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1 Introduction

The scattering amplitude of N well-separated, energetic, massless particles is one of the key
quantities in gauge theories. Understanding its structure is of fundamental importance,
both for its own reason by revealing mathematical structure that is not at all evident
from the underlying Lagrangian and its Feynman rules, and for the phenomenology of
high-energy scattering in QCD.

Of particular interest are the soft and collinear divergences, which exhibit a high degree
of universality. Some form of analytic calculation is usually required in order to efficiently
cancel the divergences between virtual and real emission effects in infrared-safe scattering
cross sections. The infrared divergences of the virtual N-parton scattering amplitude are
governed by the soft-collinear anomalous dimension, which up to the two-loop order has
the very simple structure

I'= _VCusp(as) ZT’L : Tj In <_MSQZJ) + Z’Yi(as> (1'1)

i<j



in colour-operator notation [1] and for all out-going momenta p; with s;; = 2p; - p; + 40,
i,7 =1...N. The soft [2] and collinear [3] contributions to I" are known up to the three-

loop order.!

The above assumes that all scalar products s;; are parametrically of the
same order as the square of some hard scale ). If the physical observable is sensitive to
a smaller scale M generated by soft or collinear radiation, the anomalous dimension is a
central object in the systematic all-order resummation of large logarithms In Q/M in the
expansion in the coupling as.

When this is the case the above anomalous dimension refers to the infrared singularities
at leading order in the expansion in powers of M/Q (“leading power”). Given the advances
in the understanding of multi-loop corrections to the leading power anomalous dimension,
it is also timely to ask about the next, subleading power term in the M /@ expansion. It has
been known for a long-time that single soft emission from an N-jet amplitude is described
by a universal expression, the LBK amplitude, also at next-to-leading power [4, 5]. This
result extends the eikonal formula and has recently attracted new interest in connection
with a possible relation to an asymptotic symmetry at null infinity [6]. However, little is
known about the structure of divergences of loops and the anomalous dimension at the
subleading powers. The exponentiation of purely soft, “next-to-eikonal” effects has been
discussed in refs. [7, 8]. However, a major complication at next-to-leading power arises
from the interplay of soft and collinear radiation as can be seen, for example, from the
failure (or rather — depending on the point of view — generalization) of the LBK formula
for jet processes beyond the tree approximation [9, 10].

In this paper we begin with a systematic study of subleading power N-jet operators
and their anomalous dimension with the ultimate goal of being able to sum logarithmi-
cally enhanced loop effects to all orders in perturbation theory. We base this study on
soft-collinear effective theory (SCET) [11-14], which offers the advantage that the power
counting required to identify all next-to-leading power terms is already built into the La-
grangian. While we will not solve the resummation problem here and do not even discuss
logarithms for a physical process, our approach demonstrates a clear path how this could
be done in principle and systematically. The structure of the anomalous dimension ma-
trix of subleading-power N-jet operators will become apparent and we provide the first
complete result for the class of fermion-number F' = 2 operators to begin with. Previous
work on anomalous dimensions at subleading power in SCET focused on specific cases, the
heavy-to-light current [15, 16] (related to J f& in the operator basis defined below) in the
position-space SCET formalism, and on power-suppressed tree-level currents relevant to
ete™ — two jets in a different SCET framework [17, 18|.

Several other works have recently addressed next-to-leading power (NLP) effects from
a more practical perspective. In refs. [19-21] the threshold limit of the partonic Drell-
Yan process has been investigated and all NLP terms of the next-to-next-to-leading order
(NNLO) cross section have been successfully reproduced in a diagrammatic expansion anal-
ysis. Also a “radiative jet function” has been identified, related to collinear effects, which
appear near threshold first at NLP. For colourless final states the interference of the NLP

"We refer to the above papers for a comprehensive list of references to relevant results at lower orders.



LBK amplitude with the tree process allows one to compute the NLP terms at NLO in the
loop expansion [22]. Another recent development [23, 24] concerns the analytic computa-
tion of the leading NLP logarithm at NNLO in the separation parameter of the N-jettiness
subtraction method [25, 26], making the cancellation of the dependence on the separation
parameter in the full simulation of the process more efficient. All of these applications have
in common that they refer at present to logarithms at fixed order in perturbation theory
up to NNLO and to processes with only two collinear directions. The general approach
outlined in the present paper, once developed, should allow the computation of further log-
arithms in these applications, and in particular their resummation to all orders. We finally
take note that along a somewhat different direction a formula for fermion-mass suppressed
double logarithms in the high-energy limit of certain fermion-scattering form factors has
been derived [27, 28].

2 Subleading N-jet operator basis

It was noted in refs. [29, 30] that the infrared anomalous dimension (1.1) must correspond
to the ultraviolet divergences of soft and collinear loops in SCET, if SCET is to be the
correct effective field theory for jet processes. This observation also applies to sublead-
ing powers. The following analysis is based on the position-space field representation of
SCET [13, 14]. The physical processes which are covered by this analysis are those for
which the virtuality of collinear modes in any of the N jet directions is of the same order,
and parametrically larger than the one of the soft mode. The power-counting parameter A
is set by the transverse momentum p,; ~ QA of collinear momenta with virtuality O(\?).2
The components of soft momentum are all O(A?) and consequently soft virtuality scales as
M. Below, the term “NLP” refers to O(\) and O()\?), since the first non-vanishing power
correction to most physical processes of interest is O(\?).

Under these assumptions (often referred to as SCET) the SCET Lagrangian including
all subleading power interactions to O(A?) was already given in ref. [14]. For N widely
separated collinear directions, the Lagrangian

N
fCSCET = Z LZ(@Z)@’ Q;Z)s) + £8(¢S) (2'1)
=1

is the sum of IV copies of collinear Lagrangians with IV pairs of separate light-like reference
vectors n;+, ¢ = 1,..., N satisfying n;_-n;— = O(1). The collinear fields 1; all interact with
the same soft field s but not among each other. The SCET Lagrangian is invariant under
N separate collinear gauge transformations and a soft gauge transformation, see ref. [14].

We therefore proceed to the construction of a complete basis of subleading N-jet op-
erators in SCET. The general structure

N

J= / dt C({ti ) Jo(0) [[ ittt ) (2.2)

i=1

2@ denotes a generic large energy/hard scale, which we set to 1 in the following.



can be described by products of operators J; associated to collinear directions n;, each
of which is itself composed of a product of n; gauge-invariant collinear “building blocks”

ka [31]7 .
Tiltiystiy, ) = [ [ i (tinig), (2.3)
k=1

and a soft operator J,. In general, each of the collinear building blocks is integrated over the
corresponding collinear direction in position space, where C({t;, }) is a Wilson coefficient,
and dt = [[,. dt;,. Apart from the displacement along each of the collinear directions,
the operators are evaluated at position X = 0, corresponding to the location of the hard
interaction.

The guiding principle for constructing building blocks is the requirement of collinear
and soft gauge covariance. Because each collinear sector transforms under its own collinear
gauge transformation, each collinear building block must be a collinear gauge singlet. How-
ever, the soft field may interact with different collinear sectors so we only need to assume
that collinear building blocks transform covariantly under the soft gauge transformation.
Note that, in general, the collinear building blocks may also contain multipole expanded
soft fields. For a collinear block the transformation properties under collinear and soft
gauge transformation may be summarized as follows

Ji(@) L Ti2),  Jile) 225 Ui i), (2.4)
where ' = (njz)nt /2 and U refers to the (not necessarily irreducible) colour rep-

resentation of J;. For the matrix adjoint representation we would have J;(z) ﬂ)

Ug(:_)J;(z)US (2;_) with Uy in the fundamental representation.
The elementary collinear-gauge-invariant collinear building blocks are given by

Siltmis) € {Xi(tini+) = W;@ | coll%near quark 25)
Al (tiniy) = W; [iD' .W;]  collinear gluon
for the collinear quark and gluon field in the i-th direction, respectively. W; is the path-
ordered exponential of n;; A; (“i-collinear Wilson line”) and the covariant derivative in-
cludes only the collinear gluon field. Both, the quark and gluon building blocks scale as
O(A) [13]. Objects containing in;4+ D; or in;+0 are redundant. The first can be reduced
to the second with the help of in;. D;W; = W;in; 10 and W;inHDi = ini+8WiT.3 The
ordinary derivatives can be removed using in; 0, (ti, niy) = idi;, (ti,nit)/dt;, followed
by an integration by parts in the ¢; -integral in eq. (2.2).
At leading power, only a single building block contributes for each direction, i.e. n; = 1
forall i =1,..., N, and the elementary building blocks are given by

J{O(t:) = iltiniy) - (2.6)

3Covariant derivatives acting on Wilson lines are understood as operators acting on functions to the

right. When the derivative should be understood to operate only on the Wilson line, we add a square
bracket as in eq. (2.5) for clarity. In all other cases the derivative is meant to act only on whatever is
written explicitly to the right or within brackets.



The superscript in JZAO indicates the leading-power contribution, and the reason for this
nomenclature will become clear in a moment. We are interested in IN-jet operators that
are suppressed by one or two powers of A relative to the leading power. This suppression
can arise in three ways:

(i) via higher-derivative operators, i.e. acting with either 07, ~ O(X) or in;_Dy =
ini—0 + gsni— As(z;—) ~ O(A?) on the elementary building blocks ;. Here it is
important to note that since the elementary building blocks transform under the
soft gauge transformation with Us(x;_), the covariant soft derivative is the ordinary
derivative for the transverse direction and in;,_ Dy for the n;_ projection. In other
words, the soft covariant derivative on collinear building blocks is iD(x) = i0* +

o
gsni,As(azi,)n;’ due to the multipole expansion of the soft fields, which guarantees

a homogeneous scaling in \;

(ii) by adding more building blocks in a given direction, i.e. n; > 1, since x; ~ O(A) and
Al ~ O,

(iii) via new elementary building blocks that appear at subleading power, including purely
soft building blocks in J;.

