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Introduction

Later began the convoys of vehicles bringing food to
New York [...]. In some squares great detours had
to be made because of the great pressure from the
side streets, so the entire journey stopped and trav-
eled step by step, then it all came on again, so that
for a short while everything rushed by at lightning
speed until as if by a single brake a slowdown took
over and quieted everything again.

— Franz Kafka, Amerika

In the novel Amerika by Franz Kafka, the main character Karl Rossmann is amazed to
see how the massive traffic of vehicles flowing towards New York behaves like a single,
worm-like creature, as if the synchrony of their motion were the result of divine directives
to humanity. It is, indeed, a rather recent discovery, dating to the seminal work of Lorenz
[138] and Mandelbrot [139], that complicated global patterns in nature may emerge from
very simple reiterated local rules. Since then, numerous studies have confirmed that, at
any scale of observation, complexity is often an emergent feature of large systems with
elementary interactions: from the intricate interplays at cellular level [47], passing through
the hierarchical structure of ants’ societies [72], all the way to the myriads of religious and
social customs of human beings [I08]. The principles of self-organization in multiagent
systems are employed in swarm robotics to produce cheap, resilient, and efficient squadrons
to perform predefined tasks [I6] and to render battles, swarms of animals and hair/fur
textures in CGI animations [129, 154 164]. The same concepts lie at the core of the Game
of Life, a zero-player game whose capability to reproduce infinite self-replicating patterns
from simple evolution rules makes it Turing complete [28]. The scientific literature on
multiagent self-organizing systems is vast and ever-growing: the interested reader may be
addressed to [19, [I74] and references therein for further insights on the topic.

In all the examples above, self-organization is the result of the superimposition of binary
interactions between agents amplified by a steadfast feedback loop. This reinforcement
process is necessary to give momentum to the multitude of feeble local interactions and
eventually let a global pattern appear. Typically, the strength of such interaction forces
is a function of the “social distance” between agents: for instance, birds align with their



2 Introduction

closest neighbors [20] and people agree easier with those who already conform to their
beliefs [122]. Some of the forces of the system may be of cohesive type, i.e., they tend to
reduce the distance between agents: whenever cohesive forces have a comparable strength
at short and long range, we call these systems heterophilious; if, instead, there is a long-
range bias we speak of homophilious societies [146].

Figure 1: On the left: pilgrims walking around the Kaaba in Mecc In the center: ants
coordinate to create a bridgeﬂ On the right: a school of ﬁshﬂ

Heterophilious systems have a natural tendency to keep the trajectories of the agents
inside a compact region, and therefore to exhibit stable asymptotic profiles, modeling
the autonomous emergence of global patterns. On the other hand, self-organization in
homophilious societies can be accomplished only conditionally to sufficiently high levels of
initial coherence that allow the cohesive forces to keep the dynamics compact [143]. Being
such systems ubiquitous in real life (e.g., see [85, [135]), it is legitimate to ask whether —
in case of lost cohesion — external controls with limited strength acting on the agents of
the system may restore stability and achieve pattern formation.

In the case of multiagent systems, efficient control strategies should target only few indi-
viduals of the population, instead of squandering resources on the entire group at once:
taking advantage of the mutual dependencies between the agents, they should trigger a
ripple effect that would spread their influence to the whole system, thus indirectly control-
ling the rest of the agents. The property of control strategies to target only a small fraction
of the total population is known in the mathematical literature as sparsity [48, [96, [105].
The fundamental issue is the selection of the few agents to control: an effective criterion is
to choose them as to maximize the decay rate of some Lyapunov functional associated to
the stability of the desired pattern [67]. In alignment-dominated models, the sparse control
targeting at each instant only the agent farthest away from the mean velocity was shown
to possess this property, see [49]. The stabilizing power of sparse controls goes beyond this
particular class of systems: in [32] [33] similar results for attraction-repulsion models were
obtained, while in [I58] sparse controls for linear systems were studied.

Alongside the above centralized approach to control (in the sense that there is an exter-
nal figure implementing the control on the system), also decentralized strategies may be
considered: these consist in assuming that each agent, besides being subjected to forces
induced in a feedback manner by the rest of the population, follows an individual strat-
egy to coordinate with the other agents [37]. Whenever such additional force is the result
of an offline optimization among perfectly informed players, we fall into the realm of

"https://commons.wikimedia.org/wiki/File:Islamm. jpg
*https://commons.wikimedia.org/wiki/File:Ant_bridge.jpg
3https://commons.wikimedia.org/wiki/File:Large_fish_school.png
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Game Theory [147, 177]. Games without an external regulator model situations where it
is assumed that an automatic tendency to reach “correct” equilibria exists, like the stock
market. However, this optimistic view of the dynamics is often frustrated by evidences of
the convergence to suboptimal configurations [120], whence the need of an external figure
controlling the evolution of the system. The action of the regulator can eventually be op-
timized too, choosing it as the minimizer of a given cost functional: in this case, sparse
controls can be obtained when the control cost is the L'-norm [49].

Figure 2: On the left: swarmbots performing a taskﬂ In the center: Gosper’s Glider Gun,
a recurring pattern in the Game of Lifeﬂ On the right: multiagent systems employed in
the videogame Total War: Rome 2ﬂ

Sometimes, it could be advantageous to control a different population (usually called the
leaders) rather than directly interacting with the original one (the followers). In this
case, followers are controlled indirectly through their interaction with leaders. One way
to introduce sparsity in such context of indirect control is to require that the population
of leaders is numerically inferior to the one of followers. This control setting is, actually,
incredibly common in real life: for instance, to influence public opinion, the control of
few key mass media is often sufficient [125]. Another example is provided by certain kind
of tumors, which spawn trailblazing leader cells with the ability to lead the metastasis
into surrounding tissues: if diverted, the migration process of the tumor could possibly be
halted [59]. Similarly, the recent work [5] has shown the effectiveness of few undercover
coordinated agents in the evacuation of a crowd from an unfamiliar environment.

Unfortunately, the computation and implementation of (direct and indirect, optimal and
feedback) control strategies is affected by the so called curse of dimensionality: roughly
speaking, algorithms to find solutions to such problems become inefficient as the number
of agents N or their dimensionality d increase conspicuously [24]. In the case of N large,
one solution to solve this issue is to combine mean-field approximation techniques (like
the mean-field limit [31, 130], the BBGKY hierarchy [58| [I16], and the binary interaction
approximation [7, [I51]) with the optimal control problem. Mean-field games stem from
the application of such combination to games involving a large number of players [128]
136, [149], while its application to optimal control problems on multiagent systems leads to
the mean-field optimal control theory [38, [103], [106]. For what concerns large values of d,
recent approaches of a certain relevance to the dimensionality reduction of dynamic data
are diffusion maps [68], geometric multiscale reductions [40], and Johnson-Lindenstrauss
embeddings [I0T], [I3T]. Despite the large amount of work devoted to these issues and their

“http://people.idsia.ch/~gianni/SwarmRobotics/swarm_navigation/start-double-chain. jpg
Shttps://commons.wikimedia.org/wiki/File:Gospers_glider_gun.gif
Shttp://forums.totalwar.org/vb/showthread.php?148830-0strogoth-Campaign
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relevance in many practical situations, the application of the above strategies to control
problems on multiagent systems has only been investigated recently in [36].

Figure 3: On the left: fish evade predatorsﬂ In the center: confinement of crowds using
infrastructuresﬂ On the right: a cop overseeing sheepﬂ

The present thesis is devoted to the study of sparse control and its dimensionality reduction
for multiagent systems. Since in control problems an accurate prior knowledge of the
dynamics is essential, we also address the automatic learning of the fundamental functions
governing the dynamics from sampled observations of the evolutions. In some parts of this
work we consider general multiagent systems, while in others we focus on specific models in
order to assess quantitatively the effectiveness of sparse controls with respect to different
control strategies.

The thesis is organized in seven chapters,each focusing on a specific topic mentioned above.

e Chapter [l presents general results for the convergence at large times of alignment
models to fully aligned states, as a form of consensus and more in general of self-
organization. We show that the ability of such systems to converge to consensus
is limited, even if we allow for feedback decentralized control strategies. We prove
that consensus emergence can be guaranteed in only very few, specific cases, one of
which being the situation where agents are highly heterophilious. The main results
of this chapter were published in the paper [37] and are integrated with comments
and observations from [49, [121].

e Motivated by the limitations of homophilious societies to self-organize, in Chapter
we introduce the concept of (direct) sparse control of multiagent systems. We
show the effectiveness of such control strategy in the case of two prototypical self-
organizing models: the Cucker-Smale system [81] and the Cucker-Dong system [80].
While sparse controls seem intuitively capable of steering multiagent dynamics, it
is however surprising that, for some classes of systems, they are also the most ef-
fective control strategies: for such systems, the control of the instantaneous leaders
of the dynamics is more convenient than controlling simultaneously all agents. The
first significant contribution of this thesis is that the optimality of sparse controls
(initially proven for the Cucker-Smale model, which is a dissipative system) can be
extended also to non-dissipative systems with singular repulsive interaction forces,
like the Cucker-Dong model. The existence of solutions of sparsely controlled mul-
tiagent systems is also studied. The chapter is based on the papers [32], [33], again
supplemented by results from [49].

"https://commons.wikimedia.org/wiki/File:Flocking. jpg
Shttps://pixabay.com/en/cathedral-square-ulm-human-crowds-592756/
%https://www.flickr.com/photos/31363949@N02/6707219407/sizes/1
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e In Chapter [3| we investigate the possibility of defining sparse control strategies in
high dimension on the basis of the information obtained from the random projection
of the original system to lower dimension. Our aim is to validate the following

Meta-theorem. For high dimensional multiagent systems, governed by smooth non-
linearities depending on mutual distances between the agents, one can construct low-
dimensional representations of the dynamical system, which allow the computation
of nearly optimal control strategies in high dimension with overwhelming confidence.

The above statement implies that, for a dimensionality d large, the curse of dimen-
sionality for the implementation of efficient controls for multiagent systems can be
circumvented. Since control strategies are in general highly dependent on the spe-
cific dynamical system to which they are applied, we shall prove a specific instance
of the above statement, which nonetheless tackles all the relevant technical issues
potentially lurking in other situations: we shall focus on the sparse control of the
Cucker-Smale model, for which we have already available the tools developed in
Chapter [2l Numerical tests corroborate the theoretical findings. The results shown
here were first obtained in [30].

e Chapter [4| provides two complexity reduction techniques in the case that the number
of agents N makes the direct numerical treatment of multiagent systems unfeasible.
The results on the mean-field limit and the grazing interaction limit are personal
revisions of well-known work [46, [95] [I51] and are reported for the sake of complete-
ness, being them central in the subsequent chapters. Several sections of the papers
[0, 34, [38] provided the basis for this chapter.

e In Chapter [5| we show how to infer the interaction mechanism of a dynamical sys-
tem from the observation of its evolution. By means of an approach that blends
together the mean-field limit and a I'-convergence argument, we illustrate that we
can reconstruct with high accuracy the interaction functions of a large class of first-
order multiagent systems. Such learning problem is remarkably non-standard due
to the need to manipulate highly dependent dynamic data (the trajectories of the
agents) to perform the reconstruction of the function, see [83]. Possible extensions
to second-order models are also discussed. These results were collected in [34].

e In Chapter[f] we study dimensionality reduction techniques for direct and indirect op-
timal control problems for multiagent systems. Roughly speaking, when the number
of agents to control N becomes very large, to compute the optimal control strategy
we have to deal with a numerically intractable number of ODE constraints. One
way to circumvent the curse of dimensionality in this case is to compute the mean-
field limit PDE of the ODEs system and solve the optimal control problem with such
PDE as unique constraint, in place of the ODEs. However, in principle, it is not clear
whether the optimal control strategies we obtain with this procedure are related to
the ones of the original problem or not. In this chapter we prove such connection by
showing that, under certain regularity assumptions, the PDE-constrained optimal
control problem is the I'-limit of the ODE constrained problems as the number of
agents N tends to oo. First-order optimality conditions for the limit problem are
also derived. The chapter’s core is the paper [38] together with [103], [106].
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e We conclude the thesis with Chapter [7], which presents an indirect sparse control
strategy for the efficient evacuation of pedestrians from unknown environments under
limited visibility. We propose a model for pedestrians composed of an exploration
and an evacuation phase: being the exit visible only from specific locations, when
agents do not see it, they explore the environment with a random walk coupled with
topological alignment (in order to remain close to their nearest neighbors). Instead,
whenever they see the exit, they perform a sharp motion towards it. If left free to
evolve, pedestrians split into several subgroups, each determined to find the way
out, but evacuation is not guaranteed. The introduction of few invisible leaders (in
the sense that pedestrians do not recognize them as special), whose dynamics is the
result of an optimization procedure, is shown to significantly improve the evacuation
process. To reduce the computational effort of finding optimal strategies in the case
where the number of pedestrians is very large, we derive a mean-field equation for the
pedestrians using the grazing interaction limit procedure. Numerical simulations and
a real experiment with people show the efficiency of the proposed control technique.
This chapter is based on [5].

In accordance with the latest regulations concerning the authorship of the results obtained
in Ph.D. theses, I hereby declare that the content of the following sections are original
and were obtained thanks to my contribution (the symbol — means that also sections in
between are considered): 14.4.2} 14.4.3] [5.1.5]
[7.4 The remaining sections are re-elaborated versions of results that can be found in
the literature and that are necessary to make the thesis self-contained.

The pictures shown in this Introduction were licensed under a Creative Commons license,
as can be verified by following the related web addresses. No changes were made to them
and no authorship is claimed. The pictures in the rest of the work were either autonomously
produced or the outcome of the scientific partnership with the co-authors of the papers
[5l, [32H34], 36, B37].



CHAPTER 1

Consensus emergence and
decentralized feedback control

We start from the analysis of general properties of alignment models, i.e., systems where
imitation is the dominant feedback mechanism. Such systems are ubiquitous in nature since
several species are able to interpret and instinctively reproduce certain manoeuvres that
they perceive (e.g., fleeing from a danger, searching for food, performing defense tactics,
etc.), see [92]. We first derive sufficient conditions for their self-organization, which shows
that only a certain balance between the strength of the alignment forces and the initial
coherence of the group is able to guarantee the formation of a consensus, interpreted in
this case as a state where all agents are aligned. We then introduce decentralized feedback
controls to facilitate the emergence of such patterns. The results reported in this chapter
will make clear how prone to lose their initial coherence these systems are, and how much
an external control to help them organize is needed.

1.1 Self-organization in dynamical communication networks

In many natural and social phenomena, a group of agents faces the problem of coordinating
on the basis of mutual communication. The modeling of such scenarios has to comply
with the nature of protocols and customs governing the interaction among agents, limited
or unreliable information transmission, and changing interaction topologies. Despite the
above complications, networks of agents with oriented information flow under possible link
failure or creation can be effectively represented by means of directed graphs with edges
possibly switching in time.

A directed graph G on a set of nodes Aj,..., Ay is any subset of {Ay,..., Ax}2. Each
pair (A, B) € G is called an edge from A to B, and a directed path from A to B in G is a
sequence of edges (A4, 4;,), (A, Aiy), ..., (Ai,,B) € G. The graph G is said to be strongly

o
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connected if for any pair A, B of distinct nodes there is a directed path from A to B and
a directed path from B to A.

When studying under which conditions networks of agents are able to self-organize, it is
usually not enough to know if two nodes are connected: the strength of the interaction
between them also matters. Hence, given a system of N € N agents, for each pair of
agents i, j = 1,..., N we denote by g¢;;(t) € Ry the weight of the link connecting i with
j: clearly, if g;;(t) = 0, 7 is not connected to j at time t. The value g;;(t) can be seen
as the relative intensity of the information exchange flowing from agent i to agent j at
time ¢ > 0. We shall assume for the moment that each weight function g;; : Ry — R is
piecewise continuous.

The weights g¢;;(-) naturally induce a directed graph structure on the set of agents: we
define, for any € > 0 and ¢ > 0, the graph G¢(t) as

G.(t) 2 {(i,5) €{1,...,N}?: g(t) > €}

The adjacency matriz Go(t) is the set of pairs (7, 5) for which the communication channel
from ¢ to j is active at time t.

As a prototypical example of a multiagent system and to quantitatively illustrate the
concept of self-organization, we introduce alignment models: if we denote by {v1,..., o} C
R? the states of the N agents of our systems, then the instantaneous evolution of the state
v;(t) of agent i at time ¢ is given by

N
bi(t) =Y gij()(v(t) —vi(t)), i=1,...,N. (1.1)
j=1

The meaning of the above system of differential equations is the following: at each instant
t > 0, the state v;(t) of agent i tends to the state v;(t) of agent j with a speed that depends
on the strength of the information exchange g;;(t). Since is a system of ODEs with
possibly discontinuous coefficients, we need for it a proper notion of solution.

Definition 1.1. Let {I}}ren denote a countable family of open intervals such that all the
functions g;; are continuous on every Ij, and Urenlr = Ry Given 0 = (v?, e v?v) e RNV
we say that the curve v = (vy,...,vx) : Ry — R is a solution of (I.1)) with initial datum

oV if
(i) v(0) = v%
(7i) for every i =1,...,N and k € N, v; satisfies (1.1)) on Ij.

The notion of self-organization that we are considering for system (1.1)) is that of consensus
or flocking, which is the situation where the state variables of the agents asymptotically
coincide.

Definition 1.2 (Consensus for system (1.1])). Let v : Ry — R4 denote a solution of (.1
with initial datum v°. We say that v(-) converges to consensus if there exists a v € R?

such that, for every ¢ = 1,..., N, it holds

o
Jimfei(t) — % g =0.
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The value v*° is called the consensus state.

In the definition above, ||- || ¢ stands for the Euclidean norm on R9. The subscript, 4 shall
often be omitted whenever clear from context.

Roughly speaking, a system of agents satisfying converges to consensus regardless of
the initial condition v" provided that the underlying communication graph is “sufficiently
connected”. With this we mean that each node must possess, over some dense collection of
time intervals, a strong enough communication path to every other node in the network.
This intuitive idea is made precise in the following result, whose proof can be found in
[121]. A similar answer for discrete-time system was also provided in [145]

Theorem 1.3. Let v : Ry — R be a solution of (T.1)) with initial datum v°. Suppose
that there exists an € > 0 and a strongly connected directed graph G on the set of agents
on which the system spends an infinite amount of time, i.e.,

LL{t>0:G(t)=GY}) =

Then v(-) converges to consensus with consensus state v>° belonging to the convex hull of
{9, 0% )

The above result also says that, without further hypotheses on the interaction weights g;;,
the value of v*>° is rather an emergent property of the global dynamics of system
than a mere function of the initial datum v°. However, it is relatively simple to identify
assumptions on g;; for which the latter is true. For example, from a trivial computation
follows

1 & 1 -
N Z U'L( N (Z gz‘j(t) - Zgji(t)> v (t)
i=1 j=1 =1

=1

Hence, if for every t > 0 the weight matrix (g;;(t))YN;_, has the property that 2 | gi(t) =

i,7=1
Zi]\il gji(t) for every j =1,..., N, then the average

1 N
sz (1.2)

2:1

||l>

is an invariant of the dynamics. This implies that

1 N
=y
i=1
holds, i.e., the consensus state is only a function of the initial datum v°.

1.2 Consensus emergence in alignment models

In this section we shall see that the assumptions of Theorem can actually be very
restrictive and seldom met when dealing with specific instances of alignment models.
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1.2.1 Some classic examples of alignment models

A general principle in opinion formation is the conformity bias, i.e., agents weight more
opinions that already conform to their beliefs. This can, actually, be extended to coordi-
nation in general, since intuitively it is easier to coordinate with “near” agents than “far
away” ones. Formally, this is equivalent to asking that the weights g;; are a nonincreasing
function of the distance between the states of the agents, i.e.,

Y

9ij (t) = a([vi(t) — v;(B)]]), (1.3)

where a : Ry — R, is a nonincreasing interaction kernel. Notice that trivially implies
the invariance of the mean v (given by (1.2))), and that v = ©(0), if it exists.
Several classic opinion formation models combine conformity bias with alignment. In the
DW model, see [I80], two random agents ¢ and j update their opinions v; and v; to
1/2(v; + v;), provided they originally satisfy |lv; — vj|| < R, where R > 0 is fixed a
priori. Instead, in the popular bounded confidence model of Hegselmann and Krause [122],
opinions evolves according to the dynamics where the weights have the form
with

a(r) = xo.51(r) A {1 if r € [0, R],

0 otherwise,

for some fixed confidence radius R > 0. The dynamics is thus given by the system of ODEs

N

ai(t) =Y xpor (o) = o)D) (v (1) = wi(t)), i=1,...,N. (1.4)

J=1

It is straightforward to design an instance of this model not fulfilling the hypothesis of
Theorem Indeed, consider a group of N = 2 agents in dimension d = 1 with initial
conditions v1(0) = —R and v2(0) = R. Since g12(0) = g21(0) = 0, it follows that G.(t) = ()
for all ¢ > 0 and for all € > 0.

Second-order models are necessary whenever we want to describe the dynamics of physical
agents, like flocks of birds, herds of quadrupeds, schools of fish, and colonies of bacteria,
where individuals are considered aligned whenever they move in the same direction, re-
gardless of their position. Since in such cases it is necessary to perceive the velocities of
the others in order to align, to describe the motion of the agents we need the pair position-
velocity (x,v), but this time only the velocity variable v is the consensus parameter.

One of the first of such models, named Vicsek’s model in honor of one of its fathers, was
introduced in [I73]. Very much in the spirit of (L.4), it postulates that the evolution of
the spatial coordinate z; and the orientation #; € [0,27] in the plane R? of the i-th agent
follow the law of motion given by

. B . (cos(6;(1))
) =) =5 (3010
| .o i=1,..,N, (15
0i(t) = ARG ;X[O,R] (i) = z; @) (05(2) = 0i(2)) ,
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where © > 0 denotes the modulus of v;(t), Ag(t, 1) 2 {7e{l,... N} ||lzi(t) — z;(t)|| < R}
and |Ag(t,7)| stands for its cardinality.

In this model, the orientation of the consensus parameter v; is adjusted with respect to
the other agents according to a weighted average of the differences 6; — ;. The influence
of the j-th agent on the dynamics of the i-th one is a function of the (physical or social)
distance between the two agents: if this distance is less than R, the agents interact by
appearing in the computation of the respective future orientation.

0.5 ¢

ooooooo

g
i

%ﬁiﬁiﬁm-

CTEEEDD @0

30

t

Figure 1.1: On the left: a typical evolution of the Hegselmann-Krause model. On the right:
mill patterns in the Vicsek model. (Kind courtesy of G. Albi)

In [81], the authors proposed a possible extension of system ([1.5) to dimensions d > 2 as
follows

;i (t) = vi(t),

. R i=1,...,N.
bi(t) = ] > Xjo,) (i) — 25 (0)]) (v (1) = vilt))

J=1

The substitution of the function x| g With a strictly positive kernel a : Ry — Ry let
us drop the highly irregular and nonsymmetric normalizing factor |Ag(¢,7)| in favor of a
simple N, and leads to the system

i‘i (t) = V; (t),

(1) = 5 D alles(t) = 0] (05(0) = w(0),

Jj=1

i=1,...,N. (1.6)

Notice that the equation governing the evolution of v; has the same form as , and
since now the weights g;; are symmetric (i.e., g;j = gj for all 4,5 =1,...,N) then T is a
conserved quantity.

An example of a system of the form is the influential model of Cucker and Smale,
introduced in [81], in which the function a is

H

a(r) = ma

(1.7)
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where H > 0, 0 > 0, and 8 > 0 are constants accounting for the social properties of
the group. Systems like are usually referred to as Cucker-Smale systems due to the
influence of their work, as can be witnessed by the wealth of literature focusing on their
model, see for instance [4}, 53, 87, 115}, 153 [166].

In the rest of the chapter, we focus on consensus emergence for system . We shall
consider a kernel a : Ry — R which is decreasing, strictly positive, bounded and Lipschitz
continuous.

As already noticed, in second-order models alignment means that all agents move with
the same velocity, but not necessarily are in the same position. Therefore, Definition 1.2
of consensus applies here on the v; variables only.

Definition 1.4 (Consensus for system ((1.6)). We say that a solution
(z,v) = (x1,...,2N,V1,...,0N) : Ry — R24N

of system ([1.6|) tends to consensus if the consensus parameter vectors v; tend to the mean

v, i.e.,
tlgrnoo |lvi(t) —v(t)]| =0 foreveryi=1,...,N.
5 207
0 10
0
-5
=10}
-10
=20+
-15 L L d -30 " L s s
-5 0 5 10 -20 -10 0 10 20

Figure 1.2: Consensus behavior of a Cucker-Smale system. On the left: agents align with
the mean velocity. On the right: agents fail to reach consensus.

The following result is an easy corollary of Theorem

Corollary 1.5. Let (z(-),v(-)) be a solution of system (1.6), where the interaction kernel
a 1s decreasing and strictly positive. Suppose that there exists R > 0 for which it holds

LYt >0 ||z(t) —2;)| <R foralli,j=1,...,N}) = +oc.
Then (z(-),v(:)) converges to consensus.

Proof. Since a is decreasing and strictly positive, from the initial assumptions follows

_ () — o, a(R)
9i3(t) = wralllzit) — z;(O)l) 2 = >0,

2|~
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for every t > 0 for which ||z;(t) — x;(¢)|| < R holds for every ¢,5 = 1,..., N. Therefore,
the condition [|z;(t) — x;(t)|| < R for every 4,5 =1,..., N implies

Gar () ={1,...,N}?,

N

which yields

c! ({t >0: G (t) = {1,. .. ,N}Q}) — o0,

N

The statement then follows from Theorem [1.3| for the choice € = a(R)/N. O

Unfortunately, the result above has the serious flaw that it cannot be invoked directly to
infer convergence to consensus, since establishing a uniform bound in time for the distances
of the agents is very difficult, even for smooth kernels like . Intuitively, consider the
case where the interaction strength is too weak and the agents too dispersed in space
to let the velocities v; align. In this case, nothing prevents the distances ||z; — x| to
grow indefinitely, violating the hypothesis of Corollary Hence, in order to obtain more
satisfactory consensus results, we need to follow approaches that take into account the
extra information at our disposal, which are the strength of the interaction and the initial
configuration of the system.

Originally, this problem was studied in [81], 82] borrowing several tools from Spectral
Graph Theory, see as a reference [61]. Indeed, system (1.6|) can be rewritten in the following
compact form

' ’ (1.8)
(1) = Liz(0)o(t)

where L(z(t)) is the Laplacia of the matrix (a (||z:(t) — x;(t)]|) /N)ﬁfj:p which is a
function of z(¢). Being the Laplacian of a nonnegative, symmetric matrix, L(z(t)) encodes
plenty of information regarding the adjacency matrix Go(t) of the system, see [144]. In
particular, the second smallest eigenvalue A\a(t) of L(x(t)), called the Fiedler’s number of
Go(t) is deeply linked with consensus emergence: provided that a sufficiently strong bound
from below of A\y(%) is available, the system converges to consensus.

To establish under which conditions we have convergence to consensus, we shall follow
a different approach. The advantage of it is that it can be employed also to study the
issue of the controllability of several multiagent systems (see Chapter , as well as their
dimensionality reduction (see Chapter |3).

1.2.2 The consensus region

A natural strategy to improve Corollary would be to look for quantities which are
invariant with respect to v, since it is conserved in systems like ([1.6]).

Definition 1.6. The symmetric bilinear form B : R*®Y x R — R is defined, for any

'Given a real N x N matrix A = (a;;)ij= and v € R we denote by Av the action of A on R by
mapping v to (a;1v1 + -+ - + ainvn)ie,. Given a nonnegative symmetric N x N matrix A = (as;)5;—;, the
Laplacian L of A is defined by L = D — A, with D = diag(di,...,dn) and dy = Z;V:l Akj-
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RdN

v, W € , as

N N
A1
B(v,w) = 51 D> (i) - (w; —wy),
i=1 j=1
where - denotes the usual scalar product on RY.

Remark 1.7. It is trivial to prove that

N

1
B(v,w) = N Z}(Ui Cw;) =W, (1.9)
1=
where 7 stands for the average of the elements of the vector v = (v1,...,vy) given by

(1.2)). From this representation of B follows easily that the two spaces

Vfé{UERdN:m:...:vN},
N

VLé{UERdNZZ’UZ':O},
i=1

are perpendicular with respect to the scalar product B, i.e., R¥V = V¢ @ V). This means
that every v € R™ can be written uniquely as v = v/ 4+ vt, where v/ € V; and vt eV,
A closer inspection reveals that for every i = 1,..., N it holds

f_5 L_ . =
v; =7 and v =v; — .

Notice that, since v+ € V|, for any vector w € R? it holds

N N
Z(U”LJ_ cw) = (va‘) ~w = 0. (1.10)

i=1
Since for every v, w € R¥™ we have B(v/,w) = 0 = B(v,wf), it holds
B(v,w) = B(vt,w) = B(v,wt) = B(vt,wh).

This means that B distinguishes two vectors modulo their projection on V. Moreover,
from (1.9)) immediately follows that B restricted to V; x V| coincides, up to a factor 1/N,
with the usual scalar product on RV,

Remark 1.8 (Consensus manifold). Notice that whenever the initial datum (z°v%) be-
longs to the set R x V¢, the right-hand size of ©; in (L.6) is 0, hence the equality
vi(t) = ... = vn(t) is satisfied for all £ > 0 and the system is already in consensus. For

this reason, the set R4V x V; is called the consensus manifold.

The bilinear form B can be used to characterize consensus emergence for solutions (x(-), v(-))
of system ((1.6]) by setting

N N
X(0) 2 Bla(t), 2(1)) = gy 0 Ialt) — a5 (0)1, (111)
i=1 j=1
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N N
V() 2 B(0),v(t)) = 51z D O luilt) — v o). (1.12)
i=1 j=1

The functionals X and V provide a description of consensus by measuring the spread, both
in positions and velocities, of the trajectories of the solution (z(-),v(-)), as the following
result shows. In Corollary we shall see that actually V is a Lyapunov functional for

system (L0)

Proposition 1.9. The following statements are equivalent:
(4) limy—too ||vi(t) —T(t)|| =0 for everyi=1,...,N;
(i1) limy— o0 v;-(t) = 0 for everyi=1,...,N;

(di1) limy 400 V() = 0.

Proof. The only implication which is not immediate is (i7)=(7i7), for which it suffices to
notice that it holds

2

1 N
Ve =5 2|
=1

This concludes the proof. ]

ot o)

Remark 1.10. From Proposition follows that, in order to establish that a solution
of tends to consensus, a possible strategy would be to prove that the Lyapunov
functional V has a sufficiently strong decay. For this purpose, the following computation
shall be often exploited: given a matrix w € RV*N

entries, i.e., for every i,7 = 1,..., N it holds

which is symmetric and with positive

Wij = Wijs and Wij > 0,
for any v € R¥™ we have

| DX 1 N N N N
mzzwij(”j_vi)'vi:2]\[2(Zzwij(vj_Ui)'vi+zzwji(vi_vj)'vj>

=1 j=1 i=1 j=1 7=11=1
1 N N )
= oz 2 > wi i = vl
j=11i=1

2
1
vi || .

N
1
<— min wy— 1.1
< - i o Y| (113)

A sufficient condition for consensus emergence for solutions of system (1.6 is provided by
the following

Theorem 1.11 ([I14, Theorem 3.1]). Let (2°,v%) € RN x R¥ and set X, 2 B(2°,2%)
and Vj a B(v°,vY). If the following inequality is satisfied

/+OO a(V2N7) dr > /Vo, (1.14)
vXo
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then the solution of (1.6)) with initial datum (z°,v°) tends to consensus.

We shall prove this result in Section although stated in a slightly different fashion (see
Theorem . The meaning of is that, as soon as there is a good balance between
Xo, Vo and the kernel a (i.e., the agents are neither too dispersed nor too unaligned with
respect to the strength of the mutual interaction), then the system tends to consensus
autonomously.

Definition 1.12 (Consensus region). We call consensus region the set of points (Xo, Vo) €
RN x RN satisfying (1.14).

The size of the consensus region gives an estimate of how large the basin of attraction of
the consensus manifold RV x V; is. This estimate is sharp in some cases, as the following
example shows.

Example 1.13 (|81, Proposition 5]). Consider N = 2 agents in dimension d = 1 subject
to system with interaction kernel given by with H=1/2, 0 =1,and g =1. If
we denote by (z1(+),v1(+)) and (x2(-),v2(+)) the trajectories of the two agents, it is easy to
show that the evolution of the relative main state x(t) 2 x1(t) — x2(t) and of the relative

consensus state v(t) 20 (t) — va(t) is given for every t > 0 by

u(t) (1.15)

@(t):—ma

with initial condition z(0) = 2° and v(0) = v" (without loss of generality, we may assume
that 2°,v% > 0). An explicit solution of the above system can be easily derived by means
of direct integration:

v(t) — v = — arctan z(t) + arctan z°.

Condition (1.14) in this case reads

0
3 — arctan z° > WY,

Hence, suppose (1.14)) is violated, i.e., arctan 2" + v° > 7/2. This means arctan 2° + v >

/2 + ¢ for some € > 0, which implies

v(t)| = | — arctan z(t) + arctan 2° + v > |—arctanxz(t +E+€ > €
2

for every t > 0. Therefore, the solution of system (I.15)) with initial datum (z°,v°%) satis-

fying arctan z° +v" > 7/2 does not converge to consensus, since otherwise we would have
v(t) — 0 for t — +o0.

Remark 1.14. Notice that, if |, ;OO a(r)dr diverges for every 6 > 0, then the consensus
region coincides with the entire space R¥V xRV In other words, in this case the interaction
force between the agents is so strong that the system will reach consensus no matter what
the initial conditions are.
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1.3 The effect of perturbations on consensus emergence

An immediate way to enhance the alignment capabilities of systems like ((1.6]) consists in
adding a feedback term penalizing the distance of each agent’s velocity from the average
one, i.e.,

N
% > a(llzi(t) =z (0)]) (v (8) — vilt)) + (@) — vi(t)), (1.16)

j=1

where « is a prescribed nonnegative constant, modeling the strength of the additional
alignment term.

This approach to the enforcement of consensus is a particular instance of what in the
literature is known as decentralized control strategy, which has been thoroughly studied
especially for its application in the self-organization of unmanned aerial vehicles (UAVS)
[99], congestion control in communication networks [150], and distributed sensor newtorks
[71]. We also refer to [168] for the stability analysis of a decentralized coordination method
for dynamical systems with switching underlying communication network.

As system (|1.16) can be rewritten as (1.6 with the interaction kernel a(-) + v replacing
a(-), by Theorem and Remark each solution of (L.16]) tends to consensus.

However, the apparently innocent fix of adding the extra term above has actually a huge
impact on the interpretation of the model: as pointed out in [49], this approach requires
that each agent must possess at every instant a perfect information of the whole system,
since it has to correctly compute the mean velocity of the group ¥ in order to compute
its trajectory. This condition is seldom met in real-life situations, where it is usually only
possible to ask that each agent computes an approximated mean velocity vector v;, instead
of the true v. These considerations lead us to the model

x;i(t) = v;(t),

N
;Z (|| (¢ —.%j(t)H)(Uj(t) —0i(t) + (Wi (t) — vi(t)). (1.17)

In studying under which conditions the solutions of system tend to consensus,
it is often desirable to express the approximated feedback as a combination of a term
consisting on a true information feedback, i.e., a feedback based on the real average v, and
a perturbation term, which models the deviation of ¥; from ©. To this end, we rewrite

system in the following form:
ii(t) = vi(t),
LN
=N Y alllzi(t) = z;()]) (v5(t) = vi(t)) + () (B(t) = vi(t)) + B(E)Ai(2),
j=1
(1.18)

where «a(-) and () are two nonnegative, piecewise continuous functions, and A;(-) is
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the (possibly only measurable) deviation acting on the estimate of v by agent i. There-
fore, solutions in this context have to be understood in terms of weak solutions in the
Carathéodory sense, see [100]. For a quick reference, see Appendix

Remark 1.15. In what follows, we will not be interested in the well-posedness of system
, but rather in finding assumptions on the functions a, «, 3, and A; for which we can
guarantee its asymptotic convergence to consensus. To identify the additional conditions on
a, a, f and A; for which existence and/or uniqueness of solutions on a finite time horizon
[0,T] can be established for system , we need to check under which hypotheses we
have that, for every i = 1,..., N, the function

N N
it 2,0) = S alllas — ) (05— o)+ a(r) [ 5 D0 w— v | +BOA)
]:1 Jj=1

satisfies the hypotheses of Theorems and/or In case they are both satisfied for
every T" > 0, Remark tells us how we can obtain a unique solution of the system
defined on the entire half line R .

System ([1.18]) provides the advantage of encompassing all the previously introduced mod-
els, as can be readily seen:

e ifa=F=vand A, =v;, — U, or a = 3 =0, then we recover system ([1.6)),
e the choices o =, A; = 0 (or equivalently 8 = 0) yield system (1.16)),
e if « = =+vand A, =7; — T we obtain system (1.17)).

The introduction of the perturbation term in system (1.18)) may deeply modify the nature
of the original model: for instance, an immediate consequence is that the mean velocity of
the system is, in general, no longer a conserved quantity.

Proposition 1.16. For system (1.18), with perturbations given by the vector-valued func-
tion A(-) = (A1(+), ..., AN(+)), for every t > 0 it holds

d_ 1L
@U(t) =N ;Ui(t)
1o 1 &
= 230 (3 ol — 01D 050 = () + aOEO) - (1) + BOA)
i=1 j=1
N N N N
= 2 2l — ) r(6) — wi(e) + 28 S+ 2 S A
izljzl i=1 i=1

~
=0, by simmetry. =0
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= B)A().
This proves the statement. O

Remark 1.17. As we have already pointed out, it is possible to recover system by
setting A; = v; — U, whereas we can recover system for the choice A; = 0. Note that
in both cases we have A(t) = 0 for every t > 0, therefore the mean velocity is conserved
both in systems and .

We also highlight the fact that v is not conserved even in the case that for every ¢ > 0,
and for every i = 1,..., N we have A;(t) = w, where w € R%\{0}, i.e., the case in which
all agents make the same mistake in evaluating the mean velocity.

1.4 General results for consensus stabilization under per-
turbations

As already noticed in Remark a possible strategy for studying under which assump-
tions the solutions of system tend to consensus is to obtain an estimate of the decay of
the Lyapunov functional V. We shall follow a similar approach in order to study consensus
emergence for system . We begin by proving the following lemma.

Lemma 1.18. Let (x(-),v(+)) be a solution of system (1.18)). For every t > 0 it holds

SV(1) < 20 (VENX(B) V(1) ~ 20(0)V Bi S (119)
dt N =

Proof. Differentiating V' for every t > 0, we have

d N
d dtN 2‘
9 N
=D 0 () v (t)

)
=1

2 2 &
- 1
=N - 0;(t N ;U(t) v (t),

Foff

Y;

2

which, inserting the expression for v;(t), yields
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Since it holds

the fact that a is nonincreasing and inequality (1.13) yield
o< 72a( 2NX(t)) V(t). (1.21)

Using Proposition we can rewrite the remaining term as

d 20(t) & 2B(t) & 2B(H) v~ x
i e B U |+ 5 2 A N A v
26(t) o 1
= 20V + 203 a0 - w0
i=1
(1.22)
Plugging ((1.21]) and (1.22) inside concludes the proof. O

The following result is a trivial consequence of Lemma [1.18
Corollary 1.19. Let (z(-),v()) be a solution of system (1.6). Then V is decreasing.

Proof. The choice a = 8 = 0 in Lemma yields the decay estimate

d

V(D) < —2a( 2NX(t)) V(t). (1.23)

Assume V(0) > 0, otherwise we are already in consensus. By the continuity of the dynam-
ics, there exists a T' > 0 for which V(¢) > 0 holds for every t € [0, T]. Directly integrating

gives
Vi) < V(O)e_2f5a< 2NX(5))ds

for any t € [0,T]. Actually this estimate holds for any ¢ > 0 since it is trivially satisfied
whenever V (t) = 0. Since a is strictly positive, it then follows that V' is decreasing. O

In what follows, since we are interested in the case where A; plays an active role in the
dynamics, we assume (3(t) > 0 for all ¢t > 0. From Lemma we obtain the following

Theorem 1.20. Let (x(-),v()) be a solution of system (1.18)), and suppose that there
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exists a T > 0 such that for everyt > T,

N 2
S Aot <o Y [lot ) (1.24)
i=1 i=1
for some function ¢ : [T, +o0) — [0, £], where
¢ < mineralt) (1.25)

max;>7 f(t)

Then (z(-),v(-)) tends to consensus.
Proof. Under the assumption (1.24]), for every ¢ > T the upper bound in (1.19)) can be
simplified to

N
%V(t) < —20(t)V (t) + 26() D A(t) vt (1)

= —20(t)V(t) + 28(1)d(t)V (1)
a(t)

< 26(t) (z - B(t)> V(t).

Integrating between T and t (where t > T') we get

Vie) < v )

)

and as the factor £ — a(s)/B(s) is negative while 3 is nonnegative, V' approaches 0 expo-
nentially fast. O

Corollary 1.21. If there exists T > 0 such that Aﬁ-(t) =0 for every t > T and for every
1 <i < N, then any solution of system (1.18|) tends to consensus.

Proof. Noting that A} = 0 implies A; = A, we have, by (1.10)

N
S A v () =) A-ut(t) =0.

Hence, we can apply Theorem with ¢(t) = 0 for every t > T to obtain the result. [

Remark 1.22. A trivial implication of Corollary is that any solution of system
tends to consensus (this was already a consequence of Theorem , but has moreover a
rather nontrivial implication: also any solution of systems subjected to deviated uniform
control, i.e., systems like where A;(t) = A(t) for every ¢ = 1,..., N and for every



22 Consensus emergence and decentralized feedback control

t > 0, tends to consensus, because it holds
Loy — AL(4) — — () — _ _
A(t) =Ait) - D A =A®f) - A1) =0

foreveryi =1,..., N and for every t > 0, therefore Corollary applies. This means that
systems of this kind converge to consensus even if the agents have an incorrect knowledge
of the mean velocity, provided they all make the same mistake.

A final consequence of the previous results is the following corollary, which provides an
upper bound for tolerable perturbations under which consensus emergence can be uncon-
ditionally guaranteed.

Corollary 1.23. For everyi=1,...,N, lete; : Ry — [0,£] for £ > 0 as in (1.25)). If there
exists T > 0 such that || Ai(t)|| < &i(t) ||vi-(t)|| for every t > T and for everyi=1,...,N,
then any solution of system (1.18)) tends to consensus.

Proof. By using the Cauchy-Schwarz inequality we have

N 2
> Ailt) ot ) < D) |[ot )
i=1 =1
N
<y ot )
i=1
The conclusion follows by taking ¢(t) = ¢ for every ¢ > T in Theorem [1.20] O

The result above shows that, provided that the magnitude of the perturbation is smaller
than the one of the deviation of the agent’s velocity from the mean, then convergence
to consensus is obtained unconditionally with respect to the initial condition. This is the
case of local estimates of the average, as the largest error that an agent can make when

estimating the group average upon a subset of agents is precisely its own deviation from
1

the mean, v;-.

1.5 Perturbations as linear combinations of velocity devia-
tions

We begin this section by considering a simple case study, which is nevertheless relevant as
it addresses consensus stabilization based on a leader-following feedback.

Example 1.24. Let us use Lemma [I.1§]to study the convergence to consensus of a system
like , where each agent computes its local mean velocity v; by taking into account
itself plus a single common agent (z1,v1), which in turn takes into account only itself by
computing 77 = vy. Formally, given two finite conjugate exponents p, ¢ (i.e., two positive
real numbers satisfying 1/p + 1/q = 1), we assume that for any i = 1,..., N it holds

1 1
v;(t) = —vi(t) + —vi1(t)  for every ¢t > 0.
p q
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We shall prove that any solution of this system tends to consensus, no matter how small
the positive weight 1/q of vy in T; is. We start by writing the system under the form (1.18)),
with a(t) = 5(t) =~ > 0 and

1 1
Ai(t) = —vi(t) + ~vi(t)  for every t > 0.
p q

Hence, the perturbation term in the estimate (1.19) on the decay of V' becomes

21 N () L . 2y al 1 1 1 L ot
ZAz(t) v (t) = Zp(vi (t) + i (t)) - vi (2)

N N
=1 =1
N
12y ‘J_ H2 12 1
- —— 'U,L' t +77’U t ’UZ' t
pN;:l (t) qu();:1 (t)
~———
=0
2y
=—V(t
) (t)

Lemma let us bound the growth of V as

Vi) <2y <—1 n ;) Vt) = —?V(t),

which ensures the exponential decay of the functional V' for any ¢ > 0.

Motivated by the latter example, we turn our attention to the study of systems like (|1.18])
where the perturbation of the mean of the i-th agent has the specific form

N
Ai(t) = Zwij(t)vj(t) for every t > 0, (1.26)
j=1

for some measurable mapping w : Ry — RY*N with the property w;;(t) > 0 for all
i,7=1,...,Nand t > 0.

We shall see that the results obtained in Section help us identify under which assump-
tions on the coefficients w;; we can infer unconditional convergence to consensus.

Theorem 1.25. Consider a system of the form (1.18), where A; is given as in ((1.26]).
Then, if for everyt > 0 and every i,j =1,..., N we have w;;(t) = w;;i(t), and we set

N
(02 min wy(t) and  S() S max > wi(0),
<i,j< <IN S
then the following estimate holds:
%V(t) < ~2a (ANX (D) V(1) +26(1) (S(t) _ NI - ;‘8) Ve, (1.27)

Therefore, if there exists a T > 0 such that the quantity S(t) — NI(t) — % is bounded

from above by a constant C < 0 in [T,+0o0), then any solution of the system tends to
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CONSENSUS.

Proof. Standard computations yield

N N N
STA) v () = 30N wi (bl (t) - v ()
i=1 i=1 j=1
N N N [N )
= 3w ) @) o0+ 30 | e | ot
i=1 j=1 =1 \Jj=1
| N N ([N 2
= N2 _W Z Zwij(t) H'Uj(t) — 1),‘(15)”2 + Z wij(t) ‘ U%(ﬂ”
i=1 j=1 =1 \Jj=1

S N(=NI(t) + 5(t) V (1),

having used (1.13]). Applying this into (1.19)) and collecting 3, we get (1.27)). O

In the following results we shall assume that for every ¢ > 0 the matrix w(t) is stochastic,
ie., Z;V:1 w;j(t) = 1 for every i = 1,..., N. This implies, by Proposition that A(t) =
0 for every t > 0 and that v is conserved. In particular, for the choice « = 8 the system
can eventually be rewritten in the form of system (1.6)), and in this case the following
results can be seen as consequences of Theorem [1.11

Corollary 1.26. Let w(t) € R_]{XN be a symmetric stochastic matriz for every t > 0. If
there exists a constant ¥ > 0 such that for every t > 0 it holds

Hﬂ:h&%NMﬂw2ﬁ>B§%£&x

then any solution of the system tends to consensus.

Proof. Under the above hypotheses, the quantity S(t) — NI(t) — a(t)/5(t) of Theorem
is bounded from above by 1 — N9 — «(t)/S(t), which, by assumption, is negative. [

The next result focuses on a specific form of the weight matrix w which shall be studied
further in the upcoming section.

Corollary 1.27. Suppose that for alli,j =1,..., N the function w;; : Ry — Ry satisfies

_ Ol () — (1)

wij(t) = 0 for every t > 0,

where ¢ : Ry — (0, 1] is a non increasing, positive, bounded function, and n: Ry — Ry is

a nonnegative bounded function satisfying

1< N@ <n(t) for everyt > 0. (1.28)

a(t)
Then, any solution of system (1.18)) with A; as in (1.26)) tends to consensus.
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Proof. If we consider the quantity X, there are at most two cases: either X (¢) is bounded

from above by a constant X for all + > 0, or X (¢) is unbounded.

In the first case, we can bound S(t) from above by N. Since ||z;(t) —z;(t)|| < /2NX(t) <
2N X and ¢ is non increasing, we have that

I(t) = min_ w;;(t) > ¢ (\/ QNY) ,

1<i,j<N

and thus, from (1.28)), it follows that for every ¢ > 0 it holds

S(t) — NI(t) — gggn(t) <N -N¢ (\/2NY) - ;‘Egn(t) < -N¢ (\/2NY) . (1.29)

From the positivity of ¢ we can therefore conclude the proof by invoking Theorem [I.25]

Suppose now, instead, that X (¢) is unbounded: in this case the term I(¢) is bounded from
below by a term going to 0 (and hence not giving us any useful information) and we have
to take advantage of S(t) as shall be shown now. By definition, X (¢) is unbounded if and
only if there exist two agents with indexes h and k such that ||z (t) —zx(t)|| is unbounded.
By the triangle inequality, it follows that for any index i, there is an index j(i) for which
|zi(t) — 7;¢;)(t)|| is unbounded. Thus, we fix p > 0 and let 7" > 0 be the maximum time
t such that ¢(||z;(t) — zj4)(#)|]) < 1 —p for every i = 1,..., N. Then for every t > T we
can bound S(t) with

S(0)< o (N =141 ) < o) (n_p),

t) NB(t)
and therefore, again from (1.28]), we have the estimate

S(0) = N1() - Sdn(t) < (07 = ) = St

B(t)
a(t) a(t)
="npw” e

which is negative for every ¢ > T (since 7 is bounded). Again an application of Theorem
gives us the result. O

Remark 1.28. A concrete example of a system for which we can apply Corollary is
obtained by considering the functions

A 1

o(r) m )

(which is the Cucker-Smale function ([1.7) with H = 1,0 =1 and § = €) and

é

n(t Z¢> [[s(8) — ;3 (£)]])

max
I<i<N
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In this case, ¢ € Ry can be thought of as a parameter tuning the ability of each agent
to gather information about the speed of the other agents. Indeed, consider the case
|lzi(t) — x;(t)|| > 0, if i # j: then, if e = 0, it holds v; = ¥ for every i = 1,..., N, and
each agent communicates at the same rate with both near and far away agents; if instead
€ — 400 then v; approaches v;, hence each agent is unable to gain sufficient knowledge
about the speed of the others in order to compute the correct mean. The function 7 serves
to the purpose of being a common normalizing factor: naturally one would choose for every
agent ¢ the normalizing factor given by

N

> olllzi(t) — z;(0)])), (1.30)

j=1

but that would produce a non symmetric matrix w, for which the above results are not
valid. In this context, the function 7 is a suitable replacement, being also coherent with
the asymptotic behavior of (1.30) for e — 0 and € — 4o0.

Remark 1.29. The request of positivity of the function ¢ cannot be removed from Corol-
lary as the function ¢ = x[o g shows. Indeed, what fails in the argument of the proof
is the case in which we suppose that the functional X is bounded from above by X: if the
quantity V2N X is not less or equal to R, then ¢(V2NX) = 0 in the inequality ,
and we cannot invoke Theorem [L.25] in order to infer consensus.

1.6 Perturbations due to local averaging

An interesting case of a system like (1.17)) is the one where the local mean is given by

v;(t) = % Z vj(t) for every t >0, (1.31)
ARt i) JEAR(t,0)

where Ag(i) a {7e{l,...,N} : ||lzi(t) — z;(t)|| < R} and |Ag(t,7)| stands for its cardi-
nality. In this case, we model the situation in which each agent estimates the average
velocity of the group in the extra feedback term by only counting those agents inside a
ball of radius R centered on him. We want to address the issue of characterizing the be-
havior of system with the above choice for 7; when the radius R of each ball is either
reduced to 0 or set to grow to +00. We shall see that we can reformulate this decentralized
system again as a Cucker-Smale model for a different interaction function for which we
can apply Theorem We shall show how tuning the radius R affects the convergence
to consensus, from the case R > 0 where only conditional convergence is ensured, to the
unconditional convergence result given for R = +oo.

1.6.1 Preserving the asymptotics
First of all, by means of x[o r] we can rewrite v;(t) as
N

! S o (li(t) — 25 o; (8): (1.32)

@i(t) = Zi\le X[O,R](Hxi(t) — -Tk(t)H) j=1
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As already noted in Remark the normalizing terms Zszl X0, ([|i(t) — 2 (t)]]) give
rise to a matrix of weights which is not symmetric. Since this will be an issue also in the

present section, we take ng to be a function approximating the above normalizing terms
and which also preserves its asymptotics for R — 0 and R — +o0, as for instance,

nr(t) = max {ZXOR (i (t) —xk(t)\l)}- (1.33)

Therefore, we replace the vector 7;(t) by

=

EAOREAGINIIOR

J:1

On top of this, notice that the vector

1 N
ol ; Xiour (1zi(t) — 2 (O] | wi(t)

is an approximation of v;(t) for R — 0 and R — +oc. This motivates the replacement of
the term v; — v; where T; is as in (|1.32]) with

Vi — v = ?ZX[OR] |z — x]H ZX[OR] sz_mJH) V- (1.34)
7j=1

The term (1.34) can be rewritten as 1/ng Z;VZI Xpo,g (lzi — z;]|)(vj — v;), which can be
further simplified as follows

1 N 1 N N
o 2y Mo )2y =) = L3 s v Z xio.m(7ig)) (v = )
(1.35)
N

N
= ?TR(@_UZ Z 1 — X[o,R] (rig))(vi — vj),

where we have written r;; in place of ||z; — z;|| and removed the time dependencies for the
sake of compactness.

It is clear that the choice of the function x[g gy is arbitrary and other alternatives can
be selected, provided they give a coherent approximation of the local average . For
instance, instead of x[o z] and nr, we can consider two generic functions 1. and 7., where
¢ is a parameter ranging in a nonempty set €2, satisfying the following properties:

(1) ¥ : Ry — [0,1] is a nonincreasing measurable function for every ¢ € Q;
(17) n. € L>®(R4) for every e € Q;
(7it) there are two disjoint subsets Q¢g and Qg of €2 such that

e if € € Qcg then e = X0y and 1. = 1;
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o if e € Qu then ¢ = xg, and n. = N.

Under the above hypotheses, we consider the perturbation given for every ¢ > 0 by

2

é

Pe(llzi(t) = z;@)1)) (vi(t) — v;(2))- (1.36)

J:1

With requirement we impose that whenever € € QQog then it holds

therefore recovering the Cucker-Smale system ([1.6]) from (1.37]), while whenever ¢ € Q;
then AZ(¢) = 0 holds, and we obtain a particular instance of system ((1.16]).

By means of (|1.36)), we can rewrite our system with the local average (|1.31)) in the form
of system (|1.18)|)

i (t) = v;(t),

N
i }VZ (lei(t) = 25 1) (05(6) = 0) + 7

ne(t)

(O(t) = vi(t)) + 745 (1)

(1.37)

1.6.2 The enlarged consensus region

In order to study under which conditions the solutions of system (1.37)) for ¢ = x|o,g]
and 7. given by ([1.33)) converge to consensus, we cannot use the results of Section
This follows from Remark since, if we compare (1.34)) and (1.35) to the following

computations

1 Y 1Y
—> xp.r) (i — 2l — | — Y xo,mlzi — z4ll) | vi =
TR “— TR “—
7j=1 j=1
1 & 1 Y
= | =D xomllz—zl) | @ =)+ —> xo.r (Il — 2l
R R 3

we obtain that the system we are considering is precisely the version of system ((1.18))
where

N
1
= n > Xom(lzit) —z;)]) and B(t)=1 for every t >0
and A; is of the same kind as the one mentioned in Remark [T.29]

Therefore, we present the following result which gives a sufficient condition on the initial
data for which the solutions of system ([1.37]) converge to consensus. We point out that
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system ((1.37)) can be rewritten into the shape of a Cucker-Smale type system as follows

(1) = vi(t),
1 Y N
=N ; (a ([[z:(t) — ;) + 'Ym@bs(”fﬁi(t) - xj(t)H)) (vj(t) = vi(t)),

and therefore the following result can be also obtained from Theorem [I.11]

Theorem 1.30. Fiz v > 0, consider system (1.37) where AS is as in (1.36) and let
(29, 09) € RV x RV, If Xq 2 B(2°,2°) and Vp 2 B(vY,vY) satisfy

400 N +00
/ a (\/QNT) dr + 7/ - (\/2N7«) dr > \/Vo, (1.38)
VXo 17l oo ey /o
then the solution of system (1.37) with initial datum (x°,v°) tends to consensus.

Proof. Notice that we can assume V' (t) > 0 for every ¢ > 0, otherwise the system is already
in consensus at time t. From requirement we have

L N N N
N DA v () = be(llzi(t) — 25 (0)]) (wilt) = () - vi- (1)
i=1 i=1 _]21
< nj\(ft) (1 - (VENX(®)) V@),
and inequality reads
jtx/( £) < -2 <a( 2NX(t)) + nzj(\tf)zpa ( 2NX(t)>> V(t).
Moreover, since
d
dt\/ (t) _2\/7dt for every t > 0,

from we have

% V(t) < -2 <a< 2NX(t)) + 177](\;)% (\/2NX(15))> VV(t)

€

< -9 (a( 2NX(t)> LN <\/2NX(t))> JVE),  (1.39)

17l oo ()

and integrating between 0 and ¢ we obtain

NCENC PRy <a( X)) + Y, (m»ﬁds

17Nl Loo (m.)
(1.40)
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We now work on changing the variable inside the integral. We can actually claim that

d

th( ) </ V(t) foreveryt >0, (1.41)

since, indeed, the following computation

IN

EO B

§N< =

N ) 1/2
H) ( o)
i=1
=2V X(t)VV (1),
and 2 FX(t) = dt (VX)X =2vX dt\/ ), together yield (1.41]). Notice that in

the above computatlon we have used the followmg fact

d d 1 < 1 &
%wil(t)=% xi(t)—Nj;%(t) =vz'(t)—Nj§vy(t)=

Setting = /X (s) and using (1.41)), we can change variable in (1.40) as follows:

T
VV(H) V() < - e ( (Vanr) + ”%”LOO(R) 5(\/ﬁr)> dr.  (1.42)

Let us suppose that (1.38)) is true. Since X (0) = X and V(0) = Vp, if V(0) = 0 there is
nothing to prove because we are already in consensus. If, instead, it holds

0< V(O)g/m ( (Fr) HT]!LJZ(]M E(\/ﬁr)> dr, (1.43)
then there is a X > X (0) such that
YN
\/7 / ( Fr) m 5<\/ﬁr>> dr

(having used the fact that, from the integrand is a non increasing function). Now,
either equality holds in (1.43), and lim;— 4 V(t) = 0 follows by passing to the limit in
(1.42), or we have a strict inequality. But in this case X > X (¢) must hold for every ¢ > 0,
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since otherwise there would be a T > 0 for which we have

VI
VV(0) > V(D) + /\/)TO) (a (Vanr) + mﬁi(ﬂmwe (\/ﬁr)) dr
VF
[ ( (Vo) + . (mr)) o

= v V(0),

which is obviously a contradiction. Thus, we have that the inequality X > X(¢) is true
for every ¢t > 0, and from (1.39) we have

d — N —
‘viy<—2(a ( 2NX) v ( 2NX) V(t).
dt 17l oo ()
The fact that limy_, 1o V' (t) = 0 follows from the above inequality. O

An example of a family of functions (v, 7:).cq satisfying the hypothesis (i)—(iii) is given
by

1

Ye(r) = A+ 2y

where € € = [0, 00},

for which we set 1 2 X{o}, and

In this case, Qcg = {0} and Qpy = {400}, and (|1.38) is satisfied as soon as it holds

+00 +oo
/ a (\/QNT) dr + / e (\/2N7~> dr > Vo,
VXs Moo

since in this case |7 po@, ) < N-

The most interesting example of such a family is the one which has introduced this section:
we consider € = [0, +00], the sequence of functions (x[o,r]) rRen and ng as in (1.33) (notice
that, as before, we have Qlcg = {0} and Qy = {oc}). Since, again, it holds ||| e ) < N,
if R is sufficiently large to satisfy /2N Xy < R, condition is satisfied as soon as

/*”a(mr) drﬂ(R_m)zm

VKo V2N

by means of a trivial integration. If, instead, R is so small that /2N Xy > R holds,
condition ([1.38) is satisfied as soon as

+00
/ a(@r) drz\/v,

VXo
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recovering Theorem As can be seen, we have enlarged the original consensus region
provided by Theorem by a term whose size is linearly increasing in R. This implies
that, in the case R = 400, the consensus region coincides with the entire space R4V x R4V,
hence the system converges to consensus regardless of the initial datum.

The above results can be seen as the asymptotic outcome of the following more general
approach: consider the set 2 = [0,00] x (1, 00|, write ¢ as the pair of parameters (R, )
and set

1 if r <R,

1 :
m 1f7">R.

A

Vro(r)
Take nprg(t) to be either
N N
mx {; Uro(ln(t) - xk<t>||>} o min {; uro(lln(t) ~ mk<t>||>}
(notice that in both cases we have ||| g,y < N). This time we have

Qcs = {0} x {+o0} and Qp = {400} x (1,+00].

If we suppose that R is sufficiently large to satisfy +/2N Xg < R, then it holds

+00 v +oo
V2N 11
Yro (V2NT ) dr :/ dr—l—/ dr
VXo ( ) VXo 7122N (\/2N7"-R+ 1)0
R 1

V2N 0—1’
hence condition is satisfied as soon as
Foo R 1
/ma(\/ﬁr> dr+7<\/ﬁ— VXo + 9_1> >/ Vo,

which shows that the consensus region grows linearly with the radius R while it is inversely
proportional to the growth of 6.

Otherwise, if R is so small that v/2N Xy > R holds, since in this case

+o00 “+o00 1
V2Nr) dr :/ dr
me’e( ) VX (V2Nr — R+ 1)

1
(0 —1)(vV2NXg— R+1)0-1°

we have that condition (1.38)) is true whenever

vy 1
> /7.
0—1(V2NXog— R+ 1)1 = V"0

In this case, the consensus region is in practice not modified by R, but only by the decay

+0o0o
/\/7 a (@r) dr +
0
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of the far-away interaction 6 (the faster the decay, the smaller the consensus region).
In both cases, if 6 tends to +oo, we recover the result we obtained for the family of
functions (X(0,R]) Re[0,+oo]-

1.7 Numerical simulations

We present a series of numerical tests illustrating the main results developed throughout
this chapter. We begin by describing the generic setting upon which the initial configu-
rations of agents are determined; we follow similar ideas as those presented in [54]. We
consider a system of N agents in dimension d = 2 with a randomly generated initial
configuration of positions and velocities

(1’0,1)0) S [_17 1]2N X [_17 1]2N7

interacting by means of the kernel (1.7) with H = 1, 0 = 1 and § = 1. We recall
that relevant quantities for the analysis of our results are given by (here we stress the
dependance on z and v)

N N
X[l 2 g D2 ) — 07, and VI 2 515 S llt) — ).
i,j=1 4,j=1

Notice that, once a random initial configuration has been generated, it is possible to rescale
it to a desired (Xg, V) parametric pair, by means of

| Xo . | Vo .
(x,v)z( mx, va),

such that (X[z], V]v]) = (Xo, V). As simulations of the trajectories have been generated
by prescribing a value for the pair (Xo, V), which is used to rescale randomly generated
initial conditions, there are slight variations on the initial positions and velocities in every

model run, which can affect the final consensus direction. However our results are stated
in terms of X,V and independently of the specific initial configuration. For simulation
purposes the system is integrated in time with the specific feedback control by means of
a Runge-Kutta 4th-order scheme.

