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Although shear banding is a ubiquitous phenomenon observed in soft materials, the
mechanisms that give rise to shear-band formation are not always the same. In this
work, we develop a new two-fluid model for semi-dilute entangled polymer solutions
using the generalized bracket approach of nonequilibrium thermodynamics. The
model is based on the hypothesis that the direct coupling between polymer stress and
concentration is the driving mechanism of steady shear-band formation. To obtain
smooth banded profiles in the two-fluid framework, a new stress-di↵usive term is
added to the time evolution equation for the conformation tensor. The advantage of
the new model is that the di↵erential velocity is treated as a state variable. This allows
a straightforward implementation of the additional boundary conditions arising from
the derivative di↵usive terms with respect to this new state variable. To capture the
overshoot of the shear stress during the start of a simple shear flow, we utilize a
nonlinear Giesekus relaxation. Moreover, we include an additional relaxation term
that resembles the term used in the Rouse linear entangled polymer model to account
for convective constraint release and chain stretch to generate the upturn of the
flow curve at large shear rates. Numerical calculations performed for cylindrical
Couette flow confirm the independency of the solution from the deformation history
and initial conditions. Furthermore, we find that stress-induced migration is the
responsible di↵usive term for steady-state shear banding. Because of its simplicity,
the new model is an ideal candidate for the use in the simulation of more complex
flows. Published by AIP Publishing. [http://dx.doi.org/10.1063/1.4953859]

I. INTRODUCTION

Many soft materials can develop localized bands with di↵erent shear rates, which are known as
shear bands. Although the rheology of shear-banding materials has been studied for over a decade,
the di↵erent mechanisms that give rise to shear-band formation are not well understood. For a
review of shear banding in complex fluids, please refer to Refs. 1–3.

The most intensively studied systems that form shear bands are worm-like micelles, which
are flexible cylindrical self-assemblies of surfactant molecules in a solution. Worm-like micelles
are also called living polymers because they not only relax through the same processes as poly-
mers, including reptation and Rouse-like motion, but also break and reform reversibly. Shear
banding is thought to arise in these systems from the dynamic breakage and recombination pro-
cesses of the micellar species.4,5 During the past decade, a few multi-species models taking these
continuous processes into account have been developed using arguments from kinetic theory6 and
nonequilibrium thermodynamics.7,8 For a constitutive model to predict shear banding in semi-dilute
worm-like micellar solutions, the flow curve of the shear stress versus the applied shear rate must
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be non-monotonic for a steady homogeneous flow. However, solutions along the decreasing part
of this curve are known to be mathematically unstable. The flow therefore separates into zones
with di↵erent shear rates that coexist at identical values of stress. The experimentally observed
stress plateau in the region of shear banding can be recovered by including stress di↵usion in the
time evolution equation of the conformation/extra stress tensor.4,9 Stress di↵usion also guarantees a
unique stress selection and, furthermore, smooths the transition region between the shear bands.4,10

In contrast, the shear stress of semi-dilute entangled polymer solutions is typically a mono-
tonically increasing function of the shear rate. One disadvantage of the early reptation models for
entangled polymers, such as the integral Doi-and-Edwards model,11 is that they cannot predict a
monotonic flow curve in the absence of a large solvent contribution. This is because the mech-
anism of convected constraint release (CCR) of the entanglements due to flow and chain stretch
are missing in the description. A famous di↵erential approximation of the Doi-and-Edwards model
that includes these features is the Rouse linear entangled polymer (Rolie-Poly) model developed by
Likhtman and Graham.12 In a numerical study, Adams and Olmsted13 showed that the Rolie-Poly
model can predict transient shear banding, provided the slope of the monotonic flow curve is small
enough. As steady state is achieved, the velocity profile eventually smooths out. In addition to
this limitation, shear banding is obtained for much larger entanglement numbers than those found
in experiments. Moreover, the high shear branch cannot be correctly described without violating
certain physical criteria used to define the e↵ect of chain stretch on CCR.14 By performing a
linear stability analysis within a highly general framework that encompasses the most widely used
models for the rheology of shear-banding materials, which only take one fluid phase into account,
Moorcroft and Fielding15 provided a fluid-universal criterion for the onset of shear banding. The
theoretical results were supported by the numerical predictions of the Rolie-Poly and Giesekus
models.16 They showed that materials that undergo a stress overshoot during the start-up of a simple
shear flow have a tendency to shear band. Moreover, they found that such models are not capable
of predicting steady-state bands if the flow curve is strictly monotonic. In summary, one-fluid
models fail to describe polymer systems that display shear bands at steady state and, therefore, their
applicability seems to be limited.

By performing rheometric tests coupled with particle-tracking velocimetry, it has been shown
that highly entangled polybutadiene solutions17,18 and DNA,19 as a model monodisperse polymer
solution, can form shear bands. Depending on the rate at which the rheometer is ramped up and
the entanglement number of the polymer, the velocity profile can be linear or banded at steady
state. However, these findings should be interpreted very cautiously, as entangled polymer solutions
usually su↵er edge fracture, so that reliable results are di�cult to obtain.20 Another group of re-
searchers21,22 used optical coherence tomography to record banded velocity profiles in concentrated
solutions of high-molecular weight polyacrylamide at steady state. According to these authors, their
data are reproducible and independent of the flow geometry used. More experimental research is
required to obtain reliable and more extensive information about the shear-banding behavior in
di↵erent polymeric systems.

Several experimental studies have reported that high-molecular weight polymers can form
spatially inhomogeneous concentration profiles when they are subjected to shear flow.23–25 Dill and
Zimm23 presented a new method for the separation of large DNA molecules from small ones by
radial migration. In their study, they showed that when DNA molecules are sheared in a flow field
between a pair of concentric cylinders or cones, they can e↵ectively be separated. This is because
the centripetal velocity toward the axis of the apparatus is a power-law function of molecular
weight. In addition, Metzner et al.25 detected migration e↵ects across streamlines in Poiseuille flows
of polymer solutions that fall between the dilute and semi-dilute concentration range. Their exper-
imental apparatus consisted of a tube that communicates with a concentric cavity filled with the
same fluid and whose inlets and outlets are connected via a loop for recirculation. After the solution
was recirculated for a long time, a significant increase of polymer concentration in the stagnant
cavity was found. Finally, MacDonald and Muller24 performed long-term shearing measurements
on a dilute polystyrene solution in a cone-and-plate geometry and used a gel permeation chromatog-
raphy technique to measure the polymer concentration as a function of the radial position. The large
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increase in polymer concentration near the apex of the cone and the depletion of the polymer near
the edge was related to the shear-induced migration of the polymeric constituents.

