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In this work, numerical methods to identify the surface areas of a vibrating structure that radiate
sound are implemented for cases of structures with inhomogeneous distributions of viscous Rayleigh
damping. The intensity-based techniques correspond to acoustic intensity evaluated in terms of the
acoustic pressure and particle velocity, non-negative intensity evaluated in terms of the acoustic
impedance matrix obtained at the structural surface, and back-calculated non-negative intensity
evaluated in terms of the acoustic impedance matrix obtained at a far-field receiver surface. Different
configurations of inhomogeneous damping are applied to two elastic structures corresponding to
a plate and a cylindrical shell. To examine the influence of inhomogeneous damping on sound
radiation, the acoustic intensity on the structural surface, the acoustic intensity on several different
far-field receiver surfaces, non-negative intensity and back-calculated non-negative intensity are
numerically compared for different inhomogeneous damping cases.
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1. Introduction

To reduce exterior structure-borne sound, identification of the contribution to radiated
sound from individual components of a vibrating structure is important. Acoustic intensity
is usually used to analyze the contribution of a vibrating surface to the radiated sound
power. Near-field acoustic holography (NAH) is an experimental technique to reconstruct
the acoustic intensity on the surface of a radiating object from acoustic pressure measure-
ments close to the vibrating surface.1 Using NAH, the evanescent part of the wave spectrum
is considered in the acoustic field reconstruction. Based on data processing of NAH in the
wavenumber domain, Williams2,3 introduced the concept of supersonic acoustic intensity
(SSI) to identify the wave components of the sound field propagating to the far field. After
filtering out the subsonic wave components of the vibrating structure that only generate
evanescent waves in the near field, the remaining supersonic components that radiate to the
far field were identified. Based on the convolution theory, SSI for a planar geometry was
obtained directly in the space domain, avoiding the need for Fourier transforms.4,5 Several
numerical techniques have been developed to compute SSI of arbitrary geometries.6–8

The surface contribution method, first introduced by Marburg et al.9 is an intensity-
based technique to identify the contributions of local surface areas of a vibrating structure
to far-field radiated sound. Using the acoustic impedance matrix obtained at the structural
surface, the radiated sound power was computed as the sum of only positive sound power
contributions of the vibrating structure, thus avoiding cancellation effects between positive
and negative values of acoustic intensity from adjacent areas. Subsequently, the surface
contribution method was renamed as non-negative intensity (NNI) by Williams.10 Results
obtained using both NNI and SSI to identify the surface areas of arbitrarily-shaped vibrating
structures that radiated sound have been recently compared using both a sound power ratio
and the modal assurance criterion.11 Supersonic intensity was found to be difficult to imple-
ment at low frequencies due to the size of the spatial radiation filter. A cut-off coefficient
associated with the acoustic wavenumber of the spatial radiation filter was used to reduce
the aperture error of SSI. Similar distributions on the surface of a point excited plate were
generated for NNI obtained numerically using the boundary element method and experi-
mentally from NAH measurements.12 NNI has also been combined with the fast multipole
boundary element method to consider large-scale fluid–structure interaction problems.13

An extension to NNI is the back-calculated NNI, which is evaluated in terms of the acous-
tic impedance matrix obtained at a far-field receiver surface and as such, can identify surface
contributions to sound power at a far-field surface that does not fully circumscribe the struc-
ture.12,14 Back-calculated NNI evaluated at different far-field surfaces was compared to NNI
for both rigid and elastic structures. NNI (always evaluated on the surface of the structure)
and back-calculated NNI evaluated from a far-field surface that fully circumscribed the
structure were shown to generate identical results. However, back-calculated NNI evaluated
on different far-field surfaces that do not fully circumscribe the structure was found to gen-
erate markedly different results, highlighting the ability of back-calculated NNI to identify
regions on a rigid or elastic structure that contribute to directional structure-borne sound.
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The use of NNI to identify local surface areas of a structure that radiate sound has only
been implemented on structures with homogeneous damping distributions. For lightweight
structures, a solution to increase dissipation rates of vibration energy to improve vibro-
acoustic behavior is the application of additional damping treatment such as constrained
layer damping or embedded elastomer layers. When the spatial distribution of damping is
inhomogeneous, it generates complex vibration modes which are no longer dominated by
pure standing waves, but by the superposition of traveling and standing waves.15 Marburg16