1.7.1 Leader-based feedback

The first case that we address is the one presented in Example where we consider a
system like ([1.17) where the local mean is computed upon local information and a single
leader, i.e.,

;(t) = (1 — q)vi(t) + qui(t) for everyi=1,...,N and t > 0,

where for convenience we have selected the first agent as the leader of the group. Figure
shows the behavior of the group of agents depending on the parameter ¢ € (0, 1], which
represents the influence of the leader in the local average. Our result asserts that for every
such ¢, the system will converge to consensus independently of the initial configuration,
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which is illustrated by our numerical experiments, as shown in Figures [I.3] and It can
be observed that, the weaker the influence of the leader, the longer the group of agents
takes to reach consensus.

1.7.2 Feedback under perturbed information

Next, we deal with the setting presented again in Section by considering a system of
the form ([1.18) where a and § are constant functions and the feedback A; is a structured
perturbation written as

Ai(t) =

N
i (t) Zwij (t)(vj(t) —o(t)) for everyt > 0.
=1

In particular, we address the case where the weighting function w;; corresponds to a
Cucker-Smale kernel as for the dynamics, i.e.,

1 d nit) = I\ (1
(14 [Jzi(t) — z;(1)]|?)¢ and  n;(t) = Nj;wzj( ).

wij(t) =

In this test, we fix a large value of 8 = 10, representing a strong perturbation of the
feedback, and a small value of € = le — 5, related to a disturbance which is distributed
among all the agents. In Figures [L.5] and , it is shown how increasing the value of « in
system , representing the energy of the correct information feedback, induces faster
consensus emergence.

1.7.3 Local feedback control

The last numerical case study presented concerns the dynamical system considered in
Section where the feedback is computed according to the local average . Simu-
lations in Figure illustrate the setting. From an uncontrolled system, represented by a
local feedback radius R = 0, by increasing this quantity, partial alignment is consistently
achieved, until full consensus is observed for large radii mimicking a total information
feedback control.

From a theoretical perspective, this result is presented in Theorem which describes a
consensus region for a feedback control based on local averages. As it was shown in Example
that estimates for consensus regions such as the one provided by Theorem are
not sharp in many situations. In this direction, we proceed to contrast the theoretical
consensus estimates with the numerical evidence. For this purpose, for a fixed number of
agents, we span a large set of possible initial configurations determined by different values
of (Xo, Vo). For every pair (Xo, Vp) we randomly generate a set of 20 initial conditions,
and we simulate for a sufficiently large time frame. We measure consensus according to
a threshold established on the final value of V; we consider that consensus has been
achieved if the final value of V is lower or equal to le — 5. We proceed by computing
empirical probabilities of consensus for every point of our state space (X, Vp); results in
this direction are presented in Figures and We first consider the simplified case of
2 agents; according to Example[T.13] for this particular case, the consensus region estimate
provided by Theorem [1.11]is sharp, as illustrated by the results presented in Figure [1.8
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Figure 1.3: Leader-based feedback control. Simulations with 100 agents, the value ¢ indi-
cates the strength of the of the leader in the partial average. It can be observed how, as
the strength of the leader is increased, convergent behavior is improved.
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Figure 1.4: Leader-based feedback control. Simulations with 100 agents, the value ¢ indi-
cates the strength of the of the leader in the partial average. Evolution of X and V for
the simulations in Figure
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Furthermore, it is also the case for Theorem for R > 0, the predicted consensus
region coincides with the numerically observed ones.

Figures and illustrate the case when a larger number of agents is considered. In a
similar way as for Theorem the consensus region estimate is conservative if compared
with the region where numerical experiments exhibit convergent behavior. Nevertheless,
Theorem is consistent in the sense that the theoretical consensus region increases
gradually as R grows, eventually covering any initial configuration, which is the case of
the total information feedback control, as presented in [49, Proposition 2|. The numerical
experiments also confirm this phenomena, as shown in Figure [I.9 , where contour lines
showing the 80% probability of consensus for different radii locate farther from the origin
as R increases.
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Figure 1.7: Local feedback control. Simulations with N = 40 agents, and different control
radii R. By increasing the value of R the systems transits from uncontrolled behavior, to
partial alignment, up to total, fast alignment.
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CHAPTER 2

Sparse control of dynamical
systems

In Chapter [I] we have seen the limitations of decentralized controls in guaranteeing con-
sensus emergence. To overcome them, in this chapter we shall introduce an external policy
maker overseeing the evolution of the dynamics with the task to help the agents coor-
dinate. The centralized control strategy we will design is parsimonious, optimal in terms
of maximizing the decay rate of a certain Lyapunov functional related to the pattern we
want to enforce, and numerically easy to implement.

2.1 Sparse control of the Cucker-Smale model

We have seen throughout Chapter [I| how difficult it is to ensure unconditional convergence
to consensus for alignment models. In particular, in Section we have proven that
the addition of a local feedback does not always help: Theorem [1.30] shows that we can
guarantee unconditional convergence to consensus with respect to the initial datum for
dynamical systems of the form

N
i4(0) = 7 S0 a(leslt) = 25O 050 ) +7 | o 3 o) =l

J=1 R JEAR(L)
only in the case R = +oo, for which the identity
Y wm =)
_ vi(t) =T
[AR(t,9)] ’

jEAR(tvi)
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holds. This means that either the agents have perfect information of the state of the entire
system (so that the local mean 7; is equal to the true mean v) or, as the numerical simula-
tions in Section show, there are situations where the agents are not able to converge
to consensus. As already pointed out in Section this is a very strong requirement to
ask for, and not many real-life scenarios are able to support it. Consider, for instance, the
case of an assembly of people trying to reach an unanimous decision, like the European
Union Council: since the extra term can be interpreted as an additional desire of each
agent to agree with people whose goal is near to his, the requirement R = +oo corre-
sponds to asking that all the individual goals are close, i.e., all agents pursue the same
end. A truly imaginative world indeed! We are thus facing an inherent, severe limitation
of the decentralized approach.

To overcome this apparent dead-end, let us write u;(t) = v(v(t) — vi(t)), i.e.,

1 N
N Za (i (t) = 2;(@)]]) (05 (1) = vi(t)) + wi(?)-

Jj=1

(t) — (2.1)

Instead of interpreting u; as a decentralized force, let us consider it as an external force from
an outside source acting on the system to help it coordinate. This new approach casts a
completely different light on the problem: with respect to the example considered before,
is like introducing a moderator heading the discussion, who can make pressure on the
participants to the council to speed up the process of fruitful decision-making. Adding an
external figure implementing intervention policies broadens further the expressive power
of the problem: indeed, since we are in principle no more tied to specific interventions
of the form wu;(t) = v(v(t) — v;(t)), this setting enables us to ask ourselves the following
question

(Q) given a set of constraints, which control u is the best to reach a specific goal?

In this section, we shall study a specific instance of this very general issue in the case of
system (2.1). In our setting, the constraints shall be

(i) we are not able to forecast the evolution of the system (for computational reasons or
for lack of knowledge of the interaction mechanism, for instance). This means that,
since we do not know how the system may react in the future to our intervention,
we focus our attention on locally optimal control strategies.

(7i) the control should act on the least amount of agents possible at any time;

(731) there is a maximal amount of resources M > 0 that the central policy maker can
spend at any given time for the intervention.

For the time being, our goal is again alignment, hence we seek for a control u for which
the associated solution to system tends to consensus in the sense of Definition
We have already seen in Chapter |1 that an effective criterion for consensus emergence is
the minimization of the Lyapunov functional V: if we are able to prove that our control
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strategy is able to drive V' below the threshold level given by Theorem we have
automatically consensus emergence (see Figure . The maximization of the decay rate
of V is a locally optimal criterion, and hence compatible with point (7); a globally optimal

one, available when predictions on the possible evolution of the system are possible, shall
be discussed in Chapter [6]

VE) A (Io, UO)

((t), v (1))

Consensus Region

0

X

Figure 2.1: Steering the system to a point fulfilling the conditions of Theorem m

However this is not enough. Even if controls can be successful in enforcing alignment,
they may be unfeasible in practice. Undesirable controls are, for example, those that force
the central coordinator to interact at every instant with almost all the agents in the
system, since keeping such a large communication network always active can be extremely
expensive and highly dispersive. This motivates point (i7) and is the reason why we look
for interventions that target the fewest number of agents at any given time.

To translate these words into a mathematical statement we borrow a leaf from compressed
sensing (see as a reference [48, 96], [105]), a branch of mathematical signal processing which
provides optimal results on the ability of the #1-norm minimization of robustly recovering
sparse solutions, i.e., with very few non-zero entries. Therefore, one can obtain control
strategies u = (u1,...,uy) € R¥V acting on very few agents by requiring the following
mixed ¢ — ¢4-norm of u

N
S il
=1

to be as small as possible: the ¢;-norm constraint on the number of components relative
to the agents will select controls that at every instant interact with very few of them.
The above mixed norm has been already used, for instance, in [98| [104]. The use of ¢;-
norms to penalize controls was first introduced in the seminal paper [74] to model linear
fuel consumption, while lately the use of L' minimization in optimal control problems
with partial differential equation has become very popular, for instance in the modeling
of optimal placing of sensors [56, [66), 126}, 167, [178].

By incorporating also the constraint on the maximal amount of available resources M
given by point (ii7), we obtain the following definition of admissible controls.

Definition 2.1 (Admissible controls). A measurable function v = (u,...,uyn) : Ry —
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R is an admissible control if it satisfies

Z llui(t)|| < M  for every t > 0. (2.2)

The following result shows that the problem of finding admissible controls steering the
system to consensus is well-posed.

Proposition 2.2 ([49, Proposition 2]). Fiz M > 0, an initial condition (z°,v°) € RV x
RNV and 0 < o < M/(Nv/Vy). Then, the feedback control defined pointwise in time as

u(t) = —avt(t)  for every t >0,

is admissible. Moreover, system (2.1) admits a unique solution associated to u which tends
to consensus.

Proof. Let (z,v) : Ry — R x R be a solution of system with u as in the
statement. Since with this choice of u we retrieve system , such solution exists and
is unique by Remark and tends to consensus by Theorem Moreover, since V is
decreasing by Corollary it holds

N N
D lui@® < VN lwi®)]? = aV'N Z lo-(1)]12 = aNV/V(t) < aNy/ Vo < M,
i=1 i=1

which implies the admissibility of the control. O

2.1.1 Sparse feedback controls

As already noted in [49], Proposition has merely a theoretical value: the feedback

€1

control u = —awv~— is not convenient for practical purposes, since it requires the external

policy maker to interact at every instant with all the agents in order to steer the system
to consensus, a procedure that requires a large amount of instantaneous communications.
For this reason, we choose controls according to a specific variational principle leading to
a componentwise sparse stabilizing feedback law.

Definition 2.3. For every M > 0 and every (z,v) € R¥™ x R let U(x,v) be the set of
solutions of the variational problem

=1

N
i B + subject to il < M,
i, ( (v,u) + (B Z ruz\) ubject to 3 [Jul| <
where the threshold functional 7 is defined as

~v(X) 2 /; a(V2Nr)dr. (2.3)

Each value of y(B(xz,z)) yields a partition of R x R into four disjoint sets:

A
P = {(.’L‘,U) S RN x RN . maxj<;<n HUZJ'H < ’Y(B(l',l'))Q},
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P, 2 {(z,v) € RN x R™N : maxi<i<n ||vi|| = 7(B(z,2))? and Ik > 1 and iy,..., 14

€{1,... N} such that [[vt]| = ... = [[vi]| and k]| > [[of| for every j ¢ {ir,....ix}},

Py 2 {(z,v) € RN x R : max;<;<n ||v}|| > v(B(z,2))? and 3li € {1,... N} such
that va” > Hv]lH for every j # i},

Py 4 {(z,v) € RN x RN : maxj<;<n HvlJ'H > y(B(z,x))? and 3k > 1 and iy, ..., i

€ {1,... N} such that [[vt]| = ... = |[vi]| and k]| > [[of| for every j ¢ {ir,....ix}},
Moreover, since we are minimizing B(u,v) = B(u,vl), it is easy to see that, for every
(z,v) € RN x RN and every element u(z,v) = (u1(z,v),...,un(z,v))T € U(z,v) there
exist nonnegative real numbers ; > 0 such that, for every ¢ = 1,..., N, it holds
1
V=
e o] £0
wi(z,0) =< lvf| ’ ’ (2.4)
0 if vl = 0,

where 0 < Zf\il g; < M. The values of the ¢;’s can be determined on the basis of which
partition (x,v) belongs to:

e if (z,v) € Py then ¢; =0 for every i = 1,..., N;

e if (z,v) € Py then indicating with 41,...,4; the indexes such that valH =...=

vi-|| = y(B(x,z)) and ||vi-|| > ||vi-|| for every j & {i1,... i}, we have ¢; = 0 for
K 1 J J

every j & {i1,...,ix};

e if (x,v) € P3 then, indicating with 4 the only index such that va- H > ijl H for every
J # 1, we have ¢, = M and ¢; = 0 for every j # i;

e if (x,v) € P4 then, indicating with iy, ..., the indexes such that HUzJIH =...=
HUZJ;H and HUZLIH > HU]LH for every j & {i1,... ik}, we have €; = 0 for every j ¢
{il, cee ,ik} and ZIZZI Eip = M.

Notice that any control u(x,v) € U(x,v) acts as an additional force which pulls agents
towards having the same mean consensus parameter. The imposition of the /¥ — ¢4-norm
constraint has the function of enforcing sparsity: from the observation above clearly follows
that

Ulp, = {0} and Ul|p, = {(0,...,0, —Muv;/||vi]],0,...,0)T},

for some unique i € {1,..., N}, i.e., the restrictions of U to P; and to P3 are single-
valued. However, even if not all controls belonging to U are sparse, there exist selections
with maximal sparsity.

Definition 2.4 ([49] Definition 4]). We select the sparse feedback control u(z,v) € U(z,v)
according to the following criterion:
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e if maxj<i<n Hvﬂ| < v(B(z,))?, then u(x,v) = 0;

o if maxj<;<y vaH > v(B(x,z))?, denote with i(x,v) € {1,..., N} the smallest index
such that
L = L
‘ Ui(x,v) - 12355\7 v;
Then
1
7
| a |-y Lfr,v)‘ if § = i(z,v),
uj(z,v) = Vi)
0 otherwise.

Unfortunately, the existence of solutions of system (12.1)) with the control u as in Definition
is still an open problem. We shall discuss the reasons in the next section.

2.1.2 Properties of the sparse feedback selection

The feedback control of Definition has several other good properties, apart from being
sparse. The next result shows that, if a solution of system with control u from Defi-
nition |2.4] exists, then u is the instantaneous maximizer of the decay rate of the Lyapunov
functional V in the set U.

Proposition 2.5. The sparse feedback control of Definition is for every t > 0 an
instantaneous minimizer of

D(t,u) = %V(t)

over all possible feedback controls in U(xz(t),v(t)). The Lyapunov functional V' of the so-
lution associated to it satisfies

M
V(t) < /V(0)— Nt for every t > 0.

Proof. Let u(t) 2

(2.1) yield

u(z(t),v(t)) € U(x(t),v(t)). Similar computations to (1.20) for system

d 9 N N |
2V =73 Zza(\\wz‘(t) — (B[] (03 (t) —vi(t)) - v () +

N (2.5)
2 N o L.
F 2 wlt) (1) — ) v (1),
i=1 i=1
Since 32N (t) - v (t) = 0 by ([.10), in order to minimize D(t,u) with respect to u we

have to work on the term S°N  u;(t) - v (t). Now, since from (2.4) it follows

(2

9 N
N;ui(t) v (t) = — > =

{ie{1,....N}:wj-#0}

v

7 I
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minimizing D(¢,u) (i.e., maximizing the decay rate of V') is equivalent to solve

max E E;

{ie{1,....N}:v}#£0}

2

N
v-J‘(t)H subject to Zei < M. (2.6)
i=1

But notice that, if the index j is such that ijl(t)H > ||v-(t)|| for all 4, then the following
upper bound holds

N
o] <o) 5
=1

<]

N
D i
i=1

This clearly implies that the sparse feedback control of Definition is a maximizer of
(2.6), since it attains this maximum. Moreover, notice that the solution of ([2.6|) is unique
whenever for any ¢ > 0 there exists a unique j such that Hv]l )| > |lvi-(t)]| for all i # j.

Consider now the sparse feedback control u and plug it into (2.5). What we get is

d 2M | |
prd U Ui(z(t),v(t))(t)H
(2.7)
— _% V(t)
= .
Integrating between 0 and ¢ yields the desired linear decay rate estimate of v/V. 0

An immediate consequence of the decay estimate given by is that we can estimate a
priori an upper bound for X, which in practice implies consensus, as seen in Corollary
This technical lemma can be found also in [49], but with a slightly different argument we
could improve the inequalities presented there and get rid of an N? factor. This shall play
a major role in Chapter [3] when sharp estimates of the time of entrance in the consensus
region of controlled Cucker-Smale systems are crucial.

Lemma 2.6. If there exists n > 0 and T > 0 such that

9Vt < /v

for almost every t € [0,T], then

vit) < (VVO) - gt>2 and  X(t) < 2X(0) + =V (0)?

hold for almost every t € [0,T].

Proof. We can assume V' (t) > 0 for every t € [0, 7], otherwise we are already in consensus.
Integrating the assumption one has

td 1
— V(s ds < —nt,
/ods (5) Vs o
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and hence

ds < ——t.

UOENGOREY s

N3

1
VV(s)

Furthermore, to prove the second statement we observe

/O V() ds < —717/0 d%V(s) ds = —2(V (1) = v(0)) < 2v(0).

Ui n

On the other hand, using the (vector-valued) Minkowski inequality in the second step

N 1/2
1
VX() = N2 Z i (t) — 25 (8|7
ij=1
1/2 1/2
2
< [ 52 3 1) - 01 2N2§j(/“m@ ) o) )
7] 1 1,]= 1
1/2
t
amm%QWZw ) —ulP | ds
i,j=1
=vX —I—/ VV(s) ds
1 (td
<JX0)-- [ &
0= [ Evis

and furthermore by (z +%)? < 222 + 2y? it follows
2
X(t) <2X(0) + ?W(O),

which concludes the proof. O

With the estimate of the decay rate of the functional V' given by (2.7)), it is now very easy
to see that the sparse feedback control forces the system to satisfy the condition

“+o0o
V() < 4(X (1)) = / o(v/2Nr)dr
X(t)
in finite time. Since, by Definition after this event happens the control shuts off, it
follows from Theorem that the system has entered the consensus region, and thus
tends to consensus. More precisely, we can estimate a priori that the system will enter
the consensus region before the time horizon

7,2 = (V) -2(D).

where X 2 2X (0)+ %V(O)Q. Indeed, by Lemma [2.6|and the decreasing monotonicity of
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V and =, for every t > Tj it holds

M

VV() < VV(To) < VV(0) - o =21(X) < /(X))

Another direct consequence of Lemma is that, for Cucker-Smale systems, a feedback
stabilization is most effective if all the attention of the controller is focused on very few
(actually in this case only one) agents at each time. This also means that, despite the fact
that the external policy maker may have few resources at disposal and can allocate them
at each time only on very few key players in the system, it is always possible to effectively
stabilize the dynamics to return to energy levels where the system tends autonomously to
consensus. This result is perhaps surprising if confronted with the more intuitive strategy
of controlling more, or even all, agents at the same time. This let us answer to the question
(Q) raised at the beginning of this section as follows:

(A) under the constraints (i) — (iii), sparse is better.

However, the sparse feedback control can be in general highly irregular in time, and this is
the reason why it is so difficult to prove the well-posedness of the sparse control problem.
For instance, if there are only three agents and their consensus parameters form an equian-
gular and equinormal set of vectors at a given time ¢, then u is not pointwise computable
after t because of chattering effects. A method to avoid chattering in such trajectories is
the use of sampling solutions, first introduced in [64].

Definition 2.7. Let U C R™ and consider f : R™ x U — R"™ such that f(§,u) is
continuous in £ and u as well as locally Lipschitz in £ uniformly on every compact subset
of R™ x U. Given a feedback control function » : R™ — U, a sampling time 7 > 0, and an
initial datum &° € R™ we define the sampling solution associated with the sampling time
7 of the differential system

in the interval t € [n7, (n + 1)7] recursively for n € N, where u(t) 2 u(&(nT)) is constant
for t € [n7, (n+ 1)7]. As the initial value £(n7) we use the endpoint of the solution of the
preceding interval, and start with £(0) = £°.

This notion of solution has the clear advantage of being very down-to-earth: in practice,
controls cannot be updated instantaneously but require a minimal interval of time be-
tween two switchings. Moreover, there is no need to worry about existence of sampling
solutions, since in this case controls are piecewise constant. The following result shows
that, if the sampling time 7 is sufficiently small (i.e., the controller is sufficiently reactive)
then sampled sparse feedback controls are effective in enforcing consensus emergence.
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Theorem 2.8 ([49, Theorem 3]). Fiz M > 0, (2°,0%) € R¥ x RN and let u be the
sparse feedback control introduced in Definition 2.4 Denote by (z-(-),v-()) the sampling
solution of system associated to the control u, the sampling time 7 and the initial
condition (x°,v°). Then there exists 19 > 0 small enough such that for all T € [0, 7],
(z+(+),v:(+)) reaches the consensus region in finite time.

Unfortunately, it is not true that, as 7 — 0, the above sampled control strategy converges
to the sparse feedback control of Definition nonetheless, it is not difficult to show that
for every ¢ > 0 the limit control belongs to the set U(x(¢),v(t)) introduced in Definition
By exploiting this fact, it is possible to prove Theorem [2.9] below, which shows that, as
the sampling time becomes smaller and smaller, the sampling solutions of associated
with the sparse feedback controls approach uniformly a Filippov solution (that is, an
absolutely continuous function, see [100]) of the differential inclusion

((t),0(t)) € F(x(t),v(t)) for every t >0, (2.8)
where the set-valued functional F' is defined as
F(z,v) = {(v, L(x)v+u) :ueU(x,v)},

and L(z) is the Laplacian of the matrix (a (||z; — x||) /N)z]‘szl'

Theorem 2.9 ([49, Theorem 2]). Fiz M > 0, (2°,0°) € R x R et u be the sparse
feedback control introduced in Definition and let (z+(-),v-(-)) be as in Theorem [2.§
Then, as T tends to 0, (z-(-),v-(+)) tends uniformly to a Filippov solution of the differential
inclusion . Moreover, this solution tends to consensus.

Hence, we can establish the well-posedness of the control problem of system for a
control u belonging to the set U which, as already noticed, contains the sparse feedback
control of Definition In addition, the above results show that the stabilization of a
Cucker-Smale system by means of sparse controls is unconditional, i.e., it does not depend
on the initial conditions of the dynamics.

2.2 Sparse control of the Cucker-Dong model

In the next sections we shall see how the sparse feedback control strategy previously
developed has far more reaching potential, as it can address also situations which do not
match the structure , like the Cucker and Dong model of cohesion and avoidance
introduced in [80]. This system has the form

(2.9)

where L%(z(t)) and L' (x(t)) are graph-Laplacians associated to competing avoidance and
cohesion forces respectively, and b(t) is a vector-valued function modeling dampening.
Notice that, in contrast to the Cucker-Smale system , now the Laplacians are acting
on the variable z and not anymore on v, mixing the dynamics of the two components of the
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state. Similar models considering attraction, repulsion and other effects, such as alignment
or self-drive, appear in the recent literature and they seem effectively describing realistic
situations of conditional pattern formation, see, e.g., some of the most related contributions
[52, 60 [79], 97].

We shall introduce this model in more detail below, but we can anticipate that, under
certain conditions on the attraction and repulsion forces, if the total energy of the sys-
tem , composed of the sum of its kinetic and potential parts, is below a certain
critical threshold, then such systems are known to converge autonomously to the stable
configuration of keeping confined and collision avoiding in space uniformly in time, see
[80, Theorem 2.1]. This is the pattern we want to enforce when dealing with this model,
i.e., cohesiveness and collision avoidance, opposed to the desired alignment pattern of the

Cucker-Smale system (|1.6)

If the energy is above such a critical level, then the space coherence can be lost, and this
introduces us to our main goal: we show that in the latter situation of lost self-organization,
one can nevertheless steer the system to return to stable energy levels by means of
sparse feedback controls similar to those of Definition This is another remarkable
example, beside the one already presented in Section of how certain social systems
are naturally prone to sparse stabilization, explaining the effectiveness of parsimonious
interventions of governments in societies.

Let us stress that, although here we follow a conceptually similar path as in the previous
section, the structural differences between the models and are such that, not
only the analysis of this system requires several nontrivial a priori estimates for stability,
collected below in Section which were not necessary for (L.8)), but also the final re-
sult turns out to differ substantially. In particular, while the stabilization of Cucker-Smale
systems by means of sparse feedback controls is unconditional with respect to the initial
conditions (see Theorem [2.9)), for the Cucker-Dong model our analysis guarantees stabi-
lization only within certain total energy levels, which is suggesting that also stabilization
can be conditional. However, the numerical experiments reported in Section suggest
that it is possible to exceed such an upper energy barrier in many cases, even if there are
pathological situations for which there is no hope to steer the agents towards a cohesive
configuration.

2.2.1 The model

The Cucker-Dong model [80] is given by the following system of differential equations
(@(t) = vi(?),

v;(t) = —b;(t)v; a ([lzi(t) — = (t)1%) (2;(t) — 2
(1) = —bi(t) <t>+; (leatt) = @5 ()11 (25(0) = 2a(t) + 1N (2

N
377 (lalt) = 51 @it) = w5(0)),
i

The evolution is governed by an attraction force, modeled by a function a : Ry — R,
which is, for some fixed constant H > 0 and 8 > 0, of the form

H

a(r) = m7
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(notice that here we have r in place of r2, since we write a([|z; — x;]|*) in place of
a(||z; — z;||), hence a has the same form as (L.7)), though in general any Lipschitz-
continuous, nonincreasing function with maximum in a(0) suffices. This force is counter-
acted by a repulsion given by a locally Lipschitz continuous or C', nonincreasing function
f:(0,400) — R4. We request that

+00
/ f(r) dr < 400, for every 6 > 0, (2.11)
4
A typical example of such a function is f(r) = r~P for every p > 1. The uniformly
continuous, bounded functions b; : Ry — [0,A], ¢ = 1,..., N, for a given A > 0, are

interpreted as a friction which helps the system to stay confined.

T T T T T
B0

a0l

Fre

Figure 2.2: Sum of the attraction and repulsion forces h(r) = f(r) — a(r) as a function of
the distance r > 0. The parameters here are H = 50, § = 0.7, and p = 4.

At first glance it may seem perhaps a bit cumbersome to consider a rather arbitrary split-
ting of the force into two terms governed by the functions ¢ and f instead of considering
more naturally a unique function h(r) 2 f(r) —a(r) of the distance r > 0, as depicted
in Figure However, as we shall clarify later, the interplay of the polynomial decay of
the function h to infinity and its singularity at 0 is fundamental in order to be able to
characterize the confinement and collision avoidance of the dynamics, and such a split-
ting, emphasizing the individual role of these two properties, will turn out to be useful
in our statements. As a matter of fact, several forces in nature do have similar behavior,
for instance the van der Waals forces are governed by Lennard-Jones potentials for which
h(r) = o¢/r'3 — o, /r", for suitable positive constants oy and o,. For such forces the poly-
nomial decay corresponds to the parameter § = 7, hence a rather fast decay that makes
the confinement of the system conditional to the initial total energy level (see Theorem

below).

It is easily seen how the above model can be rewritten as

where for any z € RV

L(z) & L) — LY () (2.12)
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is the difference between the Laplacians of the two matrices (a(|z; — z;]?))N Yi—1 and
(f(||z; — xj|| NN ij=1, respectively, and we have set vb 2 (vib;)Y, for any b= (by,...,bn).

To quantify the behavior of the system we introduce a quantity called the total energy
which includes the kinetic and potential energies; for all (z,v) € R x R we define

IIIBr%H
E(r,v) & Z\mu s Z/ P)dr 4+ & Z/ (2.13)

1,5=1 i,7=1 73?]”

i#] i#]
If (z(t), v(t)) describes a point of a trajectory of system ([2.10)), E(t) will stand for E(z(t), v(t)).

Remark 2.10. Every term appearing in the definition of E(z,v) is nonnegative (and well-
defined by (2.11))), and hence we are allowed to bound from above every term appearing
in the expression of E(z,v) (as, for instance, ||v;||* or : Hx 2 f(r)dr) by E(z,v) itself.

The total energy E(t) = E(x(t),v(t)) is a Lyapunov functional for system and,
provided we are in presence of no friction at all (i.e., A = 0), it is a conserved quantity.
Since the proof of this result, already derived in [80], will be helpful later on, we will report
it in full details.

Proposition 2.11. For every t > 0, we have

d
Bt :—ZZb Vv ()|

Hence, if A =0 then %E =0.

Proof. Let us compute

at dtZ”U% I+ 3 o) — a5 ) wi(6) = 25(6) - (0st) — 0~

t
1,j=1

- Z Fllzs(t) — 2 (@)1%) (i) — 25(1)) - (vi(t) — v;(t)). (2.14)

1,j=1

The first term of the sum above is

dtZHul H2—QZUZ vt
=—2Zb )|loi(t)1—

—ZZ (ls(t) = 23O (i (t) — ;1)) - (alt) — v (1) +

=1 j=1

N N
30> flllza(t) —a (01 (ilt) — 25(8)) - (vilt) = v(t),  (2.15)

i=1 j=1



54 Sparse control of dynamical systems

which, plugged into (2.14)), yields
d 2
—E =-2 g bi(t)[Jvi (L)~

So, if A =0 then b; =0 for every i = 1,... N, and thus %E = 0, as stated. O

If the attraction force at far distance is very strong (for § < 1), despite an initial high level
of kinetic energy and of repulsion potential energy, perhaps due to a space compression of
the group of particles, the dynamics is guaranteed to keep confined and collision avoiding
in space at all times. If the attraction force is instead weak at far distance, i.e., § > 1,
then confinement and collision avoidance turn out to be properties of the dynamics only
conditionally to initial low levels of kinetic energy and repulsion potential energy, meaning
that the particles should not be initially too fast and too close to each other. This latter
condition is formulated in terms of a total energy critical threshold

92 (N 1) /0 ™ ayr. (2.16)

This fundamental dichotomy of the dynamics has been characterized in the following
result.

Theorem 2.12 ([80, Theorem 2.1]). Consider an initial datum (3°,0°) € RN x RIN
satisfying ||z — :1:2H2 >0 for alli # j and

1

B(0) 2 E(2°,°) < 3 /;oo f(r)dr. (2.17)

Then there exists a unique solution (z(-),v(:)) of system with initial condition
(2°,2°). Moreover, if one of the two following hypotheses holds

(4) B<1,
(i) f>1 and E(0) <,

then the population is cohesive and collision-avoiding, i.e., there exist two constants By, by >
0 such that, for allt >0

bo < ||zi(t) —z;(t)|| < Bo, foralll <i#j<N. (2.18)

Motivated by Theorem |2.12] we will call the consensus energy sublevel or consensus region
the set

Cé{wER:wgﬂ}

We will say that the system (2.10) is in the consensus region at time t if E(t) € C. It is an
obvious corollary of Theorem the fact that if system (2.10) is in the consensus region
at time 7', for some T' > 0, then condition ({2.18)) is fulfilled for every ¢ > T.
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Remark 2.13. Theorem is the Cucker-Dong counterpart of Theorem Indeed,
for the choice of a as in (1.7]), Theorem implies that

(i) if B < 1/2 then a ¢ L' (R ), therefore consensus is achieved regardless of the initial
conditions;

(ii) if B> 1/2 then a € L'(R,), and consensus is guaranteed only if (1.14) is satisfied.

Remark 2.14. Let us stress again the fact that the word consensus must be intended
here as a stable cohesion and collision-avoiding dynamics, in the spirit of the conclusion
of Theorem This is in contrast with the meaning of the word consensus in Chapter
which describes a situation where all the agents move according to the same velocity vector.
We point out that this definition of consensus does not imply this particular feature, but it
is rather intended to make a parallel between Theorem and Theorem [1.11] as already
done by the authors in [80, Remark 1].

2.2.2 Introducing the control

Notice the similarity of the present situation and that of Section in both cases we
have a system whose desired pattern can be enforced by decreasing a certain Lyapunov
functional under the action of a sparse intervention. Given a positive constant M modeling
the limited resources given to the external policy maker to influence instantaneously the
dynamics, it is very natural to define the set of admissible controls precisely as in Definition
a control u : Ry — R is admissibile if it is a measurable functions which satisfies
the /¥ — (g-norm constraint for every t > 0

N
> lust)] < M. (2.19)
=1

Hence, the controlled Cucker-Dong model is given by

j=1 i=1,...,N, (2.20)
N
+ 37 f (Il =2, O ) @) =25 () +ui(t),
&

where u is admissible. For this system we define again the total energy function F and

the threshold 9 as in and , respectively.

The control should be exerted until E(T") < ¥ at some finite time 7', and then it should be
turned off, similarly to the sparse selection of Definition Since we start from E(0) > 9,
then it is necessary that our control forces the total energy to decrease, for instance by
ensuring %E < 0. The following technical result helps us to identify the form of admissible
controls satisfying this property. For the time being, we assume that a Filippov solution
of exists, later on we shall prove it.
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Lemma 2.15. Suppose there exists a solution of the system ([2.20) and let E be the total
energy function associated to it. Then, for every t > 0 we have

d
LB :-a}jb )vi(t W+2§:m vt (2.21)

Proof. The identity (2.14]) in the proof of Proposition is still valid for a solution to
(2.20)), while (2.15)) changes as follows

N

g
LS 01 = 2 3 hOllw o]~
i=1 i=1

N N
= > > alls(t) = a;@)IP) (@i(t) —a;(2)) - (vilt) —vs(1)+

i=1 j=1

N N
+ > Flllwi) = 2 P @a(t) = 25(0) - (vilt) = (1) +

i=1 j=1
N
+2) ui(t) - vilt),
i=1
because of the control term. Inserting this expression into we get (| - O

From expression (2.21]), it is clear that the best way our control can act on E in order
to push it below the threshold is not acting on the mutual distances between agents, but
according to the velocities v. Hence, we focus on the following family of controls, which

closely resembles (2.4) .
Definition 2.16. Let (z,v) € R¥® x R™ and 0 < ¢ < M/E(0). We define the sparse

feedback control u(x,v) = (u1(z,v),...,un(z,v))T € R¥ associated to (z,v) as
Vi(z,v) e o
—eB(x,v)——— if i = i(x,v),
ui(z,v) = V(2,0
0 otherwise.

where i(z,v) is the minimum index such that

ie)ll =  max o]l

Whenever the point (z,v) is a point of a curve (z,v) : Ry — R x R e (z,0) =
(x(t),v(t)) for some t > 0, we will replace everywhere u(z,v) = u(z(t),v(t)) and i(z,v) =
i(z(t),v(t)) with u(t) and i(t), respectively.

The parameter € will help us to tune the control in order to ensure the convergence to the
consensus region. Moreover, whenever it is clear from the context, we will omit the time
(or the space) dependency of i.

Remark 2.17. Definition makes sense if [|v;;)(t)|| # O for at least almost every ¢ > 0.
Notice that, if the latter condition were not holding, then v;(¢) =0 for alli =1,..., N and
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for all ¢ > 0, hence ©;(t) =0 for all i = 1,..., N and for all ¢ > 0, hence the configuration
of the system would be in a steady state and no control would be needed.

Remark 2.18. Besides this latter observation on the well-posedness of Definition
later we show that actually |[v;«)(t)| keeps bounded away from 0 in the interval of time
where we intend the control to act. In particular in the proof of Theorem we prove
that if the average speed at time 0 is nonzero, i.e., ||[t(0)|| > 0, and E(0) is not “too far”
from the threshold (in a precise sense), then we have |lv(t)[| > 0 and E(t) < E(0) for
all ¢ such that the control is needed. Hence, for the choice of u as in Definition with
parameter ¢ < M/E(0) we have

N
Y lui@)ll = eB(t) < s E(t) < M,
i=1
whence the validity of the constraint (2.19)). Therefore, our control is admissible.

2.3 Properties of sample-controlled Cucker-Dong systems

The main goal of this section is to investigate some properties of sampling solutions (see
Definition of Cucker-Dong systems associated with the sparse feedback control of Def-
inition We shall show that such solutions possess several monotonicity properties,
which will let us conclude that each of these systems satisfying certain reqularity conditions
can be driven in the consensus region in finite time. This will pave the way to an exis-
tence result for systems modeled by but associated to a class of controls containing
properly the one introduced in Definition due to necessary continuity properties.
Therefore, given u as in Definition and a sampling time 7 > 0, consider the sampling
control

A

u;(t) =wu(nt) for every t € [n7, (n+ 1)7]. (2.22)

Lemma together with (2.22)), gives us the following crucial fact concerning the growth
of the energy function. Indeed, we can estimate from above the energy function inside every
interval [n7, (n + 1)7] by a quadratic function on 7.

Lemma 2.19. For all T > 0, for alln € N and for all s,t such that nt < s <t < (n+1)T,
it holds

VE@) <\E(s)+eE(nT)(t — s). (2.23)

Proof. From (2.21)), for all nT <t < (n+ 1)1 we get

d N
ZE(t) <2 ; wi(t) - vilt)

[ve(nT)]]
< 2eE(nT)||v; (1)

= —2cE(nT)
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< 2eE(nT)\/ E(t)

from Cauchy-Schwarz inequality and the fact that ||v;(t)|| < /E(t) for alli =1,..., N.
Hence, integrating between s and t, where nt < s <t < (n+ 1)7, we get the desired
inequality. O

A useful corollary of the lemma above tells us that, if the energy does not increase in
the interval [0, n7], then the agents do not collide until ¢ = (n + 1)7, i.e., we are able
to bound from below the mutual distances of the agents of system on the whole
interval [0, (n + 1)7].

Corollary 2.20. There are sufficiently small 79 > 0 and w > 0 such that, for all T < 79
there exists dg > w satisfying

lzi(t) = 2;(8)]| = do, (2.24)

forall1 <i# j < N and for all t € [0,7]. Moreover, if E is nonincreasing in [0,nt] for
some n € N, then dy > w can be chosen such that (2.24)) is true for all t € [0, (n + 1)7].

Proof. Hypothesis ([2.17]) ensures that there are sufficiently small 75 > 0 and w > 0 such
that

E(0) < —|(VE(0) +eBE(0))% — E(O)} + % /+OO f(r)dr. (2.25)

Take 7 < 79. Then, from estimate (2.23]) we have that, for all ¢ € [0, 7],
VE(t) <E()+eE(0)T, (2.26)
so, plugging ([Z26) into (25), we get

From the definition of F follows that, for all 4,5 = 1,..., N such that i £ j, it holds

+o00 +o0
/| f(r)dr < f(r)dr;

(1) —;(1)] w

the thesis then follows from the fact that f is nonincreasing.

Now suppose that F is nonincreasing in [0, n7]. Using this fact and estimate , we
get that holds for all ¢t € [0, (n + 1)7], and from the same argument as above, we
obtain dy > w satisfying for all t € [0, (n + 1)7]. O

Corollary 2.21. For anyn € N, if E is nonincreasing in [0,n7], then the function L(x(t))
defined in (2.12)) is bounded from above for everyt € [0, (n + 1)7].

Proof. Since the function a is bounded from above by a(0) and, by Corollary the
function f(||z;(t) — x;(t)||*) is bounded from above by f(w?) for every t € [0, (n + 1)7],
then L(z(t)) is bounded from above in the whole interval [0, (n 4 1)7]. O
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The following lemma, again a corollary of Lemma says that the mutual distances of
the agents grow at most quadratically in time.

Lemma 2.22. Fixz 7 > 0 and suppose that for all i,7 =1,..., N it holds
l24(0) —a;(0) || < Cov/E(0),
for some Cy > 0. Then we get
[zi(t) — (D) < (7D(7) + Co)v/ E(0), (2.27)

foralli,j=1,...,N and for all t € [0, 7], where

Moreover, for all k € N, if E is nonincreasing in [0, k7] then for all t € [kt,(k+ 1)7] and
alli,7=1,...,N 1t holds

lzi(t) — 25O < ((k +1)7D(7) + Co) vV E(0). (2.28)

Proof. The following inequalities follow easily from the equations in ([2.20)), the definition
of the control, and the estimate (2.23): for all k7 < s <t < (k+ 1)7 it holds

Jos(6) = 250 < [ 104(6) ~ vy @) 48 + fi(s) — ;5|
< [ @)+ 10s0)1Dd0 + ) = )]
<2 / VE@)d0 + [i(s) — 25(5)]

< 2/ (VE(s) + cE(nr)(8 — £))d0 + |i(s) — a(s)]
= 2\/E(s)(t — 5) + eE(n7)(t — 8)° + [|lzi(s) — z;(s)],
which, taking s = k7, yields
2i(t) — zj(t)|| < 2/ E(k7)(t — kT) + e E(kT)(t — kT)? + ||J2i(kT) — 2 (kT)||
<2V E(kT)T + eE(kT)T* + ||2i(kT) — xj(kT)|. (2.29)

Thus, if £ = 0 it holds

li(t) — ()| < 28/ E(0)7 + E(0)7* + [|2:(0) — 2;(0)
(T(eV/E(0)T +2) + Co)/ E(0)T
(r

<
<
< (rD(1) + Co)VE(0)r.

Now let us prove by induction on k that, if ¢ € [k, (k + 1)7] then (2.28) holds assuming
that F is nonincreasing in [0, k7]. If k& = 0, then it follows from (2.27)); so suppose (2.28))
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holds for all j < k. Then from (2.29) we get,

|lzi(t) — z;(t)|| <2/ E(kT)T +€E k:7')7'2 + [Jai (k1) — xj(k7)||
<2y E(0)T +eE(0)7° + (kTD(1) + Co)\/ E(0)
< ((k+ 1)7‘D(T) + C’o) E(0).

This concludes the proof. ]

The last property of the systems under investigation is the fact that if, at time ¢ = 0 the
norm of the average velocity of the system v is larger in norm than a positive scalar 7, then
the norm of ©(t) is bounded from below by 7 until the time horizon ¢t = T™*(n), defined
below.

Lemma 2.23. Suppose that |[v(0)]] > 0 and let n be a positive estimate from below of
[T(0)|I, i.e., [[(0)]| > n > 0. Define the following auxiliary time horizon:

A B2

2/E(0) (AVEQ©) + %)

Furthermore, let ¢ < M/E(0), fit 7 > 0 and n < [T*(n)/7]|, where [x]| stands for the
integer part of x. Then, if E is nonincreasing in [0, nT] we have

[o(t)]| >n  for every t € [0,nT]. (2.30)
Proof. Let us compute, for all ¢ € [k, (k + 1)7) with k < n, the derivative of ||[u(t)]||*.

d . _ d_, . _
el = 2-50() - 5(t)

2NN gy 22T Vi (k) - 0(0)
=~ 2 HOu0 T - =

28E(k7’)

> —2A vy (1)]1* ~ [[oze) (),

using the fact that [lvy)(t)|| > maxi<j<n{[lv; ()|, [[0(t)||} for all £ > 0. Now we use again
the inequality ||v;(t)|| < v/ E(t), valid for all i =1,..., N, to obtain

L) > 0 [A!Wt)( i+ 5]
- o ED [A EE k:T)
eE(0
> —2,/E(0) [A E(0)+N]

> —2v/E(0) [A E(0) + ]\]ﬂ :

since E is nonincreasing in [0, k7] for all £ < n and ¢ < M/E(0). Furthermore, since the



2.3 Properties of sample-controlled Cucker-Dong systems 61

last quantity is constant, by integrating between k7 and ¢ we get
PO > ~2V/EO) | AVED) + 7 | (= k) + ko) (2.31)
for every t € k7, (k + 1)7]. We will now prove by induction on k& < n that
WOl 2 ~2v/EO |AVEW + | ¢+ O RED

for every t € [k, (k + 1)7]. This is straightforward for k£ = 0, so suppose (2.32) holds for
k < n and let us prove it for k+ 1. From (2.31]) and from the inductive hypothesis we get

POI > -2/ [AVED) + 3| (1= k) + (ko)
—2:/E(0) [A\/m + M} (t — kr)

2\/EQ) {Aﬁ+ ] kr + [0(0)

= —2/E(0) [A\/W+ N} t+ |[5(0)]2.

Hence, if t < nt < [T*(n)/7]T < T*(n), we get

v

[w(@)* >,
which concludes the proof. O

Remark 2.24. We can get a larger interval of validity of (2.30) by using in the proof
above the upper bound ||v;(t)||* < E(t) — E,(t) instead of |jv;(t)||* < E(t), where

a Z/”xz oo r)dr + — Z/ F(r)dr

i,7=1 i,J=1 xl(t _‘rJ

7] 7]

is the potential part of E(t). In this case, given b, B > 0 such that b < ||z;(t) — z;(t)||* < B
for every i # j and t > 0, we can estimate E,(t) from below by

S(b,B) £ - Z/ r)dr + 5 Z/+Oof

i#] i#]

Thus, given b and B as above we get the finer estimate ||v;(¢)||* < E(t) — S(b, B), and if
we replace ||v;(t)||* < E(t) with it we get

LT |
2V/E(0) — S, B) (AVE©) — S, B) + ¥)

Clearly, with the choice b = 0 and B = +oo we get back T*(n,b, B) = T*(n), since

1>

T*(n,b,B)
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S(b, B) = 0.

For the convenience of the reader, we now list all the highlighted properties of controlled
Cucker-Dong systems which will be useful in the proof of the main result of the following
section:

(i) linear growth estimate of \/FE(t) (Lemma ;

(#3") the distance ||z;(t) — z;(t)| can be estimated from below by a constant dy > w

(Corollary ;
(#3i') quadratic growth estimate from above of ||z;(t) — z;(t)|| (Lemma [2.22);

(2v) if ||o(0)|| > n > O then there exists T" > 0 such that |[v(¢)|| > n for every ¢t < T
(Lemma , provided that F is not increasing in [0, 7.

Each condition marked by a f holds in each starting interval [0, 7] and in every interval
[0, (n + 1)7] provided that E is nonincreasing in [0, n7].

2.4 Piecewise-constant sparse controls are effective

We pass to prove that the sampled sparse control strategy is indeed able to steer Cucker-
Dong systems into the consensus region, provided they are not too unruly (in a sense
specified below), from the properties listed in the section above.

Since in what follows, n will always be a fraction of ||T(0)||, i.e., n = ||v(0)|| /¢ for some
q > 1, we will set

oA (L PO 1
(o) £ (L 150)]) = - 5 (/55 ) (1-2)-

We can now present the main result of this section, which is the equivalent version of
Theorem [2.§] for Cucker-Dong systems.

Theorem 2.25. Fiz M > 0. Let (z°,0°) € RN x RN be such that the following hold:
(a) 0 < |29 - x9|| < Co\/E(0) for all1 <i# j <N, for some Cy >0,
() [[w(0)[ >0,
(¢) suppose there exists a q > 1 satisfying

O (5) < 2 ) 70

Then there exist 1o > 0, w > 0 and € > 0 such that for every 7 < 7

1 E(0) M
In <e< — (2.33)
2T*(q) (% [5O)| - u(.q)) ( v ) B0
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holds, where for the sake of brevity we have set

p(r, @) & MAT 4 (M+Ay/E(0)+(a(0) + f(w?)) ((T*(q) +7) D(r)+Co) Nv/E(0) ) =
(2.34)

Moreover, the sampling solution of system (2.20)) associated with the control u of Definition
2.16 with control parameter € satisfying (2.33)), the sampling time 7 < 19 and initial datum
(2°,0°) reaches the consensus region before time T*(q).

Proof. Let ¢ > 1 such that it satisfies condition (c¢) of the statement, and take 79 and w
sufficiently small to allow us to apply Corollary and to satisfy the inequality

1 E(0) E(0)
SO - o) > g in (50 (2.35)

Notice that the existence of such 7y and w follows from condition (¢). Furthermore, (2.35))
grants the existence of an € > 0 for which (2.33) is satisfied and implies that the following
inequalities are true:

AROIE m, 9) +T*(q)D(m) > 0, (2.36)
HECIETCE (2.37)

Moreover, all the above inequalities are still true if we substitute 79 by any 7 < 7.

Now, denote with (z(-),v(-)) the solution of (2.20) associated with the control u with ¢ as
in - the sampling time 7 < 79 and 1n1t1al datum (2°,0°). As already pointed out in
the proof of Lemma [2.19] for every ¢ € [n7, (n + 1)7) it holds

g < —QEE(nT)W

dt

)

1>

where ¢

i(nt). We define

vi(nT) - vi(t)
[ve(nT)||

and we study its derivative with respect to ¢ € [n7, (n 4 1)7). Notice that if E is nonin-
creasing in [0, n7] and if nT < T*(g), then

¢(t) = E(nT)

¢(n7) = E(n)|vi(nT)| = (11 [2(0)|| E(nT)

holds because we are under the hypothesis of Lemma [2.23] and we can use the estimate
(2.30). We have the following estimate from below

d vi(nT) - %vg(t)
[[vs (n7)]]

N
= o = b)) w0+ a (llea®) =5 (1)) vilnr) - (o5t —alt) +

Jj=1
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N
+ 37 f (lst) = 2O ) wilor) - (alt) - 25(8)) -

j=1

€E(n7)llvz(n7)|!2]
[

[[vz(n7)

N

= b®) sl = > a (llae(t) = 2,1 ) Nl (8) - o)l

Jj=1

N
—Zf(H:vL ) = 2 (0)I1) lles(t) — 25| - E(nr)

> E(nt)

Afjor(t H+Z( )+ £ (lzet) =5 (D)) s (8) = s(0) |+ B (nr)

>—FE(nt

~—

>—B(nr) | AVE(®D) +Z( )+ £ (llae) =5 (1)) s () s )| +< E(nr)

having used the Cauchy-Schwarz inequality and the fact that the damping functions b;
and the attraction force function a are bounded from above.

Now, for the sake of compact notation, set 7;(t) £ |zi(t) — x;(t)|. By the mean value
theorem, there exists &, € [n,t] such that, using the estimate (2.23]) in Lemma we
get

¢(t) = ¢(n7) — TE(nT)

A\/ gn + Z "’ f Tij5 gn) ))Tfj(gn) + Z':E‘(n7—):|

j=1

> E(n7) |||lvi(n7)|| — (AcE(n7))T%—

N
— ((EE(RT) + A/ E(nT)) + Z )+ f( T'i5 (én) ))Tij(gn)) 7—]
7=1

> E(nT)

N
HUZ(TLT)H - ( T - (7 +Z +f Tij gn) )) rij(gn)) T] )
7j=1

where we have estimated ¢ from above by M/FE(0) and, again for the sake of brevity, we
have set

+ A/ E(kT),

for every k € N. So in the end we obtained the estimate

N
%E(t) < —2eE(n7) |:||Ui(n7')||_ﬁ(n)TQ_(’Y(n)+Z(a(0)+f(7"£j(€7L)2))T£j(§7z)) T] ;

Jj=1

which is valid for all ¢ € [n7, (n + 1)7] where nt < T*(q).
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We will now prove by induction on n that E is nonincreasing in [0, (n + 1)7], where
nt < T*(q). First of all, if n = 0 then & € [0,7], and we can use Corollary and
Lemma to bound 74;(&p) from below by w and from above by (7D(7) 4+ Cp)+/E(0).
Moreover, since 7 < T%(q), we can bound |[v;(n7)| from below by |[v(0)| /¢ by Lemma

So by (Z:36) we get

S0 <=2:E0) | [5(0)|-50)7 - (4(0)+(a(0)+ 1) (rD(r) + Co)N VT ) 1

— 2:E(0) [ 15O = ) + T*(q)Dm]

< 0.

Hence suppose that E is nonincreasing in [0, n7| where (n —1)7 < T*(q), and let us prove
that it is also true in [n7, (n 4+ 1)7], if nT < T*(q). By the fact that &, > nr and by
the inductive hypothesis, we can use the bounds from Corollary Lemma and
Lemma as before to get

d

ZE(t) < —2<E(0)

5llv( ) = B(0)r*~

— (4(0) + (@(0) + F*) (1 + 1)7D(r) + Co)N VE(0) )]

< —2¢FE(0)

[P0 - 507~
~ (4(0) + (a(0) + F@H)(T*(a) + 7)D(7) + Co)NVE()) ]

g—zeEu[nv( ) - u(r.q)

<0,
by condition ({2.37). It is worth noticing that since F is nonincreasing in [0, n7] then
B(n) < B(0) and  ~(n) <~(0).

Hence, F is nonincreasing in [0, [T*(q)/7]7 + 1]. From this fact follows that for all n such
that n7 < T*(¢) and for all t € [n7,(n + 1)7] we have E(t) < E(n7), which gives us,
together with Corollary Lemma and Lemma the following:

IN

d N
5 B(t) < ~2eE(n7) fuv( ) =By — () + N dis (&) | 7
7j=1

IN

—2eE(t) |- Hv( N = w7, q)| - (2.38)
By integrating between 0 and ¢ we obtain

B(t) < B(0)e 2 17O 1-utra]t

)
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so if

1 L (EO
s ;nv(om—um)}l ( v )

then E(t) < 9 and thus the control steers the system into the consensus region in finite
time.

Now we have to ensure that the energy level goes below the threshold before inequality
(2.38) does not hold anymore; clearly, this happens if we impose that

. 1 L(EO
Ty E |rv<o>||—u<aq>}1 ( v )

and this is true if and only if

1 (EWO
) E ||v<o>||—u<f,q>}1 < v >

which holds because ¢ was chosen to satisfy (2.33]).
Moreover, condition ([2.19) is also satisfied since, for all t € [n7, (n + 1)7]

N
S Jus®ll < 20 oy (ar))
2 Toetn)]

< eE(0)

<M

which follows from (2.33]) and the fact that E is decreasing in the whole time interval of
activity of the control. O

We now give a more operative reformulation of condition (c), which gives a clearer idea of
when the above result holds.

Proposition 2.26. Condition (c) of Theorem [2.25 is equivalent to the following request:
(c') the threshold ¥ satisfies

2v/3 M|[5(0)]*

9> FE0)exp | —
S E(0)/E(0) (A\/E(0)+%)

Moreover, if (¢') is satisfied, one can take
A 2M [50)]*
3E(0)v/E0) (AV/E©) + 4 ) n (22)

for condition (c) to hold true.

q
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Proof. Remembering that

[2(0)]I?

1
2 /E0) (A\/E(O) + %) (1 - q2> ’

T*(q)

we may rewrite condition (c¢) of Theorem as

E(0) M|j5(0)]* ¢ —1
E(O)ln< 5 ) < \/W(A\/an%) < 7 ) (2.39)

If we set

1>

K

E(0)/E(0) (A\/WO) + %) . (E(0)>

M|[w(0)° U
we obtain from ([2.39)) the equivalent polynomial inequality in ¢
K¢ —¢® < -1

We now show that the request K < 2v/3 /9 is equivalent to the existence of a ¢ > 0 such
that K¢> — ¢> < —1 holds, and additionally one can choose ¢ > 1, as in the statement.
If we study the derivative of the polynomial 7(q) = K¢ — ¢® we find that the stationary
points of 7(q) are ¢ = 0 (which is a local maximum) and § = 2/3K (which is a local
minimum). Moreover, since the roots of m(q) are ¢ =0 and ¢ = 1/K then 7(q) < 0 if and
only if ¢ < 1/K. Hence, there exists a ¢ > 0 such that 7(q) < —1 if and only if 7(q) < —1.
But

m(q) = (Kq - 1)g°

__ 1t

2TK?’
so we have 7(q) < —1 if and only if

2v/3

K < \9f. (2.40)
The bound ([2.40) trivially implies that § > 1, and furthermore is equivalent to
n (B9) < 23 M [(0)]? |
V9 BO)VEO) (AVEQ) + ¥)

From this follows that hypothesis (¢) of Theorem holds if and only if (¢/) holds. [

Remark 2.27. Since we were under the hypothesis that the initial energy was above the
threshold, from condition (¢) we get that our control strategy is effective whenever

B(0) > 0> B(0)exp | -2 MO ,

9 E(0)\/EO) (A\/E(O) + %)
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which means that the threshold should not be too far away from the initial energy.

2.5 Existence of solutions of controlled Cucker-Dong sys-
tems

In order to prove an existence result for , as already claimed at the beginning of
Section we need to enlarge the set of sparse controls we want to work with. Indeed, as
in the case of the controlled Cucker-Smale system, the family of sparse controls introduced
in Definition is too tight because, as the sampling time goes to 0, we may lose the
sparsity we have enforced on our controls, and we have to weaken it to gain convergence
for the sequence of controls.

2.5.1 Enlarging the set of controls

In what follows, we fix a Cucker-Dong system (2.20) satisfying conditions (a) — (¢) of
Theorem we indicate with F(0) its initial energy and with

where ¢ is as in Proposition
Each value of v, yields a partition of RNV x RN into four disjoint sets:

A
P = {(a;,v) € RV x RNV . maxi<;<n H’Uz” < ")/q},
Py = {(z,v) € RWN x R¥Y : maxiqen vl = 7vgand Ik > 1andig,..., i
€ {1,...N} such that |jv; | =...=|lvy,|| and |lv;, || > |lvj|| for every j & {i1,...,ix}},

Ps 2 {(z,v) € RV x RN : max;<;<n ||vi|| > v, and 3 € {1,... N} such
that ||v;]| > ||vj]| for every j # i},

Py 2 {(z,v) € RN x RN = maxjqen|vi]| > 7,and Ik > 1andiy,..., 0
€ {1,...N} such that |jv; | =...=|lvy,|| and |lv;, || > |lvj|| for every j & {i1,...,ix}},
Definition 2.28. For every (z,v) € R® x R¥ we denote with U(z,v) € R the set of
all vectors u(z,v) = (u1(z,v),...,un(z,v))T € R¥, whose vector entries are of the form
;i .
—&; B (z,v) if [Jv;]| # 0,
ui(z,v) = [[oill
0 if ||vi]| = 0,

where the coefficients ¢; > 0 satisfy
> 2
— E
and

e if (z,v) € Py then ¢; =0 for every i = 1,..., N;
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o if (z,v) € Py then indicating with i1,...,i; the indexes such that ||v;, || = ... =
llvigll = V¢ and [Jvs, || > [Jv;|| for every j & {i1,... ik}, we have e; = 0 for every
]Q{Zl,,lk},

e if (z,v) € P3 then, indicating with ¢ the only index such that ||v;|| > |lv;|| for every
J # i, we have ¢; = M/E(0) and €; = 0 for every j # i;

e if (z,v) € Py then, indicating with i1, .. ., iy the indexes such that ||v;, || = ... = |Jv;, ||
and ||v, || > |lvj|| for every j & {i1,...,ix}, we have €; = 0 for every j & {i1,...,ix}
and S5, ;, = M/E(0).

Remark 2.29. For every 0 < e < M/E(0) and for every ¢ > 0, the control u(t) introduced
in Definition associated to € belongs to U(z(t),v(t)) whenever t < T*(q), since Lemma
guarantees max;<;<n ||v;(t)|| > 74 for every t € [0,T*(q)].

The set U(x,v) is closed and convex, and, moreover, has the following very elegant alter-
native variational interpretation, reminiscent of Definition

Proposition 2.30. For every (z,v) € RN x R™ and for every M > 0, set

N
E
M(z,v) 2 M E(;E(’);}) and K(z,v) 2 {u e R¥WY . Z il < M(x,v)} .
i=1
Let J : RN 5 R be the functional defined by
A N
J(u,v) :v-u—i—’quHuiH. (2.41)

i=1
Then

U(z,v) = argmin J (u,v).
ueK (z,v)

Proof. Without loss of generality one can minimize (2.41)) componentwise, i.e., considering
the minimization of the function

wi = v; - ug + g [l
for all i = 1,..., N individually. If ||v;|| < 4 then, by Cauchy-Schwarz, we infer that
v - Ui + g |luil] >0,  for all u € K(z,v),

and in particular the choice u; = 0 minimizes this component. Otherwise, if ||v;| > 7,
then, due to the isotropy of the norm ||u;||, the minimal direction is the opposite to v;,
ie., for u; = —ayv;/||vi||, for some «; > 0, or equivalently there exists ¢; > 0 such that
a; = ¢;E(z,v). Hence, now the problem is how to allocate the weights ¢; in order to keep
u within K (z,v) and simultaneously to minimize J(-,v). Clearly, for u to be in K(z,v),
the choice of ¢; has to be such that

M
Z 51§m

{ie{lv"'vN}:”viHZ"Yq}
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To conclude, from a direct check of the individual cases depending on the partition Py,
¢=1,...,4, we can easily infer that U(x,v) is the set of minimizers of J(-,v) over the set
K(z,v). O

Another key property of the set U is that, as a set-valued function of (z,v), it is upper
hemicontinuous.

Definition 2.31. A set-valued function F' from a topological space X to Z(Y'), the power
set of a real vector space Y, is said to be upper hemicontinuous at xo € X if and only if
for every continuous linear functional p : Y — R the function

x+— sup p(u)
u€F (x)

is upper semicontinuous at zg € X. F'is called upper hemicontinuous if it is upper hemi-
continuous at every xp € X.

Proposition 2.32. The function U : R®V x RV — 2(RV) which associates to every
point (x,v) the set U(x,v) is upper hemicontinuous.

Proof. We have to prove that for every continuous linear functional p from RV to R, the
function o : R x RV — R defined as follows

o: (z,v) — sup p(u)
uel (z,v)

is upper semicontinuous, i.e., for every (z,v) € R* x R and for every £ > 0 there exists

a neighborhood N of (x,v) such that o(Z,v) < o(z,v) + ¢ for all (z,v) € N whenever
o(x,v) > —o0, and o(z,v) tends to —oo as (7,v) tends to (z,v) whenever o(z,v) = —o0.
First of all, notice that since U(x,v) is closed and bounded, then it is compact and hence
o(x,v) > —oo0.

Hence fix a continuous linear functional p from R to R, (z,v) € R¥ and ¢ > 0. From
Definition 2.28] an entry u; of u € U(z,v) is zero if and only if ||v;|| < max{~,, maxi<;<n ||vi| },
so if the latter condition holds, by the continuity of ||-|| we can find a neighborhood N of
(z,v) such that for every (z,7) € N we have

I < max {3 a1}

Since given any two vectors u,w € U(z,v), u; is zero if and only if w; is, this implies that
for every (Z,v) € N and for every u € U(Z, ), the component w; is zero only if u; is zero
for some u € U(x,v).
Moreover, if [|v;, || = ... = ||vi,|| = maxi<;<n ||v;|| and for some (Z,v) € N there exists
1 < h < k such that

< 7

max{‘ - ’Uiék h

for iy, # 4., forall s =1,...,k—hand r = 1,...,h, then ﬁijl = ... :ﬂijh = 0, while
u;, 7 0 for every 1 <s <k —h, for all u € U(z,v).

