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A B S T R A C T

In this work the potential for elastic scattering of two nucleons is calculated in chiral
effective field theory at next-to-leading order with coupled N∆- and ∆∆-channels. To
solve the coupled channel scattering equation one needs the potentials of all possible
combinations of initial and final states (NN, N∆, ∆N, ∆∆) up to this order. We give
analytic expressions for the spectral functions of the two-pion exchange for all contributing
one-loop diagrams. The contact potentials at leading and next-to-leading order and the
corresponding low energy constants are determined. The rich coupling of the N∆ and ∆∆
contact potentials to the nucleon-nucleon channels is investigated. We perform a fit of the
low energy constants, which arise from the NN → NN contact potential and contribute
at next-to-leading order to the NN S- and P-waves only. The influence of the ∆-isobar
dynamics entering through the coupled channels is studied in detail.

Z U S A M M E N FA S S U N G

In dieser Arbeit wird das Potential für die elastische Streuung zweier Nukleonen in chi-
raler effektiver Feldtheorie bis zur nächst führenden Ordnung mit gekoppelten N∆- und
∆∆-Kanälen berechnet. Um die Streugleichung mit gekoppelten Kanälen zu lösen, werden
die Potentiale aller möglichen Kombinationen aus Anfangs- und Endzustand (NN, N∆,
∆N, ∆∆) bis zu dieser Ordnung benötigt. Wir geben analytische Ausdrücke für die Spek-
tralfunktionen des Zweipionaustausches für alle möglichen Einschleifendiagramme an. Die
Kontaktpotentiale in führender und nächst führender Ordnung und die dazugehörigen Para-
meter werden bestimmt. Die umfangreiche Kopplung der N∆- und ∆∆-Kontaktpotentiale
an die Nukleon-Nukleon-Kanäle wird untersucht. Wir führen einen Fit der Niederenergie-
konstanten, die aus dem NN → NN Kontaktpotential stammen und auf nächst führender
Ordnung zu den NN S- und P-Wellen beitragen, durch. Der dynamische Einfluss des
∆-Isobars, der durch die gekoppelten Kanäle entsteht, wird detailliert untersucht.

v
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1
I N T R O D U C T I O N

The theoretical description of nuclear forces started in 1935 with Yukawa’s meson exchange
theory [1]. The one-pion exchange led to promising results, whereas multi-pion exchanges
rendered the perturbative expansion uncontrollable because of the large pion-nucleon cou-
pling constant. Many models of nuclear forces came up before the formulation of quantum
chromodynamics (QCD) as the fundamental theory of strong interactions. However, QCD
is highly nonperturbative in the energy regime of nuclear forces. This issue has been
bypassed by the concept of a low-energy effective field theory. As Weinberg suggested,
one should write down the most general Lagrangian consistent with the symmetries of the
underlying theory [2]. In the case of QCD this is the spontaneously and explicitly broken
chiral symmetry. The effective degrees of freedom in chiral effective field theory (ChEFT)
are then pions, nucleons and other hadrons (e.g. vector mesons and baryon resonances),
instead of quarks and gluons. Heavier degrees of freedom are understood to be integrated
out.
In some sense, one is back to Yukawa’s meson theory but with chiral symmetry now
incorporated into the theory as a guiding priciple. The classification of the nuclear
potential by Taketani et al. [3] is still valid, but it has been refined over the years. The
NN-potential can be divided into three parts where different types of interactions dominate,
see Fig. 1.1. The long distance region III is described by one-pion exchange. The force at
intermediate distances (region II) is dominated by two-pion exchange. The short-distance
part in region I is then described in chiral effective field theory by a unresolved contact
interaction. In absence of other information, the unknown low-energy constants of this
contact interaction are then fitted to scattering data.
The calculations within chiral effective field theory started with the calculation of ππ and
πN scattering to one loop order by Gasser and Leutwyler [5,6]. Weinberg’s approach to the
nuclear force [7, 8] suggested to calculate the nucleon-nucleon potential perturbatively and
then iterate it to all orders by a scattering equation. Applications of the chiral Lagrangian
to the two-nucleon system using time ordered perturbation theory were performed in
Refs. [9, 10] and to the πN-observables in Ref. [11].
The NN potential up to next-to-leading order (NLO) was derived in Ref. [12] using
dimensional regularization. Single and double ∆-isobar excitations were included in Ref. [13]
as well as next-to-next-to-leading order (N2LO) contributions. In Refs. [14, 15] the two
nucleon potential was calculated up to N2LO with the method of unitary transformations,
including also the ∆-isobar as an explicit degree of freedom in intermediate states for
the two-pion exchange. Further improvements of the NN potential with and without the
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Figure 1.1: Schematic picture showing the nucleon-nucleon potential divided into three regions
where different types of interactions dominate. The distance r is given in units of the pion Compton
wavelength m−1

π = 1.4 fm. Adapted from Refs. [3, 4]

∆-isobar were derived by different groups e. g. in Refs. [16–22] up to dominant N5LO
contributions in Ref. [23] or a N4LO potential including N5LO contact interactions in
Ref. [24].
A coupled N∆-channel approach was used for a phenomenological potential in Refs. [25–27]
and as an extension of the so-called CD-Bonn potential [28] in Refs. [29,30]. The structure
of the chiral effective Lagrangian for pions, nucleons and ∆-isobars was derived in detail in
Ref. [31] and some parts of this Lagrangian have been worked out in Ref. [32].
In this work, we include the coupled N∆- and ∆∆-channels in the calculation of the two
nucleon S-matrix in chiral effective field theory in order to investigate the influence of the
dynamics of the ∆-isobar. For this purpose, we derive the interaction potential among
nucleons and ∆-isobars at leading and next-to-leading order and make use of a coupled
channel scattering equation.
In Chapter 2 a brief introduction of quantum chromodynamics and chiral effective field
theory is given. The power counting scheme of ChEFT is discussed. We summarize the
Lagrangians for the interactions among pions, nucleons and deltas in the non-relativistic
heavy baryon limit.
In Chapter 3 we give the general structure of the NN-potential and discuss different types of
scattering equations. The derivation of the so-called local regularization is summarized. The
chapter closes with the method used to perform partial wave projections most conveniently.
In Chapter 4 the LO and NLO potentials are derived in detail. The NLO potentials
are given in terms of spectral functions and dispersion integrals. We derive the relevant
projectors for the decomposition of 2π phase space integrals that contain specific Lorentz
tensors appearing in the calculation of two-pion exchange. The irreducible part of 2π
exchange from planar box diagrams is determined by considering the pertinent integrals
over the loop-energy.
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In Chapter 5 the contact terms at LO and NLO are worked out. The contact potential
is projected onto the partial waves for the (NN, N∆, ∆N, ∆∆)-system and the relations
between these two descriptions of the contact-potentials are worked out. The fitted values
of the NN low-energy constants are given. The influence of contact interactions involving
up to four ∆-isobars is discussed. Only a limited part of these can be determined by the
fit routine.
In Chapter 6 we show our results for the NN-phase shifts and mixing angles. Results for
scattering equations are compared, namely the Kadyshevsky equation and the Lippmann-
Schwinger equation. The results in the coupled channel approach are compared to those
obtained with the next-to-next-to-leading order potential in the delta-less case.
The entire thesis is concluded in Chapter 7.

3





2
Q U A N T U M C H R O M O D Y N A M I C S A N D C H I R A L E F F E C T I V E
F I E L D T H E O RY

The Standard Model of particle physics describes three of the four fundamental forces
in nature. Among them, the strong force between quarks and gluons is described by the
theory of quantum chromodynamics (QCD). Due to its non-abelian nature the coupling
αs decreases at high energies and QCD can be treated perturbatively in this regime.
This weak coupling leads to asymptotic freedom of quarks and gluons. However, at low
momentum transfer the coupling gets very strong and the quarks and gluons are confined
into color neutral hadrons. QCD is highly non-perturbative at these low energies. The
nuclear force is part of the QCD dynamics in this low-energy domain. Its description
on the quark level is quite complex, but it can be investigated non-perturbatively with
lattice QCD, where numerical simulations of full QCD are performed on a discretized finite
Euclidean space-time lattice. Another possibility consist of utilizing color confinement.
The substructure of hadrons is not resolved at sufficiently low energies. So one can build an
effective field theory for point-like hadrons obeying the symmetries of QCD, called chiral
effective field theory. Due to the presence of a small expansion parameter and a power
counting, a perturbative expansion of the nuclear force in this low-energy regime becomes
possible.
In this chapter, we give a short overview of QCD and its symmetries. A short derivation
of chiral effective field theory (ChEFT) is presented, together with the inclusion of the
∆-isobar as additional degree of freedom and the resulting power counting scheme. This
chapter follows closely Refs. [11, 31,33–35].

2.1 quantum chromodynamics

2.1.1 QCD Lagrangian

QCD is the gauge field theory describing the strong interactions with the non-abelian
group SU(3)color as the underlying gauge group. The fundamental degrees of freedom in
QCD are quarks and gluons. Quarks are spin-1

2 fermions and gluons are massless vector
bosons. The QCD Lagrangian is given by

LQCD =
∑

f=u,d,s,c,b,t
q̄f (iγµDµ −mf )qf −

1
4Gµν,aG

µν
a (2.1)
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quantum chromodynamics and chiral effective field theory

with the quark fields qf (in six flavors: up, down, charm, strange, top, bottom), the
Dirac matrices γµ, and the quark masses mf . Each quark field qf is a color triplet, i. e.
qf = (qred

f , qgreen
f , qblue

f ). The gauge-covariant derivative is given by

Dµ = ∂µ − igλa2 Aµ,a , (2.2)

and the gluon field strength tensor reads

Gµν,a = ∂µAν,a − ∂νAµ,a + gfabcAµ,bAν,c . (2.3)

Here, Aµ,a are the eight gluon fields, g is the strong coupling constant, λa are the Gell–Mann
matrices, and the fabc are the structure constants of the su(3) Lie algebra satisfying the
commutation relations [λa, λb] = 2ifabcλc.

2.1.2 Symmetries of QCD

In the following we consider only the two lightest types of quarks f = u, d. The quark
fields can be decomposed into their right- and left-handed components,

qR = PRq qL = PLq (2.4)

with the projection operators

PR = 1
2(1 + γ5) PL = 1

2(1− γ5) . (2.5)

In the so-called chiral limit, i.e. the limit of vanishing quark masses mu = md = 0, the
right- and left-handed quark fields decouple in the QCD Lagrangian

L 0
QCD = q̄RiγµDµqR + q̄LiγµDµqL −

1
4Gµν,aG

µν
a . (2.6)

This Lagrangian is invariant under the separate unitary transformations

qR =
(
uR
dR

)
−→ URqR = exp

(
iξRa τa

)(uR
dR

)
(2.7)

and

qL =
(
uL
dL

)
−→ ULqL = exp

(
iξLa τa

)(uL
dL

)
. (2.8)

The matrices τa generate the su(2) Lie algebra and UR and UL are elements of the flavor
transformation groups SU(2)R and SU(2)L, respectively. The QCD Lagrangian of massless
u- and d-quarks possesses a SU(2)R×SU(2)L-symmetry, which is called the chiral symmetry.
Noether’s theorem states that there are six conserved currents. These can be written as
three vector currents

Jµ,aV = q̄γµτaq (2.9)
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2.2 chiral effective field theory

and three axial vector currents

Jµ,aA = q̄γµγ5τ
aq . (2.10)

By adding the (small) quark mass term −muūu−mdd̄d to the Lagrangian in Eq. (2.6),
chiral symmetry gets explicitly broken, as the right- and left-handed quark fields are now
mixing. In this case the axial-vector currents are not conserved any longer. However, the
vector currents remain conserved for equal quark masses mu = md, which corresponds to
the usual isospin SU(2) symmetry.
If a symmetry of the Lagrangian (or Hamiltonian) is not present in the ground state, this
symmetry is called spontaneously broken. The non-observation of parity-doublets in the
(low-energy) hadron spectrum implies that SU(2)R × SU(2)L is broken down to SU(2)V .
Therefore, the QCD ground state is invariant only under vector transformations but not
under axial transformations. According to the Goldstone theorem, there have to exist three
massless Goldstone bosons. These are identified with the isospin triplet of the pseudoscalar
pions. In fact, the pions are not massless, because the chiral symmetry is also explicitly
broken by (small) non-zero quark masses.

2.2 chiral effective field theory

To obtain an effective field theory of QCD, the soft and hard scales have to be identified.
One chooses the soft scale to be given by the pion mass Q ∼ mπ and the hard scale as
the chiral symmetry breaking scale Λχ ≈ 1 GeV. If ν = Q/Λχ is small, a perturbative
expansion in this parameter can be applied. First, we have to construct the effective
Lagrangian.

2.2.1 Chiral effective Lagrangian

The effective Lagrangian of chiral perturbation theory can be split into a pionic part
Lππ, the pion-nucleon interaction part LπN , and interactions between more nucleons (and
pions):

Leff = Lππ + LπN + . . . , (2.11)

where Lππ and LπN are sorted by the number of derivatives of the pion and nucleon fields:

Lππ = L (2)
ππ + L (4)

ππ + · · · , (2.12)

LπN = L
(1)
πN + L

(2)
πN + · · · . (2.13)

The leading order ππ- and πN -Lagrangians, given in Refs. [5, 6], read

L (2)
ππ = f2

π

4
(
Tr
[
∂µU∂

µU †
]

+m2
πTr

[
U + U †

])
, (2.14)

L
(1)
πN = ψ̄

(
iγµDµ −MN + gA

2 γµγ5uµ

)
ψ . (2.15)
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LO
ε0

NLO
ε2

N2LO
ε3 . . .

N3LO
ε4 . . .

Figure 2.1: Contributions to the two- and three-nucleon force ordered by the power-counting
scheme ε = Q/Λχ. Solid and dashed lines denote nucleons and pions, respectively.

The SU(2) matrix U collects the pion fields in the form

U = 1
fπ

(√
f2
π − π2 + iτ · π

)
(2.16)

and the chirally covariant derivative reads

Dµ = ∂µ + Γµ . (2.17)

The so-called chiral connection Γµ is defined as

Γµ = 1
2
[
ξ†, ∂µξ

]
= 1

2
(
ξ†∂µξ + ξ∂µξ

†
)

= i
4fπ

τ · (π × ∂µπ) +O(π4) , (2.18)

where

ξ =
√
U = 1 + i

2fπ
τ · π − 1

8f2
π

π2 + i
16f3

π

(τ · π)3 + · · · , (2.19)

which has the property, ξξ† = 1, and therefore ∂µ(ξξ†) = (∂µξ)ξ† + ξ∂µξ
† = 0. The axial

vector quantity uµ is defined as

uµ = i
{
ξ†, ∂µξ

}
= i

(
ξ†∂µξ − ξ∂µξ†

)
= − 1

fπ
τ · ∂µπ −

1
2f3
π

(τ · π)(τ · ∂µπ) +O(π5) . (2.20)

The leading interaction terms with one and two pion fields read [34]

L
(1)
πN = ψ̄

(
iγµ∂µ −MN −

gA
2fπ

γµγ5τ · ∂µπ −
1

4f2
π

γµτ · (π × ∂µπ) + · · ·
)
ψ . (2.21)

8



2.2 chiral effective field theory

Here, MN = 938.9 MeV is the average nucleon mass, mπ = 138.03 MeV the average pion
mass, fπ = 92.4 MeV the weak pion decay constant and gA = 1.29 the nucleon axial vector
coupling constant. To account for the Goldberger-Treiman discrepancy we do not use the
experimental value gA = 1.2723(23) [36] determined in neutron β-decay. Our shifted value of
gA yields g2

πN/(4π) = 13.6 for the charged pion-nucleon coupling constant gπN = gAMN/fπ.
This value of gπN is consistent with the determination from πN -scattering data based on
the Goldberger-Miyazawa-Oehme sum rule g2

πN/(4π) = 13.69± 0.20 [37].