In the following, we label operators that consist of a single building block by JZA”, where
n = 1,2 indicates the relative power suppression due to additional derivatives. Using the
equation of motion derived from the leading power collinear Lagrangian, it is possible to
eliminate operators with in;_ D, derivatives (see below and appendix B), such that the
operator basis consists of

JA (L) = oY ;T4 o), (2.7)

IR () = i07;i07, T80 O(N).

Covariant derivative operators such as (WiTiD‘j_iEi)(th) and (W;iD’iiz’DJ”_iWi)(th) are
special cases of JA(t;) and the JPL(t;,,;,) defined in the following with t;, = ¢;,. Hence
all derivative basis operators are constructed from ordinary transverse derivatives acting
on gauge-invariant collinear building blocks.

Operators with two collinear building blocks in the same direction i are suppressed
at least by one power of A with respect to the leading power, and we label them by JiB".

At O,

A (b mig ) Xty )
Xi (tiy it ) Xi (tignit)
Alj_z (th i+ )'Aliz (tiz ni+)
Xi(tiy i )X (tignit) -

TP (tiy tiy) = iy (tiynig iy (tigniv) € (2.9)

The first operator has fermion-number one, the second two, and the last two have fermion-
number zero. We do not list explicitly the conjugate operators with negative fermion-
number.



At O(A\?), the operators JB? are obtained by acting with a '} ; derivative on JBPL. We
will use a basis where the derivative acts either on the second building block, or on both,

JiB2 (t’h ) t’iz) Q,]Z)il (til nlJr)lajL‘wa (tiQ niJr)
Zajii [d}h (tiynig )i, (tiQni+)] ,

where 1);,1;, can be any combination from JiBl. Finally, at O(\?) it is possible to have

(2.10)

operators composed of three elementary building blocks in a single direction, which we
collectively call JZ-C 2,

T2 (i, tigs tig) = Wiy (biy i )i (i g )iy (L) - (2.11)

This exhausts the options (i), (ii) from above at O(\?).
An example for a new building block that scales as order A% and hence could be used
to construct O(\) suppressed operators is

ni_Ai = VVZ]LZTIZ_I)%VVZ — ini_DS = Wj [ml_D,WZ] - gsni_AS chG gsni_Ai y (2.12)
where soft gauge covariance requires that ¢n;_ D, includes the collinear gluon and the multi-
pole-expanded soft gluon field. The subtraction term —in;_ Dy in the second expression,
which is also multipole expanded, is required to obtain a field rather than a differential
operator, as is clear from the third expression, in which in;_ D; acts only within the square
bracket.* The last expression shows that in collinear light-cone gauge n;; A, = 0 the new
building block corresponds to the small component of the collinear gauge field. However,
using the collinear-field equation of motion, we show in appendix B that n;_A; can be
expressed in terms of the elementary building blocks with only 0,; derivatives, hence
n;_A; can be removed from the basis building blocks. As noted above for the transverse
derivatives other possible placements of in;,_D; can always be reduced to (products of)
existing objects. For example

WiTini_Difi = in;_Dgx; +ni—A; X, (2.13)
W] (iD" ini_ D;W; — iDY Wyin;_Dg) = A" ni_ A; . (2.14)

As already mentioned we show in appendix B that the in;_ Dy soft covariant derivative,
which operates on the elementary collinear building blocks in the form

ini,Din, [ini,Ds, AZL_J, (2-15)

can be eliminated by equation-of-motion operator identities in terms of the A2, B2 and
C2 structures defined in egs. (2.8), (2.10) and (2.11). This implies that in;_Ds can be
eliminated from any collinear operator as

ini_Ds(O)Ji(til y tiz, e ) == Z ¢i1 (tilnH) e [’Lnl_Ds(O)T/)lk (tlknz_,_)] .. 1/1an (tini ni+) s
k=1

(2.16)

4Note that the collinear Wilson line transforms as W; — U.(x)W; under collinear gauge transformations
and W; — Us(z-)W;Us(z-)" under soft gauge transformations [14].



where the covariant derivative is understood in the colour representation of the object it
operates on. Together with the above this implies that up to O ()\2) we can use a basis
of collinear building blocks that do not involve soft fields through covariant derivatives. It
is constructed entirely from ordinary transverse derivatives and the elementary building
block for the quark field and the transverse gluon field.

In addition to the collinear building blocks, the N-jet operator may also contain a
pure soft building block Js;. The soft fields do not transform under the collinear gauge
transformation, such that Js is trivially a singlet under collinear gauge transformations. In
the pure soft sector there is no need to perform the SCET multipole expansion of the soft
fields and therefore the soft gauge transformation Us(z) in this case depends on z rather
than on x_. The soft transformation of .J is

Jo(@) L g@),  Jy(x) 2 U(2)Js() (2.17)

with Us taken in the appropriate representation. In the adjoint matrix representation
we have Jg(x) soft, Uy(2)Js(2)Ud () with Uy(z) in the fundamental representation. The

covariant pure soft building blocks start at O (/\3), for example
a@) ~ X, FW Al iDiq(a) ~ X, (2.18)

where on soft building blocks iD%(x) = i0* + g;A%(x) and the soft field strength tensor
is defined as igsFi" = [iD,iD%]. We can therefore drop Js(0) in eq. (2.2) at O(\?).
Therefore, soft fields enter neither via the soft nor via the collinear building blocks for
our basis choice, up to O(A?). This implies that the emission of a soft gluon from the
hard process, which generates the IN-jet operator, is entirely accounted for by Lagrangian
interactions.

The case of N-jet operators differs from that of heavy-to-light currents, which consist
of one collinear direction and a soft heavy-quark field, whose decay is the source of large
energy for the collinear final state. The basis of subleading SCET operators listed in ref. [31]
does contain soft covariant derivatives at O(A?) due to the presence of the soft heavy-quark
building block at leading power. The absence of soft building blocks in N-jet operators at
O()\?) is also an important difference and simplification of the position-space vs. the label-
field SCET formalism [11, 12], where soft fields must be included in the basis operators at
O()\?) [10, 32]. The difference arises from a different split into collinear and soft, since in
the label formalism only the large and transverse component of collinear momentum are
treated as labels, while the residual spatial dependence of all fields, collinear and soft, is
soft. The difference in the operator basis due to this is compensated by a corresponding
difference in the soft-collinear interactions in the Lagrangian in the two formulations of
SCET. In this respect it is important that the coefficients of operators with soft fields
in the label formulation are related to those without by reparameterization invariance
(RPI) [10], which suggests that one should combine in both formalisms all terms with hard
coefficients related by RPI to demonstrate their equivalence.



It is useful to consider Fourier transformation with respect to the positions ¢;, in the
collinear direction,

JAY(P) = P / dt; e b gAn (g |
JP(Pyx) = Pf/dtndtig e~ttnaittip@)b g, 4,y
Jicn(Piaxiuxiz) = Pig/dti1dti2dti3 671’(%1‘%1+ti2mi2+ti3mi3)& Jcn(til,ti2,ti3) (2.19)

for operators with one, two and three building blocks, respectively, where z; = 1 — a3,
Tis = 1 —x;, — x;, and P; is the total (outgoing) collinear momentum in direction i. Here
we adopt the convention that n;p;, = z; P; > 0 for an outgoing momentum in direction
i, such that from eq. (2.19) also P; > 0 and z;, € (0, 1) for all outgoing momenta, which we
shall assume in the following.? In general, the basis of N-jet operators can then be written

in the form
N

J{PY Az }) = [[Ji(Pi iy, i) (2.20)
i=1

where z;, are momentum fractions of the collinear momentum in direction 7, carried by the
k-th building block. The operators are given by J; € {JiA", JZ-B”, Jicn}, depending on the
number of collinear building blocks and the order in A. For each direction i one of the z;, can
be eliminated using the constraint ), x;, = 1, in accordance with the previous definitions.
For brevity, we will omit the arguments P; indicating the total collinear momentum in
direction ¢ if there is no danger of confusion, because it is conserved in all processes we
consider.

The total power suppression of the IN-jet operator is then obtained from adding up
the suppression factors in A from each direction. For example, at O()\?), it is possible
to either have a JZ-X2 operator (with X = A, B,C') in one direction and JZAO operators in
the remaining N — 1 directions, or two operators JleJ]Yl, with XY = A, B, and JiAO
operators in the remaining N — 2 directions.

