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Abstract

Gyrokinetics is a fundamental framework for the study of turbulence in magnetized
fusion plasmas. In this thesis, we first propose a new methodology for the derivation
of gyrokinetic models, based on polynomial transforms instead of Lie transforms.
Moreover, we present novel numerical methods for gyrokinetic simulations, including
a strategy for the solution of hyperbolic-elliptic PDEs on 2D singular domains and its
implementation in a 4D semi-Lagrangian field-aligned drift-kinetic code.

Zusammenfassung

Gyrokinetische Modelle sind ein unverzichtbares Werkzeug fir die Untersuchung
von Turbulenz in magnetisierten Fusionsplasmen. In dieser Arbeit untersuchen wir
eine neue Methode zur Herleitung gyrokinetischer Modelle, die auf Polynomtrans-
formationen statt Lie-Transformationen basiert. AuBBerdem untersuchen wir neue nu-
merische Methoden flr gyrokinetische Simulationen, ndmlich eine Strategie fur die
Lésung hyperbolischer-elliptischer PDGL auf 2D singularen Gebieten und deren Im-
plementierung in einem 4D Semi-Lagrange Feldlinien-angepassten drift-kinetischen
Code.
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Chapter 1
Introduction

In this first introductory chapter we state the main motivations of this thesis, outline
its contents, and give an overview of the overall context of the work, namely the role
of gyrokinetic theory and simulations in the research areas of plasma physics and
nuclear fusion.

1.1 Motivation and outline of the thesis

This Ph.D. thesis is the result of about three years of research work conducted by the
author at the Max Planck Institute for Plasma Physics under the academic supervi-
sion of Prof. Dr. Eric Sonnendrlcker and the scientific guidance of Dr. Yaman Gug¢li
and Dr. Stefan Possanner. This work has been carried out within the International
Helmholtz Graduate School for Plasma Physics, a thematic graduate center of the
Technical University of Munich.

The ultimate goal of this research work is to contribute to the advancement of the
mathematical and computational tools at disposal of physicists, mathematicians,
computer scientists and engineers working in the research areas of plasma physics
and nuclear fusion, and eventually improve the current understanding of the complex
variety of physical phenomena occurring in experimental nuclear fusion reactors.
Mathematics and computational science provide invaluable tools to build mathemat-



ical models of such physical phenomena and study their behavior and evolution in
space and time with the help of computer experiments. In particular, this thesis
focuses on the mathematical and computational methods employed for the theoret-
ical derivation of gyrokinetic models and for their numerical solution by means of
computer simulations.

In the first part of this thesis (chapter 2) we propose a new methodology for the
theoretical derivation of gyrokinetic models. Our technique is based on polynomial
phase-space coordinate transformations, which we call polynomial transforms. Our
derivation is conceptually simpler than the standard one based on Lie transforms
and makes gyrokinetic theory easier to access for non-specialists. In the spirit of
asymptotic analysis, we define a rigorous normalization procedure in order to carry
out our derivation in a fully non-dimensional framework. Moreover, our ordering as-
sumptions (maximal ordering) are inspired by realistic physical scenarios relevant for
existing and future fusion experiments, such as, for example, the Tokamaks ASDEX
Upgrade (Max Planck Institute for Plasma Physics) and ITER (ITER Organization).
As a result, we derive a set of gyrokinetic Vlasov-Maxwell equations for ions and
electrons within a unique ordering.

In the second part of this thesis (chapters 3-5) we develop and discuss novel numer-
ical methods for gyrokinetic simulations. In particular, we propose a comprehensive
numerical strategy for the solution of coupled hyperbolic-elliptic partial differential
equations on two-dimensional disk-like domains, obtained from a rectangular uni-
form logical domain through singular coordinate mappings. In particular, we pro-
pose a novel set of coordinates, which we call pseudo-Cartesian coordinates, for
the integration of the characteristic equations for the semi-Lagrangian solution of
hyperbolic equations on such domains, and a finite element method based on glob-
ally C! smooth splines for the solution of elliptic equations. We also report about the
development of a semi-Lagrangian simulation code based on the field-aligned ap-
proach. This code addresses the numerical solution of a simplified four-dimensional
drift-kinetic electrostatic model. We discuss in detail the field-aligned approach and
show how to integrate the numerical machinery developed for two-dimensional prob-
lems within the four-dimensional code, presenting preliminary verification tests.



It is our hope that the numerical methods and techniques presented in this thesis,
or their extension and improvement, will be eventually implemented and employed
in state-of-the-art gyrokinetic codes, as well as other simulation codes used in com-
putational plasma physics.

1.2 Plasma physics and nuclear fusion

Plasma physics and nuclear fusion constitute the overall context of this research
work with respect to the physical sciences. The physical system being ultimately
investigated consists of a fusion plasma, that is, an ionized gas of electrons and
ions at extremely high temperatures and densities inside a nuclear fusion reactor.
When nuclei of light atoms, such as hydrogen, collide and fuse together, they pro-
duce nuclei of heavier atoms, such as helium, and release enormous amounts of
energy. This reaction occurs, for example, in the core of the Sun and all other stars
in the universe. The goal of nuclear fusion science is to replicate such reactions in
laboratories and experimental facilities on earth, with the ultimate aim of convert-
ing the energy produced by fusion reactions into electrical energy. Thanks to the
fact that fusion fuels, namely deuterium and tritium, are extensively available and
almost inexhaustible on earth, nuclear fusion represents a possible future source
of large-scale carbon-free energy, that may help address some of the most urgent
challenges facing humanity, namely the energy needs of our species within a safe
preservation of our ecosystem. Several aspects make nuclear fusion an attractive
safe alternative to nuclear fission as a nuclear energy source. To name a few: fu-
sion does not emit carbon dioxide or other greenhouse gases into the atmosphere,
nuclear fusion reactors do not produce long-lived nuclear waste, and there is no risk
of a chain reaction or meltdown. The downside is that what makes nuclear fusion
inherently safe makes it also extraordinarily challenging from a scientific and tech-
nological point of view, as the reaction stops or does not occur at all if any of the
physical conditions necessary for it are disturbed in any way. In order for the reaction
to occur at a reasonable rate, the plasma inside a fusion reactor needs to be heated
at temperatures of about 150 million degrees Celsius, much higher than the Sun’s
core. It is therefore necessary to confine the hot plasma (which has a tendency

3



to expand) inside the core of a fusion reactor for a sufficiently long time and pre-
vent it from reaching the outer walls of the machine. Several techniques have been
invented and investigated in the last decades in order to achieve high plasma con-
finement in fusion reactors. The most common one is magnetic confinement, which
makes use of strong external magnetic fields to contain and control the plasma.
The idea of magnetic confinement comes from the simple physical observation that
electrically charged particles (such as electrons and ions inside a plasma) exhibit a
motion of gyration around the field lines of an external magnetic field. As a conse-
quence, a combination of poloidal and toroidal magnetic coils in a donut-like shaped
device can act as a magnetic cage and trap the plasma particles in a well-confined
region inside the reactor’s vessels. The two main existing types of fusion reactors
based on magnetic confinement are the so-called Tokamaks (Artsimovich, 1972)
and Stellarators (Spitzer, 1958). They differ mainly because of the shape and the
spatial symmetry properties of the magnetic coils used to create the external mag-
netic fields. This thesis deals with magnetically confined fusion plasmas in Tokamak
devices, such as, for example, ASDEX Upgrade, DIII-D, JET, TCV (to name just a
few among the more than 200 Tokamak reactors that have been built and operated
since the 1950s) and the future machine ITER (Figure 1.1).

1.3 Gyrokinetic theory and simulations

Fusion plasmas consist typically of an extremely large number of charged particles
interacting between themselves and with external electromagnetic fields. When a
macroscopic physical system consists of a large number of microscopic compo-
nents, it is common to describe it from a statistical point of view, instead of looking
at its individual microscopic degrees of freedom. In the case of a fusion plasma,
we may want to describe its physical dynamics with the tools provided by the kinetic
theory of gases, rather than looking at the individual equations of motion of each
electron and ion in the plasma. The fundamental bit of information in such a kinetic
description is typically the probability of finding a particle at a given position, with a
given velocity and at a given time. The mathematical object that contains such in-
formation is the so-called distribution function of the plasma particles. Such objects

4
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Figure 1.1: A cutaway of the ITER Tokamak (produced by the ITER Design Office in
January 2013).

are defined, at a given time, on a six-dimensional phase space (three dimensions
are associated to the position of the plasma particles and three to their velocity).
The evolution in time of a particle distribution function is therefore described by a
six-dimensional phase-space dynamics. When the equations describing such dy-
namics need to be solved on a computer, as it is usually the case, the high dimen-
sionality of the phase space becomes a computational limitation, as it results in
long run times and heavy memory footprints of the corresponding numerical simu-
lations. It becomes therefore useful to develop reduced models capable of retaining
a physically meaningful description of the system while at the same time decreas-
ing the computational cost of the model. Gyrokinetic theory is an example of such
reduced models: it is derived from a fully kinetic model by applying standard tech-
niques of perturbation theory and results in a set of dynamical equations defined on
a five-dimensional phase space, thus enabling more efficient numerical simulations
of fusion plasmas.

Several efforts have been made in the last decades in order to develop computer
codes for the numerical simulation of fusion plasmas by means of gyrokinetic mod-



els. Such codes are typically classified into two different categories, according to
the overall discretization approach on which their numerical methods are based. In
particle-in-cell (PIC) codes the system is observed from macro-particles and only a
computational grid in the three-dimensional configuration space is necessary in or-
der to solve the dynamical equations (more precisely, the equations describing the
dynamics of the electromagnetic fields). Examples of gyrokinetic PIC codes include
GTC (Ethier et al., 2005), GTS (Wang et al., 2006), XGC1 (Ku et al., 2009), ORB5
(Bottino et al., 2010), and ELMFIRE (Heikkinen et al., 2008). In continuum codes,
instead, the dynamical equations are discretized on a five-dimensional phase-space
grid. Such codes are further classified into purely Eulerian codes, based on various
discretization approaches, such as, for example, finite differences, finite volumes,
or discontinuous Galerkin methods, and semi-Lagrangian codes, where the particle
distribution function is discretized on a grid but the grid points are advected along the
characteristic trajectories of the transport equation describing its dynamics. Exam-
ples of gyrokinetic Eulerian codes include GENE (Jenko and Dorland, 2001), CO-
GENT (Dorf et al., 2012), GKEYLL (Shi et al., 2017), GT5D (Idomura et al., 2008);
examples of gyrokinetic semi-Lagrangian codes include GySela (Grandgirard et al.,
2006b) and the code described in (Kwon et al., 2015).



Chapter 2

A new derivation of gyrokinetic
theory

Gyrokinetics is one of the major frameworks used in theoretical and numerical stud-
ies of low-frequency turbulence in magnetized fusion plasmas (Garbet et al., 2010;
Krommes, 2012). Gyrokinetic models are based on a change of phase-space co-
ordinates that separates the fast motion of gyration of the charged plasma particles
around the magnetic field lines from the slower motion of their guiding-centers along
the direction of the magnetic field lines. The idea is to derive a reduced set of dynam-
ical equations that contain all the information necessary to provide a good enough
description of the physical dynamics of the plasma, while at the same time ne-
glecting the dynamics occurring at the fastest time scales, thus reducing the overall
dimensionality of the equations to be solved and enabling more efficient numerical
simulations (by reducing both their run time and their memory footprint).

From the point of view of mathematics, gyrokinetic theory is the asymptotic study
of the Vlasov-Maxwell model in a strong background magnetic field. This requires
a suitable reformulation of the equations such that the formal limit of infinite mag-
netic field strength can be carried out in a meaningful way. The procedure can be
understood in the context of averaging the characteristics (or Lagrangian paths) of
the Vlasov equation, as described first in (Northrop, 1963). Rigorous mathematical
accounts can be found, for example, in (Frénod and Sonnendriicker, 2001; Bostan,



2010; Chartier et al., 2016). A first attempt to average the Vlasov-Maxwell equa-
tions taking into account the self-consistent interaction between plasma particles
and electromagnetic fields can be found in (Frieman and Chen, 1982). On the other
hand, the works of (Littlejohn, 1979; Dubin, 1983; Hahm, 1988; Brizard, 1989) laid
the foundation of “structure-preserving” gyrokinetic theory. In these works it was
first realized that averaging can be carried out on the level of the variational princi-
ple, by transforming the particle Lagrangian that leads, together with the free-field
electromagnetic Lagrangian, to the Vlasov-Maxwell equations (or, equivalently, by
transforming its corresponding Poisson bracket structure). This strategy has the
advantage of preserving symmetries of the plasma equations of motion during the
process of averaging. More precisely, the averaged equations will exactly conserve
averaged versions of the true constants of the motion, such as, for example, energy
and momentum. Most, if not all, of the numerical codes attempting to solve the gy-
rokinetic equations are currently based on structure-preserving gyrokinetic models
and often show improved stability and accuracy.

The derivation of gyrokinetic models has been discussed and reviewed extensively
in (Brizard and Hahm, 2007; Krommes, 2012), and references therein. The preva-
lent methodology is based on Lie transform perturbation theory, as presented for ex-
ample in (Cary, 1981; Cary and Littlejohn, 1983), and most of the recent derivations
have been carried out in this framework, as in (Tronko et al., 2016; Brizard, 2017;
Tronko et al., 2017a,b; Tronko and Chandre, 2018). The work described in this thesis
suggests a different derivation of the gyrokinetic equations, which we hope will make
gyrokinetic theory easier to access for scientists who are not familiar with it. The idea
is to derive the gyrokinetic equations without relying on methods based on Lie trans-
form perturbation theory. Such methods, despite being mathematically elegant, are
formulated in the language of differential geometry and may thus prevent readers
from focusing on the core of the gyrokinetic reduction. The derivation discussed in
this thesis is inspired by the guiding-center theory of Littlejohn (Littlejohn, 1983) and
a similar approach has been recently suggested in (Parra and Calvo, 2011; Scott,
2017) and worked out in the long-wavelength regime of gyrokinetics in (Possanner,
2018). More precisely, we extend the methodology presented in (Possanner, 2018)
to address the description of turbulence on the microscopic scales of magnetized



fusion plasmas, such as the ion Larmor radius. As in Lie transform perturbation
theory, our method is based on near-identity phase-space coordinate transforma-
tions. However, we propose to construct such transformations in a different way.
More precisely, our phase-space coordinate transformations are defined as polyno-
mials of finite degree in powers of a given perturbation parameter. The coefficients
of such polynomials are the so-called generating functions (or generators) and rep-
resent the degrees of freedom that allow us to separate fast and slow scales. We
call such phase-space coordinate transformations polynomial transforms, in anal-
ogy with Lie transforms. Our polynomial transforms are conceptually simpler than
Lie transforms, which are asymptotic series (thus not necessarily convergent) con-
structed as products of operator exponentials which feature Lie derivatives along
the generating vector fields.

In the spirit of asymptotic analysis, our derivation of the gyrokinetic equations is car-
ried out in a fully non-dimensional framework. The perturbation parameter used in
our near-identity phase-space coordinate transformations, which we denote by ¢, is
identified by a rigorous normalization of the Vlasov-Maxwell model. Our ordering
in powers of ¢ is then based on assumptions derived from realistic physical sce-
narios relevant for existing and future fusion experiments, such as, for example, the
Tokamaks ASDEX Upgrade and ITER . In this way we clearly separate the physical
assumptions (generally referred to as “ordering” in the gyrokinetic literature) from the
mathematical model reduction (averaging with polynomial transforms). The reduc-
tion procedure via polynomial transforms can then be viewed as a sort of automatic
procedure, which ideally could be carried out by a symbolic computer program, in
order to prevent errors in long analytical calculations. Moreover, our methodology
based on a priori normalization of the physical equations allows us to formulate a
gyrokinetic theory for both ions and electrons within the same physical scenario and
assumptions.

This chapter is organized as follows. Section 2.1 introduces the basic equations of
the Vlasov-Maxwell model for a non-collisional magnetized plasma, including a field-
theoretic Lagrangian formulation. Section 2.2 defines the normalization scheme
used for the purpose of non-dimensionalization and derives an ordering pattern
based on physical considerations. Section 2.3 outlines the main results of this work,



namely a set of gyrokinetic equations for both ions and electrons in maximal or-
dering with the corresponding sources in Maxwell’s equations. Finally, we end the
chapter with a summary of our contributions.

2.1 The Vlasov-Maxwell model

We consider a non-collisional plasma composed of ions and electrons described in
terms of the distribution functions f;(¢, x, v), where the subscript s denotes the par-
ticle species, t € R* denotes the time coordinate, and (x, v) € R? x R are position
and velocity coordinates in phase space. In this chapter we write all equations in
Sl units (Taylor, 2008). The distribution functions f; obey the non-collisional Vlasov

equation ] 5
ﬁ+v.st+ﬁ(E+va)-Tﬁ:0, 2.1)
ot My ov

where ¢; and mg denote the particle charge and mass, respectively. The electro-
magnetic fields E (¢, z) and B(t, z) satisfy Maxwell's equations

v.E-L (Coulomb’s law) , (2.2a)
€o
V-B=0 (absence of free magnetic poles) , (2.2b)
B
Vx E = —a— (Faraday’s law) , (2.2¢)
ot
V x B = pgdJ + 80#0%—? (Ampére-Maxwell’s law) , (2.2d)

where g7 and py denote the vacuum electric permittivity and the vacuum magnetic
permeability, respectively. The sources p(t,x) and J (¢, x) are defined in terms of
the distribution functions as

p:_zqsfd%fs, J:_qufd%vfs. (2.3)

The derivation of the Vlasov-Maxwell system (2.1)-(2.3) from an action principle was
recognized first by (Low, 1958). Denoting by ®(¢, ) and A(t, x) the electric scalar
potential and the magnetic vector potential associated to the electric and magnetic
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fields E and B via

E=—VCI>—%, B=VxA, (2.4)
C
Low’s action principle reads
t1
5J dt (Lp, + Lem) =0, (2.5)
to

where 6 denotes the Fréchet derivative (as usual in the calculus of variations),
L, (t,V,,d¥,/dt, ®, A) denotes the particle Lagrangian

=Y J Py Ay fi(to, 20, vo) L, (26)

and Lgy (¢, A, V&, 0A/dt, V A) denotes the electromagnetic free-field Lagrangian

2
1
—— |z |V xAP. (2.7)
2410

I T oA

In the particle Lagrangian (2.6), L (t, ¥;,d¥,/dt, ®, A) (sometimes denoted simply
by Ls (V;,dV,/dt), neglecting the dependence on the other variables) denotes the
single-particle Lagrangian for species s, defined on the tangent bundle of the single-
particle phase space. In the phase-space coordinates (x,v), the single-particle
Lagrangian Lg(t, =, v, &, ¥) reads

Ls = (msv + qu) : :'C - Hs Wlth HS = %|Iv’2 + qS(D . (28)

We remark that Ly depends implicitly on the potentials & and A and describes
therefore the self-consistent interaction between plasma particles and electromag-
netic fields. In general, the single-particle Lagrangian Lg (V,,dV,/dt) is evaluated
at the ¢-family of maps ¥, : R® — RS, which depend parametrically on time and
denote the flow maps of the characteristics of the Vlasov equation (2.1):

d_a::v d—v:&(E+UXB),

dt ’ dt  ms (2.9)
x(tg) = xo, v(ty) = vy .
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The flow map ¥, transports a particle from the phase-space point z, := (2, vo)
at the initial time ¢, to the phase-space point ¥;(z) at time ¢ and it is a volume-
preserving diffeomorphism. The description of an ensemble of particles via the
particle Lagrangian L,, arises from the single-particle picture as follows. Newton’s
equations of motion for a single particle can be deduced from the variational princi-

ple
dz() B
5J dtL( 0 )_o. (2.10)

The extremum defined by (2.10) is denoted by z(t) := (x(t),v(t)) and it is the
solution of the Euler-Lagrange equations (2.9). Hence, z(t) = ¥,(z¢) and (2.10)
can be written as

5F dt Jdﬁzl 6%(z1 — z¢) Lg (\I/t(zl), dq’;izl)) =0. (2.11)

Formally, the ensemble description is obtained by replacing the Dirac delta function

with the initial particle distribution function f5(0, z;), which yields

b} r dt fdGzl (o, z1) L <‘I/t(z1), dq’éf”) —0. (2.12)

The particle Lagrangian (2.6) is then obtained by taking the sum over the species

and by relabeling the variables of integration z; as z,. By construction, the variation
(2.12) with respect to WV, yields the characteristics of the Vlasov equation. From a
more physical point of view, the particle Lagrangian (2.6) is obtained by multiplying
the single-particle Lagrangian L by the probability of finding a particle in the phase-
space point z, at the initial time ¢, and by summing over all possible initial phase-
space points. The Vlasov equation enters the picture via the following definition of
the particle distribution function:

u(t.2) i [ 208z~ Wi(z0) flt 20). 2.13)
We remark that z € R® denotes coordinates here and not a path in phase space.
Hence, (2.13) makes the link between the Lagrangian paths ¥, and the distribution

function f; via fs(t,z) = fs(to, (¥;)"(2)). This implies, in particular, that f; is

12



constant along the Lagrangian paths,

fs(t, We(20)) = fis(to, 20) (2.14)

which corresponds to the information contained in the Vlasov equation. Let us now
write the characteristic equations in the form

dz
a ~ Tl (2.15)

Z(to) =20,

with F'(z) = F(z,v) := (v, /= (E +wv x B))". From the definition of the distribution
function it follows that

dw

[tz rttoza 1 (we ) = @202 e PG @e)

This is easily verified by substituting the definition (2.13) into the right-hand side and
integrating over z. The variational principle (2.5) leads to the characteristics of the
Vlasov equation by computing variations with respect to V,;, to Coulomb’s law by
computing variations with respect to ® and to Ampeére-Maxwell’s law by computing
variations with respect to A. Variations with respect to the electromagnetic poten-
tials are computed in the Eulerian representation of the particle Lagrangian, namely
from the right-hand side of (2.16). Only the non-homogeneous Maxwell’s equations
(2.2a) and (2.2d) can be derived from the variational principle. With appropriate
initial/boundary conditions, this results in a well-posed system for (f;, ®, A), which
describes the self-consistent interaction between plasma particles and electromag-
netic fields.

An important aspect in gyrokinetic theory is the separation of the electromagnetic
fields into background and fluctuating parts. More precisely, we assume that the
magnetic field consists of dynamic fluctuations added to a static background, while
the electric field consists only of dynamic fluctuations (without a static background):

B(t,x) = Bo(x) + By(t,x), E(t,x) = E(t,x). (2.17)
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Similarly, the electromagnetic potentials are written as
A(t7 "'B) = AO(w) + Al(tv fB) ’ q)(ta "'B) = (I)l(tv CU) ) (218)

so that B, = V x Ay. Therefore, in the variational principle (2.5) variations have to
be computed with respect to ¥;, ®; and A, respectively.

2.2 Normalization and ordering

The formulation of the Vlasov-Maxwell system as a perturbation problem requires
the non-dimensionalization (or scaling) of the physical equations and the subse-
quent application of an ordering scheme that allows for a comparison of terms in
relation to a small perturbation parameter ¢ « 1. Since gyrokinetics is ultimately the
theory of low-frequency dynamics in strongly-magnetized plasmas, the perturbation
parameter is typically defined as the ratio between a characteristic ion turbulence
frequency &; and the ion cyclotron frequency w;:

e= 2 (2.19)

Wei

Gyrokinetic theory can then be considered as the asymptotic analysis of the Vlasov-
Maxwell model in the limit ¢ — 0. The procedure of non-dimensionalization and the
introduction of the scaling parameter ¢ in the equations are fundamental. Therefore,
we give here a detailed description of both steps, which typically are not treated
extensively in the gyrokinetic literature. We first present the methodology by means
of a one-dimensional example and then introduce the generic normalization of the
Low action principle (2.5). Finally, we suggest an ordering scheme that corresponds
to a realistic physical scenario relevant for existing and future fusion experimental
reactors, such as, for example, the Tokamaks ASDEX Upgrade and ITER.

In magnetized fusion plasmas two length scales play a major role, namely the length
scale ¢, of the background magnetic field, that can be approximately measured by
looking at the quantity ||V By/By||~*, and the length scale ¢; of the turbulent fluctua-
tions, that can be approximately measured by looking at the quantity ||V ®,/®,|| L.
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The length scale ¢; is typically of the order of the ion gyro-radius p; := ¥;/w,; (Brizard
and Hahm, 2007), where ©; denotes the ion thermal velocity. The ratio of these
length scales determines the importance of the effects related to the curvature of
the background magnetic field in the perturbation analysis. The following three sce-
narios are usually of interest: if the background magnetic field is uniform, we for-
mally have ¢, /¢, = 0; if the background magnetic field is slowly-varying, we typically
have ¢, /¢y = O(£?) in the limit ¢ — 0; in the last scenario, which is referred to as
maximal ordering, we have instead ¢, /¢, = O(¢) in the limit ¢ — 0. The majority
of gyrokinetic models have been derived in a homogeneous background magnetic
field for the sake of conceptual clarity. However, curvature effects play an important
role in magnetically confined fusion plasmas and many state-of-the-art gyrokinetic
codes address the numerical solution of gyrokinetic models derived in the case of
a slowly-varying background magnetic field. In this thesis, we develop a consistent
gyrokinetic theory in the maximal ordering, by taking into account curvature terms
that appear at the first order of the perturbation theory. As pointed out in (Tronko
and Chandre, 2018), according to recent experimental results for the Tokamak Tore
Supra (Casati et al., 2009) and according to numerical results obtained with the
PIC gyrokinetic code ORBS5 for the Tokamaks ITER and DIII-D (Wersal et al., 2012),
the maximal ordering is the most relevant scenario for existing and future fusion
experimental reactors (including Spheromaks, besides conventional Tokamaks and
Stellarators). Uniform or slowly-varying scenarios can be then easily deduced from
our more general results in the maximal ordering, by simply moving curvature terms
to higher orders in the perturbation theory.

When dealing with different length scales of variations, such as ¢, and ¢, particular
care is required during the process of non-dimensionalization (or scaling) of the
physical equations, because the perturbation parameter ¢ will appear in the argu-
ment of functions. We explain this by means of a one-dimensional example. Con-
sider the one-dimensional real-valued function

g(x) =g sin (2%:15) . (2.20)

The amplitude g represents the characteristic size of g and the length scale ¢ rep-
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resents its scale of variation. In a physical problem, ¢ is typically expressed in
some physical units (for example, £ = 1 mm), and so is z, in order to have a non-
dimensional argument in the sine function. We then introduce a second function

g (z') :==sin(2r ), (2.21)

with non-dimensional argument z’. The function ¢’ is non-dimensional, of order O(1)
and with variations of order O(1) in the limit ¢ — 0. We call such functions “elemen-
tary functions” and denote them with a prime. The goal of the scaling procedure
is to express all dependent variables of a physical model in terms of elementary
functions. From (2.20) and (2.21) it follows that

o =34 (). Dw-1%

/
12 ox oz’

(%) . (2.22)

We also introduce the characteristic length scale 7 in order to scale the independent
variable = via + = Z2’. The length scale Z represents a characteristic scale of
observation. From (2.22) we obtain

C(ELN dw Ged (F
o) =3¢ (Fo) L =12 (F). 2:23)

ox ox’

where ¢'(z’) is differentiated with respect to 2’ and then evaluated at what stands in
the parentheses. If we fix a scale of observation z and we introduce a perturbation
parameter £ « 1, we then distinguish between three types of functions, depending
on the ratio z/¢:

e slowly-varying functions with /¢ = O(e) in the limite — 0: ¢ = ¢’ (e2')
(scale of observation much smaller than the scale of variation);

e standard functions with /¢ = O(1) in the limite — 0: g = g ¢’ (2’) (scale of
observation comparable to the scale of variation);

e strongly-varying functions with /¢ = O(1/¢) in the limite — 0: g = g ¢'(2'/e)
(scale of observation much larger than the scale of variation).

We will use this notation throughout this chapter, adapted to the multi-dimensional
case as well as for vector-valued functions.
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2.2.1 Normalization of the Viasov-Maxwell model

In order to write the Vlasov-Maxwell model in non-dimensional form, we introduce
reference scales (denoted, as before, by a hat) for time, length, and ion and electron
velocities:

"

) Ny v; v ions,
t=tt, r=2xrx, V=1 (2.24)
Ve v" electrons.

The characteristic velocities for ions and electrons, v; and ., can be chosen differ-
ently, which means that v’ and v” are different velocity coordinates. Following the
procedure described in the previous section, we write the background magnetic field
and its corresponding magnetic vector potential as

D / T / n / z /
By(x) = By By (6—"3) , Ag(m) = Ao Ay (6—33) ; (2.25)
0 0

where ¢, denotes the length scale of the background magnetic field. Choosing
Ao := Byty, we obtain B, = V' x Aj in the scaled variables. We remark that
for a uniform background magnetic field the considerations for the vector potential
A, are still valid (A = (B x x)/2 in this case). With regard to the dynamic fields
B, and E,, we denote their length and time scales by ¢; and 7, respectively. For
the magnetic fluctuations and its corresponding magnetic vector potential we write

~ t 7 A~ t 7
Bit.x)=0 B, | ¢, Za'|, Atx)=A At Za). (226)
T1 51 1 51

Similarly, for the electric field and its corresponding electric scalar potential we write

~ t 7 ~ t .z
Etz)=EE |1, 2], o @e) =009t Za). (227
1 e 1

T1 1 T1 51

Choosing ﬁl = élél and &)1 = E]El, we obtain

Bty 0A
B, =V'xA,, E, =-V - Bt oA, (2.28)

By O
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in the scaled variables. We remark that the amplitudes ﬁl and @1 depend on the
length scale ¢; of the fluctuations. This means that, if the sizes of the field fluctua-
tions §1 and El are fixed, small-scale fluctuations are associated to small potentials,
while large-scale fluctuations are associated to large potentials. The size of the po-
tentials, in turn, plays a role in the ordering of terms in the particle Lagrangian, and
thus in the overall asymptotic expansion.