2.2.2 ∆-isobar as explicit degree of freedom

The ∆(1232) isobar is the lowest exited state of the nucleon. The mass splitting between
the nucleon and the ∆-isobar is ∆ = M∆−MN = 293 MeV. Due to the small mass splitting
and the strong coupling to the pion-nucleon system, the ∆-isobar should also be included
in the effective field theory and this way the set of small scales gets extended [31,34],

ε ∈
{
q

Λχ
,
mπ

Λχ
,

∆
Λχ

}
. (2.22)

This set defines to the so-called small scale expansion (SSE). The latter is a phenomeno-
logical extension, since the mass difference ∆ does not vanish in the chiral limit. In the
purely nucleonic or ∆-less theory the effects of the ∆-isobar are hidden in the constants of
the higher order interactions, as it is shown in Fig. 2.2. Out of the four πN -low-energy
constants at N2LO three (c2, c3, c4) are shifted, if the ∆-isobars are treated explicitly [38].

∆-less additional in ∆-full
LO
ε0

NLO
ε2

N2LO
ε3 . . . . . .

N3LO
ε4 . . . . . .

Figure 2.2: Power counting without and with explicit ∆-isobar degrees of freedom. The double
lines denote ∆-isobars. The arrows indicate where the ∆ is hidden in the ∆-less theory.
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2.2.3 Effective Lagrangian in heavy baryon limit

The nucleon mass MN is not small compared to the chiral symmetry breaking scale
Λχ ≈ MN and it does not vanish in the chiral limit (mπ → 0). Moreover, the time-
derivative of the relativistic baryon field yields a factor of order E ' MN . This feature
destroys the strict correspondence between the expansion in pion loops and the expansion
in small external momenta. The heavy baryon chiral effective theory (HBChEFT) [39]
solves the issue by following an approach developed originally for systems containing
heavy quarks [40]. In the extreme non-relativistic limit the baryons are treated as static
sources. Then, the energy exchange between baryons is small compared to their momenta.
This restores the one-to-one correspondence between the loop and the small momentum
expansion, i.e. a consistent power counting scheme emerges [11].
The expansion in the heavy baryon limit for nucleons and deltas has been developed in
detail in Refs. [31, 32]. We summarize the main steps here.
The nucleon four-momentum pµ can be decomposed as

pµ = MNvµ + kµ , (2.23)

where the four-velocity vµ satisfies v2 = 1 and kµ �MN ,Λχ. One defines the projection
operators

P± = 1
2(1± /v) (2.24)

giving rise to the light N–components and the heavy h–components of the nucleon field
ψN via the relations

N(x) := exp(iMNv · x)P+ψN (x) , (2.25)
h(x) := exp(iMNv · x)P−ψN (x). (2.26)

The nucleon sector

The heavy baryon projection can be combined with path integral methods as outlined in
Ref. [41]. The transitions between the light and heavy components of the nucleon fields
are then described by operators A, B and C and yield the following Lagrangian,

LπN = N̄ANN + h̄BNN + N̄γ0B†Nγ0h− h̄CNh. (2.27)

These operators can be expanded chirally, i.e. A = A(1) + A(2) + . . . . At their lowest
orders, they read

C(0)
N = 2MN , (2.28)

A(1)
N = iv ·D + gAS · u , (2.29)

B(1)
N = −γ5(2iS ·D + gA

2 v · u) , (2.30)

C(1)
N = iv ·D + gAS · u , (2.31)

10



2.2 chiral effective field theory

with the nucleon four-velocity vµ and the Pauli-Lubanski spin-vector Sµ = i
2γ5σµνv

ν , where
σµν = i

2 [γµ, γν ]. For the common choice vµ = (1,0) one has Sµ = (0,σ)/2.
For the second order operators, Ref. [32] gives the following expressions,

A(2)
N = c1〈χ+〉+ c2(v · u)2 + c3u

2 + c4[Sµ, Sν ]uµuν , (2.32)

B(2)
N = −c4γ5[v · u, S · u] , (2.33)

C(2)
N = −

[
c1〈χ+〉+ c2(v · u)2 + c3u

2 + c4[Sµ, Sν ]uµuν
]
, (2.34)

where χ± = u†χu† ± uχ†u. According to Eq. (2.20) uµ includes the pion fields and 〈. . .〉
denotes a trace in flavor space, such that 〈χ+〉 = 2m2

π(U † + U).

The nucleon delta sector

The technology for the heavy baryon projection in the nucleon-delta sector has been
developed in Ref. [31]. One has to work with appropriate spin and isospin projection
operators. Using a simplified notation that suppresses Lorentz and isospin indices, the
effective Lagrangian has the form,

LπN∆ = T̄AN∆N + ḠBN∆N + T̄ γ0D†N∆γ0h+ Ḡγ0C†N∆γ0h+ h.c. , (2.35)

where Tµi describes the light delta and Gµi stands for the heavy delta. The field G has five
components. It contains the heavy spin-3

2 component and the heavy and light parts of the
two off-shell spin-1

2 components. The transition operators read in this case

A(1), i
N∆, µ = P+gπN∆ 3Pµαw

i
αP+ , (2.36)

B(1), i
N∆, µ = gπN∆


0

−4(1+3z0)
3 P+SµS · wi P+

2z0P−γ5vµS · wi P+
−2z0P−γ5Sµv · wi P+
(1 + z0)P+vµv · wi P+

 , (2.37)

D(1), i
N∆, µ = 0 , (2.38)

CT (1), i
N∆, µ = gπN∆


P−w

i
α 3PαµP−

2z0P−v · wiSµγ5 P+
(1 + z0)P−v · wivµP−
−4(1+3z0)

3 P−S · wiSµP−
−2z0P−S · wivµγ5 P+

 , (2.39)

with wiα = 1
2〈τ iuα〉, 3Pµν = gµν − vµvν − 4

1−dSµSν in d space-time dimensions and the P±
are the velocity projection operators defined above. There appear two parameters, the
leading pion-nucleon-delta coupling constant gπN∆ and a so-called off-shell parameter z0.
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quantum chromodynamics and chiral effective field theory

The delta sector

If one now performs simultaneously the 1/M expansion of the nucleon and delta fields, the
∆-N mass splitting remains in the propagator. This is a quantity of order ε, so it must be
kept in the expansion. In the heavy baryon approach, the delta Lagrangian takes the form

Lπ∆ = T̄A∆T + ḠB∆T + T̄ γ0B†∆γ0G− ḠC∆G , (2.40)

where the operator between two light delta fields reads

A(1), ij
∆, µν = −(iv ·Dij −∆δij + g1S · uij)gµν . (2.41)

We omit the lengthy expressions of B(1)
∆ and C(1)

∆ here. They can be found in Ref. [32].

Elimination of heavy components

In order to integrate out the heavy components, one just needs to shift the corresponding
heavy fields. For the heavy nucleon component this variable shift reads according to
Ref. [41]

h→ h′ + C−1
N B

(1)
N N, (2.42)

and Ref. [31] specifies the variable shift for the Gµ(x) fields as

G→ G′ + C−1
∆ B

(1)
∆ T + C−1

∆ B
(1)
∆NN. (2.43)

After integrating out the heavy components h′ and G′ one arrives at Lagrangians for the
light components

L̃πN = N̄ANN + N̄
[
γ0B̃†Nγ0C̃−1

N B̃N + γ0B†N∆γ0C−1
∆ BN∆

]
N , (2.44)

L̃π∆ = T̄A∆T + T̄
[
γ0B†∆γ0C−1

∆ B∆ + γ0D̃†N∆γ0C̃−1
N D̃N∆

]
T , (2.45)

L̃πN∆ = T̄AN∆N + T̄
[
γ0D̃†N∆γ0C̃−1

N B̃N + γ0B†∆γ0C−1
∆ BN∆

]
N + h.c. , (2.46)

where

B̃N = BN + CN∆C−1
∆ BN∆ , (2.47)

C̃N = CN − CN∆C−1
∆ C

†
N∆ , (2.48)

D̃N∆ = DN∆ + CN∆C−1
∆ B∆ . (2.49)

The leading order is given by the first term for each of these Lagrangians.
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2.2 chiral effective field theory

Table 2.1: Propagators and vertices in the non-relativistic heavy baryon approach, πa are outgoing
pions, πb are incoming pions. Here, τa and σ are the usual (isospin and spin) 2× 2 Pauli matrices.
The transition operators T a and S, as well as the 4 × 4 matrices Θa and Σ are explained in
Appendix A.2.

N
i

v · l + iε

∆ i
v · l −∆ + iε

N → πaN − gA
2fπ

σ · q τa

N → πa∆ − 3gA
2
√

2fπ
S† · q T a

∆→ πaN − 3gA
2
√

2fπ
S · q T a

∆→ πa∆ − gA
10fπ

Σ · qΘa

πbN → πaN
1

4f2
π

εbacτ cv · (qπa + qπb)

πb∆→ πa∆ 1
4f2
π

εbacΘcv · (qπa + qπb)

2.2.4 Propagators and vertices in non-relativistic limit

In order to take the extreme non-relativistic limit, the Lagrangians in Section 2.2.3 have to
be expanded in the inverse baryon mass M−1

N . The expansion of the baryon bilinears in
M−1
N is summarized in Appendix A.4. This yields the baryon propagators and baryon-pion

vertices collected in Table 2.1.
We use the large NC-values for the πN∆ and π∆∆ coupling constants,

gπN∆ = 3gπNN√
2

, gπ∆∆ = gπNN
5 . (2.50)

2.2.5 Power counting in chiral effective field theory

Due to the infinite number of terms in the chiral effective Lagrangian the resulting diagrams
have to be ordered according to their importance to obtain a calculable and predictive
theory. In ChEFT, the diagrams are ordered in terms of powers of the small momentum

13



quantum chromodynamics and chiral effective field theory

scale Q over the chiral symmetry breaking scale Λχ: (Q/Λχ)ν . The dimensional analysis
from covariant perturbation theory counts a nucleon propagator as Q−1, a pion propagator
as Q−2, a derivative in a vertex as Q, and a four-momentum integration as Q4. Following
Weinberg’s works [7, 8, 42], one obtains for the power of an irreducible diagram [34]

ν = −2 + 2A− 2C + 2L+
∑
i

∆i , (2.51)

with A the number of nucleons, C the number of separately connected pieces, L the number
of loops, and ∆i the so called index of interaction defined as

∆i = di + ni
2 − 2 . (2.52)

Here, di denotes the number of derivatives or pion mass insertions and ni is the number of
nucleon fields involved in the vertex i. For an irreducible NN diagram (A = 2, C = 1) the
formula simplifies to

ν = 2L+
∑
i

∆i . (2.53)

The contributions at leading order (LO), next-to-leading order (NLO) and next-to-next-to
leading order (N2LO) are shown in Fig. 2.1 for the two- and three-nucleon interaction. In
this work, we perform calculations up to next-to-leading order.
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3
N U C L E O N N U C L E O N P O T E N T I A L

The nucleon-nucleon (NN) potential is defined as the sum of all (two-particle) irreducible
diagrams arising from the chiral interaction vertices. The reducible components of the
diagrammatic amplitudes are accounted for by iterating the NN potential in a scattering
equation which determines the T-matrix as it is explained in Section 3.1. The NN potential
can be obtained from the Lagrangian by applying the Feynman rules in Table 2.1 to the
diagrams listed in Fig. 2.2. The general decomposition of the NN potential reads (e. g. [12])

VNN = VC + τ 1 · τ 2WC + (VS + τ 1 · τ 2WS)σ1 · σ2

+ (VT + τ 1 · τ 2WT )σ1 · qσ2 · q
+ (VLS + τ 1 · τ 2WLS) i (σ1 + σ2) · (q × p)
+ (VQ + τ 1 · τ 2WQ) iσ1 · (q × p)σ2 · (q × p) , (3.1)

where p is the ingoing momentum of one nucleon in the center of mass frame and q is
the momentum transfer between the two nucleons. The superscripts denote the central,
spin-spin, tensor, spin-orbit and quadratic spin-orbit components of the NN potential. For
each component there exists an isoscaler (V) and an isovector (W) part.
To compare the potential obtained in the theoretical framework with experimental results
one needs to calculate the phase shifts and mixing angles. They parameterize the NN S-
matrix Ssj``′ via the relations for uncoupled (` = `′ = j) spin-singlet (s = 0) and spin-triplet
(s = 1) states

Ssjjj = exp(2iδsjj ) (3.2)

and for coupled (`, `′ = j ± 1) spin-triplet partial wave channels(
Ssjj−1j−1 Ssjj−1j+1
Ssjj+1j−1 Ssjj+1j+1

)
=
(

cos(2εj) exp(2iδsjj−1) −i sin(2εj) exp(iδsjj−1 + iδsjj+1)
−i sin(2εj) exp(iδsjj−1 + iδsjj+1) cos(2εj) exp(2iδsjj+1)

)
(3.3)

in the so called Stapp convention [43]. The total isospin I = 0 or 1 is determined in each
partial wave by the condition that I + s + ` is odd. Note that the S-matrix is unitary
and symmetric, due to time-reversal invariance.The minus sign in the off diagonal matrix
elements is due to our convention in the relation between the S-matrix and the (one-pion
exchange) potential.
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T = V +
V

V
+

V

V

V

+ . . .

Figure 3.1: Scheme of a NN scattering equation

T1 = V1 +
V1

T1
+

V2

T2
+

V3

T3

Figure 3.2: Scheme of a (N∆,∆∆)-coupled channel scattering equation

3.1 scattering equations

The NN S-matrix is calculated from the T-matrix by

S = 1 + i pM2
N

8π2
√
p2 +M2

N

T (3.4)

where the latter follows from a scattering equation of the form

T = V + V GT (3.5)

written in operator notation. This resummation of the iterated diagrams is shown schemat-
ically in Fig. 3.1. In practice, the Lippmann-Schwinger equation is further more projected
onto states with total spin s = 0, 1, total angular momentum j and allowed orbital angular
momenta l. After that projection, it reads

T sjl′l (p
′, p) = V sj

l′l (p′, p) +
∑
l′′

∞�

0

dp′′p′′2
(2π)3

V sj
l′l′′(p′, p′′)T

sj
l′′l(p′′, p)

2
√
p2 +M2

N − 2
√
p′′2 +M2

N + iη
, (3.6)
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3.1 scattering equations

and in the non-relativistic approximation this simplifies to [44]

T̃ sjl′l (p
′, p) = Ṽ sj

l′l (p′, p) +
∑
l′′

∞�

0

dp′′p′′2
(2π)3 Ṽ

sj
ll′′(p

′, p′′) MN

p2 − p′′2 + iη T̃
sj
l′′l(p

′′, p) . (3.7)

This equation contains a sum over all coupled partial waves. It can be extended by the
inclusion of other intermediate states, namely the channels N∆ and ∆∆ with total isospin
I = 0, 1 which couple to NN.

T ρ
′ρ,j

ν′ν (p′, p,W ) = V ρ′ρ,j
ν′ν (p′, p) +

∑
ρ′′,ν′′

∞�

0

dp′′p′′2
(2π)3 V

ρ′ρ′′,j
ν′ν′′ (p′, p′′) 2µν′′

p2
ν′′ − p′′2 + iηT

ρ′′ρ,j
ν′′ν (p′′, p)

(3.8)

where j stands for the total angular momentum, ν denotes the two-particle channels,
and ρ = (s, `) labels the partial waves. W is the center of mass energy and µν the
appropriate reduced baryon mass. The masses of the baryons contributing to the two-
particle channels ν are denoted as MB1,ν and MB2,ν . The on-shell momentum pν is given
by W =

√
M2
B1,ν

+ p2
ν +

√
M2
B2,ν

+ p2
ν [45, 46]. The coupled particle channel equation is

shown schematically in Fig. 3.2. Another possibility is the Kadyshevsky equation [47,48]
formulated for coupled channels,

T ρ
′ρ,j

ν′ν (p′, p) =V ρ′ρ,j
ν′ν (p′, p)−

∑
ρ′′,ν′′

MB1,ν′′MB2,ν′′

� ∞
0

dp′′p′′2
(2π)3

V ρ′ρ′′,j
ν′ν′′ (p′, p′′)T ρ

′′ρ,j
ν′′ν (p′′, p)

E1E2(2p0 − E1 − E2 + iη) ,

(3.9)

with energy variables p0 =
√
p2 +M2

N , and E1,2 =
√
p′′2 +M2

B1,2,ν′′ . This equation
is a modification of the non-relativistic Lippmann-Schwinger equation which includes
relativistically improved kinematics.
The Kadyshevsky equation is expected to have a milder UV behavior in the limit of
large integration momenta than the corresponding Lippmann-Schwinger equation [49]. A
comparison of results from these two equations will be given in Section 6.4.
Following Ref. [50], one can modify the integral equation by replacing the T-matrix with
the K-matrix. The T-matrix is complex because of the Cauchy-type singularity in the
denominator of the scattering equation. The corresponding K-matrix is defined through
the principal value of the integral and is thus real by definition. The S-matrix is related to
the K-matrix via

S =

1 + i pM2
N

16π2
√
p2 +M2

N

K

1− i pM2
N

16π2
√
p2 +M2

N

K

−1

. (3.10)

Note that S is unitary if K is hermitian. This is the case if the potential V is hermitian.
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I II III IV V VI VII

NN → NN NN → N∆ N∆ → N∆ ∆N → N∆ NN → ∆∆ N∆ → ∆∆ ∆∆ → ∆∆

a

b

c

d

e

f

g

h

i

j

Figure 3.3: One-and two-pion exchange diagrams contributing to the coupled channel equation.
The ππN∆-vertex in the shaded diagrams appears at higher order in the chiral Lagrangian. Solid,
double and dashed lines denote nucleons, deltas and pions, respectively.