The infrared divergences of N-jet processes at NLP follow from the ultraviolet diver-
gences of the matrix elements of the above operators computed with the SCET Lagrangian
including NLP interactions. For the derivation of the anomalous dimension and renor-
malization group equation it is convenient to adopt the interaction picture and treat the
subleading SCET Lagrangian as an interaction, such that all operator matrix elements
are understood to be evaluated with the leading-power SCET Lagrangian. The basis of
subleading power N-jet operators at a given order in A then includes further “non-local”
operators from the time-ordered products of the current operators J at lower order in A

SEquivalently, one could assume n; p > 0 for ingoing momenta. It is possible to translate between
both cases by flipping the signs n;+ — —n;+ and n,— — —n,;_ of all directions. This sign change can
be compensated by substituting ¢;, — —t;,, such that the form of the building blocks in position space
is unchanged. The only difference is then the sign in the exponents in eq. (2.19), such that in collinear
momentum space P; > 0 for ingoing momenta in that case. We do not consider here the situation where
some momenta are ingoing and others are outgoing.



with the subleading terms in the SCET Lagrangian. The “local” (in reality, light-cone)
currents do not mix into the non-local time-ordered product operators, but the latter can,
in principle, mix into the former. The non-local operators mix into themselves but the cor-
responding matrix of renormalization factors is given by the one for the local currents of
lower order in A contained in the time-ordered product. The absence of further renormal-
ization from the subleading soft-collinear interactions in the time-ordered product follows
from the non-renormalization of the SCET Lagrangian to all orders in the strong coupling
constant at any order in A [13].
At O(A) the time-ordered product operators are of the form

JTL(#) = z’/d%T{J{“O(ti),Egl)(:n)} , (2.21)

where EZ(-I) = Eél) —I—ESJ) _|_£g/112/[ refers to the O(\) suppressed terms in the SCET Lagrangian
given in ref. [14]. It is understood that the collinear fields in these terms are those of
direction i. The generalization to O(A?) should be evident.

In the following, we will focus on the case in which one of the collinear directions
carries fermion-number F' = 2. The simplification of this choice results from the absence
of a leading-power operator JZAO (and consequently all JiA"), since one needs two fermion
fields in the same direction to begin with. Nevertheless, this simpler case allows us to
display most of the features of the anomalous dimension at O(A?). The F = 2 operator
basis at O(\) consists of the single collinear operator

Tt o (tiysti) = Xia(ti it ) Xip (tizmit) - (2.22)
We keep open the Dirac spinor indices «, 3, because they will in general be contracted with
components of the N-jet operator from the other collinear directions j # i. The same rule
applies to Lorentz and colour indices, and we only assume that the total N-jet operator

transforms as a colour singlet. At O()\?), we have

JX Otxp (tiutiz) = Xia (tilni-&-)iaﬁﬂ(iﬁ(tizni—i—)a
Bl
J O (Xa Xﬁ)( instiy) = 18 JXQXB( instin) s

J.ANX Xﬁ( i1s Lig, Ui ) A (ti1ni+)Xioé(tizni+)Xi,8(ti3ni+) : (2'23)

We will omit the Dirac indices in the following for brevity and drop the direction index i
in the notation for the operator unless ambiguities can arise. The time-ordered product
operators at O ()\2) are

Teltnst) = i [ der {220 1), 20},
Taltnote) =i [ ateT {58001, £}

TT2 ity ) = i / dho T {5y i), L8 (@) | (2.24)

The inclusion of these operators guarantees that the anomalous dimension matrix does not
mix operators with different A scaling. Note that in contrast to the local current operators,
the time-ordered products always contain the soft fields.



3 Anomalous dimension

3.1 General structure

The operator renormalization in renormalized perturbation theory is given by

<OP({¢ren} {gren} ren ZZPQ H Z 1/2 H Z OQ bare({¢ren} {gren}>> (31)

Q PEQ geQ

where P, Q label the N-jet operators as well as time-ordered products of N-jet operators
with insertions of power-suppressed interactions Lgcgr. The products run over all fields
and couplings that enter (Og), respectively. We omit the argument in the following for
brevity. At one-loop, writing Zpg = dpg + 0Zpg and demanding that the left-hand side
is finite implies

. 1
finite = (Oppare)1-0op + Y  |0ZPq + 0pq (2 > 6Zs+ > 5zg> (Ogbare)tree - (3.2)
Q peP geP

For the operator basis we are interested in we need to consider also the continuous operator
label z = {z;, }, and generalize the anomalous dimension to include integrations as well as
summation over different types of operators

finite = <JP($)>1—loop (33)

—|—Z/dy 5Zpq(x,y) + 6pgd(z —y < 252¢+Zaz> (Jo(¥))tree »

peP geP

where §(z—y) = [, [1ii, 0(@i, —vi, ) and accordingly Zpg(z,y) = dpgd(z—y)+0Zpg(x,y).
Note that for n; collinear building blocks in one direction we need n; — 1 integrals, because
>k Zipy = 1. If there is only a single building block for a given direction i, then z; = 1,
and no integration over momentum fractions occurs. We use the convention that empty
products are unity, so that the above equation covers also this case.

As discussed below, the soft loops within a single collinear direction vanish. Therefore,
we split the renormalization constant to soft and collinear contributions via

0Zpq(w,y) =Y 6(z —y)dZps(x) + > 0z — y)sZ5g (2, y), (3.4)

i#j i
where we have used the fact that the soft loops are diagonal in x. The collinear loop
along direction ¢ is diagonal in the zj for j # ¢, which is reflected by sl (r —y) =
[T;2i [Tj=10(zj, — yj,). This gives the MS scheme renormalization conditions

bOf i 8,
0= <J ( lltt)oi) div. +Z§Z ) )>tree; (35)
0= (p(a)Sd +Z/de% $Z5(o.1)
k>1
1
+opq [ ] 0(xi, —yik)<2 > 6Zy+ Y 5zg> Jo (1)) tree » (3.6)
k>1 pEIp; g€JIp;

,10,



where in the collinear part xj, = y;, for j # i. In the last line we include only those field-
and coupling renormalization factors that are associated to collinear building blocks of the

direction i (that is, %5ZX = —O‘gff or each collinear fermion, and %52 A+0Z, = —%
for each collinear gluon). We also use the notation Zf;ég(x,y) = 0pQ [ 151 0(xi, — ¥iy,) +
0Zpg(z,y).
The anomalous dimension matrix is defined by
d
r=-z" 3.7
dlnp (37)

where we use matrix notation involving both discrete indices (P, Q) labelling the set of
N-jet operators including open Lorentz, spinor and colour indices as well as continuous
indices (z,y) for the collinear momentum fractions associated to each building block.

Before we proceed to discuss the details of each contribution, let us make a technical
remark about the extraction of ultraviolet (UV) divergences. To compute the anomalous
dimension we need to separate the UV and infrared (IR) poles of the amplitude. In our
computation of the soft and collinear contributions we assume that the external states have
small off-shellness p?k # 0. This choice regularizes the IR divergences of the amplitude and
guarantees that all the 1/¢" divergences are related to UV poles of the SCET amplitude.
At the end of the computation, the soft and collinear part are combined and only then the
limit p%k — 0 can be taken. The cancellation of the off-shell regulator dependence serves
as an additional check of our computation.

3.2 Collinear part

The collinear contribution to the anomalous dimension can be extracted by computing
one-loop matrix elements with a collinear loop. These loops do not contain soft fields, and
therefore it is sufficient to concentrate on purely collinear interactions. In principle, there
could be collinear one-loop diagrams with external soft gluons generated by the insertion of
a power-suppressed Lagrangian interaction. The divergent part of any such diagram would
correspond to the mixing of one of the time-ordered product operators into a current
operator with a soft field. However, as shown in the previous section there are no such
operators at O(\?) that cannot be removed by the field equations. It is therefore sufficient
to focus on collinear loop amplitudes with external collinear lines only.

Since each collinear sector is interacting only with itself, collinear contributions fac-
torize into individual contributions from each of the collinear directions n;y,i=1,..., N,
respectively. Therefore, it is sufficient to consider only the contribution J; to the N-jet
operator that contains collinear fields along the n;-direction, while the other contributions
Jj+; are irrelevant. Moreover, in the position-space SCET formulation there are no purely
collinear power-suppressed interactions, so the power counting of the collinear loop is de-
termined solely by the operator. We first consider the case of an O(\) power suppressed
operator .J;, and then turn to the more involved case of O(A\?), where operator mixing
occurs. We will often omit the label i of the collinear quantities in this section for brevity,
since only a single collinear direction is involved.
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D2

b i)

P1

Figure 1. Collinear loops contributing to the anomalous dimension for two fermionic building
blocks in the i-th direction. Arrows show the fermion flow for two outgoing antiquarks.

3.2.1 Order O(\)

In order to extract the anomalous dimension, we consider the matrix element of fol defined
in eq. (2.22) with two external fermions with external momenta p; and py. To be specific,
we take the two fermions to be distinguishable by their flavours, which we do not show
explicitly. The extension to identical particles will be discussed below eq. (3.34). We show
the collinear one-loop diagrams in figure 1. The labels ¢;, and ¢;, indicate whether the
corresponding line is attached to the first or second building block of Jf;.

For the first two diagrams, all internal lines contributing to the collinear loop are
attached to a single building block. In the following, we refer to these contributions as
type-(a) loops. Since effectively only a single building block is involved, type-(a) loops can
be inferred from the leading-power result. In particular, collecting the sum of the two type-
(a) one-loop diagrams, the tree-level diagram, and the contributions from wave-function
renormalization from the right-hand side of eq. (3.6) for the two external building blocks
of JB! in a matrix element labelled with subscript (a), we find

<(j(p1)(j(p2)|‘]x3x1 (th > ti2)’0>(a) = Jq(p%>e]q(pg)<(j(p1)(j(p2)|JXBX1 (th ) tiz)‘0>tree ) (3'8)
where )
oy Cr 2 2, ()3 0
Tr?) =1+ [62 +In (_p2> + 26] O(e) (3.9)

is the leading-power collinear contribution from a single fermionic building block [30, 33].

