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Abstract

This work contributes to the field of noise control and acoustic metamaterials. In follow-
ing, the application of acoustic metamaterials to the stage machinery is studied, which
includes an elaboration of noise requirements of stage machinery, the design of a meta-
material capsule for the reduction of noise emission from machines, and a theoretical and
experimental investigation of the scattering properties of the metamaterial.

In the first part of this work, existing criteria for noise limits in auditoria are reviewed and
new measurements of audience background noise are presented. The measurements
are performed in three opera venues and one drama venue and add up to 22 hours of
noise data from twelve different live performances with occupied auditoria. The audi-
ence noise data is extracted using three common metrics: minimum 1s-averaged level,
Gaussian mixture model, and N% exceedance level. The metrics are discussed and
their reproducibility is compared using two takes of the same piece measured on differ-
ent days. The audience noise data is utilized to propose noise limits for operating stage
machinery during live performance of opera, ballet and drama.

To improve the quality of performance spaces based on the proposed noise limits, acous-
tic metamaterials are considered for noise control of stage machinery. To reflect the
sound waves a simple c-shape meta-atom is introduced and an air-permeable meta-
grating is designed. Subsequently, the designed meta-grating is combined with absorb-
ing material, and applied to develop a prototype of an acoustic metamaterial capsule,
which attenuates noise in a distinct frequency band and allows for airflow. This prototype
is verified numerically and experimentally, and shows promising results. Subsequently, a
metamaterial capsule is designed to attenuate a single critical peak of the sound pres-
sure spectrum of a gear-box used in a rope drive system. The metamaterial capsule is
modelled numerically and, subsequently, manufactured and verified experimentally. The
sound attenuation at the critical frequency is confirmed in the experiment. Furthermore,
the cooling properties of the electric motor and the gear box inside the capsule are ver-
ified in a numerical simulation to fulfill the industrial cooling requirements. Additionally,
the sound pressure spectra of three drive train types usually used for under-stage ma-
chinery are modelled using a series of different numerical approaches. To attenuate the
resulting critical peaks at multiple frequencies simultaneously, multi-layer meta-gratings
are proposed.

In the last part of this work, the introduced c-shape meta-atom is investigated with re-
gards to its scattering properties and Willis coupling, an acoustic analogy of electromag-
netic bianisotropy. The c-shape meta-atom is found to demonstrate Willis coupling due
to strong asymmetry. Furthermore, it is shown that the losses inside the c-shape meta-
atom are reduced in comparison to previously reported acoustic meta-atoms with com-
parable properties. Reduced losses combined with strong asymmetry result in a design,
which is found to approach the theoretical bound of Willis coupling. The polarizability
of the c-shape meta-atom, including Willis coupling terms, is modelled analytically and
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numerically. Furthermore, a Willis coupling magnitude of 90 % of the theoretical bound is
demonstrated experimentally.
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Kurzfassung

Diese Arbeit liefert einen Beitrag auf dem Gebiet der Lärmbekämpfung und den akustis-
chen Metamaterialien. Im Folgenden wird die Anwendung der Metamaterialien in der
Bühnentechnik näher untersucht. Das beinhaltet eine Verfeinerung der Lärmanforderun-
gen an die Bühnenmaschinerie, das Entwickeln einer Metamaterialkapsel zur Reduk-
tion der Lärmemission von Maschinen und eine theoretische und experimentelle Unter-
suchung der Streueigenschaften des verwendeten Metamaterials.

Im ersten Teil dieser Arbeit werden die bestehenden Anforderungen an die Lärmimmis-
sion im Auditorium besprochen und neue Messungen der durch die Zuschauer verur-
sachen Hintergrundpegel werden vorgestellt. Die Messungen wurden in drei Opern-
häusern und einem Sprechtheater durchgeführt und ergeben zusammen 22 Stunden
Messdaten von Schalldruckpegeln, die in zwölf Vorstellungen mit Zuschauern aufgenom-
men wurden. Der durch die Zuschauer verursachte Schalldruckpegel wird mit Hilfe von
drei bekannten Metriken extrahiert: das Minimum eines über eine Sekunde gemittelten
Schalldruckpegels, die Gauss‘sche Mischverteilung und N%-Überschreitungspegel. Die
Metriken werden diskutiert und deren Wiederholbarkeit wird basierend auf einem Stück
verglichen, welches an zwei verschiedenen Tagen aufgenommen wurde. Ausgehend von
dem durch die Zuschauer verursachten Schalldruckpegel werden Anforderungen an die
Schallemission für die Bühnentechnik während der Opern-, Ballett- und Theatervorstel-
lung vorgeschlagen.

Zur Steigerung der Qualität der Bühnentechnik wird der Ansatz der akustischen Mate-
rialien zur Lärmbekämpfung betrachtet. Um Schallwellen zu reflektieren wird ein ein-
faches c-förmiges Metaatom für das Design eines luftdurchlässigen Metagitters verwen-
det. Nachfolgend wird mit Hilfe der Kombination des Metagitters mit einem absorbieren
Material der Prototyp einer Metakapsel entwickelt. Die Metakapsel reduziert die Schalle-
mission einer eingekapselten Quelle bei einer bestimmten Frequenz, ermöglicht aber
gleichzeitig den Luftaustausch mit der Umgebung. Der Prototyp wird experimentell und
numerisch validiert und zeigt aussichtreiche Ergebnisse. Als nächster Schritt wird eine
Metakapsel designt, um die Schallemissionen bei einem kritischen Peak im Emission-
sspektrum eines Seilantriebgetriebes zu reduzieren. Diese Metakapsel wird zuerst nu-
merisch modelliert, danach gefertigt und in einem Experiment erfolgreich validiert. Des
Weiteren werden die Kühleigenschaften des von der Metakapsel eingeschlossenen Elek-
tromotors und des Getriebes durch eine numerische Simulation überprüft und die Er-
füllung der typischen Anforderungen an die Kühlung von Elektromaschinen gesichert.
Zusätzlich werden die Schallemissionsspektren von drei weiteren in der Untermaschinerie
üblichen Antriebsarten in einer Kette von verschiedenen numerischen Modelliertechniken
bestimmt. Basierend auf diesen Spektren werden mehrschichtige Metagitter designt, die
die kritischen Peaks bei unterschiedlichen Frequenzen gleichzeitig reduzieren können.

Im letzten Teil dieser Arbeit wird das c-förmige Metaatom auf seine Streueigenschaften
und die Willis-Kopplung untersucht. Die Willis-Kopplung ist eine akustische Analogie
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der Bianisotropie im Elektromagnetismus und gewinnt immer mehr an Bedeutung für ef-
fiziente akustische Metamaterialien. Es wird in dieser Arbeit herausgefunden, dass das
Metaatom eine starke Willis-Kopplung aufgrund seiner Asymmetrie aufweist. Zusätzlich
wird gezeigt, dass die Geometrie wesentlich weniger verlustbehaftet im Vergleich zu an-
deren Designs mit vergleichbaren Eigenschaften ist. Die Kombination der reduzierten
Verluste mit einer starken Asymmetrie resultiert in einem Design, das dem theoretischen
Maximum an Willis-Kopplung sehr nahe kommt. Die Polarisierbarkeit des c-förmigen
Metaatoms inklusive der für die Willis-Kopplung verantwortlichen Terme wird analytisch
und numerisch modelliert. Des Weiteren wird ein Betrag der Willis-Kopplung von rd. 90 %
des theoretisch erreichbaren Maximums experimentell nachgewiesen.
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1 Introduction

Noise goes along with us trough all our life. We are exposed to noise every day, every
hour, every second. Fortunately, our brains are powerful enough to keep our attention
away from most noise events during the day. However, there are numerous situations
where everyone would like to have some silence. For example, when you are in bed and
try to sleep, but your neighbor plays the solo from Snarky Puppy’s tune Atchafalaya on
electric guitar. Where is the borderline between sound and noise? There is an entire field
dedicated to our subjective perception of sound, called psychoacoustics. Despite years
and years of research, it is still a philosophical question: what is sound, or even musical
art; and what is noise?

One of the aims of this work is to separate music and machinery noise, however, not in
a philosophical, but in a rational engineering way. Machinery noise is an issue found al-
most everywhere: industry, cars, airplanes, urban areas, households etc. Many effective
means for sound mitigation already exist in most areas, however, some of them still re-
quire special attention. One such area concerns opera and drama performances, where
the art has to be protected from noise distortions during the use of stage machinery. The
progress of the modern stage performance art leads to more stringent requirements on
the equipment. One of the most demanded properties is low noise emission, where Fig. 1
demonstrates a trend to more and more stringent requirements in the period from 2005
to 2014. However, the feasibility, the necessity, and the price of such an increase needs
to be discussed. This is the topic of the first part of this work.

To improve the noise emission quality of machinery installations in the stage area it is
common to use well-known noise control techniques. However, it is not always possi-
ble, since the special boundary conditions of stage machinery can be very challenging:
financial restrictions from the project budget, noise below 1000 Hz, little space, and, addi-
tionally, the installations should look appropriate to the venue, in other words like a piece
of art. Presumably, all these conditions can be fulfilled by proper design of acoustic meta-
materials, a relatively new field of acoustics. Acoustic meta-materials are structures with
periodic geometrical pattern which can provide promising properties concerning noise
control. Interestingly, one of the origins of intense research in the field of acoustic meta-
materials and sonic crystals is linked to an object of art, the famous sculpture created
by Eusebio Sempere in Madrid [12]. This sculpture was found to attenuate sound waves
at distinct frequency ranges [12]. Since then, further concepts of interconnections be-
tween acoustic metamaterials and art have been demonstrated [13, 14]. Furthermore, it
has been shown that sound waves can be blocked with acoustic metamaterials of sub-
wavelength thickness [15]. This is truly promising considering the requirement of noise
attenuation at low frequencies at places with little space and the expectations on visual
appearance in art performing venues. Therefore, a major part of this work is focused on
the development of acoustic metamaterials for noise control of stage machinery.

Cummer et al. [16] reviews many different possibilities of sound wave control using acous-
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Figure 1: Sound level requirements at first auditorium row from tender documents be-
tween 2005 and 2014. For numbering legend see Paper [1]. Gray dashed regression
line shows a decreasing trend. (adapted from Paper [1]).

tic metamaterials far beyond noise control applications, such as beam steering and cloak-
ing. And of course it is always an aim of research to dig deeper for better understanding of
the effects forming our world. Therefore, in the final part of this work the designed acous-
tic metamaterial geometry is investigated in detail revealing its polarizability properties
and its Willis coupling.

1.1 State of the art

1.1.1 Stage machinery

Stage machinery is part of almost every modern opera and drama house [17, 18]. The
main purpose of stage machinery is logistics of curtains, decorations, or staff. Most of the
time the machinery is used in the breaks between the performances, where it should fulfill
the usual requirements on logistics engineering, such as safety, reliability, versatility, and
speed. Meanwhile, there is another more fascinating field of application, namely scenic
application during the performance. This is where the artistic freedom and the scenic
magic involving lights, action, drama, art, and scenic movements start. However, this
introduces an additional requirement on the low noise emission of stage machinery. The
noise during the movements provided by the stage machinery must not be perceived by
the audience.

The stage machinery is divided into understage and overstage machinery. The required
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high power of the stage elevators as a principal part of understage machinery requires
powerful motors and gear boxes. These components are in general major sources of
stage machinery noise [5, 6]. To make things worse, the transfer paths from these noise
sources of the understage machinery to the auditoria are very short as the location of
the engines driving the stage elevators is usually directly under the main stage (see.
Fig 2). The upper surface of the elevator shapes the stage floor. Commonly, the floor
area of one stage elevator has a size of 12..16 × 2..4 m2 with the capability of vertical
movement of ±3 m or more. The load is standardized with 250 kg · m−2 and the stage
elevator itself weighs usually 25..45 t, which results in a total mass of up to 90 t. To move
such a mass with commonly used speeds up to 0.3 m · s−1 a power of up to 30 kW is
required. Subsequently, such installations have all prerequisites to emit low frequency
noise at audible levels and require noise control.

Before any noise control approach can be investigated it is necessary to review the noise
limits. For noise optimization of stage machinery it is required to know the limits as
Sound Pressure Level (SPL) or sound power dependent on the frequency. In many noise
control applications it is common to consider limits in octave bands, while it is possible
to subdivide the octaves or to use narrow band spectra if necessary. If SPL is used, the
reference location or the distance to the source should be specified. For stage machinery
applications the reference location is commonly specified as the middle of the first row
as shown in Fig. 2. In some cases the location behind the head of the conductor is
considered and in some rare cases locations further away from the stage are defined
[19].

Figure 2: Longitudinal section of Zurich Opera House [17] with location of upper stage
machinery, lower stage machinery, and measurement location (reference location).

1.1.2 Noise in auditoria

The noise present in auditoria is usually divided in two parts, ’technical background noise’
and ’audience noise’. Technical background noise is generated by equipment such as
Heating, Ventilation and Air Conditioning (HVAC) systems or traffic noise and is constant
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or features moderate variance over time. This type of noise is sometimes referred to as
’static’ background noise and can be predicted. In contrast the audience noise is the
result of human activity like breathing, whispering, coughing, or moving around, and is
more difficult to characterize. This type of noise is called ’dynamic’ background noise.
Both parts together result in ’mixed background noise’ [20, 21].

Currently, the following requirements for technical background noise usually formulated in
octave bands are in use: Noise Criterion (NC) [22, 23], Preferred Noise Criterion (PNC)
[24], Noise Rating (NR) [25], Balanced Noise Criterion (NCB) [26, 27], and Room Cri-
terion (RC) curves [28]. For opera houses and drama theaters limits of NC20 are com-
monly recommended in literature [22, 29, 30]. However, in some cases NC15 or PNC15
can be used separately for continuous building services noise. NC20 corresponds to a
sound level of about 25 dB(A) and NC15 to 20 dB(A). It should be mentioned that these
requirements serve as a basis for planners and architects designing rooms and build-
ings. Furthermore, these limits are primarily aimed at steady-state technical noise and
do not consider audience noise and the live performance sound. However, for setting
stage machinery noise limits such non-steady-state noise and sound sources should be
considered.

Investigations in movie theaters [31] and lecture halls [32] have shown that audience
noise depends on the situation and the intended use of the venue. Both studies have
also shown that audience noise is not stationary but depends a lot on the presented
’action’. Measurements of audience noise focused on live performance situations in con-
cert halls reveal levels around 32 dB(A) [20, 33, 34]. Furthermore, Ref. [20] points out
that there is a correlation between background noise and audience noise. However, the
data in venues, where the stage machinery is mainly used is sparse. To the author’s
best knowledge the only available opera and drama theater data is: Ref. [20] including a
single opera house measurement (Copenhagen Opera house) and Ref. [21] presenting
a series of measurements during theatrical performances (Gothenburg Town Theater).
Subsequently, to conclude on stage machinery noise limits for opera and theater houses
it is necessary to collect additional representative data.

1.1.3 Stage machinery noise

Despite the fact that there is not much research on audience noise in opera and theater
houses, an eminent study on stage machinery noise was conducted by Tennhardt [35].
The sound levels of different stage machinery types in several German theaters were
measured and correlated with subjective feedback of theater staff (stage directors, dra-
matic advisors, sound board operators). The outcomes are the following limits: drama
theater, 35 dB(A) for lower machinery and 45 dB(A) for upper machinery; musical theater,
40 dB(A) for lower machinery and 45 dB(A) for upper machinery [17, 35]. Unfortunately,
this study is based on total levels in dB(A), hence it does not provide any frequency
dependent information required for appropriate noise optimization of stage machinery.
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At the same time noise optimization in real engineering projects is motivated by levels
that are imposed by tender documents. Presumably, the requirements are oriented at
Ref. [35] or at NC20 (≈25 dB(A)) as recommended for opera and drama theaters [22, 29,
30]. Figure 1 gives an overview of requirements for the first row of auditorium from in-
ternational data between 2005 and 2014 [4]. Against the expectations, the data scatters
between 25 dB(A) and 50 dB(A) and there are no preferred limits observed. Additionally,
a trend towards more stringent limits is present (gray dashed line). For that reason strict
noise limits such as <35 dB(A) seems to be reasonable in the future. Comparing Fig. 1
with the limits from Ref. [35] shows that 34 % of the tenders underestimate the proposed
limits, 9 % match it and 57 % overestimate it. This demonstrates that there is no general
consensus between either known literature and tender requirements or the different ten-
der documents itself. Moreover, there are reasons to doubt that limits below 30 dB(A) are
feasible for the stage machinery of current state of the art [36–40].

To summarize the introduction on noise limits for stage machinery, it is observed that there
are a number of noise criteria for background noise available [22–28]. While these criteria
are focused on steady-state background noise, they do not consider real life performance
sound and audience noise. The research conducted on audience noise in opera and
theater houses is sparse and does not provide all significant information for setting noise
limits [20, 31–35]. Furthermore, lacking consensus on noise limits observed in tender
documents indicates that noise limits of stage machinery is still an open research ques-
tion.

1.1.4 Acoustic metamaterials

Metamaterials are arrays of sub-wavelength structures, called meta-atoms or unit cells.
A single layer of meta-atoms is usually called a meta-grating. The geometry of a single
meta-atom is used to engineer its scattering properties, which causes a change of the
dynamic behavior of the whole metamaterial.

In the last decade, acoustic metamaterials have attracted interest of a large international
research community [16]. Acoustic metamaterials provide material properties not exist-
ing naturally, where the most prominent example are the negative bulk modulus [41] and
negative dynamic mass density [42]. Owing to such properties a number of promising
applications have been demonstrated: acoustic superlenses [43–45], noise barriers [15,
46–64], cloaking devices [65] and the enhancement of non-linear effects [66]. The ap-
plication of acoustic metamaterials for noise barriers is particularly interesting for stage
machinery.

1.1.5 Noise control using acoustic metamaterials

Recently, a lot of research have been done on sound barriers using acoustic metama-
terials. Fard et al. [47] showed in a numerical study that noise attenuation is possible
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over a frequency range of more than one octave. Henneberg et al. [48, 49] designed
and verified a stop-band material and expanded the application to multiple frequencies.
Claeys et al. [50, 67, 68] designed and verified a sound insulating capsule based on stop-
band materials with elastic resonators. Marinova et al. [51] demonstrated a noise barrier
based on a membrane-type metamaterial. Groby et al. [69] presented an effective atten-
uation of low frequency noise using Helmholtz resonators embedded in absorbing foam.
These are airtight concepts, which blocks air flow required for cooling, if heat dissipative
components, such as electric motors or gear boxes are placed inside.

To allow air flow, perforated membrane-type metamaterials have been shown by Ma et
al. [52] and Langfeld et al. [53]. Furthermore, different space coiling metamaterials have
been proposed [13, 15, 54–57]. Cheng et al. [15] realized 93 % insertion loss by a meta-
grating having a thickness only 0.15 times the wavelength at 500 Hz. Shen et al. [58]
created a full metacage and validated its ventilation properties experimentally.

Furthermore, air permeable acoustic absorbers have been demonstrated [59–62]. Wu et
al. [59, 60] achieved an absorption of 88.9 % by a single layer of metamaterial using the
viscosity of air in thin channels. Lee et al. [61] designed paired Helmholtz resonators with
an absorption of 90 % providing additional degrees of freedom for air flow control. Xiang
et al. [62] demonstrated a metamaterial absorber showing 60 % absorption over a broad
frequency range. Furthermore, metamaterials have been applied to windows allowing for
air-flow [63, 64].

Although the previous work covers a large range of ideas and designs, it does not match
all the requirements for stage machinery noise control: cheap in production, sub-wavelength,
air-permeable, robust etc. However, considering the formidable results of previous inves-
tigations, it looks promising to engineer a metamaterial suitable for stage machinery.

1.1.6 Willis coupling in acoustic metamaterials

To exploit more sophisticated metamaterial properties, as those usually used for noise
control, a different view on the metamaterial is required. Recently, it has been shown that
Willis coupling is a promising concept to improve efficiency of acoustic meta-materials
[70–72]. Willis coupling couples potential and kinetic energy and is an analogy to the well-
known bianisotropy parameter in electromagnetism [73–78]. Willis coupling of acoustic
meta-atoms can be read from the polarizability tensor, whereas, the polarizability de-
scribes the scattering properties of a single meta-atom.

Willis coupling, as well as electromagnetic bianisotropy are only non-zero when the struc-
tures are not symmetric. It has been shown, that the bianisotropy can be tailored in a wide
range for electromagnetic meta-atoms [79]. The range, in which Willis coupling is feasible
or could be engineered is still not investigated. Recently, is has been demonstrated that
Willis coupling has a theoretical maximum bound based on conservation of energy [71].
To reach the maximum bound, meta-atoms can be designed using space coiling struc-
tures involving long meander-shaped channels [15, 71, 80, 81]. However, manufacturing
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of such structures can be very complicated, especially considering reproducibility and
tolerances. Additionally, the scattering efficiency of such meta-atoms is reduced, since
the long and thin channels results in an increase of thermo-viscous losses [10, 82, 83].
Quan et al. [71] demonstrated numerically how Willis coupling magnitude of space coiling
meta-atoms is reduced, when thermo-viscous losses are considered.

Sieck et al. [84] have demonstrated the procedure to derive effective medium properties
from the polarizability including Willis coupling of individual meta-atoms. Furthermore,
Willis coupling was demonstrated in experiments [70, 85, 86], however, it was not tested,
how close the theoretical limit [71] can be approached. Furthermore, no meta-atom de-
signs have been proposed to reduce the thermo-viscous losses. If an easy manufac-
turable and robust geometry being suitable for stage machinery noise control can be
successfully found, further investigations of its properties such as Willis coupling should
be done. It is always desirable to find simple structures, which provides unique properties
necessary to push the progress on metamaterial research.
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1.2 Contribution of this work

This work contributes to the field of noise control and acoustic metamaterials. The follow-
ing research questions are considered:

• What noise limits are appropriate for stage machinery? [1]

• How can the noise limits be fulfilled using acoustic metamaterials? [2]

• How can the efficiency of acoustic metamaterials be increased? [3]

The questions are addressed in the appended papers. The results offer the possibility
to improve the quality of stage machinery and to realize acoustic metamaterials with
properties beyond the state of the art concepts.

Paper [1]. The audience background noise was measured during 12 live performances
in four different venues. The measured data was presented and analyzed with different
methods and the results were discussed from the point of view of reproducibility and
applicability. Furthermore, the likelihood of stage machinery operation was linked with the
probability of the quietest moments during the performance. At the end of the manuscript
standard and sensitive noise limits for stage machinery have been proposed.

Paper [2]. A 2D c-shape meta-grating was designed and validated numerically demon-
strating strong transmission loss. The meta-grating design was extended to a 3D meta-
material capsule, which was validated numerically and experimentally. Furthermore, a
metamaterial capsule was designed, manufactured and verified numerically and exper-
imentally for a rope drive system. An analytical model was created for the 2D meta-
grating based on basic dynamics of a Helmholtz resonator. This model was used to de-
sign multi-layer meta-gratings to fulfill noise requirements for simulated stage machinery
noise spectra.

Paper [3]. The scattering properties of a single c-shape meta-atom were investigated. Its
polarizability tensor including Willis coupling was analyzed. The c-shape meta-atom was
designed to reduce thermo-viscous losses and to be easily manufacturable. Furthermore,
it has been demonstrated how the Willis coupling magnitude can be tailored between zero
and theoretical bound derived from conservation of energy. The Willis coupling properties
of the c-shape have been verified analytically, numerically and experimentally. Due to
increased efficiency of the meta-atom, the Willis coupling magnitudes obtained during
the experiment reach far beyond the state of the art.
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2 Methods

2.1 Audience noise measurement

For derivation of noise limits it is required to capture the background and audience noise
under realistic performance conditions. This was done during 12 live performances in oc-
cupied venues. Following venues have been chosen for the measurements: Semperoper
Dresden (opera), Leipzig Opera (opera), Bayerische Staatsoper (opera), and State Play-
house Dresden (drama theater). All venues fulfill the theater recommendation of NC20
and PNC20 [22, 29, 30, 87]. The measured pieces have been chosen to cover a broad
range of styles and epochs (see the full list in Paper [1]).

The measurement location was in the middle of the first row [35–37, 40, 88] (see Fig. 3(a)).
The measurement equipment was the handheld analyzer type 2270 from Bruel&Kjaer
equipped with the 1/2-inch free-field microphone type 4189 and ZC-0032 preamplifier
[89, 90] (see Fig. 3). The microphone was located 120 cm above the floor during the
measurement [91].

(a) (b)

Figure 3: (a) Measurement location, which is usually defined in tender documents
(adapted from Ref. [7]). (b) Used measurement setup: Handheld analyzer supported
by tripod. Photograph taken in Leipzig Opera.