evaluated the radiated sound power of an open cavity taking into account its complex modes.
Sound radiation from vibrating structures with complex vibration modes was reported by
Unruh et al.17,18 A finite element model of a simply-supported rectangular plate was devel-
oped to investigate the spatial distribution of acoustic intensity both on the plate surface
and on a far-field surface. It was shown that traveling wave components of the complex
modes can significantly influence the sound radiation. Unruh19 extended his investigation
to consider complex mode radiation efficiencies for different inhomogeneous spatial damping
configurations of the plate. Symmetric damping distributions were shown to have an almost
negligible influence on sound radiation.

This paper examines, for the first time, surface contributions to radiated sound power
from vibrating structures with inhomogeneous distributions of viscous Rayleigh damp-
ing. Several intensity-based numerical techniques corresponding to acoustic intensity, non-
negative intensity and back-calculated NNI are employed. A square plate and a cylindrical
shell with symmetric and doubly symmetric configurations of inhomogeneous damping are
examined. Results for the particle velocity distribution of a complex vibration mode for
each of the inhomogeneous damping cases are compared to results for the case with homo-
geneous damping. The acoustic intensity on the structural surface as well as the acoustic
intensity on several different far-field surfaces, corresponding to a spherical surface that
fully circumscribes the structure and hemispherical surfaces at different orientations, are
compared. Consideration of a partial receiver surface allows the surface contributions to
radiated sound power integrated over a specific far-field region to be identified. Results
obtained using NNI evaluated on the surface of the structure and back-calculated NNI on
the far-field receiver surfaces for the homogeneous and inhomogeneous damping cases are
compared to those for acoustic intensity. For the low frequencies considered in this work, NNI
and back-calculated NNI show markedly different results to those obtained using acoustic
intensity.

2. Non-Negative Intensity

Figure 1 shows a schematic diagram of structure-borne sound radiating from an arbitrarily
shaped elastic structure to full or partial far-field receiver surface areas Γff . Discretization of
the acoustic domain using the collocation boundary element method leads to the following
linear relation between the acoustic pressure pΓ and the particle velocity vΓ on the structural
surface ΓΓ

20

HΓpΓ = GΓvΓ, (2.1)
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(a) (b)

Fig. 1. Acoustic radiation by an elastic structure showing: (a) a full far-field receiver surface area and (b) a
partial far-field receiver surface area.

where the subscript ()Γ denotes a quantity evaluated on the structural surface mesh with
N collocation points. GΓ and HΓ are boundary element matrices on the structural surface.
The vector of nodal values for active acoustic intensity IΓ on the structural surface ΓΓ is
defined as

IΓ =
1
2
Re{pΓv∗

Γ}, (2.2)

where ()∗ denotes the complex conjugate. The radiated sound power is calculated via a
surface integral of the acoustic intensity over the structural surface ΓΓ as

PΓ =
∫

ΓΓ

IΓ · nΓ dΓΓ, (2.3)

where nΓ is the normal direction on ΓΓ.
The acoustic intensity field calculated using Eq. (2.2) consists of both positive and

negative components and as such does not provide a clear indication of the local surface
contributions of energy to the radiated sound power. The radiated sound power can be
alternatively expressed in terms of the NNI INNI

Γ (x) as9,11

PNNI
Γ =

∫
ΓΓ

INNI
Γ (x)dΓΓ =

∫
ΓΓ

1
2
βΓ(x)β∗

Γ(x)dΓΓ, (2.4)

where x is the field point. βΓ(x) is a quantity without physical significance and is computed
as follows9