The third and fourth diagram in figure 1 appear similar to the first and second one at
first sight, but differ in an important respect. Namely, the two internal lines of the collinear
loop are attached to two different building blocks of Jg(l. As a consequence, the fractions
of collinear momenta of the two lines attached to the operator will in general be different
from the momentum fractions of the external lines. We consider the operator Jf;l(:z)
in Fourier space with respect to the collinear direction, where x denotes the momentum
fraction associated to the first building block, and correspondingly z = 1 —x for the second
building block. For the external momenta, we label the collinear momentum fractions by
y = nitp1/(nigp1 + nitp2) = niyp1/P and § = 1 — y. In this notation, the tree-level
diagram is given by

(@) a(p)l I, (W)|0)tree = —P?5(yP — nyp1)6(§P — nypa)va(pr)vs(pz), (3.10)
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where v,(p) is the collinear spinor for the outgoing antiquark with momentum p and
spinor index «. In order to compute the one-loop matrix element in collinear momentum
space, we express loop integrals d%l = %dmrl dn_1d% 21, in light-cone coordinates, and first
perform the n_I[ integration by closing the contour either in the upper or lower complex
plane. Then the integration over [ can be performed by standard techniques, while the
integration over n4l is trivial and set by the fixed value of the momentum fraction x in
collinear momentum space. Finally, we express the result in terms of the tree-level matrix
element by first renaming y — ¢/, inserting 1 = [ dyd(y — /), and using

S(yP —nyp1)d(yP — nyps) = %5(13 —n4(p1+p2))6(y — nyp1/P). (3.11)

For example, in position space we find for the contribution from diagram (b, )

N B
AT ()0 = G O e )
. " .
m+(l —Pl)T. ¢+ a IsN+ 1 4 —1
— =22 jg.nt Tt t _
iz 9om a(p1) il vg(p2) B
aseVET () 2

1 € _
= %[t“va(m)}[t“vﬁ(m)}/ d?«“( 5222) Zei(ti12n+p1+ti2(n+p2+zn+p1)), (3.12)
0 B!

where z =nyl/nyip;, Z=1-— z, and [ is the momentum of the gluon in the loop. Fourier
transforming to collinear momentum space yields a delta function that allows to trivially
evaluate the z integration. Following the steps described above we obtain

(@(p1)q(p2)] Xaxﬁ( )10) (5,4)

- _OJSC'YEEF 1 . 'u2y2

-t [ ot ><—p%x<y—x>> Yy — )
X Tiy - Tip(@(p1)7(02) [, ()]0 tree

_% ' 1 — 7‘%. —o(lx — i 1 n /L2CU 60
- 2m dy{ee(y )y(y—m)+ oz =) L2+el <—p%f>]+0( )}
X Ty - Tiy (@(p1)7(P2) 13, ()10 tree (3.13)

where we used colour-space operator notation for the generators, [t*vq(p1)][t*vs(p2)] —
T;, - Ti,va(p1)vg(p2). Here Ty, and T, are understood to act on the fundamental colour
index of the first and second building block of Jf;(l, respectively. Diagram (b,ii) gives a
similar result, that differs only by the replacement x <+ Z, y <+ § and p? <> p3 outside of

the matrix elements. For diagram (c¢) we find

X

_ _ 1 __asTh'Tiz ? L
(@) a ) IE, ()[0yy = — 2T T dy(a< DT+ 00 - >y)
)i

8me
1(p2)| I s (1)]0) tree - (3.14)

Note that this contribution induces a spin-dependent structure, i.e. it is non-diagonal in

X (’Yi’ﬁ)w (’YJ_V’YJ_#)@; (q(p

Dirac indices. Collecting all results, we can read off the collinear contribution to the anoma-
lous dimension using eq. (3.6). It has a diagonal part o §(z — y) in collinear momentum
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space, and a non-diagonal part. Using (3.9) and Tfk = (' for quarks, we can write the
anomalous dimension in the form

1 .
6Z)C((:ZaXB»X’YX5 (%y) = —5(55 - y)(sofyéﬁgXiliz + E V;QXE’X,YX& (l’,y) s (315)
with
XiliQ = E ?(TZI + Ti2) + E(Tn + Tiz) : Til In TP%
s 1
+T, In <p2> +- (T? i, + Toei,) ¢, (3.16)
P2
and

i asTy - Ty 1 1

—9<x—y>1;5 <y—x>1;3>

1 T
+0(y — )y> } . (3.17)

_Z (Jlj_u)cw (ULuu)ga (0(:U - )
Here we also expressed the Dirac gamma matrices in terms of o/ = ;[fy '',vY]. Note that
the contributions from wave-function renormalization in eq. (3.6) were already included in
eq. (3.8), and are thus contained in the diagonal part, with ¢;, = ¢;, = 3/2 for quarks.
As mentioned above, in this work we restrict the discussion to the case of two-fermion
operators. Detailed results for all possible contributions to the N-jet operator will be

presented in a forthcoming paper.

QEI\H\

3.2.2 Order O(\?)

At O(\?) the three operators in eq. (2.23) contribute, and the anomalous dimension is
correspondingly given by a 3 x 3 block matrix. We find the following structure at one-loop,
that we will derive below:

B2
H Jx@x Toix )‘JAXX
5 Zpg = JEE1(3.19) (3.20)|(3.23)
J5? 0 (325 0
JE 0 0 [(3.29)

(3.18)
(xx)

The equation numbers point to the results for the non-zero entries. Note that the operators
JZ-T 2 containing insertions of the power-suppressed SCET Lagrangian contain at least one
soft field and therefore do not contribute in the purely collinear sector. We first discuss the
first row 5Z;5 Q then the second row 5Z D(xx),Q" and finally the last row 522(;%@ where
Q € {x0x,9(xx),Axx}. The zero entries in the second row persist at higher orders in a

(see below).
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First row. The contributions 5ZX8X \Ox and 6Zx8x a(x

2 (2)]0) at one-loop, involving diagrams as in figure 1.

») can be extracted by computing

the matrix element (g(p1)g(p2)|J5 ox (T
The additional 0, derivative leads to an extra power of the loop momentum in the numera-
tor, which yields a more involved structure of divergences compared to O(\). The divergent
part can be expressed in terms of the two tree-level contributions (g(p1)g(p2)| xax( )]0) tree
and (q(p1)q(p2)|J g&x) (y)]0)tree. The coefficients yield the corresponding anomalous dimen-

sions, and we find

1 .
(5Z;(zauxﬂ’x /OUX@’( ,y) = —5($ — y)éao/éﬁﬂ’ gﬁJXz‘liQ + g /Y)Z(aa‘uXBvXo/a(’XBI (a:,y) ) (319)

5ch

1 %
Xa aHXB 3U(X(¥/X5/)(x’y> = E,’YXQBHXB78<7(XQ/XB/)($7y)7 (320)

with
7
’YXQBNXB Xa 07 X1 (x7 y)

o as Ty - Ty, o . 1 . 1
- caTa Ty {waﬁm <0<a: i) rov-ni=]

747 z+y) 1
— - H(y - CC) y2 ) + ZMXQBMXB:XQ/BUX/B/ (.’L’,y)} ’

—0(x —vy)

’y;aa“XB,ao(Xa/XB’) (z,y)
asTy, - Ty u T 1
= S 1217T 12 (5aa’5,3,8’gi 9(y — ZL‘)? + 4MX0¢6”X[3780(X&/X3/)(:E’y)> . (321)
The last terms in each expression arise from diagram (c) and are given in appendix C.

Let us now turn to which describes the mixing of B- into C-type operators.

B )
To extract this contrlbutlgnx\;v‘l(;< Xcompute the matrix element (g(q)q(p1)q(p2)]| Xaﬂx|0> at
one-loop involving a gluon and two antiquarks. To determine the mixing with J§2 Axy 1t
is sufficient to consider a configuration where the gluon has only L polarization, and the
external momenta of all particles have vanishing | component.

For loops that consist of two internal lines that are both attached to the same building
block of the operator J52 \ony (called type-(a) loops above) one of the collinear building
blocks, that is not contributing to the loop, acts as a ‘spectator’, i.e. the matrix element

factorizes,

(9a(@a(P1)A(P2) 1 i510) (0)
= (9a(@)q(p1)Ix(ti; 74)|0) (a) (=251 )(@(P2) IX (Ei74)[0) tree
+(@(p1) Ix(tiyn4+) 0)tree(—p2 — @)} {9a(@)@(p2) X (tizn+)[0) ) - (3.22)

where we have also used that the L derivative acting on the second building block gives
a simple factor of total momentum both at the tree- and loop-level. All contributions of
type-(a) are therefore zero for vanishing external 1 momenta.

Therefore, we can focus on loops that connect the two building blocks. They are
obtained from the one-loop diagrams for a quark-quark matrix element shown in figure 1
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(bvi)F (b’i)B (bvi)V (bai)J

Figure 2. Examples for the four possibilities of adding an extra collinear emission (indicated by
the blue line) to a diagram with two fermion lines (chosen to be diagram (b,7) from figure 1. for
illustration).