Regarding the Low action, we normalize the electromagnetic free-field Lagrangian
(2.7) as
Loy = ni kg T 3% Ly (2.29)

where 7; denotes a reference ion density, T a reference ion temperature, and kg is
the Boltzmann constant. Therefore, we obtain the non-dimensional electromagnetic
free-field Lagrangian

2

eo B? 1 f s e ., By 0A,
Ly = Pz’ |V'¢), + =—
R kBTiQ "B ot

(2.30)

S 2
V’xA{ﬁ—iV'xA’l

0

‘§2 1Jd3 /

,Uo ni kg T 2
In order to normalize the single-particle Lagrangian (2.8), we note that x repre-
sents three components of an element (z, %) € R? x R? of the tangent space at

(xz,v) € R? x R3. Tangents & have units of velocity and are therefore normalized as
& = (2/1) 4&'. We then normalize the single-particle Lagrangian (2.8) as

Ls = mg02 L, (2.31)

obtaining the non-dimensional single-particle Lagrangian

7 5 B 7 g B
[ P LU (- RY | PV Al PV P
Oyt My Vs Bolo 2 ms02

Finally, we normalize the particle Lagrangian (2.6) of the Low action in the same
way as the electromagnetic free-field Lagrangian, namely as
Ly =niks T2° L}, (2.33)

p
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thus obtaining the non-dimensional particle Lagrangian

/\5 N
Ly = Y2 [ el v it ) L (2.34
s NiKkBdj

All dependent variables in the Low action are now expressed in terms of elementary
functions. Therefore, the size of each term is determined only by the size of the
non-dimensional coefficients in front of it. Such coefficients are, in turn, determined
by the physical scenario under consideration, as we discuss in the next section.

2.2.2 Physical scenario and ordering

The process of quantifying the size of the non-dimensional coefficients appearing in
the physical quantities of interest, such as the Low action, is usually referred to as
ordering. Different orderings lead to different perturbation theories and to reduced
models with different physical content. An ordering is thus the mathematical expres-
sion of a specific physical scenario. Two such scenarios for magnetic confinement
fusion experiments are listed in Tables 2.1 and 2.2. We choose as the characteristic
length and time scales of observation the minor radius a and the inverse of the ion
thermal frequency &;, respectively:

(2.35)

i’\:za, tIZTZ

D 2

The ion thermal frequency &;, that is, the inverse of the time required for an ion
to travel the distance a, is close to the frequency of micro-turbulence observed in
Tokamaks (Liewer, 1985; Wootton et al., 1990; Krommes, 2012). Moreover, mea-
surements in Tokamaks have shown that fluctuation levels in turbulent plasmas sat-
isfy (Liewer, 1985; Wootton et al., 1990; Brizard and Hahm, 2007)

~ A

B Ey

—_~
~

By By

~ 1073, (2.36)

which tells that fluctuations are small compared to the corresponding background
quantities and that the £ x B velocity is small compared to the ion thermal velocity.
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ions electrons
major radius Ry 1.6 m
minor radius a 0.8 m
toroidal magnetic field Br 39T
1020 1020
average particle density {ng) 2.0x — 2.0% —
m m
average thermal energy kp{Ty) 8.7 keV 8.7 keV
. Qséo 8 11
cyclotron frequency Weg 1= 1.9 x 10° Hz | 6.9 x 10*" Hz
Mg
ks,
thermal velocity By o= 4| B 6.4x10° 2 | 39x 107 2
Mg S S
thermal frequency Oy = 22 8.0 x 10° Hz | 4.9 x 107 Hz
a
Larmor radius ps 1= s 34x1072m | 57x10°m
wCS
b T
Debye length A= | 2B 149 %105 m | 49 % 107 m
ds Ns
s /wes 34x107 | 57x107°
02/c? 4.6 x 1076 1.7 x 1072
A2 /a? 3.7x107° 3.7 x 107
By := o g ky T/ B2 23x1072 | 2.3 x 1072

Table 2.1: Physical scenarios for magnetic confinement fusion experiments: param-
eters for the Tokamak ASDEX Upgrade. Note that we choose By = Br, 1is = {(ny)

and 7, = (Ty).
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ions electrons
major radius Ry 6.2 m
minor radius a 2.0m
toroidal magnetic field Br 53T
1020 1020
average particle density {ng) LOx — 10X —
m m
average thermal energy kp{Ty) 8.0 keV 8.8 keV
Qséo 8 11
cyclotron frequency Weg 1= 2.5 x10°Hz | 9.3 x 10™" Hz
mS
ks,
thermal velocity By o= 4| B 6.2x10° 2 | 39x 107 2
Mg S S
thermal frequency Oy = 22 3.1 % 10°Hz | 2.0 x 107 Hz
Larmor radius ps 1= s 24x 1073 m | 42x 10> m
wCS
kg T,
Debye length A=y | 2B 67 x 105 m | 7.0 x 107 m
ds Ns
s /wes 1.2 x 1073 2.1 x 10~°
02/c? 4.3 x 107 1.7 x 1072
A2/a? 11x107° | 1.2x1079
By := o g ky T/ B2 57x 1073 | 6.3 x1073

Table 2.2: Physical scenarios for magnetic confinement fusion experiments: param-
eters for the Tokamak ITER (Sips et al., 2005). Note that we choose B, = Br,

ns = (ngy and Ty = (T).
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If we consider electrons and deuterium ions, we also have ¢./¢; = —1 and

Me <27 %1073, (2.37)
mj
Defining the perturbation parameter as in (2.19), we notice an ordering pattern in
powers of £ ~ 102 in the normalized plasma parameters of Tables 2.1 and 2.2. We
then apply this ordering to the normalized Low action. By choosing

by = a, = pi, T i= =, (2.38)
Wi

we satisfy the maximal ordering ¢,/¢y = O(e) in the limit ¢ — 0. The normalized
background magnetic field (2.25) and its corresponding magnetic vector potential
become standard functions of &/, namely By (x’) and Ag(x’). On the other hand,
since (1/Z = O(¢), the fluctuating electric and magnetic fields and their correspond-
ing potentials become strongly-varying functions of ', namely depending on «’/«.
These assumptions reflect the conventional gyrokinetic ordering |k, |p; = O(1) and
kjpi = O(e) in the limit ¢ — 0, where k := (kj, k1) denotes a characteristic wave
vector. Moreover, for the coefficient appearing in (2.28) we have

Bty _ Bippwi Wi By - By By

— = —— = ~— =c—=—=— =0(e), (2.39)
E17'1 El Wei El B() El
in the limit ¢ — 0, which yields
0A!
E| = -V -1 (2.40)

o

The non-dimensional coefficients in the normalized electromagnetic free-field La-
grangian (2.30) have the following size in the limit ¢ — 0:

eoE? _ @_12 E? B — 0% B3 _. L -0 (1) . (2.41)
niksT, ¢ B20? ponikpTi 7 ponsks T, B

In the normalized particle Lagrangian (2.34) we set ky7, = kp7} and 6§’fs =n; to
fix the characteristic size of the distribution function. Therefore, in our ordering the
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normalized ion and electron single-particle Lagrangians (2.32) read

Al /12
b= (o s Bpen) a- B cap (2.422)

. Al . /|2
Lé:<\/zfvl__0_€All>m/—|v| —|—€(I),1 (242b)
m; £ 2

The only difference between ions and electrons is given by the square root of the

mass ratio multiplying the term v’ - &’ in the symplectic part of the Lagrangian. This
defines an intermediate scale that is not an integer power of ¢:

— — O(v2), (2.43)

in the limit ¢ — 0. As a result of the ordering procedure, we obtain the normalized
Low action principle

t
6] dt’ (L; + Lgy) =0, (2.44)
to
with the Lagrangians L}, and Ly, given by (omitting the primes for a simpler nota-
tion)
A dui  |v?
6 0 t
L;Z fd Zofi(to,Z(]) [(U—F?—FEAl)'E—T—Sq)l (wv):\pi
A dws 2
+fd6z0fe(t0,z0) Vev—2—cA, ) t—ﬁ—i—a@l ,
€ dt 2 (@,0) =08

V(I)l—f‘é‘%

2
1
=~ —2—€Jd3w IV x Ag+eV x Ay

3
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Taking variations with respect to i, U¢, &, and A, in (2.44) we obtain the normal-
ized Vlasov-Maxwell equations (again omitting the primes)

i }i
%Jrv-VfiJr E, +vx &—FBl -i:O, (2.46a)
ot € ov
afe 1 BO afe
. — — = +B,||- = 2.4
Ve P +v-Vf, [E1+v>< \/g( 8 + 1>] P 0, (2.46Db)
2V -E, =p, (2.460)
B E
V x <?0+Bl) = J+53%, (2.46d)

where the normalized charge and current densities are given by
1
pzfd?’vfi—Jdgfvfe, szd?’vfufi—\/—g v f.. (2.47)
The factor 1/4/¢ in front of the electron current density comes from the different
choice of scales for the ion and electron thermal velocities. From the two Vlasov
equations (2.46a) and (2.46b) we deduce the charge conservation law
dp

= TV T=0, (2.48)

also known as the continuity equation in electrodynamics. This is also a solvability
condition for Maxwell’s equations. Indeed, (2.48) can be derived by taking the diver-
gence of Ampére-Maxwell’s law (2.46d), recalling that E (¢, x /<) is strongly-varying
in space, and then inserting Coulomb’s law (2.46c).

The normalized variational principle (2.44) is a suitable starting point for our pertur-
bation analysis of the Vlasov-Maxwell model, which we discuss in detail in the next
section.
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2.3 Gyrokinetic reduction

The basic idea of gyrokinetic theory is to replace the exact trajectories of the plasma
particles by the trajectories of their gyrocenters, which move on the time scale of the
thermal frequency &; or slower. The dynamics occurring at scales equal to or faster
than the cyclotron frequency w,; are “averaged out” in the gyrocenter picture. How-
ever, some effects of the fast motion of gyration are still present in form of drifts of the
gyrocenters. In this section we make these concepts more precise by analyzing the
asymptotic limit e — 0 in the normalized single-particle Lagrangians (2.42a)-(2.42b).
From the reduced Lagrangians we then derive the gyrokinetic Vlasov equation for
ions and electrons and define gyrocenter charge and current densities with polariza-
tion corrections, thus coupling plasma particles and electromagnetic fields from the
normalized gyrocenter action principle. Primes are omitted from now on, in order to
keep the notation as simple as possible.

Following (Sugama, 2000), we intend to replace the particle Lagrangian L, in the
Low action principle (2.44) by its gyrocenter representation £,:

fd%o [£i(0, 20) Li + fe(0, 20) Le| ~ JdGZO | BiiF(0, Z0) Li + B, Fe(0, Z0) L] ,

where d®Z, := &3X, d Py duo dO©, denotes the measure in gyrocenter phase space,
F; denotes the gyrocenter distribution function and L; is the corresponding gyrocen-
ter single-particle Lagrangian, to be derived below. The gyrocenter coordinates are
the gyrocenter position X € IR?, the gyrocenter parallel momentum P, € R, the gy-
rocenter magnetic moment ¢ € R* and the gyro-angle © € R. The single-particle
dynamics in the new coordinates is such that the time evolution of the gyro-angle ©
is decoupled from the rest of the coordinates, leading to a closed system of equa-
tions for the “slow” variables (X, P|), where p is a constant of the motion. The slow
system represents the averaged dynamics.

The phase-space coordinate transformation Z := (X, P, 1, ©) — (x,v), with Ja-
cobian determinant denoted by B|’|", is the central object of gyrokinetic theory. It
is usually derived in terms of (canonical) Lie transforms of the fundamental one-
form associated to the single-particle Lagrangian Ls (Hahm, 1988; Brizard, 1989;
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Tronko and Chandre, 2018). Despite being an elegant mathematical framework, Lie
transform perturbation theory introduces many formal complications, which seem
not to be strictly necessary for averaging. In this thesis we replace Lie transforms
with polynomials of finite degree in ¢, algebraic in the generating functions. We
show that also with this different ansatz for the phase-space near-identity coordinate
transformation it is possible to remove the gyro-angle dependence from the single-
particle Lagrangian up to the desired order in ¢, without changing its symplectic
part (and thus the Jacobian B} of the coordinate transformation). Our polynomial
transforms are well-defined coordinate transformations (locally invertible), in con-
trast to the asymptotic series in Lie transform perturbation theory, where it is difficult
to prove convergence and existence of the transforms. It is our hope that the simpler
derivation based on polynomial transforms will enable more rigorous mathematical
studies of gyrokinetic theory in the future.

2.3.1 Preliminary transformations

The phase-space coordinate transformation Z — (x,v) is a composition of sev-
eral coordinate changes, which we summarize in Tables 2.3 and 2.4 for ions and
electrons, respectively. The first transformation moves the magnetic vector potential
A, from the symplectic part of the single-particle Lagrangian to the Hamiltonian, by
defining the “momentum”

v+ecA; ions,
p = (2.49)

v —+/cA; electrons.

This is a near-identity transformation in v in the limit ¢ — 0, with unit Jacobian
determinant. It resembles the usual transformation to canonical coordinates, but
it does not contain the background magnetic vector potential Ay,. The new exact
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physical coordinates

(@, v)

Hamiltonian picture

p=v+cA
(z.p)
p| = p ~bo
angle coordinates o= by x p x by|?
' 2B

(z, py 1, 0) " p-e

0 := arctan ( )
D-e

=X +epy +py Py TPy
guiding-center coordinates p:=p| +¢ Gh + 826’&1 + 63@‘51

Z = (X.p),.0) woi=Q +eGl+e’Gh + Gy
0 =0 +eGS + &GS+ 3G

X=X +e%py +%ps +elpy
preliminary gyrocenter coordinates | pj := P| + ¢ G}, + £2GY; + Gl
Z:=(X,H,10) o= +ecGl+ Gy +°GY,
0 =0 +:G9 4GS + 8G9

gyrocenter coordinates

— T 4 e2(A0
2= (X.P.1.0) pi=i+e(i8)+e2(5)

Table 2.3: Coordinate changes involved in the phase-space coordinate transforma-
tion (X, P, 4, ©) — (x,v) relating physical coordinates and gyrocenter coordinates
for ions.
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physical coordinates

(x,v)

Hamiltonian picture

P =v— \/gAl
(z,p)
pp:=p-bo
angle coordinates W= % |bp x p x b0|2
(mvavl'La 9) ° p-e;
f := arctan ( )
D e
T = X + 8ﬁle + 52ﬁ2e + 63ﬁBe + 84p4e
guiding-center coordinates pi=p t+e GYL +2Gl, + 53@‘%
Z = (X,p,10) wo=p +eGl 4+ 3G + 3G,

0 =0 +eGS, + &GS, + &GS,

B'a 2 2 3
X=X +e"py +E2Pse +EP3e s

= H—I—sGL +82Gle,

preliminary gyrocenter coordinates | 7|
Z::<X7-PH7L\L7@) Tl ZZI/:L +\/§G§e+€GTe,
f =0 +eGS, +eGY,.
2

gyrocenter coordinates

0 w\ _ /.0
Z:= (X,P.p0) M~—H+\/5<G%e> e(73)

Table 2.4: Coordinate changes involved in the phase-space coordinate transforma-
tion (X, P, 1, ©) — (x,v) relating physical coordinates and gyrocenter coordinates
for electrons.
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single-particle Lagrangians read

A ? A
L= (p+2) .o (PL, g, 4 24T (2.50a)
€ 2 2
A ? Al
L= (vep-2) - (B - e 40, (2.500)
£
where the generalized potential ¥, (¢, , p) is defined as
b, —p- A ions,
VT L (2.51)
\Ved, —p- A, electrons.

We remark that the invariance of the single-particle Lagrangians with respect to
gauge transformations of the electric and magnetic potentials is broken by this pre-
liminary phase-space coordinate transformation. We then introduce local cylindrical
coordinates in p-space, namely

p=p- by, (2.52a)
1
W = T&]’bo X p X b0’2, (252b)
f := arctan (p . el) , (2.52¢)
D e

where (e, ey, by) represents a local static orthonormal basis of R?, given an ar-
bitrary unit vector e; perpendicular to b,. Denoting by p, := by x p x by the
component of p perpendicular to the local background magnetic field, we have
p = pbo+p,, withp, = (p-ei)er + (p- er)e,. From the definition of 6 we
can write (p - e1) = —/2uBgsinf and (p - e2) = —+/2uBy cos § and thus define a
second -dependent orthonormal basis (ag, by, ¢p), with

ag:= +e;cosf —eysinf (2.53a)
—esinf — ey cos . (2.53b)

Cy -
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We note that the basis vectors ay and ¢, satisfy the properties

6a0 o 860 o
% = Cp, ﬁ = —Qo, (254)

which we will use oftentimes in later calculations. The transformation to angle coor-
dinates thus reads

p = pbo ++/2ubBy ¢y, (2.55)
with Jacobian determinant B,. This leads to the exact Lagrangians

2
I

A ) P Al?
L; = <pb0 +/2uBy ¢y + ?0> ST — <5 + uBy + e Uy + &2 %) , (2.564a)

A pf A2
Lo = (ﬁpbwﬁ\/mBoco—g) - (5'+u80—¢5\111+a' 21' ) :

(2.56b)

2.3.2 Guiding-center coordinates

The guiding-center phase-space coordinate transformation dates back to the pio-
neering work of (Littlejohn, 1983) and has the purpose of removing the gyro-angle
dependence from those parts of the Lagrangians (2.56a)-(2.56b) that do not de-
pend on the fluctuating potentials ®; and A;. For this reason, the gyrokinetic liter-
ature often describes the guiding-center phase-space coordinate transformation as
a transformation acting on a single-particle Lagrangian that involves only quantities
related to the background magnetic field B, and does not feature any fluctuating
fields. These are said to be added at a later stage, after the guiding-center coordi-
nate transformation has been performed. We believe that this description is slightly
misleading, as it seems to suggest the idea that the single-particle Lagrangian is
modified by adding terms related to the fluctuating fields during the process of trans-
forming the phase-space coordinates. In fact, the fluctuating fields are present in
the single-particle Lagrangian since the beginning of the derivation (as it should be,
once we identify the physical system that we want to describe), but their gyro-angle
dependence is simply treated at a later stage, after the guiding-center coordinate
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transformation has been performed. Following (Possanner, 2018), we define the
guiding-center coordinate transformation as a polynomial transform of the form

x =X +epy, +EPos +EPas + € Pus s (2.57a)
pi=p| +¢€ G1S + 52Ggs + 53C_¥gs : (2.57b)
ni=pn +eGl +2Gh + %G, (2.57¢)
0 =0 +eG+e2Go+ &GS, (2.57d)

where p,.., Gls, G*, and G€, denote the generators of the coordinate transformation
for the respective particle species. The generators are functions of the guiding-
center coordinates Z := (X, 7|, i, #) and may additionally depend on time. The
guiding-center coordinates are the guiding-center position X, the guiding-center
parallel momentum p, the guiding-center magnetic moment p and the guiding-
center angle variable 6. The idea is then to substitute the coordinate transformation
(2.57) in the single-particle Lagrangians (2.56a)-(2.56b), by using the transformation
law of vector fields

4 — _
=X + " =X + =2+ =), 2.58
& " b dle (az &) (2.58)
to obtain the corresponding guiding-center Lagrangians. The work of (Possanner,
2018) showed that the gyro-angle dependence due to the term /2uB, ¢y can be in-
deed removed via polynomial transforms in maximal ordering. The resulting guiding-
center single-particle Lagrangians read

AN = -
Li ~ (ﬁbo—F?o) X+€FL9
(2.59a)

— [Hoi + € Hy; + €°Hy + O(e°)] + O(e")

Le ~ (\@pbo - ﬂ) X —2ub
¢ (2.59b)

l\"\w

[HOeJr\/EHl +eHype+e2Hs, +O(e )]+O(a4).

2¢
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The symbol “~” denotes the equivalence between Lagrangians, namely the fact that
two Lagrangians differ only by the total differential of some scalar function. More-
over, the symbol O(e?) denotes corrections to the Hamiltonians of order O(<?) that

are independent of the guiding-center angle §. The ion and electron guiding-center
Hamiltonians in (2.59a)-(2.59b) read

P .

Hy = 5 + uBy, Hy. := o> + 1By, (2.60a)

Hy =0, +6H,, ﬁ%e =p- A, (2.60Db)

Hy = % |AL|* + 6H;, Hye:= —®y + % A%, (2.60c)
Hs, = —6H, . (2.60d)

We remark the following comments about the guiding-center single-particle La-
grangians (2.59a)-(2.59b):

e the dynamic potentials in the Hamiltonians (2.60) are evaluated at the physical
particle position x/c:

X
01 (t, g) = d <t7 = + P15 T EPos T O<52)> ; (2.61a)

X
A, <t, 9 — A, (t, T PPt 0(52)> . (2.61b)

The gyro-angle dependence in the generators p,,, occurring in the arguments
of the fluctuating potentials will be removed eventually by the phase-space
coordinate transformation from guiding-center to gyrocenter coordinates, as
discussed in detail in the next section;

e due to our assumption of maximal ordering, the guiding-center Hamiltonians
feature geometric terms related to the curvature of the background magnetic
field, in particular

b

(5H1 = I.TL 5 (V X bo) : b(] — ]7” (VCLO : Co) : bo > (262)

and a cumbersome term § H,, which we do not write explicitly. The two terms
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in (2.62) are usually referred to as Bafos drift (Bafos, 1967) and gyro-gauge
term, respectively. The curvature terms are less important for the electrons,
where d H, appears at order 0(5%), because of the mass ratio between ions
and electrons of order O(4/¢);

for electrons, the magnetic perturbations A; are O(4/¢) larger than the elec-
tric perturbations ®,. This can be already foreseen in the normalized Vlasov-
Maxwell equations (2.46a)-(2.46c) and is due to the mass ratio between ions
and electrons. Moreover, it shows the importance of electron dynamics in
electromagnetic (rather than electrostatic) gyrokinetic simulations of fusion
plasmas;

due to the error term O(e?) in the electron Hamiltonian, the electron guiding-
center single-particle Lagrangian (2.59b) is less accurate than the ion guiding-
center single-particle Lagrangian (2.59a). This is due to the fact that the
guiding-center magnetic moment i has been computed with less precision
for electrons than for ions. We could easily improve the accuracy of i for elec-
trons, but, as we can see from (2.59b), the dynamic potentials ¢, and A, play
a more prominent role than any curvature terms. In the Hamiltonian, the term
p- A, of U, appears at order O(,/2) and the term | A,|?/2 appears at order
O(e), whereas the first curvature terms appear at O(¢2). This is in contrast
to the ions, where the first curvature term 6 H, appears already at order O(e),
which is the same order as ¥, and one order lower than the quadratic term
|A;]?/2. In order to achieve an equally accurate description for the electrons,
we should truncate the electron single-particle Lagrangian at order O(&°): this
is beyond the scope of the work presented in this thesis, but does not repre-
sent a limitation of the method in general;

the Jacobian determinants J; of the guiding-center coordinate transformation
Z — (x,v) can be computed directly from the symplectic part of the guiding-
center single-particle Lagrangians (2.59a)-(2.59b):

Ji =By + 8]7” (V X bo) : b(), (2638)
Je = By—e2p; (V x by) - by. (2.63b)
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Such Jacobian determinants are exact because the symplectic forms in (2.59a)-
(2.59b) remain the same at any order of the guiding-center expansion, as

only the guiding-center Hamiltonian changes with increased order of accu-

racy (see, for example, (Possanner, 2018) for a proof of this statement). The

Jacobian determinants (2.63a) confirm that geometric terms related to the

curvature of the background magnetic field appear at order O(¢) for the ions

and at order O(e%) for the electrons, in accordance with the guiding-center

Hamiltonians (2.60).

2.3.3 Gyrocenter coordinates

The guiding-center single-particle Lagrangians (2.59a)-(2.59b) obtained from the
guiding-center coordinate transformation still carry a dependence on the guiding-
center angle 6 (the fast variable) in the arguments of the dynamic potentials (2.61).
Consequently, the guiding-center magnetic moment p is not a constant of the mo-
tion and the dynamics of slow and fast variables are still coupled in the guiding-
center phase space. The purpose of the gyrocenter phase-space coordinate trans-
formation is to remove this residual dependence on the angle variable # from the
Lagrangians, in particular from the Hamiltonians given in (2.60). As for the guiding-
center coordinate transformation (2.57), we define the gyrocenter coordinate trans-
formation for the ions as a polynomial transform of the form

X=X +e%py; +%ps +eMpyi (2.64a)
p =P +e GL + gQGli + 83Gli, (2.64Db)
Lo=0 +eGY +°Gh + G, (2.64c)
0 =0 +eGS+2G5 +£GY, (2.64d)
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and the gyrocenter coordinate transformation for the electrons as a polynomial trans-
form of the form

X =X+, + Egp%e +&ps. (2.65a)
) =P +eGl, +e*Gl, (2.65b)
Loi=p + \@Gge +eGlY,, (2.65¢)
6 =0 + ﬁG?e +eGS. (2.65d)

Here, Z := (X, P}, 1, ©) denote preliminary gyrocenter coordinates, and p,,, Gls, Gh,
and G©. (with n integer or half-integer) denote the generators of the coordinate
transformation for the respective particle species. Our preliminary gyrocenter coor-
dinates are the gyrocenter position X, the gyrocenter parallel momentum P, the
preliminary gyrocenter magnetic moment 1 and the gyrocenter angle variable (also
called simply gyro-angle) ©. The polynomial transform for the electrons is defined by
polynomials in powers of 1/ because of the mass ratio between ions and electrons.
Moreover, it consists of fewer terms than the ion coordinate transformation because
of the lower accuracy of the electron guiding-center single-particle Lagrangian. We
also set py; = 0 a priori: it is, in principle, possible to keep these first-order gen-
erators in the calculations and then find out that they can be set to zero without
loss of generality. We remark the conceptual simplicity of the polynomial transform
Z — Z defined in (2.64)-(2.65) compared to Lie transforms (Brizard and Hahm,
2007): for each coordinate, the transformation is a polynomial of finite degree in ¢
(the degree being adapted to the desired accuracy of the transformation) and it is
moreover linear and algebraic in the generators. By substituting (2.64)-(2.65) in the
guiding-center single-particle Lagrangians (2.59a)-(2.59b), the gyrocenter genera-
tors can be chosen in order to eliminate the residual dependence on the gyro-angle
©. The method is analogous to the guiding-center transformation and it is discussed
in detail in (Possanner, 2018) for the long-wavelength regime, that is, the case of dy-
namic potentials with spatial variations on the macroscopic length scale z. In this
thesis we apply the same methodology to the short-wavelength (strongly-varying)
regime expressed in (2.61).
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The exact same ideas and computations of the guiding-center transformation can
be applied also for the gyrocenter transformation. In particular, we make use of the
equivalence of Lagrangians under the addition of the total differential S of arbitrary
scalar functions S(t¢, Z) and write

Li~L; + 82521 + 63531, (2663.)
Lo~ Lo + €385, + %S5, (2.66D)
where the total differential S, reads

oS oS OSns -, 0S
iy by, 0 = (2.67
op |+ i+ + (2.67)

Sps = —VLSnS X + V| Susby - X + P o =
Here, V| := by - V and V| := by x V x b, denote the gradients with respect to the
direction parallel and perpendicular to the background magnetic field, respectively.
We remark that in the derivation of the gyrokinetic Lagrangians, the scalar functions
Sps turn out to be functions of the fluctuating potentials ®; and A; and thus have
strong variations in the perpendicular directions, which has to be expressed in (2.67)
by means of the factor 1/¢ in front of V.

Gyrokinetic ion Lagrangian
We summarize our results for ions in the following three propositions. The species
index is omitted for more readability.

Proposition 1. The ion guiding-center single-particle Lagrangian (2.59a), expressed
in the preliminary gyrocenter coordinates (X, P, {1, ©) via the polynomial trans-
form (2.64), is equivalent to

Ay
Li ~ (Pbo + —) X H() + Z 6”L + O( ) (268)
n=1

where H, := P”2/2 + U By is the lowest-order Hamiltonian and the Lagrangians L,
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forn =1,2,3, read
Ly =X X+ P+ i++26 - H,. (2.69)

The components X, for n = 1,2, 3, are given by

’}"1)( = G!bo — Py X BO + VJ_SQ ) (2708.)
¥ = Ghby — ps x Bo+ VS5 + V| Sy by + F + 0¥, (2.70b)
X = Gyby — py x By + V| Ss by + Fib + 07, (2.70c)

where the terms F'; and Fj are defined as
1
F, = G!VLPQ by — §(P2 x Bg)-Vip, +GIV.GY, (2.71a)
1
F = GV py - by — 5(P2 x Bo) - Vipy + GV GY (2.71b)

and the terms §~X, for n = 2, 3, contain terms related to the curvature of the back-
ground magnetic field and are given by

55X == — P py x (V x by), (2.72a)
073 == P ps x (V x by) + P (ps - V)by
| 1 (2.72b)
+Gi(py- V)by + 5(!’2 - VBy) x p,.
The components %‘L, forn = 1,2, 3, are given by
Vﬂ =0, (2.73a)
0S
[ 2
2 2 aPH
0S 1 0 oG®
= by py+ =2 by — = py x By | - 222 4 grTL 2.73
73‘ 0 p3+ap+(Gl 0 2p2X 0) aPH+ laPH ( C)
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The components 1, for n = 1, 2, 3, are given by

7 =0,
vy = —GY + aai? ,
wim 69+ 2t (Gl 1o B) - L2 T
The components 79, for n = 1,2, 3, are given by
n o=,
=Gl + %,
—Gh+ i%‘ (Gb@ ! 5 P2 X Bo) : 22)2 + GY a&i)e

Finally, the Hamiltonians H,,, for n = 1,2, 3, are given by

Hy :=GYBy + PHG! + WU, +0H,,

R 1 _
Hy := G4By +fipy - VBy + PGy + §(G!)2 + [(P2 +p)V

F(E A2 (@ G+ 6

5w
ot ’

dp

|4 d lA 2
(GldP|+Gd )5H1+6H2+2| 1° +

H3 = GELBO + 5H3,

where the generalized potential reads

(2.74a)

(2.74b)

(2.74¢)

(2.75a)

(2.75b)

(2.75c)

(2.76a)

(2.76b)

(2.76¢)

X ~ X X _

QaBD(X) Co(X, @) . Au_ (t,

38
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with Ay := A; -boand Ay := by x A; x by. Moreover, dH, is the curvature term
introduced in (2.62), we do not write the explicit expression of § H,, and the explicit
expression of d Hs is not relevant for our order of accuracy.