βΓ(x) = φ�Γ (x)ΨΓ

√
ΛΓΨ�

Γ ΘΓvΓ. (2.5)
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ΘΓ is a diagonal matrix of the element areas on the structural surface and is defined as20–22

ΘΓ =
∫

ΓΓ

φΓφ�Γ dΓΓ, (2.6)

where φΓ is a column matrix containing the interpolation function and ()� denotes the
matrix transpose. ΨΓ and ΛΓ are the set of eigenvectors and corresponding diagonal matrix
of eigenvalues found by solving the following algebraic eigenvalue problem9,12,14

ZΓ,RψΓ = λΓΘΓψΓ, (2.7)

where λΓ are the individual eigenvalues. ZΓ,R is the real part of the acoustic impedance
matrix obtained on the structural surface ZΓ, where ZΓ is defined as9

ZΓ = G�
Γ H−�

Γ ΘΓ. (2.8)

3. Back-Calculated Non-Negative Intensity

The acoustic pressure pff and the fluid particle velocity vff at the nodes of a full or partial
far-field surface mesh with M collocation points can be expressed in terms of the particle
velocity on the structural surface vΓ as follows20

pff = GvΓ − HpΓ = (G − HH−1
Γ GΓ)vΓ = −BpvvΓ, (3.1)

vff = G′vΓ − H′pΓ = (G′ − H′H−1
Γ GΓ)vΓ = −BvvvΓ, (3.2)

where the subscript ()ff denotes a quantity evaluated on the far-field surface mesh. G and
H are boundary element coefficient matrices in the acoustic domain and G′, H′ are the
normal derivatives of matrices G and H, respectively. Bpv, Bvv, G′ and H′ are all M × N

matrices.
The vector of nodal values for the active acoustic intensity on the far-field receiver

surface Γff is defined as12,23

Iff =
1
2
Re{pff v∗

ff }. (3.3)

The radiated sound power based on acoustic intensity is defined as9,21

Pff =
∫

Γff

Iff · nff dΓff , (3.4)

where nff is the normal direction on Γff .
Back-calculated NNI is an intensity-based technique that can identify surface contri-

butions to sound power at a far-field receiver surface that does not fully circumscribe the
structure. To obtain back-calculated NNI denoted by INNI

ff (x), the radiated sound power in
Eq. (3.4) can be expressed as9

PNNI
ff =

∫
ΓΓ

INNI
ff (x)dΓΓ(x) =

∫
ΓΓ

1
2
βff (x)β∗

ff (x)dΓΓ(x). (3.5)
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βff (x) is an N × N matrix and is computed as follows14

βff (x) = φ�
Γ (x)Ψff

√
Λff Ψ�

ff ΘΓvΓ, (3.6)

where Ψff and Λff are the set of eigenvectors and corresponding diagonal matrix of eigen-
values found by solving the eigenvalue problem of the acoustic impedance matrix obtained
on the far-field surface Zff , which in turn is defined as

Zff = B�
pvΘff B∗

vv. (3.7)

Θff is a diagonal matrix of the element areas on a far-field surface. The far-field receiver can
be a surface that fully circumscribes the structure as shown in Fig. 1(a), or a partial surface
that does not fully circumscribe the structure as shown in Fig. 1(b). As such, the radiated
sound power PNNI

ff in Eq. (3.5) is the total radiated sound power or partial radiated sound
power for the full or partial surface areas, respectively. Consideration of a partial receiver
surface allows the surface regions radiating to a specific far-field receiver surface to be
identified.

