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ABSTRACT

A tight coupling of GNSS and inertial measurements is
needed for both accurate and reliable positioning. The use
of Multi-GNSS is recommended to obtain a sufficient num-
ber of visible satellites in any outdoor environment.

In this paper, we perform a joint GPS/ GLONASS am-
biguity fixing and a tight coupling of GNSS, 3D accele-
rometer, 3D gyroscope, 3D magnetometer, barometer and
thermometer measurements. As GLONASS uses FDMA,
double difference ambiguities are no longer integer-valued.

We derive a transformation for the GLONASS double dif-
ference ambiguity term, that recovers the integer property
and maintains a full-rank system. The obtained transfor-
mation maps the real-valued double difference ambigui-
ty terms into integer-valued double difference ambiguity
terms and a common single difference ambiguity term, that
is treated as a real-valued parameter.

Low-cost GNSS antennas can not suppress multipath
and, therefore, require an estimation of multipath errors.
We provide a precise model for multipath, that considers an
individual amplitude, code delay, phase shift and Doppler
shift for each reflected signal, and include it in our sensor
fusion. The magnetometer measurements provide a rough
attitude information, which makes them very valuable for
robust GNSS attitude ambiguity fixing.

We verified the performance of our sensor fusion in a test
drive on a parking lot. The fixed phase residuals were in the
order of a few centimeters for both GPS and GLONASS,
which indicates a very precise position estimation.

INTRODUCTION

The highly automatized driving of vehicles requires a
both accurate and reliable position and attitude informa-
tion. A fusion of multiple low-cost sensors is needed. The
use of GNSS is attractive as the carrier phase measurements
can be tracked with millimeter accuracy and can provide
an absolute position information with this high accuracy.
PPP/RTK is preferable over RTK as it does not need the
exchange of measurements from a reference station. Ho-
wever, precise corrections on atmospheric delays, orbital
errors, satellite clock offsets and phase biases with an ac-
cumulated error of only a small fraction of the wavelength
are needed for fast convergence of the ambiguities and their
correct fixing to integer numbers. Additionally, earth tides,
satellite phase center offsets and the phase wind-up have to
be corrected with a model. An inertial sensor is needed for
maintaining an accurate position information during short
GNSS signal outages (e.g. below trees and bridges), to cor-



rect for cycle slips, and to enable a fast ambiguity fixing of
newly tracked satellites.

This paper focuses on the position and attitude determi-
nation with 3 multi-sensor modules, whereas each module
includes a low-cost dual constellation GNSS receiver, a 3D
accelerometer, a 3D gyroscope, a 3D magnetometer, a ba-
rometer and a thermometer. We perform a tight coupling
with an extended Kalman filter.

Fig. 1 shows the principal setup: A multi-sensor module
is placed on the front part of the vehicle’s roof. A real-time
kinematic (RTK) positioning is performed with the measu-
rements of the multi-sensor module and a Virtual Reference
Station (VRS). The measurements of the VRS are obtained
by interpolation of the measurements of a network of refe-
rence stations. A second multi-sensor module is placed on
the rear-part of the vehicle to enable attitude determination.
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Fig. 1: Measurement setup: Two multi-sensor modules
(shown in red) are placed on top of the vehicle for attitu-
de determination. An additional Virtual Reference Station
(VRS) is used to estimate the vehicle’s position with RTK.
The measurements of the VRS are obtained by interpola-
ting the measurements of a network of reference stations.

Fig. 2 shows the principal flow chart for our tightly cou-
pled sensor fusion with integer ambiguity fixing. The posi-
tion, velocity, acceleration, attitude, angular rates and some
further state parameters are predicted using a state space
model. The stability of the inertial sensor biases depends
on the temperature. Therefore, a thermometer is used to de-
termine the respective process noise statistics.

Subsequently, the state prediction is updated with mea-
surements from the smallest time stamp. These sets of
measurements can be either GNSS, inertial (including al-
so magnetic field) or barometric measurements (including
air pressure and temperature). Each type of measurement
requires some preprocessing: In case of GNSS, this inclu-
des the correction for the a priori known satellite positi-

ons, clocks and atmospheric delays, the selection of the
reference satellite, cycle slip correction, outlier detection
and the estimation of noise statistics. For inertial measu-
rements, an estimation of the sensor biases and the frame
rotation from the body-fixed frame into the navigation- or
ECEF-frame is required. Barometric measurements depend
on the weather conditions and need a calibration using a re-
ference station with known air pressure and height.

