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Abstract. For the first time complete lists of two pairs of inner and outer radii classes
of the three types of regular polytopes which exist in all dimensions are presented. A
new approach using isotropic polytopes provides better understanding of the underlying
geometry and helps to unify the results.

1. Introduction

There are three types of regular polytopes which exist in every dimension d: regular
simplices, (hyper-) cubes, and regular cross-polytopes. In this paper we investigate two
pairs of inner and outer j-radii, (r;, R;) and (7}, R ;), of these polytopes (inner and outer
radii classes are almost always considered in pairs, such that for a 0-symmetric body K
and its dual K° the inner (outer) radii of K are the reciprocal values of the outer (inner)
radii of K° [9]).

The inner j-radii r; and r; of a body K are defined as the radii of the largest j-balls
contained in j-dimensional slices K N F of K, whereby the value of r; is obtained from
maximizing and the value of 7; is obtained from minimizing over the possible directions
of F. The outer j-radii R; and R; of abody K are defined as the radii of the smallest j-balls
containing the projection of K onto j-dimensional subspaces F', whereby the value of R;
is obtained from minimizing and the value of R ; is obtained from maximizing over the
possible directions of F. One should note that r; = 7, is the usual inradius and R; = R,
is the usual outer radius. Moreover, it is well known [3] that R, = r; is half the width and
r1 = Ry is half the diameter. The inner radii r; are also known as Bernstein diameters
and the outer radii R; as Kolmogorov diameters (or sometimes Kolmogorov width).
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The inner radii r; of regular simplices were studied in [1], where Ball uses a well
known result of John [10], which also plays an important role in our computation of the
outer radii R; of regular simplices.

Until recently we thought that besides the classical results of Steinhagen [15] and Jung
[11] about the outer 1- and the outer d-radii, respectively, the R;’s of regular simplices
were computed only in the case that j = d — 1 by Weilbach [16], [17]. The apparently
open cases originally stimulated our work. However, on the one hand it turned out that in
the Russian literature Pukhov [13] had already computed the R;’s of regular simplices in
the remaining cases. On the other hand, in [4] it was shown that the proof of Weiflbach
for the (d — 1)-case with even d contained a crucial error.

The R ;’s and the 7;’s of regular simplices were considered in [9] and [2], respectively.
While the R ;’s were completely listed, the 7;’s could only be computed in several special
cases. However, a lower bound was given and a criterion when this bound is attained.
We show that this criterion is fulfilled in all remaining cases, which means that we can
now complete this list.

As the last piece to complete the radii of regular simplices, the result about the
(d — 1)-case for even d could recently be reestablished in [5].

If we turn to the other two types of regular polytopes, it follows immediately from their
(central) symmetry that r; = R and r; = R, and therefore that the 7;’s and R ;s do not
depend on j. Hence we concentrate our attention on (r;, R;) in case of symmetric bodies.

Pukhov gives references for papers in which the R;’s of regular cross-polytopes are
computed, from which it is possible to deduce the r;’s of cubes via polarization [8].
Everett et al. [6] give a recursive formula for the inner radii of general d-dimensional
boxes, which generalizes the cited result about cubes. However, Everett et al. obviously
were not aware of the papers cited by Pukhov, since they thought that even the inner radii
of cubes were not known previously, except from trivial cases and the inner 2-radius of
a 3-cube, computed by Shklarsky et al. [14].

It seems the outer radii of boxes (and/or the inner radii of general cross-polytopes) are
unknown. This gap is closed by showing that these radii are the circumradii of smallest
Jj-faces of boxes. Table 1 summarizes the results about regular polytopes.

However, instead of just putting together the radii from all the authors cited above,
we provide a unifying approach. It will be shown that all the (r;, R;) radii of regular
polytopes, apart from the r;’s of regular simplices, can be obtained from the R;’s of
regular simplices. Moreover, the 7;’s of regular simplices can be obtained from the R;’s
of regular simplices, in almost all cases.

Pukhov used the result about the R;’s of regular cross-polytopes in his computation
of the R;’s of regular simplices, which would lead to an improper circular closing of
our chain of proof. This is one reason to provide a completely new proof. Another is
the strong connection to isotropic polytopes (Kawashima called them 7 -polytopes [12],
but we prefer to call them isotropic as they are in an isotropic position in the sense
of [7]). Specifically, we show that the existence of a (j, d + 1)-isotropic polytope is
equivalent to the existence of a j-dimensional projection of the regular d-simplex such
that a previously computed general lower bound for the outer radii is attained. Afterwards
we state a way of constructing (j, d + 1)-isotropic polytopes for arbitrary pairs (j, d),
except for the cases where d is even and j € {1, d — 1}, showing that the lower bound
is tight in all but the two exceptional cases.
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Table 1. For the first time, a complete table of the radii of the three types of regular polytopes can be given.
The polytopes are scaled such that their circumradius is 1.