2.2 Data analysis and noise limit derivation

2.2.1 Minimum 1 s-averaged (min1s) level

The Minimum 1 s-Averaged Level (min1s) method looks for the quietest period of time
with a defined length of 1 s [92]. For the SPL data in discrete time steps the min1s level
can be determined by moving time average with a rectangular window function

Lmin = min

{
10 lg

(
1

n

n∑

i=1

100.1Lj+i

)}
, (1)
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with min{} as minimum operator, Lj+i as band filtered or broad band level at sample j+i,
and n as number of samples in the window. Figure 4 shows an example SPL data with
the identified min1s period.
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Figure 4: A-weighted total level of a short break during the performance. Solid black line
is the level and the gray region indicates the averaging time for obtaining the min1s level.
(adapted from Paper [1])

2.2.2 Gaussian Mixture Model (GMM)

SPL is classified into discrete containers and their relative frequency (here from statistics
point of view, not time-harmonic) is considered. Gaussian Mixture Model (GMM) [93]
transforms the level distribution into a linear combination of normal distributions

ϕk(x) =
1√

2πσ2
k

e
− 1

2

(
x−µk
σk

)2

. (2)

Subsequently, the single normal distribution can be combined to a global distribution by

p(x) =
N∑

k=1

wkϕk(x). (3)

The mean value of the distribution with the lowest SPL defines the background noise.
A similar method was applied for previously conducted background noise studies [20,
32]. The special character of the method applied here is the use of Bayesian Information
Criterion (BIC) [94, 95] for the determination of the optimal number of distributions. Fig-
ure 5 shows an example result for a full length piece, where 6 normal distributions are
identified.
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Figure 5: GMM (solid black line) applied to the measured PDF (solid gray line) of total
level in the ballet piece Don Juan. BIC suggests 6 normal distributions (dotted lines) as
suitable. (adapted from Paper [1])

2.2.3 N%-exceedance level (LN )

The N%-exceedance level states how often a specified level is exceeded over a defined
time period [96, 97]. This type of metric is very common in noise studies of traffic noise,
urban noise, or noise pollution [98–102]. The known quantile N of LN can be directly
used for subsequent probabilistic analyses. For determination of the audience back-
ground noise the quantiles 95 and 99 have been used.

2.2.4 Derivation of the noise limits

To check the stability of the applied metrics the reproducibility has been reviewed by
measuring one piece twice. The metric results from two different measurements taken at
different days have been compared. The complete measurement set-up was dismounted
and mounted again and the audience was completely changed.

The likelihood of stage machinery operation has been estimated based on the prescribed
intermittent duty S3 40% [103] and on the common stage machinery assumptions. Link-
ing the estimated likelihood with the probability of SPL to be below the metric levels lead
to the likelihood of stage machinery imperceptibility. Based on this consideration it was
possible to derive standard and sensitive limits for stage machinery noise in the auditoria.

2.3 Analytical modeling of ideal plane wave transmission through the meta-
grating

The meta-grating consists of c-shape meta-atoms, which can be considered as 2D Helmholtz
resonators. From the dynamics of a Helmholtz resonator (see Paper [3], Supplementary

11



Equation S37) an impedance model for acoustic filters can be derived [104, 105]. This
results in

ZMA (ω) =
2Ad
Aw

(
iωρ0leff + b− i

ω

K

V
Aw

)
, (4)

where Ad is the meta-grating cross section belonging to one meta-atom, Aw is the c-
shape’s aperture cross section, i is the imaginary unit, ω is the angular frequency, ρ0

is the density of air, leff = l + ceffw is the effective aperture length [104], K is the bulk
modulus of air, V is the c-shape’s inner volume, and b is the damping. If the characteristic
impedance Z0 = ρ0c is considered, the impedance of the meta-grating can be written as

ZMG (ω) =

(
1

ZMA (ω)
+

1

Z0

)−1

. (5)

In the case, where multiple layers of the meta-grating are involved, this equation can be
generalized to

ZMG (ω) =

(
N∑

n=1

1

ZMA,n (ω)
+

1

Z0

)−1

, (6)

where N is the total number of layers and n is the layer identifier. Subsequently, the
transmission loss is calculated as

∆Lp (ω) = 20 log10

(
1−

∣∣∣∣
ZMG(ω) − Z0

ZMG(ω) + Z0

∣∣∣∣
)
. (7)

2.4 Design and fabrication of the metamaterial capsules

2.4.1 Prototype of the metamaterial capsule

The c-shape meta-atom with its dimension is shown in Fig. 6(a). For the prototype
capsule following dimensions have been chosen: outer radius a = 19 mm, inner radius
ri = 12 mm and neck width w = 5.5 mm. The prototype capsule has three meta-gratings
each consisting of three meta-atoms. Since the meta-grating can only reflect the wave,
absorbing walls are placed at the sides opposite to each of the meta-gratings. Following
this, the wave is reflected by the meta-grating and afterwards absorbed by the absorbing
walls. The capsule structure and the schematic of the wave redirection to the absorbing
boundary is sketched in Fig. 6(b).

The photograph of the final prototype is shown in Fig. 6(c) and its outer dimensions are
350 mm×310 mm×310 mm. The meta-atoms, the rigid walls and the base are 3D printed
using selective laser sintering from polyamide. The assembly was done with bolted joints,
where silicone was used to seal the gaps. The absorbing boundary was realized by a
40 mm layer of Cellofoam 471/SK [106] attached onto a rigid wall of 10 mm thickness.
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2.4.2 Rope drive capsule

To attenuate a particular noise peak emitted by the gear-box of the rope drive system
(see Fig. 6(d)) a meta-atom with the new dimensions has been designed: outer radius
a = 42.5 mm, inner radius ri = 32.5 mm, neck width w = 10.6 mm, and lattice constant
d = 110 mm. The resulting capsule contains only one meta-grating, which is aligned
perpendicularly to the motor shaft axis. The meta-grating consists of five meta-atoms,
which are additionally separated to avoid vertical modes in the cavity. This results in a
meta-grating with the size 590 mm× 530 mm.

The photograph of the manufactured capsule with gear box and electric motor inside is
shown in Fig. 6(e). The meta-atoms are printed from polyamide by selective laser sinter-
ing. The body of the capsule is made of 2 mm steel sheets, which are mounted together
by bolted joints. All inner walls excluding the meta-grating are covered by Cellofoam
471/SK [106] of a thickness 40 mm to create the absorbing boundary similar to the pro-
totype described above. The gaps between the meta-atoms allows for natural ventilation
of the gear-box and the electrical motor.

(a) (b) (c)

(d) (e)

Figure 6: (a) c-shape meta-atom with dimensions. (b) Capsule concept: the sound wave
is reflected by the meta-grating consisting of meta-atoms towards the absorbing wall.
(c) Photograph of manufactured meta-capsule. (d) Rope drive system with labels. (e)
Photograph of the meta-capsule with electric motor and gear box inside. (adapted from
Paper [2])
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2.5 Numerical modelling of the metamaterial capsule properties

2.5.1 Plane wave transmission through the 2D meta-grating

To determine the transmission of the 2D meta-grating the commercial Finite Element
Method (FEM) code ANSYS Multiphysics [107] was used. Only the normally incident
plane wave was considered. No lossy impedance boundary conditions have been spec-
ified and the thermo-viscous losses have been neglected. The element type was a 20-
node fluid element with a quadratic interpolation function. The element size was 1 mm in
the neck, in the cavity, and close to the outer walls of the meta-atom. The surrounding
domain was meshed with elements of size 3 mm.

2.5.2 Transmission through the capsule prototype

The transmission of the capsule prototype was determined using the in-house 3D Bound-
ary Element Method (BEM) code Akusta [108–110]. The element type was a continuous
element with a quadratic interpolation function. The density and acoustic velocity of air
were set to ρ0 = 1.2 kg · m−3 and c = 343 m · s−1, respectively. As the sound source
the geometry of the commercial loudspeaker Ultimate Ears Boom 2 was modeled and
a uniform normal velocity of 1 m · s−1 was applied. The shape of the loudspeaker is a
chamfered cylinder with a diameter of 65 mm and height of 180 mm. Two scenarios have
been compared to determine the transmission: the bottom plate with the loudspeaker on
it and the loudspeaker inside the capsule. To determine the transmission sound pressure
was compared at the reference point rref = [ -1, 0, 0 ] m. The coordinate axes are shown
in Fig. 6(c) and the origin was at the center of the loudspeaker. Furthermore, the source
radiated power and the farfield radiated power have been calculated using [111, 112]

P =
1

2
<
{∫

Γ
p (x) v∗n (x) dΓ

}
, (8)

where p(x) is sound pressure, v∗n (x) is the complex conjugate of the normal surface
velocity of the fluid and Γ is the fluid-structure interface.

2.5.3 Transmission through the rope drive capsule

The transmission through the rope drive capsule was determined comparing the pressure
in the situation with and without the meta-grating mounting. To obtain the sound pressure
the in-house BEM code Akusta was applied [108–110]. To model the sound source, a
uniform normal surface velocity of vn = 1 m · s−1 was applied over the motor and gear
box surfaces. The density and acoustic velocity of air were set to ρ0 = 1.2 kg · m−3 and
c = 343 m · s−1, respectively. The reference point was located at a distance of 1 m from
the meta-grating and was aligned with the motor shaft axis.
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2.5.4 Cooling performance of the rope drive capsule

The ventilation performance of the rope drive capsule was determined using the com-
mercial 3D Computational Fluid Dynamics (CFD) code ANSYS Fluent [107]. The heating
power was calculated based on the nominal power of the electric motor of 27 kW and the
margin of safety S = 2 prescribed by the DIN 56950-1:2012-05 stage machinery stan-
dard [113]. Application of the efficiency factor of η = 0.94 for the electric motor results in
a heating power of 810 W. Additionally, the gear box has the efficiency factor η = 0.97,
which leads to an additional heating power of 381 W. Modelling a steady state scenario,
the steady state heating power is reduced by 0.4 according to periodic duty S3 40% [103],
which is common for stage machinery drive trains.

Two situations are compared modelling natural convection induced by the heating power:
an airtight capsule and an air-permeable metamaterial capsule. The steady state sce-
nario is considered and the k-ω SST turbulence model [114, 115] was applied, where the
constants have been set as: αinf = 1, α∗inf = 0.52, β∗inf = 0.09, a1 = 0.31, βInner

i = 0.075,
and βOuter

i =0.0828. The temperature in the environment has been set to 20 oC. The heat
transfer coefficient of the acoustic absorber has been set to 0.04 W ·m−1· K−1 according
to the data sheet [106].

The temperature on the surface of the electric model was chosen as the representative
parameter. This temperature was compared with Tab. 7 in Ref. [103].

2.6 Experimental determination of transmission through the metamaterial
capsules

Capsule prototype. To determine the transmission through the capsule prototype two
scenarios have been compared: the bottom plate with the loudspeaker on it and the loud-
speaker inside the capsule. The sound pressure was measured using the Bruel&Kjaer
hand-held analyzer type 2270, equipped with an 1/2-inch free-field microphone type 4189
and a ZC-0032 preamplifier. The background noise have been checked to stay at least
10 dB below the measured SPL values. The microphone was located at the reference
point rref = [ -1, 0, 0 ] m, which is the same as the one used in numerical simulation. The
sound excitation was realized by the commercial loudspeaker Ultimate Ears Boom 2.

Rope drive capsule. To determine the transmission through the rope drive capsule two
scenarios have been compared: capsule with the meta-grating and capsule with an open
side instead of the meta-grating. The sound pressure was measured using the 1/4-inch
free-field PCB microphone combined with the Squadriga Frontend (Head Acoustics). The
background noise have been checked to stay at least 10 dB below the measured SPL
values. The microphone location was 1 m away from the meta-grating and was aligned
with the motor shaft axis. The sound excitation was realized by the operation of the motor
at rotational speed of approximately 1490 min−1.
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2.7 Numerical modeling chain from meshing force fluctuation to Sound
Pressure Level (SPL) in the middle of the first row

This modelling chain was applied on three typical stage machinery types: push chain sys-
tem (see Fig. 7(a)), gear rack system (see Fig. 7(b)), and spiralift system (see Fig. 7(c)).
To determine the gear induced excitation the gear meshing process was modelled using
the commercial FEM code ANSYS Multiphysics [107]. During the meshing process, the
mesh stiffness changes and results in fluctuation of the meshing force [116, 117]. The
dynamic bearing forces were determined during quasi-static non-linear structural anal-
ysis, where the gear mesh was modelled including non-linear contacts. Subsequently,
these forces including time-dependent fluctuations were transfered to frequency domain
with harmonic time dependence.

In the subsequent harmonic FEM analysis, the determined time-harmonic forces were
used to model the excitation. The modal superposition technique with a preceding modal
analysis up to 5000 Hz was used to determine the structural response including the sur-
face velocities up to 2500 Hz. The used material was steel with a Young’s modulus of
ESt = 200 GPa, a Poisson ratio of νSt = 0.3 and a density of ρSt = 7850 kg · m−3. A
representative damping ratio of ξ = 3 × 10−2 was applied in accordance with common
recommendations [118]. The critical vibration modes of the modelled stage machinery
systems are shown in Fig. 7.

(a) (b) (c)

Figure 7: (a) Push chain system showing a vibration mode at 273 Hz. (b) Gear rack
system showing a vibration mode at 545 Hz. (c) Spiralift system showing a local vibration
mode at 282 Hz. (adapted from Paper [2])

The resulting surface velocities are used to calculate the sound power using the Lumped
Parameter Model (LPM) approximation, which is based on the approximation of the
Rayleigh integral [111, 119–121]. The discretized version writes as

PLPM =
1

2
kρc

∑

µ

∑

ν

sin (k |rµ − rν |)
2π |rµ − rν |

< {vµv∗ν}AµAν , (9)

where k is wave number, ρ is medium density, c is speed of sound, r is position vector, v
is normal velocity at the surface, and A is the surface element area.
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The radiated sound power is used in the subsequent geometrical acoustics analysis using
the Acoustics Module of COMSOL Multiphysics [122]. This lead to SPL distribution in the
auditory and, following this, the transfer function between the drive trains (sound source)
and the first row of auditoria (reference point for noise limits). The venue Kraftwerk Mitte
in Dresden (Germany) was chosen as the reference object and the 3D geometry of its
auditory including stage tower was created using Computed-aided Design (CAD) tools
(see the cross-section in Fig. 8). To represent the real reverberation times the absorption
coefficients of the walls and chairs have been updated. Furthermore, the model contains
additional experimentally determined transmission loss, which results from closing the
stage elevator pit when the stage elevator is aligned with the stage [17, 18].

Finally, the determined SPL in the middle of the first row is transferred to octave bands.
This is necessary for comparison of the modelled noise emission with the octave band
noise limits derived from analog measurements in Paper [1].

Figure 8: Sound level distribution in the venue Kraftwerk Mitte (Dresden) calculated by
geometrical acoustics. (adapted from Paper [2])

2.8 Extraction of polarizability tensor of the meta-atom

The scattering properties of a meta-atom can be described by its polarizability tensor.
The polarizability tensor links the properties of the incident wave with monopole and
dipole moments [

M

D

]
= α

[
p̆inc

v̆inc

]
=

[
αpp αpv

αvp αvv

][
p̆inc

v̆inc

]
, (10)

where M is the scalar monopole moment, D is the vector dipole moment, α is the po-
larizability tensor, p̆inc and v̆inc are the incident pressure and the velocity at the center
of the meta-atom [71]. The Willis coupling can be read from the off-diagonal terms αpv
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and αvp, which represents the cross couplings: velocity vector to monopolar moment and
pressure to dipolar vector moment, respectively.

The following extraction method was applied to obtain the polarizability from experiments
and from numerical simulations. For simplicity 2D case is considered only and the re-
duced polarizability relation writes as



M

Dx

Dy


 =



αpp αpvx αpvy

αvpx αvvxx αvvxy

αvpy αvvyx αvvyy






p̆inc

v̆inc
x

v̆inc
y


 . (11)

The cylindrical function expansion is used to define the incident pressure pinc by

pinc =
∞∑

n=−∞
βnJn(kr)einθ (12)

and scattered pressure pscat by

pscat =

∞∑

n=−∞
γnH

(1)
n (kr)einθ, (13)

where βn is incident field coefficient, γn is scattered field coefficient, Jn(kr) is Bessel
function of order n, H(1)

n (kr) is Hankel function of first kind of order n and r and θ are
cylindrical coordinates [10]. Since only monopole and dipole components are considered,
the problem reduces to the terms n = −1, 0, 1. Subsequently, the incident pressure at
the meta-atom center simplifies to

p̆inc = β0 (14)

and the particle velocity to

v̆inc
x,y =

β1 ∓ β−1

2cρ0
. (15)

The scattered field allows to obtain the monopole moment as

M =
−4γ0

ik2c2
(16)

and the dipole moments as

Dx,y =
−4(γ1 ∓ γ−1)

ik3c2
. (17)

Owing to orthogonality of the exponential functions einθ the coefficients βn and γn can be
calculated directly from experimentally or numerically determined pressure pscat(r, θ) as

βn =
1

2πJn(kRinc)

∫ 2π

0
pinc(R

inc, θ)e−inθdθ (18)

and

γn =
1

2πH
(1)
n (kRscat)

∫ 2π

0
pscat(R

scat, θ)e−inθdθ, (19)
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where Rinc and Rscat are the constant radii [10]. The incident pressure and velocity from
Eqs. (14) and (15) is arranged in an incident matrix Υ of the size m× 3

Υ =




p̆inc (θ1) v̆inc
x (θ1) v̆inc

y (θ1)
...

...
...

p̆inc (θm) v̆inc
x (θm) v̆inc

y (θm)


 , (20)

with m ≥ 3. The same procedure is applied on the moments from Eqs. (16) and (17)
creating the moment matrix Ξ

Ξ =




M (θ1) Dx (θ1) Dy (θ1)
...

...
...

M (θm) Dx (θm) Dy (θm)


 . (21)

Finally, the polarizability tensor α is obtained from Υ and Ξ using least squares in matrix
form

α =
(
ΥTΥ

)−1
ΥTΞ. (22)

Since p̆inc and v̆inc, as well as M and D have different units, it is common to use the
normalized polarizability tensor α′, which is defined as



−
√

2M

ikDx

ikDy


 =



−2αpp −

√
2

ρc α
pv
x

−
√

2
ρc α

pv
y

ik
√

2αvpx
ik
ρcα

vv
xx

ik
ρcα

vv
xy

ik
√

2αvpy
ik
ρcα

vv
yx

ik
ρcα

vv
yy




︸ ︷︷ ︸
α′




1√
2
p̆inc

ρcv̆inc
x

ρcv̆inc
y


 , (23)

where the off-diagonal terms are anti-symmetric and therefore α′ = α′T− [71].

2.9 Numerical modelling of the meta-atom scattering

2.9.1 2D Boundary Element Method (BEM)

One way to determine the polarizability of an arbitrarily shaped meta-atom is to find its
scattering properties and to use Eq. (22). The scattering problem was solved using the
in-house 2D BEM code written by the author based on the Refs. [108–110, 123]. The
element type is a continuous element with quadratic interpolations functions [112]. The
discretization is done using the collocation method [123] in combination with an adaptive
integration scheme [110]. After collocation following system of equations is solved for p

Hp = Gvinc, (24)

where H and G are system matrices [110, 123], p is pressure vector at the boundary, and
vinc is incident velocity vector at the boundary. The boundaries were considered as rigid
walls, which explains the missing admittance matrix term in Eq. (24). The used medium
density and speed of sound are ρ0 = 1.2 kg ·m−3 and c = 343 m · s−1.
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2.9.2 2D Finite Element Method (FEM) with thermo-viscous losses

The influence of the thermo-viscous losses on the polarizability tensor were determined
using the commercial 2D FEM code COMSOL Multiphysics (Acoustics Module) [122].
The used element type is a triangular element with quadratic interpolation functions with
the size of approximately 28 elements per wavelength at 2500 Hz. The walls are mod-
elled as acoustically rigid. The air was modelled using the following thermal and vis-
cous coefficients: ρ0 = 1.2043 kg · m−3, c = 343.14 m · s−1, µ = 1.814 × 10−5 Pa · s,
µB = 1.0884 × 10−5 Pa · s, k = 0.025768 W · m−1· K−1, Cp = 1005.4 J · kg−1· K−1,
αp = 0.0034112 K−1, γ = 1.4, and βT = 9.8692× 10−6 Pa−1.

2.10 Waveguide scattering experiment

To obtain the scattered and incident wave properties from an experiment the 2D anechoic
waveguide chamber [10] is used (see Fig. 9(b)). The chamber has a height of 66 mm and
supports a single propagation mode below 2600 Hz. Therefore, the system behaves as
a 2D waveguide in the frequency range of interest. The sound wave was excited by a
speaker and measured by a movable microphone. The microphone was moved between
the measurement points in two axes by stepper motors.

The meta-atom sample was manufactured from stainless steel to realize the condition of
rigid walls for acoustic waves. The maximum surface roughness was 4µm (Rz4). Rubber
sealing was attached to the top and bottom surfaces of the meta-atom to prevent air
leakage from the inner cavity. The measurement radius was Rinc = 40 mm for the incident
field and Rscat = 200 mm for the scattered field. The scattered field was measured at 12
different angles of incidence: 0◦, 30◦, 60◦, 90◦, 120◦, 150◦, 180◦, 210◦, 240◦, 270◦, 300◦,
and 330◦.

(a) (b)

Figure 9: (a) Meta-atom sample made of stainless steel with a = 20 mm, ri = 10 mm,
w = 12 mm and h = 66 mm. (b) Schematic of the waveguide scattering experiment.
(adapted from Paper [3])
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2.11 Analytical modeling of the polarizability of acoustic meta-atoms

2.11.1 Coupling approach

The polarizability of the c-shape meta-atom can be derived analytically introducing the
coupling of two different scattering objects: a rigid cylinder (cyl) and a Helmholtz res-
onator (res)

p̆inc
cyl = p̆inc + p̆scat

res

p̆inc
res = p̆inc + p̆scat

cyl .
. (25)

This approach requires full analytical solution for the scattered field of a cylinder and
of a Helmholtz resonator, in other words it requires their polarizability tensors αcyl and
αres, respectively. When αcyl and αres are known, Eq. (25) is rearranged to obtain the
monopole and dipole moments as




M cyl

Dcyl

M res

Dres




=

[
I −αcylE

−αresE I

]−1 [
αcyluinc

αresuinc

]
(26)

with

uinc =

[
p̆inc

v̆inc
x

]
(27)

and

E =

[
− ik2c2

4 H
(1)
0 (ka) 0

0 − k2c
4aρ0

H
(1)
1 (ka)

]
. (28)

Finally, from the addition of the monopole and dipole moments of the rigid cylinder and
the Helmholtz resonator the polarizability tensor can be obtained

[
M tot

Dtot

]
=

[
M cyl +M res

Dcyl +Dres

]
= αtotuinc. (29)

2.11.2 Polarizability of a rigid cylinder

A rigid cylinder scatters a plane wave according to the expansion

pscat(r, θ) = −p0

∞∑

n=−∞
in

d
d(ka)Jn(ka)

d
d(ka)H

(1)
n (ka)

H(1)
n (kr)ein(θ−θ0) (30)

where Jn(z) is Bessel functions of n-th order, H(1)
n (z) is Hankel function of the second

kind of n-th order, a is cylinder radius, θ0 is angle of incidence, k is wave number, and r
and θ are cylindrical coordinates. Since the meta-atom itself and, therefore, the rigid cylin-
der are small compared to the wavelength only n = −1, 0, 1 terms need to be considered
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and Eq. (30) simplifies to

pscat(r, θ) = −p0

(
−i J

′
−1(ka)

H
(1)′
−1 (ka)

H
(1)
−1 (kr)e−i(θ−θ0)+

+
J ′0(ka)

H
(1)′
0 (ka)

H
(1)
0 (kr)+

+i
J ′1(ka)

H
(1)′
1 (ka)

H
(1)
1 (kr)ei(θ−θ0)

)
(31)

or
pscat(r, θ) = γ−1H

(1)
−1 (kr)e−i(θ−θ0) + γ0H

(1)
0 (kr) + γ1H

(1)
1 (kr)ei(θ−θ0). (32)

Since the scattered field coefficients γ are given, combining Eqs. (11), (16), and (17)
leads to the closed form of the polarizability tensor of a rigid cylinder

αcyl =




4
ik2c2

J1(ka)

H
(1)
1 (ka)

0

0 8ρ0
k3c

J ′1(ka)

H
(1)′
1 (ka)


 . (33)

2.11.3 Polarizability of a Helmholtz resonator

The dynamical behavior of A Helmholtz resonator is described by the differential equation

crad
n

ρ0An
8πc

d3ξn
dt3
− ρ0l

eff
n

d2ξn
dt2
− K

V

∑

m

Amξm = pext
n , (34)

which is converted to an algebraic equation using e−iωt

iω3crad
n

ρ0An
c

ξn + ω2ρ0l
eff
n ξn −

K

V

∑

m

Amξm = pext
n , (35)

where ξn is outward directed particle displacement at aperture n, pext
n is external pressure

at aperture n, ρ0 is medium density, c is speed of sound, An = wn is cross-section of the
aperture, K = c2ρ0 is bulk modulus, V is inner cavity volume, leff

n = l + ceff
n is effective

neck length [104], and crad
n is radiative loss coefficient. Equation (35) can be rearranged

to
Keqξ = pext, (36)

where Keq is the dynamic stiffness matrix. After several steps, which are described in the
Supplementary Information accompanying Paper [3] in detail, the polarizability tensor is
obtained. For a Helmholtz resonator with two apertures it writes as

αres = ρ0

[
A1 A2

x1A1 x2A2

]
K−1

eq

[
1 −iaρ0ω

1 iaρ0ω

]
(37)
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and for one with a single aperture as

αres =

ρ0

[
A1 −iaρ0ωA1

x1A1 −iaρ0ωx1A1

]

iω3crad ρ0A1

πc + ω2ρ0leff
1 − K

V A1

. (38)

Coupling of the polarizability of the Helmholtz resonator with a single aperture with the
rigid cylinder using Eqs. (26)-(29) gives the polarizability of c-shape meta-atom.
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3 Paper Summary

3.1 Paper [1]

“Sound pressure level limits for stage machinery noise in operas and theaters”

Introduction. In the introduction of this paper the noise conditions in auditoria are dis-
cussed. The widespread noise criteria are revisited and their application to stage ma-
chinery is discussed. Recent research particularly on stage machinery noise is reviewed
and compared with noise requirements of tender documents.