:Jih sy :Jijh 6”1 = 122%}](\[ HF’JZH )
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These two facts together bring us to the conclusion that U(N) = U(x,v), so for every
(Z,0) e N, 0(Z,v) = o(x,v) < o(x,v) + &, proving the upper semicontinuity of o. O

Remark 2.33. The problem with the family of controls introduced in Definition is
that if we were to take U(x,v) = {u(z,v)} instead of the set in Definition where u
is as in Definition then U would not have been upper hemicontinuous.

2.5.2 Existence of solutions for the differential inclusion

We are going to use the following convergence result concerning hemicontinuous set-valued
functions.

Theorem 2.34 ([I7, Theorem 1]). Let F' be a proper hemicontinuous map from a Haus-
dorff locally convex space X to the closed convexr subsets of a Banach space Y. Let I be
an interval of R and (zp)nen and (Yn)nen be measurable functions from I to X and Y
respectively, satisfying

(2) for almost every t € I and for every neighborhood N of 0 in X x Y there exists ng
such that for every n > ng, yn(t) € F(zn(t)) + N;

(i) (zn)nen converges almost everywhere to a function x: I — X;
(#11) (Yn)nen € LY(I;Y) and converges weakly to y in LY (I;Y).

Then for almost every t € I it holds

y(t) € F(a(t)).

Theorem 2.35. For every M > 0 and for every initial condition (2°,0°) € RN x RN | if

system ([2.20)) satisfies conditions (a) — (c) of Theorem [2.25 then there exist ¢ > 1, 9 > 0,
w >0, and € > 0 such that

1 E(0) M
In <e< —— (2.42)
27%(q) (L 11(0)]| = (70, 0)) ( v > T EO

holds, where u(t,q) is as in (2.34).

Moreover, for every t < T*(q) there exists a solution of

z(t) = 2V +/0 (g(z(s)) + u(z(s)))ds, z = (z,v), ¢g(z)=(v,—L(z)x — vb)

associated with a control u such that u(t) € U(z(t)) for every t < T*(q). Here we use the
compact notation introduced in (2.12)).

Proof. Apply Theorem toget ¢ > 1,79 > 0,w > 0, and € > 0 satisfying (2.42). Notice
that, if 7 < 7, then

1 1
U5(0) = a(r.a) ~ )] — (o, q)




72 Sparse control of dynamical systems

which implies that e satisfies also for every 7 < 7.

Hence, for every n > 1/7y, Theorem guarantees the existence of a sampling solution
Zn () 2 (n(), vn(-)) of system associated with the feedback control u satisfying
Definition the sampling time 7 = 1/n and initial datum 2° = (2%, v°). Setting @, ()
to be the RN x RN vector (0, ...,0,u(z([nt]/n)))", we have that

() = 20+ / (9(2a(5)) + Tn(s))ds. (2.43)
0

By Corollary the function L(z(t)) defined in ([2.12)) is bounded in the interval [0, T*(q)],
thus there is a constant a > 0 such that the following linear growth estimate for ¢ holds

for every n € N and s € [0,7*(q)]:

l9(zn(s)Il < a(llzn(s)] + 1),

Plugging this estimate into (2.43) and using Gronwall’s Lemma we get that the
inequality

[zn ()] < (HZOH + (o + M)t) et

is true in [0,7%(q)], hence the sequence of piecewise C' functions (2, )nen is pointwise
equibounded by the function

C(t) 2 (|[2%] + (a4 M)t) e,  for every t € [0,T*(q)].

Moreover, the sequence (zn)nen is also equicontinuous in [0,7%(q)] since for every t,s €
[0,7*(q)] such that ¢ < s, it holds

1Zn(t) = 2n(s)l| < / (lg(zn ()]l + M)df < (t — 5)(a(C(T*(q)) + 1) + M).

Therefore, an application of the Ascoli-Arzeld Theorem yields a subsequence which we
rename again as (z,)nen converging uniformly to a continuous function z : [0,7*(q)] —
RN x RN and, by the continuity of ¢, (9(25))nen converges to g(z). Concerning the
sequence of controls (up)nen, since each u, has norm bounded by M, it is a uniformly
integrable sequence; hence it satisfies the hypothesis of the Dunford-Pettis Theorem (see
[T1, Theorem 1.38]), which means that, up to subsequences, it converges weakly in L' to
a function u € L([0, T*(q)]).

From Proposition by taking F' = U, I = [0,7*(q)], (n)neNn = (Zn)neN, (Yn)nen =
(un)nen, © = z and y = u, we are under the hypothesis of Theorem and so we can
conclude that u(t) € U(z(t)) for every t < T*(q) (since by Remark we can guarantee
un(t) € U(z,(t)) only if t < T*(q)). Since (up)nen converges weakly to u in L([0, T*(q)]),
in particular we have

t

lim [ un(s)ds = /0 t u(s)ds

n—oo 0

for every t < T*(q). Hence passing to the limit in (2.43|) we conclude the proof. O
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We are thus able to prove existence for Filippov solutions to the differential inclusion
associated to system (2.9)) with controls belonging to U, in the spirit of Theorem

Corollary 2.36. For every M > 0 and every (z,v) € R®V x RV define
F(z,v) 2 {(v,—L(z)r —vb+u):ueU(x,v)}.

Then, for every (z°,v9) € R x RN | if conditions (a) — (c) of Theorem are satisfied,
the differential inclusion

(@(t), 0(t) € F(z(t),v(t))
with initial condition (z(0),v(0)) = (x°,v°) is well-posed as long as t € [0,T*(q)].

2.5.3 Decay rate estimate for sparse control strategy and instantaneous
optimality

Let us stress again that in general the existence of a solution associated to a sparse control
as in Definition does not follow from Corollary as we can say only that solutions
exists within the class of feedback controls U(x,v), which is much larger and contains
nonsparse controls as well. Nevertheless, in what follows, we do suppose there exists a
solution to system associated to the control introduced in Definition with
e = M/E(0), and we analyze what could be the corresponding rate of convergence to the
consensus region, compared with any other solution within the class of feedback controls
U(zx,v).

Proposition 2.37. If ||5(0)|| > n > 0 then, for every t € [0,T*(q)] it holds

2
E(t) < E(0)e B0 M,

Proof. Before we start, notice that we can prove a continuous-time analogous of Lemma
in the same way, thus obtaining the fact that if ||[7(0)|| > n > 0 then ||v(¢)|| > n for
every t < T*(n). Using Lemma together with this fact we get

d A OIONA NN
th(t) <2 ( eE(t) Hvi(t)(t)H) it) (1)
= —2¢E(t) Hvz(t) (t)H
20

hence, integrating between 0 and ¢ we get the desired estimate. O

The next result shows that this decay estimate is the best we can get among the controls
introduced in Definition It is the Cucker-Dong counterpart of Proposition

Theorem 2.38. The feedback control of Definition[2.10 associated to the solution of The-
orem |2.25] is an instantaneous minimizer of
A d

Dt,u) = ZE()
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over all possible feedback controls in U(x(t),v(t)).

Proof. We have already proven in Lemma that

—E :—2§:b Yvi H2+2§:m 4 (

so in order to minimize D(t,u) with respect to u € U(z(t),v(t)) we have to work on the
second term. Now, since

N

N
> wilt) - vilt) = —E() Z gi ||vi(t)

=1

minimizing D(t,u) is equivalent to solve

M
max Zei |lvi(t)]]  subject to Z&i < Q)" (2.44)

By definition

N N
> eilluit) I e
i=1 =1

Hv (t)

M
<
< E(
which means that the choice of the control made in Definition 2.16] is a maximizer of

(2.44). Moreover, the Vi(t) (t)H > ||vj ()| for
all j # i(t). [

Similarly to what we have seen in the case of the Cucker-Smale system, the previous result
shows that the most effective control strategy that the external policy maker can enact
is to allocate all the resources at its disposal only on very few key agents in the system,
in order to keep the dynamics bounded and collision avoiding. One of the most relevant
differences with respect to Theorem though is that for the Cucker-Smale model the
stabilization can be achieved unconditionally, i.e., independently of the initial conditions
(2°,2°). For the Cucker-Dong model, instead, a similar sparse control strategy yields only

a conditional results, i.e., we obtain stabilization conditionally to an initial energy level
¥ < E(0) < cd,

for a constant ¢ > 1, as stated in condition (¢’) of Proposition Our numerical ex-
periments, which follow below, suggest that it is possible to exceed such an upper energy
barrier, but it is unclear whether this is just a matter of fortunate choices of good initial
conditions or we can actually have a broader stabilization range than the one analytically
derived in the previous sections.



2.6 Numerical validation of the sparse control strategy 75

2.6 Numerical validation of the sparse control strategy

In this section we will report the results of significant numerical simulations on Cucker-
Dong systems in dimension d = 2 with and without the use of the sparse control strategy
outlined in Definition [2.16] Throughout the section, we will keep fixed the number of
agents (N = 8), the friction applied (A = 0, i.e., frictionless) and the form of the repulsive
function (f(r) = r~P). We restrict only to N = 8 simply for an easier visualization of the
results. This means that we will vary the shape of the function a (i.e., we will act on 3),
the slope of the repulsion function (changing the value of p) and the maximum amount of

strength of the sparse control (the parameter M). The parameter ¢ is always set equal to

2.6.1 First case study: f=1.1 and p =2

Figure[2.3] displays the spatial evolution and speeds of the agents of a Cucker-Dong system
with 5 =1.1 and p = 2:

Motion in the plane Speeds in function of time

160

140
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Figure 2.3: Space evolution and speeds of the uncontrolled system.

Though we can not infer the divergence of the system from this finite-time simulation,
the portrayed situation seems far from going towards a flocking behavior. The only agents
which seem to flock are Agent 1, Agent 2, Agent 5 and Agent 6 (resp. black, blue, red and
magenta trajectories), as it is also visible by the corresponding speed graph, in which the
speed of each agent is adjusted to the one of the other agents.
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Figure 2.4: Energy profile of the uncontrolled system.

Figure shows that the total energy E (the red line) is constant and far away from
the consensus threshold ¢ (black line). The increase in the distances between particles is
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reflected in an increase in the adhesion potential energy (the one due to a, see ) and
in a decrease in the repulsive one (due to f).

If instead we apply our sparse control strategy with M = 35 on the same system with the
same initial conditions, the situation gets immediately far better from a consensus point
of view, as we can witness from Figure 2.5

Motion in the plane Speeds in function of time

30r 50

25

—Agent1]| L
—Agent 2

Agent 3

Agent 4
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—Agent 6
—Agent 7
—Agent 8

20

Figure 2.5: Space evolution and speeds of the controlled system.

The spatial evolution graph shows a braid movement which resembles a pattern near to
flocking as it is commonly interpreted. The action of our control is evident from the energy
profile of the system, portrayed in Figure where the total energy is driven below the
threshold in a very short time. The fall of the total energy is mainly due to its kinetic part
(the green line), which is the only one directly affected by our control strategy. The sharp
decrease of the kinetic energy is also witnessed in the graph showing the modulus of the
speeds, where, after a quick, strong brake at the beginning, they stabilize at a very low
level.
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Figure 2.6: Energy profile of the controlled system.

2.6.2 Second case study: f =1.02 and p=1.1

The second case study takes into account a system with a weaker communication rate
than before (8 = 1.02) and with a different form of the repulsive function (p = 1.1), and
we apply on it our control strategy with several values for M.

The top-left corner of Figure is the uncontrolled system: it seems legitimate to suppose
that it is very unlikely that the system will converge to consensus, especially looking at
its energy profile graph (top-right corner of Figure , which shows an increase in the
adhesion potential energy, phenomenon associated to an increase in the distance between
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Figure 2.7: Spatial evolutions (left) and relative energy profiles (right). From top to bottom:
M =0,M=0.1,M = 1,M = 10. The colors in the left column stand for: total energy
(red), consensus region (black), adhesion energy (magenta), repulsion energy (blue), kinetic
energy (green).

particles, as already pointed out. In the second line we see the spatial evolution graph of
the same system but with the sparse control strategy acting with parameter M = 0.1,
where the agents are starting to converge to consensus, as is also evident in their energy
profile. The two bottom lines of Figure display the action of controls with M = 1 and
M = 10, respectively. It is clear how the situation goes better as M increases, which is due
to the fact that the threshold is reached in shorter time (see the relative energy profile).
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The right column of Figure also clearly confirms the behavior of the decay rate of the
energy as a function of M, as predicted by our analytical result of Proposition E(t)
decreases as e *Mt for a certain constant k > 0.

It is interesting to notice that convergence to the consensus region occurs even if the
hypothesis of Proposition is not met, i.e., ¥ is very far away from FE(0), as it is likely
to be a sub-optimal sufficient condition. Indeed, in all the case studies above

23 M |[5(0)]°
9 E(0)\/EO) (A\/E(0)+%)

E(0) exp ~ E(0),

but, nonetheless, we were able to steer each system to consensus in finite time.
2.6.3 A counterexample to unconditional sparse controllability

The last numerical experiment we report shows that in certain pathological situations the
sparse control strategy can fail to steer a Cucker-Dong systems to consensus.

We consider N = 2 agents in dimension d = 2 and choose the interaction parameters as
H=1,3=2p=1.1and M = 1. In this situation, the force balance f —a is completely in
favor of the repulsive force, as Figure shows: this means that, regardless of the mutual
positions of the agents, they shall always be repelled from each other.

Figure 2.8: Sum of the attraction and repulsion forces h(r) = f(r) — a(r) as a function of
the distance r > 0 in the case study of Section

If we exert the sparse control strategy, the only result that we obtain is to freeze the agents
where they are. Indeed, Figure [2.9 shows that the agents’ speeds are rapidly reduced to
values close to 0 as an effect of the control (also visible in the energy profile from the
trajectory of the kinetic energy), but the total energy stays far away from the consensus
region (the black line). The picture makes very clear that our control does not affect the
potential energy of the system, as the sum of the adhesion and repulsion energies stays
constant in time (the adhesion energy line is almost totally juxtaposed to the consensus
line, as the theory prescribes in the case of N = 2 agents).

Furthermore, notice that, as soon as we shut down the control, the two agents will start
to move again in opposite directions (very slowly, since the energy of a system without
control stays constant), hence not only the total energy remains above the threshold, but
also the system is not in consensus.

However, it must be observed that the control strategy fails in this situation due to the
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Figure 2.9: Space evolution, speeds and energy profile of the system considered in Section

5.3

peculiar nature of the system. As a matter of fact, being the force balance strictly repulsive,
the trajectories of any solution will never remain cohesive. This leaves open the question
whether there exist “non-pathological” instances of the Cucker-Dong model (in the sense
that their solutions are not doomed to diverge regardless of the initial condition) for which
the sparse control strategy does not work.
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CHAPTER 3

Sparse control in high dimension

In the previous chapter we have seen several features of sparse feedback controls: effec-
tiveness, parsimony and efficiency. However, since feedback controls need at every instant
the current state of the entire system to perform their task, processing this information
to compute the sparse control strategy may quickly become unfeasible as d increases, an
instance of the phenomenon that Richard Bellman in [24] named curse of dimensionality.
In this chapter we shall see how we can circumvent such inconvenience by means of a
dimensionality reduction via Johnson-Lindenstrauss embeddings.

3.1 The curse of dimensionality

To visualize the idea behind the curse of dimensionality consider, as an example, the
problem of numerically simulating the familiar Cucker-Smale system

N i=1,...,N, (3.1)
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where (x;(t),v;(t)) € R?? for every ¢t > 0. When the number of agents N and their
dimensionality d are relatively modest — say, around 100 each — this is far from being a
challenge: any Runge-Kutta scheme will perform the task quickly and with a reasonable
degree of accuracy. But when N or d are of the order of thousands, or worse of millions,
such strategy could need hours or days to return meaningful results. And this is not
caused by the particular numerical scheme one might choose: this is a severe limitation of
the formulation of the problem. And this is what, in practice, the curse of dimensionality
is: the cost of the numerical computations needed to find solutions of a problem blows up
as the size of certain parameters increases.
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The curse of dimensionality hits also the sparse feedback strategy of Definition[2.4} to know

which is the agent () that must be controlled at time ¢, we must compute the discrepancies
i
i

a procedure that scales horribly with N and d.

from the mean v;-(t) (which is a d-dimensional vector) for each agent ¢ = 1,..., N, again

The issue of understanding how sparse controls can be implemented as N — oo and d is
modest has been investigated in [103] [106], and we shall have a closer look to these (and
related) results in Chapter 4] and @ In this chapter we instead focus on the other case,
i.e., d = 0o and N remains relatively low.

One might argue that systems such as have no application outside the three dimen-
sional Euclidean space, since they were introduced to study the coordination of animals.
However, there are several instances of “abstract alignment” which may occur in high-
dimension: for instance, in [3] the authors consider an application of alignment models
to predict the collective phenomenon of asset pricing and volatilities in financial markets,
while in [23] similar models are used to describe qualitatively the evolution of systemic
risk in the banking sector.

Furthermore, notice that solving such an issue is of paramount importance, since in view
of the increasing technical ability of collecting large amounts of time-evolving data and
of potentially modeling them into high-dimensional dynamical systems, the controllabil-
ity of complex multi-agent interactions has an enormous social and economical impact.
Therefore, in those circumstances where the dimensionality of the dynamics is very high,
it becomes a relevant question whether it is possible to define control strategies of the
dynamics overcoming the curse of dimensionality.

3.1.1 Dimensionality reduction via Johnson-Lindenstrauss embeddings

In recent years, several techniques have been developed in order to reduce the dimension-
ality of time-evolving point clouds, such as diffusion maps applied to networks changing
in time [68] and geometric multiscale dimensionality reductions [40], just to mention few
of them.

Besides these perhaps involved methods based on computationally demanding nonlinear
embeddings of the high-dimensional clouds in lower dimension, Johnson-Lindenstrauss
embeddings, introduced in the seminal work [131], have the remarkable property of being
simple linear operators M € R¥*¢ preserving the distances between points in the cloud
P c R? up to an e-distortion, i.e.,

(I —¢)||lx— x'||£g < ||Mz — M:L"||£;2€ <(1+e)|x— :L'/HZS, for all z,2' € P,
where the projected dimension k satisfies
k ~ e 2log(|P]). (3.2)

The above property is called quasi-isometry property, and as Johnson-Lindenstrauss em-
beddings with such scaling of the projected dimension are constructed by generating ran-
dom projections, the quasi-isometry property on the point cloud is usually stated with
a certain (high) probability. The random linear projection of high-dimensional systems
governed by smooth nonlinearities depending on mutual distances has been investigated
in [I0I]: roughly speaking, given a dynamical system in high dimension d > 1 governed
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by locally Lipschitz functions f; : Rf *N _y Rd

z(t) = fillz5(t) — ze®)IDfe=1) €R?, i=1,...,N,

and its lower-dimensional counterpart

G(t) = MG — G@IDemr) €RY, i=1,..,N,

where M : R? — R¥ is a Johnson-Lindenstrauss linear embedding for k& ~ e~2log(N), the
following finite-time approximation holds with high probability

ICi(t) — M z(t)|| < Cre, forall t €[0,T]. (3.3)

Notice here the key property of projected dynamical systems: intuitively, if the number of
agents N is very small in comparison to their dimensionality d, we expect the projected
dimensionality k£ given by to be very small with respect to d, and hence we save a
huge amount of time by simulating the projected system (;(t) instead of the original one
2;(t). Since, by (3.3)), the distance ||(;(¢) — Mz;(¢)]| is “small”, we can then reconstruct the
original dynamics z;(t) using compressed sensing techniques, see [101].

2(2)

Rd
M
2(0) /_\
Compressed
Sensing

y(0) = M=(0)

L T

Figure 3.1: Dimensionality reduction of dynamical systems.

In this chapter we shall see how this method of projecting high-dimensional systems in low
dimension can also be applied in the context of sparse controls, leading to the following

Meta-theorem. For high dimensional multiagent systems, governed by smooth nonlinear-
ities depending on mutual distances between the agents, one can construct low-dimenstonal
representations of the dynamical system, which allow the computation of nearly optimal
control strategies in high dimension with overwhelming confidence.

As control is usually goal-oriented, hence highly dependent on the specific dynamical sys-
tem, investigating the qualitative applicability of this statement in its full generality may
risk to dilute its quantitative understanding. Thus, we shall prove a specific instance of it,
which conveys nonetheless all the relevant aspects and technical issues potentially encoun-
tered in other situations: we shall focus on the sparse control of the Cucker-Smale model,
for which we have already at our disposal all the knowledge accumulated in Chapters
and [2 We mention that similar results for the Cucker-Dong model are obtained in [27].
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Intuitively, if we applied a Johnson-Lindenstrauss embedding M € RF*? verbatim to each
equation of a Cucker-Smale system ({3.1]), we would obtain the following approximation

d 3ot 1 ¢ () — Muv;(t) — Mu;(t
S Muilt) = & G(H%() i(Ol) (Mw;(t) — Mui(t))

Jj=

N
wish 1 Za ||MCC] sz(t)H) (Mvj(t) - Mvi(t)) )
N

leading to the formulation of the low-dimensional system in RF

9i(t) =

)

12@ i) = 1) (s —wityy.

J:1

A
z =

"N7

with initial conditions (y°,w®) = (Mz% M%) € R*N x R*N | where (2°,0°) € RN x RV
is the initial datum of the d-dimensional system (3.1)) and for the sake of brevity we have
set

(M2, M©) 2 (M29, ..., M2, MY, ... MvY). (3.4)

The first result of this chapter, refining and generalizing those in [I01], is roughly summa-
rized as follows.

Theorem 3.1. Let (z(-),v(-)) be a solution of the d-dimensional Cucker-Smale system
for the given initial datum (2°,v°) € RN x RNV and let M € R¥*? be a Johnson-
Lindenstrauss matrixz for a suitable € > 0 distortion parameter and low dimension k
depending on the logarithm of the number of agents N. Then the k-dimensional solu-
tion (y(-),w(-)) with initial values (y°,w®) = (M2a® M) stays close to the projected
d-dimensional trajectory (Mz(-), Mv(-)), i.e.,

ly(t) = Ma(t)|| + [[w(t) = Mo(t)]| S e, for every t <T. (3.5)

As we highlight in details in Section not only the approximation holds for finite
time, but, remarkably, the lower dimensional representation also shows a rather impres-
sive faithfulness in terms of the asymptotic (long time) detection of collective behavior
emergence, i.e., global alignment occurs in lower dimension k if and only if it occurs in
high dimension d with high probability. The key technical tool for proving this result and
the ones following is a weak form of the Johnson-Lindenstrauss Lemma, formulated below
in Lemma valid for continuous trajectories and not only for clouds of points. Similar
results appear, to some extent in greater generality in [22], [94], but not in the weak form
considered in this chapter.

3.1.2 Dimensionality reduction and sparse controls

As already mentioned, we combine the above analysis with the sparse controllability of
Cucker-Smale systems outlined in Section[2.1} and show that a high-dimensional dynamical
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system of Cucker-Smale type can be nearly optimally stabilized towards consensus by
means of a control strategy completely identified by the optimal control strategy in low
dimension with high probability. More formally, we consider for a given initial datum
(2°,2°) the high-dimensional controlled system

Zi(t) = v;(t),

N h 1=1,...,N,
Z (Nl (#) = 2a(@®)]]) (03 (t) = vi8)) + w3’ (1),
and its low-dimensional counterpart with initial datum (y°,w%) = (Ma°, Mv°) in the
sense of (3.4),
yi(t) = wi(t),
i=1,...,N

Y

N
(1) = 3 Yl 0) = s O] (wg(0) = wild)) +u(0)

The family of sparse control strategies applied to the systems are defined as follows: fix
f > 0 and for every t > 0 set

wi(t)
—0—1 if i = i(t)
A )
ui(t) = lwi- ()]
0 otherwise, -
v%(t) if i — i(t) (3.6)
A — 1II?1=10 s
up(t) = lv- ()]
0 otherwise,
where i(t) is the smallest index such that |Jw; ()| = 1I<m?§v Hw |l

Notice that:
e the control u/(t) is precisely the sparse feedback control of Definition
e the control u”(t) is sparse (all the components are zero except one);

e u"'(t) is defined exclusively through the following information: the index i(t) which is
computed from the low-dimensional control problem, the consensus parameter v;(t),
which is actually the only information to be observed in high dimension, and the
mean consensus parameter

N

B(t) = 5(0) + ;]Z /0 Wb (s)ds,

which one does compute by integration and sums of previous controls.
The main result of this chapter reads as follows.

Theorem 3.2. Let M € R**? and 0 > 0. Assume that (z(-),v(-)) and (y(-),w(-)) are
solutions of the d-dimensional and k-dimensional controlled Cucker-Smale systems with
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the control strategy and with initial values (x°,v°) and (Mz®, Mv®), respectively.
Further assume that M is a Johnson-Lindenstrauss matrixz for a certain distortion € > 0
and low dimension k (which depends exponentially on the number of agents, but not on
the dimension d). Then both solutions

(i) stay close to each other, after the projection of the high-dimensional trajectories;
(i) reach the consensus region of Theorem in finite time, and

(#ii) reach the consensus region when a certain parameter of the low-dimensional system
falls below a known threshold.

We consciously do not wish to be more detailed at this point than this rather general
and perhaps rough explanation because the precise statements appear in the rest of the
chapter in a rather technical form and we want here, in the introduction, mainly to convey
their fundamental message: sparse controls can be effectively and efficiently implemented
on a large class of dynamical systems regardless of the dimensionality.

3.2 A continuous Johnson-Lindenstrauss Lemma

As it will be made clear below, we intend to reduce the computational effort of extracting
fundamental features of the dynamical system , for instance its asymptotic behavior,
by projecting it to a k-dimensional space for k < d by a linear mapping M € R¥*9. In
particular, as already outlined in the previous section, we apply such a matrix M to each
equation of and by setting y; = Mx; as well as w; = Mwv; fori = 1,..., N, we obtain
the system

i(t) = wilt),
1mw=§§?mmw—mmm%m—mwmi:L””M

where we formally applied the identity
las(t) = 5 (O)lg = 1 Mi(t) = My (8)] s (= Iyt = 3 (1) 1) - (37)

For (3.7) to hold, at least approximately, we need that M is “nearly” an isometry (here
we further refine and extend results from [I01, Section 3]).

Definition 3.3. Let M € R¥*9 § > 0, and ¢ € (0,1). Then we say, that M is fulfilling
the weak Johnson-Lindenstrauss property of parameters € and § at x € R? if either

(1~ )llallyg < [Mallg < (1+2) g (38)
or
el <6 and My < (3.9)

holds. We say that M is fulfilling the (strong) Johnson-Lindenstrauss property of parameter
e at © € R if exclusively (3.8)) holds at x € R,
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Remark 3.4. The earliest result providing the existence of matrices M for which (3.8])
holds for every z € P, where P C R? is such that N = |P| and for the dimensionality
scaling as

k~e?logN, (3.10)

is the celebrated Johnson-Lindenstrauss Lemma from the seminal paper [131]. We refer to
[94] for a rather general version of this result and to the references therein for an extended
literature.

The only constructions of a matrix M fulfilling the (strong) Johnson-Lindenstrauss prop-
erty with scaling known up to now are stochastic, i.e., the matrix is randomly
generated and satisfies with high probability. One of the remarkable features of these
embeddings, which we exploit extensively in this paper, is that for their construction there
is no need to know the specific points in advance: given a fixed cloud of points (not nec-
essarily explicitly given!) a random matrix drawn according to certain distributions will
fulfill the (strong) Johnson-Lindenstrauss property with high probability. Let us recall
briefly some well-known instances of such distributions:

(S1) kxd matrices M whose entries m;; are independent realizations of Gaussian random

variables, i.e.,
1
mij ~ N <0, k‘) 5

(S2) k x d matrices M whose entries m;; are independent realizations of scaled Bernoulli
random variables, i.e.,

+
S5 -

with probability —,
mij =

N =N =

with probability

Notice that it holds 1 < HM||€§H£§ < V.

(S3) k x d matrices M which are random projections and are scaled by a factor /d/k,
see [88]. In particular, it holds Mg = \/d/k.

Remark 3.5. While the Johnson-Lindenstrauss Lemma is a result for a finite number of
points, we need an analogous continuous result for projecting trajectories of dynamical
systems. A result in this direction was given in [I0I, Theorem 3.3]: given € > 0 and a
Cl-curve ¢ : [0,1] — RY, if ¢ has finite curvature, i.e.,

N
= max < 400, 3.11
e Tl (3:11)

then there exists a matrix M € R¥*? for k ~ e~ 2log(d - p-e~!) such that

(I =a)lle®] <l[Me@)] < (1 +e)llp@)]  forall ¢ € [0,1]. (3.12)



88 Sparse control in high dimension

As already announced at the beginning of this section, we want to use (3.12)) for

A

p(t) = ai(t) —zi(t)  or  p(t) = vi(t) —v;(t)

being (z;(-),v;i(+)) the trajectory of the i-th agent in (3.1)).

Unfortunately, does not hold in this case even if we assume that ||z;(0) — z;(0)|| >
¢ > 0 for all 4 # j. Let us consider, for instance, Example of a Cucker-Smale system
of the type of two agents moving on the real line with positions and velocities at
time t given by (z1(t),v1(t)) and (x2(t),v2(t)). We already noticed that, by indicating
with z(t) = x1(t) — z2(t) the relative main state and by v(t) = v1(t) — v2(t) the relative
consensus parameter at time ¢, then it holds

z(t) = v(t) = —arctan(z(t)) + arctan(x(0)) + v(0).

Now, if (0) < 0 and v(0) + arctan(z(0)) 2 cop > 0, then v(t) > ¢p as long as z(t) < 0.
Hence, there has to be a T' > 0 with #(7") = 0 and v(T") = ¢o. Therefore is violated
for the curve ¢(t) = z1(t) — x2(t).

Let us stress that is a necessary condition for to hold (see [I0I, Remark
1]). This motivates the relaxation of the strong Johnson-Lindenstrauss property to its
weak version in Definition We now prove a result based on the more general weak
Johnson-Lindenstrauss property which will be sufficient for us in the following.

From now on, given two normed spaces X and ) with norms || - ||x and || - ||y, respectively,
by Lip(X;)) we denote the set of Lipschitz functions ¢ : X — Y, i.e., the functions for
which the quantity

. A px) — ey

Lipy(e) 2 sup 1260 =2y
z,yeX H(L‘ - y”X
TF#Y

exists and is finite.

Lemma 3.6. Let ¢ : [0,1] — R? be a Lipschitz function with Lipschitz constant L, 2
Lipjo1)(¢), and fit 6 > 0 and € € (0,1). Let k be such that a matriz M € RFxd
stochastically generated as in (S2) or (S3) of Remark|[3.4) - satisfies the (strong) Johnson-
Lindenstrauss property of parameter € = €/2 at N arbitrary points with some (high)
probability, where

N> W (3.13)

Then the matrix M fulfills the weak Johnson-Lindenstrauss property of parameters € and
d at p(t) for every t € [0, 1] with the same high probability, i.e., either

(1 =alle@l <[[Me@)[ < (1+e)lle@)]]

or

lp(®)ll <6 and [|Me@)|| <0
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holds for all t € [0,1].

Proof. We shall adapt the arguments from the proof of [I01, Theorem 3.3]: set

A1

tizﬁ, fori=0,...,.N —1,

and assume that M : RY — RF fulfills the (strong) Johnson-Lindenstrauss property with

parameter € = ¢/2 at the points (@(ti))ﬁal, i.e., we have

(1 =)l < [Met)ll < (1+&)llet)]

for all i = 0,..., N — 1. Furthermore, we may assume 1 < ||M|| < v/d, see (S2) and (S3)
of Remark

Let ¢t € [0,1] and choose j € {0,...,N — 1} such that ¢ € [t;,t;1+1]. Let us for the moment
assume that

0
lell = 5. (3.14)
Since ¢ € (0,1), by (3.13) we have that
N ALoVd.
4]
Using this latter inequality and the Lipschitz continuity of ¢ we obtain
L, ¢
le @ < lleo®) = o)l + lle)ll < <7 + 5 <9,
and also
\fLsa , 0 3 4
M@l < [IMI[lle(t) — o)l + 1Mol < Vdz + (L +)llet)ll < 7+ 55 <9

Now, suppose instead that (3.14]) does not hold, i.e., we have

0
i)l > =.
el >
Using again the Lipschitz continuity of ¢ we obtain the estimate

L, _ Ly, 2[e(t))] de 2|l _ lle)l(e—¢)
lo®) = e(t)ll < 37 = 57 - =57 “iVii2) 5 SHMT|+1+5’

where in the last inequality we used that
M| +1+e<Vd+2

This estimate of the distance ||¢(t) — ¢(¢;)|| and the (strong) Johnson-Lindenstrauss prop-
erty at o(t;) enable us to extend the (strong) Johnson-Lindenstrauss property at ¢(t) as
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well, as a direct application of [101, Lemma 3.2], i.e.,

(I =g)lle@®] < [Me@)] < (1 +e)lle@)]-

Both cases together show the (weak) Johnson-Lindenstrauss property at ¢(t) for every
t €[0,1]. O

In the following lemma, we show that the mean-square norm and the relative order of the
magnitudes of points in a cloud in high dimension are nearly preserved when projected in
lower dimension by a weak Johnson-Lindenstrauss embedding.

Lemma 3.7. Letay,...,an € R4 by, ...,by € RF and M € RF*9 such that there is A > 0
with the following properties:

(i) The matrix M fulfills the weak Johnson-Lindenstrauss property with ¢ = 1/2 and
0 = A for the points a;, i.e., either

Slleall < IMal < Sl (3.15)
or
lla;|| <A and ||[Mai]| <A (3.16)
holds for allt=1,...,N.
(ii) We have the following approximation bound
[Mai = bil| < A
foralli=1,...,N.
Let i be the smallest index such that ||b;|| > [|bj]| for all j =1,...,N and let
Al Y 2 al al 2
A= N;H%‘H and B = N;H%H :
If VB > 2A, then, for ¢ 2 1/+/289, it holds

llazll = =16z, ezl > C\/Z, and B <16NA.

]
4
If VB < 2A, then, for C 2 /72, it holds

VA < CA.

Proof. First suppose that v/ B > 2A: since ||b;|| is maximal, we have ||b;|| > v/ B > 2A. By
(i) it holds

|Mai]| > bl - A= 28 - A > A



3.2 A continuous Johnson-Lindenstrauss Lemma 91

and hence using (3.15) we get
1 1 1
Jacll > 5 1Masl > 2 (I0all — 2) > 3o (317)

This shows the first estimate of the statement. Let us address the second estimate. Let
Jj€{l,...,N} for j # i If ||bj]| > 2A, then, using the same argument as above, we have

|Maj|| > A and thus by (3.15) we get
3
lajll < 2[|Ma| < 2(][b]| + A) < 2- 5 - [lbsll = 3]b51]. (3.18)
On the other hand, if ||b;]| < 2A, then |[Ma;|| < 3A. Then either (3.15]) holds and we have
lajll < 2[|Maj]| < 6A, (3.19)

or (3.16) holds and automatically ||a;|| < A. Now we can estimate the mean-square norm
A. We obtain

N
NA=Y lasl® = llacl® + Y llagl* + D llasl?,
j=1

JjeEAL JEA2

where A; is the index set of all j € {1,..., N} \ {i} such that ||b;|| > 2A and A, is the
index set of all j € {1,..., N} for which ||b;]| < 2A. Using (3.18) and (3.19) we obtain

NA< [lagl®+9 > 1617 + |Az| - 3647
JEA
< [lail* + 9N B + 9N [|b;]*
< lall* + Nllaz[|*(9 - 16 + 9 - 16)
< 289 a;[* N,

using the maximality of ||b;|| and the inequality (3.17)). Furthermore, we have

N
NB = || < N|jbg||* < 16N ||a;|*> < 16N?A4,
j=1

whence the inequality B < 16N A.
Let now v B < 2A. We can argue similarly to the second estimate of the first part:

o if ||bj|| > 2A, then as in (3.18)) we have [|a;|| < 3||b;|l;
o if ||bj|| < 2A, then by (3.19) and the arguments thereafter we get ||a;|| < 6A.

Putting both estimates together and using the notation A, for the index set of all Jj €
{1,..., N} such that ||b;|| > 2A as well as Ay for the index set of all j € {1,..., N} such
that [|b;]] < 2A yield

N
NA=Y |
j=1
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= > llagl* + > llagll?

ij‘il j€1‘i2
<0 12 + Ay 3047
jeAr

< 9NB + 36 NA?
< N(9B + 36A?)
< N(36A% + 36A%)
< T2NAZ?,

Taking the square root on both sides finishes the proof. ]

3.3 Dimension reduction of the Cucker-Smale system with-
out control

In this section we consider the projection of the Cucker-Smale system without control. We
compare two quantities: first, we calculate the trajectory (z(-),v(-)) of the high-dimensional
Cucker-Smale system and we project them by M € R¥*?_ to obtain (Mx(-), Mv(+)) in the
sense of . Second, we project the initial configurations to dimension k& by M, and then
we compute from these initial values the trajectories of the corresponding low-dimensional
Cucker-Smale system (y(-), w(-)). What we shall do in the upcoming Theorem [3.9]is to give
a precise bound from above to the distance between the the two k-dimensional trajectories
(Ma(-), Mu()) and (y(-), ().

Formally, given M € R**¢ (where k < d) and initial conditions (2°,0°) for (3.1)), we
indicate with (y(-),w(-)) the solution of the R¥-projected Cucker-Smale system

9i(t) = wi(t),

N i=1,...
w;(t) = ;,Za (lyi () =y (O (wi(t) —wi(t)), b

with initial data y° = (M.T(l), ... ,Ma:?v) e R¥NV and w® = (Mv?, .. .,Mv?v) e RN,
We define the low-dimensional analogues of X and V (introduced in (1.11)) and (1.12)),
respectively) by

B(w(t), w(t)). (3.20)

Here the bilinear form B is intended to act on R*N instead of R, but with the same
meaning of the symbol as before.

Remark 3.8. By Corollary we know that V and W are decreasing. Hence for all
1,7 =1,..., N, it holds

lwi () — w1 < 2 (wilt) = WO + [lw; () —@(B)]?)

N
<23 welt) - )|
(=1
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< 2NW(t)
< 2NW(0),

thus
[wi(t) — w;(t)]] < V2NW(0).

An analogous estimate holds for V and v. Furthermore, we have
l2:(0) — 2;(0)[ < V2N X(0).

Theorem 3.9. Let 6 > 0, lete € (0,1), and let M € R¥*? be a matriz satisfying the weak
Johnson-Lindenstrauss property of parameters € and 0 at the vectors z;(t) — x;(t) for all
te€[0,7] and alli,j=1,...,N.

Define the following errors:

ef () 2 lyi(t) - Mai(0)], ef(t) £ Ilwi(t) = Muy(0)]
£%(4) 2 max e? U(t) 2 max e’
() 2 max ef(t), £°(t) = max el(), o)
| N 1/2 LN 1/2
E5(1) 2 (N ;(ef(tW) EECIOE (N ;(eé’(t)V) .

Furthermore, let L, 2 Lipg, (a) and set

K1 2 Loy/NW(0)/2X(0), Ky 2 2L, /NW(0), K32 %\/NW(O)\/QV(O).
Then for all t € [0,T] the estimates
EX(t) + E°(t) < VN((eKy + 6K»)t + e K3t?) - ¢! Mle—ay
and
EX() + EL(H) < ((eKy + 6Ko)t + eK5t?) - e/Mlle~ey
hold, where

A ( 2a/(0) zLa\/éW(o) )

1

Moreover, we have
£(t) < v/N min {((ar(1 46Kt + eKst?) - eWFle—a || /V ) + \/W(t)} .

Proof. We estimate the decay of £5 and &5 in order to use Gronwall’s Lemma For
the following estimates we may assume that — without loss of generality — ey (t) # 0 for
t € [0,T] and for every i = 1,..., N: if this is not the case, either e} = 0 in a neighborhood
of t or, by continuity, the estimates will also hold true at ¢. Hence we may assume that e}
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is differentiable at ¢ € [0,T]. By the Cauchy-Schwarz inequality it holds

Using the triangle inequality, the Lipschitz continuity of a and its monotonicity, we obtain

d , 1 &
—el(t) < =) [la(llyi(t) =y (O = alllzi(t) — z;@)[)] [lw; () — wi (@) ]|+

<.
I
—_

+ a(llzi(t) — z; (O] [[(w; (8) — wi(t)) — (Mw;(t) — Muvi(t))]|
(3.22)

N
< o 3 [Lallst) = us Ol — oilt) = w50 g e) — i)+
+ al0) (5 (1) — wi(8)) — (Mus(8) — Mu(0))] ]

We can now estimate the derivative of £. First of all, again by the Cauchy-Schwarz

inequality it follows

p 1/2
5520 ( ZII wi(t) — Mug(t ))”2)

(35 hwsto) = Mu@)l - & wsto) = Mwe)l)

N o 1/2
< (1 > (5 ltwsto) = arocon) )

_ G > (jtem)Q) " (3.23)

If we insert (3.22)) into the last inequality and we use the triangle as well as the Cauchy-

Schwarz inequality in sequence, we get

1/2

d 1 & i
%55@ ( Z( ZL i) =y I = [[2i(t) — 2, @)l wj(t)wi(t)) ) +

1/2

—_

i=1 j=1

N
+(N (jlvza@)(wj(t) wilt)) — (Muy(t) - Mw(t))))
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1 L1
< Lq NZ(NZ\Hyz-(t)—yj(t)H—Hwi(t)—xj(t)H!Q x

j=1
N 1/2
1
+a(0) | 2 D Hw;i (k) — wi(t)) — (Mu;(t) — Mu(t))]
ij=1
o 1/2
<Lo| 32 S lwit) =y = i) — 2 (B)l1? X
ij=1
1/2
2
X max Z lw;(t) = wi®)] +
1/2
+a(0 N2 Z [(w;(t) — wi(t)) — (Mu;(t) — Mus(t))]|?
3,j=1
We now estimate the first term of the sum. It holds
i = yill = Nz — 21l = [llyi — ysll = [[Mz; — Maj|| + | Mz — Majl| — ||z — 25|

< llyi = yill = IMai — Maj[| + || M — M| — ||z — ]|
<y = Mai|| + [ly; — M| + [[|Ma; — Maj|| = [l — a]]]

< e +ef +||Mzy — Maj|| — ||z — ],
(3.24)
and for all = 1,..., N, we have
N N i—1
Z lwj () — wi()|* < + ZZ lw; () = wi(®)]]?
j=1 i=1 j=1
L S w0 - wol?
i,j=1
= NW(t).
Furthermore, for the second summand we have
1/2
<N2 D () = wi(t)) = (Muy(¢) - Mvz'(t))HQ) <
,j=1
1/2

1/2 LN
(NZH w;(t Mvz())\\2> + NZH(’wj(t)—Mvj(t))H2

j=1
< 28%(1).
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Hence our computation yields

1/2
d
Ly < 1, ﬁ(mzml Mxxa:> T

i,7=1
+2Lo/ NW()E5 (t) + 2a(0)E5 (1).
Now we use the properties we assumed the matrix M has: for every 7,7 = 1,..., N and

t € [0, 7] either (3.8)) holds, and then
M zi(t) — Ma; @) = [lzi(t) — 25 ()] |< ellzi(t) — 2;(8)]

<e (yxz-<o> 0l +/

t

Jui(s) vj(s)Hds),
(3.25)

or (3.9) holds, and then
([ Mai(t) — Ma;(@)|| = [[@:(t) — 25| < 26,

so we always have

[ Mei(t) — Ma;@)] — [|2i(t) — z; ()| < é‘(Hxi(O) —z;(0)]+

/m - |ds>+25.

Using the (vector-valued) Minkowski inequality and observing again that, by Corollary
V and W are decreasing, we derive

1/2
d
dt ) <eL,/N (N2 Z [|; (0 _xj )2) +

i,j=1

+eL, \/7(]\[22(/ [[vi(s) = v;(s)] ds) )1/2+

1,j=1

+ 2L/ NW (£)(6 + EZ (1)) + 2a(0)EY(t)
. X N 1/2
< eLq\/NW(0) \/2X(O)+/0 (N2 > vz-(s)vj(sﬂ) ds | +

i,j=1

+ 2L/ NW(0)(6 + E5(t)) + 2a(0)E3 (¢)
< eLqa/NW(0) <\/2X - /t V2V (s) ds> +
0

+ 2L/ NW(0)(5 + E5(2)) + 2a(0)EY (1) (3.26)
< Lo/ NW(0) <\/2X —|—t\/2V(O)> 420 Lo/NW(0)+
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+ 2L/ NW(0)EZ(t) + 2a(0)EL(2). (3.27)
On the other hand, in the same way as in (3.23]), we obtain
d N 9 1/2
% - M %
L ex ( > (dt (w(®) — Ma <t>>u) )
N o 1/2
N 1/2
= <NZ [[wi(t) — Mui( )H2>
Let K1 £ Lo /NW(0)y/2X(0), K £ 2Lo/NW(0), K3 £ 1/2- Lo/NW(0),/2V(0), and
©a ( 2a(0) 2Lqa/NW(0) >
B 1 0

be as in the statement. If we integrate the two inequalities for %55” and %55’ from 0 to t
we obtain

EY(t) < EY(0) + (K + 6K)t + eKat? + / t (2@(0)5”(8) + 2La\/NW(O)5””(s)> ds
0

ES(t) < &5(0 / EY(s

which can be rearranged in vector form in the following way:

(50 (50 g+ ). e (5] o

Notice that

1Ky, ,p, = max {2a(0) T, 2La\/NW(O)} > 1.

Now we apply the £1-norm to the inequality and we use Gronwall’s Lemma to deduce

H & (1)
&5 (1)

Rl ey

41

< H 55)(0) + (€K1 + (5K2)t + €K3t2
£5(0)

41
thus

EY(t) + EF (1) < [€3(0) + EF(0) + (e Ky + 0Kt + eK3t?] - el Xlernn

(3.28)
= (K1 + 6Ko)t + eKst?) - el Mle—e,

since £Y(0) = £¥(0) = 0 by definition.
Moreover, since by Proposition we have 7(t) = 7(0) and w(t) = w(0) for every t > 0,
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it holds

[Mw;i(t) — wi@)]| = [[Mvi(t) —w(0) +w(0) — wi(t)]
< [[Mw;(t) = Mo(O)[| + [[w(0) —wi()]]
< [|M[[[oit) = o(@)| + [[w(t) — wi®)]),

and hence we have

1/2 1/2
& (t) <HM||< ZH% H2> ( Zsz |!2> :

Together with (3.28)), we deduce the upper bound

£3(t) < min {((EK1 + 6Kt + eKat?) - e WMle—e | M|V () + \/W(t)} .

Using the trivial estimate of the ¢,.-norm by the ¢>-norm we conclude as well the estimate

£°(t) < VN min {((5](1 0Kt + eKyt?) - eWMle—e |0/ V () + \/W(t)} :

and
Sv(t) + gx(t) < \/N((EKl + (SKQ)t + EthQ) . et”KHZl—Ml .

This finally concludes the proof. O

Remark 3.10. In the proof we used the fact that both V' and W are decreasing. When
in what follows we will consider controlled systems, however, we shall even have a better

estimate on the integral of V. In particular we shall use the following: assume, additionally
to the hypotheses of Theorem [3.9 that

t
/ V2V (s) ds < a forallt <T,
0

for a fixred a > 0. Then for all t <T we have

gz(t) + gv(t) < \/N((E(fﬁ + K4) + 5K2)t) . et”K”ﬁ—ﬂ’q

with K1, Ko, K as in Theorem and K4 2 Lo/ NW(0)a.
To verify the latter estimate, just consider the boundedness of fot 2V (s) ds within the
inequality (3.26)) in the proof of Theorem and then proceed further as before.

Remark 3.11. Among the hypotheses of Theorem we assumed the existence of a
matrix M € R¥*9 fylfilling the weak Johnson-Lindenstrauss property for all curves of the
form x;(t) — x;(t), where 4,5 = 1,...,N and t € [0,7]. We show now that M is such a
matrix provided that the target dimension k is sufficiently large and that it fulfills the
(strong) Johnson-Lindenstrauss property for all the (finite) vectors of the form z;(t,,) —
xj(tm), where i,j =1,..., N, and

m

tm:m7 formzo,,(T/\/“‘—l
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with

N> 1 2NV(;€)(\@ i 2). (3.29)

Indeed, we can adapt the proof of Lemma in order to obtain a result valid simultane-
ously for all the curves ;; : [0,7] — R? given by ¢;;(t) = z;(t) — z;(t). For each of these
curves we have the Lipschitz estimate

les(t) — a5(t1)) — (@alta) — 25(62)] oo
)t < s |G J<t>>H
— sup [uslt) — o8] (3.30)
t€[0,T]

< 2NV (0),

from which follows Lipy 11(¢ij) < 4/2NV(0). In order for the argument of the proof to
work, for each curve ¢;; we need N”-T points (where A" is as in (3.29), and the factor 7' is
due to stretching the dynamics from a reference time domain [0, 1] to [0,7]) at which the
(strong) Johnson-Lindenstrauss property must hold, bringing the total number of points
N at which that property must be true to A7 - T - N2. So it holds

NN\/NV(O)-\(S/E-T-NQ.

Thus, if M is a k x d matrix fulfilling the (strong) Johnson-Lindenstrauss property of
parameter ¢ at these N points, where k > ko with

ko S &% log(N)

< e ?log ( NV(0) - \5/5 -T-N2>

~ e 2(log(T - N -d-V(0)) + |log(de)]),
then M satisfies also the hypothesis of Theorem for any 6 > 0.

Remark 3.12. In the remark above we calculated the necessary minimal dimension kg
for a matrix M to satisfy the weak Johnson-Lindenstrauss property for all curves of the
form x;(t) — x;(t), where 4,5 = 1,..., N and t € [0,7]. The dependency of ky on N and
€ is quite natural, but the dependency on the dimension d, even only logarithmically, is
perhaps not desirable, since we are under the hypothesis that d is very large. But one can
circumvent this dependence on the dimension d using certain direct estimates within the
proof of Theorem In analogy to what we did before, take

m
tm:./v, fOI'm:O,...,’VT'NF’—l,

and N’ — the number of sampling points — is to be chosen large enough later on. Further-

more, we assume that the matrix M fulfills the (strong) Johnson-Lindenstrauss property

at t,,, i.e., we require that M satisfies

(1= )wi(tm) = xj(Em)|| < 1M (2i(tm) — 2(tn))|| < (14 e)[|zi(tm) = z;(tm)]);
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and
(L = &)[vi(tm) = vj(tm)l| < M (vitm) — vi(Em))]] < (L4 &)[[vi(tm) — vj(tm),

forall i, =1,...,N and m = 0,...,[T - N'| — 1. Now, for any t € [0,7] choose m €
{0,...,[T - N"] — 1} such that t € [ty, tm+1]. We start at the estimate (3.24)):

Mzi(t) — 2 (O = lyi(t) =y O < lli(tm) — 25 En) | = Nyi(tm) — i Em) 1]+
+ i (t) = 2O = llzi(tm) — 2 En )l +
+ lwi(®) = wi N = llyi(tm) — g5 (Em) ]
< llwi(tm) = 2j(tm)[| = [[Mzi(tm) — Ma;(tm)|] +

Lai—a; | Lyi—y,

N TN

+ € (tm) + 6;?(75771) + (3.31)

where Ly, 4, 2 Liory(zi(-) — x;()) and Ly, £ Lio,r)(yi(-) — y;j(-)) are the Lipschitz
constants of the functions z;(-) —z;(-) and y;(-) —y;(-) on [0, T], respectively. Furthermore,
using the (strong) Johnson-Lindenstrauss property of M at t,, we get the same estimates
as in , only with t,, instead of ¢:

WM i(tm) = Maj ()|l = [l2i(tm) — 2 (Em) ] < ellzi(tm) — 25 (En)]]

<e (Hxi(O) —z;(0)[|+

+ /0 " loi(s) — 39l ds>.

For the estimate of the last two terms in (3.31)) we choose N’ large enough so that

maxi<i,j<nN {infwj ) Lyz'*yj }
3 .

N~

Thus we arrive at
i) — 25 (O] = llyi () — y; Ol < €f (tm) + €5 (tm) +€ (II%’(O) —z;(0)[[+

tm
+/0 lvi(s) —v;(s)] ds) + 2.

Following the steps of the proof of Theorem we can get an analogue of (3.27):

Lev(t) < eLo/ NW(0) (\/2X(O) + t\/2V(0)> 4 20Lg/NW(0)+

dt
+ 2L,/ NW(0)E5 () + 2a(0)E5 ().
So, the main difference is the replacement of 5 (t) with 5 (t,,) on the right-hand sides,

with ¢, = m/N’. At this point in the proof of Theorem [3.9| we applied Gronwall’s Lemma,
see the estimates before (3.28)). Now here we intend to use its discrete version, Lemma
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if K1, Ko, and K3 are as in the statement of Theorem then, integrating between
tm and t, we get

EY(t) E3(tm) + (€K1 + 0K2)(t — tim) + eK3(t? — 12)) + Ka&F (t) (t — tim)
(& )=( 5 () )

e () ) e

K,é<2a1(0) 8)'

where

Now applying the /1-norm and Lemma we get

H & (1)
& (1)

EY(0) + (e Ky + 0 Ko)t + e K3t?

x : et<”]C/H51—>ﬁ+K2>_
&5(0)

01

A H

This is a slightly worse estimate than the original one of Theorem by a factor 2 in the
exponential, since

1K|le,e, = max {Qa(o) +1, 2La\/NW(O)}
< 2L, /NW(0) + H( 2000 )
= Ko + HICIH&H&

< 2 max {2a(0) 4, 2La\/NW(O)}

= 2||K||Z1—>€1'

51%51

So eventually we obtain

EY(t) + EF () < [E3(0) + EF(0) + (K1 + 6Ko)t + eK3t?] - 2 Wleimy
= ((eKy + 6Ko)t + eK5t2) - 2 IFlles ey

However, at the cost of a slightly worse estimate, we gain that the admissible lower dimen-
sionality k of the matrix M does not depend anymore on the higher dimension d: indeed
we used the (strong) Johnson-Lindenstrauss property on N' = 2[7T - N']N? points. Hence,
it suffices to take the minimal target dimension kg such that M € RFXd with k > kg for

ko Se?log (T-N'-N?).

Actually, in order to verify the independence of the dimension d, we have to estimate the
number of sampling points N’ independently of it. By (3.30) in Remark we know
that Ly, o, < +/2NV(0). Analogously, for L,,,. we have

ICyi(t1) = w3(t1)) = (ilt2) = w3l gy

t1 — ta|
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< V2NV (0)(1 4 ¢)2

< /SNV(0),

[[wi(0) = w;(O)|| = [[Mw;(0) — Mu;(0)]] < (1 + &)][vi(0) — v;(0)]]-

Hence we obtain

k<e?log (T-N'-N)
< e 2log (T- VNV(0) 571 N)

~e 2 (log(T- N -V(0)) + |logd|),

and this confirms that there is no asymptotic dependence on d.

Remark 3.13. The estimate of Theorem [3.9]
£°(t) < VN min {((gm + 0Kt + eKst?) - e WMla—e A1) /V(E) + \/W(t)} .

explains the plot presented in [I01], Figure 3.5], where surprisingly the error for large time
was shown to decrease instead of exploding according to classical Gronwall’s estimates.
Indeed, since V and W are decreasing functions, there is a time when the bound swaps
from the exponential Gronwall-type bound to the decreasing curve given by

VN (HMH\/V(t) + \/W(t)) .

Moreover, if both the high-dimensional and the low-dimensional trajectories entered the
consensus region already, then V(¢) and W (t) approach 0 as t tends to +oo, forcing
EY(t) to tend to 0. The vanishing of the discrepancy between the low-dimensional tra-
jectory (w;(-))¥, of the consensus parameters and the projected trajectory (Muv;(-))N
is a remarkable property of the Cucker-Smale system as the initial mean-consensus
parameter w(0) = Mv(0) is actually a conserved quantity by Proposition [1.16]

3.4 Dimension reduction of the Cucker-Smale system with
control

In this section we consider a k-dimensional Cucker-Smale system (where k& < d) hav-
ing as initial conditions the projected initial configuration of the original d-dimensional
system. The projection will be done by a matrix M € R**9 fulfilling the (strong) Johnson-
Lindenstrauss property for a certain amount of points. We then apply to both systems the
sparse control strategy defined in . We shall prove the controlled analog of Theorem
the solution of the controlled k-dimensional system obtained in this way stays close
to the projected dynamics of the controlled original d-dimensional system via the matrix
M. This, in turn, shall allow us to prove our main result: if we gather the information
of which is the furthest agent away from consensus in the k-dimensional system and we
control this agent in the original high-dimensional system by the sparse strategy presented
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in Definition then we will still be able to drive the high-dimensional system to the
consensus region in finite time with a near-optimal rate.

One of the main consequences of this fact is that simulations following this strategy will
save a relevant amount of computational time with respect to approaching directly the
problem in high dimension: indeed, we present in Section numerical tests, which show
that we can take k even conspicuously smaller than d and still be able to implement a
successful sparse control strategy steering the dynamics to the consensus region.

Formally, let us now consider a controlled version of the high-dimensional system

i (t) = vi(
‘ i=1,...,N, (3.32)
0;

t t),
1

(8) = 5 2_a (llzi(t) — z;(B)]]) (05 () —vi (D) + ui'(®),
j=1

with initial datum (z°,0%) € R x R, and of the associated low-dimensional system

yl(t) = wi(t),
- i=1,...,N, ,
(1) = =3 (J(t) — Ol (s (8) = wi®) + o). (3:33)

Jj=1

with initial condition (y°,w?) € R¥V x R¥NV where y? = Mz? and w? = M) for every
i=1,...,N, and M € R¥*? is a matrix fulfilling the (strong) Johnson-Lindenstrauss
property at certain points of the high-dimensional trajectories.

Remark 3.14. Notice this apparent logical loop: we have already stated that the control
u” in high dimension shall depend on u¢, the low-dimensional one. Since the latter control
is a function of the low-dimensional dynamics determined by the initial datum (y°, w?),
which in turn depends on M, the trajectories of the high-dimensional dynamics depend
on M as well.

As already stated before, given a set of N points, not necessarily explicitly, a random
matrix generated by one of the constructions reported in Remark fulfills the Johnson-
Lindenstrauss property at these N points with a certain high probability. Unfortunately, in
the current situation and differently from the one encountered in Section [3.3] the points on
the trajectories at which the Johnson-Lindenstrauss property has to hold, seem to depend
on the matrix M that we have generated!

As we shall see in detail in Section we can resolve this dependency of the high-
dimensional trajectories on the generated matrix M, by observing that the realization of
the trajectories depends actually on a finite number of control switchings. Hence, for the
moment, we just assume that the Johnson-Lindenstrauss property holds at certain points
of the trajectory and we postpone to Section the explanation of how this assumption
can in fact hold true.

In what follows, we shall always indicate with § > 0 the maximal amount of resources
that the external policy maker is allowed to spend at every instant to keep the system
confined. This means that our controls u” and u! will satisfy — respectively — the oy — Eg
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and the ¢ — ¢5 constraints

N N
h l
S lubllg <0 and > fullly <0
=1 =1

Definition 3.15. Fix 7' > 0 and let (x,v) : [0,7] — R¥ x RN and (y,w) : [0,T] —
R*N x R¥N be continuous functions. Let V and W be as in (1.12) and ([3.20)), respectively.
Let us fix aI' > 0 and define

e A {inf {t€]0,T]:W(t) <T} if the set is non-empty,
e =

T otherwise.

We define the componentwise feedback controls v and u¢ as follows:
o if t <Tf, let i(t) € {1,..., N} be the smallest index ¢ such that

L)l = L
|wi ()] = lrgnz.ég;vllwz Ol (3.34)

then define the controls as

wi (1)
i(t) P o
—0 if i = i(t)
A )
al()) 2 {7 Tk, @
0 otherwise,
v (1)
i(t) AP o
——— if i = i(t)
A )
OER SMITNO] (3.35)
0 otherwise.

o if t > T, then u"(t) 20 and ut(t) 2 0. In this case, i(t) is undefined.

We say that the trajectory in low dimension has entered the consensus region given by the
threshold T" if t € [T, T).

Let us stress again the following observation.

Remark 3.16. Notice that the control u” is sparse (all the components are zero at most
except one) and defined exclusively through the following information: the index ¢ which
is computed from the low-dimensional control problem according to , the consensus
parameter v;, which is actually the only information to be observed in high dimension and
enters the definition , and the mean consensus parameter

N
o) =5(0) + 5 > /0 Wb (s)ds,
=1

which one easily computes by integration and sum of previous controls, and it is also used

in (39)
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As already noticed in Section sparse controls can be in general very irregular in time.
To overcome this drawback, we introduced the notion of sampling solution in Definition
which we use again now in this context. Let us fix a sampling time 7 > 0. In the
following we shall consider d-dimensional and k-dimensional Cucker-Smale systems for
k < d and feedback controls u” and u’, respectively, as introduced in Definition
We shall focus on their sampling solutions (x(-),v(+)) and (y(-),w(+)) associated with 7 as
defined in Definition hence

u(t) 2 u‘(n7) and @"(t) = u(nt)  fort € [n7, (n+ 1)7).

Since we are only able to change the control at times which are multiples of 7, we define
the switch-off time of the sampled control associated with the threshold ' as

inlf\I {nT: W(nt) <T} if the set is non-empty,
ne

T, 2 (3.36)

T otherwise.

In the following, we shall show an estimate of the error between the projection of the
sampled controlled high-dimensional system and the sampled controlled low-dimensional
system, under the crucial assumption of the validity of the weak Johnson-Lindenstrauss
property for M for the differences of trajectories of the system. This result is the controlled
counterpart of Theorem

Proposition 3.17. Let T > 0, A > 0 and k € N with k < d. Let 7 > 0 be a sampling
time, T > 0 be such that T +7 < T and let M € RF*4,

Let (z(-),v(-)) be the sampling solution of the d-dimensional Cucker-Smale system ((3.32))

with initial conditions (x°,v°) and (y(-),w(-)) be the sampling solution of the R*-projected

Cucker-Smale system (3.33)) with initial conditions (y°,w®) given by
Y0 = (Mw[l), e ,Mx?v) e R and w° = (Mv(l), . ,M'U?V) e RN,

as defined in Definition where uf and uf are the controls from Definition with
threshold T' = (2A)%. Moreover, let Ty be as in (3.36)).

