energy theorems of QCD

Modeling QCD by substituting its Lagrangian by some simpler Lagrangian modeling its sym-

metry pattern is a very fruitful and commonly used strategy to tackle, in particular, non-

perturbative aspects of the strong interaction. In the low-temperature region one can use ef-

fective theories such as chiral perturbation theory (χPT), a systematic approach based on the

chiral effective field theory guided by the (approximate) chiral symmetry of QCD, cf. [Sch02] for

a reviewing introduction. Instead of an effective field theory, we will use in this work a model

approach to QCD: the Nambu–Jona-Lasinio (NJL) model that will be introduced in detail in

Chapter 3. However, when modeling QCD, one needs to guarantee low-energy theorems to be

satisfied, such as the Gell–Mann-Oakes-Renner (GOR) relation and the Goldberger-Treiman

(GT) relation [LK96, TW01, CL06]. They are based on the partially conserved axial current

(PCAC) hypothesis and can be derived using only basic current-algebra techniques. Later in

this thesis, we will discuss these relations again in Section 3.6, when demonstrating their validity

within the NJL model.

From the QCD Lagrangian (2.1) the vector and axialvector current are defined as (Nf = 3)

V µ
a (x) = ψ̄(x)γµ

λa
2
ψ(x) ,

Aµa(x) = ψ̄(x)γµγ5
λa
2
ψ(x) ,

(2.19)

where λa = 2Ta denote the Gell-Mann matrices, a = 1, . . . , 8. From these currents the (con-

served) vector and axialvector charges follow:

QV
a =

ˆ
d3xV 0

a (x) =

ˆ
d3xψ†(x)

λa
2
ψ(x) ,

QA
a =

ˆ
d3xA0

a(x) =

ˆ
d3xψ†(x)γ5

λa
2
ψ(x) .

(2.20)

We use for any Dirac structures Γ1,Γ2 and flavor structures F1, F2 the following identity,[
Γ1F1,Γ2F2

]
=

1

2

{
Γ1,Γ2

}[
F1, F2

]
+

1

2

[
Γ1,Γ2

]{
F1, F2

}
, (2.21)

leading to the general equal-time commutator (x0 = y0 = t) [Sch02]:[
ψ†(x)Γ1F1ψ(x), ψ†(y)Γ2F2ψ(y)

]
= δ(3)(x− y)

(
ψ†(x)Γ1Γ2F1F2ψ(y)− ψ†(y)F2F1Γ2Γ1ψ(x)

)
.

(2.22)

From this a straightforward calculation yields:[
QV
a , ψ̄(x)λbψ(x)

]
= ifabcψ̄(x)λcψ(x) ,[

QA
a , ψ̄(x)γ5λbψ(x)

]
= −ψ̄(x)

(
2

3
δab + dabcλc

)
ψ(x) ,

(2.23)

where we have used the fundamental representation of the Lie algebra SU(3), hence ξ(F) = 2/3

13



2. Quantum Chromodynamics and the Quark-Gluon Plasma

in the three-flavor case. For details we refer to the Appendix A.1.

The pion decay constant fπ is introduced by the following matrix elements which describes

the vacuum annihilation of a pion through the axialvector current5:

〈0|Aµa(x)|πb(p)〉 = ipµfπδabe
−ip·x , (2.24)

where the right-hand side is just a parametrization of the left-hand side due to its Lorentz

structure. This definition refers to the vacuum case, i.e. T = 0 and µ = 0. In order to avoid

a parity doubling of the mesonic octet (Nf = 3) in the low-energy spectrum, one chooses the

Nambu-Goldstone realization of chiral symmetry, i.e. QA
a |0〉 6= 0, cf. the discussion of the NJL

phase diagram in Chapter 3.4. One finds

〈0|QA
a (t = 0)|πb(p)〉 =

ˆ
d3x 〈0|A0

a(x)|πb(p)〉 = iEpfπδab(2π)3δ(3)(p) , (2.25)

meaning that QA
a |0〉 contains one-pion states (with zero momenta). The PCAC hypothesis

states that the spectrum of QA
a acting on the vacuum, is dominated by one-pion states forming

a complete set: ˆ
d3p

2Ep(2π)3
|πa(p)〉〈πa(p)| = 1 . (2.26)

We note for clarity, that QA
a |0〉 actually contains all states with the corresponding quantum

numbers, e.g. three-particle states

ˆ
d3p d3q d3k

8EpEqEk(2π)9
|πa(p)⊗ πb(q)⊗ πc(k)〉〈πa(p)⊗ πb(q)⊗ πc(k)| . (2.27)

From the PCAC hypothesis two important low-energy theorems can be deduced: the Gell-

Mann–Oakes-Renner (GOR) relation and the Goldberger-Treiman (GT) relation. We focus

on the GOR relation which will be derived in the following. Taking only the explicit chiral

symmetry breaking through the mass term m̂ = diag(mu,md,ms) into account we have:

∂µA
µ
1 (x) = iψ̄(x)

{
diag(mu,md,ms),

λ1

2

}
ψ(x) =

= (mu +md)ψ̄(x)iγ5
λ1

2
ψ(x) .

(2.28)

Commuting with QA
1 and sandwiching between vacuum states we find

〈0|
[
QA

1 , ∂µA
µ
1

]
|0〉 = (mu +md)i〈

[
QA

1 , ψ̄(x)γ5
λ1

2
ψ(x)

]
〉 =

= − i

2
(mu +md)〈ūu+ d̄d〉 ,

(2.29)

where we have used Eq. (2.23) for a = b = 1, so d118 = 1/
√

3 and λ8 = 1/
√

3 diag(1, 1,−2).

Therefore, we get

〈0|
[
QA1 , ψ̄(x)γ5λ1ψ(x)

]
|0〉 = −

(
〈ūu〉+ 〈d̄d〉

)
. (2.30)

We mention that this equation can be used for defining the chiral condensate 〈ψ̄ψ〉, but at

this stage we postpone a more detailed discussion to Section 3.4. Inserting now the PCAC

hypothesis, i.e. a full set of one-pion states, into both terms of the commutator of Eq. (2.29),

5From the decay π− → µ−ν̄(γ) its experimental value is determined to fπ = 91.92 ± 0.02 ± 0.14 MeV. The
first (smaller) error is due to uncertainties of |Vud| = 0.97425(22) whereas the second (larger) error is due to
higher-order corrections [O+14].
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2.1. Quantum Chromodynamics – a symmetry-guided overview

its left-hand side reads:
ˆ

d3p
(
〈0|QA

1 |πa(p)〉︸ ︷︷ ︸
iEpfπδ1a(2π)3δ(3)(p)

〈πa(p)|∂µAµ1 |0〉︸ ︷︷ ︸
m2
πfπδ1a

− 〈0|∂µAµ1 |πa(p)〉︸ ︷︷ ︸
m2
πfπδ1a

〈πa(p)|QA
1 |0〉︸ ︷︷ ︸

−iEpfπδ1a(2π)3δ(3)(p)

)
= 2i(2π)3f2

πm
2
πEp ,

(2.31)

where we have used i∂µp
µ = m2

π. Integrating also the right-hand side of Eq. (2.29) over all

three-momenta, only the Lorentz-covariant normalization
´

d3p = 2Ep(2π)3 is introduced. We

arrive at the GOR relation:

m2
πf

2
π = −1

2
(mu +md)

(
〈ūu〉+ 〈d̄d〉

)
≈ −m0〈ψ̄ψ〉 . (2.32)

This relation expresses a simple connection between quantities from explicit (m0) and sponta-

neous (mπ, 〈ψ̄ψ〉) symmetry breaking. As we have seen, its derivation is based only on funda-

mental QCD symmetries and their breaking patters.

2.1.3. Large-Nc extension of QCD and key aspects of AdS/CFT correspondence

The main difference between QED (Quantum Electrodynamics) and QCD is the gauge group

which is Abelian for QED but non-Abelian for QCD. As we have reviewed above, this structure

leads to specific features like asymptotic freedom and confinement. Especially the lack of a gen-

eral perturbative technique applicable not only to the high-energy region of QCD is challenging

and makes QCD far more complex.

In December 1973 G. ’t Hooft came up with a new topological classification of (QCD) Feynman

diagrams when describing interacting quarks: planar diagrams dominate for Nc →∞ in a U(Nc)

or SU(Nc) gauge group [tH74a]. In QCD, of course, the number of colors is fixed from experiment

and not a free parameter. The textbook method to do so is considering the R-ratio from e+e−

collisions [EJ91]:

R(s) =
σtot(e

+e− → γ∗ → hadrons)

σtot(e+e− → γ∗ → µ+µ−)
= Nc

Nf∑
f=1

q2
f

√
1−

4m2
f

s

(
1 +

2m2
f

s

)(
1 +

αs

4π
+O(α2

s )
)
,

(2.33)

where
√
s denotes the center-of-mass energy. We note that in the actual measurement the total

hadronic cross section includes QED corrections from bremsstrahlung and vacuum-polarization

effects which changes the details of how to compare the experimental data to R(s) from a pure

QCD calculation. However, when exploring the large-Nc generalization of QCD, one realizes

from Eq. (2.12) that the strong coupling constant becomes small, gQCD → 0, but the ’t Hooft

coupling λ becomes a (scale dependent) constant:

λ(µ) = g2
QCD(µ)Nc = 4παs(µ)Nc −→

48π2

11 ln
(
µ2

µ2
0

) as Nc →∞ . (2.34)

This is the relevant coupling in a SU(Nc) Yang-Mills theory in its large-Nc limit. As pointed

out by Witten, the expansion parameter 1/Nc is non-obvious and there is no a priori reason

why one should perform such an analysis:

“The hope is that it may be possible to solve the theory [QCD] in the large N limit,

and that the N = 3 theory may be qualitatively and quantitatively close to the large

N limit.” [Wit79]

For instance, asymptotic freedom as one of the main features of QCD is not qualitatively affected
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2. Quantum Chromodynamics and the Quark-Gluon Plasma

by a large-Nc expansion. The leading-order condition β0 > 0 is always fulfilled in this limit,

independent of the number of quark flavors, cf. the coefficients in Eq. (2.11).

QCD is not an isolated theory but it is part of the Standard Model with the gauge group

SU(3)c ⊗ SU(2)L ⊗U(1)Y. In a naive large-Nc expansion one would simply substitute by

SU(Nc)c ⊗ SU(2)L ⊗U(1)Y . (2.35)

Ensuring the renormalizability of the large-Nc extended Standard Model it is necessary to have

all chiral anomalies canceled. As investigated in [CY97] there are triangle diagrams which do

not vanish trivially:

U(1)3
Y , U(1)Y SU(2)2

L , U(1)Y SU(Nc)
2
c . (2.36)

Forcing these diagrams to vanish sets non-linear constraints on the U(1)Y hypercharges which

are solved and discussed in [GM89, MRW90, GM90]. In conclusion the electroweak charges (in

units of the elementary charge e) of the first quark and lepton generation are given by

(qu, qd, qe, qν) =

(
1 +Nc

2Nc
,
1−Nc

2Nc
,−1, 0

)
. (2.37)

We always have qu = qd + 1 but their actual value varies with the number of colors. For Nc = 3

one finds the standard values qu = 2/3 and qd = −1/3. In contrast, the lepton charges are not

affected by Nc and keep their standard values. When increasing the number of colors one has to

distinguish between an odd and even number series. Usually the large-Nc series is interpreted

as (Nc)n = 2n + 1 ∈ (3, 5, 7, 9, . . .) with n ∈ N, where the proton consists of n + 1 up-quarks

and n down-quarks ensuring the physical proton and neutron charge:

(n+ 1) · 1 +Nc

2Nc
+ n · 1−Nc

2Nc
=

2n+ 1 +Nc

2Nc
= 1 . (2.38)

The neutron consists of n up-quarks and n+1 down-quarks which reproduces its neutral electric

charge as well:

n · 1 +Nc

2Nc
+ (n+ 1) · 1−Nc

2Nc
=

2n+ 1−Nc

2Nc
= 0 . (2.39)

In the picture of valence quarks, the leading-order Fock state contains (n+ 1) + n = Nc quarks,

therefore both proton and neutron are ensured to be color neutral. This is true for an odd number

of colors. Allowing also an even number of quarks, (Nc)n = 2n ∈ (2, 4, 6, 8, 10, . . .) with n ∈ N,

leads to a totally different world since nucleons become bosons. In the literature especially

the two-color case is studied intensely. Its thermodynamics is described by model approaches

[RW04] or effective field theories [KST99, KST+00], which can interpret but also induce lattice

studies [SSS01, NFH04, LP13]. Excluding the possibility of parity-breaking phases, two-color

QCD is special for lattice calculations because the prohibitive sign problem is not present there

[Fuk07]. In a two-color world, nucleons are just diquarks and the proton consists of one single

up- and one single down-quark.6

Within the last few decades one highlighted aspect of SU(Nc) Yang-Mills theories is their (con-

6We would like to mention one further possible large-Nc extensions of the Standard Model. From the observation
that R(s) ∼ Nc one can criticize that in the naive extension (2.35) the hadronic processes are favored but
leptonic ones are suppressed. As it is suggested in [Erd98], one can introduce a new global symmetry group
SU (Nc/3)l to the Standard Model acting only on leptons which belong to the fundamental representation of
this group:

SU(Nc)c ⊗ SU (Nc/3)l ⊗ SU(2)L ⊗U(1)Y .

Also this formalism uses the physical constraints from anomaly cancellation to fix the quark and lepton charges.
Apart from the advantage of the leptonic sector featuring the same weight for large values of Nc, the resulting
quark charges do not change with the number of colors.
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2.1. Quantum Chromodynamics – a symmetry-guided overview

jectured) duality7 with string theories. The fact that planar diagrams provide the leading-order

contribution to large-Nc QCD has its analogy in string theory: there, diagrams are organized in

a loop expansion where the genus χ, counting the holes in diagrams, is the relevant topological

parameter. Assuming a small string length ls, the scattering of e.g. two closed strings is orga-

nized in an expansion in lχs . This basic analogy was already pointed out 1974 by ’t Hooft and in

the meantime several non-trivial dualities have been found. In the following we refer mostly to

the review [BAA+12] and highlight the correspondence between string theory on anti-de Sitter

( AdS) space and some conformal field theory (CFT). This turned out to be relevant within

the context of heavy-ion collisions where QCD processes are dominant.8 The strong form of

AdS/CFT correspondence reads:

There is an exact duality between type IIB string theory on AdS5 × S5 and four-

dimensional maximally (N = 4) superconformal Yang-Mills theory.

Symmetry dictates that the considered Yang-Mills theory must feature additionally supercon-

formal symmetry, i.e. it must be supersymmetric and conformal9. Besides the simple scale

invariance, there are also special conformal transformations which extend the Poincaré group

in total by five generators from SO(1, 3) to SO(2, 4). As a submanifold of this supergroup, the

five-dimensional anti-de Sitter space is described by the metric

ds2 =
r2

R2

(
−dt2 + dx2

)
︸ ︷︷ ︸

4 dimensions

+
R2

r2
dr2︸ ︷︷ ︸

1 dimension

. (2.40)

The constant curvature radius R of AdS5 sets an intrinsic length scale for the bulk described by

the coordinate r. The conformal boundary of AdS5 is reached at r =∞, where flat Minkowski

space in 4 + 1 dimensions is located. Copies of the sphere S5 are affixed at each spacetime

point ensuring to provide a ten-dimensional spacetime where string theory can live. It is known

that the symmetry group of AdS5 × S5 is the same as the superconformal group in 3 + 1

spacetime dimensions [HLS75]. One can relate the closed string coupling g to the (running)

coupling constant of the Yang-Mills theory by g2
YM = 4πg, cf. [BBS06] or any other standard

string-theory textbook. In addition, one has

R4

α′2
= 4πgNc = g2

YMNc = λ , (2.41)

with α′ denoting the Regge slope. Historically, when string theory was actually constructed to

explain the strong force, it was defined empirically from the hadron spectrum [ZSV04, AP09]:

as it has been observed, both the squared meson and baryons masses, M2, can be described

easily by the Regge trajectory

J = α′M2 , (2.42)

where J denotes the hadron spin. At least for mesons this simple form can be explained intu-

itively10 by a fast rotating relativistic string: M2 = 2πσJ with
√
σ being the string tension.

By comparison the so-called QCD string is given by σ = (2πα′)−1. Empirically, for the hadron

case, the numerical value of the Regge slope is α′ = O(1 GeV−2). However, the Regge slope in

the context of AdS/CFT correspondence serves as some free model parameter.

7Two theories are called dual if the functional structures of the external sources s in the corresponding partition
functions Z[s] =

´ (∏
d.o.f.DX

)
e−iS[X,s] coincide.

8Of course, in heavy-ion collisions there are QED processes like photoproduction as well.
9We mention that in two dimensions the conformal transformations are given by the biholomorphic functions

which is of crucial importance for the two-dimensional world sheet in string theory.
10We mention that quantum effects alter this form, introducing a non-vanishing intercept and a positive curvature.

[ZSV04]
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2. Quantum Chromodynamics and the Quark-Gluon Plasma

Quantum Field Theory String Theory

λ� 1 perturbative full theory with large string fluctuations

λ� 1 (’t Hooft limit) non-perturbative supergravity with small string fluctuations

Table 2.2.: Limits of the ’t Hooft coupling λ and its impact on QFT and string theory

Having a look back to the SU(Nc) Yang-Mills quantum field theory, we realize that only for a

small ’t Hooft coupling a perturbative treatment is possible. In this regime the curvature R in

AdS5 space needs to be also small as it can be seen from Eq. (2.41). This means that string

fluctuations (measured by the string length) become of similar size as the length scale of the

bulk space: ls ≈ R. Under this condition a perturbative treatment of string theory, i.e. an

expansion in lχs as mentioned before, is not possible anymore. Therefore, it is not possible to

have a perturbatively accessible quantum field theory and corresponding string theory at the

same time. We summarize this discussion in table 2.2. As a consequence, the strong form of

AdS/CFT correspondence is hard to prove. However, in the so-called ’t Hooft limit, where the

’t Hooft coupling becomes large, λ� 1, one has the weak form of AdS/CFT correspondence:

The large-λ, large-Nc limit of four-dimensional maximally (N = 4) superconformal

Yang-Mills theory is dual to classical type IIB supergravity on AdS5 × S5.

This duality is just one, out of several examples, that were proven by Maldacena in his celebrated

paper [Mal99].

For this thesis applications based on the weak form of AdS/CFT duality are relevant: as we

will explain in detail in Section 2.2 the ratio η/s is of crucial importance for the study of heavy-ion

collisions, where η denotes the shear viscosity and s the entropy density. The Kubo formalism

(cf. Section 2.3) provides one possible approach to transport coefficients like shear viscosity.

Within a strongly coupled quantum field theory, its exact evaluation is almost impossible and

one usually applies (more or less rough) approximation schemes. However, it is also possible

to tackle this task using AdS/CFT correspondence which has been done first by Kovtun, Son

and Starinets in the acclaimed paper [KSS05]. We note that a thermal medium (in particular

the temperature T ) is introduced to a quantum field theory usually by using the Matsubara

formalism as it is known from standard textbooks [LB00, KG06]. The dual description of a

thermal medium in anti-de Sitter space is a Schwarzschild black hole (SBH) which is described

by the metric11

ds2 =
r2

R2

(
−f(r)dt2 + dx2

)
+
R2

r2

dr2

f(r)
, with f(r) = 1−

(r0

r

)4
. (2.43)

In the limit r → r0 (approaching the black-hole horizon from flat space, i.e. r > r0 and

0 < f(r) < 1), the metric becomes singular which indicates the presence of a black hole12. As it

is shown in [PSS01], the shear viscosity of a strongly-coupled supersymmetric Yang-Mills plasma

reads

η(T ) =
π

8
N2

c T
3 . (2.44)

11It is interesting to note that the scale factor f(r) affects not only the bulk but also the time coordinate in the
conformal boundary of AdS5 space. This can be interpreted as analogy to the Matsubara formalism where
also the temporal axis becomes affected by compactifying onto [0, 1/T ] implying the discrete spectrum of
Matsubara frequencies.

12Since its horizon is translationally invariant one sometimes denotes it as black brane.
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2.1. Quantum Chromodynamics – a symmetry-guided overview

This result has been derived using AdS/CFT correspondence and the definition of η as Kubo

correlator13, calculating the absorption cross section of a graviton by a black brane in AdS5

where the temperature T is the Hawking temperature of the metric (2.43):

T =
r0

πR2
. (2.45)

The zero-temperature case is reached for r0 → 0, i.e. when pushing the black brane infinitely far

away from the conformal boundary. Combining the result for η(T ) with the Bekenstein-Hawking

entropy (density) [GKP96, Kov12],

s(T ) =
π2

2
N2

c T
3 , (2.46)

one arrives at the famous ratio
η

s
=

1

4π
. (2.47)

This constant result is exact in AdS5×S5 quantum gravity, therefore, by applying the AdS/CFT

correspondence, also for large-Nc superconformal SU(Nc) Yang-Mills theory in the ’t Hooft limit.

For many reasons, QCD is far away from the considered Yang-Mills theory: of course, there

are actually only three colors and QCD does not feature supersymmetry. Even in the chiral

limit where no length scale is present in the Lagrangian (2.1), conformal symmetry is broken

anomalously leading to β(αs) 6= 0 and the intrinsic energy scale ΛQCD. However, as it has been

also derived by Kovtun, Son and Starinets, the first-order correction to the ratio η/s in inverse

powers of the ’t Hooft coupling is positive:

η

s
− 1

4π
=

135ζ(3)

8(2λ)3/2
> 0 . (2.48)

From this observation the viscosity bound conjecture (KSS conjecture) has been drawn:

“Most quantum field theories do not have simple gravity duals. Is our result relevant

in a broader setting? We speculate that the ratio η/s has a lower bound η/s ≥ 1/4π

for all relativistic quantum field theories at finite temperature and zero chemical

potential. The inequality is saturated by theories with gravity duals.” [KSS05]

In fact, so far all experimentally accessible physical systems do respect this AdS/CFT bound.

The more strongly the system is coupled the smaller one expects its corresponding ratio η/s. As

we will discuss in detail in the next Section 2.2 the quark-gluon plasma produced in heavy-ion

collisions features a remarkably small value of η/s. However, it is known that one can construct

theories and models where this ratio is undershot, e.g. because the viscosity can be independent

of the particle multiplicity but the entropy density is not [Coh07]. In an anisotropic plasma the

KSS bound can be violated as well [Mam12, RS12].

In this thesis we are calculating the ratio η/s for the NJL model. Its non-perturbative nature

can be explored applying a large-Nc expansion which is used as book-keeping method only

and for any numerical result we always use the physical value Nc = 3. Although the NJL

model is far away from being a quantum field theory possessing a quantum-gravity dual, it

is, however, instructive to compare our results to the benchmark η/s = 1/4π from AdS/CFT

correspondence.

13We emphasize that this is the same footing our own analysis for η(T, µ) within the NJL model is based on.
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2.2. Heavy-ion collisions and the quark-gluon plasma

In heavy-ion collisions matter can be studied under extreme conditions. There are two main

facilities where gold, copper or lead ions are accelerated to ultra-relativistic velocities before

they are collided: the Relativistic Heavy Ion Collider at the Brookhaven National Laboratory

(RHIC@BNL) and the Large Hadron Collider at the European Organization for Nuclear Re-

search (LHC@CERN). It is established that in both facilities a quark-gluon plasma (QGP)

has been created as a strongly coupled system that behaves like an almost-perfect fluid with

η/s < 5/4π, e.g. [Son13] and references therein. Until the shutdown of the LHC on 14 February

2013 there have been two runs with lead-lead collisions and one run with proton-lead collisions. It

is already clear that the QGP produced at the LHC differs to some extend from the plasma pro-

duced at RHIC where the center-of-mass energy has been a few hundred GeV, whereas at LHC

the TeV scale has been reached, cf. Table 2.3. In spring 2015 its upgrade is expected to be fin-

ished allowing then for collisions with
√
sNN = 5.1 TeV. In this section we will describe the basic

ideas of heavy-ion collisions and explain in detail how the plasma created at the LHC motivates

this thesis asking for a better understanding of the temperature dependence of shear viscosity.

In this section we refer mostly to the (review) articles [Ven10, HSS12, Sne11, Oll11, Son13] and

the standard textbook [YHM08].

2.2.1. Experimental facilities and a standard model of heavy-ion collisions

A sketch of a heavy-ion collision is shown in Fig. 2.1 where the beam line is oriented along the

z-axis. In the heavy-ion program of LHC, the heaviest known stable isotope, Pb208, has been

used which is a double-magic nucleus with spherical symmetry. Each collision event differs by

its centrality class c which can be calculated from the impact parameter b = b êx:

c =
πb2

π(2RA)2
, (2.49)

where RA ≈ 1.3 fm · 3
√
A is the radius of the nucleus. The lower the centrality class the more

central is the collision. If there is no full geometric overlap between the two nuclei the collision

is called peripheral. Nucleons that are not participating in the collision are called spectators:

Nspec = N − Npart. In a central collision one has N ≈ Npart = 2A ≈ 400 participants. The

impact parameter b is not directly observable and cannot be used for determining the centrality

class. Instead, one measures the multiplicity of charged particles in an event, dNevt/dNch, and

averages over many events. A typical result is shown in Fig. 2.2 from the first elliptic-flow

measurement at the LHC. Using the Glauber model, cf. [MRSS07] for a review, the final-state

observable Nch can be related to the impact parameter, b, and the number of participating

active period
√
sNN beam velocity

RHIC@BNL 2000 to present 200 GeV c− 13, 200 m s−1

LHC@CERN 2009 to 2013 2.76 TeV c− 70 m s−1

LHC@CERN starting in 2015 5.1 TeV c− 20 m s−1

Table 2.3.: Comparison of beam energies at RHIC and LHC for Au-Au and Pb-Pb collisions,
respectively. The center-of-mass energy

√
sNN refers to the energy of each nucleon pair.
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nucleons, Npart. This is based on the assumption that the underlying centrality classes and the

impact parameter b are monotonically related to the particle multiplicity. The Glauber model

parameterizes the density distribution of nuclei using a Woods-Saxon distribution:

ρ(r) =
ρ0

1 + exp
(
r−RA
a

) , (2.50)

where we restrict to the case of spherical nuclei with three model parameters ρ0, RA, a, which

have been determined from low-energy electron scattering experiments. In a Glauber Monte

Carlo (GMC) simulation, nucleons are randomly distributed within the ion according to this

distribution. A collision between two nucleons takes place if their distance satisfies the sim-

ple geometric condition d <
√
σpp

inel/π, where σpp
inel denotes the inelastic proton-proton cross

section, cf. Fig. 2.3 for its dependence on the center-of-mass energy
√
s. It is empirically

know that the multiplicity of soft particles scales with the number of participating nucleons,

Nch ≈ 2
3Nsoft ∼ Npart, but the multiplicity of hard particles scales with the number of nucleon-

nucleon collisions, Nhard ∼ Ncoll. From a simple geometric picture, Ncoll depends on the volume

of the interaction volume and its length in beam direction, lz ∼ N
1/3
part, hence Ncoll ∼ N

4/3
part.

Considering for instance a central Au-Au collision at
√
sNN = 0.2 GeV at RHIC [A+06] one has

Npart ≈ 400 but Ncoll ≈ 0.4N
4/3
part ≈ 1200 with the cross section σpp

inel

∣∣√
sNN=0.2 TeV

= 42 mb. The

same collision at LHC energies would lead to an increase of Ncoll by roughly 50% because the

cross section increases to σpp
inel

∣∣√
sNN=2.76 TeV

= 64 mb, resulting Ncoll & 2000.

Directly after the collision, a pre-equilibrium phase is created that starts to expand primarily

one-dimensionally in the beam-line direction. At this stage, perturbative QCD techniques are

applicable in principle. The color-glass condensate (CGC) model has been settled to describe

this initial state successfully, cf. [ILM01, FILM02] and [GIJMV10] for a review. The CGC model

is based on the assumption that the multiplicity of partons within the relativistic heavy ion is

huge. This means that every single parton carries only a small fraction of the total ion energy.

Since gluons dominate the parton-distribution functions at small Bjorken-x, the two colliding

ions at ultra-relativistic energies can be described as a dense condensate of gauge color sources

interacting perturbatively with each other.

As it is sketched in the Bjorken spacetime picture shown in Fig. 2.4, the thermalization

converts the pre-equilibrium state after τ0 ≈ 1 fm into the quark-gluon plasma where local

x,b

y
z

Rea
cti

on Plan
e

Figure 2.1.: Schematic heavy-ion collision
with spectators and interaction volume in
almond shape. Figure taken from [Sne11].

Figure 2.2.: Per-event charged particle mul-
tiplicity N−1

ev dNevt/dNch averaged over
4.5 · 104 Pb-Pb collisions at ALICE. Figure
taken from [A+10].
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Figure 2.3.: Proton-proton cross sections as function of the center-of-mass energy. σpp
inel is the

difference between the total and elastic cross section. For low energies Coulomb repulsion
suppresses the cross section, at high energies it scales approximatively as σ ∼ log2 s. Figure
taken from [O+14].

thermal equilibrium14 is reached. As discussed in the next Section 2.2.2, the QGP can be

described using viscous relativistic hydrodynamics. The QGP expands three-dimensionally and

evolves towards hadronization where first chemical freeze-out and then thermal freeze-out takes

place, τc < τt. For τ > τc the numbers of each particle species (pions, nucleons, kaons, etc.) stay

constant but the particles are still in local thermal equilibrium and their kinetic distributions are

coupled. After the thermal freeze-out, τ > τt, the kinetic equilibrium is no longer maintained

and the hadrons will be finally detected with some momentum and angular distribution.

In the detector one can measure the momentum-distribution of the particles for each hadron

species. It can be expanded in a Fourier series introducing the flow coefficients vn:

E
d3N

d3p
=

1

2π

d2N

pT dpT dY

(
1 + 2

∞∑
n=1

vn cos [n(ϕ−ΨRP)]

)
, (2.51)

where E is the particle energy, ϕ the azimuthal angle, pT = |pT| the transverse momentum,

pµ = (p0,pT, pz), and Y denotes the rapidity of the observed particle. It is defined as

Y =
1

2
ln
E + pz
E − pz

≈ − ln tan
θ

2
= ηPS , (2.52)

and simplifies in the (ultra) relativistic case to the pseudorapidity : lim|p|�m Y = ηPS, where

θ denotes the detection angle measured with respect to the beam line. Hence, particles with

vanishing pseudorapidity have escaped the interaction volume perpendicularly to the beam line,

whereas particles with large pseudorapidity can be found in the forward and backward detec-

tors15. In Eq. (2.51) we have denoted the reaction-plane angle by ΨRP as it is shown in Fig. 2.1.

14A system is said to be in local thermal equilibrium if it is possible to divide the entire system into smaller cells
where thermodynamic quantities like temperature, entropy and pressure can be defined. These quantities may
differ for different cells, but they are approximately constant within one cell. In order to define first-order
dissipative parameters as shear or bulk viscosity the system needs to be in local equilibrium.

15For the four detectors at RHIC (BRAHMS, PHENIX, PHOBOS and STAR) the pseudorapidity range that can
be covered is roughly |ηPS| < 5, the same is true for ATLAS and CMS at CERN. ALICE, in contrast, is more
restricted. There, only |ηPS| < 1 is used for flow-related measurement.
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2.2. Heavy-ion collisions and the quark-gluon plasma

Figure 2.4.: Bjorken spacetime picture of a heavy-ion collision. Figure taken from [YHM08].

This angle varies from event to event and is not directly observable. As a consequence, the

Fourier coefficients, vn, cannot be measured directly:

vn(pT, Y ) = 〈cos [n(ϕ−ΨRP)]〉 , (2.53)

where the brackets 〈·〉 denote the particle average summed over all events. Assuming the simplest

geometry, i.e. ΨRP = 0, the first two flow coefficients read:

v1 = 〈cosϕ〉 =
〈px〉
〈pT〉

,

v2 = 〈cos 2ϕ〉 =
〈p2
x〉 − 〈p2

y〉
〈p2

T〉
.

(2.54)

One calls v1 the directed flow and v2 the elliptic flow. In general, the collective expansion of the

QGP has been denoted as flow. For our purposes v2 is most important because the ratio η/s can

be extracted from its measurement as we will discuss in the next Section 2.2.2. The elliptic flow

measures the anisotropy in the momentum distribution in the transverse plane. In non-central

collisions, this anisotropy can be explained from the almond shape of the interaction volume.

The initial spatial anisotropies,

εn =
〈rn cos (nϕ)〉
〈r2〉n/2 , (2.55)

are transfered into the anisotropies in the momentum distribution. The elliptic flow v2 is mainly

induced by the eccentricity ε2, but in general there are also influences from εm 6=n to vn. Also

non-flow effects like jets, i.e. effects which are not due the collective expansion of the QGP, or

initial fluctuations affect the flow coefficients vn, cf. for instance [OPV09, GGLO12].

As we have mentioned, the coefficients vn cannot be measured directly. An indirect approach

is given from pair-particle (2k) correlations, cf. [BDO01, MS03] or [Sne11] for a more general

review. One introduces two-particle (k = 1) or four-particle (k = 2) cumulants via

cn{2} = 〈〈ein(ϕ1−ϕ2)〉〉 ,
cn{4} = 〈〈ein(ϕ1+ϕ2−ϕ3−ϕ4)〉〉 − 2c2

n{2} ,
(2.56)
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2. Quantum Chromodynamics and the Quark-Gluon Plasma

where the double brackets 〈〈·〉〉 denote an average first over all particles in one event, and then

over all events. The cumulants cn{2k} are observables, because only differences of azimuthal

angles appear and the reaction plane angle drops out:

∆ϕij = ϕi − ϕj = (ϕi −ΨRP)− (ϕj −ΨRP) . (2.57)

Note that because of the reflection symmetry with respect to the reaction plane one has16

vn = 〈cosn(ϕ−ΨRP)〉 = 〈ein(ϕ−ΨRP)〉 , (2.58)

and no sine term contributes. One finds therefore

c2{2} = 〈v2
2 + δ2〉 ,

c2{4} = 〈v4
2 + δ4 + 4v2

2δ2 + 2δ2
2〉 − 2〈v2

2 + δ2〉2 ,
(2.59)

with non-flow contributions δ2 and δ4. Here, since for vn the particle average within one event

has been carried out already, the brackets 〈·〉 denote the average over all events.

As we have seen, in general, the cumulants contain both flow and non-flow contributions.

It is shown in [BDO01] that the lowest-order estimates for the Fourier coefficients, vn{2k},
can be calculated from the measured cumulants cn{2k} when ignoring all non-flow effects:

vn{2} =
√
cn{2} and vn{4} = 4

√
−cn{4}. From this the estimates for the elliptic flow are calcu-

lated from c2{2k} when setting all non-flow contributions to zero, δ2k = 0. From Eq. (2.59) we

find:

v2{2} =
√
〈v2

2〉 ,

v2{4} = 4

√
2〈v2

2〉2 − 〈v4
2〉 .

(2.60)

The conclusion is that, instead of vn, actually the all-event average over 〈v2
n〉 is measured. As

we will see in the next Section 2.2.2, experimental results for the elliptic flow are usually derived

from measuring two or four-particle correlations.