4. Viscous Damping

Finite element models for a square plate and a cylindrical shell were used to obtain the
complex vibration modes of a structure with different configurations of inhomogeneous
damping. In the FEM analysis, the damping matrix D was modeled using viscous Rayleigh
damping and expressed as a linear combination of the mass and stiffness matrices as follows24

D = αkK + αmM, (4.1)

where αk and αm are Rayleigh coefficients. K and M are respectively the stiffness and mass
matrices. To obtain inhomogeneous damping, different regions of the structural surface
with different Rayleigh damping ratios ζi are defined. The frequency-dependent Rayleigh
damping ratio ζi is given by25

ζi(ω) =
αk,i

2ω
+

αm,iω

2
, i = 1, 2. (4.2)

A low Rayleigh damping ratio of ζ1 = 0.01 was applied to a structure with homogeneous
damping. An artificially high Rayleigh damping ratio of ζ2 = 0.3 was then applied to var-
ious regions of the structural surface for the cases with inhomogeneous damping, whereby
the significantly higher damping ratio was implemented in order to observe sufficient com-
plexity of the resulting complex modes. The damping solver (DAMP) in ANSYS was used
to obtain the damping matrix and complex eigenvectors for the plate and cylindrical shell
with different distributions of inhomogeneous damping.

5. Numerical Examples

Two numerical examples are investigated corresponding to a square plate and a cylindrical
shell with hemispherical end closures in air. Density 1.3 kg/m3 and speed of sound 340 m/s
were assumed for air. The boundary element code AKUSTA26,27 was used to generate all
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boundary element matrices and boundary element coefficient vectors. Equations used for
all other quantities in the acoustic domain were implemented using MATLAB.

5.1. Square plate

A 1 m × 1 m × 10 mm plate with clamped boundary conditions was discretized with 2432
shell 281 elements. Material properties of aluminium were used for the plate corresponding
to Young’s modulus of 70 GPa, density of 2710 kg/m3 and Poisson’s ratio of 0.35. Five
different configurations of inhomogeneous damping were applied to the plate corresponding
to cases 2–6 in Fig. 2, whereby the higher damping regions are marked in blue. Case 1 rep-
resents the reference case of the plate with homogeneous damping. Cases 2 and 3 represent
inhomogeneous damping with symmetric damping distributions. Case 4 represents inhomo-
geneous damping with bilateral symmetric damping distribution about one axis. Cases 5
and 6 represent inhomogeneous damping with symmetric damping distributions about one
diagonal. The spatial distribution of the inhomogeneous damping is the same on the top
and bottom surfaces of the plate.

Figure 3 presents the real part, imaginary part and normalized magnitude of the particle
velocity on the plate surface for the (3 × 3) mode of the plate. The nomenclature of the
(3× 3) mode is based on the number of nodal lines. Case 1 corresponding to the plate with
homogeneous damping shows that the particle velocity only has an imaginary component
which is dominated by standing waves, resulting in a real normal mode. For the cases
with inhomogeneous damping (cases 2–6), the particle velocity has both real and imaginary
components which include the superposition of both standing and traveling waves.15,18,19

Traveling waves can be observed in the imaginary part in case 3 and the real part in cases 4
and 5, showing that the traveling waves propagate towards the higher damping area, as
previously reported.19 Further, since the particle velocity distributions occur at both the
top and bottom surfaces of the plate, acoustic waves at a given frequency traveling from

Fig. 2. A homogeneous plate (case 1) and five different configurations of inhomogeneous damping applied to
the plate (cases 2–6).
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Fig. 3. The real part, imaginary part and normalized magnitude of the particle velocity for the (3× 3) mode
of the plate with different damping configurations (velocity in mm/s).
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the top and bottom surfaces cancel each other at the middle layer of the plate. Hence,
the thickness of the plate has a negligible influence on the intensity results. The results
presented here assume that normal and complex vibration modes can occur at any possible
frequency below the coincidence frequency, at which the acoustic wavelength is equal to
the wavelength of the flexural waves in the plate. It was previously reported that results
for NNI approach those for acoustic intensity at high frequencies due to the decrease in
the acoustic wavelength and corresponding increase in the acoustic radiation efficiency.9,11

To better highlight differences between acoustic intensity and NNI for the inhomogeneous
damping cases, a low frequency of 100 Hz was selected.