The two-fluid approach is an appropriate means for describing di↵usion processes in complex
fluids. This method has predominantly been used in the past to study enhanced concentration fluc-
tuations in worm-like micellar solutions,26 polymer solutions,26–29 and polymer melts30 near the
critical point of phase separation, leading to an observed increase in turbidity. This approach as-
sumes that local gradients in the concentration and—if accounted for—viscoelastic stress generate
a nontrivial velocity di↵erence between the constituents of the mixture, which allows them to
di↵use at di↵erent speeds. To the best of our knowledge, Goveas and Fredrickson31 were the first
researchers to use a two-fluid model to predict shear banding in a polymeric material. They consid-
ered a bidisperse polymer melt and used the well-known upper-convected Maxwell model to calcu-
late the viscoelastic stress of each polymer species. In the 1990s, Beris and Edwards32 developed a
two-fluid description using the generalized bracket approach of non-equilibrium thermodynamics.
Almost a decade later, Apostolakis et al.33 used this description to investigate shear-induced migra-
tion e↵ects in a dilute polymer solution. Unfortunately, they implemented the two-fluid approach in
an ad hoc manner. In the resulting model, the di↵erential velocity only appears in the time evolution
equation for polymer conformation. To account for di↵usion in the concentration equation, they
added second-order gradient terms to this equation. If the di↵erential velocity is assumed to vanish
in the radial direction, the flow problem can be closed by imposing a no-flux condition on the
polymer concentration at the solid walls and a global constraint of total mass conservation.

Based on the experimental evidence that polymer concentration can become inhomogeneous
in a shear flow, Cromer et al.34 hypothesized that shear banding in semi-dilute entangled polymer
solutions is triggered by di↵usion. Inspired by the kinetic theory developed by Goveas and Fredrick-
son,31 these authors recently developed a two-fluid model for shear-banding polymer solutions.35

Their model was obtained by considering only one type of polymer dissolved in a viscous solvent
and replacing the Johnson–Segalman model with the Rolie–Poly model. Because this model ac-
counts for chain stretch and convective constraint release, the polymer stress can be predicted more
reliably under rapid deformations. In contrast to Apostolakis et al.,33 they introduced di↵usive terms
in the time evolution equation for the polymer concentration in a consistent manner. To ensure that
the polymer concentration remains conserved, they had to impose a no-flux condition at the solid
boundaries. The remaining boundary conditions were constructed so that the di↵erential velocity
vanishes at the boundaries.35,36

As observed by Beris and Mavrantzas,37 di↵erent theoretical frameworks can lead to similar
macroscopic equations governing the direct coupling between concentration and viscoelastic fluid
flow. By combining a two-fluid description with a realistic constitutive model for the extra stress,
Cromer et al.34 were the first to predict steady-state shear banding for systems that display a
monotonic flow curve. Their polymer model can predict important features, such as the inde-
pendency of the solution from the deformation history and initial condition, the occurrence of a
banded steady state if the flow is ramped quickly enough from rest, the characteristic long-lived
transients of shear-banding fluids, and elastic recoil after fast deformations. By means of a linear
stability analysis, Cromer et al.36 showed that in opposition to Fickian di↵usion, shear-induced
migration can force polymers to increase their concentration gradients, thereby creating a shear
banding instability for a certain range of parameters. Furthermore, they found that the ratio of the
polymer correlation length to the channel width determines the number of bands in planar shear
flow. Subsequently, Cromer et al.36 incorporated thermal noise in their two-fluid framework through
a canonical Langevin approach to investigate concentration fluctuations in semi-dilute entangled
polymer solutions under extensional flow. To prevent divergence in extensional flow, they modified
the Rolie-Poly model with a finitely extensible non-linear elastic-type chain stretch limitation. For
the first time, the finite-wavelength concentration fluctuation amplification observed experimentally
by van Egmond and Fuller38 could be predicted. In summary, these recent studies highlight the
importance of accounting for di↵usional e↵ects. Moreover, they confirm that a reliable time evolu-
tion equation for the conformation/extra stress tensor is required in order to be able to reliably
predict phenomena that are related to the coupling between polymer stress and concentration.
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Germann et al.5 improved the two-fluid framework for viscoelastic fluids developed by Beris
and Edwards32 using the generalized bracket approach of nonequilibrium thermodynamics. This
new formulation is advantageous because the total mass is conserved by the time evolution equa-
tions themselves. Consequently, it can easily be applied to viscoelastic systems comprising more
than two phases. In addition, it is no longer necessary to impose a no-flux condition on the poly-
mer concentration in order to prevent the outflow of material through the system boundaries. As
in all other previous approaches, the di↵erential velocity was considered to be an intermediate
variable, which complicates the specifications of the additional boundary conditions arising from
the higher-order di↵usive terms. To overcome this di�culty, the same authors suggested treating
the di↵erential velocity as a state variable.39 Consequently, the additional boundary conditions
arising from the derivative di↵usive terms can be imposed directly with respect to this new state
variable. For instance, no-slip and no-flux boundary conditions translate into the requirements that
the tangential and normal components, respectively, of the di↵erential velocity must vanish at the
boundaries. Overall, this work is a significant contribution because it lays the foundation for a
proper mathematical formulation of advection–di↵usion problems.

The goal of the present work is to adopt the two-fluid approach developed by Germann et al.5,39

to describe shear banding in semi-dilute entangled polymer solutions. In the time evolution equa-
tion for the conformation tensor, a nonlinear Giesekus relaxation is used to capture the overshoot
occurring during a rapid start-up of a simple shearing flow, shear-thinning behavior, and nontrivial
first and second normal stress di↵erences. We believe that the Giesekus relaxation is an appropriate
choice, as it was originally derived from dumbbell kinetic theory using hydrodynamic drag and
Brownian motion to account for the interactions between the polymeric constituents in a concen-
trated solution or melt. In addition, we include a second nonlinear relaxation term to describe the
monotonic growth of the shear stress at large shear rates. This term is similar to the one used in the
Rolie–Poly model to account for CCR and chain stretch.12 The Rolie–Poly model was not consid-
ered here to describe the conformational dynamics, as the CCR term of this model cannot be derived
within the framework of nonequilibrium thermodynamics. Leygue et al.40 developed an expression
for CCR using the generalized bracket approach of nonequilibrium thermodynamics. However, like
the Marrucci-Grego-Ianniruberto model,40 this model does not consider chain stretching. Moreover,
because of the strain measure used, it cannot be easily incorporated in the two-fluid approach of
Germann et al.5,39

The remainder of this paper is organized as follows. Sec. II presents the two-fluid approach
used to develop a new model for semi-dilute entangled polymer solutions. Sec. III analyzes the
behavior of the model for a circular Couette flow. Sec. IV presents the conclusions.