The Kadyshevsky equation (3.9) gives also rise to a real equation of the formK = V +V GK,
It can be written in matrix form for the different particle channels ν [49], which emphasizes
the coupling between these channels,

K =

KNNNN KNNN∆ KNN∆∆
KN∆NN KN∆N∆ KN∆∆∆
K∆∆NN K∆∆N∆ K∆∆∆∆

 , (3.11)
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3.2 treatment of principle value integrals

V =

VNNNN VNNN∆ VNN∆∆
VN∆NN VN∆N∆ VN∆∆∆
V∆∆NN V∆∆N∆ V∆∆∆∆

 , (3.12)

G =

GNN 0 0
0 GN∆ 0
0 0 G∆∆

 , (3.13)

with the two-baryon propagator

GIJ(E) = 1
E1E2

MB1,νMB2,ν

E1 + E2 − 2p′0
. (3.14)

To solve these coupled channel equations we need in addition to the usual NN potential
also the potentials containing one or two ∆-isobars in the final and/or initial state. Up
to next-to-leading order in the usual power counting scheme, see e.g. [34,35], we have to
calculate the pion exchange contributions listed in Fig. 3.3. In Chapter 4 we will present
the potentials arising from all these diagrams. The contact interactions depicted in Fig. 2.1
are treated later in Chapter 5. Note that the delta introduces a rich coupling between
different partial waves and two-particle channels. This is caused by the maximum spin
of the two delta state, a spin of 3, that couples with the angular momentum ` to j. The
angular momentum and spin quantum numbers, and the number of ∆-isobars for the
coupled channels contributing to the NN partial waves for given total angular momentum
j, total isospin I and parity π are listed in Appendix B.

3.2 treatment of principle value integrals

There is a pole appearing in the integral in the Kadyshevsky and also in the Lippmann-
Schwinger equation for the term with the two-nucleon intermediate state. The corresponding
integral has to be treated by the principle value prescription. Following Ref. [50] it can be
treated by adding “zero” to the integrand and utilizing the weighted sum of the numerical
integration. For the principal value integral involving the NN intermediate state in the
Kadyshevsky equation (3.9), this prescription reads

∞ 

0

dk k2 V (p′, k)K(k, p)
(k2 +m2

N )(p0 −
√
k2 +M2

N )
=

=
∞ 

0

dk
k2V (p′, k)K(k, p)

√
p2+M2

N+
√
k2+M2

N

k2+m2
N

− p2V (p′, p)K(p, p)2
√
p2+M2

N

p2+m2
N

(p2 − k2)

+
∞ 

0

dk
p2V (p′, p)K(p, p)

(
2
√
p2 +M2

N

)
(p2 +m2

N )(p2 − k2)

=
∑
i

wik
2
i

V (p′, ki)K(ki, p)
(k2
i +m2

N )(p0 −
√
k2
i +M2

N )
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+ p2V (p′, p)K(p, p)
2
√
p2 +M2

N

p2 +m2
N

(
−
∑
i

wi
p2 − k2

i

+
Λ 

0

dk 1
p2 − k2

)
, (3.15)

where the last two lines refer to the numerical treatment and the remaining principal value
integral can be solved analytically by introducing the cutoff parameter Λ,

Λ 

0

1
(p2 − k2) = 1

2p ln Λ + p

Λ− p .

For the Lippmann-Schwinger equation (3.8) one arrives at

µNN

∞ 

0

dkk
2V (p′, k)K(k, p)

p2 − k2 =

= µNN

∞ 

0

dkk
2V (p′, k)K(k, p)− p2V (p′, p)K(p, p)

p2 − k2 + µNN

∞ 

0

dkp
2V (p′, p)K(p, p)

p2 − k2

= µNN
∑
i

wik
2
i

V (p′, ki)K(ki, p)
p2 − k2

i

+ µNNp
2V (p′, p)K(p, p)

(
−
∑
i

wi
1

p2 − k2
i

+ 1
2p ln Λ + p

Λ− p

)
. (3.16)

This method avoids unstable results from the numerical principal value integration close
to the pole and replaces the singular part by an analytical known value, leading to a
numerically stable evaluation of the integral.

3.3 regularization

The potentials derived from chiral effective field theory need to be regularized to cut
off unphysical high energy components: V (p, p′) → fR(p)V (p, p′)fR(p′). Two common
approaches are a sharp regulator, fR(p) = Θ(Λ2 − p2), or an exponential regulator,
fR(p) = exp(−p2n/Λ2n). We employ the local regulator of Ref. [24] following an approach
in Ref. [51]. There, the regularization is implemented by replacing the Feynman propagators
for pions by spectral integrals,

1
q2 +m2

π

−→
� ∞

0
dµ2 ρ(µ2)

q2 + µ2 −→
fΛ,1π(q)
q2 +m2

π

. (3.17)

It is required, that the residue of the static pion propagator is not modified at the pion
pole and consequently the long range part of the pion exchange remains unchanged by this
regularization. A good choice for the regulator of the one-pion-exchange is

fΛ,1π(q) = exp
[
−(q2 +m2

π)/Λ2
]
. (3.18)
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3.4 partial wave projection

In a 1/Λ2-expansion the regularization has the same effect as adding some short-range
contact interactions to the unregularized pion exchange.
A generic three-momentum loop integral appearing in two-pion exchange calculations can
be rewritten such that it resembles the product of two pion propagators with the energies
ω1,2 =

√
l21,2 +m2

π of the two pions [51].

I(q) =
∞�

−∞

dλ d3l1
(2π)3

d3l2
(2π)3 (2π)3δ(q − l1 − l2) 1

(ω2
1 + λ2)(ω2 + λ2) × (. . .) , (3.19)

where q is the nucleon momentum transfer. With the definitions l = l1 − l2 and ω± =√
(q ± l)2 + 4M2

π and the transition to regularized pion propagators Eq. (3.18), one arrives
according to Ref. [24] at

IΛ(q) = 2
∞�

−∞

dλ d3l

(2π)3
e−(q2+l2+4m2

π+4λ2)/(2Λ2)
(ω2

+ + 4λ2)(ω2
− + 4λ2) × (. . .) , (3.20)

As the two-pion-exchange is given in terms of spectral functions and dispersion integrals,
this method leads to a regularization already at the level of the spectral integral by replacing
V (q) with VΛ(q)

V (q)→ VΛ(q) = e−
q2

2Λ2
2
π

∞�

2mπ

dµµ ImV (iµ)
µ2 + q2 e−

µ2

2Λ2 , (3.21)

where subtraction can be omitted. We choose the cutoff parameter Λ in the range
350 . . . 800 MeV.

3.4 partial wave projection

For the partial wave decomposition, we follow Ref. [52]. Since isospin mixing is excluded in
our calculation, the potential is first projected onto the isospin states |ImI〉 with I = 0, 1,〈

I ′m′I
∣∣V ∣∣ ImI

〉
= δI′Iδm′

ImI
V I . (3.22)

The matrix element in spin-space is given by the four-fold integral

〈p′(l′s′)jmj | V I | p(ls)jmj〉 =
�
dΩ′

�
dΩ

∑
m′
l

C(l′, s′, j;m′l,mj −m′l,mj)

×
∑
ml

C(l, s, j;ml,mj −ml,mj) Y ∗l′ m′
l
(θ′, φ′) Yl ml(θ, φ)

×
〈
s′mj −m′l

∣∣∣V I(p′,p)
∣∣∣ smj −ml

〉
, (3.23)

where the C(l, s, j;ml,mj −ml,mj) are the standard Clebsch-Gordan coefficients, and
Yl ml(θ, φ) the spherical harmonics. The angles θ, φ and θ′, φ′ correspond to the directions
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of the momenta p′ and p, respectively. The transition matrix element does actually not
depend on mj , so instead one can calculate the average

H(l′, s′, l, s, j) = 1
2j + 1

j∑
mj=−j

〈
p′(l′s′)jmj

∣∣V ∣∣ p(ls)jmj
〉
, (3.24)

where the isospin index I = 0, 1 is now dropped. For the momenta p and p′ we choose the
directions

p =(0, 0, p) ,
p ′ =(p′

√
1− z2, 0, p′z)

with
z = cos θ

and
q =p ′− p .

As the integrand is a scalar now, the number of integrals can be reduced to one,

H(l′, s′, l, s, j) = 8π2
� 1

−1
dz 1

2j + 1

j∑
mj=−j

l′∑
m′
l
=−l′

C(l′, s′, j;m′l,mj −m′l,mj)

×
l∑

ml=−l
C(l, s, j;ml,mj −ml,mj)Yl′m′

l
(arccos z, 0)Y ∗lml(0, 0)

× 〈s′mj −m′l
∣∣V (q)

∣∣ smj −ml

〉
. (3.25)

The integrand of

H(l′, s′, l, s, j) :=
� 1

−1
dz h(l′, s′, l, s, j, z) , (3.26)

can be further simplified to

h(l′, s′, l, s, j, z) =2π
√

(2l + 1)(2l′ + 1)
2j + 1

j∑
mj=−j

l′∑
m′
l
=−l′

C(l′, s′, j;m′l,mj −m′l,mj)

× C(l, s, j; 0,mj ,mj)
√

(l′ −m′l)!
(l′ +m′l)!

P
m′
l

l′ (z)
〈
s′mj −m′l

∣∣V (q)
∣∣ smj

〉
.

(3.27)

The remaining transition matrix elements in spin-space 〈s′,mj −m′l |V (q )| s,mj −ml〉
can be calculated directly with the help of the well-known coupled spin-multiplet states
|0, 0〉, |1,ms〉, |2,ms〉 and |3,ms〉 represented by products of one-body spin states.
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O N E - A N D T W O - P I O N E X C H A N G E

The one- and two-pion exchange potentials at leading and next-to-leading order for NN→NN
are well known. We extend this description by calculating the additional diagrams in
Fig. 3.3 and expressing the NN two-pion exchange diagrams in our new notation.

4.1 one-pion exchange potentials

The one-pion exchange potentials for the diagrams involving up to four ∆-isobars, shown
in line (a) of Fig. 3.3, follow straightforwardly from the NN→NN potential in Eq. (4.1) by
replacing the coupling constants and the spin and isospin matrices. This way we arrive at

V OPE
NN→NN = g2

A(σ1 · q)(σ2 · q)
4f2
π(q2 +m2

π) τ 1 · τ 2 , (4.1)

V OPE
NN→N∆ = 3g2

A(σ1 · q)(S†2 · q)
4
√

2f2
π(q2 +m2

π)
τ 1 · T †2 , (4.2)

V OPE
N∆→N∆ = g2

A(σ1 · q)(Σ2 · q)
20f2

π(q2 +m2
π) τ 1 ·Θ2 , (4.3)

V OPE
∆N→N∆ = 9g2

A(S1 · q)(S†2 · q)
8f2
π(q2 +m2

π) T 1 · T †2 , (4.4)

V OPE
NN→∆∆ = 9g2

A(S†1 · q)(S†2 · q)
8f2
π(q2 +m2

π) T †1 · T †2 , (4.5)

V OPE
N∆→∆∆ = 3g2

A(S†1 · q)(Σ2 · q)
20
√

2f2
π(q2 +m2

π)
T †1 ·Θ2 , (4.6)

V OPE
∆∆→∆∆ = g2

A(Σ1 · q)(Σ2 · q)
100f2

π(q2 +m2
π) Θ1 ·Θ2 . (4.7)

The (iso)spin-(transition-)matrices are listed in Appendix A.2. We have used the coupling
constants defined in Eq. (2.50).

4.2 two-pion exchange potentials

The amplitudes of Feynman diagrams in ChEFT possess the analytic structure required to
be rewritten as dispersion integrals, see Refs. [53,54]. By means of dispersion relations one
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one- and two-pion exchange

q − l

l

A B
qµ

Figure 4.1: Schematic figure of a two-pion exchange process with momentum transfer q and loop
momentum l

can calculate the full scattering amplitude (or just its real part) from the corresponding
imaginary part. By unitarity, this imaginary part arises from the propagation of on-shell
intermediate states. In the general form the dispersion relation reads

f(s) = 1
π

∞�
sthr

ds′ Im f(s′)
s′ − s− iε , (4.8)

where s and s′ are energy parameters and sthr is the threshold for the occurrence of the
lowest hadronic intermediate state. In order to determine the interesting part of f(s)
corresponding to small s, the imaginary part has to be known for all s′. Subtractions at
s = 0 reduce the influence of high energy part and increase the weight of the low energy
part of Im f(s′).
The non-polynomial or finite-range terms are determined by the imaginary parts of the
NN -amplitudes. The dispersion relation and its once or twice subtracted version read for
the 2π-exchange (setting s = −q2 and s′ = µ2)

F (q) = 2
π

∞�

2mπ

dµµ ImF (iµ)
µ2 + q2 , (4.9)

F (q) = c1 −
2q2

π

∞�

2mπ

dµ ImF (iµ)
µ(µ2 + q2) , (4.10)

F (q) = c1 + c2q
2 + 2q4

π

∞�

2mπ

dµ ImF (iµ)
µ3(µ2 + q2) . (4.11)

We will use the unsubtracted dispersion relation Eq. (4.9) since the local regulator Eq. (3.21)
that enters at the level of the 2π-spectral functions F (iµ), has a similar effect on the high
energy part as a subtraction.
For the calculation of the imaginary parts of the two-pion exchange we follow the approach
in Ref. [16] by using the Cutkosky cutting rules [55] (see also Ref. [56]). These imaginary
parts refer to an analytical continuation of the loop-amplitude to timelike momentum
transfers q ·q = µ2 > 4m2

π, corresponding formally to |q| = iµ + 0+. The 2π-exchange
contribution is worked out as integrals of N̄N → 2π → N̄N transition amplitudes over
the Lorentz-invariant 2π-phase space, which reduces to an angular integral

� 1
−1 dx in the

2π center-of-mass frame. The imaginary parts or spectral functions of the 2π-exchange
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4.2 two-pion exchange potentials

diagrams are then given via the integral over the two S-matrices A and B for the left and
right 2π-baryon interaction, shown schematically in Fig. 4.1. With the following definitions
in the 2π center-of-mass frame

qµ = (µ,0), µ�MN ,

l0 = µ

2 ,

|l| = 1
2

√
µ2 − 4m2

π ,

vµ = (0, iv) ,
|v| = 1 ,
v · l = −ix|l| ,
v · q = 0 , (4.12)

one arrives at

ImV = − |l|
16πµ

1�

−1

dx A ·B . (4.13)

In a representation of the NN-interaction by local coordinate-space potentials,

V (r) =ṼC(r) + τ 1 · τ 2W̃C(r) +
[
ṼS(r) + τ 1 · τ 2 W̃S(r)

]
σ1 · σ2

+
[
ṼT (r) + τ 1 · τ 2 W̃T (r)

]
(3σ1 · r̂σ2 · r̂ − σ1 · σ2) , (4.14)

these imaginary parts play the role of mass spectra in a continuous superposition of Yukawa
potentials

ṼC(r) = − 1
2π2r

∞�

2mπ

dµµ e−µr ImVC(iµ) , (4.15)

ṼS(r) = 1
6π2r

∞�

2mπ

dµµ e−µr
[
µ2 ImVT (iµ)− 3 ImVS(iµ)

]
, (4.16)

ṼT (r) = 1
6π2r3

∞�

2mπ

dµµ e−µr(3 + 3µr + µ2r2) ImVT (iµ) . (4.17)

Analogous representations hold for the isovector potentials W̃C,S,T (r).
The planar box diagrams (lines (b) to (g) in Fig. 3.3) include reducible parts which are
also generated by the iteration of the Lippmann-Schwinger equation, therefore these parts
have to be excluded from the potential. We come back to this issue in Section 4.2.3.
The diagrams in Fig. 3.3 include many combinations of spin and isospin (transition)
matrices. With the isospin and spin matrices and their relations defined in Appendix A.2
we obtain the isospin and spin factors for each diagram as listed in Tables 4.1 and 4.2.
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Table 4.1: Isospin matrices of the relevant Feynman diagrams. An asterisk indicates, that this diagram does not exist at leading or
next-to-leading order.