Suppose that W is non-increasing in time and that there exists a constant o > 0 such that

t
/ V2V (s) ds < a, for allt € [0,min{T + 7,To}].
0

Let €' € (0,1) be so small that

% > e'VN <4La\/NV(O) (\/QX(O) + Oz) * \/o%) )

" (T+T)B(T+T)(max{Qa(o)+1,4La\/W(o)}+ga/A)

and assume that the matriz M

(JL1) has the weak Johnson-Lindenstrauss property of parameter e = &' and
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at all points z;(t) — x;(t) fori,j=1,...,N, and t € [0,T +7);

(JL2) has the weak Johnson-Lindenstrauss property of parameter ¢ = ¢ and 6 = A at all
points vi(nt) —v(nt) for alli=1,...,N and n=0,...,|T/7| +1;

(JL3) has the (strong) Johnson-Lindenstrauss property of parameter e = 1/2 at the points
v;(0) —v(0) and z;(0) —z(0) for alli=1,...,N .

Finally, define the errors eF(t), e¥(t), E7(t), E(t), E5(t), and E3(t) as in (3.21)).
Then for every t € [0, min{T + 7,Ty}] it holds

A , 0 t(max{2a(0)+1,4La/NV(0) } +86/A
2ZS\HV(MQV%WTm(v@X@D+a)+\ﬁi>ie( {za(00+ jrso/a)

> EU(t) + E°(t).
(3.37)

Proof. We argue by induction: we want to show that if holds true for every t €
{0,7,...,n7}, then it is also true for ¢ € [n, (n+1)7] (and in particular at ¢t = (n+1)7) as
long as nT < T and nt < Tp, i.e., the control is not switched off before (n+1)7. Obviously,
holds for n = 0, this means at ¢ = 0, and actually arguing in the same way as in
the following inductive step, the base step is verified.

So, let t € [nT, (n + 1)7] for n € N. First, we consider the estimate on the agent on which

the control is acting. We shall estimate the decay in order to use Gronwall Lemma as in
Theorem [3.91 We have

=1 (3.38)
= allles(t) — a5 (0 (M (8) = Mui(t) |+
wi(nt) _Mv%(nT)
oo ~ okl

For all i =1..., N such that i #  we have
j=1 (3.39)

We now focus on the control term:

oy Ml o) () = o o) o o) |

H wi(n) B Muvit(nT)

lwi-(nr)ll [z (n7)]
_ 1

Jlw- ()l lvz-(
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= 1 - H (I ()l = Nt (mr) ) it ()

[zt (o) [lv-(

~ et ()| (M (n7) = wi(nr) ) H

[ Gl = et Gom | + T [ Mot or) — wit )| 3.40)

= TeFGor ol
Since by assumption nrt < Ty and holds at n7 by inductive hypothesis, we get
||wf(m')|] >/ W(nt) > 2A, (3.41)
as well as

N
1M ;- (n7) — wi- (n7)|| < [ Mui(nT) — wilnT)| + %Z [Muj(nT) — w;(nT)|

i=1 (3.42)
< 2&%nT)

< A.
Hence we have

| Muvi(n7)|| > A. (3.43)

From assumption |(JL2)[ and (3.43)) it follows that the (strong) Johnson-Lindenstrauss
property with parameter € = ¢’ holds at v#. Therefore

o)l = e ()| < Il ()| = 1M () | + {820 (n)]] = it o) |
< |l (or) | = 1Mo (o) | + Mot (n7) = i (o)
< &/l ()| + 1Mt (nr) = wi-(nr) |

r

and

| >

1
lvi' (n7)]| >

> M (nr)| >

Inserting these estimates into (3.40) and using (3.41)) and (3.42) we get

L — wi
o oM )~ u)]
lo-(n7) |
8EY(nr)
A

Now we add the estimates for the derivatives of ef in (3.38) and e for i # 7 in (3.39). By
the weak Johnson-Lindenstrauss property of parameter € = ¢ and

0 = min {5’2X(0) ra 1}

H wi(n) B Muvit(nT)
lwg-(er)ll [lvg-(n7)|

<&+
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holds at xz;(t) — x;(t) for t € [0, (n + 1)7). Hence, for the first (uncontrolled) part of ([3.38)
and (3.39) we can use the same estimate as in (3.26]). Therefore, by using the inequality
E%(n1) < VNEY(nT) and the definition of &, we obtain the bound

9 g0 < (}Vi ¢ f<t>)2>

i=1

< e'Ly/NW(0) <\/2X +/t\/2V(s) ds>+
0
+2Lq/ NW(0)(6 + E5(t)) + 2a(0)E5 (1) +

" Hnw Zi i e
<2L VW) (v2X(©0) +a) + ;%) +

86
=+ 2L \/ 52 + 2@ gQ( ) + ZES(TLT)

1/2

For £5 we have

By integrating the estimates for 7 4y and 52 between n7 and ¢ we get the inequalities

EY(t) < <1 + %(t - m’)> E¥(nt) +¢€ <K1 + \fﬁ) (t —n7)+

t
+ / (2&(0)52”(3) +2La\/NW(0)5§”(s)> ds
t
E3(t) < &5 (nT) +/ &5 (s)ds
which can be recast in vector form in the following way:

( 3 (t) ) B ( (1+§f(t—m))5g(ng(+ 5)’ (K1+\/Lﬁ) (t — n7) >+
) nTt

with

ey < 2a1(0) 2La\/f)W(0) ) and K, §2La\/2NW(0) (\/QX(O)"‘O‘)'
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Now we apply the /1-norm to the inequality and obtain
v €T / 9 80 v X
E)+E() <& (Ki+ ﬁ (t—nt)+ 1+ K(t —n1) ) (& (nT) + & (nT)) +
t
b [ Wl - (E506) + 56 .

The discrete Gronwall Lemma applied for

86
/Bl(t) = Kta /BQ(t) = ”’C”Zl—%1 ’

o) = (Kot )t ) = &0+ &0 20
yields
gg(t) + gév(t) < [53(0) + (c/-x(o)] . et<||’C||£1a£1+89/A) + 6, (Kl + \;%) tet<”’C”llaZ1+89/A>

0 t(HICH +86/A)
g (K + ) te b
! VN

because the initial time errors are 0 by definition of the low-dimensional system. Hence
using a trivial estimate of the fo-norm by the £,,-norm we conclude the induction and also
the proof:

E'(t)+ E°(t) < VN <K1 i \/%) 1ot (1K, ., +80/2)

' 0
<¢VN <4La\/NV(0) (\/QX(O) 4 a) I \/N) "
% tet(max{Za(0)+l,4La\/W(())}+89/A>

using that /W (0) < (1+1/2),/V(0) <2/V(0) by O

Now we are in the position to show that we can steer both the low- and high-dimensional
systems simultaneously to the consensus region using the sampled version of the control
defined in Definition [3.15] We repeat that this means that we choose the index of the agent
on which the sparse control acts from the low-dimensional system and use it to control
the high-dimensional one.

The challenge here is ensuring that the control coming out of this procedure drives the high-
dimensional system to consensus as well. For this we need the estimates from Proposition
to show that the error of the projection of the high-dimensional system and the low-
dimensional system stay near to each other. Moreover, from Proposition it is known
that the low-dimensional system is steered optimally to the consensus region in finite time,
if using the sampled version of the control introduced in Definition

Theorem 3.18. Let (2°, UO) RN xRNk < d and M € R¥*4 be given. Let ¢, C be the
constants from Lemma[3.7 and define

X ~ -V (0)? (3.44)
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where 7y is given by (2.3)), as well as

A £ min {V(CX) %’y (4X)} , (3.45)
and
~ A 2N
T4 = (2 V(0) — 2A) . (3.46)
Choose 19 > 0 to satisfy
0 (a(O)\/JV V(0) + 9) + 18a(0)0 < % (3.47)

and fix T € (0,70). Let v and u® be the controls as in Definition with threshold
I' = (2A)2. Denote by (z(-),v(+)) the sampling solution of the d-dimensional system

;i (t) = v;(t),

1 i=1,...,N
0i(t) = Nza (li(8) = (D) (0(t) = vi(t)) + uf (1),
j=1
with initial conditions (z°,v°) associated with the sampling time T, and by (y(-),w(-)) the

sampling solution of the R¥-projected system

N i=1,...,N,
> a(llyi(t) =yl (w;(t) — wilt)) + uf (¢), '

==

with initial conditions given by (y°,w®) = (Mx(l), oy M MY Mv?v) € RFN x RFV
associated with the sampling time 7.

Set a 2 V2N/ch and choose ' € (0,1) to satisfy

A
2

> VN <4La\/NV(O) (\/QX(O) n a) n \%) x

(3.48)
% (T+T)e(T+T)(max{2a(0)+1,4La\/W(0)}+80/A>

and assume that the matriz M

(JL1) has the weak Johnson-Lindenstrauss property of parameter e = ¢’ and

5o o V2X(0) +o
2

at all points x;(t) — xj(t) for alli,j=1,...,N, t e [O,T+T];

(JL2) has the weak Johnson-Lindenstrauss property of parameter ¢ = & and 6 = A at all
points vi(nt) —v(nt) for alli=1,...,N and n=0,...,|T/7| +1;
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(JL3) has the (strong) Johnson-Lindenstrauss property of parameter ¢ = 1/2 at the points
v;(0) —9(0) and x;(0) —x(0) for alli=1,...,N.

Then there exists an n € N such that /W (n1) < 2A. Moreover, setting

To=n*1, wheren® = min{n eN:/W(nt) < 2A} ,

it holds that at Ty both the high-dimensional and the projected low-dimensional systems
are in the consensus region defined by Theorem [1.11. Furthermore, we have the estimates

TOS%(\/W(O)—2A>+T§T+T

as well as

max  max_||z;(t) — z;(t)] <2V NX,
t€[0,To] 1<4,j<N

(3.49)
i(t) — v ()] < 2¢/NV(0).
e | max [[ui(t) - v;(8)]| <2V/NV(0)
Proof. The proof is divided into several steps.
First step: let
v A 2N? )
=20+ T WO (3.50)

We shall prove that the following implication is true for every n € N such that n7 < T
if \/W(mr) > 2A for every m = 0,...,n and the subsequent assumptions P;(n), Px(n),
and Ps3(n) depending on n hold

Pi(n) : for t € [0,n7) it holds

d 0 d ch
— < —— — < —— .
tW (t) W(t) <0 and tV (t) V(t) <0;

Py(n) : Y(t) <Y and X(t) < X hold in [0, n7];

P3(n) : it holds
/ V2V (s) ds < a,
0

then also Pi(n+ 1), Pa(n+ 1), and P3(n + 1) hold true.

So let us assume /W (m7) > 2A for every m =0, ..., n, which means that Ty > (n+1)7
by definition of Tp, and assume |[P;(n)| [P2(n)l and [P3(n)l We begin by computing the
derivative of V and W for ¢ € [n7, (n + 1)7]: by follows

N
Lyy < 23 ub(nr) - o-(t)  and %W(t) < % Sl (nr) - wh(8).
3 =1
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Remember that, by definition, uf(nt) = —0wi(n7)/||wi(n7)| where i is the smallest

index such that ||wi(n7)| > ||wj-(n7)|] for all j = 1,..., N, and uf(m‘) = 0 for every
j # i. Then ul'(nt) = —0vi(n7)/||vi(n7)| and u?(nT) = 0 for every j # i. Therefore,
similarly to what we have done in the proof of Theorem we may define

A v (n7) - v (1) and (1) 2 wi(nT) - wi(t)

L L
lvg-(n7)] [wi (o)l

" (t)

in order to study the decay estimate of the Lyapunov functionals V and W. Indeed, we
immediately get

d 20 d 20
ava)g—ﬁth(t) and %W(t)g—ﬁqbf(t). (3.51)

As we want to prove that Pj(n + 1) holds, we need to deduce suitable lower bounds on
#"(t) and ¢*(t) to estimate the right-hand side of (3.51]). To this purpose we need first to
derive auxiliary bounds on the growth of \/V(t) and /W (t), see formula (3.52)) below:

the general estimate

N

1/2
a-b; 1
Sl < VN[ =D bl
all N 2

=1

valid for arbitrary vectors a, by, ..., by, yields

@ () < VNVW(s), 8" (s)] < VNV (s)

for all s € [n7, (n + 1)7]. We use these bounds to estimate the right-hand side of (3.51)

0 0
\/W(s) < \/W(nT) +(s—n7)—= < V/W(n1r) + 1—=,
wEOTR e
VV(s) </ V(nt)+ (s — nr)f <V Vi(nt)+ TN
With the help of we now work out lower bounds for ¢ and ¢". It holds
tp _ wi(nT) - wit (1)
PO ezl
wi (n7) - wi (n7)  wit (n7) - (wit (n7) — wit (¢))
[wi(n7)| [wi(n7)| (3.53)
> [Jwi (n)|| = ||wit (n7) = wi- (t)]]

t
> lwi(n)l| = [ |lig(s)ll ds.
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We now estimate the integrand. From

1 & 1 &
j{:a ly;(t) = y: (£) 1) (wy () — %(U)-+lé(n7)—*5325216(n7)
j:l Jj=1
N i
N —1 w;(n1)
1
el (1)) — 6 3 ;
and the inequality
o o 1/2
=l it < | 5 S o —
Jj=1 Jj=1
1 L 1 L2 v
< NZ HUJ]/ —'UJ ||
j=1j5'=1
N 1/2
= | o7 2o 2 ey —wyil?
j=1j/=1
=V NVW,
it follows
i (s)]| < a(0)VN/W +97, for all s € [n7, (n+1)7).
Using (3.52]) we get

, 0
it ()] < a(0)VN ( W (nt) + T\/N) + 0.

Plugging the last inequality into (3.53]) we deduce

802 ot ()l = 7 (alOVE (VTG + 7 ) +0)

> |t (n7) | = 7 (a(0)VN VW (nr) +0) — 72a(0)0.
The same calculations give us
&"(t) 2 ot (nr) | = 7 (VN V(n7) + ) = 72a(0)6.

Together with (3.51)) this yields

CZW( ) < ?\70 (Il (o) = 7 (a0)VN /W (n7) + 0) = 7%a(0)6) , (3.54)
d 26

V0 <= (bt omi =7 ((OVE VTG +0) = a0) . (59
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By the assumption on 7 < 7¢ in (3.47)) and by assumption |(JL3)| we have
A
T (a(O)\/N\/W(O) + 9) +72a(0)0 < 7 (Qa(O)\/N\/V(O) + 9) +72a(0) < 5 < A.

Applying this inequality and the fact that W is decreasing in [0, n7] (which follows from
P (n))) we use (3.54]) to deduce the following upper bound

S () <2 (It (o] — = (a(0)VR /W) + 6) — 722a(0)0)

dt N
< —%9 (W 7 (a(O)\/JV\/W(O) + 9) - 7'22a(0)9>

Since we assumed that /W (n7) > 2A, this shows that W is decreasing on [n7, (n+1)7].
Additionally, using this assumption we also can estimate

e < —% (ViTTr) - A) < —%\/W(nf) < —%«/W(t)

for all t € [n7, (n + 1)7]. Together with m this shows the stated assertion for £ in
Pi(n+1).

In order to conclude the statement of m for %V we need to take advantage of the
estimates of the lower dimensional dynamics, of Proposition [3.17, and Lemma [3.71 By

assumption [Ps(n)|it holds that
/ V2V (s) ds < a.
0

Thus, by the choice of ¢’ in and the assumptions |(JL1)| [(JL2), and [(JL3)} the hy-
potheses of Proposition are fulfilled in the interval [0, n7] (since nT < Ty by definition
of Ty as the time where we switch the control to 0). Hence holds, but in particular
we have the validity of , which reads

1M v;- (n7) — wi-(n7)|| < A

This estimate and assumption |(JL2)|allow us to use Lemmafor the vectors a; = vi-(nr)
and b; = w;-(n7). Together with /W (n7) > 2A this results in the following inequalities

1
i 1
lv- ()l 2 7 [lwi(n )],

Jo-(n) | > 3/ 0m) > 5
o (n) | = ey/Vrr)

By assumption [P (n) we know that V' is decreasing in [0, n7]. Using the estimate (3.55)
together with the choice of 7 < 7 in (3.47) we obtain

GVt < =22 ()| — 7 (aQVE V) +60) — 72a(0)0)
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< =22 (llet-(n) |~ 7 (al0)V W)V +0) — 72a(0)0)

<=3 (oo - 5)

9

< —~lvt ()]
9

g—% V(nr),

for all t € [n7, (n + 1)7]. This shows that also V' is decreasing in [n7, (n + 1)7] and hence

V(D) < - SVTn < -V

for all t € [n1, (n + 1)7]. Together with |P;(n)| this finishes the proof of P(n + 1).

We can now use Lemma with 7 = /N and 71 = /N to get the following estimates
for Y and X, respectively:

Y(t)<Y and X(t)<X, foralltel0,(n+1)7]

with X as defined in (3.44)) and Y as defined in (3.50]). This shows P;(n+1). Furthermore,
Pi(n+ 1) yields by integration

\/EN (n+1)7 d \/EN

(n+1)7
/ V2V (s)ds < — —V{(s)ds =
0 c ct

0 dS
with o = V2N /cB as in the statement. Hence, under the assumptions and
we have shown P;(n+1), Po(n+1) as well as P3(n+1), provided that /W (m7) > 2A

for every m=0,...,n.

(V(0) = V((n +1)7)) < aV(0),

Second step: we shall now prove that there exists an n* € N such that n*r < T + 7 and
VW (n*7) < 2A holds, where T is defined as in (3-46). By definition of the threshold
' = (2A)?, this implies the switching of the control to 0 at time n*r. Assume on the
contrary that

W((n+ 1)7) > 2A (3.56)

for all n € N with n7 < 7. In the first step we showed that this yields in particular for
t € [0,(n + 1)7) the estimates

SW) < — W@ <0 and /(D) > 24,

Hence for all t € [0, (n + 1)7) it holds

VW) < VW) +t-  sup -
¢e(0,(nt1)r) 4§

d 1
= +/W(0 t- —W(€) ————
IO+t e & s e
0
< VIO~ 1 oo

W(¢)



116 Sparse control in high dimension

Taking ng € N such that nor < T < (ng + 1)7 and using we have

=
\’j>

W((no+1)7) <

INA
=
=S
|

b
[(\&]

2\%

(3.57)
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%\2%\5

/\/—\
\_/

2\%5\%

IN A
N
g

This contradicts assumption (3.56)). Therefore there exists an n* € N that satisfies n*7 <
T + 7 and for which it holds

W(n*t) < 2A. (3.58)

Third step: We shall show that (3.58|) implies that the trajectories of both the low- and
high-dimensional systems are in the consensus region identified by Theorem at time
n*r, ie.,

VW (i) <4(Y(n*r))  and  /V(n*7) <v(X

We shall start considering the low-dimensional system. Notice that by [(JL3)|it holds

Y(0) < (1 + ;)2 L X(0) <4X(0) and  W(0) < 4V(0).

Hence, by the fact that the constant ¢ from Lemma is smaller than 1, we can estimate

Y —ov(0) + QGJ\QQW(O) <4 <2X(O) + 22];21/(0) ) _JX.

This together with (3.58)), the definition of A in (3.45)), and Py(n*) lead to
VW(n ) <2A <y (4X) <4(Y) <A(Y(n*7)).

It remains to prove that the high-dimensional system is in the consensus region identified
by Theorem [1.11] _ Again, the conditions of Lemma [3.7] E 7| for the vectors a; = vi-(n*7) and
bi = w;-(n*1) are fulfilled: as in the first step we have by Proposition “ 3.17| that -
holds, i.e.,

1Mo (n*7) —wi (n'7)]| < A,
and property holds at n*7. Thus, an application of Lemma shows
V(n*r) < CA.
The definition of A in and Py(n*) then yield

VV(n*r) < CA < ~(X) < y(X(n*71)).
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We conclude that both the trajectories of the systems are in the consensus region at time
n*7. By Theorem we are allowed to switch the control to 0 and both systems tend to
consensus autonomously.

Fourth step: In the second and third steps we have proven that both systems enters the
consensus region at time 7y = n*r, where n*r < T + 7. By the computations in (3.57)),
we have the following estimate

Ty < % (\/W—m) +r<T+r
Moreover, by P(n*) we have for every ¢ € [0, n*7]
() — 25 (O < 2ai(6) — T2 + 2N (1) — T(0)|? < ANX (1) < AN,
and from Pj(n*) it follows
lvi(t) = vy ()17 < 2[jvi(t) = T@)I* + 2]l () = B(B)|* < ANV (1) < 4NV (0)

for every t € [0,n*7]. This shows (3.49) and the proof is concluded. O

3.5 How to find a Johnson-Lindenstrauss matrix

The main ingredient of Proposition and Theorem is the existence of a Johnson-
Lindenstrauss matrix M € R¥*? for the trajectories. Let A and &’ be as in Theorem
and let us recall what we explicitly needed. Assume that T is an upper estimate for Tj,
the switch off time of the control. Then we need to define a matrix M € RF*? such that
the following properties hold:

(JL1) Let e = ¢’ and
o N
For all t € [O,T+ 7] and ¢,5 = 1,..., N, either we have
(L= e)llzs(t) — 25 ()] < | M (2s(t) — z5(8) ]| < (1 +&)l|i(t) — z;(2)]]

or
lzi(t) —z;(®)]| <6 and  [|M(2(t) — 2;(1))[| < 0.
(JL2) Let e =’ and 6 = A. Forall n = 0,...,|T/7] + 1 and i = 1,..., N, either we have
(1 = )llvi(nT) = B(n7)|| < [|M (vi(nT) = T(nT))|| < (1 +¢)[lvi(nT) — T(nT)|
or

|lvi(nT) —o(nT)|| <d and || M(vi(nT) —o(n7))| <.
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(JL3) Let e =1/2. Then for alli =1,..., N we have
(1 =&)[lvi(0) = 2(0)[| < [|M (vi(0) = v(0))[| < (1 +&)]|vi(0) —T(O)]
and

(1 =&)lli(0) = Z(0)[] < [M(2i(0) —Z(0))[| < (1 +&)]|2:(0) — Z(0)]

In order to prove conditions[(JL2)|and [[JL3)|one can directly invoke the Johnson-Lindenstrauss
Lemma as discussed in Remark while for [(JL1)| one can use its continuous version,
Lemma [3.6] which boils down again to the application of the Johnson-Lindenstrauss

Lemma on points sampled from the trajectories.

However, the Johnson-Lindenstrauss Lemma applies on points which are fixed a priori
before generating randomly the matrix M € R¥*?. At a first look, due to the fact that
the high-dimensional controls depend on the low-dimensional ones, which depend on the
matrix M, the points on which we apply the Johnson-Lindenstrauss Lemma may be seen
as directly depending on M as well.

In order to resolve this apparent paradox, we want to clarify that actually, due to the finite
number of sampling times of the control and the finite number of agents, the number of
possible realizable trajectories, and consequently the number of possible sampling points
for the Johnson-Lindenstrauss Lemma, is finite and independent of the choice of the matrix
M. Hence we are now left with the tasks of counting the number of such trajectories and
of verifying that they fulfill the necessary Lipschitz continuity assumptions for applying
Lemma

Let us state again that the lower dimension k of M € R¥*? scales as
k ~ e ?log(N), (3.59)

where ¢ € (0,1) is the allowed distortion and N is the number of sampling points on all
possible trajectories.

We focus first in on the dependence of ¢ = min{e’,1/2} on N, the number of
agents, and the dimension d. According to in Theorem the estimate on &’
scales exponentially with N, i.e., ¢/ < eV, since T scales (at least) linearly with N, see
(3.46) (assuming that 6 is independent of N and d). The positive aspect, however, is that
the estimate for ¢’ does not involve the dimension d.

In order to compute A in we need, first of all, to estimate the number of realizable
trajectories. Since we are insisting on sparse controls acting at most on one agent at the
time, at every switching time n7r with nt < Tp, i.e., as long as the control is not switched
off, there are precisely only N possible controls and hence N possible branches of future
developments of the trajectories. By Theorem it holds Ty < T + 7, and we can then
estimate the number P of possible paths by

P < NL7I+1,

Surprisingly, accounting for all the possible future branches is sufficient to show that we
can already deterministically fix points a priori on which later apply an independently
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randomly drawn matrix!

(7) In order to fulfill [((JL1)| for every possible trajectory, an application of Lemma
yields an estimate of the number of necessary sampling points

(3.60)

Ni = P(T+7)- <N) AL:(Vd +2)

2 de ’

where the factor P(T + 7) accounts for the number of trajectories and their time
length, the factor (]g ) accounts for the number of space trajectory differences z;(-) —
xj(-), and L, is an upper estimate for the individual Lipschitz constants. L, can be
computed explicitly from an estimate similar to and the result from Theorem
that V' is decreasing until Tj as follows

Ly = max {Lg s, (0,Tp):i,j=1,...,N} < sup /2NV(t) < +/2NV(0).
1<i,j<N te(0,70)

(73) To fulfill we shall now count the necessary sampling points at every switching
time n7. For n = 0 we have to consider N sampling points. For n = 1 there are
already N possible paths to take into account and hence we need to take N> = N-N
sampling points. Going on in this way, at time nt we have N™ possible outcomes of
the dynamical system and hence we have to take N1 = N™. N sampling points,
as long as n7T < T+ Summing up the number of sampling points, we conclude

L £)+1
Ny= 3" Nl < NIFHs

n=0
(¢43) To fulfill |(JL3)| we need only N3 = 2N sampling points.
Hence we can eventually estimate A from above by

N <N+ N+ N3

+ NLFIH8 L on.

— N (T 4 1) (J;f> 4 2NV(§2(\/g+2)

Thus, we can choose the dimension k of a Johnson-Lindenstrauss matrix M € R¥*? ag

k~e 2 log(N)

~ 5_2

T )
(T + 1) log N +log(T"+ 7) + logd + log V' (0) + | log(55)|] )
where
c = min {s’, ;} and 6 = min {A, 2o (ﬁc(o) + ]g) } |
c

Since the estimate of ¢’ scales exponentially in N, i.e., & < e™¥, the dimension k grows
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exponentially in V. The positive aspect is that the estimate of k& only scales logarithmically
with the dimension d. Hence we have shown that at least for a large dimension d > 1 and
a relatively small number of agents N our dimensionality reduction approach pays off in
terms of the size of the projected dimension k.

However, as we shall show in Section these theoretical bounds turn out to be by far
over-pessimistic and, surprisingly, this method of dimensionality reduction works effec-
tively with a lower dimensions k conspicuously smaller than d. Moreover, in the Remarks
and below, we show two tricks to circumvent the exponential dependency of k
with respect to N at the cost of using sequences of Johnson-Lindenstrauss matrices.

Remark 3.19. The log(d)-dependency only comes into play when we derive from
Lemma(3.6] One can actually use a similar argument as in Remark in order to get rid
of this logarithmic dependency. We do not elaborate further on this issue which appears
to us just a mere and perhaps unnecessary technicality at this point.

Remark 3.20. We observed that in the worst-case scenario the dimension k of the
Johnson-Lindenstrauss matrix blows up exponentially with the number of agents N. A
practical approach to circumvent this problem is to use not one, but a whole family of
matrices My, ..., My to project the high-dimensional system. The matrix M is used from
time 0 up to a certain time ¢y > 0 and thus only needs to fulfill the Johnson-Lindenstrauss
property in the short time interval [0, ¢y]. At time ¢y a new matrix M; is chosen: we observe
the positions and the consensus parameters in high dimension at ¢y and project the system
to low dimension using the new matrix M. Then we use the new low-dimensional system
to calculate the index of the control for the high-dimensional system from time tg up to
time £1, and eventually we repeat the procedure again with new matrices My, M3, ...

This approach has the advantage that it requires the Johnson-Lindenstrauss properties
for M;, i = 1,...,4, only for a short time interval. The disadvantage is that we have to
observe the high-dimensional system and project it to low-dimension again at every time
ti,1=0,...,0—1.

Remark 3.21. We now show how to get rid of the mutual dependency between the matrix
and the points of the trajectories using families of matrices as in Remark

First, we take a matrix My having the Johnson-Lindenstrauss properties att =20
and We compute the index iy of the control (as defined in Definition att=20
using the projection Mj.

Then we choose a matrix M; having the Johnson-Lindenstrauss properties for all
t €[0,7),|(JL2) at t = 7, and We compute the low-dimensional system using the
projection M in [0, 7] and let the control act on the agent iy calculated by Mj. This is
the main trick of the procedure: the points of the high-dimensional system in [0, 7] are not
influenced by the matrix M; and hence the mutual dependency is removed, meaning that
there is no need to consider all trajectories P anymore, in contrast to .

Now, from the low-dimensional system, computed by M; with control acting on iy in [0, 7],
we choose the agent i1 at 7 on which the control will act in the next interval |7, 27].

This procedure can be carried out using a family of matrices {M, : p=0,..., ¢} such that

M, fulfils the Johnson-Lindenstrauss properties for all t € [0, pT), at t = pr,
and The agent i, on which the control shall act in the interval [pr, (p + 1)7) is



3.6 Numerical implementation of sparse controls in high dimension 121

computed at pr using the low-dimensional system projected by M, while the control acts
on iy in [q7, (¢ + 1)7) for ¢ = 0,...p — 1. Therefore, in [0, pr] the index of the controlled
agent and hence the trajectories of the high-dimensional system are independent of M,,.

3.6 Numerical implementation of sparse controls in high di-
mension

We shall now present some numerical experiments to confirm the theoretical observations
of the interplay between the Cucker-Smale system, the dimension reduction by a Johnson-
Lindenstrauss matrix and the quality of the control chosen from the low-dimensional (pro-
jected) system as defined in Definition

For every ¢ = 0,1, ... we recursively solve the d-dimensional Cucker-Smale system

telr,l+1)r], i=1,...,N,

+ ui(ﬁT),

numerically, using as the initial value (x(¢7),v(¢7)) the solution of the preceding interval
[(¢ —1)7,£7] and as the starting value for £ = 0 the given values z(0) = 2° and v(0) = °.
The experiments are implemented by using Matlab applying a Runge-Kutta method of
order 4 solving the systems of ODEs with step width 7. The following are the different

control strategies u; we compare in our experiments:

(SP) Sparse control implemented in the high-dimensional system: this is the sparse control
strategy outlined in Definition The control acts on the agent with consensus
parameter furthest away from the mean consensus parameter as long as we are not
in the consensus region given by Theorem for every £ € Nlet 2 € {1,...,N}
be the smallest index such that

1 - 1
o)l = max ot ()],
and define the control as

—0 ifj=1¢
A J )
U,j(ET): ‘

0 otherwise,

as long as V(¢1) > v(X (¢7))%. As soon as V(n7) < v(X(n7))? is satisfied for some
n € N, we set T £ pr and the control to zero.
This control was shown to be optimal in Proposition [2.5]in terms of maximizing the

rate of convergence to the consensus region, and shall be therefore employed as a
benchmark to test the effectiveness of the other controls.

(U) Uniform control: this control strategy acts on every agent simultaneously using a
control pointing towards the mean consensus parameter with norm equal to /N as
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long as V(£1) > (X (¢7))? . This means

0 ij (e1)

) = N ok )]

forall j=1,...,N.

Again, as soon as V(n7) < v(X(n7))? is satisfied for some n € N, we set T 2 nr
and the control to zero.

(R) Random sparse control: as long as V(€1) > v(X (¢7))?, at every sampling time /7
we choose an index i € {1,..., N} at random following a uniform distribution. Then
we define the control as

A _QM if j =1
uj(lr) = [Joi-(e7) ’
0 otherwise.

As in the above controls, as soon as V(n7) < (X (n7))? is satisfied for some n € N,

we set Tj 2 n7 and the control to zero.

(DR) Dimension reduction sparse control chosen from the low-dimensional projected sys-
tem: here u;(f7) = ul'(¢r) is defined as in Definition In order to test the
performance of this control, and to avoid the stability complications arising from
finite precision approximation, we calculate the trajectories of both the high- and
the low-dimensional system: if the high-dimensional system enters the consensus re-
gion first (i.e., V(n7) < 4(X(n7))? for some n € N), then we set the control to

zero and Ty £ Instead, if the system in low dimension reaches the consensus
region first (i.e., W(¢r) < v(Y (¢7))? for some ¢ € N), then we switch the control
for the high-dimensional system to the random sparse control strategy (R) until
V(nt) < (X (n7))? is eventually satisfied for some n € N.

Notice that all the controls above are time sparse, and only the uniform control strategy
(U) is not componentwise sparse.

Remark 3.22. The reasons for using the random sparse control strategy in the end phase
of (DR) (in the case that the low-dimensional system reaches the consensus region before
the high-dimensional one) are of numerical and computational nature. In fact, the step
width 7 computed in Theorem to ensure convergence to the consensus region in
finite time is often way too small, and in our numerical experiments we need to exceed
it. Moreover, as soon as the high-dimensional system enters the consensus region, the
difference between consensus parameters becomes so small to render, for such a large time
step, the choice of the sparse control highly inaccurate, leading to inefficient chattering
phenomena, without steering the high-dimensional system to consensus.

As an alternative, we employ the random sparse control as soon as the low-dimensional
system has reached the consensus region (if this happens before the high-dimensional
system does). This procedure has the advantage of always steering the high-dimensional
system to the consensus region, and to only slightly affect the overall time of the process,
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since it is usually necessary only for a very short time (provided that the dimension of the
Johnson-Lindenstrauss matrix is sufficiently large).

3.6.1 Content of the Numerics
The following are the driving issues concerning the controls introduced above.

(1) Does the control steer the system to the consensus region given by Definition in
finite time?

(73) If yes, how long does it take to steer the system to the consensus region?

In the following, for every experiment we fix the number of agents N, the dimension d,
the control strength 6, the power § for the interaction kernel a as in with H = 1 and
o = 1, the step width 7, and in particular the configuration (2°,v%) € R x R at the
beginning. We report the maximal step width 7y (theoretically) allowed by the formula
(3.47), and the estimate from above for the time to consensus T (taken from Theorem
. We also report the quantity V(0) — (X (0))2, accounting for the discrepancy of the

original configuration from the consensus region.
For every configuration we shall present a table containing the performances of the different
controls, measured by the time employed by the high-dimensional system to reach the
consensus region Ty, and the time Tj 5 it takes to halve the “distance” to the consensus
region: this means that T 5 is the minimal time satisfying

V(Tos) —v(X(Tos))? < 5 (V(0) —v(X(0))?) .
To test the performances of the control (DR) we shall use a variety of Bernoulli random
matrices M € R¥*? for different dimensions k. For any of these dimensions, we also
report the initial discrepancy W (0) —~(Y (0))? from the consensus region of the projected
system, and the switching time T's at which the random sparse control replaces the original
dimension reduction control strategy (if the high-dimensional system enters the consensus
region before the low-dimensional one, we set T 2 To).

Figure below shows the first two coordinates of the initial configurations used in each
section.

3.6.2 Examples where (DR) performs second best after (SP)

3.6.2.1 Configuration with one outlier

We take into account N = 9 agents in dimension d = 100 for which the j-th spatial
component of the i-th agent is given by the formula

1
(29); = §cos(i+j\/§) for j=1,...,d and i=1,...,N.
The result obtained is a set of points non-homogeneously distributed over an almost spher-

ical configuration, which, projected in R?, resembles an ellipse. A similar configuration is
used for the consensus parameter of each agent, for which we have

(0); =sin(iv3—j) for j=1,....,d and i=1,...,N—1;

i
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Figure 3.2: From top-left to bottom-right: first two coordinates of the initial configurations
of Sections[3.6.2.1] [3.6.2.2] [3.6.2.3] [3.6.3.1] [3.6.3.2] The blue points are the positions of the

agents, the red arrows their consensus parameters.

the initial consensus parameter of the N-th agent is instead the vector with all entries set
equal to 10.

Nlo| g | d 70 T T | V(0) —v(X(0))?

9 | 5106 | 100 | 7.33-107% | 115.17 | 1072 1031.3

The following table reports the performance of the different controls considered:

| Control  [[(sP)] (U) | (R) | (R) [(DR)] (DR) [(DR)[(DR)[ (DR) | (DR) | (DR) | (DR) [(DR)] (DR) | (DR) | (DR) |
k - - - - 1 1 5 5 10 10 25 25 32 40 55 55

wW(0) — w(Y(O))2 - - - - 1202.0{1014.2|509.9|870.2|1651.4|1072.3|1035.2|582.18933.0|1273.1|1054.5(1046.5
To 27.78|87.21187.90|88.79(69.75| 30.98 {44.27|30.47| 35.55 | 29.65 | 27.8 | 44.75 [30.65| 32.49 | 28.20 | 28.19
Tos 5.44 122.96|22.64|23.21| 5.92 | 544 | 544|544 | 544 | 544 | 544 | 5.44 |544 | 544 | 544 | 5.44
Ts - - - - 113.47] 22.25 |17.81|22.39] 32.62 | 29.03 | 27.8 | 23.14 | 26.2 | 28.94 | 28.20 | 28.15

We first observe that if the system is left alone, with no control acting on it, the quantity
V(t) — (X (t))? decreases only from 1031.3 to 946.2 at time ¢ = 100, from which we can
infer that the system would not reach the consensus region without an external interven-
tion. Notice that the Sparse Control (SP) is the fastest; this shall be a common feature of
all our experiments, as expected by its optimality shown in Proposition The uniform
control (U) and the random control (R) perform similarly and both take more than three
times longer to reach the consensus region as (SP). The control (DR) has comparable
performances to (SP), and very surprisingly even when projecting to dimension k = 1 the
system reaches the consensus region faster than with the controls (U) and (R).
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Configuration with 1 Outlier Configuration with 1 Outlier projected to dimension k=10
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[ g 1‘0 1‘5 2‘0 2‘5 3‘0 :;5 4‘0 4‘5 5‘0 55 S 0‘05 o 0‘45 0 3‘75 0 7“ 2
Reduced Dimension ’ Exactness of the matrix at 0

Figure 3.3: Time to consensus for (DR) in Figure 3.4: Time to consensus in function

function of the projected dimension k, and  of the exactness of the matrix at 0 for the

comparison with (SP) and (R). fixed dimension k = 10.

In Figure|3.3] we illustrate the time 7 the system takes to reach the consensus region as a
function of the projected dimension k for the control (DR). If multiple tests are made with
the same dimension k, we consider an average of the results. We also report, in different
colors, the values of T, we obtain with the control (SP) and the control (R) (blue and
green line, respectively). It can be seen how the performance of (DR) is basically the same
as (SP) even if we reduce the dimensionality by 80% .

Up to now, we don’t have any procedure to test if the randomly generated matrix we
use to implement the control (DR) satisfies the requested properties of Theorem
Moreover, to get a precise answer, we would need to gather information which belongs to
the high-dimensional system beyond time ¢ = 0, something which we are not allowed to
know in advance. We claim, however, that the quantity, which we call the exactness of the
matrix M at 0,

V(0) SV v (0)]2

A — —
_W<0>H SN IMuR0))2]

Ey =11

is a measure of how “good” the matrix M is. To show that, we have considered six different
M € RF*? for k = 10 and their respective time to the consensus region: we report in Figure
the time to consensus for the system in function of the exactness of the matrices at 0.
A correlation between how Fjy is close to zero and how effective is the control, is clearly

visible.
3.6.2.2 Configuration generated by a geometric distribution

In this section we consider a system where the locations are distributed as in the example
before, while the consensus parameters are given by the formula

W)); = (1.2)0V2sin(iv/3—j) for j=1,...,d and i=1,...,N —1;

This results in a more heterogeneous situation at the beginning. We also increase the
dimension d to 500, the strength of the force 6 to 20 and 5 to 0.65.
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~

N|o| g d 70 T T | V(0) —y(X(0))?

15 | 20 | 0.65 | 500 | 1.26-10"* | 51.82 | 1072 1195.5

The following table summarizes the results of the experiments:

| Coutrol  [(sP)| () | ®) | ®) | (DR) | (DR) | (DR) | (DR) | (DR) | (DR) | (DR) | (DR) | (DR) |
k - - - - 1 1 10 10 50 50 50 100 100
w(0) —'y(Y(O))2 - - - - |1194.2|11191.9|1194.3|1197.5({1007.2{1199.7[1178.2{1079.1|1204.7
Ty 23.45|38.02|38.10(39.82| 40.96 | 45.41 | 26.66 | 29.81 | 27.45 | 24.33 | 26.48 | 26.88 | 24.02
Tos 5.49 | 7.60 | 7.68 | 7.66 | 7.455 | 9.04 | 5.64 | 5.86 | 5.55 5.5 5.59 | 5.59 | 5.50

If we let the system free to evolve, the quantity V' (¢) — (X (t))? decreases only from 1195.5
to 1122.3 at time ¢t = 30. The slowness of the decay implies the necessity of a control. The
uniform control (U) and the random control (R) perform similarly, as in the example
before. However, the control (DR) overwhelms both when the projected dimension is large
enough (k > 10). Figure [3.5[shows the performance of (DR) in function of k£ and compares
it with (R) and (SP).

Time to consensus for (DR) in function of the
projected dimension k, and comparison with (SP) and (R)

Configuration with Geometric Distribution Cauchy Randomized Configuration

—(OR)
—(SP)

— 200+ (R)

sensus

(R)
150

Time to Consensus

Time to Con

100~

50
30F

L L L L L L
1 10 50 100 1 2 5 10
Reduced Dimension Reduced Dimension

Figure 3.5 Figure 3.6

3.6.2.3 Configuration generated by a Cauchy distribution

For the system considered in this section, the initial configuration is calculated as follows:
the j-th spatial component of the i-th agent is the value of a normal distribution with
expected value 0 and standard deviation 1, independently selected for different 7 and j.
The j-th component of the consensus parameter of the i-th agent is ruled by a Cauchy
distribution, whose density is given by

b

f(x):m-

We choose the height to be b = 1/40 (to get a reasonably large V'(0) in the computations).
The initial configuration is generated once and then fixed for all the experiments with the
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different controls (SP), (R), (U) and (DR).

Below we list the parameters we fix for this section:

Nl|o| s | 4 70 T T | V(0) = y(X(0))?

25 | 5| 0.6 | 100 | 3.77-107% | 214.76 | 1072 464.03

The following table reports the performances of the various controls:

| Control  [[(SP)| (U) | (R) |(DR)|(DR)|(DR)|(DR)|(DR)|(DR)|(DR) ]

k - - - 1 1 2 | 5 | 5 | 10 | 10
W) —y(Y(0)2 - | - - |461.04/461.04/475.48)464.39|464.39|465.00|465.00
To 33.45(266.44(265.14| 48.04 | 48.6 | 38.07 | 37.98 | 38.16 | 36.11 | 35.41
Tos 6.1 |70.55|68.54| 6.1 | 6.1 | 6.1 | 6.1 | 6.1 | 6.1 | 6.1

As in the examples before, the control (DR) clearly outperforms both (R) and (U), and
in this case even for £ = 1. Figure compares the effectiveness of the controls (DR)
(in function of k), (R) and (SP). We point out that, even in this situation, a control is
necessary to steer the system to consensus since the quantity V(t) — (X (¢))? decreases
only from 464 to 436.5 in the time frame [0, 50] if no control is applied.

3.6.3 Examples in which (R) and (U) are comparable to (DR)

3.6.3.1 Configuration generated by a normal distribution

In this example, the j-th spatial (resp., velocity) component of the i-th agent is indepen-
dently generated by a normal distribution with expected value 0 and standard deviation
10 (resp., 8). As in Section we generate the initial configuration once and we use
it for all the experiments with the controls.

N |6 | B d 70 T T V(0) —v(X(0))?

10 | 20 | 0.65 | 500 | 2.55-107% | 165.68 | 5-1073 27458

The parameters used for this configuration are listed in the table above, while on the one
belowe we report the performances of the various controls.

| Conmol  [[(sP)] (U) | ®) | () [ (DR) | (DR) [ (DR) [(DR)|(DR) | (DR) | (DR)[(DR)|(DR)| (DR) | (DR)]

dim. k B 1 1 2 5 | 10| 10 | 20 | 50 | 50 | 100 | 100
W) —y(Y(0)2| - | - | - | - |27496|27469 | 27421 [27425 27458 27493 |27464|27482|27481| 27495 | 27498
Ty 82.65|84.56(85.82(85.25|129.28|153.02|115.91| 99.79 | 95.31 |100.18| 96.7 |89.79 |91.02 | 91.67 | 89.60
Tos 24.09(24.13]24.15(24.13|36.195| 42.76 | 29.28 | 26.47|26.75 | 25.25 |25.32| 24.7 |24.74 | 24.44 | 24.32
Ts - - | - | - |68.06]|62.9476.91|80.5180.55| 77.30 |81.57|82.25 | 82.25|82.49 | 82.57
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This time the controls (R) and (U) are quasi-optimal, performing in almost the same way
as the benchmark control (SP). Figure [3.7| shows that the control (DR) behaves similarly
to (R) and (SP) up to a reduced dimension k& = 50 (hence up to 10% of the original
dimension): from that point on the efficiency rapidly deteriorates, making the control
unfeasible.

Time to consensus for (DR) in function of the
projected dimension k, and comparison with (SP) and (R)

Gaussian Random Configuration
T

140

130

120

110

100

90 I

, . , ,
T , , | 1 10 20 50
25 0 20 50 100 Reduced Dimension

Reduced Dimension

Figure 3.7 Figure 3.8

3.6.3.2 Uniform configuration
As last example we consider a configuration similar to the one of Section [3.6.2.1} the j-th

spatial and consensus parameter components of the i-th agent are both given by

(29); = ()); = cos(i +jV2) for j=1,....,d and i=1,...,N.

% )

N|lo| g | d 70 T T | V(0) —~(X(0))?

15 | 5] 08| 200 | 1.91-107° | 59.48 | 1073 98.30

The above tables report the parameters of the configuration taken into account and the
one below the outcomes of the experiments with the different controls.

| Control  [(sP)| (U) | (R) | (®) |(DR)|(DR)|(DR)[(DR)|(DR)| (DR) |(DR)] (DR) |

k S -l - -l 1] 1 10]10]2 /| 2 |5/ 5
W)=~ ()| - | - | - | - ]95.98/43.50|95.85/96.70|77.12|101.65(97.02(122.83
Ty 28.95(29.95(30.86(30.74|53.97|44.47|38.13|32.35|33.08| 32.73 [29.41| 32.45
Tos 7.99 | 8.30 | 8.30 | 8.31 | 9.74 | 9.21 [ 8.92 | 8.15 [ 8.21 | 8.17 | 7.99 | 8.14

As before, (R) and (U) perform similarly to (SP); (DR) is able to compete up to a di-
mension reduction of 25% of the original dimension (k£ = 50). From there on, its efficiency
steadily declines. This phenomenon can be witnessed in Figure |3.8
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3.6.4 Conclusions from the experiments

In this section we summarize the conclusions that can be drawn from the list of experiments

reported in this numerical section.

(4)

(iid)

(iv)

A common feature of all the experiments is that the control (DR) is highly compet-
itive with respect to the benchmark control (SP) up to a reduced dimension which
is 10% of the original one. Indeed, in this case (DR) takes between 5 to 22% more
time than (SP) to steer the system to consensus. This suggests that the approach
of dimension reduction works in general much better practically than theoretically,
and that our analysis in Theorem is quite conservative.

The dimension of the matrix is not the only necessary ingredient to obtain a com-
petitive control: a matrix should also fulfill the Johnson-Lindenstrauss property for
certain points of the high dimensional system. Since to check the latter condition we
need information regarding the future development of the system, we need to design
different criteria to distinguish “good” matrices from “bad” ones. In Section [3.6.2.1]
we have seen that a possible sieve is the notion of exactness of a matriz at 0: the
smaller this value is, the better the control shall perform, according to the empirical
data we have gathered.

There is no proof yet that the random sparse control (R) forces the system to enter
the consensus region almost surely for every configuration, but numerical experi-
ments suggest this behavior. Furthermore, it is interesting to notice that the time
to consensus obtained by the use of the uniform control (U) is always very close to
the one we get by using the random sparse control strategy (R): this strongly hints
that the expected value of the time to consensus of the random control (R) could be
very near or even equal to the one of (U).

A common feature of the last two examples is the “relative homogeneity” of the
consensus parameters with respect to the mean consensus parameter: by this we
mean that the consensus parameters of all the agents compete to be the furthest
away from it, and thus the sparse control will jump from one to another continuously,
showing a chattering behavior. In contrast, all the first three experiments feature a
relatively small subgroup of agents whose consensus parameters are the furthest
away from the mean consensus parameter by a considerable margin. These are the
cases where the controls (SP) and (DR) are substantially more efficient than (R)
and (U): by firmly acting on the most “badly behaving” agents, we are able to steer
the system to consensus faster than employing control strategies which are blind to
the structure of the group. It is thus advisable to use sparse strategies only when
the consensus parameters of the agents are sufficiently “asymmetric” at the starting
point.

In the next section we shall propose an asymmetry measure of a group of agents which
tries to quantify how “heterogeneous” a configuration of agents is. This measure is
designed to satisfy the following property: if the asymmetry of the initial configura-
tion (zY,vY) is large, then (DR) markedly outperforms the control (R). If, instead,

the asymmetry of (2°,v°) is small, the discrepancy between the performances of the
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controls (SP) and (R) is small, thus making (R) a viable substitute of it and of (DR).
With such a tool, we shall be able to know in advance if it is reasonable to take on
the computational effort to calculate (DR), or if a random choice of the agent to
control is a feasible option.

3.6.5 The asymmetry measure of a configuration

We have seen in the numerical experiments of the last section that sometimes the Ran-
dom control strategy (R) is not only sufficient to steer the system to consensus, but also
performs almost as efficiently as the benchmark control (SP). Knowing in advance if a
system reacts well to (R) or not can save a huge amount of computational time, both at
the implementation level and for what concerns the speed of the convergence to consensus.
Based on the empirical evidences we have collected in Section in this section we pro-
pose a criterion to decide a priori if it is convenient to employ the Dimension Reduction
control (DR) or the Random control (R).

We start by noticing that from follows that whenever the control strategy we use
acts on a single agent at a time, say the i-th agent, then we can estimate the decay of the
Lyapunov functional V' as

Hence, since we are trying to maximize this decay rate, the “right” agent to control is the
farthest away from the mean consensus parameter. But how much does this choice pay
off? This clearly depends on the overall symmetry of the configuration: if the distances of
the agents from the mean v are more or less the same, i.e.,

lo- @Ol = oy (@), for all 4 # j,

then it does not matter “too much” which agent should be controlled. However, whenever
there is an agent whose distance from the mean consensus parameter is considerably larger
than the others, it is crucial to pick precisely this agent in order to maximize the decay
rate (which is also the idea behind Proposition [2.5)).

To quantify this rough idea, define for every p € [1,00) the p-normalized asymmetry
measure at 0 as

1
N p\ 1/p

52 [+ ol - 5 va

=1

One might be tempted to use p = 2 since then &2 resembles the standard deviation of the
moduli of the velocities. However, as we have already pointed out, a single outlier should
“count” more than a large group of agents with similar distances from the mean velocity.
And since it holds

i 7~ -¥Y
Jim 7 = max lv-(0)] lloj(0)]|
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then a value p > 2 will be more susceptible to react to the presence of possible outliers.
This is the reason why in what follows we choose p = 100.

We now show that there is a correlation between how large the asymmetry measure of an
initial configuration (x°,v°) is and how well (R) performs to steer the system starting at
(2°,2°) to the consensus region. To measure the difference between the performance of the

benchmark control (SP) and the Random control (R), let TO(SP) be the time to consensus
when using (SP), and let T| O(R) be the time to consensus when using (R), averaged over

several runs. We define the relative time perfomance 17 as

- é T(ER) . TéSP)
TO(SP)

Notice that, by the optimality of (SP), we expect T3 to be a positive quantity.

We also measure the difference between the performances of (R) and (DR) (which, notice,
might also be negative). If TO(DR) is the average time to consensus using the control (DR)
— averaged among all dimensions k£ in the examples — then the relative time perfomance
T is given by

5 T _giom

15
TO(SP)

Table reports the values of T, éSP), TO(DR), TéR), T1, T and @1q for the five examples of
the last section. We can see that the first three examples have a high asymmetry and both
T7 and T5 are positive. The last two examples have a relatively lower level of asymmetry,
together low values of T} and T, (which is negative since, as we have seen in the last
section, in these examples (R) is faster that (DR) in bringing the system to consensus).

Example Section||6.2.1]6.2.2| 6.2.3 | 6.3.1 | 6.3.2
757 27.78(23.45| 33.45 | 82.65 | 28.95
T\PH 34.41(26.70| 40.34 [113.49| 36.93
T 88.35(38.65|265.14| 85.53 | 30.80
T 2.18 | 0.67 | 6.93 | 0.04 | 1.39
T, 1.94] 0.51 | 6.72 | -0.34 | -0.21
100 65.87|21.74| 90.67 | 8.28 |1.3943

Table 3.1: Values of TéSP), TO(DR), TO(R), T1, Ty and 719 for the examples in Section

We illustrate this further with two histograms using a richer data set of initial configu-
rations, encompassing those of the previous sections. Figure reports the correlation
between T and @199, while Figure |3.10] shows the correlation between T5 and @1g9. The
histograms clearly show that the asymmetry measure 1o is a suitable detector of when
the (DR) control strategy is needed or when the Random control (R) is sufficient in order
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to steer the system to consensus.

ance T,

Relative time perform

o 10 20 30 0 7 80 % o 10 20 ) 0 70 %0 %

0 50 0 50
Normalized asymmetry o, Normalized asymmetry o

Figure 3.9: Correlation between T1 and 100. Figure 3.10: Correlation between Ty and &1qp.

3.7 Real-life approach

We conclude this chapter by listing several guidelines for the use of sparse controls and
dimensionality reduction techniques. These points are summing up both the theoretical
and numerical analysis we carried out in the last two chapters, and should be considered
as a practical receipt to follow whenever sparse control on a dynamical system is needed
but its dimensionality makes the implementation of the direct strategy problematic.

(i) Fix a threshold A > 0 for the maximal asymmetry level allowed, and another one
E > 0 for the maximal exactness of the matrices at 0 (that is, E)ys) allowed.

(i) Given an initial configuration (x°,v%), compute V(0) and v(X(0)). If the system is
already in the consensus region, then there is nothing to do. If not, compute the
asymmetry o109 of (2°,v0).

(191) If 7100 < A, then use the Random control (R). Notice that the only high-dimensional
information needed at each step is the consensus parameter v; of the agent to control,
since ¢ is randomly chosen.

(iv) If 100 > A, choose a feasible projected dimension k > d (experiments suggest
k ~ d/10), generate a random matrix M € R¥*? as in (S2) or (S3) of Remark
and compute E)s, its exactness at 0.

(v) If Epr > E then repeat the step above. If Ejy < E, enact the control strategy
(DR) using the projected system obtained via M. Again, the only high-dimensional
information needed at each step is the consensus parameter v; of the agent to control,
since 7 is chosen in low dimension.



CHAPTER 4

The mean-field approximation

We now make a brief pause from sparse controls and show how the curse of dimensionality
can be circumvented when the number of agents N is very large while their dimension
d remains modest. The strategy relies on a very simple idea: instead of considering the
influence that the entire population has on a single agent, we substitute it with an averaged
one (a process known in the literature as mean-field approxzimation), thus reducing a many-
body problem to a one-body problem. This let us drop the original huge system of ODEs
in favor of a single PDE for the probability density of agents in the state space: the price
to pay is that, in this way, we only have an average knowledge of the behavior of the
agents. We shall study in detail two approaches to derive rigorously this procedure: the
mean-field limit and the grazing interaction limit. All the results presented here are slight
variations of well-known results and are reported for the sake of completeness, since they
will be employed at several times in the forthcoming chapters. We remand to the reviews
[107), 130, 162] and the book [I51] for further insights.

4.1 The Wasserstein space of probability measures

We start by introducing the basic definitions and properties regarding spaces of measures.
For more details, we refer to the classical references |13} [76].

Let My(R%:R%) be the space of finite vector measures from R% to R% equipped with
the total variation norm || - || v, (gar;raz)- We denote by M(R%) 2 My(R%R,) the set of
finite positive measures defined on the Borel sets of R%, and we define P(R?) as the subset
of My(R?) of all the probability measures on R%, i.e., all u € My(R?) for which u(R?) = 1.
The space P,(R?) is the subset of P(R%) whose elements have finite p-th moment, i.e.,

/R elPdu(z) < +oo.
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Clearly, we can extend the notation to any subset Q C R? and, whenever € is bounded, it
holds P,(Q2) = P(Q) for every p > 1. We denote by P.(R?) the set of all u € P(R?) with
compact support, i.e., for which the set

supp(p) 2 {z € R? : for every open set A such that z € A it holds u(A) > 0}

is contained in a compact set of RY. Notice that P.(R?) C P,(R?) for every p > 1.

For any u € P(R%) and any Borel function f : R% — R% we denote by fuu € P(R)
the push-forward of v through f, defined as

fun(B) = w(f~Y(B)) for every B C R% Borel set.

In particular, if one considers the projection operators m; and me defined on the product
space R x R%_ for every p € P(RY x R%®) we call first (vesp., second) marginal of p the
probability measure m4p (resp., Tayp). Given p € P(R%) and v € P(R%), we denote by
['(u,v) the subset of all probability measures in P(R% x R%) with first marginal y and
second marginal v.

On the set P,(RY) we shall consider the following distance, called the Wasserstein or
Monge-Kantorovich-Rubinstein distance,

P (p,v)

W2 e [ e —yupdmx,y)}l/p. (4.1

If p = 1, we have the following dual representation for the Wasserstein distance

Wa(p,) = sup { [ et = v)(@) o € Lin(RER), Livgale) < 1} .

We denote by T's(p, v) the subset of measures p € I'(p, v) for which the minimum in (4.1
is attained, i.e.,

pETnr) = peT(ur)and [ o= ylPdpe.s) = Wyl

It is well-known that I',(y, v) is non-empty for every (u,v) € Pp(R™) x Pp(R™), hence the
infimum in (4.1 is actually a minimum.

For any u € My(R?) and f : RY — RY the notations f * p and (f,u) stand for the
convolution and the duality pairing between f and pu, respectively, i.e.,

A A
(Fen@ 2 [ fa-inty) ad (502 [ @)
R4 R2d
whenever those quantities are well-defined (for example, whenever f is sublinear and p €

P1(RY), or simply whenever f is bounded). Furthermore, if w € C(R%;R?) is sublinear and
p € P1(RY), we define the Radon vector measure wu € My(R?%; R?) as

wp(A) = /Aw(m‘)d,u(a:) for every A € R? bounded. (4.2)
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We shall denote by [wpu = wit(RY) = (w, ).

For any 3 € N we set |3] = Zle B, and for any function h € CP(R??;R), with p > 0 and
B € N¢ such that |8] < p, we define for every (z,v) € R??

A G

5 A
Oy h(x,v) = 90y - - Dauy (@,v),

with the convention that if 8 = (0, ...,0) then 95 h(z,v) £ h(z,v).
Later on in the chapter, we shall need the following class of test functions.

Definition 4.1 (Test functions). For every § > 0, we denote by 7s the set of compactly
supported functions ¢ from R?? to R such that for any multi-index 8 € N¢ we have:

(i) if |8] < 2, then 8¢ (x, -) is continuous for every x € RY;
(13) if || = 2, then there exists an M > 0 such that

(a) oY ©(x, ) is uniformly Hélder continuous of order ¢ for every 2 € R? with Holder
bound M, that is for every z € R¢ and for every v,w € R? it holds

(b) |185p(z,v)|| < M for every (z,v) € R2.

Ofpl,v) = lpl,w) | < Mo —w];

Notice that C3°(R?¢;R) C 75 for every 6 € (0,1].
4.2 The mean-field equation and existence of solutions

Notice that by using the functional Gl : R2¢ — R2? defined as
Gl (z,v) £ (v, ~a(|lz])v), for all (z,v) € R,

we can rewrite the Cucker-Smale system (1.6]) in the following compact form

N
((0) 4(6) = 3 0 G a() = 50, i(8) = v3(0)- (43)
j=1

This shows that systems of this kind are all basically first-order, and it is thus not restrictive
to focus our attention on systems of the form

N

bi(t) = - S0 K (milt) — (1) + o(t, (1)), (1.4)

j=1

at least for the sake of compactness. To shorten the notation further, we pass from dimen-
sion 2d as in to simply d: hence in , the interaction kernel K is a map from R¢
to R The extra term g : [0, 7] x RY — R? stands for an (optional) external vector field
applied to each agent and changing in time.
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The situation of equation in which the force exerted on each agent is of order 1 as
N — oo is known in the mathematical literature as the mean-field (or weak coupling)
scaling.

In order to study the behavior of the solutions of system as N — oo, we consider the
family of ODE systems (indexed by N € N) with finite time horizon 7' > 0 given by

N
. 1
xi,N(t) = N Z;K(mi’N(t) — I‘jJ\f(t)) +gN(t,l'i7N(t)) for t € (O,T], P .
= A
xZ7N(0) = x?,N?
(4.5)

Notice the label N on the term gy, since its form may also depend on the number of
agents.

As N increases, so does the complexity of system : this specifies, for instance, into a
chaotic behavior — which means a strong sensitivity to small perturbations — and numerical
intractability. Indeed, not even fast particles methods [I11, 112] can handle the number of
10% agents that are sometimes needed in several applications. However, a first milestone
towards the complexity reduction of such systems comes from exploiting the mean-field
scaling.

Definition 4.2 (Empirical measures). The empirical distribution of system (4.5)) is the
curve py : [0,T] — P.(R?) defined as

11>

N
1
pun(t) N Z‘Sxi,w(t) for every t € [0,7], (4.6)
i=1
where zy : [0, 7] — R is the solution of system (4.5 and &, denotes the Dirac measure
centered on z € R?,

By means of empirical measures, system (4.5 can be rewritten as

{:;;Z,N(t):(K*MN(t))(xi,N(t))+gN(t,xz,N(t)) for t € (0,7, i—l...N. (&7

zi N (0) = 2 v,

It is well-known that renormalized sums of Dirac measures like are dense in P(R?),
hence under further hypotheses on the atoms (z; n(-),...,x;n(-)) (which we overlook, for
the moment) we may assume that there exists p : [0, T] — P(R?) such that py(t) — u(t)
for every t € [0,T]. The approximation uy = p valid for N large implies that the solution
of is close to that of

{ E(t) = (K * u(t)(E(t) + g(t,£(1))  for t € (0, T, (4.8)

£(0) = af v,

(provided that gn converges uniformly to the function g). However, the above equation
is nothing but a characteristic curve of the PDE

ou

) ==V (K« ) + 900
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which is a particular instance of the general Vlasov-type transport equation

o
ot

for the choice of the vector field

(t) = =Vo - (V(£, u(t))p(t)) (4.9)

Vit p)(x) = (K * p)(z) + g(t, ).

Definition 4.3 (Weak solution of (£.9)). We say that a map p : [0,7] — P1(R?) is a
solution of (4.9) if the following holds:

(7) w(-) has uniformly compact support, i.e., there exists R > 0 such that supp(u(t)) C
B(0, R) for every t € [0,T7;

(73) () is continuous with respect to the Wasserstein distance Wi;
(131) p(-) satisfies (4.9) in the weak sense, i.e. (see [13, Equation (8.1.4)]),

d

o | @ dult,z) = | V() V(Et, ut))(x)dult,z),
Rd Rd

for every ¢ € C°(R% R) and every ¢ € [0, 7).