Regular
Radii Regular simplex Cube cross-polytope
J .
7 j&{l,d—1}ord odd
R d+1 [ 1 J i
7 v Vitz j = landd even d d
2d — 1 .
Y j = d—1andd even
d+1 1 1
rj T VT, VT,
! JG+Dd jd+1) jd+1)
_ j(d+1
3 Jf + D , 1
(j+hd

1
/P j &{1,d — 1} ord odd
jd+1) s#t fordo
o d+1 1 ; ,/—1 ,/—1
¥ — Va2 j = landd even dd+1) dd+1)

d — 1 and d even

J

VAd+2) +/dd-2)

‘We will then show that the lower bound criterion of [2] is fulfilled in almost all cases
(all open cases), such that the 7;’s of regular simplices can be completed.

Finally, it is shown how to deduce the radii of cubes and regular cross-polytopes from
the results about the R;’s of regular simplices. Formulas for the radii of general boxes
and cross-polytopes, as mentioned above, are stated.

2. Preliminaries

Let E = (R?, || - ||) denote the d-dimensional Euclidean space, let B? and S?~! be the
unit ball and the unit sphere in E¢, and let (-, -) be the usual scalar product (x, y) = xTy.
Furthermore, we use {ey, ..., e;} for the standard basis of E4. A set K C E is called
a body if it is bounded, closed, convex, and contains an inner point. For every body
K cElet K° ={y e E?: (x,y) < 1forall x € K} denote the polar of K.

By L; 4 and A;,; we denote the set of all j-dimensional linear subspaces and all
j-dimensional affine subspaces of E?, respectively. For any E € L; 4 let E* € L4_; 4
be the orthogonal complement of E. Let lin{si, ..., s;} denote the linear span {x €
E?: x = Z,chl Sk, A€ ElYofsy, ..., s € S?-! For any set A C E“ the (orthogonal)
projection of A onto E € L; 4 is denoted by A|E. For any x € EY and y € E®
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let x ® y denote the rank 1 matrix with elements x;y;, i = 1,...,d;, j = 1,...,d>,
and note that for any set of orthonormal vectors {si, ..., 5;} the projection P of E¢ onto
lin{sy, ..., 5;} can be represented by the matrix Y ;_, s, ®s;. Forany two sets A, B C E?

the Minkowski sum A + B is definedas A+ B ={a +b € E?: a € A, b € B} and for
any A € Rweuse AA = {Aa: a € A}

For any convex set K let r(K) and R(K) denote the inner and outer radius of K,
respectively. Now, for any j € {1, ..., d} the inner j-radii of K are defined by

ri(K) = grelgfdg;%{}r(K N(E +q)),

r(K) = Ergér]}d;r;%§r(Kﬂ(E+q)),

and the outer j-radii by

Rj(K) = min R(K | E),

€ jod

R;(K) = max R(K | E).

EeL;q

Equivalently, the outer radii can be defined in terms of enclosing cylinders. That means,
defining a j-cylinder as the set F + q + pB N F*), for F € Ly4_j4. q € EY,
and radius p > 0, then, e.g., R;(K) is the minimal radius of a K enclosing
Jj-cylinder.

Surely, for all 1 < j < d the inner and outer j-radii are invariant under translation
and rotation. Furthermore, if the convex body is scaled by a factor p, so are its radii. For
this reason, we use the term “ball” to signify any body similar (in the above sense) to
B9, and we do the same for simplices, cross-polytopes, and boxes.

Let T¢ denote the regular d-simplex of circumradius R(T?) = 1, which we assume
to be embedded in E¢™! as T¢ = /((d + 1)/d) conv{ey, ..., ess1}. By B, .4, We
denote a d-dimensional box of the form {x eE?: —a; <x;<a,iell,..., d}} and
the cube /(1/d) B, .. is denoted by C?. Finally, a general cross-polytope X, .. .4, =
conv{zxaiey, ..., Lage;}is just the polar of By, ... 1/4, and especially the regular cross-
polytope X¢ = conv{=e, ..., £ey} is the polar of ~/d C“.