For the particle velocity distributions in Fig. 3, results for acoustic intensity on the plate
surface IΓ, acoustic intensity on several different far-field receiver surfaces Iff , NNI evaluated
on the plate surface INNI

Γ , and back-calculated NNI evaluated from the different far-field
surfaces INNI

ff , are now examined. Figure 4 presents the active acoustic intensity on the

Fig. 4. Acoustic intensity at the structural surface IΓ, acoustic intensity at the far-field receiver surfaces Iff ,

NNI INNI
Γ , and back-calculated NNI INNI

ff , for the (3× 3) real normal mode of the plate at 100 Hz (intensity
in W/m2).
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surface of the plate as well as the active acoustic intensity on three far-field receiver surfaces
corresponding to a spherical surface that fully circumscribes the plate, a top hemispherical
surface and a left hemispherical surface, for the (3×3) mode of the plate with homogeneous
damping. The diameter of the far-field spherical and hemispherical surfaces is 200m, with
the plate at the center of the spherical surfaces. To more clearly show the distribution
pattern, results for the acoustic intensity on the top hemispherical surface are presented
from the top view. For the plate with homogeneous damping, the acoustic intensity on
the far-field spherical surface shows maximum values occurring at four distinct equatorial
locations. Similar results for the acoustic intensity can also be observed on the top and
left hemispherical surfaces. The minimum values of the acoustic intensity are positive and
several orders of magnitude smaller than the maximum values; as such the minimum values
are marked as zero. Further, the maximum values of the acoustic intensity on the far-field
surfaces are identical.

Figure 4 also presents results for NNI as well as back-calculated NNI evaluated from
the far-field receiver surfaces, highlighting local surface contributions to the radiated sound
power. NNI and back-calculated NNI evaluated from a far-field spherical surface that fully
circumscribes the plate exhibit identical radiation patterns of the same maximum value. The
plate corner radiation is due to cancelation of acoustic energy between adjacent areas. This
result can be observed for all odd–odd order bending modes of the plate at low frequencies,
as previously reported.3,5,9,28 The back-calculated NNI evaluated from the top hemispherical
surface shows the same distribution pattern compared to the back-calculated NNI evaluated
from the full spherical surface although its maximum value is approximately half. The back-
calculated NNI evaluated from the left hemispherical surface highlights plate edges with
higher intensity coinciding with the maximum acoustic intensity that occurs at the far-field
hemispherical surface.

Similar to Fig. 4, Figs. 5–9 present the active acoustic intensity on the surface of the
plate IΓ, active acoustic intensity on the three far-field receiver surfaces Iff , NNI evaluated
on the plate surface INNI

Γ , and back-calculated NNI evaluated from the far-field surfaces
INNI
ff , for the (3 × 3) mode of the plate with different damping configurations. The active

acoustic intensity on the structural surface IΓ exhibits both positive and negative values,
where the negative values highlight the higher damping regions for each case. Regions
with lower damping act as acoustic sources with positive acoustic intensity, whereas higher
damping regions dissipate bending waves and become energy sinks, as previously reported.17

For case 2 (Fig. 5), the acoustic intensity on the far-field surface shows almost the same
distribution to the result for the plate with homogeneous damping (Fig. 4). NNI and back-
calculated NNI also show similar results to those of the real normal mode for the case with
homogeneous damping. As previously reported by Unruh,19 symmetric damping distribu-
tions have an almost negligible influence on sound radiation. For cases 3–6 (Figs. 6–9), it
can be observed that the directivity of the far-field acoustic intensity loses its quadrupole
characteristic. Interestingly, the directivity of far-field acoustic intensity is consistent with
the distribution of the higher damping regions, showing that the higher damping regions
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Fig. 5. Acoustic intensity at the structural surface IΓ, acoustic intensity at the far-field receiver surfaces Iff ,