NN → NN NN → N∆ N∆→ N∆ ∆N → N∆ NN → ∆∆ N∆→ ∆∆ ∆∆→ ∆∆

τa1 τ
a
2 τa1 T

a†
2 τa1 Θa

2 T a1 T
a†
2 T a†1 T a†2 T a†1 Θa

2 Θa
1Θa

2

3− 2τa1 τa2 τa1 T
a†
2 1− 1

3τ
a
1 Θa

2
3
2T

ab
1 T ab†2 − 1

2T
a
1 T

a†
2

3
2T

ab†
1 T ab†2 − 1

2T
a†
1 T a†2

√
1
6T

ab†
1 Θab

2 + 1
6T

a†
1 Θa

2
1
3 + 1

9Θab
1 Θab

2 − 1
18Θa

1Θa
2

3 + 2τa1 τa2 −τa1 T a†2 1 + 1
3τ

a
1 Θa

2
3
2T

ab
1 T ab†2 + 1

2T
a
1 T

a†
2

3
2T

ab†
1 T ab†2 + 1

2T
a†
1 T a†2

√
1
6T

ab†
1 Θab

2 − 1
6T

a†
1 Θa

2
1
3 + 1

9Θab
1 Θab

2 + 1
18Θa

1Θa
2

2 + 2
3τ

a
1 τ

a
2 −5τa1 T

a†
2 15− 2τa1 Θa

2
3
2T

ab
1 T ab†2 + 5

2T
a
1 T

a†
2

3
2T

ab†
1 T ab†2 + 5

2T
a†
1 T a†2 −2

√
6T ab†1 Θab

2 + T a†1 Θa
2 5− 4

3Θab
1 Θab

2 − 1
3Θa

1Θa
2

2− 2
3τ

a
1 τ

a
2 5τa1 T

a†
2 15 + 2τa1 Θa

2
3
2T

ab
1 T ab†2 − 5

2T
a
1 T

a†
2

3
2T

ab†
1 T ab†2 − 5

2T
a†
1 T a†2 −2

√
6T ab†1 Θab

2 − T a†1 Θa
2 5− 4

3Θab
1 Θab

2 + 1
3Θa

1Θa
2

4
3 − 2

9τ
a
1 τ

a
2

5
3τ

a
1 T

a†
2 10 + 2

3τ
a
1 Θa

2
3
2T

ab
1 T ab†2 − 25

2 T
a
1 T

a†
2

3
2T

ab†
1 T ab†2 − 25

2 T
a†
1 T a†2 −2

√
6T ab†1 Θab

2 − 5T a†1 Θa
2 75 + 16Θab

1 Θab
2 − 2Θa

1Θa
2

4
3 + 2

9τ
a
1 τ

a
2 −5

3τ
a
1 T

a†
2 10− 2

3τ
a
1 Θa

2
3
2T

ab
1 T ab†2 + 25

2 T
a
1 T

a†
2

3
2T

ab†
1 T ab†2 + 25

2 T
a†
1 T a†2 −2

√
6T ab†1 Θab

2 + 5T a†1 Θa
2 75 + 16Θab

1 Θab
2 + 2Θa

1Θa
2

2τa1 τa2 ∗ 2τa1 Θa
2 ∗ ∗ ∗ 2Θa

1Θa
2

−2iτa1 τa2 iτa1 T
a†
2 −1

3 iτa1 Θa
2 ∗ ∗ ∗ −1

3 iΘa
1Θa

2

2
3 iτa1 τa2 −5iτa1 T

a†
2 −2iτa1 Θa

2 ∗ ∗ ∗ −2iΘa
1Θa

2

2 + 2
3τ

a
1 τ

a
2 −1

3τ
a
1 T

a†
2

2
3 + 1

9τ
a
1 Θa

2
3
2T

ab
1 T ab†2 + 5

2T
a
1 T

a†
2

3
2T

ab†
1 T ab†2 + 5

2T
a†
1 T a†2

√
1
6T

ab†
1 Θab

2 − 5
6T

a†
1 Θa

2 5− 4
3Θab

1 Θab
2 − 1

3Θa
1Θa

2

2− 2
3τ

a
1 τ

a
2

1
3τ

a
1 T

a†
2

2
3 − 1

9τ
a
1 Θa

2
3
2T

ab
1 T ab†2 − 5

2T
a
1 T

a†
2

3
2T

ab†
1 T ab†2 − 5

2T
a†
1 T a†2

√
1
6T

ab†
1 Θab

2 + 5
6T

a†
1 Θa

2 5− 4
3Θab

1 Θab
2 + 1

3Θa
1Θa

2

−2iτa1 τa2 ∗ −2iτa1 Θa
2 ∗ ∗ iT a†1 Θa

2 −1
3 iΘa

1Θa
2

2
3 iτa1 τa2 ∗ 2

3 iτa1 Θa
2 ∗ ∗ −5iT a†1 Θa

2 −2iΘa
1Θa

2
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4.2 two-pion exchange potentials

4.2.1 Lorentz tensors and pertinent projectors

The phase space integral for two-pion exchange can be split into terms containing up to four
powers of the loop momentum lµ. For each term we find the resulting Lorentz structure
and give the integrals for the coefficients together with the corresponding projectors. With
the definitions of the four-momenta q, v and l (in the 2π center-of-mass frame) given in
the previous section, one can derive simplified expressions for these integrals.

Integrals involving lµ

The first case concerns one power of the loop momentum lµ. The corresponding 2π phase
space integral

�
dΦ has the form�

dΦ
(
. . .
)
lµ =qµÃ1 + vµB̃1 , (4.18)

where the ellipsis stands for further factors coming from baryon propagators. The second
Lorentz structure on the right hand side vanishes when contracted with spin-operators.
Moreover, since v · q = 0 the projector on Ã1 is given by

Pr1 = qµ
µ2 . (4.19)

Applying this projector on Eq. (4.18) yields the following expression to calculate the
coefficient Ã1,

Ã1 =
�

dΦ
(
. . .
)( l · q

µ2

)
=
�

dΦ
(
. . .
) · 1

2 , (4.20)

where we used the definitions in Eq. (4.12) in the last step.

Integrals involving lµlν

For two powers of the loop momentum lµ we decompose the second rank Lorentz tensor
resulting from the phase space integration�

dΦ
(
. . .
)
lµlν =− gµνÃ2 + qµqνB̃2 + . . . , (4.21)

where the dots on the right hand side include terms with vµ, that are not needed. The
ansatz for the projectors on Ã2 (and B̃2) reads

Pr2 = aqµqν + bvµvν + cgµν + d (qνvµ + qµvν) . (4.22)

The detailed derivation of these projectors and those for all subsequent coefficients are
given in Appendix A.5. After solving the four linear equations for a, b, c and d, one finds
for the two coefficients of interest the following expressions

Ã2 =
�

dΦ
(
. . .
)(− l22 + (l · q)2

2µ2 + 1
2(l · v)2

)
=
�

dΦ
(
. . .
) · 1

8
(
x2 − 1

) (
4m2

π − µ2
)
, (4.23)
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one- and two-pion exchange

and

B̃2 =
�

dΦ
(
. . .
)(− l2

2µ2 + 3(l · q)2

2µ4 + (l · v)2

2µ2

)
=
�

dΦ
(
. . .
) · 4m2

π

(
x2 − 1

)− µ2 (x2 − 3
)

8µ2 , (4.24)

using l2 = m2
π and l · q = µ2/2.

Integrals involving lµlν lρ

The phase space integral including three powers of the loop momentum is decomposed as
�

dΦ
(
. . .
)
lµlν lρ = (−qρgµν − qνgµρ − qµgνρ) Ã3 + qµqνqρB̃3 + . . . (4.25)

and we take

Pr3 = a (−qρgµν − qνgµρ − qµgνρ) + b qµqνqρ + c vµvνvρ ,

+ d (−vρgµν − vνgµρ − vµgνρ) + e (qνqρvµ + qµqρvν + qµqνvρ)
+ f (qρvµvν + qνvµvρ + qµvνvρ) (4.26)

as an ansatz for the projector on Ã3 or B̃3.
The coefficients of interest are calculated as follows

Ã3 =
�

dΦ
(
. . .
)(− l2l · q2µ2 + (l · q)3

2µ4 + l · q(l · v)2

2µ2

)
=
�

dΦ
(
. . .
) · 1

16
(
x2 − 1

) (
4m2

π − µ2
)
, (4.27)

B̃3 =
�

dΦ
(
. . .
)(−3l2l · q

2µ4 + 5(l · q)3

2µ6 + 3l · q(l · v)2

2µ4

)
=
�

dΦ
(
. . .
) · 12m2

π

(
x2 − 1

)
+ µ2 (5− 3x2)

16µ2 . (4.28)

Integrals involving lµlν lρlσ

The phase space integral with four loop momenta has the following Lorentz structure,
�

dΦ
(
. . .
)
lµlν lρlσ = (gµνgρσ + gµρgνσ + gµσgνρ) Ã4

+ (−qρqσgµν−qνqσgµρ−qµqσgνρ−qνqρgµσ−qµqρgνσ−qµqνgρσ) B̃4

+ qµqνqρqσC̃4 + . . . . (4.29)
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4.2 two-pion exchange potentials

The ansatz for the projector reads now

Pr4 = a (gµνgρσ + gµρgνσ + gµσgνρ)
+ b (−qρqσgµν − qνqσgµρ − qµqσgνρ − qνqρgµσ − qµqρgνσ − qµqνgρσ)
+ c qµqνqρqσ + d vµvνvρvσ

+ e (−vρvσgµν − vνvσgµρ − vµvσgνρ − vνvρgµσ − vµvρgνσ − vµvνgρσ)
+ f (qρqσvµvν + qνqσvµvρ + qµqσvνvρ + qνqρvµvσ + qµqρvνvσ + qµqνvρvσ)
+ g (−gµν (qσvρ + qρvσ)− gµρ (qσvν + qνvσ)− gνρ (qσvµ + qµvσ)

−gµσ (qρvν + qνvρ)− gνσ (qρvµ + qµvρ)− gρσ (qνvµ + qµvν))
+ h (qνqρqσvµ + qµqρqσvν + qµqνqσvρ + qµqνqρvσ)
+ j (qσvµvνvρ + qρvµvνvσ + qνvµvρvσ + qµvνvρvσ) . (4.30)

We find for the coefficients of interest the following expressions

Ã4 =
�

dΦ
(
. . .
)(− l2(l · q)2

4µ2 − 1
4 l

2(l · v)2 +
(
l2
)2

8 + (l · q)4

8µ4 + (l · q)2(l · v)2

4µ2 + 1
8(l · v)4

)
=
�

dΦ
(
. . .
) · 1

128
(
x2 − 1

)2 (
µ2 − 4m2

π

)2
, (4.31)

B̃4 =
�

dΦ
(
. . .
)((l2)2

8µ2 −
3l2(l · q)2

4µ4 − l2(l · v)2

4µ2 + 5(l · q)4

8µ6 + 3(l · q)2(l · v)2

4µ4 + (l · v)4

8µ2

)
=
�

dΦ
(
. . .
) · (x2 − 1

) (
µ2 − 4m2

π

) (
µ2 (x2 − 5

)− 4m2
π

(
x2 − 1

))
128µ2 , (4.32)

and

C̃4 =
�

dΦ
(
. . .
)(3

(
l2
)2

8µ4 − 15l2(l · q)2

4µ6 − 3l2(l · v)2

4µ4 + 35(l · q)4

8µ8

+ 15(l · q)2(l · v)2

4µ6 + 3(l · v)4

8µ4

)

=
�

dΦ
(
. . .
) · 48m4

π

(
x2 − 1

)2 − 24µ2m2
π

(
x4 − 6x2 + 5

)
+ µ4 (3x4 − 30x2 + 35

)
128µ4 .

(4.33)
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Table 4.2: Spin matrices of the relevant Feynman diagrams. An asterisk indicates, that this diagram does not exist at leading or next-
to-leading order. For the crossed box diagrams the matrices are the same as for the planar box diagrams only with the indices k and l
interchanged as indicated in these rows

NN → NN NN → N∆ N∆→ N∆ ∆N → N∆ NN → ∆∆ N∆→ ∆∆ ∆∆→ ∆∆

σi1σ
j
2 σi1S

j†
2 σi1Σj

2 Si1S
j†
2 Si†1 S

j†
2 Si†1 Σj

2 Σi
1Σj

2

σi1σ
j
1σ

k
2σ

l
2 σi1σ

j
1S

k†
2 σl2 σi1σ

j
1S

k†
2 Sl2 σi1S

j
1S

k†
2 σl2 Si†1 σ

j
1S

k†
2 σl2 Si†1 σ

j
1S

k†
2 Sl2 Si†1 S

j
1S

k†
2 Sl2

σi1σ
j
1σ

l
2σ

k
2 k ↔ l

σi1σ
j
1S

k
2S

l†
2 σi1σ

j
1Σk

2S
l†
2 σi1σ

j
1Σk

2Σl
2 σi1S

j
1Σk

2S
l†
2 Si†1 σ

j
1Σk

2S
l†
2 Si†1 σ

j
1Σk

2Σl
2 Si†1 S

j
1Σk

2Σl
2

k ↔ l

Si1S
j†
1 S

k
2S

l†
2 Si1S

j†
1 Σk

2S
l†
2 Si1S

j†
1 Σk

2Σl
2 Si1Σj

1Σk
2S

l†
2 Σi

1S
j†
1 Σk

2S
l†
2 Σi

1S
j†
1 Σk

2Σl
2 Σi

1Σj
1Σk

2Σl
2

k ↔ l

1⊗ 1 ∗ 1⊗ 1 ∗ ∗ ∗ 1⊗ 1

1⊗ σk2σl2 1⊗ Sk†2 σl2 1⊗ Sk†2 Sl2 ∗ ∗ ∗ 1⊗ Sk†2 Sl2

1⊗ Sk2Sl†2 1⊗ Σk
2S

l†
2 1⊗ Σk

2Σl
2 ∗ ∗ ∗ 1⊗ Σk

2Σl
2

Si1S
j†
1 σ

k
2σ

l
2 Si1S

j†
1 S

k†
2 σl2 Si1S

j†
1 S

k†
2 Sl2 Si1Σj

1S
k†
2 σl2 Σi

1S
j†
1 S

k†
2 σl2 Σi

1S
j†
1 S

k†
2 Sl2 Σi

1Σj
1S

k†
2 Sl2

k ↔ l

σi1σ
j
1 ⊗ 1 ∗ σi1σ

j
1 ⊗ 1 ∗ ∗ Si†1 σ

j
1 ⊗ 1 Si†1 S

j
1 ⊗ 1

Si1S
j†
1 ⊗ 1 ∗ Si1S

j†
1 ⊗ 1 ∗ ∗ Σi

1S
j†
1 ⊗ 1 Σi

1Σj
1 ⊗ 1
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4.2 two-pion exchange potentials