3. Regular Simplices

The following results about the r;’s and R ;’s of regular simplices are taken from [1] and
[9], respectively.
Proposition 3.1. Foralll < j <d,

@ (T = @+ DJjG + Dd and
(i) Rj(TY) =/jd+ D/ +Dd.

In both cases the extreme j-spaces are parallel to the j-faces of T¢.
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Definition 3.2. Any set of orthonormal vectors {si, ..., s;} C B+l 1 < Jj <d,is
called a

(i) valid subset basis (vsb for short) if "¢ s = 0,1 <1 < j, and
(ii) good subset basis (gsb) ifitisavsband Y /_ s = j/(d+1),1 <k <d+ 1.

Note that any set of orthonormal vectors {sy, ..., s;} isavsbifitspansa j-dimensional
subspace of Eg = {x € B ZZ+11 x; = 0}, thed dimensional linear subspace of E¢+!
parallel to the hyperplane in which T¢ is embedded.

The projection of 7¢ onto E¢ can be written as 19*! — (1/(d + 1))1¢*!, where 19+!
denotes the identity matrix in E€@+D*@+D and 19+ the matrix in E@*+D>*@+D consisting
only of ones. Hence Y, 5;®s; = 191" —(1/(d + 1))1%*!, for every vsb of d elements.
This implies the important fact that each vsb is a gsb if j = d, which will be used in
Corollary 3.4.

Now we start computing the outer radii of regular simplices by giving a general lower
bound, which turns out to be tight in almost all cases. This lemma also motivates why
we call a vsb good if it fulfills condition (ii) in Definition 3.2.

Lemma 3.3. Rj(Td) > Jj/d forall 1 < j < d, and equality holds if and only if
there exists a gsb {si, ..., s;} C Ea+1,

Proof. Let P denote the projection onto a subspace spanned by a vsb {sy, ..., s;}. It
follows that

J

2 _ 2

| Pexll (Pey, er) = <E Ssz1,€k>= E Sik-
=1

Now assume there exists an x € E*! such that |x — Pe||> < j/(d + 1) for all
k=1,...,d+ 1. Summing over the k’s it follows that

d+1

j > ) lx = Pel?
k=1

d+1

= Y (Ixl* = 2(x, Pex) + [ Pexl®)
k=1

d+1 j d+1 j
= @+ Dllx|’ - < Zstz>+ZZsfk
k=1 i=1
and since ZZLI sie = 0 and ZZ+11 sip = 1 the last expression can be simplified to

(d + D)||x||> + j > j, which is a contradiction. This proves the first part of the lemma.
In order to show the second part we note that equality in [lx — Pey||> < j/(d +1) for
all k can only be obtained if x =0 and ) j_, slzk = j/(d + 1) for each k. |

As every vsb of d vectors is already a gsb, the following corollary can be obtained
from Lemma 3.3 by the basis extension property (used on Eg ).
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Corollary 3.4. Forany 1 < j < d — 1 it holds that R;(TY) = /j/d if and only

if Rg—; (T? = /d = j)]d. Moreover, there always exists a pair of corresponding
optimal projections which take place in orthogonal subspaces.

Since Steinhagen [15] showed that

1
E if d odd,
R(T) = P (1)
% d——i—Z if d even,

Corollary 3.4 implies for the outer (d — 1)-radius that the lower bound of Lemma 3.3 is
attained for odd dimensions, but that it is not attained for even dimensions. The following
formula was claimed in [13] and first shown in [17]. Although the proofin [17] contained
a crucial error, the correctness of the formula reestablished recently [5].

Proposition 3.5.
2d — 1
2d

Rd_l(Td) = if d is even.

We will soon see that j € {1,d — 1} for even d are the only cases where the lower
bound is not attained.
The following proposition was first shown in [10] (see also [1]).

Proposition 3.6. B/ is the ellipsoid of minimal volume containing some body K C E/
if and only if K C B/ and for some m > j there are unit vectors ui, ..., U, on the
boundary of K, and positive numbers c1, . . ., ¢;, summing to j such that

() Y, ciu; =0and
(11) Z:n:l Ciui Qui = Ij.

It is obvious that if K is a regular polytope all ¢; can be chosen as j/m where m is
the number of vertices of K. However, it is not obvious which other polytopes fulfill
this property. Nevertheless, according to [7] these polytopes are in an isotropic position,
corresponding to the discrete measure 1* on S¢~! that gives mass j/m to all vertices u;
(see Section 5 of [7] for more details). This is the source for the following definition.