Remark 4.4 ([106, Section 4]). Since the linear span of functions of the type n(¢)((x,v)
with 7 € C2°(]0, T];R) and ¢ € C°(R% R) is dense in C°([0,T] x R%;R), it is not difficult
to manipulate equation (4.9) to see it is equivalent to

/OT /Rd <88‘f(t, r) + Vep(t, x) - V(t,,u(t))(a:)) du(t, z)dt = 0,

for every ¢ € C°([0,7] x R%R). Another equivalent reformulation of (4.9)) involving
the duality pairing between continuous functions and measures is the following: for every
t €[0,7] and ¢ € C*(R%R) it holds

(6. 1(t) — u(0)) = / [ Vo) Vs, plo)) @), 2)ds.

Motivated by the above insights, we consider the system

o

o (t)=—-Vy- <(K s« u(t) + g(t)),u(t)) for t € (0,7,

(4.10)

and we pass to determine under which conditions the formal computations that led us to
it actually hold true. As a preliminary result, we can show that solutions of system (|4.5]
are also solutions of system (4.10)), whenever conveniently rewritten.

Proposition 4.5. Let N € N be given. Let (v1n,...,2n.n) ¢ [0,T] = R be the solution
of (4.5) with initial datum (m?’N, .. ,x?V7N) € RN Then the empirical measure-valued
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curve puy : [0, T] — P1(R?) defined as in ([E.6)) is a solution of ([E.10) with initial datum
Al al
18
M N 2
Proof. Tt is straightforward to check that inserting pn(+) into (4.10) and using the equa-

tions of (4.5, we get an identity. O

Remark 4.6. In view of the above result, there is no ambiguity whenever we say that
the empirical measure-valued curve uy(-) is a solution of the discrete system (4.5)).

4.2.1 Existence results for convolution-type ODEs

To link solutions of (4.5) to those of (4.10]), we first need two results concerning the
regularity of the interaction kernel K.

Lemma 4.7. If K € Lipy,.(R?) and u € P(R?) then K * p € Lip;.(R9).

Proof. For any compact set  C R? and for every z,y € Q it holds

1 1)) — (K * 1)y II—H/K:B—zdu - [ K= 2)auta
< Lipg(K)llz — )

for any conveniently larger compact set QcRr? depending only on 2. This shows the local
Lipschitz continuity of K * p. 0

Lemma 4.8. If K is sublinear and p € P1(R?) then K * p is sublinear. Furthermore, it
holds

I @)l < i (14 el + [ Tolldnt ) (a.11)

where Ci stands for the sublinearity constant of K.

Proof. If Ck is the sublinearity constant of K, an easy computation shows that

I el = | [ 56 = )t
< [ 1K = )lduty)

< Cic [ (1ol + lylhduts

< i (14 lell+ [ Ioldntn)

<O+ [l=),

for a suitably large constant C' > 0. In particular, (4.11)) holds. O
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By the two lemmas above, we can invoke the usual Cauchy-Lipschitz theory (in its
Carathéodory version, see Theorems and to prove the existence and unique-
ness of solutions of system (4.5). What is remarkable, and at the heart of the first rigorous
results on the mean-field limit (see [41}, [95] [148]), is that several peculiar properties of the
solutions of system are independent of N. This fact will turn out to be crucial when
we shall extend these properties to solutions of system .

Proposition 4.9. Assume that K € Lipy,.(R?) and is sublinear, and that the function
gn € C([0,T] x R%: RY) satisfies

(1) there exists a constant G > 0 independent of N such that

gn(t,x) -z <G+ ||lz||?)  for every (t,x) € [0,T] x RY; (4.12)

(i3) for every compact Q C R? there exists Ly q € L*([0,T)) satisfying

lgn(t,z) —gn(t, y)|| < Lva(t)||lx —y||  for every t € [0,T] and z,y € ; (4.13)
(iii) for every compact Q C R? there exists Gg > 0 independent of N for which it holds
g Il oo (jo,11x ) < G-

Then, for every N € N, system (4.5)) admits a unique global solution defined on [0,T] for
every initial datum (29 , ..., 2% ) € RV,

Moreover, if there exists a bounded set B C R? such that :L'%N € B for every N € N and
every i =1,..., N, then there exist two constants L, R > 0 independent of N such that

o ||lz;n(t)|| <R, for everyt € [0,T] andi=1,...,N,
o ||lzin(t) —zin(s)|| < L|t — s|, for every t,s € [0,T] andi=1,...,N.

Proof. We begin by proving that, if K € Lip;.(R%) then for any N € N the Carathéodory

function F': RV — RN defined for every (x1,...,2x) € R as
1 & '
F(zy,...,x é Zle—:z] , ZKxN—x] )
]:1

satisfies F' € Lip;,.(RY). Indeed, for any (z1,...,zx), (y1,...,yn) € Q compact subset
of RV it holds

IF (1, an) = Fyn,-un) | <) NZK( ) NZ

IA
=z~
M) =
=
B

|

uH

|

~
<

&
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N
< 2Lipg(K) Yl — will
=1

)

< 2V/N Lipg(K) [[(z1, -, 28) — (y1,- -, yn) ||

having used Lemma for a sufficiently large compact subset O C RY. The factor VN
comes from having estimated the ¢;-norm with the fs-norm.

We now invoke the sublinearity of K and Lemma to show the sublinearity of F"

1 N
N 2 K-

WE

|F(z1,...,258
i=1 j=1
1 N N
< A K x)
i=1 j=1
C N N
< ST+ lll + e )
i=1 j=1
<

N
K <N+2ZH$@'H>

=1
<2NCk(1+ ||(21,-..,zN)))

By setting H : R — R to be

A
H(t,x1,...,xn5) = (gn(t21), ... gyt an) T,

it follows byandthat F+ H satisfies the hypotheses of Theoremsand which
yield the existence of a unique Carathéodory solution (z1 n,...,zy ) : [0,T] — R of
system for every N € N.

Now suppose there exists a bounded set B C R? such that 3:?7 N € B for every N € N
and every i = 1,..., N. Let us now fix N € N and estimate the growth of ||z (¢)? for
i=1,...,N. From Lemma and the hypotheses on K and gy it follows

;jtnxz VO = i (6) i (t)
= (K () @(®) + g (.2 v (1) - (D)
< 0 5 v ) @ O Ol + g3, 20 (0) - 2350

N
1
< Cx [ 14z @l + 5 D lain @] | lzn @l + Cllzin ) + G
j=1
< O max ey n(0) + o, (4.14)

with C} 2 Ck/2+ G+ 2 and Cy 2 Ck /2 + G. We now denote by

Y 2
¢(¢) nax llzjn(t)]|°  for every t € [0,T].
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Notice that, since x; 5 (-) € W1°([0, T]; R?), then {(-) € W1°°([0, T]; R). This implies that
¢(+) is a.e. differentiable, hence by Stampacchia’s Lemma (see for instance [134, Chapter
2, Lemma A.1]) for a.e. t € [0, 7] there exists j € {1,..., N} such that

: d
) = Zlein @17,

which let us conclude the inequality

(t) < 201¢ (1) + 205,

Since x?y N € B, by setting
A
5(B) 2 sup {|la : z € B}

from Gronwall’s Lemma [A.1] we obtain
C(t) < (C(0) + 2C51)e2C1 < (8(B) + 2C5t)e*C1t,

Therefore, ||z; n(t)|| < R where
R2 \/5(B)+2C,T 7. (4.15)
This implies that, for all N € Nand ¢ =1,..., N, from hypothesis we have

N
|2~ ()] < %Z | K (¢, i v () = 2 n (1) || + Nlgn (8 v (8))]
j=1

N
1
<Ok |1+ lzn®l+ 5 Sz @I |+ llgwlleeo,r1xBo,R)
=1

< (1+2R)Ck + Gpo,Rr);

which, integrating between s and ¢ implies
s (8) = i ()]l < ((1+2R)C + G m ) It = sl

This gives us the uniform continuity of the curve z; y(-) with an upper bound for the

Lipschitz constant given by L 2 (1+2R)Ck + Gp(o,r), Which is uniform in ¢ and N. O

4.2.2 The mean-field limit

We now establish the existence of solutions of system . Informally, to do so we shall
consider the solutions of the discrete convolution-type ODE systems , write them in
the form of empirical measures uy, and then take the limit for N — oo in the Wasserstein
space of probability measures Py (Rd). This procedure, also known as mean-field limit, will
let us extend the results obtained in Proposition to solutions to (4.10)).

We first need a preliminary estimate, variants of which are [I06, Lemma 6.7] and [46]
Lemma 4.7]
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Lemma 4.10. Let K € Lip,,.(RY) and let p : [0, T] = Po(RY) and v : [0,T] — Pe(R%) be
two continuous maps with respect to Wy satisfying

~

supp(u(t)) Usupp(r(t)) € B(0, R), (4.16)

for every t € [0,T], for some R > 0. Then for every r > 0 there exists a constant LKﬁ,r
such that

1K 5 pu(t) = Ko v(@) || oo (o) < Ly g, Wiln(t), v(t)) (4.17)

)

for every t € [0,T].

Proof. Fix t € [0,T] and take m € T',(u(t), v(t)). Since the marginals of 7 are by definition
w(t) and v(t), it follows

K 5 pu(t)(@) — K 5 (1) (x) = /B o K DO - / Kz — 2)dv(t)(2)

B(0,R)

_ /  (K(z—y) - K(z — 2))dn(y, 2)
B(0

By hypothesis (#.16), K € Lip;..(R%), and the definition of the Wasserstein distance W,
it follows

[ K * pu(t) — K * v(t)]| oo (B(0,r)) < esssup /  |K(z—y) — K(z — 2)|dn(y, 2)
z€B(0,r) J B(0,R)?2

< Livgg an() | V)
= LipB(o’ﬁ_H«) (K)Wl (/’L(t)a I/(t)),

hence (4.17)) holds by setting L, 5 2 LipB(0 §+7~)(K)' O

We are now ready to state under which conditions the approximation for N large of the
discrete systems (4.5)) by the mean-field dynamics (4.10) holds.

Theorem 4.11. Let 4° € P.(RY) be given. Let (u%)nen C Pe(RY) be a sequence of
empirical measures of the form

N
1
:U'(I)\f — N E 59631\7, for some x?,N S SUPP(NO)
=1

satisfying the condition
lim Wi (ul, 1°) = 0,
N—o00

and assume that the sequence (gn)nen C C([0,T] x R%; RY) satisfying of Proposi-
tion converges uniformly to g € C([0,T] x R4 RY). For every N € N, let py : [0,T] —
P1(RY) be the curve (A.6) where (x1n(:),..., 2NN () is the unique solution of system
with initial datum (:L’%N, . ,:r(])\,’N).
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Then, there exists R > 0 depending only on T, K, G, and pu° such that the sequence
(UN)NeN converges uniformly in P1(B(0,R)) equipped with the Wasserstein metric Wy to
a solution u(-) of (A.10) with initial datum u° satisfying

supp(un(t)) Usupp(u(t)) € B(0,R),  for every N € N and t € [0,T].

Proof. First of all notice that, for every N € N, the unique solution (z1,n5(-),...,znnN("))
of system with initial datum (x%N, e ,339\77]\,) exists by Proposition

Again by Proposition the elements of the sequence (un)ven C C([0,T]; P1(B(0, R)))
have support uniformly contained in the ball B(0, R), where R is given by , and
they are Lipschitz continuous with uniform bound in N for a Lipschitz constant given by
L > 0. We have thus found a sequence (un)neny C C([0,T],P1(B(0,R))) for which the
following holds:

e (uN)nNen is equicontinuous and is contained in a closed subset of P1(B(0, R)) equipped
with the Wy metric, because of the uniform Lipschitz constant bound L;

e for every t € [0,7T], the sequence (un(t))nen is relatively compact in P;(B(0, R))
equipped with the ; metric. This holds because (un(t))nen is a tight sequence,
since B(0, R) is compact, and hence relatively compact with respect to weak con-
vergence due to Prokhorov’s Theorem. By [13| Proposition 7.1.5] and the uniform
integrability of the first moments of the family (un(t)) ven follows the relative com-
pactness also in the metric space P1(B(0, R)) equipped with Wj.

Therefore, we can apply the Ascoli-Arzeld Theorem for functions with values in a metric
space (see for instance, [133, Chapter 7, Theorem 18]) to infer the existence of a subse-
quence (pn, )ken of (un)nNen such that

klim Wi (un, (t), u(t)) =0,  uniformly for a.e. t € [0,7], (4.18)
— 00

for some p € C([0,T],P1(B(0, R))) with Lipschitz constant bounded by L. The hypothesis

lim 00 Wi (1%, 1°) = 0 now obviously implies 1(0) = uP.

We are left with verifying that this curve u(-) is a solution of (4.10]). For all ¢ € [0, T, for
all N € N and for all ¢ € C°(R% R), it holds

d 1 &
270 N (t th Z(b N (1) = N;V¢(ﬂ?i,N(t)) -2y, (1),

hence, by directly applying the substitution @; n(t) = (K * un(t))(xin(t)) +gn(t, zi N (L))
from system (4.7, we have

(6o (®) = () = [ t [ [ Vo) - (K e () () + gN<s,x>)duN<s,x>} ds.

Since the uniform Wasserstein convergence (4.18)) implies that for every ¢ € [0,7] and
¢ € C(R%R) it holds

Jim (6 a0, (1) = 10, (0)) = (9 (1) — (0)
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then, by Remark in order to show that p(-) is a solution to (4.10) we simply need to
prove that

i [ [ V6t (156 5, (50)(0) + g, ), (5 2) s =

k—o0

-/ t [ 7ot (15 5 @) + als ) (s, as.

To do so, notice that by Lemma m (with r = R= R) and the uniform W) convergence
of the ppn, to p, it holds

/0 /R I o, (90) (&) — (K () ) - V()] d(s, z)ds <
< Lir | Wil (90060 | [ I90du(s, )| ds

< Licrn sup Wil (0000) [ | [ 196)duts.)] s

t€[0,T]

—0as k — oo,

since V¢ is bounded and p(-) has uniform compact support in time. The same holds true
for gn, and g in place of K * uy, and K * u, respectively, due to the uniform convergence
gN — 9.

Therefore, from the dominated convergence theorem and the Lipschitz continuity of K * p
and g, we obtain

(¢, u(t) — p(0)) = /O » Vo(x) - (K * p(s))(x)dp(s, z)ds = 0,

which proves that u(-) is a solution of (4.10) with initial datum u°. The fact that the
sequence (un)nNen converges to p without passing to a subsequence shall follow from the

uniqueness of u, see Remark which will be proven in the following section. O
Remark 4.12. A way to choose the initial data :U%N, . ,$9V7N for every N € N in order

to guarantee the condition limy_eo Wi(uQs, %) = 0, is the following: let (x;);en be a
sequence of independently and identically drawn vectors from supp(u®) according to the
probability law ;0. If for every N € N we define

A .
:cgstci, foralli=1,...,N,

then the validity of limpy_oo W1 (,u?v, 1) = 0 follows from [102, Lemma 3.3].

4.3 The transport map and uniqueness of solutions

The transport map provides a direct way to describe the evolution in time of the initial
measure 10 and is often employed in connection with stability estimates for the solutions
of (4.10). It can be constructed by considering a characteristic curve of equation (4.10)),
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which yields the system

{ E(t) = (K x u()(E(1) + g(t,£(1))  for t € (0, T,

£(0) = €0, (4.19)

where ¢ is a mapping from [0,7] to R%. We assume here that K € Lip,.(R%R?) is
sublinear and g € C([0, 7] x R% R?) satisfies (£.12)-(13). The map p : [0,7] — P1(R?)
is continuous with respect to the Wasserstein distance W; and satisfies u(0) = u° as well
as supp(u(t)) € B(0, R) for every t € [0,T], for a given R > 0.

The following preliminary result shows that system has a unique solution &(+) defined
on the whole time interval [0, 7.

Proposition 4.13. Suppose that K € Lip,,.(R%R?) is sublinear and that g € C([0,T] x
R RY) satisfies (“#.12)-(4.13). Fiz T > 0, 10 € P(RY), € € R? and R > 0. Then, for
every map 1 : [0,T] — P1(R?) which is continuous with respect to Wi and satisfies both
(0) = p° and

supp(u(t)) € B(0,R)  for every t € [0,T],

there exists a unique solution of system ([4.19) with initial value £° defined on the whole
interval [0,T).

Proof. By Lemma follows that, for any compact set Q C R? containing £°, there exists
a function mq € L'([0,T]) for which the function G(t,y) = (K  u(t))(y) + g(t, y) satisfies
(B.2) of Theorem Moreover, for fixed ¢ this function is locally Lipschitz continuous
in y, as follows from Lemma [4.7] thus G is a Carathéodory function.

From the hypothesis that supp(u(t)) is contained in B(0, R) uniformly in ¢ € [0, 7] and
Lemma follows the existence of a constant C' depending on 7', K and u” such that

1K p(@) (W)l < CL+ lyll)

holds for every y € R% and for every t € [0, T]. Hence the function G (t,y) = (K *u(t))(y)+
g(t,y) satisfies (see also Remark [B.2)). By considering a sufficiently large compact
set Q containing £°, Theorem then guarantees the existence of a solution of system
defined on [0, T7.

To establish uniqueness, notice that by Lemma the function Kxu(t) is locally Lipschitz.
Adding the local Lipschitz continuity of g, uniqueness follows from Theorem [B.3| by taking
g1=g2=G,y) =y) =€ and r = [|€°]. [

Fix now K € Lipy,.(R%R?) sublinear and g € C([0,T] x R%R?) satisfying ({.12)-(.13),
and consider a solution p(-) of with K and g (which exists by Theorem [4.11)). Since
u(-) satisfies the hypotheses of the proposition above, we can consider the family of flow
maps 7" : R — RY, indexed by t € [0,T], defined by

THEY) 2 €(t),

where ¢ : [0,T] — R? is the unique solution of (4.19) with initial datum £°. It is well-
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known, see 46, Theorem 3.10], that a map u : [0,T] — P;(R?) is a solution of (&.10)
with initial datum p° if and only if it is the unique fixed point of the push-foward map

T[v](t) £ (T)4p0, ie., it holds
u(t) = (T pu®  for every t € [0,T]. (4.20)
A relevant basic property of the transport map is proved in the following

Proposition 4.14. If K € Lip,.(R% R?) is sublinear and g € C([0,T] x R%;RY) satisfies
([4.12)-([.13)), then T} is a locally Lipschitz map. Moreover, if g =0, then T} is a locally

bi-Lipschitz map, i.e., it is invertible, locally Lipschitz and with locally Lipschitz inverse.

Proof. Let R > 0 be sufficiently large such that supp(u’) C B(0, R). Then, the choice
r = R in Theorem trivially implies the following stability estimate

7 @) @] < e (Poom U Eoms0m@) oy for every 2.y € BO,R)
i.e., T/ is locally Lipschitz with

Lipp o) (T < ¢ (1P 0.3 ) +LiPG 1150, (9)). (4.21)

Suppose now that g = 0. In view of the uniqueness of the solutions of the ODE (4.19)),
it is also clear that, for any to € [0,7], the inverse of T is given by the transport map
associated to the backward-in-time ODE

{ E(t) = (K # p(t))(&(t))  for t € [0,%0),
E(to) =&,

However, this problem in turn can be cast into the form of an usual IVP simply by
considering the reverse trajectory v(t) = u(to —t). Then y(t) = £(to — t) solves

§(t) = — (K «v(0)(y(t))  for t € (0,k],
y(0) = &(to).
The corresponding stability estimate for this problem then yields that the inverse of 7"

exists and is locally Lipschitz (with the same estimate for the local Lipschitz constant as

([E21)). O

Thanks to the transport map we can prove Theorem below, stating the continuous de-
pendance on initial data for system (4.10)), which in turn yields the uniqueness of solutions.
The following lemma and inequality are the main ingredients of its proof.

Lemma 4.15. Let 71 and T5: R™ — R"™ be two bounded Borel measurable functions. Then,
for every p € P1(R™) one has

Wl((ﬂ)#ﬂ, (7-2)#“) < H7~1 - 7-2HL°°(supp(,u))-
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If in addition Ty is locally Lipschitz continuous, and p, v € P1(R™) are both compactly
supported on a ball B(0,7r) of R™, then

WI((T1) e, (T1) pv) < Lipgo,m (TOWi (1, v).
Proof. See [46, Lemma 3.11] and [46, Lemma 3.13]. O

Theorem 4.16. Fiz T > 0, K1, K> € Lip,,.(R%RY) sublinear and g1,92 € C([0,T] x
R RY) satisfying (£12)-@.13). Let p1, o : [0,T] — P1(R?) be solutions of

W) = V- (Ko pal®) + (D) Jort € 0,7),

ot i:1a2a

equi-compactly supported in a ball B(0, R), for some R > 0. Then the following estimate
holds for every t € [0,T]

t
Wi (0. 12(0)) < WG p) + 8 [ (L, W (s) o))+
+ 1K1 = Kol oo (po.2my) T 191(5) — 92(3)HL0<>(B(0,E))) ds,

where the positive constants « and B depend only on u?, ug, Ky, Ks, g1, g2, R and T.
Hence, if K1 = K5 and g1 = go it holds

Wi (1 (t), pa(t)) < CWi(f, p3)  for every t € [0, ). (4.22)
In particular, solutions of (4.10) are uniquely determined by the initial datum.

Remark 4.17. The estimate (4.22)) is known as Dobrushin’s inequality and was first
presented in [95].

Proof. Let T, and 7,2 be the flow maps associated to system (4.19)) with measure u; and
2, respectively. By (4.20]), the triangle inequality, Lemma and (4.21) we have for

every t € (0,7
Wi (t), p2(t)) = Wi(T)gnds (T7) 4413)
)i (T )412) + Wi((Te) emd, (%) ehi3)
2 (TOWL(, 13) + 1T = T2 e (0. )
< ai(u}, p3) + [T - 7;2”L°°(B(0,§))’

(4.23)

where o — 6T(LipB(0®(K1)+Lip[O’T]XB<O,§) (91))'

Using inequality with ¢{ = 9§ = €Y we get
¢
17 =T (07 < B /0 1K1t 11 () + 91(5) — Ko 5 pn(5) = 92(5) | o 0.7y 45 (4:24)

for B = max;_; o T (1P 0.7 (KD +Libp0 1107 99))
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To estimate the integrand, notice that
1K1 5 12(s) = Ko % pia(8) | ooy < SUD AJMM%—M—KMx—me@w)

z€B(0,R)

< sup  sup [|Ki(z —y) — Ka(z —y)|
2€B(0,R) yeB(0,R)

< K1 - K2||LOO(B(0,2§)),

therefore we have

[ K1 * pa(s) — Ko * MZ(S)HLoo(B(O’ﬁ)) < K7 * pa(s) — Ky M2(S)HL°0(B(07E))+
+ || K1 % pa(s) = Ko ()| oo (0 7))
< LKl,ﬁ,EWKM(S),ug(s)) + || K1 — KZHLOO(B(OQE))a

where we have used Lemma with K = K; and r = R=TR. By plugging the above
estimate in (4.24) we get

t
1T = T om0y < /5/0 (LKl,E,Ewl(Nl(S)aM2(5)) Y = Kol poo 0,27 F
+1191(5) = 92(8) s 0.7y ) 05

Combining (4.23]) and the above estimate we obtain

t
Wi (a1 (1), (1)) < aWi(pl, 1z) + 8 /0 (LKl,RFWI(NI(S)aM2(S))+
+ 1K1 = Kol oo (p(o.2m)) T 1191(5) — 92(3)||Loo(B(o,§))> ds,

which is the desired inequality. In particular, if K1 = Ky and g1 = ¢2, from Gronwall’s
Lemma we get with C = ae’ Pl R R,

Consider now two solutions p;(-) and pa(-) of with the same initial datum u°.
The above estimate tells us that they are the same curve in P;(R?). This concludes the
proof. O

Remark 4.18. Going back to the application of the Ascoli-Arzeld Theorem in Theorem
4.11} consider another converging subsequence of the sequence (un)yen. It straightfor-
wardly follows that its limit is another solution of with the same initial datum.
However, since there is only one of such solutions for Theorem [4.16] we have that all
converging subsequences of (uy)nyen have the same limit, from which follows that the
sequence (uy)nen has limit p too.

4.4 The Boltzmann equation

This section is devoted to the Boltzmann equation, which is a partial integro-differential
equation describing the evolution of the particle density of a rarefied monatomic gas de-
rived from the mathematical model of elastic balls by means of mechanical and statistical
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considerations.

The starting point of the Boltzmann analysis is the same that motivates the mean-field
limit procedure: to renounce to study the gas in terms of the detailed motion of the
particles which constitutes it because of their huge number, and start to investigate a
nonnegative function f(t) € M,(R??) which represents the distribution of particles in the
phase space R2? at time t.

Boltzmann considered the situation of a system of N identical particles, viewed as hard
spheres with radius 0, in which collisions are purely elastic. Taken any two particles with
state parameters (x,v) and (&, ), the post-collisional coordinates (z*,v*) and (Z*,0*) are
given by the change of variables

(4.25)

where n is a unitary vector in Si = {n:(v—mw1)-n >0}. The equations are con-
sequence of the conservation of energy, momentum, and angular momentum.
If particles would not collide, then the dynamics for the distribution f(-) of a single particle
should follow the law

of

a(t) +v-V.f(t) =0,

where the term v - V. f(¢,z,v) represents the effect of free particle transport. However,
due to collisions, we have an equation like

of

) + 0 Ve () = GO — L)
where the gain term G(t) “counts” the particles that acquire the velocity v at time ¢ due
to the collisions of other particle, i.e., how much the quantity f(¢,z,v) dz dv increases.
Similarly, the loss term L(t) describes the loss of f(t,z,v) dx dv due to all collisions in
which particles with velocity v acquire a different velocity.

The Boltzmann equation is therefore given by
of

SO+ 0Vt (1) = QU (D), (1.26)

where the collision operator () accounts for the bilateral loss and gain terms as follows
QD)2 [ 0=y n(Ftm o) (b0 — £t 0 f(0,0)) dodn,
R3 /52

Remark 4.19. In the mathematical literature concerning the Boltzmann equation (see,
for instance, [I51) Section 2.3]), when integrating against the distribution of agents f(t) it
is customary to write f(¢,z,v) dx dv, instead of df(t,z,v), even if f(t) is not absolutely
continuous with respect to the Lebesgue measure £2% on R??. This is because, in this case,
one sees f(t) as a generalized function rather than a measure. We shall also adhere to this
tradition whenever dealing with Boltzmann-like systems.

One of the advantages of the Boltzmann approach is its flexibility: it is naturally prone
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to generalizations in contexts outside physics, like biology and social sciences, and has
experienced great success in economics as a cornerstone of econophysics (see, for instance,
the classic [141]).

Another advantage is provided by the availability of binary interaction algorithms to solve
numerically the nonlocal PDE (4.26): these meshless Monte Carlo methods have a re-
duced computational cost with respect to mesh-based methods and guarantee high level
of accuracy [7, 151]. We shall make use of them in Chapter m

4.4.1 The Boltzmann approach outside physics

Mathematically speaking, nothing prevents us to use a different change of variables from
and study the Boltzmann-like equation related to it. Actually, nobody even pre-
scribes that interactions are only allowed within agents of the same population f. We can
therefore consider two distributions f, g € My(R??) (which can, of course, coincide), take
an agent from f with state parameters (x,v) € R?*? and another one from g with coordi-
nates (z,0) € R2?: we then prescribe their post-interaction states to satisfy the following
general change of variables

(4.27)

0" 0 5/—’_/8/(1.71))4_7/(@7@7*%7”)] )

0" =v+nla(z,v)§+ B(x,v) +y(z,0,2,9)],
" =0+n[d (2,0

where 7 is the strength of interaction and £ and &’ are random variables whose entries are
i.i.d. following a normal distribution with mean 0, variance ¢ and taking values in a set
B C R?. The functions a and o are stochastic self-propulsion terms (since they are acting
on the random variables £ and &’), while 5 and 8" are deterministic drifts. The interaction
kernels v and +’ determine the reaction of the agents to the collision. Likely to , in
what follows we assume that it holds

Inv) system (4.27) constitutes an invertible change of variables from (v, v) to (v*,0*).
(Inv) system (£.27) g : ,

Following Boltzmann’s ansatz (see [58, [160]), we introduce the Boltzmann-Povzner colli-
sional operator Q(f,g) associated to (4.27) as follows

Q(f,9)(t,x,v) 2E [/R?d <éf(t,x*,v*)g(t,i"*,ﬁ*) - f(t,x,v)g(t,fc,@)) dz d’f)} . (4.28)

In the above expression

e the pair (z,,v,) is the pre-interaction states that generates (z,v) via (4.27), and J
is the Jacobian of the change of variables given by (4.27) (well-defined by (Inv));

e the expected value E is computed with respect to £ € B.

The time evolution of f(-) is then given by the following Boltzmann-type equation

S0+ - Vaf(0) = 2. 0)0), (4.29)

where A stands for the interaction frequencies among the two populations f and g.
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Notice that, since the interaction (4.27)) do not correspond at this point to any physical
phenomenon, the conservation of the mass of f and g, i.e., the quantities

P02 [t dedo and g2 [ gt dede. (@30
R2d R2d

is not anymore guaranteed. Therefore, in specifying the definition of a solution of (4.29)),

we have to require that p[f] remains constant.

Definition 4.20. Fix T > 0, § > 0, and let g € L?([0, T]; My(R??)) be such that p[g](t) =
plg](0) < 400 for every t € [0,T]. By a d-weak solution of the initial value problem for
the equation with initial datum f° € My(R??) in the interval [0, 7], we mean any
f € L¥([0, T]; My(R?4)) satisfying

(i) £(0,2,v) = fO(x,v) for every (z,v) € R??

(ii) there exists R > 0 depending only on f°, T, 6, g, a, 3, and =, such that supp(f(t)) C
B(0, R) for every t € [0, T];

(iid) plf](t) = p[f)(0) for every ¢ € [0, ]

(iv) f() satisfies the weak form of the equation (4.29), i.e., for every ¢ € Ts and t € (0,7
it holds

0

5z (@), 0) +{f(1),v- Vap) = MQ(f,9)(1), ¢)

where

4d

QU2 9)(1). ¢) =E [ [ et ol ) Fs )gl0, 5,0y oo di o, (130

and where v* is given by (4.27)).

Remark 4.21. In this thesis, we shall not be concerned about the existence or uniqueness
of solutions in the sense of Definition for system , but only about their mean-
field approximation. General well-posedness results for Boltzmann-like equations can be
found in [9, [26] ©03].

4.4.2 The grazing interaction limit

The brand-new point of view adopted with the Boltzmann approach raises several issues
concerning the phenomena it tries to model.

(i) The Boltzmann equation is not a mean-field equation, since it still retains the mi-
croscopic interaction rules between agents given by (4.27)). Is it possible to pass to a
mean-field approximation by means of some procedure?

(i) The analysis of equation (4.29) is in general quite difficult due to the highly convo-
luted operator Q. Is there a way to obtain a more regular operator, from which it is
possible to determine explicitly the evolution of f(-) and its asymptotic behavior?
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(747) How is the binary interaction model related to the usual multiagent system

0(t) = aa(t), o) + Bt v(®) + [ 2(a(0)v(e).,0)g(t.2.0) d do,
(4.32)

where ( is a d-dimensional random variable with normal distribution A(0,02)? To
see that (4.32)) is a generalization of already encountered multiagent models, consider

N
1
F6) = 9(t) = 5 D dw0.wite)-
i=1
where, for every i = 1,..., N, (z;(+),v;(-)) solves

1 N
)= D alllzi(t) — 25 (0 (w5(e) — vitt)).
7j=1

i.e., (x(-),v(+)) is a solution of the Cucker-Smale system (1.6)). Then (z;(-), v;(+)) also
solves (4.32]) for the choices v(x,v,2,0) = a(||x — &||)(0 — v) and o = 8 = 0.

To answer the above questions, let us have a closer look to (4.32). If we consider the

N
= Sty
=1

where (x;(+),v;(+)) is a solution of (4.32)) for every i = 1,..., N, then it can be shown, by
direct substitution and using It6’s Lemma, that f(-) solves the following Fokker-Planck-
type equation [165]

measure

O 1)+ 0Vt (1) = Vo (HADF0) + 50%Bule®f(1),  (433)
where we have set
Hg|(t, x,v) 2 B(x,v) + /de v(z,v,%,0)9(t,%,0) di dov. (4.34)

The integro-differential operator

FP(f,9)(t,,0) & =V, - (Hlgl(t,2,0)(1,2,0)) + 50*A(03(2,0) (1, 0))

is called the Fokker-Planck operator and consists of a Vlasov-type term describing the
interaction between f and ¢ plus a diffusion term which accounts for the random walk
of each particle. Equation is a mean-field type equation which, as shown, e.g., in
[8, 169], can be easily manipulated in order to obtain long time stationary profiles of the
dynamics. The three questions above can then be roughly reformulated into a single one:
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is there a way to play with A, n and ¢ of and in such a way that, denoting
by Qx A< g) the collisional operator associated to the choice of the parameters, the
limit
MQx s (S¥7, 9)(t), ) = (EP(f,9)(1), )

holds for all nice enough test functions ¢? The regime under which this limit holds is
called grazing interaction limit. This technique, analogous to the so-called “grazing collision
limit” in plasma physics, has been thoroughly studied in [91), [175] and allows, as pointed
out in [I51], to obtain a mean-field approximation for the binary Boltzmann description
introduced in the previous section.

The mean-field approximation via grazing interaction limit of the Boltzmann-like equa-
tion holds under a proper scaling of the quantities A\, 7 and ¢ that resembles the
mean-field scaling 1/N. Indeed, we have to tune the frequency A\ and the strength n of
interactions in such a way that, as the number of interactions increases, their intensity
diminish proportionally. Hence, in both cases the overall force acting on a single agent
turns out to be of order 1.

Formally, we assume that the interaction strength n scales according to a parameter ¢,
the interaction frequency A scales as 1/e, and we let ¢ — 0. In order to avoid losing the
diffusion term in the limit, we also scale the variance of the noise term Zasl /€. More

precisely, we set

2
A Al o

n=e, A= — §2 .

€ €

1>

(4.35)

We now pass to study the Boltzmann equation (4.29) to see if simplifications may occur
under the above scaling assumptions.

Let us fix T > 0, > 0, ¢ > 0, an initial datum f9 € ./\/lb(R2d), and a measure-valued curve
g € L2([0, T]; My(IR??)) such that p[g](t) = p[g](0) < +oo for every t € [0,T]. Consider a
d-weak solution f(-) = f¢(-) of equation with initial datum f° and let the scaling
holds for the chosen ¢.

Remark 4.22. Fix t € [0,7T]. Since, from (ii)—(i7i) of Definition the distributions
{f?(t)}e>0 have equal constant mass and uniformly bounded support, it follows that this
class is tight. Therefore, by virtue of Prokhorov Theorem, any sequence { f"(t) } ,en admits
a subsequence converging weakly to some limit distribution f(t).

Following the ideas in [54} [70], if we denote by Q(f, g) 2 Q°(f¢, g) the collisional operator
(4.28)) associated to the scaling (4.35)) for the chosen e, then we can expand ¢(z,v*) inside
(4.31]) in Taylor’ series of v* — v up to the second order, to get

(Q(f,9)),p) = E[ » Vep(z,v) - (v° —v) f(t,x,v)g(t, &,0) do dv di do+

1

d
+ 3 /R4d ‘Zl ) p(z,v) (v — v); (" —v); | f(t,z,0)g9(t,2,0) do dv dZ db| + Ry,
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where the remainder R, of the Taylor expansion has the form

d

/]R‘W Z ( a(m) <$’E)> (v =), (v = U)j X

Ry, =

x f(t,z,v)g(t,&,0) de dv dz dv]

with 7 = ¥v* + (1 — ¥)v for some ¢ € [0,1]. By using the substitution given by the

interaction rule (4.27)), i.e.
v* — v =nla(z,v)E + B(x,v) +y(z,v,2,0)],

we obtain
Voe(z,v) - (v* —v) f(t,z,v)g(t, 2,0) dz dv d& do =
R4d

= 7]/ Vop(z,v) - [a(z,v) + Bz, v) + y(z,v,2,0)] f(t, z,v)g(t,2,0) de dv di do
= nplgl(t) (f (), Vup - ag) + 1 (f(t), Vo - H[g](1)) , (4.36)

where H[g] is as in (4.34). By taking the expected value with respect to & € B of (4.36)),
the term np[g](t) (f(t), Vyp - a&) is canceled out, since E [¢] = 0.

The same substitution yields for the second order term

;/ﬂw (Z O p(x,v) (V* = v); (vF —v); | f(t,2,0)g(t,&,0) do dv di dd =

2,7=1

/R4d [Z ) o (x, v) ( (:c,v)§+ﬁ(a:,v)—|—fy(3:7v,£,17))>‘><

K 1
3,j=1

X (a(x,v)f + B(z,v) + 'y(a;’,v,i“,ﬁ))j f(t,z,v)g(t, z,0) de dv d& do.

Notice that if we also compute the expected value of the expression above, all the cross
terms &;§; vanish, since they are drawn independently from each other. Hence we obtain

MQ(Sf,9)(1), ) = An (f(t), Vo - H[g)(t)) +
NP (0, A(0%0)) + S APEf 0] + ARy,
where the notation Z[f, g] stands for

cHIA / ( Z ) o (z, v < (z,v) +v(z,v, & @))(ﬁ(x,v) +’y(x,v,i‘,®))j> X

1,j=1
x f(t,x,v)g(t, z,0) de dv di db.



4.4 The Boltzmann equation 155

If we now apply the rescaling rules (4.35)), the following simplifications occur

2

=1, M*Zt=0% M?=c

Hence, if we let ¢ — 0 and we assume that, for every ¢ € Ts,

ti (5 117,01l + 2 IR ) =0 (4.37)

holds true, we obtain, up to subsequences, the following weak formulation of a Fokker-
Planck-type equation for the dynamics of the limit distribution f(-)

0

g (00 + (00 V) = (F0). Vg M) + 30°00 %) ). (439

Since ¢ has compact support, equation (4.38) can be recast in strong form by means of
integration by parts. The resulting PDE is the Fokker-Planck-type equation (4.33)).

The details of the proof of the limit (4.37)) are given in the following section.
4.4.3 Estimates for the remainder terms

Motivated by the results in [169], we shall estimate the quantity ||R,| as follows: since
7 = Yv* + (1 — ¥)v implies [|[v — || < ¥ ||Jv — v*|, then for every ¢ € Ts it follows that

|06, 0) — 04 Do, m)|| < M o~ < M9P o — 0|,

for some M > 0. Hence we get

1 1
LR < L mooE [/ 0" — ol f(t, 2, 0)g(t, &, 0) dv dv di dﬁ}
€ 2e R4d
1
= o MR [ / o, v)6 + Bla, v) + Yz, v, &, )| x
3 R4d
x f(t,z,v)g(t, &,0) de dv di dv]
1
= 5Mﬁ‘S&?H‘SE [/ ez, v)€ + Bz, v) +~(x, v, &, 0)]|*T° x
R4d
x f(t,xz,v)g(t, &,0) de dv di dv]

From the inequality

o, v)E + Bla,v) + (0,8, 0)[ <
< 222 (Jla(a, v)E** + 1B, 0) I + (0,3, )
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we obtain
IRy || < 2"+ Mget e <p[g] () E [¢>*] /R Nlae )P f(t,2,0) de dvt
+olalt) [ 18 o)l f(ta.0) do dos
+ /RM Iy (v, 2, 0)|*7° f(t, 2, 0)g(t, &) dz dv di dﬁ).

Similar computations performed on the term Z,[f, g] yield the inequality
€ — €
Bl gl < M0 plal(0) [ 180 Fitin,v) do dos
2 2 R2d
R4d

Remembering that solutions of (4.29) have support uniformly bounded in time and that
we asked for a g with finite constant mass (i.e., p[g](t) = p[g](0) < +o0), the following
result follows from Remark .22

Theorem 4.23. Fizr T > 0, § > 0, and g € L?*([0,T]; Myp(R??)) such that plg](t) =
plg](0) < 400 for every t € [0,T]. For every e > 0, let f(-) be a §-weak solution of
with initial datum f° € My(R??), and where the quantities n, A and ¢> are rescaled with
respect to € according to . Suppose that

(i) E [ngm} is finite, and
(i) the functions a, B, and ~y belong to Li. . for p=2,2+94.

Then, as € — 0, the solutions f¢(-) converge pointwise, up to a subsequence, to f(-) which

satisfies the Fokker-Planck-type equation (4.33)) with initial datum f°.

Remark 4.24. We stress again that the above result is not concerned about the well-
posedness of system (4.29) (see Remark |4.21)): it only addresses the relationship between
the solutions of (4.29)) and those of (4.33) under the grazing interaction regime.



CHAPTER 5

Learning from observations of
evolutive systems

Continuity equations with nonlocal interaction kernels like are currently the subject
of intensive research towards the modeling of the biological and social behavior of microor-
ganisms, animals, humans, etc. (we refer to [51], [54] for recent overviews on this subject).
Despite the tremendous theoretical success of such research directions in terms of mathe-
matical results regarding the well-posedness and the asymptotic behavior of solutions, one
of the issues which is so far scarcely addressed is their actual applicability. With this we
mean that the interaction functions appearing in biological and social contexts are likely
to differ significantly from those employed in well-known models in physics, and most of
the results at disposal address a purely qualitative analysis given certain properties of the
kernel without looking at the precise interaction function that is needed in applications.
Besides, the correct knowledge of the interaction kernel is also of paramount importance
for the optimal controllability of such systems, as will be stressed in Chapter [6] A solid
mathematical framework which establishes the conditions of “learnability” of the interac-
tion kernels from observations of the dynamics is currently not available and it will be the
main subject of this chapter.

5.1 The learning problem

Many time-dependent phenomena in physics, biology and social sciences can be modeled
by systems of differential equations of the type

1 N
j=1
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for a proper choice of the interaction kernel K : R? — R?. Very often, in the study
of such phenomena, the kernel K is just chosen to reproduce, at least approximately or
qualitatively, some of the macroscopical effects of the observed dynamics, such as the
formation of certain emerging patterns. The goal of this chapter is to provide a learning
framework to find the kernel K matching at best the data from real-life observations. We
shall focus our attention on alignment models (see Section of the form

N
! 5 2l Il () — 2 @)D @) - @), =100 (5.1)
]:1

Notice that a : Ry — R can also be negative, meaning that it may give rise to repulsive
forces between agents. Hence, the kernel to be learned is of the form K = Fl% where

Flal(z) 2 —a(||z|)x  for every x € R%

The function a characterizes the dynamics of the system and it is the crucial information we

want to retrieve from the observation of the evolution of the solution z[% = (a:[la] x%})

[0,T] — RN of system (5.1
We restrict our attention to interaction functions a belonging to the following set of ad-
missible kernels

loc

Xé{b:R+—>R: be Lo(R.) N WES(R +)}.

In particular, every a € X is weakly differentiable, and its local Lipschitz constant Lipg(a)
is finite for every compact set 2 C Ry. Notice that the lemma below, together with
Proposition implies that is well-posed for any given initial datum z° € R*V and
for every N € N, motivating the restriction to the kernels in X.

Lemma 5.1. If a € X then Fl9 € Lipy,.(R%;R?) and is sublinear.

Proof. For any compact set @ C R? and for every z,y € Q it holds

1F (2) = F (y)|| = lla(ll)a — a(llyll)y]
< la(llzIDlllz = yll + ladllzl]) = aly DIyl
< (la(llzI)| + Lipg(a)llyDllz — yl,

and since a € L°(Ry) and y € Q, it follows that F!9 is locally Lipschitz with Lipschitz
constant depending only on a and 2. Also the sublinearity trivially follows from a €
L>*(Ry) since

1P ()| < llall oo e |-
Therefore the sublinearity constant is given by ||al| e (r, - O

The fundamental question that we shall address in this chapter is: can we recover a € X
with high accuracy given some observations of the realized evolutions z!% (+)? This question
is prone to several specifications: for instance, we may want to assume that the initial
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conditions z°

are generated according to a certain probability distribution or they are
chosen deterministically ad hoc to determine at best a; that the observations are complete
or incomplete, etc. As one quickly realizes, this is a very broad field to explore with many
possible developments. We remand to [20} 21} 57, 124 127, [140] and references therein for

recent studies on the inference of social rules in collective behavior.
5.1.1 The optimal control approach and its drawbacks

Let us introduce an approach which perhaps would be naturally considered at a first
instance. Given a certain solution z[%(-) of system depending on the unknown pa-
rameter function a, one might decide to design the recovery of a as an optimal control
problem [42]: for instance, one may seek a parameter function a which minimizes

al [*

gla] (@) -
0

1 .
{NHﬂEM (t) = D @) + R(@)| dt, (5.2)
being @ (-) the solution of (5.1)) with interaction kernel @ in place of a, and R(-) is a
suitable regularization functional, which restricts the possible minimizers of (5.2) to a

specific class of kernels. Notice that here || - || denotes the £5-norm in R,

The first fundamental problem one immediately encounters with this formulation is the
strongly nonlinear dependency of @ () on @, which results in a strong non-convexity of the
functional . This also implies that a direct minimization of would risk to lead
to suboptimal solutions, and even the computation of first order optimality conditions
in terms of the Pontryagin’s Maximum Principle would not characterize uniquely the
minimal solutions. Besides these fundamental hurdles, the numerical implementation of
either strategy (direct optimization or solution of the first order optimality conditions) is
expected to be computationally unfeasible to reasonable degree of accuracy as soon as the
number of agents NN is significantly large (an instance of the already encountered curse of
dimensionality).

5.1.2 A variational approach towards learning interaction kernels

Instead of the nonconvex optimal control problem above, we propose an alternative, direct
approach which is both computationally very efficient and guarantees accurate approxi-
mations under reasonable assumptions. In particular, we consider as an estimator of the
kernel a a minimizer of the following discrete error functional

T N
MWAél/l
glbN (@) 7, NZ;

N
% Z (a(H:EEa} (t) o f"g‘a] (t)||)($£a} (t) — xg.a] (t)) _ :tga} (t))
j=1

(5.3)
among all competitors @ € X. Actually, the minimization of £l%V has a close connection to
the optimal control problem of the previous section, since it also promotes the minimization
of the discrepancy ||zl (t) — £%(¢)||? in (5.2)), as the following result shows.

Proposition 5.2. If a,a € X then there exist a constant C > 0 depending on T, a, a,
and 20 such that

Sl 2D < cElIN @), (54)
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for all t € [0,T], where 219 and 2@ are the solutions of (5.1) with initial datum z° and
for the interaction kernels a and @, respectively.

Proof. Before starting, notice that for every ¢ = 1,..., N and ¢ € [0,T] we can write

N
3 (@l )~ ol (1) — 2l ) — #l0) = (FF — F) « () (1)),
j=1

(5.5)
having used the expression of the dynamics (5.1)) and the empirical measure
1
un(t) = 2_; a1y forevery t € [0,7]. (5.6)

Let us denote by x 2 2l and 7 £ 2@ Two applications of Proposition one for the
choice K = Fl9l and gy = 0, the other for K = Fl@ and gy = 0, yield the existence of
an R > 0 depending only on T', @, a and 2° for which ||z;(t)|], [|Z:(¢)|| < R holds for every
t € [0,T]. Therefore, we can estimate by Jensen (or Holder) inequality

1 2

- 1
Sl —FOI = 5

/0 ((s) — B(s))ds

b1 IS
<t [ i)~ P

2
]ds

t
< a2l N (G) 4 / ST(|[al12 ) + (R Lipg (@))%) (s) — 2(s)|%ds,
0

where Q 2 [0,2R]. An application of Gronwall’s Lemma yields the estimate

%llx(t) — ()2 < 2725 (Il )+ Lo (@)%) glal.N

for any t € [0, T, which is the desired bound. O

Therefore, if @ makes €19V (@) small, the trajectories z(-) of system with inter-
action kernel @ instead of a are a good approximation of the trajectories xl?(-) at finite
time. For simplicity of notations, we may choose to ignore below the dependence on a of
the trajectories, and write x 2 zld when such a dependence is clear from the context.
Additionally, whenever we consider the limit N — oo, we may denote the dependency of

al

the trajectory on the number of agents N € N by setting zn 2z =gl
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a,N' is convex and can be

Contrary to the optimal control approach, the functional &l
easily computed from witnessed trajectories x(-) and 2(-). We may even consider discrete-
time approximations of the time derivatives &; (e.g., by finite differences) and we shall
assume that the data of the problem is the full set of observations (x(t));c(o,r), for a
prescribed finite time horizon T > 0. Furthermore, being a simple quadratic functional,
its minimizers can be efficiently numerically approximated on a finite element space: given

a finite dimensional space V C X, we pick

Gy € argmin EDN (@), (5.7)
aeV
The fundamental mathematical question addressed in this chapter can then again be
restated as

(Q) for which choice of the approximating spaces V. € A (we assume here that A is a
countable family of invading subspaces of X ) does any — a for N — oo and V. — X
and in which topology should this convergence hold?

We show now how to address this issue by means of a variational approach, seeking a limit
functional for which techniques of I'-convergence [86] — whose general aim is establishing
the convergence of minimizers for a sequence of equi-coercive functionals to minimizers of
a target functional — may provide a clear charaterization of the limits for the sequence of
minimizers (anv)nven,vea. By means of , we rewrite the functional as follows:

T, N N 2
£lihN (G) = ;/ % %Z(F[a] — Fla) (@) — a;(t))|| dt
OT i=1 j=1 , (5.8)

This formulation of the functional makes it easy to recognize the candidate for a I'-limit
of E[N(@). Indeed, it is well-known by Chapter 4| that for N — 0o a mean-field approxi-
mation holds of system : by Theorem and Remark if the initial conditions
mg n are independently and identically distributed according to a compactly supported
probability measure p° € P.(R?%) for every i = 1,...,N and for every N € N, then the
empirical measures curves (uy)nen given by weakly converge for N — oo to the

probability measure-valued trajectory u(-) satisfying

Ok 1y — ]
R (1) = . (F¥ e p(t))u(t)) for t € (0.7, 50
pu(0) =
in the sense of Definition [4.9| with vector field V (¢, u)(z) = (F19 % p)(z).
The candidate I'-limit is then
Al [T o ?
eei@ 2 L [ [ (= P suo) ()| dutt, o, (5.10)
T 0 Rd

where p(-) is the above weak solution with ;(0) = u°, as soon as the initial conditions
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a:? n are identically and independently distributed according to ©°.

Remark 5.3. For the rest of the section, we shall assume that the initial conditions x? N
are i.i.d. according to u° for every i = 1,..., N and N € N. Therefore we are under the

hypotheses of Theorem and, in particular, there exists R > 0 (given by (4.15)) for
which it holds supp(pun(t)) Usupp(u(t)) € B(0, R) for every N € N and ¢ € [0, 7).

5.1.3 The coercivity condition

Although all of this is very natural, several issues need to be addressed at this point.
The first one is to establish the space where a result of I'-convergence may hold and the
identification of a can take place. As the trajectories zldl () do not explore the whole space
in finite time, we expect that such a space may not be independent of the initial probability
measure ;¥ as we clarify immediately. By Jensen inequality we have

T
@< [ [ [ e =) = alla =)l = yiPdu(e. o)t )i
L . (5.11)
_ T/O /R+\a<r) —a(r)r2do(t, )t

where o(t) is the pushforward of u(t) ® uu(t) by the Euclidean distance map d : R? x R% —
R4 defined by d : (z,y) — ||z — y||. In other words, ¢ : [0,7] — P1(Ry) is defined for
every Borel set A C Ry as

>

o(t)(A) = (u(t) @ u(t)) (d1(A)). (5.12)

The mapping t € [0,7] — o(t)(A) is lower semi-continuous for every open set A C R,
and it is upper semi-continuous for any compact set A (see Lemma. We may therefore
define a time-averaged probability measure p on the Borel o-algebra of R, by averaging
o(t) over t € [0,T]: for any open set A C R, we define

T
O /0 o(t)(A)dt, (5.13)

and extend this set function to a probability measure on all Borel sets. Finally we define
A 2
o) 2 [ 12dpo), (5.14)

for any Borel set A C R, to take into account the polynomial weight 72 as appearing in

(5.11)). Then one can reformulate (5.11)) in a very compact form as follows
5 . 2 .
@) < [ [atr) = ar) Pdptr) = [ = alage, (5.15)
+

Notice that p is defined through g which depends on the initial probability measure z°.

To establish the coercivity of the learning problem it is essential to assume that there
exists ¢ > 0 such that also the following additional bound holds

erlla - allfz g, ,) < €(@), (5.16)



5.1 The learning problem 163

for all relevant @ € X N L?(R,, p). This crucial assumption eventually determines also the
natural space X N L?(R,,p) for the solutions, which therefore depends on the choice of
the initial conditions ;" via the measure p. In particular the constant ¢z > 0 might not be
nondegenerate for all the choices of u° and one has to pick the initial distribution so that
(5.16)) can hold for c¢r > 0. In Section we show that for some specific choices of a and
rather general choices of @ € X one can construct probability measure-valued trajectories
1(+) which allow to validate (5.16).

In order to ensure the compactness of the sequence of minimizers of £V we shall need
to restrict the sets of possible solutions to classes of the type

A [o@)
X = {be Whe(Q) |16l o) + 1V | 2oy < MY},

where M > 0 is some predetermined constant and 2 C R, is a suitable compact set.

We now introduce the key property that a family of approximation spaces Vy must pos-
sess in order to ensure that the minimizers of the functionals %N over Vi converge to
minimizers of £

Definition 5.4. Let M > 0 and €2 = [0, 2R] interval in R be given. We say that a family
of closed subsets Viy C Xy, N € N has the uniform approzimation property in L ()
if for all b € X0 there exists a sequence (by)nen converging uniformly to b on Q and
such that by € Vi for every N € N.

We are ready to state the main result of the chapter, which in addition answers the question

(Q) raised in Section
Theorem 5.5. Assume a € X, fix u° € P.(R?) and let Q = [0,2R] C Ry with R > 0 as
in Theorem [{.11]. Set

M > ||all ooy + [1a'] Lo (-

For every N € N, let x?’N, e ,:c?v’N be i.i. p0-distributed and define EN as in (5.8) for
the solution pn of the equation (5.9) with initial datum

1 N
,u?\f = Nzam?N
=1

For N € N, let Vv C Xuy0 be a sequence of subsets with the uniform approximation
property as in Definition and consider

Gy € argmin EMN(@).
acVy

Then the sequence (an)Nen has a subsequence converging uniformly on § to some contin-
wous function @ € Xy such that £19(@) = 0.

If we additionally assume the coercivity condition (5.16), then @ = a in L*(R4, p). More-
over, in this latter case, if there exist rates o, B > 0, constants C1,Co > 0, and a sequence
(an)nen of elements ay € Vi such that

la —an||pe@) < C1N™, (5.17)



164 Learning from observations of evolutive systems

and
Wi (u, 1%) < CoN—F, (5.18)

then there exists a constant Cg > 0 such that
la— |22z, ) < CoN~ (o0, (5.19)

for all N € N. In particular, in this case, it is the entire sequence (an)nen (and not only
subsequences) to converge to a in L*(R4, p).

Remark 5.6. We remark that the L?(R., p) used in the above result is useful when p has
positive density on large intervals of R,.. Notice that the main result, under the validity of
the coercivity condition, not only ensures the identification of a on the support of p, but
it also provides a prescribed rate of convergence. For functions a in X7 and for finite
element spaces Vv of continuous piecewise linear functions constructed on regular meshes
of size N™! a simple sequence (ay)yen realizing with a = 1 and C; = M is the
piecewise linear approximation to a which interpolates a on the mesh nodes. Indeed, for
the approximation estimate there are plenty of results concerning such rates and
we refer to [90] and references therein. Roughly speaking, for u?\, the empirical measure
obtained by sampling N times independently from 1%, one expects 3 to be of order 1/d
(more precisely see [90, Theorem 1]), which is a manifestation of the aforementioned curse
of dimensionality. While it is in general relatively easy to increase o independently of d
as the smoothness of a increases (since a is a function of one variable only), obtaining
> 1/d is in general not possible unless u° has very special properties, see [I01, Sections
4.4 and 4.5].

5.1.4 Numerical implementation of the variational approach

The strength of the result obtained via the variational approach followed in Section[5.1.2]is
the total arbitrariness of the sequence V except for the assumed uniform approximation
property, and that the result holds — deterministically — with respect to the uniform con-
vergence, which is quite strong. However, the condition that the spaces Viy are to be picked
as subsets of Xjs,o requires the prior knowledge of the bound M > ||al| e (q) +|a’|| o ()
Therefore, the finite dimensional optimization is not anymore a simple unconstrained
least squares (as claimed in the paragraph before ), but a problem constrained by a
uniform bound on both the solution and its derivative. Nevertheless, as we clarify in Sec-
tion for M > 0 fixed and choosing Vy made of piecewise linear continuous functions,
imposing the uniform L°° bound in the least square problem does not constitute a severe
difficulty. Also the tuning of the parameter M > 0 turns out to be rather simple. In fact,
for N fixed, numerical evidences suggest that the minimizers ay = ay ) obtained with
different values of the constraint parameter M have the property that the map

M — EN Gy )

is monotonically decreasing as a function of M and it becomes constant for M > M*,
where M* > 0 does not depend on N. We claim that this special value M* is indeed the
“right” parameter for the L* bound. For such a choice, we show also numerically that,
as expected, if we let N grow, the minimizers ay approximates better and better the
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unknown potential a.

Despite the fact that both the tuning of M > 0 and the constrained minimization over
X0 requiring L° bounds are not severe issues, it would be way more efficient to perform
an unconstrained least squares over X. In the upcoming paper [35] a strategy based on
the approach developed by DeVore et al. in [29, B0] towards universal algorithms for
learning regression functions from independent samples drawn according to an unknown
probability distribution is used. This extension presents several challenges including the
lack of independence of the samples collected in our framework and the nonlocality of the
scalar products of the corresponding least squares. This has a price to pay: the spaces Vi
need to be carefully chosen and the convergence result holds only with high probability.

5.1.5 Extensions to second order systems

The learning framework developed in the previous sections can be extended to second-
order dynamical systems, like the Cucker-Smale one (1.6]), by considering the following
error functional

r 1

gldN (@) £ 1

(5.20)
where (29, 0[%) : [0, 7] — RN x R is the solution of system with the true a as
interaction kernel. Figure below shows the reconstruction of a Cucker-Smale kernel a
by successive minimizations of the above error functional for increasing values of N. Also
in this case, an improvement in the quality of the approximation as the number of agents
increases is a clearly visible trend.

0 1 2 3 4 5 0 1 2 3 4 5 0 1 2 3 4 5

Figure 5.1: Recostruction of the Cucker-Smale kernel (1.7)) with parameters H = 10, 0 = 1
and 8 = 0.6 by minimization of the error functional (5.20]) for N = 10, 20, 40.

However, despite the above promising preliminary results, the extension of the variational
approach to the second-order case is not trivial and a careful analysis of its feasibility has
not yet been performed.

5.2 The measure p

As already explained in the above sections, our goal is to learn a € X from the observation
of the dynamics z[?(-), which is the solution of system ([5.1)) with a as interaction kernel,
(29,...,2%) as initial datum and 7 as finite time horizon. Remember that, by Remark
it is equivalent to speak about z!%(.) or the empirical measure-valued curve gy /(-)

defined by (5.6).
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Roughly speaking, we should pick @ among those functions in X which would give rise to a
dynamics close to py: more precisely, as discussed in Section [5.1.2] we choose ay € X as a
minimizer of the discrete error functional given by (5.3|), which we rewrite for convenience:

N
g[a],N(a):l/le
Th N=H

2
dt.

N
3 3 (@l ) — o o) - 2l ) - )
j=1

Let us remind that, by Proposition this optimization guarantees also that any min-
imizer ay produces good trajectory approximations z®¥(¢) to the “true” ones zl?(t) at
least at finite time ¢t € [0, 7.

In order to rigorously introduce the coercivity condition ([5.16|), we need to explore finer
properties of the family of measures (o(t))cjo,7] given by (5.14).

Lemma 5.7. For every open set A C Ry the mapping t € [0,T] — o(t)(A) is lower
semi-continuous, whereas for any compact set A it is upper semi-continuous.

Proof. As a first step we show that for every given sequence (¢, ),en converging to ¢t € [0, 7]
we have the weak convergence o(t,,) — o(t) for n — co. We first note that p(t,) ® u(t,) —
w(t) @ p(t), since p(t,) — u(t) holds because of the continuity of u(t) in the Wasserstein
metric Wi. This implies the claimed weak convergence o(t,,) — o(t), since for any function
f€C(Ry), it holds fod € C(R? x RY), and hence

Faolt) = [ (70 Dlap)dln(ta) @ n(ta)) ()

Ry

noRe /de(de)(x’y)d(u(t) ® p(t))(x,y) :/ fdo(t).

R
The claim now follows from general results for weakly* convergent sequences of Radon
measures, see e.g. [11, Proposition 1.62]. O

Lemma [5.7] justifies the following

Definition 5.8. The probability measure p on the Borel o-algebra on R is defined for
any Borel set A C R as follows

T
P2 L /0 o(t)(A)d. (5.21)

Notice that Lemma shows that is well-defined only for sets A that are open or
compact in Ry. This directly implies that p can be extended to any Borel set A, since
both families of sets provide a basis for the Borel o-algebra on R. Moreover p is a regular
measure on R, since Lemma also implies that for any Borel set A

p(A) =sup{p(F): F C A, F compact} =inf {p(G) : A C G, G open}.

The measure p “measures” which — and how much — regions of R (the set of inter-point
distances) are explored during the dynamics of the system. Highly explored regions are
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where our learning process ought to be successful, since these are the areas where we do
have enough samples from the dynamics to reconstruct the function a.

We now show the absolute continuity of p with respect to L'Lg ., the Lebesgue measure
on R restricted to R;.

Lemma 5.9. Let p° be absolutely continuous with respect to the d-dimensional Lebesgue
measure L. Then p(t) is absolutely continuous with respect to L% for every t € [0,T].

Proof. Both " and p(t) are supported in B(0, R), with R as in (4.15). By and
Proposition the measure u(t) is the pushforward of 1 under the locally bi-Lipschitz
map T}. Since 7} has Lipschitz inverse on B(0, R), this inverse maps £%-null sets to
L%-null sets, so pu-null sets are not only £%-null sets by assumption, but are also p(t)-null
sets. 0

Lemma 5.10. Let pi° be absolutely continuous with respect to L. Then, for all t € [0,T],
the measures o(t) and p are absolutely continuous with respect to Ell_R+.