2.2.2. Hydrodynamic description of the quark-gluon plasma

The quark-gluon plasma (QGP) produced at RHIC and LHC can be described as an almost-

perfect fluid. Hydrodynamics is commonly used to describe physical systems consisting of N ≈
1023 particles. In heavy-ion collisions the typical number of produced particles is only 104− 105

assuming a central collision where the number of participants is Npart ≈ 400. Nevertheless,

one uses relativistic, dissipative hydrodynamics to simulate the (elliptic) flow, cf. for instance

[DT08] and references therein. These simulations turn out to work successfully. Comparing the

simulated and measured elliptic flow of charged hadrons one can extract some (constant) ratio

η/s. This ratio has been found to be small, η/s < 5/4π [Son13], as we will describe in the

following. The energy-momentum tensor of a perfect fluid reads

Tµν = (ε+ P )uµuν − Pgµν , (2.61)

with ε being the energy density, P the pressure, and uµ denoting the four velocity

uµ =
dxµ

dτ
, (2.62)

16We emphasize that in contrast to the double brackets for cn{2k}, for the Fourier coefficients vn no average over
all events is carried out.
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Figure 2.5.: Elliptic flow v2 as function of transverse momentum from hydrodynamic simulations
with different initial conditions from the Glauber model (left) and the color-glass condensate
model (right), see the discussion in the text. Both figures have been taken from [LR08].

where τ is the proper time. It is normalized to uµu
µ = 1. The quark-gluon plasma described by

hydrodynamics is assumed to be in local equilibrium. All thermodynamic quantities are actually

fields, i.e. functions defined on the Minkowski space. Dissipative effects are described by the

dissipative tensor τµν that extends the energy-momentum tensor to

Tµν = (ε+ P )uµuν − Pgµν + τµν . (2.63)

The parameterization of τµν is based on the assumptions that only first-order derivatives of the

four velocity are relevant. Using the definitions ∆µν = gµν − uµuν = ∆νµ and ∂µ⊥ = ∆µν∂ν , one

finds the general parameterization [YHM08, Wei72]:

τµν = η

[
∂µ⊥u

ν + ∂ν⊥u
µ − 2

3
∆µν (∂⊥ · u)

]
+ ζ∆µν(∂⊥ · u) , (2.64)

where its traceless part is described by the shear viscosity η. The non-traceless part is param-

eterized by the bulk viscosity ζ which is assumed to be small compared to the shear viscosity.

This is because the bulk viscosity vanishes in conformal theories since it describes dissipative

effects arising just from a rescaling of the system. Therefore, in the QGP the bulk viscosity is

expected to be much smaller than the shear viscosity since high-T QCD is almost conformal.

This argument is also supported by lattice-QCD calculations [Mey08].

Shear and bulk viscosity as introduced in Eq. (2.64) are constant or temperature-dependent

η/s|extract Glauber model CGC model

non-flow corrected (est.) 0.08 0.16

event-plane 10−4 0.08

Table 2.4.: Resulting constant ratios η/s from Fig. 2.5 using different models for the initial
conditions in the hydrodynamic simulation and methods to extract the elliptic-flow coefficient
from experimental data. Note that 0.08 = 1/4π refers to the AdS/CFT benchmark.
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Figure 2.6.: Comparison between experimental results for the elliptic flow v2(pT) and hydrody-
namic simulations using non-constant parameterizations of η/s(T ) as shown in Fig. 2.7. See
the discussion in the text. Figure taken from [NDH+11]. We focus on the panels (d) to (f)
and do not discuss the particle production presented in the figure as well. For panel (f) no
LHC data is available so far, the 2015 upgrade will provide

√
sNN = 5.1 TeV rather than√

sNN = 5.5 TeV.

parameters when performing hydrodynamic simulations. As we will see in Section 2.3, the Kubo

formalism can be used to calculate the viscosity coefficients within a quantum field theory. The

Kubo formula for the shear viscosity is usually written in terms of the traceless part of the

energy-momentum tensor, the so-called viscous-stress tensor. It is defined by

πµν =

(
∆µρ∆νσ −

1

3
∆µν∆ρσ

)
T ρσ , (2.65)

from where it is easily seen that πµµ = 0 as a consequence of ∆µ
µ = 3 and ∆µα∆µ

β = ∆αβ.

In the Bjorken spacetime picture, relativistic hydrodynamics can be applied for τ > τ0 ≈ 1 fm,

cf. Fig. 2.4. Initial conditions for energy and entropy density, ε and s, respectively, need to be

calculated externally. There exist two main approaches: the Glauber model [MRSS07] and

the color-glass-condensate model [ILM01, FILM02, GIJMV10]. Apart from initial conditions,

also the equation of state, i.e. the relationship between energy density and pressure, needs to be

specified. In many applications one uses just the extreme case of an ideal gas, ε = 3P , neglecting

interaction corrections. Incorporating energy-momentum conservation, ∂µT
µν , and the second

law of thermodynamics, ∂µ(suµ) ≥ 0, hydrodynamic simulations can be performed providing

direct results for the flow coefficients vn defined in Eq. (2.51), cf. for instance [LR08, SJG11]. In

Fig. 2.5 the comparison between hydrodynamic simulations and elliptic-flow data from the STAR
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Figure 2.7.: Parameterized temperature dependence of the ratio η/s for hydrodynamical simu-
lations presented in Fig. 2.6. See the discussion in the text. Figure taken from [NDH+11].

experiment are shown. For the left panel initial conditions from the Glauber model have been

used, in the right panel the CGC model has been used resulting in different curves for v2(pT).

In addition, there are experimental uncertainties from the extraction method: the event-plane

method systematically results in smaller values for the elliptic flow compared to the estimates

where non-flow effects have been corrected. In conclusion, the extraction of a constant ratio η/s

suffers from large uncertainties as summarized in Table 2.4. However, the main observation of

a small ratio η/s = O(1/4π) is valid within these uncertainties.

As we have already discussed, the shear viscosity is not a constant but depends on temperature

and density (quark chemical potential). In Fig. 2.6 we show curves from [NDH+11], where results

from hydrodynamic simulations for v2{4}(pT) from four-particle correlations are compared to

data from the STAR [Tan08] and ALICE [A+10] experiment in panel (d) and (e), respectively.

There are four different parameterizations used for η/s(T ) shown in Fig. 2.7: a constant and

decreasing ratio in the low-T hadronic sector, LH and HH, respectively, combined with a constant

and rising ratio in the high-T quark sector, LQ and HQ, respectively. These parameterizations

have been motivated by the fact that the ratio η/s(T ) of a hadron gas decreases with increasing

temperature, cf. for instance our calculation of the shear viscosity of a hot pion gas [LKW12],

and references therein. In contrast, results from hard thermal loop calculations suggest a rising

ratio η/s(T ) in the high-T region, cf. [AMY00, AMY03] and the discussion of our final results in

Section 6.3. From Fig. 2.6(d) it can be seen that only the non-constant parameterizations of η/s

describe the STAR data points correctly. Switching between the LQ and HQ parameterization

does not affect the hydrodynamic results dramatically. It can be concluded that at RHIC

energies,
√
sNN = 200 GeV, the hydrodynamic simulations are almost insensitive to details of

the high-T region. This changes when approaching LHC energies as seen in panels (e) and (f)

with
√
sNN = 2.76 TeV and

√
sNN = 5.5 TeV, respectively. The ALICE data points indicate that

parameterizations with a non-constant ratio η/s in the high-T region is favored. In contrast to

panel (d), the sensitivity of the results from hydrodynamic simulations to switching between the

LH and HH parameterization is much less pronounced, especially in the low-pT region. However,

the overall conclusion of this discussion is the necessity for a field-theoretical calculation of

η/s(T ) instead of using simple parameterizations. The main goal of this thesis is the derivation

of thermal dependences of the ratio η/s calculated within a large-Nc NJL model.
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2.3. Kubo formalism

2.3.1. Transport coefficients from linear-response theory

For physical systems that are not in thermodynamic equilibrium there exist two main microscopic

approaches: kinetic theory and Kubo formalism. The first approach is based on the Boltzmann

equation which describes the (time) evolution of particle distribution functions. In the literature

one usually applies this formalism using certain approximation schemes where the relaxation-

time ansatz is the most common one. In Section 4.3 we will briefly introduce its main concepts

and discuss how this approximation compares to the Kubo formalism. In this formalism the

macroscopic coefficients of dissipative processes can be calculated within a given quantum-field

theory from retarded correlators. Later, in Chapter 4, we will evaluate these correlators within

the Nambu–Jona-Lasinio (NJL) model investigating their functional and numerical properties.

However in this section we first review how the Kubo formalism can be deduced from Zubarev’s

statistical operator [Zub74, HST84]. Our treatment is based on [Lan10, LKW12] where we have

already discussed this formalism in more detail. We start with introducing the four vector

Fµ = βsu
µ , (2.66)

where βs denotes the inverse proper temperature,

βs =
1

Ts
=
γ

T
, (2.67)

with the Lorentz factor γ =
(
1− v2

)−1/2
, and uµ being the four-velocity (2.62). In the reference

frame of the heat bath, v = 0, the proper temperature is just the standard temperature. In

a comoving frame one has Ts > T . We emphasize that, by construction, Fµ transforms under

Lorentz transformations indeed as a four-vector. Now we can introduce the statistical operator

in Schrödinger picture (i.e. ρ̇ = 0),

ρ(t) =
1

Q
exp

[
−A(t) +B(t)

]
, (2.68)

with Q = Tr exp
[
−A+B

]
ensuring that the statistical operator is normalized by Tr ρ(t) = 1.

We have decomposed the operator into the equilibrium part, A, and some part describing the

deviation from equilibrium, B:

A(t) =

ˆ
d3xFµ(t,x)T0µ(t,x) ,

B(t) =

ˆ
d3x

ˆ t

−∞
dt′ Tµν(t′,x)∂µF ν(t,x) .

(2.69)

We note that both these terms are Lorentz scalars and one realizes that A(t) = βH describing

the standard equilibrium part of the system, with H denotes its Hamiltonian. In the operator

B(t) the tensor ∂µF ν describes deviations from thermodynamic equilibrium. We call this tensor

dissipative force and assume that it is small enough, allowing for an expansion17 of the statistical

17For non-commutating operators A and B we use the Baker-Campbell-Hausdorff formula,

e−A+B = e−A
(

1 +

ˆ 1

0

dξ eAξBe−Aξ +O(B2)

)
,

and apply it to both the numerator and denominator of ρ.

28



2.3. Kubo formalism

operator for 〈A〉 � 〈B〉:

ρ =

(
1 +

ˆ 1

0
dξ eAξBe−Aξ − 〈B〉0

)
ρ0 , (2.70)

where 〈 · 〉 = Tr (ρ · ) and 〈 · 〉0 = Tr (ρ0 · ) denote the thermal expectation value with respect to

the full statistical operator ρ and equilibrium statistical operator ρ0 = ρ|B=0, respectively. As

the detailed calculations in [HST84] and [Lan10] show, one can extract the Kubo formula for

the shear viscosity from the linear response of the energy-momentum tensor to the dissipative

force:

η(ω; t,x) =
β

10

ˆ ∞
t

dt′ eiωt′
ˆ

d3x′
(
πµν(t′,x′), πµν(t,x)

)
, (2.71)

where the viscous-stress tensor πµν denotes the traceless part of the energy momentum tensor,

defined in Eq. (2.65). We have introduced the correlator (· , ·) in the integrand of Eq. (2.71) by

(X(t), Y (t′)) =
1

β

ˆ β

0
dξ 〈X(t)

[
e−ξHY (t′)eξH − 〈Y (t′)〉0

]
〉0 , (2.72)

where its structure is induced by the expanded statistical operator in Eq. (2.70). We note that

due to the conjugation operation known from the Heisenberg picture of operators one has in the

Matsubara formalism with imaginary time:

e−βHX(t)eβH = X(t+ iβ) . (2.73)

This implies 〈X(t)Y (t′+ iβ)〉0 = 〈Y (t′)X(t)〉0 and shows that this correlator is symmetric in its

arguments:

(X(t), Y (t′)) = (Y (t′), X(t)) . (2.74)

One can prove this identity by a small and straightforward calculation.

2.3.2. Ladder-diagram resummation in the Kubo formalism

The Kubo formula (2.71) for the shear viscosity results from linear-response theory and needs

to be evaluated for a given Lagrangian. We have done this in a toy model (λφ4 theory) and

for a hot pion gas within the framework of chiral perturbation theory [Lan10, LKW12]. The

so-called skeleton expansion was used, i.e. we have expanded the four-point correlator η(ω; t,x)

in Feynman diagrams including full propagators only. It has been known that

“. . . diagrammatic evaluation of transport coefficients is a remarkably inefficient ap-

proach. An infinite set of rather complicated diagrams must be summed, merely to

obtain the leading weak coupling behavior.” [JY96]

In this section we report how the divergent infrared behavior of the shear viscosity leads to

the necessity of ladder-diagram resummation, even when dealing with a simple toy model like

λφ4 theory. This formalism is described in great detail in [Jeo95] and its connection to the

kinetic approach for evaluating transport coefficients is investigated in [JY96]. Already at this

stage we emphasize the main point of this analysis relevant for our purposes: ladder-diagram

resummation is necessary when evaluating the shear viscosity in some weak-coupling limit. In

the case of the NJL model (cf. Section 4.1) the corresponding ladder-diagrams are subleading in

a large-Nc expansion. In addition, an explicit numerical check of the non-perturbative nature of

the NJL model is performed in Section 4.2.4. Compare this also to the discussion in Section 4.3.
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(a) One-loop diagram (b) One-rung ladder diagram

Figure 2.8.: Skeleton diagrams for the diagrammatic evaluation of shear viscosity in a weakly
coupled λφ4 theory. The dashed double lines denote fully dressed Bose propagators.

We follow now the arguments of Jeon and Yaffe and consider the toy model

L =
1

2
(∂µφ) (∂µφ)− 1

2
m2

0φ
2 − λφ4 . (2.75)

Assuming a weak coupling λ � 1, the naive expectation for the leading-order contribution to

the shear viscosity would be described by a one-loop skeleton diagram shown in Fig. 2.8(a)

[HST84, Jeo93]. Doing so, one finds

η ∼ 1

Γ
∼ 1

λ2
, (2.76)

where Γ denotes the spectral width of the fully dressed boson. This shows that η becomes

large when the coupling parameter is small, leading to a divergent viscosity in the limit of a

free quantum gas. There, the mean free time, τ ∼ 1/Γ, diverges. The divergence originates

from pinched poles arising from the fully dressed boson propagator, p0 = ±E ± iΓ, where

E =
√
p2 +m2 denotes the on-shell energy of the dressed boson. There are always two poles

separated from each other by 2iΓ in the positive and negative imaginary half plane, respectively.

It is convenient to express the (dressed) propagators in spectral representation18, so it becomes

apparent from the frequency integral19 that in the weak-coupling limit this pole structure leads

to the scaling η ∼ 1/Γ.

Still following the arguments by Jeon and Yaffe we now consider also ladder diagrams with

n additional rungs compared to the one-loop diagram, cf. Fig 2.8(b) where the case n = 1 is

shown. Naively, this skeleton diagram is suppressed because of the appearance of two additional

coupling constants λ2. In fact, when evaluating the shear viscosity, things are more involved.

It turns out that only the imaginary part of the skeleton diagrams actually contributes to the

shear viscosity which means that one has to cut the diagrams. For the ladder-diagram of order

n this means that there are n factors of the mean-free time τ ∼ 1/Γ, because such a cut diagram

can be interpreted as a n-particle exchange 2 → 2 scattering process [Jeo95]. At leading order

one has Γ ∼ λ2, and one can conclude that all ladder diagrams contribute at the same order as

the one-loop skeleton diagram shown in Fig 2.8(a):

(
λ2
)n · τn ∼ λ2n · 1

Γn
∼ 1 . (2.77)

As a consequence, an infinite set of ladder diagrams must be summed in order to arrive at the

full leading-order result of the weakly-coupled toy model. Without going into technical details

18Details of the spectral representation are discussed in the Appendix A.3.
19In practice, this integration is carried out using residual calculus, so the integral transforms to a sum over

residues which is then expanded in the weak-coupling limit.

30



2.3. Kubo formalism

of how such a resummation can be performed, we want to state Jeon’s’ final result [Jeo95]:

η = a
T 3

λ2

[
1 +O(

√
λ) +O(

m

T
)
]
, (2.78)

with aresum = 3040 a purely numerical dimensionless number. Ignoring the resummation does

not change the functional shape of η(T ), but its coefficient is underestimated by roughly a factor

of four: a1−loop = 733.

As also highlighted by Jeon and Yaffe, the importance of the resummed ladder diagrams

becomes even more evident when realizing that the resummed expression for the shear viscosity

just coincides with the result from kinetic theory. We will discuss this approach using the

Boltzmann equation later in more detail in Section 4.3. The central assumption when applying

kinetic theory for the description of (relativistic) fluids is that the collision time is much smaller

than to the mean free time between two collisions. This condition is fulfilled in a weakly coupled

theory. The non-perturbative NJL model does not meet this condition, cf. Section 4.2.4. This

makes us omitting ladder-diagram resummation in our calculations.

We conclude this section with giving a brief analogy between shear viscosity and the electrical

resistance of a circuit. Consider a physical system where several dissipative processes operate,

e.g. by having different coupling constants or different types of Yukawa interactions. Each

process induces a spectral width, Γi, which defines a corresponding shear viscosity ηi ∼ 1/Γi,

where we work again in the weak-coupling limit. The full spectral width Γ = Γ1 + Γ2 + . . . can

be written as simple sum of the individual widths, assuming the processes to be independent.

From this, the full shear viscosity which is related to the entire fluid calculates as

η =
(
η−1

1 + η−1
2 + . . .

)−1
. (2.79)

From this one can see that the shear viscosity behaves as the resistances in a parallel circuit and

the individual spectral widths can be interpreted as electric current. With N equal but indepen-

dent dissipative processes the resulting shear viscosity becomes η = η0/N , i.e. it decreases with

increasing multiplicity. This scaling property is useful for constructing field-theoretical models

which violate the AdS/CFT benchmark as discussed previously in Section 2.1.3.
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3. The Nambu–Jona-Lasinio model

“Nowadays, the principle of spontaneous symmetry breaking is the key concept in

understanding why the world is so complex as it is, in spite of the many symmetry

properties in the basic laws that are supposed to govern it. The basic laws are very

simple, yet this world is not boring; that is, I think, an ideal combination.”[Nam08]

Yoichiro Nambu, Nobel Presentation Ceremony 2008

Originally, the Nambu–Jona-Lasinio (NJL) model has been introduced in 1961 by Y. Nambu and

G. Jona-Lasinio in order to explain the nucleon mass [NJL61a, NJL61b]. The title “Dynamical

model of elementary particles based on an analogy with superconductivity” already displays

a mechanism for mass generation: in analogy to the Bardeen-Cooper-Schrieffer (BCS) theory

of superconductivity, non-perturbative self-energy processes lead to a finite mass described by

so-called gap equations. Nambu was awarded the Nobel Prize 2008 “for the discovery of the

mechanism of spontaneous broken symmetry in subatomic physics”. The former and recent

success of the NJL model is based on the appearance of spontaneous chiral symmetry breaking

in this model.

Nowadays, QCD as part of the Standard Model is accepted as the fundamental theory of

the strong interaction. In this context the NJL model is reinterpreted as a dynamical model of

quarks and their composites: mesons [KLVW90a, KLVW90b] and baryons [IBY93, Ish98]. For

reviews of the NJL model we refer to the literature [VW91, Kle92, HK94, Bub05]. The NJL

model is a purely fermionic theory where all gluonic degrees of freedom have been integrated

out. Nevertheless, as we will discuss in detail and employ intensely, the color symmetry of QCD

affects the structure of the NJL model by scaling properties of the coupling constants. In fact

the original local color gauge symmetry of QCD is replaced by a global color symmetry in the

NJL model.

3.1. General Nf , Nc-NJL Lagrangian in the chiral limit

To construct the NJL Lagrangian as a model for QCD we start with its fundamental color

currents Jaµ = ψ̄γµT
aψ, where T a (a = 1, . . . , N2

c − 1) are the generators20 of SU(Nc). In the

NJL model the gluonic degrees of freedom are integrated out. The interaction between quarks

becomes local:

Lcc = −Gc(ψ̄γµT
aψ)2 , (3.1)

with some dimensionful, effective coupling strength Gc containing all the gluon dynamics. The

first step towards the NJL Lagrangian is a general channel analysis of color-color currents. As

usual we assume the quarks to be realized in the fundamental representation F. There are two

different product representations:

F⊗ F̄ = 1⊕A , and F⊗ F = rs ⊕ r̄a , (3.2)

20In Appendix A.1 we briefly review the most important properties of the Lie group SU(N).
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3. The Nambu–Jona-Lasinio model

where the physical case reads

3⊗ 3̄ = 1⊕ 8 , and 3⊗ 3 = 6s ⊕ 3̄a . (3.3)

It is well-known that the gluon-exchange interaction in the color-singlet channel is attractive,

whereas it is repulsive in the octet channel. In the following we discuss general Nc-structure of

the relevant interactions. The quark-antiquark current decomposes as

F⊗ F̄ = ⊗


(Nc−1) = · ⊕ (Nc−1)


, (3.4)

with dimensions dim(1) = 1 and dim(A) = N2
c − 1. From the Young tableau of the adjoint

representation it follows that this representation is always real: Ā = A. The decomposition of

the quark-quark current reads

F⊗ F = ⊗ = ⊕ , (3.5)

with dimensions dim(rs) = Nc(Nc+1)
2 and dim(ra) = Nc(Nc−1)

2 . Directly from the Young tableaux

we find criteria for Casimir operators to be fulfilled in our general treatment:

1. The totally antisymmetric representation is the anti-fundamental one for the physical case

Nc = 3, i.e. r̄a|Nc=3 = F̄.

2. The totally antisymmetric representation is the trivial one for Nc = 2, i.e. r̄a|Nc=2 = 1.

3. The totally symmetric representation is the adjoint one for Nc = 2, i.e. rs|Nc=2 = A.

These properties provide a consistency check for the representation-dependent Casimir operators

C2(r) summarized in Table 3.1.

Apart from the two SU(Nc) representations in Eq. (3.2) there is a third one, generated by two

antiquarks: F̄⊗ F̄. We expect for its decomposition in irreducible terms just r̄s⊕ ra. Indeed, we

find in terms of Young tableaux:

F̄⊗ F̄ =


(Nc − 1) ⊕

 (Nc − 2) = ra ⊕ r̄s . (3.6)

We also verify their dimensions using the so-called hook-length formula:21

dim




(Nc − 1)

 =
Nc!

(Nc+1)!
2

(Nc − 1)! Nc!
=
Nc(Nc + 1)

2
= dim(rs) , (3.7)

21This and more details about Young tableaux can be found in standard textbooks, e.g. [FH91].
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r 1 F F̄ rs r̄a A

Young tableau · N−1


N−1


n = dim(r) 1 N N N(N+1)

2
N(N−1)

2 N2 − 1

C(r) 0 1
2

1
2

N+2
2

N−2
2 N

C2(r) 0 N2−1
2N

N2−1
2N

(N+2)(N−1)
N

(N+1)(N−2)
N N

C2(r)|N=2 0 3
4

3
4 2 0 2

C2(r)|N=3 0 4
3

4
3

10
3

4
3 3

Table 3.1.: Relevant irreducible representations of SU(N) with their dimensions and Casimir
operators. For the values of C2(rs) and C2(r̄a) discussed in the text we refer to [Kob73], the
rest can be found or easily calculated from standard textbooks.

and also for r̄s:

dim


 (Nc − 2)

 =
Nc!
2

(Nc − 2)!
=
Nc(Nc − 1)

2
= dim(r̄a) . (3.8)

In order to derive the general matrix elements of color-color currents we need to prepare all

Casimir operators. C2(1), C2(F), C2(F̄) and C2(A) can be found in standard textbooks, e.g.

[Gre05, FH91]. For the Casimirs of the totally (anti)symmetric representations we start with a

more general result from [Kob73] where the Casimir operators of order p of U(Nc) and SU(Nc)

groups are discussed. It is found that

C̄(p)
α (h) = h(Nc − α)(Nc + αh)

(Nc − α)p−1(Nc + αh)p−1 − (−h)p−1

Np
c (Nc + αh− α)

, (3.9)

where C̄ displays that this result refers to the SU(Nc) case. The symmetric and antisymmetric

representations are denoted by α = +1 and α = −1, respectively. For our purpose we need the

second-order Casimir, p = 2, with 2C2 = C̄
(2)
α . For h = 1 we find

C̄(2)
α (1) = (Nc − α)(Nc + α)

(Nc − α)(Nc + α) + 1

N3
c

=
Nc − 1

Nc
, (3.10)

which is indeed independent of α ∈ {−1, 1}. We identify here twice the quadratic Casimir of

the fundamental and anti-fundamental representation. It remains true for a general p that the

Casimir evaluated at h = 1 is independent of α. For h = 2 the expressions for the symmetric
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3. The Nambu–Jona-Lasinio model

and antisymmetric representation are found:

C̄
(2)
1 (2) =

2(Nc + 2)(Nc − 1)

Nc
= 2C2(rs) ,

C̄
(2)
−1 (2) =

2(Nc + 1)(Nc − 2)

Nc
= 2C2(r̄a) .

(3.11)

Let now C2(1, 2) denote the quadratic Casimir operator of an irreducible component in a product

representation r1 ⊗ r2 with Casimirs C2(1) and C2(2), respectively. With n = dim(r) and

Ta(i)Ta(i) = C2(i)1n×n ,
(
Ta(i) + Ta(j)

)2
= C2(i, j)1n×n , (3.12)

we find

〈Ta(1) · Ta(2)〉 =
1

2

(
C2(1, 2)− C2(1)− C2(2)

)
. (3.13)

Using the Casimirs listed in Table 3.1 the matrix elements for the color-color currents are

summarized in Table 3.2 for an arbitrary number of colors Nc ≥ 1. As an example we derive for

the color-singlet case:

C2(1) = C2(2) = C2(F) =
N2

c − 1

2Nc
, (3.14)

and C2(1, 2) = C2(1) = 0. We therefore find

〈1〉 = 〈Ta(1) · Ta(2)〉 =
N2

c − 1

2Nc
=

1

2

(
1

Nc
−Nc

)
, (3.15)

which is half the matrix element given in Table 3.2. We conclude from this table that in the

large-Nc limit the attractive color-singlet channel, 1, becomes dominant, whereas the repulsive

adjoint channel, A, becomes negligible. The r̄a channel is attractive as well, but bounded in its

strength. Only the rs channel stays repulsive for all Nc ≥ 1. In the whole thesis we will therefore

consider, on the level of the Lagrangian, quark-antiquark currents in the color-singlet channel

only. This approach becomes exact if Nc →∞.

The next steps for constructing the NJL Lagrangian are based on the set A of Noether currents

induced by the (classical) symmetry pattern of QCD in its chiral limit:

C × P × T × SU(Nc)× SU(Nf)L × SU(Nf)R ×U(1)V ×U(1)A . (3.16)

Besides the discrete C × P × T symmetries there remains a SU(Nc) color symmetry which

becomes global after integrating out all gluonic degrees of freedom resulting in effective four-

channel 1 A rs r̄a

matrix element
1

Nc
−Nc

1

Nc
1− 1

Nc
−
(

1 +
1

Nc

)
range for Nc ≥ 1 (−∞, 0] (0, 1] [0, 1) [−2,−1)

physical value Nc = 3 −8
3

1
3

2
3 −4

3

large-Nc limit −Nc 0 1 −1

Table 3.2.: Matrix elements for SU(Nc) color-color currents in their four different channels
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fermion vertices. The most general four-fermion vertex which is the square of some bilinear

ψ̄Γψ. It can be built from six different combinations of vector and axialvector currents [BJM87,

BJM88, KLVW90a]:

A = {V 2 ±A2, V 2
f +A2

f , V
2

c ±A2
c , V

2
cf +A2

cf} , (3.17)

where the indices refer to flavor and color space, e.g. A2
cf = (ψ̄λc

jλ
f
iγµγ5ψ)2. These local NJL

interactions do not distinguish any more between direct and exchange terms present in QCD.

In order to model both types of interaction terms one applies the Fierz transformation to this

effective vertex as we discuss in the following.

Let Γ ∈ Dirac ⊗ Flavor ⊗ Color describe a general QCD current, e.g. the current Acf from

Eq. (3.17) corresponds to Γ = λc
jλ

f
iγµγ5. Then the Fierz transformation F of the (direct) vertex

(ψ̄Γψ)2 is defined as crossing operation that exchanges the outgoing quarks:

F
(
ψ̄bψaψ̄dψc

∑
k

ΓkbaΓ
k
dc

)
=− ψ̄bψaψ̄dψc

∑
k

ΓkbcΓ
k
da =

=− ψbψaψdψc
∑
k,m

ckmΓmbaΓ
m
dc .

(3.18)

In the second equation we just have rewritten the vertex in the original basis introducing the

Fierz coefficients ckm. For our purpose we need these coefficients in Dirac space (in particular in

four dimensions) and in SU(N) related to flavor and color space. Assuming a basis {Γk}k=1,...,N2

with the normalization tr(ΓkΓl) = Nδkl, multiplication of the last equation in (3.18) with ΓlcdΓ
l
ab

leads to

ckl =
1

N2
tr
(

ΓkΓlΓkΓl
)
. (3.19)

From this it is evident that the transformation matrix is symmetric: ckl = clk. Furthermore, by

its definition the Fierz transformation is an involution, i.e. F2 = id. Usually one defines the

Fierz-invariant vertex as
FL4 =

1

2

(
L4 + F(L4)

)
, (3.20)

which ensures that an already Fierz-invariant Lagrangian is not modified when applying a Fierz

transformation F .

We need to discuss in more detail the four-dimensional Dirac space: A basis {Γk}k=1,...,16 of

Dirac structures satisfying tr
(
ΓkΓl

)
= 4δkl is given by

{Γk}k = {1, γ5, γ0, iγi, iγ0γ5, γiγ5, iσ
0i, σij} , (3.21)

where σµν contains six tensor terms and is defined as usual σµν = i
2 [γµ, γν ] [PS95]. The Fierz

coefficients in Dirac space can be summarized in
(1)ij(1)kl

(iγ5)ij(iγ5)kl

(γµ)ij(γµ)kl

(γµγ5)ij(γµγ5)kl

(σµν)ij(σµν)kl

 =


1/4 −1/4 1/4 −1/4 1/8

− 1/4 1/4 1/4 −1/4 −1/8

1 1 −1/2 −1/2 0

− 1 −1 −1/2 −1/2 0

3 −3 0 0 −1/2




(1)il(1)kj

(iγ5)il(iγ5)kj

(γµ)il(γµ)kj

(γµγ5)il(γµγ5)kj

(σµν)il(σµν)kj

 ,

(3.22)
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where vector, axialvector and tensor contributions have been rearranged for convenience22. We

proceed with discussing in more detail the Fierz transformation in SU(N) space also: Let λa,

a = 1, . . . , N2 − 1, denote the infinitesimal generators of SU(N) in its fundamental representa-

tion. With the definition T̃a =
√
N/2λa the set {Γk}k = {1, T̃a} is a basis of SU(N) satisfying

tr(ΓkΓl) = Nδkl, cf. Table (A.1) in the Appendix. In this basis the Fierz coefficients read (1)ij(1)kl

(T̃a)ij(T̃a)kl

 =

 1/N 1/N

(N2 − 1)/N −1/N

 (1)il(1)kj

(T̃a)il(T̃a)kj

 . (3.23)

As in Dirac space also for SU(N) the determinant of the Fierz transformation is −1, independent

of N . Using the generators λa instead of T̃a yields the commonly used Fierz coefficients: (1)ij(1)kl

(λa)ij(λa)kl

 =

 1/N 1/2

2(N2 − 1)/N2 −1/N

 (1)il(1)kj

(λa)il(λa)kj

 . (3.24)

We want to remark the following: The set A of currents in Eq. (3.17) has been found restricting

the four-fermion vertex to be the square of some bilinear. Mathematically we could also allow

for a four vertex which is just the product of two bilinears, ψ̄Γkψ and ψ̄Γlψ. This most general

form violates Lorentz invariance and is therefore not suited to describe physics in terms of a

relativistic quantum field theory. However, in this general case the Fierz crossing operation is

described by the coefficients cklmn:

F
(
ψ̄bψaψ̄dψc

∑
k,l

ΓkbaΓ
l
dc

)
= −ψ̄bψaψ̄dψc

∑
k

ΓkbcΓ
l
da = −ψbψaψdψc

∑
k,l,m,n

cklmnΓmbaΓ
n
dc . (3.25)

For a basis {Γk}k=1,...,N2 , again with the normalization tr(ΓkΓl) = Nδkl, these coefficients read

cklmn =
1

N2
tr(ΓmΓkΓnΓl) . (3.26)

For l = k and n = m they reduce to the physical Fierz coefficient ckm used in the NJL model.

22Note that we have shortened the resulting 16×16 matrix (with determinant −1) by summing over the Dirac
indices, e.g. (γµ)ij(γµ)kl. Actually, this entry is again a vector:

(γ0)(γ0)

(γ1)(γ1)

(γ2)(γ2)

(γ3)(γ3)


(ij)(kl)

=
1

4
14×4(1)il(1)kj +

1

4
14×4(iγ5)il(iγ5)kj+

+
1

4


1 −1 −1 −1

− 1 1 −1 −1

− 1 −1 1 −1

− 1 −1 −1 1




(γ0)(γ0) + (γ0γ5)(γ0γ5)

(γ1)(γ1) + (γ1γ5)(γ1γ5)

(γ2)(γ2) + (γ2γ5)(γ2γ5)

(γ3)(γ3) + (γ3γ5)(γ3γ5)


(il)(kj)

+

+


− 1 −1 −1 1 1 1

− 1 1 1 −1 −1 1

1 −1 1 −1 1 −1

1 1 −1 1 −1 −1





(σ01)(σ01)

(σ02)(σ02)

(σ03)(σ03)

(σ12)(σ12)

(σ13)(σ13)

(σ23)(σ23)


(il)(kj)

.

The sum over these vector components gives rise to the coefficient line (1, 1,−1/2,−1/2, 0) in Eq. (3.22).
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Applying the Fierz transformation to the currents A in Eq. (3.17) lead to the following four-

fermion vertex, where due to the previous large-Nc discussion only the color-singlet channel is

considered explicitly:

FL4 =
G1

4

N2
f −1∑
i=0

[
(ψ̄λiψ)2 + (ψ̄λiiγ5ψ)2

]
− G2

4

N2
f −1∑
i=0

[
(ψ̄λiγµψ)2 + (ψ̄λiγµγ5ψ)2

]
− G3

4
(ψ̄λ0γµψ)2 − G4

4
(ψ̄λ0γµγ5ψ)2 + Lcolor adjoint .

(3.27)

The Fierz transformation in Dirac space (3.22) induces the relative sign between the G1 and

G2 terms. The previously used symmetry arguments imply that these two coupling constants

are not independent: G1 = 2G2. Since the chiral symmetry holds approximatively only, this

restriction is eased resulting in two independent couplings whose ratio G1/G2 is close to 2.

The Fierz transformation in flavor space gives rise to flavor-singlet vector and axialvector terms

which are separated with independent coupling G3 and G4. In contrast, corresponding terms for

the scalar and pseudoscalar channel do not feature the designated symmetry separately, hence

these terms are already covered by the G1 term.