Definition 3.7. Let uy,...,u, < S/~! (not necessarily different) and K =
conv{uy, ..., uy,}. K is called (j, m)-isotropic if all the ¢;’s in Proposition 3.6 can
be taken as j/m.

Lemma 3.8. Thereexistsagsb{si,...,s;}of E+! ifand only if there existsa (j, d+1)-
isotropic polytope K = conv{uy, ..., uq} C E/, j < d. Moreover, if T¢ is project-
ed onto lin{sy, ..., s;} the projection equals the corresponding K up to rotation and
dilatation.
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Proof. If K =conv{uj,...,ugy1}1s a (j, d + 1)-isotropic polytope then
@) luel =1,
(i) ZZLI u; = 0, and
(i) Y05 w @ up = ((d + /I
Lets; = +/j/(d+ D@y, ..., udHJ)T, 1 <1 < j. This defines a gsb, since the s;
form an orthonormal set because of (iii), ZZL] sir = 0 because of (ii), and Z,’zl s,zk =

j/d+1),1 <k <d+1,because of (i). The other direction can be shown by a similar
reasoning. Now the projections of the vertices of 7¢ onto lin{sy, ..., 5;} are

d+1 I [d+1 i [
P ek) = SikS| = \/juklsb
(/5 a) =3 =3

Hence the values +/j/d uy; are just the coordinates of the projected vertices in terms
of the basis s1, ..., s;. O

Lemma 3.8 can be used in two ways:

(i) We know that R;(T?) = \/j/d whenever we find a (j, d + 1)-isotropic polytope
and vice versa. For example, it follows that there cannot exist (1, d 4 1)-isotropic
polytopes nor (d — 1, d + 1)-isotropic polytopes if d is even.

(il) We know that R, (K) > +/k/j for any (j, d + 1)-isotropic polytope K and any
k < j and equality holds if and only if the gsb {si, ..., s;} corresponding to K
can be split into two gsb’s {si, ..., s¢} and {sg41, ..., 5;}.

We first concentrate our attention on (i) but come back to (ii) later. The following lemma
states a rule on how to construct higher-dimensional isotropic polytopes from lower-
dimensional ones. It is called the additive rule.

Lemma3.9. Let0 < j; <m;,i =1,2,suchthatmyj; > mjp. Let j = j1 + jo, m =
my +my, a = /(maj; —myjo)/maj, and B = /mjr/m,j, and suppose there exists

a (ji, mp)-isotropic polytope K| = conv{uy, ..., um,}, a (ji, my)-isotropic polytope
Ky = conv{vy, ..., um,}, and a (jo, my)-isotropic polytope Kz = conv{wy, ..., Wy,},
such that

1 1
K' = conv \/j U1 R - Umy
2 w] 2 wmz

is a (j, my)-isotropic polytope. Then
u Up av Ay,
K = conv ), 2
{<0> < 0 )(ﬂwl) (51”)}
is a (j, m)-isotropic polytope.

Proof. Since a?+ B2 = 1 all vertices of K are situated on S/~! and obviously the origin
is the centroid of K. Hence we only have to show that condition (ii) from Proposition 3.6
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holds with¢; = j/m,i =1,..., m:
mi us " T my Qv v T
2(5)(5) 20 )(5)

_( (my/jpI 0 + (ma/ jr)e? 17 0 ‘
B 0 0 0 (m2/ j2) B*17

_( (mij +maji —mijp)] 1)1 0
B 0 (m/j)17
=2y 0
J

The reader may convince himself that it is neither possible to construct a (1, d + 1)-
isotropic polytope by the additive rule if d is even, nor is it possible to construct a
(d — 1, d + 1)-isotropic polytope by the additive rule at all.

If m, is even, a good choice for K’ is often a prism

[T ) ) B )]

or antiprism

1 (v L (v, \/T - \/T — Uy )2
COHV{ 5( 1 ),..., E( 1 , 5 -1 sy 5 1
built from a (j — 1, m5/2)-isotropic base K = conv{vy, ..., Vp,,2}.

Lemma 3.10. For every odd d and j € {1, ...,d} as well as for every even d and
Jje{2,...,d —2,d} there exists a (j, d + 1)-isotropic polytope.

Proof. 'We do an inductive proof over j and d. From (1) and since every regular (d + 1)-
gon with vertices on S! is (2, d + 1)-isotropic it follows that the claim is true for pairs
(j, d) with j < 2. Moreover, the claim is true for j > d — 2 because of Corollary 3.4.