II. POLYMER MODEL

In this work, the two-fluid approach proposed by Germann et al.5,39 is adopted to develop a
model for semi-dilute entangled polymeric solutions. We consider the total system to be closed,
isothermal, and incompressible. This system consists of two components: one species of polymeric
constituents and a viscous solvent. For the polymeric species, the following state variables are
defined: mass density ⇢

p

; momentum density m

p = ⇢
p

v

p, where v

p is the velocity field; and struc-
tural tensorial parameter density C = n

p

c, where n
p

is the number density and c is the conformation
tensor. The number density of the polymer component is given by n

p

= (⇢
p

/M
p

)N
A

, where M
p

is
the molecular weight of the polymer and N

A

is the Avogadro constant. For the viscous solvent,
we define the following state variables: mass density ⇢

s

= n
s

M
s

/N
A

, where n
s

denotes the number
density of the solvent and M

s

its molecular weight, and momentum density m

s = ⇢
s

v

s, where v

s

is the velocity field. The total mass of the polymeric solution is ⇢ = ⇢
p

+ ⇢
s

. Within the bracket
formalism of non-equilibrium thermodynamics,32 the system dynamics are described by the master
equation

dF
dt
= {F,H} + [F,H] , (1)
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where F is an arbitrary functional depending on the system variables and H is the Hamiltonian or
total system energy. The Poisson bracket {·, ·} and dissipation bracket [·, ·] represent the reversible
and irreversible contributions, respectively, to the system dynamics. The total system energy is
characterized by the following components of the Hamiltonian:

H = H
k

+ H
e

+ H
m

, (2)

where

H
k

=

⌅

⌦

1
2

 
m

p ·mp

⇢
p

+
m

s ·ms

⇢
s

!
d3x, (3)

H
e

=

⌅

⌦

1
2

(
K trC � n

p

k
B

T ln det
 

KC

n
p

k
B

T

!)
d3x, (4)

H
m

=

⌅

⌦

(
n
p

k
B

T ln
 

⇢
p

⇢
p

+ ⇢
s

!
+ n

s

k
B

T ln
 

⇢
s

⇢
p

+ ⇢
s

!)
d3x. (5)

Here, ⌦ is the flow domain, K is the Hookean spring constant associated with the polymer, k
B

is the Boltzmann constant, and T is the absolute temperature. Eq. (3) represents contributions of
the solvent and the polymeric constituents to the kinetic energy, Eq. (4) represents the elastic
free energy associated with the Hookean dumbbells of the polymers, and Eq. (5) is the standard
Flory-Huggins entropy of random mixing. For simplicity, we do not consider any dependence of
the total system energy on gradients in the state variables. Di↵erentiating the Hamiltonian with
respect to the momentum densities of the polymer and solvent yields �H/�m

p = m

p/⇢
p

= v

p and
�H/�m

s = m

s/⇢
s

= v

s, respectively.
For the given set of state variables, the Poisson bracket can be constructed as follows:32

{F,H} = �
⌅

⌦

8><>: �F
�⇢

p

r�
*, �H
�mp

�

⇢
p

+- � �H
�⇢

p

r�
*, �F
�mp

�

⇢
p

+-
9>=>; d3x

�
⌅

⌦

8><>: �F
�mp

�

r�
*, �H
�mp

�

mp

�
+- � �H

�mp

�

r�
*, �F
�mp

�

mp

�
+-
9>=>; d3x

�
⌅

⌦

(
�F
�C↵�

r�
 
�H
�mp

�

C↵�

!
� �H

�C↵�
r�

 
�F
�mp

�

C↵�

!)
d3x

�
⌅

⌦

C↵�
*, �H
�C↵�

r�
�F
�mp

�

� �F
�C↵�

r�
�H
�mp

�

+- d3x

�
⌅

⌦

C��

 
�H
�C↵�

r�
�F
�mp

↵

� �F
�C↵�

r�
�H
�mp

↵

!
d3x

�
⌅

⌦

8><>: �F
�⇢

s

r�
*, �H
�ms

�

⇢
s

+- � �H
�⇢

s

r�
*, �F
�ms

�

⇢
s

+-
9>=>; d3x

�
⌅

⌦

8><>: �F
�ms

�
r�

*, �H
�ms

�

ms

�
+- � �H

�ms

�
r�

*, �F
�ms

�

ms

�
+-
9>=>; d3x. (6)

Without any dissipation, the time evolution equations for the state variables are

@⇢
p

@t
= �r↵

�
v p↵ ⇢p

�
, (7)

@⇢
s

@t
= �r↵ (v s↵⇢s) , (8)

@

@t
�
⇢
p

v p↵
�
= �r�

⇣
v p� ⇢p

v p↵
⌘
� mp

�r↵ *, �H
�mp

�

+-
� ⇢

p

r↵
 
�H
�⇢

p

!
� C��r↵

 
�H
�C��

!
+ r��

p

�↵, (9)
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@

@t
(⇢

s

v s↵) = �r�

⇣
v s�⇢sv

s

↵

⌘
� ⇢

s

r↵
 
�H
�⇢

s

!
� ms

�r↵ *, �H
�ms

�

+- , (10)

@C↵�

@t
= �r�

�
v p� C↵�

�
+ C�↵r�v p� + C��r�v p↵ , (11)

where �p denotes the extra stress associated with the polymer, which is defined as

�p

↵� ⌘ 2C↵�
�H
�C��

= KC↵� � n
p

k
B

T�↵�. (12)

To incorporate the incompressibility constraint corresponding to a constant total mass density, it is
necessary to switch to a new set of variables. Let the mass average velocity be defined as

v ⌘ ⇢
p

⇢
v

p +
⇢
s

⇢
v

s, (13)

and the di↵erential velocity be defined as

�v ⌘ v

p � v

s. (14)

Correspondingly, the total momentum density is given as

m ⌘ m

p +m

s, (15)

and the di↵erential momentum density is given as

�m ⌘ ⇢
s

⇢
m

p � ⇢
p

⇢
m

s = ⇢red�v. (16)

Here, ⇢red = ⇢
s

⇢
p

/⇢ corresponds to the reduced mass density of the polymeric solution. The kinetic
contribution to the Hamiltonian must be re-expressed as

H
k

=

⌅

⌦

1
2

 
m ·m
⇢
+
�m · �m

⇢red

!
d3x. (17)

Di↵erentiating the kinetic part of the Hamiltonian provided above yields �H
k

/�m = �H/�m = v

and �H
k

/�(�m) = �H/�(�m) = �v. As in the Newtonian case, the time evolution equation of the
total momentum density can be obtained by adding those of the individual phase momentum densi-
ties. That is, if we add Eqs. (9) and (10) and then use the continuity Eqs. (7) and (8), we obtain the
following time evolution equation for the total momentum density:

⇢
@v↵
@t
= �⇢v�r�v↵ � r↵p + r��

p

�↵, (18)

where the thermodynamic pressure is defined as usual as

p ⌘ �h + ⇢
s

�H
�⇢

s

+ ms

�

�H
�ms

�

+ mp

�

�H
�mp

�

+ ⇢
p

�H
�⇢

p

+ C��
�H
�C��

.