Method. The measurement technique and equipment for measurements during live per-
formances in occupied halls are demonstrated. The choice of proper venues to achieve
a quality standard from the acoustics points of view is elaborated. Furthermore, the se-
lected pieces demonstrating a variety in styles and epochs are listed. Three possible
techniques for background noise identification of collected data are proposed: minimum
1s-averaged level, Gaussian mixture model and N% exceedance level. The details about
applicability of these methods are given including their drawbacks and benefits.

Results. The collected data of 12 performances with an overall duration of 22 h is sepa-
rated into opera, ballet and drama performance type. The previously discussed metrics
are applied on each performance and on each piece type separately. The cumulative
density of the noise and the metric results are presented in figures and tables. Addition-
ally, the background noise of unoccupied halls is included in the figures.

Discussion. The reproducibility of the level metrics is analyzed based on comparison of
the two takes of one piece on two different days. The stage machinery imperceptibility
probability is analyzed from the point of view of realistic stage machinery usage rate. Con-
sidering practical implications, background spectra obtained from minimum 1s-averaged
metric and N% exceedance metric are proposed as stage machinery noise limits. The
limiting factors of the proposed approach are discussed.
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3.2 Paper [2]

“Acoustic metamaterial capsule for reduction of stage machinery noise”

Introduction. This paper starts with brief information on typical noise control issues
linked to machinery noise. The concept of acoustic metamaterials is presented and their
promising properties are pointed out. Recent developments particularly in noise con-
trol by air permeable acoustic metamaterials are reviewed. However, there is a lack of
application in industrial noise control projects, where one of the reasons could be the
complexity of the geometry. Therefore, an easily manufacturable c-shape meta-atom is
used in the following to apply a metamaterial noise capsule on stage machinery.

Meta-capsule prototype. In this section a 2D meta-grating with the transmission loss
peak at 1500 Hz is designed. The simple c-shape structure allows to derive an analytical
model and to calculate the transmission based on impedance modeling. Subsequently,
the 2D design is expanded to a full 3D meta-capsule. The transmission properties of
the meta-capsule are determined numerically. Furthermore, the meta-capsule is man-
ufactured using 3D printing techniques and investigated experimentally showing good
agreement with the numerical results. The presence of the acoustic Purcell effect is
demonstrated, where additional broad band attenuation is the result.

Design and experimental validation in application. In the following, a meta-capsule
is designed to reduce the noise caused by the gear-box of the rope drive system. The
transmission loss of the meta-capsule is calculated numerically. A prototype is manufac-
tured and its transmission properties are determined experimentally demonstrating the
existence of the transmission loss peak caused by the meta-grating. The cooling proper-
ties of the meta-capsule are verified by numerical fluid dynamics showing the feasibility
of the design for cooling of the covered electric drive by natural convection only.

Modelling of stage machinery noise. This section presents numerical modelling of the
noise emission of three typical stage machinery drive trains. The numerical modeling
chain includes quasi-static gear mesh, harmonic response of the whole drive assembly,
sound power determination by lumped parameter model, and projection from the ma-
chinery location to the middle of the first row in auditoria by geometrical acoustics. The
comparison of the noise emission reveals several limit violations, which can be tracked
back to distinct noise peaks in the frequency spectra. Multilayer meta-capsules are de-
signed and tailored to block critical peaks, hence the limits violation is resolved in most
cases.

Discussion. The deviations between the results from the BEM simulation and from ex-
periments in the case of the meta-capsule for the rope drive system are discussed. Ad-
ditionally, the meta-grating performance is compared to the sonic crystal approach using
the same c-shape geometry. Although the performance of the sonic crystal can be im-
proved, its thickness being bigger as the wavelength makes it less attractive for the noise
control of machinery. It is noted that the designed meta-grating is only 0.15λ.
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3.3 Paper [3]

“Acoustic meta-atom with experimentally verified maximum Willis coupling”

Introduction. This paper starts with a review of exciting properties of acoustic metama-
terials beyond simple noise control applications. The concept of Willis coupling and its
function in constitutive relation of elastic and acoustic waves is briefly described. The
Willis coupling magnitude has a bound resulting from conservation of energy, however,
this limit was not tested experimentally.

Results.
Meta-atom design. In this section the derivation of the c-shape structure is presented.
This structure is easily manufacturable, avoids thin channels and can reach Willis cou-
pling up-to the theoretical bound.
Experimental verification. The polarizability of the c-shape meta-atom is determined ex-
perimentally by the waveguide scattering experiment. The sample demonstrates strong
Willis coupling achieving 90 % of the theoretical bound.
Polarizability theory. The polarizability theory of the c-shape meta-atom is derived. This
allows to calculate the polarizability tensor from Helmholtz resonator dynamics. Experi-
ment, BEM simulation, and polarizability theory shows great agreement in the Willis cou-
pling magnitude.

Discussion. Numerically calculated Willis coupling results for lossy and lossless scenar-
ios are compared. Furthermore, the performance of the c-shape meta-atom in the lossy
case is compared with another design showing strong Willis coupling. In addition, the
tailoring capabilities of the double aperture meta-atom are demonstrated and discussed.

Methods. The extraction method of polarizability tensor from the experiment and nu-
merical simulation is described. The used numerical modeling techniques and modeling
parameters are reported. The details on waveguide scattering experiment are given.

Paper C is accompanied by Supplementary Notes including the complete derivation of
the analytical model.
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4 Discussion of Results

4.1 Paper [1]

“Sound pressure level limits for stage machinery noise in operas and theaters”

Review of previous research on audience noise demonstrates, that the data on opera
theaters, where stage machinery is usually supposed to act, is sparse [20, 21, 31–34,
92]. Although Ref. [20] contains a single opera venue measurement, it is not sufficient to
draw reasonable conclusions on stage machinery noise limits. Therefore, the presented
audience noise measurements during 12 live performances with occupied auditory are a
significant contribution to the research on audience noise and venue acoustics.

Furthermore, stage machinery noise is underrepresented in the research area of techni-
cal acoustics in general. The proposed stage machinery noise limits reach beyond the
previous studies [35, 38, 39] by providing octave limits in a broad frequency range com-
parable with the state of the art noise criteria [22–28]. Ref. [35] formulates limits in total
levels and is based on subjective evaluation of the noise of stage machinery installations
build before 1998. Subsequently, there are some doubts if these results can still match
the expectations of the modern opera and drama venues.

One of the most important limitations of the presented study is the small number of mea-
surements. It is challenging to get access to the middle of the first row of almost fully
occupied auditoria during day-to-day business of performing venues. Although the con-
sidered performance number is bigger or comparable to the numbers in relevant publi-
cations [20, 21, 34, 92], it is still relatively small from the statistical point of view. It is
desirable to increase this number and to include additional venues and pieces in future
contributions.

An additional aspect, which can be targeted in future work is the perceptual evaluation of
the stage machinery noise in the presence of performance sound or continuous building
noise. Furthermore, the ability of the human brain to separate multiple sound sources
through binaural hearing was not considered in this study and can be investigated to
improve the proposed requirements.
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4.2 Paper [2]

“Acoustic metamaterial capsule for reduction of stage machinery noise”

This paper demonstrates the design, modelling and simulation of acoustic metamaterial
capsules applied on noise control of stage machinery. A lot of work has been done on
acoustic metamaterials, where a broad range of wave manipulating opportunities have
been demonstrated [16, 41–51, 124, 125]. Particularly in the context of noise control of
machinery, three additional aspect besides the transmission loss are of high importance:
economic manufacturing, power train cooling, and required space.

Economic manufactoring. To facilitate economic manufacturing, a meta-grating consist-
ing of simple c-shape meta-atoms has been proposed. This is a significant improvement
comparing to meta-atoms with meander shape structures from the view of manufactura-
bility and of viscous boundary losses [10, 15, 71, 80–83]. The proposed structure can
be fabricated using 3D-printing techniques, milled from a bulk material, or produced by
slicing a pipe profile.

Power train cooling. To enable cooling of the active machinery components it is neces-
sary to allow air flow trough the noise barrier. Acoustic metamaterials linked with air flow
capabilities have been proposed in recent studies [15, 52–64], however, none of them
consider specific characteristics of machinery noise and have been approved in realistic
application environment. The metamaterial capsule proposed here combines reduced
transmission with sufficient air flow for cooling of real power train, which is a novelty com-
pared to the literature. Additionally, the effect of meta-grating could be shown on a real
stage machinery drive train.

Space requirements. To meet the space requirements only a single layer of c-shape
meta-atoms has been used to design the sound barrier with sufficient attenuation per-
formance. The resulting meta-grating thickness is only 0.15 times the wavelength of the
acoustic wave and is therefore comparable with the meander shape geometries of deep
sub-wavelength size [15]. The proposed design shows excellent performance-to-space
ratio in comparison to the sonic crystal approach, which requires much more space [46].

An additional aspect resulting from the simplicity of the structure is the capability of an-
alytical modelling. The response of the meta-atom can be described by the Helmholtz
resonator dynamics and the transmission loss of the meta-grating can be calculated by
the network theory. In the Section Modelling of stage machinery noise an additional novel
aspect is presented: the complex multi-physics model chain. This chain includes nonlin-
ear structural mechanics including large deformation and contacts, time-harmonic struc-
tural dynamics, time-harmonic acoustics (FEM and BEM), lumped parameter modelling
of radiated sound power, impedance modelling of sound transmission, and geometrical
acoustics. This approach allowed to model the sound radiation of the stage machinery
to the point, where it can be compared with real noise requirements. Finally, this demon-
strates a way to engineer a metamaterial sound barrier based on the noise spectra and
noise requirements to make it usable in application.
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The most important limitation of this approach is that the strong transmission loss prop-
erties can be reached only in a narrow band region. To solve this a tailored multi-layer
meta-grating design is proposed and modelled. If the critical peaks of the noise spectra
can be identified or at least predicted, the required meta-grating can be designed using
the impedance model proposed in this manuscript.
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4.3 Paper [3]

“Acoustic meta-atom with experimentally verified maximum Willis coupling”

This paper focuses on a c-shape meta-atom and demonstrates its unique property of
maximum Willis coupling numerically, analytically and experimentally. Willis coupling is a
constitutive relation term, which couples kinetic and potential energy in a medium [73–
75]. Furthermore, it is an acoustic analog to the bianisotropy in electromagnetism, which
can enhance exotic properties of electromagnetic metamaterials [76–79].

Experimental evidence of Willis coupling has been reported [70, 85, 86] and it has been
shown that Willis coupling has a theoretical bound by conservation of energy [71]. How-
ever, none of these studies demonstrates Willis coupling approaching its maximum in an
experiment. A design with meander shape geometry has been numerically demonstrated
to reach the theoretical bound [71], however, due to thin channels its performance is re-
duced particularly in the sub-wavelength range [82, 83]. Due to the reduced boundary
layer losses in the c-shape geometry, the proposed meta-atom can outperform the pre-
vious design in a numerical simulation including thermo-viscous losses. Subsequently,
the c-shape has been shown to reach 90 % of the theoretical bound of Willis coupling in
a waveguide scattering experiment [10]. To this point such values haven’t been demon-
strated and it was unknown, if it is possible to achieve such strong Willis coupling in real
structures including losses, imperfections and manufacturing tolerances.

An additional novel aspect of this work is the analytical modeling of the polarizability ten-
sor including Willis coupling terms. Due to the simplicity of the proposed c-shape meta-
atom the response properties can be derived based on Helmholtz resonator dynamics.
This allows to calculate the polarizability of the meta-atom starting from its geometry with
a single or with multiple apertures. Introducing a second aperture and varying its neck
width was shown to effectively tailor the Willis coupling magnitude from zero to its theoret-
ical maximum. It also should be noted, that the manufacturability of the c-shape structure
facilitates further experimental investigation of Willis coupling in acoustic media.

Recently, a novel numerical approach was developed allowing for the analysis of normal
modes of the acoustic meta-atoms in infinite domain [126–128]. This approach is partic-
ularly interesting when finite arrays of meta-atoms have to be studied [128]. Additionally,
it allows to consider boundary admittance of the meta-atom walls. In the preprint version
[11] of Paper [3] it has been shown, that boundary admittance can change the perfor-
mance of the meta-atoms. Reference [128] demonstrates the potential of the technique
for c-shape geometries in open space. In future work it could be beneficial to further in-
vestigate the properties of c-shape meta-atoms and finite meta-grating using this method.

In an ongoing research the bianisotropy of acoustic media has been used to design low-
frequency acoustic antennas [129] and cloaking devices [130]. Furthermore, Willis cou-
pling has also been demonstrated in moving media [131]. The coupling possibilities of
constitutive relations have been further elaborated and an engineered electro-momentum
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coupling has been proposed [132]. A review paper on non-traditional wave manipulation
including a discussion on Willis coupling was recently published [133].
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5 Conclusion

This work contributes to the field of noise control and acoustic metamaterials. The aim is
to increase the quality of the stage machinery considering noise emission using acoustic
metamaterials and to improve the performance of the acoustic metamaterials.

The state of the art in noise requirements in auditoria has been reviewed and was con-
sidered as not sufficient for stage machinery noise limits. Measurements during live
performances have been conducted and the quietest moments during the performance
have been characterized using different noise metrics. Finally, sound pressure limits for
stage machinery have been derived.

To fulfill the noise limits, an acoustic metamaterial capsule concept using c-shape meta-
atoms was proposed. Two different designs have been manufactured and validated
numerically and experimentally providing promising results. Furthermore, an analytical
model was derived from the single meta-atom as part of the metamaterial. This model
allowed to design multi-layer meta-gratings to tailor the transmission loss spectra to the
simulated emission spectra of three common stage machinery installations. The resulting
sound pressure level in the first row of auditoria fulfills the noise limits stated previously.

For a deeper understanding of the properties of a single c-shape meta-atom its polariz-
ability was investigated analytically, numerically and experimentally. The thermo-viscous
losses are reduced due to the avoidance of long and thin channels and the c-shape
meta-atom demonstrates better scattering efficiency. Subsequently, the Willis coupling
of the c-shape meta-atom was demonstrated to reach 90 % of theoretical bound in an
experiment.

The derived stage machinery noise limits provide a detailed criterion for the optimization
of stage machinery, but also of other stage equipment or HVAC. Such criterion is a tool,
which helps engineers, planers, and theater directors during the project and design pro-
cess of stage machinery installation. The acoustic metamaterial capsule concept gives
an approach how the noise emission spectra of stage machinery can be engineered,
while the cooling by natural convection is still possible. It demonstrates a novel noise
control method for stage machinery, which helps to improve the quality of stage logistics
and, subsequently, of the art performance itself. The c-shape meta-atom is easily man-
ufacturable and can be modelled analytically. As shown in this work, the simple c-shape
demonstrates strong properties, which are useful for noise control and other extraordinary
metamaterial designs. The simplicity of the geometry helps to use acoustic metamateri-
als in industrial applications and increases the general accessibility of metamaterials in
experiments.
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a b s t r a c t

The absence of disturbing background noise is a fundamental minimum requirement for performances in
opera houses and theaters. Although the acoustic design of such venues has reached some maturity and
specifications for maximum allowable background levels can be found in almost every other textbook on
auditorium design, it can be observed that tender documents show a noteworthy variance in published
requirements. Oftentimes, the levels that need to be achieved fall significantly below commonly quoted
reference values. In order to keep the specifications at a reasonable level and to reduce costs for the (pub-
lic) developer and builder it seems reasonable to review long-serving guidelines and determine if they
suffice for today’s performance practice.
This work presents limits for the stage machinery based on measurements conducted during live per-

formances at four well-known performance art spaces in Germany. To ensure inaudibility of the stage
machinery, the limits refer to the quietest performance moments without stage machinery noise, music,
speech, or other noise events. Based on these limits the stage machinery developer receives a guideline,
which helps to design high-quality machinery in terms of noise. Furthermore, these limits help to refine
the noise requirements for stage machinery in tender documents.
� 2019 The Authors. Published by Elsevier Ltd. This is an openaccess article under the CCBY license (http://

creativecommons.org/licenses/by/4.0/).

1. Introduction

Administrations of opera houses and theaters strive to impress
their audiences with great performances using lights, sounds,
drama, and much more. To be able to enjoy the performance, the
attendees should be exposed as little as possible to disturbances
like blocked sight lines, uncomfortable chairs, blinding light, or
noise. Depending on the origin of the disturbance, finding a solu-
tion to fix the problem can be challenging at times. Especially
the noise produced by the machines or spotlights can be very
annoying and difficult to resolve.

Occasionally, the only possible solutions are replacing the dis-
turbing equipment with quieter products or avoiding the scenic
use of noisy hardware in the first place. This may not always be
possible, especially for bigger machines like turntable stages, stage
wagons and stage elevators [1,2], especially if those are essential
for providing important scenic movements. For this reason, noise
should be considered in the design process of stage equipment.

Such a development process presupposes appropriate noise
requirements.

In the following, different existing requirements and standards
for noise in auditoria are discussed, especially concerning applica-
bility to stage machinery. Also the available sources to machinery
noise, particularly stage elevators, are analyzed. This is done to
answer the question:

� Which noise limits should be applied to stage machinery?

1.1. Noise in auditoria

The requirements for technical background noise in auditoria
are commonly mapped by the Noise Criterion (NC) [3,4], Preffered
Noise Criterion (PNC) [5], Noise Rating (NR) [6], Balanced Noise Cri-
terion (NCB) [7,8], or Room Criterion (RC) curves [9]. For opera
houses and drama theaters similar limits of NC20 have been rec-
ommended by Beranek [3], Barron [10], or Gade/Rossing (ed.)
[11], but sometimes NC15 or PNC15 is used separately for contin-
uous building services noise. This corresponds to a sound level of
about 20 dB(A). These limits are primarily aimed at steady-state
technical noise, but not at non-steady-state stage machinery noise.
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Stage machinery usually provides very short operating durations
and interacts with the audience noise. Therefore, the audience
noise has to be considered for stage machinery noise requirements.

One of the first mentions of the audience noise levels in live
concert halls reveals a minimum level of 33 dB(A) [12]. Later mea-
surements e.g. in Sýnderborg Alsion hall similarly indicate 32 dB
(A) (L90 of audience noise distribution, sum over octaves [13]),
however Malmý concert hall, Odense Carl Nielsen hall, and Copen-
hagen Queen’s hall show lower levels [13,14]. Moreover, this study
points out the correlation between audience noise and background
noise [13]. Though concert halls are regularly equipped with stage
machinery, in the vast majority its scenic use during the perfor-
mance is neither intended nor possible. This is different in operas
and theaters, where the machinery movement can be part of the
performance.

Unfortunately, data of audience noise measured in opera houses
or theaters is sparse. One of the few investigations besides that in
Copenhagen Opera house [13,14] was conducted in the Gothen-
burg Town Theater [15]. During a series of theatrical live perfor-
mances with 600 visitors on average a level of 35.5 dB(A) was
measured. To provide better insights, it makes sense to collect
additional measurement data with broader spectral range and
more performance art spaces included.

1.2. Stage machinery noise

In case of stage machinery, noise optimization is motivated by
levels that are imposed by tender documents or literature. The lim-
its required by a wide selection of tenders between 2005 and 2014
shown in Fig. 1 give an overview of the current market situation.
The data contains requirements (triangles and circles) between
25 dB(A) and 50 dB(A), measured in the first row of auditoria.
The linear regression over time (dashed gray line) shows a decreas-
ing trend. Such a trend demonstrates an increased demand for
quiet stage machinery. It seems therefore reasonable to expect
strict noise limits such as < 35 dB(A) rather than lenient limits
(see Fig. 1, points 5 and 13) in future tenders. The presented data
shows a large range of levels and cannot be used to derive a general
limit. This constrains the limit derivation to the available literature.

The requirements valid specially for stage machinery noise in
theaters and operas are not represented in the international liter-
ature. Nevertheless, to get an overview national literature can be
used. One of the few available publications proposes the following
limits: drama theater, 35 dB(A) for lower machinery and 45 dB(A)
for upper machinery; musical theater, 40 dB(A) for lower machin-
ery and 45 dB(A) for upper machinery [17]. Comparing the out-
comes of this study with the tender documents in Fig. 1 shows
that 34% of the tenders underestimate the proposed limits, only
9% match it exactly and a majority of 57% overestimate it. Even
though 9% of the shown tender values match the proposed level
in the literature exactly, there is no general consensus between
tender and literature.

The limits from tenders and literature feature an additional
aspect requiring clarification, namely its technical feasibility. In
an experiment Schirmer and Ulrich [18,19] compared the levels
generated by 8 different power train systems of stage elevators
moving at 0.3 m/s, measured in the first row of auditoria. Their
recorded levels range from 35 dB(A) for an electric motor with
ropes to 71 dB(A) for an electric motor with screw jack. Values in
between cover 37 dB(A) and 40 dB(A) for two systems with
hydraulic motor and ropes, 40 dB(A) for two systems with hydrau-
lic cylinder and ropes, and 40 dB(A) and 47 dB(A) for two systems
with electric motor and gear racks. In light of the understage
machinery limits proposed by Tennhardt [17], there is only one
power train that barely accomplishes the published drama theater
limit of 35 dB(A). Half of the tested systems meet the suggested

musical theater limit of 40 dB(A). It should be mentioned that
the informative value of measurements from 2002 may have chan-
ged due to improved gear and electric motor technology. At pre-
sent, appropriate boundary conditions inside the building and
sufficient design effort can lead to extraordinarily quiet stage ele-
vator installations, such as in Operaen Copenhagen with 27 dB
(A)–30 dB(A) during one operation cycle [20]. However, there is
no further evidence known in literature for the technical feasibility
of stage elevators generating noise levels under 30 dB(A) during a
whole operation cycle.

Finally, the topic of stage machinery noise needs to be discussed
from an economic and artistic point of view. It must be clear to all
involved parties that a continuous reduction in the permissible
noise levels (in tender documents) leads to a (presumably expo-
nential) increase in costs for the customer. It is certainly difficult
or impossible to determine the price of artistic freedom, but never-
theless it is desirable to have a perspective that can be quantified.
In terms of machinery noise limits, this can be achieved by collect-
ing data that shows how often a given SPL occurs during a perfor-
mance without machinery noise. Setting the limits for machinery
noise at an appropriately low SPL will ensure that the any machin-
ery noise will be masked by naturally occurring background noise.

All this stresses the need for more detailed data, which can be
obtained only by conducting new measurements. Measurements
of the noise during a performance can reveal an answer to the
refined research objective:

� Which spectral noise limits should be applied to stage machin-
ery in operas and theaters?

Fig. 1. Sound level requirements at first auditorium row from tender documents
between 2005 and 2014 [16], separated by limits for upper machinery (light-blue
triangles), lower machinery (flipped brown triangles) and one limit for both
machinery types (blue circles). Gray dashed regression line shows a decreasing
trend. Error bars illustrate the standard deviation with respect to the regression
line. 2005: Großes Haus Gera (1) upper and (2) lower machinery (unspecified);
2006: (3) National Opera and Ballet of Belarus (unspecified); 2007: House of
Musical Arts Muscat (4) upper and (5) lower machinery (unspecified); 2008:
Mariinsky Theater St. Petersburg (6) upper and (7) lower machinery (unspecified);
2009: (8) Das Meininger Theater upper machinery (LAeq), (9) Kammerspiele
Paderborn (unspecified); 2010: (10) Classical Theatre of Opera and Ballet Astana
upper machinery (LAeq), (11) Schauspiel Frankfurt upper machinery (LAeq), Musik-
theater Linz (12) upper and (13) lower machinery (unspecified); 2011: (14) Berlin
State Opera lower machinery (unspecified); (15) Yanka Kupala National Academic
Theatre Minsk (unspecified); (16) Berlin State Opera upper machinery (unspeci-
fied); 2012: (17) Grande Auditório Gulbekian (unspecified); Artpalace ’Neftjanik’
Surgut (18) upper and (19) lower machinery (unspecified); 2013: Saarländisches
Staatstheater (20) upper and (21) lower machinery (unspecified); 2014: (22)
Deutsche Oper Berlin (LAeq), (23) Bühnen der Stadt Köln (LAeq).
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This study reports on acoustic measurements during live per-
formances in 4 venues (opera houses and theater). The collected
data extends previous knowledge of the spectral composition and
the likelihood of occurrence of a given Sound Pressure Level
(SPL) during opera, ballet and theatrical performances. Different
evaluation methods are discussed which allow a differentiated
approach to limits for background noise that goes beyond
single-value parameters currently available in the literature. The
determined background noise limits for stage machinery are inde-
pendent of the particular stage machinery at the venues that were
part of this study, since the stage machinery was inactive during
the periods that were investigated. The discussion addresses
aspects that are unique to noise from stage machinery that is
transient in nature and consists of short term events.

2. Method

2.1. Measurements

With the goal to collect performance noise data including spec-
tral content acoustical measurements were conducted under real-
istic conditions and under normal operation. The noise was
measured directly during live performances from the receiver per-
spective. The measurement position was in the middle of the first
row of audience seating [21]. This is a typical measurement posi-
tion used for quality acceptance tests during the handover phase
of newly built or renovated performance art spaces. This is in line
with current tender documents [21] and previous investigations
[17–20] discussing stage machinery noise. Compared to other pos-
sible listener positions this is the most critical one due to the short-
est distance to the noise source. The placement of the microphone
was 120 cm above the floor according to ISO 3382-1 [22].

To cover the complete audible frequency range, the SPL was
measured over the frequency range from 12.5 Hz to 20 kHz. To
capture low SPL accurately a microphone with an intrinsic noise
of less than 20 dB was chosen. To be able to catch the short breaks
during the music or actor speech, the data was recorded in 100 ms
intervals.