(specifically from diagrams (b,4), (b,4¢) and (c)) with the additional emission of the gluon
off either an internal fermion line (subscript F'), internal boson (i.e. gluon) line (B), vertex
(V), or directly from the operator (J). These four possibilities are illustrated in figure 2
for diagram (b,7). The case (J) is only possible if the gluon is attached to a Wilson line,
and therefore this contribution vanishes for | polarization. Analogous arguments hold for
(b,7i) and (c). Similarly, the contributions (b,4)y, (b,ii)y are zero, because the internal
gluon is in this case connected to a Wilson line, and the four-point vertex connecting
two collinear gluons and two collinear quarks vanishes when contracted with n/;. Finally,
there could be a contribution from one-particle reducible (1PR) diagrams for which the
1PR propagator is canceled by a corresponding momentum-squared suppression of the loop
diagram. However, it turns out that there are no such contributions because the vertex for
radiating off a L polarized gluon from a quark line with momentum p vanishes for p; = 0.
In summary, all relevant loop diagrams are shown in figure 3.
The computation of the one-loop diagrams is straightforward and we find the result

C’si t Avavk ($>y17y2)
X&OX gAY X o Xigs
o b
= 871'86{ if S ktth1 aa’ﬁﬁl(x Y2,Y3)
+(tat )Sktthz ao/ﬂﬁ’(x yl,yQ) (tat )tlt sz Bﬁ’aa (x,yl,yg)}
1
= ryX 8;1,Xt AVaX X (':L‘ ylﬁyQ) (323)

where we made explicit colour indices for clarity. The y; denote the collinear momentum
fractions for J%ch with y1 + y2 + y3 = 1, and y; corresponds to the gluonic building block
A. The kernels K are defined in appendix C. In colour-space notation

Vreadtixs Aoy (T Y1 Y2) = & {T x Ti, K1 (%92, Y3)
=T, (Ti, - Ti ) K5 (7, y17y2)+Tw(Tz'2'Til)Kﬁl/’m/aa/(@ylaQS)}» (3.24)

where we defined a cross product via (T;, x Tj,)* =1 f“bCTb T§,, and the subscripts refer

to the first and second fermionic building block, respectively. In addition, we leave implicit
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(b,i)r (b,i)B (b, i)

()5 (c)v (v

Figure 3. Collinear loops contributing to the anomalous dimension 625! that describes

XX, AXX)
mixing of B- into C-type operators. Arrows show the fermion flow for two outgoing antiquarks.

the open adjoint index of the colour-space operators, which generates the additional colour
label required for the gluonic building block of Axy.

Second row. Matrix elements of the operator J aB( ) can be trivially related to those of

2
XX
Jﬁ?, because the total derivative factors out of any loop diagram. Therefore, we can infer

the corresponding entries in the anomalous dimension matrix from the O(\) result,

5Z§}f(XaX6),3”(x7xa)(x’ y) = giydz;ixmxwxa (z,9),
0250000 = 0 (Q =X, Axx) - (3.25)

The last line follows from the equality

(9a(@)a(p)aA(P2) T30 10) = —(a + p1 + p2)" (9a(@)(p1)a(p2)] 1 0) (3.26)
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at any loop order together with the first line of eq. (3.25). Since the O(\) matrix element
on the right-hand side is rendered finite by the 5Z>c<’>i,xx counterterm, it is not necessary to
introduce new counterterms to renormalize the left-hand side at O(\?). We have checked
this explicitly by computing the left-hand side of eq. (3.26) at one loop.

Third row. For C-type operators with three collinear building blocks the one-loop
anomalous dimension can be inferred from operators involving only two collinear build-
ing blocks. The reason is that at one-loop, at most two building blocks can be connected
to the loop, while the third one acts as a spectator.

In particular, type-(a) loops operate on each building block separately, and therefore
give the same result as at leading power (when including also coupling and wavefunction
renormalization, as above)

(9a(p1)A(P2)A(P3)| TS5 (21, 22)|0) ()
= Jo(P1) Jq(p3) Ja(P3)(9a(P1)A(p2)A(P3) 1T G x (@1, 2)|0) tree - (3.27)

The expression for J,(p?) is given in eq. (3.9), and J,(p?) is given by the same expression
with Cp — Cy, 3/(2¢) — 0.

All other loops connect two building blocks. There are three possibilities to select a
pair. For each pair, the computation is analogous to the corresponding case where the
third collinear building block is absent. Therefore, we can obtain the anomalous dimension
by rescaling the corresponding momentum fractions. For example, for the case where the
loop connects the second and third building block (indicated by the subscript 23), the
contribution to the anomalous dimension is related to the O(A) result from eq. (3.15),

1

— MPZC7
23 11—y

R 6(391 - yl)gj_ XX XX('I’ y) ) (328)

c,l
ZA“XXAPXX(xlv T2, Y1, Y2)

with = xo/(z2 + x3) = x2/(1 —x1) and y = y2/(y2 + y3) = y2/(1 — y1). The momentum
fractions in the first building block are not affected by the loop, and therefore identical,
leading to the 6(x1 — y1), and a similar argument applies to the Lorentz indices leading to
/P The prefactor is due to the Jacobian® dy/dy, = 1/(1 — y1).
To obtain the full anomalous dimension we need to sum over the three pairs of collinear
building blocks, 13, 23, 12. Note that the anomalous dimension on the right-hand side of
eq. (3.28) captures also the contributions from type-(a) loops attached to either the second

5This can be seen by writing the corresponding delta functions in the tree-level matrix element in the
form 6(y1 P — nyp1)0(y2P — nyp2)d(ysP — nyps) = 6(y1 P — nyp1)é(yPas — nyp2)d(§F2s — nyps) where
Pys = (1 —y1)P = (1 — x1)P is the collinear momentum of the two building blocks that are connected by
the loop. Then the product §(yPes — n4p2)d(yP23 — nyps) has the same form as for the case with only
two building blocks (except that P — Pa3). The remaining factor d(y1 P — n4p1) is not affected by the
loop integration, and therefore the same for the one-loop and tree-level matrix elements, leading to §(z1 —
y1). Therefore the only re-scaling factor is the Jacobian obtained from the change of integration measure
Z e, Arxx (T1, T2, Y1, Y2 {23 dyzdy: = d(x1—y1)g""dy1 X Z5, v (@, y)dy. For example, the Jacobian ensures
that the ‘diagonal’ contributions to Zy,, . («, y) have the correct normalization, because 6(z1—y1)d(z—y) =
(1 —y1)d(x2 — y2)d(x1 — y1). Note also that the anomalous dimension does not explicitly depend on the
total collinear momentum P in the direction n;4 under consideration.

,18,



or the third building block. This will also be the case for the 23 and 12 contributions, such
that the type-(a) loops are counted twice. We therefore need to subtract them once to
obtain the correct result. In addition each term contains the tree-level contribution, which
we need to subtract twice. Altogether,

c,
AFxaX gAY X ol X g/ ($17 T2,Y1, y2)

1 T Y1
= 7(5 - 5 /ZC v )
1 — Yo (x2 Z/2) BB Abx o, A Xa! <1 — X9 1— y2>

1 1) Y2
76 o Ml/Zc
+ 1— U1 (fL‘l yl)gJ_ XaXg:XalXg! (1 — ,fL'l, 1— U1

1 T Y1
7(5 - 5 /ZC v Pl
+1 s («T3 y3) o 2 Ak g, AV X 51 <1 —3 1 — y3)

—[1+ Jg(p%)ilJq(p%)iqu(pg)il]‘s(xl —y1)d(z2 — y2)5aa’5ﬁ5'9T/ . (3.29)

The last line contains the subtractions accounting for the over-counting (see Footnote 6
for the normalization). The anomalous dimension Zj{; Ay 18 given in appendix C (see also
refs. [15, 16]). Notice that the above equation is valid only up to one-loop. At higher
loops, the three building blocks may be connected together. Eq. (3.29) can be brought into

the form
5Z,CL(ZXQXB,AUXQ,XB, (#1,22,91,Y2) = =000 9" 0(x1 — Y1) (22 — Y2) Xiyinis
1 .
+ g’yf‘l“xaxa,fl”xa/x,;/ , (3.30)
where

as | 2 5 2 ©?
Xi1i2i3 = I -5 ('I‘Z'1 + Ty, + Ti3) + *(Til + Ty, + Tig) - |Ty, In —
T | e € —p7

2 3

2 2 1
£ Ty, In <_“pQ) + Ty, In <_"p2> + = (T2 ey + Then + Teiy)
2 3

with T%l = C4 and ¢;; = 0 for the gluonic building block and T?Q = T?S =Cp, ¢y, = Ciy =
3/2 for the fermionic building blocks. The non-diagonal part is given by

7
’YA“XaX/B»AVXa/Xﬁ/ ($1> T2, Y1, y2)

1 ; T Y1
g 7(5 — (5 / v v -
1— o (xQ y2) BB fYA“Xav-A Xa! <1 — X9 1— y2>
1 ; T2 Y2
51 — 1), —
+ 11—y (l‘l yl)gj_ /YXaXﬁvXO/XB’ <1 — 1 y1>
1 ; T Y1
= 5(xa — )G Y —_ . 3.31
+1 s (1'3 y3) aa ’Y,AHXB,A Xp! <1 “r1— y3> ( )

In addition, there is no mixing with operators with two building blocks, inherited from
075 oy = 0 at O(X) (see appendix C), that is,

0Z% 0 =0 (Q=x9x,9(xx))- (3.32)
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3.2.3 General structure of the collinear anomalous dimension

The previous findings suggest a general structure for the collinear contributions to the
anomalous dimension. We can write schematically for the contribution from collinear
direction i with n; building blocks (n; = 1,2, 3 for A-, B- ,C-type operators, respectively),

. 1,
0750 (x,y) = =0pq | [ 0(ws, — vi) Xy, + pRIICHOR (3.33)
K

where the first term is the diagonal contribution, dpg is non-zero for identical operators
P = @Q and then stands for the product of §,g for Dirac and ¢ for Lorentz indices, z;,
and y;, denote the collinear momentum fractions in direction ¢ for the building blocks
k=1,...,n;, and ﬁpQ(x,y) encapsulates the non-diagonal contribution. Here z and y
denote the vectors of momentum fractions as introduced above.

The non-diagonal contributions in general encapsulate rather lengthy results that de-
pend on the Lorentz structure and on momentum fractions in a generic way. The diagonal

contribution can be summarized in a universal way,

MQ Clk
Xiy i, = Z T, -Ti, < — 71 + O , (3.34)
lk 1 -] ik €

where ¢;, = 3/2 for fermionic building blocks, and ¢;, = 0 for gluonic building blocks. For
clarity we added an additional label to the off-shell regulator p?k for the collinear direction
it corresponds to.