Here, h represents the total local free energy density, defined as H =
⇤
⌦ h d3x. The viscoelasticity

that appears in Eq. (18) is a dissipative contribution in the form of the divergence of the extra stress
on the right-hand side. Similarly, adding the continuity Eqs. (7) and (8) together obtains

@⇢

@t
= �r↵ (v↵⇢) . (19)

If we further assume that the total mass density of the polymeric solution remains, like that of most
liquids, nearly constant, this equation simplifies to the well-known divergence-free constraint

r↵v↵ = 0. (20)

Consequently, it is no longer necessary to calculate the pressure via Eq. (19). The pressure here is
simply a projector operator of the velocity derivative in divergence-free space. If we subtract Eq. (9)
from (10), multiply the first by ⇢

s

/⇢
p

and the second by ⇢
p

/⇢
s

, and then make use of the continuity
Eqs. (7) and (8), we obtain a time evolution equation for the di↵erential velocity. By ignoring all
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inertial terms that are proportional to the square of the di↵erential velocity, this equation becomes

⇢
p

⇢
s

⇢

@�v↵
@t
= � ⇢p

⇢
s

⇢
v�r��v↵ +

⇢
s

⇢

8><>:�mp

�r↵ *, �H
�mp

�

+-
� ⇢

p

r↵
 
�H
�⇢

p

!
� C

i j

r
 
�H
�C

i j

!
+ r · �p

)

� ⇢
p

⇢

8><>:�⇢sr↵
 
�H
�⇢

s

!
� ms

�r↵ *, �H
�ms

�

+-
9>=>; . (21)

In the above equation, the higher order inertial terms have been ignored to obtain a simplified
expression of the substantial derivative. We believe that the first-order approximation is justified for
slow flows. As polymers in semi-dilute solutions have low inertia because of their small volume
fraction, they follow the motion of the ambient solvent quickly under the action of large drag forces.

Next, we supplement Eq. (21) with the dissipative contributions to the system dynamics. An
additional term accounting for the viscous drag between the polymer constituents and viscous
solvent must be included in the system dynamics, i.e.,

[F,H] = �
⌅

⌦

Z↵�
�F

� (�m↵)
�H

�
�
�m�

�d3x, (22)

where the drag coe�cient tensor Z↵� is approximated by an isotropic tensor G0/D�↵�, where
G0 = n0

p

k
B

T is the modulus of elasticity evaluated at the linear viscoelastic limit and D is the scalar
di↵usivity. In addition, we can describe the viscous dissipation as follows:

[F,H] = �
⌅

⌦

⌘
s

2

8><>:r↵ *, �F
�ms

�

+- + r�

 
�F
�ms

↵

!9>=>;
8><>:r↵ *, �H

�ms

�

+- + r�

 
�H
�ms

↵

!9>=>; d3x, (23)

where ⌘
s

denotes the Newtonian solvent viscosity. To further simplify the time evolution equation
for the di↵erential velocity, we neglect the inertial contributions to the chemical potential in Eq. (21)
and obtain

⇢
p

⇢
s

⇢

 
@

@t
+ v · r

!
(�v) = ⇢

s

⇢

�
�r

�
n
p

k
B

T
�
+ r · �p

 
� ⇢

p

⇢
{�r (n

s

k
B

T) + ⌘
s

r2
v

s} � G0

D
�v, (24)

where the local di↵usivity constant D controls the di↵usion between the solvent and polymer. At
the di↵usionless limit, i.e., if we let D ! 0, we obtain �v! 0. Fickian di↵usion is described by the
spatial gradients of the number densities associated with the polymer and solvent; the divergence
of �p accounts for stress-induced migration. Because the di↵erential velocities are now treated as
state variable, we can directly impose the additional boundary conditions arising from the presence
of di↵usive derivative terms appearing in Eq. (24) with respect to this variable. For instance, if
we assume no slip occurs along the solid walls, we simply have to force the normal component
of the di↵erential velocity to vanish there. Furthermore, no material flux is enforced by requiring
the tangential component of the di↵erential velocity to vanish. This mathematical treatment is now
possible because the Laplacian of the di↵erential velocity implicitly appears on the right-hand side
of Eq. (24). In summary, by considering the di↵erential velocity as state variable, the additional
boundary conditions can be formulated in a mathematically correct and straightforward way. This
will be especially important when considering slip along the walls and flows in more complicated
geometries.

Next, let us model the irreversible conformational dynamics. Below a critical value of the shear
stress versus shear rate slope, the solution may not be smooth, even if the flow curve is monotonic.
There are several ways to avoid this type of discontinuity. The standard approach is to add stress
di↵usion to the time evolution equation of the conformation/extra stress tensor.41 Another approach
is to include a square-gradient approximation in the mixing free energy to account for size e↵ects.35

This type of regularization is weakly nonlocal, i.e., only neighboring points are notably a↵ected by
this modification, and it has made no significant di↵erence in our case. Therefore, we follow the
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standard approach and construct a new expression for stress di↵usion using the generalized bracket
approach of nonequilibrium thermodynamics. The new expression is based on the one used by Beris
and Edwards32 to account for stress di↵usion in one-fluid models.

[F,H
m

] = �
⌅

⌦

B↵�

 
r�

 
C��

�F
�C�↵

!!  
r"

 
C"

�H
�C�

!!
d3x

�
⌅

⌦

B↵�

 
r�

 
C��

�H
�C�↵

!!  
r"

 
C"

�F
�C�

!!
d3x, (25)

where B↵� is a second-order transport coe�cient. For simplicity, we only consider isotropic trans-
port coe�cients, which leads to B↵� = 2Dnonloc�↵�. To obtain an expression that satisfies material
objectivity, however, it is necessary to supplement the expression with the second term on the
right-hand side of Eq. (25). Furthermore, we include the standard expressions for a viscoelastic
system in the dissipative dynamics.32 Ignoring the entropy correction terms leads to

[F,H
m

] = �
⌅

⌦

⇤1
↵��"

�F
�C↵�

�H
m

�C�"
d3x �

⌅

⌦

⇤2
↵��"

�F
�C↵�

�H
m

�C�"
d3x, (26)

where ⇤1
↵��" and ⇤2

↵��" are general fourth-order relaxation tensors. The first integral on the
right-hand side of Eq. (26) accounts for a nonlinear Giesekus relaxation, where its phenomenolog-
ical relaxation matrix is given by

⇤1
↵��" =

1
2�1K

[(1 � ↵)(C↵���" + C���↵" + C↵"��� + C�"�↵�) + 2↵
K

k
B

T
(c↵�C�" + c↵"C��)].