Proof. Fix t € [0,T]. By Lemma we already know that p(t) is absolutely continuous
with respect to £, and so u(t)®u(t) is absolutely continuous with respect to £2¢. It hence
remains to show that £2? is absolutely continuous with respect to £!Lg +», where d denotes
the distance function, but this follows easily by observing that d='(A) = 0 for every
Lllg .-null set A, and by an application of Fubini’s Theorem. The absolute continuity of
p now follows immediately from the one of o(t) for every ¢ € [0, T] and its definition as an
integral average ([5.21]). O

As an easy consequence of the fact that the dynamics of our system has support uniformly
bounded in time, we get the following crucial properties of the measure p.

Lemma 5.11. Let u° € PC(Rd). Then the measure p is finite and has compact support.

Proof. We have

_ 1 [T 1 [T
pR) =3 [ e®@®de= g [ [ yldutt2)dutt gt < oc,
0 0 JRIxRL
since the distance function is continuous and the support of p is uniformly bounded in
time. This shows that p is bounded. Since the supports of the measures o(t) are the subsets

of @ = {|lz —y| : x,y € B(0O,R)} = [0,2R], where R is given by (4.15)), by construction
we also have supp(p) C Q. O

5.3 On the coercivity assumption

With the measure p at disposal, we may define p as in (5.14). An easy consequence of
Lemma is that if @ € X, then

2
rwa&mzéhWMWMsmmwwgmmm,
+
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and therefore X C L?(R,p). As already mentioned in the previous section, for N — oo
a natural mean-field approximation to the learning functional is given by

SCRTWAIC

where p(+) is a weak solution to (4.10). Remember that using the definition of p we obtain

2
du(t, x)dt,

= Fl) s (1)) ()

g[a < / / ‘ ng(t T)dt = Ha GH%Q(RJNP)-
R+

This inequality suggested in turn the coercivity condition ([5.16)):
2
(@) > erla - allfz, ,)-
The main reason this condition is of interest to us is given by the following

Proposition 5.12. Assume a € X and that the coercivity condition (5.16|) holds. Then
any minimizer of £ in X coincides p-a.e. with a.

Proof. Notice that £l%(a) = 0, and since £[%(@) > 0 for all @ € X this unphes that a is a
minimizer of £1%. Now suppose that £[%(@) = 0 for some @ € X. By (5.16) we obtain that
@ =ain L?(Ry, p), and therefore they coincide p-almost everywhere. O

5.3.1 Coercivity is “generically” satisfied

We make the case that while “degeneracies” would cause our coercivity condition to fail
(i.e., cp = 0), in a “generic” case the coercivity inequality holds. On the one hand, we show

that if we could model the misfit /C(r) = (a(r)—a(r))r to behave randomly, in a sufficiently
independent manner, over a finite set of trajectory distances, then the coercivity condition
holds with high probability. While the needed independence assumptions will typically be
too strong to hold in practice, the arguments we provide are by far not the most general
possible, and we view them as one possible notion of a “generic” case. On the other hand,
in the next subsection we also present a more rigorous deterministic argument to verify
the coercivity condition for particular choices of a.

With the notation of the misfit just introduced, the coercivity condition reads

s

2
du(t,y) >

/ Kllle =yl deu(t r)

/ /Rd/ (Il = ylD[* dp(t, 2)dp(t, y).

If the inequality holds without the time average for a fixed %,

2
d/.L(t(], y) >

r—y
K(||xz — ——du(ty,
[ Kl = i) g =eduto.

>y [ [ 1K = )P dite )dtin. )
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then by a continuity argument it can be extended to a nontrivial time interval. We will
therefore freeze time and investigate the inequality at this fixed time. Additionally, for
the moment we restrict our attention to the case where p(tp) is a discrete measure py =
Zf»il 9z, /N (we drop tg since it is now fixed), so that the inequality reads

2

TR . J NN
] M CR e | IES P DI RV D
=1 =1 j=1

j*l JJJH

We argue now that this (“instantaneous”) inequality holds with high probability as soon

as the matrix K 2 (K (K(||z; — azj||)) _, is modeled as a random matrix. Although it is
not completely plausible to argue statlstlcal independence of the entries of such a matrix
because it comes from evaluating a smooth function over distances of non-random points,
this model is not completely unreasonable: after all, K involves the difference of our
estimator @ and the target influence function a. For least squares estimators this difference
is random with the samples used to construct the estimator, often with nearly independent,
perhaps even Gaussian, fluctuations.

Proposition 5.13. Let K = (K(||lzi — x5])N ij=1, where K(r) = (a(r) —a(r))r, be a
random matriz with independent Gaussian rows, each with variance oIy . Then with high
probability the coercivity bound (5.22)) holds with a constant c;, = O(1/N).

Moreover, if there is a > 0 such that K(||z; —x;|)||zi — ;|| 2 is distributed as n;j, where n;;
are independent standard normal distributions, and the quantity 1/N Z;VZI lxi — ;|| 7 €
[c1,¢2] for alli = 1,...,N, and for all N large enough, with ci,ca > 0, then coercivity
holds with a constant c;, independent of N.

Proof. By assumption K has independent Gaussian rows, each with variance o?Iy. Since

the estimates below and the bounds we wish to obtain are scale invariant, we may assume

o = 1. Also, having fixed a given time g, we shall omit it from the notation. Let X; € RN >4

be the matrix whose j-th row is the vector (z; — x;)||z; — ;|| € RY, and let K(i,:) € RY
be the i-th row of K. The coercivity inequality (5.22)) can be re-written as

N
1 1
1=1
where || - || is the Frobenius matrix norm. We have
N x, x‘ _ l‘.
Rl = D=2 l) (2= ) (o)
2 o ' } @i — 2l /, \ @i — 2yl /],
B 2
el =D 3 (o =y ),

=1

2

/
C
> LK, (5.23)

E [|K(i,)X;

1M ”M&

I
M) =

E [K(l|zs — a;]))?]

Il
=7
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where we used independence, and in the last step we used the fact that every row of X; is
a unit vector. By concentration arguments (e.g., [I72]) one readily obtains that with high
probability

1 C

_N'

One the other hand, since E[||K||2] < CN? by standard random matrix theory results
(e.g., [I72]), and in fact not just in expectation but also with high probability, the right
hand side of (5.23) is bounded by ¢} C' from above. Choosing c; small enough (and at
least as small as O(1/N), as a function of N), we obtain (5.23) with high-probability.

For the second case, we proceed exactly as above, and note that in this case it holds

E [|K(i, Z s — 5]~

Continuing as above, we obtain that with high probability

1 L1 1 e C
—2
N 2 |y KEX NE_:N;H%_%‘H e

which implies the claim. O

2

Let us comment on the second part of the statement. First of all there are two key addi-
tional assumptions. The first one captures the situation that the quantity 1/N Z |z —
xj]|7* ought to have, at least for some «, and under reasonable assumptions, a positive
limit as IV tends to infinity, and so in particular it is bounded above and below, and away
from 0, for N large. The second one requires that the estimator has errors that decrease
with the distance ||x; — ;|| in the fashion prescribed: if the kernel and its gradient decrease
with the distance r, then it is indeed natural to expect that the estimator would have this
property. Under these assumptions, we obtain that the coercivity condition holds with a
constant independent of N, which in turns suggests it also holds in the continuous limit.
The argument may be generalized to other models of random matrices, for example with
sub-Gaussian rows (for K) and uniformly lower-bounded smallest singular values. One
may also consider X; random, sufficiently uncorrelated with K, and obtain similar results.
Also, the continuous case is not substantially different from the discrete case, as it may be
derived by smoothing discrete approximations. We do not pursue these generalizations, as
our purpose here is to show that the coercivity assumption is “generically” satisfied.

5.3.2 The deterministic case

We construct now deterministic examples of trajectories p(-) for which the coercivity

condition (5.16|) holds. Again it is convenient to write KC(r) = (a(r) —a(r))r, so that the
coercivity condition for a discrete system with N agents in this case can be reformulated
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in the following way

1 T1 &
i v

2
dt >

N

1 (B () T = i ()
N;m =2 O o

> [ S5 last) - sy

=1 j=1

(5.24)

We start with the simple case of two agents, i.e., N = 2, for which no specific assumptions
on a,a are required to verify other than their boundedness in 0. Now, let us omit
the time dependency and observe more closely the integrand on the left-hand-side. If for
every i = 1,2 we denote by j(i) € {1,2} the index such that j(i) # i, we obtain

g | T — 2 : 1< ’

i=1 ||~ j=1 Ti =L i=1 J;éz xﬂ
1 T — Tjgi) 2
i=1 i

2
1
=72 IK(lli — i *
=1
1 2 2
= 222 Y Ikl — a5l P

i=1 j=1

Integrating over time the latter equality yields for N = 2 with an actual equal
sign and ¢y = 1. Notice that here we have not made any specific assumptions on the
trajectories x;(-) for ¢ = 1, 2.

Let us then consider the case of N = 3 agents. Already in this simple case the angles
between particles may be rather arbitrary and analyzing the many possible configurations
becomes an involved exercise. (Notice that we circumvented this problem in the random
model in Section thanks to the assumed independence of the entries of the rows
of K.) To simplify the problem we assume that d = 2 and that at a certain time ¢ the
particles are disposed precisely at the vertexes of a equilateral triangle of edge length 7.
This makes the computation of the angles very simple. We also assume that K gets its
maximal absolute value precisely at 7, hence

3 3
1
;ZZ () = ;O < K3,y = K@) for every t € [0,7].

Ne)

Notice that, independently of the behavior of the agents at any other time t € [0,7], it
holds also

T 3 3
> D IKUlai(t) =z @)Dt < KN g, ) = KF). (5.25)

i=1 j=1
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A direct computation in the case of agents disposed at the vertexes of a equilateral triangle
shows that

2

Ly : o zi(t) —xi(t) || 1. . 9
3; 3ZIC |2 (t) (t)||)m = K7, (5.26)

7=1

and therefore

3 3 ) — s 3 3
32 3 oK) O =20 | 2 55 23 Il w0l

i=1 " j=1

W=

Unfortunately the assumption that X achieves its maximum in absolute value at 7 does
not allow us yet to conclude by a simple integration over time the coercivity condition
as we did for the case of two particles. In order to extend the validity of the inequality
to arbitrary functions taking maxima at other points, we need to integrate over time by
assuming now that the particles are vertexes of equilateral triangles with time dependent
edge length, say from r = 0 growing in time up to r = 2R > 0. This will allow the
trajectories to explore any possible distance within a given interval and to capture the
maximal absolute value of any kernel. More precisely, let us now assume that K is an
arbitrary bounded continuous function, achieving its maximal absolute value over [0, 2R],
say at 7 € (0,2R) and we can assume that this is obtained corresponding to the time
to € [0,T] when the particles form precisely the equilateral triangle of side length 7. Now
we need to make a stronger assumption on a, i.e., we require a to belong to a class of equi-
continuous functions, for instance functions which are Lipschitz continuous with uniform
Lipschitz constant (such as the functions in X/ o). Under this equi-continuity assumption,
there exist € > 0 and a constant ¢y > 0 independent of K (but perhaps depending only
on its modulus of continuity) such that

3 .
5> Kllas) 250l 2 =2
j=1

2

t0+€ 3 T — .
-1 Z S Klitt) — a0l 0= g

to—e = 3 (8) = 2 (8)]

SR

3
> oTe / 503 IKlei) - a5 D e

i=1 j=1

| \/

In the latter sequence of inequalities we have used and . Hence, also in this
case, one can construct examples for which the coercivity assumption is verifiable. Actually
this construction can be extended to any group of N particles disposed on the vertexes
of regular polygons. As an example of how one should proceed, let us consider the case
of N = 4 particles disposed instantaneously at the vertexes of a square of side length
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V27 > 0. In this case one directly verifies that

4 4 .
S Kl -yl = = g5 (K@n + VEK (/) (5.27)

i=1 |~ j=1

| =
Py

Let us assume that the maximal absolute value of I in absolute value is attained precisely
at v/27. Then the minimum of the expression on the right-hand side of (5.27) is attained
for the case where KC(27) = —K(v/2F) yielding the following estimate from below

2

4 4
1 1 — X 3—2V2
Sy K« I > K(V27)2.
4 P 4 ||331 JJJH ||a7 T H - 16 ([T)

7=1

Hence, also in this case, we can apply the continuity argument above to eventually show
the coercivity condition. Similar procedures can be followed for any N > 5. However, as
N — oo one can show numerically that the lower bound vanishes quite rapidly, making it
impossible, perhaps not surprisingly, to conclude the validity of the coercivity condition
for the uniform distribution over the circle.

All the examples presented so far are based on discrete measures puy(t) = Zf\; 102,00/
supported on agents lying on the vertexes of polytopes. However, one can consider a g.
for which g. — g as € — 0, and the corresponding regularized probability measure

N
1
u(tx)ége*;uvtx Nz_: (x —xi(t)) for every z € RY.

This diffuse measure approximates py in the sense that Wi (e, un) — 0 for e — 0, hence,
in particular, integrals against Lipschitz functions ¢ can be well-approximated

< Lipga (@)W1 (11 (t), un (1))

/ () dpse(t, ) — / () dpun (1, )
Rd Rd

Under the additional assumption that Lipg (@) ~ [[@l/zq) (and this is true whenever
a is a piecewise polynomial function over a finite partition of R, with the constant of
the equivalence depending on the particular partition) one can extend the validity of the
coercivity condition for pn to ue as follows

L

2
dus(t z)|| dpe(t,y)dt >

K(llz - yll)
Rd

CTE/ /Rd/ (lz = y|) [Pdpe (t, z)dpe(t, y)dt,

for a constant cr. > 0 for € > 0 small enough.

Summing up the present section, we showed that the coercivity condition holds for “generic”
cases as well as for highly structured deterministic ones. In practice we can numerically
verify that it holds in many situations, see Section and from now on we assume it
without further concerns.
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5.4 TI'-convergence of W to £l

This section is devoted to a proof of Theorem |5.5| using the methods of I'-convergence. We
start with its definition and several basic properties. We redirect the interested reader to
the classical monograph [86] for further insights on the topic.

Definition 5.14 (I'-convergence, [86, Definition 4.1, Proposition 8.1]). Let X be a metriz-
able separable space and consider for every N € N a functional Jy: X — (—o0, +00].
We say that (Jn)nen I'-converges to J for a given J: X — (—o0, +00], whenever the
following hold:

(i) I' — liminf condition: for every u € X and every sequence uy — u,

J(u) < liminf Jy(uy).
N—o00

(i) ' — limsup condition: for every u € X, there exists a sequence uy — wu, called
recovery sequence, such that

J(u) > limsup Iy (un).

N—oo

We call the sequence (Jn)nen equi-coercive if for every ¢ € R there is a compact set
Q C X such that {u € X: Iy(u) < c} CQfor all N € N.

As a direct consequence of I'-convergence and equi-coercivity, assuming for all N € N that
uy € argmin,cx Jn(u) # 0, we can infer that there exist a subsequence (u}y, Jren and an
element u* € X such that

uy, — u* € argmin J (u),
ueX

i.e., the minimizers of the functionals Jy converge to a minimizer of 7.

In order to establish the I-convergence of El% to 19 we start with the analysis of the
discrete error functional £V,

5.4.1 Existence of minimizers of £V

The following result, which is a straightforward consequence of the Ascoli-Arzeld Theorem,
indicates the right ambient space where to state an existence result for the minimizers of

glal.N |

Proposition 5.15. Fiz M >0 and Q@ = [0,2R] C Ry for any R > 0. Recall the set
X = {b€ WH(Q) : [|b]l ooy + [0l Loy < M.

The space X0 is relatively compact with respect to the uniform convergence on 1.

Proof. Consider (@, )nen C Xa,0. The Fundamental Theorem of Calculus (applicable to
functions in W1 see [T, Theorem 2.8]) implies that the functions @, are all Lipschitz
continuous with uniformly bounded Lipschitz constant, and are therefore equi-continuous.
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Since they are also pointwise uniformly equi-bounded, by the Ascoli-Arzeld Theorem there
exists a subsequence converging uniformly on €2 to some @ € X/ q. ]

Proposition 5.16. Assume a € X. Fix M > 0 and Q = [0,2R] C Ry for R > 0 as in
Theorem [4.11) Let V be a closed subset of Xy with respect to the uniform convergence.
Then, the optimization problem

. [a]7N o~
Iarél‘l/lg (@)

admits a solution.

Proof. For proving the statement we apply the direct methods in the Calculus of Varia-
tions. Since inf £l9N > 0, we can consider a minimizing sequence (G, )neny C V, i.e., such
that

lim &N (@,) = inf £V @),

n—r00 acV
By Proposition there exists a subsequence of (a,)nen (labelled again as (ay)nen)
converging uniformly on € to a function @ € V (since V is closed). We now show that
limy, 00 £V (@,) = £V (@), from which it follows that the functional 19" attains its
minimum in V.

As a first step, notice that the uniform convergence of (a,)nen to @ on Q and the com-
pactness of Q imply that the functionals F1%)(z — y) converge uniformly to FI9(z —y) on
B(0,R) x B(0,R) (where R is as in (4.15)) for n — co. Moreover, we have the uniform
bound

sup  [[Fll(z —y) = Fl(z —y)| = sup [an(lz —yl) — a(lz — y|)l]lz — vl
z,y€B(0,R) z,y€B(0,R)
< 2Rsup [an(r) — a(r)|
reQ

As the measure-valued curves py(-) are compactly supported in B(0, R) uniformly in time,
the bound (5.28]) allows us to apply three times the dominated convergence theorem to
obtain

lim £9Y(@,) = lim / /
n—00 n—00 T R4
hm/

0 n—oo Rd

/ /Rd lim / F[a"](:c —y) — Fl(z — y)) dun(t,y) szN(t’ x)dt

4

— glal, N

2
/Rd F[“”] (& —y) — FlUl(z - y)) dun(t,y)| dun(t,z)dt

2
/Rd F[“"] (& —y) — FlUl(z — y)) dun(t,y)| dun(t,z)dt

2
dun (t, z)dt

[ (FP = y) = Fl@ = y) dun(ey)

which proves the statement. O
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5.4.2 Uniform convergence estimates

The following technical result is the main ingredient of the forthcoming I'-convergence

result in Corollary

Lemma 5.17. Under the assumptions of Theorem let (bN)Nen C Xm0 be a sequence
of continuous functions and b € Xpr.q, for @ = [0,2R] with R > 0 as in (4.15)). Then there
exists c1,co > 0 independent of N for which it holds

[0 (bw) — E10)] < exWr (U, 1) + 2l — Bll s . (5.29)
Proof. By Dobrushin’s inequality (4.22) it holds

Wi (u(t), un (1)) < WL (i, i)

uniformly in ¢ € [0,7] for some constant C' > 0 independent of N. Moreover, for all
z,y,y € B(0, R), by the triangle inequality we have

[(F = FU) (@ — o)~ (F — Fi)(a — y)]| <

< <2R(Lipﬂ(a) + Lipg (b)) + llall L) + ||b||Loo(Q)> ly =o'l

which implies the Lipschitz continuity of (F[% — FI¥l)(z—.) in B(0, R) for fixed z € B(0, R).
Since a,b € X7k, it follows

Lipg(.r) (I(F19 = FO)(@ = )])) < 2QR+1)M, (5.30)

uniformly with respect to x € B(0, R). Consequently, we have

/ (FU — Pl (z - y)dmv(t,y)—/ (P~ Pl (@ — y)du(t’y)H :
R4 B

< Ling(y (I = FP)(@ =)l ) Wi (8), u(2))
< 2C(2R+ 1) M Wi (uy, 1°),

uniformly with respect to t € [0,7] and = € B(0, R). Furthermore, we also have the

estimates
sup || FV(@ —y) — FP (2 — y)|| < 2R|by — bl (q), (5.31)
z,y€B(O,R)
sup  [|[Fl(z —y) — Fl(z — y)|| < 2R[|a — b]| = (q).- (5.32)
x,y€B(0,R)

Hence we further obtain

l\

/Rd(F[bN]—F[“])(fv—y)duzv(uy)H —‘ <

/Rd (FPNT — Fll) (2 — y)dpn (t, ) — /

Rd

/Rd (FPT = Pl (2 — y)du(t, y)H

<

(F" — Fll) (2 — y)dpu(t, y)H
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<

—+

/Rd (F[bzv] _ F[b})(x —y)dun(t,y)

l

/ (FPT— Pl (2 — y)dun(t,y) - / (FM = Fl) (2 — y)du(t, y)”
R4 Rd

< 2Ry —bl~ioy | din(t.9) +2(2R+ DM Wi (un (0, ()

< 2R||by — bl () + 2C (2R + 1) M Wy (uy, 1°). (5.33)

We define for every (¢, x) € [0,7] x B(0, R) the following quantities

Hy(t,z) 2 . Gyt 2 | Hy(t,z)dun(t,z),

Rd

/Rd (F[bzv] _ F[“])(x —y)dpun(t,y)

H(t,z) 2 : Gt)2 [ H(t z)dult,z).

Rd

/Rd (F — Flal) (z — y)du(t, y)

Then immediately it follows

Gh (1) — G(1)] < ’ /R H (@) (1, 7) - /R H(t2)d(t, )| +

(5.34)

R

From (5.32]) and (5.30]) we obtain

Lipp(o,r)(H(t,-)) <2 ( sup  ||[Fl(z —y) — Fl(z — y)ll) X
z,y€B(0,R)

X Libgo.m) ((F19 = FP)(- = y))
<4R|a — bHLoo(Q) -22R+1)M,

and therefore

< Lipg o,y (H (t, ) )Wi(un (1), u(t))

< 8R(2R + 1)CM |a — b]| e oy Wi (1, 1°)
< 16R(2R + 1)CM*W, (1%, 1°)

H(t,z)dun(t,x) — /Rd H(t,z)du(t, x)

Rd

(5.35)
uniformly in ¢ € [0, T]. Similarly, (5.31)), (5.30), and (5.33) imply
|Hy(t,2) — H(t,2)| < (2R||bN — bl (@) + 2C(2R + 1)M Wy (1%, MO)) X
x 2R (|lbx = all () + 1o — allz=(o ) (5.36)

< 8RM (2R||bx = bllp(o) + 2C(2R + )M W (i, 1))
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uniformly in ¢ € [0,7] and x € B(0, R). A combination of (5.34)), (5.35)) and (5.36)) yields
Gn(t) — G(t)| < 32CR(2R + 1) M*Wi (1, 1) + 16 R* M |[by — bl oo ()

uniformly in ¢ € [0,7]. Thus we finally arrive at

1 T
€% )~ €90 = | 1. [ (o) - o)t
0
< 32CR(2R + 1) MWy (1, 1°) + 16R*M ||by — b]| o () -
This proves the claim for ¢; = 32CR(2R + 1)M? and ¢ = 16R%M. O

As a corollary, we immediately obtain the following I'-convergence result. Notice that we
implicitly use the identity

min £N(@) = min (5[“171‘[(&) + Iy, (ﬁ)) ,

aEVN aEXALQ
where, for any V' C Xy q, the indicator function Iy : Xprq — {0,400} is defined as
0 ifbeV,
Iy (b) = .
+oo ifbgV.

Corollary 5.18. Under the assumptions of Theorem the sequence of functionals
(IN)NeN defined for every b € Xyrq as

In(b) £ ECPN(b) + Iy (0)
I'-converges to the functional
J(b) £ Ell(p).

Proof. First notice that, under the assumptions of Theorem if (by)neny € X is a
sequence of continuous functions uniformly converging to b € X0 on Q = [0,2R] with
R >0 as in (4.15)), then it holds

lim £V (by) = (). (5.37)

N—oo

Indeed, this follows immediately from the estimate (5.29), upon noticing that we have
Wi (1P, u?v) — 0 for N — oo as a consequence of Remark [4.12

Therefore, we start by fixing the metrizable space of Definition |5.14|as X 2 x m,0 endowed
with the metric of uniform convergence, and we pass to prove the I' — liminf condition.

Let us fix a uniformly convergent sequence of functions by — b in Xy o. Then, since
b e X, it trivially follows

0= IXM Q (b) < lim inf IVN (bN),
’ N—oo
whence from ([5.37))

gll(b) = £l (b) + I, o (b) < lim inf (8[“]7N(bN) n IVN(bN)) :

N—oo
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We now prove the I' — limsup condition. We fix b € X)s o and consider the recovery
sequence (by)yen guaranteed by the uniform approximation property (see Definition .
This implies that by € Vi for every N € N and by — b uniformly on ). Therefore, since

Iy, (by) = 0 for every N € N, by (5.37)) again follows

ll(b) = E1(b) + Ix,, o (b) > limsup (5[“]’N(bN) + Iy, (bN)) ,

N—oo

and this proves the claimed I'-convergence. O

5.4.3 Proof of Theorem [5.5

The sequence of minimizers (ax)nen is by definition a subset of X7 o, which is a compact
set with respect to the uniform convergence by Proposition [5.15] Therefore, the sequence
(JN)Nen is equicoercive, and (an)nen admits a subsequence (ay, )ken uniformly converg-
ing to a function @ € X/ 0.

To show the optimality of @ in Xy o we need to prove that it is actually a minimizer of
&lal To this end, we use the fact that £[9 is the I-limit of the sequence (E[a]’N + Ivy ) Nen
as proved in Corollary Let b € Xar, be an arbitrary function and let (by)nen be a
recovery sequence given by the I' — lim sup condition, so that

£l (b) > lim sup (5MvN(bN) + IVN(bN)> ,

N—o00

for every N € N. By the optimality of ay, in Vj, and the I' — lim inf condition, it follows

£l (b) > limsup (g[aluNk(ka) + Iy, (ka))

k—o00

> liminf (5[“]’]\[’“ (bn,,) + IVNk (ka)>

k—o00

> lim inf (5[%% (an,) + v, (aNk))

k—o00
> £l(@).
We can therefore conclude that for every b € X/ 0
gl () > gl (@). (5.38)

In particular, ((5.38)) applies to b = a € X o (by the particular choice of M), which finally
implies

0=_@) > €@ >0 = ¢gld@) =o,

showing that @ is also a minimizer of £[. When the coercivity condition (5.16) holds, it
follows that @ = a in L?(R, p), by Proposition

Assume now that (5.17) and (5.18) hold together with (5.16]). Then, by these latter con-
ditions, two applications of (5.29), the minimality of ay, and the optimality of a in the
sense that £ (a) = 0, we obtain the following chain of estimates

~ 1 ey
lan — alZa, ,) < ;5[ l@n)
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< 1 (g[aLN(aN) + (W @Gy) — g[aLN(aN)))
cr
1 ~
< — (V@) + Wi 1))
cr
1
< — (£ (an) + £1(a) +er Wi (ufy, 1))
cr N——
=0
1 0 0
<o (2eWi (s 1) + e2lla — anl| Lo (o)

< 3N~ min{«,B} )

This concludes the proof.

5.5 Numerical experiments

In this section we report several numerical experiments to document the validity and
applicability of Theorem We will first show how the reconstruction of the unknown
kernel a gets better as the number of agents N increases, in accordance with the I'-
convergence result reported in Section This feature holds true also for at least some
interaction kernels not lying in the function space X, as shown in Figure We will
then investigate empirically the validity of the coercivity condition comparing the
functional €19V (@) with |la — aN”2L2(R+,pN) where py is constructed as p but referring

to the empirical measures py. Then we address the behavior of El4N (an,ar) for N fixed,
while we let the constraint constant M vary (here ay s = an). Finally, we show how we
can get a very satisfactory reconstruction of the unknown interaction kernel by keeping IV
fixed and averaging the minimizers of the functional %'V obtained from several samples
of the initial data distribution pu°.

5.5.1 Numerical framework

All experiments rely on a common numerical set-up, which we pass to clarify. All the
initial data ,u?\, are drawn from a common probability distribution ;° which is the uniform
distribution on the d-dimensional cube [—L, L]?. For every u%;, we simulate the evolution
of the system starting from :U’(])V until time 7', and we shall denote by R the maximal
distance between particles reached during the time frame [0,7]. Notice that we have at
our disposal only a finite sequence of snapshots of the dynamics: if we denote by 0 = tg <
t1 < ... <ty =T the time instants at which these snapshots are taken, we can consider
the discrete-time error functional

£l élili
_m N

k=1"" j=1

2

9

o Sl ) — ) ) s 1) — (1)) — ()

7,:1

which is the time-discrete counterpart of the continuous-time error functional V. As
already mentioned in the introduction, derivatives #;(t;) appearing in EK]’N are actually
approximated by finite differences: in our experiments we use the simplest approximation

(te) — i (t
xz(tk)ém(k) zilth-1) for every k > 1.

ty — th—1
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Regarding the reconstruction procedure, we fix the constraint level M > 0 and consider
the sequence of invading subspaces Vi of Xyrq (€2 = [0, 2R] here) generated by a B-spline
basis with D(V) elements supported on [0, 2R]: for every element a € Vy it holds

= Z axpa(r)  for every r € [0,2R)].

In order for Viy to increase in N and invade Xy 0, we let D(N) be a strictly increasing
function of N. For the sake of simplicity, we shall employ a linear uniform B-spline basis

supported on the interval [0, 2R] with O-smoothness conditions at the boundary, see [89].
,.N

Whenever a € Vi, we can rewrite the functional Egl as

2
m N N D(N)
AN 1 1 1 ,
V@ =3 %> N Z axea(lle; (te) = it @) (t) = @i(ty)) - di(t)
Lo Nl N 2
= > N Z Ay > oallla(te) = it 1) (25 (t) — 2i(tr)) — i(ts)
k=1"" j=1| r=1 i=1
1 S
N |Ca — UHZ )
where @ = (a1, ...,apy), = (#1(t1),. .., Zn(t1), ..., Z1(tm), - - -, EN(tm)) and the tensor

C € RXNmxD(N) gatisfies for every j =1,...,N, k=1,....m, A=1,...,D(N)

N

Ok, A) = = D oalllrs () — i) ) s (1) — ma(te)) € R
=1

We shall numerically implement the constrained minimization with the software CVX
[109, [1T0], which allows constraints and objectives to be specified using standard MATLAB
expression syntax. In order to use it, we need to rewrite the constraint of our minimization
problem, which reads

llall Lo (o0,2r)) + 1@l Lo (p0,2R])) < M,

using only the minimization variable of the problem, which is the vector of coefficients of
the B-spline basis d. Notice that the property of being a linear B-spline basis implies that,
for every A =1,...,D(N) — 1, the property supp(¢x) Nsupp(pa+;) # @ holds if and only
if j = 1. Hence, for every a € Viy we have

lall Lo qo2ry = max | > axea(r)| < max (lax] + |axi]) < 2)d@e

r€[0,2R) 1<A<D(N)—1
D(N)
a = ma Z a < ma axy1 — ay| = ||Ba
lal| 2= 0,2R)) e NeNG _19@&(\/)71\ a1 — ax| = [Bfe,
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where, in the last line, B is the standard finite difference matrix

1 -1 0 ... 0 0]
1 -1 0 0
B=
0 0 0 ... 1 -1
0 0 0 ...0 0

We therefore replace the constrained minimization problem

Inin N (@) subject to  |[a]l Lo (o2m)) + 1@ [l Lo (o2m) < M,
a N

1
min —— ||Cd — 4|7, subject to 2|\l + [|Balle. <M, (5.39)

GeRD(N) mN
which has weaker constraints, but is amenable to numerical solution. The byproduct of the
time discretization and the reformulation of the constraint is that minimizers of problem
(5.39) may not be precisely the minimizers of the original one. This is the price to pay for
this simple numerical implementation of the L°°-constraints. Despite such a crude discrete
model, we still observe all the approximation properties proved in the previous sections
and the implementation results both simple and effective.

5.5.2 Varying N

In Figure [5.2] we show the reconstruction of a truncated Lennard-Jones type interaction
kernel obtained with different values of N. Table reports the values of the different
parameters.

(d[L]T|M] N [DIV)]
[2]3]05]100][10,20,40,80] | 2N |

Table 5.1: Parameter values for Figure and Figure

It is clearly visible how the piecewise linear approximant (displayed in blue) gets closer
and closer to the potential to be recovered (in red), as predicted by the theoretical results
of the previous sections. What is however surprising is that the same behavior is witnessed
in Figure where the algorithm is applied to an interaction kernel a not belonging to
the function space X (due to its singularity at the origin) with the same specifications
reported in Table In particular, the algorithm performs an excellent approximation
despite the highly oscillatory nature of the function a and produce a natural numerical
homogenization when the discretization is not fine enough.

5.5.3 Numerical validation of the coercivity condition

We now turn our attention to the coercivity constant ¢y appearing in (5.16)) and thoroughly
discussed in Section In Figure [5.4] we see a comparison between the evolution of the
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Figure 5.2: Tterative reconstruction of a potential with different values of N. In red: the
unknown kernel. In blue: its reconstruction by minimization of £V, From left-top to
right-bottom: reconstruction with N = 10, 20, 40, 80 agents. We notice that the uniform
convergence at 0 is slower in view of the quadratic polynomial weight 72 as in and
because less information is actually gathered around 0.

value of the error functional Ekl}’N(aN) and of the L?(R, py)-error ||a — ?:ZNH%Q(

different values of V.

Ri.pN) for
In this experiment, the potential a to be retrieved is the truncated Lennard-Jones type
interaction kernel of Figure and the parameters used in the algorithm are reported in

Table 5.2

(d[L[T[M] N [DW) |
[2]5]05][100][3,4,...,12] [ 3N =5 |

Table 5.2: Parameter values for Figure

For every value of N, we have obtained the minimizer ay of problem (5.39)) and we have

computed the errors £V (@) and ||a—ay H%Q(RJr py)- LThe L?(R, py)-error multiplied by

a factor 1/10 lies entirely below the curve of £[%-N (@), which let us empirically estimate
the value of ¢p around that value (see Figures and .

5.5.4 Tuning the constraint M

Figure shows what happens when we modify the value of M in problem (5.39)). More
specifically, we generate ,u?v as explained in Section once, and we simulate the system
starting from M?v until time 7. With the data of this single evolution, we solve problem
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Figure 5.3: Iterative reconstruction of a potential with a singularity at the origin and highly
oscillatory behavior. In red: the unknown kernel. In blue: its reconstruction by minimiza-
tion of £[N . From left-top to right-bottom: reconstruction with N = 10, 20, 40, 80 agents.

for several values of M and we denote with a,s 2 an, M 2 apn the minimizer obtained
with a specific value of M. On the left side of Figure[5.6/ we show how the reconstruction as
gets closer and closer to the true potential a (in white) as M increases, while on the right
side we illustrate how the original trajectories (again, in white) used for the inverse problem
are approximated better and better by those generated with the computed approximation
ay, if we let M grow. Table reports the values of the parameters of these experiments.

| [d][L]|T] M | N [ DY) |
Firsttow | 2|3 | 1| 27 x [10,15,...,40] | 20 | 60
Second row | 2 | 3 | 1 | 1.25 x [10,15,...,40] | 20 | 150

Table 5.3: Parameter values for Figure

So far we have no a priori criteria to sieve those values of M, which enable a successful
reconstruction of a potential a € X. However, the tuning a posteriori of the parameter
M > 0 turns out to be rather easy. In fact, for N fixed the minimizers @y p have the
property that the map

M — EWN Gy )

is monotonically decreasing as a function of the constraint parameter M and it becomes

constant for M > M*, for a certain M* > 0 which, as shown empirically, does not depend
on N. This special value M* is indeed the “right” parameter for the L* bound. For such a
choice, we show that, if we let N grow, the minimizers ay approximates better and better
the unknown potential a. Figure documents precisely this expected behavior.
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Figure 5.4: Plot in logarithmic scale of
5'[a1:N(aN) and 1/10 - ||a _.aNH%2(R+:PN) for
different values of N. In this experiment, we
can estimate the constant c¢p with 1/10.

Figure 5.5: Values in logarithmic scale of
ek‘]’N(aN, um) for fixed N = 50 for different
values of M € [0, 200].

Figure 5.6: Different reconstructions of a potential for different values of M. On the left
column: the true kernel in white and its reconstructions for different M; the brighter the
curve, the larger the M. On the right column: the true trajectories of the agents in white,
the trajectories associated to the reconstructed potentials with the same color.

5.5.5 Monte Carlo-like reconstructions for N fixed

We mimic now the mean-field reconstruction strategy, by multiple randomized draw of
N particles as initial conditions i.i. distributed according to u® for N fixed and relatively
small. Indeed, problem (|5.39)) can swiftly become computationally unfeasible when N is
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moderately large, also because the dimension of the approximating subspaces V needs
to increase with N too. We consider, for a fixed IV, several discrete initial data (u?\,ﬂ)?:l
all independently drawn from the same distribution % (in our case, the Lebsgue measure
L% restricted to the cube [~L, L]%). For every § = 1,...,0, we simulate the system until
time T and, with the trajectories we obtained, we solve problem . At the end of this
procedure, we have a family of reconstructed potentials (aN,g)g;l, all approximating the

same true kernel a. Empirically averaging these potentials, we obtain an approximation
1 S
an(r) = Z&Nﬂ(r) for every r € [0, 2R],

which we claim to be a better approximation to the true kernel a than any single snapshot.
To support this claim, we report in Figure the outcome of an experiment whose data
can be found in Table (.4

(d[L]|T | M [N[DN)[O]
[2][2]05]1000 |50 ] 150 |5 |

Table 5.4: Parameter values for the experiment of Figure
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Figure 5.7: Behavior of £1%N (@ r) as a function of the constraint M for different N.
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Figure 5.8: Reconstruction of a obtained by averaging 5 solutions of the minimization of
EK]’N for N = 50. In red: the unknown kernel. In blue: the average of reconstructions.
In black: 95% confidence interval for the parameter estimates returned by the Matlab
function normfit. The figure on the right shows a zoom of the left figure.



CHAPTER 6

Mean-field sparse optimal control

The results obtained in Chapter [2| on the optimality of sparse controls were conditional
to the restriction on our ability to forecast the evolution of the dynamical system. When
this limitation is lifted, we gain the power to predict the reaction of such systems to
external stimuli, and hence to address the problem of finding the optimal control strategy
to steer the system to consensus. However, the optimal strategy may not be sparse at all,
and moreover, due to the curse of dimensionality, as the number of agents increases the
computational complexity of such strategies may blow up very fast.

To overcome these problems, in this chapter we shall introduce the notion of mean-field
sparse optimal control, which are sparse optimal strategies that behave well in the regime
N — o0o. We shall first discuss under which conditions such controls exist and then provide
optimality conditions for their computation.

6.1 Mean-field optimal controls

Consider again the case of the controlled Cucker-Smale system ([2.1)) (which we rewrite for
convenience)

1 i=1,...,N. (6.1)

N
N Z a([lzi(t) = z;()]) (v5(t) = vi(t)) + uilt),

Jj=1

vi(t) =

In Chapter [2 we identified the sparse feedback control strategy of Definition to be
the “best” (in terms of maximizing the rate of convergence to the consensus region) par-
simonious control strategy if the policy maker is not allowed to forecast the evolution of
the system. However, when this restriction is removed, we can easily show with the fol-
lowing example that sparser and more economical control strategies steering the system
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to consensus exist.

Example 6.1. Consider an instance of the Cucker-Smale system (6.1]) without control in
dimension d = 1 with IV = 2 agents, where the interaction function a : Ry — R is of the
form

a(r) =

M if r <R,
f(r)y ifr>R,

for some given R > 0 and f: Ry — Ry positive continuous function satisfying

+o0
f(R)=M and (r)dr =¢ < 4o0.
R

The constant M > 0 is to be properly chosen later on. Assume that the initial state

and consensus parameters of the two agents are (z9,0) = (—R/2,v°) and (29,v9) =

(R/2, —vY) respectively, for some v¥ > /2.
Due to the nature of the situation, is fairly easy to check if condition ([1.14) of Theorem

1.11] is satisfied or not. Indeed we have X (0) = R?/4 and V(0) = (v%)?, and, by the
, and, by
particular form of a, after a change of variables the computation below follows

/+Ooa(2r)dr: ;/+Ooa(r)dr _ ;/+Oof(r)dr ==,

Lit R

Therefore at time ¢ = 0 we are not in the consensus region given by ([1.14]), since

+oo c
/ a(Var) dr = 3 < v’ = \/V(0).

X(0)

We now show that there exists a time T > 0 such that

“+oo

a(Var)dr > \/V(T), (6.2)
/1 /X (T)

i.e., the system enters the consensus region autonomously at time 7.

To do so, we first compute a lower bound for the integral. Notice that, since we are
considering a Cucker-Smale system with mean consensus parameter v = 0, the speeds
|vi1(t)| and |ve(t)| are decreasing. Therefore, we can estimate from above the time until

|z1(t) — x2(t)] < R holds by T 2 R/21° (since the agents are moving on the real line in
opposite directions). Hence X (t) < X (0) = R?/4 for every t € [0,T*], which yields the
following lower bound

400 \/» 400 \/» c
/X(t) a( 4r)dr>/\/ma( 47“)dr—§

valid for any ¢ < T™*.
We now compute an upper bound for the functional 1/V (t) for t € [0, T*]. Notice that

a(v/AX(D) > a(/2X(0)) = a(R) = M,
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hence by (1.23) we have

%V(t) < —2MV(t)

which, by integration, implies that /V (t) < v%e=M? for every t € [0, T*].
We now plug together the two bounds. In order for (6.2)) to hold at some time T" < T,

simply choose .
1 2
M= Mr 2 ~log (”) :
€

For this choice of M, it follows

400 c

/ a(Varydr > = = e MrT >\ /V(T).
X(T) 2

From Theorem we can then conclude that any solution of the above system tends

autonomously to consensus.

The above example also shows that Cucker-Smale systems can converge to consensus even
if the hypothesis of Theorem is not satisfied.

Suppose now, that we are looking for a control that drives the system in Example to
consensus in a sufficiently large time frame [0, 7], but which also uses the least amount of
resources possible, i.e., a control u for which the quantity

T N
/0 S st e (6.3)
=1

is minimal. If we were to use the sparse control strategy, the above integral would be equal
to 0Ty, where 6 is the /¥ — ¢4 bound and Tp is the time of entrance into the consensus
regions. Nonetheless, the control strategy that minimizes the cost and steers the
system to consensus is clearly given by the zero control u; = 0 for every ¢ = 1,..., N, since
the above integral is then equal to 0 and we know that the system converges autonomously
to consensus. Ironically, notice that in this case the optimal strategy is also the sparsest,
since it is equal to 0 at every instant! However, it is clear that the knowledge that no
control is necessary follows from the ability to predict that the two agents will interact
with enough strength for a sufficiently long time 7.

This example also stresses the paramount role that the knowledge of the interaction kernel
a has in this analysis. The results collected in Chapter [5] therefore, justify an increased
predictive power on first- and second-order systems (see Section

Remark 6.2. Notice that the knowledge of a is not vital when using the sparse control of
Definition indeed, one can ignore the stopping criterion v(B(x,x)) > maxj<;<n ||v;||
and exert ruthlessly the control until satisfied of the outcome.

As the above analysis shows, the ability to forecast the evolution of a system means that
we can calculate the effect that different control strategies u have on its evolution, and
consequently choose the optimal one. We therefore consider the optimal control problem

n}%iclll IN(x1,...,xN,v1,...,uN,u) subject to system (6.1]). (6.4)
ucAdm
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Notice that the optimization variable is only the control u = (uy,...,uy) € Adm, since
the trajectories (z1,...,zn,v1,...,vx) : [0,T] — R?¥ are fully determined by u and the
dynamics (6.1]). The set of admissible controls Adm is a crucial design choice: it should
possess good compactness properties to let problem be well-posed, and nonetheless
it must be sufficiently large to include all interesting control strategies.

The functional Jy encodes the target that we want to reach with our control. For instance,
in Section [2.T] we were addressing the problem of forcing the alignment of the agents, which
can be obtained by minimizing the functional

2

T N N
1 1
jN(l’l,...,JIN,Ul,...,’UN,u) :/0 N E Uz‘(t) — N E Uj(t) —i—/\HuZ(t)pr dt,
i=1 j=1

(6.5)

in a proper set of admissible controls Adm. A minimizer of the functional is a control u
for which the associated trajectory (z1(-),...,zn(:),v1(+),...,vn(+)) satisfies the property
that, at every instant, the distance between v;(t) and the average T(t) is as small as possible,
under the constraint of the dynamics and the penalization of too high values of u
(measured by an £,-cost, in this case). The case p = 1 has the effect of enforcing sparsity
on the control u, see [49]. Notice the dependency of Jx on the number of agents N in the
system and that the optimization is performed in the time frame [0, 7.

Remark 6.3. In this chapter we shall focus on the optimization in a finite time frame,
ie., [0,7] with T < 4o00. This choice has only minimal impact on the applicability of
the results that follow (since, rephrasing John Maynard Keynes’ words, for T' sufficiently
large we are all dead!) while enabling the access to the results in Chapter 4| on mean-field
approximation.

6.1.1 Mean-field limit equations with control

As seen in Chapter ] whenever the number of agents N becomes too high, dealing with
system becomes computationally unfeasible due to the curse of dimensionality. We
have already shown how, when no control is involved, one can simplify the multitude of
interactions of the other agents on any given individual by a single averaged effect. This
results in considering the evolution of the agent density distribution in the state space
wu(t, z,v), leading to the mean-field PDE

Ou

SO v Von(t) = =V, - (G p(@)u(t))  fort € [0,7)

where Gl9 (z, v) 2 (v, —a(||z||)v) for any (x,v) € R to stress the dependance on a.

The proper definition of a limit dynamics when an external control is added to the system
and it is supposed to have some sparsity features is currently still under debate. Indeed,
the concept of sparse control has to be handled with care when trying to generalize it at
the level of a mean-field dynamics, since the indistinguishability of agents is a fundamental
property of the mean-field setting, and it is in sharp contrast with controls acting sparsely
on specific agents.

The most immediate approach, very much in the spirit of Theorem would be to
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assign to the finite dimensional control u an empirical vector valued measure curve

N
1
vn(t) = N Z uz5(:pl(t),v,(t)) for t € [0, 7],
1=1

and consider a suitable limit v for N — oo, leading to the PDE with control v

%‘;(t) + - Vau(t) = =V, - ((GM () p(t) + V(t)) fort €[0,7].  (6.6)
Unfortunately, despite the fact that v is supposed to be the minimizer of a certain cost
functional (which may grant the necessary compactness to derive the limit vy — v), the
design of a general cost functional with a proper meaning in the finite dimensional model,
like , and at the same time guaranteeing a good behavior of the measure v remains a
challenging task: for instance, in the optimal control problems considered in [49, Section
5] the above limit procedure does not prevent v to be singular with respect to u, which
means that in the weak formulation of equation the role of v is essentially mute,
losing completely its steering purpose. Therefore, we consider in only the absolutely
continuous part of v with respect to pu, i.e., v, = up (provided it has one), which leads us
to an equation of the type

8—”(t)Jrv-v t) = -V, (Gl f

- o) = =V, (G5 p(t) + u(®)u())  fort€[0,7),  (6.7)
where now wu(t) is an L'(R?, p(t)) force field for a.e. t € [0,T]. However, such regularity
is in general not enough to establish existence and stability of solutions for equations of
the type , see [10], an issue that has to be taken into account when choosing the class
Adm. Notice that equation is a particular instance of the Vlasov-type equation
for the choice of the vector field

V(t, 1) (z,v) = (G % p)(z,v) + u(t, z,v).

On top of system ([6.1)), we now have the functional Jy too, whose form has to allow for
the possibility to perform the limit N — oco. This may happen, for instance, when the
state variables appearing in Jn can be manipulated to obtain a moment of the empirical
measure py. In the specific case of the functional , we can indeed rewrite it as

jN($17--'axN7U17'"aUNvu):

L

= jN(,uN,U),

2

v—/ wdpn (t,y, w) —I—)\Hu(t,x,v)H?p> dun (t, z,v)dt
R2d

thus making explicit its dependance on p . In general, we shall assume that the functional
Jn has the specific form

T
JN(MN»U)é/O { R%E(m,U,NN(t))d,uN(t,x,v)+ (u(t,m,v))du]v(t,x,v)}dt,

R2d
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where ¢ is the so-called Lagrangian part (or running cost) of Jy and v is the control
cost. The functional (6.5)), for instance, falls into this category. This means that the corre-
sponding limit functional 7 : P1(R??) x Adm — (—o0, +00] of the sequence (Jn)nen for
N — o0 is

T
T (p, ) é/0 { . Oz, v, u(t))du(t,z,v) + w(u(t,x,v))du(t,x,v)}dt.

R2d

6.1.2 Finite and infinite dimensional optimal control problems

So far, we have identified two different kinds of optimal control problems. The discrete
one is the following, each instance of which is labeled by the number of agents NV € N.

Problem 1 (Discrete/finite dimensional optimal control problem). For T' > 0 fixed, find
uy € Adm minimizing the cost functional

T
jN(uN,u):/O { RME(a:,v,uN(t))duN(t,x,v)+ w(u(t,x,v))du]\/(t,x,v)}dt,

R2d

where py : [0, T] — P1(R??) is given by

N
1
MN(t) = N Z 5(%(07%@)) for t € [0, T],
=1

and (z(-),v(+)) : [0,T] — RN solves

ii(t) = vi(t),

N i=1,...,N,
bi(t) = % > a(llwi(t) =z (0)]) (v5(t) = vit)) + ult, zi(t), vi(h)), '

J=1

for the given initial datum (z(0),v(0)) = (2°,v%) € RV,

In Section [6.1.1] we discussed how, when N — oo, a reasonable candidate for a “limit” of
the discrete problems above is the following continuous optimal control problem.

Problem 2 (Continuous/infinite dimensional optimal control problem). For T > 0 fixed,
find v* € Adm minimizing the cost functional

R2d

T
() = /0 {RQdﬁ(w,v,u(t))du(t,m,v)—i— w(u(t,m,v))du(t,x,v)}dt,

where y : [0, T] — P1(R??) solves

) 0 Vop(t) = V- ((GH o ) + u(®)u(®).

for the given initial datum u(0) = u° € P.(RY).
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Our wish is to use the continuous optimal control Problem [2] as an approximation of the
discrete instances of Problem (I, in order to circumvent the curse of dimensionality. As
a consequence, we are not interested in all possible optima of Problem [2| but mainly on
those which arise as limits of optimal strategies of the discrete problems. We call this
subclass of the set of optima mean-field optimal controls.

Definition 6.4 (Mean-field optimal control for Problem . Let 10 € P.(R??) be given.
An optimal control u* for Problem [2 with initial datum p° is a mean-field optimal control
if there exists a sequence (u%)nen C Adm and a sequence (u%)ven C Pe(R?) such that

i) the sequence of empirical measures (1% )nen defined for every N € N as
M

[1>2

N
1
b S 5 Dbt oty for some (.)€ supp(u),

satisfies uQ; — p® weakly* in the sense of measures;

(i3) for every N € N, u}, is a solution of Problem [I| with initial datum (z%;,v%,) =
(20 20 40 W );
LN TN N VLN -+ s UN N3

(i4i) there exists a subsequence of (u%)ven converging weakly in L!([0, T]; RY) to u*.

Notice that|(z)[and imply that, under certain regularity hypotheses on the interaction
kernel a (like a € X as in Chapter [5| ' the discrete system (6.1)) admits equation (6.7]) as
its mean-field limit by Theorem {4 This justifies the words mean-field to refer to thls
class of controls.

The main question is then, under which hypotheses on the interaction kernel a, the La-
grangian £, the control cost 1, and the set of admissible controls Adm, we can prove the
existence of a mean-field optimal control for Problem [2| A first solution was given in [106],
which identified the following class of functions as a valid candidate for Adm.

Definition 6.5. For a time horizon 7" > 0, and an exponent ¢q € [1,400) we fix a control
bound function b € L%([0,T1]). The class of admissible control functions Fy([0,T]) is defined
as the set of Carathéodory functions u : [0, 7] x R?? — R? satisfying

(i) u(t,-) € W (R2; R?) for almost every ¢ € [0, 7],

loc
(1) |Ju(t,0)]| + Lipga(u(t,-)) < b(t) for almost every ¢ € [0, T].

Functions in F,([0,7]) are locally Lipschitz feedback controls with respect to the state
variables with uniform Lipschitz bound given by the LY function b. This mild regularity
gifts the class Fy([0,7]) with the following compactness result, which is a generalization
of the Dunford-Pettis Theorem for equi-integrable families of functions with values in a
reflexive and separable Banach spaces.

Proposition 6.6 ([106, Corollary 2.7]). Let p € (1,+00). Assume that (up)nen is a
sequence of functions in Fy([0,T]) for a given b € L4(0,T) with q € [1,+00). Then there
exist a subsequence (un, )ken and a function u € Fy([0,T]), such that

T
lim [ (p(t), un, (¢, ) — u(t,))dt =0, (6.8)

k—oo 0
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for all ¢ € LI ([0,T); H- ¥ (R??, RY)) such that supp(¢(t)) C B(0,7) for all t € [0,T), for
some r > 0. The symbol {-,-) denotes the duality between WP and its dual Wl

Combining the above weak compactness of Fy([0,7]) with some regularity hypotheses
on a, ¢ and 1, the following existence result for mean-field optimal controls is obtained.
Remarkably, it is proven by means of a simultaneous I'-limit and mean-field limit for
N — o0 of the finite dimensional optimal control Problems[I| to the corresponding infinite
dimensional Problem [2|

Theorem 6.7 ([106, Theorem 5.1]). Suppose we are given maps a, £, and ¢ satisfying

(i) a € X in the sense of Chapter[5;

(ii) the Lagrangian € : R?*4 x P1(R?*?) — R, is continuous with respect to the product
topology generated by the Euclidean distance on R?*® and the Wasserstein distance
Wi on Pi(R?%);

(iii) the control cost ¢ : R — [0,+00) is a nonnegative convexr function satisfying the
property: there exist C > 0 and q € [1,+00) such that for all R > 0 it holds

Lipp o) (¢¥) < CRT. (6.9)

Choose q € [1,+00) so that holds and let b € L9(]0,T]). Then, for every N € N and
for every initial datum (x?v,v?v), the finite dimensional optimal control Problem |1| with
Adm = F4([0,T]) admits a solution ul, € Fp([0,T]).

Moreover, suppose there exists a compactly supported pi° € Py(R??) such that, by setting

1 N
N Z 5(90?,1\1’”?,1\7)’
i=1

then the limit limy 00 Wi (1Qy, 1) = 0 holds. Then there ezists a subsequence (uy, Jken of
the sequence of finite dimensional optimal controls (uy)nen and a function u* € Fy([0,T])
such that uly, converges to u* in the sense of and u* is a solution of Problem@ with
initial datum u°.

>3

1

Hence, u* is a mean-field optimal control for Problem[3.

Unfortunately, it is not clear how the choice of the control cost ¥(-) = A|| - |l¢, enforces
sparsity on the mean-field optimal control u*: being the weak limit of controls u}; with very
few nonzero entries, see [49], we may expect that supp(u*(¢,-)) is a “small set” too. Indeed,
such concept of sparsity was successfully used in [I57] to implement sparse stabilizers for
a consensus problem. This interpretation of sparsity appears also in the framework of the
control of more classical PDEs, see [65], [161], [167].

6.2 Sparsity and mean-field optimal controls

An alternative solution for a proper definition of sparse mean-field controls was proposed
in [I03]. Inspired by the multiscale approach explored independently in [69] and [76] to
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describe a mixed granular-diffuse dynamics of a crowd, let us now add to the usual Cucker-
Smale system m new agents freely interacting with the original N individuals. We
assume that these new agents are far fewer than the original population (m < N) but
have a great influence: for this reason they shall be called “leaders”, opposed to the N
“followers”. Denoting by (y,w) the space-velocity variables of these new individuals and

by

||l>

1 m
— Z S(yn(t)wn(t))  for every t € [0,T]
k=1

the additional empirical measure supported on the trajectories (y(-),w(-)), then the pro-
posed dynamics is given by

Uk(t) = w(t), b1
() = (G 5 i) (e (), wie () + (G1 % pra) (e (), wie (1)), o
#ilf) = ild), i=1,...,N.
Bi(t) = (G5 ) (i (), 03 () + (G175 i) (i (2), vi (1)), s

The above system is similar to a standard multiagent dynamics for N 4+ m individuals,
with the sole difference that the actions of leaders and followers have different weights on
a single individual, 1/m and 1/N, respectively. Intuitively, since leaders are much more
influential than followers, a parsimonious and effective control strategy should act only on
them and neglect the followers. If we now add controls on the m leaders, we obtain

gr(t) = wi(t), P
= b 7m7
g () = (G5 ) (i (), wi(8)) + (G 5 o) (e (8), wr (1) + un(8),
.1"1' t) = V; t s
l6) = uit) R
0i(t) = (G ) (1), vi)) + (G % i) (4(8), vi (1)),
(6.10)
where, as in , the functions uyg : [0,T] — R? are measurable controls for k = 1,...,m.

This is the rlght time to stress how the sparsity of the control strategy u = (ug, ..., um) :
[0,7] — R is now encoded directly in the model , since, instead of trying to
influence the entire population of N +m agents, the control simply focuses on the portion
of m leaders. In this setting, it makes sense to choose the set Adm as L'([0, T];U), where
U is a fixed nonempty compact subset of R so that the Dunford-Pettis Theorem is
available as a compactness result to establish the well-posedness of the control problems.
As in Section [6.1.2] we shall be interested in controls u which minimize functionals of the
form

T
jN(y,w,,UN,U)é/O { Rgdg(y(t)ﬂw(t)vxaUaMN(t))dMN(t7x7v)+

R2d

+ ’(/J(’U,(t, va))dym(t, y,w)}dt.
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Sadly, the introduction of the population of leaders has made the typographic representa-
tion of system and of the new functional Jn too much cumbersome and complicated
to handle. In order to overcome this shortcoming, as well as the narrowness of its repre-
sentation power, we now make the drastic choice to do like in Section and rewrite the
controlled dynamics ((6.10)) as a first order system of the form

{Z)k(t) = (K pn () (yk(t) + fr(y(®)) + Beu(t), k=1,....m,
i(t) = (K * pun (1) (@:(t)) + g(y(t)) (zi(?)), i=1,...,N,

to be coupled with the functional

T
Tt = [ {100+ 2u(0) .

We already noticed in Chapter [4| how systems like are basically first order, hence
it is not restrictive to pass from the 2d-dimensional phase coordinates (z,v) and (y,w) to
the more compact d-dimensional variables = and y. Consequently, the empirical measures
un and pp, are now defined over the atoms (z1,...,xyx) and (y1,...,ym), respectively.

Remark 6.8. The new notation allows to consider different kernels of interaction between
followers and leaders, and more in general different kernels from GI9. It also makes possible
the inclusion of self-propulsion/friction terms, like

S(z,v) £ (a = Blv]?)e.

where « and /3 are nonnegative parameters. This term, introduced in [I37], balances the
self-propulsion of individuals given by av and the Rayleigh-type friction —3|v||?
scribing the speed of each agent ||v|| to approach the asymptotic value \/a/8 (if other
effects are ignored), which can be seen as a characteristic limit speed for the dynamics.

v, pre-

S is commonly encountered in the modeling of bacteria and groups of animals, see for
instance [60, 97], and we shall use it to model pedestrian dynamics in Chapter

The role of the control w on the state variables of the k-th leader is mediated by a matrix
Bj; this is necessary in order to cope with the dimensionality mismatch in the dynamics
between the phase coordinates (2d) and the controls (only d). To avoid confusion,
we denote by D the dimensionality of the control and we assume that it takes values in a
convex compact subset U of RP. As usual, the number d is reserved for the dimensionality
of the agents, hence the matrices By are constant d x D matrices which project the D-
dimensional control onto the d-dimensional state space.

Remark 6.9. We recover system ((6.10)) from the above formulation of the dynamics by
noticing that x;(t) stands for (z;(t),v;(t)), yx(t) stands for (yx(t), wy(t)), and choosing for
any (y,w) € R¥™ x R and (z,v) € R?? the functions

)= (o ) 500 = ( (G sy )

9(y, w)(z,v) = ( (Glal *;m)(:c,v) > '
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Notice that py, is by definition a function of (y, w).
Henceforth, we assume that the following regularity properties hold.

Hypotheses (H)

(K) The function K € C?(R% R?) is odd and sublinear, i.e., K(—x) = —K(z) holds for
all x € R% and there exists Cx > 0 such that for all z € R? we have

1K (@) < Cr(1+ [lz[).

(L) The function L : R¥™ x Py (R?) — R is
A
Ly, p) = /Rdf (y, 2, fwp) du(z),

with £ € C}(R¥™ x R? x R4 R), w € C3(R%R?) and where [wp is intended in the
sense of (4.2)).

(G) The function g € C2(R¥"; C?(R%; R?)) satisfies for all z € R? and all y € R9™
9()(@) - & < Gillz]|?* + G2 max [lyl® + G,
1<I<m
where the constants G1, G2 and G5 are independent on x and y.
(F) For each k = 1,...,m, the function fx € C?(R¥";RY) satisfies for all y € R
g < 2
Tu(y) -y < Fy max "+ P,

where the constants F; and F> are independent on y and k.
(U) The set U C RP is compact and convex.

(7) The function v : U — R is strictly convex.

Under the above hypotheses, we study the existence of mean-field optimal controls for the
following infinite dimensional optimal control problem.

Problem 3. For T > 0 fixed, find v* € L*([0, T];U) minimizing the cost functional

T
T = [ { D000+ 5(0(t) (6.11)
where (y, i) : [0, T] — R¥™ x Py (R?) solves
Ur(t) = (K = p(t) (ye(1) + fr(y(t)) + Bru(t), k=1,...,m,

o

6.12
t) = =V - (K () + 9w®)n(®)) o

for the given initial datum (y(0), (0)) = (3°, u°) € R™™ x P.(R%).
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Notice that we have kept the number of leaders m finite, while letting the number of
followers N grow to oo: with this choice, the control strategy turns out to be sparse by
default (since m < N).

20
10 15 20 25 30 35 40

Figure 6.1: Three discrete leaders influencing a continuous density of followers. More details
about this control setting in Chapter

As done in [I06] to prove Theorem |6.7, we shall provide a I'-convergence result that
links the above Problem [3| with the following family of finite dimensional optimal control

problems, each labeled with the number of followers NV € N. This, as a byproduct, will
prove the existence of mean-fields optimal controls for Problem

Problem 4. For T > 0 fixed, find u* € L'([0, T];1/) minimizing the cost functional

T
Tt = [ {Llwe) ) + o(ule) (6.13)

where

=1
and (y,z) : [0,T] — R x RV solves
N
(1) = o D K(elt) — 25(0) + fely(0) + Beau(t), k=1,..m,
j;l (6.14)
i(t) = %ZK(%@) — (1) + 9(y())(z:(t)), i=1,...,N,
j=1

for the given initial datum (y(0), z(0)) = (y°,2%) € R¥™ x RV,

For the sake of completeness, we state again the notion of mean-field optimal control
adapted to Problem
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RI™ x P, (R?)
,10) is a mean-
and a sequence

Definition 6.10 (Mean-field optimal control for Problem' Let (y°,u°) €
be given. An optimal control u* for Problem I with initial datum (y°,
field optimal control if there exists a sequence (u)neny C L'([0,T];U
(1) Nen C P(RY) such that

) €
0
)

(i) the sequence of empirical measures (u%)nen defined for every N € N as

1
PR 2 5D 0 o for some afy € supp()

satisfies uQ; — p® weakly* in the sense of measures;
(i1) forevery N € N, u}y, is a solution of Problemwith initial datum (y°, xcl]’N, A x?V’N);

(4ii) there exists a subsequence of (u%;)yen converging weakly in L1([0, T];U) to u*.