So far we assumed that the two fermionic building blocks considered above have dif-
ferent flavours. It is straightforward to generalize the result in eq. (3.33) to the case of
identical building blocks, which is relevant e.g. for quarks of identical flavour or when con-
sidering operators with more than one gluonic building block. For gluons (quarks), one
has to symmetrize (anti-symmetrize) the anomalous dimension with respect to exchanging
them (including a factor 1/N, where N; is the number of terms).” Moreover, if more than
one | derivative acts on the same building block at O()\?), the corresponding Lorentz
indices need to be symmetrized too.

The final result for the collinear contribution to the anomalous dimension is obtained
by adding together the collinear contributions from all directions, which gives an additional
sum over 1,

N
0Zpq(m,y) = Y 0z —y)dZ5, (2, y)
=1

po(7,y)
= —0pgd(x —y ZX“ i, +Z(s r—y f, (3.35)
where we used that 6 (z —y) [1;s16(zs, — i) = 6(xz — y) in the compact vector notation
introduced above. This result is consistent with all individual results obtained above, for
the fermion-number two case. We checked that the diagonal contributions are in accord
with eq. (3.35) also for fermion-number one and zero up to O(\?).

In this case, the association of the external momentum with the collinear building block is not unique;
however, they appear then only in a symmetric form (e.g. ln(pfl) + ln(pfz)) such that there is no ambiguity.
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Figure 4. The leading power diagrams with a soft-gluon exchange. The j-direction parton is either
a (anti)quark or a gluon created by either AO or Al current. In the two-fermion sector, the current
can be either B1 or B2.

3.3 Soft part

The soft fields mediate interactions between collinear fields in different directions. Here,
we need to consider two types of contributions: first, soft loops with leading-power interac-
tions, for which the power suppression arises purely from the N-jet operator, giving rise to
current-current mixing. Second, soft loops containing insertions of the power-suppressed
contributions to the SCET Lagrangian that describe subleading soft-collinear interactions.
They give rise to operator mixing involving JZ-T 2 operators featuring time-ordered products,
see eq. (2.24). This approach helps to keep the power-counting manifest and ensures that
the anomalous dimension does not mix operators with different powers of A. Because the
leading two-fermion operator is O (\), in this work we need to consider only a single inser-
tion of the subleading interaction. The leading-power interaction between soft gluons and
collinear particles can be used any number of times when constructing the amplitude.

3.3.1 Currents

For the current-current mixing, the soft loops within a single collinear sector vanish to
all orders in as because the leading-power interaction contains only a single component
of the soft field, n;_As. Hence, to determine the soft part of the anomalous dimension
we only need to consider soft loops connecting different collinear sectors. At the one-loop
level, only two different collinear directions can be connected by a soft loop. The result
is then given as a sum of all possible pairings of fields belonging to different directions.
For the two-fermion operator, the relevant diagrams are presented in figure 4. The parton
belonging to the j direction can be either a (anti)quark or a gluon.

The divergent part of the diagrams shown in figure 4 with soft loops and leading power
interaction is

5255 (2) = —6pg 2 N T Ty, | 2 2 — 12T T, i (3.36)
x) = — — E g kN S T | — )
e " an = 2 € e p;p3, ’

where s;; = %(nz_ -n;_)P;P; depends only on the total collinear momentum in the directions
connected by the soft loop.

The colour-space formalism reveals the universal form of the soft factor. The result in
eq. (3.36) holds for gluons as well as for quarks. The soft factor depends only on the colour

— 21 —



charge of the collinear particle but not on its spin. When there are identical building blocks
within one collinear direction, the result should by symmetrized as in the collinear case.

The renormalization factor for the subleading currents with extra L derivatives acting
on the collinear fields is also given by eq. (3.36). In the soft-collinear vertices, only the
n_ component of the momentum is conserved. The other components are conserved only
within the collinear sector as dictated by the SCET multipole expansion of the soft fields. In
the L direction, the soft field wave-length is much larger than the size of typical fluctuations
of the collinear field. As a result, the soft field is insensitive to the 1 momentum of the
collinear fields. Hence, the extra momentum factor in the N-jet operator Feynman rule
that comes from the L derivative does not affect the computation of the soft loop.

To summarize, the soft counterterm for the subleading local operators is universal,
diagonal and given by eq. (3.36). This fact is easily understood by application of the soft
decoupling transformation. The collinear fields can be redefined to remove the leading-

power soft interactions from the SCET Lagrangian [12]. For example, for the fermion
fields we define

x(nisti,) = Yi(0)x O (nisty,), Yj(x) = Pexp [igs/ dsni_As(x +n;—s)| . (3.37)
0

The fields building the N-jet operator are evaluated at n;yt;, so the decoupling transfor-
mation commutes with the derivative 9,;. The N-jet operator at O () factorizes into a
product of collinear fields x(? that do not interact with the soft fields and a product of
soft Wilson lines. Hence, the universality of the eq. (3.36) is a consequence of the standard
eikonal approximation for the leading-power soft gluon coupling.

3.3.2 Time-ordered products

The decoupling transformation in eq. (3.37) does not remove the soft fields from the non-
local time-ordered product operators. In this case, it is necessary to compute the soft loops
explicitly. To obtain non-zero mixing into local operators we compute diagrams where the
soft field from the Lagrangian insertion appears as an internal line. Non-zero mixing can
occur only between operators with identical quantum numbers, and as the local currents
do not contain soft fields, only these diagrams can induce mixing into local operators.
Nevertheless, we checked that the one-loop amplitudes with one external soft gluon are
indeed finite after combining the soft and collinear loop contributions.

Consider first the Jgfx;a,é"q operator. Since there is no leading-power interaction be-
tween soft quarks and collinear partons it is impossible to form a soft loop and remove the
soft quark field. Therefore, no mixing into any of the local operators is allowed for this
operator.

The YM part in the operator ‘]):cpfxa,YM can form a non-vanishing Wick contraction
with the gluon fields contained in the Wilson lines that accompany the quarks, or with the
quarks directly. Choosing the light-cone gauge we immediately see that the former does not
mix into any of the local operators. The latter also does not contribute after performing

loop momentum integration due to the same reason as shown in the case of [,g) below.
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Figure 5. Sample diagrams contributing to mixing of time-ordered product into power-suppressed
local operators. The circle denotes the O (A\) SCET Lagrangian insertion. Diagram (a) contributes
to mixing into N-jet operator with B2-type currents; the diagram (b) can induce mixing into
C2-type currents and the diagram (c) can generate mixing into an N-jet operator containing two
different B1l-type operators.

Finally, we investigate possible mixing of the time-ordered product containing ﬁél).

The O (\) Lagrangian Eél) contains interactions with the L and n_ components of the
soft field, thus it is not possible to form a contraction with the leading power soft-collinear
interaction in the same collinear direction. Hence, just like in the case of local operators,
the soft loops for the time-ordered product at O (\) vanish within a single collinear sector.
The soft loops connecting the time-ordered product with a different collinear direction are
shown in figure 5. By explicit computation, we find that the operators containing Jgjxg,f
do not mix into any of the local operators. The diagrams containing a single time-ordered

)

states without soft fields and any number of collinear fields. The reason is that the soft

product of L’g and any type of the local current vanish at the one-loop level for external
gluon field at O (\) enters the Lagrangian only via the soft-field strength tensor with L and

n_ components, z// n?_F, Hence, we observe that in the Feynman gauge, a diagram

Hlit
with single O (\) Lagrangian insertion always contains the factor

ko (927n" =i g'7) (nj-)u ,

where &k denotes the loop momentum and (n;_), comes from the soft vertex on the j-
collinear line. No further k-dependent terms appear in the numerator because only the n_
component of the soft momentum enters the collinear line and purely collinear interactions
do not depend on the small component of the momentum. The one-loop soft loop integral
depends on two vectors n;,_ and n;_, so any tensor integral can be reduced to a combination
of these vectors and a metric tensor. After the tensor reduction of the loop integral, the
numerator terms with k& — n,;_ vanish by definition of the light-cone coordinates. If
k — nj_ then the total result is zero because of the anti-symmetric Feynman rule obtained
from the soft gluon field-strength tensor.

In summary, the time-ordered product operators with O (\) Lagrangians do not mix
into local currents. The renormalization factor of the mixing of the time-ordered prod-
ucts containing the O (\) Lagrangian with themselves is given by the Z-factor of its local
component.
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4 Combined result

In this section we discuss the combination of the collinear and soft contributions to the
anomalous dimension. As concluded above, at fermion-number two we can focus on current-
current contributions. We found that both the collinear and soft contributions can be sum-
marized in a universal way, given by eq. (3.35) and eq. (3.36), respectively. In particular,
the total soft contribution, summed over all pairs of collinear directions i,j with i # 7,
takes the form

0Zpg(x,y) = —0pqd(z —y)S (4.1)
with N
« e T; T 2 —12siixsx;
SAEDwRE S S
ij=1 I=1 k=1 Py Pj,

Notice that for identical building blocks, a symmetrization needs to be performed as dis-
cussed in the collinear case. We can write the logarithm as a sum of three terms involving
—sijqa, /P, w?/(=p;), and p?/ (—p]zk), respectively. The last two terms are identical

G s 2
In (W) +21n< L )” . (43)
H —Pjy

Colour-neutrality of the entire N-jet operator implies » i > & Tj. = 0. We can use this to

1 2 2
62+61n<_’;j2k>” L (4.4)

When combining this with the collinear result in eq. (3.35), we find that the regulator-

after renaming 4,1l <> j, k, thus we obtain

Qg 1 1
5_47r2 1_5ij)%:Tz‘z'Tjk{€2+€

.7

rewrite S as

045 — 8L, T4
= Z ZTH Tjk { In (W) (1 - 5ij) - 5ij
7]

1

dependent terms cancel, as expected. This is a consequence of the colour conservation
and our assumption that the operator is a colour singlet. The cancellation serves as a
consistency check proving that the N-jet operator matrix elements have the correct IR
behaviour and no further basis operators, in particular with soft building blocks, are nec-
essary. Therefore, all current-current contributions to the Z-factor can be summarized as

2
_ R O S 5.
= dpod(x ZJ:ZT” Tjk{ L - <—Sz’j%%’k>] (=)
¢ y Ypo(,y)
—0i50uk Z}JrZ(SH(H?—Z/)PQG - (4.5)

From this result we obtain the anomalous dimension matrix

—S8ijLq; T4
FPQ(?L‘,:U) = 5PQ5(x - y)[ ’Ycusp s ZZT” Ty, In <J,UQljk> + ZZ%Z(QS)]
i l

i<j Lk

+2Z5m (= = Y)Vpo(x:y) , (4.6)
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where Yeusp(s) = %=, i, (o) = —%SrTz?l

the last line captures the off-diagonal contributions computed above.