4.2.2 Phase space integral including spin matrices

We apply the procedure described above to the two-pion exchange box diagrams. For a
planar TPE box diagram the phase space integral with inclusion of the spin-operators
reads
�

dΦ
(
...
)Sij1 Skl2 l

i(q − l)jlk(q − l)l =
�

dΦ
(
...
)Sij1 Skl2

[
δikqjqlÃ2 + qiqjqkqlB̃2

−
(
δijqkql + δikqjql + δjkqiql

)
Ã3 − qiqjqkqlB̃3

−
(
δikqjql + δilqjqk + δklqiqj

)
Ã3 − qiqjqkqlB̃3

+
(
δijδkl + δikδjl + δilδjk

)
Ã4

+
(
δijqkql+δikqjql+δjkqiql+δilqjqk+δjlqiqk+δklqiqj

)
B̃4

+ qiqjqkqlC̃4

]
, (4.34)

where the respective spin operator

Sij ∈ {σiσj , Si†σj , σiSj , Si†Sj , SiSj†,ΣiSj†, SiΣj ,ΣiΣj , Sij†, Sij ,Σij}. (4.35)

depends on the type of planar box diagram. The corresponding crossed diagram has the
structure Sij1 S lk2 li(q − l)j(q − l)llk, so we can combine the calculation of the planar and
crossed box diagrams.
As the spin structure gets more complicated when the ∆-isobar enters the calculation,
we cannot carry over the common decomposition of the NN potential in Eq. (3.1) to the
∆-sector. For the box diagrams split for the box diagrams the product of spin matrices S lk2
and the product of isospin matrices T ji2 belonging to the second baryon into a symmetric
and an antisymmetric part (under the exchange of the upper indices). In combination
with the spin and isospin operators of the first baryon one can construct the even and odd
operators

S+ = Sij1
(1

2S
kl
2 + 1

2S
lk
2

)
, (4.36)

S− = Sij1
(1

2S
kl
2 −

1
2S

lk
2

)
, (4.37)

T + = T ij1

(1
2T

ij
2 + 1

2T
ji

2

)
, (4.38)

T − = T ij1

(1
2T

ij
2 −

1
2T

ji
2

)
. (4.39)
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By applying these definitions and merging planar and crossed box diagrams, the imaginary
part of the two-pion exchange potential from box diagrams can be split into four different
parts

ImV ++ = T +S+ Im
(

+
)
, (4.40)

ImV +− = T +S− Im
(

−
)
, (4.41)

ImV −+ = T −S+ Im
(

−
)
, (4.42)

ImV −− = T −S− Im
(

+
)
, (4.43)

where the symbolic diagrams in parenthesis represent the irreducible part of the planar box
and the crossed box without their spin and isospin operators. The sign combination on
V ±± tells whether these diagrams are added or subtracted. V ++ and V −− equal to zero
for purely nucleonic intermediate states, because such combinations of diagrams vanish
in this case. In the case of the NN→NN 2π-exchange potential this corresponds to the
conventional notation in Eq. (3.1) as follows

ImV ++(iµ) ∝ ImVC(iµ) ,
ImV +−(iµ) ∝ ImVT (iµ) ,
ImV −+(iµ) ∝ ImWC(iµ) ,
ImV −−(iµ) ∝ ImWT (iµ) . (4.44)

For a two-pion exchange triangle diagram the 2π phase space integrals read

→ ImV = − |l|
16πµ · g · T · (1⊗ S

ij
2 )
[
qiqjÃ′1 − δijÃ′2 − qiqjB̃′2

]
, (4.45)

→ ImV = − |l|
16πµ · g · T · (S

ij
1 ⊗ 1)

[
qiqjÃ′1 − δijÃ′2 − qiqjB̃′2

]
. (4.46)

where g denotes the product of coupling constants and T stands for the isospin factor. The
diagram containing two Tomozawa-Weinberg vertices is most easily evaluated

→ ImV =− |l|
16πµ · g · T ·

1
2

1�

−1

dx 4x2|l|2 = − w3

96πµ · g · T , (4.47)

where |l| = w/2. The resulting contributions for the triangle and bubble diagrams are
listed in Section 4.4.

4.2.3 Irreducible 2π-exchange from planar box diagrams

The set of planar and crossed box diagrams is shown in lines (b) to (g) of Fig. 3.3. Reducible
parts of planar box diagrams will be generated by iteration of the 1π-exchange potentials
in the coupled channel scattering equation, and therefore they have to be excluded from
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4.2 two-pion exchange potentials

the 2π-exchange potentials. To identify the irreducible parts of the planar box diagrams
we calculate the l0-integral over the baryon and pion propagators. Here, ω1 and ω2 denote
the on-shell energies of the two exchanged pions for the three types of planar box diagrams
and their crossed partners. By applying residue calculus as outlined in Refs. [12,13], we
find the following results for the three different intermediate states NN, N∆, ∆∆:

−→
� dl0

2πi
1

(l0 + iε)(−l0 + iε)(l20 − ω2
1 + iε)(l20 − ω2

2 + iε)

= 1
2ε ω2

1ω
2
2
− ω2

1 + ω1ω2 + ω2
2

2ω3
1ω

3
2(ω1 + ω2) , (4.48)

−→
� dl0

2πi
1

(l0 + iε)(−l0 + iε)(l20 − ω2
1 + iε)(l20 − ω2

2 + iε)

= ω2
1 + ω1ω2 + ω2

2
2ω3

1ω
3
2(ω1 + ω2) , (4.49)

−→
� dl0

2πi
1

(l0 −∆ + iε)(−l0 + iε)(l20 − ω2
1 + iε)(l20 − ω2

2 + iε)

= 1
∆ω2

1ω
2
2
− ω2

1 + ω1ω2 + ω2
2 + ∆(ω1 + ω2)

2ω2
1ω

2
2(ω1 + ω2)(ω1 + ∆)(ω2 + ∆) , (4.50)

−→
� dl0

2πi
1

(l0 −∆ + iε)(l0 + iε)(l20 − ω2
1 + iε)(l20 − ω2

2 + iε)

= ω2
1 + ω1ω2 + ω2

2 + ∆(ω1 + ω2)
2ω2

1ω
2
2(ω1 + ω2)(ω1 + ∆)(ω2 + ∆) , (4.51)

−→
� dl0

2πi
1

(l0 −∆ + iε)(−l0 −∆ + iε)(l20 − ω2
1 + iε)(l20 − ω2

2 + iε)

= 1
2∆ω2

1ω
2
2
− ω2

1 + ω1ω2 + ω2
2 + ∆(ω1 + ω2)

2ω2
1ω

2
2(ω1 + ω2)(ω1 + ∆)(ω2 + ∆) , (4.52)

−→
� dl0

2πi
1

(l0 −∆ + iε)2(l20 − ω2
1 + iε)(l20 − ω2

2 + iε)

= ω2
1 + ω1ω2 + ω2

2 + 2∆(ω1 + ω2) + ∆2

2ω1ω2(ω1 + ω2)(ω1 + ∆)2(ω2 + ∆)2 . (4.53)

The reducible part is identified either by the inverse of the nucleon kinetic energy difference
between intermediate and initial or final state (here just 1/ε) or by the 1/∆-dependence.
The irreducible part of the planar NN-diagram is equal to the negative of the crossed
NN-box, as it was also shown in Ref. [12]. By comparison with Eq. (4.51), one makes
the interesting observation that the irreducible parts of the planar N∆ and ∆∆ boxes are
equal, and coincide with the negative of the crossed N∆ box. The crossed ∆∆ box in
Eq. (4.53), however, reveals a different structure. So we arrive at the following expressions
for the baryon propagators of the combined planar and crossed box diagrams

(
+

)
→ i
−ixl − ε

i
ixl + ε

+
( i
−ixl − ε

)2
= 0 ,

33



one- and two-pion exchange

(
−

)
→ i
−ixl − ε

i
ixl + ε

−
( i
−ixl − ε

)2
= 2

(−ixl − ε)2(
+

)
→ i
−ixl − ε

( −i
−ixl −∆ + i

−ixl −∆

)
= 0 ,

(
−

)
→ i
−ixl − ε

( −i
−ixl −∆ −

i
−ixl −∆

)
=
(1
l
P 1
x

+ iπ
l
δ(x)

) −2
xl − i∆(

+
)
→ i
−ixl − ε

−i
−ixl −∆ +

( i
−ixl −∆

)2

=
(1
l
P 1
x

+ iπ
l
δ(x)

) −1
xl − i∆ + 1

(xl − i∆)2 ,(
−

)
→ i
−ixl − ε

−i
−ixl −∆ −

( i
−ixl −∆

)2

=
(1
l
P 1
x

+ iπ
l
δ(x)

) −1
xl − i∆ −

1
(xl − i∆)2 . (4.54)

4.3 contributions of two-pion exchange box diagrams

The phase space integrals for the coefficients (Eqs. (4.20), (4.24), (4.28) and (4.33)) taking
into account the propagators of the two intermediate baryons (Eq. (4.54)) give rise to the
following list of imaginary parts. The labels denote the intermediate state NN , N∆ or
∆∆ and the relative sign between the planar and crossed box diagram.

ImANN−2 =− w

8µπ
ImANN−3 =− w

16µπ

ImANN−4 =− w3

96µπ

ImBNN−
2 =− µ2 − 2m2

π

4µ3wπ

ImBNN−
3 =− µ2 − 3m2

π

4µ3wπ

ImBNN−
4 =− µ4 − 5µ2m2

π + 4m4
π

24µ3wπ

ImCNN−4 =− µ4 − 4µ2m2
π + 2m4

π

4µ5wπ
(4.55)

ImAN∆−
2 = 1

32∆µπ

[
−2∆w − π

2w
2 + (4∆2 + w2) arctan w

2∆

]
ImAN∆−

3 = 1
64∆µπ

[
−2∆w − π

2w
2 + (4∆2 + w2) arctan w

2∆

]
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ImAN∆−
4 = 1

512∆µπ

[
−8∆3w − 10

3 ∆w3 − π

2w
4 + (4∆2 + w2)2 arctan w

2∆

]
ImBN∆−

2 = 1
32∆µ3π

[
−2∆w + π

2 (4m2
π − 3µ2) + (4∆2 − 4m2

π + 3µ2) arctan w

2∆

]
ImBN∆−

3 = 1
64∆µ3π

[
−6∆w + π

2 (12m2
π − 5µ2) + (12∆2 − 12m2

π + 5µ2) arctan w

2∆

]
ImBN∆−

4 = 1
512∆µ3π

[
−2

3∆w(12∆2 − 20m2
π + 17µ2)− π

2 (16m4
π − 24mπµ+ 5µ4)

+ (4∆2 − 4m2
π + µ2)(4∆2 − 4m2

π + 5µ2) arctan w

2∆

]
ImCN∆−

4 = 1
512∆µ5π

[
−2∆w(12∆2 − 20m2

π + 29µ2)− π

2 (48m4
π − 120m2

πµ
2 + 35µ2)

+ (48(∆2 −m2
π)2 + 120(∆2 −m2

π)µ2 + 35µ2) arctan w

2∆

]
(4.56)

ImA∆∆−
2 = 1

64∆µπ

[
−6∆w − π

2w
2 + (12∆2 + w2) arctan w

2∆

]
ImA∆∆−

3 = 1
128∆µπ

[
−6∆w − π

2w
2 + (12∆2 + w2) arctan w

2∆

]
ImA∆∆−

4 = 1
1024∆µπ

[
−2

3∆w(60∆2 − 52m2
π + 13µ2)− π

2w
4

+ (4∆2 + w2)(20∆2 + w2) arctan w

2∆

]
ImB∆∆−

2 = 1
64∆µ3π

[
−2∆w12∆2 − 12m2

π + 5µ2

w2 + 4∆2 + π

2 (4m2
π − 3µ2)

+ (12∆2 − 4m2
π + 3µ2) arctan w

2∆

]
ImB∆∆−

3 = 1
128∆µ3π

[
−2∆w36∆2 − 36m2

π + 11µ2

w2 + 4∆2 + π

2 (12m2
π − 5µ2)

+ (36∆2 − 12m2
π + 5µ2) arctan w

2∆

]
ImB∆∆−

4 = 1
1024∆µ3π

[
−2

3∆w(60∆2 − 52m2
π + 49µ2)− π

2 (16m4
π − 24m2

π + 5µ2)

+ (80∆4 − 96∆2m2
π + 72∆2µ2 + 16m4

π − 24m2
πµ

2 + 5µ4) arctan w

2∆

]
ImC∆∆−

4 = 1
1024∆µ5π

[
−2∆w

(
60∆2 − 52m2

π + 85µ2 + 8µ2

w2 + 4∆2

)
− π

2 (48m4
π − 120m2

πµ
2 + 35µ2) + (240∆4 − 288∆2m2

π + 360∆2µ2

+ 48m4
π − 120m2

πµ
2 + 35µ4) arctan w

2∆

]
(4.57)
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ImA∆∆+
2 = 1

64∆µπ

[
2∆w − π

2w
2 + (−4∆2 + w2) arctan w

2∆

]
ImA∆∆+

3 = 1
128∆µπ

[
2∆w − π

2w
2 + (−4∆2 + w2) arctan w

2∆

]
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π − 3µ2)π
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]
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+ (−48∆4 + 32∆2m2
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2 + 5µ4) arctan w

2∆

]
ImC∆∆+

4 = 1
2048∆µ5π

[
4∆w

(
4∆2 + 20m2

π + 35µ2 + 128(∆2 −m2
π)2

w2 + 4∆2

)
− (48m4

π − 120m2
πµ

2 + 35µ4)π − 2(144∆4 − 96∆2m2
π + 120∆2µ2

− 48m4
π + 120m2

πµ
2 − 35µ4) arctan w

2∆

]
(4.58)

with the abbreviation w =
√
µ2 − 4m2

π.
These basic results feed into the calculation of two-pion exchange potentials. The potentials
are labeled as follows: V ±± int±

in out , where both ± refer to the sign of the decomposition from
Eqs. (4.40) to (4.43). The subscripts in and out denote the two ingoing and outgoing
baryons, respectively, and int refers to the intermediate baryon pair. The q-dependent
functions Ai, Bi and Ci have to be calculated numerically as (regularized) dispersion
integrals from their imaginary parts. The isospin factors T ±intin out in front of the potentials
can be calculated with little effort for total isospin I = 0, 1 and are collected in Table 4.3.
It is worth mentioning, that nonvanishing potentials V ++ and V −− exist only for the ∆∆
intermediate state. This is a consequence of the negative sign of the irreducible part from
planar NN and N∆ boxes.

I) NN→NN:

V +−NN
NNNN =T +NN

NNNN

g4
A

16f4
π

ANN−2 (qiqjσi1σ
j
2 − q2σi1σ

i
2)
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V −+NN
NNNN =T −NNNNNN
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(4.59)

II) NN→N∆:
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III) N∆→N∆:

V +−NN
N∆N∆ =T +NN

N∆N∆
3g4
A

64f4
π

ANN−2 (qiqjσi1Σj
2 − q2σi1Σi

2)

V −+NN
N∆N∆ =T −NNN∆N∆

3g4
A

32f4
π

[
−(qiqjΣij

2 )
[
ANN−2 − 7ANN−3 + 7BNN−

4

+ q2(BNN−
2 − 2BNN−

3 + CNN−4 )
]

+ q2
[
ANN−2 − 10ANN−3 + 10BNN−

4

+ q2(BNN−
2 − 2BNN−

3 + CNN−4 )
]

+ 15ANN−4

]

V +−N∆
N∆N∆ =T +N∆

N∆N∆
g4
A

400f4
π

AN∆−
2 (qiqjσi1Σj

2 − q2σi1Σi
2)

V −+N∆
N∆N∆ =T −N∆

N∆N∆
g4
A

400f4
π

[
4qiqjΣij

2

[
AN∆−

2 − 7AN∆−
3 + 7BN∆−

4

+ q2(BN∆−
2 − 2BN∆−

3 + CN∆−
4 )

]
+ 5q2

[
AN∆−

2 − 10AN∆−
3 + 10BN∆−

4

+ q2(BN∆−
2 − 2BN∆−

3 + CN∆−
4 )

]
+ 75AN∆−

4

]

V +−∆N
N∆N∆ =T +∆N

N∆N∆
9g4
A

128f4
π

AN∆−
2 (q2σi1Σi

2 − qiqjσi1Σj
2)

V −+∆N
N∆N∆ =T −∆N

N∆N∆
9g4
A

32f4
π

[
−(qiqjΣij

2 )
[
AN∆−

2 − 7AN∆−
3 + 7BN∆−

4

+ q2(BN∆−
2 − 2BN∆−

3 + CN∆−
4 )

]
+ q2

[
AN∆−

2 − 10AN∆−
3 + 10BN∆−

4

+ q2(BN∆−
2 − 2BN∆−

3 + CN∆−
4 )

]
+ 15AN∆−

4

]

38



4.3 contributions of two-pion exchange box diagrams
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AN∆−
2 (q2Si1S

i†
2 − qiqjSi1Sj†2 )