6.3 I'-convergence of optimal control problems

In this section we shall first study the coupled ODE-PDE dynamics and then state
existence and uniqueness results of solutions, together with continuous dependence on the
initial data (y°, u°). The proofs follow closely in the footsteps of similar results collected
in Chapter [4, to which we remand for the basic ideas (see also [12] 103 155 [156]).

6.3.1 Coupled ODE-PDE systems with nonlocal interaction

In what follows, we shall consider the space X = 2 Rim x P, (R%) endowed with the following
mixed distance

A
1y 1) = (s 1)l = My = o'+ Wi, 1), (6.15)

A
where [ly — o/l = 255 v — vkllog-
We can formally define the concept of solution of the controlled ODE-PDE system (6.12)).

Definition 6.11. Let u € L'([0, T);U) and (3°, u°) € X, with u° of bounded support, be
given. We say that a map (y, 1) : [0,7] — X is a solution of system (6.12]) with control u
if

() (y(0), 1(0)) = (5°, u%);
(23) (y(-), n(+)) is continuous in time with respect to the metric (6.15)) in X’;

(797) y(-) is a Carathéodory solution of the following controlled ODE problem
Ue(t) = (K = () (ye(t) + fr(y(t)) + Bru(t), k=1,...,m,

for all t € [0,77;

(iv) p(-) is a solution of (4.9)) for the time-varying vector field (depending on y(-))

Vt,n)(z) = (K x p)(z) + g(y(t))(z), forall (t,z,u) € [0,T] x R? x 731(]Rd).
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We now derive the existence of solutions of (6.12) as limits for N — oo of the system
of ODEs (6.14) following the strategy adopted in Theorem The next result is a
straightforward generalization of Proposition |4.5

Proposition 6.12. Fiz N € N and the control u € L'([0,T};U). Let (y,zy) : [0,T] —
R x RN be the corresponding solution of (6.14), with zn(-) = (x1n(-), ..., 2NN ().
Then, the pair (y,pn) : [0,T] — X, with un(-) being the empirical measure

N
1
() = 5 3G ts for every € 0.7),

is a solution of (6.12) with control .

We are then ready to prove the controlled counterpart of Theorem

Proposition 6.13. Let 3° € R¥™, 0 € P.(R?), and 18 (+) be as in Definition |6.10
. Let (un)nen € LY([0,T);U) be a sequence of controls such that uy — u, for some
ue LY[0,T);U).

Then, the sequence of solutions (yn, un)nen C Lip([0,T]; X) of with initial data
(v°, 1Q;) and control un converges to a solution (y,u) € Lip([0,T]; X) of with
initial data (y°,u°) and control u. Moreover, there exists pr > 0, depending only on
yY, supp(p°), K, g, fx, Bx,U, and T, such that for every N € N, for everyk =1,...,m and
for every t € [0,T] it holds

lyre N O lye@)| < pr and  supp(un(t)),supp(u(t)) € B(0, pr).

Proof. First of all notice that, for every N € N, system admits a unique solution
(yn, zn) @ [0, T] — R x RN by the set of hypotheses (H) and analogous considerations
to those made in the proof of Proposition (4.9

We start by fixing N € N and estimating the growth in time of ||yx n()[|? + ||zin()||? for
k=1,...,mandi=1,...N. Let

S2{1,...,m}x{l,...,N}

By using the same estimation techniques of (4.14]), from the hypotheses (H) and the
compactness of U, for any (k,i) € ¥ it follows

1d . .
2 di (H?Jk,NH2 + ||33i,N||2) = Yk,N " Yk, N + Ti N - Ti N
= (K * pun)(yr,N) + fe(y) + Bru) - yp, N+
+ (K * pn) () + 9(y) (ziN)) - TN
<K ) (e, )| ym N1+ fr(un) - yrn + [ Brulll [y, v [+
+ [[(K o ) (s ) |zs w0 || + 9(yn ) (i) - 2N
< () max 24z NP + Co,
< Cr max. {lwn |12+ lzin P} + Co

with C; E 4Ck + F1 + G9 + M7 and Cy 2 Ck + Fy + G3 + M;. We now denote for all



6.3 I'-convergence of optimal control problems 201

te0,T]

A A
Eay(®) = lye v + zn @I and () = ax {£a,)(1)}-
Notice that, being (yn(-), zn(-)) € WL2([0, T]; R¥™ x R¥Y) then ((-) € W°([0, T]; R,).
This implies that ((-) is a.e. differentiable, hence again by Stampacchia’s Lemma, for a.e.
t € [0, T] there exists (I,7) € ¥ such that

{0 = % (o @ + e x O1).

which let us infer the inequality

(1) < 2C14(¢) +2Cs.

We can, therefore, apply Gronwall’s Lemma which together with Definition (0)|
implies that

C(t) < (€(0) + 2Cat)e*C1t < (Cp 4 205t)e21, (6.16)

for some uniform constant C only depending on 3° and supp(u?). It then follows that the
trajectories (yn (), un(+)) are bounded uniformly in N in a ball B(0, pr) C R?, for

pT 2 VCo + 2C,T 17T

which does not depend neither on ¢ nor on N. This in turn implies that the trajectories
(yn(+), un(-)) are uniformly Lipschitz continuous in N, as can be easily verified by com-
puting [|gx n(-)|| and ||&; n(-)|| and noticing that all the functions involved are bounded
by the hypotheses (H) and the fact that we are inside B(0, pr). Therefore

kNI < o7 Nzl < o1 (6.17)

holds for every ¢ € [0,T] where the constant p/. does not depend neither on ¢ nor on N.

By an application of the Ascoli-Arzela theorem for functions on [0,7] and values in the
complete metric space X, there exists a subsequence, again denoted by (yn, un)nen con-
verging uniformly to a limit (y,u) : [0,7] — X, whose trajectories are also contained in
B(0, pr). Due to the equi-Lipschitz continuity of (yn(-), un(-)) and the continuity of the
Wasserstein distance, we obtain that for all ¢1,ty € [0,7] and for some Ly > 0 it holds

[(y(t2), u(t2)) — (y(t1), u(t1))llx = A}gnoo [(yn (t2), un(t2)) — (yn(t1), pn (t1)) |l x
< Lylty —t4].

Hence, the limit trajectory (y(-), u(-)) belongs to Lip([0, T; X') as well. It is now necessary
to show that the limit (y(-), p(-)) is a solution of (6.12)). We first verify that y(-) is a solution
of the ODE part. To this end, we observe that the limit (yn(-), un(-)) = (y(-), u(-)) in X
specifies into

YN — Y uniformly in [0, 77, (6.18)
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gy = ¢ in L0, TR, (6.19)
A}im Wi (un(t), pu(t)) =0 uniformly with respect to ¢ € [0, 7. (6.20)
—00

As a consequence of (6.18)), (6.19)), (6.20]), hypothesis (K), and Lemma we have that
forallk=1,...,m

(K * pun)(ye,n) — (K x 1) (y),
fe(yn) = fe(y),

To prove that y(-) is actually the Carathéodory solution of (6.14]), we have only to show
that for all k = 1,...,m one has

uniformly in [0,7] as N — +o0. (6.21)

Uk(t) = (K p(t))(yk(t)) + fr(y(t)) + Bru(t), forallt € [0,T7].

This is clearly equivalent to the following: for every n € R? and every t € [0, T] it holds

n [ s =n- (K)o + filu(s) + Bras))ds, (622

which follows from and from the weak L'-convergence of Ui, N to yx and of uy to u
for N — oo.

The proof of the fact that u(-) is a solution of follows along the same lines of the
one of Theorem by noticing that the functions gy = g(yn) converge uniformly to
g =g(y) on [0,T] x B(0, pr) and satisfy the hypotheses |(7)H(zi7)| of Proposition
This, together with (6.22)), proves that (y(-), u(+)) is a solution of with initial da-
tum (y%, u°) and control u. Similarly to Remark we can show that the sequence
(yn, N )Nen actually converges to (y, u) without passing to a subsequence as soon as we
show the continuous dependance on the initial data. O

Corollary 6.14. Let y° € R 10 € P.(R?), and u € L'([0,T];U). Then, there exists a
solution of (6.12)) with control v and initial datum (y°, u°).

Proof. Follows from Proposition by taking any sequence of empirical measures u?v as
in Definition (7), and the constant sequence uy = u for all N € N. O]

We now prove the continuous dependence on the initial data, that also grants the unique-

ness of the solution for (6.12]).

Proposition 6.15. Let the hypotheses (H) hold. Let uw € L'([0,T];U) be given, and take
two solutions (y1(+), u1(+)) and (ya2(-), p2()) of with control u and with initial data
(y?, u?), (yg, ,ug) € X, respectively, where ,u(l] and ug have both compact support. Then there
exists a constant Cp > 0 such that

1(y2(8), pa(8)) — (w2 (t), m2(t))llae < O ll(wd, 1) — (43, )|l for all t € [0, T].

Proof. We start by noticing that, by the definition of a solution, we infer the existence of a
pr > 0 for which y1(t),y2(t) € B(0, pr) C R and supp(u1(t)), supp(p2(t)) € B(0, pr) C
R? hold for all t € [0,T].
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As a preliminary estimate, by hypothesis (K), Lemma and Lemma with the choice

r = R = pp, we infer the existence of a constant Ll[?{T > 0 such that
(6.23)

(K # ) () = (K % p2) ()| < Ly, O, i) + |z = ) -

holds for every z,y € R%. Furthermore, if for the sake of brevity we denote by

IDyg (),

Il

sup
€€B(0,p7)CR,c€B(0,p7) CRI™

G

A .
£ = max Lippo,pr) (fi)-

then the C2-regularity of g and fj, for every k = 1,...,m imply for every y1,y2 € B(0, pr)
- o} < G - )
19(y1) — 9(y2)ll Lo (B(0,0r)) < Gllyr — vl (6.24)

[ fx(y1) = fr(y)ll < Fllyr — w2l

We shall show the continuous dependence estimate by chaining the stability of the ODEs
k=1,...,m, (6.25)

g (t) = (K p(0)) (e (1)) + fr(y(t)) + Bru(t),

with the one of the PDE
Wty =~ (5 wlt) + oy D)D), (6.26)

first addressing the dependence of (6.25)). By integration we have

1) = y2 O < 1925 — 9511+
[ (00 () na() = (K () s+ (627

1 fewr () = Sulaa(s)Il ) ds.
For the left-hand side of (6.27)) we have that (6.23]), (6.24)), and the uniform bound on

y1(+) and yo(-) yield

Jon0) =201 < i =98l + | (LW G (0) o)+
+ Il a(s) = v |+ Flln(s) — ()] ) ds— (6.28)

We now consider ([6.26)). Theorem for the choices R = pr, K1 = Ko = K, g1 = g(y1)
and go = g(y2), together with the estimate (6.24])), yields

Wi (pa(t), pa(t)) < aWr(ul, pud)+
(6.29)

+ 5/0 (LK pr.pr W1 (11 (5), p2(s)) + Gllyr(s) — ya(s)|) ds.

for certain constants a, 8 > 0.
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We now consider the function
A
e(t) = |y (t), pa(t)) — (y2(t), pa(t))|x for every t € [0,T7.

Combining (6.28)) for each k = 1,...,m and (6.29)), we obtain

t
0 < I =1+ | (mEEWAGa(s)pa(s) + I o (s) = (o) +

+ mFlys(s) = ya(s) | ) ds + Wi (uf. 13) +
w5 [ (st Wil (5), 25)) + Gl (5) — o)) ds

t
< ae(0) +/ (mLf +mF + B(LK pp.pr + G))s(s)ds.
0

T

Gronwall’s Lemma, then implies

2(t) < ael(MEp tmEB(Lic o o +G)) o ()

— )

for any t € [0, T]. This concludes the proof. O

Remark 6.16. We can argue as in Remark to prove that the sequence (yn, N )NeN
converges to (y, 1) without passing to a subsequence.

Remark 6.17. Since equicompactly supported solutions are unique, given the initial
datum, by Proposition and Proposition [6.13] we infer that the support of the unique
solution can be estimated as a function of the data, namely it is contained in B(0, pr),
where the constant pr is depending only on °, supp(u°®), K, g, fx, B, U, and T.

6.3.2 Existence and construction of solutions of Problem

In this section, we prove that Problem [3] admits a solution which is a mean-field optimal
control. The proof generalizes similar results in [103].

In view of the Definition of I'-convergence, let us fix as our domain X 2 LY([0,T);U)
which, endowed with the weak L'-topology, is actually a metrizable space. Fix now an
initial datum (y°, u%) € X, with u° compactly supported, and choose a sequence u?v as in

Definition (7)l Consider the functional
A u u
=Ty ), w ()5 u)

on X introduced in (6.11]), where the pair (y*(-), u*(+)) defines the unique solution of (6.12))
with initial datum (y°, 4%) and control u. Similarly, consider the functional

J (u)

TIn(w) 2 In (v (), 1 (), w)

on X introduced in (6.13)), where the pair (yj(-), u%(-)) defines the unique solution of
(6.12) with initial datum (y°, u%) and control u. As recalled in Proposition such
solution coincides with a properly rewritten solution of the ODE system ((6.14]).
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We now pass to prove the I'-convergence of the sequence of functionals (Jn)nen on X to
the target functional J. Let us mention that I'-convergence in optimal control problems
has been already considered, see for instance [45], but it has been only recently employed
in the context of mean-field limits in [103} [106].

Theorem 6.18. Let the functionals (6.11)—(6.13) and system (6.12)) satisfy the set of hy-

potheses (H). Consider an initial datum (y°, u°) € R¥™x Py (R?), and a sequence (u%;) Nen,

where Y is as in Definition . Then the sequence of functionals (Jn)nen on X
defined in (6.13]) I'-converges to the functional J defined in (6.11)).

Proof. Let us start by showing the I' — lim inf condition. Let us fix a weakly convergent
sequence of controls uy — u in X. We associate to each of these controls a sequence
of solutions (yn(-), un(+)) of uniformly convergent to a solution (y(-),u(+)) with
control u and initial datum (y°, 1%). In view of the fact that solutions (yn(-), un(-)) and
(y(+), p(+)) will have uniformly bounded supports with respect to N and ¢ € [0,7] and
by the uniform convergence of trajectories yny(-) — y(-) in [0,7], as well as the uniform
convergence Wi (un(t), u(t)) — 0 for t € [0,T7], it follows from the continuity of L under
the hypotheses (H) that

T

T
Jim [ L) = /0 L(y(t), u(t))dt. (6.30)

By the assumed weak convergence of (uy)nyen to u € X and Ioffe’s Theorem (see, for
instance, [11, Theorem 5.8]) we obtain the lower semicontinuity of ~y

T T
liminf/o 7(“N(t))dt2/0 v(u(t))dt. (6.31)

N—o0

By combining (6.30)) and (6.31)), we immediately obtain the I" — lim inf condition

liminf Iy (un) > T (u).
N—o0

We now prove the I' — lim sup condition. We fix u € X and consider the constant recovery
sequence uy = u for all N € N. Similarly as above for the argument of the I' — lim inf
condition, we can associate to each of these controls a sequence of solutions (yn(+), un(-))
of uniformly convergent to a solution (y(-),u(-)) with control w and initial datum
(y°, %) and we can similarly conclude the limit . Additionally, since (un)yen is a
constant sequence, we have

T T
lim inf /0 (1)) dt = /0 ~(u(t))dt. (6.32)

N—o0

Hence, combining (6.30) and (6.32)) we can easily infer

limsup Jy(un) = lim Iy (u) = J(u).

N—oo

This concludes the proof of the I'-convergence of the functionals (Jn)nen to J. O

The following result shows that Problem [] is automatically well-posed under our set of



206 Mean-field sparse optimal control

hypothesis.

Proposition 6.19 ([63, Theorem 23.11]). Under the hypotheses (H), Problem |4| admits
solutions.

We are now ready to show the existence of mean-field optimal controls for Problem

Corollary 6.20. Let the hypotheses (H) hold. For every initial datum (y°, u%) € R¥™ x
P.(R?), there exists a mean-field optimal control u* for Problem @

Proof. For every N € N, consider an empirical measure ,u(])v as in Definition and let
uy be an optimal control for Problemwith initial datum (y°, ,u?v) (it exists by Proposition
. Notice that the optimal controls u%; belong to the space X = L'([0, T];U), which is
a compact set with respect to the weak topology of L' by the Dunford-Pettis Theorem.
Hence, the sequence (Jn)nen is equicoercive, and (u}y ) ven admits a subsequence, which
we do not relabel, weakly convergent to some u* € X.

We can associate to each of these controls u%; and initial data (y°, %) a solution (v (+), i ()
of (6.12). The sequence of solutions (3 (-), #} () is then uniformly convergent to a solu-
tion (y*(), u*(+)) of with control u*, by Proposition In order to conclude that
u* is an optimal control for Problem [3| (and hence, by construction, that v* is a mean-field
optimal control) we need to show that it is actually a minimizer of 7. To prove it we
use the fact that J is the I-limit of the sequence (Jn)nen as proved in Theorem
Let u € X be an arbitrary control and let (un)nen be a recovery sequence given by the
I" — lim sup condition, so that

J (u) > limsup Iy (un). (6.33)

N—oo

By using the optimality of the controls in the sequence (u})nyen, we obtain

lim sup Iy (un) > limsup Iy (uy) > liminf Jy (ujy)- (6.34)
N—oo N—=0c0 N—oo

Applying the I" — lim inf condition yields

l}\r}n inf Iy (uy) > J(u¥). (6.35)

By chaining the inequalities (6.33))—(6.34)—(6.35) we conclude that

J(u) > T W) forall u € X,
i.e., that u* is an optimal control for Problem O

Remark 6.21. Observe that the previous result does not state uniqueness of the optimal
control for the infinite dimensional problem. Indeed, in general, we cannot ensure that all
solutions of Problem [3] are mean-field optimal controls.

Remark 6.22. Notice that the inequality (6.31]) actually holds for several non-strictly
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convex functionals, like the £;—norm

1 m
) = 2 3l

as shown in [I03] [106]. The strict convexity shall actually be a necessary property to derive
the optimality conditions for mean-field optimal controls in the next section.

6.4 Mean-field Pontryagin Maximum Principle

In the context of mean-field games and optimal control problems with PDE constraints,
first-order optimality conditions have received enormous attention, see for instance [I5]
43|, [50], 163]. However, up to now no corresponding results have appeared in the literature
for optimal control problems with mixed ODE-PDE constraints of the kind of Problem
This section is devoted to the proof of a Pontryagin Maximum Principle to characterize
mean-field optimal controls of such problems.

The Pontryagin Maximum Principle (PMP in what follows, see [I59]) is used in Optimal
Control Theory to find the best possible control for steering a dynamical system from one
state to another. It is a generalization of the Euler-Lagrange equation of the Calculus of
Variations and, similarly to it, when satisfied along a trajectory, the PMP is a necessary
condition for an optimum.

To formulate the PMP, an adjoint variable p for every state variable x of the system is
introduced. The variables p are elements of the dual space S’ of the state space S, and can
be interpreted as Langrange multipliers associated with the state equations of the system:
the state equations represent constraints of the minimization problem, and the adjoint
variables represent the marginal cost of violating those constraints. The evolution of state
and adjoint variables are deeply interwined: if u* is a control maximizing the Hamiltonian
H(x,p,u) of the system with respect to the control variable u, and z* : [0,7] — S and
p* :|0,T] — &' are the state and adjoint trajectories associated to u*, then z* and p*
satisfy

i (1) = VpH(2*(2), p* (1), u* (1)),
(1) = =V H(z"(8),p" (1), u" (1)),

*(t) € argmax H(z"(¢),p
u(t)eu

S 38

* o
~—~
~~
SN—
<
—~
~~
SN—
S~—

The state equations are subject to an initial condition and are solved forwards in time.
The adjoint equations must satisfy, instead, a terminal condition and are solved backwards
in time, from the final time towards the beginning.

Whenever we deal with a finite dimensional state space S, the above formulation presents
no ambiguity. Since the dual of R? is R? itself then the state and adjoint variables are
both d-dimensional vectors, and the gradients V, and V,, are intended in the usual sense.
However, when the dynamical system describes the evolution of a measure pu, things be-
come more problematic. The first issue is that the dual space of M(R?) is C(R%): does
it matter to preserve the duality between the space of state variables and that of adjoint
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variables, or it is more important to have them lie in the same space? Moreover, in which
sense we should compute V,H when p is a measure? Is it only a formal symbol or has it
sense in some differential manifold?

We stress again that we are not interested in all possible optima of Problem [3| but mainly
on mean-field optimal controls, i.e., those which arise as limits of optimal strategies of the
discrete Problems [4] This already suggests us a possible strategy to provide an answer
to the questions raised above. Indeed, since Problem 4] is a standard finite dimensional
optimal control problem with m + N ODE constraints, a PMP for it is already available
(see, for instance, Theorem below). Nothing prevents us to try to compute the limit
for N — oo of the equations of this PMP, and calling it extended PMP. Eventually, the
fact that Problem [3]is the I'—limit of Problem {] for N — oo will imply that mean-field
optimal controls of Problem [3] satisfy this extended PMP.

We can summarize our strategy, borrowing a leaf from the diagram in [50], as follows:

Discrete OC Problem N — oo Continuous OC Problem

m ODEs + N ODEs m ODEs + PDE
| I
1

optimization optimization
1
v
PMP N — oo Extended PMP
2m ODEs + 2N ODEs 2m ODEs + PDE

We shall see that, under the set of hypotheses (H), the dashed line from the upper-right
to the bottom-right box is valid for all mean-field optimal controls. The result of this
procedure will be the following first-order condition.

Theorem 6.23. Fiz an initial datum (y°, u°) € R¥™ x P.(RY) and assume that the set of
hypotheses (H) holds. If u* is a mean-field optimal control for Problem[5 and (y*(-), u*(-))
is the corresponding trajectory, then the triple (u*,y*, u*) satisfies the following extended
Pontryagin Maximum Principle:

There exists (¢*(-),v*(+)) € Lip([0, T]; R¥™ x Py (R??)) such that

e there exists Ry > 0, depending only on y°, supp(u°), d, K, g, fr, Br, U, and T,
such that supp(v*(-)) € B(0, Ry) and it satisfies v*(t)(E x RY) = p*(t)(E) for all
t € [0,7] and for every Borel set E C R?;

o for every t € [0,T] it holds

Gi(0) = Vo Hely (6, 4°(6), v (), " (1),
G (6) =~V H(y" (8), 07 (1), " (6), 0" (1),

V) = Vo (OVHL 0000 0,0 ) (), 639
() = argmax Bl (0,4°(0,0°(0)u(0)
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where J € R?4%24 45 the symplectic matric

A 0 Id
J= ( —Id 0 ) ’
the Hamiltonian H, : R?™ x P.(R?)) x RP — R is defined as
A H(yaqaya U) Zf Supp(l/) - B(07RT)7
He(y, ¢, v u) =
~+00 elsewhere;

and H : R?2¥™ x P.(R?) x RP — R is defined as

1
H(y, g, v, u) = 3 /RM(T — ") K(x — 2')dv(x,r)dv(2’,r')+

+ [ @artan) + 2 L K= 2t o

+ ) k- (fr(y) + Bru) — Ly, mpv) — y(u).
k=1

e the following initial conditions for system (6.36)) hold at time 0: y*(0) = y° and
v*(0)(E x RY) = pO(E) for every Borel set E C RY,

e the following terminal conditions for system (6.36) hold at time T: ¢*(T) = 0 and
v*(T)(R? x E) = 6o(E) for every Borel set E C R?,

The above result answers the questions raised at the beginning of the section: first, it
introduces a new measure v* on R?*? whose first marginal is the measure of followers j*.
The adjoint of u* is given by the second marginal of v*, which is also an element of
P1(RY), as p* itself. The property of state variables and their adjoints to belong to the
same ambient space is thus preserved in the mean-field limit. Second, we point out the
difference between the usual notion of gradient in R?¢ with respect to the state and the
adjoint variables (z,7), denoted by V(z,r), and the Wasserstein gradient V,, of He, which,
as will be shown in Section whenever v has support contained in B(0, Rr) can be
computed explicitly as follows:

e For [ =1,...,d, it holds

quc(yv q,V, u)(x, T) t€p = /R?d (T’ - T,) : (DK('T - :L',)el) dV($/, T,)JF

+7 - (Dag(y)(@)er) =Y a - (DK (y, — x)er)—
=1

—Vel(y,z, fwp) e — (Vel(y,z, [wp)Dw(z)) - €.
(6.38)

These are the components of V,H.(y, ¢, v, u)(z,r) in the ; coordinates. Notice that,
by the hypothesis (L), the functions £ € C2(R¥™ x R% x R%;R) and w € C?(R%;RY)
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appearing in (6.38) are related to the functional L in (6.11)) via
L(y, p) = /Rdﬁ(y,x,fwu) dp(),

where [wp = wp(RY) in the sense of (£.2), while V¢f and V¢ denote the partial
derivatives of the function ¢(n,&,<). The notations DK (z), D,g(y)(x) and Dw(z)
stand for the Jacobian of the functions K, ¢g(y) and w evaluated at .

e For l=d+1,...,2d it holds

ViHe(y, g v,u)(@r) e = | Kz —a)-eqdv(a’,r') + g(y)(z) - e1-a. (6.39)
R2

These are the components of V, H.(y, ¢, v, u)(z,r) in the r;_4 coordinates.

Remark 6.24. There are two main consequences of the fact that the control does not act
directly on the PDE component of . The first is that V,H(y, ¢, v, u) actually does
not depend on u, since v is not associated to the directly controlled part of the dynamics.
The second is that, for every (y(t), q(t), v(t)) € R?? x P;(R??) with supp(v(t)) C B(0, Rr),
the expression immediately implies

u(t) € argmax He(y(t), q(t),v(t),u(t)) <
u(t)eU

— 7(t) € argmax (Z i (t) - Bru(t) — 7(u(t))> .

u(t)eU =1

Then, the strict convexity of v and the convexity and the compactness of U imply that u(t)
is uniquely determined by (y(t),q(t),v(t)). This is the reason why we write the equality
symbol in u*(t) = arg max,,;; He(y*(t), ¢*(t), v*(t), u(t)) in place of an inclusion.

Remark 6.25. System (6.36]) shows that (y*(-),¢*(-),v*(+)) is essentially an Hamiltonian
flow in the Wasserstein space of probability measures with respect to state and adjoint
variables with Hamiltonian H, in the sense of [12]. The definition of H, is introduced
to simplify some technical details and does not alter the result. This fact is remarkably
consistent with the dynamics , since both are flows in a Wasserstein space.

Remark 6.26. The notion of solution for system (6.36) can be trivially obtained by a
slight modification of Definition Indeed, the dynamics of v* is a Vlasov-type equation
(4.9) for the choice of the vector field

Vt,v)(x,r) = IV, He(y"(t), q" (), v,u(t))(z,r) for every (z,r) € R,

The extended PMP will be derived after reformulating the finite-dimensional PMP applied
to Problem {in terms of the empirical measure in the phase space R?¢ (to which the pairs
state-adjoint variables (z;, p;) belongs) defined as

1>

N

1

N Z 6(zi(t),Npi(t)) for every t € [0, T].
i=1

vn(t)
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Notice that rescaling the adjoint variables p; by the number N of agents is needed in order
to observe a nontrivial dynamics in the limit (see also Remark ; within this scaling,
the right-hand side of the finite-dimensional PMP is brought back to the form considered,
for instance, in [84], with a different Hamiltonian.

The following diagram recollects the strategy of the proof, making use of a more precise
notation and reporting the ingredients disseminated in the chapter which make the proof

possible.
Find u} subject to (6.14 Section [6.3] Find u* subject to (6.12))
(y, un) variables (y, n) variables
:
1
Theorem m Theorem m
1
:
1
Y
up satisfies finite- Section [6.4.3] u* satisfies extended PMP

dimensional PMP
with Hn (y, ¢, vn, un)

with H(y, ¢, v, u)

Remark 6.27. We briefly compare the hypotheses (H) with those of [15] [43], where opti-
mality conditions for similar optimal control problems are considered. In [I5], which deals
with an SDE-constrained control problem, C!'! functionals with respect to state variables
and the control are considered. Therefore our hypotheses are just slightly more restrictive.
On the other hand, the hypothesis (H) do not require differentiability of the Lagrangian.
The authors of [43] deal, instead, with mean-field game-type optimality conditions to
model evacuation scenarios. They derive a first-order condition under the hypotheses of
continuous differentiability of the functionals with respect to the state variables together
with convexity and positivity assumptions. Furthermore, they deal specifically with an L?
control cost, while we allow v to be strictly convex.

6.4.1 Mean-field of the finite-dimensional optimality conditions

We now introduce the adjoints of the state variables x; and yi, denoted by p; and g,
respectively, and state the PMP for Problem

Theorem 6.28 ([63, Theorem 22.2]). Let ujy be a solution of Problem |4 with initial
datum (y(0),z(0)) = (y°,2°) € R xRN and denote with (y*(-),z*(-)) : [0,T] — RI™ x
RN the corresponding trajectory. Then there exists a curve (y*(-),q*(-),z*(-),p*(+)) €
Lip([0, T]; R¥™ x R solving the system

() = Vo En (' (0.0' 0.2 O O @)
Gi(t) = =V Ex (' (0.0 2 O @), T

50 =Vl OTOSOTOCD, (6.40)
B = Ve Hy (@ (0.4 (0,20 0 @), T

() = (t;g;xwy*(t),q*<t>,x*<t>,p*<t>7u<t>>,
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for every t € [0,T) with initial and terminal data given by (y(0),z(0)) = (y°,2%) and
(q(T),p(T)) = 0. The finite dimensional Hamiltonian Hy : R?4™ x R2N 5 R s

N
Hy(y,¢.2,p,u) 2 pi- ZK i —x5) +9(y) (i) | +
=1
m 1 N
+ ) an NZ (ys — 25) + fr(y) + Byu | = Ly, pn) — v(u),
k=1 j=1

(6.41)

with pn = SN | 84, /N.

Remark 6.29. The general statement of the PMP contains both normal and abnormal
minimizers. In our case, the simpler formulation of the PMP is given by the fact that we
have normal minimizers only. This is a consequence of the fact that the final configuration
is free, see e.g. [63, Corollary 22.3].

Remark 6.30. The uniqueness of the maximizer of Hp follows from the same motiva-
tions reported in Remark Indeed, the form of the Hamiltonian implies that for each
(y(t),q(t), 2(t), p(t)) € R* it holds

u(t) = ar%t?elgx Hy(y(t),q(t), z(t), p(t), u(t)) <=

— (t) = arg max (Z ar(t) - Byu(t) - 'V(W))) .
k=1

u(t)eU

In other terms, since the control acts on the y variables only, then we have a simpler
formulation for the maximization of the Hamiltonian Hy.

We now want to embed solutions of the PMP for Problem H4] as solutions of the ex-
tended PMP for Problem As a first step, we prove that pairs control-trajectories
(uy, (Yn>an» TN D)) satisfying system have support uniformly bounded in time
and in the number of followers N € N. To this end, for every N € N we define the mapping
My : R2N 5 Py (R??) as follows

1
IIy : (:cl,pl, R ,JZN,pN) — N Z(S(l“i,Npi)' (6.42)

We also introduce the auxiliary space ) 2 R2dm P;(R??), endowed with the distance

A
1y, q.v) = W d,V)ly = ly =o'l + llg = || + Wa(w, V). (6.43)

Proposition 6.31. Let y° € R™™, 10 ¢ P.(R?), and 1% be as in Definition E. Let
uy be a solution of Pmblem with initial datum (y°, u%;), and let (uiy, (Y, O Th PN))
be a pair control-trajectory satisfying the PMP for Problem [{ with initial datum (y°, ,u?v)
and control uy given by Theorem [6.28,
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Then, by defining vy (t) 2 Hn (23 (), PN (1), - - s 2y N (1), P N (2) for every t € [0,T], it
follows that the trajectories (yx,qn.va) : [0,T] = Y are equibounded and equi-Lipschitz
continuous.

Furthermore, there exists Ry > 0, depending only on y°, supp(p®), d, K, g, fr, Bx, U
and T', such that supp(vx(-)) € B(0, Rr) for all N € N. In particular, it holds

H(yn (1), gy (1), vn (1), un (1) = He(yn (1), an (8), vy (), un () for every t € [0,T].

Proof. As a first step, notice that the pair (y5(-),z3(:)) solves the system (6.14). It then
follows from (6.16) and (6.17) that there exist two positive constants pr and p/n, not
depending on N such that it holds

lyin O < oz, lain@ < pr, NN OI <o, 35O < o7, (6.44)

foralli=1,...,N,forallk=1,...,m, and for a.e. t € [0, T]. It follows in particular that
there exists a uniform constant Wp such that for all ¢ € [0,T]

< Wr.

| X
N Zw(xf,N(t))
i—1

We now observe that, for any (y, ¢, z, p,u) € R* x L1([0, T];U), by an explicit computation
follows

vilHN(yu q,2,p, U) € =

N N
. T 1 Ty 1
=Ny~ 2 DK (z; — xj)e; — N Z; ~ N PE (@ - ze+
J= J=
T " 1
+ N5z Valy) (i) - N> g DK (yx — zi)er—
k=1

1
- NN <V§£ (yaxiv % Z;V:1 w('x])) -e+
1 N
+ VL (y, Tiy N D1 w(:vj)) Dw(x;) - el>

= 2_(ri = rj) - (DE(z; — zj)er) + i - Dag(y)(zi)—

WE

=1

M= 5

qr - (DK (y — x3)e;) — Vel (y, Tiy & Zévzl W(Cvj)> -ep—

k=1
— (Vet (gm0 & Sy w(wy)) D)) - e, (6.45)
for each i =1,...,N and each [ = 1,...,d (where we have used that DK is even and we

merged the first two terms).
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Therefore, since p; (-) solves (6.40), by setting 7} r(-) 2N pi (), we get
|
—rin(t) e = NZ N () - (DK (25 v (1) — 25 n(E))er) +

7 n(8) - (Dyg i ()@ ()e) = D g (8) - (DK (g (1) — v (8))er)—
1

= Vel (yi(®), 27 v (0, & 2 @iy (1)) -

— (Vet (w0, T n (0, % Yy wla (1)) Dwlai (1) - e

foreachi=1,...,N,eachl=1,...,d, and for a.e. t € [0,T], where we have used the fact
that DK is even. We now denote with Ly a uniform constant satisfying

IDK| oo (B(0,p7)iRExay < L1, sup  [[Dyg(y) ()l e (B0,pr)maxey < L,
ly|<vmRr
Vel Loo (B0, /mpr) x BO,pr) x BOWr)RY) < L,
HVCEHLOO(B(O,\/EpT)xB(O,pT)XB(O,WT);]Rd) <Lr, HDWHLOO B(0,pr)Rixd) < Lr,

and we easily get the estimate

7 N (Ol < VL (20l v (O]l + ZHTJN ||+Z”‘JIcN O +1+ Lr (6.46)

for each i = 1,..., N and for a.e. t € [0,7]. An explicit computation of V,, Hy and a
similar argument, possibly with another constant Ly, show the estimate

N
gk ()]l < VdLr (;i Dol @I+ 2llak n @)+ LT) (6.47)

=1

for each k =1,...,m and for a.e. t € [0,T]. We now set

m N
A " 1 "
t) = Z gk, N ()] + ~ Z [rin@)  for every ¢ € [0,T],

and observe that it holds

m
len(t) Z arNOI+ ZHHN
k=1
Therefore, and - yield

len(t)| < VdLp (4en(t) + 1+ 2L7). (6.48)

Defining then the increasing functions ny(t) through

nn(t) 2 sup en(T —71) for every t € [0,T],
T€[0,t]



6.4 Mean-field Pontryagin Maximum Principle 215

and observing that it holds nx(0) = 0 for the boundary conditions in Theorem from
(6.48) and Gronwall’s Lemma we obtain

nv () < VdLpr(1 + 2Ly)etValr)T,

and with this
N() < nn(T) < VALrT(1 + 2Ly)eWiEnT 2 ¢, (6.49)

for all ¢t € [0,7T]. Plugging (6.49)) into (6.48)), again by Gronwall’s Lemma we get the
existence of a constant C{F such that

En(t)] < Cr (6.50)

for a.e. t € [0,T7]. Since by definition of v} (-) and standard properties of the Wasserstein
distance W it holds

N
Wi(vn(t+7), v (t ( Z 27 N (¢ +7) — 27 n (O)]+
=1

N
Z [rin(t+T7) =7 N(ﬂ)”) ;

from the previous inequality, (6.44)), (6.48), (6.49), and we obtain that y3(-) and
¢x (+) are equibounded, that there exist a constant denoted by Ry for which supp(vx (t)) C
B(0, Rr) for all t € [0,T] and that (yy,qy,vx) : [0,7] — Y is Lipschitz continuous with
Lipschitz constant uniform in V. ]

Proposition 6.32. Let N € N and u’, € L([0,T];U) be an optimal control for Problem
with given initial datum (y%,2%) € R™™ x RN and let (yi (), qk (), 2% (), pi () €
Lip([0, T], R2¥™ x R2IN) denote the corresponding trajectory of the PMP.

Set v (t) = O (23 (), PN (1), - - 2 N (1), Py N () for every t € [0,T]. Then, the control
uy @s optimal for Problem@ and the pair control-trajectory (wy, (Yx dn-Vy)) satisfies the
extended PMP.

Proof. First observe that, by Proposition [6.31

He(yn (2), g (1), v (1), un (1) = H(yn (), an (1), v (1), un (1))

holds for every t € [0, T]. Moreover, we have
un(t) = ar%;fnngN(yR(t),Q?v(t)7:L’N(t),pzv(t),U(t)) =
u(t)e

— un(t) = arg )mng(y}‘v(t), an (t), v (t), u(t)),
u(t)e

for every t € [0,T], due to the specific form of the Hamiltonian Hy and H, see Remarks

[6.24] and [6.300
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We now prove that (for space reasons, we omit the time dependency)

ylt,N:quHN(y}kV7Q}kVax]*Vap*N>U*N)a . Z./;;’N :vqu(y}kVJﬁVaV}k\hu}kV)a
q']t’N = _vkaN(y}k\/'a q}k\fa x}(va*N7 u*N)a qu = _vka(y}kV7 Q}kV: V]*Va u?\f)v
i.e., that if the (y, ) variables satisfy the PMP for Problemthen they satisfy the extended

PMP for Problem |3 It is sufficient to observe that z3; and p}; in Hy can be substituted
by vy, as follows

Hn (yn (), an (1), v (1), un (1) = /RMT (K mgry (D) () dvy (t, @, )+

+ [ o) @) i)+

+ Z /]R?d qZ,N(t) : K(y]f;,]v(t) —x)dvy(t,z,r)+

k=1
+ZQkN (fr(yrn (1) + Bruy (1) —

- L(yN( )s Ty (1) — (Ui (1)),

where we used the rescaled variable r = Np.

Comparing the above expression with that of H(yx (), g5 (t), vx (t), uj(t)), one has that
their expressions coincide up to the first term. Since such first term is independent of
and g, then Vy, Hy = V,, H and V, Hy = V,, H, hence the equations for y;N and q';N
in the PMP for Problem [ and in the extended PMP for Problem Bl coincide.

We now prove a similar result for the z7 (1) and ]y (-), with 77y () = Npj y(). After
this change of variable, the third and the fourth equation in become

{ﬁ,N(t) = NV, Hy(yn (1), gn (8), 23 (1), P (1), un (1)),
in(t) = =NV, Hy (yn (1), gy (1), zx (8), oy (8), un (t))-

We want to prove that the following identity holds (again omitting the time dependency)

* * * NleN y*aq*7w*7p*7u>k
HTB oo i) i rin) = (g e TR R ) o5y
T; N> >4IN> NI PN PN

i.e., that the Hamiltonian vector fields generated by H and Hy coincide in each point of
the trajectory (@7 (), y)(). The presence of the constant N in the right-hand side is
due to the change of variables r = Np. By applying J~! on both sides of (6.51)), we need
to prove

VVHC(yj\fv q}FVvV}va uﬂ;\f)(x;N7 T;N) c€ =
= NV%HN(Z/T\I, Q}kv, x}k\fap}k\h ’U‘*N) €y,
VoHe(Yns an VN un) (@i, Tin) e =

= NszHN(yTV7Q7V7x7Vap7V7U7V) *€l—d,

forl=1,...,d, (6.52)

forl=d+1,...,2d. (6.53)
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By writing explicitly the left hand sides of (6.52) and (6.53]), by using the expressions

(6-38)-(6.39) and evaluating them in (z] v, 7} x), We have

VVHC(y}va q?\/? VR;, U?V)(xf,Nv T;N) "€ =
N

1 * * *k *k * * *
- N Z(rz’,N - 7“j,N) : (DK(%N - %’,N)el) TN (ng(yN)(%N)el) -
=1

]:
m
* * * * * N *
- Z dk,N - (DK(yk,N - 951‘,1\/)61) — Vel (?/Nv Ti,N» % Zj:l W(%‘,A{)) te—

* * N * *
— (VL (yN>xi,Na % Zj:l W(%,N)) DW(%N)) "€l

for il =1,...,d, so that (6.52)) follows immediately from (6.45). Similarly, we have
N
* * k k % * 1 * * % *
Vo He(yn, an> VN UN)(xi,Nv ri,N) T€p = N Z K(%N - xj,N) "€l—d + g(yN)(fUz‘,N) *€l—d,
j=1

for | = d+1,...,2d, which coincides with the right hand side of (6.53|) by an explicit
computation. After the identification vy = HN(ar’iN,p’iN, . ,x*N’N,p}kV’N), the boundary
conditions of Problem {4| and Problem [3| coincide too, hence the result follows now by

(6.52)—(6.53]) arguing, for instance, as in [106, Lemma 4.3]. O

Remark 6.33. It is interesting to observe that the process of rewriting a trajectory of
the PMP for Problem [ in the empirical measure formulation depends on the number
N of followers, see the definition of Il in (6.42)). This is a consequence of the fact that
the Hamiltonian of the PMP for Problem [4| actually depends on N. Indeed, consider
a population of followers composed of a unique agent with state and adjoint variables
(1,p1), for which the first term of the Hamiltonian reads as p; - g(y)(x1). Consider now
another population of followers composed of two agents (x1,p1) and (x2,p2) satisfying
x1 = w2 and p; = pa, for which the first term of the Hamiltonian reads as 2p; - g(y)(x1).

Clearly, in both cases the empirical measure in the state variables is j11 = p2 = d5,, while
the definition of Il gives two different empirical measures for the cotangent bundle:
V1 = Oz, py) and V2 = (4, 2p,)/2. This difference is needed to compensate the dependence
of the Hamiltonian of the PMP for Problem [ on N.

6.4.2 The Wasserstein gradient

At the beginning of this section, we anticipated that the dynamics of v*(-) in is
an Hamiltonian flow in the Wasserstein space of probability measures, in the sense of
[12]. This means that, for every ¢ € [0,7], the vector field V,H.(v*(¢)) is an element
with minimal norm in the Fréchet subdifferential at the point v*(¢) of the maximized
Hamiltonian H, introduced in the statement of Theorem (we drop for simplicity the
y, ¢ and u dependency).

The proof of this fact shall follow the strategy adopted to obtain analogous results in [13]
Chapter 10], which however cannot be applied verbatim to our case due to the peculiar na-
ture of our operators. In order to use those techniques, we consider our functionals defined
on Py(R??) instead than on P;(R??). Since we have already proven in Proposition
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that, whenever we start from a compactly supported initial datum, the dynamics remains
compactly supported uniformly in time, this assumption does not alter our conclusions.

We start with some basic definitions and general results on functionals defined on Py(R??):
the following one is motivated by Definition 10.3.1 and Remark 10.3.3 in [13].

Definition 6.34. Let 9 : P2(R??) — (—00,+00] be a proper and lower semicontinuous
functional, and let

vy € D(v) & {V € Po(R) : p(v) < +oo} .
We say that w € L?(R??, 1) belongs to the (Fréchet) subdifferential of ¢ at vg, in symbols
w € 9P (vy) if and only if for any vy € Po(R?9) it holds

V() — () > inf / w(z0) - (21 — 20)dp(z0, 21) + o Wa(v1, 0)).
pEl(vo,v1) JR4d

It can be seen [12] that whenever 0v (1) is nonempty, it has an element with minimal
L?(R??; 1y)-norm, which we call the Wasserstein gradient V,4(vp) of 1 at vyg.

Proposition 6.35 ([I3, Theorem 10.3.10]). Fiz the functional 1 : Pa(R??) — (—o0, +0c].
Then, for every vy € D(v), the metric slope

|0|(v0) 2 lim sup (Y1) — P(v0)) "

v1—1o W2(V17 VO)
satisfies |0Y|(vo) < [|wl| p2(g2d ) for every w € 9y (o).
The following property shall be used to prove that the subdifferential of H is nonempty.

Definition 6.36. A proper, lower semicontinuous functional ¢ : Pa(R™) — (—o0, +00] is
semiconvex along geodesics whenever, for every vg,v; € P2(R™) and p € T'o(vp,v1) there
exists C' € R for which for every s € [0, 1] it holds

G(((1 = 8)m1 + 5m2)p) < (1= 8)0(vg) + stp(v1) + Cs(1 — s)Wa(vo, v1)*.

In what follows, we shall fix y, ¢ € R¥" and u € L'([0,T];U), omit the time dependency,
and write for the sake of compactness H,(v) in place of H.(y, q,v,u). Moreover, £ shall
denote a convex, compact subset of R?? and z = (x, r) a variable in R2,

Whenever supp(v) C B(0, Rr), H.(v) can be rewritten as

H.(v) = 3 Jo F(z—2dv(2)v() + g G(z)dv(z) — /]Rd U1 (2), [wmpr)dv(z) + Q,

where we have denoted by
A A =
Fla,r)Sr-K(x) and  Gla,r) Sr-gly)(@)+ ) ar- Ky — ),
k=1

and @ collects all the remaining terms not depending on v. Notice that F is an even
function from hypothesis (K).
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In order to prove the semiconvexity of H., we shall establish the semiconvexity of the
following functionals for any v satisfying supp(v) C €:

HL () 2 % Flz=2Ndv(z)v(Z) + | G(2)dv(z),
R4d Rd

H2(v) 2 / i(z, Jov)dv(z),
R4
where F, G, £, and & are C? functions. The desired result follows by noticing that H, () =

Hi(u) +Hz(y) for F = F, G = g, /=—to (r1,1d), ® =wom and Q = B(0, Rr).

The following simple property is needed to prove semiconvexity of the above functionals.

Lemma 6.37. Let vg,v1 € P.(R??) with support contained in Q. Let p € T'(vg,v1) and
denote by

Ve 2 (1 —s)m + smo)up  for every s € [0, 1]. (6.54)

Then, it holds
supp(vs) € Q  for all s € [0,1].

Proof. We first notice, that for every p € I'(vp, v1) it holds
supp(p) € Q x Q. (6.55)
This follows from the identity
R\ (Q x Q) = (R* x (R*\Q)) U ((R*\Q) x R*?)

and from the fact that both R?? x (R?4\Q)) and (R2%\ Q) x R?? are p-null sets by hypothesis.
To prove the statement, it suffices to show that for all f € C(R?%; R) satisfying f|o= 0 it
holds

fdvs =0, for every s € [0,1]. (6.56)
R2d

Indeed we have

Fdus = fd((1 — s)m1 + sm2)up(20, 21)
R2d R4d

= » F((1 = s)zp + sz1) dp(z0, 21)

- f((1 = s)z0 + s21) dp(20, 21),
Qx

since, by (6.55)), supp(p) C 2xQ. From the convexity of € follows that (1—s)zp+sz1 € € for
every s € [0,1], which, together with the assumption flo= 0, yield (6.56)), as desired. [

In what follows, we shall make use of the following well-known result.

Remark 6.38. Let Q be a convex, compact subset of R?? and let f € C?(R??;R). Then
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there exists Cg y € R depending only on {2 and f such that
F((1 = )z + 521) < (1= 8)fw0) + sf(@1) + Caps(l = s)lao —wil’s (6.57)

for every zg, 71 € R?? and s € [0, 1].
We now prove the semiconvexity of Hi
Lemma 6.39. Let vg,v1 € P.(R*) and let p € T(vo,v1). Then, there exists C € R
independent of vy and vy for which
HE(((1 = s)m1 + sm2)4p) < (1= s)HL(v0) + sHE (1) + Cs(1 = s)Wa(vo, 1)
holds for every s € [0, 1].

Proof. We may assume supp(vg),supp(v1) C € for some convex and compact set Q C R??,
otherwise the inequality is trivial. Hence, from Lemma it follows supp(vs) C Q for
every s € [0, 1]. But then, since F and G are both C2, the result follows as in [13] Proposition
9.3.2, Proposition 9.3.5]. O

Corollary 6.40. Let & € C2(R?4,RY), vy, 11 € P(R??), p € T(vg,v1) and define vs as in

(6.54) for s € [0,1]. If we set

&, 2 / Wdvs  for every s € [0, 1]. (6.58)
R2d

for every s € [0,1], then
1€ — (1 — 8)& — s&1|| < Cs(1 — $)Wa(vg,v1)?  for every s € [0,1],

where C is independent of vy and v1.

Proof. Follows from Lemma applied first to the functions 7 = 0 and G = &, and then
to F=0and g = —. O

The semiconvexity of Hg will be deduced as a corollary of the following estimate.

Lemma 6.41. Suppose that { € C2(R24 x R%R), let zy, z1 € Q and set z 2 (1—5)z0+s21
for all s € [0,1]. Furthermore, let vy, v1 € P(R??), p € T'(vy,11) and define vs and &5 as

in (6.54) and (6.58) for s € [0,1]. Then, for all s € [0,1], it holds

E(stgs) S (]- - 8)2(20750) + Sé(zlvgl)—i_
+C 551 = s)Wa(vo,11)* + Cq o s(1 = 8)[|z0 — 21|,

for some constant C, ; . depending only on Q,0 and &.

Proof. Since €2 is convex, z, €  for all s € [0,1]. Moreover, (1 — 5)& + s&1 € € for all
s € [0,1], for some convex and compact set Q C R%. Notice that from (6.57) follows

0(zs, (1 — 8)60 + s€1) < (1 — 5){(20, &) + s0(21, &)+

6.59
+Cpas(—5) (lzo— a2+ 60— &), O
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and from the definition of £; and Jensen’s inequality, we get

€0 — &1]|* < Lipg (w)Wi (vo,v1)? < Lipg (w)Wa (v, 1) (6.60)

Moreover, for every s € [0, 1] it holds

1625, €5) = (25, (1 = 8)€0 + s€1)| < Ling, 5 1€ — (1 = 8)€o — sl

) (6.61)
< Lipg, g (1 = s)CWa(ro,11)".
Hence, for every s € [0, 1], using (6.59)), (6.60) and (6.61]), we get
é(zsvgs) é(zm s) (Zsa( - )50 +5§1) +é(zs>( _5)£O+5£1)
< (1= 8)0(z0, &) + 5L(21,61) + Cgy o 5(1 — $)Wa(wo, 1)+
+ CQMJS(l —38)||z0 — 21H2.
This concludes the proof. O

Corollary 6.42. Let vg,v; € P.(R??) and p € T'o(vg,v1). Then, there exists C € R
independent of vy and vy for which

H2((1 — 8)my + sm2)up) < (1 — 8)H2 (o) + sHZ(v1) + Cs(1 — s)Wa(, v1)?
holds for every s € [0,1].

Proof. Notice that, by Lemma H2(vs) can be rewritten as

H2(v,) = / iz E0)dp(z0, 21).
QxQ

Furthermore, since p € T',(1p, v1) it holds

/ 120 — 21 *dp(20, 21) = / 20 — 21 /Pdp(z0, 21) = Wa(wo, 11)*.
QxQ R4d

The statement then follows from Lemma [6.47] O
Proposition 6.43. The functional H. is semiconvex along geodesics.

Proof. Follows directly from Lemma and Corollary by noticing that H.(v) =
H!(v) + H2(v) for the choices F = F, G = G, { = —fo (m,Id), ® = wom and Q =
B(0, Ry). O

We define the vector field V, £ : R2 — R24 a5

V,L(z) 2 <V£€(y,m(2), Jwmiyr) + vgeo(y,m(z), fwm#y)Dw(m(z))>

for every z € R??. This notation is reminiscent of the fact that this vector field will
eventually turn out to be the 2-Wasserstein gradient of the functional L, as it will follow
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from Theorem in the case F = G = 0. We can thus define our candidate vector field
for the Wasserstein gradient V,H.(1) in the case that supp(rvy) C B(0, Rr):

wE (VF) v+ VG —V,L. (6.62)

Notice that, by the set of hypotheses (H), w is a continuous function in z, and hence it is
well-defined v-a.e.

Lemma 6.44. Let v € P.(R??). Then w defined by (6.62) belongs to LP(R?4,v) for every
p € [1,4+00] and it satisfies

/R4d w(zo) - (21 — 20)dp(20,21) = /R6d (V]:(Zo —22) + VG (20)—

(6.63)
— V,,E(ZO)) (21 — 20)dp(z0, 21)dv(22),

for every plan p € T'(v,1') such that v' € P.(R?*).

Proof. Since w is continuous, the fact that w is LP(R??, v)-integrable follows the fact that
v has compact support. Equation (6.63) then follows by Fubini-Tonelli and from the fact
that p is compactly supported too by Remark O

Theorem 6.45. Let v € Po(R?Y) be such that supp(v) C B(0, Rr). Then v € D(|0H,|)
if and only if w as in belongs to L*(R%? v). In this case, 1wl p2(r24,,) = [OH|(v),
i.e., w is an element with minimal norm in OH.(v).

Proof. We start by assuming that v € Py(R?9) satisfies |0H,|(v) < +oo and proving that
this implies that w belongs to L?(R??, v/) and that |wl L2(r2e ) < [OHc|(v). We compute the
directional derivative of H,. along a direction induced by the transport map Id + £, where
¢ is a smooth function with compact support such that supp((Id+ s&)xv) C B(0, Rr) for
any sufficiently small s > 0. If we denote by

1>

L1(s)

1 (y, m1(20) + s(m1 0 &)(21), fwd(m1 o (Id + s§)) ),
Lo(s) Y, T

l
Uy, m(20), Jwd(my o (Id + 58)) 4v),

1>

then the map

oy Fllzo = 21) + 5(€(0) = €)= Flao = )

n G(z0 + s€(20)) —G(20)  Li(s) — La(s)  La(s) — £2(0)

S S S

)

as s — 0 converges to then the map

VF(z0 = z1) - (€(20) = £(21)) + (VG(20) — Vo.L(20)) - £(20)-

Since v has compact support and V.F is odd, the dominated convergence theorem and the

identity (6.63)) imply

too > Tim He((Id + s&)pv) — He(v)

s—0 S
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= L VR =) - (E0) — E()) o))+

2 Jpad
" / (VG (20) — VoL(z0)) - £(20)dv(20)
RZd
:/ w(zo) - £(20)dv(20).
R2d

From the last inequality, the assumption that |[0H,|(v) < +oo and using the estimate

Wa((Id + s§)yv,v) < 5[l 2red,),

we get

[y 00 Eo)dv(an) < 10w €] e

and finally

L w0 €o)dv(en)| < OHI)€]2qaan

This proves that w € L?(R??,v) and that Wl £2(m2a,) < [OH|(v).
We now prove that the vector w belongs to OH,; this shall imply that w € D(]0H,|) and
that it is a minimal selection in OH.(v), by the previous estimate and Proposition m

For proving the claim, we start by remarking that by Proposition the vector w €
L?(R?%). We further consider a test measure 7, a plan p € I',(v,7), and we compute the
directional derivative of H, along the direction induced by p. Denoting by

1>

Li(s)

1 (y, (1 = 8)z0 + 521, Jwd((1 — s)m1 + 572) p),
ﬁg(s)

14
E(y7 0, fwd((l - 8)7T1 + SWQ)#ﬂ):

>

for every s € [0, 1], then the map

PN F((1—5)(20 —Z0) + s(z1 —Z1)) — F(20 _ZO)+

N G((1 —s)z0 + sz1) — G(20) B Li(s) — La(s) B La(s) — L2(0)

as s — 0 converges to
V}—(Zo — 50) . ((2’1 — ZQ) — (51 — E())) + (Vg(Z(]) — Vl,ﬁ(zo)) . (21 — Zo).

Hence, since V.F is odd, we get from Proposition the dominated convergence theorem
and the identity (6.63]), the following inequality

) o) 2 iy T ) “H)

1

=3 VF(z0 —Zo) - ((21 — 20) — (21 — 20)) dp(20, 21)dp(Z0,%1)
R8d

Wa(7,v))
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+/ (VG(20) — VuL(20)) - (21 — 20)dp(20, 21) + o (Wa(¥, )
RA4d
B /szd w(zo) - (21 — 20)dp(z0, 21) + o(Wa (7, v)).

This proves that w € dHL.(v). O

6.4.3 Proof of Theorem m

In this section, we prove Theorem We first recall that we already shown in Corollary
that there exists a mean-field optimal control for Problem [3] We now want to prove
that all mean-field optimal controls are solutions of the extended PMP.

Let u* be a mean-field optimal control for Problem [3| with initial datum (3°, u°). Fix :“9\[
as in Deﬁnition and consider a sequence (u}y ) nen of optimal controls of Problem
with initial datum (y°, %), having a subsequence (which, for simplicity, we do not
relabel) weakly converging to u* in L([0,T];U). Denote by (yi(-), 2% (:)) the trajectory
of corresponding to the control u%, and the initial datum (y°, u%;) of Problem
Compute the corresponding pair control-trajectory (u}, (Yx, dx: x> Py)) satisfying the
PMP for Problem {4} that exists due to Theorem Set v (+) 2 Iy (23 (), Py () and
() = Npy(+). By Proposition|6.31} the trajectories (yx(-), ¢n(-), Vx (+)) are equibounded
and equi-Lipschitz from [0,7] to the space ) endowed with the distance , and the
empirical measure vy (-) have equibounded support. Moreover, the pair (u}, (Y, dn: VN))
satisfies the extended PMP by Proposition [6.32

By the Ascoli-Arzela theorem, we have that there exists a subsequence, which we denote
again with (yy,qx, V), that converges to (y*,¢*,v*) : [0,7] — Y uniformly with respect
to t € [0,7]. Since by definition m4vx = py, by the convergence of p} to p* proven
in Proposition we get mxv* = p*. Observe that (y*(-),q"(-),v*(+)) is a Lipschitz
function with respect to time and v*(-) has support contained in B(0, Rr) for all t € [0, 7.
Moreover, by the boundary conditions for each N, we have that y*(0) = ¢, m14(v*(0)) =
p° and ¢*(T) = 0, moy (v*(T)) = do.

Fix now ¢ € [0, T]. To shorten notation, let E: R¥™ x RP — R be the functional, strictly
concave with respect to u, defined as

A m
E(q,u) =) gk Bru—(u).
k=1

Recall that by (6.40) and by Remark wy (t) satisfies

u (t) = arg max E(qy (), u(t)) ,
u(t)eU
since the maximum is uniquely determined by strict concavity. Since U is bounded, by
definition E(-,u) is continuous uniformly with respect to the variable u € U. The conver-
gence of gx (t) to ¢*(t) then implies that every accumulation point v; € U of u} (t) must
satisfy

vy = argmax E(q*(t), u(t)) (6.64)
u(t)eU
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and is therefore uniquely determined. This shows that the sequence (u})nen is pointwise

converging in [0, 7] to the function v(t) 2 4;. Due to the boundedness of ¢/ , we further have
that uy — v in L1([0, T];U). Since u} was already converging to u* weakly in L ([0, 7];U)
it must be u*(t) = v(t) for a.e. t € (0,7, which together with (6.64]) implies that

wh — u* strongly in L1([0,T];U) (6.65)

and that
u* (1) = argmax B(g" (1), u(t)),
u(t)eu
for a.e. t € [0,T)]. Due to the explicit expression of H(y, ¢, v, u) in (6.37)), this is equivalent
to say that

H(y™ (), ¢"(8), v* (), u™(t)) = o8 H(y™ (), ¢"(8), v*(t), u(t))

for a.e. t € [0,T].

We finally prove that (y*(-), ¢*(+),v*(+)) satisfies the Hamiltonian system with con-
trol v*. Due to equi-Lipschitz continuity, we have that the derivatives (%, %), and Ovy /0t
converge to (%, ¢*), and Ov* /ot weakly in L'([0,T]; R?¥™) and in the sense of distribu-
tions, respectively. Observe now that by (6.38)) and (6.39)) the vector field V, H.(y, ¢, v)(-, )
— which is independent of u, so we can omit u — is continuously depending on the variables
(y,q,v). By the uniform convergence of (yy,qx,Vx) and since supp(vx(t)) € B(0, Rr)
for all ¢t € [0,T] we get that

Vi He(yn (t), an (8), v (1) (2, 7) = VU He(y" (1), ¢ (1), v* (1)) (2, 7)

uniformly with respect to ¢t € [0,7] and (z,7) € B(0, Rr). From this, using again the
narrow convergence of v}, (t) to v*(t) and since supp(vx (t)) € B(0, Rr), we then get the
uniform bound

1 IV He(yn (1), an (8), v (1)) v ()| v, w0 r0) < Crs

for some constant C independent of ¢ € [0, 7], as well as the narrow convergence

IV He(yn (1), an (1), v (8) viv (t) = (IVLHe(y" (1), ¢" (1), v* (1)) v*(t)

for all ¢ € [0, T]. Testing with functions ¢ € C2°([0,T] x R?¢;R), the two properties above
are enough to show that

Viag) - (IVHe(yn (1), an (1), v 0 (1) = Vi - (BVIH(y" (1), ¢ (1), v* (1)) (1))

in the sense of distributions, so that v*(-) solves the third equation in .

For all k = 1,...,m, taking derivatives in the explicit expression in and using
the definition of H., we have that V,, H.(y,q,v,u) is actually independent of u and is
continuous with respect to the Euclidean convergence on (y, ¢) and the narrow convergence
on measures v with compact support in a fixed ball B(0, Rr). Therefore, since (yx, ¢ Vx)
converges to (y*, ¢*,v*) uniformly with respect to t € [0,7], and there is no dependence
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on u, for all k = 1,...,m we have that

Vi He(yn (1), gn (1), v (1), un (1)) = Vi He(y™ (), g7 (1), v7(2), w” (1))

in R% uniformly with respect to ¢t € [0,7]. It then follows that ¢*(-) solves the second

equation in (6.30)).