Proof 1. The result is obtained by substituting the gyrocenter coordinate transforma-
tion (2.64) into the guiding-center single-particle Lagrangian (2.59a) and computing
its Taylor expansion in powers of  up to order &3 (starting from 1/¢). We first denote
by I' the symplectic part of the guiding-center Lagrangian (2.59a):

A . L
r= (ﬁ|bo+?0) X +epf. (2.78)

Iy :=A4 X, (2.79a)
To:=Pby- X, (2.79b)
I, zzgﬂbo,XJr(pQ.V)AO.X+AO.p2+g(L)7 (2.79c)

L= [Ght Pilp 9 b X+ (s V) Ao X+ Aoy (2.794)
Dy = |Gy + Pips- V) + Gl(py- V) | b X + (p,- V) Ao - X
+ Ay p,+ E(p2 V)*Ap- X + [G!bo +(py - V)AO] " P2 (2.79€)
+ Pby - ps + GHO + LGS + GYGS .

The results for the symplectic part follow by using the equivalence relations (for
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generic generators p and G®)

(p-V)Ag- X +Ag-p~—(pxBo) X, (2.80a)

Bbo-p~—P(Vby-p)- X —(bo-p)P, (2.80b)

.1 . 1 .
(p-V)Ao - p+5(p- V) Ag- X ~ —5(px Bo) - p
21 (2.80c)
+5lp-VBy) x p]- X,

0Ge ~ —G°1i, (2.80d)

together with the vector identity (p-V)by—Vby-p = —px(V xby), and by adding the
terms corresponding to the total differentials S, and 5. For the Hamiltonian part, we
note that the fluctuating potential ¥, must be first transformed to the guiding-center
coordinates Z and then to the preliminary gyrocenter coordinates Z. We first recall
that in physical coordinates we have

() =0 (15) s (1)
—\/2uBy(x) eo(x,0) - Ay L (t, %) :

We shall first substitute the guiding-center coordinate transformation (2.57). Us-

(2.81)

ing that ®; and A, in (2.81) are normalized functions with size and variations of
order O(1) in the limit ¢ — 0, we can safely expand in a Taylor series around
(X /e + py, Py, 11, 0) and obtain

x X
Uy (t, =PI 9) =, (t, — p1 (K, 0), D), 1, 0>
(2.82)
— ~ d Aand e d 2
5 p2'V+G1d_m+G1ﬁ+G1d_§ Uy + O(e%).

The same reasoning applies when we substitute the gyrocenter coordinate transfor-
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mation (2.64) into (2.82), yielding
x X . ~
\Ijl (tag7pH7u76> :‘Ill (t7?+p1(u7®)7pvuu@>

_ d _ d
— ) [ I <@ u Y (2.83
+8l(p2—l—p2) V+<G1+G1)dPH+(G1+G1>dﬁ (2.83)

_ d
+(G% + G?)@]\Ifl +0(e?).

This explains the second line of the second-order Hamiltonian H, in (2.76) as well
as the expression for ¥, given in (2.77).
Proposition 2. In the ion single-particle Lagrangian (2.68) the generators of the

polynomial transform can be chosen such that

Li ~ (Pb[) + AO) X te(fite (Y +2()6—Hy+0(eh), (2.84)

&
where, for a given function ¢(0), {g) denotes its gyro-average and is defined as

1 27
(g) = %L dOg(O). (2.85)

Proof 2. The components ~X, for n = 1,2, 3, in (2.70) vanish if and only if we set

n

Gl =0, (2.86a)
GY =~V Sy — 675, (2.86D)
Gl = —V)Ss — Fj — 6+, (2.86c)
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as well as

b

Pl = — X V|5, (2.87a)
By
Pyl = B x (ViSs+ F L +6v3), (2.87b)
bO X
PiL =g X 03 - (2.87¢c)
0

The components 7&, forn = 2,3, in (2.73) vanish if and only if we set

by -p, = —, (2.88a)
©oon
(953 | 6p2 6G?
bQ P3 = <G bo p X Bo) = + GH 3 . (288b)
3T 0P 2 or, - ' op
The components ¥, for n = 2, 3, in (2.74) vanish if and only if we set
GY = ;‘?f , (2.89a)
0S 1 0 oG?®
GS = a_ag + (G'lbo — 5P Bo> ' a’? GY o (2.89b)
The Hamiltonians H,,, forn = 1,2, 3, in (2.76) vanish if and only if we set
1
=5 (P”G! LU+ 5H1> : (2.90a)
1
Gy = B {HPQ VB, + PHGH (GH) [(Pz +ps)V
I,y d oy d o, ~od
+(Gy + Gl)d_PH + (G} + Gl)d}l (G? + GS )d@ (2.90b)
1 4 N 51, + o, + LAy + 022
+(G1dP+Gdu)5 1+ 0H; + ] 1"+ ar
0H
Gh = — ?03 . (2.90c)

The only degrees of freedom left are the arbitrary scalar functions S, and S;. Since
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these functions must be 27-periodic in the gyro-angle ©, we cannot eliminate 79
and 19, given by (2.75), entirely from the Lagrangian. The reason is that the equa-
tion 05,/00 = ¢, for a given function g, has 27-periodic solutions S, if and only if
{g) = 0, where {g) denotes the gyro-average of g defined in (2.85). Denoting by g
the fluctuating part of ¢ (with zero gyro-average),

gi=9-9, (2.91)

the dependence on the gyro-angle © can be removed from (2.75) by setting, for
n =273,
T ={W) (2.92)

or, equivalently, by requiring that 5,,, for n = 2, 3, satisfy the differential equations

6’52 "IL

i 2.

P GY, (2.93a)

0S5 s . Opy 1 dpy 0GP

0 = G5 — Gibg pre) +2p2 x By PR Gy PR (2.93b)

The solutions of (2.93) read (with arbitrary lower bound © of integration)
@ ~
SQ(@) = SQ(@()) — J de’ G}li, (2948.)

[SH}

S5(0) = S5(00)

—_———

o . — o (2.94b)
, [ ap 1 op oG
—Jeod@ (GS—FGle ag—ﬁpQXBo' a(;—FGllla—@l .

Proposition 3. The generalized gyrocenter magnetic moment

W= ﬁ+€<7§>+52<7§?> (2.95)

is a constant of the motion, accurate up to order O(<?), with respect to the dynamics
induced by the preliminary gyrocenter single-particle Lagrangian (2.84). Moreover,
there is a one-to-one correspondence i — [, which implies that the gyrocenter
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Hamiltonian H is given by
P2
H = 2” + () By . (2.96)
In other words, the gyrocenter Hamiltonian is obtained from H, by inverting the
transformation 1 — p defined in (2.95). By expressing (2.84) in terms of the new
gyrocenter coordinates Z := (X, P}, ;1,0), we obtain the ion gyrocenter single-

particle Lagrangian
A . . _
L~ (P|b0+ ?()) X +epn®© —H+0(EP) + 0", (2.97)

where the gyrocenter Hamiltonian is defined as H := Ho + e H1 + €2Hs, With H,,,
forn =0,1,2, given by

P2
Ho = 7” + 1By, (2.98a)
Hl = <\I;1> + 5H1 R (298b)
_ 1 2 4 /g7
2= (A 2B d >
1 © L~
- 55 <<b0 AR f de \1/1> (2.98¢)

e
- — <V|‘Ifl f de’ A1> + 090Gy +0H, .
By

Here, we introduced a new term G, related to the curvature of the background
magnetic field, besides 0 H; and § H:

1 ‘171 by ,
= - 2= xV -V d
592 5G2 B < ) ( ) X LBO) lJ‘ @ BO

1// by ~ o
+ = —3><VL\I/1 'VLBO de \111 s

(2.99)

with 6G5 defined as
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The term 0(G, is linear in the fluctuating potential ¥; and couples to higher-order
generators of the guiding-center transformation (Parra and Calvo, 2011). Moreover,
the symbol O(£?%) in (2.97) denotes terms of order O(<?) that are independent of the
gyro-angle ©.

Proof 3. Computing the Euler-Lagrange equation

oL _ ol
00 dt o’

(2.101)

for the preliminary gyrocenter single-particle Lagrangian (2.84), and noting that
O(®) is independent of ©, we obtain

j (+ey+e*(s)) = (2.102)

Hence, the gyrocenter magnetic moment p defined in (2.95) is conserved with
second-order accuracy in e. Let us now compute the terms (19 and (5 that
define the transformation i — p in (2.95). From (2.75) and (2.90) we have

(Fy =Gy = - <\Ij;> %, (2.103)

where we used the result G! = ( from (2.86) and the fact that the geometric term
0 H, does not depend on the gyro-angle. Moreover, from (2.75) we have

e
() =G5 - 0—”2 (P, x By > <6G1 G“> (2.104)
The gyro-average of G& can be computed from (2.90), obtaining
d d 1
(2.105)
<G“> gy, O &
BQ d}l BQ BO

where we used {p,» = 0. In order to compute the second term on the right-hand
side of (2.104), the generator p, is determined by the function S, via (2.87) and

45



(2.88). Omitting the arbitrary lower bound of integration O, in (2.94), we have

S — ® @1
Szz—f d@’GTzf = (2.106)
0

and, recalling the functional form of ¥, in (2.81), we obtain

% = —Jed@'%. (2.107)
Therefore, the generator p, reads
pQ—%(;XVlfed@/—;—bof d@’%, (2.108)
which leads to
—%<% (py x By) ) = —% (%(; X V&%) -VLJQd@’% . (2.109)
In order to compute the last term in (2.104), we get from (2.89)
GY = 0% _ Jgd@’ig, (2.110)
on du By
yielding o
<aaG@1 GT> - —QLBg%<q712> . (2.111)

In order to get an explicit expression for <’y§?>, we need to compute the right-hand
side of (2.105) term by term. Using (2.86) and the fact that (S5) = 0 and (67 ) = 0
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from (2.72), we find <GQ> = (. The second to fourth terms in (2.105) read

__<P2 Vi) = < —XVL\P) VLJ d@’B

0

(2.112a)
1/ ed Ay
+ By <V\Iflf doe Bo> ,
1 d 1 5H1
Sl L (P2 s 2.112
Bo Gldu%> 2BZdfi < o+ T (2.1120)
o ~2
LT 2.112
B0 Gld@ > 238d|4< 1> (2.112c)

where we integrated by parts in order to obtain the last equality. Substitution of
(2.109), (2.111)-(2.112) into (2.104) yields

9> = = g QAR + 5 22 (FD

e T v JG 46’ 7,
2 33 1 ¥ 1 1
1 592
t 5 v\ylf e’ A1||> B

1 d 1
=S (wyH, + sH?) = 22
+Bgdu(< o+ 1) Bo

(2.113)

The generalized magnetic moment ;. can now be computed explicitly as a function
of the fluctuating potentials from (2.103) and (2.113). It remains to identify the gy-
rocenter Hamiltonian. For this purpose, we need to invert (2.95) and substitute the
result into Hy. From

p=fte{r) @+ 05 (), (2.114)
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we obtain

R=pn—c{1)(n—c{)u )_€2<73>

_ (2.115)
=p—e )+ (%) (u)@@?ﬂu) - €2<7§)> (1) + O(e*
At order O(=?) we compute the difference
1d 1 d
Y = 2 (9" = (08 — sy ((U1) + 6HY)? (2.116)
2du 2B5 dup

and obtain, using the explicit formulas (2.103) and (2.113) for (15 ) and (7%,

o= u+—(<‘111>+5H1 +_< (Al __d_< >
s R

1 ~ (®  ~ _
— E <V||‘Ifl f de’ A1> + 090Gy + (5H2> + O(€3> ,
0

where we used the fact that (¢)*> — (g®) = — (52, for a given function ¢(©). Substi-
tuting this into the Hamiltonian H, completes the proof.

Gyrokinetic electron Lagrangian
We summarize our results for electrons in the following three propositions. The
species index is again omitted for more readability.

Proposition 1. The electron guiding-center single-particle Lagrangian (2.59b), ex-
pressed in the preliminary gyrocenter coordinates (X, P}, i1, ©) via the polynomial
transform (2.65), is equivalent to

(f}anbo—ﬂ) X - Ho—\fH1+252Ln+O( 2), (2.118)
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where Hy := PH2/2+ﬁBO is the lowest-order Hamiltonian, the Hamiltonian H% reads

Hy =G4 By + PAy ++/20Byco - Ay, (2.119)
and the Lagrangians Lz, forn = 2,...,6, read
Lyi=y% X +9u B+74i+156 - Hy. (2.120)
The components 7%‘, forn =2,...,6, are given by
~¥ = p, x By, (2.121a)
7= Glby + ps x By + V.S, (2.121b)
X = py x By + V. S5+ Fy, (2.121¢)
»yX = Galby + V) Ss b0+FgL+5~y?, (2.121d)
vX =V Ssby + Fa) + Fy by + 675, (2.121e)

where the terms F'z |, for n = 4,5,6, and F3| are defined as

1

Fayi=5(po < Bo) - Vipy — GYV.GY, (2.122a)
2 2
Fs :=G\V.p, by—G"V,G° - G"V ,G?
2 2 2 (2.122b)
— (P2 V)Ag-Vips —(ps-V)As - Vop,,
1
Fy = G!VLPS by + §(pg X BO) . leg — GTVLG? (2.1220)
— (P2 V)Ao - Vips—(p3-V)As Vip,,
1
Fy = 5(py x By) - V)py = va”Gg, (2.122d)

and the terms 57’%‘, for n = 5, 6, contain terms related to the curvature of the back-
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ground magnetic field and are given by

&yg—’ = —Ppy x (V x by), (2.123a)
1
55 == —P ps X (V x by) — §(p2 -V By) x p,. (2.123b)
The components ’yL, forn =2,...,6, are given by

2
Ny (2.124a)
Ny (2.124b)
W—o, (2.124c)
L= b 0% 2.124d
’Y%-——O'PQJFa—PH’ (2. )

oG9
The components v4, forn = 2, ..., 6, are given by

Wi=0, (2.125a)
75 =0, (2.125b)

2
=0, (2.125c¢)
b= GY il 2.125d
Vs =G Ek (2. )

oG9
oo 0L By P2 2.125

V3 Gl + 8ﬁ + 2(p2 X 0) aa % (f)a : ( . e)
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The components 75;?, forn =2,...,6, are given by

79 =0, (2.126a)
79 =0, (2.126b)
75 = —H, (2.126¢)
0Ss
V9= G+ =, (2.126d)
(S}
0S; 1 o oGy
7 = —Gl + =5+ 5 x Bo) a/(i)Q ~G—g - (2.126€)

Finally, the Hamiltonian H, is given by
" H Loy
H1 = GlBO + f)”Gl - (I)l + §|A1|
By 0 /o e)

20 =

- Eua,o : VAl : <1DHb0 + 4/ 2|J.B()C()> + O(\/g) >
0

where A, := by x A; x by, as before, and the fluctuating potentials ®; and A; are

evaluated at the position X /e. We remark that the higher-order Hamiltonians H;

and Hj; are not relevant for our order of accuracy.

Proof 1. The result is obtained by substituting the gyrocenter coordinate transforma-
tion (2.65) into the guiding-center single-particle Lagrangian (2.59b) and computing
its Taylor expansion in powers of /c up to order &3 (starting from 1/). We denote
again by I' the symplectic part of the guiding-center Lagrangian (2.59b),

A -
r:= (\/Ep|b0 - ?0) X —£2nf. (2.128)

als
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The coefficients I'z, for n = —2,..., 6, of the Taylor expansion of I" read

I'.i:= _AO : X, (21293)
r_, =0, (2.129b)
To:=0, (2.129c)
Iy = by - X, (2.129d)
1= —(py- V)Ag- X — Ay s, (2.129€¢)
Ty = Giby- X — (p3 - V)Ag- X — Ag - ps, (2.129f)
Tyi=—(py-V)Ag- X — Ag- ps — 1O, (2.1299)
Py i= (Gh+ Ppy9)) by X + Pbo- py — G416 — R.GY, (2.129h)
3 2

. 1 .
Iy = s - V)by- X — =(p,- V)4, X — -V)A, - {
3 H(PE )0 2(P2 ) 0 (PQ ) 0" P2 (2.129))

+ Pbo - p3 — GO — LGP — GHGY .
2 2
The results for the symplectic part follow by using the same equivalence relations

used for ions and by adding the terms corresponding to the total differentials Sg and
S5. For the Hamiltonian part, we note that, because of the guiding-center generator

pro= Ve~ ao, (2.130)

the fluctuating potentials ¢, and A; can be expanded in a Taylor series around X /e,
yielding

o, (t, g) — 3, (té e[ (X0 + 0(5))
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and the same for A;. This explains the particular form of the Hamiltonian (2.127).

Proposition 2. In the electron single-particle Lagrangian (2.118) the generators of

the polynomial transform can be chosen such that

7
2

Le ~ <\/5Pb0 — AO) X+ (()+e(19)) 6 — Hy + O(e

3

),

(2.132)

where, for a given function g(©), (¢g) denotes its gyro-average as defined in (2.85).

Proof 2. The components 'y)%(, forn = 2,...,6, in (2.121) vanish if and only if we
set
Gl =0, (2.133a)
Gy = =V S5 — 093 = v/ (VS5 + Fyy + 075 ) (2.133b)
as well as
Py =0, (2.1344a)
bo
p3L=—5 X VS5, (2.134b)
0
by
p3J_ = —g X VJ_SS+F2J_
0 (2.134c)
+\/E<FgL +67§l> +e(Fa+0v30) |-
2 2
The components ,VL forn = 5,6, in (2.124) vanish if and only if we set
b it 2.135
P = —2 .135a
0 p? a_PH I ( )
e
0S; 1 0p, 0GY
= — + — By —= -G\ == 2.135b
bO p§ ("/JPH—I_Q(pQX 0) aPH EOP” ( )
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The components 7%, forn = 5,6, in (2.125) vanish if and only if we set

0S's
GY = — 65 , (2.136a)
(C]
05, 1 0 0GY
€] 3 P2 n 2
St B,) - L p—h 2.136b
Gl au 2(p2 X 0) au + G§ au ( )

The Hamiltonians Hz, for n = 1,2, in (2.119) and (2.127) vanish if and only if we
set

1 ~
G4 == = (PAy + V2ABoco - AuL) (2.137a)

1
2 0

|~

Gt =

oy

1
{HGI =01+ g4
0

B —
+ Q—EG%CO CALL —\20B,G%a - Ay, (2.137b)
w2 2

§

21 =
— g‘zao : VA1 : (PHbo + 4/ ZHB()CO) + O(\/g)} .

The only degrees of freedom left are the arbitrary scalar functions Sg and Ss. As for
ions, the dependence on the gyro-angle © can be removed from (2.126) by setting,
forn = 5,6,

s = <v?> : (2.138)

or, equivalently, by requiring that S, for n = 5, 6, satisfy the differential equations

0Ss  ~

2 Gt 2.1
5 G5 , (2.139a)
oG9
0S3  ~n 1 0Py 1
— = - = By) - 2 2.1
P Gy 2(p2 x By) PR + G§ P (2.139b)
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The solutions of (2.139) read (with arbitrary lower bound ©, of integration)

S}

S5 (©) = S5(0y) + J de'GY | (2.140a)
2 2 o 3
© A ] T 0p, uaGﬁ
S5(0) = S4(00) +LO a0 (G~ J(px By L2 ci— | @140b)

Proposition 3. The generalized gyrocenter magnetic moment

wim V() ) 2141

is a constant of the motion, accurate up to order O(¢), with respect to the dynamics
induced by the preliminary gyrocenter single-particle Lagrangian (2.132). Moreover,
there is a one-to-one correspondence ;. — [, which implies that the gyrocenter
Hamiltonian H is given by

H = — + fi(u)By . (2.142)

In other words, the gyrocenter Hamiltonian is obtained from H, by inverting the
transformation L — p defined in (2.141). By expressing (2.132) in terms of the
new gyrocenter coordinates Z := (X, P, 1, ©), we obtain the electron gyrocenter
single-particle Lagrangian

<\beo—ﬂ) X - 2O —H+0(e2) + O(e

7
2

), (2.143)

where the gyrocenter Hamiltonian is defined as H := Ho + \EH% + & Hy, with Ha,
forn =0,1,2, given by

P2
Ho = 2“ + By, (2.144a)
Hi = HA1H7 (2144b)
2
1
Hy = — Py + §A%H + [ (V X A1> : bo . (21440)

As for ions, the symbol O(c2) in (2.143) denotes terms of order O(c2) that are
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independent of the gyro-angle ©. Moreover, the fluctuating potentials ¢, and A,
are evaluated at X /.

Proof 3. Using that

8y = -f-ve(Gh), (2.145)
the Euler-Lagrange equation
0L, d 0L,
= —— 2.14
00 dt oo’ ( 6)
for the preliminary gyrocenter single-particle Lagrangian (2.132) yields
pN\ 3
= <u+ V(G ) = (1§)) = O(e) (2.147)

Hence, the gyrocenter magnetic moment . defined in (2.141) is conserved with first-
order accuracy in ¢. Let us now compute the terms <G”> and <73 > that define the
transformation L — g in (2.141). From (2.137) we have

1
(&)=~ F P (2.148a)
28 1 1 2 2
<G1>=_§ —@1+§’A1\ _<<CO'A1J_) >
0 (2.148b)

—(ap- Ar)?) — 2idag - VA - co>) +OWVa).

Moreover, from (2.136) we have

<GZ a@> {(eg- Ar1)?) . (2.149)

By computing the additional terms

{ao-A1)?> = S [(er- A ) + (es- AuL)?] = %Alm, (2.150)

N —
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and

1
<a0'VA1'C0>=5(82'VA1'€1—61'VA1'€2)

1 ] (2.151)
— 562 . [el X (V X Al)] = —§<V X Al) . b07
we finally obtain
1 1 N _
() =5 {—@1 + 541+ B(V x A1) by | +O(VE), (2.152)
0

where we used the results G! = 0and p,;, = 0 from (2.133) and (2.134), respec-
tively. It remains to identify the gyrocenter Hamiltonian. For this purpose, we need
to invert (2.141) and substitute the result into H,. Thanks to (2.148), the inversion
is trivial and yields

~ 1 3
H=M+\@§0P\|A1u+€<7§9> (1) +O(e2). (2.133)

Substituting this into the Hamiltonian H, completes the proof.

2.3.4 Gyrokinetic Vlasov-Maxwell model

We first remark that the Jacobian determinants J; of the gyrocenter coordinate
transformation Z — (x,v) can be computed directly from the symplectic part of
the gyrocenter single-particle Lagrangians (2.97) and (2.143) for ions and electrons,
respectively:

‘_7i=Bo+€ID|| (VXbo)'bU, (21548.)
Jo =By — 2P (V x by) - by (2.154b)

Such Jacobian determinants are exact because the symplectic forms in (2.97) and
(2.143) remain the same at any order of the gyrocenter expansion, as only the gy-
rocenter Hamiltonians change with increased order of accuracy (as for the guiding-
center coordinate transformation). The Jacobian determinants (2.154) confirm that
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geometric terms related to the curvature of the background magnetic field appear

again at order O(¢) for the ions and at order O(c2) for the electrons. The gyroki-

netic equations of motion for ions derived from the ion gyrocenter single-particle

Lagrangian (2.97) read

%o L
B7 oP

) B* ,

A=~ VH+OE),

fr=0(,

. 1o ,

G_EE+O<€)7

where the modified magnetic field B* is defined as

B*:= By +¢ec PV x by,

(5 bo x VH + 8_7-[3*) +0(?),

(2.155a)

(2.155b)

(2.155¢)

(2.155d)

(2.156)

and its parallel component is defined as B‘T := B* - by, which is the ion Jaco-

bian (2.154a). We note that, as expected, the gyro-angle ©, whose dynamics is

decoupled from the other phase-space variables, is the phase-space coordinate

associated with the fastest scale of the physical particle dynamics. The gyrokinetic

equations of motion for electrons derived from the electron gyrocenter single-particle

Lagrangian (2.143) read

11 3 0H
X=——F—|¢2 -
\/EB*(g bp x VH P
1 B*
P=—-—— -VH +O(¢),
fi=0(e?),
. 1 0H _1
@__?(?,u O(E )7
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where the modified magnetic field B* is defined as
B*:= By —¢: PV x by, (2.158)

and its parallel component is defined again as BIT := B* - by, which is the elec-
tron Jacobian (2.154b). We note again that, as expected, the gyro-angle ©, whose
dynamics is decoupled from the other phase-space variables, is the phase-space
coordinate associated with the fastest scale of the physical particle dynamics. The
non-homogeneous gyrokinetic Maxwell’s equations can be derived from the varia-
tional principle by taking variations of the Low Lagrangian with respect to the electro-
magnetic fluctuating potentials ®; and A;. The weak form of gyrokinetic Coulomb’s
law is obtained by taking variations with respect to ®; and reads

0= 5Jd6ZO (B*eFe(O, Z) (0®1) — BjiF(0, Z,) <5c1>1>)

1 d ~ o~
2 [ a8z, B*R(0. 2 ——\115<1>>
+5J 0 BiFi(0, 29) Bydu \ 101

1 ~ © ~
+ 55 <<b0 « vﬂsqn) - f 40’ VL\II1>
1 ~\ (o
+ Q_Bg <<b0 X VJ_\IJ1> : J doe VL(5®1>
1 © L~ 5(6G,)
+ Eo <V(5(I)1f de A1> + 5(1)1 (5@1) ,

where 0, denotes an arbitrary test function. Here we neglected all terms of order

higher than O(¢?) and O(e) from the ion and electron Hamiltonians, respectively.
The terms of order O(g) and O(&?) represent the gyrocenter charge density and the
gyrocenter polarization density, respectively. The weak form of Ampére-Maxwell’s
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law is obtained by taking variations with respect to A; and reads

Oz—Jd3m(VxBo+5Vx(VxA1))~5A1

- \/EJdGZO Bt F.(0, Zo) P 0A; + ngﬁzo BLE(0, Z0) (P - §A;)

— BLE.(0, ) (A15A1 4 (V x 0A,) - bo)]
2 Jdﬁzo BLE(0, Z) (Bidi <€171 P 57(1> +{A,-0A)
odp
1 ~ © ~
+ 55 <<b0 x V(P 5A1)> f 4o’ Vltlf1>
1 ~ © ~
+ 55 <<b0 x Vglq) J o'V, (P 5A1)>

1 © L~ 1 L —
+ — <V|(P . 5A1) J de’ A1> + — <V\I/1 J de’ 5A1|>
By By

N 5(592>(5A1)> 7

0A,

where 0 A, denotes an arbitrary test function and P := Pb, + /215, cy. As before,
we neglected all terms of order higher than O(¢?) and O(¢) from the ion and electron
Hamiltonians, respectively.

2.3.5 Discussion of the resulis

The main results of this work are summarized in Proposition 3 for both ions and
electrons, stating the final ion and electron single-particle gyrocenter Lagrangians
(2.97) and (2.143), obtained by applying our gyrokinetic reduction to the normalized
ion and electron single-particle Lagrangians (2.42a) and (2.42b), in the maximal or-
dering defined in section 2.2. The results obtained in (Tronko and Chandre, 2018)
and in the previous works of (Hahm, 1988) and (Brizard, 1989) for ions are recov-
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ered and augmented by terms related to the assumption of maximal ordering. In
particular, novel terms are the geometric first-order and second-order corrections
0H,, 6H, and 0G,, appearing in the first-order and second-order ion gyrocenter
Hamiltonians H; and H- in (2.98), respectively. Moreover, the term

1 ~ (O~
-5 (i [ o). 2.159)
0

appearing in the second-order ion gyrocenter Hamiltonian H., is also new. On the
other hand, electrons turn out to be insensitive to the effects related to the curvature
of the background magnetic field up to second order in £, even in maximal ordering.
However, terms related to the parallel component of the magnetic vector potential
appear in the electron gyrocenter Hamiltonian already at order O(4/¢).

The gyrokinetic equations of motion (2.155) derived for ions are accurate up to order
O(g?), including the conservation of the gyrocenter magnetic moment 4 (thanks to
the fact that the error terms of order O(&?) in the ion gyrocenter Lagrangian (2.97)
do not depend on the gyro-angle ©). Similarly, the gyrokinetic equations of motion
(2.157) derived for electrons are accurate up to order O(c) and O(e?) for the con-
servation of the gyrocenter magnetic moment . (thanks to the fact that the error
terms of order 0(5%) in the electron gyrocenter Lagrangian (2.143) do not depend
on the gyro-angle ©).

The gyrokinetic electron Lagrangian, and the corresponding gyrokinetic equations
of motion, have been derived within an ordering consistent with the ions, despite
the order of accuracy of the results being different for the two species (due to the
fact that the gyrocenter magnetic moment ;1 has been computed with less preci-
sion for electrons than for ions). We conclude that it is possible to derive a set of
gyrokinetic Vlasov-Maxwell equations for ions and electrons within unique ordering
assumptions relevant for realistic fusion scenarios (maximal ordering) by consider-
ing phase-space coordinate transformations based on polynomial transforms. Our
technique is alternative to the use of Lie transforms and, combined with our rig-
orous normalization procedure, can provide useful insights into the derivation of
gyrokinetic models.
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2.4 Summary of the contributions

In this chapter we described a new method for the derivation of gyrokinetic models.
Our technique is based on a rigorous normalization and ordering of the physical
equations of interest and makes use of polynomial transforms, instead of Lie trans-
forms, in order to define the phase-space coordinate transformations involved in the
gyrokinetic reduction. Our main contributions can be summarized as follows:

e Normalization and ordering of the Vlasov-Maxwell model according to physical
scenarios relevant for existing and future fusion experiments, such as ASDEX
Upgrade and ITER;

e Derivation of gyrokinetic equations for both ions and electrons within one com-
mon ordering;

e Use of polynomial transforms as an alternative to Lie transforms for the gy-
rokinetic reduction.