V −+∆N
∆NN∆ =T −∆N

∆NN∆
27g4

A

320f4
π

[
(AN∆−

2 − 4AN∆−
3 + 4BN∆−

4 )(qiqjSik1 S
jk†
2 )

+ 2AN∆−
4 (Sij1 S

ij†
2 ) + (BN∆−

2 − 2BN∆−
3 + CN∆−

4 )(qiqjqkqlSij1 S
kl†
2 )

]

V ±−∆∆
∆NN∆ =T ±∆∆

∆NN∆
9g4
A

128f4
π

A∆∆∓
2 (qiqjSi1S

j†
2 − q2Si1S

i†
2 )

V ±+∆∆
∆NN∆ =T ±∆∆

∆NN∆
27g4

A

1600f4
π

[
(A∆∆±

2 − 4A∆∆±
3 + 4B∆∆±

4 )(qiqjSik1 S
jk†
2 )

+ 2A∆∆±
4 (Sij1 S

ij†
2 ) + (B∆∆±

2 − 2B∆∆±
3 + C∆∆±

4 )(qiqjqkqlSij1 S
kl†
2 )

]
(4.62)
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one- and two-pion exchange

V) NN→ ∆∆:

V +−NN
NN∆∆ =T +NN

NN∆∆
9g4
A

128f4
π

ANN−2 (qiqjSi†1 S
j†
2 − q2Si†1 S

i†
2 )

V −+NN
NN∆∆ =T −NNNN∆∆

27g4
A

64f4
π

[
(ANN−2 − 4ANN−3 + 4BNN−

4 )(qiqjSik†1 Sjk†2 )

+ 2ANN−4 (Sij†1 Sij†2 ) + (BNN−
2 − 2BNN−

3 + CNN−4 )(qiqjqkqlSij†1 Skl†2 )
]

V +−N∆
NN∆∆ =T +N∆

NN∆∆
9g4
A

128f4
π

AN∆−
2 (q2Si†1 S

i†
2 − qiqjSi†1 Sj†2 )

V −+N∆
NN∆∆ =T −N∆

NN∆∆
27g4

A

320f4
π

[
(AN∆−

2 − 4AN∆−
3 + 4BN∆−

4 )(qiqjSik†1 Sjk†2 )

+ 2AN∆−
4 (Sij†1 Sij†2 ) + (BN∆−

2 − 2BN∆−
3 + CN∆−

4 )(qiqjqkqlSij†1 Skl†2 )
]

V ±−∆∆
NN∆∆ =T ±∆∆

NN∆∆
9g4
A

128f4
π

A∆∆−
2 (qiqjSi†1 S

j†
2 − q2Si†1 S

i†
2 )

V ±+∆∆
NN∆∆ =T ±∆∆

NN∆∆
27g4

A

1600f4
π

[
(A∆∆±

2 − 4A∆∆±
3 + 4B∆∆±

4 )(qiqjSik†1 Sjk†2 )

+ 2A∆∆±
4 (Sij†1 Sij†2 ) + (B∆∆±

2 − 2B∆∆±
3 + C∆∆±

4 )(qiqjqkqlSij†1 Skl†2 )
]

(4.63)

VI) N∆→ ∆∆:

V +−NN
N∆∆∆ =T +NN

N∆∆∆
9g4
A

128
√

2f4
π

ANN−2 (q2Si†1 Σi
2 − qiqjSi†1 Σj

2)

V −+NN
N∆∆∆ =T −NNN∆∆∆

9
√

3g4
A

64f4
π

[
−
[
ANN−2 − 7ANN−3 + 7BNN−

4

+ q2(BNN−
2 − 2BNN−

3 + CNN−4 )
]
(qiqjSij†1 )

+ (ANN−2 − 4ANN−3 + 4BNN−
4 )(qiqjSik†1 Σjk

2 ) + 2ANN−4 (Sij†1 Σij
2 )

+ (BNN−
2 − 2BNN−

3 + CNN−4 )(qiqjqkqlSij†1 Σkl
2 )
]

V +−N∆
N∆∆∆ =T +N∆

N∆∆∆
3g4
A

800
√

2f4
π

AN∆−
2 (q2Si†1 Σi

2 − qiqjSi†1 Σj
2)
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4.3 contributions of two-pion exchange box diagrams

V −+N∆
N∆∆∆ =T −N∆

N∆∆∆
−3
√

3g4
A

800f4
π

[
5
[
AN∆−

2 − 7AN∆−
3 + 7BN∆−

4

+ q2(BN∆−
2 − 2BN∆−

3 + CN∆−
4 )

]
(qiqjSij†1 )

+ 4(AN∆−
2 − 4AN∆−

3 + 4BN∆−
4 )(qiqjSik†1 Σjk

2 ) + 8AN∆−
4 (Sij†1 Σij

2 )

+ 4(BN∆−
2 − 2BN∆−

3 + CN∆−
4 )(qiqjqkqlSij†1 Σkl

2 )
]

V +−∆N
N∆∆∆ =T +∆N

N∆∆∆
9g4
A

128
√

2f4
π

AN∆−
2 (qiqjSi†1 Σj

2 − q2Si†1 Σi
2)

V −+∆N
N∆∆∆ =T −∆N

N∆∆∆
9
√

3g4
A

320f4
π

[
−
[
AN∆−

2 − 7AN∆−
3 + 7BN∆−

4

+ q2(BN∆−
2 − 2BN∆−

3 + CN∆−
4 )

]
(qiqjSij†1 )

+ (AN∆−
2 − 4AN∆−

3 + 4BN∆−
4 )(qiqjSik†1 Σjk

2 ) + 2AN∆−
4 (Sij†1 Σij

2 )

+ (BN∆−
2 − 2BN∆−

3 + CN∆−
4 )(qiqjqkqlSij†1 Σkl

2 )
]

V ±−∆∆
N∆∆∆ =T ±∆∆

N∆∆∆
3g4
A

800
√

2f4
π

A∆∆∓
2 (qiqjSi†1 Σj

2 − q2Si†1 Σi
2)

V ±+∆∆
N∆∆∆ =T ±∆∆

N∆∆∆
−3
√

3g4
A

4000f4
π

[
5
[
A∆∆±

2 − 7A∆∆±
3 + 7B∆∆±

4

+ q2(B∆∆±
2 − 2B∆∆±

3 + C∆∆±
4 )

]
(qiqjSij†1 )

+ 4(A∆∆±
2 − 4A∆∆±

3 + 4B∆∆±
4 )(qiqjSik†1 Σjk

2 ) + 8A∆∆±
4 (Sij†1 Σij

2 )

+ 4(B∆∆±
2 − 2B∆∆±

3 + C∆∆±
4 )(qiqjqkqlSij†1 Σkl

2 )
]

(4.64)

VII) ∆∆→ ∆∆:

V +−NN
∆∆∆∆ =T +NN

∆∆∆∆
9g4
A

256f4
π

ANN−2 (qiqjΣi
1Σj

2 − q2Σi
1Σi

2)

V −+NN
∆∆∆∆ =T −NN∆∆∆∆

9g4
A

64f4
π

[
qiqjqkqlΣij

1 Σkl
2 (B2 − 2B3 + C4)

+ qiqjΣik
1 Σjk

2 (ANN−2 − 4ANN−3 + 4BNN−
4 ) + 2Σij

1 Σij
2 A

NN−
4

− qiqj(Σij
1 + Σij

2 )
[
ANN−2 − 7ANN−3 + 7BNN−

4

+ q2(BNN−
2 − 2BNN−

3 + CNN−4 )
]

+
[
15ANN−4

+ q2(ANN−2 − 10ANN−3 + 10BNN−
4 ) + q4(BNN−

2 − 2BNN−
3 + CNN−4 )

]]
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Table 4.3: Isospin factors evaluated for the total isospin I = 0, 1 as described in the text.

NN → NN NN → N∆ N∆→ N∆ ∆N → N∆ NN → ∆∆ N∆→ ∆∆ ∆∆→ ∆∆

T +NN 3 0 1 −5
2I

1√
2(5(1−I)−

√
5I) −

√
5
3I

1
6(7− 4I)

T −NN 6− 8I 2
√

2
3I

5
3I

1
6I

1
3
√

2(3(1−I) +
√

5I) −1
3

√
5
3I

5
6 − 2

9I

T +N∆ 2 0 15 −5
2I

1√
2(5(1−I)−

√
5I) 2

√
10I −5 + 8I

T −N∆ −2 + 8
3I −10

√
2
3I 10I −5

6I − 5
3
√

2(3(1−I) +
√

5I) −2
√

5
3I 5− 4

3I

T +∆N 2 0 2
3 −5

2I
1√
2(5(1−I)−

√
5I) −

√
5
3I −5 + 8I

T −∆N −2 + 8
3I −2

3

√
2
3I −5

9I −5
6I − 5

3
√

2(3(1−I) +
√

5I) 5
3

√
5
3I 5− 4

3I

T +∆∆ 4
3 0 10 −5

2I
1√
2(5(1−I)−

√
5I) 2

√
10I 195− 96I

T −∆∆ 2
3 − 8

9I
10
3

√
2
3I −10

3 I
25
6 I − 25

3
√

2(3(1−I) +
√

5I) 10
√

5
3I 30− 8I
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4.4 triangle and bubble diagrams

V +−N∆
∆∆∆∆ =T +N∆

∆∆∆∆
3g4
A

1600f4
π

AN∆−
2 (qiqjΣi

1Σj
2 − q2Σi

1Σi
2)

V −+N∆
∆∆∆∆ =T −N∆

∆∆∆∆
3g4
A

800f4
π

[
−4qiqjqkqlΣij

1 Σkl
2 (BN∆−

2 − 2BN∆−
3 + CN∆−

4 )

+ 4qiqjΣik
1 Σjk

2 (AN∆−
2 − 4AN∆−

3 + 4BN∆−
4 )− 8Σij

1 Σij
2 A

N∆−
4

− qiqj(5Σij
1 − 4Σij

2 )
[
AN∆−

2 − 7AN∆−
3 + 7BN∆−

4

+ q2(BN∆−
2 − 2BN∆−

3 + CN∆−
4 )

]
+ 5

[
15AN∆−

4

+ q2(AN∆−
2 − 10AN∆−

3 + 10BN∆−
4 ) + q4(BN∆−

2 − 2BN∆−
3 + CN∆−

4 )
]]

V ±−∆∆
∆∆∆∆ =T ±∆∆

∆∆∆∆
g4
A

10000f4
π

A∆∆∓
2 (qiqjΣi

1Σj
2 − q2Σi

1Σi
2)

V ±+∆∆
∆∆∆∆ =T ±∆∆

∆∆∆∆
g4
A

10000f4
π

[
16qiqjqkqlΣij

1 Σkl
2 (B∆∆±

2 − 2B∆∆±
3 + C∆∆±

4 )

+ 16qiqjΣik
1 Σjk

2 (A∆∆±
2 − 4A∆∆±

3 + 4B∆∆±
4 + 32Σij

1 Σij
2 A

∆∆±
4

+ 20qiqj(Σij
1 + Σij

2 )
[
A∆∆±

2 − 7A∆∆±
3 + 7B∆∆±

4

+ q2(B∆∆±
2 − 2B∆∆±

3 + C∆∆±
4 )

]
+ 25

[
15A∆∆±

4

+ q2(A∆∆±
2 − 10A∆∆±

3 + 10B∆∆±
4 ) + q4(B∆∆±

2 − 2B∆∆±
3 + C∆∆±

4 )
]]

(4.65)

4.4 triangle and bubble diagrams

The set of contributing 2π-exchange triangle diagrams is shown in lines (h) and (i) of
Fig. 3.3. The triangle diagrams have a single baryon (N or ∆) in the intermediate state
and the corresponding imaginary parts arising from the phase space integrals in Eqs. (4.20)
and (4.24) are given by the following expressions

ImAN1 = w

16πµ ,

ImAN2 = w3

96πµ ,

ImBN
2 = w

24πµ3 (µ2 −m2
π) , (4.66)
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one- and two-pion exchange

ImA∆
1 = 1

48πµ

[
w

2 −∆ arctan w

2∆

]
,

ImA∆
2 = 1

192πµ

[
12∆2w + 2w3 − 6∆(4∆2 + w2) arctan w

2∆

]
,

ImB∆
2 = 1

96πµ3

[
6∆2w + 4w3 − 3∆(4∆2 − 4m2

π + 3µ2) arctan w

2∆

]
. (4.67)

with w =
√
µ2 − 4m2

π. Using the general forms of the 2π phase space integrals in Eqs. (4.45)
and (4.46), the 2π-exchange potentials from the triangle diagrams with a nucleon interme-
diate state read

VNNNN = g2
A

8f4
π

(4I − 3)
[
q2AN1 − 3AN2 − q2BN

2

]
,

VNNNN = g2
A

8f4
π

(4I − 3)
[
q2AN1 − 3AN2 − q2BN

2

]
,

VNNN∆ = 3g2
A

8
√

2f4
π

ISij†2

[
qiqjAN1 − δijAN2 − qiqjBN

2

]
,

VN∆N∆ =−15
√

3g2
A

32
√

2f4
π

ISij†2

[
qiqjAN1 − δijAN2 − qiqjBN

2

]
,

VN∆N∆ =5g2
A

8f4
π

I

[
q2AN1 − 3AN2 − q2BN

2

]
,

VN∆∆∆ =−3
√

5g2
A

16f4
π

ISij†1

[
qiqjAN1 − δijAN2 − qiqjBN

2

]
,

V∆∆∆∆ = 3
√

3g2
A

32
√

2f4
π

(15− 4I)Sij†2

[
qiqjAN1 − δijAN2 − qiqjBN

2

]
,

V∆∆∆∆ = 3
√

3g2
A

32
√

2f4
π

(15− 4I)Sij†1

[
qiqjAN1 − δijAN2 − qiqjBN

2

]
, (4.68)

and those from triangle diagrams with a ∆ intermediate state take the form

VNNNN = 3
√

3g2
A

16
√

2f4
π

(4I − 3)Sij†2

[
qiqjA∆

1 − δijA∆
2 − qiqjB∆

2

]
,

VNNNN = 3
√

3g2
A

16
√

2f4
π

(4I − 3)Sij†1

[
qiqjA∆

1 − δijA∆
2 − qiqjB∆

2

]
,

VNNN∆ = −3g2
A

8
√

2f4
π

ISij†2

[
qiqjA∆

1 − δijA∆
2 − qiqjB∆

2

]
,

VN∆N∆ =−g
2
A

40f4
π

I(5δij2 + 4Σij
2 )
[
qiqjA∆

1 − δijA∆
2 − qiqjB∆

2

]
,

VN∆N∆ =−15
√

3g2
A

16
√

2f4
π

ISij†1

[
qiqjA∆

1 − δijA∆
2 − qiqjB∆

2

]
,

VN∆∆∆ =3
√

5g2
A

16f4
π

ISij†1

[
qiqjA∆

1 − δijA∆
2 − qiqjB∆

2

]
,
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4.4 triangle and bubble diagrams

V∆∆∆∆ = g2
A

200f4
π

(4I − 15)(5δij2 + 4Σij
2 )
[
qiqjA∆

1 − δijA∆
2 − qiqjB∆

2

]
,

V∆∆∆∆ = g2
A

200f4
π

(4I − 15)(5δij1 + 4Σij
1 )
[
qiqjA∆

1 − δijA∆
2 − qiqjB∆

2

]
, (4.69)

where I = 0, 1 is the total isospin. The left and right triangle diagram have been carefully
distinguished, although they give in some cases identical results.
The 2π-exchange bubble diagrams with identical initial and final states are shown in line
(j) of Fig. 3.3 and the general form of the 2π phase space integral is given in Eq. (4.47).
The imaginary parts for the three non-vanishing potentials read

ImVNNNN = w3

768f4
ππµ

(3− 4I) ,

ImVN∆N∆ = 5w3

768f4
ππµ

I ,

ImV∆∆∆∆ = w3

768f4
ππµ

(15− 4I) . (4.70)

The numerical results for NN phase shifts based on these potentials which have been given
in Sections 4.3 and 4.4 will be presented in Chapter 6. Before that the contact interactions
for the coupled NN, N∆, ∆N, ∆∆ system are derived in Chapter 5.
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5
C O N TA C T P O T E N T I A L

The NN contact interactions are built from four nucleon legs and no pion fields. These
contact terms describe the short-range part of the nuclear potential as mentioned in
Chapter 1. Due to parity conservation, only vertices with even powers of momenta are
allowed. In this chapter, we give the LO and NLO contact potentials for all relevant
N-∆ combinations and evaluate their matrix elements in those partial waves where they
contribute. We present the results of the fits and investigate the influence of contact
potentials which include deltas.