NNI INNI
Γ , and back-calculated NNI INNI

ff , for the (3× 3) complex mode of the plate at 100 Hz (intensity in
W/m2).

appear to contribute more energy to the far field. This result is in contrast to the acoustic
intensity on the surface of the plate, for which the higher damping regions become inten-
sity sinks. This is attributed to the fact that sound radiated from acoustic source and sink
regions partially cancel each other and only a fraction of the acoustic energy close to the
plate surface reaches the far field. Case 6 (Fig. 9) shows that the directivity of far-field
acoustic intensity shifts toward the opposite direction compared to the result for case 5
(Fig. 8), due to the shift in higher damping to the opposite diagonal. For each damping
configuration, NNI and back-calculated NNI evaluated from the spherical receiver surface
are identical. In case 3 (Fig. 6), NNI and back-calculated NNI indicate that two diagonal
corners with higher intensity close to the maximum acoustic intensity contribute maximum
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Fig. 6. Acoustic intensity at the structural surface IΓ, acoustic intensity at the far-field receiver surfaces Iff ,

NNI INNI
Γ , and back-calculated NNI INNI

ff , for the (3× 3) complex mode of the plate at 100 Hz (intensity in
W/m2).

energy, which is in contrast to the regions of greatest intensity at the far-field receiver sur-
faces. Inspection of the imaginary part of the particle velocity for case 3 in Fig. 3 reveals that
traveling waves propagate towards the diagonal corners with higher localized damping. As
a result, the opposite diagonal corners of the plate exhibit higher magnitude of the particle
velocity, yielding both greater positive-only acoustic intensity and NNI at these corners. In
cases 4–6, results for NNI identify surface contributions at the plate corners corresponding
to regions with higher values of both positive and negative acoustic intensity. As such, NNI
avoids the cancellation effects between the positive and negative acoustic intensity from
adjacent areas on the plate. Results for back-calculated NNI for cases 3–6 are also notably
different to the results for acoustic intensity on the far-field receiver surfaces, depending on
shape and orientation of the far-field surface.
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Fig. 7. Acoustic intensity at the structural surface IΓ, acoustic intensity at the far-field receiver surfaces Iff ,

NNI INNI
Γ , and back-calculated NNI INNI

ff , for the (3× 3) complex mode of the plate at 100 Hz (intensity in
W/m2).

5.2. Cylindrical shell

A cylindrical shell closed with hemispherical end caps with free boundary conditions was
discretized with 2304 shell 281 elements. The material properties are the same as those
for the aluminium plate. The cylindrical shell has radius of 0.5m, length of 4m and thick-
ness of 3mm. Five different configurations of inhomogeneous damping were also applied to
the cylindrical shell corresponding to cases 2–6 as shown in Fig. 10, whereby the higher
damping regions are marked in blue. Case 1 represents the reference case of the cylindri-
cal shell with homogeneous damping. Cases 2 and 3 represent inhomogeneous damping
with symmetric damping distribution about both the longitudinal and circumferential axes.
Case 4 represents inhomogeneous damping with symmetric damping distribution about the
circumferential axis, and similarly, cases 5 and 6 represent inhomogeneous damping with
symmetric damping distributions about the longitudinal axis.

1850050-13

J.
 T

he
or

. C
om

p.
 A

co
ut

. 2
01

9.
27

. D
ow

nl
oa

de
d 

fr
om

 w
w

w
.w

or
ld

sc
ie

nt
if

ic
.c

om
by

 T
E

C
H

N
IC

A
L

 U
N

IV
E

R
SI

T
Y

 O
F 

M
U

N
IC

H
 o

n 
02

/1
6/

20
. R

e-
us

e 
an

d 
di

st
ri

bu
tio

n 
is

 s
tr

ic
tly

 n
ot

 p
er

m
itt

ed
, e

xc
ep

t f
or

 O
pe

n 
A

cc
es

s 
ar

tic
le

s.