The material presented in this chapter is also described and discussed in a manuscript
written in collaboration with Dr. Stefan Possanner, which is currently in preparation.
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Chapter 3

Towards field-aligned
semi-Lagrangian gyrokinetic
simulations

In this chapter and the following two we present and discuss the results of the re-
search that we conducted on the investigation and development of numerical meth-
ods for gyrokinetic simulations. These simulations are a well-established tool for
the study of plasma turbulence in nuclear fusion devices and it is our hope that the
numerical methods presented in this thesis, or their extension and improvement,
will be eventually employed in state-of-the-art gyrokinetic codes. All the numerical
investigations and computer experiments discussed in this thesis have been con-
ducted within the framework of the software library SelLaLib. The primary aim of
this software library is to provide mathematical and computational tools for kinetic,
drift-kinetic and gyrokinetic simulations based on either semi-Lagrangian or particle-
in-cell methods. In this thesis we focus on the development of numerical methods
and algorithms for gyrokinetic simulations based on the semi-Lagrangian method.
Therefore, our target state-of-the-art gyrokinetic code is the semi-Lagrangian gyroki-
netic code GySela (Grandgirard et al., 2006a,b, 2016), developed at the Cadarache
Center of the French Commission for Atomic Energy and Alternative Energies (CEA)
in collaboration with several research partners.
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In this chapter we introduce the basic features of a field-aligned semi-Lagrangian
drift-kinetic electrostatic code that we developed within the SelLalib library. Our
code addresses the numerical solution of a 4D drift-kinetic electrostatic model that
can be derived from the full gyrokinetic Vlasov-Maxwell equations under specific
assumptions. A more detailed description of the model is given in chapter 5. How-
ever, the numerical features presented here are fairly general and do not depend on
the simplifications behind the model addressed by our code. In particular, the fea-
tures discussed in this chapter apply to any advection equation with characteristic
equations similar to the ones derived for ions and electrons in chapter 2 (equations
(2.155) and (2.157), respectively).

This chapter is organized as follows. Section 3.1 describes briefly the basic features
of our target physical model. Section 3.2 defines the curvilinear coordinate systems
that we will employ in the next chapters. Section 3.3 introduces the field-aligned
approach, which constitutes a major feature of our numerical methods, and de-
fines, in particular, the field-aligned splitting of the advection equation in our model.
Section 3.4 describes our time advancing strategy and how to combine it with the
field-aligned splitting. Section 3.5 reviews briefly the basics of the semi-Lagrangian
method for the numerical solution of advection equations. Section 3.6 describes
the discretization of the continuous problem into a numerical model with a finite
number of degrees of freedom. Section 3.7 reviews briefly the basics of the inter-
polation schemes that we will employ, namely 1D Lagrange interpolation and 1D
and 2D spline interpolation. Sections 3.8 and 3.9 describe two additional meth-
ods that characterize our field-aligned approach, namely field-aligned interpolation
and field-aligned differentiation. Finally, we end the chapter with a summary of our
contributions.

3.1 The physical model

We consider a gyrokinetic Vlasov equation of the form

OF OF
— +U VF +Up 5= =0. A
HU-VF 4 Up g =0 (3.1)

ot
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The unknown in (3.1) is the particle distribution function F'(¢, X, P|), defined on
the 4D gyrocenter phase space described by the gyrocenter position and parallel
momentum X and P. The time evolution of I’ is typically coupled to the time
evolution of some electromagnetic potentials, whose dynamics is described by the
gyrokinetic Maxwell’s equations or some approximations of them. The advection
fields U (¢, X, P) and Up, (¢, X, P)) in (3.1) are defined as

1 OH
= (b 0+ 2B 2
U B*<O><V top ) (3.2a)
B*
Up,i= —5z - VH, (3.2b)

where the modified magnetic field B*(X, P,) is defined as
B* = B0+PHV X bo, (33)

its parallel component Bﬂ"(X,P”) is defined as Bf = B* - by, and H(t, X, P))
denotes the Hamiltonian of the system. The particular form of H is not relevant for
the methods presented in this chapter. The advection fields in (3.2) are as general
as the ones derived for ions in chapter 2 (where H was denoted as ), with the
only difference that the small perturbation parameter ¢ has been absorbed into the
physical quantities and does not appear explicitly in the equations.

3.2 Coordinate systems

The positions X in (3.1) are Cartesian coordinates in the 3D gyrocenter configu-
ration space. However, depending on the specific geometry of the physical domain
considered, which usually represents an approximation of the geometry of a realistic
physical device, such as a Tokamak, it may be convenient to address the numerical
solution of (3.1) choosing a different system of coordinates, typically a curvilinear
coordinate system. The basics of vector algebra and analysis in curvilinear coor-
dinates are reviewed in Appendix A. In this chapter we denote by (n', 7% 7%) the
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logical coordinates in the configuration space, where the spatial degrees of freedom
of our problem are represented. Moreover, we denote by n* the logical coordinate
corresponding to the parallel momentum P,. Poloidal planes are spanned by the
coordinates (n',n?%), where n' is a non-periodic radial-like coordinate and 7? is a
2m-periodic angle-like coordinate. On the other hand, flux surfaces are spanned
by the coordinates (n?,7®) at a given fixed value of n'. The coordinate 7* is a
2m-periodic angle coordinate, which we call toroidal angle. We assume that the
magnetic field B is mostly aligned to the toroidal direction and always satisfies the
condition B(f # 0, where B[’f is the third contravariant component of B with re-
spect to the tangent basis (e, 1, e,2, e,3) of the logical coordinate system. We then
introduce a second system of coordinates, which we denote by (¢!, (2, ¢?), and we
assume that the magnetic field By is given in terms of its contravariant components
(BS', BS', BS) with respect to the tangent basis (ec1, ec2, ecs) of this coordinate
system. As for the logical coordinates, we assume that the magnetic field B is
mostly aligned to the direction of the coordinate (3 and always satisfies the con-
dition B§3 # 0. In other words, the coordinates ¢ and 7 are related by a linear
homogeneous transformation of the form (3 = c¢#3, for a given constant ¢, and
poloidal planes are also entirely spanned by the coordinates (¢, ¢?).

For example, in a cylindrical geometry, such as the one shown in Figure 3.2 (top),
we choose as logical coordinates the cylindrical coordinates (, 0, ¢) defined by the
transformation

x(r,0,¢) = rcosb,

y(r,0,p) =rsind, (3.4)

z(r,0,9) = Rop,
where Ry is related to the length L of the cylinder via L = 27 R,. Moreover, we
assume that the magnetic field B is given in terms of its contravariant components
(By, By, Bf) with respect to the tangent basis (e, e,, e.) of the coordinate system
defined by the Cartesian coordinates (z,y, z). In a toroidal geometry with circular
poloidal cross sections, such as the one shown in Figure 3.2 (bottom), we choose
as logical coordinates the elementary toroidal coordinates (r, 6, ¢) defined by the
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z
Figure 3.1: Elementary toroidal coordinates (r, 6, ¢).
transformation

z(r,8,) = (Ry + rcosf) cos ¢,
y(r,0,¢) =rsinf, (8.5)
2(r,0,¢) = (Ry +rcosf)sing,

where R, denotes the major radius of the torus. Moreover, we assume that the
magnetic field By, irrespective of the shape of the poloidal cross sections, is given
in terms of its contravariant components (B, BZ, BY) with respect to the tangent
basis (er, ez, e,) of the coordinate system defined by the cylindrical coordinates
(R, Z, ). These are defined, in turn, by the transformation

:U(szaso) = RCOSQO,
y(R,Z,¢) = Z, (3.6)
2(R,Z,p) = Rsinp.

The elementary toroidal coordinates defined in (3.5) are shown in Figure 3.1.

When dealing with curvilinear coordinates, a mathematical object that contains use-
ful geometric information is the Jacobian matrix of the coordinate system, defined in
(A.9). In cylindrical geometry the Jacobian matrix .J,(r, 6, ) of the logical coordinate

system reads
cosf —rsinf O

Jy(r,0,¢) = | sinf  rcosf 0 |, (3.7)
0 0 Ry
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Figure 3.2: Cylindrical and circular toroidal grids.
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with determinant det J,(r, 0, ¢) = Ry, while the Jacobian matrix J¢(z,y, z) of the
coordinate system defined by the coordinates (z, y, z) reads simply

Je(@,y,2) = (3.8)

o O =
o = O
= o O

with determinant det J¢(x, y, z) = 1. In toroidal geometry with circular poloidal cross
sections the Jacobian matrix J, (7, 8, ) of the logical coordinate system reads

cosfcosp —rsinfcose —(Ry+ rcosf)sinp
Jy(1,0, ) = sin 6 rcos 0 , (3.9)

cosfsing —rsinfsing  (Ry+ rcosf)cosp

with determinant det J, (r, 0, ¢) = (Ro+r cos 0) r, while the Jacobian matrix J: (R, Z, ¢)
of the coordinate system defined by the coordinates (R, Z, ¢) reads

cosp 0 —Rsinep
Je(R, Z,p) = 0 1 0 , (3.10)
sing 0  Rcosp

with determinant det J:(R, Z, ) = R.

3.3 Field-aligned splitting

One of the major features of the numerical methods developed in the context of our
semi-Lagrangian drift-kinetic code is what we call the field-aligned approach. The
idea behind this approach, first investigated in (Ottaviani, 2011; Hariri and Ottaviani,
2013) and recently employed in (Latu et al., 2018) in a context similar to the one
discussed in this thesis, is to exploit at the numerical level the anisotropy of the tur-
bulent plasma structures stretched along the direction of the magnetic field. This is
achieved by introducing a field-aligned splitting of the 4D Vlasov equation (3.1) and
by replacing interpolation on the flux surfaces and differentiation along the toroidal
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direction, to which the magnetic field B, is mostly aligned, with field-aligned inter-
polation and field-aligned differentiation. The idea is to choose any arbitrarily fine
discretization of the poloidal planes and interpolate our solution between adjacent
poloidal planes following the magnetic field lines. We now present the field-aligned
splitting and leave the discussion on field-aligned interpolation and field-aligned dif-
ferentiation to sections 3.8 and 3.9, respectively.

The idea of the field-aligned splitting is to decompose the advection field U in (3.1)
into a 2D component on the poloidal plane and a 1D component aligned with the
direction of the magnetic field By. This is done by expressing the third vector of the
tangent basis (e1, e.2, e3) in terms of the unit vector b, := B,/ B,, with contravari-
ant components (b5, 55, 55 ), thanks to the assumption b5 # 0:
b b b
3

0
643 = ——e<1 — ?642 + b?
0

(3.11)
b 6

Since the advection field U is typically written in terms of the magnetic field By,
its curl, and its cross product with the gradient of the Hamiltonian V H, it is natural
to assume that U, as By, is also given in terms of its contravariant components
(U, U, US") with respect to the tangent basis (e.1, e, e), provided that the
components of V H with respect to the same basis are also available. We then split
U as

U=U,+ Upb, (3.12)

where U ,, which lies on the poloidal planes spanned by (¢!, ¢?), and Uy, are defined
as

1 bcl 2 bCQ
U, = (UC - %UC?’) e + <U< — %UCS e, (3.13a)
b bg
Ue
bg

Therefore, we split the 4D Vlasov equation (3.1) into the following three separate
lower-dimensional advection problems:

70



1. a 2D advection on poloidal planes:

OF
Oa—tJrUp-VF:O; (3.14)

2. a 2D field-aligned advection on flux surfaces:

OF
=+ Usby - VF = 0; (3.15)

3. a 1D advection in momentum space:

oF oF
— +Up=—==0. 3.16
o + Up op, ( )
From (3.11) we can also express derivatives with respect to the toroidal coordinate
¢® as derivatives with respect to the coordinates (¢!, ¢?) and parallel derivatives
V” = bo -V

o e 5 e 1

20T e ety

v (3.17)

How the parallel derivatives V|, which we also call field-aligned derivatives, are
computed numerically is discussed in section 3.9. The explicit expressions of the
advection fields U, U, and Up, in the coordinate system (¢',¢*,¢*) can be com-
puted from (3.2). The contravariant components U¢' of U, for i = 1,2, 3, read

UCi 1 ( Eijk oH oH

= [ — R LTS
5 (G e g + 3¢ @.18)

where % denotes the Levi-Civita symbol, defined in (A.13), the contravariant com-
ponents (B*)¢' read
(B*) = B§ + P|(V x by)*", (3.19)

the parallel component B‘T reads
Bf = By + P|(V x by) (bo)ci , (3.20)
and we employ the Einstein summation convention. Here, (bg):, fori = 1,2, 3, de-
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note the covariant components of by with respect to the co-tangent basis (eCl, e, efg).
From (3.17) and (3.18) it follows that

11| 0H
¢ - 2
T BT deth( a2 + VH) 82t
.2la
aH 1 3
tap ! (b (V% bo)* —f (VXbo)C)]>
c_ 11| -1 ( oH
¢ - | — WV H
(3.21b)

8H

5P|| PRl (bcd(v bo) - b82(V X bo)cg) ] :

The advection field Uy, for the field-aligned advection on flux surfaces is obtained
directly dividing (3.18), with i = 3, by t$’ and reads

1 1 1 0H 0H
Up = Bg [det 7 <(50><15—<2 - (bo)<2a—€1)

(3.22)
8H
+m (B + P9 x b)) ] .
Finally, the advection field Up, for the advection in momentum space reads
1 i OH
Up, = B*)¢ — 3.23
which, using (3.17), can be written as
1 P 3
UPH = B*[ <B0+F(be0)<> VHH
P 3 1 1 3 aH
& (bg (V x by)¢ = b (V x by)* ) = (3.24)

0

P /o . e W OH
+—”(bg (V % bo)¢* — b (be0)<>g—<2].
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3.4 Time-advancing strategy

The idea for advancing in time the Vlasov equation (3.1) is to choose, within each
time step, an approximate time-independent Hamiltonian (and the corresponding
approximate time-independent advection fields) and solve the resulting linear ad-
vection equation with the numerical method of choice. More precisely, we employ a
second-order predictor-corrector scheme similar to the one described in (Latu et al.,
2018, section 4.2), that we now review briefly. Let us denote by F'(t) and H(t) the
distribution function F' and the Hamiltonian H at time ¢, omitting the dependence
on the other phase-space variables. In the predictor step we advance F'(t) for half
the time step with the Hamiltonian H (¢) (and the corresponding advection fields)
computed from F(¢), and obtain F'(t+ At/2). In the corrector step we advance F'(t)
for the entire time step with the Hamiltonian H (¢ + At/2) (and the corresponding
advection fields) computed from F'(t + At/2), and obtain F'(t + At). This scheme is
represented graphically in Figure 3.3. Our time advancing strategy is then combined

predictor:  F(¢) H(t) F(t + At/2)

corrector:  F'(t) H(t + At/2) F(t + At)
| i i
t t+ At/2 t+ At

Figure 3.3: Graphical representation of the second-order predictor-corrector
scheme employed to solve the Vlasov equation (3.1).

with the field-aligned splitting as follows. In the predictor step we start from F'(¢),
compute H(t) from it, perform the steps

1. solve (3.15) in the time interval [¢,¢ + At/2],

2. solve (3.16) in the time interval [, + At/2],

3. solve (3.14) in the time interval [t,t + At/2],

and obtain F(t + At/2). This corresponds to a first-order Lie splitting of the 4D
Vlasov equation. In the corrector step we start again from F'(¢), compute H (¢ + At/2)
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from F'(t + At/2), perform the steps
1. solve (3.15) in the time interval [¢,¢ + At/2],

[
2. solve (3.16) in the time interval [¢,t + At/2],

3. solve (3.14) in the time interval [t,t + At],

4. solve (3.16) in the time interval [t + At/2,t + At],
5. solve (3.15) in the time interval [t + At/2,t + At],

and obtain F'(¢t + At). This corresponds to a second-order Strang splitting of the 4D
Vlasov equation.

3.5 Semi-Lagrangian method

In both the predictor and the corrector steps, each of the lower-dimensional advec-
tion equations, (3.14), (3.15) and (3.16), is solved with the semi-Lagrangian method,
which we briefly review in this section for a generic 2D advection problem (the corre-
sponding scheme for 1D advection equations is obtained by simply replacing vector
quantities with scalar quantities). The idea of the semi-Lagrangian method is to
combine the Eulerian and the Lagrangian approaches, by keeping the good proper-
ties of both schemes (namely, the fact that Eulerian methods work well on regular
Cartesian meshes and the fact that Lagrangian methods allow for large time steps)
and trying to get rid of their disadvantages (namely, the fact that Eulerian methods
often require restrictive time steps in order to ensure computational stability and
the fact that Lagrangian methods exhibit noise in the case of particle methods and
strong grid deformation in the case of mesh-based methods). The semi-Lagrangian
method was originally developed within the context of numerical weather prediction
(Fjartoft, 1952, 1955; Wiin-Nielsen, 1959; Krishnamurti, 1962; Sawyer, 1963; Leith,
1964; Purnell, 1976) (see, for example, (Staniforth and Cété, 1991) for a compre-
hensive review). The method was applied later on to Vlasov-like transport equations
and drift-kinetic and gyrokinetic models in the context of plasma physics by (Cheng
and Knorr, 1976; Gagné and Shoucri, 1977; Sonnendrticker et al., 1999; Filbet et al.,
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2001; Besse and Sonnendrtcker, 2003; Crouseilles et al., 2010). We now review

how the semi-Lagrangian scheme works for a 2D advection equation of the form
9w V=0 (3.25)
at g - ) -

for a given advection field u(¢, ). The characteristics of (3.25) are the solutions of

the dynamical system
dx

E =
with given initial conditions. The information contained in (3.25) is that its solution

u, (3.26)

g is conserved along the characteristics obtained by solving (3.26). Typically, when
we solve (3.25) numerically, we have a discrete set of mesh points {x;;};; and we
are interested in knowing the value of g at a given time ¢ and a given mesh point
x;. The information we have is the set of values of g at the previous time ¢t — At
at each mesh point x;;. We then first solve (3.26) backward in time, starting from
the initial condition x; at time ¢, and find the origin x;, of the characteristic at time
t — At. Since g is conserved along the characteristics of (3.25), we have

g(t, ZEkl) = g(t — At, mzl) . (327)

Since we are integrating the characteristics backward in time, the algorithm de-
scribed here is usually referred to as backward semi-Lagrangian method, as op-
posed to forward semi-Lagrangian methods, where the characteristics are integrated
forward in time. Typically, the origin xj,; of the characteristic does not coincide with
a mesh point and the value g(t — At, xj,) in (3.27) is not immediately available. In-
stead, it is obtained by interpolating the values of ¢ at the same time ¢ — At and
at mesh points in some neighborhood of x;;,. The number and collocation of such
mesh points with respect to x; depend on the choice of the interpolation scheme.
The semi-Lagrangian method just described is represented graphically in Figure 3.4.
The specific interpolation schemes and numerical methods employed for each of the
lower-dimensional advection equations, (3.14), (3.15) and (3.16), will be discussed
later on in this thesis.
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Figure 3.4: Semi-Lagrangian method: the value of ¢ at a given time ¢ and a given
mesh point x;; is obtained by first finding the origin x;,; of the characteristic at time
t — At and then interpolating the values of ¢ at the same time ¢t — At at mesh points
in some neighborhood of =}, (empty bullets).

3.6 Discretization

In order to discuss the numerical methods and algorithms that we employ to solve
our target model (3.1), we need to first present how we define the discrete degrees of
freedom corresponding to the continuous degrees of freedom of the model. When
we solve (3.1) numerically with the semi-Lagrangian method, we have a discrete
set of mesh points corresponding to each of the logical phase-space coordinates,
which we denote by {n }7'_, {n}}i2y, {nl )i, and {7} }i,, respectively. The
logical mesh points corresponding to the poloidal coordinates (n',7*) and the par-
allel momentum n* are defined as the interpolation points that we choose for the
reconstruction of relevant quantities in each of these directions. On the other hand,
the logical mesh points corresponding to the toroidal angle n?® are simply defined

from a uniform mesh in the domain of 7.

On the poloidal planes and along the direction of the parallel momentum we inter-
polate using splines. More precisely, we employ 2D tensor-product splines on the
poloidal planes spanned by the coordinates (n',7*) and 1D splines in the direction
of the parallel momentum 7*. In general, we work on a Schénberg space of maxi-
mum regularity. Given a decomposition of a 1D domain into cells, this is the space
of piecewise polynomials of degree p with p — 1 continuous derivatives across the
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domain. The B-splines that we are going to define constitute a basis for this space
and have some desirable properties, most notably: positivity, compact support, and
partition of unity. The two types of B-splines that we consider in order to define our
spline bases are clamped (non-periodic) B-splines and periodic B-splines. Given
a domain [a,b], we decompose it into cells, whose limit points are named break
points. Denoting by n the number of degrees of freedom and by p the degree of the
B-splines, the number n° of cells for clamped and periodic B-splines is defined as

n— clamped,
nt = { b P (3.28)

n periodic,

with n® := n¢ + 1 break points, which we denote by {7;}"",. The domain [a,b] is

thus decomposed as
b_1

n

[a,b] = [ Tisa] - (3.29)

7

Il
—

From the break points {7; ;ﬁl we define a knot sequence of n* := n + 2p knots

{ti}?:bffp. More precisely, for clamped B-splines we define the open knots

771 izl—p,...,(),
ti=<m i=1,...,n", (3.30)

b iznb+1,...,nb+p,
whereas for periodic B-splines we define the periodic knots
Mpbys — 270 2 =1—p,...,0,

ti =<1 i=1,...,n", (3.31)

Do +21m i=n"+1,.... 0P +p,

assuming that the B-splines are 27-periodic. From the knot sequence {ti}?:bff’p the

B-splines B of degree p are defined by the recurrence relations (de Boor, 1980)

-t _ t; — _
BY(y) i= L Br () 4 2L proly (3.32)

i i+1
Livp — b tivpr1 — Liv1
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with i € [a, b] and the B-splines BY of degree p = 0 defined as

BO(n) = 1 nelttin), (3.33)
' ' 0 elsewhere. '

We then define the interpolation points {»;}!, as the Greville averages

1 A
mii=— >t (3.34)
pj:i+l—p

Such points are averages of the knots generally lying near the values corresponding
to the maximum of the basis functions (Gordon and Riesenfeld, 1974; Farin, 1988).
In the case of a periodic domain the Greville averages reduce to either the break
points themselves or the mid-points of each cell, depending on whether the degree
of the B-splines is odd or even, respectively. In formulas, the interpolation points for
periodic B-splines are given by

ﬁi p odd )

= 5+ (3.35)
% peven.

On the poloidal planes we then define a 2D tensor-product spline basis of clamped
B-splines of degree p; in n' € [0,7n!,. ] and 27-periodic B-splines of degree p, in
n* € [0,27):

{BRE(n' ) = B (") BR (P Vi (3.36)

1112 i1,82=1"

Along the direction of the parallel momentum we define a 1D spline basis of clamped
B-splines of degree p4 in n* € [nt.., ni. ] (with typically ., = —nl..):
{BIH (")}, - (3.37)
Finally, along the 2m-periodic toroidal direction 1® we define the logical mesh by
decomposing the periodic domain [0, 2) into nS := nj cells with n? := n§ + 1 break
b
3

. -3 n.
points {7;} };,—1

b
nz—1

[0,27) = | [0, 7541) (3.38)

i3=1
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and choosing the logical mesh points {r }>_, as the break points: 7}, := 7;,. Ex-
amples of logical meshes in the directions 1! € [0, 1], * € [0, 27), n® € [0, 27) and
n* e [-1,1], withn; = ny = n3 = ngy = 8and p; = p» = py = 3, are shown in

Figure 3.5.

3.7 Interpolation

Interpolation is one of the main building blocks of the semi-Lagrangian method. In
this section we review briefly the two types of standard interpolation that we employ
in this thesis, namely 1D Lagrange interpolation and 1D and 2D spline interpolation.

For 1D Lagrange interpolation we employ the Neville’s algorithm (Neville, 1934).
Given n data points {(x;, z;)}"_,, the value P(z) of the interpolating Lagrange poly-
nomial P of degree n — 1 at the point z is given by P(z) = Fy,_1(z), where
P, ; denotes the Lagrange polynomial of degree j — i interpolating the data points
{(zx, 1) })_, and satisfying the recurrence relations

Pi(z) =2 0<i<n-—1, (3.39a)
(z — ;) Pija(v) — (v — 23) Py ()

Ii—l'j

P j(x) =

0<i<j<n-—-1. (3.39b)

For 1D spline interpolation, let us introduce a generic 1D spline basis of B-splines
of degree p:
{B(x)} - (3.40)

Given n data points {(z;, z;)}!~,, corresponding to the values of a given quantity
of interest on the logical mesh defined by the interpolation points, an interpolatory
spline

S(z) = i c;BY () (3.41)
i=1

satisfies the interpolation conditions S(x;) = z;, foralli = 1,...,n. These can be
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Figure 3.5: Examples of logical meshes in the directions 1! € [0, 1], n* € [0, 27),
n € [0,2n) and n* € [—1,1], withn; =ny =ng =ny = 8and p; = py = py = 3.
The vertical lines represent the break points (n®> = n? = 6 break points in the
directions n! and 7*, and n5 = n} = 9 break points in the directions n* and n?).
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written in the matrix form

B{)(Il) cee Bg(l’l) C1 Z1
: - : =1 (3.42)
Bi(zn) - Bh(xa) | | e Zn

and the resulting linear system can be solved with a method of choice in order
to obtain the coefficients {c;}I ;. We remark that, for any given location z in the
domain, only p + 1 B-splines are non-zero at x. Therefore, the linear system (3.42)
is in general sparse (given that n >» p typically) and banded.

For 2D spline interpolation, let us introduce a generic 2D tensor-product spline basis
of B-splines of degrees p and g, respectively:

{Bij (x,y) := Bi(x) Bj (y) }i 2, - (3.43)

Given n x m data points {(z;,y;, zi;)};7~,, corresponding to the values of a given

i,j= 1’
quantity of interest on the 2D logical mesh defined by the interpolation points, an

i i (y) 3.44)

interpolatory spline

satisfies the interpolation conditions S(z;,y;) = z;,foralli = 1,....,.nandj =1,...,m

These can be solved by decomposing the problem into two separate 1D interpola-
tion problems. More precisely, for each location y;, with j = 1,...,m, we first solve
the 1D interpolation problem along x

Bi(x1) --- Bi(z1) | | ¢y 21
: . : : = : , Jg=1....m, (3.45)
Bi(w,) - BE(zn) | | Cnj Zng

thus obtaining the intermediate coefficients {¢;;}:"",. Then, for each location z;,

i,j=1"
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with¢ = 1,...,n, we solve the 1D interpolation problem along y

Bi(y1) - BL(n) Ci1 i1
ST S I I S T (3.46)

B (ym) - BL(ym) | | cim Cim

n,m

thus obtaining the coefficients {c;;}; ;.

3.8 Field-aligned interpolation

Interpolation on the flux surfaces (the 2D surfaces spanned by the coordinates
(n?,n?) for a fixed value of n') is performed as described in (Latu et al., 2018,
section 2.1). The idea of field-aligned interpolation comes from the observation
that standard interpolation based on a centered rectangular stencil of interpolation
points, as shown in Figure 3.6, requires a fine mesh in the toroidal direction 72,
in order to achieve good accuracy. The idea of field-aligned interpolation is in-
stead to define a stencil of interpolation points which is approximately aligned to
the magnetic field lines, as shown in Figure 3.7, thus allowing for a coarser mesh
in the toroidal direction 1® and reducing the memory footprint of the overall numer-
ical scheme. Figures 3.6 and 3.7 show centered and field-aligned stencils that we
would employ in the case of third-order Lagrange interpolation, in order to clarify the
general idea. When using splines, field-aligned interpolation allows us to replace
2D spline interpolation in (n?, 1®) with 1D spline interpolation in 1* and Lagrange
interpolation along the magnetic field lines. More precisely, if we want to interpo-
late a function g(n%, n?) at a given point (n2,73) on the flux surface (not belonging
to the logical mesh), we first identify a set of adjacent lines at fixed grid values of
n* in the neighborhood of 72, which we denote by {n;}. It is then possible to com-
pute the values of the coordinate 1? corresponding to the intersections between the
magnetic field line passing through the point (n2,72) and the lines at * = n3. We
denote such values of the coordinate n* as &(n?, 72, (), following a notation simi-
lar to (Latu et al., 2018, section 2.1). The values of g at these intersection points,
g(&(n2,m2,0),n2), are computed by spline interpolation along the direction n?. The
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Figure 3.6: Standard interpolation on a flux surface, based on a centered rectangu-
lar stencil of interpolation points (empty bullets).

final value at the point (72, n2) is then computed by Lagrange interpolation from the
values g(&(n2,m2,¢),n3) obtained in the previous step. In particular, we typically
employ a centered stencil and Lagrange polynomials of odd degree.

3.9 Field-aligned differentiation

The parallel derivatives V| := by, - V, which we also call field-aligned derivatives,
are computed in the same way as described in (Latu et al., 2018, section 2.2). For
a given function g(n? 1) on a flux surface, its parallel derivative at the mesh point
(n7,,m3,) is computed with central finite differences of order 6, yielding

A ,
ng(T/ziv 77133) = ALH?’ Z Wy 9(5(771227 77?37 13 + £)7 77?3+€) ’ (347)
=3
where b’gS denotes the third contravariant component of b, with respect to the tan-
gent basis (e,1,e,2,e,3), An® := 27/n; represents the uniform size of each cell
along the toroidal direction 7?, the weights {w,}?__, are defined as
3 3 1
wo =0, w =—w1=—1, W =—-Wy ==, W-3=—-W3=—

20 60’
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Figure 3.7: Field-aligned interpolation on a flux surface, based on a field-aligned
stencil of interpolation points (empty bullets). The blue crosses represent the points

(EmZ.m2,0),m}).

and the values g(&(n7,. 77,35 + €), 72 ,,) are computed by spline interpolation along
the direction 1. The algorithm for computing field-aligned derivatives is represented
graphically in Figure 3.8.