2.1.1. Equipment
The handheld analyzer type 2270 from Bruel&Kjaer was used

for measurements. The specifications for the 1/2-inch free-field
microphone type 4189 with ZC-0032 preamplifier are given in
the Bruel&Kjaer product manuals [23,24]. The microphone was cal-
ibrated with the Bruel&Kjaer pistonphone type 4228 before and
after every measurement.

2.1.2. Measurement venues
The measurements were conducted during 12 performances at

4 different venues. In the case of day-to-day business of the venues
it is challenging to get permission to measure live opera perfor-
mances at the required measurement position. This leads to signif-
icant limitations concerning sample size. In this study, the sample
size is comparable to well-known studies on audience noise
[15,13,14,25].

The venues were selected to obtain a variety in program at a
quality standard that is ’setting the tone’ on an international scale
[26] and are shown in Table 1. Since opera is the performance type,
where it is more common to expect occasional stage machinery
operation, the choice of venues and pieces is focused on it. Addi-
tionally, a drama theater was included, which is a middle-sized
typical theater house that reflects the wide-spread state of technol-
ogy and artistic performance practice.

In addition to the performance measurements, stationary back-
ground noise measurements were conducted at the surveyed

venues. These were done over at least 60 s for each venue during
full operation of potential noise sources such as Ventilation and
Air Conditioning (HVAC). All included venues fulfill NC20 and
PNC20, which is appropriate for opera houses and drama theaters
[3,10,11]. The sprectrum of the background noise (solid blue line)
is illustrated in Fig. 4a for venue (a), Fig. 4d for (b), Fig. 4e for (c),
and Fig. 9a for (d). Furthermore, the reverberation times in venues
(a), (b), and (d) were determined and are shown in Table 2. During
this measurement, the receiver position was in the middle of the
first row 120 cm above the floor. The position of the impulse source
was on the right side in front of the stage, approx. 160 cm above
the floor and approx. 10 m away from the receiver position. For
venue (c), Table 2 shows the reverberation times available in the
literature [28,27]. The reverberation time characterizes the diffuse
field, which has an impact on the measured SPL in a hall. Since the
considerations are focused on operas and theaters, it is necessary
to consider venues with appropriate reverberation time. Venues
(b) with 1.4 s, (c) with 1.7 s, and (d) with 1.3 s at 1 kHz lie in the
typical range for operas and theater houses [10]. Venue (a) demon-
strates a relatively long reverberation time (2 s at 1 kHz), which is
confirmed by the data published in literature [26]. According to
Barron [10], such long reverberation time design is a current trend
in new European opera houses. According to this fact, the venue
choice represents state of the art in terms of background noise
and reverberation time.

To cover the typical range of genres, 12 different performances
were chosen for the measurement. The pieces selected at Semper-
oper Dresden were 3 operas and 2 ballets. Different epochs were
included in the chosen operas, namely Doktor Faust (1925) by F.
Busoni, La clemenza di Tito (1791) by W. A. Mozart, and Les Contes
d’Hoffmann (1881) by J. Offenbach. The chosen ballets were both
from the same epoch but from different genres. Manon (1974) is
a classical ballet by K. MacMillan and J. Massenet and Forgotten
Land (1981) is a modern ballet by G. Balanchine, J. Kylián, and W.
Forsythe. At Leipzig Opera an opera and a ballet piece were
selected: Die Frau ohne Schatten (The Woman without a Shadow)
(1919) by R. Strauss and a neoclassical ballet Don Juan (1998) by
T. Malandain. It was possible to measure one piece at Bayerische
Staatsoper twice: Un Ballo in Maschera (1857) by G. Verdi. This
allows assessing the consistency of the findings. The repeated mea-
surements were done under reproducibility conditions [B.2.16]
[JCGM 100:2008] with the changed condition of ’time’ and
’condition of use’ as the two performances were recorded on two

Table 1
Places for measurements including the type, the year of last significant renovation or
refurbishment, and the number of seats.

Venue Type Renovation Seats

(a) Semperoper Dresden Opera 1985 1270
(b) Leipzig Opera Opera 2007 1267
(c) Bayerische Staatsoper Opera 1963 2101
(d) State Playhouse Dresden Theater 1990 785

Table 2
Reverberation times measured in venues (a), (b), and (d) (see Table 1) in octaves.
Determined in the middle of the first row in the unoccupied condition and with iron
curtain closed. Reverberation times of venue (c) were taken from literature [27,28].

Octave (a) (b) (c) (d)
Hz s s s s

250 - 1.74 1.7 1.59
500 2.02 1.50 1.7 1.45
1 k 1.95 1.42 1.7 1.33
2 k 1.85 1.29 1.6 1.27
4 k 1.52 1.06 1.2 1.17
8 k 1.13 0.77 – 0.88
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different days with the entire equipment set up and dismantled for
the two measurements. The relatively new piece Alice’s Adventures
in Wonderland (2011) by C. Wheeldon, J. Talbot, and N. Wright was
selected as the ballet performance in that auditorium. The pieces
measured in State Playhouse Dresden were Jeder stirbt für sich
allein (Alone in Berlin) by H. Fallada and E. Petschinka and Amphit-
ryon by H. von Kleist. Through the wide range of pieces covering
different cultural epochs in style, it is ensured that the analysis
remains valid for a large range of conditions.

2.2. Data analysis

For data acquisition and export, the Bruel&Kjaer-Software
BZ5503 was used. The A-weighted total equivalent level LAeq and
the unweighted Leq in 1/3 octave bands (12.5 Hz–20 kHz) in
100 ms-steps was taken during the entire performance. Here, Leq
is the true equivalent level without time weighting applied. To
ensure that only the actual performance time is subject of the anal-
ysis, the data was cleaned from applause and intermissions
afterwards.

The audience behavior during opera, ballet and theater perfor-
mance is different from each other (e.g. aria applause in opera).
Furthermore, the performance sound pattern is dependent on the
performance type, for example short intermissions for entering
and leaving dancers typically present in a ballet performance.
These differences have a significant influence on the generated
noise. To reflect this aspect the data is processed separately for
opera, ballet, and drama.

In order to illuminate the collected data from different angles,
different data analysis methods are discussed: Minimum 1s-
Averaged Level (min1s) level, Gaussian Mixture Model (GMM),
and N% exceedance level.

2.2.1. Minimum 1 s-Averaged Level (min1s)
The most straightforward way to look for the background noise

level over the measurement duration is to use the quietest period
of time as was done by Newton & James [25]. An adequate time
interval is 1 s, which is based on the subjective duration evaluation
of a 1 kHz tone of 60 dB SPL as proposed by Fastl/Zwicker [29, pp.
265-269]. Whereas the data is in 100 ms-steps, the evaluation can
make use of this time discretization by moving time average with a
rectangular window function of length 1 s in the form

Lmin ¼ min 10 lg
1
n

Xn
i¼1

100:1Ljþi

 !( )
; ð1Þ

with minfg as minimum operator, Ljþi as band filtered or broad
band level at sample jþ i, and n ¼ 10 as number of samples in the
window. As a result, this procedure yields the min1s level with a
better time discretization in 100 ms-steps. A data cut-out is shown
in Fig. 2: the black line is the measured total level and the gray
region indicates the averaging time.

The charm of a relatively simple parameter is counterbalanced
by the potential to overestimate noise requirements. Levels identi-
fied using the min1s algorithm occur only once during a perfor-
mance and are by definition relatively rare. Thus, this metric
allows quantifying the moments of dramatic silence, where the
audience may collectively hold their breath. Adopting min1s levels
as noise requirements for stage machinery may be understood as
aiming for the highest possible target, namely ensuring that noise
from stage machinery will not be heard during a performance at
all. From an engineering point of view additional information that
helps interpreting sound levels as they occur during a performance
would be desirable. In particular, a SPL likelihood of occurrence
during a performance would enable better assessment of the rea-
sonableness of sound levels for limit derivation.

2.2.2. Gaussian Mixture Model (GMM)
To consider the occurrence probability and to allow more in-

depth level analysis a statistical perspective can be useful. GMM
[30] is an established method in noise studies. The effectiveness
of it was demonstrated in several audience and background noise
investigations [13,31]. GMM splits a global Probability Density
Function (PDF) into multiple normal distributions. This decomposi-
tion can be applied on the SPL distribution during the performance
(Fig. 3, gray line), whether in 1/3 octaves or as total level. After-
wards every single normal distribution can be considered sepa-
rately. This allows to remove unwanted noise sources from the
PDF or to focus on noise sources of interest.

The GMM represents a linear combination of normal
distributions

pðxÞ ¼
XN
k¼1

wkukðxÞ ð2Þ

Fig. 2. A-weighted total level of a short break during the performance. Solid black
line is the level and the gray region indicates the averaging time for obtaining the
min1s level.

Fig. 3. GMM (solid black line) applied to the measured PDF (solid gray line) of total
level in the ballet piece Don Juan. BIC suggests 6 normal distributions (dotted lines)
as suitable.
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with number of normal distributions N in the form

ukðxÞ ¼
1ffiffiffiffiffiffiffiffiffiffiffiffi
2pr2

k

q e
�1
2

x�lk
rk

� �2

: ð3Þ

Considering the separated normal distributions, the GMM noise
limit is defined by the mean value of the minimum distribution
(Fig. 3 left gaussian). This presumes that the background noise is
normally distributed and the contribution is sufficient to be
detected with GMM. The example histogram in Fig. 3 clearly
reveals three peaks. However, a suitable approximation requires
a higher distribution number [13,31]. To determine the optimal
number Bayesian Information Criterion (BIC) [32,33] is used.
Applied on the example in Fig. 3, BIC suggests 6 normal distribu-
tions. It is necessary to use an appropriate number of normal dis-
tributions to obtain the minimum distribution and subsequently
the limit value correctly. In the cases where the smallest cluster
of levels is not fitted well enough, there is a danger to underesti-
mate the noise requirements [34].

2.2.3. N% exceedance level (LN)
As an alternative to GMM a probabilistic method called N%

exceedance level (LN) [35,36] can be applied. It directly delivers
information about how often a distinct level is exeeded over the
measurement time. This type of level-quantile is usually used in
traffic noise investigations [37–39] and can also be the basis for
more sophisticated models [40,41] or linked with GMM [13].

Based on the intended probability the LN noise limit is defined
by the exceedance level value. It combines the robustness of the
min1s level combined with a probabilistic approach. The benefit
of the LN method is the known quantile N, which represents how
often the LN level is exceeded. Due to the very definition of level-
quantile a probability of having fallen below a distinct level limit
is automatically obtained. Despite this advantage, for higher occur-
rence probabilities there is an increasing risk of including perfor-
mance sounds in the results. This risk can be minimized by
adequate choice of the percentile. Accordingly, the percentiles 95
and 99 well represent the important probability range and emerge
reasonable for limit derivation.

3. Results

3.1. Opera

The results for individual opera pieces can be found in Fig. 4.
Merged to one data set all opera pieces result in 12.3 h of evaluated
opera performance. Data analysis in 1/3 octave bands and in octave
bands is shown in Fig. 5. The colored background reveals the
cumulative density of the measured data. The black lines denote
the LN levels, the red line illustrates the min1s level, and the cyan
line refers to the mean values from GMM. The background level is
represented by the blue line. For individual results the background
level is shown for the venue where the piece was measured. For
merged results only the maximum value of venues considered in
that unique case is illustrated. The quantitative summary of the
results is listed in Table 3.

3.2. Ballet

The ballet data (5.8 h) is shown in the same way as the data
from operas. For individual pieces see Fig. 7 and for the merged
ballet data see Fig. 6 and Table 4.

3.3. Drama

Figs. 8 and 9 and Table 5 show the same results for theatrical
performances based on 4.1 h of recorded material.

4. Discussion

4.1. Reproducibility of level metrics

The suitability of the different level metrics can be evaluated
based on the reproducibility and on the reasonableness of the
results. The reproducibility of the results can be assessed by com-
paring the two takes of Un Ballo in Maschera in Fig. 10. The best
reproducibility is achieved by the exceedance levels (see Fig. 10
solid green and magenta lines), where only a small difference with
a maximum of 1.4 dB at 31.5 Hz is present. Lmin1s shows the highest
difference of 3 dB at 16 Hz (see Fig. 10 red solid line), which is out-
side the frequency range important for room acoustics. Above
160 Hz this method shows deviations of less than 1 dB and, hence,
may be recognized as a reasonable method to determine SPL limits.
The poorest results are generated by the GMM method (see Fig. 10
cyan solid line) with relatively large differences of up to 10 dB at
1 kHz and of 5 dB at 400 Hz.

One possible explanation for this is that in some cases the sta-
tionary background noise is not identified by the GMMmethod as a
separate distribution. This situation can arise when the (cumula-
tive) probability of stationary background noise to occur is rela-
tively low and in the same order of magnitude as the fitting
residual of the GMM method. With the background noise usually
being the distribution with the lowest levels the difference
between detecting and not detecting this distribution can be quite
significant level-wise. Such problems were not encountered in
similar studies [13,31] that also used GMM strategies. This can
be traced back to differences in determining the fitting residual.
While Jeong et al. [13] used a predetermined number of distribu-
tions combined with weighting factors to increase the impact of
low level contributions the present study determines the number
of synthesizing distributions a posteriori based on the BIC.

4.2. Types of performances

All analyzed performance types have in common a global
decrease in levels towards higher frequencies. This can be observed
in Figs. 5, 6, and 8 for opera, ballet, and drama performances alike.
Differences become evident when it is distinguished between per-
formance types and parameter metrics. In drama performances the
different level metrics yield very similar results. This is rather evi-
dent in Fig. 8b showing an almost strictly monotonic decrease in
levels between 16 Hz (� 50 dB) and 16 kHz (� 17 dB). In contrast,
the levels determined during opera or ballet performances are
shown in Figs. 5b and 6b. These illustrate a larger spread in levels
at mid frequencies for the different metrics. Also, for some param-
eters the generally decreasing trend is interrupted between 125 Hz
and 4 kHz by a local maximum at mid frequencies (e.g. see Fig. 5b,
GMM level of 57 dB at 500 Hz for opera performances).

As this increase in level matches the frequency range associated
with music (55 Hz–4 kHz [11]), the elevated levels are likely
caused by the performance music during the recordings. The exact
comparison of the different level metrics in opera and ballet per-
formances shows that the different parameters provide a different
resilience against detecting performance sounds. In Figs. 5b and 6b,
LGMM and L95 yield relatively high levels compared to Lmin1s and L99.
The latter two parameters show relatively similar results for ballet
performances over the entire frequency range, but also for opera
performances over a wide frequency range.
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In the case of opera andballet results, it is observed that the back-
ground noise at frequency bands below 160 Hz is sometimes higher
than the min1s and L99 results, see Figs. 5 and 6. Since the back-
ground level (blue solid line) is the maximum of all considered
venues for each performance type, it can slightly exceed the levels
obtained by the noise metrics. Also the individual results can
demonstrate such a behavior, see for example Fig. 4e or Fig. 7c. This
is mainly attributed to higher likelihood of measuring extreme low
level due tomuch longermeasurement timeduring theperformance
compared to the relatively short background noise measurement.

4.3. Stage machinery imperceptibility probability

The experimentally determined relationship between SPL and
the probability of exceedance N does not yet provide a direct foun-
dation to predict the likelihood of hearing stage machinery as it is
not operated continuously during the entire performance. In fact,
stage machinery is audible during a performance precisely when
the two events ’SPL falls below LN ’ and ’stage machinery operates’
occur simultaneously. This relationship can be represented mathe-
matically by

Fig. 4. Opera individual measurements and analysis results. (a) Dr. Faust, (b) Titus, (c) Les Contes d’Hoffmann, (d) The Woman without a Shadow, (e) Un Ballo in Maschera – take
1, (f) Un Ballo in Maschera – take 2.
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Pimp ¼ 1� PSM � ð1� NÞ: ð4Þ

The imperceptibility probability Pimp during a performance is a
function of the percentile of the exceedance level N and the proba-
bility of stage machinery operation PSM.

Technically, to prevent overheating, the operation of machinery
is limited by the intermittent periodic duty S3 to 40% [42]. A prob-
ability of PSM ¼ 40% may seem to overestimate the actual usage of

stage machinery by far, given wide-spread rules of thumb suggest-
ing a maximum use of five complete up and down cycles during a
performance. Based on an average performance duration of
111 min and five 6 m strokes of 0.3 m/s (200 s in total) this leads
to an adequate and realistic operation probability of PSM � 3%.
For the arbitrary choice of having stage machinery with noise char-
acteristics that fall below the levels defined by N ¼ 99%, Eq. (4)
yields an imperceptibility probability of Pimp � 99:97%.

Fig. 5. Opera measurement and analysis results. (a) in 1/3 octave bands, (b) in octave bands.

Table 3
Merged opera results: min1s levels, GMM minimum mean values and LN levels.

Octave min1s GMM L95 L99
Hz dB dB dB dB

16 45.5 51.4 48.7 46.0
31.5 42.9 50.2 46.1 43.6
63 37.3 50.2 42.4 39.1
125 36.5 44.5 41.3 38.4
250 35.0 49.5 43.9 38.6
500 31.7 57.4 48.6 38.9
1 k 27.1 54.0 43.4 35.7
2 k 23.0 42.8 37.5 30.8
4 k 18.0 36.1 29.8 24.6
8 k 15.1 25.2 20.0 17.8
16 k 13.4 18.5 15.8 14.6
Total (A) 34.8 58.1 52.1 42.9

Fig. 6. Ballet measurement and analysis results. (a) in 1/3 octave bands, (b) in octave bands.

Table 4
Merged ballet results: min1s levels, GMM minimum mean values and LN levels.

Octave min1s GMM L95 L99
Hz dB dB dB dB

16 45.1 51.4 49.6 46.7
31.5 45.3 53.4 48.4 45.8
63 40.0 50.1 45.8 42.7
125 35.5 50.7 41.9 38.2
250 32.9 54.6 47.9 38.4
500 31.2 46.8 48.0 36.6
1 k 28.1 42.5 44.0 32.5
2 k 24.9 40.7 38.3 29.1
4 k 18.6 35.5 28.9 22.9
8 k 14.2 23.4 19.6 16.6
16 k 12.8 21.7 16.1 13.7
Total (A) 33.7 48.5 52.2 40.0
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Obviously this assumes that the events ‘SPL falls below LN ’ and
‘stage machinery operates’ are uncorrelated to each other. In situ-
ations where machinery operation is purposely aimed at silent
moments the presented concept is not applicable. The risk of LN
being influenced by operating stage machinery cannot be excluded
beyond the smallest doubt since there is no data available showing
the noise characteristics of the moving stage elevators in the other-
wise silent halls. As long as the assumption holds that both events
discussed earlier are uncorrelated, it can be maintained that the
noise of the stage machinery probably does not affect the excee-
dance levels. The semantic analysis of the min1s events provides
some support for the assumption that the stage machinery was
not operated in the quietest moments deliberately.

4.4. Spectral content

Compared to the levels of individual performances or different
pieces in Figs. 4, 7, and 9 the merged data of all pieces (see Figs. 5,
6, and 8) of the same genre shows a much more homogeneous
trend over frequency which is due to the longer measurement
time. A similar smoothing effect should be expected when compar-
ing the octave band levels in Figs. 5b, 6b, and 8b to the same levels
determined for 1/3 octave bands. On closer inspection, however, a
second effect can be seen. The determined levels at an octave band
resolution are higher compared to what would have been expected
based on simple level addition of contributing 1/3 octave levels.
This discrepancy can be attributed to the fact that the level minima
in the octave bands do not coincide in time with the minima of the
1/3 octave bands.

In the stage machinery industry it is common to consider noise
requirements in single-number values (see Section 1.2), but this
approach ignores the spectral composition of the noise. Consider-
ing Figs. 5b, 6b, and 8b, the distribution of the performance noise
is dependent on frequency. Limit definition without considering
this dependency can be a problem especially in the case of
narrow-band noise typically generated by machines. The 1/3
octave bands provide best details about the frequency distribution
of noise, but the number of values can be inconvenient for practical
use. The consideration in octave bands as an established practical
approach for noise criteria [3,4,7–9] reduces the data compared
to 1/3 octave while still revealing sufficient information. Therefore,
octave bands (see Tables 3–5) are best suited to define the noise
limits.

The last aspect to discuss regarding spectral content is the suit-
ability of the limits for noise sources with known characteristics,
i.e. featuring tonality or impulsive impact noise during operation.
The audibility of tonal components in noise spectra depends a lot
on spectral masking. As masking can only be discussed in critical
bandwidths (i.e. 1/3 octave bands for mid and high frequencies)
octave band noise limits are not sufficient. From a practical point
of view a limit penalty of up to 5 dB to the octave band limits
may seem appropriate. The scientific sustainability of such rules
of thumb should be subject to future investigations.

4.5. Comparison to tender documents

The determined total levels can be compared with the total
levels published in tender documents. Fig. 11 shows the histogram

Fig. 7. Ballet individual measurements and analysis results. (a) Manon, (b) Forgotten Land, (c) Don Juan, (d) Alice’s Adventures in Wonderland.
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of required levels from tenders [16] on the left and the measured
levels of this study on the right. The total levels during drama per-
formances (black circles) show the smallest scatter. The mean
value of limits required in tenders somewhat corresponds to the
levels that were measured in drama performances. For opera
performances the comparison is less clear. While the very stringent
min1s level also fits to the average of the tender requirements
fairly well, a small change in the evaluation basis leads to a situa-
tion where the tender limits well exceed the determined L99 level.

4.6. Practical implications

Based on the discussion of the imperceptibility probabilities,
it seems reasonable to distinguish between two scenarios.

Fig. 8. Drama measurement and analysis results. (a) in 1/3 octave bands, (b) in octave bands.

Table 5
Merged drama results: min1s levels, GMM minimum mean values and LN levels.

1/3 octave min1s GMM L95 L99
Hz dB dB dB dB

16 47.5 50.4 49.1 46.6
31.5 43.3 49.3 44.8 42.7
63 37.8 42.3 38.8 37.0
125 34.4 39.0 36.3 34.6
250 31.1 34.3 32.9 31.4
500 30.4 33.3 32.1 30.9
1 k 26.2 29.3 28.1 26.9
2 k 21.6 25.5 24.0 22.7
4 k 16.9 21.4 19.8 18.4
8 k 14.8 17.5 16.3 15.4
16 k 14.1 18.4 16.6 15.8
Total (A) 32.1 35.1 33.9 32.9

Fig. 9. Drama individual measurements and analysis results. (a) Jeder stirbt für sich allein, (b) Amphitryon.

Fig. 10. Differences between two measurements of Un Ballo in Maschera.
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In standard environments, where a small chance to encounter
audible stage machinery noise during a performance of approxi-
mately 0.03% is acceptable, noise limits based on L99 seem to be
of practical use. To allow more artistic freedom and guarantee that
the stage machinery is inaudible even throughout the quietest
moments of a performance, min1s limits seem preferable in sensi-
tive environments.

The limits for different art forms and sensitivities are shown in
Fig. 12. For opera, the standard limits are illustrated by the red
solid line and the sensitive limits by the magenta dashed line. In
the case of ballet, the standard limit is given by the blue solid line
and the sensitive limit by the cyan dashed line. Due to negligible
difference between min1s and L99 limits for drama, only one noise
limit needs to be specified. The numerical values are listed in

Table 6. The values in brackets are close to the background noise
level (see Figs. 5b, 6b, and 8b, blue solid line) and should be used
with the proviso that they may not be suitable for very quiet envi-
ronments. The total level limits in dB(A) are stated as supplemental
information. As masking plays a significant role in noise percep-
tion, the spectral content is relevant and A-weighted total levels
may not be of practical use.

4.7. Limiting factors

The number of investigated venues is limited by the challenge
to get access to the middle of the first row during live perfor-
mances with audience during day-to-day operation of a perform-
ing art venue. Comparison to other relevant publications
[13,15,14,25] suggests that the sample size reported here is ade-
quate and in many cases exceeds the number of investigated
venues and recorded performances. Despite these efforts there is
a lack of comparable (standardized) data that is generally available.
As a result there is still a remaining theoretical chance of including
outliers in the result. Ultimately, this probability can only be
reduced by further investigations, which gradually lead to a com-
prehensive dataset. The drafting of a generally accepted measure-
ment standard could be helpful in this endeavor. Taking the
current state of knowledge into account, the presented results pro-
vide new insights into the levels during live performances in Ger-
man venues. In the future, this measured data base can be
extended by additional measurements including new venues on
an international scale.

A potential limitation may be the lacking noise data of the oper-
ating stage machinery in the otherwise quiet hall. This limits the
discussion to an assessment of likelihood whether the determined
LN levels are influenced by machine noise. Although impact seems
rather unlikely, measured spectra would be preferable for a defi-
nite proof.

Eventually the findings of this study need to become subject to
a perceptual evaluation. The perception of the machinery noise in
the presence of continuous building service type sounds is a sub-
stantial investigation of its own and should be addressed in a
future study. This study focuses on the technical description of per-
formance sounds and can therefore provide a basis for perceptual
evaluations to come.

As part of the probabilistic inaudibility discussion it was
assumed that noise from the stage machinery is inaudible if it is
of the same or lower level as other sounds that occur during a per-
formance. This logic underestimates the ability of the human brain
to separate multiple sound sources through binaural hearing. Bin-
aural masking is currently difficult to quantify. New findings may

Fig. 11. Histogram of required levels from tenders [16] on the left and analysis
method results (GMM, LN , and min1s) applied on measured total levels on the right.