(27)

Here, �1 is a characteristic relaxation time, and ↵ is the mobility factor, which relates to the
anisotropic relaxation of the polymer chains. At ↵ = 0, we can recover the Maxwellian relaxa-
tion. The Giesekus relaxation term takes into account hydrodynamic drag and Brownian motion.
Furthermore, it accounts for shear thinning behavior and nontrivial first and second normal stress
di↵erences. As this relaxation generates an overshoot during the start-up of a simple shearing flow,
shear-band formation can be triggered. The second integral on the right-hand side of Eq. (26) has
been added to model the flow curve at high shear rates. As the upturn of the shear stress at high
shear rates can only be described using a second nonlinear relaxation term taking the extension
of the polymeric constituents into account, we selected the following phenomenological relaxation
matrix:

⇤2
↵��" =

f
tr( K

kBT
c) � 3

g
q

2�2K
(C↵���" + C���↵" + C↵"��� + C�"�↵�), (28)

where �2 denotes a characteristic relaxation time. Prefactor [K/(k
B

T)trc � 3]q depends on the trace
of the conformation tensor, as it is a relative measure of polymer stretch. As the final time evolu-
tion equation of the conformation tensor provided in Eq. (31) shows, the second relaxation term
resembles the term used in the Rolie-Poly model to describe CCR including chain stretch. Because
we assume �2 � �1, parameters �1 and �2 can be identified as the reptation time and Rouse time,
respectively.

To reduce numerical errors in the calculation of an inhomogeneous flow, we use c as the
unknown variable in the final model rather than C. Following the standard procedure of the general-
ized bracket approach,32 the time evolution equations for the other state variables can be identified.
This is typically done by comparing the left- and right-hand sides of the master Eq. (1) after the
explicit expressions of the Poisson and dissipation brackets have been inserted. Finally, we obtain

⇢
@v

@t
= �⇢v · rv � rp + r · �, (29)

@n
p

@t
= �r ·

�
v

p n
p

�
, (30)
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@c

@t
= �v

p · rc + c · rv

p + (rv

p)T · c

� 1
�1

"
(1 � ↵) I + ↵

K
k
B

T
c

#
·
 
c � K

k
B

T
I

!

+
1
�2

"
tr
 

K
k
B

T
c

!
� 3

#
q

 
c � K

k
B

T
I

!

+Dnonloc
⇣
c · r (r · �p) + [r (r · �p)]T · c

⌘
. (31)

Eq. (29) is the Cauchy momentum balance, where p represents the pressure and � the extra stress
tensor associated with the polymer solution. The last term on the right-hand side is the Newtonian
stress. Eq. (30) is the time evolution equation for the number density of the polymer. The left-hand
side and the term on the right-hand side constitute the material derivative. This equation accounts
for the fact that the number density is allowed to vary locally. Eq. (31) is the time evolution
equation for the conformation of the polymer. The partial time derivative on the left-hand side
and the first three terms on the right-hand side constitute the upper-convected time derivative of
the conformation tensor. Note that this upper-convected time derivative involves the velocity of
the polymer, which can be calculated from the total and di↵erential velocities using Eq. (33). The
two-fluid approach used here can be applied in the context of viscoelastic fluids, as it allows a
direct coupling between the conformational dynamics and di↵usional processes. The fourth term
involving parameter ↵ accounts for the Giesekus relaxation. This term generates an overshoot of the
shear stress during the start-up of a simple shearing flow and thus triggers the shear-band formation.
Furthermore, it accounts for shear-thinning behavior and nontrivial first and second normal stress
di↵erences. The fifth term, involving pre-factor [K/(k

B

T)trc � 3]q, is a second nonlinear relaxation
term. This term has been added to generate the upturn of the flow curve at high shear rates. The
prefactor depends on the trace of the conformation tensor because it is a relative measure of polymer
stretch. At the linear viscoelastic limit, i.e., at low shear rates, this term vanishes. Note that this term
resembles the term used in the Rolie-Poly model to account for CCR and chain stretch. Parameter
Dnonloc, appearing in the last term of Eq. (31), controls the smoothness of the profiles.

Because of the presence of the higher-order derivatives in the last term of Eq. (31), this equation
requires special treatment at the boundaries.39 Because of local surface e↵ects, di↵usion should
vanish at these locations within a distance of less than the gyration radius; this is because a flat
“pancake” conformation is required to fit next to the rigid walls. We therefore set parameter Dnonloc
equal to zero on the boundaries. Using this approach, it is not necessary to impose extra boundary
conditions and thus make some unnecessary assumptions regarding the internal microstructure of
the polymer.

Furthermore, note the similarities between the stress di↵usive terms appearing in Eqs. (24) and
(31). In the absence of inertia, an explicit expression for the di↵erential velocity can be obtained
from Eq. (24). Inserting this expression into Eq. (31) yields stress di↵usive terms with the same
structure as those that we added.

The above set of time evolution Eqs. (24) and (29)–(31) is closed by an explicit expression for
the extra stress

� = �p + ⌘
s

f
rv

s + (rv

s)T
g
= n

p

(Kc � k
B

TI) + ⌘
s

f
rv

s + (rv

s)T
g
, (32)

where the first term accounts for the viscoelastic contribution of the polymer and the second term
accounts for the extra stress associated with the viscous solvent.

The phase velocities appearing in the time evolution Eqs. (24) and (29)–(31) can be calculated
from the total average velocity and di↵erential velocities as follows:

v

p = v +
⇢
s

⇢
�v, (33)

v

s = v � ⇢
p

⇢
�v. (34)
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In the equilibrium state of rest (v = 0 and �v = 0), we can obtain the analytical solution of n
p

= n0
p

and c = (k
B

T/K) I.

A. Non-dimensionalization

In the following, we work with dimensionless quantities. The spatial position is scaled by the
characteristic height x̃ = x/H; time is scaled by the characteristic relaxation time t̃ = t/�1; pressure
is scaled by the plateau modulus p̃ = p/G0; extra stress is scaled as �̃ = �/G0; the conformation
tensor associated with the polymer is scaled as c̃ = (K/k

B

T)c; and the number density of component
i = p, s is scaled as ñ

i

= n
i

/n0
p

. The dimensionless parameters with respect to these scalings are the
elasticity number E = G0�2

1/⇢H2; the ratio of the molecular weight of the solvent to that of the
polymer � = M

s

/M
p

; the viscosity ratio � = ⌘
s

/⌘0, where ⌘0 = G0�1 is the zero shear viscosity;
and the ratio of the two characteristic relaxation times " = �1/�2. By assuming an initially uni-
form polymer concentration in the flow field, the total polymer concentration can be calculated
as µ = ñ0

p

/(ñ0
p

+ �ñ0
s

). The non-dimensional di↵usion coe�cients are defined as D̃ = D�1/H2 and
D̃nonloc = Dnonloc�1/H2. The non-dimensionalized form of the model Eqs. (24) and (29)–(34) can be
found in Appendix.