Inspecting the four-fermion vertex L4 one observes an unwanted U(1)A symmetry. On the

level of QCD this symmetry is broken by quantum effects (the axial anomaly). Following the

general arguments [KKM71, tH76], there is a unique structure which removes the axial symmetry

but preserves the chiral symmetry, namely a totally antisymmetric flavor term:

L2Nf
∼ det

ij

[
ψ̄i(1 + γ5)ψj

]
+ det

ij

[
ψ̄i(1− γ5)ψj

]
, (3.28)

where the determinant refers to flavor space only. For Nf flavors this generates a 2Nf -vertex

which has Nf !−1 possible crossing terms for the Fierz transformation, cf. Fig. 3.1. By construc-

tion the ’t Hooft interaction is antisymmetric in flavor space. Hence the Fierz transformation

has to be performed only in Dirac and color space. The generalized Fierz transformation for an

fermionic 2Nf -vertex is straightforward:

F
(
Nf∏
i=1

ψ̄aiψbiΓ
k
aibi

)
=

∑
π∈S(Nf)/{id}

sgn(π)

Nf∏
i=1

ψ̄aiψbπ(i)
Γkaibπ(i)

. (3.29)

From this the Fierz-invariant vertex is defined as

FL2Nf
=

1

Nf !

(
L2Nf

+ F(L2Nf
)
)
. (3.30)

1
Nf

1 Nf

det

Figure 3.1.: ’t Hooft determinant as effective 2Nf -vertex
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We briefly summarize our general discussion: based on the (approximate) symmetry patterns

of QCD the NJL model introduces first the most general four-fermion interaction (square of

bilinears) which is consistent with these symmetries. In this vertex all gluonic degrees of freedom

have been integrated out. Therefore one applies the Fierz transformation (in Dirac, flavor and

color space) in order to include both, direct and exchange terms. Inspecting the Nc-dependences

of matrix elements in different channels, the color-singlet channel turns out to be the dominant

one in the large-Nc limit. The so constructed four-vertex features an unwanted axial symmetry

in the flavor sector, hence the ’t Hooft determinant, a 2Nf -vertex, is introduced in order to

remove this symmetry. In total we have:

LNJL = Lkin + FLint = Lkin + FL4 + FL2Nf
. (3.31)

For Nf = 2 the ’t Hooft interaction is also a four-vertex. In this case, the NJL Lagrangian can

be rearranged to recover the original historical Lagrangian shown in Eq. (3.41).

We complete this section with a very brief look at coupled channels in Dirac space. Later,

when discussing the Bethe-Salpeter equation in order to describe mesonic modes within the NJL

model, we need to calculate scattering kernels for different Dirac channels, cf. Eq. (3.91). The

scattering matrix T contains a pure Dirac part, DM(Γ,Γ′), additionally to the structure in flavor

and (trivial) color space:

T = −ΓMDM(Γ,Γ′)Γ′M . (3.32)

As summarized in Table 3.3, DM involves also coupled channels. Since we restrict ourselves

to the two-flavor NJL model with scalar and pseudoscalar interaction only, the corresponding

submatrix is diagonal in X. For instance, introducing also vector and axialvector interactions,

this implies a coupled P-A channel. Tensor interactions described by σµν are not introduced

into the NJL model by applying the Fierz transformation to the underlying color-color vector

current as seen from Eq. (3.22). However, their presence would lead to coupled-channel effects

with the vector and axialvector currents.

S P V A T

S X × X × ×

P × X × X ×

V X × X × X

A × X × X X

T × × X X X

Table 3.3.: Coupled-channel analysis in Dirac space: the X denotes the presence of couplings
between scalar (S), pseudoscalar (P), vector (V), axialvector (A), or tensor (T) channel, the
× denotes that no coupling appears.
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3.2. The two-flavor NJL model

The NJL Lagrangian for two flavors contains scalar-interaction and vector-interaction terms only

but no anomalous terms from a tensor interaction, σµνσµν , as it can be seen from Eq. (3.22):

L2f
int =

GS

4

3∑
i=0

[
(ψ̄τiψ)2 + (ψ̄iγ5τiψ)2

]
− GV

4

3∑
i=0

[
(ψ̄γµτiψ)2 +

GA

GV
(ψ̄γ5γµτiψ)2

]
(3.33)

In the special case of the color current-current interaction (3.1), the Fierz transformed interaction

has only one free coupling parameter: GS = 2GV = 2GA. Instead of the full vector interaction,

a reduced vector interaction is frequently used [Fuk08b, Fuk08a, ZK09]:

L̃V = −GV

2
(ψ̄γµψ)2 . (3.34)

This simplification can be justified a posteriori since it has only small impact on the results.

However, as it is demonstrated in [Fuk08b, BHW13] the (full) vector interaction has crucial

impacts on the NJL thermodynamics and the resulting phase diagram: both the existence and

location of a critical end point (CEP) of the chiral transition are strongly sensitive to the value

of GV. Some more details will be discussed later in Section 3.4.

In the following we use the two-flavors NJL Lagrangian with scalar and pseudoscalar inter-

action terms only, but with the additional ’t Hooft determinant which removes the unwanted

U(1)A symmetry from the Lagrangian. In Euclidean spacetime it reads

L2f
NJL = ψ̄

(
−i/∂E +m0

)
ψ − G

2

[
(ψ̄ψ)2 + (ψ̄iγ5τψ)2

]
, (3.35)

with the Euclidean γ matrices γµE = γE,µ for µ ∈ {1, 2, 3, 4} in Weyl (chiral) representation:

γ0 = γ0 =

(
0 1

1 0

)
, γi =

(
0 σi
−σi 0

)
, γ4 = iγ0, γ5 =

( −1 0

0 1

)
. (3.36)

One has {γµE, γνE} = −2δµν and the slash notation defined by

/aE = γµEaµ = γ4a4 + γ · a . (3.37)

The Dirac part can be rewritten in Minkowski space,(
−i/∂E +m0

)
ψ = − (iγ4∂4 + iγ ·∇−m0)ψ =

= −
(
iγ0∂0 + iγi∂i − m0

)
ψ = −

(
i/∂ −m0

)
ψ ,

(3.38)

where we have used ∂4 = −i∂0 and

∂µ =

(
∂

∂t
,∇
)T

, ∂µ =

(
∂

∂t
,−∇

)T

. (3.39)

The two-flavor NJL Lagrangian reads in Minkowski space:

L2f
NJL = ψ̄

(
i/∂ −m0

)
ψ +

G

2

[
(ψ̄ψ)2 + (ψ̄iγ5τψ)2

]
. (3.40)

This is the original version of the NJL Lagrangian as stated in [NJL61a]. In fact, it matches the
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3. The Nambu–Jona-Lasinio model

form of the general NJL vertex we concluded in Eq. (3.31) including the ’t Hoof determinant:

G

2

[
(ψ̄ψ)2 + (ψ̄iγ5τψ)2

]
=

=
G

4

3∑
i=0

[
(ψ̄τiψ)2 + (ψ̄iγ5τiψ)2

]
+
G

2

[
det
jk

(ψ̄j(1 + γ5)ψk) + det(ψ̄j(1− γ5)ψk)

]
,

(3.41)

where on introduces additionally to the three flavor matrices also τ0 = 1. In the second line one

sums for τ 2 over the three components i = 1, 2, 3 only. To be very precise, we write down at

this point the two-flavor ’t Hooft determinant explicitly for ψ = (u, d)T:

det(ψ̄(1± γ5)ψ) = ū(1± γ5)ud̄(1± γ5)d− d̄(1± γ5)uū(1± γ5)d =

= ūud̄d± (ūγ5ud̄d+ ūud̄γ5d)− d̄uūd∓ (d̄γ5uūd+ d̄uūγ5d)+

+ ūγ5ud̄γ5d− d̄γ5uūγ5d .

(3.42)

Therefore one finds for the sum of the two determinants

det(ψ̄(1 + γ5)ψ) + det(ψ̄(1− γ5)ψ) = 2(ūud̄d− ūdd̄u) + 2(ūγ5ud̄γ5d− d̄γ5uūγ5d) , (3.43)

and a direct comparison of the coefficients of 1 and γ5 confirm the identity (3.41). Apart from

the discrete symmetries C, P and T , the symmetry group of the two-flavor NJL model (3.40)

reads in the chiral limit, m0 = 0,

SU(2)L × SU(2)R ×U(1)V , (3.44)

where the first two terms denote the chiral symmetry. In the NJL model the axial symmetry,

U(1)A, which is anomalous in QCD, is broken explicitly by the ’t Hooft determinant (3.28).

However, the primary four-fermion vertex,

N2
f−1∑
j=0

[
(ψ̄Tjψ)2 + (ψ̄iγ5Tjψ)2

]
, (3.45)

is U(1)A symmetric, which can be shown using e2iγ5α = cos(2α) + iγ5 sin(2α):[
(ψ̄Tjψ)2 + (ψ̄iγ5Tjψ)2

]
7→
[
(ψ̄Tje

2iγ5αψ)2 + (ψ̄iγ5e
2iγ5αTjψ)2

]
=

=
[
ψ̄Tj(cos(2α) + iγ5 sin(2α))ψ

]2
+
[
ψ̄Tj(iγ5 cos(2α)− sin(2α))ψ

]2
=

=
[
(ψ̄Tjψ)2 + (ψ̄iγ5Tjψ)2

]
.

(3.46)

As already stated in the introduction to this chapter, the feature of spontaneous symmetry

breaking is the central property of the NJL model. It appears when the coupling parameter G

of the two-flavor NJL model (3.40) is sufficiently large. Linearizing the interaction term in the

Lagrangian introduces a dynamical quark mass. In Minkowski space one has:

L2f,lin = ψ̄
(
i/∂ −m0

)
ψ +G

[
(ψ̄ψ)〈ψ̄ψ〉+ (ψ̄iγ5τψ) 〈ψ̄iγ5τψ〉︸ ︷︷ ︸

=0

]
. (3.47)

Only the scalar condensate 〈ψ̄ψ〉 6= 0 can have a non-vanishing vacuum expectation value, the

pseudoscalar condensate 〈ψ̄iγ5τψ〉 = 0 must vanish due to the parity symmetry of the (QCD)

vacuum. This argument remains true even in an isotropic medium with T, µ 6= 0. Only for

scenarios where isospin-symmetry breaking takes place, µI = µu − µd 6= 0, a non-vanishing pion
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condensate can form. Anisotropic-medium effects could also induce a non-vanishing pseudoscalar

condensate. In this thesis we do not consider such possibilities.

From the linearized Lagrangian (3.47) the effective constituent-quark mass can be extracted:

m = m0 −G〈ψ̄ψ〉 . (3.48)

This equation is the so-called gap equation (for two flavors), a terminology adapted from the

BCS theory of superconductivity. In the chiral limit the constituent-quark mass is just the chiral

condensate23:

〈ψ̄ψ〉 = 〈ūu〉+ 〈d̄d〉+ . . . = −iNf trGF
M(0) , (3.49)

where the trace over the closed quark propagator refers to momentum space and also to Dirac

and color space24. It is defined as

GF
M(0) = −i lim

y→x+
〈Ω|T ψ(x)ψ̄(y)|Ω〉 , (3.50)

with the time-ordering symbol T and the non-perturbative vacuum |Ω〉. The momentum integral

for (3.49) needs to be regularized which is usually done by a three-momentum cutoff or some

Euclidean covariant cutoff. The cutoff Λ ≈ 4πfπ ≈ 1 GeV should be of the order of the

chiral scale. We carry out the convergent p0 integral using residue calculus. Besides the chiral

condensate 〈ψ̄ψ〉 we have also introduced the condensates individually for each quark flavor 〈q̄q〉,
which are defined in the isospin limit as 〈ψ̄ψ〉 = Nf〈q̄q〉. Therefore we have

〈q̄q〉 = −i tr

ˆ
d4p

(2π)4

1

/p−m+ iε
= −iNc

ˆ
dp0

2π

ˆ
d3p

(2π)3

4m

p2
0 − (p2 +m2 − iε)

=

Res
= −Nc

ˆ
d3p

(2π)3

2m√
p2 +m2

= −mNc

2π2

(
Λ
√
m2 + Λ2 −m2 Arsinh

(
Λ

m

))
.

(3.51)

The chiral condensate is always negative and diverges quadratically when the cutoff Λ becomes

large. Therefore, one can conclude from (3.48) that m ≥ m0 and arrives at the self-consistent

gap equation which needs to be solved for the dynamical constituent-quark mass m:

m−m0

m
=
GNc

π2

(
Λ
√
m2 + Λ2 −m2 Arsinh

(
Λ

m

))
. (3.52)

For m0 6= 0 there is always a solution with some m > m0. In the chiral limit, m0 = 0, the right

hand side is bounded from above, therefore

1 ≤ GNcΛ
2

π2
, (3.53)

which defines a critical coupling strength Gcr and the corresponding dimensionless coupling gcr

and the critical NJL fine structure constant αcr:

Gcr =
π2

NcΛ2
⇒ g2

cr = GcrΛ
2 and αcr =

g2
cr

4π
. (3.54)

23At this stage we just want to note that there is some ambiguity in the usage of chiral condensate. Additionally
to the one defined by 〈ψ̄ψ〉, one can introduce a subtracted version denoted by 〈: ψ̄ψ :〉 as we will do later in
Eq. (3.84). By construction this subtracted condensate vanishes in the limit m→ m0, independent of T and
µ. We refer to the more detailed discussion in Section 3.4.

24The factor Nf arises since the condensates 〈ūu〉, 〈d̄d〉, . . . coincide in the isospin limit. However, for Nf > 2 the
functional structure of the gap equation (3.48) changes due to the ’t Hooft interaction, therefore, this relation
between m and 〈ψ̄ψ〉 is only true for Nc = 2 and can not be generalized.
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(a) Constituent-quark mass as solution of the vacuum
gap equation for different values of the current-quark
mass m0
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(b) One-flavor chiral condensate 〈q̄q〉 for different val-
ues of the current-quark mass m0

Figure 3.2.: Spontaneous chiral symmetry breaking: constituent-quark masses and chiral con-
densate as function of the NJL four-vertex coupling G with the NJL cutoff Λ = 651 MeV

Whereas the coupling parameter in the NJL model has the dimension length)2, or mass dimen-

sion [G] = −2, the rescaled coupling g = GΛ2 is just a number. In the large-Nc limit the critical

coupling Gcr ∼ 1/Nc becomes small, hence spontaneous chiral symmetry is present also for very

small numerical values of the four-fermion coupling G. It is interesting to observe the same

behavior of Gcr ∼ 1/Λ2 for large values of the cutoff, meaning that the chosen regularization

scheme affects the feature of spontaneous chiral symmetry breaking within the NJL model.

Solutions of the vacuum gap equation (3.52) are shown in Fig. 3.2(a). It can be seen that

spontaneous chiral symmetry breaking can happen in the chiral limit only for G > Gcr, whereas

for some finite m0 > 0 a solution m > m0 can be found also for arbitrarily small values of G.

With the constituent-quark masses one calculates the (one-flavor) chiral condensate 〈q̄q〉 (3.51)

as shown in Fig. 3.2(b) for different values of the current-quark mass m0.

3.3. Large-Nc analysis for the NJL model

3.3.1. Topology of connected QCD vertices

All interaction terms in the NJL model are vertices with N external fermion pairs, denoted

by the local interaction kernels K2N . These vertices originate from QCD after integrating out

all gluonic degrees of freedom. Given such a vertex, the building blocks for its internal non-

perturbative structure are four-gluon vertices (V4), three-gluon vertices (V3), and quark-gluon

vertices (Vg). Since the effective 2N -vertex contains connected diagrams only we have25 Vg ≥ N .

By “connected” we mean that it is possible to get from an arbitrary external leg to any other

external leg just following internal lines and vertices. Assuming that this would not be possible

for some internal QCD process, then the vertex can be factorized into (at least) two vertices

with fewer external legs:

K2N = K2N1 ⊗K2N2 , (3.55)

with N = N1 +N2. This means that the assumed disconnected QCD process does not contribute

to the genuine 2N -vertex. We illustrate this general statement by two examples: For the four-

25To be precise, for this statement one has to exclude the free propagator, N = 1, without any radiation or
interaction.
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(a) general QCD vertex (b) four-gluon vertex (c) three-gluon vertex (d) quark-gluon vertex

Figure 3.3.: Sketch of a general QCD vertex (a), here with 2N = 8 external quarks and B = 5
external gluons. Its internal structure in terms of QCD vertices (b)-(d), counted by V4, V3, Bg,
and the number of loops, L, is topologically restricted by (3.56).

vertex a disconnected process would imply K4 = K2 ⊗ K2 meaning that this contribution to

the four-fermion interaction can be described by two independent full quark propagators. It is

obvious that this type of non-interacting (skeleton) diagrams does not contribute to the genuine

four-fermion vertex. We can carry out a similar argument also for the six-fermion vertex in the

three-flavor case: Assuming a non-connected process inside the ’t Hooft vertex leads to either

K6 = K2 ⊗K2 ⊗K2 or K6 = K4 ⊗K2. The first case describes three independent but dressed

quark propagators and the second one describes a four-fermion vertex which is “observed” by a

full quark propagator. In both cases the disconnected process does not contribute to a genuine

six-fermion vertex.

The connected topology of the 2N -vertices leads to the following identity:

V4 +
1

2
(V3 + Vg) = L+N − 1 +

B

2
, (3.56)

where L denotes the number of (momentum) loops in the internal process and B the number of

external gluons (gauge bosons) which we state for completeness, cf. Fig. 3.3(a). A formal proof

of this equation can be done by induction over N and B. The left-hand side the topological

constraint in Eq. (3.56) contains QCD dynamics and introduces a Nc counting to the NJL model.

Since the four-gluon vertex is proportional to g2
QCD but the three-gluon and quark-gluon vertex

scale linearly with the QCD coupling, the considered 2N vertex scales as

K2N ∼
(
g2

QCD

)V4 · gV3+Vg
QCD ·N l

c =

= g
2[V4+ 1

2
(V3+Vg)]

QCD ·N l
c ∼

∼ N l−(L+N−1)
c ,

(3.57)

where we have set B = 0 in the NJL model and have used the Nc-scaling of the strong coupling

constant, αs ∼ g2
QCD ∼ 1/Nc as it can be seen from the QCD beta function. We denote the

number of closed color loops (color traces) by l ≤ L, each giving rise to an additional factor of

Nc in the scaling. Since QCD is a non-Abelian gauge theory where gauge bosons can couple

to themselves, there is for any combination of external legs a tree-level diagram without any

loop, i.e. l = L = 0. We emphasize that this statement is wrong in an Abelian gauge theory:

in QED, the leading-order contribution to photon-photon scattering, γγ → γγ, is given by

an electron-loop diagram of order α2
QED and due to the absence of a multi-photon vertex no

tree-level diagram contributes.
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examples of leading-order diagrams (L = l)

L = 0, l = 0 L = 1, l = 1 L = 1, l = 1 L = 2, l = 2

examples of subleading diagrams (L > l)

L = 1, l = 0 L = 1, l = 0 L = 3, l = 1 L = 4, l = 2

Table 3.4.: Examples of QCD processes contributing to the effective NJL four-fermion vertex
K4 = G ∼ 1/Nc at leading order (upper panel with L = l) and at subleading orders (lower
panel with L > l).

We conclude that the leading-order and simplest (i.e. tree level) contribution to a 2N -vertex in

the NJL model scales as:

K2N ∼
1

NN−1
c

⇒ G = K4 ∼
1

Nc
. (3.58)

We emphasize that this is a non-perturbative result since in addition to tree-level diagrams all

QCD processes at all orders in αs with L = l, i.e. all planar diagrams without closed internal

Fermi lines [tH74a, tH74b, Wit79], contribute to the effective NJL vertices. In Table 3.4 we show

a few examples of leading-order and subleading-order diagrams contributing to the four-fermion

vertex G.

The large-Nc scaling of K2N is of crucial importance for our treatment of the NJL model. We

will use this scaling of the coupling as a bookkeeping method to organize the non-perturbative

NJL model in a systematic way. However, despite applying a large-Nc counting method we

do not use simple perturbation theory in a small coupling G ∼ 1/Nc. As we will develop in

the following, already at next-to-leading order to the vacuum partition function in 1/Nc, a

resummation of all orders in the coupling G must be performed.

We conclude this discussion by commenting briefly on a conceptual difference between the

NJL model and QCD as underlying theory. The large-Nc scaling we have just presented applies

to any K2N vertex in the NJL model including the ’t Hooft determinant K6 in the three-flavor

case. The determinant (3.28) is added to the NJL Lagrangian in order to remove the unwanted

U(1)A-symmetry: in the NJL model this symmetry is broken explicitly, whereas in QCD it is

broken anomalously. The instanton vacuum in QCD is not described by the non-perturbative

but still diagrammatic treatment of the internal structure of NJL vertices. In the following we

review briefly how instantons give rise to anomalous symmetry breaking and why such effects

cannot be treated using perturbative approaches.
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Linearly divergent triangle diagrams which express a non-trivial transformation of the path-

integral measure under the U(1)A-symmetry show that quantization of the QCD Lagrangian

breaks the classical U(1)A-symmetry [Adl69, Fuj79]. This phenomenon can be explained by

instantons in the QCD vacuum characterized by the topological quantum number q ∈ N (winding

number)[CL06]:

q =
g2

QCD

32π2

ˆ
d4xGaµνG̃

µν,a , (3.59)

with the dual gluonic field-strength tensor

G̃µν,a =
1

2
εµναβGaαβ . (3.60)

Having a pure Yang-Mills theory in mind, any instanton solution is either self-dual or anti-self-

dual: G̃ = ±G. One therefore derives:

exp

(ˆ
d4x L

)
= exp

(
±1

4

ˆ
d4x GµνG̃

µν

)
= exp

(
± 8π2q

g2
QCD

)
. (3.61)

From this expression it can be seen that instantons are purely non-perturbative in terms of an

expansion in a small coupling parameter gQCD. However, they introduce a mechanism which

violates the axial-charge conservation [tH76], which can be understood when comparing with

the divergence of the axialvector current jµ5 = ψ̄γµγ5ψ, which is non-zero even in the chiral

limit[CL06]:

∂µj
µ
5 = −

2Nfg
2
QCD

32π2
GaµνG̃

µν,a . (3.62)

The corresponding change in the axialvector charge is directly related to the winding number q,

which is therefore also denoted as topological charge of the instanton26:

∆Q5 =

ˆ
d4x ∂µj

µ
5 = −2Nfq . (3.63)

From this we see that an instanton in the QCD vacuum can change the axialvector charge

from +1 to −1 for each flavor and each topological-charge unit. This shows the violation of

the axial-charge conservation and the anomalous breaking of the classical U(1)A-symmetry of

QCD.

3.3.2. Generating functional of the NJL model

Next we follow [MBW10] and construct a thermal two-particle irreducible (2PI) generating

functional Φ from which we can derive 2N -point functions relevant for both the quark and

meson sector. We switch from Minkowski to Matsubara space (cf. Appendix A.2) and denote

the full thermal quark propagator by GF
β . The bookkeeping is done in terms of the Nc-scaling

since the potential Φ is fully non-perturbative:

Φ =

∞∑
k=0

Φ(k) , where Φ(k) ∼ N1−k
c . (3.64)

From this, using functional calculus, the quark self-energy and the interaction kernel, i.e. the

26The trivial solution of the Yang-Mills equation feature q = 0 and in most applications the single-charged
instanton solution with q = 1 is relevant, in particular for the discussion in [tH76].
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four vertex, can be calculated when differentiating with respect to full quark propagators27:

Σ(k) =
δΦ(k)

δGF
β

, K(k) =
δ2Φ(k)

(δGF
β)(δGF

β)
. (3.65)

Only closed (vacuum) diagrams are summed in the potential Φ, therefore the number of fermion

loops, l, and the number of NJL vertices, n, are restricted by l ≤ L = n+ 1, where L denotes as

before the number of loops w.r.t. to the momentum integration. This shows that the leading-

order term in the potential is Φ(0) which scales with N−nc ·N l
c ≤ N1

c . At this order there is only

one (Hartree) diagram contributing to the potential:

Φ(0) = (3.66)

In order to distinguish between Hartree and Fock contributions to the four-quark coupling G we

have introduced the tiny wavy line indicating which quark loop refers to a color trace. Due to

the restriction l = n+ 1 any new pair of vertex and fermion loop leads already to a two-particle

reducible diagrams which imply disconnected contributions to K(0). Therefore, the leading-order

potential is given by a single vacuum diagram. It scales as Φ(0) ∼ Nc.

At next-to-leading order with l = n there are already infinitely many diagrams:

Φ
(1)
M

= + + + + . . .

(3.67)

Including the global symmetry factor of 1/2 the diagrammatic expression at leading order reads

Φ(0) =
G

2

(
T
∑
n∈Z

ˆ
d3q

(2π)3
Tr GF

β(q, νn)

)2

. (3.68)

The generating functional Φ(0) does not carry a channel index M, since only Γ = 1 leads to a

non-vanishing diagram. In the pseudoscalar channel the traceless γ5 matrix leads to a vanishing

diagram.

For Φ(1) one needs to specify additionally the channel, where ΓM ∈ {1, iγ5} describes the

scalar and pseudoscalar case, respectively:

Φ
(1)
M =

1

2
T
∑
n∈Z

ˆ
d3p

(2π)3

∞∑
k=1

1

k
GkΠk

M(p, ωn) =

= −1

2
T
∑
n∈Z

ˆ
d3p

(2π)3
ln [1−GΠM(p, ωn)] ,

(3.69)

27Note the dimension of the functional derivative:[
δnf(x)

δf1(x1) . . . δfk(xk)

]
= [f ]−

k∑
i=1

([fi] + dim(xi) [xi]) ,

where dim(x) = n if x ∈ Kn is a vector in a n-dimensional vector space over K ∈ {R,C}. From this the
correct mass dimensions are ensured: [Σ(k)] = 1 and [K(k)] = −2 with [Φ] = 4.
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3.3. Large-Nc analysis for the NJL model

where ΠM denotes the quark-antiquark loop (polarization tensor)

ΠM(p, ωn) = −T
∑
m∈Z

ˆ
d3q

(2π)3
Tr
[
ΓMG

F
β

(
q, νm

)
ΓMG

F
β

(
q − p, νm − ωn

)]
. (3.70)

From the generating functional we can derive all self-energy insertions and kernels which are

present up to the considered order in 1/Nc. Diagrammatically the functional derivative δ/δGF
β

means to cut one closed quark line in the diagram:

Σ(0) =
δΦ(0)

δGF
β

= = GT
∑
n∈Z

ˆ
d3q

(2π)3
TrGF

β(q, νn) ,

Σ
(1)
M (p, νn) =

δΦ(1)

δGF
β

= = −T
∑
m∈Z

ˆ
d3q

(2π)3
DM(q, ωm) Tr

[
Γ2

MG
F
β(q − p, νm − ωn)

]
,

(3.71)

where we have introduced in Σ
(1)
M a bosonic propagator arising from the functional derivative of

ln [1−GΠM(q, ωn)] in the integrand of Φ(1):

DM(q, ωm) =
G

1−GΠM(q, ωm)
. (3.72)

In the next section when discussing the Bethe-Salpeter equation we will notice that this bosonic

propagator is nothing but the renormalized full meson propagator, cf. Eq. (3.98). The propaga-

tors for the pion and the sigma boson are denoted as Dπ and Dσ, arising from the pseudoscalar

and scalar channel, respectively.

From the partition function also the four-fermion interaction kernel K can be derived by

applying once more the functional derivative with respect to GF
β :

K(0) =
δΣ(0)

δGF
β

= = G ,

K
(1)
M (p, νn) =

δΣ
(1)
M

δGF
β

= + O(N−2
c ) = −ΓMDM(p, ωn)ΓM +O(N−2

c ) .

(3.73)

Note that there are higher-order corrections to the meson kernel K
(1)
M which arise from differen-

tiating in the integrand once again DM with respect to GF
β . Diagrammatically this means that

the second functional derivative cuts a quark line of a loop that is different from the first one.

Therefore, two different topologies arise when applying δ2/(δGF
β)2 to Φ

(1)
M :

. . .

. . .

. . .

l = n− 1 ⇒ ∼ N−1
c l = n− 2 ⇒ ∼ N−2

c

(3.74)

Having performed all functional derivatives we know all building blocks at next-to-leading order

in a 1/Nc-expansion relevant to construct the gap equation (quark 2-point function) and Bethe-

Salpeter equation (quark 4-point function). This means that applying a large-Nc analysis to the
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3. The Nambu–Jona-Lasinio model

NJL generating functional one rediscovers standard approaches used in many-particle physics

as described in standard textbooks, e.g. [Mat76, FW03], and in particular in the NJL model

itself [KLVW90a, KLVW90b]. At leading order in large-Nc we find the gap equation,

O(1): = +
(3.75)

and at next-to-leading order the Bethe-Salpeter equation,

O(N−1
c ): = + (3.76)

These two equations represent the first two Dyson-Schwinger equations which can be derived

from the generating functional Φ. Due to their non-perturbative nature, both the gap equation

and Bethe-Salpeter equation (BSE) are self-consistent equations including full constituent-quark

and meson propagators. The resummation of quark-antiquark loops leads to mesonic modes

and the solutions of this self-consistent equation can be interpreted as renormalized meson

propagators. We note that the BSE is considered in the so-called random-phase approximation

(RPA) which means that only “resonant” quark-antiquark loops are coherently resummed to all

orders. In principle there are also the t-channel and u-channel contributions to the BSE at order

1/Nc, but the mesonic fluctuation Σ
(1)
M includes only mesonic modes from the quark-antiquark

s-channel. For self-consistency reasons we therefore truncate the BSE also to this channel.

The mesonic fluctuations described by Σ
(1)
M in Eq. (3.71) contribute at next-to-leading order

to the gap equation (3.75):

= + +
(3.77)

The fluctuation term leads to a coupling between the quark and the meson sector and spoils the

analytical approach to simultaneously exact solutions of both equations. In principle, this term

also introduces a momentum-dependent quark mass as it is derived from QCD Dyson-Schwinger

calculations. We discuss the two equations separately and neglect the coupling between them. In

particular no momentum dependence of the constituent-quark mass is taken into account. One

can justify this by arguing that the mesonic fluctuations act only as Fock exchange corrections

of order O(N−1
c ) to the actual Hartree gap equation.

The NJL model incorporates the mesonic modes by introducing additional effective Yukawa

terms in the Lagrangian[Kle92, Bub05]. For example, the coupling of the pion to the quark is

described by

Lπqq = −gπqqψ̄iγ5τψ · π +
fπqq
mπ

ψ̄γµγ5τψ · ∂µπ , (3.78)

where we have introduced two couplings arising as residua of the pion propagator Dπ, cf. the

detailed discussion in Section 3.5.2. In this thesis we consider the case of vanishing axialvector

coupling fπqq = 0 only. The corresponding Yukawa coupling of the sigma boson is:

Lσqq = −gσqqψ̄σψ , (3.79)

where the coupling gσqq is also derived as wave-function renormalization constant from the

corresponding mesonic propagator. In the chiral limit, the two quark-meson couplings coincide,

gσqq = gπqq. This is approximatively fulfilled also for high temperatures T & 200 MeV.
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3.4. Gap equation and thermal constituent-quark masses

3.4. Gap equation and thermal constituent-quark masses

In the NJL model the (thermal) constituent-quark masses are generated dynamically by sponta-

neous chiral symmetry breaking. This is described by the gap equation (3.75) which we truncate

to its Hartree level for the time being. The mesonic Fock terms present in Eq. (3.77) are not

considered in this approximation. In the two-flavor case the gap equation reads m = m0−G〈ψ̄ψ〉
which results from linearizing the NJL Lagrangian in Eq. (3.48). In order to describe not only the

vacuum constituent-quark mass but also thermal quark masses we use the Matsubara formalism

and switch from Minkowski to Matsubara space (cf. Appendix A.2):

i

ˆ
d4p

(2π)4
I(p) 7→ T

∑
n∈Z

ˆ
d3p

(2π)3
I(p, pn) . (3.80)

The thermal chiral condensate is therefore given by

〈q̄q〉 = −tr T
∑
n∈Z

ˆ
d3q

(2π)3

νnγ4 − p · γ +m

ν2
n + p2 +m2

=

= −4NcT
∑
n∈Z

ˆ
d3p

(2π)3

m

ν2
n + E2

p

=

= −4Nc · 4π
8π3

ˆ Λ

0
dp

p2m

2Ep

(
1− n+

F (Ep)− n−F (Ep)
)
,

(3.81)

where we used the fermionic Matsubara frequencies νn = (2n+ 1)πT − iµ. We have introduced

Ep =
√
p2 +m2 and n±F denoting the Fermi distribution function describing thermal quarks

and antiquarks, respectively:

n±F (Ep) =
1

eβ(Ep∓µ) + 1
. (3.82)

The thermal gap equation reads

m = m0 − 2G〈q̄q〉 = m0 +
2GNcm

π2

ˆ Λ

0
dp

p2

Ep

(
1− n+

F (Ep)− n−F (Ep)
)
. (3.83)
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Figure 3.4.: Thermal constituent-quark masses m(T, µ) from self-consistent solutions of the
leading-order gap equation (3.75) (Hartree level)
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3. The Nambu–Jona-Lasinio model

Comparing this result to that in Minkowski space in Eq. (3.51) one rediscovers the vacuum

result when sending first µ → 0 and then T → 0. This is because n+
F (E) → 0 for T → 0 only

if E > µ. The cutoff Λ is introduced to regularize the divergent part of the chiral condensate

〈q̄q〉 in Eq. (3.81). Note that the thermal distribution functions could be integrated also for

p > Λ, but there is no physical contributions to the condensate for large momenta. However,

the condensate itself is not a physical observable. It is usually grouped together with the NJL

coupling G which is sometimes denoted as σ = G〈q̄q〉. For large momenta the NJL coupling

vanishes and the quarks are non-interacting: G(p > Λ) = 0.

The results for the constituent-quark mass as function of temperature and quark chemical

potential are shown in Fig. 3.4. The NJL parameters (m0, G,Λ) are chosen in such a way that

in the vacuum the constituent-quark mass m, the pion mass mπ and the pion decay constant

fπ reproduce physical values. The mesonic sector is only discussed in the next section. We

summarize our NJL parameter set in Table 3.5.

Using these parameters we find a monotonically decreasing constituent-quark mass as func-

tion of T and µ. Defining the coordinates (T, µ) where the quark mass drops to half its vac-

uum value, m(T, µ) = 1
2 m(0, 0), we construct the phase diagram of the two-flavor NJL model

shown in Fig. 3.5 defining the chiral crossover/transition line Tχ(µ). For large quark chemical

potentials there is a first-order transition line which ends in a critical endpoint localized at

(T, µ)CEP = (43 MeV, 330 MeV). For µ < µCEP there is no actual phase transition anymore,

but only a smooth crossover transition. For high temperatures the quark condensate melts

down to small values, hence chiral symmetry is said to be in the Wigner-Weyl realization where

QA
a |0〉 = 0. In contrast, close to the vacuum at low T and µ chiral symmetry is spontaneously

broken and said to be in the Nambu-Goldstone realization where QA
a |0 rangle 6= 0. Here QA

a

denotes the axial charge operator arising from Aaµ = ψ̄γµγ5T
aψ, where T a are the generators

of the SU(Nf) flavor group. We note that not only the chiral condensate can break chiral sym-

metry but also diquark condensates, 〈ψψ〉, which can be realized at high densities, i.e. high

quark chemical potentials. Such a scenario is not considered in this work. As we will discuss in

detail in Section 3.7 the respective degrees of freedom feature large masses and do not give a

significant contribution to the shear viscosity.