3.10 Summary of the contributions

In this chapter we introduced the basic features of the semi-Lagrangian drift-kinetic
code that we developed within the SelLalLib library. Among all the topics described,
our main contributions are:

e the extension of the field-aligned splitting discussed in (Latu et al., 2018) to a
general setting based on curvilinear coordinates;

e the improvement of the capabilities offered by the SeLal.ib library with respect
to our spline discretization, which led to the implementation of a small embed-
ded spline library, offering the possibility to define spline bases on periodic or
non-periodic domains, based on uniform or non-uniform meshes, and interpo-
lation tools employing different types of boundary conditions, such as periodic
boundary conditions, interpolation on Greville points, and Hermite boundary
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Figure 3.8: Field-aligned derivative of a function g at the mesh point (12, 7. ) on
a flux surface. The blue crosses represent the points (£(n7, 75, i3 + £), 1 ,,), for
l=-3,...,3.

conditions (which we do not employ, thus neither describe, in this thesis).

The rest of the material presented in this chapter refers to either background mathe-
matical notions or mathematical and computational tools that were already available
before this research started and that may have been only slightly improved within
the scope of this thesis.
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Chapter 4

Coupled hyperbolic-elliptic problems
in 2D complex geometries

The field-aligned splitting strategy discussed in the previous chapter allows us to
split the 4D Vlasov equation of our drift-kinetic electrostatic model into separate
lower-dimensional advection problems. In this chapter we look at the 2D advection
on poloidal planes in more detail, including its coupling with the quasi-neutrality
equation (described in more detail in chapter 5). If we want to consider realistic
geometries, such as, for example, D-shaped Tokamaks, the domains corresponding
to the poloidal planes of such geometries can be described, from a mathematical
point of view, as singular mapped disk-like domains. The term “mapped” refers to the
fact that such domains can be obtained from a rectangular uniform logical domain
by applying a given coordinate mapping and the term “singular” refers to the fact
that one edge of the rectangular logical domain collapses, through the coordinate
mapping, to one point of the physical domain. We refer sometimes to this point as
the pole of the domain. In this chapter we suggest a numerical strategy to solve
coupled hyperbolic-elliptic problems, similar to the 2D poloidal advection equation
coupled to the quasi-neutrality equation of our original 4D model, in such singular
domains.

More precisely, we are interested in solving the hyperbolic part of our problem with
the semi-Lagrangian method and the elliptic part with a finite element method based
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on B-splines. One advantage of the semi-Lagrangian method is to avoid any limi-
tation related to the Courant-Friedrichs-Lewy condition (Courant et al., 1928) in the
region close to the pole, where the mesh cells become smaller and smaller. Since
the method is based on the integration of the characteristics (backward in time),
the choice of coordinates to be used while performing this integration turns out to
be crucial: such coordinates need indeed to be well-defined in the whole domain,
including the pole. The choice of coordinates that we propose fulfills this aim with-
out affecting the robustness, efficiency and accuracy of the numerical scheme. The
same coordinates can be used as well for the integration forward in time of the char-
acteristic trajectories of point charges or point-like vortices. On the other hand, the
elliptic equation is solved with a finite element method based on B-splines. We
require the elliptic solver to return a solution at least C' smooth everywhere in the
domain. This is difficult to achieve at the pole. Therefore, we follow the approach
recently developed by (Toshniwal et al., 2017) to define a set of globally C* smooth
spline basis functions on singular mapped disk-like domains. A higher degree of
smoothness, consistent with the spline degree, may be imposed as well, if needed.

This chapter is organized as follows. Section 4.1 introduces the 2D model that
we choose as a test-bed for our numerical methods. Section 4.2 introduces some
basic notation that we employ consistently throughout this chapter. Section 4.3
describes singular mapped disk-like domains in more detail. Section 4.4 presents
our numerical strategy to solve advection problems on disk-like domains, including
numerical tests. Section 4.5 describes our finite element elliptic solver based on
globally C' smooth splines, including numerical tests. Section 4.6 describes how
to couple the two numerical schemes in order to solve a self-consistent hyperbolic-
elliptic problem and presents the results of different numerical tests in various disk-
like domains. Finally, we end the chapter with a summary of our contributions.
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4.1 The physical model

The 2D model that we choose as a test-bed for the numerical methods presented in
this chapter is the guiding-center model (O’Neil, 1985; Dubin and O’Neil, 1988)

op op op

— YV 4+ E*= =0, 0,z,y) = z,Y),

e p 2y with p( y) = pn(e, ) (4.1)
V.V, O(t,z,y) =0 on 09.

In the context of plasma physics, (4.1) is typically used to describe low-density non-
neutral plasmas (Davidson, 2001; Driscoll et al., 2002; Sengupta and Ganesh, 2014,
2015) in a uniform magnetic field B aligned with the direction perpendicular to the
(x,y) plane. The unknowns in (4.1) are the density of the plasma particles p and the
electric scalar potential @, related to the electric field via E = (E*, EY)T = -V ®.
The advection field (—EY, E*), responsible for the transport of p in (4.1), represents
the E x B drift velocity. This model is also equivalent, from a mathematical point
of view, to the 2D Euler equations for incompressible inviscid fluids, with —p rep-
resenting the vorticity of the fluid and ® a stream function. Indeed, (4.1) has been
investigated also in the fluid dynamics community for a variety of studies related to
vortex dynamics and turbulence (Schecter and Dubin, 1999; Schecter et al., 1999;
Schecter and Dubin, 2001; Ganesh and Lee, 2002).

4.2 Notation

In this chapter we denote by Q= [0,1] x [0,2m) the logical domain (Figure 4.1)
and by 0 = R? the physical domain, which is the image of Q through a given co-
ordinate transformation F : Q — R2. In other words, 2 := F({). We denote by
n:= (s,0) € Q and @ := (x,y) € €2 the logical and Cartesian coordinates, respec-
tively. Moreover, all quantities defined on the logical domain Q are denoted by
placing a hat over their symbols. On the other hand, the corresponding quanti-
ties defined on the physical domain €2 are denoted by the same symbols without the
hat. For example, denoting by « a scalar quantity of interest, we have & : Q>R
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Figure 4.1: Rectangular uniform logical domain Q spanned by the logical coordi-
nates (s, 0).

and o : 2 — R, and the two functions are related via @ = «a o F. For time-
dependent quantities, the domain QO (respectively, ) is replaced by R* x Q (re-
spectively, R* x ). Moreover, for vector quantities, the codomain R is replaced by
R2.

4.3 Complex geometries

As mentioned above, we consider here logical domains with a singularity at a unique
pole, where the edge s = 0 of O collapses to the pole (zo, yo) of the physical domain
through the mapping F: F'(0,0) = (zo, yo) for all 8. We now provide two analytical
examples of such mappings. The first mapping is defined by (Bouzat et al., 2018)
as

2(s,0) := 10+ (1 — K)scosf — As?,

(4.2)
Y(s,0) :==yo+ (1 + K)ssinb,
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where x and A denote the elongation and the Shafranov shift, respectively. For
s = 0 the mapping collapses to the pole (z,yy). The Jacobian matrix of the map-
ping, denoted by Jg, reads

(1 —k)cos@—2As (k—1)ssinf

J 8,0 = )
#(5,) (1+ k)sind (14 K)scosf

with determinant
det Jp(s,0) = s(1+ k)[(1 — k) —2Ascosb], (4.4)

which vanishes at the pole. The Jacobian matrix of the inverse transformation reads

) (4.5)

J=(s.0) = 1 (14 K)scosb (1 —K)ssinf
det Jp(s,0) | —(1 4 k)sin® (1 —kx)cosf —2As

and it is singular at the pole. The second mapping is defined by (Czarny and Huys-
mans, 2008) as

x(s,0) = % (1 — /1 +5(8+25c089)) ,

(5,0) N e& ssinf N e&ssinf
s,0) = — 77
Y vo 2 —4/1+¢e(e+2scosb) o 1+ex(s,0)

(4.6)

where ¢ and e denote the inverse aspect ratio and the ellipticity, respectively, and

¢ :=1/4/1 — €2/4. For s = 0 the mapping collapses to the pole ((1 — v/1 + £2) /e, yo).

The Jacobian matrix of the mapping reads

_1+ew(s,0)cosd 1 +ex(s,0) ssind
e 1—cux(s,0) e 1—cx(s,0) ef
Jr(s,0) = €t \ . ) ( )2 5 , (4.7)
l+ex(s,0) | . 0. €ssinfcosf <080 €5°sin” 6
sin _ -
1 —e222(s,0) 1 —e222(s,0)
with determinant
s
— 4.8
det JF(Sae) 833'(8,(9) 1 ) ( )
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Figure 4.2: Disk-like domains defined by the mappings (4.2) (left) and (4.6) (right).
The lines originating from the pole are isolines at constant ¢, while the lines concen-
tric around the pole are isolines at constant s.

which vanishes at the pole. The Jacobian matrix of the inverse transformation reads

6 £ s2sin? 0 1+ ex(s,0)ssinf
scos ) — —
J=1(s.6) 1 1 —¢e222(s,0) 1—cx(s,0) e& 4.9)
$,0) = ———+ , (4.
F det Jp(s,0) ing_ S ssin @ cos 6 1 +ex(s,0)cosb

1—c222(s,0) 1—ca(s,0) e€

and it is again singular at the pole. In all the numerical tests considered in this thesis,
mapping (4.2) is set up with the parameters

(x0,%0) = (0,0), k=03, A=0.2, (4.10)
and mapping (4.6) is set up with the parameters
Y=0, =03, e=14, (4.11)

which yield 2o ~ —0.15 and £ ~ 1.0114. Figure 4.2 shows the physical domains
obtained with these mappings.
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In practical applications it may be not possible to have an analytical description
of the mapping that represents the physical domain of interest, as in the examples
discussed above. Moreover, we are going to solve the elliptic equation in (4.1) with a
finite element method based on B-splines. This means that our numerical strategy is
based on a machinery inherently defined at the discrete level. We therefore need to
have a discrete representation of the analytical mappings discussed above. Based
on the 2D spline basis defined in section 3.6, we define a discrete representation of
our analytical mappings as

ni n2 ni n2

0) = > N, B (s)BL(0) = mo Bi(s)+ Y. > cf,, Bi(s)BL(0)

i1=11d2=1 i1=21i2=1
(4.12)

ni no ni n2

= 2 D W BL$)BLO) = w Bi(s) + D ) Bl (s)BLL(0).

i1=142=1 11=212=1
We remark again a few differences between the notation employed here (and in
the following) and the corresponding notation employed in section 3.6. The logical
coordinates are now denoted as (s, §) instead of (n',7?), a hat is placed over the
symbols denoting the basis functions, when they are defined on the logical domain,
and the superscripts indicating the degrees p,; and p, have been removed in favor of
superscripts indicating the functional dependence of the basis functions (either on s
or on 6).

In all the numerical tests considered in this thesis, the control points {(cf,;,, c/.;,) 1, in 2y
are obtained by interpolating a given analytical mapping on the interpolation points
defined in section 3.6. For more general practical applications, they could be given
as an input from any code capable of constructing a mesh conformal to the flux
surfaces of a given equilibrium magnetic field, such as, for example, the software
Tokamesh (Guillard et al., 2018). Finally, we note that all the control points at i; = 1
are equal to the pole, (cf;,,cl;,) = (2o, 40), which is another way of saying that the

edge s = 0 of the logical domain collapses to the pole of the physical domain.

In order to compute integrals on the logical domain QO (in the subsequent sections),
p1 + 1 Gauss-Legendre quadrature points and weights are introduced in each cell of
the domain [0, 1] along s and p, + 1 Gauss-Legendre quadrature points and weights
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are introduced in each cell of the domain [0, 27) along 6.

4.4 Semi-Lagrangian advection solver

We now focus on the advection equation in (4.1) and write it in terms of a general
advection field U := (—EY, E°)T as
p

= U Vp=0. (4.13)

We now discuss the optimal choice of coordinates for the integration backward in
time of the characteristics of (4.13). We recall that the advection field available at
the discrete level is the advection field U defined on the logical domain. It is nat-
ural to think of integrating the characteristic equations in either Cartesian or logical
coordinates. However, both choices present some drawbacks. The characteristic
equations in Cartesian coordinates x read

=UtF'(z)). (4.14)

These equations are well defined everywhere in the domain, but they become com-
putationally expensive if the mapping F' is not easy to invert. On the other hand, the
characteristic equations in logical coordinates 7 read

n=JgU(tn). (4.15)

These equations are not defined at the pole s = 0, because J;l is singular there.
We then suggest to introduce the new coordinates X := (X,Y'), defined by the
polar transformation

X(s,0) :=scosb,

(4.16)
Y (s,0) := ssinf,
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Figure 4.3: Pseudo-Cartesian coordinates: the light-gray grids represent the grids
in the pseudo-Cartesian coordinates (X,Y") for disk-like domains defined by the
mappings (4.2) (left) and (4.6) (right).

which we name pseudo-Cartesian coordinates. We denote by G : Q) — R? the new
mapping defined by G(n) := X, and by J¢ its Jacobian, given by

(4.17)

Jo(.0) = [cos@ —ssin9] .

sin 8 scos0

The pseudo-Cartesian coordinates for the domains defined by the mappings (4.2)
and (4.6) are shown in Figure 4.3. In the simplest case of a circular mapping, they
reduce to standard Cartesian coordinates. The characteristic equations in pseudo-
Cartesian coordinates X read

X = (JpJH)'U(t, G (X)), (4.18)

where JrJg' represents the Jacobian of the composite mapping F o G defined
by F o G'(X) = «. For a circular mapping, F o G~ reduces to the identity and
(4.18) reduces to (4.14), which works well because F~' (inverse polar transforma-
tion) is easy to compute. For more complex non-circular mappings, (4.18) is more
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convenient than (4.14) because the mapping G is easier to invert than the original
mapping F. More precisely, the inverse mapping G is analytical and reads

S(X,Y) =vVX2+Y?,

(4.19)
0(X,Y) = atan2(Y, X),

where atan2(Y, X)) returns the principal value of the argument function applied to
the complex number X + iY in the range (—m, 7] (which then must be shifted ap-
propriately to the domain [0, 2)). Moreover, the inverse Jacobian matrix (JgJg') ™
in (4.18) turns out to be well-behaved everywhere in the physical domain, including
the pole. More precisely, the singularity of the inverse Jacobian matrix

cos 6 sin 6
Jels0) = 1. 1 : (4.20)
——ginf —cosd
s S

in the limit s — 07, is cancelled by the matrix elements of Jr. The product JpJg'
in general reads

Al

Z—xcosﬁ—lg—gsme Z—:[smﬁ—k—;—ecos@
Jrdg(s,0) = | 7 S s S . (4.21)
6y 8—1@5 0 @s 94—1@(3089
83 s 060 H 0s o s 060
From an analytical point of view, (4.21) holds for all values of s except at the pole
1 1
s = 0. However, the products _2_0 and _8_3; are finite and well-defined in the limit

s — 07. From a numerical point of view, (4.21) holds for all values of s sufficiently
far from the pole, as far as the factor 1/s does not become too large. Therefore,
we assume that (4.21) holds for s > ¢, for a given small e. More precisely, the
derivatives dz/00 and 0y /00 vanish for s = 0. Hence, expanding in s around s = 0,

we have
ox 2y
55(5:0) = 5 5—=5(0,6) + O(s?),
(4.22)
oy 0%y

—(5,0) = 5 =—25(0,6) + O(s?),
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which yields

10x 0%x
lim —— =——(0,46
Jim 25559 = 55509
L5 2 (4.23)
. Y Y
lim ——= = 0,0).
i 250050 = 55069
Therefore, the product JFJC:1 at the pole s = 0 reads
al 2 2
@(0,0) cosf — a—x(O,H) sin 0 a—x(O,Q) sin 6 + x (0,0) cos b
Do A A Ao A
TeJ51(0,0) 0s 0s 06 0s 0s 00
FJq ) =
oy %y , oy , 0%y
%(0,9) cosf — m((),@) sin 0 g(Oﬁ) sin 6 + 85(%9(0’9) cos 6
(4.24)
For example, in the case of mapping (4.2) we get
1
(JpJgh) 0,0 = | 17" |, (4.25)
0 1+k
and, similarly, in the case of mapping (4.6) we get
—V/1 + &2 0
(JrJg) '(0,0) = ,o2viee| (4.26)
e

In order to connect (4.21) and (4.24) in a smooth way, for 0 < s < e we interpolate
linearly the value at the pole s = 0 and the value at s = ¢, obtaining

(JrJg) " s.0) = (1= 2) UrJg) 7 (0.0) + 2(rJgh) M (e0).  (427)

We remark that the result obtained in (4.24) needs to be single-valued, and hence
should not depend on the angle-like variable 0. This is true if we consider analytical
mappings such as (4.2) and (4.6), as demonstrated by (4.25) and (4.26), respec-
tively. If we consider, instead, a discrete representation of the above-mentioned
mappings, defined, for example, in terms of splines, we observe a residual depen-
dence of (4.24) on 6. It is possible to measure the discrepancy between the ma-
trix elements of (JrJg')~1(0,8), computed by inverting (4.24) (with the derivatives
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Circular mapping Mapping (4.2) Mapping (4.6)

Ny X No Error Order Error Order Error Order

16 x 32 830 x 107 1.19 x 107° 8.66 x 1076

32 x 64 517 x 1077 4.01 738 x 1077 4.01 539x1077 4.01
64 x 128 323 x107% 4.00 4.61 x10® 4.00 3.37x107®  4.00
128 x 256 2.02x 1072  4.00 2.8 x107? 4.00 294x107? 3.52

256 x 512 1.26 x 10719 4.00 1.80 x 1071 4.00 3.69 x 107  3.00

Table 4.1: Convergence of the product (JFJC‘;l)*l to the 6-independent analytical
values for a circular mapping and for the mappings (4.2) and (4.6).

evaluated from the discrete spline mapping (4.12)), and the corresponding analyt-
ical f-independent matrix elements. As a measure of the error, we consider the
maximum among all matrix elements and all values of ¢ for a given interpolation
grid. The results in Table 4.1 show that such errors become asymptotically small as
the computational mesh is refined (that is, as the number of interpolation points is
increased). Such errors do not constitute a problem if they turn out to be smaller
than the overall numerical accuracy of our scheme. However, we suggest to guar-
antee that (4.24) is truly single-valued by taking an average of (4.24) over all values
of 6 in the interpolation grid. This may become particularly useful if implicit inte-
gration schemes are used, when the magnitude of the above-mentioned errors may
become comparable to the tolerances chosen for the implicit methods of choice.
We also remark that the parameter ¢ can be chosen arbitrarily small, as far as it
avoids underflows and overflows in floating point arithmetic. For all the numerical
tests presented in this thesis we set e = 10712,
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4.4.1 Numerical results

We test our advection solver for the stationary rotating advection field

U(z,y) =w (yc - y) : (4.28)

T — X,

with w = 27 and (z.,y.) = (0.25,0). The numerical test is performed on map-
ping (4.6) with the parameters in (4.11). The flow field corresponding to the advec-
tion field (4.28) can be computed analytically and reads

z(t + At) = . + (z(t) — ) cos(wAt) — (y(t) — y.) sin(wAt),

(4.29)
Yt + A1) = yo + (2(t) — ) sin(wAL) + (y(t) — y.) cos(wAL)

where At denotes the time step. Therefore, the numerical solution can be compared
to the exact one obtained from the analytical flow field by the method of characteris-
tics, pex(t, z(t),y(t)) = p(0,x(0),y(0)), where the initial positions z(0) and y(0) are
obtained from (4.29) with At = —t. The initial condition is set to a superposition of
cosine bells with elliptical cross sections:

1
p(02,y) = 5 [G (r(z,9)) + G (ra(w,y))] (4.30)
where G(r) is defined as
cos’ <ﬂ> r<a,
G(r) = 2a (4.31)
0 elsewhere ,

with a = 0.3, and r(z, y) and 5 (x, y) are defined as

ri(z,y) ==/ (z — 2)2 + 8(y — ¥)?,

ro(x,y) = \/8(x — 2)2 + (y — §)?.

(4.32)

This test case is inspired by one presented in (GUglu et al., 2014, section 5.2): the
non-Gaussian initial condition allows us to possibly detect any deformation of the ini-
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tial density perturbation while rotating under the action of the advection field (4.28).
Denoting by Ap := p— pex the numerical error, that is, the difference between the nu-
merical solution and the exact one, measures of the error of our numerical scheme
are obtained by taking the L*-norm in time of the spatial L?-norm of Ap,

max || Apl|pe := max (\/L dz dy [Ap(t,x,y)]2>
= max (\/ﬁ dsdf |det Jr(s,0)| [Ap(t, 3,0)]2) ,

computed using the Gauss-Legendre quadrature points and weights mentioned in

(4.33)

section 4.3, and the L*-norm in time of the spatial L*-norm of Ap,

max ||Ap||r= := max max |[Ap(t,z,y)| = max max |Ap(t,s,0)|, (4.34)
¢ t (zy)eQ t (5,0)eQ

computed on the Greville points. We remark that the pole is included when we esti-
mate the spatial L*-norm (4.34). Table 4.2 shows the convergence of our numerical
scheme while decreasing the time step At and correspondingly refining the spatial
mesh by increasing the number of points n, in the direction s and the number of
points n, in the direction 6 (in order to keep the CFL number constant), using cu-
bic splines and an explicit third-order Runge-Kutta method for the integration of the
characteristics. We note that there are no effects of order reduction due to the sin-
gularity at the pole. Standard tensor-product spline interpolation turns out to work
well in the case of analytical advection fields, provided our choice of coordinates for
the integration of the characteristics.

The time integration algorithm is as follows. Starting from a mesh pointn,; := (s;, 0;)
with pseudo-Cartesian coordinates X,;; := G(n,;), we compute the first-stage,
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Figure 4.4: Numerical test of the advection solver: contour plot of the density
p(t,z,y) attime ¢ = 0.8. The dashed circle represents the trajectory that the initial
density perturbation is expected to follow under the action of the rotating advection
field (4.28).

At ny X N max; ||Ap||zz  Order max; ||Ap||p~ Order

0.1 64 x 128 3.25 x 1072 3.53 x 1071

0.1/2 128x256 410x 1073 299  434x1072  3.02
0.1/4 256x512 511x107%  3.00 5.09x 1073  3.09
0.1/8 512x1024 6.39x107° 300 6.13x107*  3.05

0.1/16 1024 x 2048 7.98x 1076  3.00 7.52x 1075  3.03

Table 4.2: Third-order convergence of the advection solver using cubic splines and
an explicit third-order Runge-Kutta method for the integration of the characteristics.
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second-stage and third-stage derivatives and solutions

L. XS) = (JFjél)il(mj) U(mj)
At .
1 1

ny =G

ij
2. X2 = (JpJg") ') UM
xX® .= X, - At [2)'((2.) . X@] (4.35b)

ij ij ij

n? - G (X®)

] ]

3. X5 = (JrJgh) ) UMY
At [

ij_6

ny =G (X))

v

x® .- x > SHERS SHED ¢ (4.35¢)

The logical coordinates ng) obtained represent the origin of the characteristic at
time ¢t — At passing through the point n;; at time ¢.

4.5 Spline finite element elliptic solver

We now focus on the elliptic equation in (4.1) and write it in the more general form
-V - (aVP)+ D =p, (4.36)

which reduces to Poisson’s equation —V - V& = pfor a = 1 and § = 0. We want
to solve this equation with a finite element method based on B-splines. Following
an isogeometric approach, we use the same spline basis used to construct the dis-
crete spline mappings (4.12) as a basis for our finite element method. Moreover, our
aim is to obtain a potential ® which is at least C' smooth everywhere in the phys-
ical domain, including the pole, so that the corresponding advection fields for the
transport of p are at least continuous. This is achieved by imposing appropriate C!
smoothness constraints on the spline basis while solving the linear system obtained
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from the weak form of (4.36). A systematic approach to define a set of globally C!
smooth spline basis functions on singular mapped disk-like domains was suggested
in (Toshniwal et al., 2017) and we now recall its basic ideas.

4.5.1 C! smooth polar splines

The idea is to satisfy the C! smoothness requirements by imposing appropriate con-
straints on the 2n, degrees of freedom corresponding to 7; = 1,2 for all 2. More
precisely, the 2n, basis functions corresponding to these degrees of freedom are
replaced by only three new basis functions, defined as linear combinations of the
existing ones. In order to guarantee the properties of partition of unity and positivity,
(Toshniwal et al., 2017) suggests to use barycentric coordinates to construct these
linear combinations. Taking an equilateral triangle enclosing the pole and the first
row of control points (c3,,, ¢3;,), with vertices

T V3 T V3
Vii=(zo+7,5), Vai= <$0—§ayo+77>, V= ($0_§>y0_77)7

with 7 defined as
T 1= max [max(—2(c§i2 — Zy)),
2

max((c3,, — o) — V3(ch;, — %)), (4.37)

72

max(65, — a0) + V3(eh, ~ ).

we denote by (A1, A2, A3) the barycentric coordinates of any point with respect to the
vertices of this triangle:

A (z,y) = % + 5;($ — Zo) , (4.38a)
1 11 V31

)\Q(x,y) = g—g;(l'—l'o)—F?;(y—yo), (438b)
1 11 31

As(,y) == 5 — g —(r —20) = %;(y—yo) (4.38¢)
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Then, the three new basis functions are denoted by l§l, for{ = 1,2, 3, and defined
as >
0) = > D) Nilchi, i) B (9)BL(0). (4.39)
i1=112=1
It can be shown that these basis functions are positive, B;(s, 8) = 0 ¥(s,6) and VI,
and that they satisfy the partition of unity property, namely

ni n2

3
Zé (5,0) + Y D) B (s)BL(0) =1 V(s,0). (4.40)

11=31i2=1

Moreover, the new basis functions 3;, related to l§l via l§l = B, o F, are C' smooth
everywhere in the physical domain.

4.5.2 Finite element solver

We now consider a more general version of the elliptic equation (4.36) which in-
cludes a finite set of n. point charges, denoted with the label ¢, of charges ¢. and
positions (z.,y.). Denoting by ps;, and ppic the semi-Lagrangian density and the
particle density, respectively, we rewrite (4.36) as

— V . (onq)) + 5 (I) = PsL + PPIC (441)

with the particle density ppic defined as

ppic (T, y) ZQc 0y = ye) , (4.42)

and homogeneous Dirichlet boundary conditions ®(z,y) = 0 on 09 (omitting the
time dependence of ¢). We impose these boundary conditions by removing the cor-
responding basis functions from both the test space and the trial space. More pre-
cisely, we choose as test and trial spaces the space defined by the tensor-product
spline basis {B;,;, (s, ) := é;l(s)ég(e) ym-bi2 where we remove the last n, basis

i1,i0=1 7
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functions corresponding to i; = n;. Hence, the weak form of (4.41) reads

J dx dy (av@ : VBil’iQ + BéBlllg) = J dx dy pSL BZl’LQ + 2 qc ’L17,2 xC7yC> )

Q c=1

foralli; =1,...,ny—1andiy, = 1,...,n,. We now expand & on the trial space and
pst, on the full tensor-product space (without removing the last n, basis functions,
as the space where pgy, is defined is completely independent from the test and trial
spaces):

ni—1 n2 n o na
o = Z Z (I)jljZ Bj1j2 ) pPsSL = Z Z Pk1ks Bk1k2 . (443)
=1j2=1 k=1 kao=1

To sum up, the following integer indices are being used:

i1=1,...,m —1 o=1,...,n9 (test space)
ji=1...,n—1 Jo=1,...,m9 (trial space) (4.44)
kr=1,....,n ke =1,...,n9 (space of ps.)

Hence, we obtain

ni—1 no

Z Z ®]1j2j dx dy (QVBJIJQ VB’LllQ + /8 ]1]2 leZ)
J1=1ja=1 (4.45)
ni na
= Z Z pk‘lkg f d'r dy Bk‘lele’Lg + 2 qc 1112 'CECJ yC) )
ki=1ko=1 c=1
foralli; =1,...,n1 —landiy, =1,...,n,. We now introduce the tensors
Silizjljz = dx dy (aVB]1]2 VB%NQ + 6 Jij2 2112)
o (4.46a)
— | dsdo|det Jg| (aVBm GV VB, +B8B,,Bis)
JQ
(‘ ~ ~
Mi1i2k1k2 = dx dy Bklkz BiliQ = J dsdéf | det JF| Bk1k2 Bil’ig s (446b)
Ja Q
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oG a9\

25’ a—e)
for any function § € C*(Q), and G~! denotes the inverse of the metric matrix of the
logical coordinate system (defined by the metric coefficients (A.7)). Such integrals
are computed using the Gauss-Legendre quadrature points and weights mentioned
in section 4.3. We then obtain

where V denotes the gradient in the logical domain, defined as % = (

ni—1 no ni n9 Ne
Z Z S’i1i2j1j2 (pjljz = Z Z Milizk‘lk‘g pk’lk‘z + Z chiliQ (307 90) 9 (447)
Ji1=1 j2=1 k1=1ko=1 c=1

foralls; =1,...,ny —1and i, = 1,...,n,. Here, the basis functions R-m. in the

last term are evaluated at the positions (s.,0.) = F~'(x.,y.) of the point charges
in the logical domain. We remark that, when the elliptic equation is coupled to the
advection equation for p in the guiding-center model, F~'(x,,.) needs only to be
computed at the beginning of a simulation: later on, the particle equations of mo-
tion are integrated using the pseudo-Cartesian coordinates (X,,Y.) and therefore
(5¢,0.) = G '(X,,Y,). Equation (4.47) can be written in matrix form as follows.
Defining the new integer indices

i:=(i1—Dna+iy =1,...,(n1—1)ngy (test space)
ji=(Gi—Dna+3js =1,...,(ny —1)ny (trial space) (4.48)
k.= (k)l — 1)712 + kQ = 1, ..., NNe (Space of PSL)

we can write (4.47) as
S® = Mpg + Ppic (4.49)

where we introduced the matrices S and M with elements (S5);; := Si,i,j.j, and
(M)ir := M, ik, and the vectors ®, pg and ppc with elements (@), := &, ;,,
(PsL)k := Priks @Nd (Ppic)i 1= D00c, .Bi i, (5¢,0.). The C! smoothness constraint is
imposed by applying to the tensor-product spline basis of the test and trial spaces

the restriction operator (using a notation similar to (Toshniwal et al., 2017, section

3.3))
T
ET .— <E 0) , (4.50)
0 I
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where E contains the barycentric coordinates of the pole and of the first row of con-
trol points. More precisely, E is a 2n, x 3 matrix with elements Ej; := A(cf,. ¢/,
and [ is the identity matrix of size [(n; — 3)n2] x [(n1 — 3)n2]. Hence, the restriction
operator E is a matrix of size [(n; — 1)ny] x [3 + (ny — 3)ny]. Therefore, (4.49)
becomes

S® = E" (Mpg_ + ppic) (4.51)

where S := ETSE and the solution vector ® is of size [3 + (n; — 3)n,]. The matrix
S is symmetric and positive-definite, hence we can solve the linear system (4.51)
with the conjugate gradient method (Hestenes and Stiefel, 1952; Quarteroni et al.,
20086). The resulting solution is then prolonged back to the trial space via ® = E®.