III. RESULTS

In this section, we analyze the behavior of the new model comprising time evolution Eqs. (24)
and (29)–(31), the explicit expression of the extra stress tensor provided in Eq. (32), and the explicit
expressions of the phase velocities provided in Eqs. (33) and (34) in shear flow. We consider the
flow in the annular gap between two concentric cylinders. The inner cylinder rotates in the counter-
clockwise direction while the outer cylinder is kept stationary. The characteristic height is given as
H = R

o

� R
i

, where R
o

and R
i

represent the radii of the outer and inner cylinders, respectively. The
dimensionless curvature q⇤ = (R

o

� R
i

)/R
i

specifies the relative position of the cylinders. The cylin-
drical coordinate system was used as the reference frame with r , ✓, and z for the radial, azimuthal,
and axial coordinates, respectively. Normalized coordinate r̃⇤ = (r � R

i

)/(R
o

� R
i

) is employed to
indicate the location in the gap.

A. Steady homogeneous shear flow

To study the e↵ect of the CCR-like term, we first consider the special case of steady homo-
geneous shear flow. As the values of the model parameters are typically determined under homo-
geneous shear flow conditions, this type of flow is of relevance. Homogeneous shear flow can
be obtained by neglecting the cylindrical curvature and assuming the shear rate across the gap to
be constant. Under this condition, the di↵erential velocity is identically zero and the new model
reduces to the standard Giesekus model for " = 0.

The parameter values of the new and Giesekus models were determined by manually fitting
these models to the flow curve obtained for a 10 wt./wt. % (1.6M) shear-banding polybutadiene
solution.18 The parameters of the new model that have an influence on the shape of the flow curve
and thus are determined by the fitting process are mobility factor ↵ = 0.73, ratio of the character-
istic relaxation times " = 2.5 ⇥ 10�4, power-law parameter q = 1.46, and viscosity ratio � = 10�5.
For the Giesekus model, we obtain mobility factor ↵ = 0.73 and viscosity ratio � = 8 ⇥ 10�4. The
governing sets of algebraic flow equations were solved using Newton’s method with lower-upper
triangular decomposition.42

We compare the flow curves predicted by the new model and its limiting case, i.e., the Giesekus
model, with experimental data.18 Fig. 1 displays the absolute value of the shear stress as a function
of the dimensionless shear rate or Weissenberg number, Wi ⌘ ˜̇� = �1V/H . As the Giesekus relax-
ation dominates over the CCR-like term at small and medium shear rates, the predictions of the
two models coincide in this flow regime. Because of the presence of the CCR-like term, our model
can capture the upturn of the curve without the need for a solvent contribution. Additionally, it is

 Reuse of AIP Publishing content is subject to the terms at: https://publishing.aip.org/authors/rights-and-permissions. Downloaded to  IP:  91.22.251.81
On: Tue, 21 Jun 2016 15:24:59



063104-11 S. Hooshyar and N. Germann Phys. Fluids 28, 063104 (2016)

FIG. 1. Influence of the CCR-like term on the homogeneous flow curve.

worth mentioning that the CCR-like term accounts for nontrivial normal stress di↵erences at large
shear rates. In summary, the results confirm that the CCR-like term, which incorporates a power-law
prefactor accounting for polymer stretch, is a good choice.

Fig. 2 shows the e↵ects of mobility factor ↵, ratio of the characteristic relaxation times ", and
power-law parameter q on the behavior of the homogeneous flow curve. We find that the slope after
the plateau is a↵ected by the value of ↵ (see Fig. 2(a)). For all values of ↵ used in this study, the
flow curve is monotonic. Increasing the value of ↵ decreases the slope. Fig. 2(b) illustrates that
parameter " determines where the upturn of the shear stress occurs. As this parameter, i.e., the
relative importance of the CCR-like term, is increased, the upturn is shifted to smaller shear rates.

FIG. 2. E↵ects of (a) ↵ with q = 1.46 and " = 2.5⇥10�4, (b) " with ↵ = 0.73 and q = 1.46, and (c) q with ↵ = 0.73 and
" = 2.5⇥10�4 on the homogeneous flow curve. Parameter � was kept fixed at 10�5.
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Fig. 2(c) shows that the slope of the shear stress is determined by power-law parameter q at large
shear rates. Increasing the value of q leads to an increase in the slope. This parameter determines
the influence of chain stretch, as the trace of the conformation tensor is a relative measure of this
quantity.

B. Start-up of cylindrical Couette flow

Next, we proceed with the inhomogeneous flow calculations. We consider the start-up of a
simple shear flow. The temporal evolution of the azimuthal velocity at the inner wall is specified by4

ṽ✓(r⇤ = 0, t̃) = Wi tanh(ãt̃), (35)

where ã is the dimensionless ramp rate of the rheometer. Typically, ã lies in the range of
O(100–102). Note that the azimuthal velocity at the inner cylinder corresponds to the apparent shear
rate across the gap at steady state,4 i.e., ˜̇�app = Wi. The outer cylinder is assumed to be stationary;
therefore, we setHv✓(r⇤ = 1) = 0. No flow through the walls is specified by setting the normal compo-
nents of the total and di↵erential velocities equal to zero (Hv

r

= f�v
r

= 0). To specify no slip along the
walls, the tangential component of the di↵erential velocity must vanish at the boundaries (f�v✓ = 0).

The parameters that could not be determined by fitting the steady homogeneous flow curve
were estimated for the inhomogeneous flow calculations as follows. To avoid long running times, a
moderate local di↵usivity constant (D̃ = 10�3) and a fast ramp rate (ã = 100) were used. A moder-
ate value of D̃nonloc = 10�3 was selected to remove the sharp kink in the banded profiles. Because
inertial e↵ects were not the main focus of this work, we simply set E�1 = 10�5. The dimensionless
curvature was specified as q⇤ = 0.04, which is a typical value for cylindrical Couette experiments.
To observe pronounced bands, we used a large value of the molecular weight ratio of � = 0.1. As in
Ref. 18, the total initial concentration corresponded to µ = 0.1.