¢i, = —32Cp (0) for collinear quark (gluons), and

This expression summarizes the main result of this work. We have checked that its
form persists for all possible current-current contributions up to O ()\2), beyond the F' = 2
operators considered here. Operator mixing and non-diagonal contributions with respect
to collinear momentum fractions always enter via the collinear contributions ’y]ng(x, Y).

As a cross-check, eq. (4.6) reduces to the leading-power result (1.1) when there is only
a single building block in each collinear direction (i.e. I,k =1, x;,,z;, — 1), such that in
the notation used above 6(x —y) = [[; 14~ 6(zi, — vi,) — 1 is an empty product equal
to unity. Furthermore, possibly non-diagonal contributions encapsulated in fﬁ;Q vanish at
leading power.®

Note that the sets of labels collected in P and () contain open Lorentz and spinor
indices of the corresponding collinear building blocks, since we work with operators with
completely uncontracted indices. Additional factors of order € can arise when the open
Lorentz indices of the total N-jet operator are contracted or the spinor indices projected
onto a basis of Lorentz scalar operators, possibly including evanescent operators. This does
not affect the anomalous dimension at the one-loop order in the conventional dimensional
regularization (CDR) scheme, since the coefficient of the 1/e? pole is diagonal in the Lorentz
and Dirac indices. On the other hand, the O(e) terms which arise in the reduction of the
non-diagonal single 1/e pole part do not contribute to the anomalous dimension. It is worth
noting that the result above contains all information required to compute the anomalous
dimension of evanescent operators in the CDR scheme. The statements above may not
hold in dimensional regularization schemes that use explicitly four-dimensional quantities
for internal lines. We refer to ref. [34] for a discussion of this issue in the SCET context.

In this work, we consider the case in which one of the collinear directions contains two
fermionic building blocks (direction 4, say). At O()), there is only a single type of operators
of this kind, given by the product of J; = fol (tiy,tiy) defined in eq. (2.22) for the direction
labelled by 7 and leading-power building blocks for all other N — 1 directions J;.; = JJAO.
In this case, the anomalous dimension is off-diagonal in the collinear momentum fractions

in direction 1,
N

J
: TrolTy) 1,
>0 =) o (). (4.7)
j=1

where the right-hand side is given by eq. (3.17), and we have used ﬂpQ(x,y) = 0 for all
leading-power building blocks j # i. Furthermore the product of delta functions for the
N — 1 other directions 6/(z —y) = [T [Tks1 0(2j, — yj,) — 1 also collapses to unity.
At O(A\?), there are two cases. Let us first consider the case that the direction i
which we choose to carry fermion-number two encompasses itself the O(A?) suppression,
i.e. it is represented by one of the three operators in eq. (2.23), J; € {J32 JBB(ix)’ Jgix}.

N
Then the other N — 1 directions have to contain leading-power building blocks, as before.

8Note that we use a different normalization for the gluonic building block compared to ref. [33], which
affects ;, (s ). At leading power, it is easy to see that the results agree when taking the different convention
into account.
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The structure of the anomalous dimension follows directly from eq. (3.18), and leads to
operator mixing,

—

J Wia ) Via A(xx) Via A
) Yooz, y) 1 XOx:x0x  Tx0x,0(xx XOx, Axx
E [J] _ PQ _ 7
, e —y) € e 0 Yar.0000 . 0 (4.8)
! 0 0 7 Axx, Axx

where the non-zero contributions are given in section 3.2.2 (specifically egs. (3.21), (3.24)

for the first and eq. (3.31) for the last row, and 'yéM ( = giy%icx,xx is related to the

O(A) result in eq. (3.17)). The anomalous dimensiog?s’adi(;gz)nal with respect to the other
N — 1 directions.

The second case that can occur at O()\?) is that direction i with F' = 2 is described
by the O(A) contribution J; = Jf;(til,tiz), and one of the other N — 1 directions, say
direction #’, contributes an additional O(\) suppression. The remaining N — 2 directions
must then be represented by a leading-power building block. Since we do not require
direction 7’ to have a definite fermion-number, there are more possibilities, in particular
Jir € {Jg‘;, Jétll, Jf;, Jf&, J)g(l, J}fxl (plus hermitian conjugated operators). In this case we
need in addition the corresponding anomalous dimension matrices 'y};Q for these operators.
They will be given in future work.

In summary, we have taken the first step in a systematic investigation of the anomalous
dimension of subleading power N-jet operators in view of resummation of logarithmically
enhanced terms in partonic cross sections beyond the leading power. We provide an explicit
result at the one-loop order for fermion-number two N-jet operators. In a forthcoming

paper we will present results at O(\), O(A\?) for general N-jet operators.
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A Conventions

e Collinear light-like reference vectors n;y, ¢ =1,..., N with n;— - n;— = n;+ -n; =0,
ni— - n;y = 2. Any momentum can be decomposed as

1 1
P = ianni + §ni,pnf+ + !, (A.1)

e The different components of collinear momentum p; scale as (ani,ni_pi,pf’ )~
(A0, A2 0).

e n; building blocks in direction ¢, labelled by ix, k= 1,...,n,.
e [ is the total outgoing momentum in collinear direction .

e Abbreviation s;; = %(nl, -nj_)P;P;.
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e Operators JA", JB"  JC with one, two, three building blocks, respectively, and
power suppression O(A"). Here we count J;?O =y = W;& and Jﬁo = A’ii =
W;r [iD! .W;] as leading power (n = 0) for a collinear quark and gluon, respectively.
The power suppression of all other operators is then counted relative to the leading
power.

e Colour-space operator for parton labelled by i is T;, and colour conservation

N n;
Y > T, =o0. (A.2)

i=1 k=1

2
o We define a, = % and fi? = p? €72 /(4m).
e Covariant derivatives

iDY, =10 + g A (),
iniy Dy = niy (10 + gsAi(z))
ini—D; = n;—(i0 + gsAi(x) + gsAs(xi-)) s
iDs = 10 + gsAs(z) (on soft fields),
ini—Dg = n;—(i0 + gsAs(x;—)) (on collinear fields) . (A.3)

B Redundant operators

B.1 Redundant collinear covariant derivative in;,_D;

In this appendix, we show that the operator n;_A; = WZ-Tin,;_DiWi —in;_ Dy, that could
potentially contribute to the basis of collinear building blocks at (relative) O()\), can be
expressed in terms of the operator basis discussed in section 2, and is therefore redundant
(see also ref. [35] for some closely related discussion).

The equation of motion for the collinear gauge field with respect to the i-th collinear
direction derived from the leading-power collinear Lagrangian [14] reads

. . = 1 . 1 i
[iDyi, G] = igst"&; (”fta + 9t in Dy i+ llpu‘m7ﬁita +.. ) ; &, (B.1)
where ig,GY" = [iD!,iDY] and the ellipsis stand for contributions involving n!’ ., that will

drop out below. In the remainder of this appendix we will consistently omit the index ¢
for the collinear direction 7. The covariant derivative

I
iDM(z) = 0" + g, AM(z) + gsn,As(:z,)% (B.2)

includes the multipole-expanded soft field in the n_ projection, in_D. Contracting the
equation of motion with n4 , and multiplying with collinear Wilson lines from both

iy
2

sides gives,

WTiD,, [in, D,iD")]W = —2¢g2WTteW &t¢*F¢. (B.3)
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Next we use ), t&:1, = % (5z‘l5jk — %51']'5}4:1) to rewrite the colour ordering on the right-hand

a “ij
side (colour indices made explicit)

. . o 1 _
(W'[iD,, [iny D,iD"||W);; = —g? <5z‘z5jk — 35ij5kl> Xkéer' (B.4)

Writing the scalar product over v on the left-hand side in terms of collinear basis vectors,
and using Whin, DW = in,.0 to simplify gives

(iny0)2(Wiin_DW));; = —2id 1, (iny DAY )i; — 2[AY, (in1 A1)
1
_ 29? <5il5jk — 35@'(&;1) Xk%;Xl . (B,5)

Next, we apply the inverse derivative operator formally given by 1/(in 0)2. Note
that (in40)?(WT[in_ DW]);; transforms covariantly under the soft gauge symmetry, but
(WTlin_DW]);; does not, since the derivative acts only inside the bracket. However, on
the left-hand side we can replace Wilin_ DW] — Wilin_ DW] — f(x_) with an arbitrary
function f(z_). This can also be seen as a freedom to add an integration constant when
applying the inverse derivative operator. It can be fixed by the requirement of soft gauge
covariance, and choosing f(x_) = gsn_Ag(z_) yields

2 - vy, 2 v Y ..
(- = =g 510D = G L (s 0ALly
295 1 = Ty
" Gn.0p <5u5jk — 35z‘j5kl> Xk X1 (B.6)

i.e. we can express the operator on the left-hand side in terms of other collinear building
blocks. The previous equation receives corrections from the power-suppressed interactions
in the SCET Lagrangian, which can be worked out in a similar manner. Leading-power
redundant operators can always be removed iteratively from these further terms.