Now assume that the claim is true for every pair (j’,d’) with j' < j, d < d or
J < j,d < d.Regarding the initial statements we can assume j > 3 and because
of Corollary 3.4 that j < (d + 1)/2. We start with the case (j,d + 1) = (3,9) and
choose j; =2, j» = 1,m; = 3, m, = 6. For sure K| = K, = T? are (2, 3)-isotropic
and also (2, 6)-isotropic by duplicating every vertex. Moreover K3 = T! = [—1, 1] is
(1, 6)-isotropic (triplicating the two vertices) and

a1 ()5(00)
()G A(5)]
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is (3, 6)-isotropic. Hence K, K,, and K3 fulfill the conditions of the additive rule and
therefore there exists a (3, 9)-isotropic polytope.

Next we assume that j > 5 is odd and that (as in the case before)m = d+1 = 2j+3.
Thenlet jy = j—2,job =2, m =m—j—1l,andmy, = j+ 1. Since j < m/2 it
holds that j; < m; and since j; = j —2 # j =m — j — 3 = m; — 2 there exists a
(j1, mp)-isotropic polytope K. Completing the conditions of the additive rule we choose
an m,-gon for K3 and the projection of T/ onto (lin K3)* as K, (thus K’ = T7). One
should notice that m» j, = j% + j > 2m = m, j, since j > 5.

Finally, let j be even or m # 2j + 3. Then let j; = j, j» = 0,m; = j + 1, and
my =m— j—1.Since j < m/2itholds thatm, > jandif j+2isoddthenm, # j+2
since m # 2j + 3. Hence there exists a (j, m)-isotropic polytope K, by the induction
hypothesis and K; = T/*! is a (j, m)-isotropic polytope, which obviously fulfills the
conditions of the additive rule. O

The following proposition is taken from [2]. It gives a lower bound for 7;(7¢) and
a criterion when this lower bound is attained. For the purpose of the proposition let
ai,...,az41 € S%! be such that

[ 1
T = m{erd: (x,a)<1l,i=1,...,d +1}.

Proposition 3.11. f,-(Td) > J1/jd+1) forall 1 < j < d, and equality holds if
and only if there exists an E € L; 4 such that ||a;|E|| = «/j/d foralli =1,...,d + 1.

It follows from the self-duality of the regular simplex (that is, if O is the centroid, it
holds that (7%9)° = /d(d + 1)T?) that the criterion for equality in Proposition 3.11 is
fulfilled if and only if R;(T¢) = /j/d.

Theorem 3.12. Forevery 1 < j <d, suchthatd isoddor j & {1,d — 1},

(i) Rj(TY = /j/d and
(i) 7(T9) = JT/jd + D).

Proof. Statement (i) follows directly from Lemmas 3.3, 3.8, and 3.10. Statement (ii)
follows from (i) and Proposition 3.11. O

One should mention that Rj(Td )Fj((Td)O) = 1 for every pair (j, d) which fulfills
the conditions of Theorem 3.12. Hence it follows from the self-duality of 7¢ that the
result above combined with the results in [2] show that the minimal j-balls of 7¢ in the
sense of 7; are at the same time the maximal j-balls contained in 7 and centered in the
centroid of T¢.

For completeness we state the two remaining inner radii of regular simplices [2,
Theorem 3].
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Proposition 3.13. For even d,

_ d+1 1
T =R(TY) = —— | —_ d
r(T%) 1(T9) 7 d12 an

2
Vd(d+2)++/dd=2)

Fa—1 (T =

4. Boxes and Cross-Polytopes

As already mentioned in the Introduction, for all symmetric bodies K it holds that
F(K)=---=7y(K)and R (K) = --- = R;(K). Hence, we can draw our attention in
this section to (r;, R;).

A proof of the following proposition can be found in [8].

Proposition 4.1. Let1 < j < dandlet K be a0-symmetric body. Thenr;(K)R;(K°) =
1 and R;j(K)rj(K°) = 1.

Now we come back to the second statement after Lemma 3.8, saying that the k-radius

of any (j, m)-isotropic polytope K is \/k/j if the gsb {sy, ..., s;} corresponding to K
can be partioned into a gsb {sy, ..., st} and a gsb {sy41, ..., s;}—in other words, if K is

the cross-product of a (k, m)-isotropic polytope K and a (j — k, m)-isotropic polytope
K,. Applied to cubes and regular cross-polytopes this leads to the following corollary.