5.1 definition of contact potential and low-energy constants

The contact term of the two-nucleon potential up to next-to-leading order takes for initial
and final momenta p and p′ the form

Vct(p,p′) = V
(0)
ct + V

(2)
ct (p,p′) (5.1)

The leading order contributions for the different combinations of particles were first given
in Ref. [57] by

V
(0)
ct,NNNN = CS + CT σ1 · σ2

V
(0)
ct,NNN∆ = C

(0)
2,NNN∆ σ1 · S†2

V
(0)
ct,N∆N∆ = C

(0)
1,N∆N∆ + C

(0)
2,N∆N∆ σ1 ·Σ2

V
(0)
ct,NN∆∆ = C

(0)
2,NN∆∆ S

†
1 · S†2 + C

(0)
3,NN∆∆ Sij†1 Sij†2

V
(0)
ct,N∆∆∆ = C

(0)
2,N∆∆∆ S

†
1 ·Σ2 + C

(0)
3,N∆∆∆ Sij†1 Σij

2

V
(0)
ct,∆∆∆∆ = C

(0)
1,∆∆∆∆ + C

(0)
2,∆∆∆∆ Σ1 ·Σ2

+ C
(0)
3,∆∆∆∆ Σij

1 Σij
2 + C

(0)
4,∆∆∆∆ Σijk

1 Σijk
2 (5.2)

The spin (transition) matrices σ, S, Σ and their combinations with multiple indices are
defined in Appendix A.2. The LO contact potential is momentum independent. Finally,
the potential V (0)

ct,NNN∆ does not contribute due to the limitations imposed by the Pauli
exclusion principle, which requires the initial NN state to be either (s = 0, I = 1) or (s = 1,
I = 0) for l = 0, whereas the final N∆ state has spin s = 1, 2 and isospin I = 1, 2. We use
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contact potential

the definitions q = p′ − p and k = 1
2(p′ + p). Following the notation for the LO terms, we

obtain the NLO contact potentials as:

V
(2)
ct,NNNN =C(2)

1,NNNNq
2 + C

(2)
2,NNNNk

2 +
(
C

(2)
3,NNNNq

2 + C
(2)
4,NNNNk

2
)
σ1 · σ2

− iC(2)
5,NNNN (q × k) · (σ1 + σ2)

+ C
(2)
6,NNNN (σ1 · q) (σ2 · q) + C

(2)
7,NNNN (σ1 · k) (σ2 · k)

V
(2)
ct,NNN∆ =

(
C

(2)
3,NNN∆q

2 + C
(2)
4,NNN∆k

2
)
σ1 · S†2 − iC(2)

5,NNN∆ (q × k) · S†2
+ C

(2)
6,NNN∆ (σ1 · q)

(
S†2 · q

)
+ C

(2)
7,NNN∆ (σ1 · k)

(
S†2 · k

)
V

(2)
ct,N∆N∆ =C(2)

1,N∆N∆q
2 + C

(2)
2,N∆N∆k

2 +
(
C

(2)
3,N∆N∆q

2 + C
(2)
4,N∆N∆k

2
)
σ1 ·Σ2

− iC(2)
5,N∆N∆ (q × k) · (σ1 + Σ2)− iC(2)

5−,N∆N∆ (q × k) · (σ1 −Σ2)

+ C
(2)
6,N∆N∆ (σ1 · q) (Σ2 · q) + C

(2)
7,N∆N∆ (σ1 · k) (Σ2 · k)

V
(2)
ct,NN∆∆ =

(
C

(2)
3,NN∆∆q

2 + C
(2)
4,NN∆∆k

2
)
S†1 · S†2

+ C
(2)
6,NN∆∆

(
S†1 · q

) (
S†2 · q

)
+ C

(2)
7,NN∆∆

(
S†1 · k

) (
S†2 · k

)
+
(
C

(2)
8,NN∆∆q

2 + C
(2)
9,NN∆∆k

2
)
Sij†1 Sij†2

+
(
C

(2)
10,NN∆∆q

iqk + C
(2)
11,NN∆∆k

ikk
)
Sij†1 Skj†2

V
(2)
ct,N∆∆∆ =

(
C

(2)
3,N∆∆∆q

2 + C
(2)
4,N∆∆∆k

2
)
S†1 ·Σ2 − iC(2)

5,N∆∆∆ (q × k) · S†1
+ C

(2)
6,N∆∆∆

(
S†1 · q

)
(Σ2 · q) + C

(2)
7,N∆∆∆

(
S†1 · k

)
(Σ2 · k)

+
(
C

(2)
8,N∆∆∆q

2 + C
(2)
9,N∆∆∆k

2
)
Sij†1 Σij

2

+
(
C

(2)
10,N∆∆∆q

iqk + C
(2)
11,N∆∆∆k

ikk
)
Sij†1 Σkj

2

V
(2)
ct,∆∆∆∆ =C(2)

1,∆∆∆∆q
2 + C

(2)
2,∆∆∆∆k

2 +
(
C

(2)
3,∆∆∆∆q

2 + C
(2)
4,∆∆∆∆k

2
)

Σ1 ·Σ2

− iC(2)
5,∆∆∆∆ (q × k) · (Σ1 + Σ2)

+ C
(2)
6,∆∆∆∆ (Σ1 · q) (Σ2 · q) + C

(2)
7,∆∆∆∆ (Σ1 · k) (Σ2 · k)

+
(
C

(2)
8,∆∆∆∆q

2 + C
(2)
9,∆∆∆∆k

2
)

Σij
1 Σij

2

+
(
C

(2)
10,∆∆∆∆q

iqk + C
(2)
11,∆∆∆∆k

ikk
)

Σij
1 Σkj

2

+
(
C

(2)
12,∆∆∆∆q

2 + C
(2)
13,∆∆∆∆k

2
)

Σijk
1 Σijk

2

+
(
C

(2)
14,∆∆∆∆q

iql + C
(2)
15,∆∆∆∆k

ikl
)

Σijk
1 Σljk

2 (5.3)

The potential V (2)
ct,N∆N∆ is the only one to which a term of the form (q × k) · (S1 − S2)

contributes, where Si are the appropriate spin operators. The standard spin-orbit term
(q × k) · (S1 + S2) appears in NN→NN, N∆→N∆, and ∆∆→ ∆∆, whereas in NN→N∆
and N∆→ ∆∆ only the part (q × k) · S† exists.
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5.1 definition of contact potential and low-energy constants

The contact potentials in Eqs. (5.2) and (5.3) contribute to certain (low) partial waves as
verified in the following equations. The constants in each partial wave carry also the index
related to the particular two-baryon channel which we have dropped for better readability:

NN → NN:〈
1S0

∣∣∣Vct,NNNN ∣∣∣ 1S0
〉

= C̃
1S0 +C1S0(p2+p′2)〈

3S1
∣∣∣Vct,NNNN ∣∣∣ 3S1

〉
= C̃

3S1 +C3S1(p2+p′2)〈
1P1

∣∣∣Vct,NNNN ∣∣∣ 1P1
〉

= C
1P1pp′〈

3P1
∣∣∣Vct,NNNN ∣∣∣ 3P1

〉
= C

3P1pp′

〈
3P0

∣∣∣Vct,NNNN ∣∣∣ 3P0
〉

= C
3P0pp′〈

3P2
∣∣∣Vct,NNNN ∣∣∣ 3P2

〉
= C

3P2pp′〈
3S1

∣∣∣Vct,NNNN ∣∣∣ 3D1
〉

= C
3D1−3S1p2〈

3D1
∣∣∣Vct,NNNN ∣∣∣ 3S1

〉
= C

3D1−3S1p′2

(5.4)

NN → N∆:〈
3P0

∣∣∣Vct,NNN∆
∣∣∣ 3P0

〉
= C

3P0pp′〈
3P1

∣∣∣Vct,NNN∆
∣∣∣ 3P1

〉
= C

3P1pp′〈
3P2

∣∣∣Vct,NNN∆
∣∣∣ 3P2

〉
= C

3P2pp′〈
5P1

∣∣∣Vct,NNN∆
∣∣∣ 3P1

〉
= C

5P1−3P1pp′

〈
5P2

∣∣∣Vct,NNN∆
∣∣∣ 3P2

〉
= C

5P2−3P2pp′〈
5D0

∣∣∣Vct,NNN∆
∣∣∣ 1S0

〉
= C

5D0−1S0p′2〈
5S2

∣∣∣Vct,NNN∆
∣∣∣ 1D2

〉
= C

5S2−1D2p2

(5.5)

N∆→ N∆:〈
5S2

∣∣∣Vct,N∆N∆
∣∣∣ 5S2

〉
= C̃

5S2 +C5S2(p2+p′2)〈
3P0

∣∣∣Vct,N∆N∆
∣∣∣ 3P0

〉
= C

3P0pp′〈
3P1

∣∣∣Vct,N∆N∆
∣∣∣ 3P1

〉
= C

3P1pp′〈
3P1

∣∣∣Vct,N∆N∆
∣∣∣ 5P1

〉
= C

3P1−5P1pp′〈
5P1

∣∣∣Vct,N∆N∆
∣∣∣ 3P1

〉
= C

3P1−5P1pp′〈
5P1

∣∣∣Vct,N∆N∆
∣∣∣ 5P1

〉
= C

5P1pp′〈
3P2

∣∣∣Vct,N∆N∆
∣∣∣ 3P2

〉
= C

3P2pp′〈
3P2

∣∣∣Vct,N∆N∆
∣∣∣ 5P2

〉
= C

3P2−5P2pp′

〈
5P2

∣∣∣Vct,N∆N∆
∣∣∣ 3P2

〉
= C

3P2−5P2pp′〈
5P2

∣∣∣Vct,N∆N∆
∣∣∣ 5P2

〉
= C

5P2pp′〈
5P3

∣∣∣Vct,N∆N∆
∣∣∣ 5P3

〉
= C

5P3pp′〈
5S2

∣∣∣Vct,N∆N∆
∣∣∣ 3D2

〉
= C

5S2−3D2p2〈
5S2

∣∣∣Vct,N∆N∆
∣∣∣ 5D2

〉
= C

5S2−5D2p2〈
3D2

∣∣∣Vct,N∆N∆
∣∣∣ 5S2

〉
= C

5S2−3D2p′2〈
5D2

∣∣∣Vct,N∆N∆
∣∣∣ 5S2

〉
= C

5S2−5D2p′2

(5.6)

49



contact potential

NN→ ∆∆:〈
1S0

∣∣∣Vct,NN∆∆
∣∣∣ 1S0

〉
= C̃

1S0 +C1S0(p2+p′2)〈
3S1

∣∣∣Vct,NN∆∆
∣∣∣ 3S1

〉
= C̃

3S1 +C3S1(p2+p′2)〈
3P0

∣∣∣Vct,NN∆∆
∣∣∣ 3P0

〉
= C

3P0pp′〈
1P1

∣∣∣Vct,NN∆∆
∣∣∣ 1P1

〉
= C

1P1pp′〈
3P1

∣∣∣Vct,NN∆∆
∣∣∣ 3P1

〉
= C

3P1pp′〈
3P2

∣∣∣Vct,NN∆∆
∣∣∣ 3P2

〉
= C

3P2pp′〈
5P1

∣∣∣Vct,NN∆∆
∣∣∣ 1P1

〉
= C

3P1−5P1pp′

〈
7P2

∣∣∣Vct,NN∆∆
∣∣∣ 3P2

〉
= C

3P2−7P2pp′〈
3S1

∣∣∣Vct,NN∆∆
∣∣∣ 3D1

〉
= C

3S1−3D1p2〈
5S2

∣∣∣Vct,NN∆∆
∣∣∣ 1D2

〉
= C

5S2−1D2p2〈
7S3

∣∣∣Vct,NN∆∆
∣∣∣ 3D3

〉
= C

7S3−3D3p2〈
5D0

∣∣∣Vct,NN∆∆
∣∣∣ 1S0

〉
= C

1S0−5D0p′2〈
3D1

∣∣∣Vct,NN∆∆
∣∣∣ 3S1

〉
= C

3S1−3D1p′2〈
7D1

∣∣∣Vct,NN∆∆
∣∣∣ 3S1

〉
= C

3S1−7D1p′2

(5.7)

N∆→ ∆∆:〈
5S2

∣∣∣Vct,N∆∆∆
∣∣∣ 5S2

〉
= C̃

5S2 + C
5S2(p2 + p′2)〈

3P0
∣∣∣Vct,N∆∆∆

∣∣∣ 3P0
〉

= C
3P0pp′〈

3P1
∣∣∣Vct,N∆∆∆

∣∣∣ 3P1
〉

= C
3P1pp′〈

3P2
∣∣∣Vct,N∆∆∆

∣∣∣ 3P2
〉

= C
3P2pp′〈

3P1
∣∣∣Vct,N∆∆∆

∣∣∣ 5P1
〉

= C
3P1−5P1pp′〈

3P2
∣∣∣Vct,N∆∆∆

∣∣∣ 5P2
〉

= C
3P2−5P2pp′〈

7P2
∣∣∣Vct,N∆∆∆

∣∣∣ 3P2
〉

= C
3P2−7P2pp′

〈
7P2

∣∣∣Vct,N∆∆∆
∣∣∣ 5P2

〉
= C

5P2−7P2pp′〈
7P3

∣∣∣Vct,N∆∆∆
∣∣∣ 5P3

〉
= C

5P3−7P3pp′〈
1S0

∣∣∣Vct,N∆∆∆
∣∣∣ 5D0

〉
= C

1S0−5D0p2〈
5S2

∣∣∣Vct,N∆∆∆
∣∣∣ 3D2

〉
= C

5S2−3D2p2〈
5S2

∣∣∣Vct,N∆∆∆
∣∣∣ 5D2

〉
= C

5S2−5D2p2〈
1D2

∣∣∣Vct,N∆∆∆
∣∣∣ 5S2

〉
= C

5S2−1D2p′2〈
5D2

∣∣∣Vct,N∆∆∆
∣∣∣ 5S2

〉
= C

5S2−5D2p′2

(5.8)
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5.1 definition of contact potential and low-energy constants