One peculiar property of this relation is that the soft field appears explicitly only on
the left-hand side. We checked that the relation is indeed fulfilled in the matrix element
with one soft and one collinear gluon. On the left-hand side, a 1PI diagram exists, where
the soft gluon is attached directly to the operator. In addition, a 1PR diagram where the
soft gluon is emitted from the collinear line contributes. On the right-hand side, only a
1PR diagram exists, that agrees with the sum of the 1PI and 1PR contribution from the
left-hand side. We also checked explicitly that the identity holds in the matrix element
with one and two collinear gluons with L polarization.

B.2 Redundant soft covariant derivative in;_Dj

We now show that the soft covariant derivative in;_ Ds when operating on collinear fields
can be removed using the collinear equations of motion. As before, we omit the label for
the collinear direction in this section for brevity. Using the equation of motion for the
collinear quark field we find

1

in_Dgx = — |n_A+ (i | + Aum(i% +AD) | x (B.7)
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which yields an expression in terms of the operator basis discussed in section 2 after using
the relation (B.6) for n_.A. A computation similar to the one in section B.1, starting from
the YM equation of motion (B.1) with open index u projected in L direction yields (with
colour indices ij made explicit)

([in-Ds, Af]),; = %iaﬁ(n_A)ij 5 (AL n- A+ 211 5 ([(in+0A7), n-A)),,
+
1 v vors .
+7@n+6 ([/LBL + AL? [Zajl_ + Alj_a ZaLV + ALV]])ZJ

A 1 h
+2in+8 010k — §5ij5kl Xk’m (AJ_)”/ XU

_ IR 7/i
+ X/ (AJ_)k (‘)h 2+Xl+2Xk la 2+Xl> : (B.8)

C Auxiliary functions entering the anomalous dimension

For the anomalous dimension Zf‘{;x Ay 8t O()\?) we need also the anomalous dimension

Zi{i Ax at O(A) as an input. It can be obtained by computing the one-loop matrix element
(9a(0)q(p)| A“X( x)|0) and we find

. 1 .
5Z§{;XD<7AVXB ($7 y) = —gﬁyéaﬁé(ﬁﬂ — y)Xi1i2 -+ g ’YfAHXOuAVXB (CU, y) 5 (Cl)

with X ;, given by eq. (3.34) and
fyjéluxa,AuXﬁ(x,y) — S Z217r 12 {g/»ﬂ/(saﬁ (9( y) |: :| +9(y—x) |: :|
+ +

_0(30_—3/) <1+ :T:(f—i—ﬂ)) 0y —=z) (:E—i-g]))

Y 2x

47

3o D@ -y 1)+ g —y>)}

asCr _
+2 P T (V{7 )ag s (C.2)

_Oés(CF + Ty, - Ty,) {gﬂ”éaﬁ (W(j +7) + M(;ﬁ - y)>

where Cy = %(1 —3(T;, + D;;) - T;,) and we introduced the additional colour operator
D°|a) = d®°|c) related to the symmetric d*¢ symbol defined via {t% t*} = %5“17 + dbete,
We checked that our result agrees with refs. [15, 16] after subtracting the soft-loop con-
tributions to the O(A) heavy-to-light current from the anomalous dimension computed in
these references. By computing the matrix element (g(p)| A“x( x)|0) we furthermore find

5251;)(@ 0 xg (:1:7 y) =0. (03)
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The functions entering Z° and Z° in eq. (3.21) are given by

XOX;x0X XOx,0(xXx)

Miaonxs x0r 07 x5 (z,y)

_ <9(:c - y)g + Oy — x);”) .

. (ﬂﬂ +71’Yi> <7ﬁwy> B ('yﬁny> (’yi’yi +’yi’vi>
X Y aal T BB xr aal x g BB

i YA q\’
—20 00t/ -9 Saar — 2L (AP AV , ,
o ( i':lj >56, < >O¢O/ BB T (’YJ_’YJ_)QQ (’YJ_/J’YJ_V)BB

—i—% <O(y — x):c(acy—22y) +0(x — y)W) X [(’Yfﬂi)aa/ (VZ’MV)M/

+ (’YT_PYJV_)QQ/ (77_7@.1/)@3/ + gﬁL_G (75)_73/_)&&/ (’YLp’YLV)ﬁg/] 5

My 00x5,07 (xorxr) (T2 Y)

_ <9(:c - y)‘; + Oy — z):;) .

oV UV A0 M M _ o
y (un N uu) <h?¢u> +9 <hh) 555
X Y aa! x BB Ty aa’

2

1 r(Ty+vy—x x o v
+§ (0(y — :E)(yyzy) +0(x — y)gj) X [(VLVL)M/ (ViVLV)gﬁf

+ (,yj"_,yi)aa/ (’yi’yi”)ﬁﬁ’ + gﬁL_CT (75_75_)040/ (VLpVLy)ﬁﬁll . (04)

The functions entering Z o are given by

XOX,Axx
K{L,lc/ua’ﬂﬁ’ (x, Y2, yg) = (SB/B/GZI;,(I‘, U1, yg) + 5040/6%2’(3_:’ Y1, yg)
—H{7 05/ (@Y1 92) — HY 50000 (T 915 Y3) — Tho e (T5 92, 93) 5

K;ZO/,BBI (-T7 Y1, y2) = 2555/}?5&”’(33’ Y1, y2) — H{Lf;a’/g’ﬁ/ (:U’ U1, y2)
1
= Hy g (T y1592) + 5 L0 (T, 51, 92) (C.5)

where the contribution from diagram (b,ii)p and (b,7)p can be expressed in terms of

1 1 _ T — Y3 T
iy = Oz —y2)0(x — 0(ys — x)—
Gl (T, 91,92) 1= st —us ( (z — y2)0(Z — y3) " +0(y2 $)y2>
x (—dzg” + (x —y2 + vV o - (C.6)

The diagrams (b, 7i)r and (b,i)p give
1 1
l—ysx—ys
x (226" — V) oo - (C.7)

v _ T — €T
P (01, 10) = (e@s - )0 — ) 2 0 - %)

2
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The diagrams (c¢)y and (c)}, give

T
HYY L ae(@,y1,02) = (9(36 —y1 = y2) O e —a) yz)
2x x
X 5 ’ H AV / + N4 / H L /)
( B (Vi1 aa —— (VLY aar (VL v1p)88
HMV/ ATy Y1, Y2 E<9$—y1—y2j+9y1+y2—x ) x
2,aa’/ BB ( ) ( )y3 ( )yl +y2 z—u
X (’71’7]0_)040/ (’VT_VLp),Bﬁ’ . (CS)

The diagrams (c¢)r and (c)f give

)9522?1 + 223 — Y173
Y1Y2Y3

ISZ/,Bﬂ/(mvylu Y2) = < —0(x —y1)0(ys —x

2 —2
T .z T+ Y1
+0(y1 —v)— +0(x -y _>{ T YD) aar (V) '
(y )ylys ( 3)y1y3 p— (V1Yo (ViV1p)88

+ 07 (VD) aer (YLoVL) 88 + (VEVE ) e (Vihp)ﬁﬁf} ; (C.9)
and the diagram (c)p yields

s + T3 — U2Ys

v 1 77,
Jga/ﬁﬁ/(xay2ay3) = {2 ( - 9(1‘ - y2)0(y3 - 'CE)

Y213
z2 _ z2 v_p M
0y = @)= — + 0 — Gs)=— | | (417 )aar (V7 1)35
Y293 Y2y3
+d1 (VI ) aar (Viovip) s + (VY )aar (’Viwp)w] (C.10)

v _ T — U B x
+daa’ (’Yi’M)B,B’ <9($ —42)0(y3 — ) ng?IJQ —0(x — y3)y2y3>

a5 (VA Vo | 002 — 12)0(Fs — )23 — 0y — 2)—— | |
8s' (Vi) <(w y2)0(73 — x) T (y2 :r)y2273

For 0 < y; <1 the functions K (y) are regular for all 0 < z < 1.9

9There are terms contributing to Ko that can potentially be singular for & — yi, in particular

1 lz+uy
71;“// , , , G
5 laar s (T 1,92) h—

2— =2= = =
(*9(3«" )0 — ) TIL T8 T 1l
Y1Y2vys
2

x v
+0(y1 —x)— )('YL'YZ)aa/(’VjL_FYLP)ﬁﬁ’ )
Y1Ys3

T
T — Y1

mz
_H27aa’[3ﬁ’ - =

_ xT v
0(ys — x)i(vni)mf(vﬁm)w : (C.11)

One can check that the sum of both terms is regular for + — y1. (One can use that in this limit 6(y3 —z) — 1
S o2

due to the assumption y2 > 0. Then using zyl'gfy# — —% for x — y1, the two terms in the first

and second line combine to cancel the pole in the third line.) Furthermore, there are additional occurrences

of 1/(x — y;), but one can check that the #-functions multiplying them exclude the pole for 0 < y; < 1.
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