4.5.3 Numerical results
We first test our elliptic solver on Poisson’s equation
-V -Vo=p, (4.52)
with the method of manufactured solutions, looking for an exact solution of the form
Dy (s,0) := (1 — s%) cos (2 z(s,0)) sin (2 y(s,0)) , (4.53)

on the physical domain defined by mapping (4.2). Denoting by A® := & — ®,, the
numerical error, that is the difference between the numerical solution and the exact
one, measures of the error are obtained by computing the spatial L?-norm of A®,

1AD][2 — \/L dz dy [AD(z, )] — \/L dsdd | det Je(s, 0)| [AD(s, )],

computed using the Gauss-Legendre quadrature points and weights mentioned in
section 4.3, and the spatial L*-norm of A®,

[|AD||p0 = (mz)ix |A®(z,y)| = max (4.54)

(SQGQ
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Figure 4.5: Numerical solution of Poisson’s equation on a disk-like domain defined
by mapping (4.2): contour plots of the numerical solution (left) and error (right),
obtained with n; x ny = 128 x 256 and cubic splines.

computed on the Greville points. We remark again that the pole is included when
we estimate the spatial L*-norm (4.54). Numerical results are shown in Figure 4.5.
Table 4.3 shows the convergence of the solver while increasing the mesh size using
cubic splines.

We then test our solver on the quasi-neutrality equation
-V - (aVd)+ P =p, (4.55)
with #-independent profiles «(s) and 3(s) defined as (Figure 4.6)

a(s) i= exp l—tanh (ng5)]  B(s) = exp ltanh (5535)] ,

and look again for an exact solution of the form (4.53). Measures of the error are

obtained, as before, by computing the spatial Z2-norm and L*-norm of the nu-
merical error, ||A®||2 and ||A®||«. Numerical results are shown in Figure 4.7.
Table 4.4 shows the convergence of the solver while increasing the mesh size using
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ny X Ny |A®||;2  Order  ||[A®||»  Order

32 x 64 7.10 x 107° 4.17 x 1075

64 x 128  3.87x 107 420 231 x107% 4.17
128 x 256 233 x 1077 4.05 141 x107" 4.03
256 x 512 1.44 x 107%  4.02 878 x 107  4.01

512 x 1024 8.99 x 1071 4.00 5.48 x 1071%  4.00

Table 4.3: Numerical solution of Poisson’s equation on a disk-like domain defined
by mapping (4.2): fourth-order convergence of the elliptic solver using cubic splines.

2.5 1

2.0 1

1.0 A

0.0 0.2 0.4 0.6 0.8 1.0

Figure 4.6: #-independent profiles used in the quasi-neutrality equation (4.55).
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Figure 4.7: Numerical solution of the quasi-neutrality equation on a disk-like domain
defined by mapping (4.2): contour plots of the numerical solution (left) and error
(right), obtained with n; x ny = 128 x 256 and cubic splines.

cubic splines.

4.5.4 Evaluation of the electric field

The advection fields for the transport of p in (4.1) are obtained from the potential ¢
by means of derivatives. Here we suggest a strategy to evaluate the Cartesian com-
ponents of the gradient of ® while taking into account the singularity at the pole. We
denote again by Vo the gradient of d in the logical domain. The Cartesian compo-
nents of the gradient are obtained from the logical ones by applying the inverse of
the transposed Jacobian matrix:

Vo(s,0) = (Jg))7(s,0) Vo(s,0) . (4.56)

From an analytical point of view, (4.56) holds for all values of s > 0 and its limit
as s — 07 is finite and unique. From a numerical point of view, (4.56) holds for
all values of s sufficiently far from the pole, as far as the inverse Jacobian does not
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ny X ng |A®||zz  Order  ||A®||,»  Order

32 x 64 7.11 x 107° 8.36 x 107°

64 x 128  3.82x 1078 422 378 x 107% 447
128 x 256 2.29 x 1077 4.06 213 x 1077  4.15
256 x 512 1.41 x107%  4.02 128 x10™®  4.06

512 x 1024 8.81 x 1071  4.00 7.87x 1071Y  4.02

Table 4.4: Numerical solution of the quasi-neutrality equation on a disk-like domain
defined by mapping (4.2): fourth-order convergence of the elliptic solver using cubic
splines.

become too large. Therefore, we assume that (4.56) holds for s > ¢, for a given small
e. For s = 0 the partial derivative with respect to 6 vanishes and all the information
is contained in the partial derivative with respect to s, which takes a different value
for each value of §. Recalling that a partial derivative has the geometrical meaning
of a directional derivative along a vector of the tangent basis, the idea is to combine
two given values corresponding to two different values of 6 and extract from them
the Cartesian components of the gradient at the pole. The two chosen values of 0
must correspond to linearly independent directions, so that from

~

0o = — Ox — 0y
E(O’ 0,) =V e, = (V@)I%(O, 01) + (V‘P)y%((), 1), (4.57a)
0D 0y

0.0 = T e, = (F9), 22(0,0,) + (V)

PR (0,62), (4.57b)

Yos
the two components (ﬁ)m and (ﬁ))y can be obtained. Each possible couple of
linearly independent directions produces the same result. In order to connect the
two approaches in a smooth way, for 0 < s < e we interpolate linearly the value at
the pole s = 0 and the value at s = ¢:

—_

Vd(s,0) = (1 - z)%(o,e) + E%(e, 9). (4.58)
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We remark that the parameter € can be chosen arbitrarily small, as far as it avoids
underflows and overflows in floating point arithmetic. For all the numerical tests
presented in this thesis we set e = 10712,

4.6 The 2D guiding-center model

We now address the solution of our 2D guiding-center model

op op op

__Ey__|_E$—:O, O,x, = €, )

o . 3 with p(0,z,y) = pn(z,y) (4.59)
V.V =), O(t,x,y) =0 on .

Physical quantities conserved by the model are the total mass and energy
M(t) = f dedy plt,z,y) = J dsdf | det Ju(s, 0)| p(t, 5,0) (4.60a)
Q Q
W(t) := J dz dy |E(t,z,y))* = f dsdf | det Jp(s,0)| |E(t, s,0)]>.  (4.60b)
Q Q

These integrals are computed using the Gauss-Legendre quadrature points and
weights mentioned in section 4.3. The relative errors for the conservation of the
invariants (4.60) are defined as

[M(0) — M(1)]
M)

[W(0) = W(t)]
[W(0)]

IM(t) := W (t) := (4.61)

Before describing the numerical tests considered for this model, we present our

time-advancing strategy and how we deal with the problem of defining an equilibrium
density on complex mappings while initializing our simulations.

4.6.1 Time integration

We present here two different time integration schemes, one explicit and one im-
plicit, that may be chosen according to the particular physical dynamics described
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by model (4.59). Both integration schemes are based on a predictor-corrector pro-
cedure. In the numerical tests discussed in this section, the explicit scheme is our
default choice, because of its low computational cost. However, there are situa-
tions (as, for example, the test case simulating the merger of two macroscopic vor-
tices presented in section 4.6.3) where the dynamics described by model (4.59) is
such that the explicit scheme would require very small time steps in order to pro-
duce correct results. Instead, the implicit trapezoidal scheme that we describe here
has proven capable of capturing the correct dynamics with much larger time steps,
thanks to its symmetry and adjoint-symplecticity (Hairer et al., 2012).

Second-order explicit scheme

The explicit time integration scheme is the second-order integrator described in
(Xiong et al., 2018, section 2.2). Since it will be used also for test cases involv-
ing point charges, we denote here again by ps. and ppic the semi-Lagrangian den-
sity and the particle density, respectively. Moreover, following the notation of sec-
tion 4.4, we denote by X;; := G(n,;) the pseudo-Cartesian coordinates of a given
mesh point and by X, := G(n,.) the pseudo-Cartesian coordinates of a given point
charge, respectively. The first-order prediction (superscript “(P)”) is given by

L. X?E;D) = (JFJ(_;l)_l(mj) U(mj)
X=Xy - At X (4.62a)

P - P
77@(‘3‘) =G 1(Xz(j ))

2. X = (Jpig) " (n.) U(n,)
XM= X, + At XD (4.62b)
n? =G (x®)

C

We then compute the intermediate semi-Lagrangian and particle densities p(sf) and
pgfc) and obtain the intermediate electric potential ®(*) by solving Poisson’s equa-

~ (P
tion. Denoting by U( : the corresponding intermediate advection field, the second-
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order correction (superscript “(C')”) is given by

-~ (P)

L X = (Jpdgh) ) U@)) + (Jrdg) i) U (ny))
At
X§f>. X,-TXZ(.;’) (4.63a)
. 1N ~ 1\ — ~ (P)
2. X9= (JpJg" ) ') UMm) + (JrJgh) U (D)
At
X9 .= X, + TXC ) (4.63b)

n = GTHX)

For point charges, this second-order scheme is equivalent to Heun’s method (im-
proved Euler's method (Suli and Mayers, 2003)).

Second-order implicit scheme

The implicit time integration scheme is based on the implicit trapezoidal rule and it
will not be used for test cases involving point charges. We denote again by pg_ the
semi-Lagrangian density and by X ;; := G(n;;) the pseudo-Cartesian coordinates
of a given mesh point. The second-order prediction (superscript “(P)”) is given by
XEJI.D) 1= Xg.“) and nf.f) r= G‘l(XEf)), where the k-th iteration is computed as

XM = (Jpdgh) ) Uny) + (Tedgh) ) UnlY)
k
ny = GN(XY)

)
with X%)) = X,; and ng?) := m),;, provided that \ng) — ngfl)P < 72, where the
tolerance 7 is defined as 7 := 74 + 7 | X;;|, for given absolute and relative toler-
ances 74 and 7z. We then compute the intermediate semi-Lagrangian density p(sf)
and obtain the intermediate electric potential ®) by solving Poisson’s equation.
Denoting by ﬁ(P) the corresponding intermediate advection field, the second-order
correction (superscript “(C)”) is given by X;; (@ X ") and ngf) = G‘l(X(C)),

ij
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where the k-th iteration is computed as

< (k 1N ~ (P) T _ ~ (P) _
X = (Jpdgh) ) U () + (Jedgh) s ) T (i)
At .
(k) ._ (k)
Xy = Xi =5 X

k - k
my = GTHX)

ij

with Xg.)) = X;; and 'Y = 7,;, provided that |X§f) — X2 <2,

)

4.6.2 Numerical equilibria

Defining an equilibrium density p and a corresponding equilibrium potential & for
the system (4.59) becomes non-trivial on domains defined by complex non-circular
mappings, such as (4.2) and (4.6). In the case of circular mappings, any axisym-
metric density independent of the angle variable ¢ turns out to be an equilibrium for
the transport equation in (4.59). For more complex mappings we follow the numeri-
cal procedure suggested by (Takeda and Tokuda, 1991), and references therein, to
compute an equilibrium couple (p, ®). The equilibrium is determined by the eigen-
value problem of finding (¢, ®) such that -V - V& = ¢ ¢g(®), with given g such that
¢ (®) # 0 in some limited domain. Given initial data (¢(”), (®), the i-th iteration,
with 7 > 1, is computed with the following steps:

1. compute p() := g(i=Dg(E-D);
2. compute ®{ by solving —V - Vo) = p@®:

3. if a maximum value ®,,,, is given, compute ¢ by setting ¢ := @y /|| @] 10

Pmax |

oi-1)’

if a maximum value ppay is given, compute ¢ by solving ¢ g(c® H(I)Sf) ) =
4. compute (0¥, ) := ¢ (o1, @),

The iterative procedure stops when | — ¢(=1| < 7, for a given tolerance 7. The
eigenvalue problem does not have a unique solution, but the algorithm is expected
to converge to the ground state, that is the eigenstate with minimum eigenvalue. Fig-
ure 4.8 illustrates, for example, the equilibrium obtained in this way with g(®) = ®2
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and pnax = 1 on domains defined by a circular mapping and by the mappings (4.2)
and (4.6).
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Figure 4.8: Numerical equilibrium density p(z,y) obtained with g(®) = @2 and
Pmax = 1 on disk-like domains defined by a circular mapping (top) and by the map-
pings (4.2) (bottom left) and (4.6) (bottom right).
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4.6.3 Numerical results

We present here various numerical tests performed on model (4.59), in order to ver-
ify the validity and correctness of the numerical schemes discussed in the previous
sections.

Diocotron instability

As a first test we investigate the evolution of the diocotron instability on a domain
defined by a circular mapping. From a physical point of view, this corresponds to
studying a non-neutral plasma in cylindrical geometry, where the plasma particles
are confined radially by a uniform axial magnetic field with a cylindrical conducting
wall located at the outer boundary (Levy, 1965). Following (Davidson, 2001), we
consider the initial density profile

R R R 1+ ecos(mbf) s~ <s<s",
p(O,S,Q) = PO(S) "’;01(07379) = (464)
0 elsewhere .

This corresponds to a -independent equilibrium p, (an annular charged layer) with
a density perturbation p; of azimuthal mode number m and small amplitude ¢. The
linear dispersion relation for a complex eigenfrequency w reads (Davidson, 2001)

2
(i) b ey =0, (4.65)
Wp wp
where wp, is the diocotron frequency (wp = 1/2 in our units), and b,, and ¢, are
defined as
_ N2
by = m |1 - (‘) (s (s, (4.662)

e = m |1 — <z—+>2 [1—(s7)*] - [1 _ <z—+>2m] [1-(s%)*] . (4.66b)
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If 4c,, > 02, the oscillation frequencies resulting from (4.65) form complex conju-
gate pairs. The solution with Imw > 0 corresponds to the diocotron instability and
describes how rapidly the electric potential grows. The quantity of interest, in this
regard, is the L?-norm of the perturbed electric potential

I~ @l - \/ | deay [#(t.0.) ~ (o))
(4.67)

= \/J dsdf|det Jp(s,0), [c@(t,s,e) - 60(5,9)]2,
Q

where &, denotes the equilibrium electric potential and the integration is performed
again using the Gauss-Legendre quadrature points and weights. In order to repre-
sent the initial density in the finite-dimensional space of tensor-product splines, we
modify (4.64) by a radial smoothing to avoid discontinuities:

— S\ P
[1+ecos(m0)]expl— (Sd8>] sT<s<sT,

0 elsewhere ,

p(0,s,0) := (4.68)

with 5:= (s™ + s7)/2and d := (s™ — s7)/2. If the smoothing layer is small enough,
we can still rely on the analytical result obtained for the dispersion relation in the
case of the sharp annular layer (4.64). The numerical results have been verified
against the analytical dispersion relation for a perturbation with azimuthal mode
number m = 9 and amplitude ¢ = 10~*. The numerical growth rate is in good
agreement with the analytical one, Imw ~ 0.18, for the time interval 20 < ¢t < 50,
which corresponds to the linear phase. At time ¢t ~ 50, the system enters its non-
linear phase. The simulation is run with n; x ny = 128 x 256 and At = 0.1, with the
explicit time integrator described in section 4.6.1. Additional parameters defining the
initial condition (4.68) are setto s~ = 0.45, s* = 0.50 and p = 50. Numerical results
are illustrated in Figures 4.9-4.12.  For the conservation of mass and energy we
get

max 6M(t) ~ 5.8 x 1074, max W (t) ~ 1.8 x 1072 (4.69)
te[0,70] te[0,70]
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-—- Analytical growth rate: Im(w) ~ 0.18
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Figure 4.9: Numerical simulation of the diocotron instability: Z?-norm of the per-
turbed electric potential.

Figures 4.10-4.12 show that in this test case nothing significant happens in the re-
gion close to the pole. The effect of using C! smooth polar splines in such situations
is not particularly evident, but they do ensure continuity of the advection field re-
sponsible for the transport of p (the electric field) everywhere in the domain. More-
over, pseudo-Cartesian coordinates reduce to standard Cartesian coordinates, as
the physical domain is defined by a simple circular mapping. The interest of this
test case lies primarily in the fact that it provides the valuable possibility of easily
verifying the implementation of our numerical scheme by comparing the numerical
results with an analytical dispersion relation.

Vortex merger
In the context of incompressible inviscid 2D Euler fluids, we simulate the merger of

two macroscopic vortices by setting up initial conditions qualitatively similar to those
described in (Driscoll et al., 2002, section 3). Unlike the diocotron instability, the
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Figure 4.10: Numerical simulation of the diocotron instability: contour plots of the
density p(t, z,y) at times ¢ = 0 (beginning of the simulation) and ¢t = 50 (end of the
linear phase).
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Figure 4.11: Numerical simulation of the diocotron instability: contour plots of the
electric potential (¢, z,y) at times t = 0 (beginning of the simulation) and ¢t = 50
(end of the linear phase).
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Figure 4.12: Numerical simulation of the diocotron instability: contour plots of the
electric energy density |E(t, x,y)|* at times t = 0 (beginning of the simulation) and
t = 50 (end of the linear phase).
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interest of this test case lies primarily in the fact that the relevant dynamics occurs
in a region close the pole of the physical domain. We consider an equilibrium p,
obtained with the numerical procedure described in section 4.6.2 with g(®) = &2
and ®,,,,, = 1, and perturb it with two Gaussian perturbations,

p(0,z,y) == po(x,y) + p1(0,2,y)

_ e%)2 . %\2
— oolay) + 6<exp [_(:c ) 2;(1/ yi) ] (4.70)
©exp [_ (x — x%‘)z;(y - y%‘)Q] ) ’

with amplitude ¢ = 1074, width o = 0.08 and centered in (x},y;) = (+0.08, —0.14)
and (z3,y3) = (—0.08,40.14), respectively. The time evolution of the initial per-
turbation p; is shown in Figures 4.13-4.14. The simulation is run with n; x ny =
128 x 256 and time step At = 0.1, with the second-order implicit time integrator de-
scribed in section 4.6.1. The explicit time integrator would require in this case very
small time steps in order to capture the correct dynamics. Two different aspects play
a role in the choice of the time integrator for this particular test case. On the one
hand, the error in the integration of the characteristics, which scales with At? for the
second-order explicit scheme described in section 4.6.1, must not be larger than
the amplitude of the perturbation on the advection field caused by the density per-
turbation. In other words, for the explicit scheme, the choice of the time step would
be dependent on the amplitude ¢ of the density perturbation. On the other hand,
committing an error in the integration of closed trajectories (as it would be when
using the explicit scheme even for stationary advection fields) seems to disrupt the
dynamics, preventing the simulation from correctly predicting the merger of the two
macroscopic vortices. For the conservation of mass and energy we get

Jmax SM(t) ~ 2.8 x 1077, g SW(t) ~4.9%x107°. (4.71)
The results of a convergence analysis of the numerical results while decreasing the
time step are shown in Table 4.5, where Ap denotes the difference between the
vorticity p and a reference vorticity obtained by running a simulation with time step
At = 0.1/16.
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Figure 4.13: Numerical simulation of the merger of two vortices: contour plots of the
density perturbation p; (¢, z,y) attimes ¢t = 0 and ¢ = 3.5.
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At l|Ap||r=  Order max;0M(t) Order max;dW(t) Order

0.1 3.04x107° 2.84 x 107° 4.92 x 107

0.1/2 844 x 10" 1.85 1.42x107° 1.00 247x107° 0.99
0.1/4 2.05x10°¢ 204 714x107° 099 1.22x107° 1.02

0.1/8 4.12x 1077 232 346x1071% 1.05 6.08x 10719 1.01

Table 4.5: Convergence in time of the numerical results for the vortex merger with
respect to reference results obtained with time step At = 0.1/16. The mesh size
ni X no = 128 x 256 is kept fixed in this convergence analysis.

Point-like vortex dynamics

Again in the context of incompressible inviscid 2D Euler fluids, we also investigate
the dynamics of point-like vortices (or point charges) on a non-uniform equilibrium,
following the discussion in (Schecter and Dubin, 2001). The numerical tests pre-
sented in this section show that the numerical approaches suggested in this the-
sis can be applied straightforwardly in the context of particle-in-cell methods. This
makes our numerical methods interesting also for numerical codes based on such
methods, as for example the gyrokinetic PIC codes GTC (Ethier et al., 2005), GTS
(Wang et al., 2006), XGC1 (Ku et al., 2009), ORB5 (Bottino et al., 2010), and ELM-
FIRE (Heikkinen et al., 2008). The examples discussed here can be considered as
limit cases of usual particle-in-cell simulations, as we will include only one single
point-like vortex (or point charge) in the system. Since our strategy turns out to
work well for this extreme scenario, we do not expect issues to appear when dealing
with the usual case of large numbers of particles. The point-like vortex contributes
to the total charge density as described in equation (4.42). Moreover, the position
of the point-like vortex is evolved following the same advection fields (—EY, £*)T
responsible for the transport of p. Integration in time is performed with the second-
order explicit scheme described in section 4.6.1. For a domain defined by a circular
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mapping, we consider an equilibrium vorticity of the form

(4.72)

. 1-125s s5<0.8,
po(s) :=

0 5> 0.8,

identical to the one considered in (Schecter and Dubin, 2001, section V). Fig-
ure 4.15 shows the local stream lines of the advection field near positive and nega-
tive point-like vortices at the initial time ¢ = 0 in a rotating frame where the point-like
vortices are initially at rest. This is obtained by transforming given coordinates (z, y)
at time ¢ to the rotated coordinates

x':= xcos(—wt) — ysin(—wt) , 4.73)

y' 1= xsin(—wt) + y cos(—wt),

and by transforming the advection field (—EY, E%)T to the rotated advection field
(EY + wy, E* —wx)T, where w = 0.3332 represents the angular velocity of the
background at t = 0 and s = 0.4. Figures 4.16-4.17 show results for a point-like
vortex of intensity ¢ = +0.0025 at the initial position s = 0.4 and # = 0, viewed
in a rotating frame. Time is here normalized as ¢ = 0.1668¢ (as in (Schecter and
Dubin, 2001), where t’ is denoted as T'). The results shown in Figures 4.16-4.17 are
in agreement with the ones shown in Figures 7a and 10a of (Schecter and Dubin,
2001). As explained in (Schecter and Dubin, 2001), positive point-like vortices drift
transverse to the shear flow, up the background vorticity gradient, while negative
point-like vortices drift down the gradient. Figure 4.18 shows, in this regard, the time
evolution of the radial position of the vortices, in agreement with the results shown
in Figures 7b and 10b of (Schecter and Dubin, 2001). The simulation is run with
ny Xng = 256 x 512 and time step At = 0.005. The time step is chosen small enough
to resolve the oscillations due to the self-force experienced by the point-like vortices.
Moreover, the computational mesh needs to be finer than the previous test cases in
order to capture correctly the complex nonlinear dynamics of the interaction between
the point-like vortices and the background vorticity. For a rough comparison, the
vortex-in-cell simulations discussed in (Schecter and Dubin, 2001) require as well a
large computational rectangular grid of size 1025 x 1025. Special techniques may
be used to reduce self-force effects on non-uniform meshes (or even unstructured
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Figure 4.16: Dynamics of a positive point-like vortex on a domain defined by a cir-
cular mapping: contour plots of the density p(t', ', ') at times ¢’ = 0 and ¢’ = 5.838
in a rotating frame (2, /).
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Figure 4.17: Dynamics of a negative point-like vortex on a domain defined by a cir-
cular mapping: contour plots of the density p(t', ', ') at times ¢’ = 0 and ¢’ = 5.838
in a rotating frame (2, /).
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Figure 4.19: Dynamics of a positive point-like vortex on a disk-like domain defined
by mapping (4.6): contour plots of the density p(t, z,y) attimes ¢t = 0 and ¢ = 35.

meshes), such as, for example, the ones suggested in (Bettencourt, 2014), but they
have not been considered in this thesis. For the conservation of mass and energy
we get

max OM(t') ~ 6.9 x 1075, max OW () ~ 84 x 107?, (4.74)
'€[0,5.838] t'e[0,5.838]

for the positive point-like vortex and

max OM(t') ~ 6.9 x 1075, max OW () ~ 7.3 x107?, (4.75)
t'€[0,5.838] '€[0,5.838]

for the negative point-like vortex.

Similar simulations on a domain defined by mapping (4.6), initialized with an equilib-
rium vorticity obtained with the numerical procedure described in section 4.6.2 with
g(®) = ®* and puax = 1, show the same qualitative behavior: a positive point-like
vortex drifts towards the center of the domain, while a negative point-like vortex drifts
towards the boundary (Figures 4.19-4.20). The final time ¢t = 35 corresponds to the
normalized time ¢’ = 5.838 considered before. For the conservation of mass and
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Figure 4.20: Dynamics of a negative point-like vortex on a disk-like domain defined
by mapping (4.6): contour plots of the density p(t, z,y) attimes ¢t = 0 and ¢ = 35.

energy we get

max JM(t) ~ 1.6 x 1077, max dW (t) ~ 6.9 x 1072, (4.76)

t€[0,35] t€[0,35]

for the positive point-like vortex and

max JM(t) ~ 3.6 x 107°, max dW (t) ~ 5.7 x 1073, (4.77)
te[0,35] te[0,35]

for the negative point-like vortex.

4.7 Summary of the contributions

In this chapter we presented a comprehensive numerical strategy for the solu-
tion of systems of coupled hyperbolic-elliptic partial differential equations on sin-
gular mapped disk-like domains. We introduced a novel set of coordinates, named
pseudo-Cartesian coordinates, for the integration of the characteristics of the hyper-
bolic equation of the system. Such coordinates are well-defined everywhere in the
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computational domain, including the pole, and provide a straightforward and rela-
tively simple solution for dealing with singularities when solving advection problems
in complex geometries. They reduce to standard Cartesian coordinates in the case
of a circular mapping. Moreover, we developed a finite element elliptic solver based
on globally C! smooth splines (Toshniwal et al., 2017). In this thesis we considered
only C' smoothness, but higher-order smoothness, consistent with the spline de-
gree, may be considered as well. We tested our solvers on several test cases in the
simplest case of a circular domain and in more complex geometries. The numerical
methods presented here show high-order convergence in the space discretization
parameters, uniformly across the computational domain, including the pole. More-
over, the techniques discussed in this chapter can be easily applied in the context
of particle-in-cell methods and are not necessarily restricted to semi-Lagrangian
schemes, which were here discussed in more detail. The range of physical prob-
lems that can be approached following the ideas presented in this chapter includes
the study of turbulence in magnetized fusion plasmas by means of Vlasov-Poisson
fully kinetic models as well as drift-kinetic and gyrokinetic models, and turbulence
models for incompressible inviscid Euler fluids in the context of fluid dynamics.

The methods discussed here were developed with the primary aim of being applied
later on within our 4D field-aligned semi-Lagrangian drift-kinetic code. How this is
done constitutes part of the subjects covered by the next chapter.

All the mathematical and computational tools described in this chapter, except for
background material, were derived and tested within the scope of this thesis. The
code development was done entirely in the framework of the SelLalLib library. The
material presented in this chapter is also described and discussed in a manuscript
written in collaboration with Dr. Yaman Gugla, which is currently under consideration
for publication in an international peer-reviewed scientific journal.
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Chapter 5

Field-aligned semi-Lagrangian 4D
drift-kinetic simulations

In this chapter we consider a 4D drift-kinetic electrostatic model and discuss its nu-
merical solution in two different geometries, namely a cylindrical geometry with a
screw pinch magnetic field and a toroidal geometry with circular concentric poloidal
cross sections, conformal to the circular concentric flux surfaces of the magnetic
field. Our physical model describes the electromagnetic interaction of positive ions
of a single atomic species with adiabatic electrons. The model is among the sim-
plest that can be derived under specific assumptions from the full gyrokinetic Vlasov-
Maxwell equations. The word “electrostatic” refers to the fact that we consider only
electric perturbations (time-dependent dynamic fluctuations of the electric scalar
potential), without treating magnetic perturbations (time-dependent dynamic fluctu-
ations of the magnetic vector potential). We note that this meaning is in contrast to
the usual meaning of the word “electrostatic” in the context of classical electrody-
namics, where it describes physical processes where the electric field and potential
do not vary in time. Despite these simplifications, the model is still complex enough
to ensure that the numerical methods and algorithms developed within its scope can
be easily employed also within simulation codes that address the solution of more
complex gyrokinetic models.

Our primary aim is to show that it is quite straightforward to integrate the 2D numer-
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ical machinery developed in the previous chapter within our 4D field-aligned semi-
Lagrangian drift-kinetic code. It is our hope that this will serve as a basis for the
future implementation of the same machinery in state-of-the-art gyrokinetic codes,
such as, for example, the semi-Lagrangian gyrokinetic code GySelLa (Grandgirard
et al., 2006b). The numerical tests that we performed in order to verify our imple-
mentation should be considered as first simple tests and can be certainly improved
and extended to cover more complex and realistic scenarios.

This chapter is organized as follows. Section 5.1 describes briefly our 4D drift-
kinetic electrostatic model. Section 5.2 presents in more detail the numerical meth-
ods employed for the solution of each of the lower-dimensional advection problems
obtained by applying the field-aligned splitting discussed in chapter 3. Section 5.3
defines the scalar quantities that we look at as diagnostic tools in order to verify
our implementation and analyze the results of our numerical simulations. Section
5.4 describes our physical model in cylindrical geometry with a screw pinch mag-
netic field and presents the results obtained for the numerical simulation of an ITG
instability, verified through a linear dispersion analysis. Section 5.5 describes our
physical model in a toroidal geometry with circular concentric poloidal cross sec-
tions and present a first basic numerical test with the primary aim of verifying the
conservation properties of the model. We also review how to define an appropriate
kinetic equilibrium in such geometry and suggest a numerical strategy to deal with
the problem of particles crossing the boundary of the computational domain, when
solving the advection equation on poloidal planes. Finally, we end the chapter with
a summary of our contributions.