The (float) ambiguity estimates of the attitude and RTK
baselines are fixed to integer numbers, e.g. using the integer
decorrelation and tree search of LAMBDA [4]. The search
space for the attitude ambiguity fixing can be constrained
using baseline length and attitude a priori information (e.g.
from a meter and a magnetometer).

Our approach differs in several aspects from the state-of-
the art:

First, we use satellite-satellite single differenced measu-
rements and split the respective ambiguities into a group of
absolute (single difference, SD) and relative (double diffe-
rence, DD) ambiguities. The latter ones are fixed first to ob-
tain a precise attitude information and re-used for the sub-
sequent fixing of the absolute/ SD ambiguities, i.e. both the
unfixed SD measurements and the fixed DD measurements
of the attitude baselines are considered for the ambiguity
fixing of the RTK baseline. The fixing of the attitude base-
lines is fastened by using soft a priori information on the
baseline length and orientation from the magnetometer.

Secondly, we estimate a pseudorange multipath parame-
ter per satellite in both the float and fixed solution to exploit
the temporal correlation of multipath and to prevent a map-
ping of multipath into any other state parameter. The pseu-
dorange multipath error is expressed in terms of the am-
plitudes and extra-path delays of the reflected signals. We
model the time behavior of both the amplitude and extra-
path delay of the reflected signal by random-walk proces-
ses. This precise modeling of the pseudorange multipath
error allows us to reduce the variance of the pseudorange
measurements to the variance of the pure noise.

Thirdly, we use the measurements from both GPS and
GLONASS to improve the satellite geometry especially in
narrow street canyons. The GLONASS ambiguity fixing is
more sophisticated than the GPS ambiguity fixing as each
satellite is using a different frequency and, thus, the double
difference (DD) ambiguities are no longer integer valued.
We re-parametrize the DD ambiguities of K satellites in
terms of K-2 integer valued ambiguities with wavelengths
of the respective satellites and one ambiguity combination.
The latter one has a wavelength of only a few tens of a 1 m
and, thus, can only be considered as a real-valued parame-
ter. The performance is analyzed in several test drives with
3 ANavS multi-sensor modules and RTK corrections from
a Virtual Reference Station (VRS) of Axionet [1].

Fig. 3 shows a multi-sensor module with its 6 low-cost
sensors: a GNSS receiver (u-blox LEA MS8T) with a patch
antenna, a 3D accelerometer, a 3D gyroscope, a 3D ma-



GNSS measurements:
- pseudoranges
- carrier phases

- Doppler shifts
- signal power (C/Ny)

inertial measurements:

- 3D acceleration
- 3D angular rates

barometric measurements:
- air pressure
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Fig. 2: Flow chart for tightly coupled sensor fusion with six sensors: GNSS, inertial and barometric measurements are preproces-
sed and used to update the predicted position and attitude. The thermometer improves the state space model. The magnetometer

supports the attitude ambiguity fixing.
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Fig. 3: ANavS Multi-Sensor Module with GNSS receiver
(green), 3D accelerometer/ 3D gyroscope and 3D magne-
tometer (red) and barometer (yellow)

gnetometer (all included in MPU 9250 from Invensense), a
barometer and a thermometer (both included in BMP 280
from Bosch Sensortec). We estimate the position, velocity,
acceleration, attitude, angular rates, SD ambiguities, code
multipath parameters and sensor biases (accelerometer, gy-
roscope, barometer) as state parameters in our sensor fu-
sion. We obtain a heading accuracy of 0.25/m and a posi-
tioning accuracy of 10 cm in both urban and rural environ-
ments.