May 13, 2019 12:4 WSPC/S2591-7285 130-JTCA 1850050

D. Liu et al.

Fig. 8. Acoustic intensity at the structural surface IΓ, acoustic intensity at the far-field receiver surfaces Iff ,

NNI INNI
Γ , and back-calculated NNI INNI

ff , for the (3× 3) complex mode of the plate at 100 Hz (intensity in
W/m2).

Figure 11 presents the real part, imaginary part and normalized magnitude of the par-
ticle velocity on the structural surface at the second bending mode of the cylindrical shell
with different damping configurations. The cylindrical shell with homogeneous damping
(case 1) shows that the particle velocity only has an imaginary component which is dom-
inated by standing waves, corresponding to the second bending mode of the cylindrical
shell. For the cases with inhomogeneous damping (cases 2–6), the particle velocity has
both real and imaginary components. The imaginary components show the distribution
pattern of the second bending mode, while the real components exhibit more complex
patterns.

A low frequency of 20Hz was selected to evaluate the intensity results of the cylin-
drical shell. Three different far-field receiver surfaces corresponding to a spherical surface
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Fig. 9. Acoustic intensity at the structural surface IΓ, acoustic intensity at the far-field receiver surfaces Iff ,

NNI INNI
Γ , and back-calculated NNI INNI

ff , for the (3× 3) complex mode of the plate at 100 Hz (intensity in
W/m2).

of 200m diameter, a right hemispherical surface and a top hemispherical surface of the
same size diameter were used to evaluate the acoustic intensity and the back-calculated
NNI. Figure 12 presents the active acoustic intensity on the surface of the cylindrical shell
IΓ, the active acoustic intensity on the three far-field surfaces Iff , NNI on the cylindri-
cal shell surface INNI

Γ , and back-calculated NNI evaluated from the three far-field surfaces
INNI
ff , for case 1 corresponding to the cylindrical shell with homogeneous damping. The

acoustic intensity on the far-field spherical receiver surface shows maximum values occur-
ring at four distinct circumferential locations. Similar to the results of the plate, NNI and
back-calculated NNI evaluated from a far-field spherical surface that fully circumscribes
the cylindrical shell exhibit identical radiation patterns, showing that only areas around
the junction of the cylindrical and hemispherical shells at both ends are radiating sound.
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Fig. 10. A homogeneous cylindrical shell and four different configurations of inhomogeneous damping applied
to the cylindrical shell.

This radiation pattern is referred to as an edge mode, as previously reported,6,7 and can
be observed for all even order bending modes of the cylindrical shell at low frequencies.
The back-calculated NNI evaluated from the right hemispherical surface shows the same
distribution pattern compared to the back-calculated NNI evaluated from the full spherical
surface although its maximum value is approximately half due to the symmetric loading on
the cylindrical shell. The back-calculated NNI evaluated from the top hemispherical surface
highlights both sides of the cylindrical shell with higher intensity.

Figures 13–17 present the active acoustic intensity on the surface of the cylindrical shell
IΓ, active acoustic intensity on the three far-field receiver surfaces Iff , NNI on the cylindrical
shell surface INNI