Fig. 12. Noise limits (Leq) for stage machinery in opera, ballet, and theater play in
octave bands with NC-curves (dotted lines) in background.

Table 6
Proposed noise limits (Leq) for opera, ballet, and theater play in octave bands
(unweighted) and total level (A-weighted). Values in brackets are close to the
measured background noise in investigated venues and should be adapted if
necessary.

Opera Ballet Drama

Octave Standard Sensitive Standard Sensitive
Hz dB dB dB dB dB

63 Hz (39) (37) 43 (40) (38)
125 Hz 38 (37) 38 (36) (34)
250 Hz 39 35 38 33 31
500 Hz 39 32 37 31 30
1 kHz 36 27 33 28 26
2 kHz 31 23 29 25 22
4 kHz 25 18 23 19 17
8 kHz 18 (15) 17 (14) (15)
Total, dB(A) 43 35 40 34 32
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warrant changing the employed relationship to better recognize
the auditive sensitivity.

5. Conclusion

Based on measurements in 4 German performing arts venues
involving 12 live performances with audience Lmin1s and L99 have
been identified as the most suitable criteria for requirements for
stage machinery. The suitability discussion included the repro-
ducibility of different criteria and their resilience against perfor-
mance sound and stationary background noise. The results show
the likelihood at which total levels occur under realistic conditions
during performances of drama, opera, and ballet with audiences in
octave and 1/3 octave bands ranging from 125 Hz–8 kHz. Under-
standing how likely levels at a given frequency occur in regular
performances is relevant for the designers of stage machinery
and technical directors. Producers of other stage equipment, archi-
tects, or musicians can also profit from these results.
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ABSTRACT:
Noise mitigation of stage machinery can be quite demanding and requires innovative solutions. In this work, an

acoustic metamaterial capsule is proposed to reduce the noise emission of several stage machinery drive trains,

while still allowing the ventilation required for cooling. The metamaterial capsule consists of c-shape meta-atoms,

which have a simple structure that facilitates manufacturing. Two different metamaterial capsules are designed, sim-

ulated, manufactured, and experimentally validated that utilize an ultra-sparse and air-permeable reflective meta-

grating. Both designs demonstrate transmission loss peaks that effectively suppress gear mesh noise or other narrow

band noise sources. The ventilation by natural convection was numerically verified, and was shown to give adequate

cooling, whereas a conventional sound capsule would lead to overheating. The noise spectra of three common stage

machinery drive trains are numerically modelled, enabling one to design meta-gratings and determine their noise

suppression performance. The results fulfill the stringent stage machinery noise limits, highlighting the benefit of

using metamaterial capsules of simple c-shape structure. VC 2020 Author(s). All article content, except where
otherwise noted, is licensed under a Creative Commons Attribution (CC BY) license (http://creativecommons.org/
licenses/by/4.0/). https://doi.org/10.1121/10.0000857
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I. INTRODUCTION

Noise control in mechanical and civil engineering

requires compact, efficient, and low maintenance solutions.

In particular, the control of noise emitted by machinery

operating in theaters or operas, such as stage elevator drive

trains, is quite demanding, with the emission limits being as

close as possible to that of the background noise levels.1–3

This is naturally challenging for stage machinery designers,

especially when the constraints of the venue do not allow

the application of conventional noise control measures, such

as elastic bearings, noise barriers, or sound capsules. Noise

at frequencies below 1000 Hz is especially problematic,

since conventional noise insulation structures are quite

bulky at these frequencies, and space is generally a scarce

resource in a stage environment.

One of the main noise sources of stage machinery drive

trains are the gear boxes, where the noise is dominated by

the gear mesh frequencies and their higher harmonics.4–6

Figure 1 shows a measured noise spectrum of a typical stage

machinery gearbox, showing a small number of distinct

peaks. The strongest peak is found below 1000 Hz, and its

suppression would be the most effective means to reduce

the overall noise emission. Since the stage machinery manu-

facturer is unable to influence the noise emission of the

gearboxes directly, secondary noise control measures are

required. Sound capsules can be very effective for noise

reduction, but also have drawbacks, which limit their appli-

cability to stage machinery. First, sound capsules are often

ineffective below 1000 Hz, which is often the most impor-

tant frequency range, and second, typical sound capsules do

not allow air flow, which may lead to overheating of the

encapsulated machinery. Typically, stage machinery is oper-

ated in intermittent periodic duty cycle S3 40%, which

requires sufficient heat exchange by forced or natural con-

vection.7 Therefore, in this work a novel meta-capsule

(acoustic metamaterial capsule) is introduced, which can

overcome these drawbacks.

Acoustic metamaterials offer a broad variety of oppor-

tunities to manipulate propagating acoustic waves8 by

a)Also at: SBS B€uhnentechnik GmbH, Bosewitzer Strasse 20, Dresden,
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introducing media properties such as negative bulk modulus9 or

negative dynamic mass density.10 These principles have been

utilized to create acoustic superlenses11–13 and acoustic bar-

riers.14–16 The latter is a promising approach for noise control,

where useful concepts have already been demonstrated.17–21

Fard et al.17 conducted a numerical study on periodic

Helmholtz resonators showing promising results for noise

control applications over a frequency range of more than

one octave. Henneberg et al.18 demonstrated and experimen-

tally verified an elastic stop-band material to reduce velocity

cross-coupling of ultrasonic transducers by 10 dB. In a sub-

sequent study, Henneberg et al.19 expanded the ideas to

multi-frequency applications. Claeys et al.20 presented a

sound insulating meta-capsule comprised of elastic resona-

tors embedded in a two-dimensional lattice, reducing sound

pressure level (SPL) by 20 dB. Marinova et al.21 realised a

transmission loss of up to 25 dB at 130 Hz for a membrane-

type metamaterial noise barrier. However, these approaches

all make use of an airtight sound capsule, preventing venti-

lation and increasing the risk of machinery overheating.

Metamaterials which allow air flow have been devel-

oped, based on perforated membranes22,23 and space coiling

structures.24–28 The air-permeable meta-grating realized by

Cheng et al.24 demonstrated 93% insertion loss while having

a thickness 0.15 times the wavelength at 500 Hz. Later, a

whole acoustic metacage allowing forced fluid flow through

it was designed and verified experimentally by Shen et al.29

All of these approaches rely on reflection or redirection of

the sound wave, without attempting to engineer absorption.

Acoustic metamaterial absorbers have been proposed.30–33

Wu et al.30 make use of energy dissipation due to the fric-

tion in thin channels during the resonance. This principle

allows an absorption of 88.9% to be achieved with a single

layer of metamaterial.31 Lee et al.32 proposed arrays of

paired Helmholtz resonators with an absorption of over 90%

at 2200 Hz that could simultaneously be used to control the

direction of air flow. Xiang et al.33 designed a stackable,

ultra-open metamaterial absorber with broadband perfor-

mance, having a measured absorption coefficient above 0.6

for a frequency range between 500 and 720 Hz. Although

many acoustic metamaterials have been developed and

experimentally verified, there have been very few demon-

strations of their performance outside of a controlled labora-

tory environment. Acoustic metamaterials which allow for

ventilation have been applied to windows,34,35 where the

noise spectra and suppression requirements differ signifi-

cantly from those of machinery noise.1,3,36

An important drawback of the structures presented in

Refs. 23, 24, and 32 is that they strongly reflect the incident

field only within a narrow frequency range. This can limit

the noise control applications of acoustic metamaterials to

tasks where the noise emission is dominated by narrow band

peaks. Gear boxes are generally known to produce narrow

band noise spectra,4–6 where a measurement example of

gear induced SPL with a narrow peak is shown in Fig. 1.

Accordingly, effective noise reduction of such emissions by

a narrow band meta-grating is possible, but only if the meta-

grating is tailored to the noise spectrum of the source. To

date, it has not been demonstrated whether acoustic meta-

material sound barriers allowing ventilation can meet the

requirements for machinery noise control.

The desired properties of metamaterials originate from

localized resonances, asymmetries, or phase shifts in periodi-

cally arranged unit cells, called meta-atoms. The design of

such properties requires complex fine features or exotic

geometric shapes, which usually require sophisticated

manufacturing technologies. However, the resonant properties

required for strong reflection can be achieved with simpler

meta-atom structures. Recently, we demonstrated a c-shape

meta-atom consisting of a cylindrical Helmholtz resonator,37

which facilitates manufacturing using conventional industrial

technologies, e.g., mechanical processing. Furthermore, this

meta-atom provides a number of additional properties such as

reduced thermo-viscous losses and coupling between the

monopolar and dipolar degrees of freedom, known as Willis

coupling,38 which gives additional flexibility in controlling the

acoustic response of a metamaterial. It was demonstrated that

Willis coupling can be tailored to achieve any value up to the

theoretical limit.37,39 The ease of manufacturing the metama-

terial structures presented in Ref. 37 makes them an ideal

building block for air-permeable noise control structures,

building on the concepts presented in Refs. 24 and 32.

In this work we present a metamaterial capsule design

and apply it directly to stage machinery in order to reduce

the noise induced by gears. In Sec. II, we design a reflective

meta-grating based on c-shape meta-atoms and, subse-

quently, we expand this design to a full 3D meta-capsule

prototype. The transmission loss of this prototype is mod-

elled numerically and verified experimentally. In Sec. III, a

meta-capsule is designed for the rope drive system, one of

the most common drive trains in stage machinery. The trans-

mission loss of the meta-grating is tailored to the measured

noise spectrum of the gear-box. The numerically determined

FIG. 1. (Color online) Noise emission of a gearbox of a rope drive system

for left and right rotation directions as by the gear box supplier. The blue

dotted vertical indicates the frequency of the highest emission.
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transmission loss is then compared with the measurements

under realistic conditions. Furthermore, the ventilation perfor-

mance of the meta-capsule is verified by numerical studies con-

sidering natural convection. In Sec. IV, we demonstrate a

numerical approach for modelling of stage machinery noise

induced by gearboxes. It is applied to three typical stage

machinery drive trains: push chain, gear rack, and spiralift. We

then identify critical emission peaks of these drive trains and

propose tailored multilayer meta-gratings for effective noise

reduction while still allowing ventilation.

II. META-CAPSULE PROTOTYPE

Inspired by the promising concepts proposed by Quan

et al.,39 Cheng et al.,24 and Lee et al.32 we use a resonant

c-shape meta-atom37 to create a 2D meta-grating. The

c-shape meta-atom is shown in Fig. 2(a) and has the following

dimensions: outer radius a ¼ 19 mm, inner radius

ri ¼ 12 mm, and neck width w ¼ 5:5 mm. Positioning the

meta-atoms periodically with a lattice constant (distance

between the meta-atoms) of d ¼ 4a ¼ 76 mm creates a

meta-grating, as shown in Fig. 2(b). Due to the strong

response of the meta-atoms, this meta-grating can signifi-

cantly affect the sound field and provide strong reflection of

the acoustic waves even when the meta-atoms are arranged

to have notable gaps between them.

The transmission loss of the meta-grating was calcu-

lated by the finite element method (FEM) using ANSYS

MULTIPHYSICS
40 for a normally incident wave. The mesh ele-

ment size was 1 mm inside and around the meta-atom, while

the size in all other regions was 3 mm. The element type is

a 20-node element with a quadratic interpolation function.

The transmission loss is calculated without considering

impedance boundary conditions or thermo-viscous losses,

and it is shown in Fig. 3(a) (red solid line) with a peak of

97 dB located at 1513 Hz. This transmission loss was

achieved for a 2D geometry, with no obliquely incident

wave components, so it neglects several important 3D

effects which can reduce the transmission loss.

To expand the 2D meta-surface to a 3D structure, we

design a meta-capsule prototype to reduce emission from

the encapsulated noise source to the outside of the meta-

capsule. The meta-capsule is a box with dimensions

350 mm� 310 mm� 310 mm and its structure and photo-

graph are shown in Figs. 3(b) and 3(c), respectively. The

role of the meta-grating is to reflect acoustic waves and any

FIG. 2. (Color online) (a) c-shape meta-atom with dimensions, as proposed

in Ref. 37. (b) FEM simulation of wave reflection from the meta-grating.

The background color scheme shows the magnitude of the sound pressure.

FIG. 3. (Color online) (a) Transmission loss determined using FEM (red solid line) and impedance model [blue dotted line, according to Eq. (3)] for a nor-

mally incident wave (blue arrow) for infinite meta-grating with a lattice constant d ¼ 76 mm. (b) Meta-capsule prototype concept: the sound wave is redir-

ected by the meta-grating to the absorbing wall. (c) Photograph of manufactured meta-capsule. (d) Transmission of the meta-capsule prototype measured

(blue solid line) and simulated (purple dash-dotted line). Red dashed line shows transmission of the meta-capsule calculated using Eq. (3). DLp is the ratio

between the sound radiation with and without the meta-capsule.
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internal losses within the c-shaped elements will cause

unwanted transmission of waves. Therefore, we separate the

absorption and reflection functions into different walls of

the meta-capsule. Three sides of the meta-capsule contain

an air-permeable meta-grating to redirect the sound wave

and the side opposite each meta-grating contains absorbing

foam to dissipate the redirected wave. Figure 3(b) shows a

schematic of the incident wave generated by the sound

source being reflected by the meta-grating and subsequently

being absorbed by the foam.

To determine the transfer function of the 3D meta-

capsule prototype, we apply the in-house 3D boundary ele-

ment method (BEM) code AKUSTA, using continuous elements

with a quadratic interpolation function.41–43 The sound

source was modelled as a chamfered cylinder, matching the

shape of the commercial loudspeaker model Ultimate Ears
Boom 2, with a diameter of 65 mm and height of 180 mm.

This loudspeaker is used subsequently for the experimental

validation. A normal surface velocity of 1 m/s was applied

uniformly over the source surface. The acoustic transfer func-

tion was determined by analyzing two situations, a free loud-

speaker on the bottom plate and a loudspeaker covered by the

meta-capsule. The sound pressure was compared at the refer-

ence point rref ¼ ½�1; 0; 0�m relative to the center of the

source, as per the coordinate system shown in Fig. 3(b).

The density and acoustic velocity of air were set to

q0 ¼ 1:2 kg m�3 and c ¼ 343 m s�1, respectively.

Figure 3(d) shows the simulated transmission of the

capsule at the reference point rref (purple dash-dotted line).

A transmission loss peak of 13 dB is observed at 1500 Hz,

corresponding to the transmission loss peak of the 2D meta-

surface. The curve demonstrates additional features, includ-

ing a valley between 500 and 1300 Hz with a transmission

loss of up to 6 dB and a smaller peak of 8 dB at 1350 Hz.

Additionally, an increase in transmission is present below

500 Hz with a peak of 7 dB at 300 Hz and above 2000 Hz

with values up to 3 dB. So long as this transmission increase

does not correspond to any of the noise peaks of the

encapsulated machinery, it will have minimal effect on the

total noise emission. However, the drop of 13 dB at the oper-

ating frequency of 1500 Hz shows that the meta-capsule is

promising for the suppression of narrowband noise sources.

While the transmission loss at 1500 Hz can be readily

explained by the transmission properties of the 2D meta-

grating, to understand the other features, we need to con-

sider the change in power radiated by the loudspeaker when

the meta-capsule is added (see blue solid line with stars in

Fig. 4). It is observed that the radiated source power depends

on the frequency, and it is suppressed in regions between

600 and 1300 Hz and 1550 and 1800 Hz. Consequently, this

changes the SPL measured outside the meta-capsule, where

a similar reduction is present (see red dashed line in Fig. 4).

Therefore, the broadband transmission effects observed in

the SPL are mainly due to the change of the source’s radia-

tion impedance. This same effect is responsible for the

increase in emission below 500 Hz and above 1800 Hz,

where the meta-capsule effectively becomes an impedance-

matching structure. Similarly, the farfield radiated power

(see dark-blue solid line with crosses in Fig. 4) follows the

trend of the source radiated power, however, the farfield

power has a negative peak close to 1500 Hz caused by the

meta-grating. The change of the source radiated power is

linked to the Purcell effect in optics,44 which was recently

demonstrated experimentally for acoustic waves.45,46

Related discussions of the influence of radiation impedance

on the radiated sound power can be found in several

textbooks.47,48

A. Experimental validation of the prototype

For experimental validation of the acoustic transfer

function, the meta-capsule prototype was manufactured. The

individual parts were printed using selective laser sintering

from polyamide and mounted together using silicone to seal

the gaps. The absorbing walls were created by gluing a

40 mm layer of the commercial absorbing material

Cellofoam 471/SK49 onto a 10 mm layer of polyamide. The

FIG. 4. (Color online) Numerically calculated change in sound power radiated from the loudspeaker and farfield radiated power, compared with the sound

pressure transmitted through the meta-capsule prototype shown in Fig. 3(b). Broadband regions of SPL attenuation are caused by the change of the radiated

source power, due to the change of the radiation impedance induced by the meta-capsule.
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transfer function was determined using white noise excitation

of the loudspeaker and recording the sound pressure with a

Bruel&Kjaer hand-held analyzer type 2270, equipped with

an 1/2-in free-field microphone type 4189 and a ZC-0032

preamplifier. The microphone was calibrated before measure-

ment with the pistonphone type 4228 (Bruel&Kjaer), and the

calibration was verified after measurement to ensure parame-

ters had not changed during measured. The measurement was

executed in an environment with a background noise level at

least 10 dB below the measured values in the frequency range

of interest. The microphone was positioned at the same refer-

ence point as in numerical simulation, rref ¼ ½�1; 0; 0�m.

The transmission loss was determined by comparing mea-

sured sound pressure with and without the meta-capsule.

The measured transmission function of the manufactured

meta-capsule prototype is shown as the blue solid line in Fig.

3(d). The maximum transmission loss at 1500 Hz is about

14 dB, which is slightly above the numerically predicted

value of 13 dB. This peak is caused by the meta-grating.

Over the frequency range between 500 and 2000 Hz, the

transmission is reduced by approximately 7 dB, similar to the

numerical result. Furthermore, we can observe an increase in

transmission below 500 Hz and above 1800 Hz, due to the

change in radiation impedance of the source.

B. Transmission loss modeling using impedance

The transmission loss peak of the meta-capsule can be

calculated using a simple impedance model for acoustic fil-

ters.48,50 From the response shown in Supplementary

Equation S37 of Ref. 37 we can write the impedance of a

layer of meta-atoms as

ZMA xð Þ ¼ 2Ad

Aw
ixq0leff þ b� i

x
K

V
Aw

� �
; (1)

where Ad is the meta-grating cross section belonging to one

meta-atom, Aw is the c-shape’s aperture cross section, i is

the imaginary unit, x is the angular frequency, q0 is the den-

sity of air, leff ¼ lþ ceffw is the effective aperture length,48

K is the bulk modulus of air, V is the c-shape’s inner vol-

ume, and b is the damping. Considering the characteristic

impedance of air Z0 ¼ q0c, we can write the impedance of

the meta-grating as

ZMG ¼
1

ZMA

þ 1

Z0

� ��1

: (2)

Subsequently, the transmission can be calculated according to

DLp ¼ 20 log10 1�
����ZMG � Z0

ZMG þ Z0

����
 !

: (3)

Figure 3(a) demonstrates how this model matches the

numerical results for a plane wave incident upon an infinite

meta-grating. The empirical parameters ceff ¼ 1:6 and b ¼ 1

�10�4 Pa s m�1 were found to produce good agreement.

Furthermore, Eq. (3) can be used to predict the transmission

peak of the meta-capsule. However, due to finite meta-

grating size and oblique incidence angle the transmission

loss peak observed in Fig. 3(d) is less effective.

Subsequently, to represent the efficiency drop the damping

can be set to an artificial value b ¼ 1:75 Pa s m�1, which

results in good agreement with simulation and experiment

[see Fig. 3(d), red dashed line]. In Sec. IV we consider mul-

tilayer meta-gratings, where N different meta-atom layers of

multilayer meta-grating can be combined as

ZMG ¼
XN

n¼1

1

ZMA;n
þ 1

Z0

 !�1

: (4)

III. DESIGN AND EXPERIMENTAL VALIDATION IN
APPLICATION

A. Design for a rope drive system

Rope drives are very popular for applications with high

acoustic requirements, since they allow a very quiet stage

machinery to be constructed.51 Although many other noise

sources are avoided in rope drive systems, gearboxes are

still required and their noise emission can be highly intru-

sive when not masked by additional noise sources. The rope

drive system considered herein is shown in Fig. 5(a). The

electric motor drives a pair of rope drums using silent

chains. The measured noise emission of the gear box used

for this system is presented in Fig. 1 for both rotation direc-

tions. It was observed that a dominant peak is present at

613 Hz (blue dotted vertical line), which is especially promi-

nent for the right rotation. Therefore, in the following we

propose a tailored meta-capsule to reduce this peak.

For this purpose we designed a meta-grating, which

provides maximum transmission loss at 613 Hz. The meta-

atom uses the c-shape presented in Fig. 2(a) with different

dimensions: outer radius a ¼ 42:5 mm, inner radius

ri ¼ 32:5 mm, neck width w ¼ 10:6 mm, and lattice constant

d ¼ 110 mm. The photograph of the designed and manufac-

tured meta-capsule is shown in Fig. 5(b). The meta-grating

is placed at one side of the capsule only and its surface nor-

mal is aligned parallel with the motor shaft. It has size

590 mm� 530 mm and consists of an array of five meta-

atoms. The meta-atoms are made from polyamide using

selective laser sintering. To suppress vertical modes inside

the c-shape cavity, two metal sheets divide the meta-grating

into three regions. The central field has a missing meta-atom

in the center to provide clearance necessary for the connec-

tion of the emergency drive. All other walls of the meta-

capsule are made of steel sheets of thickness 2 mm com-

bined with commercial absorber Cellofoam 471/SK49 of

thickness 40 mm. The meta-capsule encapsulates only the

electric motor and the gear-box. The air flow necessary for

ventilation is only possible through the meta-grating.

Based on the new geometry, the meta-grating transmis-

sion can be estimated with the red dashed curve in Fig. 5(c)

according to Eq. (3). Using b ¼ 1:5 Pa s m�1 results in 17 dB
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transmission loss, which is close to the results demonstrated

for the prototype meta-capsule in Fig. 3(d). Furthermore, we

determine the transfer function of the meta-capsule by

means of 3D BEM using continuous elements with a qua-

dratic interpolation function. For simplification, the motor

and the gearbox have been assumed to be the only sound

sources in the model. The normal surface velocity was nor-

malized to vn ¼ 1 m s�1 and applied uniformly over the

motor and gear box surfaces. The sound transfer function

was determined by calculating transmitted pressure for the

electric motor and gear box inside the meta-capsule, and

normalising this to pressure for the same situation with the

meta-grating removed on one side only. The medium den-

sity and the speed of sound are set to q0 ¼ 1:2 kg m�3 and

c ¼ 343 m s�1, respectively. The numerically determined

transmission profile is shown by the purple dash-dotted line

in Fig. 5(c). Three transmission loss peaks are observed,

24 dB at 613 Hz, 24 dB at 780 Hz, and 30 dB at 880 Hz. The

peak at 613 Hz is caused by the tailored meta-grating

design.

B. Experimental validation in application

The designed meta-capsule was manufactured using the

procedure outlined in Sec. II A. For the absorbing walls, the

porous material was attached to 2 mm thick steel sheets. The

meta-capsule’s transfer function was determined using

the natural excitation of all active components during the

operation at maximum rotational speed of approximately

1490 min�1. The data was acquired with a 1/4-in free-field

PCB microphone and Squadriga Frontend (Head Acoustics).

The microphone was calibrated with a pistonphone type

4230 B&K (Bruel&Kjaer). The measurements were con-

ducted in a factory building, with a background noise level

of at least 10 dB below the measured values in the frequency

range of interest. The microphone position was 1 m away

from the meta-grating and was concentric with the motor

shaft axis. The transmission loss was determined the same

way as for the prototype meta-capsule.

The measured transmission is shown in Fig. 5(c). The

measurement confirms a peak very close to 613 Hz with a

transmission loss of 14 dB. The measured transmission loss

at the peak is less than that prediction by numerical calcula-

tion and closer to the value predicted by Eq. (3). We note

that the meta-grating thickness is 85 mm, which is 0:15k at

613 Hz (k is the wavelength) hence below k=4. There are

two additional peaks present in the measurement, around

700 Hz and around 800 Hz. The confirmation of the

designed transmission loss peak demonstrates the feasibility

of the meta-capsule concept in application.