1 MEASUREMENT MODEL

This section describes our general model for single-
frequency carrier phase measurements from GPS and
GLONASS. The undifferenced carrier phase measurement
for the k-th GNSS satellite of the r-th receiver and i-th
GNSS constellation is modeled according to [2] as

I, = &5 + e(bry = 670) — L+ T
FALNE A+ Br(ng) + B e ¢))

i ki
EPr -

with the wavelength \¢, the carrier phase measurement
©¥% in units of cycles, the receiver position Z,., the satellite
position ' *+, the speed of light ¢ in vacuum, the receiver
clock offset 67'7?, the satellite clock offset 7%°¢, the ionos-
pheric delay ¥+, the tropospheric delay 7%+, the integer
ambiguity N*, the receiver phase bias 3% (n*?) being a li-
near function of the channel number n}c, the satellite phase
bias 3% and the phase noise £+%.

For GLONASS measurements, the carrier wavelength is
given by

i c
Gy @

with f¢ = 1602 MHz and Af = 562.5 kHz. For GPS
measurements, f§ = 1575.42 MHz and n}, = 0V k.

The receiver phase biases are generated by the recei-
ver’s digital signal processing chain (see Sleewaegen et
al. [6][7]) and can be accurately modeled as the sum of a



satellite-independent bias /3, and a bias nj, 3/, that is pro-
portional to the channel number (see Wanninger [8]):

Br(n) = By + nif- 3)
The single difference (SD) between the measurements

of receivers r and u eliminates the satellite clock offset and
phase bias, i.e.

k= ki okilm ki
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with c¥:? being the synchronization correction between re-
ceivers v and 7 as described in [10] and [9].

The double difference (DD) further eliminates the diffe-
rential receiver clock offset and phase bias, i.e.

i ki i 1i . oklis Kli 7kl Kl
EPur — )‘l Pur = Cy  Tur + Cur — Iur + Tur
i nrkyi i nrlyi
+>‘kNur - )‘lNur
i i\ i kl,i
+(nk 7nl) ur+€ur . (5)

We subtract all available a priori information including the
synchronization correction, and the differential ionospheric
and tropospheric delay estimates /*.% and ¥, i.e.
i ki il ik i 1y
/\k<pur —ANPur = kPur — )‘lgpur
Eli | 7kli _ okl
—Cur +Iur _Tur
= ey, — ALV + AT
i nrk.i i a7l
+>‘kNur - )‘lNur
i i\ pi kl,i
+(nk - nl) wr T Eur (6)

which leaves the relative position &, the residual atmo-
spheric delays, the integer ambiguities N*:* and N, and

the differential receiver phase bias 3., as unknowns. The
DD ambiguity term can be rewritten as

WG = NN = AN+ (= AN (D)

with N¥.# being the DD integer ambiguity and N';? being
the SD integer ambiguity.

The differences of wavelengths can be further developed
with fi = fi+niAf = (n) + n},)Af as

N = ¢ B c
PO RHmAL i+ miAf
X . Af X nf—n}f
= c¢c-(nj—ny)—— =\, - — 2 (8)
(ng k)f;é'fi k ni + nl

which is approximately 65um for nf = fi/Af = 2848
and n} —nt = 1.

Eq. (7) can be written in matrix-vector notation as
—p —p
)JlN%Tf — AENLZL;
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2 PARAMETER TRANSFORMATION

The ambiguity coefficient matrix A has K + 1 columns
but only K rows, which results in a rank-deficient system
of equations. Therefore, we map one DD ambiguity (here:
the first one N,;"*) to the SD ambiguity N,/ and introduce
NLias

i L Al 11,
)2 — )% »?
Nur T Nur + T_A;Nur
Li ni + ni Li

= Ny +— N (10)

_ 3

l 1
The other DD ambiguities have to adjusted respectively, i.e.
ni — ni

Naw' = Niv' — Ny (1n

ni —nt
Note that both N7 and N%.% are integer valued for any
NI only if nf — ni is 1.

Multiplying both the SD and DD ambiguities by n} — n}
ensures that the ambiguities are always integer valued, i.e.