Corollary 4.2. Foralll < j <d,

(i) Rj(CY = R;(X?) = /j/d and
(i) r;(CY =rj(X") = J1/jd +1).

Proof. It suffices to show that for every 1 < j < d both C¢ and X? have (j, m)-
isotropic projections (up to dilatation), since then (i) follows from the argument before
the corollary and (ii) from Proposition 4.1.

For C? every j-tuple of coordinate rows of its vertices describes a j-cube which is
parallel to a j-face of C¢ and surely isotropic.

Now consider X¢. First project T2¢~! onto a d-flat by using the gsb

1 S1 1 Sd—1 \/T ld—l

2 —S81 B 2 —Sd—1 ’ 2 —1d71 ’
where {s1, ..., sq_1} is an arbitrary gsb for 7 ' and 1,_; = (1,..., )T € E4~!. The
projection is \/d/(2d — 1)X?. It follows from Lemma 3.10 that for every j & {1, d —2}

there exists a subset of size j of {sy,...,ss—1} that is again a gsb; without loss of
generality {sq, ..., s;}. Also, if j = d — 2 we can assume that {s, ..., s;_;} is a gsb.

Hence the set
\/T S1 L[ s
2\—51/)7 77V 2 —Sj
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or,if j € {1,d — 2}, the set

1/ s L[ si \/T 1
2 —S1 Y 2 —Sj-1 ’ 2 _1d71
is a gsb in [E?? such that the projection of T72¢~! is a (j, 2d)-isotropic polytope K. Since

this gsb is a subset of the one for which /d/(2d — 1)X“ was the projection of 721,
we obtain that /(2d — 1)/dK is a projection of X?. |

Corollary 4.2 can be generalized to obtain the inner and outer radii of general cross-
polytopes and boxes.

The inner radii of boxes were computed in [6]. The part about outer radii of cross-
polytopes follows from Proposition 4.1.

Proposition4.3. Letl < j <dand0 <a; <--- <ay. Then

, ai + - +aj_
() 7i(Bay....ap) = | —— 2

)

j—k
where k € {0, ..., j — 1} is the smallest integer satisfying
\/a% totad
A4k = ; )
j—k—1

and

N (j — k)T, a?

(11) Rj(Xal ..... ad) = d—nkzy

> ik Hl;ﬁi a

where k € {0, ..., j — 1} is the smallest integer satisfying

(G —k=DIT e @
y )
D ikt Hl;éi aj

The corresponding result about the outer radii of boxes is very intuitive. It says that
the minimal projection of a box is the one onto the subspace parallel to one of its smallest
faces.

Theorem4.4. Letl < j <dand0 < a,

IA

- <ay. Then

(1) Rj(Ba| ..... a,,) - (l% + -+ aj2

and

(i) ri(Xay,.a)) = <1_[zd:d—j+1 ai) /\/Z?:dfj#l [Tz a;.
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Proof. It suffices to show (i), since then (ii) follows from Proposition 4.1. Moreover,
as the result is obvious if d = 1, we assume that d > 2. Any vertex v of By, 4, can
be written in the form v = Zle +ayey and all possible choices of pluses or minuses in

with pairwise orthogonal unit vectors 5; € E?, it holds that || Pv||> = le:] (v, 5)? =
le:l (ZZZ1 +as;,)?. However, since the average value of || Pv||? over all vertices v is
S a2 ) 52, there exists a vertex of By, __,, suchthat | Pv[> > Y4 a2 37| s2.

Now extend the set {sy, ..., 5;} to an orthonormal basis of E<. Since 27:1 Qs = 14
it follows that 3¢ 52 = ¢ 2 = 1,forallk = 1,....,dandalll = 1,...,d,
respectively. Hence # := Y/, s € [0, 1] and since {_, #, = 37, 3°¢_ s2 has
to equal j, the minimum value of ZZ=1 tka,f is obtained for t{ = --- = t; = 1 and

tiy1 = --- = tg = 0. It follows that R;(B,,,.. 4,) > /af + .- +af. Finally, since

the projection of By, .. 4, through its j-face By, .., achieves this value, we obtain the
desired result. O

Compared with the radii of boxes and general cross-polytopes very little can be
stated about general simplices. As Gritzmann and Klee [8] showed that the computation
of R;(S) is NP-hard for general simplices S and many j, a general formula cannot be
expected. However, in [5] it could be shown that in “typical” configurations all vertices
of the simplex are projected onto the minimal enclosing sphere in an optimal projection,

and in [4] solution methods and a formula for a special case are given for j = 2 and
d=3.
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