C. Ventilation performance of the meta-capsule

To demonstrate the ventilation properties of the

designed meta-capsule, we conducted 3D Computational

Fluid Dynamics (CFD) simulations solving the non-linear

Navier-Stokes equations with the commercial code ANSYS

FLUENT.40 This allows the steady-state temperature during

FIG. 5. (Color online) (a) Rope drive system with labels. (b) Photograph of the meta-capsule with electric motor and gear box inside. (c) Measured (blue

solid line), simulated (purple dash-dotted line), and empirically estimated [Eqs. (3), red dashed line] transmission profile of the meta-capsule. Vertical blue

dotted line corresponds to the peak observed in Fig. 1. DLp is the ratio between the sound radiation with and without the meta-capsule.
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operation to be determined, considering natural convection,

and determining heat dissipation from the efficiency of the

drive unit. The electric motor has a nominal power of 27 kW,

which already includes a margin of safety S¼ 2 required

by the DIN 56950-1:2012-05 stage machinery standard.52

The used efficiency factors are g ¼ 0:94 for the motor and

g ¼ 0:97 for the gear box, resulting in heating powers of 810

and 381 W, respectively. The periodic duty of the stage machin-

ery is usually defined as S3 40%,7 which means an operation

duration of maximum 40% during a 10 min cycle. For steady

state configuration, this periodic duty type reduces the heating

power by a factor of 0.4. For turbulent regions of air flow

induced by natural convection we applied the k-x SST turbu-

lence model53,54 with the constants ainf ¼ 1; a�inf ¼ 0:52; b�inf

¼ 0:09; a1 ¼ 0:31; bInner
i ¼ 0:075, and bOuter

i ¼ 0:0828. The

environmental temperature was 20 �C. The heat transfer

coefficient of the acoustic absorber was considered as hCello

¼ 0:04 W m�1 K�1 as specified by the manufacturer.49

The CFD results at steady state are shown in Fig. 6. In

Fig. 6(a) we observe that the meta-grating allows sufficient

cooling by natural convection. It leads to a motor surface

temperature of 85 �C, which is within the bounds given in

Table VII of Ref. 7. However, as shown in Fig. 6(b), a con-

ventional air-tight sound capsule would lead to temperatures

above 140 �C, which would cause overheating of the electric

motor (see Table VII in Ref. 7). Following this, a conven-

tional sound capsule would not be recommended to be used

in combination with the simulated drive train.

IV. MODELLING OF STAGE MACHINERY NOISE

In this section, we numerically analyze the application of

the meta-capsule to the suppression of noise in other types of

stage machinery, namely, push chain, gear rack, and spiralift

systems. To design the meta-capsules, it is necessary to first

characterize the noise emission from these stage machinery

systems. All three systems had been designed to reduce the

noise emission by the empirical methods common in stage

machinery.

In this work we consider only the gear induced excita-

tion, since this typically dominates stage machinery noise.

The analysis of vibration due to mechanical motion was

done with the FEM, using the commercial software package

ANSYS.40 To determine the excitation forces, the gear mesh

process was modelled for each system using FEM. The mate-

rial of the gears and shafts is steel, with a Young’s modulus

of ESt ¼ 200 GPa, a Poisson ratio of �St ¼ 0:3, and a density

of qSt ¼ 7850 kg m�3. The fluctuation of the meshing force,

which is affected by the time-varying mesh stiffness, is

known to be the major source of noise and vibration.5,6 We

use this force fluctuation to model the source in our analysis.

As demonstrated in Refs. 5 and 6, the normal modes of the

gears and the shafts can be neglected for the determination of

the dynamic bearing force. Under the assumption of periodic

excitation forces, the loads are transferred to the frequency

domain with harmonic time dependence. This allows subse-

quent analysis of steady-state time-harmonic dynamics by

means of the harmonic response.

The harmonic response was calculated using full power-

train models up to 2500 Hz utilizing a modal superposition

procedure with a preceding modal analysis up to 5000 Hz.

The frequency range was limited by the model dimensions of

several meters [see Figs. 8(a), 9(a), and 10(a)] but is suffi-

cient to cover the important noise frequency range of stage

machinery. Due to the complexity of the real structure and

lack of accurate data, a representative damping ratio of n ¼
3� 10�2 was considered, as is commonly recommended for

metal structures with joints.55 The harmonic analysis yields

the surface velocities of the whole structure required for the

subsequent acoustic analysis.

At low frequencies, the directivity of the sound can be

neglected, which allows the full acoustic analysis to be reduced

to a sound power analysis. The calculation of the sound power

of a mechanical system is usually done by solving a Robin

problem with known normal velocity, known admittance

boundary condition, and unknown sound pressure. After the

sound pressure is obtained, the sound power follows as56,57

P ¼ 1

2
<
ð

C
p xð Þv�n xð ÞdC

� �
; (5)

where p(x) is sound pressure, v�nðxÞ is the complex conjugate

of the normal surface velocity of the fluid, and C is fluid-

structure interface.

FIG. 6. (Color online) Temperature profile due to natural convection during stationary operation of the motor covered by (a) an air-permeable meta-capsule

and (b) an airtight conventional sound capsule calculated using CFD. The meta-capsule results in a temperature of �85 �C at the motor surface, whereas a

conventional sound capsule would cause overheating of the motor with temperatures >140 �C.
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If large models have to be considered, computation of

sound pressure p requires significant computational effort,

which can imply restrictions for geometrical details and for

the frequency range. The computation of sound pressure can

be avoided by utilizing sound power approximation meth-

ods, such as equivalent radiated power (ERP) or the lumped

parameter model (LPM).56,58,59 ERP uses the assumption of

unit radiation efficiency for the whole fluid-structure inter-

face. Therefore, application of ERP on the power trains typi-

cally overestimates the sound power in the lower frequency

range.59 The LPM avoids general overestimation at low fre-

quencies and is able to consider acoustic short circuits. This

method is based on the approximation of the Rayleigh inte-

gral and is written as56,59

PLPM ¼
1

2
kqc

X
l

X
�

sin kjrl � r� j
� �

2pjrl � r� j
< vlv

�
�

	 

AlA�:

(6)

More details on the performance of these methods can be

found in Refs. 59, 60.

Commonly, the noise limits in stage machinery address

the middle of the first row of the auditorium, see Fig. 7. To

study the SPL at this location geometrical acoustics was

solved using COMSOL MULTIPHYSICS.61 Therefore, this study

considers only the air transmission path between the loca-

tion of the drive train and the middle of the first row. The

effective distance and the absorption of the surfaces are dif-

ferent in every venue, therefore the sound transfer function

strongly depends on the hall. To determine the transfer func-

tion, a geometrical model of the auditorium including the

stage is required. The newly build venue Kraftwerk Mitte in

Dresden (Germany) was chosen as a reference hall for

modeling of the transfer function. Thus, a model was

derived from the geometry of the venue Kraftwerk Mitte.

The absorption coefficients of the walls and chairs were

updated to represent the measured reverberation times.

Additionally, the transmission loss of the stage floor separat-

ing the drive train location from the stage area was deter-

mined experimentally and implemented in the model. Finally,

this model was used to determine the SPL in the middle of

first row of auditoria originating from LPM sound power of

two machines of the same kind below the stage (see Fig. 7).

Recently, we analyzed SPL data in the middle of the

first row taken during live performances and proposed five

different limit curves: opera standard, opera sensitive, ballet

standard, ballet sensitive, and drama.3 These performance

curves are illustrated in Figs. 8(c), 9(c), and 10(c). To avoid

disturbance of the audience during the performance, stage

machinery noise emission should remain below these limits.

The simulation produces discrete frequency spectra,

whereas the SPL limits are defined in octave bands.3 The

measured SPL results from analog filtering of the sound ana-

lyzer. This filtering was reproduced by a digital Butterworth

filter applied to the simulation data to enable its comparison

with the limits obtained from analog measurements.3

Here, we present the numerical results of stage machin-

ery noise. We observe that the considered noise spectra are

dominated by a few sharp peaks, which can be reduced by

surrounding the machinery in a meta-capsule. Furthermore,

based on the previously presented outcomes, we propose a

multi-layer meta-grating to reduce the noise emission during

scenic performance to allowable levels.

A. Push chain

The FEM model of the push chain system demonstrat-

ing a vibration mode at 273 Hz is shown in Fig. 8(a). The

simulated SPL in the first row is illustrated in Fig. 8(b) as a

narrow-band spectrum (cyan solid line) and in Fig. 8(c) in

octaves (red solid line with crosses). Furthermore, Fig. 8(c)

shows five different noise limits in the first row of the audi-

torium during a scenic performance (dark lines with smaller

markers).3 Comparison of the noise emission with the noise

limits in Fig. 8(c) reveals that the emission exceeds some

limits at 250 Hz, 1 kHz, and 2 kHz octaves.

Analyzing the noise spectrum in Fig. 8(b) allows the

identification of critical peaks at 273, 1367, and 1638 Hz

(cyan solid line). These peaks dominate the octave levels

exceeding the limits. The critical peaks can be reduced by

combining three different meta-gratings in a multilayer

metamaterial. To match the peak frequencies with the trans-

mission loss peaks the meta-grating should consist of the

following c-shape geometries (a, l, w) in mm: (82, 10, 10),

(20, 5.2, 6), and (16, 4, 4). The lattice constant was set to

d ¼ 4a for all geometries. The empirical damping used in

Eq. (3) was interpolated, then extrapolated as

b fð Þ ¼ b1 þ
b2 � b1

f2 � f1
f � f1ð Þ; (7)

where f is the frequency, b1 ¼ 1:5 Pa s m�1; f1 ¼ 613 Hz; b2

¼ 1:75 Pa s m�1, and f2 ¼ 1500 Hz according to Secs. II and

III. Using Eqs. (3) and (4), the transmission of such

FIG. 7. (Color online) Sound level distribution calculated by geometrical

acoustics in Kraftwerk Mitte (Dresden). The important locations are that of

the drive trains below the stage and the reference point in the middle of the

first row.

1498 J. Acoust. Soc. Am. 147 (3), March 2020 Melnikov et al.

https://doi.org/10.1121/10.0000857



multilayer metamaterial can be estimated by the red solid

line shown in Fig. 8(b). Application of this transmission on

the noise spectrum leads to the blue dashed line in Fig. 8(b),

where the identified peaks are significantly reduced com-

pared to the original emission (cyan solid line). The reduced

emission in octaves is shown in Fig. 8(c), where now all five

limit types are fulfilled at 250 Hz and 2 kHz. At the 500 Hz

and 1 kHz octave bands, the sensitive limits for opera and

ballet are fulfilled as well, whereas the drama limit (black

dotted line with circles) is still slightly exceeded by approxi-

mately 1 dB.

B. Gear rack

The gear rack system is shown in Fig. 9(a). It illustrates

a vibration mode at 545 Hz. Figure 9(b) illustrates the

narrow-band SPL in the middle of the first row as a cyan

solid line. Figure 9(c) shows the SPL in the middle of the first

row in octaves (red solid line with crosses). It is observed in

Fig. 9(b) that the sensitive limits are strongly violated for the

1 kHz octave band. Additionally, drama and sensitive ballet

limits are slightly exceeded at the 2 kHz octave band.

The limit violation can be traced back to the SPL peaks

at 817.0, 1094.2, and 1638.7 Hz [see Fig. 9(b)]. Based on

these peaks the required c-shape geometries were chosen

for (a, l, w) in mm: (32, 7, 8.5), (24, 6, 6), (16, 4, 4) with

d ¼ 4a and b according to Eq. (7). The transmission func-

tion of such multilayer metamaterials is estimated using

Eqs. (3) and (4) and is depicted by the red solid line in Fig.

9(b). Application of these transfer functions on the noise

emission leads to reduced emission shown in Fig. 9(b) (blue

dashed line) and in Fig. 9(c) (blue solid line with pluses). It

can be observed that all limits are fulfilled in Fig. 9(c).

C. Spiralift system

Figure 10(a) shows the spiralift system. This system dif-

fers slightly from the push chain and gear rack because it

has two chains that require a chain tightener. The chain

tightener provides local modes with relatively low eigenfre-

quencies. These modes get excited and even if the chain

tightener area is relatively small, the magnitudes are large

enough to produce dominant noise peaks. Such a mode at

282 Hz is illustrated in Fig. 10(a) producing the strongest

SPL peak in Fig. 10(b) (cyan solid line). The resulting

octave levels are demonstrated in Fig. 10(c) (red solid line

with crosses), where almost all limits are violated between

the 250 Hz and 2 kHz octave bands.

Since there are four octaves where the emission has to

be reduced, at least four peaks are to be treated, one per

octave. This requires a multilayer metamaterial with four

different meta-grating layers. The critical peaks occur at

282, 560, 1119, and 1678 Hz in Fig. 10. The required c-

shape geometries (a, l, w) in mm were chosen as (80, 9, 10),

(45, 9.5, 10), (24, 7, 6), (16, 4, 4.5) with d ¼ 4a and b
according to Eq. (7). The transmission function of the

FIG. 8. (Color online) (a) Components and dimensions of the push chain system. The plot reveals a vibration mode at 273 Hz. (b) Simulated emission of the push

chain system (cyan solid line) and the reduced emission by meta-capsule design (blue dashed line). The transmission of the meta-capsule (red solid line) is based on

Eqs. (3) and (4) and tailored for the three critical emission peaks. (c) Original and reduced noise emission compared with the stage machinery noise limits in octaves.
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metamaterial was estimated using Eqs. (3) and (4) and is

shown in Fig. 10(b) as the red solid line. The reduced emis-

sion is shown in Fig. 10(b) as the blue dashed line and in

Fig. 10(c) in octaves (blue solid line with pluses). The

reduced emission fulfills standard opera and standard ballet

limits. Furthermore, all limits are fulfilled for the 250 Hz

octave band, whereas sensitive opera, sensitive ballet, and

drama limits are still exceeded by up to 5 dB.

V. DISCUSSION

Two meta-capsules were investigated experimentally

and numerically. In the case of the meta-capsule prototype,

a reasonable agreement between simulation and experiment

was demonstrated, see Fig. 3(d). The same level of agree-

ment could not be observed during the validation of the

meta-capsule on the rope drive system [see Fig. 5(c)], never-

theless, the existence of the transmission loss peak caused

by the meta-grating was confirmed. The deviations can be

attributed to geometrical simplification during the BEM

modelling, misalignment during the manufacturing of the

capsule, and neglect of the sound radiation contribution

from the outer meta-capsule surfaces. Due to the simple

geometry of the meta-capsule prototype, we were able to

represent its shape exactly in the simulation. However, in

the case of the rope drive system, the complex geometry of

the cooling ribs of the electric motor [see Fig. 5(a)] and

some additional details had to be simplified before BEM

modelling. Furthermore, sometimes the absorbing foam

could not be mounted as intended during the design, which

reduced the capsule’s inner volume. The volume reduction

could explain the shift of the peak pair from around 700 and

800 Hz in the experiment to around 780 and 880 Hz in the

simulation. Finally, the BEM model considers only the noise

radiated by the surface of the electric motor and the gear

box, whereas many more surfaces contribute to the total

sound radiation. We note that under these imperfect but real-

istic conditions, a transmission loss was still observed.

We demonstrated the potential of noise emission reduc-

tion based on three common stage machinery systems. In all

three cases we could identify and treat the critical peaks in a

way that the noise limits could be fully or partially fulfilled.

Complete numerical modelling was not feasible due to the

large model size compared to the required details of the

metamaterial. Therefore, the transmission loss was esti-

mated by the impedance model in Eqs. (3) and (4). This

approach gives the engineer a simple tool for designing such

meta-gratings, as was demonstrated for these three exam-

ples. Additionally, the cooling performance of the multi-

layer meta-gratings can be tailored using CFD to fulfill the

allowable temperatures similarly to the single-layer meta-

grating shown in Sec. III C.

An alternative noise control solution allowing ventila-

tion can be realized using sonic crystals.15 We therefore

FIG. 9. (Color online) (a) Components and dimensions of the gear rack system. The plot reveals a vibration mode at 545 Hz. (b) Simulated emission of the

gear rack system (cyan solid line) and the reduced emission by meta-capsule design (blue dashed line). The transmission of the meta-capsule (red solid line)

is based on Eqs. (3) and (4) and tailored for the three critical emission peaks. (c) Original and reduced noise emission compared with the stage machinery

noise limits in octaves.
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benchmark our meta-grating against a sonic crystal consist-

ing of meta-atoms outlined in Sec. II. We also compare the

performance of rigid cylinders in meta-grating and sonic

crystal configurations, with a radius similar to that of the

meta-atom radius a. The lattice constant used for sonic crys-

tals is d ¼ 4a. In Fig. 11, the c-shape sonic crystal

demonstrates two band gaps in the considered frequency

range: 1333 to 1591 Hz and 1980 to 2636 Hz, where the first

band gap is linked to the meta-atom resonance. Considering

the sonic crystal of cylinders leads to only one band gap

between 1744 and 2606 Hz. The effect of the band gaps can

be observed in the transmission loss of the sonic crystal

FIG. 10. (Color online) (a) Components and dimensions of the spiralift system. The plot reveals a local vibration mode at 282 Hz. (b) Simulated emission of

the spiralift system (cyan solid line) and the reduced emission by meta-capsule design (blue dashed line). The transmission of the meta-capsule (red solid line)

is based on Eqs. (3) and (4) and tailored for the four critical emission peaks. (c) Original and reduced noise emission compared with the stage machinery noise

limits in octaves.

FIG. 11. (Color online) Dispersion rela-

tion for c-shape and cylinder sonic crys-

tals and comparison of transmission loss

for four different cases: c-shape meta-

grating, cylinder meta-grating, c-shape

sonic crystal with five unit cells, and

cylinder sonic crystal with five unit

cells.
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(dashed curves), where the first band gap of the c-shape

sonic crystal causes large transmission loss. Comparing that

with the c-shape meta-grating reveals that the sonic crystal

reflects the sound over a broader frequency range. However,

the price for better performance is a thickness of five unit

cells being ð5þ 4Þ2a, which equals approximately 1:5k at

1500 Hz. The increased thickness makes the sonic crystal

less attractive for applications which have limited space,

including stage machinery.

We note that the designed meta-gratings are ultra-

sparse, having a thickness much smaller than the wavelength

at the frequency of the maximum transmission loss. The

meta-grating designed for the meta-capsule prototype with

a ¼ 19 mm is 0:17k, while the meta-grating designed for the

rope drive system with a ¼ 42:5 mm reaches 0:15k. The lat-

ter value is similar to the factor achieved by Cheng et al.24

and demonstrates the effectiveness of the c-shape meta-

atom. Furthermore, we observe in Fig. 11 that the sonic

crystal of cylinders reveals a transmission loss up to 20 dB

in the band gap, whereas the meta-grating of cylinders is not

able to provide any noticeable transmission loss in the con-

sidered frequency range. This indicates that the transmission

loss of the c-shape meta-grating is primarily due to local res-

onances of each meta-atom, rather than Bragg reflection

between multiple meta-atoms.

VI. CONCLUSION

In this study, we investigated the reduction of noise

emission from stage machinery using c-shape meta-atoms,

with simple geometry that facilitates relatively easy

manufacturing. We designed a 2D meta-grating and

expanded it to a 3D meta-capsule prototype, which we

investigated experimentally and numerically. In both experi-

ment and simulation, a significant transmission drop at the

resonant frequency of the meta-grating was observed.

Furthermore, additional attenuation was present over a

broad frequency range around the operating frequency, in

addition to the narrow band attenuation of the meta-grating.

Subsequently, this concept was verified by designing and

manufacturing a meta-capsule for a rope drive system com-

mon in stage machinery. A transmission loss peak at reso-

nant frequency could be observed experimentally.

Additionally, it was numerically proven that the meta-

capsule provides sufficient ventilation for cooling of the

motor by natural convection. Finally, we modelled the noise

of three other drive train types typically used in stage

machinery, where a violation of stage machinery noise lim-

its in the first row of the auditorium was present.

Identification of critical peaks and subsequent design of tai-

lored meta-gratings was demonstrated to reduce the noise

emission. Following this, the presented concept provides a

new horizon for noise control in stage machinery and other

noise sensitive branches. This work demonstrates benefits

and limitations of acoustic meta-capsules for noise control

applications. To an engineer, it offers a simple concept for

using acoustic meta-materials in daily work.
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Acoustic metamaterials are structures with exotic acoustic properties, with promising

applications in acoustic beam steering, focusing, impedance matching, absorption and iso-

lation. Recent work has shown that the efficiency of many acoustic metamaterials can be

enhanced by controlling an additional parameter known as Willis coupling, which is analo-

gous to bianisotropy in electromagnetic metamaterials. The magnitude of Willis coupling in a

passive acoustic meta-atom has been shown theoretically to have an upper limit, however the

feasibility of reaching this limit has not been experimentally investigated. Here we introduce a

meta-atom with Willis coupling which closely approaches this theoretical limit, that is much

simpler and less prone to thermo-viscous losses than previously reported structures. We

perform two-dimensional experiments to measure the strong Willis coupling, supported by

numerical calculations. Our meta-atom geometry is readily modeled analytically, enabling the

strength of Willis coupling and its peak frequency to be easily controlled.
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Acoustic metamaterials1,2 have demonstrated unique
material properties which do not exist naturally, such as
negative bulk modulus3 and negative dynamic mass

density4. These properties have enabled the development of
acoustic superlenses5–7, barriers8, cloaking devices9, and the
enhancement of non-linear effects10. Metamaterials are typically
arrays of sub-wavelength structures, known as meta-atoms, with
geometry engineered to control their dynamic mass and stiffness.
It has recently been shown that more efficient metamaterial
designs can be created by incorporating an additional degree of
freedom, represented by the Willis coupling parameter.

Willis coupling is a term in the acoustic and elastic constitutive
relations that couples potential and kinetic energy11–13, analogous
to the bianisotropy parameter in electromagnetism14,15. The
Willis coupling and bianisotropy parameters can only be non-
zero in structures with low symmetry16, for example, in one
dimension a structure lacking mirror symmetry in the propaga-
tion direction is required17. The inclusion of these terms into the
constitutive relations has been shown to resolve violations of
causality and passivity in metamaterial homogenization18,19.
Recent work has demonstrated that the incorporation of Willis
coupling or bianisotropy into metamaterial structures of sub-
wavelength thickness, known as metasurfaces, can improve their
efficiency when refracting at large angles20–22. While bianisotropy
has been demonstrated and engineered in a wide range of elec-
tromagnetic meta-atom designs23, approaches for controlling the
degree of Willis coupling in acoustic meta-atoms are not well-
established.

Recently, a bound on the maximum value of the Willis cou-
pling parameter was derived, based on the conservation of
energy21. It was shown how meta-atoms can be designed to reach
this theoretical bound, using space-coiling structures with long
meander-line channels21,24–26. While such structures are advan-
tageous for achieving resonance in a sub-wavelength volume, they
are difficult to manufacture reproducibly, typically requiring
additive manufacturing techniques. Moreover, their channel
widths are often comparable to the viscous and thermal boundary
layer thickness, and their channel lengths are of the order of the
wavelength, leading to high thermo-viscous losses, and a sig-
nificant reduction in scattering efficiency27–29. It was shown
numerically in ref. 21 that the thermo-viscous losses in space-
coiling meta-atoms can reduce their Willis coupling magnitude to
be significantly lower than the theoretical bound.

Experimental evidence of Willis coupling has been reported in
both one-dimensional2,17 and two-dimensional metamaterial
structures20. It has also been shown how the effective medium
properties of a bulk metamaterial incorporating Willis coupling
can be derived from the polarizability of individual acoustic meta-
atoms30. However, the theoretical limit on the strength of Willis

coupling has not been tested experimentally, and it remains
unknown how closely this limit may be approached in practice.
To resolve this question we propose an acoustic meta-atom,
which is designed to realize maximum Willis coupling and to
minimize thermo-viscous losses. Experimental results obtained
from a fabricated sample are compared to numerical calculations,
showing good agreement of the resonant frequency and line-
shape, with a reduction in magnitude that we attribute primarily
to the energy leakage through the top and bottom waveguide
plates, which are not perfectly hard. The simplicity of the struc-
ture enables us to present an analytical model for its polariz-
ability, showing how the Willis coupling can be tailored to have
any value between zero and the theoretical bound.

Results
Meta-atom design. Acoustic wave interaction with a meta-atom
is conveniently described by its polarizability tensor. Due to the
sub-wavelength size of meta-atoms, their scattering is dominated
by monopole and dipole moments, and their polarizability can be
written as

M

D

� �
¼ α

�pinc

�vinc

" #
¼ αpp αpv

αvp αvv

� �
�pinc

�vinc

� �
; ð1Þ

whereM is the scalar monopole moment, D is the vector dipole
moment, α is the polarizability tensor, �pinc and �vinc are the
incident pressure and the velocity at the center of the meta-
atom21. The off-diagonal terms αpv and αvp represent the Willis
coupling between the dipolar and monopolar responses.

We show how the reported structures exhibiting Willis
coupling2,17,21 can be replaced by a simpler, and more
reproducible structure, by avoiding thin channels and large areas
of fluid-structure interfaces. The structure can be tuned to achieve
any value of Willis coupling up to the theoretical bounds and can
be readily analyzed using a closed form analytical solution which
assists in understanding the physical mechanisms behind its
operation.

Achieving a strong acoustic polarizability in a small volume
requires a resonant structure. Inspired by resonant sonic crystals8

and Helmholtz resonators with multiple apertures31–33, our novel
meta-atom design is presented in Fig. 1. This meta-atom exhibits
Willis coupling due to the asymmetrical neck openings. The air
within each neck is treated as an incompressible mass, while the
air in the cavity acts as a spring, together creating an oscillating
system excited by an incident acoustic wave. As the oscillation
occurs in the fluid domain only, this avoids wave coupling
through fluid-structure interfaces. Since the structure avoids long
and thin channels, thermo-viscous losses are expected to be
greatly reduced.