N = (nj—ny)- Ny

— (nf =) N+ () VI € 2
N = o) N

— (o) N (o ) N € 2

(12)

We rewrite Eq. (9) in terms of N);! and N* to obtain the
following full-rank ambiguity transformation:

(g - N
] g )i J4
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i NKG i i
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0 e 0 A=A 21,0
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We recommend to choose n} and n{ such that nj —ni =
1. In this case, the combined K — 2 DD ambiguities N
can be considered as integer-valued with wavelengths A%,
k € {1,..., K}, while the SD ambiguity N’;! is conside-
red as real-valued due to the small differential wavelengths
AL — AL

The DD carrier phase measurements of Eq. (6) also in-
clude the unknown differential receiver phase bias /3

ur?

which can not be separated from the ambiguities. There-

fore, we map the differential receiver phase bias L, to the
SD ambiguity N}, i.e.
MmN ey i
’I’L; _nli Nuﬁ + (”Z —’I’l;) ) Zn‘
_ )‘2 - )\? N (nk _@f)(”f_ ny)
n7l, _ nzl ur )\Z: _ )\; ur
_ N A Nhi (ng +n)(n] —ni) (14)
= — , , ,
TL; o nzl ur )‘i- ur
i

where the last identity was obtained with Eq. (8). The de-
pendency of the joint SD ambiguity/ bias term on A}, is not
desirable as only one SD parameter can be estimated. We
replace A} by \j = ¢/ f{ in~} and introduce the error term
e

i i Qi A A i i i i
(N = iBin) = T (Vi = 380+
(1)
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Solving for & yields
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Replacing A f by f{/(n{ + n}) further simplifies €’ to

AL — Al i pi
= k)\? l-nk~ 1. (17)

%

which is far below the millimeter-level for any relevant
phase bias 3%,.. Thus, we can neglect ' and replace ~, by
¢ in Eq. (14).

The DD carrier phase measurements of Eq. (6) can be

written with Eq. (13) in matrix-vector notation as
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where we have assumed that the residual atmospheric er-
rors are negligible.

The DD pseudorange measurements of GLONASS are
also affected by inter-frequency biases. We extend the mo-
del of [12], and map the DD code bias b*’;* to the DD code
multipath ApMPﬁlr,i, i.e.

~11,i =110 1,4

Pur Pur — Cuy
211, Loy ,
Cu 1 ApMPu,i + bilrz
KL : |
Cu 1 ApMPK“ + buKTl’l
U
+1] (19)
My
MODELING OF MULTIPATH

This section briefly describes our multipath model. For a
more detailed description, we refer to our earlier paper [3].

We model the received signal at time ¢ as the superposi-
tion of the direct signal with amplitude Ay, code delay T,
phase ¢ and Doppler frequency w and L reflected signals
with amplitude A;, extra path delay At;, phase shift Ay,



and Doppler offset Awy, i.e.

T(t) = AO . C(t — T) . €j(tp+w(t7‘r))

+2Al c(t — (1T + Aty)) (20)

eI (Pt A+ (wtAw) (t—(T+At))) + (1),

with ¢(t) being the chip pulse and 7 being the noise of the
received signal. We assume that all tracking loops (DLL,
FLL and PLL) are in lock. In this case, we can remove the
carrier from the received signal, i.e.

() = rt)-e —j(ptw(t—T))

= Ag-c(t—r7) +ZAl ot — (1 + AY))
=1
eI (Api—wAti—Aw-(t=(T+AL))) | n(t). 21)

As the signal of interest is only in the real part of r*(t), we
can eliminate the imaginary part of the reflected signals by
a projection onto the space of real-valued numbers, i.e.

Re{r*(t)} =
AO . C(t — T)

+ZA1 t— T—l—Atl))

o8 (Ap; — wAt — Awy - (t — (T + At)))
+ n(t). (22)

The GNSS receiver correlates Re{r*(¢)} with the receiver-
generated signal Ag-c(t—7—A) and obtains as correlation
result:

C(AT) = /0 “Re{r* (1)} Ag-c(t—r—Ar)d(t—7) (23)

Let us assume that ¢(t —7) is defined as a rectangular pulse,
ie.