A similar argument, also using the strong L' convergence of u}, to u* proved in (6.65),
shows that

Vo He(yn (8): an (), vy (8), u (8)) = Vg, He(y™ (1), " (8), " (1), u" (1))

in L1([0, T];R?) for all k =1,...,m, so that y*(-) solves the first equation in (6.36)). This
concludes the proof of Theorem

6.4.4 An example

We now show the application of the extended Pontryagin Maximum Principle to the control
problem . For simplicity of notation, we study the d = 1 dimensional problem. Given
a positive function a € C*(Ry;R,) (like the Cucker-Smale kernel (1.7)), the mean-field
limit for N — oo is given by (see Proposition

Uk = Wk,
[a] 1 ¢ =1,...,m,
= (G* = ) (yk, wi) +Eza|yk_yj wj — wg) + ug,
o (6.66)
8M [a] 1 i
a7 =0 Ve = Vo || Gapt — allr —yi)(w;—v) | |,

where p = pu(z,v) is the density of followers and G1*(z,v) = —a(]z|)v. The time depen-
dency is omitted to keep the notation compact.

Notice that this is a particular case of system (6.12)), where the state variables for the
leaders and the followers are

ae(2) e ()
Wi v

y=01-¥m), K(X):<G[“?(x)>’

one sets

Wi v
- | 1 & <) — m
fr(y) Eza e — yil)wy —wp) |0 IWE) mza & — ;) (wj — v)
7j=1 7=1
and, for every k =1,...,m, By is the 2 X m matrix defined as
uy
By : ERm»—><O)ER2.
: u

Um
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Notice that since a(| - |) is a radial function, the function GI%, and thus K, is odd.

As seen since Chapter [I] a standard problem in the study of Cucker-Smale systems is to
find conditions to ensure flocking, i.e., alignment of the whole crowd towards the same
velocity. For this reason, it is interesting in our case to study the minimization of the
variance of the crowd, by choosing

m 2

2
L(y,p) = /R2d (m Z |wy |2 +2|v|2>du x,0) ‘ Zwk —I—/2 vdp(z,v)

k=1

— 2 - wi|? v|]? — w vdu(z’ v
/de<m;| 2 + 210l ( Z o [ vul )>><
X (;Zwk—f—l/))d,u(az,v). (6.67)
k=1

(For simplicity of computation, we have considered the minimization of 4 times the vari-
ance.) The Lagrangian L falls into hypothesis (L) since, by choosing w(x) = v and

y X, — w + 2|v|° — — wr + . — wr +v
) § ’; k kE / k S k? / k )

it is of the form [pq £(y, %, [ wp)du(x). For the control constraints, we set U = [—1,1]™
and we choose to penalize the L?-norm of the control, i.e., y(u) = |ul?.

Remark 6.46. Other forms for the Lagrangian L can be of interest. For example, one
may want to drive the crowd to a given fixed velocity v. In this case, one can consider the
minimization of the functional

m

~ 1 1
L = — — 2+ -1 |d
o= <2m§j|wk o + 5l v!) ()

k=1

that is again of the form [poq €(y, %, [ wp)dp(x), with £ not depending on its third variable,
this time.

Since the set of hypotheses (H) are clearly satisfied by the above choice of the functionals,
we can apply the extended Pontryagin Maximum Principle to the optimal control problem
with cost functional (6.67) constrained by system (6.66). We introduce the dual variables

of yr and x, denoted by qg 2 (qk, 2x) and r 2 (r,s), respectively. The Hamiltonian H in
(6.37)) can be found by direct substitution:

1
H(y,q,v,u) = 3 /RS (s — sha(lx — 2'|) (V' —v)dv(2', V', 7", 8" )dv(z, v, 7, 8)+

m

1
s - d
+/R4 vt s— > alle —y;l)(w; —v) | vz, 0,7, 5)+

J=1

+ Z (qkwk + 2 /}1{{4 a(lyr — z|) (v — wg)dv(z, v, r, s)) +

k=1
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—i—Z (ZkZa lyk — y51)( —wk)—i-zkuk)
k=1 7j=1
= [t ) dutx) = P

The components of the vector field V,H,.(y,q,v,u*) can be computed at every point
(x,r) = (x,v,7,5) € R* and are given by

V.,He - e1 = / (s — " YDa(|lz — 2'|) (v — v)dv(2', v, r', ')+
R4

#5003 Dalfe ~ ) ~v) ~ 3 aDally, ~ ol)(v - we).

j=1 k=1
m
/ / / / / / ]'
VVHC-egz—/ (s—s)a(]w—x\)dy(x,v,r,s)—&-r—s—Za(]w—yﬂ)—i—
R4 mj:l
m 2 m
) —3v+ = d
—I—Z:zk a(lyx — zl) v+m2wk+/RQU wu(z,v),
k=1 k=1
V,H,. - ez = v,
1 m
V, H, - el — - i — ).
= (G % p)(z,v +m;a\x yjl) v)

In the above expressions, Daf(| - |) reduces to the derivative of the function a(] - |). The
optimal control can be explicitly computed by (6.41]) as follows
2k

up(y, @) =4 2 )
sgn(zy) otherwise.

if 2z, € [-2,2],

Since p is the first marginal of v, the PMP dynamics of the state and adjoint variables is

yk = W,

1 m
b = (Gl = _ _ «
Wk ( *M) yk,UJk + m k_la ‘yk y] ’Uk) +uk(y7q)7

o1
K = m/ s Da(|z —yi|)(wp, — v)dv(z, 0,7, 5)—

~ 5 [ Dallye = al) 0 = widvl,0,7.5) = = 3~ = Dalye = 35w — ws).
M ik

o= [ (s =) alle = mhav(e.o,ns) = a3 alln )~

J#k
4 2 — 2
- —wy + mQjZ;wj + . R2vdu(z,v),

av
ot

= _v(x,v,r,s) ’ ((JVVHC(ya q, v, U*))V) :

We remark that, as it happens for the standard PMP, the explicit computation of the third
and the fourth components gives the vector field determining the dynamics of i .



CHAPTER 7

Invisible sparse control

We now employ the indirect sparse control strategy developed in Chapter [6] to address the
problem of the evacuation of a crowd of individuals from an unknown environment under
limited visibility. First, we present a discrete model for pedestrians in such situations,
where the alignment dynamics (typical of uncertain behavior) is coupled with a random
walk (modeling the need to explore the unknown area). We then introduce few controlled
unrecognizable leaders to improve the evacuation process. To treat situations where the
number of followers makes the discrete model numerically unfeasible, we obtain a mean-
field approximation of the discrete model by means of the grazing interaction limit, outlined
in Chapter 4} Numerical simulations show the efficiency of the control strategy in both
the discrete and the continuous setting, which is then implemented in a real experiment
with people.

7.1 Bottom-up and top-down control strategies

In this chapter we are concerned with the multiscale modeling and control of a human
crowd which leaves an unknown area when the visibility is limited. In such scenarios, we
claim that people exhibit two opposite tendencies: on one hand, since agents are assumed
to be not informed about the positions of the exits, they tend to spread out in order to
explore the environment efficiently; on the other hand they follow the group mates in the
hope that they have already found a way out (herding effect). We assume that agents are
selfish and do not intend to help the others: hence, they do not communicate with other
agents or share information directly with them.

Controlling these natural behaviors is not easy, especially in emergency or panic situations.
Typically, the emergency management actors (e.g., police, stewards) adopt a top-down
approach: they receive information about the current situation, update the evacuation
strategies, and finally inform people communicating directives. It is useful to stress here
that this approach can be very inefficient in large environments (where communications
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to people are difficult) and in panic situations (since “instinctive” behavior prevails over
the rational one). Let us also mention that in some cases people are simply not prone to
follow authority’s directives because they are opposing it (e.g., in public demonstrations).
For such reasons, we explore the possibility of controlling crowds adopting a bottom-up
approach. Control is obtained by means of special agents (the leaders) who are hidden in
the crowd, and are not recognized by the mass as special. From the modeling point of view,
this is translated by the fact that the individuals of the crowd (the followers) interact in
the same way with both the other crowd mates and the leaders.

This control technique, known in the literature as invisible or soft control, was first studied
in [73] in connection with a repulsion-alignment-attraction model: the authors show that
a little percentage of informed agents pointing towards a target is sufficient to steer the
whole population to it. Invisible control was successfully implemented in real experiments
involving animals, where leaders come in the form of disguised robots; see, e.g., [117],
treating the case of cockroaches and [44], which study the response of zebrafish. A Vicsek-
like model with a single invisible leader is considered in [I18] [119].

7.2 Model guidelines

In order to deal with the curse of dimensionality, followers shall be described below both
at the microscopic level (i.e., when they are seen as discrete) and at the mesoscopic one
(when they are considered as a continuum). The general features of the model discussed
here are valid at any scale of observation.

The model for followers is characterized by an exploration phase and an evacuation phase.
This is achieved by a combination of repulsion, alignment, self-propulsion and random
(social) force, together with the introduction of an exit’s visibility area (modeling the fact
that exits can be seen only from specific locations). We also consider both metrical and
topological interactions so to avoid unnatural all-to-all interactions. A few leaders, not
recognized as such by the crowd and implementing the bottom-up control strategy, are
added to the model with a special, controlled dynamics.

First- vs. second-order model One can notice that walking people, animals and
robots are in general able to adjust their velocity almost instantaneously, reducing to
a negligible duration the acceleration/deceleration phase. For this reason, in principle a
second-order (inertia-based) framework does not appear to be the most natural setting
to describe their dynamics. However, as argued in Section if we include in the model
the tendency of the agents to move together and to align with group mates, we implicitly
assume that agents can perceive the velocity of the others: this makes unavoidable the use
of a second-order model, where both position and velocity are state variables, but only
velocity is the consensus parameter (consensus here is intended in the sense of Definition
. See [77, Section 4.2] for a general discussion on this point. In our model we adopt
a mixed approach, describing leaders by a first-order model (since they do not need to
align) and followers by a second-order one. In the latter case, the small inertia is obtained
by means of a fast relaxation towards the target velocity.

Metrical vs. topological interactions The interaction of one agent with group mates
is said to be metrical if it involves only mates within a predefined sensory region, regardless
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of the number of individuals which actually fall in it. Interaction is instead called topological
if it involves a predefined number of group mates regardless of their distance from the
considered agent. Again, in our model we adopt a mixed approach, assuming short-range
interactions to be metrical and long-range ones to be topological.

Isotropic vs. anisotropic interactions Living agents (people, animals) are generally
asymmetric, in the sense that they better perceive stimuli coming from their “front”, rather
than their “back”. For instance, in pedestrian models interactions are usually restricted to
the half-space in front of the person, since the human visual field is approximately 180°.
Nevertheless, humans can easily see all around them simply turning the head. In the case
we are interested in, people have no idea of the location of their target, hence we expect
that they often look around to explore the environment and see the behavior of the others.
This is why we prefer to adhere to isotropic interactions.

Let us describe the specific social forces acting on the agents.
o Leaders

— Leaders are subject to an isotropic metrical short-range repulsion force directed
against all the others, translating the fact that they want to avoid collisions and
that a maximal density exists.

— Leaders are assumed to know the environment and the self-organizing features
of the crowd. They respond to an optimal force which is the result of an of-
fline optimization procedure, defined as to minimizing some cost functional (see

Section [7.5)).

e Followers

— Similarly to leaders, followers respond to an isotropic metrical short-range re-
pulsion force directed against all the others.

— Followers tend to a desired velocity which corresponds to the velocity they would
have if they were alone in the domain. This term takes into account the fact
that the environment is unknown. Followers describe a random walk if the exit
is not visible (exploration phase) or a sharp motion toward the exit if the exit is
visible (evacuation phase). In addition, we include a self-propulsion term which
translates the tendency to reach a given characteristic speed (modulus of the

velocity), see Remark

— If the exit is not visible, we also prescribe that followers adhere to a “stick-
to-your-neighbors” strategy, in the hope to stay with agents who already know
where to go. As already discussed in Chapter[I], the behavior to move coherently
with the other members of the group can be mathematically described by an
isotropic alignment force. Motivated by empirical evidences, such force will be
topological, so that agents will only align with their closest neighbors.

Concerning pedestrian modeling, virtually any kind of models have been investigated so
far: for a quick introduction, we refer the reader to the reviews |25 [123] and the books
[77, 132]. Some papers deal specifically with evacuation problems: a very good source of
references is the recent paper [I], where evacuation models both with and without top-
down optimal planning search are discussed. Evacuation problems were studied by means
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of lattice models [62], T13], social force models [152], cellular automata models [I, 179],
mesoscopic models [2], and macroscopic models [55]. Limited visibility issues were also
considered in [55] 62] [113].

7.3 The microscopic model

Formally, we consider N followers and m leaders in dimension d (even if, for practical
reasons, we shall pay particular attention to the case d = 2), and as in Section we
assume that m < N. We denote by  C R the walking area and by 27 € Q the target
point (i.e., the exit). To define the target’s visibility area, we consider the set X, with
7 € ¥ C (), and we assume that the target is completely visible from any point belonging
to ¥ and completely invisible from any point belonging to Q\X.

For every i = 1,..., N, let (x;(t),v;(t)) € R?*! denote position and velocity of the agents
belonging to the population of followers at time ¢ > 0 and, for every k = 1,...,m, let
(yr(t), wi(t)) € R?? denote position and velocity of the agents among the population of
leaders at time ¢t > 0.

Let us also define x = (x1,...,zy) and y 2 (Y1y- -y Ym). By By(z;x,y) we denote the

minimal ball centered on x encompassing at least A/ agents among followers and leaders,
and by N* the actual number of agents in Bar(z;x,y). Note that N'* > N.

Remark 7.1. The computation of By/(x;x,y) requires the knowledge of the positions of
all the agents, since all the distances ||z; — x|, i =1,...,N, and ||lyx —z||, k=1,...,m
must be evaluated in order to find the N closest agents to x. This motivates the explicit
dependency on the vectors of positions x and y.

The microscopic dynamics described by the two populations is given by the following set
of ODEs: fori=1,...,Nand k=1,...,m,

( l‘l(t) = Ui(t),
N

0i(t) = Alxi(t),vi(t)) + > K" (ai(t), vi(t), 2;(t), v;(£);x(£), y (£))+

j=1

Y H (i(t), vit), (), wi(); x(1), y (1)),
=1

m

N
Ok (t) = wi(t) = Y K (ye(t), () + D H (yr(t), wu(t)) + uk(t).
j=1

=1

We will consider the case where

e A is a self-propulsion term, given by the relaxation toward a random direction or
the relaxation toward a unit vector pointing to the target (the choice depends on the
position), plus a term which translates the tendency to reach a given characteristic
speed s > 0 (the one described in Remark , ie.,

T —x

v> + Cs(s* — |lv|*)v, (7.2)

27 — |

A(z,v) 2 0(2)C. (2 — v) + (1 — 0(2))C; (
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where 6 : R? — [0, 1] is the characteristic function of Q\¥, i.e., 6(z) = xo\x(z), the
vector z is a d-dimensional random vector with normal distribution A/(0,0?), and
C,, C,, Cs are positive constants.

e The interactions follower-follower and follower-leader coincide and are equal to

A a
KF($> v, Y, W; X, Y) = _C;R’Yﬂ’(xa y) + 9(:1;)./\/* (w - U) XBN(x;x,y) (y)7

(7.3)
H (z,0,y,w;%,y) 2 K (2,0, y, w; X, y),

for given positive constants C}, C,, 7, and v, where

Myl ¥ =T e
e if y € B(w,r)\{z},
Ry (z,y) 2 ly — x|

1 otherwise,

models a (metrical) repulsive force, and the second term accounts for the (topolog-
ical) alignment force, which vanishes inside . Notice that, once the summations
over the agents ) j K¥ and ), H" are done, the topological alignment term models
the tendency of the followers to relax toward the average velocity of the N closest
agents. With the choice K¥ = H" the leaders are not recognized by the followers as
special. This feature opens a wide range of new applications, including the control
of crowds not prone to follow authority’s directives.

e The interactions leader-follower and leader-leader reduce to a mere (metrical) repul-
sion, i.e.,
A
KL(‘Tv y) = HL(:C’ y) = C'II:RC,’I‘(:Ca y)v

where Cr > 0 and ¢ > 0 are in general different from C} and ~, respectively. Note
that here the repulsion force is interpreted as a velocity field, while for followers it
was an acceleration field.

e wuy is the control variable belonging to the set of admissible control functions Adm.

Remark 7.2. The leader dynamics do not depend explicitly on the agents’ velocities.
This allows us to consider a first-order model for the leaders. However, a generalization to
fully second-order model is straightforward.

Remark 7.3. The behaviour of the leaders is entirely encapsulated in the control term
u but for a short-range repulsion force. The latter should be indeed interpreted as a force
due to the presence of the others, thereby non controllable.

7.4 Formal derivation of a Boltzmann-type equation

The main difference between the above model and system is given by the scaling
of the force exerted on each agent: in system we are not in the presence of the
mean-field scaling, and the reason lies in the fact that we want leaders and followers to
have the same weight in the followers’ dynamics (in theses weights were 1/m and
1/N, respectively). To pass to the mean-field we have then to adopt the Boltzmann binary
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interaction approach followed by the grazing interaction limit, a procedure outlined in

Section (4.4
7.4.1 Binary interactions for system (7.1))

We consider the evolution of the distribution of followers at time t > 0, denoted by
f(t) € My(R?*), together with the microscopic equations for the leaders (whose number
is small by design). As in (4.30), we denote by p[f](t) the total mass of followers at time
t>0,ie.,

2 [ fta) do o
R2d

We introduce, for symmetry reasons, the distribution of leaders g and its total mass

g(t,z,v) é Z(S ) (T, v) and  plg](t) é/ g(t,z,v) dz dv. (7.4)
1 R2d

We shall require both masses to be constant and equal to N and m, respectively. This
means that for every ¢ > 0 it holds

plf1(t) = p[fI=N and p[g](t) = plg] = m.

Similarly to what we did in Section we shall describe the evolution of f by means of
a Boltzmann-type equation obtained from binary interactions between f and itself and
between f and the mass of leaders g. The binary interactions will be such that the grazing
interaction limit recovers a Fokker-Planck-type equation corresponding to the dynamics of
followers in , to be coupled with the previously presented ODE dynamics for leaders
(see equation below for the resulting system).

To derive the Boltzmann-like dynamics, we assume that, before interacting, each follower
has at his disposal the values x and y that he needs in order to compute its trajectory:
hence, in a binary interaction between two followers with state parameters (z,v) and
(z,0), the value of K*(z,v,Z,0;x,y) does not depend on x and y. In the case of K of the
form (7.3), this means that the ball By(z;x,y) and the value of N* have been already
computed before interacting.

Moreover, since we are considering the distributions f and g of followers and leaders, re-
spectively, the vectors x and y are derived from f and g by means of their first marginals,
indicated by m4f and m4g, respectively, which give the spatial variables of those dis-
tribution. Hence, since no confusion arises, we write K*(z,v, &, 0; 14 f, m149) in place of
K¥(z,v,%,0;%,y) to stress the dependency of this term on f and g.

We thus consider two followers with state parameter (z,v) and (Z, ) respectively, and we
describe the evolution of their post-interaction velocities as

{ v* = v+ [0(x)C.E + S(x,v) + plfIK" (x,0,,0; mip f, T149)] (75)

0" =0 40" [0(2)C:8 + 5(2,0) + p[fIK" (&, 0, 2, v; g f, migg)]

where n* is the strength of interaction among followers, £ is a random variables whose
entries are i.i.d. following a normal distribution with mean 0, variance ¢2 (which shall be
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related to the variance o2 of the random vector z in (7.2)) as in (#.35)), taking values in a
set B, and S is defined as the deterministic part of the self-propulsion term (7.2)),

T —x

S(z,v) = —0(x)Cov + (1 —0(x))C- < v> + Cy(s* — [|v]|*)v. (7.6)

[Eamedl
As in Section we need to assume that the change of variables (7.5)) satisfies the
hypothesis (Inv) of being invertible.

We then consider the same follower as before with state parameters (z,v) and a leader
agent (Z,0); in this case the modified velocities satisfy

{U** :'U+an[g]HF(xvv7ng;ﬁl#f)ﬂ-l#g)v (7 7)

VT =0,

where n" is the strength of the interaction between followers and leaders. Note that
accounts only for the change of the followers’ velocities, since leaders are not evolving via
binary interactions. Again, we assume that satisfies the hypothesis (Inv)
The time evolution of f is then given by a balance between bilinear gain and loss of space
and velocity terms according to the two binary interactions and , quantitatively
described by the Boltzmann-type equation

of

B B T Vaf(t) = XQ(f, )){t) + AQ(f, 9) (1), (7.8)

where A" and A" stand for the interaction frequencies among followers and between follow-
ers and leaders, respectively. The Boltzmann-Povzner operators Q(f, f) and Q(f,g) are
defined as

Q(f7 f)(t,x,v) éE |:/ <3—f(t,.f[,'*,’l)*)f(t,ﬁ}‘*,ﬁ*)_f(t,fﬂ,U)f(t,.’%,f))) di‘ dll}:|7 (79)
R4d dF
R4d L

In the expression above, the couples (x4, v«) and (Z, 0,) are the pre-interaction states that
generates (z,v) and (&, 0) via (7.5)), and Jp is the Jacobian of the change of variables given
by (well-defined by (Inv)). Similarly, (Z.«,vs«) and (Z4, 0x) are the pre-interaction
states that generates (z,v) and (Z,0) via (7.7), and J;, is the Jacobian of the change of
variables given by . As in , the expected value E is computed with respect to
£eB.

Remark 7.4. If we would have opted for a description of agents as hard-sphere particles,
the arising Boltzmann equation would be of Enskog-type, see [I70]. The relationship
between the hard- and soft-sphere descriptions (i.e., where repulsive forces between point
masses are considered, instead) has been deeply discussed, for instance, in [14]. In our
model, the repulsive force R, , is not singular at the origin for computational reasons,
therefore the parameters v and r have to be chosen properly to avoid arbitrarily high
density concentrations.

Equation ([7.8) is then to be coupled with the ODE dynamics of the leaders from system
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(7.1). The controlled ODE-PDE dynamics obtained in this way is

90 (6) 4 v- V(1) = NQU. () + XQUF.0) 1),
m (7.11)
() = wi(t) = | K'(yr(t),x) f(t,2,0) de dv+ Y H (ys(t), ni(t)) + us(t).

2d
R =1

Since we are not limiting our study to the functions S, K*, H¥, K* and H" introduced
in Section (hence, allowing for the possibility of nonsmooth and singular kernels), we
say that (f,y1, W1, ..., Ym, Wm) € Mp(R??) x R2¥™ is admissible if the following quantities
exist and are finite:

(i) JgzaS( z,v) dx dv,

(i1) Jpaa KF(z, 0,2, 0;mu f,y) f(z,0) f(&,0) dz dv di do,
(130) Y0 Jrea H (v, g, wimis f,y) f(z,v) do do,
(iv) Jpea K"y, x) f(x,v) dz dv for every k =1,...,m,
(v) >0 H"(y, yr) for every k=1,...,m

Consequently, we introduce our definition of solution for system (|7.11]).

Definition 7.5. Fix T'> 0, § > 0, and u : [0, T] — R?*™. By a §-weak solution of system
(7-11)) with control u and initial datum (f°,49,...,9%) € My(R??) x R in the interval
[0, T], we mean any (f,y1,-.-,Ym) € L2([0, T]; Mp(R?4)) x W1°([0, T]; R%™) such that:

(1) f(0,2,v) = fO(x,v) for every (x,v) € R,
(74) the vector (f(t),y1(t),91(t),. ., Ym(t), Ym(t)) is admissible for every t € [0,T];

(iii) there exists R > 0 depending only on (f°,4%,...,49), T, 6, u, 0, S, K*, H", K",
and H", such that supp(f(t)) € B(0, R) for every t € [0,T;

(1v) p[f](t) = N for every t € [0,T7;

(v) f() satisfies the weak form of the equation (7.8), i.e., for every ¢ € 75 and every
€ (0,77 it holds

£ (7(0),0) + (D), 0 Vag) = N QUL 1) (D), 0) + A (QUF9)(0), ),

where
QUf, )Ht),p)=E [/RM (p(x,v*)—p(x,v)) f(t,z,v)f(t, &,0) dxdvdxdv]
QU0 A=E | [ | (plae)=plw,0) S 0)g(t,2.0) dod di o]

and where v* and v** are given by ([7.5) and (|7.7]), respectively;
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(vi) for every k=1,...,m, yi(-) satisfies

B(®) =welt) = [ K e(®),2)f (o) do dv+ 30 H (el0),0(0) + ui(t),
=1

in the Carathéodory sense for every ¢ € [0, T].

In what follows, we shall assume that a solution of (7.11) in the sense of Definition
exists (see also Remark , and we shall provide a mean-field approximation of the
Boltzmann-like equation ([7.8]) via the grazing interaction limit procedure.

7.4.2 Mean-field via grazing interaction limit

Similarly to Section we pass to scale %, n° AF, A and ¢? with respect to a common
parameter € > 0 in such a way that we obtain for ¢ — 0 the Fokker-Planck operator
associated to the discrete dynamics of followers in system (7.1]) given by

FP(t,,0) 2 =9, - (G1f.g)(t2,)f(1,7,0)) + 502 (0()Co) 2D f (1, ,0),
where G[f, g](t, z,v) 2 S(z,v) + H[f](t, z,v) + H][g](t, z,v), and
Hf)(tz,v) 2 | K (2,0, 4,0, ma f(£), mag(t) f(t, 2,0) di di,

R2d

Hlgl(t,z,v) 2 [ H (2,0, 2,0 ma f(t), mug(t)g(t, &,0) dF do.
R2d
Indeed, it can be seen by direct substitution that if (z,v) : [0, 7] — R?¥V is a solution of
the followers’ dynamics of system (7.1)), then the curve f : [0,7] — M;(R??) defined for
every t € [0,T] as f(t) = Zf\il (s (),0:(1)) Satisfies
of

a(t) +v-Vaf(t) = FP(t,z,v)

for every t > 0. More precisely, we set

F I F 1

o
n =g, n- =g, A= — A= , ¢“=—, 7.12
eplf] eplg] € (7.12)

and we apply the machinery of Section separately to the operators A"Q(f, f) and
A'Q(f,g) in order to pass to the mean-field. Remember that we assumed p[f](t) = p[f] =
N and p[g](t) = plg] = m for every ¢t > 0.

Let us fix T > 0, d > 0, ¢ > 0 a control uw : [0,T] — R24™ and an initial datum
(fO 09, .., u8) € My(R*) x R¥™. Consider a d-weak solution (f(-),y1(-),...,ym(-)) of
system with control w, initial datum (f°,%?,...,9%) and define g as in . Let
the scale holds for the chosen e. Moreover, suppose that E [||¢[|*T] < +oc0 and that
9, S, K* and H" belong to L}  for p=2,2+94.

Denote by Q(f, f) = Q°(f, f) the collisional operator ([7.9)) associated to the scaling (|7.12))
for the chosen ¢ > 0. Since the binary interactions (7.5) correspond to (4.27)) for the
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choices a(x,v) = 0(x)C., B(x,v) = S(z,v), and y(z,v,2,0) = K" (z,v,2,0, mix f, m149),
then analogous computations to those employed to prove Theorem lead to

NQU.T) (£ Tup (5 + HIFD + 30200 D0 )

for € — 0. On the other hand, the binary interactions (7.7)) correspond to (4.27) for the
choices a = =0 and y(z,v,2,0) = H"(z,v,2,0, m14 f, m149). Therefore, if we denote by

Q(f,9) 2 Q°(f,g) the collisional operator (7.10) associated to the scaling ([7.12)) for the
chosen ¢ > 0, the same strategy used for A*(Q(f, f) implies this time that

)\L<Q(f7g), 30> - <fa VUSO : H[g]>

for ¢ — 0. Putting together the above limits, by Remark we obtain the weak formu-
lation of a Fokker-Planck-type equation for the followers’ dynamics as € — 0:

53 (F0:0) + (00 Vo) = ( £,V G 11,01 () + 3 0CPBsp) . (113

ot
Being ¢ compactly supported, equation ([7.13|) can be recast in strong form by means
of integration by parts. Coupling the resulting PDE with the microscopic ODEs for the
leaders we eventually obtain the system

50+ 0 Vaf(1) = Vo (G11,0] (011(0)) + £0°(0C-2Au [ (1),

m (7.14)
i (t) = wi(t) = o K"y (t), ) f(t, @, 0) da do+ Y H"(y(t), (1)) + uk(t).

=1

Let us stress again that, assuming f(¢) to be the empirical measure f(t) = ZZ]\L 102601 (1))
concentrated on the trajectories (z(-),v(:)) of the microscopic dynamic (|7.1)), we recover
again the original microscopic model.

We have thus obtained the following

Corollary 7.6. Fiz T > 0, > 0 and u : [0,T] — R2™™, and let, for every ¢ > 0,
(feC),v5()y - ¥5,(0)) be a d-weak solution of corresponding to the control u and
the initial condition (f°,49,...,vy%), and where the quantities n°,n" \*, \*, and <? are
rescaled with respect to € according to . Suppose that

(i) E [ngw} is finite, and

(i) the functions 0, S, K*, and H" are in LY  forp=2,2+4.

loc

Then, as € — 0, the solutions (f¢(-),yi(:),...,y5,(-)) converges pointwise, up to a sub-
sequence, to (f(-),y1(-),...,ym(-)), where f(-) satisfies the Fokker-Planck-type equation
(7.13) with initial datum (f°,y9,...,4%,), and for every k =1,...,m, yx(-) satisfies

Ur(t) = wi(t) = N K" (yi(t), 2) f(t, z,v) do dv+ Y H"(ye(t), yi(t)) + un(t),
=1
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Remark 7.7. The hypothesis of admissibility in Definition makes sure that all the
integrals considered in the proof of Corollary exist and are finite.

Remark 7.8. The choice of the functions 6, S, K" and H" made in and clearly
satisfy the hypotheses of Corollary for any § > 0. Hence, we expect the simulation
of system with the scaling to be a good approximation of the ones of the
original microscopic model for sufficiently small values of €.

7.5 Optimal control of the crowd

In this section we discuss how one can (optimally) control the crowd of followers by means
of “invisible” leaders, whose dynamics is given by control strategies minimizing certain
cost functionals.

7.5.1 Group splitting and influence of the leaders

It is well known that, in the case of alignment-dominated models, the invisibility of leaders
is not a limitation per se, but nothing is known about more complex models. In particular,
the coupling between random walk and alignment gives rise to interesting phenomena, see
[173]. Notice that, in order to fit real behavior (see also Section [7.7)), the ratio between
random walk force and alignment force should be large enough to assure a complete
exploration of the domain, and small enough to catch the herding behavior. However,
this also narrows the choice of parameters.

To fix the ideas, we plot a typical outcome of the microsimulator when the crowd is far
away from the exit. At the initial time, agents are uniformly distributed in a square,
see Figure We refer to this situation as Setting 0 (model parameters for this and
following simulations are reported in Table . With no leaders, the group splits in
several subgroups, each of them having a common direction of motion (local consensus
is reached in very short time), see Figure 1eft. With 5 leaders moving rightward, the
crowd reaches immediately a consensus and align with leaders, see Figure [7.I}center. If,
for some reason, leaders cease to be influential, the crowd tend to split again, see Figure

[7.1}right.

[Setting| m | N [N[cr|[cr]c.] . o |c]s? [r=¢]y]
0 Jos| 150 [10] 2 [15] 2 ]o25] [ 1 [o5] 04 [1
1 0-3| 150 |10 2 |15 3 (02| 1|1 05| 04 |1
2 Jo2] 100 [10] 2 [15] 3 02]1]1 05| 04 |1
3 |o6|3070[10] 1[0 -] - [1]1]0o5] 051

Table 7.1: Model parameters.

This makes clear how difficult it is to control the crowd in this scenario, since leaders have
to fight continuously against the natural tendency of the crowd to split in subgroups and
move randomly, even after that a consensus is reached, see [119].

A natural question is about the minimum number of leaders needed to lead the whole crowd



240 Invisible sparse control

100

80

60

40

20

-80 -60 -40 -20 0 20 40 60 0 50 100 150 0 50 100 150 200 250

Figure 7.1: Setting 0 (no exit is visible here). Microscopic dynamics. The crowd is initially
confined in the green dashed square. Leaders’ trajectories are in magenta, followers’ are
in blue. Final positions of followers are in red. Left: no leaders. Center: 5 leaders moving
rightward. Right: 5 leaders moving rightward, disappearing after a short time.

to consensus, i.e., to align all the agents along a desired direction. Numerical simulations
suggests that this number strongly depends on the initial conditions. Table gives a
rough idea in the case of multiple runs with random initial data.

| #leaders [ 1]2] 3 | 4] 5 |
’ consensus reached H 0% ‘ 1% ‘ 27% ‘ 58% ‘ 100% ‘

Table 7.2: Number of leaders versus percentage of runs where consensus is reached.

At mesoscopic level we consider the control of the Boltzmann-type dynamics (7.11)), where
we account for small values of the scaling parameter €, in order to be sufficiently close
to the Fokker-Planck-type model . In this case, the control through few microscopic
leaders has to face the tendencies of the continuous density to spread around the domain
and to locally align with the surrounding mass. Moreover, their action is weakened by the
type of interaction considered. Figure shows the results corresponding to the kinetic
density in the Setting 0. Unlike the microscopic case, no splitting occurs where there is no
action of the leaders. Instead, the mass smears out around the domain, due to the diffusion
term.

Figure 7.2: Setting 0 (no exit is visible here). Mesoscopic dynamics. The crowd density
is initially confined in the green dashed square shown in the left figure. Left: no lead-
ers. Center: 5 leaders moving rightward all the time. Right: 5 leaders moving rightward,
disappearing after a short time.
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7.5.2 Optimization problem

The functional to be minimized can be chosen in several ways. The effectiveness mostly
depends on the optimization method which is used afterwards. The most natural functional
is the evacuation time,

min {t > 0:x;(t) ¢ Q foralli=1,...,N}, (7.15)

subject to (7.1 or (7.11) and with u € Adm. Concerning the set of admissible controls
Adm, we only impose a box constraint of the form u(t) € U for every t € [0,T], where
T > 0 is a sufficiently large time horizon and U is some compact subset of R%".

Another cost functional, more affordable by standard methods [6, [39], is

N N m m
0y u) =Y s — 2T P+ w0t Y Y s — el + w0 usl, (7.16)
i=1 k=1

i=1 k=1

for some positive constants w®, w", and w®. The first term promotes the fact that followers
have to reach the exit while the second forces leaders to keep contact with the crowd. The
last term penalizes excessive velocities. This minimization is performed at every instant
(instantaneous control), or along a fixed time frame [t;, /]

t

ug}ggm 5 ' 0(x(t),y(t),u(t)) dt, subject to or ([7.11). (7.17)
With regards to the mesoscopic scale, both functionals and can be considered,
however at the continuous level the presence of few invisible leaders does not assure that the
whole mass of followers is evacuated. The major difficulty to reach a complete evacuation
of the continuous density is mainly due to the presence of the diffusion term and to the
invisible interaction with respect to the leaders. Therefore a more appropriate functional
is given by the mass evacuated at the final time 7',

min / f(T,z,v)dxdv subject to ([7.11)), (7.18)
rd Jo\e

u€Adm

where £ is a set containing the exit 7 and representing the zone in which agents can
be considered safe (one could think of 7 as the center of the rendezvous zone in case of
emergency and &£ as the rendezvous zone itself).

Remark 7.9. We will not require that leaders reach the exit, but only the followers.

Remark 7.10. We shall not address here the issue of the relationship between the micro-
scopic and the mesoscopic optimal control problems. We point out that we are not under
the hypotheses of Theorem due to the lack of mean-field scaling and the presence of
discontinuous interaction terms in the dynamics. Despite that, since the current situation
bears several similarities with that of Chapter [6] we expect the optimal strategies of the
continuous problem to be a reasonable approximation of those of the discrete problem
whenever the number of followers is sufficiently high. Such intuition is partially corrobo-
rated by the numerical results we shall present in the next section, which show that some



242 Invisible sparse control

distinctive features are shared by the optimal strategies of both problems.

The optimization techniques we shall use to find numerically the minimizer of the above
functionals are:

e Model predictive control: a computationally efficient way to address the optimal
control problem is by means of a relaxed approach known as model predictive
control (MPC) [142]. We consider a sampling of the dynamics at every time
interval At, and the following minimization problem over Nypc time steps, starting
from the current time step 7,

i+ Nypc—1
_min n; ((x(nAt), y (nAt), u(nAt)) (7.19)

generating an optimal sequence of controls {u(nAt), ..., u((fi+ Nypc — 1)At)}, from
which only the first term is taken to evolve the dynamics for a time At, to recast
the minimization problem over an updated time frame n < 7n + 1. Note that for
Nuype = 2, the MPC approach recovers an instantaneous controller, whereas for
Nypc = (ty — ti)/At it solves the full time frame problem . Such flexibility
is complemented with a robust behavior, as the optimization is re-initialized every
time step, allowing to address perturbations along the optimal trajectory.

e Modified compass search: when the cost functional is highly irregular and the
search of local minima is particularly difficult, it could be convenient to move to-
wards random methods as compass search (see [I8] and references therein), genetic
algorithms, or particle swarm optimization. In the following we describe a compass
search method that works surprisingly well for our problem.

First of all, we consider only piecewise constant trajectories, introducing suitable
switching times for the leaders’ controls. More precisely, we assume that leaders
move at constant velocity for a given fixed time interval and, when the switching
time is reached, a new velocity vector is chosen. Therefore, the control variables are
the velocities at the switching times for each leader. Note that controlling directly the
velocities rather than the acceleration makes the optimization problem much simpler
because minimal control variations have an immediate impact on the dynamics.

Starting from an initial guess, at each iteration the optimization algorithm modifies
the current best control strategy found so far by means of small random variations
of the current values. Then, the cost functional is evaluated. If the variation is
advantageous (the cost decreases), the variation is kept, otherwise it is discarded.
The method stops when the strategy cannot be improved further. As initial guess for
the strategy, leaders move at constant speed along the direction joining the target
with their position at initial time ¢t = 0.

7.6 Numerical tests

In what follows we present some numerical tests to validate our modeling setting at the
microscopic and mesoscopic level.
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The microscopic model is discretized by means of the explicit Euler method with
a time step At = 0.1. The evolution of the kinetic density in (7.14)) is approximated by
means of binary interaction algorithms, which approximates the Boltzmann dynamics
with a meshless Monte-Carlo method for small values of the parameter ¢, as presented in
[7]. We choose ¢ = 0.02, At = 0.01 and a sample of Ny = 10000 particles to reconstruct
the kinetic density. This type of approach is inspired by numerical methods for plasma
physics and it allows to solve the interaction dynamics with a reduced computational cost
compared with mesh-based methods, and an accuracy of O(Ns Y 2).

Concerning optimization, in the microscopic case we adopt either the compass search with
functional or MPC with functional . In the mesoscopic case we adopt the
compass search with functional .

We consider three settings for pedestrians, without and with obstacles, hereafter referred
to as Setting 1, 2, and 3, respectively. In Setting 1 we set the compass search switching
times every 20 time steps, and in Setting 2 every 50, having fixed the maximal random
variation to 1 for each component of the velocity. In Setting 1, the inner optimization block
of the MPC procedure is performed via a direct formulation, by means of the fmincon
routine in Matlab, which solves the optimization problem via an SQP method.

7.6.1 Setting 1

To begin with, let us consider the case of a large room with no obstacles, see Figure [7.3

151

oooooo

15 20 25 30 35

Figure 7.3: Setting 1. Left: initial positions of followers (circles) and leaders (squares).
Right: uniform density of followers and the microscopic leaders (squares).

The exit is a point located at ™7 = (30, 10) which can be reached from any direction. We
set X = {a: ER?: |z —27|| < 4}. This simple setting helps elucidating the role and the
interplay of the different terms of our model. Followers are initially randomly distributed
in the domain [17,29] x [6.5,13.5] with velocity (0,0). Leaders, if present, are located to
the left of the crowd. Parameters are reported in Table

7.6.1.1 Microscopic model

Figure[7.4Hirst row shows the evolution of the agents computed by the microscopic model,
without leaders. Followers having a direct view of the exit immediately point towards it,
and some group mates close to them follow thanks to the alignment force. On the contrary,
farthest people split in several but cohesive groups with random direction and never reach
the exit.

Figure [7.4}second row shows the evolution of the agents with three leaders. The leaders’
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Figure 7.4: Setting 1. Microscopic dynamics. First row: no leaders. Second row: three
leaders, go-to-target strategy. Third row: three leaders, optimal strategy (computed with
the compass search method).

strategy is defined manually. More precisely, at any time the control is equal to the unit
vector pointing towards the exit from the current position. Hereafter we refer to this
strategy as “go-to-target”. Notice that the final leaders’ trajectories are not straight lines
because of the additional repulsive force. As it can be seen, the crowd behavior changes
completely since, this time, the whole crowd reaches the exit. However, followers form a
heavy congestion around the exit which delays notably the evacuation. This suggests that
the strategy of the leaders is not optimal and that it can be improved by an optimization
method. The shape of the congestion is circular: this is perfectly in line with the results
of other social force models as well as physical observation, which shows the formation of
an “arch” near the exits. The arch is correctly substituted here by a full circle due to the
absence of walls.

Figure [7.4-third row shows the evolution of the agents with three leaders and the optimal
strategy obtained by the compass search algorithm. Surprisingly enough, the optimizator
prescribes that leaders should divert some pedestrians from the right direction, in order to
not steer the whole crowd to the exit at the same time. In this way, congestion is avoided
and pedestrian flow through the exit is increased.

In this test we have also run the MPC optimization, including a box constraint of the type
u(t) € U = [~1,1]*™ for every t > 0. We choose w* = 1, w" = le — 5, and w® = le — 5.
MPC results are consistent in the sense that for Nypc = 2, the algorithm recovers a
controlled behavior similar to the application of the instantaneous controller (or go-to-
target strategy). Increasing the time frame up to Nypec = 6 improves both congestion and
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evacuation times, but results still remain non competitive if compared to the whole time
frame optimization performed with a compass search.

In Figure we compare the occupancy of the exit’s visibility zone as a function of
time for go-to-target strategy and optimal strategies (compass search, 2-step, and 6-step
MPC). We also show the decrease of the value function as a function of attempts (compass
search) and time (MPC). Evacuation times are compared in Table It can be seen that
only the long-term optimization strategies are efficient, being able to moderate congestion
and clogging around the exit. This suggests a quite unethical but effective evacuation

# Agents inside 3 Value function (compass search)

600 T T T T T T
Compass search 150 followers
Go-to-target 50 followers
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Figure 7.5: Setting 1. Optimization of the microscopic dynamics. Top-left: occupancy of
the exit’s visibility zone ¥ as a function of time for optimal strategy (compass search) and
go-to-target strategy. Top-right: decrease of the value function as a function of the
iterations of the compass search (for 50 and 150 followers). Bottom: MPC optimization.
occupancy of the exit’s visibility zone ¥ as a function of time, CPU time of the optimization
call embedded in the MPC solver, and the evolution of the corresponding value (2-step
and 6-step).

’ H no leaders ‘ go-to-target ‘ 2-MPC ‘ 6-MPC ‘ CS (1G) ‘
N =50 335 297 342 278 | 248 (318)
N =150 o0 629 619 491 | 459 (554)

Table 7.3: Setting 1. Evacuation times (time steps). CS=compass search, IG=initial guess.

procedure, namely misleading some people to a false target and then leading them back
to the right one, when exit conditions are safer. Notice that, in real-life situations, most
of the injuries are actually caused by overcompression and suffocation rather than the
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present danger.
7.6.1.2 Mesoscopic model

We consider here the case of a continuous density of followers. Figure [7.GHirst row shows
the evolution of the uncontrolled system of followers. Due to the diffusion term and the
topological alignment, large part of the mass spreads around the domain and is not able
to reach the target exit.

In Figure [7.6}second row we take into account the action of three leaders, driven by a
go-to-target strategy defined as in the microscopic case. It is clear that also in this case
the action of leaders is able to influence the system and promote the evacuation, but the
presence of the diffusive term causes the dispersion of part of the continuous density. The
result is that part of the mass is not able to evacuate, unlike the microscopic case.

In order to improve the go-to-target strategy, we rely on the compass search method to
minimize — differently from the microscopic case — the objective functional , i.e., the
total mass evacuated at final time. Figure[7.6} third row sketches the optimal strategy found
in this way: on one hand, the two external leaders go directly towards the exit, evacuating
part of the density; on the other hand the central leader moves slowly backward, misleading
part of the density and only later it moves forward towards the exit. The efficiency of the
leaders’ strategy is due in particular by the latter movement of the last leader, which is
able to gather the followers’ density left behind by the others, and to reduce the occupancy

Figure 7.6: Setting 1. Mesoscopic dynamics. First row: no leaders. Second row: three lead-
ers, go-to-target strategy. Third row: three leaders, optimal strategy (compass search).
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of the exit’s visibility area by delaying the arrival of part of the mass.

In Figure we summarize, for the three numerical experiments, the evacuated mass and
the occupancy of the exit’s visibility area ¥ as functions of time. The occupancy of the
exit’s visibility area shows clearly the difference between the leaders’ action: for the go-to-
target strategy, the amount of mass occupying ¥ concentrates quickly and the evacuation
is partially hindered by the clogging effect, as only 71.3% of the total mass is evacuated.
The optimal strategy (obtained after 30 iterations) is able to better distribute the mass
arrival in ¥, and an higher efficiency is reached, evacuating up to 85.2% of the total mass.

1 1 1
Evacuated Mass Evacuated Mass| Evacuated Mass|

09| - Mass inside ¥ 09| - Mass inside ¥ 09r| - Mass inside ¥
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Figure 7.7: Setting 1. Occupancy of the exit’s visibility zone 3, dotted lines, and percentage
of evacuated mass, star lines, as function of time. Left: histograms for the case without
leaders (percentage of evacuated mass 41.2%). Center: histograms for leaders moving with
the go-to-target strategy (percentage of evacuated mass 71.3%). Right: histograms for
leaders with an optimal strategy (percentage of evacuated mass 85.2%).

Remark 7.11. In a realistic context it is impossible to know a priori the initial position
and velocity of a crowd, but they can be expressed as a joint probability density, obtained
from statistics on real data. Therefore from the simulation of the kinetic model ,
one can estimate the evolution of these probabilities and testing the efficiency of specific
control strategies.

7.6.2 Setting 2

In this section we test the microscopic model (with compass search optimization) in a more
complicated setting, which has also some similarities with the one considered in Section
[7.7 The crowd is initially confined in a rectangular room with three walls. In order to
evacuate, people must first leave the room and then search for the exit point. We assume
that walls are not visible, i.e., people can perceive them only by physical contact. This
corresponds to an evacuation in case of null visibility (except for the exit point which is
still visible from within ¥). Walls are handled as in [76] (see also [75] for an overview of
the techniques employed to handle obstacles in pedestrian simulations).

If no leaders are present, the crowd splits in several groups and most of the people hit
the wall, see Figure [7.8Hirst row. After some attempts, the crowd finds the way out, and
then it crashes into the right boundary of the domain. Finally, by chance people decide en
cascade to go upward. The crowd leaves the domain in 1162 time steps.

If instead we hide in the crowd two leaders who point fast towards the exit (Figure
second row), the evacuation from the room is completed in very short time, but after
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that, the influence of the leaders vanishes. Unfortunately, this time people decide to go
downward after hitting the right boundary, and nobody leaves the domain. Slowing down
the two leaders helps keeping the leaders’ influence for longer time, although it is quite
difficult to find a good choice.

Compass search optimization finds (after 30 iterations) a nice strategy for the two leaders
which remarkably improves the evacuation time, see Figure [7.8third row. One leader
behaves similarly to the previous case, while the other diverts the crowd pointing SE, then
comes back to wait for the crowd, and finally points NE towards the exit. This strategy
allows to bring everyone to the exit in 549 time steps, without bumping anyone against
the boundary, and avoiding congestion near the exit.

| = ggj> B

10

Figure 7.8: Setting 2. Microscopic simulation. First row: no leaders. Second row: two
leaders and go-to-target strategy. Third row: two leaders and best strategy computed by
the compass search.

7.6.3 Setting 3

In the following test we propose a different use of the leaders. Rather than steering the
mass towards the exit, they can be employed to fluidify the evacuation near a door. In fact,
it is observed that when several panicky pedestrians reach a bottleneck at the same time
they block each other, coming to a deadlock. As a consequence, none of them can pass
through the bottleneck. We want to investigate the possibility of using leaders as small
smart obstacles, which alleviate the high friction among the bodies just moving randomly
near the exit.

We consider a large room with a single exit door located on the right wall, visible from
any point (X = R?). We nullify the repulsion force perceived by the leaders, see Table
Most important, in this test we assume that followers have nonzero size and hard
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Figure 7.9: Setting 3 (exit is visible from any point). Left: evacuation with no leaders.
Center: evacuation with 3 leaders. Right: percentage of evacuation failures as a function
of the number of leaders, for N = 30, 50, 70.

collisions are not possible. This is achieved assuming that they are circular-shaped with
diameter 0.25, and keeping frozen those pedestrians who aim at moving too close to another
pedestrian in one time step. The width of the exit is 0.45. Leaders stay near the exit at
any time and move with a random velocity, each component being uniformly distributed
in the interval [—1.3,1.3]. We say that the evacuation succeeded if N — 10 followers leave
the room within 2000 time steps, otherwise we say that the evacuation failed. Average
quantities are computed running the simulation 200 times.

Figure shows a typical outcome without (left) and with (center) leaders. Figure
right shows the percentage of evacuation failures as a function of the number of leaders. It
is clearly visible that in this scenario the optimal number of leaders is 3, and this number is
independent form the number of evacuees. This is reasonable since leaders act at local level
near the exit and do not affect people queuing far from the exit. We noted that the leaders
initially act as a barrier for the incoming pedestrians and slow down the evacuation. Later
on, instead, they are quite efficient in breaking symmetries and avoiding deadlocks. As a
by-product, we confirmed once again the Braess’s paradox, which states that reducing the
freedom of choice (e.g., adding obstacles in front of the exit [78, [I71]) one can actually
improve the overall dynamics.

7.7 Validation of the proposed crowd control technique

The crowd control technique investigated in the previous sections relies on the fact that
pedestrians actually exhibit herding behavior in special situations, so that the alignment
term in the model is meaningful. To confirm this, we have organized an experiment in-
volving volunteer pedestrians. It is not the first time that a real experiment with people
is performed; for instance, one can be found in [113].

The experiment took place on October 1, 2014 at Department of Mathematics of Sapienza
— University of Rome, Rome (Italy), at 1 p.m. Participants were chosen among first-year
students. Since courses started just two days before the date of the experiment and the
Department has a complex ring-shaped structure, we could safely assume that most of the
students were unfamiliar with the environment.
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7.7.1 The experiment

Students were informed to be part of a scientific experiment aiming at studying the behav-
ior of a group of people moving in a partially unknown environment. Their task was to leave
the classroom II and reach a certain target inside the Department. Students were asked
to accomplish their task as fast as possible, without running and without speaking with
others. Participation was completely voluntary and not remunerated (only a celebratory
T-shirt was given at the end).

76 students (39 girls, 37 boys) agreed to participate in the experiment. The students were
then divided randomly in two groups: group A (42 people) and group B (34 people).
The two groups performed the experiment independently one after the other. The target
was communicated to the students just before the beginning of the experiment. It was
the Istituto Nazionale di Alta Matematica (INdAAM), which is located just upstairs with
respect to the classroom II. Due to the complex shape of the environment, there are many
paths joining classroom II and INAAM. The shortest path requires people to leave the
classroom, to go leftward in a not so frequented and unfamiliar area (even for experienced
students), and climb the stairs. The target can also be reached by going rightward and
climb other, more frequented, stairs. Figure [7.10}eft shows the experiment setting, with
classroom II and its two exits.

Figure 7.10: Left: the two exits of classroom II. Just outside the classroom, people have
to decide whether to go right or left. Right: 10 students following the unaware leader in
group A.

In group B there were 5 incognito students (hereafter referred to as leaders, to make a
parallel with the model discussed in this chapter) of the same age of the others. Leaders
were previously informed about the goal of the experiment and the location of the target.
They were also trained in order to steer the crowd toward the target in minimal time.
Nobody recognized them as “special” before or during the experiment. Unexpectedly, also
in group A there was a girl who knew the target. Therefore, she acted as an unaware
leader.

It is important to stress that all the other students continued their usual activities and
participants were not officially recorded by the organizers. This choice was crucial to get
natural behavior and meaningful results, see [77, Section 3.4.3]. The price to pay is that we
had to extract participants’ trajectories by low-resolution videos taken by two observers.
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Moreover, the area outside classroom II was rather crowded, introducing a high level of
noise in the experiment. Finally, let us mention that some participants broke the rules of
the experiment speaking with others and running.

7.7.2 Results and conclusions from the experiment

In Figure we show the history of left /right decisions taken by the students just outside
the two doors of the classroom. Group A used both exits of the classroom. The 8-people
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Figure 7.11: Time instants corresponding to the students’ right/left decisions in front of
the door for group A (top) and B (bottom).

group which used door 2 was uncertain about the direction for a while. Then, once the
first two students decided to go rightward, the others decided simultaneously to follow
them. Similarly, the first student leaving from door 1 was uncertain for a few seconds,
then he moved rightward and triggered a clear domino effect. At ¢ = 20s the unaware
leader moved to the left, inducing hesitation and mixed behavior in the followers. After
that, another domino effect arose.

Group B used only door 1. Invisible leaders were able to trigger a domino effect but this
time 4 people decided unilaterally not to follow them, although they were not informed
about the destination. At t = 20s, after the passage of the last leader, a girl passed through
the door and went leftward. Then, at t = 22s, she suddenly began to run toward the right.
She first induced hesitation, then triggered a new rightward domino effect.

Students have shown a tendency to go rightward, being that part of the Department more
familiar, but this tendency was greatly overcame by the wish to follow the group mates
in front, regardless of their right/left preferences. This fact was confirmed by the students
themselves after the experiment. Indeed, they admitted that they have been influenced by
the leaders because of their clear direction of motion. Interestingly, no more than 5 people
have been influenced by a single leader. This is compatible with the topological alignment
term used in our model. The small value of N here is due to the fact that the space in
front of the doors was rather crowded and the visibility was reduced.

It is also interesting to notice that only 4 students reached the target alone. This confirms
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the tendency not to remain isolated and to form clusters. Video recordings also show that
(bad or well) informed people behaved in a rather recognizable manner, walking faster,
overtaking the others and exhibiting a clear direction of motion. No follower has overtaken
other people.

The 5 incognito leaders adopted an effective but non optimal strategy, being too close to
each other, too much concentrated in the front line, and too fast (see Figure second
row). This was due to the fact that organizers expected a clearer environment in front
of the doors and consequently a faster coming out of the people. A better distribution
in the crowd would lead to better results, although nothing can be done against a quite
noticeable bad informed person.



APPENDIX A

Gronwall’s estimates and
variations on the theme

Gronwall’s estimates are needed in virtually every chapter of the present thesis. Besides
the classical one, we need to develop a variation for piecewise continuous evolutions. Both
are reported below.

Lemma A.1 (Classical Gronwall’s Lemma). Let p, 8 and u be real valued functions and
furthermore assume that B is non-negative and continuous, u is continuous and p is non-
decreasing and integrable on [a,b]. Moreover, assume that we have

t
u(t) < p(t) +/ B(s)u(s) ds,  for allt € [a,b].
Then we have
u(t) < p(t)efat Bls) s for all t € [a,b].

Lemma A.2 (Discrete Gronwall’s Lemma). Fiz 7 € [0,T] and let p, B1, B2, and u be real
functions on [0,T] such that

(i) p is non-decreasing and bounded on [0,T],

(i) 1 is non-decreasing and continuous on [0,T],

(#i) B2 is non-negative and continuous on [0,T] and

(iv) w is non-negative and continuous on [0,T.

Assume that for every t € [0,T] the following property holds: let n € Ny such that nt <
t < (n+1)7 and assume

u(t) < (p(t) = p(n7)) + (1 + Bu(t) — Br(n7))u(nT) +/ Pa(s)uls) ds  for all't € [0,T].
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Then it holds
u(t) < u(o)eﬁl(t)—51(0)+f()t B2(s) ds + (p(t) — p(o))e,ﬁﬁ(t)—ﬁl(o)-i-fot B2(s) ds for all t € [0, T).

Proof. The proof uses n applications of the classical Gronwall’s Lemma for the intervals
[0,7],[r,27],...,[(n — 1)7,n7], [nT,t]. The first application over [nT,t] gives

u(t) < [(p(t) = p(n)) + (L + Ba(t) — By (n7))u(nr)] efar P2 ds.

The second application for the interval [(n — 1)7, n7] gives

u(nt) < [(p(n7) — p((n — 1)7)) + (1 + f1(n7) — Bi((n — 1)7))u((n — 1)7)] x

Ty B2(s) ds,
Plugging the last estimate into the first one we arrive at

u(t) < (p(t) — p(nr))elor 20 o
+[1+ Bi(t) — Bi(nT)] [p(nT) — p((n — 1)7)] ef(tn_l)T B2(s) ds+
+ 1+ pi1(t) — Br(nT)][1 + Bi(nT) — B1((n — 1)7)] u((n — 1)7_)6[(271)7 Ba(s) ds

Now, by induction on this iterated operations we obtain

u(t) < (p(t) — p(nr))elnr 20) doy

I
—

n

L4810 = B Y ol = i)7) = pl(n = i = 1] llomione 200 8o

i

< I +60G7) =BG - D)+
j=n—it1

Il
o

+u(0)edo B205) 45 1 4 By () — By (n7) H + B1(47) = B((G — 7))

It is a well-known fact that 1 + a < e® for all @ > 0. Hence it follows

n
H(l +ap) < e2i=1%  for all ai,...,ap > 0.
i=1

If we use the above inequality we get

u(t) < (p(t (nT))effw Ba(s) ds

n—1

+ D _lp((n—i)7) — p((n —i—1)7)] eJnmicnyr B2() ds Br (&)= (n—i)7) |
=0

—|—u( )efo Ba(s) dsp1(t)—B1(0)
u(0)P OO B0) (1) — p(0))e OO 200 o,

which is the desired statement. O
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Some facts about Carathéodory
solutions

For the reader’s convenience we briefly recall some general, well-known results about so-
lutions to Carathéodory differential equations.

We fix a domain Q C R", a Carathéodory function ¢ : [0,7] x Q2 - R", and 0 < 7 <T. A
function y : [0, 7] — € is called a solution of the Carathéodory differential equation

y(t) = g(t,y(t)) forte|0,], (B.1)

if and only if y is absolutely continuous and (B.1]) is satisfied a.e. in [0, 7]. The following
existence result holds.

Theorem B.1. Fiz T > 0 and y° € R™. Suppose that there exists a compact subset 0 of
R™ such that y° € int(Q) and there exists mq € L([0,T]) for which it holds

lg(t, I < ma(t), (B.2)

for a.e. t € [0,T] and for all y € Q. Then there exists a T > 0 and a solution y(-) of
(B.1) defined on the interval [0,7] which satisfies y(0) = y°. If there exists a function
¢ € LY([0,T)) such that the function g also satisfies the condition

g(ty) -y < LA+ [lyl?), (B.3)

for a.e. t € [0, T] and every y € Q, and it holds B(0, R) C Q for
1/2
B> ((1+ el (O — 1), (B.4)

then the local solution y(-) of (B.1)) which satisfies y(0) = y° can be extended to the whole
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interval [0, 7).

Proof. Since y° € int(Q), we can consider a ball B(y%,r) C € for some r > 0. The classical
result [100, Chapter 1, Theorem 1] and (B.2) yield the existence of a local solution defined
on an interval [0, 7] and taking values in B(y°, 7).

If (B.3) holds, then we have

%Ily(l‘)ll2 = 25(t) - y(t) = 29(t, y(t)) - y(t) < 20() (1 + [ly(B)I),

for every t € [0, 7], hence, by direct integration we can conclude

T 1/2
Iyl < (1 19°2)elo % — 1) for every ¢ € [0,7].

Choosing R as in (B.4)), the graph of a solution y(-) cannot reach the boundary of [0, T x
B(0, R) unless 7 = T, therefore the continuation of the local solution to a global one on
[0, T follows, for instance, from [100, Chapter 1, Theorem 4]. O

Remark B.2. The condition

lg(t, )l < €)1+ [yl (B.5)

is usually encountered in place of (B.3|). However, the latter is weaker than (B.5) as the
following set of inequalities shows

g(t,x) -z < |[g(t, z)[[||
<L)+ [zl
< )l + [l=]?)
(t

< 2u0) 1+ ).

Therefore, if (B.5)) is satisfied with £ € L'([0,T7]), then (B.3)) holds with 3¢/2 € L'([0,T7).

Gronwall’s Lemma easily gives us the following results on continuous dependence on
the initial data.

Theorem B.3. Let g1,92 : [0,T] x R"™ — R™ be Carathéodory functions both satisfying
(B.3) for the same ¢ € L*([0,T]). For every r > 0 define

1/2
Pro, T = ((1 +r )efo ()t _ 1) .

Assume in addition that there exists a function L € L1([0,T)]) satisfying

llgi(t,y1) — gi(t, y2)ll < L(t)l|ly1 — vl

for every t € [0,T), every i = 1,2, and every y1, y2 such that ||y;|| < prer, fori=1,2.
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Then, if for all i = 1,2 we have

{ Ui (t) = gi(t,y;(t))  for every t € (0,T],
yi(0) =y}

R

with initial data satisfying ||y?]|, |48 < 7, it holds

+ t
ly1(t) — ya(t)]] < elo Ll)ds <Hy? — 3| +/0 lg1(s, ) — ga(s, ’)‘L""(B(O,PT,Z,T))dS> (B.6)

for every t € [0,T].

Proof. By Theorem for every i = 1,2 we may consider a solution y; : [0,7] — R? of
(B.1) with g = g; and initial datum y!. For every ¢ € [0, T], we can bound ||y (¢) — y2(t)||
from above as follows:

t
ly1 () — v )]l < [y — ¥5]] +/0 llg1(s) — 92(s)||ds
= ||ly! — 3|+

+/O llg1(s,y1(5)) — g1(s,92(5)) + 91(s,y2(5)) — g2(s,y2(5))||ds
< — o2 + / 19165 7) = 925 Y30 2 A+
0
+ /O L(s)[1(5) — wa(s) | ds.

Since the function £(£) = y1(0) = y2(O)l| + Ji 191(5, -) — g2(5, )| o< (50 1) s i increas-
ing, an application of Gronwall’s Lemma gives , as desired. O

Remark B.4. Fix y° € R” and suppose that a function g satisfies the assumptions of
Theorems and for every T' > 0. Then, for every T' > 0, we have a unique solution
yr : [0,T] — R™ of with initial condition °. By uniqueness, this family of solutions
(yr)r>0 satisfies

Ty <To = yn(t) =yn(t), foreveryte[0,T1].

We can thus define y : Ry — R™ as y(t) = y(t) for every t > 0, and obtain by construction
a solution of (B.1]) with initial datum 7°.
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