Radiative losses

Radiative losses

Radiative losses

Radiative losses

Scattered pressure

r i a

x �2
�1

y

Air mass: �0, l1
eff, w1

w1

Air cavity: K, V

Scattered pressure

Incident pressure Incident pressure

Fig. 1 Meta-atom geometry and dimensions. Here a is the cylinder radius and ri is the cavity radius. The neck widths wn are in general different for each
aperture, the neck length l is common to all apertures and the cavity volume V ¼ πr2i

ARTICLE NATURE COMMUNICATIONS | https://doi.org/10.1038/s41467-019-10915-5

2 NATURE COMMUNICATIONS |         (2019) 10:3148 | https://doi.org/10.1038/s41467-019-10915-5 | www.nature.com/naturecommunications



Peak Willis coupling is expected to occur close to the
Helmholtz resonator’s eigenfrequency, which is dependent on
the air mass moving within the apertures and the inner cavity
volume. In two dimensions (2D), the moving mass is determined
by the aperture cross-sections An=wn and the neck length l,
which is equal for all apertures due to the inner and outer
cylindrical boundaries being concentric. The 2D-volume V ¼ πr2i
is determined by the inner radius ri= a – l, where a is the outer
radius. By neglecting radiation damping, the eigenfrequency for N
apertures can be approximated as (see Supplementary Note 3)

ω0 ¼
c
ri

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiPN
n¼1 wn

πl

s
: ð2Þ

A more accurate model including radiation damping is
developed subsequently in this work. Generally, an arbitrary
number of apertures may be included. However, for controlling
Willis coupling along one axis, two oppositely arranged apertures
are sufficient, as illustrated in Fig. 1. The apertures can be used to
adjust the resonant frequency and the level of Willis coupling.
The maximum Willis coupling magnitude is exhibited when the
structure is shown in Fig. 1 becomes maximally asymmetric,
consistent with the single aperture meta-atoms shown in ref. 21.

Experimental verification. To experimentally demonstrate Willis
coupling in the presented meta-atom, its polarizability is deter-
mined in a 2D experiment. A single aperture meta-atom having
maximum asymmetry is manufactured and investigated with the
dimensions a= 20 mm, ri= 10 mm, and w= 12 mm (see Fig. 2a).
The incident and scattered pressure fields are measured in a 2D
parallel-plate waveguide29 (see Fig. 2b) with subsequent extrac-
tion of the polarizability tensor as detailed in Supplementary
Note 5.

The polarizability tensor defined in Eq. (1) has elements with
different units and values differing by many orders of magnitude.
Therefore it is convenient to introduce the normalized polariz-
ability tensor α′, the elements of which are shown for our meta-

atom structure in Fig. 2d–g. The normalized values are defined as

α′pp ¼ �2αpp, α′pv ¼ � ffiffi
2

p
ρc αpv, α′vp ¼ ik

ffiffiffi
2

p
αvp, and α′vv ¼ ik

ρc α
vv 21. As

required by reciprocity21, the tensor satisfies α′= α′T−, since the
off-diagonal terms are equal to each other with a sign reversal (see
Fig. 2e, f). The error bars in Fig. 2d–g show the standard deviation
of the experimentally extracted polarizability terms, obtained from
the least squares fit (see Methods section). To verify that the
magnitude of Willis coupling is close to the theoretical maximum,

Fig. 3 shows the numerically and analytically calculated α′pv
��� ��� and

the experimentally determined α′pv
��� ��� and α′vp

��� ���. For the numerical

analysis, the 2D Boundary Element Method (BEM) has been
applied. Here, the peak Willis coupling at k ⋅ a= 0.75 achieves 90%
of the theoretical bound 4ω−2.

Polarizability theory. To show how the Willis coupling and other
polarizability components can be tailored by adjusting the meta-
atom geometry, we develop a polarizability theory. The predic-
tions of this theory are shown in Figs. 2 and 3. It is based on
multiple aperture Helmholtz resonator dynamics for the outward
directed particle displacement ξn within each aperture (see Sup-
plementary Note 3)

iω3cradn
ρ0An

c
ξn þ ω2ρ0l

eff
n ξn �

K
V

X
m

Amξm ¼ pextn ð3Þ

Here pextn is the external pressure at aperture n, ρ0 is the
medium density, c is the speed of sound, An=wn is the cross-
section of the aperture, K= c2ρ0 is the bulk modulus, V is the
inner cavity volume, leffn ¼ l þ ceffn is the effective neck length
(including a radiative correction) and cradn is the radiative loss
coefficient (see Fig. 1). The ω3-term corresponds to radiative
losses, the ω2-term represents Newton’s second law applied to the
air in the neck, and the summation over m accounts for coupling
between apertures via compression of the center cavity using
Hooke’s law. Considering all apertures results in a matrix
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polarizability tensor. The error bars show the standard deviation resulting from the least squares fit over 12 incident angles
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equation Keqξ= pext, where Keq is the dynamic stiffness matrix
given by Supplementary Equation (38). This matrix allows the
displacement to be solved for an arbitrary incident pressure field
and hence, the contribution of the oscillating air masses (see
Fig. 1) to the scattering of the meta-atom. See Supplementary
Note 3 for full details of the derivation.

We consider now the shape illustrated in Fig. 1. This restricts
the Willis coupling to a single axis and simplifies the problem to a
2 × 2 matrix. In this case, the resonator polarizability tensor αres is
obtained as

αres ¼ ρ0
A1 A2

x1A1 x2A2

� �
K�1

eq

1 �iaρ0ω

1 iaρ0ω

� �
; ð4Þ

The ratio of aperture widths w1
w2

¼ A1
A2

determines the strength of
Willis coupling and can be used to optimize the structure.
Expanding Eq. (4) for a single aperture meta-atom with w2= 0
leads to the following expression for the polarizability

αres ¼
ρ0

A1 �iaρ0ωA1

x1A1 �iaρ0ωx1A1

� �
iω3crad ρ0A1

πc þ ω2ρ0l
eff
1 � K

V A1

:
ð5Þ

The dynamic stiffness matrix becomes a scalar equation with
the remaining projection matrix being singular. The singularity
arises because both the monopole and dipole moments are
determined from the air movement within a single aperture, but it
presents no computational difficulties, since the inverse of the
polarizability tensor is not required.

As the Helmholtz resonator is embedded within a cylinder (see
Fig. 1), there is an additional influence on the meta-atom
polarizability due to the background scattering from the cylinder.
Considering only the dipole and monopole terms, the polariz-
ability tensor of a cylinder of radius a is (see Supplementary
Note 4)

αcyl ¼
4

ik2c2
J1ðkaÞ

Hð1Þ
1 ðkaÞ 0

0 8ρ0
k3c

J ′1ðkaÞ
Hð1Þ′

1 ðkaÞ

2
64

3
75; ð6Þ

where Jn is a Bessel function, H
ð1Þ
n is a Hankel function of the first

kind and k ¼ ω=c is the wavenumber. As expected for a
symmetrical geometry, the off-diagonal terms corresponding to
Willis coupling are zero. Since the resonator and cylinder are
superimposed, they influence the effective incident fields of each

other through an additional scattered term:

�pinccyl ¼ �pinc þ �pscatres

�pincres ¼ �pinc þ �pscatcyl :
ð7Þ

This results in a coupled formulation for the monopole and
dipole moments of the cylinder and the Helmholtz resonator as

Mcyl

Dcyl

Mres

Dres

2
6664

3
7775 ¼ I �αcylE

�αresE I

" #�1
αcyluinc

αresuinc

" #
: ð8Þ

where uinc ¼ �pinc �vincx

� �T
is the incident field vector and E ¼

diag � ik2c2
4 Hð1Þ

0 ðkaÞ;� k2c
4aρ0

Hð1Þ
1 ðkaÞ

� 	
represents the acoustic

propagation from the cylinder to each of the apertures. Finally,
adding the monopole and dipole moments from Eq. (8) results in

Mtot

Dtot

� �
¼ Mcyl þMres

Dcyl þ Dres

" #
¼ αtotuinc; ð9Þ

which gives the total polarizability tensor αtot. The components of
αtot for a single aperture meta-atom with a= 20 mm, ri= 10 mm,
w= 12 mm, c= 343 m ⋅ s−1, and ρ0= 1.2 kg ⋅m−3 are shown
together with the experimental results in Fig. 2.

Discussion
It has been shown based on passivity and reciprocity conditions21

that maximum Willis coupling can be achieved only if the
polarizability components share the same magnitude and the
meta-atom has no losses. Figure 4 shows the magnitude of the
experimentally extracted polarizability components, where a
crossing point can be observed at k⋅a= 0.75. At this point the
magnitudes are very close to each other, giving a precise indica-
tion of the frequency of maximum Willis coupling.

The lossless condition cannot be perfectly satisfied, since any
fluid medium exhibits thermal and viscous losses, which are
greatly magnified close to the boundaries. Furthermore, our two-
dimensional parallel-plate waveguide shown in Fig. 2c will leak
some energy through the top and bottom plates, since they can
only approximate the perfectly hard boundary condition.
Although these losses are not treated in our theory, Fig. 2d–g
shows that the experimental line-shape and resonant frequency
are well described by our theoretical model. To illustrate how
closely our meta-atom approaches the theoretical bound, the
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magnitude of the Willis coupling is plotted in Fig. 3. The slight
frequency shift observable in Fig. 2d–g between the experimental
and theoretical values can be attributed to the thermo-viscous
losses of air. To investigate these mechanisms within the meta-
atom, we model the thermo-viscous losses using the Finite Ele-
ment Method (FEM), with the resulting Willis coupling shown in
Fig. 5. The results reveal a downshifting of the frequency by 2.2%
and show that thermo-viscous losses lead to a reduction of 0.32%
in the magnitude of Willis coupling. We note that this reduction
in magnitude is much less than that previously reported for
space-coiling meta-atoms with thin channels, which was ~21% at
k ⋅ a ≈ 0.75 (see Supplementary Material of ref. 21). In Fig. 5 we
also plot the Willis coupling magnitude for the space-coiling
meta-atom from ref. 21 where the much higher radiative quality
factor of the space-coiling structure leads to higher internal dis-
sipation, hence a much greater impact of thermo-viscous losses
on the Willis coupling.

In addition to the experimentally demonstrated maximum
Willis coupling, the structure presented in Fig. 1 can be tailored to
have Willis coupling from zero up to the theoretical bound. To
demonstrate this property, normalized Willis coupling for four
different parameter sets is shown in Fig. 6. The red meta-atom on
top illustrates the single aperture configuration similar to the
experimentally investigated structure from Fig. 2a. Once a second
aperture with neck width w2 is introduced, Willis coupling is
significantly reduced (Fig. 6 magenta and violet lines). This would

result in a frequency shift, as expected from Eq. (2). To avoid this,
w1 is tuned to match the peak frequency of the single aperture
case. When w2 is further increased and the shape starts to con-
verge to the symmetrical case (Fig. 6 blue, w1

w2
� 1:1), the Willis

coupling becomes very weak and disappears completely when
w1
w2

¼ 1. This behavior is of practical importance, since it allows
tailoring of the Willis coupling to any desired values. A full
parametric analysis of the influence of w1 and w2 on the resonant
frequency and peak Willis coupling is presented in Supplemen-
tary Note 6.

In conclusion, we introduced and experimentally validated a
novel meta-atom exhibiting strong Willis coupling and providing
a low radiative Q factor. The experiment revealed a Willis cou-
pling magnitude reaching ~90% of the theoretical bound. In this
structure, thermo-viscous losses in air are quite small, whereas
they are much stronger in previously reported space-coiling
meta-atoms. Additionally, the simple shape of our structure
facilitates manufacturing and enables accurate analytical model-
ing. Combining the models of a Helmholtz resonator and a
cylindrical scatterer, a theory was developed and shown to agree
well with numerical simulations. Since our structure enables
Willis coupling to be tailored, this theory can be used to engineer
Willis coupling for specific applications.

Methods
Extraction of polarizability tensor. The polarizability relationship given in Eq. (1)
is used to illustrate Willis coupling, where it appears as the off-diagonal terms αpv

and αvp. An extraction method is necessary to obtain the polarizability of a scat-
terer from an experiment or numerical model. For simplicity, only the 2D case is
considered. We build on the method for extracting polarizability from highly
symmetric 2D structures in ref. 29 which does not account for Willis coupling. This
method makes use of the incident and scattered pressure fields around the object
and fits Bessel and Hankel functions to them as pincðr; θÞ ¼

P
n βnJnðkrÞeinθ and

pscatðr; θÞ ¼
P

n γnH
ð1Þ
n ðkrÞeinθ . Since only monopole and dipole components are

of importance, the problem can be reduced to considering n ¼ �1; 0; 1 terms.
Following this, the incident pressure at the meta-atom center is �pinc ¼ β0 and the

particle velocity �vincx;y ¼ β1� β�1
2cρ0

. The monopole moment M ¼ �4γ0
ik2c2 and the dipole

moments Dx;y ¼ �4ðγ1�γ�1Þ
ik3c2 can be retrieved from the scattered field. For further

information see Supplementary Note 1 and 2.
The expansion coefficients βn and γn can be obtained from measured or

numerically determined pressure on circles with radii Rinc and Rscat respectively.
From the orthogonality of exponential functions, the coefficients can be found as

βn ¼ 1
2πJnðkRincÞ

Z 2π

0
pincðRinc; θÞe�inθdθ ð10Þ

and

γn ¼ 1

2πHð1Þ
n ðkRscatÞ

Z 2π

0
pscatðRscat; θÞe�inθdθ: ð11Þ

To avoid the singularity of Eq. (10) due to zeros of the Bessel function29, we
ensure Rinc < 2:4

k . However, Rscat should be significantly larger than the meta-atom
outer radius to reduce near field contributions. These conflicting requirements
mean that Rinc and Rscat are different in general.

To fully determine the polarizability in 2D, �pinc, �vinc, M and D must be
determined for at least 3 incident angles. The incident field quantities for all
available angles θ1..m are arranged in a matrix ϒ as

ϒ ¼
�pinc θ1ð Þ �vincx θ1ð Þ �vincy θ1ð Þ

..

. ..
. ..

.

�pinc θmð Þ �vincx θmð Þ �vincy θmð Þ

2
6664

3
7775 ð12Þ

Knowing M and D for each θ1..m, allows the polarizability tensor α to be
determined by inversion of ϒ. For increased robustness, we take additional angles.
The polarizability tensor is then determined via least squares as

α ¼ ϒTϒ

 ��1ϒT

M θ1ð Þ Dx θ1ð Þ Dy θ1ð Þ
..
. ..

. ..
.

M θmð Þ Dx θmð Þ Dy θmð Þ

2
664

3
775: ð13Þ
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Numerical model. To obtain a numerical solution for the polarizability a custom
2D BEM code is used, as described in ref. 29. It uses continuous elements with
quadratic interpolation functions34 and discretization by collocation method35 with
an adaptive integration scheme36. Initially the solids are treated as acoustic hard
boundaries. Thermo-viscous losses in air are not included in this formulation. The
incident field is a unit intensity plane wave, therefore �pinc and �vinc are known
explicitly. The medium density and the speed of sound are set to ρ0= 1.2 kg ⋅ m−3

and c= 343 m ⋅ s−1.
To calculate the influence of thermo-viscous losses in air on the polarizability of

the meta-atom (Fig. 5) 2D FEM calculations are performed with the COMSOL
Multiphysics Thermoviscous Acoustics Module. The acoustic boundary of the
meta-atom is treated as rigid. For the lossless case, the mechanical boundary
condition of the structure is set to be slip and the thermal boundary is set to be
adiabatic. Both the viscosity coefficient and the thermal conductivity coefficient are
set as zero in the simulation. For the lossy case, the mechanical boundary is set to
be no slip and the thermal boundary is set to be isothermal. The thermal and
viscous coefficients used for air are ρ0= 1.2043 kg · m−3, c= 343.14 m · s−1, μ=
1.814 × 10−5 Pa · s, μB= 1.0884 × 10−5 Pa · s, k= 0.025768W · m−1 · K−1, Cp=
1005.4 J · kg−1 · K−1, αp= 0.0034112 K−1, γ= 1.4 and βT= 9.8692 × 10−6 Pa−1. The
finite element type is a triangular element with quadratic interpolation functions.
The maximum element size is set to approximately 28 elements per wavelength at
2500 Hz.

Waveguide scattering experiment. To experimentally determine the incident
and scattered pressure fields we use the 2D anechoic waveguide chamber presented
in ref. 29. The propagation medium is air with an acoustic velocity of 343 m · s−1.
The height of the chamber (66 mm) supports only a single propagation mode at
frequencies up to 2600 Hz, making it a 2D wave propagation system. The excitation
source is a speaker, excited by a continuous wave with frequency varying between
1500 Hz and 2500 Hz in 50 Hz steps. The response is measured by a microphone,
which is moved in two axes by belts driven by stepper motors.

The sample is a single aperture meta-atom shown in Fig. 1a. This meta-atom
was manufactured from stainless steel with precisely machined surface with
maximum surface roughness of 4 μm (Rz4). Additionally, rubber seals (black) are
glued on top and bottom to prevent air leakage from the resonator cavity and to
achieve more homogeneous clamping. The incident field is measured at a radius
Rinc= 40 mm. The scattering of the sample is measured at 12 different incident
angles (0°, 30°, 60°, 90°, 120°, 150°, 180°, 210°, 240°, 270°, 300°, 330°) at a radius of
Rscat= 200 mm

Data availability
All relevant data that support the findings of this study are available from the
corresponding author upon request.
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SUPPLEMENTARY NOTE 1:

TIME CONVENTION AND INCIDENT FIELD

The incident pressure for a plane wave is given by

pinc(t,x) = p0e
i(−ωt+kx) (S1)

with p0 as pressure amplitude, k as wave vector, x as position vector, ω as angular frequency

and t as time.

Considering the linearized and simplified Euler’s equation

−ρ0
dv

dt
= ∇p (S2)

the velocity vector v can be described as following

v(t,x) =
1

iρ0ck
∇p(t,x). (S3)

For the velocity field in 2D it can be rearranged to

v(t,x) =
1

iρ0ck




∂
∂x

∂
∂y


 p0e

i(−ωt+kxx+kyy)

=
1

ρ0ck


kx
ky


 p0e

i(−ωt+kxx+kyy)

=
k
ρ0ck

p0e
i(ωt−kx) =

k
ρ0ck

p(t,x)

(S4)

with ρ0 as density and c as speed of sound. For practical reasons numerical differentiation

is often required, giving the following approximate expression for the velocity

v(t,x) ≈ 1

iρ0ck

∆p

∆x
=

1

iρ0ck

p(x2)− p(x1)

x2 − x1

(S5)
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SUPPLEMENTARY NOTE 2:

POLARIZABILITY EXTRACTION FROM NUMERICAL AND EXPERIMENTAL

RESULTS

The incident pressure within a 2D system pinc is represented by a cylindrical function

expansion

pinc =
∞∑

n=−∞
βnJn(kr)einθ (S6)

and scattered pressure pscat by

pscat =
∞∑

n=−∞
γnH

(1)
n (kr)einθ (S7)

with βn as the incident field coefficient, γn as the scattered field coefficient, Jn(kr) as Bessel

function of order n, H(1)
n (kr) as Hankel function of first kind of order n and r and θ as

cylindrical coordinates. If pressure data pscat(r, θ) is available from an experiment or nu-

merical simulation, βn and γn coefficients can be obtained from the orthogonality of the

exponential functions. To calculate these coefficients we hold radius constant at Rinc and

Rscat respectively

βn =
1

2πJn(kRinc)

∫ 2π

0

pinc(R
inc, θ)e−inθdθ (S8)

and

γn =
1

2πH
(1)
n (kRscat)

∫ 2π

0

pscat(R
scat, θ)e−inθdθ. (S9)

The process for choosing Rinc and Rscat is outlined in Ref. [1].

These integrals are numerically approximated, with the scattered field given by

γn ≈
1

H
(1)
n (kRscat)

n∑

i=1

pscat(θi)e
−inθi 1

n
. (S10)

We compare this approach with the acoustic dipole and monopole moments as defined in

Ref. [2]

M =

∫

V

ρdV (S11)

D =

∫

V

ρrdV. (S12)
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We compare the scattered field from a monopole with the first term in the cylindrical function

expansion

pMs = γ0H
(1)
0 (kr)

= −ik
2c2M

4
H

(1)
0 (kr)

(S13)

resulting in the following expression for the monopole coefficient

M =
−4γ0

ik2c2
. (S14)

A similar comparison is performed between the dipole scattering and the n = ±1 terms of

the cylindrical function expansion

pDs = (γ1H
(1)
1 (kr)eiθ + γ−1H

(1)
−1 (kr)e−iθ)

= (γ1e
iθ − γ−1e

−iθ)H(1)
1 (kr)

= ((γ1 − γ−1) cos θ + (γ1 + γ−1)i sin θ)H
(1)
1 (kr)

= −ik
3c2

4
(Dx cos θ +Dy sin θ)H

(1)
1 (kr)

(S15)

resulting in

Dx = −(γ1 − γ−1)
4

ik3c2

Dy = −(γ1 + γ−1)
4

k3c2
.

(S16)

This can be summarized by a matrix



M

Dx

Dy


 =

−4

ik2c2




0 1 0

−1
k

0 1
k

i
k

0 i
k







γ−1

γ0

γ1


 (S17)

connecting the γ coefficients to monopole and dipole moments. The excitation of the

monopole and dipole moments by an incident field can be described by a polarizability

tensor α in the form [2] 


M

Dx

Dy


 =




αpp αpvx αpvy

αvpx αvvxx αvvxy

αvpy αvvyx αvvyy







p̆inc

v̆inc
x

v̆inc
y


 , (S18)

where p̆inc and v̆inc represent the incident pressure and velocity at the center of the meta-

atom.
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When the monopole and dipole moments and the incident pressure are known, we can

obtain the polarizability tensor α row by row for M , Dx and Dy from different incident

angles θ1,2,3.



αpp αpvx αpvy

αvpx αvvxx αvvxy

αvpy αvvyx αvvyy


 =




p̆inc (θ1) v̆inc
x (θ1) v̆inc

y (θ1)

p̆inc (θ2) v̆inc
x (θ2) v̆inc

y (θ2)

p̆inc (θ3) v̆inc
x (θ3) v̆inc

y (θ3)




−1

︸ ︷︷ ︸
Υ−1




M (θ1) Dx (θ1) Dy (θ1)

M (θ2) Dx (θ2) Dy (θ2)

M (θ3) Dx (θ3) Dy (θ3)


 . (S19)

If data is available for additional incident angles is the polarizability tensor can be found by

least squares

α = (Υ TΥ )−1Υ T




M (θ1) Dx (θ1) Dy (θ1)

: : :

M (θN) Dx (θN) Dy (θN)


 . (S20)

To meaningfully compare the different elements of the polarizability tensor, which have

different units, the normalized polarizability tensor α′ is introduced as



−
√

2M

ikDx

ikDy


 =




−2αpp −
√

2
ρc
αpvx

−
√

2
ρc
αpvy

ik
√

2αvpx
ik
ρc
αvvxx

ik
ρc
αvvxy

ik
√

2αvpy
ik
ρc
αvvyx

ik
ρc
αvvyy







1√
2
p̆inc

ρcv̆inc
x

ρcv̆inc
y


 , (S21)

which satisfies α′ = α′T− [2] (i.e. the off-diagonal terms are anti-symmetric).
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SUPPLEMENTARY NOTE 3:

HELMHOLTZ-RESONATOR POLARIZABLITY

General Model

Consider a Helmholtz resonator, containing an internal compressible volume V , with

multiple incompressible apertures of length l and cross-section An. We model this as a 2D

system, and set height h = 1 for simplicity in all analysis.

Supplementary Figure 1. Meta-atom geometry.

The air in each of the channels is treated as an incompressible mass of cross-section

An = wn · h, and when it moves outwards by distance ξn, it leads to condensation

∆ρ/ρ = −∆V/V = Anξn/V (S22)

In the acoustic approximation, this condensation leads to an internal pressure increase pint

pint = K∆p/p = −KAnξn/V (S23)

where K is the bulk modulus. Considering multiple masses, we arrive at

pint = −K
V

∑

m

Amξm (S24)

An incident acoustic field results in some external pressure pext. In general this is different

for each aperture. The inward-directed net force on mass n when subject to external pressure

pext
n is balanced by pint to give

Fp = An(pext
n − pint) (S25)
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The movement of the mass in the channels leads to an additional radiation force which must

also be included in the balance equation

F rad
n = Rrad

n

dξn
dt

=
ρ0ck

2A2
n

8π

dξn
dt

(S26)

So the total force on mass n is

Fn = An(pext
n − pint) + F rad

n (S27)

By Newton’s law, this gives the acceleration

Fn = −mn
d2ξn
dt2

(S28)

Given that the mass in each channel is mn = ρ0Anln

Fn = −ρ0Anln
d2ξn
dt2

(S29)

with ln as the effective length [3]

ln = l + 1.6 · wn (S30)

Substituting the explicit expression for the total force

An(pext
n − pint) + F rad

n = −ρ0Anln
d2ξn
dt2

(S31)

Factor out the area An, and consider prad
n = F rad

n /An

pext
n − pint + prad

n = −ρ0lnd2ξndt2 (S32)

An explicit expression for the radiation pressure component can be derived from Kinsler [3,

Section 10.8], which gives the radiation force as

prad
n =

ρ0ck
2An

8π

dξn
dt

=
ρ0c

8π

ω2

c2
An

dξn
dt

=
ρ0An
8πc

ω2 dξn
dt

(S33)

For harmonic waves, note that d2/dt2 → −ω2, so we can write this as

prad
n = −ρ0An

8πc

d3ξn
dt3

(S34)

Reorder Newton’s equation for mass n

−ρ0ln
d2ξn
dt2

+ pint − prad
n = pext

n (S35)
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Substituting explicit expressions for pint and prad leads to
ρ0An
8πc

d3ξn
dt3
− ρ0ln

d2ξn
dt2
− K

V

∑

m

Amξm = pext
n (S36)

Using exp(−iωt) time convention leads to

iω3ρ0An
8πc

ξn + ω2ρ0lnξn −
K

V

∑

m

Amξm = pext
n . (S37)

For a Helmholtz resonator with two apertures we can rewrite Eq. (S37) in matrix notation
(
iω3 ρ0

8πc


A1 0

0 A2




︸ ︷︷ ︸
R

+ω2 ρ0


l1 0

0 l2




︸ ︷︷ ︸
M

− K
V


A1 A2

A1 A2




︸ ︷︷ ︸
K

)

︸ ︷︷ ︸
Keq

ξ = pext. (S38)

To obtain the undamped eigenfrequency we neglect the radiative part R and end up with

the eigenvalue problem

det

(
K

V


A1 A2

A1 A2


− ω2ρ0


l1 0

0 l2



)

= 0 (S39)

which results in

ω0 =

√
c2

V

(
A1

l1
+
A2

l2

)
(S40)

and matches the common Helmholtz resonator considerations with two openings [4, 5].