We conclude this discussion with a more detailed look at the chiral condensate which can also

be defined in a subtracted version (in Matsubara space):

〈: ψ̄ψ :〉 = −Nf

(
trGF

β(0)− trGF
β(0)

∣∣
m 7→m0

)
, (3.84)

where GF
β(0) denotes the closed fermion propagator in position space, cf. Eq. (3.50). As in

Minkowski space the trace covers momentum, Dirac, and color space. In the chiral limit both

the subtracted and the non-subtracted chiral condensate coincide. One finds in general

lim
m→m0

|〈ψ̄ψ〉| > lim
m→m0

|〈: ψ̄ψ :〉| = 0 , (3.85)

Input Output [MeV]

m0 G Λ m mπ fπ 〈ψ̄ψ〉1/3 〈q̄q〉1/3

5.50 MeV 10.08 GeV−2 651 MeV 325 140 92.4 −316 −251

Table 3.5.: Summary of our model parameters and vacuum results in the NJL quark and meson
sector discussed in the next section. The input parameter set is taken from [R0̈6]
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Figure 3.5.: Phase diagram of the two-flavor NJL model. The dotted line denotes the crossover
temperature as function of the quark chemical potential separating the Nambu-Goldstone
phase where chiral symmetry is spontaneously and the Wigner-Weyl phase where chiral sym-
metry is restored. The small solid line of first-order phase transitions ends at a critical end
point (CEP) which is located at unphysically low temperatures which is known to be a short-
coming of the NJL model we use in this work.

compare also Fig. 3.2(b). For a finite but small current-quark mass, m0 6= 0, the subtracted

chiral condensate can still be interpreted as an order parameter for spontaneous chiral symmetry

breaking despite the fact that in this case chiral symmetry is only an approximate symmetry of

the NJL Lagrangian. We have denoted the subtracted chiral condensate by two colons because

this condensate refers to the normal-ordered product of quark and antiquark fields. Denoting

the perturbative (QCD) vacuum by |0〉 we get from Wick’s Theorem [PS95]:

T ψψ̄ = : ψψ̄ : +〈0|T ψψ̄|0〉 , (3.86)

where T stands for the time-ordering symbol and : : for the normal-ordering symbol. Sand-

wiching this identify between the perturbative vacuum we find 〈0| : ψψ̄ : |0〉 = 0. Only in the

non-perturbative vacuum |Ω〉 a non-vanishing condensate can form:

〈: ψ̄ψ :〉 = −Tr 〈Ω| :ψψ̄ : |Ω〉 =

= −Nf tr
(
〈Ω|T qq̄|Ω〉 − 〈0|T qq̄|0〉

)
,

(3.87)

which coincides with the definition of the subtracted condensate in Eq. (3.84). In Feynman

diagrams only time-ordered correlators are encoded, hence we identify the (non-subtracted)

chiral condensate that enters into the gap equation (3.83):

〈ψ̄ψ〉 = −Nf tr 〈Ω|T qq̄|Ω〉 = −Nf tr GF
β(0) . (3.88)

As a last comment in this section we consider the decomposition of the constituent-quark mass,

m = m0 + m̄0 + m̄→
{
m̄ for m0 → 0

m0 for T →∞ , (3.89)
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3. The Nambu–Jona-Lasinio model

in free, perturbative and non-perturbative contributions, respectively. Then we have in the

chiral limit:

m = m̄ = 0 ⇔ 〈ψ̄ψ〉 = 〈: ψ̄ψ :〉 = 0 . (3.90)

Due to conservation of chirality (helicity) at all (QCD) vertices a non-zero quark mass cannot

be generated perturbatively in the chiral limit.

3.5. Bethe-Salpeter equation and thermal meson masses

3.5.1. Meson masses and mesonic spectral functions

The mesonic (soft) modes are described by the Bethe-Salpeter equation (3.76): a resummation

of ring diagrams made of quark-antiquark loops introduce the next-to-leading order Dyson-

Schwinger equation in a large-Nc expansion. The general structure of the quark-antiquark loop

(polarization tensor) for both Dirac channels, Γ ∈ {1, iγ5τa}, reads:

ΠS/P(p, ωn) = = −T
∑
m∈Z

ˆ
d3q

(2π)3
Tr
[
ΓS/PGF

β(q, νm)ΓS/PGF
β(q − p, νm − ωn)

]
,

(3.91)

where the trace refers to all color, flavor and Dirac indices. In the calculation one has to take

care of several minus signs: the fermion loop gives a global minus sign, in the pseudoscalar

channel one has i2 = −1 and additionally {γ5, γµ} = 0 and {γi, γj} = −2δij for the Euclidean

gamma matrices. One finds for the scalar and pseudoscalar channels:

ΠS/P(p, ωn) = 4Nc|ÑS/P|T
∑
m∈Z

ˆ
d3q

(2π)3

∓m2 + νm(νm − ωn) + q · (q − p)

[ν2
m + E2

q ][(νm − ωn)2 + E2
∆)]

=

= 2Nc|ÑS/P|T
∑
m∈Z

ˆ
d3q

(2π)3

[
1

ν2
m + E2

q

+
1

(νm − ωn)2 + E2
∆

]
+

+ 2Nc|ÑS/P|NS/PT
∑
m∈Z

ˆ
d3q

(2π)3

1

[ν2
m + E2

q ][(νm − ωn)2 + E2
∆]

,

(3.92)

where we have introduced the notations

E2
q = q2 +m2, E2

∆ = (q − p)2 +m2 , and E± = Eq ± E∆, NP = −(ω2
n + p2) . (3.93)

In addition we use the prefactors NP = −(ω2
n + p2), NS = NP − 4m2, and ÑS = −Nf , Ñ

P = 2.

Despite the fact that the integrals are divergent and need to be regularized we can formally shift

the integration q 7→ q − p and νm 7→ νm + ωn which suggests to define

I1 = T
∑
m∈Z

ˆ
d3q

(2π)3

1

ν2
m + q2 +m2

=
1

4π2

ˆ Λ

0
dp

p2√
p2 +m2

(
1− n+

F (Ep)− n−F (Ep)
)
. (3.94)

The gap equation (in the two-flavor case) also involves the integral I1, cf. Eq. (3.83):

m = m0 − 2G〈q̄q〉 = m0 + 8GNcmI1 . (3.95)

Finally the polarization tensor becomes

ΠS/P(p, ωn) = 4Nc|ÑS/P|I1 + 2Nc|ÑS/P|NS/PI2(p, ωn) , (3.96)
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3.5. Bethe-Salpeter equation and thermal meson masses

where the momentum-dependent part can be expressed using E± = Eq ± E∆:

I2(p, ωn) = T
∑
m∈Z

ˆ
d3q

(2π)3

1

[ν2
m + E2

q ][(νm − ωn)2 + E2
∆]

=

=

ˆ
d3q

(2π)3

1

4EqE∆

[
2E+

ω2
n + E2

+

+

+
(iωn − E+)

(
n−F (Eq) + n+

F (E∆)
)
− (iωn + E+)

(
n+

F (Eq) + n−F (E∆)
)

ω2
n + E2

+

+

+
(iωn + E−)

(
n+

F (Eq)− n+
F (E∆)

)
− (iωn − E−)

(
n−F (Eq)− n−F (E∆)

)
ω2
n + E2

−

]
.

(3.97)

The Bethe-Salpeter equation (3.76) is given in a self-consistent form, DM = G + GΠDM. Its

solution (3.72) has been already used in the derivation of the mesonic insertion Σ
(1)
M where this

expression arose naturally from the derivative of a logarithm. We identify this term as the result

of a geometric sum of coherent quark-antiquark loops:

DM(p, ωn) = G+GΠDM = G
(
1+ΠG+(ΠG)2 + . . .

)
= G

∞∑
n=0

(ΠG)n =
G

1−GΠ(p, ωn)
. (3.98)

Poles in the meson propagator can appear only in Minkowskian metric, therefore we perform at

this stage the analytical continuation iωn 7→ ω+ iε. Due to the fact that the polarization tensor

is complex (when describing a resonance instead of a bounds state), we define the meson mass

by the real pole position28:

Re D−1
M (0,−iω)

∣∣
ω=mM

!
= 0 . (3.99)

If we concentrate now on the pseudoscalar (pionic) channel, we introduce s = −NP = ω2
n+p2 > 0

and find with Eq. (3.98):

Dπ(p, ωn) =
G

m0
m + 4GNc(ω2

n + p2)I2(p, ωn)
, (3.100)

from which the pion mass can be calculated by solving

m2
π = m2

π(0) =
m0

m

1

4GNc Re I2(0,−imπ)
. (3.101)

If one considers the scalar channel instead , ΠS with NS = NP − 4m2 in (3.92), the mass of the

sigma boson can be extracted:

m2
σ(0) = m2

σ = m2
π + 4m2 −→ ≈ m2

π for large T . (3.102)

We mention that there is in principle a momentum dependence of the pion mass, mπ(p), due to

the thermal environment and the implied loss of Lorentz invariance. Evaluating the pion mass

in the rest frame, which is the frame of the heat bath, offers a consistent definition of a thermal

pion mass. At least, this prescription approximates the interpretation of (pole) masses which

are Lorentz-invariant quantities. In the reference frame of the heat bath, p = 0, we have

E∆ = Eq , implying E+ = 2Eq , E− = 0 , (3.103)

28A further common strategy is to define the meson mass as maximizer of the spectral width. See also the
discussion related to Fig. 3.7 where we compare these two approaches.
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Figure 3.6.: Thermal masses of pions (lower solid line) and sigma boson (upper solid line). For
high T the spontaneously broken chiral symmetry is restored and sigma and pion mass de-
generate. We compare also to twice the constituent-quark mass (dashed line) which becomes
small for high T . For temperatures above the Mott temperature, T > TM ≈ 212 MeV, the
pion becomes unstable and an on-shell decay channel into two constituent quarks opens.

leading to some significant simplifications for the polarization tensor in Eq. (3.96). Due to the

now spherically symmetric integrand the angular integration is trivial and we arrive in Minkowski

space at

I2(0,−iω) =
1

2π2

ˆ Λ

0
dq

q2

Eq

1− n+
F (Eq)− n−F (Eq)

4E2
q − ω2

. (3.104)

For all pairs (T, µ), this integral is real as long as the pole at 4E2
q = ω2 is not hit and the mass

ω describes a bound state. The resulting thermal meson masses are shown in Fig. 3.6: for small

temperatures the (pseudo-)Goldstone-boson nature of the pion is indicated by a constantly small

but non-vanishing mass. For high temperatures the pion looses its boundstate nature because an

unphysical on-shell decay channel into a constituent quark-antiquark pair opens which defines

the Mott temperature by mπ(TM) = 2m(TM). In this temperature region the pion mass is rising

rapidly due to the restoration of (approximate) chiral symmetry. The pion becomes degenerate

with the sigma boson which is not a Goldstone boson and features its minimal mass in the

vicinity of the Mott temperature. For a non-vanishing quark chemical potential the temperature

dependence of the meson masses remains qualitatively the same, but the Mott temperature is

shifted to smaller values.

For resonances the integral I2(0, iω) is interpreted as principal value integral with additional

imaginary part using Eq. (A.28). The poles are located at

q = q0 =

√
ω2

4
−m2 . (3.105)

From this we evaluate the imaginary part of the polarization function:

Im I2(−iω) =
q0

8πω

sinh
(
ω

2T

)
cosh

( µ
T

)
+ cosh

(
ω

2T

) Θ (ω − 2m) Θ (Λ− q0) . (3.106)

The first Θ-function accounts for the threshold of an on-shell decay of mesons into quark and

antiquark. The second Θ-term is a pure cutoff effect and is irrelevant for energies below twice

the cutoff, ω < 2
√

Λ2 +m2 which always exceeds 1.3 GeV in the NJL model.
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Figure 3.7.: Mesonic spectral function ρ for the pion (solid line) and sigma boson (dashed line).
The two vertical solid lines are delta-function peaks located at the real poles determined from
the condition (3.101).

In order to discuss in more detail the underlying physics of the (rescaled) meson propagators

(3.98), we derive in a first step the corresponding spectral function ρ(ω). For propagators in

Minkowski space it is defined by

GR/A(p0,p) =

ˆ ∞
−∞

dω
ρ(ω,p)

p0 − ω ± iε
, (3.107)

with the “inverse” relation

ImGR/A(p0,p) = ∓πρ(p0,p) . (3.108)

For example, the spectral function of a free bosonic propagator reads ρB
0 (p2) = Z δ(p2 −m2

B),

if one takes the Feynman pole prescription (+iε) into account. Thereby mB denotes the mass

of the boson and Z denotes its wave-function renormalization constant which defines in the

context of mesons the quark-meson coupling as we will discuss in the next section. A negative

spectral function arises if one considers instead the prescription (−iε). Physical spectral functions

satisfying causality constraints are positive. Then the advanced propagation of particles and

retarded propagation of antiparticles is ensured. More details of the spectral function and the

convention we use in this thesis can be found in Appendix A.3.

For an interacting theory, the spectral function contains generally contributions from the one-

particle state, bound states and a continuum of two- and more-particle states. We find for the
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3. The Nambu–Jona-Lasinio model

rescaled pion propagator Dπ(0,−iω) from Eq. (3.100):

ρπ(ω) = g2
πqq δ(ω

2 −m2
π) +

1

π

4G2Ncω
2 Im I2(0,−iω)(

m0
m − 4GNcω2 Re I2(0,−iω)

)2
+ (4GNcω2 Im I2(0,−iω))2

.

(3.109)

The spectral function for different pairs of (T, µ) is shown in Fig. 3.7. For small temperatures

the isolated delta peak at ω = mπ displays the pion as (approximate) Goldstone boson of

the spontaneous breakdown of chiral symmetry. The continuous part of ρ starts just for ω >

2m(T, µ). The spectral function of the sigma boson peaks close to this threshold and exceeds

significantly the spectral function of the pion. At the Mott temperature, the discrete and

continuous spectrum are no longer separated and the pion propagator, Dπ, has no longer a pole

at a purely real value of mπ (cf. the mass definition in Eq. (3.99)). At even higher values of T or

µ, the spectral functions show a maximum structure which can also be used to define the thermal

meson masses. However, we also show in this region the real-pole positions indicated again by

the solid vertical lines. As also seen in Fig. 3.6(b), they degenerate in the high-temperature

limit.

3.5.2. Quark-meson coupling beyond the pole-mass approximation

The solution of the Bethe-Salpeter equation (3.100) in the pseudoscalar channel describes a

rescaled pion propagator. In Minkowski metric it reads

Dπ(ω,p) =
G

m0
m − 4GNc (ω2 − p2) I2(p,−iω)

. (3.110)

where the pion mass is just determined by the solutions of Eq. (3.101). The fact that I2 is

energy and momentum dependent implies that the standard pole-mass approximation,

D̃π(ω,p) =
g2
πqq,pole

ω2 − p2 −m2
π + iε

, (3.111)

with a momentum-independent constant gπqq,pole does not reproduce the (ω,p) dependence of

the full meson propagators. The full quark-pion coupling can be obtained from

gπqq(ω,p)2 =
(
ω2 − p2 −m2

π(p)
)
Dπ(ω,p) , (3.112)

T = 10 MeV

T = 200 MeV

0 100 200 300 400 500 600
0.0

0.5

1.0

1.5

2.0

2.5

3.0

p @ MeV D

m
Π

Hp
L�

m
Π

H0
L

Figure 3.8.: Momentum dependence of the pion mass at different temperatures
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Figure 3.9.: Corrections to the quark-pion coupling in a 50% range around the pole position

with a momentum-dependent pion mass defined by

ReD−1
π (mπ(p),p) = 0 . (3.113)

Here we must not evaluate the pion mass just using the conditional equation (3.101) but we

need to incorporate the full momentum dependence coming from Eq. (3.100). The results for

the momentum dependent pion mass are shown in Fig. 3.8: for small and large temperatures the

pion becomes more massive when it carries additional momentum. This qualitative behavior of

mπ(p) is consistent with the fact that the constituent quark mass m(p) decreases as function

of momentum meaning that at high momenta chiral symmetry is restored where pions can no

longer be interpreted as Goldstone bosons of spontaneous chiral symmetry breaking.

Usually, the quark-pion coupling is defined as residue of the full pion propagator at vanishing

momentum [HK87]:

g−2
πqq =

1

Res Dπ
=

d(Dπ(0,−iω))−1

dω2

∣∣∣∣
ω2=m2

π

. (3.114)

In pole-mass approximation one finds immediately

gπqq,pole =
1√

4NcI2(0,−imπ)
. (3.115)

Taking the remaining energy dependence of I2(0,−iω) into account, we find

g−2
πqq(ω,0) =

1

g2
πqq,pole

(
1 +m2

π

1

I2(0,−imπ)

dI2(0,−iω)

dω2

∣∣∣∣
ω2=m2

π

)

= 4Nc

(
I2(0,−imπ) +m2

π

dI2(0,−iω)

dω2

∣∣∣∣
ω2=m2

π

)
.

(3.116)

Taking the derivative of the principal-value integral (3.104) leads to some highly singular expres-

sion near to pole q = ±q0. Exactly at threshold of an on-shell decay of the pion into two quarks

(with zero momenta) the derivative of I2 becomes divergent. In order to remove the second-order

pole in the derivative, we integrate by parts. The surface term vanishes for all T and µ when the
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Figure 3.10.: Temperature dependence of the quark-meson coupling for different scenarios: full
residue of the pion propagator but set p = 0 (solid line, Eq. (3.116)) in comparison to the
pole-mass approximation (dashed line, Eq. (3.115)) and in the chiral limit (dotted line). The
qualitative dependence on µ is much less pronounced than its pure temperature dependence.

cutoff Λ→∞. The remaining expression needs to be treated again as principal-value integral:

dI2(0,−iω)

dω2

∣∣∣∣
ω2=m2

π

=
1

2π2

ˆ Λ

0
dq

q

(4E2
q − ω2)2

q

Eq

(
1− n+

F (Eq)− n−F (Eq)
)

=

=
1

2π2

ˆ Λ

0
dq

1

8(4E2
q − ω2)

·
[

1

Eq

(
1− q2

E2
q

)(
1− n+

F (Eq)− n−F (Eq)
)

+
βq2

E2
q

[
n+

F (Eq)
(
1− n+

F (Eq)
)

+ n−F (Eq)
(
1− n−F (Eq)

)]]
.

(3.117)

The pole structure of this result is the same as found for I2 in Eq. (3.104). As we discuss in detail

for a set of prototype functions in App. A.4, the integration by parts yields a principal-value

integral which diverges for the pole approaching the interval of integration [0,Λ].

In Fig. 3.9 we compare the two approaches for calculating the quark-pion coupling. When

staying in a 50% interval around the real pion pole, 0.5mπ < ω < 1.5mπ, we find that the

usual treatment is a good approximation. It is interesting to note that at small (i.e. vanish-

ing) momenta at T = 150 MeV the approximate quark-pion coupling overestimates the actual

coupling when evaluating at energies smaller than the pion mass. For high momenta but at

the same temperature the coupling is underestimated by up to 6% which is still a reasonable

approximation. Sizable deviations occur only at very high temperatures and unreasonably far

away from the actual pole mass . However, apart from such extreme values, we conclude that the

pole-approximation of the quark-pion coupling is acceptable and corrections beyond Eq. (3.116)

are within a few percent. Therefore, we do not take any momentum dependence into account

apart from the correction in Eq. (3.116). This leads to a simplified treatment of the mesonic

fluctuations in Chapter 5 since the quark-meson coupling is just a constant and therefore not

affected by the momentum integration.

In Fig. 3.10 we show the results for the quark-meson coupling as function of the temperature

for three different cases: the solid line refers to the calculation of the full residue, where also

the derivative of I2 is taken into account. We compare this to the cases where the pion mass

is fixed either by the the physical quark masses or in the chiral limit: the solid line features a

jump starting from a vanishing coupling constant. Fixing the pion mass first leads to continu-

ous coupling constants with a kink (for physical quark masses) or a very smooth temperature
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dependence (in the chiral limit). Our results including the derivative terms agree well with the

steep decrease of gπqq for T approaching the Mott temperature [HK87]. For all three scenar-

ios the low-temperature behavior is almost the same: below T = 100 MeV, the quark-meson

coupling is constant, with slightly different values. This behavior is in agreement with earlier

results from chiral effective field theory [EK94], where perturbative calculations show that for

small temperatures qπqq is independent of T up to quadratic order O(T 2).

In summary we have found that the momentum-dependence of the quark-meson coupling is

not crucial and can be neglected, allowing for an efficient numerical treatment. The remaining

energy-dependence of I2 is important and affects the quark-meson coupling qualitatively as

compared to the pole-mass approximation. In the chiral limit the two approaches coincide, as

seen from Eq. (3.116). In the Nambu-Goldstone phase the pion becomes massless and one finds:

lim
m0→0

gπqq = gπqq,pole =
Gmm2

π

m0
. (3.118)

Inserting the pion mass (3.101) into the right-hand side and inspecting Eqs. (3.115) and (3.116),

one can prove this identity immediately.

3.6. Pion decay constant and low-energy theorems

In this section we demonstrate that important low-energy theorems known from QCD as the

Gell–Mann-Oakes-Renner (GOR) and the Goldberger-Treiman (GT) relations [LK96, CL06]

are fulfilled in the NJL model. In Section 2.1.2 these relations have been derived directly from

QCD, see the GOR relation in Eq. (2.32). The pion decay constant is defined by the transition

amplitude, Eq. (2.24), where the pion is annihilated through the axialvector current into the

vacuum. Diagrammatically we find in the vacuum, i.e. for T = 0 and µ = 0:

ipµfπδab =
Aµ

a
−igπqqγ5λb

q

q + p

=

= −
ˆ

d4q

(2π)4
Tr

[
γµγ5

λa
2
GF

M(q) (−igπqqγ5λb)G
F
M(q + p)

]
=

= δabNc igπqq

ˆ
d4q

(2π)4

tr
[
γµγ5

(
/q +m

)
γ5

(
/q + /p+m

)]
[(q2 −m2)] [(q + p)2 −m2]

,

(3.119)

where the color and flavor traces result in a global factor of Nc and the Kronecker delta due to

tr(λaλb) = 2δab for the fundamental representation (cf. Table A.1 in the Appendix). The remain-

ing trace in the integrand simplifies since for both terms, m0 and m2, an odd number of Dirac ma-

trices occur, so only the linear term in m contributes: Tr
[
γµγ5

(
mγ5(/p+ /q) +m/qγ5)

)]
= 4mpµ.

From this we find

ipµfπδab = δabNc igπqq · 4mpµ
ˆ

d4q

(2π)4

1

[(q2 −m2)] [(q + p)2 −m2]
, (3.120)

where the remaining integral is just the Minkowski version of I2(q, ωm) defined in Eq. (3.97).

For the thermal pion-decay constant we find

fπ(p, ωn) = 4mNcgπqqI2(p, ωn) . (3.121)
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3. The Nambu–Jona-Lasinio model

From this both low-energy theorems follow, starting with the GT relation:

fπgπqq = 4mNcg
2
πqqI2 = m+O(m0) , (3.122)

where we have expanded the quark-pion coupling (3.116) around the chiral limit m0 = 0 up to

first order in O(m0) = O(m2
π) and evaluated at p = 0 and ωn 7→ −imπ. Also the GOR relation

follows immediately from Eqs. (3.101) and (3.120):

m2
πf

2
π =

m0

m

1

4GNcI2
· 16m2N2

c g
2
πqqI

2
2 = m0 ·

4NcI2g
2
πqqm

G
. (3.123)

Expanding again the quark-pion coupling around the chiral limit, g2
πqq = (4NcI2)−1 + O(m0)

and inspecting the gap equation (3.83) up to the same order, m = −G〈ψ̄ψ〉+O(m0), the GOR

relation is found to be valid in the NJL model as well:

m2
πf

2
π = −m0〈ψ̄ψ〉+O(m2

0) . (3.124)

In conclusion the important low-energies theorems of QCD hold in the NJL model as they

should. Since this model is based on the symmetry patterns of QCD, proving their validity is a

crucial crosscheck for physical consistency.

3.7. Attractive diquark channels

The general discussion of QCD color-color currents, cf. Table 3.2, has shown that both the

color-singlet channel and the totally-antisymmetry channel contribute for the physical number

of colors, Nc = 3, with similar importance. The first one refers to quark-antiquark correlations

with channel weight−8/3, whereas the r̄a channel refers to quark-quark correlations with channel

weight −4/3. Diquarks are colored objects, therefore, due to color confinement, they do not exist

in the physical spectrum. Within the NJL model that does not describe confinement, diquarks

should be considered as possible degrees of freedom in addition to the mesonic modes.

In Section 3.1 we have introduced the Fierz transformation which also generates quark-quark

interactions [VW91]:

Lqq =
∑
D

HD(ψ̄Γ(D)Cψ̄T)(ψTCΓ(D)ψ) =

= HS

∑
fA,cA

[(
ψ̄iγ5t

cλACψ̄
T
) (
ψTCiγ5t

cλAψ
)

+ . . .
]
. . . ,

(3.125)

where in the first set of dots the pseudoscalar interaction (without the iγ5 term) is included29,

and the second set of dots contains vector and axialvector contributions and those from the

totally symmetric channel rs. We have denoted the charge-conjugation operator by C = iγ0γ2

with C−1 = C† = −C. In Γ(D) Dirac, flavor and color structures are encoded, thus for the

quark-antiquark interactions, in principle, also color-adjoint (color-octet) terms might appear.

Masses of such objects appear to be larger than 2 GeV ≈ 3Λ and are therefore suppressed

compared to the typical scales in our NJL model [Tha06]. Also from the viewpoint of large-Nc

analysis such objects are suppressed since the color-adjoint channel is repulsive and becomes

weak for Nc → ∞. The totally symmetric channel rs is repulsive for all values of Nc and its

strength is bounded from above, therefore it is not considered in our calculations.

29Note that due to the appearance of the charge-conjugation operator C the behavior of the diquark currents
under parity transformations is opposite to the naively expected ones.
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In contrast to the quark-antiquark channel, the Pauli principle constrains the quark-quark chan-

nels: the requirement of a totally antisymmetric wavefunction for the considered two-quark sys-

tem implies that the totally anti-symmetric color channel r̄a must also have an anti-symmetric

flavor part. In the totally symmetric color channel rs only the symmetric flavor part of the

flavor space is relevant. In conclusion, for diquarks the flavor and color spaces are no longer

independent but are entangled via the Pauli principle30. Every single Gell-Mann matrix (cf.

Appendix A.1) is either symmetric, λT
i = λi, or antisymmetric, λT

i = −λi, no mixed symmetries

appear. In Section 3.1 we have already derived the number of symmetric and antisymmetric

generators of SU(Nc):

dim(rs) =
Nc(Nc + 1)

2
, dim(r̄a) =

Nc(Nc − 1)

2
. (3.126)

In general we find

N2
c−1∑
i=1

λiabλ
i
dc =

Nc − 1

Nc

∑
rs

λs
ad λ

s
cb −

Nc + 1

Nc

∑
r̄a

λa
ad λ

a
cb , (3.127)

which evaluates for SU(3) to:

8∑
i=1

λiabλ
i
dc =

2

3

∑
rs

λs
ad λ

s
cb −

4

3

∑
r̄a

λa
ad λ

a
cb . (3.128)

From a Fierz-transformed color-color current in Eq. (3.1), the couplings GS and HS are fixed:

GS =
N2

c − 1

N2
c

Gc , HS =
Nc + 1

2Nc
Gc . (3.129)

From this, also their ratio is fixed,

HS

GS
=

Nc

2(Nc − 1)
→ 1

2
as (Nc →∞) . (3.130)

We reproduce the well-known values for the physical case Nc = 3:

GS =
8

9
Gc , HS =

2

3
Gc ⇒ HS

GS
=

3

4
. (3.131)

In the literature the chosen values are around this Fierz-induced value for the ratio HS/GS. For

instance, in [VW91] one finds

HS = 2GV −
1

3
(δGV + δGA) = 0.97GS , (3.132)

with the values for GV, δGV, δGA used in the reference. For our calculation we chose an even

larger value HS = 1.2GS as discussed below.

The Bethe-Salpeter equation for diquarks is derived analogously to the quark-antiquark chan-

nel via iterations of quark-quark loops in an infinite ladder. This is again just the random-phase

approximation and follows from a large-Nc expansion at next-to-leading order. The diquark

30In the literature the phase where diquark condensates are dominant is called “color-flavor locked” (CFL) phase
in order to express this entanglement.
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Figure 3.11.: Vacuum value of the scalar diquark mass for different ratios if the coupling HS/GS

for fixed GS. With the vertical lines we denote specific ratios as they can be derived in the
large-Nc limit or assuming a fully Fierz-invariant NJL Lagrangian (cf. the discussion in the
text).

loop reads (cf. the quark-antiquark loop Eq. (3.91) for the mesonic case):

Πij
D(ωn,p) = −T

∑
m∈Z

ˆ
d3q

(2π)3
Tr
[
ΓiCGF

β(q, νm)ΓjC−1
(
GF
β(p− q, νn − νm)

)T]
, (3.133)

where the trace covers color, flavor and Dirac space. The color and flavor structures are already

fixed by the Pauli principle to be antisymmetric. The underlying Lagrangian (3.125) offers only

two channels, ΓP = iλAtc and ΓS = γ5λ
Atc. We mention again that the presence of γ5 leads in

context of diquark to scalar currents.

Using [C, γ5] = 0 and [C, γµ] = 0, one derives in the scalar channel for the Dirac part of the

loop:

ΠSS
D (p, ωn) = trD

[
γ5G

F
β(q, νm)γ5G

F
β(q − p, νm − νn)

]
, (3.134)

where the trace to Dirac space only. Note the relative minus sign in the second quark propagator:

p − q 7→ q − p. This is exactly the same structure as in the mesonic case. The only difference

are additional non-trivial factors from color and flavor space:

tr(λr
aλ

r
b) = δabξ(r) dim(r) . (3.135)

We need to sum over all antisymmetric generators in color space,

trCA
(tctc) =

1

4

∑
ca

ξ(F) dim(F) =
1

4
dim(r̄a) · 2

Nc
·Nc =

Nc(Nc − 1)

4
, (3.136)

and flavor space,

trFA
(λAλA) = Nf(Nf − 1) . (3.137)

For Nf = 2 this is just the same numerical factor trFA
= 2 as in the mesonic sector, but

the underlying physics is quite different! In color space the trivial factor Nc is substituted by

Eq. (3.136). We mention that for the two-flavor case with Nc = 5 the numerical factors in the

quark-quark and quark-antiquark channels coincide.

Solving the Bethe-Salpeter equation for the scalar and pseudoscalar diquark channels yields

the vacuum diquark masses as shown in Fig. 3.11. They depend strongly on the coupling HS
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Figure 3.12.: Temperature dependence of diquark masses in the scalar (0+) and pseudoscalar
(0−) channel for µ = 0 and µ = 200 MeV

and become smaller when the coupling increases. The empirical value for the diquark coupling

suggests a diquark mass of mD+ ≈ 400 MeV, which is shifted to even higher values when

assuming a fully Fierz-invariant NJL Lagrangian or when taking the value from the large-

Nc limit. For calculating the thermal dependences of the diquark masses we have chosen the

coupling to be HS = 1.2GS. Results for the thermal diquark masses as shown in Fig. 3.12.

Since both the mesonic and diquark spectrum is determined from a Bethe-Salpeter equation

with similar kernels, also their thermal dependence is comparable, cf. Fig. 3.6. But there are

also differences: in the mesonic spectrum the pseudoscalar meson (pion) is lighter than the

scalar (sigma) meson. As already stated before, in the diquark spectrum this order is reversed

and the scalar diquark (0+) is lighter than the pseudoscalar diquark (0−). For our purposes

the temperature range T > 200 MeV is most important. There, the diquark masses are much

larger than the meson masses as pointed out again in Table 3.6. We conclude that diquarks

do not provide sizable fluctuations contributing to the shear viscosity in the end. Our results

for mD and the values in [VW91] are smaller than those from QCD Dyson-Schwinger equations

(in rainbow-ladder truncation), where the diquark masses are at least 800 MeV [Mar02] or even

1.4 GeV [WLC+13]. Also (quenched) lattice simulations provide large diquark masses above

690 MeV [HKLW98].

T [MeV] mπ [GeV] mσ [GeV] mD+ [GeV]

200 0.17 0.30 0.53

240 0.26 0.28 1.87

Table 3.6.: Comparison of the meson masses to the lightest (scalar) diquark with JP = 0+ at
vanishing quark chemical potential
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4. Microscopic theory of the shear viscosity

“Ich behaupte aber, daß in jeder besonderen Naturlehre nur so viel eigentliche

Wissenschaft angetroffen werden könne, als darin Mathematik anzutreffen ist.”

[Kan86]

Immanuel Kant

In this chapter we present the Kubo formalism for the shear viscosity in the NJL model. Starting

from the general result discussed in Section 2.3 we derive that the (static) shear viscosity η can

be interpreted as the slope of some retarded correlator in its low-frequency limit. The large-Nc

counting scheme is applied to the Kubo formalism in order to find leading-order contributions

to η. The main purpose of this chapter is the investigation of inherent physical and numerical

properties encoded in the structure of the Kubo formula for η. We introduce a convenient

numerical approximation scheme and discuss the very strong cutoff dependence of the shear

viscosity. Purely parametrically we also investigate how the shape of the (momentum dependent)

spectral width Γ(p) influences the overall thermal behavior of η[Γ(p)]. This is done in order to

explore the inherent thermal effects on η before calculating a physical quark spectral width in

Chapter 5. Selected results of the present chapter have been published previously in [LW13].

4.1. Shear viscosity from Kubo formalism

In the Kubo formalism transport coefficients are related to four-point functions of the energy-

momentum tensor in Matsubara space. Using the NJL model as representative of a “typical”

fermionic theory, we refer back to the Kubo formula for the shear viscosity in Eq. (2.71). In

general the shear viscosity is a field but for calculations it is evaluated at the origin of Minkowski

space, x = (t,x) = (0,0), assuming an infinite homogeneous medium close to thermal equilib-

rium:

η(ω) =
β

10

ˆ ∞
0

dt eiωt

ˆ
d3x (πµν(t,x), πµν(0,0)) , (4.1)

where the viscous-stress tensor πµν denotes the traceless part of the energy momentum tensor,

defined in Eq. (2.65). The correlator in the integrand of the Kubo formula has been defined in

Eq. (2.72) expressing the linear response of the energy-momentum tensor to the dissipative force,

cf. the general discussion in Section 2.3. In the literature one finds alternative representations

of the Kubo formula (4.1), e.g.

η(ω) = β

ˆ ∞
0

dt eiωt

ˆ
d3x (T21(t,x), T21(0,0)) =

=
β

15

ˆ ∞
0

dt eiωt

ˆ
d3x (Tµν(t,x), Tµν(0,0)) ,

(4.2)

where in the first line only one component of the energy-momentum tensor contributes whereas

in the second line summation takes place. The factor 15 is due the integration in an isotropic

67



4. Microscopic theory of the shear viscosity

medium (i, j ∈ {1, 2, 3} with i 6= j):

ˆ
dΩ x2

i x
2
j f(x2) =

1

15

ˆ
dΩ x4f(x2) . (4.3)

With πµνπ
µν = 2

3TµνT
µν one can see that all three representations of the shear viscosity η(ω)

coincide.