;o (24

1 if O0<t—7<T,
C(tT){ 0 else.

and that the extra-path delays At¢; are in the interval [0, Tt
for all . The correlation result of Eq. (23) can then be fur-
ther developed as

min (AT+Te,T:)
C(A’T) ES A(2) . / d(t — T) . 5(5T<Tc)
max(0,AT)
L
+ Z AoA; - I (min(max (AT, Aty), Aty + Ty),
=1

min(T. + A7, T, + Aty),
Ay, Awy, Aty) +17(1), (25)

with I; being defined as
Il(al7 Bl) A@la AUJ[, Atl)

B
= / cos (Ap; — wAt, — Aw; - (t— 7 — Aty)) d(t — 7)

1

’ 5(Bz>(xl) + ﬁ(t); (26)

and
1 if B >aq
0(py>on) = { 0 else. ) @7)

GNSS receivers use a discriminator for tracking the code
delay Ar. The Early-minus-Late discriminator [15] is wi-
dely used and defined as

D(AT) = Cg(AT)— CL(AT)
— C(Ar —dT.)2) — C(AT + dT./2)(28)

with dT,/2, d < 1, being the correlator spacing. We assu-
me without loss of generality that the extra-path delay At,
is smaller than dT /2. The discriminator function is conti-
nuous in the interval

aX(Atl),

(29)

AT € [ dTC} .

We denote the discriminator function at the lower and up-
per end of this interval by Dj and D, i.e.

D c (—dTC + mlax(Atl)> -c (mlaX(Atl)>

D, = C(O)*C(ch) (30)

The discriminator function has a zero crossing in this inter-
val. The non-zero code delay at the zero-crossing repres-
ents the pseudorange error due to multipath. We approxi-
mate the discriminator function by a linear function, i.e.

D, — D

D(AT):Dl'Fm

- (AT — An). 31
The pseudorange error due to multipath is obtained by set-
ting D(A7) = 0 and by solving it for AT, i.e.

Dy

ATMP = ATl ﬁ (A'Tu AT]) . (32)

SOFT-CONSTRAINED
ATTITUDE AMBIGUITY FIXING

We use a soft-constrained attitude ambiguity fixing as
described in [13] and [14], i.e. soft a priori information on
attitude and baseline length is used in the ambiguity fixing.

The attitude Euler angles {, 6,1}, the real-valued SD
ambiguities N;* — {3, and the DD integer ambiguities
NELi k€ {2,..., K} are determined jointly by minimi-
zing the sum of squared residual errors (SSE), i.e.

min SSE, (33)
) 0 w Nl’if’yiﬁj' N2l,i NKl.i
30,0, Nyr =76 B4y Nur' -y Nur
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(34

The attitude a priori information is obtained from a ma-
gnetometer and the baseline length a priori information is
derived from a laser. We refer to our earlier paper [11] for
the calibration of the magnetometer and the derivation of
the a priori information.

TIGHT COUPLING

An extended Kalman filter [5] is used for joint RTK posi-
tion and attitude determination with GNSS/ INS/ barometer
tight coupling and fixed GPS/ GLONASS DD ambiguities.
The state vector includes the following parameters:

e position, velocity and acceleration of the first receiver
on the vehicle

e attitude and angular rates of the vehicle

e SD GPS and GLONASS ambiguities of the first recei-
ver on the vehicle

e SD code multipath for each receiver-satellite link

e biases of accelerometer and gyroscope

The SD ambiguities and SD code multipath parameters
also include satellite clock/ orbital errors, satellite phase/
code biases and residual atmospheric errors. We denote the
state vector as

= (@) @) )T 0, 0,0, 6,0,
11 ol

Nl 17N12 - 73/8]2_a

(Apll\/IPl)Tv AR} (Ap%\/{P’g )T’ (Apll\/IPr)Ta

(Ap12\/IP1)T7 R (Ap12\/[137}€21)T7 (Apﬁ/IPT)Ta

(b)", (82,)7) - (35)
We use the SD carrier phase, pseudorange and Doppler
measurements to estimate this state vector and refer to [12]
for a detailed description of the relationship between the

measurement and state vector. The state vector is predicted
with a linear movement model:

&, = o3 (36)

n—1

and updated by GNSS, INS and barometric measurements
in an alternating manner, i.e.

i;—t _ :2'7_7, +Kn(ZS.PS/INS/BARO _ hn<:i‘r_7,))7 (37)

with h,, (z,,) describing the non-linear relationship between
x,, and z,,. We refer to Jekeli [16] and our earlier paper [12]
for a more detailed description of the inertial measurement
model.