Considering specifically the 2D case with height normalized to 1, the general solution for N

apertures is

ω0 =
c

a− l

√∑N
n=1 wn
πl

. (S41)

This model yields only one non-zero frequency mode independent of the number of apertures,

since it assumes a homogeneous pressure distribution within the internal volume. The full

solution accounting for radiative damping can be obtained by inversion as

ξ = K−1
eq p

ext. (S42)

Polarizability Tensor of Helmholtz Resonator with Two Apertures

We perform a multipole expansion considering the fluid displacement ξn in every aperture

to obtain the monopole moment

M = ρ0

∫

S

ξdS = ρ0

∑

n

ξnAn (S43)
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and dipole moment

D = ρ0

∫

S

ξrdS = ρ0

∑

n

ξnrnAn (S44)

resulting in 
M
D


 = ρ0


 A1 A2

x1A1 x2A2


 ξ = AMDξ. (S45)

which can be inverted to yield

ξ =




x2
A1ρ0(x1−x2)

1
A1ρ0(x1−x2)

x1
A2ρ0(x1−x2)

− 1
A2ρ0(x1−x2)




M
D


 = A−1

MD


M
D


 . (S46)

This connects the motion of the effective masses of the Helmholtz resonator toM and D. To

find the polarizability of the Helmholtz resonator we must link the external pressure at each

aperture pext to the incident pressure and velocity at the center of the meta-atom, under the

assumption that its radius is small compared to the wavelength

p̆inc =
pext

1 + pext
2

2
(S47)

and based on Eq. (S5)

v̆inc
x =

pext
2 − pext

1

i2aρ0ω
(S48)

with a = R as particle radius. We can write it in a matrix form as

p̆

inc

v̆inc
x


 =




1
2

1
2

− 1
i2aρ0ω

1
i2aρ0ω




p

ext
1

pext
2


 = Apvp

ext (S49)

or as the inverse

pext =


1 −iaρ0ω

1 iaρ0ω




p̆

inc

v̆inc
x


 = A−1

pv


p̆

inc

v̆inc
x


 (S50)

Now we can combine Eqs. (S45), (S42) and (S50) and write

M
Dx


 = AMDξ

= AMDK
−1
eq p

ext

= AMDK
−1
eq A

−1
pv


p̆

inc

v̆inc
x





M
Dx


 = αres


p̆

inc

v̆inc
x




(S51)
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which directly gives us the polarizability tensor α. The inverse of the polarizability tensor

is required later in this derivation and it can be obtained as

α−1
res = ApvKeqA

−1
MD

=




1
2

1
2

− 1
i2aρ0ω

1
i2aρ0ω


(iω3R + ω2M−K

)



x2
A1ρ0(x1−x2)

1
A1ρ0(x1−x2)

x1
A2ρ0(x1−x2)

− 1
A2ρ0(x1−x2)


 .

(S52)

Polarizability Tensor for Resonator with One Aperture

To obtain the highest possible Willis coupling for the Helmholtz resonator the highest

level of asymmetry should be applied by closing one of the two channels. Now the response

of the resonator given by Eq. (S37) becomes a scalar equation

(
iω3ρ0A1

8πc
+ ω2ρ0l1 −

K

V
A1

)
ξ1 = Keqξ1 = pext

1 . (S53)

This implies further simplifications of Eq. (S51) to

M
Dx


 = ρ0


 A1

x1A1


 1

Keq

[
1 −iaρ0ω

]

p̆

inc

v̆inc
x




=
ρ0

iω3 ρ0A1

8πc
+ ω2ρ0l1 − K

V
A1


 A1 −iaρ0ωA1

x1A1 −iaρ0ωx1A1




p̆

inc

v̆inc
x




= αres


p̆

inc

v̆inc
x




(S54)

The polarizability tensor is now a results of an outer product of two vectors, which gives a

zero determinant. The tensor is not invertible in that case, so it will be treated differently

in the coupling procedure outlined below.
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SUPPLEMENTARY NOTE 4:

CYLINDER POLARIZABILITY

The meta-atom consists of a resonator inside a cylindrical body. The direct scattering

from the outer cylinder surface contributes to the total scattering of the whole meta-atom

and should be considered as well. The scattering of a plane wave from a cylinder is given

analytically as

pscat(r, θ) = −p0

∞∑

n=−∞
in

d
d(ka)

Jn(ka)

d
d(ka)

H
(1)
n (ka)

H(1)
n (kr)ein(θ−θ0) (S55)

with Jn(z) as a Bessel functions of n-th order, H(1)
n (z) as a Hankel function of the second

kind of n-th order, a as the cylinder radius, θ0 as the angle of incidence, k as the wave

number, and r and θ as cylindrical coordinates. For small cylinders the scattered field can

be described by monopole and dipole components corresponding to the n = 0 and n = ±1

terms. This simplifies the scattered field to

pscat(r, θ) = −p0

(
−i J

′
−1(ka)

H
(1)′
−1 (ka)

H
(1)
−1 (kr)e−i(θ−θ0)+

+
J ′0(ka)

H
(1)′
0 (ka)

H
(1)
0 (kr)+

+i
J ′1(ka)

H
(1)′
1 (ka)

H
(1)
1 (kr)ei(θ−θ0)

)
(S56)

or

pscat(r, θ) = γ−1H
(1)
−1 (kr)e−i(θ−θ0) + γ0H

(1)
0 (kr) + γ1H

(1)
1 (kr)ei(θ−θ0). (S57)

Using Eq. (S14) the monopole moment can be calculated as

M =
4

ik2c2

J ′0(ka)

H
(1)′
0 (ka)

p0 (S58)

and after substituting p0 = pinc for x = 0 and θ = 0 the monopole component of the

polarizability tensor appears as

αcyl
pp =

4

ik2c2

J ′0(ka)

H
(1)′
0 (ka)

. (S59)

Evaluating the derivatives J ′0(ka) = J−1(ka) = −J1(ka) and H(1)′
0 (ka) = −H(1)

1 (ka) [3] leads

to

αcyl
pp =

4

ik2c2

J1(ka)

H
(1)
1 (ka)

. (S60)
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For the dipole moment we can perform an analogous process by substituting γ−1,1 from (S56)

into (S16). Due to symmetry, it suffices to consider only a single component of the dipole

moment. We consider incident wave propagation parallel to the x-axis with θ0 = 0 so that

eiθ0 = 1, yielding

Dx =
4

k3c2

(
J ′1(ka)

H
(1)′
1 (ka)

+
J ′−1(ka)

H
(1)′
−1 (ka)

)
p0, (S61)

which can be further simplified to

Dx =
8

k3c2

J ′1(ka)

H
(1)′
1 (ka)

p0. (S62)

Substituting the expression p0 = ρ0cv0 results in the final equation

Dx =
8ρ0

k3c

J ′1(ka)

H
(1)′
1 (ka)

v0, (S63)

which gives us the polarizability tensor component

αcyl
vv =

8ρ0

k3c

J ′1(ka)

H
(1)′
1 (ka)

. (S64)

Doe to the symmetry of a cylinder no Willis coupling is present and we can write the

polarizability tensor as

αcyl =


α

cyl
pp 0

0 αcyl
vv


 =




4
ik2c2

J1(ka)

H
(1)
1 (ka)

0

0 8ρ0
k3c

J ′1(ka)

H
(1)′
1 (ka)


 (S65)

and its inverse as

α−1
cyl =



ik2c2

4

H
(1)
1 (ka)

J1(ka)
0

0 k3c
8ρ0

H
(1)′
1 (ka)

J ′1(ka)


 . (S66)

Fig. 2(c, d) shows analytically (solid lines) and numerically determined (square and tri-

angle markers) polarizability of a cylinder. Here the cylinder radius a = 50 mm, c = 343 m/s

and ρ0 = 1.2 kg/m3. The analytical solution accurately matches the results extracted from

the numerically calculated scattered field. The extracted off-diagonal components have a

maximum dimension of 10−12, which is equal to zero within numerical precision and hence

the symmetry condition α′ = α′T− [2] is trivially satisfied. This results validates the extrac-

tion method in combination with the custom BEM code.
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Supplementary Figure 2. Scattering from a cylinder. a: Illustration of chosen value of Rinc, for

incident pressure field without particle. Dark region above r = 2.4
k can cause Eq. (S8) to become

singular and should be avoided. b: Illustration of chosen value of Rscat, for the scattered pressure

field from a cylinder. c: Monopole polarizability of a cylinder α′pp given by theory (solid lines) and

determined with BEM (square and triangle markers). d: Dipole polarizability of a cylinder α′vv.
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SUPPLEMENTARY NOTE 5:

RESONATOR-CYLINDER COUPLING

Analytical Coupling of Cylinder and Resonator in 1D

The meta-atom consists of a resonator inside a cylindrical body, and both objects con-

tribute significantly to scattering. Furthermore the incident field for each object is influenced

by the other, which implies that a coupled model is required.

General Coupling Model

The incident field of cylinder and resonator models can be expressed as

p̆cyl
inc = p̆inc + p̆res

scat

p̆res
inc = p̆inc + p̆cyl

scat

(S67)

taking the influence by each other into account. Considering the cylinder the scattered field

can be calculated as

p̆
v̆




cyl

scat

=




1
2

1
2

− 1
i2aρ0ω

1
i2aρ0ω




fM(r1) fD(r1, θ1)

fM(r2) fD(r2, θ2)




︸ ︷︷ ︸
E


M
D




cyl

(S68)

where fM(r) and fD(r, θ) are the parts of (S13) and S15 corresponding to monopole and

dipole moment as

fM(r) = −ik
2c2

4
H

(1)
0 (kr) (S69)

and

fD(r, θ) = −ik
3c2

4
H

(1)
1 (kr) cos(θ). (S70)

For symmetrical aperture the coordinates of inlets are r1 = r2 = a and θ1 = θ2 + π, which

implies
fM(r1) = fM(r2) = fM(a) = fM

−fD(r1, θ1) = fD(r2, θ1) = fD(a) = fD

(S71)

and

E =


fM 0

0 fD
iaρ0ω


 . (S72)
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After substituting the moments with polarizability tensor α and incident field uinc =[
p̆inc v̆inc

]T
we end up with

ucyl
scat = Eαcylu

cyl
inc (S73)

which incorporated into Eq. (S67) results in

(Eαcyl)
−1ucyl

scat = uinc + ures
scat. (S74)

After completing the same consideration for the resonator we obtain the following two equa-

tions

uinc = (Eαcyl)
−1ucyl

scat − ures
scat

uinc = (Eαres)
−1ures

scat − ucyl
scat

(S75)

which we combine to a system of equations


uinc

uinc


 =


(Eαcyl)

−1 −I
−I (Eαres)

−1




u

cyl
scat

ures
scat


 . (S76)

The scattered pressure can be calculated from the monopole and dipole moments (S13),

(S15) and we get


uinc

uinc


 =


(Eαcyl)

−1 −I
−I (Eαres)

−1




E 0

0 E







[
M D

]T
cyl[

M D
]T

res


 (S77)

and after matrix multiplication we end up with




p̆inc

v̆inc

p̆inc

v̆inc




=





αpp αpv
αvp αvv



−1

cyl

−E

−E


αpp αpv
αvp αvv



−1

res







Mcyl

Dcyl

Mres

Dres



. (S78)

Coupling between Cylinder and Helmholtz Resonator in the Absence of Willis Coupling

When the structure has mirror symmetry, the Willis coupling terms αpv and αvp are zero

for the Helmholtz resonator. The Willis coupling terms of the cylinder are always zero, so

15



we end up with a simplified system of equations



p̆inc

v̆inc

p̆inc

v̆inc




=




(αcyl
pp )−1 0 −fM 0

0 (αcyl
vv )−1 0 − fD

iaρ0ω

−fM 0 (αres
pp )−1 0

0 − fD
iaρ0ω

0 (αres
vv )−1







Mcyl

Dcyl

Mres

Dres




= B−1




Mcyl

Dcyl

Mres

Dres




(S79)

where the matrix B is the total coupling matrix, which connect the incident field to the

individual monopole and dipole moments. In absence of Willis coupling the monopole and

dipole moments are completely uncoupled from each other and this allows to separate them

into two independent matrix equations

p̆inc

p̆inc


 =


(αcyl

pp )−1 −fM
−fM (αres

pp )−1




Mcyl

Mres


 (S80)

and 
v̆inc

v̆inc


 =


(αcyl

vv )−1 − fD
iaρ0ω

− fD
iaρ0ω

(αres
vv )−1




Dcyl

Dres


 (S81)

The monopole moments can be now obtained by matrix inversion as

Mcyl

Mres


 =

1

(αcyl
pp )−1(αres

pp )−1 − f 2
M


(αres

pp )−1 fM

fM (αcyl
pp )−1




p̆inc

p̆inc


 (S82)

and summed to give the total monopole moment

Mtot = Mcyl +Mres. (S83)

The resulting equation

Mtot =
(αcyl

pp )−1 + (αres
pp )−1 + 2fM

(αcyl
pp )−1(αres

pp )−1 − f 2
M

p̆inc (S84)

gives the uncoupled monopole component of the total polarizability tensor

αtotpp =
(αcyl

pp )−1 + (αres
pp )−1 + 2fM

(αcyl
pp )−1(αres

pp )−1 − f 2
M

. (S85)

The dipole moment can be determined in the same way from

Dcyl

Dres


 =

1

(αcyl
vv )−1(αres

vv )−1 − ( fD
iaρ0ω

)2


(αres

vv )−1 fD
iaρ0ω

fD
iaρ0ω

(αres
vv )−1




v̆inc

v̆inc


 (S86)
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as a sum

Dtot = Dcyl +Dres. (S87)

It gives us the total dipole moment as

Dtot =
(αcyl

vv )−1 + (αres
vv )−1 + 2fD

iaρ0ω

(αcyl
vv )−1(αres

vv )−1 − ( fD
iaρ0ω

)2
v̆inc (S88)

and the corresponding component of the polarizability tensor

αtotvv =
(αcyl

vv )−1 + (αres
vv )−1 + 2fD

iaρ0ω

(αcyl
vv )−1(αres

vv )−1 − ( fD
iaρ0ω

)2
. (S89)

Finally the total polarizability tensor is defined as

αtot =


α

tot
pp 0

0 αtotvv


 . (S90)

Willis Coupling with two Apertures

To get the Willis coupling in the particle the symmetry of the resonator has to be dis-

turbed. This can be easily achieved by changing the ratio of the aperture sizes to be unequal.

This implies the appearence of Willis coupling term αpv and αvp in αres and the coupling

matrix B−1 is written as



p̆inc

v̆inc

p̆inc

v̆inc




=




(αcyl
pp )−1 0 −fM 0

0 (αcyl
vv )−1 0 − fD

iaρ0ω

−fM 0 (αres
pp )−1 (αres

pv )−1

0 − fD
iaρ0ω

(αres
vp )−1 (αres

vv )−1







Mcyl

Dcyl

Mres

Dres




= B−1




Mcyl

Dcyl

Mres

Dres




(S91)

Now the monopole and dipole moment equations can not be treated separately and the total

matrix B−1 has to be inverted



Mcyl

Dcyl

Mres

Dres




= B




p̆inc

v̆inc

p̆inc

v̆inc




=
[
βij

]




p̆inc

v̆inc

p̆inc

v̆inc



. (S92)

From the uncoupled case we know that Mtot = Mcyl + Mres and Dtot = Dcyl + Dres and we

can write the total moments as
Mtot

Dtot


 =


(β11 + β13 + β31 + β33) (β12 + β14 + β32 + β34)

(β21 + β23 + β41 + β43) (β22 + β24 + β42 + β44)




p̆inc

v̆inc


 (S93)
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Finally the total polarizability tensor for presence of Willis coupling is obtained as

αtot =


(β11 + β13 + β31 + β33) (β12 + β14 + β32 + β34)

(β21 + β23 + β41 + β43) (β22 + β24 + β42 + β44)


 . (S94)

Willis Coupling with one Aperture

When the resonator has only one aperture, the polarizability tensor is simplified, but

at the same time is becomes non-invertible as it has a zero determinant. In this case the

inversion can be avoided by multiplication of the corresponding coupling matrix rows with

αres 
 uinc

αresuinc


 =


 α−1

cyl −E
−αresE αresα

−1
res







[
M D

]T
cyl[

M D
]T

res


 . (S95)

We can expand it as



p̆inc

v̆inc

αres
pp p̆inc + αres

pv v̆inc

αres
vp p̆inc + αres

vv v̆inc




=




(αcyl
pp )−1 0 −fM 0

0 (αcyl
vv )−1 0 − fD

iaρ0ω

−αres
pp fM −

αres
pv fD
iaρ0ω

1 0

−αres
vp fM −αres

vv fD
iaρ0ω

0 1







Mcyl

Dcyl

Mres

Dres




= B′−1




Mcyl

Dcyl

Mres

Dres




(S96)

and analogously to the two aperture case form the total polarizability tensor

αtot =







β11 + β31+

+αres
pp (β13 + β33) +

+αres
pv (β14 + β34)







β12 + β32+

+αres
pv (β13 + β33) +

+αres
vv (β14 + β34)







β21 + β41+

+αres
pp (β23 + β43) +

+αres
pv (β13 + β33)







β22 + β42+

+αres
vp (β23 + β43) +

+αres
vv (β13 + β33)







. (S97)
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SUPPLEMENTARY NOTE 6:

EFFECTIVE LENGTH AND RADIATIVE LOSSES CORRECTION

The commonly used formulas for radiative damping and mass [3], are specific to circu-

lar geometries, and require modification for the case of our meta-atom. The radiative losses

dictate the amplitudes of the polarizability tensor components and are of crucial importance

for correctly determining Willis coupling coefficients. Furthermore the radiative mass is rep-

resented by adjusting the effective length of the apertures to correctly match the numerical

results. This influences the resonant frequency.

For finetuning of these parameter we spanned a grid in parameter space over w = [3, 12]

mm and l = [5, 10] mm where for every parameter combination the polarizability tensor was

numerically determined. The numerical results were used for nonlinear optimization of the

effective length correction coefficient ceff and radiation loss coefficient crad. These coefficients

are incorporated into the model through the equations

leff = l + ceff (S98)

and

Keq = iω3crad
ρ0A

c
+ ω2ρ0leff −

K

V
A, (S99)

which implies that

α = f (ceff , crad, ω...) . (S100)

The optimization function is based on the Willis coupling component αpv and is defined as

fopt (ceff , crad) = ‖αBEMpv (ω)− αanalytpv (ω, ceff , crad)‖2 −→ min . (S101)

Minimizing this function for every point in (l, w) space gives us a ceff-surface and a crad-

surface. These surfaces represent the optimal values for the evaluated points, which can be

now approximated with simple terms in l, w-space. This terms were found by the means of

linear regression and the resulting function are

ceff (l, w) ≈ w
(
Ceff

0 + Ceff
1 · w + Ceff

2 · w2 + Ceff
3 · w · l

)
(S102)
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with coefficients
Ceff

0 = 2.36

Ceff
1 = −1.58× 102 m−1

Ceff
2 = 4.71× 103 m−2

Ceff
3 = 8.47× 102 m−2

(S103)

and

crad (l, w) ≈ Crad
0 +

Crad
1√
w

+ Crad
2 · l +

Crad
3

w · l (S104)

with coefficients
Crad

0 = 9.3× 10−3

Crad
1 = 2.32×−4

√
m

Crad
2 = −2.7×−1 m−1

Crad
3 = 2.61×−8 m2

(S105)

These equations were optimized to have a minimal number of terms and to produce a maxi-

mum error of less than 3%. A comparison between the fitted functions with the numerically

calculated results is shown in Fig. 3. These expressions are substituted into Eqs. (S98) and

(S99) for calculation of the polarizability tensor for the resonator with one aperture.
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0.013
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Supplementary Figure 3. Results of nonlinear optimization and subsequent linear regression for ceff

(a) and crad (b) in l, w-space.
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SUPPLEMENTARY NOTE 7:

TAILORING THE WILLIS COUPLING BY VARYING META-ATOM GEOMETRY

Here we demonstrate how Willis coupling can be tailored by controlling the geometric

parameters of the meta-atom. First, a single aperture meta-atom with w1

w2
=∞ is considered,

similar to the experimentally investigated sample. Fig. 4(a-d) illustrates the normalized po-

larizability components α′pp, α′pv, α′vp, and α′vv determined analytically (blue, red and black

lines) and numerically (green lines with markers). Theoretical and numerical polarizabilities

are in perfect agreement. The maximum magnitude of Willis coupling is reached, as shown

by α′pv and α′vp touching the theoretical bound (magenta line) in Fig. 4(b,c).

Next, a meta-atom with the same parameters but an additional smaller aperture is consid-

ered (w1

w2
= 4). The resulting polarizability is shown in Fig. 4(e-h), where theory perfectly

matches the BEM results. Two important effects are observable. First, the eigenfrequency

(and therefore the frequency of peak Willis coupling) is shifted, which can be understood

through Eq. (S40). Second, the Willis coupling amplitude is reduced, see Fig. 4(f,g), since

the asymmetry of the particle is weaker. Furthermore, the profile of α′pp in Fig. 4(e) shows

no significant difference from Fig. 4(a). In contrast, the profile of α′vv is strongly reduced

in amplitude close to the resonator eigenfrequency. The effect of decreased Willis coupling

(see Fig. 4(f,g)) is of practical importance, since it can be used to tailor the Willis coupling

to required values.

A special case is the symmetrical double aperture meta-atom, where w1

w2
= 1. Its polariz-

ability given in Fig. 4(i-l) differs significantly from the asymmetrical meta-atoms discussed

above. The resonance frequency is further shifted due to the change of the resonator pa-

rameters (see Eq. (S40)). The Willis coupling is zero, which agrees with the expectations

due to the symmetry of the structure. The αpp component in Fig. 4(i) shows no significant

change compared to previous parameter choices. Interestingly, αvv no longer has a peak and

moreover, it approaches the polarizability of a cylinder given by Eq. (S66). In this case two

design points could be of interest, one in the peak of αpp by ka = 1.15 and one in the zero dip

of it by ka = 0.75 (see Fig. 4(i)). Especially in the zero dip, a regime with a dipole response

of a cylinder, but without any or with extremely weak monopole response is obtained.

The ratio w1

w2
allows Willis coupling to be engineered, however changing the ratio of widths

also shifts the peak frequency, as can be observed in Fig. 5. To obtain a meta-atom of the
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same size and with constant peak frequency varying only Willis coupling requires adjust-

ment of additional parameters. This relation can be observed in Fig. 6, which considers neck

widths in the range 0.15 ≤ w
a
≤ 0.6. This range is limited to avoid very narrow slits which

would lead to high thermo-viscous losses. The colored background refers to peak Willis cou-

pling normalized to the theoretical bound and the contours illustrate the peak frequencies.

Taking for example a meta-atom of size a = 20 mm: engineering of different Willis coupling

peak magnitudes at ka = 0.9 equates to choosing w1 and w2 from Fig. 6 along the dashed

teal like corresponding to ka = 0.9.
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Supplementary Figure 4. Meta-atom polarizability determined by theory (blue, red and black lines)

and numerically (green lines with markers): a, b, c, d: Single aperture meta-atom with a = 20 mm,

l = 10 mm and w = 12 mm. e, f, g, h: Double aperture meta-atom with a = 20 mm, l = 10 mm

and w1 = 12 mm and w2 = 3 mm. i, j, k, l: Symmetrical double aperture meta-atom with a = 20

mm, l = 10 mm and w1 = 3 mm and w2 = 3 mm.
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Supplementary Figure 5. Willis coupling of four different meta-atom geometries through variation

of w2. Peak Willis coupling and peak frequency are changed.
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Supplementary Figure 6. Design space of double aperture meta-atom: Willis coupling normalized

to the maximum bound as colored background and contour lines of peak frequencies as colored

dashed lines.

23



SUPPLEMENTARY REFERENCES

1. Jordaan, J. et al. Measuring Monopole and Dipole Polarizability of Acoustic Meta-Atoms.

Applied Physics Letters 113, 224102. issn: 0003-6951 (Nov. 2018).

2. Quan, L., Ra’di, Y., Sounas, D. L. & Alù, A. Maximum Willis Coupling in Acoustic Scatterers.

Physical Review Letters 120. issn: 0031-9007, 1079-7114. doi:10.1103/PhysRevLett.120.

254301. https://link.aps.org/doi/10.1103/PhysRevLett.120.254301 (2018) (June 20,

2018).

3. Kinsler, L. E. Fundamentals of acoustics 568 pp. isbn: 978-0-471-84789-2 (Wiley, 2000).

4. Crow, B. C., Cullen, J. M., McKenzie, W. W., Koju, V. & Robertson, W. M. Experimental

realization of extraordinary acoustic transmission using Helmholtz resonators. AIP Advances

5, 027114 (Feb. 1, 2015).

5. Dosch, H. G. Radiative feedback in Helmholtz resonators with more than one opening. The

Journal of the Acoustical Society of America 140, 3576–3581. issn: 0001-4966 (Nov. 1, 2016).

24