Γ , and back-calculated NNI evaluated from three far-field surfaces INNI
ff ,

for the cylindrical shell with different damping configurations. The negative values of the
acoustic intensity on the cylindrical shell surface highlight that the higher damping regions
acts as energy sinks for each case. In case 2 (Fig. 13) and case 3 (Fig. 14), the active acoustic
intensity on the far-field surfaces show almost the same distribution to the results for the
cylindrical shell with homogeneous damping (Fig. 12). This is attributed to the complex
modes arising from the doubly symmetric damping distribution not significantly affecting
the sound radiation. For cases 4–6, greater acoustic intensity on the far-field receiver surfaces
is observed to consistently occur with the higher damping regions on the cylindrical shell.
It is also observed that the quadrupole directivity characteristic associated with the lower
damping regions is lessened. For each damping configuration, NNI and back-calculated
NNI evaluated from the spherical receiver surface are identical. Results for NNI and back-
calculated NNI for cases 2 and 3 are similar to those of the case with homogeneous damping
(case 1) due to the doubly symmetric damping distributions. For cases 4–6, NNI and back-
calculated NNI show that the cylinder edge radiation still dominates to a greater or lesser
degree depending on the damping distribution.
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Fig. 11. The real part, imaginary part and normalized magnitude of the particle velocity at the second
bending mode of the cylindrical shell with different damping configurations (velocity in mm/s).
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Fig. 12. Acoustic intensity at the structural surface IΓ, acoustic intensity at the far-field receiver surfaces
Iff , NNI INNI

Γ , and back-calculated NNI INNI
ff , for the second bending mode of the cylindrical shell at 20 Hz

(intensity in W/m2).
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Fig. 13. Acoustic intensity at the structural surface IΓ, acoustic intensity at the far-field receiver surfaces
Iff , NNI INNI

Γ , and back-calculated NNI INNI
ff , for the second bending complex mode of the cylindrical shell

at 20Hz (intensity in W/m2).
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Fig. 14. Acoustic intensity at the structural surface IΓ, acoustic intensity at the far-field receiver surfaces
Iff , NNI INNI

Γ , and back-calculated NNI INNI
ff , for the second bending complex mode of the cylindrical shell

at 20Hz (intensity in W/m2).
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Fig. 15. Acoustic intensity at the structural surface IΓ, acoustic intensity at the far-field receiver surfaces
Iff , NNI INNI

Γ , and back-calculated NNI INNI
ff , for the second bending complex mode of the cylindrical shell

at 20Hz (intensity in W/m2).
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Fig. 16. Acoustic intensity at the structural surface IΓ, acoustic intensity at the far-field receiver surfaces
Iff , NNI INNI

Γ , and back-calculated NNI INNI
ff , for the second bending complex mode of the cylindrical shell

at 20Hz (intensity in W/m2).
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Fig. 17. Acoustic intensity at the structural surface IΓ, acoustic intensity at the far-field receiver surfaces
Iff , NNI INNI

Γ , and back-calculated NNI INNI
ff , for the second bending complex mode of the cylindrical shell

at 20Hz (intensity in W/m2).
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6. Conclusions

In this work, the surface contributions to radiated sound power from elastic structures with
inhomogeneous distributions of Rayleigh damping have been presented. To investigate the
influence of inhomogeneous damping on the radiated sound power, several different damping
configurations were applied to an odd–odd bending mode of a square plate and the second
bending mode of a cylindrical shell. In the presence of inhomogeneous damping, the particle
velocity was observed to include both standing and traveling waves, which generates complex
vibration modes. Inspection of the real and imaginary parts of the particle velocity revealed
traveling waves propagating to regions with higher damping. Active acoustic intensity on the
structural surfaces comprised both positive and negative components, where the negative
components always correspond to the higher damping regions for the cases of inhomogeneous
damping. Regions with higher damping dissipate bending waves act as energy sinks, which
in turn was shown to contribute more energy to the far-field acoustic intensity. Results for
NNI and back-calculated NNI were shown to exhibit plate corner radiation and cylinder
edge radiation due to near-field cancellation effects of acoustic energy in adjacent regions,
at the low frequencies considered in this work. Doubly symmetric inhomogeneous damping
distributions were observed to have very little influence on the far-field acoustic intensity and
NNI compared to results with homogeneous damping for the simple examples considered
here. The results presented here highlight that greatest NNI occurs at localized regions
comprising both positive and negative acoustic intensity on the surface of the structure. Due
to its ability to avoid cancellation effects between positive and negative values of acoustic
intensity from adjacent areas, NNI can assist in the application of inhomogeneous damping
for noise control.
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