MEASUREMENT RESULTS

This section includes a description of our measurement
results. We used three ANavS multi-sensor modules and
RTK corrections from a Virtual Reference Station (VRS)
as described in the introduction. Fig. 4 shows the trajectory
of the absolute position as obtained with our multi-sensor
RTK solution. The starting point is marked in the left part
of the figure.

Fig. 4: Map of parking lot showing track of test drive.

Fig. 5 shows the heading of the GPS/ INS tightly coupled
solution and the single epoch magnetometer-only heading.
One can observe that both heading curves follow each other
throughout the complete test drive. However, the heading of
the magnetometer is much more noisier than the heading of
the GPS/ INS tight coupling.

Fig. 6 shows the difference between the GPS/ INS based
heading and the magnetometer heading. The heading offset
is less than 25 degrees in all epochs and less than 15 degrees
in 95% of the epochs. Thus, a heading a priori information
can be very valuable for attitude ambiguity fixing.

We analyze the benefit of the magnetometer-based hea-
ding a priori information for attitude ambiguity fixing ba-
sed on the time duration for attitude ambiguity fixing.

A fixing is considered as completed once the sum of
squared residuals of the best integer candidate is at least
three times lower than the sum of squared residuals of the
second best candidate.
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Fig. 5: Comparison of GPS/INS based heading with
magnetometer-based heading.
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Fig. 6: Difference between GPS/ INS based heading and
magnetometer-based heading.

We consider only poor satellite geometries as the magne-
tometer a priori information is most valuable for these con-
ditions. Poor satellite geometries are obtained by artificial-
ly removing two satellites from the set of visible satellites,
whereas we consider all possible subsets of two satellites.

Tab. 1 shows the obtained minimum, maximum
and mean time for attitude ambiguity fixing with
magnetometer-based a priori information. The last column
reflects the performance without magnetometer-based hea-
ding a priori information and serves as reference. The first
two columns show the performance if integer ambiguity
candidates with a heading offset of at most 10° (20°) are
used. We can observe that both the maximum and mean ti-
me duration can be substantially reduced by the heading a
priori information. The threshold of 20° results in a better
average performance than the threshold of 10° as the error
of the heading a priori information is too often above 10°.
In this case, the correct integer ambiguity candidate is re-

moved from the set of feasible candidates, which results in
a poorer performance.

Tab. 1: Performance of attitude ambiguity fixing

| |AY] <10° | |Ay| <20° | |Ay| < 360°

Atmin 0.2s 0.2s 0.2s
Atmax 41.6 s 25.6s 481.6 s
E{At} 5.0s 29s 122.0s
o(At) 11.3s 6.1s 141.4 s

Fig. 7 and 8 show the fixed phase residuals of both GPS
and GLONASS for the RTK baseline. The residuals of all
satellites are drift-free with a magnitude of clearly less than
1 cycle, which indicates a correct ambiguity fixing.
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Fig. 7: Residuals of fixed GPS double difference carrier
phase measurements for the RTK baseline with a baseline
length of 5 km.

The GPS residuals have some small biases while the
GLONASS residuals are almost unbiased. This can be ex-
plained to some extent by the real-valued scalar parameter
N}, — ~0Bur of GLONASS, which can absorb a common
phase bias. Obviously, the residual atmospheric errors are
negligible for the considered baseline length of 5 km as the
GLONASS residuals remain unbiased.
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CONCLUSION

In this paper, we described a tightly coupled sensor fu-
sion of GNSS, 3D acceleration, 3D gyroscope, 3D magne-
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Fig. 8: Residuals of fixed GLONASS double difference car-
rier phase measurements for the RTK baseline with a base-
line length of 5 km.

tometer, barometric air pressure and temperature measure-
ments with integer ambiguity fixing. We derived an ambi-
guity transformation for FDMA-based GLONASS double
difference measurements, that recovers the integer proper-
ty of ambiguities and that enables a full-rank system. We
also provided a precise model for multipath and estima-
ted a multipath parameter per satellite. Measurement re-
sults from a test drive showed that the residual errors are in
the order of a few centimeters.
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