5.1 The physical model

The target model that we want to solve is the 4D drift-kinetic electrostatic model

OF oF
T TU VP Ungp =0,
(5.1)

Po Ne
—VJ_ . (B—gVJ_CI)1> + iq)l = pP1-
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The unknowns in (5.1) are the particle distribution function F'(t, X, P)), defined on
the 4D gyrocenter phase space described by the gyrocenter position and parallel
momentum X and P, and the perturbed electric scalar potential ®, (¢, X), defined
on the 3D gyrocenter configuration space. Boundary conditions for (5.1) are an
initial distribution function F'(0, X, P|) and homogeneous Dirichlet boundary condi-
tions for ®,. Both F' and ®, depend on time and model (5.1) describes their self-
consistent evolution in time. We sometimes refer to the first equation in (5.1) as the
4D drift-kinetic Vlasov equation (or simply the Vlasov equation, if the overall context
is clear enough) and to the second equation in (5.1) as the quasi-neutrality equation,
as it can be derived under the assumption of quasi-neutrality of the plasma from the
Vlasov-Maxwell system (see, for example, (Tronko et al., 2016) for a comprehen-
sive explanation of the quasi-neutrality approximation in the derivation of gyrokinetic
models). The word “self-consistent” refers to the fact that the evolution in time of F
is coupled to the evolution in time of ®,. More precisely, the evolution of ®,, com-
puted by solving the quasi-neutrality equation in (5.1), is coupled to the evolution of
F through the perturbed charge density p; (¢, X ), defined as

+00
p1i= J dP B‘T (F - Fy), (5.2)
0

where Fy (X, ) denotes the equilibrium distribution function, while the evolution of
F', computed by solving the Vlasov equation in (5.1), is coupled to the evolution of
®, through the advection fields U (¢, X, P|) and Up,(t, X, ), defined as

1 OH
=— (b H+ B .
U B*<O><V tap ) (5.3a)
B*
Up = ——  VH, (5.3b)
H Bt

where the modified magnetic field B*(X, P)) is defined as

B*:= By+ PV x by, (5.4)
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its parallel component B[(X, P)) is defined as B} := B* - by, and the drift-kinetic
electrostatic Hamiltonian H (¢, X, P)) is defined as

Hi=-" 410 (5.5)

We note that the perpendicular gradient V| in (5.1) denotes the gradient computed
with respect to the coordinates spanning the poloidal planes of the 3D geometry
considered. The notation is therefore slightly imprecise, as such gradient does not
entirely lie on a plane perpendicular to the direction of the magnetic field. Model
(5.1) has been considered, for example, in (Latu et al., 2018), in a context similar to
the one of this thesis.

5.2 Numerical methods

In this chapter we denote the logical coordinates and domains by
(1,6,0,P)) €10,a] x [0,27m) x [0,27) x [—fﬂ‘,f)”], (5.6)

where (r,0, o) refer to either cylindrical coordinates in cylindrical geometry or el-
ementary toroidal coordinates in toroidal geometry, a > 0 denotes the maximum
radius (called the minor radius in toroidal geometry, in order to distinguish it from the
major radius Ry) and P, > 0 denotes the maximum parallel momentum. We also
denote the corresponding logical meshes by {r;};,, {0;}72,, {vx}r2,, and { P},
respectively.

According to the field-aligned splitting described in chapter 3, we split the 4D Vlasov
equation in (5.1) into the following three separate lower-dimensional advection prob-
lems:

1. a 2D advection on poloidal planes, for constant values ¢ = g, forallk = 1,... n;
and P = Pforall £ =1,... ny:

oF
Oa—tJrUp-VF:O; (5.7)
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2. a 2D field-aligned advection on flux surfaces, for constant values r = r; for all
i=1,...,npand Py = Pyforall { =1,... ng

F
aé_t +Upby- VF =0; (5.8)

3. a 1D advection in momentum space, for constant values (7,6, ¢) = (14, 0;, pi)

foralle=1,...,ny,7=1,...,n0and k=1,...,n3
OF oF
+ U =0. 5.9
Tt Unzp - (5.9)

We recall that the contravariant components (Ugl, U1§2> of the poloidal advection
field U, with respect to the tangent basis (e, ez, e:s) of the coordinate system
defined by the coordinates (¢*, (2, ¢?) (Cartesian coordinates in cylindrical geometry
or cylindrical coordinates in toroidal geometry) read

11 1 0P
¢ = | — L 4 (by)2 V@
O = Br e det(]g( acz t bV )
(5.10a)
+ P (bg3(v % by)¢ — b5 (V x bO)CS) ] ,
2 1 1 -1 6<I>
P — —L 4 (b)) VD,
(5.10b)
+ P? (b (V x by)* —ng(vao)@)],
the advection field Uy, for the field-aligned advection on flux surfaces reads
11 1 0P, 0P,
1—— — (bg)e2
"7 S | det J; ((bO)C sz~ e agl)
(5.11)

+P (B + B(V x b)) ] ,
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and the advection field Up, for the advection in momentum space reads

—1 P 3
0

P /o : 00
o (bg (V x bp)¢" —b§ (V x bo)<3> Fl (5.12)
0

P e I ¢2 o3 0D,
+E<b0 (V x bo)<" — 5" (V7 x by) >W ,
where we also inserted the explicit expression of the drift-kinetic electrostatic Hamil-
tonian (5.5). We now look at each separate advection problem and discuss in more
detail the numerical methods employed for its solution.

We remark that in the following three paragraphs we do not write the explicit depen-
dence of the various advection fields on all variables and we leave instead only the
dependence on the variables involved in the particular advection described. In other
words, the poloidal advection field U, is considered to be a function of the poloidal
coordinates (r, @) only, the advection field Uy, for the field-aligned advection on flux
surfaces is considered to be a function of the flux-surface coordinates (¢, ¢) only,
and the advection field Up, for the advection in momentum space is considered to
be a function of the momentum coordinate P only.

The poloidal advection (5.7) is solved by following the strategy described in section
4.4 for the 2D guiding-center model. In this context we denote the pseudo-Cartesian
coordinates by X := (X', )), in order to avoid confusion with the Cartesian coordi-
nates X in the 3D gyrocenter configuration space. The pseudo-Cartesian coordi-
nates X are defined as

X(r,0) :=rcosf,

(5.13)
Y(r,0) :=rsinf.

We denote again by G the mapping defined by G(r,6) := (X,)), and by Jg its
Jacobian, using the same notation of section 4.4. The characteristic equations for

the poloidal advection (5.7) in pseudo-Cartesian coordinates read

X = (JJzH'U,, (5.14)
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where J is the 2 x 2 upper-left block extracted from the Jacobian matrix of the
coordinate transformation (7,6, o) — (¢*,¢%,¢3),

o
J = jg; 552 : (5.15)
or o0

We recall again that the coordinates (¢!, (2, ¢®) are chosen to be the Cartesian co-
ordinates (z,y, z) in cylindrical geometry or the cylindrical coordinates (R, Z, ¢) in
toroidal geometry. The poloidal components of the electric field E = —V &, with
respect to the tangent basis (ec1, e.2, e:s), appearing in Ugl and U1§2, are computed
by following the procedure described in section 4.5. We then integrate the charac-
teristic equations (5.14) with an implicit 2D trapezoidal scheme. Suppose that we
want to find the origin (r*,0*) at time ¢t — At of the characteristic passing through
the mesh point (74, 60;) at time t. We denote by X;; := (X};,);;) := G(r;,0;) the
pseudo-Cartesian coordinates correspondlng to (14, 6;). The origin (r*,6*) is given
by (r*,6%) = (+'?,6') = G'(X, y ,yfj)) where the ¢-th iteration is computed as

z 17
X = (17" (ris 0,) Up(ri,0) + (JIGH) (0,00 UL (", 0577Y)
A
X0 =x,; - gx
(,,GQZ) 9(}1)) = G—I(X(q)>

v

with X = (X0, V) = (x,;,2;) and (1”,0%) = (r;,6;), provided that
|X§§) — XE?‘”P < 72, where the tolerance 7 is defined as 7 := 7o + TR| X,

for given absolute and relative tolerances 74 and 7x.

The field-aligned advection on flux surfaces (5.8) is solved as follows. Suppose
that we want to find the origin (6*, ©*) at time t — At of the characteristic passing
through the mesh point (6;, @) at time t. The toroidal angle coordinate ¢ satisfies
the ordinary differential equation

de

=Up by = A
dt b Yo U ) (5 6)
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Figure 5.1: Field-aligned advection on a flux surface. The blue crosses represent
the points (£9(0;, py, £), gpéq)) at the ¢-th iteration of the implicit trapezoidal scheme.

where b5 represents the third contravariant component of b, with respect to the
tangent basis (e,, ey, e,,) of the logical coordinate system. This scalar equation is
solved with an implicit trapezoidal scheme. For ¢ > 1, we denote by <p,(f) the value
of ¢ obtained at the ¢-th iteration and by {gpéq)} a set of grid values of ¢ in some
neighborhood of goﬁf). It is then possible to compute the values of the coordinate
corresponding to the intersections between the magnetic field line passing through
the starting point (6;, ¢;) and the lines at ¢ = @@q). We denote such values of the
coordinate 6 as £ (6;, ¢y, £), as in section 3.8. The values of F' and U, at these
intersection points (blue crosses in Figure 5.1) are computed by spline interpolation
along the direction 6. We also denote by Z/léq) the value obtained by interpolating
with Lagrange polynomials the values of U, by at the intersection points. We then
compute the value of ¢ at the ¢-th iteration as

At _
o 1= on = 5 | Ub(65, 0006 65, 00) + U0 (5.17)

with go,(co) := . We then set the origin of the characteristic to the point obtained at

the ¢-th iteration, ¢* = go,(f), if |gp,(f) - cp,(f_l)| < 7, for a given tolerance .

Finally, the advection in momentum space (5.9) is solved with an implicit 1D trape-
zoidal scheme. The origin P attime ¢ — At of the characteristic passing through the
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mesh point P, at time ¢ is given by PH* = PH(Z) where the ¢-th iteration is computed
as

At _1
P = P = 5 |Un (R) + Un (PEV)] (5.18)
with PH(?) := P, provided that |PH(Z) — PH(f_l)\ < 7, for a given tolerance 7. If for any
g = 1 we have either Pu(z?) < —Pjor PH(Z) > P|, we set Pu(g) = —Pjor Pu(z?) = P,
respectively.

5.3 Scalar diagnostics

The scalar diagnostics currently implemented in our 4D field-aligned semi-Lagrangian
drift-kinetic code are the total mass (or total number of particles) and the L?-norms
of F and ®4:

a r2m r2m PH
M(t) = J drj dé d(pf ~dPj|det J,| B I, (5.19a)
0 0 Jo ~Py
[ ~2TT ~2m 15H 1/2
|| F||2(t) := f drj de dapj ~dp | det JW\B‘T F2] , (5.19b)
| Jo 0 Jo -B
[ a r2m r2m 1/2
||®1||2(t) := J drj dg | de|det Jn|<1>§] . (5.19¢)
| Jo 0 Jo

These scalar quantities are computed numerically by performing the above integra-
tions on the logical meshes. More precisely, the integration in 7 is performed with
the weights

Tig1 — T 1=1,
1
IS .
W, 1= —— AT —Tie1 1=2,....,n1 —1 (5.20)
7 2AT 1+ 7 ) 9 I
Ty —Ti—1 L="n,

where Ar := a/(n; — 1) (as for a uniform mesh); the integrations in 6 and ¢ are per-
formed with the trapezoidal rule on the respective periodic meshes (defining the cell
spacings Af := 27 /n, and Ay := 27 /n3); finally, the integration in P is performed
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with the weights

Py — Py =1,
Plyr— Py £=2,...,n4—1, (5.21)
Pie—= Py €=na,

wil = ——
‘7 2ap

where AP, := 2P,/(ns — 1) (as for a uniform mesh). Therefore, the total mass and
the L2-norms of F and ®, are computed as

ny n2 N3 N4

M(t) = Z Z Z Z | det J, (ri, 0, p1)| BJf (ri, 0;, o1, Ple) F'(t, 73,05, @r, Pje)

i=1j=1k=1¢=1
< wlw, Ar A Ap AP,

ny ng N3 na

[ F|[r2(t) = [Z Z Z Z | et Jy (ri, 05, 0) | Bf (75, 05, 0x, Po) F2(t,75,0;, x, Ple)
P

1/2

x wl w, Ar A0 Ap AP

Y

ny m2 N3 1/2

1] 2(2) = [ZZ D7 Ldet Ty (ri, 05, 01)| BT (E, 73, 05, 01) ] Ar AG Agp

i=1j=1k=1

The relative errors for the conservation of the total mass and the L?-norm of F are
defined as

[M(0) — M(t)|
[ M(0)]

_ HIEN(0) = |1 F W= (8)]

oM (t) := [1£]]£2(0)

o OlE () (5.23)
The quadrature formulas presented in this section, especially regarding the inte-
grations in the non-periodic domains along r and P, could be improved by using
appropriate Gauss-Legendre quadrature points and weights defined in each cell of
the respective domains, consistently with the degrees of the spline basis functions

along r and P.
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5.4 The 4D drift-kinetic model in cylindrical geometry

We now describe model (5.1) in cylindrical geometry with a screw pinch magnetic
field. In this case we choose the coordinates (¢!, (?, ¢?) as the Cartesian coordi-
nates (z,y, z), related to the logical coordinates (r, 6, ) via the transformation

x(r,0,p) =rcosb,
y(r,0,p) =rsind, (5.24)
z(r,@,gp) = RO@:

where Ry is related to the length L of the cylinder via L = 27 Ry. The contravariant
components (BF, By, B§) of the magnetic field B with respect to the tangent basis
(es, ey, €,) of the Cartesian coordinate system, expressed as functions of the logical
coordinates (7, 6, ), read

rsinf
Bi(r,0 B ,
0( ) OROC](T)
— rcosf
BY(r,0) := B , (5:25)
0( ) OROQ(T>
Bj(r,0) := By,

where B, is given and ¢(r) denotes the safety factor profile. We note that B, is
axisymmetric and therefore does not depend on the toroidal angle coordinate .
The magnitude B, of the magnetic field reads

n2 2 2 2

and depends only on r. The contravariant components (bg, by, b5) of the unit vector
by := By/B, with respect to the tangent basis (e,, e,, e) of the Cartesian coordi-
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nate system, expressed as functions of the logical coordinates (r, 6, ¢), read

. o B§(r,0) e By, rsiné

B0 = T T T Tl Rea)

y _ By(r,0) By rcosf

b 0) 1= = 5 = B Pl (5.27)
b(r,0) := 20D Do

B()(T‘) B B[)(’I“) '

Moreover, the contravariant components of the curl of by with respect to the tangent
basis (e, e,, e,) of the Cartesian coordinate system, expressed as functions of the
logical coordinates (r, 6, ¢), read

N DN e Lt P

(V X bO) - ay(bo)z 8z(b0)y - R(Q) C]Q(T) + 7’2R0 bO( 70)7
v D D a0

(V X b()) = a (bo) ax(b )Z = R% q2(7“> —|—7’2R0 bO( ,9),

. _ 0 0 _ P+ 2R3 ¢%(r) — Rgrq(r) ¢'(r)
(V% bo)™ := = (bo)y — a—y(bo)w  (R2@%(r) + r2)Roq(r)

bg(r,0),

where ¢'(r) = dq(r)/dr. Here we used the fact that (by), = b%, (by), = b§ and
(bo). = b§, and expressed derivatives with respect to the Cartesian coordinates in
terms of derivatives with respect to the logical coordinates as

i_@£+696+6¢8 ei_smeé’
or  Oxor 0xdd  Ox do or r 00’
_ 0 B0 00 npl 00 (5.28)

oyor  dydl Oy dp or r 00’

oy
o _wo e po 10
0 Oz0r 0200  0z0dp Rydp

The equation of a magnetic field line in logical coordinates reads

B By

W 4 (5.29)
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which gives

a0 - 39 (5.30)
q(r)

Here we used the fact that the contravariant components (B}, By, By) of the mag-
netic field B, with respect to the tangent basis (e,, ey, e,) of the logical coordi-
nate system can be computed from the corresponding contravariant components
(Bg, By, Bf) using (A.18):

B = cos By + sinf Bf,

sin 0 cos

B = — B§+TBS, (5.31)

r
z
_BO

Bf =%

The integration of the right-hand side of (5.30) in the interval [, ¢] yields

7 dy’ o — o
= . 5.32
LO a0 = a) (5.32)

The integration of the left-hand side of (5.30) in the interval [0y, 0] yields
0
J A0’ =0 —0,. (5.33)
)

Therefore, a magnetic field line passing through the point (r, 6y, vo) can be de-
scribed by the relation between 6 and ¢, which reads

0(p) = 0y + 2720 (5.34)

The resulting field lines, shown in Figure 5.2 on the flux surface at r = a/2, are
simply straight lines, with a slope depending only on r.
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Figure 5.2: Magnetic field lines for the magnetic field (5.25) on the flux surface at

r=a/2.

~

5.4.1 Linear dispersion analysis

We perform now a linear dispersion analysis of (5.1) and compute the correspond-
ing dispersion relation. We split the distribution function £ into an equilibrium part
Fo(r, P|) and a linear perturbation Fi(t,r,0, ¢, P|), of the same order as the per-
turbed electric potential ®4:

F=F+F. (5.35)

The equilibrium distribution function Fj is defined as

Fym =2 o i (5.36)
Bo N2rT o7, |

where By, po and T depend only on r, and it is such that

400
J dP Bf Fy = po . (5.37)
—0
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We note that in this section we assume an infinite momentum domain [—o0, o], so
that we can easily perform some analytical calculations. The idea is that the finite
domain [— P}, P] is chosen in such a way that integrals over [— P, P|] approximate
well enough the corresponding integrals over [—oo, co]. Similarly to (5.35), we split
the advection fields U and Up, as

U:U0+U1, UID\\:UID\\O+UID\\1’ (538)

with Uy, U}, UPHO and Ule defined as

U, = ﬂB* U, = ﬁ x V&, (5393.)
B"“‘ ’ B‘T ’
B*
Up"O Z:O, Ule = —ﬁ-VCI)l. (539b)

Neglecting terms of order higher than linear, the linearized Vlasov equation reads

OF 0Fy
= U0 VE = Uy VE ~U,-VE ~Upizg (5.40)
u

The corresponding (already) linearized quasi-neutrality equation reads

e +0
-V, (BQV@ ) + g = foo dP B} I (5.41)

Introducing the Fourier coefficients
2m do 2m d 2m do 2m d
Fl ‘_Jv f SDF —imf— zngo7 (I)l :_J J 90(1) —imf— zngo (542)

with m € Z and n € Z, multiplying the linearized equations by e~"~"¥ and inte-
grating with respect to 6 and ¢, we obtain

1 &Fg —
ry 220 4
(k x by)" + B*é’PHk B)(bl, (5.43)

— + 1k - UoFl—z 5 o

of 1 1 0F)
ot ”
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where the vector k has the covariant components (&, kg, k,,) := (0,m,n), and

10 po 0Dy m? pyg =~ Ne =~ f“’o —~
) B Rg L g = | AR BrE,. (5.44)
Cror ( 32 or ) 72 32 T, C 1=

Here we used U = 0, the fact that U¢ and U depend only on r and not on 6§ and ¢,
and expressed the differential operator on the left-hand side of the quasi-neutrality
equation in the curvilinear coordinates (r, ) (recalling that V ; denotes the gradient
computed with respect to the coordinates spanning the poloidal planes). Introducing
the Laplace transforms

F1 = J dt Fle“”, q)l = f dt <I>1e“"t, (545)

0 0

with w € C, multiplying the linearized equations by ¢ and integrating with respect
to t, we obtain

z(—w+k~U0)F1=F1|N+z<B—Ta—O(k: by)" + ﬁa—;kz B)CDI, (5.46)

where ﬁ.N denotes the value of ff\l at the initial time ¢t = 0, and

10 po 01 m? py ~ Jﬂo ~
—— —® P, = dP, Bf I . 5.47
Cror (TBg or =l r? 32 ! +7 T, ! o 1= ( )

Inserting F; obtained from (5.46) into (5.47) we obtain the linear dispersion relation

D(k,w)®;, = N(k,w), (5.48)
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where N(k,w) and the differential operator D(k,w) are defined as

N(k ap Fin 5.49
( 7("}) _JOO H—w+kU 9 ( a)
10 Po 0 m2 Po Ne
D(kw)i=—-— (r22 )+ =00 4~
(k,w) ror (TB(Q) (77’) T B2 - T,
OF, OF, (5.49Db)
Yk x by)" + —k - B*
—J+oodp (97" 8PH
—o© H —w+k-Uy

The idea is that the Fourier coefficient (E can be obtained by inverting the Laplace
transform (5.45) as
- 1 0+iu —
b, = — dw ®re™ ™", (5.50)
AT J_oorin
where the integration is done along the line Rew = w in the complex plane and
u is greater than the real part of all singularities of 51 The integral (5.50) can be
computed with the residue theorem by closing the contour by a half-circle in the
lower complex half-plane and letting the radius of the half-circle go to infinity. If 5}71
is analytical everywhere in the domain of integration except a finite number of poles
{w;}’_, and if the integral on the half-circle vanishes in the limit of infinite radius, we
have »
Cf;l = Z Res(a,wi)e’i”it. (5.51)
=1
We refer to (Ahlfors, 1979) for more details about path integrals in complex variables.
From the dispersion relation (5.48) we conclude that in order to find the poles of 31
it is necessary to find the values of w such that D(k,w) = 0, for a given k. Such
zeros are computed with the mathematical software package ZEAL (Kravanja et al.,
2000), integrated within the SelLalLib library. We also note that the integral

F F
. %(k x by)" + épok . B*
dP 5.52
J—oo H —Ww + k- UO ’ ( )
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appearing in the differential operator D(k,w), can be computed analytically and
equals the integral K («y, . .., an, Bo, 1, P2, ), defined in Appendix B, where n = 3,
v = 1/(2T;), the coefficients 5y, 51 and f, are defined as

Po = —wBhy, (5.53a)
61 =k BO — W [(V X bo) . bg] s (553b)
Br:=k-(V xby), (5.53c)

and the coefficients g, a1, ap and a5 are defined as

J L po
— By— [ — 2 _ r :
=Bz, (BO\/W;> (e > bo)" (5.343)
1
1= 5 [(V %) - boJa T W k- By, (5.54b)
1 1107 )
“f:ihé?n(éﬁar®Xb®“@‘”kb@“Vde'%D’ (6549

1
Q“ZE“VX%*M(%+T¢%T

(k- bo) [(V x by) - bo]) . (5.54d)

5.4.2 Numerical results

We present here the numerical results obtained from the simulation of an ITG in-
stability. From a physical point of view, we are looking at a plasma instability driven
by the gradient of the temperature profile of the ions. The instability exhibits a lin-
ear phase of exponential growth, that eventually reaches a saturation level, followed
by a non-linear evolution. The parameters defining the cylindrical domain consid-
ered here are non-physical, as the size of the system is only about 10 times bigger
than the ion Larmor radius. However, such geometry has the effect of amplifying
the physical phenomena under study, thus making numerical issues related to our
numerical scheme more visible and easier to fix. We therefore think that the geo-
metrical setting considered here, despite being non-physical, is still highly valuable
from the point of view of testing our numerical methods and algorithms. More pre-
cisely, the minor radius of the cylinder is a = 14.5 and its length is L = 27R,,
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with Ry = 72.5. This corresponds to an aspect ratio A = Ry/a = 5, which is only
slightly larger than the corresponding realistic physical values for toroidal devices
(A ~ 2.0 for ASDEX Upgrade, A ~ 2.4 for JET, A ~ 3.1 for ITER). The density and
temperature profiles of ions and electrons are defined as

_ [ a r—7\ |
po(r) = ne(r) := py exp _ — k:poprR—O tanh (wpoa ) | (5.55a)
Ti(r) :== Ty exp | — kTinii tanh (T — 7“) , (5.55b)

| Ry wrna ) |
To(r) := Teexp | — k:TewTei tanh (T — T) : (5.55c)

| Ry wr.a ) |

where 7 := a/2 and the parameters are set as

oo =015, T, =T, =1.0 , (5.56a)
ky, =4.0 , ky =k =200, (5.56b)
Wy, = 0.2 , wn = wWr, = 0.1 . (5560)

The profiles in (5.55) are shown in Figure 5.3. The safety factor profile ¢(r) is chosen
to be uniform in the whole radial domain, ¢(r) = 1.25, and B, = 1. The values of
the parameters defining the initial setup of our numerical test are chosen in order to
match the initial setup of the numerical simulations presented in (Latu et al., 2018,
section 4.3). The initial distribution function is defined as a small perturbation added
on an equilibrium local Maxwellian:

(r —7)?

F(0,r 6 P)) = F Pl -
(,7“, ) ||) O(T’ |)l +€€Xp< ZLU)pO/IUTi

) cos(mb + ngp)] . (5.57)
where the equilibrium local Maxwellian Fj is defined as in (5.36). The numerical
results have been verified against the analytical dispersion relation for a pertur-
bation with poloidal mode number m = 9, toroidal mode number n = —8 and
amplitude ¢ = 10~®. The exponential growth rate observed in the numerical ex-
periment is in good agreement with the analytical one, Imw =~ 0.005, for the time
interval 1000 < t < 3000, which corresponds to the linear phase, as shown in Figure
5.4. At time ¢ ~ 3000 the system enters its non-linear phase. The simulation is run
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Figure 5.3: Numerical simulation of an ITG instability in cylindrical geometry with a
screw pinch magnetic field: density and temperature profiles used to initialize the
simulation.
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i ---- Analytical growth rate: Im(w) ~ 0.005
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Figure 5.4: Numerical simulation of an ITG instability in cylindrical geometry with a
screw pinch magnetic field: L2-norm of the perturbed electric potential.

withn; x ngy x n3 x ny = 256 x 512 x 32 x 128, At = 2.0 and a momentum domain
[—8.0,8.0]. Numerical results are shown in Figures 5.4-5.8. For the conservation of
the total mass M (¢) and the L?-norm of F we get

max OM(t) ~ 1.6 x 1077, max S| F||.2(t) ~ 2.7 x 1075 (5.58)
t€[0,4000] t€[0,4000]

5.5 The 4D drift-kinetic model in toroidal geometries

We now describe model (5.1) in a toroidal geometry with circular concentric poloidal
cross sections, conformal to the circular concentric flux surfaces of the magnetic
field. In this case we choose the coordinates (¢!, ¢?,¢?) as the cylindrical coordi-
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Figure 5.5: Numerical simulation of an ITG instability in cylindrical geometry
with a screw pinch magnetic field: contour plots of the distribution function
F(t,z,y,z =0,P = 0) at times t = 0 (beginning of the simulation) and ¢t = 3000
(end of the linear phase).
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Figure 5.6: Numerical simulation of an ITG instability in cylindrical geometry with a
screw pinch magnetic field: contour plots of the density perturbation p; (¢, z, y, z = 0)
at times t = 0 (beginning of the simulation) and ¢ = 3000 (end of the linear phase).
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Figure 5.7: Numerical simulation of an ITG instability in cylindrical geometry with
a screw pinch magnetic field: contour plots of the perturbed electric potential
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of the linear phase).
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Figure 5.8: Numerical simulation of an ITG instability in cylindrical geometry
with a screw pinch magnetic field: contour plots of the density perturbation
p(t,r =a/2,0,p) on the flux surface at r = a/2 at times ¢t = 0 (beginning of
the simulation) and ¢ = 3000 (end of the linear phase). The oblique lines in the
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nates (R, Z, ), related to the logical coordinates (r, 6, ) via the transformation

R(r,0,¢) = Ry + rcosb,
Z(r,0,¢) =rsind, (5.59)
p(r,0,0) =,
where R, denotes the major radius of the torus. The contravariant components
(BEt, BE, BY) of the magnetic field B, with respect to the tangent basis (eg, ez, e,)

of the cylindrical coordinate system, expressed as functions of the logical coordi-
nates (r, 0, ¢), read

R — B 7sin 6
By (r.0) BO(RO + rcosf)q(r)’
— 0
BZ(r.0) .= B reos .
0 (r:6) 0 (Ro + rcosf)q(r)’ (5.60)
BZ(r,0) = B, fo

(Ro + rcosf)?’

where B, is given and ¢(r) denotes the safety factor profile. We note that By is
axisymmetric and therefore does not depend on the toroidal angle coordinate .
The magnitude B, of the magnetic field reads

| B3 (R3g¥(r) + 1)
Bo(r,9) = \/(Ro +rcos6)2¢3(r) (5:61)

The contravariant components (bf, b7, 05) of the unit vector by := B/B, with
respect to the tangent basis (er, ez, e,) of the cylindrical coordinate system, ex-
pressed as functions of the logical coordinates (r, 6, ), read

R &(r, 0) By rsin 6
by (1,0) := = — ,
By(r,0) By(r,8) (Ro + rcos8)q(r)
BE(r,0) By rcosf
bZ ) := 0\ — 5.62
o0 = R0 By(r,0) (Ro + 1 cos0)q(r) (562
bso(r 6)) L Bg(r7 9) _ BO RO
0N By(r,8)  Bo(r,0) (Ro + rcosf)?
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Moreover, the contravariant components of the curl of by with respect to the tangent
basis (er, ez, e,) of the cylindrical coordinate system, expressed as functions of
the logical coordinates (r, 6, ¢), read

(V x bo)R = % (a%(bg)(p — %(bo)z) = %RO boR(ra 0),
(V x by)? := }% <%(b0)R — %(bo)@> = %Ro bZ (r,0) — b3(r,0),

1[0 0 2+ 2R ¢*(r) — R3rq(r)d'(r)

V xby)? = —= | ==(bo)z — == (b = L L by (r,0
(Vb= 3 (aR< )z = 57 °)R> (RZq2(r) + 12) Ry q(r) o(r:0).
where ¢'(r) = dq(r)/dr. Here we used the fact that (by)r = b, (bo)z = b and
(bo)y, = (Ro + rcosf)?b¢, and expressed derivatives with respect to the cylindrical
coordinates in terms of derivatives with respect to the logical coordinates as

0 _0ro 00 dpd gl sl
OR O0ROr 0R3 0ROy or r 00’
0 or 0 00 0 dp 0 . 0 cosf 0
6_2_8_207+0_Z%+0_Z%_81n95+_T 29’ (5.63)

0 _or9 900 0p0d 0
dp  0pdr  0pdd  O0pdp Oy’

The equation of a magnetic field line in logical coordinates reads

By _ B§
-0 _ 0 .64
which gives
de d
L (5.65)

Ro+rcosf Roq(r)

Here we used the fact that the contravariant components (B}, By, By) of the mag-
netic field B, with respect to the tangent basis (e,, ey, e,) of the logical coordi-
nate system can be computed from the corresponding contravariant components

160



(BEt, BE, BY) using (A.18):

B} = cos 0 BY +sin6 BY |

sin @ cos 6

B = — . BE +

BZ, (5.66)

r

B = BY .