Since the energy-momentum tensor Tµν and therefore also the viscous-stress tensor πµν are

real quantities31, so that:

η(ω)∗ = η(−ω) ∈ C ⇒ η = lim
ω→0

η(ω) ∈ R . (4.4)

Taking the low-frequency limit of the shear viscosity (field) η(ω;x) introduces the so-called static

shear viscosity η which is indeed a (positive) real number. When talking from now on about

shear viscosity we will always refer to the static η. We will now rewrite η(ω) in more suitable

form and introduce the retarded correlator

ΠR(ω) = −i

ˆ
d3x

ˆ ∞
0

dt eiωt 〈[T21(t,x), T21(0,0)]〉0 , (4.5)

where the term “retarded” is due to the fact that the first argument in the commutator, T21(t, ·),
is evaluated only at later times t ∈ (0,∞) compared to the second argument, T21(0, ·). Putting

the equilibrium fluctuations of the energy-momentum tensor to zero, 〈Tµν(x)〉0 = 0, we can

calculate

η(ω) = β

ˆ ∞
0

dt eiωt

ˆ
d3x (T21(t,x), T21(0)) =

=

ˆ ∞
0

dt eiωt

ˆ
d3x

ˆ β

0
dξ 〈T21(t,x) e−ξH T21(0) eξH〉0 =

=

ˆ ∞
0

dt eiωt

ˆ
d3x

ˆ β

0
dξ 〈T21(t− iξ,x)T21(0)〉0 =

= i

ˆ
d3x

ˆ ∞
0

dt eiωt 〈
(
K21(t− iβ,x)−K21(t,x)

)
T21(0)〉0 .

(4.6)

In the last line we have used dξ = i dy for y = t− iξ and have introduced a “potential” for the

energy-momentum tensor by

Kµν(t,x) =

ˆ
dt Tµν(t,x) , (4.7)

where we can impose without loss of generality that Kµν(∞,x) = 0. Using this boundary

condition we now integrate by parts and arrive at

η(ω) =
i

ω

ˆ
d3x

ˆ ∞
0

dt eiωt〈i
(
T21(t− iβ,x)− T21(t,x)

)
T21(0)〉0 +

+
i

ω

ˆ
d3x 〈i

(
K21(−iβ,x)−K21(0,x)

)
T21(0)〉0 .

(4.8)

Using the identity

〈X(t)Y (t′ + iβ)〉0 = 〈Y (t′)X(t)〉0 , (4.9)

31To be more precise they are quantum operators, but each component is a real-valued function which can be
seen by checking T ∗µν = Tµν directly from its field-theoretical definition in Eq. (4.14).
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4.1. Shear viscosity from Kubo formalism

we get for the first line of Eq. (4.8):

ˆ
d3x

ˆ ∞
0

dt eiωt〈i
(
T21(t− iβ,x)− T21(t,x)

)
T21(0)〉0 =

= −i

ˆ
d3x

ˆ ∞
0

dt eiωt〈[T21(t,x), T21(0)]〉0 = ΠR(ω) .

(4.10)

For the second line of Eq. (4.8) we use again Kµν(∞,x) = 0 and calculate in a similar way:

ˆ
d3x〈i

(
K21(−iβ,x)−K21(0,x)

)
T21(0)〉0 =

= i

ˆ
d3x 〈[T21(0),K21(0,x)]〉0 = −ΠR(0) .

(4.11)

In the end we arrive at the following simple expression for the shear viscosity:

η = lim
ω→0

η(ω) = lim
ω→0

i

ω

(
ΠR(ω)−ΠR(0)

)
. (4.12)

Since we pulled out a prefactor i/ω, also the retarded correlator ΠR inherits the same property

as η(ω) when applying the complex conjugation: ΠR(ω)∗ = ΠR(−ω). This implies an even

real part and an odd imaginary part of the retarded correlator. We arrive at the following

representation of the shear viscosity:

η = i
d

dω
ΠR(ω)

∣∣∣∣
ω=0

= − d

dω
Im ΠR(ω)

∣∣∣∣
ω=0

. (4.13)

Using now the NJL Lagrangian LNJL = Lkin + Lint in Eq. (3.31), the imaginary part of the

retarded correlator ΠR(ω) involves the kinetic term Lkin only. Apart from the cutoff dependence,

G(p) = GΘ(Λ− p), all NJL couplings are independent of the momentum. We find:

Tµν =
∂LNJL

∂(∂µψ)
∂νψ − gµνLNJL = iψ̄γµ∂νψ − gµνLNJL . (4.14)

The relevant parts for the shear viscosity are off-diagonal elements only, hence the second term

which carries the interaction does not contribute to η, cf. Eq. (4.2). In order to evaluate the

retarded correlator ΠR(ω) defined in Eq. (4.5) we switch to Matsubara space and calculate first

Π(ωn) =

ˆ
d3x

ˆ β

0
dτ eiωnτ

ˆ
〈Tτ
(
T21(r, τ)T21(0)

)
〉0 , (4.15)

where we applied a Wick rotation, τ = it, and introduced the time-ordering symbol in imaginary

time, Tτ . Note that while the underlying degrees of freedom are quarks, the relevant Matsubara

frequencies are ωn = 2πn, since the fermions under the integral sign group together to form

quantities with bosonic character: ψ̄(·)ψ. The global sign of Π(ωn) is fixed by our sign convention

for analytical continuations: Π(ωn)|ωn 7→−iω(+ε) 7→ −ΠR(ω), cf. Eq. (A.39) in the Appendix.

The correlator Π(ωn) is governed by non-perturbative physics resulting from the underlying

interactions of the NJL model. We now apply a large-Nc expansion and organize this correlator

in ring diagrams, ladder diagrams and higher-order terms:

Π(ωn) = γ2 γ2 = O(N1
c ) +O(N0

c ) + . . . , (4.16)
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4. Microscopic theory of the shear viscosity

where the γ2 matrices appear due to the evaluation of T21 = iψ̄γ2∂xψ, cf. Eqs. (4.14) and

(4.15). Knowing the Nc-scaling of the NJL vertex G ∼ 1/Nc, one finds at leading order O(N1
c )

a one-loop diagram contributing to the skeleton expansion of the four-point correlator Π(ωn).

The NJL Lagrangian in its simplest form in Eq. (3.40) takes only scalar and pseudoscalar but no

vector or axialvector interactions into account: Γ ∈ {1, iγ5}. Iterating these interaction kernels

in ring diagrams at leading order in 1/Nc to Π(ωn) does not affect the correlator:

γ2

ΓΓ Γ Γ
γ2

n loops = 0 , (4.17)

where n = 1, 2, . . . in the diagram denotes the number of rings with interaction kernels Γ on

both sides. Such ring diagrams are indeed vanishing, because the trace (in momentum and

Dirac space) in the first ring vanishes due to the orthogonal operator structure involving the

combination of γ2 and Γ:

T
∑
n∈Z

ˆ
d3p

(2π)3
Tr
[
γ2G

F
β(p, νn) ΓGF

β(p, νn)
]

=

= T
∑
n∈Z

ˆ
d3p

(2π)3

1

(ν2
n + p2 +m2)2

Tr
[
γ2Γm2 + γ2/pΓ/p+ γ2/pΓm+ γ2Γ/pm

]
= 0 ,

(4.18)

where we have used the notation /p = νnγ4 − p · γ and the full Matsubara propagator

GF
β(p, νn) =

/p+m

ν2
n + p2 +m2

, (4.19)

with frequencies νn = (2n+1)πT−iµ, cf. Appendix A.2. Exchange (ladder diagram) corrections

to the chain in Eq. (4.17) are non-vanishing but of subleading order in 1/Nc, because each rank

in the ladder gives rise to a suppression factor G2Nc ∼ 1/Nc. Note that adding one rank

introduces two additional momentum integrations but only one additional color trace.

The shear viscosity in the NJL model has been derived previously in Refs. [FIO, FIO08a,

FIO08b] using the Kubo formula, but setting the current-quark mass to zero: m0 = 0. We

point out that this result can in fact be derived without assuming to work in the chiral limit: to

ensure the absence of iterated ring-diagram contributions it is indeed not necessary to assume

this limit when taking only scalar and pseudoscalar interactions in the NJL Lagrangian into

account. Iterated ring diagrams involving these interactions vanish naturally. Note that even

in the chiral limit and the Nambu-Goldstone phase, the second term of the trace in Eq. (4.18),

Tr
[
γ2/pΓ/p

]
would survive in the presence of vector interactions.

From the large-Nc analysis of the Kubo formula for the shear viscosity η we conclude that

for all purely fermionic theories L = Lkin + Lint where all interactions are independent of

the momentum and the coupling of the 2N -vertex scales as K2N ∼ N
−(N−1)
c , the dominant

contribution to the shear viscosity reads in Matsubara space:

Π(ωn) = γ2 γ2 + O(N0
c ) . (4.20)

We now proceed with the analytical evaluation of this leading-order contribution:

Π(ωn) = T
∑
m∈Z

ˆ
d3p

(2π)3
p2
x Tr

[
γ2G

F
β(p, ωn + νm)γ2G

F
β(p, νm)

]
=

ˆ
d3p

(2π)3
p2
x S(p, ωn) , (4.21)
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iνn

z = ǫ− iωn ± δ

z

1

2

3

4

z = ǫ± δ

Figure 4.1.: Contour C and the four integration paths relevant for the evaluation of S(p, ωn). The
poles located at the imaginary axes, z = iνn are the Matsubara poles coming from the Fermi
distribution function n+

F (z), whereas the two branch cuts come from the fermion propagators
describing thermal constituent quarks.

where we have denoted the integrand by S(p, ωn) as it is suggested in [FIO]. The trace refers

to color, flavor, and Dirac space. We use residual calculus and interpret the sum m ∈ Z as sum

over residua of the Fermi distribution function,

Res n+
F (z)

∣∣
z=iνn

= −T . (4.22)

With the circle C in the complex plane centered at the origin with radius R → ∞, we have

therefore32:

S(p, ωn) = − 1

2πi

ˆ
C

dz n+
F (z)Tr

[
γ2G

F
β(−iz + ωn)γ2G

F
β(−iz)

]
=

= − 1

2πi

ˆ ∞
−∞

dε n+
F (ε) Tr

[
γ2G

F
β(−iε+ ωn)γ2G

F
β(−iε+ δ)− γ2G

F
β(−iε+ ωn)γ2G

F
β(−iε− δ)

+γ2G
F
β(−iε+ δ)γ2G

F
β(−ωn − iε)− γ2G

F
β(−iε− δ)γ2G

F
β(−ωn − iε)

]
.

(4.23)

Apart from the Matsubara poles νn, the contour integral in the first line faces two branch cuts

at z = ε− iωn 6= iνn and z = ε 6= iνn as it can seen from the spectral representation

Gβ(p, ωn) =

ˆ ∞
−∞

dε
ρ(ε,p)

ε− iωn
. (4.24)

The contour integral separates into four contributions above and below the two branch cuts,

denoted by the infinitesimal ±δ → 0, respectively. The relative minus sign in Eq. (4.23) is due

to the directions of ε-integration as it is sketched in Fig 4.1. Note that, actually, the second line

therein has the prefactor n+
F (ε− iωn) but this equals due to the bosonic Matsubara frequencies

ωn = 2πnT just n+
F (ε). Directly from its definition (4.24) we get

lim
δ→0

[
Gβ(p,−iω + δ)−Gβ(p,−iω − δ)

]
= 2πi ρ(ω,p) , (4.25)

32In the following derivation we suppress the three-momentum in the notation writing GF
β(·) instead of GF

β(p, · ).
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leading to

S(p, ωn) = −
ˆ ∞
−∞

dε n+
F (ε) Tr

[
γ2ρ(ε)γ2

(
GF
β(ωn − iε) +GF

β(−ωn − iε)
)]

. (4.26)

For the shear viscosity η we need the imaginary part of the retarded correlator ΠR(ω), therefore

we perform at this stage for S(p, ωn) the analytical continuation to Minkowski space, ωn 7→
−iω + δ, and find when taking its imaginary part and sending δ → 0:

Im S(p,−iω) = −
ˆ ∞
−∞

dε n+
F (ε) Tr

[
γ2ρ(ε)γ2 Im

(
GF
β(−i(ω + ε) + δ) +GF

β(i(ω − ε)− δ)
)]

=

= −π
ˆ ∞
−∞

dε n+
F (ε) Tr

[
γ2ρ(ε)γ2

(
ρ(ε+ ω)− ρ(ε− ω)

)]
,

(4.27)

where we have used the relation (cf. Eq. (3.108))

lim
δ→0

ImGβ(p,−iω ± δ) = − lim
δ→0

ImGR/A(ω,p) = ±πρ(ω,p) . (4.28)

Shifting for the second term in the integrand the ε-integration my ε 7→ ε + ω we find as final

answer in Minkowski space:

Im S(p,−iω) = −π
ˆ ∞
−∞

dε
(
n+

F (ε)− n+
F (ε+ ω)

)
Tr [γ2ρ(ε)γ2ρ(ε+ ω)] . (4.29)

In order to calculate finally the shear viscosity we combine Eqs. (4.13) and (4.21) and get

η = −
ˆ

d3p

(2π)3
p2
x

d

dω
ImS(p,−iω)

∣∣∣∣
ω=0

=

=
π

T

ˆ ∞
−∞

dε

ˆ
d3p

(2π)3
p2
x n

+
F (ε)

(
1− n+

F (ε)
)

Tr [γ2 ρ(ε,p) γ2 ρ(ε,p)] ,

(4.30)

where the combination of Fermi distribution functions arises from their derivatives:

dn±F (ε)

dε
= βn±F (ε)(n±F (ε)− 1) < 0 . (4.31)

This is the main result for the shear viscosity in the NJL model from Kubo formalism. In the

subsequent Section 4.2 we will study the shear viscosity assuming a quark self-energy that can

be described by a parameterized spectral width Γ. Later, in Section 6.2, we will extend this

discussion and evaluate the master formula (4.30) with full results for the quark self-energy

calculated from the NJL model.

We would like to emphasize two properties of the shear viscosity η. First, though the integrand

of η contains only matter contributions from quark distribution function n+
F , the shear viscosity

is invariant under µ 7→ −µ. This follows from the fact that the ε-integration ranges over both

positive and negative energies. One also uses n+
F (−ε)

(
1 − n+

F (−ε)
)

= n−F (ε)
(
1 − n−F (ε)

)
and

that fact that Tr [γ2 ρ(ε,p) γ2 ρ(ε,p)] is an even function in ε, cf. Appendix A.3. The second

comment refers to the off-shell structure of the Kubo formula. The ε and p-integrations are

carried out independently, therefore one has to provide the full spectral function without using

on-shell restrictions. In Section 6.2 we will discuss in detail the differences between the on-

and off-shell treatments of the master formula (4.30). For the proceeding parameter study, the

spectral width Γ(p) is a function of momentum p = |p| only, i.e. there we restrict to the on-shell

approximation of the Kubo formula only.
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4.2. Parameter study of the shear viscosity

In this section we discuss the shear viscosity η[Γ] of the NJL model at leading-order in a large-

Nc expansion systematically. Working first with the unphysical assumption of a momentum-

independent spectral width we are able to derive analytical results and some convergence crite-

rion for η[Γ]. Based on this rough assumption we introduce a numerical scheme which allows us

to treat more efficiently also the physical cases where the spectral width depends on the quark

momentum. Not surprisingly, we find a very strong cutoff dependence of the final results for η

that, however, ensures physical results. The non-perturbative structure of the NJL model im-

plies that ladder-diagram resummation does not affect the resulting shear viscosity drastically.

Finally, since we are actually interested in the thermal dependence of the shear viscosity, effects

induced by the thermal quark mass are investigated.

We work in a quasi-particle approximation and assume that the quark self-energy can be

expressed by a single parameter, the spectral width Γ(p). We use the following ansatz [FIO,

FIO08a]:

GR/A(p0,p) =
1

/p−m± i sgn(p0)Γ(p)
, (4.32)

where we formally substituted the pole description ε 7→ Γ in Eq. (A.32). Note that for positive

energies, p0 > 0, the retarded propagator GR is just the Feynman propagator. The thermal

environment affects parametrically not only the spectral width Γ(p;T, µ), but also, via the gap

equation (3.83), the quark mass m(T, µ). From this ansatz the spectral function is derived using

the “inverse relation” Eq. (3.108):

ρ(p0,p) = − 1

π
Im GR(p0,p) =

sgn(p0)Γ(p)

π

p2 + 2m/p+m2 + Γ2

(p2 +m2 + Γ(p)2)2 − 4m2p2
, (4.33)

where p2 = p2
0 − p2 and the denominator is denoted for convenience by

X(p) =
(
p2 +m2 + Γ(p)2

)2 − 4m2p2 =
(
p2 −m2 + Γ(p)2

)2
+ 4m2Γ(p)2 . (4.34)

For the shear viscosity (4.30) one easily carries out the color and flavor traces in Eq. (4.30),

resulting in trivial prefactors Nc and Nf , respectively. The trace in Dirac space gives

Tr[γ2ργ2ρ] =
Γ(p)2

π2X(p)2
Tr
[
γ2(p2 + 2m/p+m2 + Γ(p)2)γ2(p2 + 2m/p+m2 + Γ(p)2)

]
=

=
Γ(p)2

π2X(p)2
Tr
[
γ2

2(X(p) + 4p2m2) + 4m2γ2/pγ2/p
]

=

=
4Γ(p)2

π2X(p)2

[
8m2p2

y −X(p)
]
−→

32m2p2
yΓ

2(p))

π2X(p)2
as X → 0 ,

(4.35)

where we have used Tr[γ2/pγ2/p] = 4p2 + 8p2
y. The discussion in Section 4.2.1 will show that the

shear viscosity is dominated by regions where the denominator X(p) becomes small. Therefore

we have taken for Tr[γ2ργ2ρ] only the dominant term ∼ X(p)−2 into account and dropped the

term ∼ X(p)−1. For an isotropic medium the spectral width Γ(p) does not depend on any angle.

The angular part of the d3p integration can be readily carried out using

ˆ
dΩ p2

i p
2
j =

4p4π

15
, for i 6= j , (4.36)

where again the factor 15 appears as we have discussed already at the beginning of this section
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in Eq. (4.2). The shear viscosity becomes:

η[Γ(p)] =
16βNcNf

15π3

ˆ ∞
−∞

dε

ˆ ∞
0

dp p6 m2 Γ(p)2 n+
F (ε)(1− n+

F (ε))

[(ε2 − p2 −m2 + Γ(p)2)2 + 4m2Γ(p)2]2
. (4.37)

This is a main result for the shear viscosity from Kubo formalism assuming the parameterization

of the dressed quark propagator as given in Eq. (4.32). The advantage of this parameterization

is that only a single (momentum dependent) spectral width, Γ(p), describes the shear viscosity.

In the following we study the result (4.37) in detail in order to explore the qualitative and

quantitative behavior of the shear viscosity, e.g. for different parameterizations of Γ(p).

4.2.1. Analytical results for a constant spectral width

To start with we assume a spectral width Γ = const., independent of the momentum and any

thermal parameters. This allows for an analytical result for the momentum integral in Eq. (4.37),

therefore one is left with the one-dimensional numerical ε-integration only. We use

ˆ ∞
0

dp
p6

[(A− p2)2 +B2]2
=

π

8
√

2

√√
A2 +B2 −A
B4

[
(2A2 + 3B2)

√
A2 +B2 + 2A(A2 + 2B2)

]
,

(4.38)

where we identifies A = ε2−m2 +Γ2 and B = 2mΓ. One can derive this result by extending the

integration range to p ∈ R (the integrand is an even function of p) and using residual calculus.

Having performed the p-integration analytically by hand improves the computation time for one

value of η by roughly one order of magnitude. Furthermore, it helps finding an appropriate

approximation scheme for the whole (ε, p)-integration when the spectral width is momentum

dependent.

In Fig. 4.2 we show the results for η[Γ;T, µ] assuming a constant spectral width and using a

constant quark mass of m = 100 for convenience. For Γ→ 0 the shear viscosity diverges, as it is

expected from general considerations. This limit describes a system of free quarks for which the

mean free path is infinite. With increasing temperature and quark chemical potential, the shear

viscosity increases, but the dependence on temperature is more pronounced. Compare these

figures to those in Ref. [FIO], where η[Γ] has been evaluated numerically without a momentum-

space cutoff, equivalent to our analytical approach based on Eq. (4.38), i.e. p ∈ (0,∞) which

is actually unphysical in the NJL model, since the model becomes non-interacting for too high

momenta leading to Γ→ 0 implying a divergent shear viscosity. However, inspecting the detailed

behavior of the integrand in Eq. (4.37), a convergence criterion for the shear viscosity in the

absence of a momentum-space cutoff can be derived:

In order for the shear viscosity η[Γ] as functional of Γ(p) to be convergent, the

asymptotic Γ(p) should not converge too rapidly to zero:

η[Γ(p)] <∞ ⇔ p7/2e−βp/2 ∈ o(Γ(p)) , (4.39)

where o(·) denotes the little Landau symbol33. Possible parameterizations of Γ(p) satisfying this

33The notation f ∈ o(g) is used to express accurately that “f is growing less fast than g”, meaning that
f(x)/g(x)→ 0 for x→∞. More intuitively, this also means that “g grows much faster than f”.
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Figure 4.2.: Shear viscosity η as function of a constant spectral width Γ, temperature T and
quark chemical potential µ. In this analytical calculation no momentum cutoff was used.

constraint are:
constant : Γconst = 100 MeV ,

exponential : Γexp(p) = Γconst e−βp/8 ,

Lorentzian : ΓLor(p) = Γconst
βp

1 + (βp)2
,

divergent : Γdiv(p) = Γconst

√
βp .

(4.40)

Note that all these parameterizations lead to a finite shear viscosity and no mathematical reg-

ularization must be applied. A Gaussian shape, Γ ∼ exp
(
−β2p2

)
, for instance does not satisfy

the convergence criterion (4.39). The particular shapes of the prototype widths (4.40) have

been chosen because of their different behavior at small and large momenta: vanishing or non-

vanishing Γ(p = 0), convergent or divergent Γ(p) for p → ∞. These prototypes represent

physical spectral widths in several theories [Lan10, LKW12]: Γ(p) in φ4 theory, for instance, is

a monotonic function and converges to zero for large momenta. This can be described by the

Lorentz parameterization for large momenta: limp→∞ ΓLor(p) ∼ T/p. In contrast, the spectral

width of an interacting pion gas diverges for p→∞.

4.2.2. Numerical approach to momentum-dependent spectral widths

The numerical treatment of η[Γ(p)] in Eq. (4.37) with a momentum-dependent spectral width

is based on the observation that its integrand ranges typically over something like ten orders of
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maximum.
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(b) Convergence plot of the numerical approxima-
tion scheme for η[Γ] shown for a constant spectral
width compared to its analytical result that is re-
produced exactly only for x→∞.

Figure 4.3.: Details on the numerical approximation scheme: due to the sharp peak structure of
the integrand as shown in panel (a), the ε-integration in Eq. (4.37) is restricted to |ε| < xε∗,
where x = 1.3 provides an accuracy of 10−4 as it is shown in panel (b). See also the discussion
in the text.

magnitude as it is shown in Fig 4.3(a). We have extended the values of p and ε to unphysically

high values in order to clearly display the underlying systematics. For every momentum p there

is a maximum of the integrand, located at

ε∗(p) =
√
p2 +m(T, µ)2 − Γ(p;T, µ)2 −→ p for large momenta p . (4.41)

For all physical momenta, i.e. empirically for p . 2 − 3 GeV which is a bound far above

the NJL-cutoff scale (Λ < 1 GeV), the integrand is most sizable within the vicinity of ε∗(p).

Adaptive methods for numerical integration run into serious trouble when facing a sharp peak

structure as present for the Kubo formula for η[Γ(p)]: either the step size becomes too tiny for

fast convergence (or convergence at all), or the most important contribution in the vicinity of

the peak is not sampled by a too coarse step size. We overcome this numerical issue by cutting

the ε-integration “by hand” and allow only for |ε(p)| < xε∗(p) for some x & 1. As it is found

from Fig. 4.3(b) the choice x = 1.3 is sufficient to reproduce the analytical result for a constant

spectral width up to a relative error of 10−4. It can be seen how in the vicinity of the maximizer

ε ≈ ε∗(p), i.e. x ≈ 1, the dominant contributions to the shear viscosity are integrated. We report

that for all momentum-dependent parameterizations Γ(p) defined in Eq. (4.40) the integrands

look qualitatively the same as for a constant spectral width which has been used in Fig. 4.3.

Therefore we expect the described numerical scheme to work well also in these and more physical

cases as we will calculate in Chapter 5.

4.2.3. Cutoff dependence

Generally, the shear viscosity increases when the spectral width decreases, cf. Fig 4.2(a). This

behavior is also visible in Fig. 4.4(a) when comparing the prototype parameterizations of Γ(p):

the “more divergent” the spectral width as p→∞, the smaller the corresponding shear viscosity:

ηLor > ηexp > ηconst > ηdiv , (4.42)
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(b) Momenta restricted to p ≤ Λ

Figure 4.4.: Shear viscosity η as function of temperature at vanishing quark chemical potential,
for different schematic parameterizations (4.40) of the spectral width Γ(p). Sequence of curves
and qualitative change from scenarios without (a) and with (b) momentum cutoff Λ = 651 MeV
are discussed in the text.
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Figure 4.5.: Absolute (a) and relative (b) cutoff dependence of the shear viscosity, demonstrating
the suppression of high-momentum contributions when the standard (physical) NJL cutoff is
used. The plots are drawn at µ = 0 and for constant spectral width Γ = 100 MeV.

using notations as in Eq. (4.40). This sequence is implied by the corresponding (inverse) order

for the spectral widths. These arguments hold also for non-vanishing quark chemical potentials.

Assuming the spectral width itself to be independent of the chemical potential, the shear viscosity

increases for increasing µ, but the qualitative shape of η(T ) does not change. We note that the

results in Fig. 4.4 have been derived using a constant constituent quark mass, m = 325 MeV

being its “physical” vacuum value.

The integrand of η[Γ(p)], Eq. (4.37), is sizable for unphysically large momenta, so we expect

a strong cutoff dependence. In the NJL model the quasiparticle interactions are restricted to

quark momenta p ≤ Λ = 651 MeV. Quarks with momenta p > Λ do not interact and have

infinite mean free paths. Restricting the momentum integration to the interval p ≤ Λ, we find

a shear viscosity as shown in Fig. 4.4(b). Excluding p > Λ reduces the shear viscosity by one
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4. Microscopic theory of the shear viscosity

order of magnitude at low temperatures and even by two orders of magnitude at high T . As

expected, this expresses a very strong cutoff dependence. In addition to these quantitative

differences, the qualitative behavior of the shear viscosity also changes strongly and flattens for

high temperatures.

This strong cutoff dependence is investigated in more detail in Fig. 4.5: the contributions taken

into account (compared to the analytical result for η) depend strongly on temperature and just

weakly on the quark chemical potential. At T = 200 MeV the momentum cutoff excludes about

90% of the full integral extended to infinity, see Fig. 4.5(a). As shown in Fig. 4.5(b), varying

the cutoff by up to ±20% implies for η a change of up to 100%.

To assess the order of magnitude of the NJL shear viscosity, a comparison with η(T ) for other

systems is instructive. For example, an interacting pion gas treated within the framework of

chiral perturbation theory [LKW12] has a typical shear viscosity of order η(T ) ≈ 40 MeV/fm2 ≈
1.6 · 10−3 GeV3 at T ≈ 100 MeV. This is a similar order of magnitude as the results shown in

Fig. 4.4(b) when applying the NJL cutoff Λ = 651 MeV. We recall that this cutoff is fixed by

reproducing physical observables such as the pion decay constant in vacuum and not adjusting

the overall scale of shear viscosity. In contrast, a physically meaningful order of magnitude for

η follows naturally when incorporating the NJL cutoff.

4.2.4. Perturbative aspects and ladder-diagram resummation

As we have already mentioned the shear viscosity η diverges for non-interacting systems, i.e. for

a vanishing spectral width, corresponding to infinite mean free path. Close to this limit η can

be expanded in a Laurent series (as realized for example analytically in ChPT and λφ4 theory

[LKW12]):

η[Γ] =
A−1

Γ
+A0 +A1Γ +A2Γ2 + . . . (4.43)

For small Γ, the combination η · Γ is just the residue A−1. What does “small” mean in this

context? In contrast to the perturbative λφ4 theory where Γ ∼ λ2, the NJL model is generically

non-perturbative in its coupling, even though the scaling G ∼ 1/Nc applies. The spectral width

is therefore not expected to be sufficiently small in order to permit an expansion as in Eq. (4.43).

Fig. 4.6 shows results of the fully non-perturbative calculation of η ·Γ as a function of the inverse

width, conveniently written as x = mπ/Γ, at different T and µ in comparison with the residue
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Figure 4.6.: Scaling of η · Γ for different T and µ as function of the inverse width expressed in
units of the pion mass mπ. Solid horizontal lines correspond to the residues A−1 of η[Γ] in
Eq. (4.43). A constituent quark mass m = 100 MeV has been used for convenience.
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A−1. As it can be seen from the figure, corrections to the leading term of the Laurent series

(4.43) are small for x > 1.5 (demanding 10% accuracy or better). From these considerations we

conclude that a perturbative approach is justified only for spectral widths Γ� ,mπ = 140 MeV.

The discussion of a perturbative treatment of η[Γ(p)] is closely related to the resummation

of ladder diagrams: if in the large-Nc limit the spectral width decreases, i.e. Γ ∼ 1/Nc as

suggested by hot-QCD calculations [Def05] where the coupling αs ∼ 1/Nc becomes small, then

the perturbative regime is reached in this limit and the Laurent series expansion in (4.43) can be

restricted to its leading-order term. As seen from Eq. (4.37), for a constant but small spectral

width Γ→ 0 the residue A−1 can be identified with the remaining ε-integral:

η[Γ(p)] −→ 2NcNf

15π2T

ˆ
|ε|>m

dε
(ε2 −m2)5/2 n+

F (ε)(1− n+
F (ε))

mΓ(
√
ε2 −m2)

. (4.44)

In contrast to the non-perturbative result in Eq. (4.37) the ε-integration excludes the region

|ε| < m. This is due to the delta functions appearing in the limit of small Γ. The momentum

integration of the integrand involving δ(ε2 − p2 − m2) is readily carried out. Compare this

expression with the results from a perturbative treatment in [HK11]. Because in the limit Γ→ 0

only the residue term of η[Γ(p)] is relevant, ladder diagrams now become sizable corrections and

contribute also at leading order. Furthermore, the shear viscosity now scales as η ∼ N2
c and no

longer linearly with Nc as Eqs. (4.30) and (4.37) do for Nc-independent spectral function ρ and

width Γ, respectively.

We conclude that ladder diagram resummation is necessary in the perturbative regime of

η[Γ(p)] in Eq. (4.37), i.e. when the spectral width is small, Γ � mπ. In the NJL model

with its genuine non-perturbative structure, the physical spectral width is large and outside

the perturbative regime. This will be demonstrated by an explicit calculation in Chapter 5.

Therefore, contributions from ladder diagram resummation are subleading corrections, while

the shear viscosity functional (4.37) is valid also for large spectral width when including all

orders of the Laurent series expansion (4.43).

4.2.5. Effects of thermal quark masses on the shear viscosity

In this parameter study the constituent-quark mass has so far been treated as a constant. We

now proceed to incorporate its explicit T and µ dependence as we have calculated it from the

Hartree-Fock gap equation (3.75) with the results shown in Fig. 3.4. In Fig. 4.7(a) we show the

shear viscosity η for varying constituent-quark mass m where the mass is treated as a parameter

and assuming a constant spectral width Γconst = 100 MeV. For m → 0 the shear viscosity

becomes divergent, again due to pinched poles appearing in Eq. (4.37) in this limit. In fact,

the origin of this divergence is the same as for Γ → 0, since m and Γ are formally (almost)

interchangeable in the integrand of Eq. (4.37). For large constituent quark masses, two effects

occur: first, the maximizer ε∗(p) ∼ m (4.41) moves to larger values, and second, the integrand

of Eq. (4.37) scales as m−6. Both features result in a decreasing function η(m).

Taking the full thermal dependence of the constituent-quark mass into account has an essential

influence on the shear viscosity, see Fig. 4.7(b): for small T , a constant mass m = 325 MeV

approximates the thermal constituent quark mass. In contrast, at large T , with a melting chiral

condensate, the dropping dynamical quark mass implies a strongly increasing shear viscosity,

qualitatively different from the case with constant quark mass.34 From this study one can

conclude that besides the NJL cutoff the thermally generated constituent-quark mass dominates

both the qualitative and quantitative result for the shear viscosity η(T ).

34We have chosen to compare thermal and non-thermal results for constant and exponential parameterizations
of the spectral width. For ΓLor and Γdiv the results are qualitatively similar.
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stituent quark mass m for a constant spectral width
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(b) Shear viscosity with thermal quark mass m(T ) at
vanishing quark chemical potential compared to a con-
stant (vacuum) quark mass

Figure 4.7.: Dependence of the shear viscosity on the constituent-quark mass: (a) parametric
dependence on m assuming a constant spectral width Γ = 100 MeV; (b) temperature de-
pendence of the shear viscosity including the full thermal constituent-quark masses m(T, µ)
(upper lines, i.e. without dots) compared to a constant quark mass m = 325 MeV (lower
lines, i.e. with dots). The results can be understood from Fig. 3.4.

4.3. Kinetic theory

So far we have intensely discussed and applied the Kubo formalism for evaluating the shear

viscosity. There is an alternative approach, the kinetic theory using the Boltzmann equation,

which is widely used when investigating transport coefficients. It can be used for the description

of the dynamics of a fluid composed of quasiparticles which is not too far from equilibrium. In

this section we illustrate the derivation of the general expression for the shear viscosity within

this formalism and compare it to the results from Kubo formalism derived in Section 2.3. We

start with the Boltzmann equation, cf. for instance [HK85, CEM13]:

∂f

∂t
= −v · ∂f

∂x︸ ︷︷ ︸
diffusion

−F · ∂f
∂p︸ ︷︷ ︸

external

+
∂f

∂t

∣∣∣∣
collisions

. (4.45)

Its principal shape does not differ for fermionic and bosonic systems, so f(x,p) denotes one of

the corresponding distribution functions. It describes the phase space (probability) density of

the quasiparticles that the fluid consists of. At equilibrium one has the distribution functions

f±0 (x,p) = n±F/B(uµp
µ) =

1

eβ(E−p·u∓µ) ± 1
, (4.46)

with the quasiparticle four momentum pµ = (E,p) and the four velocity of the fluid uµ(x) as it

has been already defined in Eq. (2.62). The first term in the Boltzmann equation (4.45) describes

diffusion processes, i.e. the spatial variation of the non-equilibrium distribution function f ,

whereas the second term describes external forces, e.g. a gravitational field or electromagnetism

effects. The collision term is usually35 treated in the so-called relaxation-time approximation,

35We mention that there are several approximation schemes on can apply to the Boltzmann equation. Apart from
the relaxation-time approximation which uses an ansatz for the collision term, one could also apply variational
methods like the Chapman-Enskog approximation, cf. [PPSG12, WP12] and the references therein.
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i.e. one makes the ansatz [SR09]:

∂f

∂t

∣∣∣∣
collisions

= −δf
τ
. (4.47)

One thereby assumes that the system’s deviation from equilibrium, δf = f − f0, is small com-

pared to the relaxation time τ , which is equivalent to 〈A〉 � 〈B〉 in linear response theory, cf.

Eq. (2.69). We recall that the operator A = βH denotes the equilibrium part of the thermody-

namic system (with Hamiltonian H) and the operator B describes deviations from it.