The flow problem was solved using the numerical procedure employed in Germann et al.5,39,43

We used a Chebyshev pseudospectral collocation method44,45 with N1 = 200 collocation points for
spatial discretization and a second-order Crank–Nicolson scheme46 with an adaptive time step for
temporal discretization. The nonlinear system of the discretized algebraic equations was iteratively
solved at each time step by using an inverse-based multilevel incomplete lower-upper (ILU) pre-
conditioned Newton–Krylov solver.43 The key feature of the inverse-based multilevel ILU precondi-
tioner is that the magnitude of the preconditioned coe�cient matrix perturbations with respect to the
identity matrix can be controlled by adjusting the magnitude of the inverse triangular factors during
the construction of the coe�cient matrix. The theoretical details of this special ILU preconditioner
can be found in Bollhöfer and Saad47 and Bollhöfer et al.48

To check the convergence of the numerical calculations, we repeated the simulation obtained
for Wi = 10 with N2 = 150 and N3 = 250 collocation points. For each grid of collocation points, the
solution was computed at 100 di↵erent radial positions that were equally spaced across the cylin-
drical gap. The error between the state variables computed on grids N1 = 200 and those computed
on grids N2 and N3 was never larger than 8.23 ⇥ 10�6. If the values were larger than unity, the
relative error was considered, otherwise, the absolute error was taken into account.49

Figs. 3(a) and 3(b) display the e↵ect of the Weissenberg number on the steady-state profiles of
the total azimuthal velocity and polymer number density, respectively. The velocity profile shows
two distinct shear bands for the range 3 / Wi / 63. Increasing the Weissenberg number moves the
kink separating the two bands from the rotating inner wall to the stationary outer wall. Because of
the two-fluid coupling between flow and concentration, the profile of the polymer number density
is also banded. Note that the total mass/number density of the polymeric solution is assumed to
be constant, whereas the individual mass/number densities are allowed to vary. This is in contrast
to the predictions obtained for one-fluid polymer models, which do not take di↵usional e↵ects
into account. Moreover, we find that the curvature of the cylindrical Couette geometry justifies the
curved profile of the polymer number density.

Steady-state profiles of the nontrivial stress components are shown across the cylindrical
gap in Figs. 4(a)–4(c) for di↵erent values of the Weissenberg number. The magnitudes of these
components are larger for greater Weissenberg numbers. As required by the relatively small gap
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FIG. 3. Profiles of the (a) velocity and (b) polymer number density calculated for di↵erent Weissenberg numbers. The
values of the other model parameters used in the calculation are ↵ = 0.73, " = 2.5⇥10�3, q = 1.46, � = 10�5, E�1= 10�5,
D̃ = D̃nonloc= 10�3, � = 0.1, and µ = 0.1.

and the Cauchy momentum balance in Eq. (29), the absolute value of the shear stress reduces
linearly from the inner rotating wall to the outer stationary wall (see Fig. 4(a)). The profiles of
the rr- and ✓✓-components of the stress tensor are given in Figs. 4(b) and 4(c), respectively. As
expected, the ✓✓-component is much larger in magnitude than the rr-component. In the nonlinear
regime, the strong nonlinearities in these two profiles are related to shear banding. Furthermore, we
note that the zz-component is identically zero. Daprà and Scarpi50 analytically solved the Giesekus
model for steady cylindrical Couette flow and investigated the spatial behavior of the nontrivial
stress components in the gap. In their work, the value of ↵ was restricted to ↵ < 0.5, as the Giesekus
model does not have a real physical solution outside this range for high Weissenberg numbers.51,52

FIG. 4. Profiles of the (a) shear stress, (b) radial stress, and (c) tangential stress across the cylindrical gap calculated for
di↵erent values of the Weissenberg number. The other model parameters are the same as those given in the caption of Fig. 3.
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FIG. 5. Profiles of the (a) first and (b) second normal stress di↵erences across the cylindrical gap calculated for di↵erent
values of the Weissenberg number. The other model parameters are the same as those given in the caption of Fig. 3.

By adding a large solvent contribution or a second nonlinear relaxation term, this limitation can be
overcome.

Figs. 5(a) and 5(b) display the profiles of the first and second normal stress di↵erences, respec-
tively, across the gap width for di↵erent Weissenberg numbers. As the first normal stress di↵erences
is defined as N1 = �̃✓✓ � �̃rr

, Fig. 5(a) is obtained by subtracting the results shown in Fig. 4(b) from
those shown in Fig. 4(c). Furthermore, as the zz-component is identically zero, the results of the
second normal stress di↵erence, N2 = �̃

rr

� �̃
zz

, are exactly the same as those depicted in Fig. 4(b).
Fig. 6 shows the influence of the stress-induced migration on the steady-state profile of the

polymer number density. The calculation was performed with and without the term accounting for
stress-induced migration. The horizontal line indicates that without this term, the polymer number
density is nearly constant across the cylindrical gap. Stress-induced migration is clearly responsible
for the formation of the shear bands. As we used homogeneous initial conditions, standard Fickian
di↵usion has no significant e↵ect.

Fig. 7 displays the e↵ects of the total polymer concentration and ratio of the solvent molecular
weight to the polymer molecular weight on the steady-state profile of the polymer number density.
As expected from experiments,22,53 Fig. 7(a) shows that increasing the total polymer concentration
causes the shear bands to be more pronounced. This is because the polymer concentration appears
in the expression for the extra stress provided in Eq. (32). Consequently, larger polymer concen-
trations cause a greater extra stress and thus more shear-induced migration. At this early stage of
the work, we did not consider any functional dependencies of the material parameters. Laboratory
experiments will have to be conducted in a future study to work out some of these scaling laws, such

FIG. 6. Number density of the polymer calculated for the model with and without the term corresponding to stress-induced
migration. The values of the model parameters used in the calculation are ↵ = 0.73, " = 2.5⇥10�3, q = 1.46, � = 10�5,
E

�1= 10�5, D̃ = D̃nonloc= 10�3, � = 0.1, µ = 0.1, and Wi= 6.

 Reuse of AIP Publishing content is subject to the terms at: https://publishing.aip.org/authors/rights-and-permissions. Downloaded to  IP:  91.22.251.81
On: Tue, 21 Jun 2016 15:24:59



063104-15 S. Hooshyar and N. Germann Phys. Fluids 28, 063104 (2016)

FIG. 7. Influences of the (a) total polymer concentration and (b) molecular weight ratio on the number density of the polymer.
The other model parameters are the same as those given in the caption of Fig. 6.

as the e↵ect of the polymer concentration on mobility factor ↵. Fig. 7(b) shows that increasing the
molecular weight ratio leads to more pronounced shear bands. However, experimental data show the
opposite trend.22,53 This discrepancy can be explained by the fact that as the parameters determining
the shape of the flow curve are fixed, the results displayed in Fig. 7(b) only provide information
about the impact of the molecular weight ratio on the di↵usional processes. Experimental studies on
shear banding have observed values for � of O(10�5).22 To observe pronounced e↵ects, we decided
to continue with the rather large value of � = 0.1.