The integration of the right-hand side of (5.65) in the interval [, ¢] yields

» dSO/ B (70 . (100
Lo Roq(r)  Roq(r)’ (5.67)

The integration of the left-hand side of (5.65) in the interval [6,, 6],

0 /
de
LO Ry + rcost”’ (5.68)

can be performed using the trigopnometric identity

1 — tan(6/2)

1 + tan?(6/2)’ (569)

cosf =

and introducing the change of variable

RO—T 9/
"= tan — g
f R0+7’ an2’ (5 0)

which eventually yields

JO der = 2 arctan Bo—r tang
% Ry + rcosf RZ —1r? Ry+r 2

Ro —-T 00
— arctan tan — .
Ry +r 2

(5.71)
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on the flux surface at

~

Figure 5.9: Magnetic field lines for the magnetic field (5.60
r=a/2.

Therefore, a magnetic field line passing through the point (r, 6y, vo) can be de-
scribed by the relation between 6 and ¢, which reads

/R2_ 2
0(p) = 2arctan 4/Mtan VT
RO—’T’ 2
2 Ro—r 0o % — $o
— tan — .
xl Rg_ﬂarctan( Ro i1 an2>+R0q(r)

Figure 5.9 shows these magnetic field lines on the flux surface at r = a/2.

5.5.1 Kinetic equilibrium
We now briefly review how to define a kinetic equilibrium distribution function, de-

noted again by Fj, for model (5.1) in a toroidal geometry with circular poloidal cross
sections with the magnetic field (5.60). This problem has been addressed and dis-
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cussed, for example, in (Idomura et al., 2003; Angelino et al., 2006; Dif-Pradalier
et al., 2008a,b; Di Troia, 2012). By definition, the equilibrium F{, does not depend
on time. Moreover, we assume that £y is axisymmetric and thus depends only on
(7,0, P}). Such equilibrium distribution function is a stationary solution of the Vlasov
equation in (5.1), where only the equilibrium advection fields U, and Up,, given by

Uy= B*,  Upo=0, (5.72)

are considered. Under these assumptions, the equation for F{, reads simply
Uy-VF,=0, (5.73)

which in logical coordinates yields

PV x bﬂ)ﬁaj +[Bf + P|(V x by)’] oy, (5.74)
r 00

Following (Angelino et al., 2006), we assume that F{, depends on the variables
(7,0, P) only implicitly through two new variables \Tf(r, 6, P)) and K(P). More pre-
cisely, we can write Fy(r,0, P)) = Fo(U(r, 6, P)),K(P))). The idea behind this as-
sumption is to choose a distribution function which depends only on the canonical
invariants of (5.73), namely the poloidal magnetic flux and the kinetic energy, de-
noted here by ¥ and K, respectively. For this reason, the kinetic equilibrium distri-
bution function that will result from our analysis is usually referred to as canonical
Maxwellian, as it exhibits a functional form similar to a standard local Maxwellian, but
it is modified in order to depend only on the above-mentioned canonical invariants.
We then write (5.74) as

OF, ov ov
If we assume that U has the form
U (r,6, Py) :=V(r) + P (Ry + rcosf)x(r), (5.76)
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it follows that (5.75) holds if and only if the following two ordinary differential equa-
tions are satisfied by ¥ and y, respectively:

d¥  rsin6Bj

el e VI g7
dr  (V x by ¥’ (5.772)
dx cos 6 (V x by)?  rsinf

- — =0. 5.77b
dr+<Ro—|—rcos€ (V x by)" Ry + rcost X ( )

Here we can use again the fact that the contravariant components of the curl of by
with respect to the tangent basis (e,, ey, e,,) of the logical coordinate system can
be computed from the corresponding contravariant components with respect to the
tangent basis (er, ez, e,,) of the cylindrical coordinate system using (A.18):

(V x by)" = cosd (V x by)f +sin6 (V x by)?,

sin @ cos

(V x by)? = — (V x by)® +

T r

(V x by)?, (5.78)
(V x by)? = (V x by)?.

Therefore, the equation for y reads

where the auxiliary function ¢ is defined as
,
&(r) = Rodr) (5.80)
The solution of (5.79) is
X(r) = \/%TO") (5.81)
where Y, is a constant. The function ¥ is then given by
B r W
U(r) = —\BO|XOL dr’ R (5.82)
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Any function of the two variables ¥ and K, with

/

= = " r Xo
U(r,6,P)=—|B fdr’—+PR +rcosf) ———, 5.83
e ieew &%
is an equilibrium distribution function for (5.1). A shift 5@(]3“) := —RyP on the

poloidal magnetic flux ¥ can be introduced in order to minimize parallel flows (An-
gelino et al., 2006). To sum up, a canonical Maxwellian distribution function is given
by

R 1 5 K
Fo(U, K) = =12 exp<—7>, (5.84)

where po = po(7), Ty = Ti(7), By = Bo(F,0 = w/2), with 7 defined as the inverse
function (V) evaluated at ¥ = 0. If q is uniform, i.e. ¢(r) = qo, we have (setting

Xo = 1)
.2

U(r) = —|B 5.85
() = ~|Bol - (5.85)
with the corresponding inverse function
2
r(0) =, [~y (5.86)
| Bo|
If ¢ has the form ¢(r) = qo + g1, we have (setting again y, = 1)
B
U(r) = 1Bl log atr) , (5.87)
2¢o do

with the corresponding inverse function

r(¥) = \/% [exp (—%\D) - 1] . (5.88)

In general, for a given profile ¢(r), the flux function ¥ can be obtained by computing
numerically the integral (5.82). The corresponding inverse function »(¥) can be then
computed by a numerical inversion: for example, for any given value ¥ = ¥*, we

could use a Newton method to find » = r* that solves ¥ (r) — ¥* = 0.
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5.5.2 Boundary conditions

We now address another issue that comes into play when studying our drift-kinetic
model in toroidal geometry, namely the problem of particles crossing the boundary of
the computational domain, when solving the 2D advection problem (5.7) on a given
poloidal plane. Such problem occurs even when we consider only the equilibrium
advection field U,. By looking at the kinetic equilibrium distribution function Fj
given by the canonical Maxwellian (5.84), we indeed notice that the contour lines
of Fy on a given poloidal plane are not conformal to the circular concentric flux
surfaces of the magnetic field. This is shown in Figure 5.10 with the parameters of
the highly non-physical scenario considered for the numerical simulations described
in section 5.4.2 and with the more realistic parameters considered for the numerical
simulations described in the next section. As a consequence, the characteristics
obtained by solving (5.7), even when we consider only the equilibrium advection
field U,, can go across the boundary of the poloidal plane. This corresponds to
having particles that enter the computational domain from the region outside the
poloidal plane, as we integrate the characteristics backward in time. We therefore
need a strategy for the integration of (5.7) in the region outside the poloidal plane.
For this purpose, we introduce an outer computational domain (a, r,] x [0, 27), for a
given r, > a. The strategy we suggest is based on the observation that the electric
field becomes very small when we approach the boundary of the poloidal plane and
consists in integrating (5.7) by considering only the equilibrium advection field U,
In other words, we assume that the electric field is zero in the outer region. Since the
radial electric field is small but not exactly zero when we approach the boundary from
the inner region, in order for our strategy to work at the numerical level, we impose by
hand zero radial electric field at » = a, thus connecting the inner and outer regions
in a smooth way without discontinuities. Moreover, when we need to interpolate
the distribution function at a given point in the outer region, starting from its values
at neighboring mesh points, we choose to interpolate the equilibrium distribution
function F,. One computational advantage of our strategy is that the values of the
equilibrium advection field U, and of the equilibrium distribution function F; at the
mesh points in the outer region can be pre-computed only once. However, when
pre-computing the values of F we have to take into account the fact that, according
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Figure 5.10: Contour plots of the equilibrium canonical Maxwellian distribution func-
tion Fj in toroidal geometry with circular poloidal cross sections, with the param-
eters of the highly non-physical scenario considered for the numerical simulations
described in section 5.4.2 (top) and with the more realistic parameters considered
for the numerical simulations described in section 5.5.3 (bottom). In both cases, the
contour lines of Fy are not conformal to the circular concentric flux surfaces of the
magnetic field.
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to our field-aligned splitting combined with the time-advancing strategy described
in section 3.4, the poloidal advection (5.7) is solved after solving the field-aligned
advection on flux surfaces within half a time step. Therefore, in order to be consistent
with our splitting, the equilibrium distribution F; should also undergo At/2 of field-
aligned advection: when pre-computing the value of F{, at a given phase-space point
(145,05, or, Pj¢) in the outer region a < r; < r,, we set

FO(Tivej’QDkHPHZ) = FO(Ti79;'790;ngM)7 (589)

where the modified coordinates 6;- and (), are obtained from 6; and ,, by integrating
the characteristics of (5.8) on the flux surface at r = r; within half a time step:
At b] At
0= 0; — 7#@0, = on — 5 U (5.90)
where U denotes the third contravariant component of U, with respect to the tan-
gent basis (e, ey, e,,) of the logical coordinate system and is given by

vg = 2 (B + P|(V x by)?) . (5.91)

5.5.3 Numerical results

We present here the numerical results obtained from the first tests performed on
model (5.1) in a toroidal geometry with circular poloidal cross sections. We note
that this is also the geometry currently available in the gyrokinetic code GySelLa
(Grandgirard et al., 2006a,b, 2016), with the difference that the center of the poloidal
plane is included in our case, thanks to the numerical machinery that we developed
for 2D singular geometries (described in the previous chapter). The parameters
defining the toroidal geometry considered and the initial density and temperature
profiles of ions and electrons are identical to the ones of the test case presented in
(Gorler et al., 2016, section lll), based in turn on the cyclone base case (Greenfield
et al., 1997; Dimits et al., 2000). More precisely, the minor and major radius of the
torus are set to a = 180 and Ry = 500, thus yielding an aspect ratio A = 2.78,
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which is quite close to the realistic physical values (A ~ 2.0 for ASDEX Upgrade,
A ~ 24 for JET, A ~ 3.1 for ITER). The density and temperature profiles of ions
and electrons, as for the tests performed in cylindrical geometry, are defined as

B [ a r—7\ |
po(r) = ne(r) := py exp - k:poprR—O tanh (wpoa) : (5.92a)
Ti(r) :=Tiexp | — kTinii tanh (T - r) : (5.92b)
! Ry wra ) |
To(r) := Teexp | — k:TewTei tanh (r — 7") : (5.92c)
i Ry wr,a

where 7 := a/2 and the parameters are set as

po =10, T, =T, =10 , (5.93a)
ky, =223, kg =kp, =6.96, (5.93b)
Wy, =03 , wp =wp, =03 . (5.93c)

The profiles (5.92) are shown in Figure 5.11. The safety factor profile ¢(r) is chosen
as q(r) = qo + g7, with gy = 0.84 and ¢» = 2.26/a?, again very close to the
one considered in the test case presented in (Gorler et al., 2016, section lll), and
B, = 1. The numerical test consists in loading a kinetic equilibrium distribution
function F{ for model (5.1) in toroidal geometry and verifying that we are capable
of maintaining the equilibrium while we let the system evolve in time. The initial
distribution function is defined as the equilibrium canonical Maxwellian (5.84). The
simulation is run with ny x ny x nz x ny = 256 x 512 x 32 x 128, At = 2.0 and a
momentum domain [—6.0,6.0]. Numerical results are shown in Figures 5.12-5.14.
For the conservation of the total mass M (¢) and the L?-norm of F we get

Joax SM(t) ~ 6.8 x 1071, Jax S||F||2(t) ~ 4.7 x 10710 (5.94)
It is also interesting to measure within this simple numerical test the residual electric
potential ¢, after one time step. This gives information on how small a perturbation
of the kinetic equilibrium distribution function could be in order to produce an ini-
tial condition that makes sense from a numerical point of view. More precisely, the
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Figure 5.11: Numerical test of the 4D drift-kinetic electrostatic model in toroidal ge-
ometry with circular poloidal cross sections: density and temperature profiles used
to initialize the simulation.
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Figure 5.12: Numerical test of the 4D drift-kinetic electrostatic model in toroidal ge-
ometry with circular poloidal cross sections: contour plots of the distribution function
F(t,z,y,z = 0, P = 0) attimes t = 0 (beginning of the simulation) and ¢ = 4000
(end of the simulation). A kinetic equilibrium distribution function is loaded and well
maintained during the time evolution.
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Figure 5.14: Numerical test of the 4D drift-kinetic electrostatic model in toroidal ge-
ometry with circular poloidal cross sections: contour plots of the distribution function
F(t,z,y,2=0,P = — _H) at times ¢t = 0 (beginning of the simulation) and ¢ = 4000
(end of the simulation). A kinetic equilibrium distribution function is loaded and well
maintained during the time evolution.
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amplitude of a perturbation should be large enough to ensure that the electric po-
tential resulting from it is larger than the residual electric potential obtained without
the perturbation. As a measure of such residual electric potential, we can compute,
for example, the spatial L*-norm of ®,(¢, z,y, z = 0) at the initial time ¢ = 0 (where
®, is expected to be zero, because there is no initial perturbation) and at time ¢t = 2,
after one time step:

I(Ila}){ |®1(t =0,2,y,2 =0)] ~ 1.3 x 10716 (5.95a)
x’y
r(na))c@l(t =2,7,y,2=0)| ~34x107". (5.95b)
x?y

As a result, we observe that the minimum amplitude e for a perturbation of the ki-
netic equilibrium distribution function would be approximately ¢ ~ 10~%. Smaller
perturbations would produce an electric potential which is too small for the accuracy
resulting from our time splitting.

5.6 Summary of the contributions

In this chapter we discussed the latest developments of our field-aligned semi-
Lagrangian drift-kinetic code. The numerical methods implemented in the code were
described in detail, as well as the numerical results obtained from simulations in two
different 3D geometries, namely a cylindrical geometry and a toroidal geometry with
circular concentric poloidal cross sections. We showed that the numerical machin-
ery developed for the solution of coupled hyperbolic-elliptic problems in 2D singular
geometries can be applied to higher-dimensional kinetic, drift-kinetic and gyrokinetic
models in a straightforward way, therefore making our numerical methods ready
to be implemented in state-of-the-art gyrokinetic codes, such as, for example, the
semi-Lagrangian gyrokinetic code GySelLa (Grandgirard et al., 2006a,b, 2016). The
simulations performed in cylindrical geometries enabled us to provide a robust ver-
ification of our implementation, thanks to the semi-analytical results that can be
derived from a linear dispersion analysis of our drift-kinetic electrostatic model. The
numerical results obtained in toroidal geometry should be considered as first sim-

174



ple tests and can be certainly improved and extended to cover more complex and
realistic scenarios.

The starting point at the beginning of our developments was a field-aligned semi-
Lagrangian code addressing the solution of a simplified version of our 4D drift-
kinetic electrostatic model in cylindrical geometry. Such code (and the correspond-
ing model) is described, for example, in (Latu et al., 2018, section 4). It was the
primary aim of this thesis to improve that code and extend its capabilities, with re-
spect to both the physical model addressed and the available 3D geometries. Our
main contributions can be summarized as follows:

e the extension of the physical model (and its linear dispersion analysis) from the
simplified one presented in (Latu et al., 2018, section 4) to a more comprehen-
sive drift-kinetic electrostatic model, closer to the physical model implemented,
for example, in the semi-Lagrangian gyrokinetic code GySela;

e the extension of the geometric capabilities of the existing code to toroidal ge-
ometries;

e the integration in the existing code of the numerical machinery developed for
the solution of coupled hyperbolic-elliptic problems in 2D singular geometries;

e the treatment of boundary conditions in toroidal geometries, handling the prob-
lem of particles crossing the boundaries of the poloidal planes.

The rest of the material presented in this chapter refers to either background mathe-
matical notions or mathematical and computational tools that were already available
before this research started and that may have been only slightly improved within
the scope of this thesis.
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Chapter 6
Conclusions and outlook

In this thesis we presented and discussed novel mathematical and computational
tools for theoretical and computational gyrokinetics, which we briefly summarize in
the following.

With regard to theoretical gyrokinetics, we presented and discussed a new method
for the derivation of gyrokinetic models, based on polynomial transforms instead of
Lie transforms. Our technique is based on a rigorous normalization of the phys-
ical equations within ordering assumptions relevant for existing and future fusion
experiments, such as ASDEX Upgrade and ITER. In particular, we derived a set of
gyrokinetic equations for both ions and electrons in maximal ordering. Our method
is alternative to the use of Lie transforms and can provide useful insights into the
derivation of gyrokinetic models. It is our hope that the derivation presented in this
thesis will make gyrokinetic theory more accessible for scientists who are not famil-
iar with it and for students at the early undergraduate level, without requiring any
solid knowledge of differential geometry. Moreover, our rigorous non-dimensional
approach may be of particular interest for mathematicians who want to apply tech-
niques of error analysis and asymptotic methods to gyrokinetic models of magne-
tized fusion plasmas.

With regard to computational gyrokinetics, we presented and discussed novel nu-
merical methods with the ultimate aim of providing useful computational techniques
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to be employed in state-of-the-art gyrokinetic codes. In chapter 3 we introduced the
basic features of a field-aligned semi-Lagrangian 4D drift-kinetic code developed
within the software library SeLal.ib. In particular, we extended the field-aligned split-
ting discussed in (Latu et al., 2018) to a general setting based on curvilinear coordi-
nates and also improved the capabilities offered by the SelLalLib library with respect
to our spline discretization. In chapter 4 we presented a comprehensive numeri-
cal strategy for the solution of coupled hyperbolic-elliptic PDEs on singular mapped
disk-like domains. In particular, we introduced a novel set of coordinates, named
pseudo-Cartesian coordinates, for the integration in time of the characteristics of
hyperbolic PDEs on such domains. Moreover, we described a finite element elliptic
solver based on the C! smooth polar splines presented in (Toshniwal et al., 2017).
The resulting numerical techniques are fairly general and can be also applied to
problems relevant for areas of physics and engineering other than plasma physics
and nuclear fusion. In chapter 5 we described the latest developments on our field-
aligned semi-Lagrangian 4D drift-kinetic code, which may be of interest for similar
codes in the computational plasma physics community. In particular, we showed
that the numerical machinery described in chapter 4 for 2D problems can be ap-
plied to higher-dimensional models in a straightforward way, therefore making our
numerical methods ready to be implemented in state-of-the-art gyrokinetic codes,
such as, for example, the semi-Lagrangian gyrokinetic code GySela (Grandgirard
et al., 2006a,b, 2016).

All the numerical tests presented in this thesis were described in detail, as they rep-
resent a fundamental building block of code development. The field-aligned semi-
Lagrangian 4D drift-kinetic code can be further developed and improved in several
ways. In order to consider singular disk-like poloidal domains resembling realistic
Tokamak geometries, as for the 2D setting described in chapter 4, the capability
of constructing a discrete mesh from a given magnetic field should be added. For
example, an interface with the software Tokamesh (Guillard et al., 2018) could be
built, as the two codes are based on a very similar discretization. Moreover, a fifth
dimension (corresponding to the magnetic moment) should be added, in order to be
able to perform all the standard test cases used for verification and validation pur-
poses between different gyrokinetic codes, such as the ones discussed in (Goérler
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et al., 2016). In order for our model to correspond precisely to the ones considered
for such test cases, the quasi-neutrality equation for the electric potential should be
also modified by including the so-called “zonal-flow” term, namely the magnetic flux
surface average of the electric potential. The method described in (Crouseilles et al.,
2012, section 6) could be implemented in order to avoid non-locality in the finite ele-
ment solution of the quasi-neutrality equation, thus preserving the overall efficiency
of the code. With regard to the code efficiency, it would be certainly helpful to paral-
lelize the serial finite element elliptic solver described in chapter 4 and implemented
at the moment in our 4D code. An interesting approach to tackle this problem could
be to build an interface for the similar parallel finite element elliptic solver currently
implemented in the novel HPC PSYDAC framework based on Python (Ratnani et al.,
2019).
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Appendix A

Curvilinear coordinates

In this appendix we review briefly the basics of vector algebra and analysis in curvi-
linear coordinates and collect several useful relations that are used consistently
throughout this thesis. It is not within the scope of this appendix to derive all relations
within the context of differential geometry. For this purpose and for a practical and
more comprehensive treatment of the topic, we refer to (D’haeseleer et al., 1991).

A set of curvilinear coordinates (n', 7%, 7n?) is defined by a transformation T' of the
form

z=z(n',n* 0%,
T: y:y(n177727773)7 (A1)
z=z(n" %),

where (z,y, z) denote Cartesian coordinates in 3D space. The tangent basis of
the curvilinear coordinate system defined by the transformation T is denoted by

(e,1,e,2,e,s) and defined as

oT
677 anz ’ ( )
fori = 1,2,3. The corresponding cotangent basis is denoted by (e”l, e"Q, e’73) and
defined as

e =V, (A.3)

for i = 1,2,3. Here, the gradient V7" is such that V' - e,; = ¢}, where ¢ is the
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Kronecker delta, defined as

, 1 ifi=j,

0 = (A.4)
0 ifs+#7,

for 7,7 = 1,2,3. The contravariant components of a vector V' with respect to the

tangent basis (e, e,2, e,3) are denoted by (V7' V7 V7*) and defined as

VI=V e, (A.5)

fori = 1,2, 3. Similarly, the covariant components of V" with respect to the cotangent
basis (e, e, e"’) are denoted by (V,1, V,z, V) and defined as

‘/;71‘ =V €y, (AG)

for i = 1,2,3. We note that contravariant and covariant components do not differ
in a Cartesian coordinate system. The metric coefficients of the curvilinear coordi-
nate system defined by the coordinates (1!, 7%, 7®) are denoted by g;;(n*', n*, n?), for
1,7 = 1,2, 3, and defined as

Gij 1= €pi - €5 . (A.7)

n n

The covariant component of a vector V' can be expressed in terms of its contravari-
ant components by means of the metric coefficients as

Vi = gV, (A.8)

fori = 1,2, 3. Here and in the following we employ the Einstein summation conven-
tion (sum over repeated indices). The Jacobian matrix of the curvilinear coordinate
system defined by the coordinates (n', n?, n*) is denoted by .J,(n*,n* n*) and de-
fined as

[ oz oz O]
ont on? on?
oy 0Oy 0Oy
Iy = 8_771 Pl (A.9)
o o o
| ont on? on? |
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The determinant det J,, of the Jacobian matrix .J,, can be expressed in terms of the
determinant det G of the metric matrix G (defined by the metric coefficients g;;) as

det J, = Vdet G (A.10)
n

The dot product between two vectors V' and W can be expressed in terms of their
contravariant and covariant components as

V-W=V"W, =V W". (A.11)

The contravariant components of the cross product between two vectors V and W
can be expressed in terms of their individual covariant components as

cijk

o _ =
(VW) =Gt

‘/77'2 an ) (A1 2)

for k = 1,2, 3. Here £7* denotes the Levi-Civita symbol, defined as

+1 if (¢, j, k) even permutation of (1,2,3),
g% :={ 1 if (i,,k) odd permutation of (1,2,3), (A.13)

0 otherwise ,

fori, j, k = 1,2, 3. Similarly, the covariant components of the cross product between
V and W can be expressed in terms of their individual contravariant components
as

(V x W) = egp(det J,) VI W (A.14)

for k = 1,2,3. Here ¢;;, is defined as in (A.13). When we consider the gradient
of a scalar function g(n', 7% 7n%), the derivatives of g with respect to the coordinates
(n*,n? n?) define the covariant components of its gradient. In formulas:

(V) = =%, (A.15)

-

ont

for © = 1,2,3. The divergence of a vector V' can be expressed in terms of its
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contravariant components as

L7 [(det Jn)v”"] . (A.16)

V.V =
det J,, on!

The contravariant components of the curl of a vector V' can be expressed in terms
of its covariant components as

€ijk 8an
~ det J, ont’

(W x V)" (A.17)
for k = 1,2,3. The corresponding covariant components can be obtained by low-
ering the indices with the metric coefficients g;;, using (A.8). Finally, we end the
appendix by recalling how to obtain the contravariant (respectively, covariant) com-
ponents of a vector V' with respect to a curvilinear coordinate system defined by the
coordinates (n',n?,n%) starting from the corresponding contravariant (respectively,
covariant) components of the same vector with respect to a different curvilinear coor-
dinate system defined by the coordinates (7', 7%, 77%). The contravariant components
of V' in the two curvilinear coordinate systems are related by

i = Dy (A.18)

on?

for i = 1,2, 3. Similarly, the covariant components of V' in the two curvilinear coor-

dinate systems are related by '
vy =

n 577’

nd

(A.19)

fori =1,2,3.
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Appendix B

Useful analytical integrals

We show here how to compute some recurrent integrals frequently occurring in lin-
ear dispersion analyses. Let us first consider the integrals

+00 ) )
I; :—J drz'e™ | (B.1)
—0o0
withz e N. If = 0, we have
+00 ,
Iy = J doe™ =4/7. (B.2)
—0

If 7 is odd, an odd integrand function is integrated over a domain symmetric with
respect to 0, yielding I; = 0. If 7 is even, there exists a unique integer 7 > 0 such
that : = 25. Therefore, we have

+00 o,
I; :J dea¥e ™ . (B.3)

—0o0

Due to the parity of the integrand function, we have

+oo o, +o0 o
f dez*e™ =2J dea®e ™ . (B.4)

—0 0
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Via the change of variable ¢ := 22, we obtain

2 J de g¥e " = ——tlet,
0

o Vi

We now define k := j + 1/2 and obtain

+00 dt ) +00
—tet = f dtt*=te™" = I'(k),
0 \/g 0

where I is the Euler Gamma function. Summing up, we have

T i=0,
[i: O iOdd,

,+ 1
F(ZJr ) 7 even.
2

Let us now consider the integrals

If 7 is even, then J;(z) = zJ;_1(2). If i is odd, we have

Ji(z) =T <%> waa(2).

Summing up, for « > 0 we have the recursive formula

(2) = s <%> +2Jia(2) i odd,

zJi—1(2) 1 even.

Ji
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In order to compute the first integral Jy(2),

To(2) = foo Al (B.12)

e T —Z

we introduce the complex function (Barton et al., 1965) (sometimes called Faddeeva

v (H_J « t2> (B.13)

= e Ferfe(—iz) = e 7 [1 — erf(—i2)]

function)

for any z € C. If Im(z) > 0, the function w(z) has also the integral representation

w(z) = —J+mdt " (B.14)

T) o 22—t

Therefore, if Im(z) > 0, the integral Jy(z) is given by

Jo(2) = imrw(z). (B.15)
If Im(z) < 0, we introduce the new variable ¢ := —x and obtain
+00 €—x2 +00 e_t2
=] d =—| d = —imw(— B.16
W= [ et oo [ a— —imu(-a). @16

since now Im(—z) > 0. Summing up, the integral Jy(z) is given by

mw(z Im(z) >0,
J0<z>={,“ )0
—imw(—z) Im(z) <0, (B.17)

= sgn [Im(2)]im w (sgn [Im(z)] 2) .

The derivative of J;(z) for ¢ > 0 can be computed from the recursive formula (B.11),
yielding

i

;ZJ( ) =D i (2) + ziijo(z). (B.18)

] dz
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The derivative of .Jy(z) comes then from (B.17), independently of the sign of Im(z):
—Jo(2) = im —w(z). (B.19)

Let us now consider the integral

+00 (Zn Oé'l'i) ef'y:v2
K(oo, .. Bos By Bosy) = | dgmi=0 , B.2
(@0, o o, o) = | deZmRdE T (@20)

withn e N, a; e Rfori =0,...,n,v e Rwith~ # 0, 5y € C with 34 # 0, 5, € C and
By e R.If B = 0 and B, = 0, we have

1 < +oo - 2
K(ag,...,an, [,0,0,7) = Ezaij do a'e™ ™ | (B.21)
i=0 —©

We introduce the change of variable y := /7 x and obtain

K(a0> - O‘TLJB(]?O 077 /6 Za17 (1) /2-[ (822)
If only 5, = 0, we have
K( ﬁ B n 400 q :L,ie—'ya:2 B
Qag, ..., 0, Bo, 81,0,7) = o rT—. .23
We first rewrite the integral as
K( Bo, B, 0 ! zn: f Al (B.24)
g, ..., 0y, ) s Uy - . .
: R PR B T

Introducing again the change of variable y := /7 z, we define z := —,/7 8,/51 and
obtain

K(ap, ..., 0, Bo, f1,0,7) Zow—“J (B.25)

If 5y # 0, we define A € C as

A= 52— 4By, (B.26)
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andus € C as

= — (=B + .
Ut 252( B +VA)
We note that ) 3
= Lpoa=
U+u 453( 1 ) By
u++u_——%.
2

Therefore, we have

Box® + Brx + B = Bo(x —uy)(z —u_).

The integral can be then rewritten as

+00 i,—yx?

1 & T
K(&Oa"'aoérmﬁ()aﬁlaﬂ%fw:EZQ'L’J dx
=0

e (r—up)(x—u_)

Via the change of variable y := ,/vyx, we can write the integral as

s 2
y'e™V

1 & s +0
K(OZOa"'aanvﬁ()a/BlaﬁZa’Y) = EZO@V—(Z_ ) J dy(y
=0 —©

where we have defined 2. := /vy uy. We now note that

1 _ 1 < 1 1 )
=z )y—2) zx—2 \y—2¢ y—2)"

with z, — z_ given by

Therefore, we obtain

K(ag, ..., an, Bo, B1, B2,7) = —Zai’fi/z [Ji(24) — Ji(z-)] -
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