Usually, τ is determined by calculating cross sections from totally elastic 2 → 2 scattering

processes as it is done for instance in [SR10]. The relativistic generalization of Eq. (4.47) reads

at leading order in δf :

(p · ∂)f0 = −E
τ
δf . (4.48)

Defining the energy-momentum tensor directly from the Lagrangian as it was done before in

Eq. (4.14) is not useful for the hydrodynamic description. Instead, one defines its thermal average

(with respect to the equilibrium state) as a three-momentum integral over the distribution

functions36:

Tµν =

ˆ
d3p

(2π)3

pµpν

E

(
f+ + f−

)
. (4.49)

From this, using the relaxation-time ansatz, the linear perturbation of the energy-momentum

tensor in δf can be derived as:

τµν = δTµν = −
ˆ

d3p

(2π)3

pµpν

E2
(p · ∂)

(
τf+

0 + τ̄ f−0
)
, (4.50)

with τ̄ denoting the mean life time of the anti-quasiparticle. We identify this linear correction to

the energy-momentum tensor with the dissipative tensor τµν introduced in the Kubo formalism

in Eq. (2.63). Again, only first-order derivatives in the dissipative force have been taken into

account.

In the following we derive expressions for the time evolution of the thermal parameters T and

µ. For this we need the following two Maxwell relations,

∂V

∂N
=
∂µ

∂P
, and

∂S

∂V
=
∂P

∂T
, (4.51)

where the first one can be derived from the enthalpy differential

dH = T dS + V dP + µ dN , (4.52)

and the second relation from the free-energy differential

dF = −S dT − P dV + µdN . (4.53)

Starting from the internal energy E(S, V,N) we derive using Eqs. (4.51) the thermodynamic

relation for the energy density:

dE = T dS − P dV + µdN

⇔ ε =
dE

dV
= T

∂S

∂V
− P + µ

∂N

∂V
= T

∂P

∂T
− P + µ

∂P

∂µ
.

(4.54)

36The integrand’s shape of Tµν can be considered as combination of a Lorentz-covariant integral measure, d3p/E,
the most general second-rank tensor made out of four-momenta, pµpν , followed by the phase space density
functions, f±.
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From this we see that the energy density can be considered as a function of temperature and

quark chemical potential only, ε(T, µ), since the pressure is P (T, µ). Using again the first

Maxwell relation we find the analogous statement for the particle density,

n =
∂N

∂V
=
∂P

∂µ
, (4.55)

which implies n(T, µ). Inverting both functions, ε and n, temperature and chemical potential

are determined when knowing the energy and particle density: T (ε, n) and µ(ε, n). Therefore

the total time derivative of the pressure can be expressed in two equivalent ways:

dP (T, µ)

dt
=
∂P

∂T

∂T

∂t
+
∂P

∂µ

∂µ

∂t

!
=
∂P

∂ε

∂ε

∂t
+
∂P

∂n

∂n

∂t
=

dP (ε, n)

dt
. (4.56)

Having an explicit expression for the right-hand side of this identity, the time evolution of T

and µ can be extracted. This can be achieved using energy density conservation:

0 = uν∂µT
µν =

= uν (∂µε+ ∂µP )uµuν + uν (ε+ P ) [(∂µu
µ)uν + uµ∂µu

ν)]− uν∂νP =

= (u · ∂) ε+ (ε+ P ) ∂ · u ,
(4.57)

where we have used the hydrodynamic parameterization of Tµν in Eq. (2.61). Note that

uνu
µ∂µu

ν = 0 as a consequence of the normalization u · u = 1. From this one has

∂ε

∂t
= − (ε+ P )∇ · u = −

(
T
∂P

∂T
+ µ

∂P

∂µ

)
∇ · u , (4.58)

where we have used Eq. (4.54). In a similar way using number density conservation one finds

∂n

∂t
= −n∇ · u = −∂P

∂µ
∇ · u , (4.59)

where Eq. (4.55) has been used. The last two identities determine the right-hand side of

Eq. (4.56) which is now written as

dP (ε, n)

dt
= −

[
∂P

∂ε

(
T
∂P

∂T
+ µ

∂P

∂µ

)
+
∂P

∂n

∂P

∂µ

]
∇ · u . (4.60)

We are interested in the time-evolution of the thermal parameters T and µ. Comparing their

coefficients in the left-hand side of Eq. (4.56) and Eq. (4.60) one finds:

∂T

∂t
= −T ∂P

∂ε
∇ · u ,

∂µ

∂t
= −

[
µ
∂P

∂ε
+
∂P

∂n

]
∇ · u .

(4.61)

The linear response of the energy-momentum tensor to the non-equilibrium state can then be

evaluated and parameterized as37

δT ij = ηW ij + ζδij∂ku
k , (4.62)

37Note that all entries containing a temporal coordinate simply vanish: Tµ,0 = 0. Of course, this is also true in
the Kubo formalism.
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again with a traceless tensor W ij defined by

W ij = ∂iu
j + ∂ju

i − 2

3
δij∂ku

k , (4.63)

which should be compared to viscous hydrodynamics when parameterizing the dissipative tensor

in Eq. (2.64). The final result for the shear viscosity reads [SR09]:

η(T, µ) = β

ˆ
d3p

(2π)3

p2
i p

2
j

2E2

[
τf+

0

(
1± f+

0

)
+ τ̄ f−0

(
1± f−0

)]
=

=
β

15

ˆ
d3p

(2π)3

p4

2E2

[
τf+

0

(
1± f+

0

)
+ τ̄ f−0

(
1± f−0

)]
,

(4.64)

where the ± refers to the bosonic and fermionic case, respectively.

Let us finally compare the kinetic result for the shear viscosity with the functional η[Γ] from

Kubo formalism. As discussed in detail in Section 2.3.2, an infinite set of ladder diagrams

must be resummed in order to get the full leading-order result for the shear viscosity in the

weak-coupling limit. It was proven by Jeon that doing so the Kubo formalism is equivalent to

kinetic theory [Jeo95]. Inspecting the results of this section we realize that using the Boltzmann

equation in relaxation-time approximation one finds η ∼ τ ∼ 1/Γ, which is indeed the same

scaling as one finds from Kubo formalism at leading order in a weak-coupling expansion. The

mathematical assumptions in both approaches, δf � 1 and 〈B〉 � 〈A〉, just display the same

physical picture that the considered system is close to equilibrium meaning that the relaxation

time (or mean free time) is large. However, our result for η[Γ] within the NJL model, Eq. (4.37),

shows a more complex structure beyond the weak-coupling assumption. As we have discussed

in Section 4.2.4, the spectral width Γ is far from being small, therefore the residual term A−1/Γ

in Eq. (4.43) is sub-dominant. Therefore ladder-diagram resummation within the NJL model is

expected not to affect the numerical results for the shear viscosity as drastically as in weakly-

coupled toy models or theories.
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5. Mesonic fluctuations in the quark sector

“Quantum theory provides us with a striking illustration of the fact

that we can fully understand a connection

though we can only speak of it in images and parables.”[Hei71]

Werner Heisenberg

In Section 3.3.2 we have discussed how a large-Nc analysis of the NJL model can reproduce

standard techniques of many-body physics. The gap equation emerges at next-to-leading order,

describing thermal constituent-quarks with dynamically generated masses, joined by and the

Bethe-Salpeter equation (BSE) describing thermal mesons:

GAP: = + + (5.1)

BSE: = + (5.2)

The last diagram in the gap equation is of order O(N−1
c ) and plays the role of the Fock term

with respect to the leading-order gap equation at Hartree level. However, this term is necessary

for a self-consistent treatment of both the quark and meson sector in a large-Nc NJL model. The

Fock term introduces mesonic fluctuations into the quark sector and leads to a coupling between

gap equation and the BSE. Therefore, the two equations have to be solved simultaneously which

is not possible analytically. If we would be interested in thermodynamic properties of quarks

and mesons only, a numerical approach would be sufficient. As we show in the first part of this

chapter, producing discrete numerical data for the thermal quark self-energy is an insufficient

starting point to derive its analytical continuation. This strategy is ill-defined and any predictive

power for the shear viscosity is lost. Therefore, instead of solving numerically the two coupled

equations (5.1) and (5.2) we first assume their decoupling and then use the solutions of the

Hartree gap equation and the Bethe-Salpeter equation as input for the mesonic fluctuations.

5.1. Ambiguous analytical continuation from discrete data

Here we present a cautionary example of a discrete data set for which we try to find some

analytical continuation for. It turns out that different ansatzes lead to dramatically different

analytical properties of the final result. Therefore, no physical conclusion can be drawn solely on

basis of this discrete data set. We consider the following model for some generic physical quantity

Q(p) in arbitrary units as function of momentum (with β denoting the inverse temperature as
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5. Mesonic fluctuations in the quark sector

usual):

Q(p) =
a0

1 + βp
+

a1

1 + (βp)2
+

6∑
k=2

ake
−(βp)k , (5.3)

with 1 = 2a0 = a1 = a3 = a4 = a5 = 2.5a6, and β = (150 MeV)−1 which is arbitrary and

chosen for convenience. We assume that we have access to just a discrete set of sample points

pn ∈ {0, 10, 20, . . . , 350} MeV, because, for instance, the underlying mathematical structure

allows only for a numerical evaluation of Q.

The task now is to find an analytical function which describes the values of Q(p) evaluated

at the discrete values pn without knowing the analytical form of Q(p). For this, one might use

different ansatzes, for instance the two following one:

Q1(p) =
c0

1 + (βp)2
+ c2e−c3(βp)2

+ c4e−c5(βp)4
+ c6e−c7(βp)6

,

Q2(p) =
d0

1 + βp
+ d1e−d2βp + d3e−d4(βp)3

+ d5e−d6(βp)5
,

(5.4)

with unknown coefficients ci and di. Performing a least-squares fit leads to regression parameters

given in Table 5.1. We realize that the comparison to the true coefficients defined by Q(p) is

rather unsatisfactory, but finally, both regressions meet the data set very well with an averaged

relative error of 0.495% and 0.598%, relatively. In a graphical representation one can hardly

see differences between the two regressions, compare Fig. 5.1. The difference between the two

regressions is always less than 0.5% and the deviation from the true values of Q(p) is in the

worst case just 1.5%.

In Fig. 5.2 we show in addition, which momentum ranges contribute to the cumulated rel-

ative error between regression and the true data Q(p). We conclude first that for momenta

p . 200 MeV both regressions work better than for higher momenta. Second, there is actu-

ally no significant difference between the two regressions. Nevertheless, considering now their

analytical continuations via pn 7→ −ip, we find two dramatically different results:

ImQ1(−ip) = 0 , Im Q2(−ip) 6= 0 . (5.5)

Since the first ansatz, Q1(p), is an even function in p, its analytical continuation does not

produce any imaginary part. In contrast, the ansatz Q2(p) contains also an odd part which

implies Q2(−ip) /∈ R.

In the Kubo formalism for transport coefficients imaginary parts of the quark self-energy

govern the physics and are the crucial quantities to be derived. In a perturbative model one

could simply expand the two-point function in Feynman diagrams deriving the self-energy. As

discussed in the previous chapters, in the NJL model we apply a large-Nc expansion and describe

coefficient Q1 c0 c2 c3 c4 c5 c6 c7

fit value 1.94 0.81 1.58 2.20 0.85 0.93 1.17
true value 1 1 1 1 1 0.4 1

coefficient Q2 d0 d1 d2 d3 d4 d5 d6

fit value −0.45 2.04 0.66 2.69 1.06 1.64 0.98
true value 0.5 0 ∼ 1 1 1 1

Table 5.1.: Fit results for the model Q1 and Q2 in comparison to their true analytical values.
The tilde ∼ indicates that the fit parameter d2 cannot be determined from Q(p).
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Figure 5.1.: Comparison between two least-
squares fit (regressions) to the discrete data
set generated by Q(p). Graphically, there
is no obvious difference between the two re-
gressions, but their analytical properties dif-
fer dramatically, see the discussion in the
text.
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Figure 5.2.: Cumulated relative error for the
two regressions Q1(p) and Q2(p). As in
Fig. 5.2 there is no qualitative nor a big
quantitative difference in the accuracy of the
two regressions.

the quark-propagator by the self-consistent gap equation (5.1). From this the thermal spectral

width can be extracted. We conclude that striving for just numerical solutions of this thermal

self-energy leads to tremendous ambiguities for the transport coefficients, in particular for the

shear viscosity which is governed by Im ΣR(p). Our strategy is therefore to extract the imaginary

part of the quark self-energy from mesonic fluctuations using thermal constituent-quark masses

from the Hartree gap equation. This is a well-controlled procedure although it misses higher-

order self-consistency corrections.

5.2. Quark self-energy from mesonic fluctuations

5.2.1. On-shell contributions

We now focus on the mesonic fluctuations which are described by the Fock term in the gap

equation (5.1). They introduce a non-vanishing imaginary part of the quark self-energy at

next-to-leading order in a large-Nc analysis. The Matsubara frequencies for a thermal con-

stituent quark are νn = (2n + 1)πT − iµ. Note that the frequencies for an antiquark read

ν̄n = (2n+ 1)πT + iµ = ν∗n. There are N2
f − 1 contributing diagrams from the pseudoscalar

channel (pions, ΓP = iγ5τa) and one diagram from the scalar channel (sigma boson, ΓS = 1):

Σ
S/P
β (p, νn) = =

= g2
MqqT

∑
m∈Z

ˆ
d3q

(2π)3
ΓS/PGF

β(q, νm)ΓS/PGB
β (p− q, νn − νm) ,

(5.6)

with the thermal quark and meson propagators, GF
β and GB

β , respectively, given in Appendix A.2.

Due to its Dirac structure, there are three contributions to the thermal self-energy parameterized

in the following form:

Σ
S/P
β (p, νn) = ±mΣ0 − p · γ Σ3 + νnγ4 Σ4 , (5.7)
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5. Mesonic fluctuations in the quark sector

with three dimensionless functions Σi, for i = 0, 3, 4. The minus and plus sign in front of Σ0

refers to the sigma boson and pion cases, respectively. They are given by

Σ0(p, νn) = g2
MqqT

∑
m∈Z

ˆ
d3q

(2π)3

1

ν2
m + E2

f

1

(νn − νm)2 + E2
b

,

Σ3(p, νn) = g2
MqqT

∑
m∈Z

ˆ
d3q

(2π)3

p · q
p2

1

ν2
m + E2

f

1

(νn − νm)2 + E2
b

,

Σ4(p, νn) = g2
MqqT

∑
m∈Z

ˆ
d3q

(2π)3

νm
νn

1

ν2
m + E2

f

1

(νn − νm)2 + E2
b

,

(5.8)

with the energies E2
f = q2 +m2 and E2

b = (q − p)2 +m2
M. As always, the Matsubara sums can

be carried out leading to some finite result with a combination of Bose and Fermi distribution

functions. Technical details are shown in the Appendix, cf. Eqs. (A.24) and (A.25). We arrive

at

Σ0,3(p, νn) = g2
Mqq

ˆ
d3q

(2π)3
F0,3

[
1

2EbEf

(
E+Z1

E2
+ + ν2

n

+
E−Z2

E2
− + ν2

n

)
+ iνn

Z3

(E2
+ + ν2

n)(E2
− + ν2

n)

]
,

(5.9)

with E± = Eb ± Ef . The quark-meson coupling, gMqq, can be pulled out of the integral since

no momentum dependence is taken into account. This approximation has been discussed and

justified in Section 3.5.2. We have introduced F0,3 as38

F0 = 1 ,

F3 =
p · q
p2

=
m2

M + p2 + q2 − E2
b

2p2
,

(5.10)

and have denoted the combinations of Bose and Fermi distributions as Zi(Eb, Ef ):

Z1 = 1 + nB(Eb)−
1

2

(
n+

F (Ef ) + n−F (Ef )
)
,

Z2 = nB(Eb) +
1

2

(
n+

F (Ef ) + n−F (Ef )
)
> 0,

Z3 = n+
F (Ef )− n−F (Ef ) > 0 .

(5.11)

The Bose and Fermi distributions read

nB(E) =
1

eβE − 1
, n±F (E) = nF(E ∓ µ) =

1

eβ(E∓µ) + 1
, (5.12)

where the ± signs denote quark and antiquark distribution functions, respectively. When car-

rying out the Matsubara sum also for the γ4 part of the self-energy, we get:

Σ4(p, νn) = g2
Mqq

ˆ
d3q

(2π)3

[
1

2Eb

(
Z1

E2
+ + ν2

n

+
Z2

E2
− + ν2

n

)
− 1

2iνn

(E2
b − E2

f + ν2
n)Z3

(E2
+ + ν2

n)(E2
− + ν2

n)

]
. (5.13)

In the next Section 5.3 we will discuss the vacuum limits of the self-energy contributions Σi,

for the time being we focus on the calculation of their imaginary parts. They are crucial for

evaluating the shear viscosity in Chapter 6. We start with investigating the new pole structure of

the thermal quark-propagator at Fock level. Poles can only appear in Minkowski space, therefore

we perform the analytical continuation via νn 7→ −ip0. The mesonic fluctuations implies the

38Later when calculating imaginary parts of Σi, we will introduce also F4 in Eq. (5.35).
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constituent-quark propagator:39

1

/p−m+ Σ
S/P
β (p,−ip0)

=
p0γ0(1 + Σ4)− p · γ(1 + Σ3) +m(1∓ Σ0)

p2
0(1 + Σ4)2 − p2(1 + Σ3)2 −m2(1∓ Σ0)2

. (5.14)

All Σi are evaluated in Minkowski space, e.g. the analytical continuation has been carried out:

(p, νn) 7→ (p,−ip0 + ε). We find at linear order in Σi the following pole condition:

p2
0 = p2 +m2 + ΩS/P !

= p2 + (m+ δm)2 !
=
(
ω − iΓ̃S/P

2

)2
, (5.15)

with the fermionic-pole correction

ΩS/P = p2 (2Σ3 − 2Σ4) +m2 (∓2Σ0 − 2Σ4) . (5.16)

We have denoted the leading-order quark energy by ω =
√
p2 +m2, and have introduced the

(thermal) mass-shift, δm, and the resulting spectral width, Γ̃S/P. Neglecting again quadratic

terms of the self-energy contributions Σi, we find

δmS/P =
1

2m
Re ΩS/P ,

Γ̃S/P = − 1

ω
Im ΩS/P .

(5.17)

Note that we have written the spectral width Γ̃ with a tilde since it differs from the spectral

width Γ we have used for the parameter study in Section 4.2 in Eq. (4.32). There we have

assumed simplified quark self-energies with Σ3 = 0 and Σ4 = 0, ignoring the full Dirac structure

of the quark propagator. Matching in this limit the pole structure in Eq. (5.14) with the ansatz

for the quark propagator in Eq. (4.32), one finds:

ΓS/P = − 1

2m
Im (∓Σ0) . (5.18)

On the other hand one finds in this limit:

Γ̃S/P = − 1

ω
Im ΩS/P = −2m2

ω
Im (∓Σ0) =

ω

2m
ΓS/P . (5.19)

As we will see later in Section 6.2, the shear viscosity is not just a function of one spectral

width as defined in Eq. (5.17). The Dirac structure of the quark propagator induces a shear

viscosity that indeed depends on the three imaginary parts of the self-energy contributions Σi

and not only on a single spectral width. All details of the Kubo formalism including the full

Dirac structure are discussed in Section 6.2.

The non-vanishing imaginary parts of Σi are induced by their pole structure:

lim
ε→0

Im
Z

x2 + ν2
n

∣∣∣∣
νn 7→−ip0+ε

= Zπδ(x2 − p2
0) =

πZ

2p0
(δ(x− p0) + δ(x+ p0)) . (5.20)

This means for the Z1 term: Ef + Eb ± p0 = 0, where only the minus sign can be realized.

For the Z2 term, Ef − Eb ± p0 = 0, both signs can be realized for the time being. We will see

that only the plus-sign case contributes to the (on-shell) imaginary parts, so there is just one

contribution from Z2. Later, the Z3 term is considered separately. We start with the first two

39The denominator of the quark propagator actually reads /p−m−ΣR(p0,p). Following our sign convention, cf.
Eq. (A.27) in the Appendix, the thermal self-energy enters with the opposite sign.
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Figure 5.3.: Range of integration for Ef ∈ [Emin, Emax] as function of momentum p = |p| for
different temperatures T = 1.05TM (dashed lines) and T = 1.25TM (dotted lines). The solid
line denotes the orbit of the minimal Ef when varying temperature, cf. Eq. (5.27).

terms Z ∈ {Z1, Z2}. Using the identify (5.20) we find the following structure when evaluating

Σ0,3(p, νn) from Eq. (5.9) after analytical continuation has been carried out:

ˆ
d3q

(2π)3

πZ

2p0

1

2EbEf
δ(Eb − (∗)) =

ˆ
d3q

(2π)3

πZ

2p0Ef
δ(E2

b − (∗)2) =

= 2π

ˆ 1

−1
dξ

ˆ ∞
0

dq q2

(2π)3

πZ

2p0Ef
δ(E2

b (ξ)− (∗)2) =

= 2π

ˆ ∞
m

dEf
(2π)3

πZ

4p0|p|
Θ(1− ξ2) ,

(5.21)

where ξ = cos θ. In order to carry out the integral over the delta function we have used

E2
b = m2

M + (p− q)2 = m2
M + p2 + q2 − 2|p||q|ξ ⇒

∣∣∣∣∂E2
b

∂ξ

∣∣∣∣ = 2|p||q| , (5.22)

and converted the momentum integral to an energy integral using |q| dq = Ef dEf . The ill-

conditioned Θ term can be removed by the following consideration: from Eq. (5.22) it is clear

that |ξ| ≤ 1 is fulfilled if and only if

−1 ≤ E2
b −m2

M − p2 − q2

2|p||q| ≤ 1

⇔ F (Ef ,p) = 4p2(E2
f −m2)−

[
E2
b −m2

M − p2 +m2 − E2
f

]2 ≥ 0 .

(5.23)

For a given value of the absolute momentum the roots of F ( · ,p) read for the plus-sign case

0 = Ef + Eb + p0, and therefore E2
b = (Ef + p0)2:

Emax,min =
1

2m2

[(
m2

M − 2m2
)√

m2 + p2 ± |p|mM

√
m2

M − 4m2

]
(5.24)

The range if integration, Ef ∈ [Emin, Emax], depends therefore linearly on the external quark

momentum:

Emax − Emin =
|p|mM

m2

√
m2

M − 4m2 . (5.25)

In the limit of a vanishing external quark momentum the range of integration collapses to one
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single point:

Emax,min||p|=0 =
m2

M

2m
−m > m . (5.26)

We emphasize that the whole discussion is only valid for temperatures above the Mott tempera-

tures TM, where the pion mass is at least twice the constituent-quark mass. This constraint can

be seen explicitly from Eq. (5.24). We have already introduced the Mott temperature when dis-

cussing thermal quark and meson masses in Section 3.5, where TM ≈ 212 MeV have been found

in the case of vanishing quark chemical potential. Note that this discussion remains valid also

in the chiral limit, where the current-quark mass is set to zero, m0 = 0. In this case, the pion

mass vanishes in the Nambu-Goldstone phase at low temperatures but it is finite when chiral

symmetry is restored for large temperatures, cf. the NJL phase diagram shown in Fig. 3.5.

Fig. 5.3 shows the momentum-dependent phase space for Ef for different temperatures in-

cluding all thermal effects for quarks, m(T, µ), and mesons, mM(T, µ). Due to the large meson

mass at high T , the curves Emax,min are shifted to higher energies and momenta when increasing

the temperature. The minimal value of Emin(p) is always m (in agreement with Ef ≥ m) and

is reached at

pminimizer =
mM

2m

√
m2

M − 4m2 . (5.27)

The upper boundary of the range of integration is a monotonic function of momentum and

reaches its minimal value at p = 0.

We conclude that under the condition mM > 2m, i.e. for T > TM, the phase space is always

non-empty and compact: ∅ 6= [Emin, Emax] ⊆ [m,∞). This fact implies that the shear viscosity

η will evaluate to some finite result in this temperature region. However, we have also derived

the following substitution rule

ˆ ∞
m

dEf
(2π)3

(
·
)
Θ(1− ξ2) =

ˆ Emax

Emin

dEf
(2π)3

(
·
)
, (5.28)

which leads finally to a well-conditioned one-dimensional numerical integral.

For the sake of completeness, we also mention the minus-sign case, i.e. 0 = Eb + Ef − p0. If

we plug in E2
b = (Ef − p0)2 into the condition (5.23) then the phase space simply vanishes for

any incoming quark momentum, since the range of integration would be restricted to negative

energies in the fermion loop:

E′min = −Emax , E′max = −Emin . (5.29)

We can therefore conclude that only the plus-sign case, Eb = Ef + p0, allows for an on-shell

condition for the mesonic fluctuation. Knowing this we can now continue with the third term,

Z3, in Eq. (5.9):

lim
ε→0

Im
iνnZ3

[(Ef + Eb)2 + ν2
n][(Ef − Eb)2 + ν2

n]

∣∣∣∣
iνn 7→p0+iε

=

= p0πZ3 δ
(
[(Ef + Eb)

2 − p2
0][(Ef − Eb)2 − p2

0]
)

=

=
p0πZ3

2p0
δ
(

[(Ef + Eb)
2 − p2

0]︸ ︷︷ ︸
=4EfEb

[Eb − Ef − p0]
)

=

=
πZ3

4Ef
δ
(
E2
b − (Ef + p0)2

)
.

(5.30)

Note that due to the iνn factor in the first line, the p0 terms cancel in the final result. As done
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Figure 5.4.: Summed spectral width Γ̃ as function of momentum p = |p| for different tempera-
tures T and for vanishing quark chemical potential (left) and µ = 200 MeV (right)

in the calculation (5.21) the momentum integral can be performed:

ˆ
d3q

(2π)3

πZ3

4Ef
δ(E2

b − (Ef + p0)2) = 2π

ˆ ∞
m

dEf
(2π)3

πZ3

8|p| Θ(1− ξ2) . (5.31)

Combining all contributions, we find for the imaginary parts of Σ0 and Σ3:

Im Σ0,3(p,−ip0) = 2πg2
Mqq

ˆ Emax

Emin

dEf
(2π)3

F0,3
π

4|p|

(
(Ef − Eb)Z2

p0
+
Z3

2

)
=

= −
g2

Mqq

16π|p|

ˆ Emax

Emin

dEf F0,3

(
Z2 −

Z3

2

)
=

= −
g2

Mqq

16π|p|

ˆ Emax

Emin

dEf F0,3

[
nB(Eb) + n−F (Ef )

]
,

(5.32)

using Eb = Ef + p0 from the on-shell condition. It now remains to calculate the imaginary part

of Σ4 as well. Due to the identical pole structure, this result can be easily obtained by simply

adjusting the prefactors and imitating the calculation as it has been done for Σ0,3. One gets:

Im Σ4(p,−ip0) = 2πg2
Mqq

ˆ Emax

Emin

dEf
(2π)3

π

4|p|

(
EfZ2

p0
−

(E2
b − E2

f − p2
0)Z3

4p2
0

)
=

=
g2

Mqq

16π|p|

ˆ Emax

Emin

dEf
Ef
p0

[
nB(Eb) + n−F (Ef )

]
,

(5.33)

using again the on-shell condition resulting in E2
b − E2

f − p2
0 = 2p0Ef .

In summary, the imaginary parts of the three Dirac components of the quark-self energy

Σβ(p, νn) in Eq. (5.7) read

Im Σ0,3,4(p,−ip0) = −
g2

Mqq

16π|p|

ˆ Emax

Emin

dEf F0,3,4

[
nB(Eb) + n−F (Ef )

]
, (5.34)

with F0,3 defined in Eq. (5.10) and

F4 = −Ef
p0

. (5.35)

With these results we are now able to determine the spectral width Γ̃S/P as defined in Eq. (5.17):
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Figure 5.5.: The (negative) imaginary part of the self-energy contributions Σj , j = 0, 3, 4 from
mesonic fluctuations. They have been defined in Eq. (5.7). See also the discussion in the text.

Γ̃S/P(p,−ip0) = − 1

p0
Im ΩS/P =

g2
Mqqm

2
π

16πp0|p|

ˆ Emax

Emin

dEf
[
nB(Eb) + n−F (Ef )

]
=

=
g2

Mqqm
2
π

16πp0|p|
T ln

n−F (Emax)nB(Emin + p0)

n−F (Emin)nB(Emax + p0)
.

(5.36)

Both scalar and pseudoscalar channels are described by the same functional structure and, in

particular, with the same prefactor m2
π. The different meson masses affect only the numerical

value of the boundaries, Emin/max, defined in Eq. (5.24). This remarkable feature is due to

Im ΩS/P ∼
{
p2(F3 −F4) +m2(−F0 −F4) = 1

2

(
m2

M − 4m2
)

= 1
2m

2
π for the σ-case ,

p2(F3 −F4) +m2(+F0 −F4) = 1
2m

2
M = 1

2m
2
π for the π-case ,

(5.37)

where we have used the relation (3.102) between pion and sigma-meson mass. In Fig. 5.4 we

show the momentum dependence of the summed spectral width Γ̃ = 3Γ̃P +Γ̃S, at different values

for temperature and quark chemical potential. We recall that Γ̃ denotes the imaginary part of

the pole condition of the quark propagator including mesonic fluctuations at order 1/Nc, cf.

Eq. (5.16) and the related discussion. This effectively combined spectral width turns out to be

at the order of 1 GeV, which is huge compared to typical NJL-model scales as its low-energy

spectrum represented by mvac
π = 140 MeV, the constituent-quark mass scale mvac = 325 MeV,

or its ultraviolet cutoff Λ = 651 MeV. However, as already mentioned, this unphysically large

width does not affect the shear viscosity directly. As we will describe in Section 6.2, the shear

viscosity actually depends on the three independent imaginary parts of Σj (j = 0, 3, 4) rather
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5. Mesonic fluctuations in the quark sector

than on the pole’s imaginary part Γ̃. They are shown in Fig. 5.5, again for different values

of temperature and chemical potential. From Eq. (5.7) these quantities have been defined to

be dimensionless, hence a comparison with Γ̃ is possible only when introducing some mass

scale40. In comparison to Γ̃, the overall scale of all Im Σj is much smaller but also qualitative

differences occur: Only −Im Σ0 stays positive and can be interpreted as spectral width by itself.

In contrast, Im Σ3 and Im Sigma4 can be negative as well, depending on the triple (p, T, µ).

We have chosen to show the imaginary parts for the pion case, since results for the sigma boson

are both qualitatively and quantitatively (almost) the same. These imaginary part determine

the shear viscosity in a non-trivial way (cf. Eq. (6.26)) as it will be discussed in Section 6.2.

For the numerical results of Im Σj for j = 0, 3, 4 we have performed the remaining energy

integration, dEf in Eq. (5.34), which allows to express all imaginary parts as analytical functions.

Starting with Im Σ0, we have due to F0 = 1 the same integral as carried out before for Γ̃S/P:

Im Σ0(p,−ip0) =
g2

Mqq

16π|p| T ln
n−F (Emin)nB(Emax + p0)

n−F (Emax)nB(Emin + p0)
. (5.38)

The Dirac parts Σ3 and Σ4 contain some energy-dependent prefactor, F3 and F4, respectively,

leading to some more complex final result. We introduce the auxiliary function

H(E) = (E + p0) lnn−F (E)− T Li2

(
− 1

nB(E + p0)

)
− T Li2

(
1− 1

n−F (E)

)
. (5.39)

It follows that:

Im Σ3(p,−ip0) =

(
1 +

m2
M

2|p|2
)

Im Σ0 +
g2

Mqqp0

16π|p|3 T H(E)|Emax
Emin

,

Im Σ4(p,−ip0) = Im Σ0 +
g2

Mqq

16π|p|p0
T H(E)|Emax

Emin
.

(5.40)

These results for Im Σ0,3,4 will be used for the evaluation of the shear viscosity (6.26) in Chap-

ter 6. Due to their analytical structure, they can be handled easily, therefore, numerical issues

arise solely from the peak structure of the underlying Kubo formula.

5.2.2. Off-shell contributions

So far we have treated the external quark in the Fock diagram Σ
S/P
β (p,−ip0) in Eq. (5.6) as an

on-shell particle, i.e. when determining the imaginary parts of Σ0,3,4(p,−ip0) we have used the

dispersion relation p2
0 = p2 + m2. Inspecting the general Kubo formula for the shear viscosity

derived in Eq. (4.30), we recall that the spectral function ρ(p0,p) in its integrand is generally

defined off-shell. Using on-shell expressions for Im Σ0,3,4(p,−ip0) is a convenient but unnecessary

approximation. In the following we will derive analytical results for the off-shell imaginary parts

of the quark self-energy from mesonic fluctuations. We return to Σ0,3 given in Eq. (5.9) and

decompose into partial fractions for convenience:

Σ0,3(p,−ip0) = g2
Mqq

ˆ
d3q

(2π)3

F0,3

4EbEf

[
1− n−F (Ef ) + nB(Eb)

Ef + Eb + p0
+

+
nB(Eb) + n−F (Ef )

Ef − Eb + p0 + iε
+
nB(Eb) + n+

F (Ef )

Ef − Eb − p0 − iε
+

1 + nB(Eb)− n+
F (Ef )

Ef + Eb − p0 − iε

]
.

(5.41)

40As it can be seen in Eq. (5.7), Σ0 is multiplied by m. Hence, it is natural to use the thermal constituent-quark
mass to set the scale as it is done in Fig. 5.5.
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5.2. Quark self-energy from mesonic fluctuations

As in the on-shell discussion, taking its imaginary part probes the pole position of the par-

tial fractions introducing four cases ±Eb = Ef ± p0. The fraction in the first line introduces

Eb = −Ef − p0 < 0 which can be excluded immediately. The remaining three cases are denoted

as follows:
Case I: Eb = Ef + p0 ,

Case II: Eb = Ef − p0 ,

Case III: Eb = p0 − Ef .
(5.42)

Carrying out the d3q integral introduces again the restriction |ξ| ≤ 1 with ξ = cos θ denoting

the polar angle, c.f. Eq. (5.23):

−1 ≤ Eb(|p|, p0)2 −m2
M − p2 − q2

2|p||q| ≤ 1

⇔ F (Ef , |p|, p0) = 4p2(E2
f −m2)−

[
Eb(|p|, p0)2 −m2

M − p2 +m2 − E2
f

]2 ≥ 0 ,

(5.43)

but in the off-shell case |p| > 0 and p0 ≥ m are independent of each other. In the following we

evaluate the three-dimensional integral (5.41) ensuring |ξ| ≤ 1 by applying the three cases for

the relation between quark and meson energy. We start with

Case I. This is the only case that can be realized on-shell: Eb = Ef + p0. The following two

conditions have to be fulfilled: (i) Ef > m and (ii) Ef > mM − p0, which can be summarized in

Ef > max(m,mM − p0). Evaluating the condition |ξ| ≤ 1 we find

F (Ef , |p|, p0) ≥ 0 ⇔ −4s(Ef − Ẽ−)(Ef − Ẽ+) ≥ 0 , (5.44)

where we have introduced s = p2
0 − p2 and

Ẽ± = −p0

2
+

(m2
M −m2)p0

2s
± |p|

2s

√
[s− (m+mM)2] [s− (m−mM)2] . (5.45)

These roots of F (Ef , ·, ·) are generalizations of Emax,min introduced in Eq. (5.24). One finds

indeed

Ẽ±

∣∣∣
s=p2

0−p2=m2>0
= Emax,min . (5.46)

Note that in contrast to m < Emin < Emax, the off-shell roots are not ordered that simply.

Dependent on s > 0 or s < 0 one has Ẽ− < Ẽ+ or Ẽ+ < Ẽ−, respectively. In addition, it might

happen that one or even both roots are negative as we will see.

First, we consider the case s < 0 which leads to a convex-up parabola F (Ef , ·, ·) with possible

integration ranges Ef < Ẽ+ and Ef > Ẽ−. In general one has to distinguish additionally the

two cases m < mM and m > mM, but right now we find for both cases

Ẽ+ < −mM − p0 < 0 , Ẽ− > max(m,mM−p0) . (5.47)

For Case I with s < 0 we have the range of integration Ef > Ẽ− as sketched in Fig. 5.6(a).