Fig. 8 displays the influence of the local di↵usivity constant. The steady-state profile of the
polymer number density (see Fig. 8(a)) was found to be independent of the local di↵usivity

FIG. 8. E↵ect of the local di↵usivity constant on the (a) the steady-state profile of the polymer density, (b) temporal behavior
of the absolute value of the shear stress at the inner wall, and (c) and (d) the temporal behavior of the polymer number density
profile in the cylindrical gap. The other model parameters are the same as those given in the caption of Fig. 6.
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FIG. 9. Temporal evolution of the radial component of the di↵erential velocity across the gap width calculated with Wi= 10.
The other model parameters are the same as those given in the caption of Fig. 6.

constant. As opposed to Cromer et al. model,34 our model predicts a steady-state solution whose
smoothness is not a↵ected by this parameter. In Fig. 8(b), we display the transient evolution of the
absolute value of the wall shear stress. For a su�ciently high ramp rate, the nonlinear Giesekus
relaxation generates an overshoot that triggers shear-band formation. A smaller value for the di↵u-
sivity constant increases the time to reach steady state. As the flow curve is monotonic and the
shear stress is determined by Cauchy momentum balance, Eq. (29), the local di↵usivity constant
does not have a significant e↵ect on the shear stress. However, some di↵erences can be observed
in the microstructural quantities (see Figs. 8(c) and 8(d)). For D̃ = 10�3 shown in Fig. 8(c), up to
t̃ = 50, the transient profiles of the polymer number density intersect at a unique position in the
gap where the shear bands separate. Thereafter, nonlocal stress di↵usion pushes the kink toward the
outer cylinder.

Fig. 9 shows the temporal evolution of the radial component of the di↵erential velocity in the
cylindrical gap width. We find that this component increases to a maximum and then decreases to
zero as steady-state is achieved. Note that the azimuthal component is of much smaller magnitude
and therefore does not have an e↵ect on the computational results. The profile of the radial compo-
nent is di↵erent to predictions of a two-fluid model for shear banding wormlike micelles.39 As this
model is based on the assumption that the wormlike micelles form shear bands as a result of their
dynamic breakage, the radial velocity develops a local extremum at the transition region of the shear
bands.

Fig. 10 shows the e↵ect of the nonlocal di↵usivity constant on the velocity profile. The speci-
ality of our two-fluid model is that the smoothness of the profiles is controlled solely by this

FIG. 10. E↵ect of the nonlocal di↵usivity constant on the steady-state profile of the velocity. The other model parameters
are the same as those given in the caption of Fig. 6.
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FIG. 11. (a) Steady-state profiles of the polymer number density calculated using di↵erent deformation histories where
ramp-up (ṽ✓(t̃)=Wi tanh(ã t̃)) and ramp-down (ṽ✓(t̃)= 100(1� tanh(ã t̃))+Wi tanh(ã t̃)) conditions were applied. The termi-
nal value of Wi was set to six. (b) Steady-state profiles of the polymer number density calculated using di↵erently perturbed
initial conditions. The model parameters are the same as those given in the caption of Fig. 6.

parameter. We find that a larger value of D̃nonloc leads to a smoother steady-state solution. Although
the uniqueness of the solution is guaranteed here even if D̃nonloc = 0, there may well be a parameter
space where this may not be the case.

Figs. 11(a) and 11(b) show the impact of the deformation history and initial condition, respec-
tively, on the steady-state profile of the polymer number density. To investigate the influence of
deformation history, we performed some ramp-up and ramp-down tests. We started the ramp-up
test from rest; for the ramp-down test, the steady-state solution at Wi = 100 was used as the initial
condition. The terminal value of Wi was specified to be six. We find that the steady-state solu-
tion displayed in Fig. 11(a) is independent of the deformation history. To examine the impact
of the initial condition, we started the simulation using an initial polymer density perturbed by
ñ
p

= 1 + k1 cos(⇡k2y/(Ro

� R
i

)) with a magnitude of k1 = 10�3 and two wave numbers of k2 = 1
and k2 = 5. Fig. 11(b) shows that the di↵erent initial conditions evolved into a unique steady-state
profile. As in the model of Cromer et al.34 and as observed in experiments,18 our model is capable of
predicting a unique banded steady-state that is independent of the initial condition and the applied
deformation history.

IV. CONCLUSION

In this work, we developed a new two-fluid model for semi-dilute entangled polymer solu-
tions using the generalized bracket approach of nonequilibrium thermodynamics. The new model
is based on the hypothesis that di↵usional processes are responsible for steady-state shear band-
ing in semi-dilute entangled polymer solutions. A recently developed two-fluid approach5,39 was
used to describe Fickian di↵usion and stress-induced migration in the polymer solution. Although
stress di↵usion is accounted for in this two-fluid approach, an additional stress-di↵usive term had
to be included in the conformation tensor equation to control the smoothness of the profiles. The
advantage of this two-fluid approach is that the di↵erential velocity is treated as a state variable.
Consequently, the additional boundary conditions arising from the higher di↵usive derivatives in
the time evolution equation of the di↵erential velocity can be directly imposed with respect to
this variable. For instance, no-slip and no-flux boundary conditions translate into the requirement
that the tangential and normal components, respectively, of the di↵erential velocity must be zero
at the boundaries. Another advantage is that the total mass is conserved by the model equations
themselves. Therefore, it is no longer necessary to explicitly impose a no-flux condition on the poly-
mer concentration to prevent outflow material through the system boundaries. The time evolution
equation for the conformation tensor includes a nonlinear Giesekus relaxation, which accounts for
the stress overshoot of a shear-banding material during the rapid start-up of a simple shear flow. To
capture the upturn of the flow curve at high shear rates, we developed a nonlinear relaxation term
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that resembles the term used in the Rolie-Poly model to account for CCR and chain stretch. Because
our model is relatively simple, it is an ideal candidate for use in more complicated flow simulations.
To investigate the general behavior of the new model, we solved the model for cylindrical Couette
flow. We found that the steady-state solution is unique for di↵erent initial conditions and indepen-
dent of the applied deformation history. Furthermore, we observed that stress-induced migration
is responsible for shear-band formation. The results of this study encourage us to analyze the
model behavior in other types of inhomogeneous flows. Furthermore, more experimental research is
needed to verify the hypothesis in the model that shear band formation is triggered by di↵usion.
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APPENDIX: NON-DIMENSIONALIZATION

The dimensionless forms of Eqs. (24), (33)–(34), and (29)–(32) using the scalings introduced in
Sec. II A are as follows:
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@Ht = �E�1H
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