Now consider the case s > 0 with a concave-down parabola F (Ef , ·, ·). The possible integration

range is Ẽ− < Ef < Ẽ+. This time, the roots are not automatically real numbers, but for

(m−mM)2 < s < (m+mM)2 they become purely imaginary and have to be excluded. The first

option p0 <
√

(m−mM)2 + p2 leads to

m < mM : Ẽ+ > Ẽ− > max(m,mM − p0) ,

m > mM : Ẽ− < Ẽ+ < −m− p0 < 0 .
(5.48)
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(b) Case I with s > 0 and the further restrictions
m < mM and p0 <
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- - E
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+

mM + p0

E f

(c) Case II with s < 0
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(d) Case II with s > 0 and the further restrictions
m > mM and p0 <

√
(m−mM)2 + p2
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+ - E
�

-

m p0 - mM

E f

(e) Case III with s > 0 and the further restriction
p0 >

√
(m+mM)2 + p2

Figure 5.6.: Summary of integration ranges (gray boxes) for the off-shell imaginary parts of
Σ0,3,4(p,−ip0). On-shell only the case (b) can be realized. See the discussion in the text.

Therefore, the casem > mM cannot be realized and only form < mM the full range of integration

is accessible. We summarize this case in Fig. 5.6(b). Having s > 0 there is the second option

p0 >
√

(m+mM)2 + p2 for which one has for both cases m < mM and m > mM:

Ẽ+ < −m , Ẽ− > mM − p0 . (5.49)

We conclude mM − p0 < Ẽ− < Ẽ+ < −m < 0, hence this option is excluded and the discussion

of Case I is completed.
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5.2. Quark self-energy from mesonic fluctuations

Case II. Evaluating the condition |ξ| ≤ 1 using Eb = Ef − p0 leads to

F (Ef , p, p0) ≥ 0 − 4s(Ef + Ẽ−)(Ef + Ẽ+) ≥ 0 , (5.50)

hence −Ẽ± are the roots of F (Ef , ·, ·). We follow the same systematic path as before:

Consider first the case s < 0 implying again a convex-up parabola with Ẽ− > Ẽ+. This means

−Ẽ− < −Ẽ+, providing two possible integration ranges Ef < −Ẽ− and Ef > −Ẽ+. One finds:

m < mM : − Ẽ+ > mM + p0 , −Ẽ− < −mM + p0 < mM + p0 ,

m > mM : − Ẽ+ > mM + p0 , −Ẽ− < −m+ p0 < −mM + p0 < mM + p0 .
(5.51)

In conclusion we find the range of integration as shown in Fig. 5.6(c), again without any restric-

tion on the quark and meson masses.

Now consider s > 0. This time the possible range of integration is −Ẽ+ < Ef < −Ẽ−. For

the option p0 <
√

(m−mM)2 + p2 we find

m < mM : − Ẽ+ < −Ẽ− < −mM + p0 < mM + p0 ,

m > mM : − Ẽ− > −Ẽ+ > mM + p0 .
(5.52)

Using the constraint Ef > mM + p0 the case m < mM is excluded and only m > mM is possible.

The option p0 >
√

(m+mM)2 + p2, for both cases m < mM and m > mM, leads to:

−Ẽ+ < −Ẽ− < −mM + p0 < mM + p0 , (5.53)

which excludes this case because Ef > max(m,mM+p0) must be ensured. This case is illustrated

in Fig. 5.6(d).

Case III. The final case, Eb = p0 − Ef , leads to the two conditions (i) Ef > m and (ii)

Ef < p0 − mM. From this we get p0 > m + mM. It is important to realize that Eb in this

case is just the negative of the condition used in Case I. Therefore, all contributions present for

Case I cannot be realized for Case III. It remains to check the case s > 0 in combination with

p0 >
√

(m+mM)2 + p2. We have −Ẽ+ < Ef < −Ẽ− as possible integration range and find (cf.

the related discussion for Case I):

−Ẽ+ > m , −Ẽ− < p0 −mM , (5.54)

which is valid for both m < mM and m > mM. In conclusion, there is only one contribution to

the imaginary part for Case III as shown in Fig. 5.6(e).

Combining now all three cases, the off-shell imaginary part of Σ0(p,−ip0) can be calculated

immediately. The rather lengthly result reads41

Im Σoff
0 =

g2
Mqq

16π|p|

{ˆ
I
dEf

[
−nB(Ef + p0)− n−F (Ef )

]
+

+

ˆ
II

dEf
[
nB(Ef − p0) + n+

F (Ef )
]

+

+

ˆ
III

dEf
[
1 + nB(p0 − Ef )− n+

F (Ef )
]}

=
g2

Mqq

16π|p|
(
J I + J II + J III

)
,

(5.55)

41The minus signs for Case I is due to the pole description+iε instead of −iε for Case II and Case III. For Eb we
have always inserted the corresponding relations to Ef and p0 as defined in Eq. (5.42).
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with

J I = θ(|p| − p0)

[
µ− p0 + T ln

n−F (Ẽ−)

nB(Ẽ− + p0)

]
+

+ θ(p0 − |p|)θ(mM −m)θ(
√

(m−mM)2 + p2 − p0)T ln
n−F (Ẽ−)nB(Ẽ+ + p0)

n−F (Ẽ+)nB(Ẽ− + p0)
,

(5.56)

J II = θ(|p| − p0)

[
µ− p0 + T ln

nB(−Ẽ+ − p0)

n+
F (−Ẽ+)

]
+

+ θ(p0 − |p|)θ(m−mM)θ(
√

(m−mM)2 + p2 − p0)T ln
n+

F (−Ẽ−)nB(−Ẽ+ − p0)

n+
F (−Ẽ+)nB(−Ẽ− − p0)

,

(5.57)

J III = θ(p0 −
√

(m+mM)2 + p2)T ln
n−F (Ẽ+)nB(Ẽ− + p0)

n−F (Ẽ−)nB(Ẽ+ + p0)
. (5.58)

Note that for J III the condition θ(p0−|p|) just follows from θ(p0−
√

(m+mM)2 + p2), therefore

this θ-function can be omitted.

Next we present the off-shell result for the imaginary part of Σ4(p,−ip0), performing again a

partial-fraction decomposition of Eq. (5.13):

Σ4(p,−ip0) = g2
Mqq

ˆ
d3q

(2π)3

1

4p0EbEf

[
(1− n−F (Ef ) + nB(Eb))(Eb + p0)

Ef + Eb + p0
+

+
(nB(Eb) + n−F (Ef ))(p0 − Eb)

Ef − Eb + p0 + iε
+

(nB(Eb) + n+
F (Ef ))(p0 − Eb)

Ef − Eb − p0 − iε
+

(1 + nB(Eb)− n+
F (Ef ))(p0 − Eb)

Ef + Eb − p0 − iε

]
.

(5.59)

In comparison to Eq. (5.9) there is the factor p0 in the denominator and also combinations of

Eb and p0 in the numerators, but Σ4 features the very same pole structure as discussed before.

Therefore we find immediately:

Im Σoff
4 =

g2
Mqq

16π|p| p0

{ˆ
I
dEf (−Ef )

[
−nB(Ef + p0)− n−F (Ef )

]
+

+

ˆ
II

dEf Ef
[
nB(Ef − p0) + n+

F (Ef )
]

+

+

ˆ
III

dEf Ef
[
1 + nB(p0 − Ef )− n+

F (Ef )
]}

=
g2

Mqq

16π|p| p0

(
KI +KII +KIII

)
.

(5.60)

Introducing the two auxiliary functions

G±(E) = T 2

[
π2

3
+ Li2

(
1− eβ(E±p0)

)
+ Li2

(
−eβ(E±µ)

)]
, (5.61)

we find:

KI = θ(|p| − p0)

{
1

2
(µ2 − p2

0)− Ẽ−T lnn−F (Ẽ−)− p0T lnnB(Ẽ− + p0) + G+(Ẽ−)

}
+

+ θ(p0 − |p|)θ(mM −m)θ(
√

(m−mM)2 + p2 − p0)

{
p0T ln

nB(Ẽ+ + p0)

nB(Ẽ− + p0)
+

+Ẽ+T lnn−F (Ẽ+)− Ẽ−T lnn−F (Ẽ−) +
(
G+(Ẽ−)− G+(Ẽ+)

)}
,

(5.62)
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KII = θ(|p| − p0)

{
1

2
(µ2 − p2

0) + Ẽ+T lnn+
F (−Ẽ+) + p0T lnnB(−Ẽ+ − p0) + G−(−Ẽ+)

}
+

+ θ(p0 − |p|)θ(m−mM)θ(
√

(m−mM)2 + p2 − p0)

{
p0T ln

nB(−Ẽ+ − p0)

nB(−Ẽ− − p0)
+

+Ẽ+T lnn+
F (−Ẽ+)− Ẽ−T lnn+

F (−Ẽ−) +
(
G−(−Ẽ+)− G−(−Ẽ−)

)}
,

(5.63)

KIII = θ(p0 −
√

(m+mM)2 + p2)

{
−p0T ln

nB(Ẽ+ + p0)

nB(Ẽ− + p0)
+

+Ẽ−T lnn−F (Ẽ−)− Ẽ+T lnn−F (Ẽ+)−
(
G+(Ẽ−)− G+(Ẽ+)

)}
.

(5.64)

Note that the expression for KIII is just the negative of the second contribution to KI.

Having derived results for Im Σoff
0 and Im Σoff

4 , the remaining integral for Σ3 can be performed

easily, since all building blocks have been prepared. The main observation is that F3 splits into

two parts: the first one is independent of Ef , the second one introduces the same Ef dependence

present in the calculation for Σ4:

2p2F3 = m2
M + p2 + q2 − E2

b =

{
m2

M + p2 − p2
0 −m2 − 2Efp0 for Case I ,

m2
M + p2 − p2

0 −m2 + 2Efp0 for Case II and Case III .

(5.65)

We find therefore

Im Σoff
3 =

g2
Mqq

16π|p|

{ˆ
I
dEf F I

3

[
−nB(Ef + p0)− n−F (Ef )

]
+

+

ˆ
II

dEf F II,III
3

[
nB(Ef − p0) + n+

F (Ef )
]

+

+

ˆ
III

dEf F II,III
3

[
1 + nB(p0 − Ef )− n+

F (Ef )
]}

.

(5.66)

Inspecting the definitions for Jx in Eq. (5.55) and Kx in Eq. (5.60), we find the relation:

Im Σoff
3 =

m2
M + p2 − p2

0 −m2

2p2
Im Σoff

0 +
p2

0

p2
Im Σoff

4 , (5.67)

where we recall

Im Σoff
0 =

g2
Mqq

16π|p|
(
J I + J II + J III

)
,

Im Σoff
4 =

g2
Mqq

16π|p|p0

(
KI +KII +KIII

)
.

(5.68)

The resulting off-shell shear viscosity will be discussed in Section 6.3. It is interesting to note

that in contrast to the on-shell results in Eqs. (5.38) and (5.40), the off-shell imaginary parts

feature a vacuum contribution generated by Case III. For T, µ → 0, all distribution functions

vanish but the 1-term in the integrand contributes, cf. Eqs. (5.55), (5.60), and (5.66).

Apart from the vacuum limit it is instructive to check the on-shell limit which is included in

the off-shell results. The on-shell case is taken when setting s = p2
0 − p2 = m2 > 0. Case II and

Case III cannot contribute and only Case I has to be investigated. As we have already discussed,
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the boundaries Ẽ± convert into their corresponding on-shell expressions, see Eq. (5.46). We find:

Im Σoff
0

∣∣∣
on−shell

=
g2

Mqq

16π|p| J
I

∣∣∣∣∣
on−shell

=
g2

Mqq

16π|p| T ln
n−F (Emin)nB(Emax + p0)

n−F (Emax)nB(Emin + p0)
, (5.69)

which is just Im Σ0 given in Eq. (5.38). We have omitted the θ-functions, but note that the

usual on-shell condition mM > 2m follows automatically for s = p2
0 − p2 = m2:

θ(mM −m)θ(p0 − |p|)θ(
√

(mM −m)2 − p0)
∣∣∣
on−shell

=

= θ(mM −m)θ(m2
M − 2mMm+m2 + p2 − (p2 +m2)) =

= θ(mM −m)θ(mM(mM − 2m)) =

= θ(mM − 2m) .

(5.70)

In order to check the on-shell limits for Im Σ3,4, we first note the identity

H(E) = (E + p0) lnn−F (E)− 1

T

(
G+(E)− π2T 2

3

)
, (5.71)

where H(E) has been defined in Eq. (5.39) and G+ in Eq. (5.61). Note that the constant π2T 2/3

is not relevant in the on-shell results, since there only the differences H(Emax)−H(Emin) occurs.

We find:

KI
∣∣
on−shell

= p0T ln
n−F (Emin)nB(Emax + p0)

n−F (Emax)nB(Emin + p0)
+

+ (Emax + p0)T lnn−F (Emax)− (Emin + p0)T lnn−F (Emin) + G+(Emin)− G+(Emax) =

=
16π|p|p0

g2
Mqq

Im Σ0 + T (H(Emax)−H(Emin)) ,

(5.72)

which is in agreement with the on-shell result for Im Σ4 given in Eq. (5.40).

5.3. Vacuum fluctuations and the cloudy bag model

In order to investigate the vacuum limit of the thermal self-energy in Eq. (5.7), we independently

calculate the quark self-energy in Minkowski space, i.e. at T = 0 and µ = 0. With the incoming

quark four-momentum, p = (p0,p), we find

ΣS/P(p2) = ig2
Mqq

ˆ
d4q

(2π)4
ΓS/P 1

/q −m
ΓS/P 1

(q − p)2 −m2
M

=

= ∓mΣvac
0 (p2) + /pΣvac

1 (p2) =

= ∓mΣvac
0 + p · γ Σvac

3 − p0γ0 Σvac
4 .

(5.73)

We have decomposed the Σvac
1 contribution into momentum and energy parts, Σvac

3 and Σvac
4 ,

respectively, since the thermal medium breaks Lorentz invariance and introduces three instead

of two contributions to the quark self energy. However, in the vacuum we expect Σvac
3 (p2) =

Σvac
4 (p2), though these two terms are divergent. We find:

Σvac
0 (p2) = −ig2

Mqq

ˆ
d4q

(2π)4

1

q2
0 − E2

f

1

(q0 − p0)2 − E2
b

= g2
Mqq

ˆ
d3q

(2π)3

E+

2EbEf (E2
+ − p2

0)
, (5.74)
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where the convergent q0 integration is performed using residue calculus. The remaining three-

dimensional integral suffers from divergency and is understood to be regularized by the NJL

cutoff Λ. We emphasize that in the vacuum such a Lorentz-symmetry breaking regularization

scheme is usually not applied. Instead, dimensional regularization is used preserving the (clas-

sical) symmetries of the Lagrangian. To compare with the vacuum limit of the thermal results,

the Matsubara sum is replaced by carrying out the q0 integration. The Lorentz covariance is

ensured for large cutoff values, Λ → ∞, therefore it is justified to write Σvac
0 as function of

p2 = p · p only. We also find:

Σvac
3 (p2) = −ig2

Mqq

ˆ
d4q

(2π)4
F3

1

p2
0 − E2

f

1

(q0 − p0)2 − E2
b

= g2
Mqq

ˆ
d3q

(2π)3

F3E+

2EbEf (E2
+ − p2

0)
,

Σvac
4 (p2) = −ig2

Mqq

ˆ
d4q

(2π)4

q0

p0

1

p2
0 − E2

f

1

(q0 − p0)2 − E2
b

= g2
Mqq

ˆ
d3q

(2π)3

1

2Eb(E
2
+ − p2

0)
.

(5.75)

Despite the fact that again both self-energy contributions are Lorentz covariant for large cutoff

values, they are different: Σvac
4 > Σvac

3 . Usually, one expects that this difference converges to

zero when the cutoff reaches large values. In contrast, we find also in this limit some finite

difference between the two Dirac parts:

lim
Λ→∞

8π3

g2
Mqq

(Σvac
4 − Σvac

3 ) = lim
Λ→∞

ˆ
d3q

Ef −F3E+

2EbEf (E2
+ − p2

0)
=
π

6
6= 0 . (5.76)

The fact that the difference between the two Dirac terms does not converge to zero is a short-

coming of the regularization scheme we applied. Using the three-momentum cutoff instead of

a symmetry-conserving regularization scheme induces some remaining pieces also for Λ → ∞.

However, since in the Matsubara formalism the Matsubara sum needs to be carried out, the

three-momentum cutoff is the only suitable procedure to compare Minkowski-space results to

thermal results in their vacuum limit. Indeed, the limits match the calculations in Minkowski

space:

lim
T,µ→0

Σi(p, νn)

∣∣∣∣
νn 7→−ip0

= Σvac
i (p0,p) , for i = 0, 3, 4 . (5.77)

With the sign conventions from Eqs. (5.7) and (5.73) one finds:

lim
T,µ→0

Σ
S/P
β (p, νn)

∣∣∣∣
νn 7→−ip0

= −ΣS/P(p2) . (5.78)

The vacuum mass shift is calculated by standard means42, e.g. [PS95]:

δmS/P,vac = Σ|
/p 7→m = ∓mΣvac

0 (m2)−mΣvac
4 (m2) = g2

Mqqm
(
∓ J0(m)− J4(m)

)
. (5.79)

For convenience, the two integrals Ji(E) = g−2
MqqΣi(E

2) for i = 0, 4 have been introduced as

J0(E) =

ˆ
d3q

(2π)3

1

4EbEf

[
1

Eb + Ef − E
+

1

Eb + Ef + E

]
> 0 ,

J4(E) =

ˆ
d3q

(2π)3

1

4EbE

[
1

Eb + Ef − E
− 1

Eb + Ef + E

]
> 0 ,

(5.80)

42Note that the vacuum mass shift also follows from our more general analysis in the last section when interpreting

/p 7→ m as setting p 7→ 0 in Ω in Eq. (5.16) and evaluating δmS/P as defined in Eq. (5.17).
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5. Mesonic fluctuations in the quark sector

from which one gets

(J0 − J4)(E) =

ˆ
d3q

(2π)3

1

4EfE

[
1

Eb + Ef − E
− 1

Eb + Ef + E

]
> 0 . (5.81)

In conclusion, the mesonic fluctuations introduce corrections to the vacuum constituent-quark

mass by screening (pion case) and antiscreening effects (sigma-meson case):

0 < δmπ,vac = 3g2
πqqm

(
J0(m)− J4(m)) = 60.1 MeV ,

0 > δmσ,vac = −g2
σqqm(J0(m) + J4(m)) = −21.1 MeV .

(5.82)

In total, the mesonic corrections to the constituent-quark mass mvac = 325 MeV is only 12%.

This rather small correction is consistent with the treatment of the mesonic fluctuations as a

1/Nc-suppressed Fock term in the gap equation (5.1). Our results compare well to those from

[QK94], where this correction has been determined to be 16%, but using a slightly different NJL

parameter set and restricting the entire discussion to the vacuum case only. The qualitative

screening and antiscreening effects have been found as well.

Our full field-theoretical results for the vacuum mass shifts also allow to rederive well-known

results from the cloudy bag model, cf. for instance [HK78, TTM81, Tho84, HT96]. Corrections

to the hadron masses (in particular to the nucleon mass) are derived from a model where quarks

are moving freely inside the bag with radius R. The reflection of the free quarks on the bag

surface provides some naive model of confinement. However, the boundary condition of this

MIT bag model violates chiral symmetry since the helicity of a (massless) quark changes from

+1 to −1 when being reflected at the surface. One can overcome this issue and extend the MIT

bag model by including a pion cloud which surrounds the confined quark core. Only at the bag

surface interaction between the quarks and the pions can happen. This leads to the (chiral)

cloudy bag model which Lagrangian is given by [HT96, TW01]

LCBM =
(
iψ̄γµ∂

µψ −mψ̄ψ −B
)

Θ(R− r)− 1

2
δSψ̄ψ︸ ︷︷ ︸

free quark with reflection term

+
i δS

4fπ
ψ̄γ5τψ · π︸ ︷︷ ︸

interaction term

+
1

2
(∂µπ)2 − 1

2
m2
ππ

2︸ ︷︷ ︸
free pion

.

(5.83)

One has introduced δS being a delta-function peaking at the bag surface and the bag (energy)

constant B. Our aim is to compare the MIT result for the mass shift of the nucleon to our result

for the mass shift for the constituent-quark induced by the pion cloud , δmπ,vac. In the MIT

bag model one finds for the nucleon mass at second-order perturbation theory [TW01]

MN = M
(0)
N + δMN , (5.84)

with

δMN = −
3g2
πqq

16π2M2
N

ˆ ∞
0

dq
q4u2

NN(q)

ω2(q)
< 0 , (5.85)

where ω(q) denotes the nucleon energy and uNN(q) is a momentum-dependent function induced

by the spherical geometry present in the (MIT) bag model. As always, in second-order pertur-

bation theory, the mass correction δMN < 0 is negative, therefore the bare nucleon mass, M
(0)
N ,

is slightly larger than the one including the pion cloud. Within the NJL model, in contrast, we

have found a screening effect of the pion cloud, δmπ,vac > 0, i.e. the (Hartree) constituent-quark

mass is slightly smaller than the one including the pion cloud. This qualitative difference be-

tween the NJL and MIT bag model can be explained by the fact that second-order perturbation

theory does not include the full field-theoretical interaction between quarks and pseudoscalar
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mesons, in particular, purely relativistic effects are not included in the MIT bag model. This

can be seen by expanding our results in its non-relativistic limit, i.e. expanding δmπ,vac in 1/m:

δmπ,vac =
g2
πqq

8π2m2

ˆ
dq q2

(
m

Eb
+

1

2
− q2

2E2
b

+ . . .

)
. (5.86)

The first two terms in the integrand contribute with a positive sign to the screening effect found

in the NJL model. The third term, which is not dominant in the limit m → ∞, weakens the

screening effect by some negative contribution. This term coincides with the nucleon mass shift

from the MIT bag model:

−
g2

Mqq

8π2m2

ˆ
dq

q4

2E2
b

= δMN|uNN(k)7→1, ω(k) 7→Eb,MN 7→m . (5.87)

In conclusion, the NJL results for the mass shift of the constituent quark includes in its non-

relativistic expansion the results from the MIT bag model. They are qualitatively different in

their sign of the mass shift, and the overall screening effect in the NJL model is explained by

the overcompensation of the non-relativistic effects by the leading-orders in an expansion in the

inverse constituent-quark mass.
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6. The ratio η/s in the NJL model

“Who would have thought around 1900 that in fifty years time we would know so

much more and understand so much less.” [Lan65]

Albert Einstein

In this chapter we present our main results for the temperature dependence of the ratio η/s. We

first discuss how the entropy density s can be derived within the NJL model applying again a

large-Nc analysis. Results for η/s as function of temperature and quark chemical potential are

shown. The full thermal dependencies of all parameters such as constituent-quark and meson

masses but also the quark-meson coupling constant are incorporated. The on-shell results are

restricted to the temperature range above the Mott temperature, T > TM. This shortcoming

will be removed when relaxing the on-shell condition and allowing also for off-shell contributions

to the imaginary parts of the Dirac self energies.

6.1. Entropy density in a large-Nc expansion

All thermodynamic quantities can be derived from the NJL partition function Z which is de-

composed into free and interaction parts,

lnZ = lnZ0 + lnZint = lnZ0 +
∞∑
k=1

lnZk , (6.1)

where the interaction part is again treated within a large-Nc expansion. In Section 3.3.2 we have

investigated the (2PI) generating functional Φ which determines also the partition function:

lnZk = βV Φ(k−1) . (6.2)

The prefactor V denotes the three-dimensional volume which drops out for intensive quantities

like entropy density s or pressure P . Note that lnZk ∼ Nc
2−k is only true for k ≤ 1, because

for the non-interacting case lnZ0, there is no Feynman-diagram representation [Hel11]. It turns

out that the first two terms, lnZ0 and lnZ1, scale linearly with Nc.

We first consider the non-interacting part of the partition function. In the limit Nc → ∞
the NJL model simply becomes a free Fermi theory because the four-fermion coupling becomes

small, G ∼ 1/Nc, and one has [KG06]:

lnZ0 =
NcNfV

π2

ˆ Λ,∞

0
dp p2

[
βE + ln

(
1 + e−β(E−µ)

)
+ ln

(
1 + e−β(E+µ)

)]
, (6.3)

with E being the quark energy. As we have mentioned, one finds the scaling lnZ0 ∼ Nc. Note

that for ensuring the Stefan Boltzmann limit of thermodynamic quantities at high temperatures

one has to apply the soft-cutoff scheme [Bra13], denoted by
´ Λ,∞

dp: the momentum integral

contains the thermal constituent-quark mass m(T ) for p ∈ [0,Λ] but for p > Λ the NJL coupling

G drops to zero and the quarks feature the current-quark mass m0 only.

105



6. The ratio η/s in the NJL model

Thermodynamic quantities are deduced from the partition function by standard means, e.g. the

pressure or energy density are derived as

P =
lnZ

βV
, and s =

∂S

∂V
= − ∂2F

∂V ∂T
=
∂P

∂T
, (6.4)

with F denoting the free energy (4.53). In the massless limit (Stefan Boltzmann limit) one has

E = p and the momentum integral for lnZ0 can be carried out resulting in:

sSB = lim
m0→0

s0 = −2NcNfT
2

π2

[
µ
(

Li3(−e−βµ)− Li3(−eβµ)
)

+ 4T
(

Li4(−e−βµ) + Li4(−eβµ)
)]

=

=
1

3
NcNf

(
7π2

15
T 3 + Tµ2

)
.

(6.5)

Note that the divergence of lnZ0 coming from the first term in the integrand of Eq. (6.3), d3p βE,

contributes only to the pressure but does not affect the entropy density. This comes from the

fact that the temperature dependence is canceled before taking the derivative with respect to

T . In the first line of Eq. (6.5) we have used the polylogarithm (polylog) function defined by

Lin(z) =
∞∑
k=1

zk

kn
. (6.6)

It is connected to Riemann’s zeta function via Lin(1) = ζ(n) and Lin(−1) =
(
21−n − 1

)
ζ(n).

We emphasize the interesting property that the rather complicated combinations of polylog

functions sum up to a simple polynomial expression in µ and T :

Li3(−e−x)− Li3(−ex) =
π2

6
+

1

6
x3 ,

Li4(−e−x) + Li4(−ex) = −7π4

360
− π2

12
x2 − 1

24
x4 .

(6.7)

Results for the entropy density, s, compared to the Stefan-Boltzmann limit are shown in Fig. 6.1

where we have used again the thermal constituent-quark mass m. In the low-temperature region

the constituent-quark mass is large, m � T , leading to a suppression of s until T . 200 MeV.

With increasing temperature the chiral condensate 〈ψ̄ψ〉 is melting, therefore one approaches

the Stefan-Boltzmann limit for T →∞. If one uses the current-quark mass instead the resulting

entropy density is very close to the Stefan-Boltzmann limit and only for very small temperatures,

T . m0, deviations from this massless limit are visible.

Taking also interactions of the constituent quarks into account, i.e. calculating the leading-

order term lnZ1 of the interaction part, one finds with:

lnZ1 =
GβV

2

[
T
∑
n∈Z

ˆ
d3p

(2π)3
TrGF

β(p, νn)

]2

=

=
2GβV

π4
N2

cN
2
f

[ˆ Λ

0
dp

p2m2

E

(
1− n+

F (E)− n−F (E)
)]2

,

(6.8)

where we have carried out the Matsubara sum using the master formula (A.21) listed in the

Appendix. As stated above, this term scales as lnZ1 ∼ GN2
c ∼ Nc, which is the same linear

dependence as the non-interacting partition function. All higher order corrections to the par-

tition function are suppressed in a large-Nc expansion. We also mention that the soft cutoff

scheme introduced in Section 3.4 reduces for lnZ1 to the simple NJL cutoff because there is the
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6.1. Entropy density in a large-Nc expansion
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Figure 6.1.: (Reduced) entropy density at leading order (left) and next-to-leading order (right)
in comparison to the Stefan-Boltzmann limit of a free fermion gas (dashed lines)

coupling G in the prefactor and one has G(p > Λ) = 0. Since one has

∂

∂T

(
1− n+

F (E)− n−F (E)
)
< 0 , (6.9)

the next-to-leading order correction to the entropy density turns out to be negative: s1(T, µ) < 0.

In combination with the non-interaction part derived from lnZ0 the total entropy density remains

positive: s = s0 − |s1| > 0. We show our next-to-leading NJL result for the entropy density in

Fig. 6.1. Having a brief look to other field theories and models, we realize that it is a common

pattern that (attractive) interactions lead to a negative next-to-leading-order correction to the

entropy density [KG06]:

sλφ4(T ) =
2π2T 3

45

[
1− 15λ

8π2

]
+ . . .

sQED(T ) =
11π2T 3

45

[
1− 25α

22π

]
+ . . .

sQCD(T ) = 4dAT
3

[
1

5

(
1 +

7dF

4dA

)
− α2

s

4π

(
CA +

5

2
SF

)]
+ . . .

(6.10)

Also in chiral perturbation theory this pattern can be observed when expanding the entropy

density in inverse powers of fπ [GL89]:

sχPT(T ) =
T

2π2

[
4T 2h5(βmπ) + 3m2

πh3(βmπ)
]
− 3m2

πT

16π4f2
π

h3(βmπ)
[
2T 2h3(βmπ) +m2

πh1(βmπ)
]
,

(6.11)

where one introduces the positive function

hn(ξ) =

ˆ ∞
ξ

dx
(x2 − ξ2)

n
2
−1

ex − 1
. (6.12)

However, for our purposes the resulting entropy density we use for the numerical evaluation of

the ratio η/s in the next sections finally calculates to

s(T, µ) =
NcNf

π2

ˆ Λ,∞

0
dp p2

[
− lnn+

F (E)− lnn−F (E) + β(E + µ)n+
F (E) + β(E − µ)n−F (E)

]
.

(6.13)
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6. The ratio η/s in the NJL model

6.2. Kubo formalism for the Dirac self-energy

In Section 4.2 we have discussed the shear viscosity η[Γ(p)] assuming the parameterization of

the full quark propagator given in Eq. (4.32). As we have demonstrated in Chapter 5, the 1/Nc

corrections from mesonic fluctuations to the quark propagator give rise to a richer Dirac structure

as assumed in the quasiparticle ansatz, cf. Eqs. (5.7) and (5.34). Three imaginary parts instead

of just one enter the Kubo formula given in Eq. (4.30) in terms of the spectral function ρ(ε,p).

Its Dirac structure can be parameterized by three functions A,B,C, cf. Appendix A.3, where

we denote their denominator by D:

ρ(ε,p) = − 1

πD
[mA+ p0γ0B − p · γ C] . (6.14)

These four functions depend on the (off-shell) energy ε, the three-momentum, p, and the thermal

parameters T and µ. They can be determined from the full quark propagator calculated within

the NJL model in Chapter 5:

GR(p0,p) =
1

/p−m− Σtot
=
m(1 + Σtot

0 ) + p0γ0(1 + Σtot
4 )− p · γ(1 + Σtot

3 )

p2
0(1 + Σtot

4 )2 − p2(1 + Σtot
3 )2 −m2(1 + Σtot

0 )2
, (6.15)

where all mesonic contributions from different modes have been summed up taken their multi-

plicities into account:

Σtot
j = 3Σπ

j + Σσ
j , for j = 0, 3, 4 . (6.16)

The quark self-energies from pionic and sigma fluctuations, Σπ,σ
j , have been defined in Eq. (5.7)

and their imaginary parts are given in Eq. (5.34). For the following calculation we now take

only the relevant imaginary parts into account, i.e. we define

Im Σtot
j = ρj , and Re Σtot

j ≡ 0 . (6.17)

Not taking the real parts of the self-energy contributions into account is presumably a rather

rough approximation violating the Kramers-Kronig relations for Σtot
j . Doing so, we ignore

the momentum-dependence of the constituent-quark mass which appears at Fock level only.

We therefore keep the constituent-quark masses at Hartree level. There, the imaginary part

would simply vanish, cf. the gap equation (5.1). Formally, this approximation is equivalent to

readjusting the NJL parameter set and introducing a new set (m0, G,Λ)new that will depend

on the thermal variables T and µ, and on energy and momentum, p0 and p, respectively. In

conclusion, we use this approximation for simplicity and find for the full quark propagator :

GR(p0,p) ≈ (m+ p0γ0 − p · γ) + i(mρ0 + p0γ0ρ4 − p · γρ3)[
p2

0(1− ρ2
4)− p2(1− ρ2

3)−m2(1− ρ2
0)
]

+ 2i (p2
0ρ4 − p2ρ3 −m2ρ0)

. (6.18)

Introducing two auxiliary functions,

N1 = p2
0(1− ρ2

4)− p2(1− ρ2
3)−m2(1− ρ2

0) ,

N2 = p2
0ρ4 − p2ρ3 −m2ρ0 ,

(6.19)

we identify the four functions parameterizing the quark spectral function ρ = − 1
π Im GR defined

in Eq. (6.14):

A = ρ0N1 − 2N2 , B = ρ4N1 − 2N2 , C = ρ3N1 − 2N2 , and D = N2
1 + 4N2

2 . (6.20)
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6.2. Kubo formalism for the Dirac self-energy

The evaluation of the shear viscosity is now reduced to carrying out the Dirac trace present in

the integrand of Eq. (4.30):

Tr[γ2ργ2ρ] =
1

π2D2
[γ2(mA+ p0γ0B − p · γ C)γ2(mA+ p0γ0B − p · γ C)] =

=
4

π2D2

[
−m2A2 + p2

0B
2 − p2C2 + 2p2

yC
2
]
.

(6.21)

The shear viscosity therefore reads:

η =
2NcNf

3π2T

ˆ ∞
−∞

dε

ˆ
d3p n+

F (ε)(1−n+
F (ε))

[
p4

D2
· 2

5
p2C2 +

p4

D

(
−m2ρ2

0 − p2ρ2
3 + p2

0ρ
2
4

)]
. (6.22)

As we have discussed in Section 4.2, this kind of integral features a sharp peak structure ap-

pearing when D ≈ 0. Therefore, we have approximated this structure in Eq. (4.35) by taking

only the dominant term ∼ D−2 into account and dropping the term ∼ D−1. Doing so, only the

functions C and D are relevant and we find our previous result for the shear viscosity assuming

the parameterization (4.32). We find indeed:

lim
ρ3→0

lim
ρ4→0

C2(ε,p)

∣∣∣∣
ρ0 7→−Γ/m

= 4m2Γ2 ,

lim
ρ3→0

lim
ρ4→0

D(ε,p)

∣∣∣∣
ρ0 7→−Γ/m

= X(p)|p2=ε2−p2 ,

(6.23)

with X(p) has been defined in Eq. (4.34). From this we conclude:

lim
ρ3→0

lim
ρ4→0

η

∣∣∣∣
ρ0 7→−Γ/m

= (4.37) . (6.24)

One rediscovers the previous results for the shear viscosity when setting some Dirac parts of the

quark self energy, ρ3 and ρ4, to zero, cf. Eq. (5.7). In this case one simply has

Σ
S/P
β = ±Γ , (6.25)

with no additional Dirac structure.

The more general result (6.22) includes in some limit the shear viscosity discussed in Sec-

tion 6.22. The Kubo formula we use for evaluating the shear viscosity incorporates all three

contributions from the Dirac part. We also avoid the peak-structure approximation and take

both the D−2 and D−1 terms into account43. Our final result for the shear viscosity reads:

η =
2NcNf

3π3T

ˆ ∞
−∞

dε

ˆ
dp n+

F (ε)(1− n+
F (ε))

p4

D2(ε,p)

[
−m2A2(ε,p)− 3

5
p2C2(ε,p) + p2

0B
2(ε,p)

]
.

(6.26)

It is remarkable how the negative and positive terms in the integrand balance to yield the overall

positive shear viscosity η > 0. The functions A,B,C,D are given in Eq. (6.20), combining in a

non-trivial way the imaginary parts of the quark self-energy induced from mesonic fluctuations

derived in Section 5.2 and given in Eqs. (5.38) and (5.40).

43As it is seen empirically, the sub-dominant term ∼ D−1 contributes only 5 − 10% but it stabilizes the rather
involved numerics when evaluating the shear viscosity.
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6. The ratio η/s in the NJL model

6.3. Results for the shear viscosity and the ratio η/s

We are now prepared to combine our findings and calculate the shear viscosity using the on-

shell imaginary parts of Σj , j = 0, 3, 4, derived in Eqs. (5.38) and (5.40). They are used when

evaluating the Kubo formula (6.26) numerically. The temperature dependence of the viscosity

itself is shown in Fig. 6.2(a). Due to the on-shell conditions we have used when calculating

Im Σj , only the temperature range above the Mott temperature, T > TM, is accessible. One has

TM(µ = 0) = 212 MeV and TM(µ = 200 MeV) = 171 MeV. We observe an overall decreasing

function η(T ) and also decreasing values for an increasing quark chemical potential, η(µ). As

discussed in Section 4.2, a small shear viscosity displays a strongly correlated system: the

larger the spectral width as a measure for the interaction strength, the lower the value of eta,

cf. Fig. 4.2(a),(b). Although the viscosity given in Eq. (6.26) incorporates three independent

imaginary parts, the effective spectral width Γ̃ shown in Fig. 5.4 already suggests this qualitative

behavior. We conclude that the quark plasma described by the NJL model, where the shear

viscosity is induced by mesonic fluctuations occurring at order 1/Nc, becomes more strongly

correlated for both increasing temperature and chemical potential. The overall scale of the ratio

η/s is comparable to 1/4π, but for large enough temperatures it undershoots the AdS/CFT

benchmark. At vanishing chemical potential this happens at T ≈ 275 MeV, at finite chemical

potential, µ = 200 MeV, even earlier at T ≈ 260 MeV.

We compare our results with those from lattice QCD, [NS06, Mey07], which are shown as

squares in Fig. 6.2(b). They have been derived within pure-gauge QCD and suggest a rising

ratio η/s(T ) for T > 200 MeV. This behavior is not found in the NJL model. This qualitative

difference can be explained by comparing to the results from hard thermal loop (HTL) calculation

in QCD [AMY00, AMY03]. Both Abelian and non-Abelian gauge theories feature at leading-log
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Figure 6.2.: Temperature dependence of shear viscosity calculated from the NJL model in its
large-Nc expansion for vanishing quark chemical potential and µ = 200 MeV. See the discus-
sion in the text.
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6.3. Results for the shear viscosity and the ratio η/s

order the behavior [KG06]:

η =
#1T

3

α2
s ln(#2/αs)

, (6.27)

hence η/s ∼ α−2
s at leading order. For increasing T , the strong coupling becomes weak, αs → 0,

therefore the ratio η/s(T ) rises when restricting to the HTL results. This trend is also seen

(within uncertainties) in the lattice results already at rather small temperatures where HTL

calculations are not applicable since they are based on perturbative-QCD and resummation

techniques. However, the main reason for the rising behavior of the pure-gauge lattice results is

asymptotic freedom and the relaxing correlation between the gauge bosons. In contrast, the NJL-

model coupling G remains constant for increasing temperature. In addition, the magnitude of

mesonic fluctuations are growing in the considered temperature range 180 MeV . T . 300 MeV.

In consequence, we find decreasing functions η and η/s. We also compare our results to those

from [PPSG12], open circles in Fig. 6.2(b): the shear viscosity from the fundamental Kubo

formula (4.1) has been evaluated numerically by calculating the cross section σtot from a parton

cascade model with elastic two-body collisions using only gluonic degrees of freedom. Their

results are described by
η

s
=

0.195

σtotT 2
. (6.28)

For the numerical evaluation in Fig. 6.2(b) we have used σtot = 9 mb = 0.9 fm2. In comparison to

our NJL results we observe a decreasing but flatter ratio η/s in this approach. The assumption

of a temperature-independent total cross section does not describe the high-T behavior expected

from HTL calculations and observed on the lattice. We also show this linear rise by the solid

circles [CHPS14]. There, it is derived that this behavior can be described by

η

s

∣∣∣
HTL

=
a

αγs
, (6.29)

with a = 0.2 and γ = 1.6 as their final fit for QCD. Note, that these fit parameters compare
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Figure 6.3.: Individual and summed ratios η/s(T ) from the NJL model (low-T region) and from
HTL calculations (high-T region) at vanishing quark chemical potential. See the discussion
in the text.
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Figure 6.4.: Comparison between the on-shell and off-shell calculation of the shear viscosity at
vanishing quark chemical potential (left panel) and µ = 200 MeV (right panel)

well to the general gauge-theory results in Eq. (6.27). The analytical expression for the running

QCD coupling uses a quasi-particle approach also in the vicinity of the (chiral) phase transition

[Nes00]:

αs(z(T )) =
4π

β0

z2 − 1

z2 ln z2
, (6.30)

with β0 defined in Eq. (2.11), the reduced temperature z = cT/Tc with Tc ≈ 155 MeV and some

fitted scale factor c = 0.79 in the QCD case [CHPS14]. The ratio η/s from HTL calculations is

induced by dissipative processes in the gauge sector, where η/s calculated from the NJL model

incorporates mesonic fluctuations in the quark sector. The sum of the two ratios44 is shown

in Fig. 6.3, where a minimum structure emerges due to the change between quarks and gluons

as active degrees of freedom. It is located at Tmin = 295 MeV, where η/s(Tmin) = 0.29. In

comparison to the results from [CHPS14], both the minimal value of η/s and its location are

shifted to higher values: TQCD
min = 200 MeV and η/s(TQCD

min ) = 0.17. The main reason for this

shift is the rather large critical/crossover temperature, Tc = 190 MeV, present in the two-flavor

NJL model. However, the expectation for the temperature dependence of the ratio η/s as it

is incorporated for hydrodynamic simulations, cf. the discussion related to Fig. 2.7, can be

satisfied. Now, the ratio stays above the AdS/CFT benchmark: η/s & 3.5/4π.

In Section 5.2.2 we have calculated additionally off-shell results for ρj = Im Σj , j = 0, 3, 4.

They define the off-shell shear viscosity (6.26) in terms of Eqs. (6.20). The more involved

numerical evaluation of the off-shell η(T, µ) using the results in Eqs. (5.67) and (5.68) are shown

in Fig. 6.4. The main difference between the on-shell and off-shell is found on the qualitative

level: there is no longer any restriction on the constituent-quark mass to provide a finite shear

viscosity. It is interesting to observe that the small-T results smoothly extend the results fulfilling

the Mott-condition mM > 2m in the high-T region. At vanishing quark chemical potential the

quantitative difference is almost negligible. At µ = 200 MeV the difference is a simple factor

shifting the viscosity to higher values, but the overall behavior of η(T, µ) is not changed.

We can explain this fact by going back to the parameter discussion in Section 4.2, where

the peak-structure of the Kubo formula is examined in Fig. 4.3. We have seen that the main

contribution to η[Γ(p)] is collected around the integrand’s pole position. Inspecting the Kubo

formula for η incorporating the full Dirac structure of the quark propagator, Eq. (6.26), a similar

structure is found: around the pole position where D → 0, the main contributions to the integral

44Note that unlike the discussion at the very end of Section 2.3, in this case the contributions to the total shear
viscosity come from different Kubo formulas for quarks and gluons. As we have discussed, different dissipative
processes contributing to the same Kubo formula, however, do not sum up that simply.
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are collected. From Eqs. (6.19) and (6.20) one finds:

D → 0 ⇔ N1, N2 → 0 ⇒ p2
0 − p2 −m2 = 0 . (6.31)

The last implication leads to the on-shell condition for the constituent quark. We conclude that

the off-shell contributions are subleading effects due to the peak structure of the Kubo formula.

It is remarkable that off-shell contributions do not strongly affect the shear viscosity despite

the presence of additional imaginary parts. In the first instance one therefore expects the shear

viscosity to become smaller. However, the distribution of the imaginary parts ρj , j = 0, 3, 4

in the integrand of η itself eventually leads to a rather small increase of the shear viscosity

compared to the on-shell results.
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7. Summary and Conclusion

“I am now convinced that theoretical physics is actually philosophy.”[Moo92]

Max Born

In this thesis we have investigated the shear viscosity of a hot and dense quark plasma described

by a large-Nc NJL model in the two-flavor case. In this non-perturbative model gluons are not

treated as explicit, active degrees of freedom but they are hidden in effective NJL vertices that

inherit all symmetries and the large-Nc scaling from QCD. We have used this scaling as book-

keeping method and have discussed the NJL model on this general footing. It has been reviewed

how standard approaches from many-body physics can be derived: the gap equation defining

thermal, dynamically generated constituent-quark masses, and the Bethe-Salpeter equation from

which mesonic (soft) modes emerge. Our investigations have shown that the dominant attrac-

tive interaction channel for the evaluation of the shear viscosity is given by the quark-antiquark

channel rather than the diquark channel, the latter being suppressed by its spectrum of large

masses.

Transport coefficients such as the shear viscosity η are defined in systems out of thermody-

namic equilibrium. In this thesis we have used the Kubo formalism which has been first reviewed

and then investigated in a detailed parameter study. Assuming that the constituent-quark propa-

gator can be described by a simple schematic parameterization of its spectral function, a suitable

numerical approximation scheme was defined for the evaluation of the Kubo formula for shear

viscosity. Its dependence on the shape of the spectral width and effects of thermal quark masses

were investigated. Most importantly we have found a strong dependence of the shear viscosity

on the NJL three-momentum cutoff which eventually ensures a meaningful scale of η. Whereas

the three free NJL parameters (current-quark mass, NJL coupling strength and cutoff scale) are

fixed by reproducing physical values for observables (meson masses, pion decay constant and

chiral condensate), there is no model parameter left to adjust the overall scale of the shear vis-

cosity. Therefore, our final results are parameter-free predictions within the large-Nc two-flavor

NJL model. Going beyond the assumption of a simple one-width parameterization, a new Kubo

formula for the shear viscosity has been derived, incorporating the full Dirac structure of the

constituent-quark propagator.

In a large-Nc NJL model, the dominant dissipative process contributing to the shear viscosity is

given by mesonic fluctuations. They are represented by virtual quark-antiquark loops resummed

to all orders in the non-perturbative NJL coupling as it is described by the Bethe-Salpeter

equation and treated as 1/Nc Fock contribution to the gap equation. We have calculated the

three Dirac self-energy contributions given by this Fock term using both on-shell and off-shell

conditions. Evaluating the new Kubo formula using these results we have found a decreasing

shear viscosity as function of both temperature and quark chemical potential. At vanishing

chemical potential, off-shell effects extend the on-shell results also to the low-temperature region

where the on-shell phase space is collapsing. Apart from this, off-shell effects have no further

quantitative or qualitative influence. However, at finite quark chemical potentials, off-shell effects

shift the shear viscosity to higher values but its overall qualitative behavior is not affected.

We have observed that the dimensionless ratio η/s undershoots the AdS/CFT benchmark

1/4π at large enough temperatures. This statement is, however, true only as long as we stick to
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quark degrees of freedom. Combining our result for the shear viscosity with perturbative results

from hard-thermal-loop calculations in the high-T region, we find the ratio η/s to feature a

minimum structure well above the AdS/CFT benchmark. The combined results compare well

with those from lattice QCD setting the overall behavior and scale of the ratio η/s. However,

the crossover temperature in the two-flavor NJL model, Tc ≈ 190 MeV, is larger than the lattice

value, Tc ≈ 155 MeV. Therefore, the onset of the dominant on-shell contributions to the shear

viscosity is shifted to larger temperatures.

Since the mid 1970s mesonic fluctuations (the meson cloud) have been known as significant

contributions to the nucleon mass. In chiral (cloudy) bag models they induce a correction term

lowering the leading-order nucleon mass. In contrast, we have found a positive correction from

the pionic fluctuation to the self-energy of the constituent quark. This qualitatively different

behavior is understood by expanding our field-theoretical calculation in the non-relativistic limit

appropriate for comparison with the bag-model results. The sign flip is explained by an over-

compensation of the non-relativistic contributions by purely relativistic terms. The comparison

of our results with those from the well-known chiral bag models has served as an instructive and

important cross check of our calculations.

It has been known that using the Kubo formalism for calculating transport coefficients is a

rather inefficient approach since already at leading order in a weakly coupled theory resummation

techniques have to be applied. The NJL model is non-perturbative by construction, hence

our evaluation of the shear viscosity is such as well. We have concluded that ladder-diagram

resummation in the Kubo sector is only sub-dominant and therefore not necessary.

One of the main results of this thesis is in fact the derivation of a new Kubo formula that takes

the (non-perturbative) Dirac structure of the relativistic quark propagator fully into account. It

has been evaluated for both on-shell and off-shell quark spectral functions in a consistent way.

In summary, we have found within the two-flavor large-Nc NJL model an overall decreasing

shear viscosity η(T, µ) which undershoots the AdS/CFT benchmark at sufficiently large temper-

atures. The underlying dissipative process is given by mesonic fluctuations in the quark sector

arising as Fock term in the gap equation. Comparing on-shell and off-shell contributions to

the shear viscosity shows no significant difference on the final results which have been derived

without resumming ladder diagrams in the Kubo sector. Combining the NJL results for the

shear viscosity with results from hard-thermal-loop calculations leads to a minimum structure

of η/s located above the AdS/CFT benchmark. The correlated quark plasma described in this

thesis features a small shear viscosity characteristic of a perfect fluid.
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A. Appendix

“This book – I mean the universe – is written in

the mathematical language.”[Bur03]

Galileo Galilei

A.1. Group-theoretic details of SU(N)

Let G = SU(N) denote the Lie group and G = su(N) its Lie algebra with generators Ta,

a ∈ {1, . . . , N2 − 1}. They are traceless and Hermitian. We also define λa = 2Ta. The Lie

bracket, [·, ·] : G × G → G, provides the multiplication on the algebra in terms of the structure

constants, fabc:

[Ta, Tb] = ifabcTc , [λa, λb] = 2ifabcλc . (A.1)

Note that the commutator of two generators is skew Hermitian (and traceless), hence one can

write it as a linear combination of iλc. In addition, the structure constants can be real numbers

only45: fabc ∈ R.

Since G is a matrix Lie group, there is also the usual matrix multiplication available. One

can decompose the product λaλb into a Hermitian and an skew-Hermitian part,

λaλb =
1

2
[λa, λb] +

1

2
{λa, λb} = ifabcλc + ξ(r)δab1n×n + dabcλc , (A.2)

parameterized by the structure constants fabc (totally antisymmetric) and dabc (totally sym-

metric), and the representation dependent ξ(r). n denotes the dimension of the representation.

The anti-commutator of two generators is Hermitian, but in general not traceless. Note that

any Hermitian n × n matrix, A, can be decomposed into a Hermitian, traceless matrix and a

diagonal matrix:

A =

(
A− trA

n
1n×n

)
+

trA

n
1n×n . (A.3)

We also introduce the two representation-dependent quantities, C(r) and C2(r), called the

Dynkin index and quadratic Casimir operator, respectively.

tr T r
aT

r
b =: C(r)δab , T r

aT
r
a =: C2(r)1n×n . (A.4)

For SU(2) we have in fundamental representation the usual Pauli matrices46 λa = σa with

[σa, σb] = 2iεabcσc (a, b, c = 1, 2, 3). They are given by

σ1 :=

(
0 1

1 0

)
, σ2 :=

(
0 −i

i 0

)
, σ3 :=

(
1 0

0 −1

)
, σ := (σ1, σ2, σ3) , (A.5)

and σ0 := 1, with tr (σaσb) = 2δab (a, b = 0, 1, 2, 3). One has fabc = εabc and dabc = 0.

45From this it follows immediately that the adjoint representation, A, is a real representation for all SU(N).
46The Pauli matrices describe both spin and isospin and are denoted by σa and τa, respectively.
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For SU(3) we have in fundamental representation the usual Gell-Mann matrices with [λa, λb] =

2ifabcλc (a, b, c = 1, . . . , 8). They are given by

λ1 =

 0 1 0

1 0 0

0 0 0

 , λ2 =

 0 −i 0

i 0 0

0 0 0

 , λ3 =

 1 0 0

0 −1 0

0 0 0

 ,

λ4 =

 0 0 1

0 0 0

1 0 0

 , λ5 =

 0 0 −i

0 0 0

i 0 0

 , λ6 =

 0 0 0

0 0 1

0 1 0

 ,

λ7 =

 0 0 0

0 0 −i

0 i 0

 , λ8 =
1√
3

 1 0 0

0 1 0

0 0 −2

 , λ0 =

√
2

3

 1 0 0

0 1 0

0 0 1

 .

(A.6)

One has

f123 = 1 , f147 = f165 = f246 = f257 = f345 = f376 =
1

2
, f458 = f678 =

√
3

2
, (A.7)

d118 = d228 = d338 = −2d448 = −2d558 = −2d668 = −2d778 = −d888 =
1√
3
,

d146 = d157 = −d247 = d256 = d344 = d355 = −d366 = −d377 =
1

2
.

(A.8)

We summarize for all N ∈ N the most important properties of SU(N) representations in the

following Table A.1, where we denote by n = dim(r) the dimension of the representation:

r n C C2 ξ

F N 1
2

N2−1
2N

2
N

A N2 − 1 N N 4N
N2−1

r̄s
N(N+1)

2
N+2

2
(N+2)(N−1)

N
2N
N−1

r̄a
N(N−1)

2
N−2

2
(N+1)(N−2)

2
2N
N+1

Table A.1.: Properties of the most important SU(N) representations

The Dynkin index and the quadratic Casimir operator are not independent quantities, but they

are constrained by

(N2 − 1)C(r) = nC2(r) , (A.9)

which follows immediately from their definitions (A.4). One also calculates

ξ(r) =
4C2(r)

N2 − 1
. (A.10)

We remark the following: fabc is totally antisymmetric, i.e. fabc = fbca = fcab = −fbac, whereas

dabc is totally symmetric, i.e. dabc = dbca = dcab = +dbac. In total, there are 54 and 58

non-vanishing entries in fabc and dabc, respectively.
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From Eq. (A.2) it follows immediately that

{λa, λb} = 2ξ(r)δab1n×n + 2dabcλc
F
=

4

N
δab1n×n + 2dabcλc , (A.11)

where the last identity is valid for the fundamental representation only. In this representation

one defines also λ0 :=
√
ξ 1N×N , such that the following holds for all a, b ∈ {0, 1, . . . , N}:

trλaλb = 2δab . (A.12)
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A.2. Matsubara formalism

We summarize briefly the most important facts about the Matsubara formalism we have used

in this work. An introduction to this imaginary time formalism can be found in standard text-

books, e.g. [LB00, KG06]. In Matsubara space the (imaginary) time coordinate is Wick rotated

and allows only for discrete frequencies: τ = −it ∈ [0, β] ⊂ R, where we denote the inverse

temperature by β = 1/T . Periodic (anti-periodic) boundary conditions for bosons (fermions)

at τ = β lead to a discrete but infinite set of Matsubara frequencies: with n ∈ Z one finds

for bosons ωn = 2nπT − iµ, whereas they read for fermions νn = (2n + 1)πT − iµ. Carrying

the discrete sums over Matsubara frequencies leads to Bose and Fermi distributions which are

defined as

nB(E ∓ µ) = n±B(E) =
1

eβ(E∓µ) − 1
, nF(E ∓ µ) = n±F (E) =

1

eβ(E∓µ) + 1
. (A.13)

A.2.1. Review of propagators

The bosonic and fermionic propagators in Matsubara space are summarized and compared to

those in Euclidean and Minkowskian spacetime.

Propagators for bosons

Thermal (Matsubara) propagator

GB
β (p, ωn) =

1

ω2
n + p2 +m2

. (A.14)

Propagator in Euclidean spacetime

GB
E(p, p4) =

1

p2
4 + p2 +m2

=
1

p2
E +m2

. (A.15)

Propagator in Minkowski spacetime

GB
M(p0,p) =

1

p2
0 − p2 −m2

=
1

p2 −m2
. (A.16)

The following is true: GB
β (p,−p4) = GB

E(p, p4) and GB
E(p, ip0) = −GB

M(p0,p). We have used

p4 = ip0, p0 = iωn ⇔ p4 = −ωn .

Propagators for fermions

Thermal (Matsubara) propagator:

GF
β(p, νn) =

1

−νnγ4 + p · γ +m
=
νnγ4 − p · γ +m

ν2
n + p2 +m2

. (A.17)

Propagator in Euclidean spacetime

GF
E(p, p4) = − /pE

−m
p2

E +m2
= −p4γ4 + p · γ −m

p2
4 + p2 +m2

. (A.18)
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Propagator in Minkowskian spacetime

GF
M(p0,p) =

1

/p−m
=

/p+m

p2 −m2
=
p0γ0 − p · γ +m

p2
0 − p2 −m2

. (A.19)

The following is true: GF
β(p,−p4) = GF

E(p, p4) and GF
E(p, ip0) = −GF

M(p0,p). We have used for

µ, ν ∈ {0, 1, 2, 3} and i, j ∈ {1, 2, 3, 4}:

p4 = ip0 , p0 = iνn , γ4 = iγ0 , {γµ, γν} = 2gµν1 , {γi, γj} = −2δij1 .

A.2.2. Master formulas

For the bosonic and fermionic Matsubara frequencies, ωn = 2nπT − iµ and νn = (2n+1)πT − iµ,

respectively. The frequencies for the antiparticles are denoted by ωn = 2nπT + iµ = ω∗n, and

νn = (2n+ 1)πT + iµ = ν∗n, respectively. One has:

T
∑
n∈Z

1

ω2
n + ω2

=
1

ω

(
1

2
+ nB(ω)

)
=

1

4ω

(
coth

(
ω − µ

2T

)
+ coth

(
ω + µ

2T

))
(A.20)

T
∑
n∈Z

1

ν2
n + ω2

=
1

ω

(
1

2
− nF(ω)

)
=

1

4ω

(
tanh

(
ω − µ

2T

)
+ tanh

(
ω + µ

2T

))
(A.21)

The coth(·) and tanh(·) describe Bose and Fermi distributions:

coth

(
E ∓ µ

2T

)
= 1 + 2nB(E ∓ µ) = 1 + 2n±B(E) , (A.22)

tanh

(
E ∓ µ

2T

)
= 1− 2nF(E ∓ µ) = 1− 2n±F (E) . (A.23)

These general building blocks are useful to carry out the Matsubara frequencies when calculating

the quark self-energy from mesonic fluctuations in Section 5.2. For the evaluation of Σ0 and Σ3

in Eq. (5.8) we have used:

T
∑
n∈Z

1

[(ν − νn)2 + E2
b ][ν2

n + E2
f ]

=

=
1

2EbEf [(Eb + Ef )2 + ν2][(Eb − Ef )2 + ν2]

[
Ef (ν2 + E2

f − E2
b ) coth

(
Eb
2T

)
+

+Eb(ν
2 + E2

b − E2
f ) · 1

2

(
tanh

(
Ef − µ

2T

)
+ tanh

(
Ef + µ

2T

))]
+

− iν

[(Eb + Ef )2 + ν2][(Eb − Ef )2 + ν2]
· 1

2

(
tanh

(
Ef − µ

2T

)
− tanh

(
Ef + µ

2T

))
=

=
1

2EbEf

[
(Ef + Eb)

[
1 + nB(Eb)− 1

2

(
n+

F (Ef ) + n−F (Ef )
)]

(Ef + Eb)2 + ν2
+

+
(Ef − Eb)

[
nB(Eb) + 1

2

(
n+

F (Ef ) + n−F (Ef )
)]

(Ef − Eb)2 + ν2

]
+

+
iν
[
n+

F (Ef )− n−F (Ef )
]

[(Ef + Eb)2 + ν2][(Ef − Eb)2 + ν2]
.

(A.24)

121



A. Appendix

For the evaluation of Σ4 in Eq. (5.8) we have used:

T
∑
n∈Z

νn
[(ν − νn)2 + E2

b ][ν2
n + E2

f ]
=

=
ν

2Eb[(Eb + Ef )2 + ν2][(Eb − Ef )2 + ν2]

[
(E2

b + E2
f + ν2) coth

(
Eb
2T

)
+

−2EbEf ·
1

2

(
tanh

(
Ef − µ

2T

)
+ tanh

(
Ef + µ

2T

))]
+

−
E2
b − E2

f + ν2

2i [(Eb + Ef )2 + ν2][(Eb − Ef )2 + ν2]
· 1

2

(
tanh

(
Ef − µ

2T

)
− tanh

(
Ef + µ

2T

))
=

=
ν

2Eb

[
1 + nB(Eb)− 1

2

(
n+

F (Ef ) + n−F (Ef )
)

(Ef + Eb)2 + ν2
+
nB(Eb) + 1

2

(
n+

F (Ef ) + n−F (Ef )
)

(Ef − Eb)2 + ν2

]
+

−
(E2

b − E2
f + ν2)

[
n+

F (Ef )− n−F (Ef )
]

2i [(Ef + Eb)2 + ν2][(Ef − Eb)2 + ν2]
.

(A.25)

For evaluating the Matsubara sums the following identity has been useful:

sinh(x)

cosh(x) + cosh(y)
=

1

2

[
tanh

(
x− y

2

)
+ tanh

(
x+ y

2

)]
. (A.26)
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A.3. Spectral representation of propagators

In this brief appendix we review the Källén-Lehmann spectral representation for retarded and

advanced propagators in Minkowski and also Matsubara space. Thereby we fix first our sign

convention for the analytical continuation between these two spaces:

[·]β ↔ −[·]R/A for i[·]n ↔ p0 ± iε . (A.27)

For evaluating integrals containing a first-order pole on the real axis, we interpret it as principal

value integral following the Sokhotski-Plemelj Theorem:

ˆ
R

dx
f(x)

(x− a)± iε
= ∓iπf(a) +

 
R

dx
f(x)

x− a , (A.28)

where the principal value integral is defined by cutting out a symmetric interval around the pole

position Bε(a) = {x ∈ R : |x− a| < ε}:
 
R

dx
f(x)

x− a = lim
ε→0

ˆ
R\Bε(a)

dx
f(x)

x− a . (A.29)

If the integrand is regular on the real axes, f(a) = 0, then the principal value integral reduces to

the common integral. The validity of the relation (A.28) is crucially related to the integration

range X = R 3 a, since one uses

lim
ε→0

ε

(x− a)2 + ε2
= − lim

ε→0
Im

1

(x− a) + iε
= π δ(x− a) . (A.30)

If the pole lies outside the integration range, a /∈ X, then the delta function does not contribute

and again the principal value integral reduces to the common integral.

The spectral function ρ(ω,p) which relates to the Minkowskian propagators is defined by the

integral identity

GR/A(p0,p) =

ˆ ∞
−∞

dω
ρ(ω,p)

p0 − ω ± iε
. (A.31)

Note that GR(p) denotes just the Feynman propagator describing a retarded and advanced

propagation of particles and antiparticles, respectively. We determine the spectral function in

such a way that the resulting propagators for retarded and advanced fermions and bosons have

the expected form:

GB
R/A =

1

p2
0 − p2 −m2 ± i sgn(p0)ε

=
1

p2 −m2 ± i sgn(p0)ε
,

GF
R/A =

p0γ0 − p · γ +m

p2
0 − p2 −m2 ± i sgn(p0)ε

=
1

/p−m± i sgn(p0)ε
.

(A.32)

The free spectral functions ρ0(p0,p) for bosons and fermions read with E =
√
p2 +m2:

ρB
0 = sgn(p0) δ

(
p2

0 − E2
)
,

ρF
0 =

p0γ0 − p · γ +m

2p0
δ
(
|p0| − E

)
.

(A.33)

Using the principal-value integral one derives

lim
ε→0+

Im GR/A(p) = ∓πρ(p) . (A.34)
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The spectral function is related to the highly singular behavior of the imaginary part of Minkowski

propagators:

lim
ε→0

Im
a+ ibε

x+ iε
= −aπδ(x) , (A.35)

where a, b, x ∈ R has been assumed. Using this identity, our claim for ρB
0 and ρF

0 follows.

In general, the following symmetry relations hold:

ρB(−ω) = −ρB(ω) ,

tr (γ0ρ
F(−ω)) = +tr (γ0ρ

F(ω)) ,

tr (γρF(−ω)) = −tr (γρF(ω)) ,

tr (ρF(−ω)) = −tr (ρF(ω)) .

(A.36)

For the propagators in Matsubara space we define

Gβ(p, ωn) =

ˆ ∞
−∞

dω
ρ(ω,p)

ω − iωn
. (A.37)

With this definition, the free spectral functions lead to the Matsubara propagators as we expect:

Gβ(p, ωn)|ρ=ρB
0

=
1

ω2
n + p2 +m2

, and Gβ(p, νn)|ρ=ρF
0

=
νnγ4 − pγ +m

ν2
n + p2 +m2

. (A.38)

For the analytical continuation to Minkowski space we find indeed the (negative) propagator,

including naturally the sgn(p0) term in the denominator:

G
B/F
β

∣∣∣
i[·]n=p0±iε

7→ −GB/F
R/A . (A.39)
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A.4. Analytical properties of the quark-meson coupling

We study the analytical structure of principal-value integrals where external conditions (such as

temperature, quark chemical potential or meson energy) determine the position of the pole in the

complex integration plane. In particular we study the questions what happens if the pole enters

the interval of integration and the integration range starts or ends exactly at the pole position.

This rather technical question is related to the temperature dependence of the quark-meson

coupling having not fixed the meson mass in the first place (cf. the discussion in Section 3.5,

particularly the comparison between Eq. (3.104) and Eq. (3.117)). We have wondered about the

divergent derivative of I2 compared to the convergent (but kinky) structure of I2; this appears

to be notable, since both integrals share the same pole structure and they are both interpreted

as principal-value integrals.

As prototype of principal-values integral we consider for some n ∈ N and a > 0 the following

set of functions:

f (n)
a (q) =

qn

q2 − (a− 1)
, (A.40)

and its integral

F (n)
a =

ˆ 1

0
dq f (n)

a (q) . (A.41)

For a < 1 or a > 2 the pole q0 =
√
a− 1 ∈ C lies offside the integration interval q ∈ [0, 1],

compare Fig. A.1. For a = 0 the pole is q = ±i; for increasing a it approaches the origin along

the imaginary axis. For 1 ≤ a ≤ 2 the pole is located in the integration interval and F
(n)
a is

interpreted as principal-value integral. We find for n = 0 in the different regions:

F (0)
a =



1√
1−a ArcCot(

√
1− a) for a < 1 ,

1
2
√
a−1

log
(

2
√
a−1−a
a−2

)
for 1 < a < 2 ,

1
2
√
a−1

log
(

2
√
a−1−a
2−a

)
for a > 2 .

(A.42)

Having a closer look at the boundaries of the integration range, a = 1 and a = 2, one finds the

q

a < 1

a > 21 < a < 2

Figure A.1.: Influence of the external param-
eter a on the pole position and the range

of integration (grey area) in F
(n)
a

F
(n)
a n = 0 n = 1 n = 2

lima→1− ∞ ∞ 1

lima→1+ −1 ∞ 1

lima→2− −∞ −∞ −∞

lima→2+ −∞ −∞ −∞

Table A.2.: Behavior of principal-value inte-
grals when the integration starts in the pole
position
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following limits:

lim
a→1−

F (0)
a =∞ , lim

a→1+
F (0)
a = −1 (A.43)

lim
a→2−

F (0)
a = −∞ , lim

a→1+
F (0)
a = −∞ (A.44)

We now vary additionally n ∈ {0, 1, 2, . . .} in order to smooth out the pole structure for q → 0.

Our findings are summarized in Table A.2. The implication of this study to the physical behavior

of the meson masses and the quark-meson coupling is far reaching: the meson masses are

determined by Eq. (3.97) that has a factor q2 from the Jacobian. This refers to the case n = 2

and therefore their thermal dependencies feature just a kink. In contrast, the quark-meson

coupling in Eq. (3.117) has been derived after once integrating by parts with respect to q,

leading to an expression referring to the case n = 0. Now, the integral becomes divergent when

the pole approaches the origin.
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A.5. List of symbols

as reduced strong fine-structure constant

αs strong fine-structure constant

Aµa axialvector current of SU(N)

β inverse temperature

or beta function of QCD

βs inverse proper temperature

cn{2k} 2k-particle cumulant

ckm, c
kl
mn Fierz coefficients

δn non-flow contributions to cn
Dµ covariant derivative

∆µν projector

ε energy density

εn spatial anisotropies

η shear viscosity

fπ pion decay constant

F Fierz-transformation operator

or free energy

g closed string coupling

gπqq quark-pion coupling

gMqq quark-meson coupling

gQCD fundamental QCD coupling

G NJL four-fermion vertex

G± off-shell auxiliary functions

Gµν gluonic field-strength tensor

G
B/F
β propagators in Matsubara space

G
B/F
M,R/A propagators in Minkowski space

H NJL 2Nf vertex

H on-shell auxiliary function

Γ spectral width

or Lorentz structure

Γ̃ effective spectral width

jµ5 axialvector current of U(1)

J I, J II, J III off-shell contributions to Im Σ0

KI,KII,KIII off-shell contributions to Im Σ4

K2N local interaction kernel

L(x) Polyakov loop

λ ’t Hooft coupling

Λ three-momentum cutoff

m0 current-quark mass

m constituent-quark mass

mM thermal meson mass, mπ or mσ

µ quark chemical potential

or renormalization scale

nB, n
±
B Bose distribution functions

nF, n
±
F Fermi distribution functions

Nc number of colors

Nf number of flavor

νn fermionic Matsubara frequencies

|0〉 perturbative vacuum

|Ω〉 non-perturbative vacuum

ΩS/P fermionic-pole correction

P pressure

P path-ordering symbol

πµν viscous-stress (shear) tensor

ΠS/P polarization tensor

φ Boson field

Φ 2PI generating functional

or renormalized Polyakov loop

ΨRP reaction-plane angle

〈ψ̄ψ〉 chiral condensate

〈: ψ̄ψ :〉 subtracted chiral condensate

〈q̄q〉 quark-antiquark condensate

Q5 axialvector charge of U(1)

QA
a axialvector charge of SU(N)

QV
a vector charge of SU(N)

R curvature radius in AdS5 space

s entropy density

ρ non-equilibrium statistical operator

or spectral function

ρ0 equilibrium statistical operator

ρ0, ρ3, ρ4 imaginary parts of quark self-energies

s entropy density

ΣS/P(p2) vacuum quark self-energy

Σ
S/P
β (p, νn) thermal quark self-energy√
σ string tension

T a infinitesimal generators

T temperature

TM Mott temperature

Tµν energy-momentum tensor

τ proper time

or mean free time

τµν dissipative tensor

uµ four velocity

vn flow coefficients

v2 elliptic flow

V µ
a vector current of SU(N)

V2 elliptic flow

ωn bosonic Matsubara frequencies

ξ bulk viscosity
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