∆∆ → ∆∆:〈
1S0

∣∣∣Vct,∆∆∆∆
∣∣∣ 1S0

〉
= C̃

1S0 +C1S0(p2+p′2)〈
3S1

∣∣∣Vct,∆∆∆∆
∣∣∣ 3S1

〉
= C̃

3S1 +C3S1(p2+p′2)〈
5S2

∣∣∣Vct,∆∆∆∆
∣∣∣ 5S2

〉
= C̃

5S2 +C5S2(p2+p′2)〈
7S3

∣∣∣Vct,∆∆∆∆
∣∣∣ 7S3

〉
= C̃

7S3 +C7S3(p2+p′2)〈
3P0

∣∣∣Vct,∆∆∆∆
∣∣∣ 3P0

〉
= C

3P0pp′〈
1P1

∣∣∣Vct,∆∆∆∆
∣∣∣ 1P1

〉
= C

1P1pp′〈
3P1

∣∣∣Vct,∆∆∆∆
∣∣∣ 3P1

〉
= C

3P1pp′〈
5P1

∣∣∣Vct,∆∆∆∆
∣∣∣ 5P1

〉
= C

5P1pp′〈
1P1

∣∣∣Vct,∆∆∆∆
∣∣∣ 5P1

〉
= C

1P1−5P1pp′〈
5P1

∣∣∣Vct,∆∆∆∆
∣∣∣ 1P1

〉
= C

1P1−5P1pp′〈
3P2

∣∣∣Vct,∆∆∆∆
∣∣∣ 3P2

〉
= C

3P2pp′〈
7P2

∣∣∣Vct,∆∆∆∆
∣∣∣ 7P2

〉
= C

7P2pp′〈
3P2

∣∣∣Vct,∆∆∆∆
∣∣∣ 7P2

〉
= C

3P2−7P2pp′〈
7P2

∣∣∣Vct,∆∆∆∆
∣∣∣ 3P2

〉
= C

3P2−7P2pp′〈
5P3

∣∣∣Vct,∆∆∆∆
∣∣∣ 5P3

〉
= C

5P3pp′〈
7P3

∣∣∣Vct,∆∆∆∆
∣∣∣ 7P3

〉
= C

7P3pp′

〈
7P4

∣∣∣Vct,∆∆∆∆
∣∣∣ 7P4

〉
= C

7P4pp′〈
1S0

∣∣∣Vct,∆∆∆∆
∣∣∣ 5D0

〉
= C

1S0−5D0p2〈
3S1

∣∣∣Vct,∆∆∆∆
∣∣∣ 3D1

〉
= C

3S1−3D1p2〈
3S1

∣∣∣Vct,∆∆∆∆
∣∣∣ 7D1

〉
= C

3S1−7D1p2〈
5S2

∣∣∣Vct,∆∆∆∆
∣∣∣ 1D2

〉
= C

5S2−1D2p2〈
5S2

∣∣∣Vct,∆∆∆∆
∣∣∣ 5D2

〉
= C

5S2−5D2p2〈
7S3

∣∣∣Vct,∆∆∆∆
∣∣∣ 3D3

〉
= C

7S3−3D3p2〈
7S3

∣∣∣Vct,∆∆∆∆
∣∣∣ 7D3

〉
= C

7S3−7D3p2〈
5D0

∣∣∣Vct,∆∆∆∆
∣∣∣ 1S0

〉
= C

1S0−5D0p′2〈
3D1

∣∣∣Vct,∆∆∆∆
∣∣∣ 3S1

〉
= C

3S1−3D1p′2〈
7D1

∣∣∣Vct,∆∆∆∆
∣∣∣ 3S1

〉
= C

3S1−7D1p′2〈
1D2

∣∣∣Vct,∆∆∆∆
∣∣∣ 5S2

〉
= C

5S2−1D2p′2〈
5D2

∣∣∣Vct,∆∆∆∆
∣∣∣ 5S2

〉
= C

5S2−5D2p′2〈
3D3

∣∣∣Vct,∆∆∆∆
∣∣∣ 7S3

〉
= C

7S3−3D3p′2〈
7D3

∣∣∣Vct,∆∆∆∆
∣∣∣ 7S3

〉
= C

7S3−7D3p′2

(5.9)

The relations between the constants for the partial wave matrix elements and those in the
underlying potentials are given in Appendix C.1.
One sees that the contact potential V (2)

∆∆∆∆ contains fifteen low-energy constants which
feed into 31 partial wave matrix elements. Thus there is no unique mapping between
these two sets of constants. Consequently, the LECs in the spectroscopic notation are
not independent from each other. This happens also in the other NLO contact potentials
containing one, two or three deltas. We list the relations in Appendix C.2. If the delta
LECs were to be fitted, this needs to be done simultaneously in all the partial waves in
question, while respecting the relations between them.
The contributions of low-energy constants to the partial waves of the nucleon-nucleon
potential with coupled (N∆, ∆N, ∆∆)-channels are listed in Tables 5.1 and 5.2 at leading
and next-to-leading order. At leading order there are at most three LECs per NN-partial
wave channel. Only two of these four channels receive contributions from the delta-less
potential V (2)

NNNN . The inclusion of the deltas extends the outreach of the contact potential
to higher partial waves. At NLO there are up to fifteen LECs per NN channel. The purely
nucleonic potential reaches up to the 3F2-wave due to its coupling to the 3P2-wave. The
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Table 5.1: LO LECs contributing to the partial waves of the NN potential with coupled (N∆, ∆N,
∆∆)-channels. j is the total angular momentum, I the isospin and π the parity for each channel.

channel j I π LO LECs

1S0 0 1 1 C̃
1S0
NNNN , C̃

1S0
NN∆∆, C̃1S0

∆∆∆∆
3S1 − 3D1 1 0 1 C̃

3S1
NNNN , C̃

3S1
NN∆∆, C̃3S1

∆∆∆∆
1D2 2 1 1 C̃

5S2
N∆N∆, C̃5S2

N∆∆∆, C̃5S2
∆∆∆∆

3D3 − 3G3 3 0 1 C̃
7S3
∆∆∆∆

Table 5.2: NLO LECs contributing to the partial waves of the NN potential with coupled (N∆,
∆N, ∆∆)-channels. For notation see Table 5.1. In addition we list the number of LECs per channel.

channel j I π # NLO LECs

1S0 0 1 1 7 C
1S0
NNNN , C

1S0
NNN∆, C1S0

NN∆∆, C1S0−5D0
NN∆∆ , C1S0−5D0

N∆∆∆ , C1S0
∆∆∆∆,

C
1S0−5D0
∆∆∆∆

3P0 0 1 -1 6 C
3P0
NNNN , C

3P0
NNN∆, C3P0

N∆N∆, C3P0
NN∆∆, C3P0

N∆∆∆,C3P0
∆∆∆∆

3S1 1 0 1 8 C
3S1
NNNN , C

3S1−3D1
NNNN , C3S1

NN∆∆, C3S1−3D1
NN∆∆ , C3S1−7D1

NN∆∆ , C3S1
∆∆∆∆,

C
3S1−3D1
∆∆∆∆ , C3S1−7D1

∆∆∆∆

1P1 1 0 -1 6 C
1P1
NNNN , C

1P1
NN∆∆, C1P1−5P1

NN∆∆ , C1P1
∆∆∆∆, C5P1

∆∆∆∆, C1P1−5P1
∆∆∆∆

3P1 1 1 -1 10 C
3P1
NNNN , C

3P1
NNN∆, C3P1−5P1

NNN∆ , C3P1
N∆N∆, C3P1−5P1

N∆N∆ , C5P1
N∆N∆,

C
3P1
NN∆∆, C3P1

N∆∆∆, C3P1−5P1
N∆∆∆ , C3P1

∆∆∆∆

1D2 2 1 1 12 C
5S2−1D2
NNN∆ , C5S2

N∆N∆, C5S2−3D2
N∆N∆ , C5S2−5D2

N∆N∆ , C5S2−1D2
NN∆∆ , C5S2

N∆∆∆,
C

5S2−1D2
N∆∆∆ , C5S2−3D2

N∆∆∆ , C5S2−5D2
N∆∆∆ , C5S2

∆∆∆∆, C5S2−1D2
∆∆∆∆ , C5S2−5D2

∆∆∆∆

3P2 − 3F2 2 1 -1 15 C
3P2
NNNN , C

3P2
NNN∆, C3P2−5P2

NNN∆ , C3P2
N∆N∆, C3P2−5P2

N∆N∆ , C5P2
N∆N∆,

C
3P2
NN∆∆, C3P2−7P2

NN∆∆ , C3P2
N∆∆∆, C3P2−5P2

N∆∆∆ , C3P2−5P2
N∆∆∆ , C5P2−7P2

N∆∆∆ ,
C

3P2
∆∆∆∆, C3P2−7P2

∆∆∆∆ , C7P2
∆∆∆∆

3D3 − 3G3 3 0 1 4 C
7S3−3D3
NN∆∆ , C7S3

∆∆∆∆, C7S3−5D3
∆∆∆∆ , C7S3−7D3

∆∆∆∆

1F3 3 0 -1 1 C
5P3
∆∆∆∆

3F3 3 1 -1 3 C
5P3
N∆N∆, C5P3−7P3

N∆∆∆ , C7P3
∆∆∆∆

3F4 − 3H4 4 1 -1 1 C
7P4
∆∆∆∆
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5.2 fits of low-energy constants

full contact potential reaches even the 3F4-3H4-coupled NN channel because there is a
∆∆-7P4-wave which couples to this NN channel due to the additional spin states of the
∆-isobar.

5.2 fits of low-energy constants

At next-to-leading order the short distance part of the NN potential is fitted to empirical
phase shifts up to 100 MeV, see Ref. [20], this means to six data points per partial wave
including mixing angles. Most of the NN-partial waves contain too many constants for a
proper fit to the Nijmegen PWA [58]. Therefore, we decided to omit all contact potentials
involving ∆-isobars and only fit the NN contact terms. The effects of the other contact
terms are subleading compared to the NN potential as they enter only the iterated part in
the coupled channel equation as it will be investigated in Sections 5.2.2 and 5.2.3.

5.2.1 Fits to Nijmegen phase shifts

In the fits, the values for the constants are obtained in the spectroscopic notation. From
this the Ci in the NN-potential in Eqs. (5.2) and (5.3) can be determined via Eq. (C.1) as
the mapping in the NN-sector is one-to-one. We find for the low-energy constants in the
purely nucleonic case the values listed in Table 5.3, and with coupled channels the values
listed in Table 5.4 for different choices of the cutoff parameter Λ.

Table 5.3: Low-energy constants from fits of the purely nucleonic chiral potential to the Nijmegen
PWA. The leading order constants C̃ are in units of 104 GeV−2, while the next-to-leading order C
are in units of 104 GeV−4.

350 400 450 500 550 600 650 700 750 800

C̃
1S0
NNNN 0.153 0.147 0.138 0.123 0.110 0.079 0.067 0.007 -0.018 -0.324

C
1S0
NNNN -0.829 -0.820 -0.813 -0.823 -0.565 -0.656 -0.472 -0.547 -0.438 -0.723

C̃
3S1
NNNN 0.152 0.166 0.173 0.129 0.170 0.113 0.048 -1.344 -1.252 -0.396

C
3S1
NNNN -0.110 -0.291 -0.769 -0.455 -0.801 -0.592 -0.599 -1.481 -1.511 -0.648

C
3S1−3D1
NNNN -0.104 0.020 -0.214 -0.295 -0.026 -0.178 -0.245 -1.004 -0.598 -0.381

C
3P0
NNNN -0.094 -0.188 -0.253 -0.309 -0.367 -0.441 -0.551 -0.750 -1.221 -3.667

C
1P1
NNNN -0.788 -0.637 -0.528 -0.445 -0.379 -0.325 -0.280 -0.242 -0.210 -0.182

C
3P1
NNNN -0.341 -0.267 -0.220 -0.190 -0.170 -0.157 -0.150 -0.147 -0.147 -0.150

C
3P2
NNNN 0.335 0.278 0.237 0.206 0.181 0.160 0.142 0.126 0.112 0.099
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Table 5.4: Low-energy constants from fits including coupled N∆-, ∆N- and ∆∆-channels in the
chiral potential to the Nijmegen PWA. The leading order constants C̃ are in units of 104 GeV−2,
while the next-to-leading order C are in units of 104 GeV−4.

350 400 450 500 550 600 650 700 750 800

C̃
1S0
NNNN 0.151 0.144 0.134 0.119 0.095 0.046 -0.084 -1.234 -12.077 -16.096

C
1S0
NNNN -0.823 -0.804 -0.782 -0.773 -0.790 -0.855 -1.034 -2.064 -5.012 -4.786

C̃
3S1
NNNN 0.171 0.156 0.139 0.122 0.103 0.081 0.055 0.017 -0.062 -0.77

C
3S1
NNNN -0.606 -0.638 -0.619 -0.588 -0.560 -0.542 -0.540 -0.566 -0.650 -1.272

C
3S1−3D1
NNNN -0.502 -0.351 -0.246 -0.167 -0.101 -0.041 0.020 0.087 0.175 0.420

C
3P0
NNNN -0.148 -0.265 -0.362 -0.462 -0.588 -0.783 -1.173 -2.470 -2.844 1.654

C
1P1
NNNN -0.854 -0.732 -0.657 -0.614 -0.594 -0.597 -0.626 -0.693 -0.825 -1.111

C
3P1
NNNN -0.362 -0.302 -0.273 -0.262 -0.264 -0.278 -0.303 -0.341 -0.401 -0.498

C
3P2
NNNN 0.307 0.239 0.187 0.146 0.111 0.083 0.059 0.039 0.021 0.006

The natural size of the LECs in the spectroscopic notation has been estimated in Refs. [20,24]
as

|C̃i| ∼
4π
f2
π

∼ 0.15× 104 GeV−2,

|Ci| ∼
4π
f2
πΛ2

b

∼ 0.4× 104 GeV−4 (5.10)

where the breakdown scale of the chiral expansion is taken as Λb ' 600 MeV. Then for
cutoff parameters Λ & 700 MeV some of the low energy constants would become unnaturally
large.

5.2.2 Fits of leading order contact potentials in coupled channel approach

In the 1S0 partial wave, there are two additional leading order contact terms contributing in
the coupled particle channels: C̃1S0

NN∆∆ and C̃1S0
∆∆∆∆. In the fitting procedure they can cause

an eigenvalue of close to 1 in the matrix V G introduced in Section 3.1. Then (1− V G)−1

becomes very large in such a way that one of the data points from the Nijmegen partial
wave analysis is nearly hit which then leads to a minimum in χ2. This feature is shown in
Fig. 5.1. Once C̃1S0

NN∆∆ and C̃1S0
∆∆∆∆ are treated as additional fit parameters, the phase shift

shows spikes for most of the selected cutoff parameters. Which data point of the Nijmegen
PWA is hit by the fitted phase shift depends on the maximum lab energy Tmax chosen for
the fit. For the 1S0, this is shown in Fig. 5.2. We choose the maximal lab energy of the fit
in the range Tmax = 50 MeV . . . 300 MeV. The obtained LECs are given in Table 5.5. This
behavior is not only observed in the 1S0 but also, for example, in the 1D2-wave (Fig. 5.3).
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Figure 5.1: The 1S0 phase shift with different sets of contact interactions fitted to the Nijmegen
PWA [58] up to Tmax = 100 MeV is shown for different cutoff parameters Λ. Left: Adjustable
constants C̃

1S0
NNNN and C

1S0
NNNN only, Right: C̃

1S0
NN∆∆ and C̃

1S0
∆∆∆∆ are additionally adjusted.
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Figure 5.2: The 1S0 phase shift with the LO contact potential in the coupled N∆ channels fitted
to the Nijmegen PWA [58] is shown for different Tmax at a cutoff Λ = 450 GeV.

Table 5.5: Additional 1S0 LECs for different Tmax at Λ = 450 GeV used in Fig. 5.2.

Tmax 50 MeV 100 MeV 150 MeV 200 MeV 250 MeV 300 MeV

C̃
1S0
NN∆∆ -0.032 -0.047 -0.043 -0.040 -0.037 -0.034

C̃
1S0
∆∆∆∆ 0.714 0.922 0.884 0.845 0.805 0.765
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Figure 5.3: The 1D2 phase shift with the LO contact interactions in the coupled N∆ channels
fitted to the Nijmegen PWA is shown for different Tmax at Λ = 500 GeV
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Figure 5.4: The 1S0 phase shift for different sets of the LECs C̃
1S0
NN∆∆ and C̃

1S0
∆∆∆∆ at Λ = 500 GeV.

The graph for both LECs equal zero is marked in red.

In addition, we have investigated, whether this behavior is a consequence of the fitting
procedure. Fig. 5.4 shows the results for 20 different sets of C̃1S0

NN∆∆ and C̃1S0
∆∆∆∆. None of

these choices yields the behavior of Figs. 5.1 and 5.2, even though the LECs in Table 5.5
are within the range of these sets. Finding the best values for these LECs is a tedious
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work, since the condition that the phase shift needs to be a smooth curve, cannot be easily
implemented into our fitting procedure. As we will point out in the next section in more
detail, the contact potentials involving ∆-isobars have little impact on the resulting NN
phase shift. We therefore refrain from determining these low-energy constants.

5.2.3 Influence of contact interactions involving deltas

The 1F3 NN-channel and the coupled (3F4,3H4, ε4) NN-channels receive contributions
from one low-energy constant in the contact potential V (2)

∆∆∆∆ only. The coupled (3G3,3D3,
ε3) NN-channels are affected by a contribution from the LO potential V (0)

∆∆∆∆. For
these waves the NLO contact potential V (2)

∆∆∆∆ is non-vanishing in the matrix elements〈5P3
∣∣Vct,∆∆∆∆

∣∣ 5P3
〉

= C5P3pp
′ and

〈7P4
∣∣Vct,∆∆∆∆

∣∣ 7P4
〉

= C7P4pp
′ and the LO contact

potential V (0)
∆∆∆∆ is non-vanishing in the matrix element

〈7S3
∣∣Vct,∆∆∆∆

∣∣ 7S3
〉

= C̃7S3 .
In the case of the 1F3 wave there are five coupled equations for the T-matrix. We need to
solve

T
1F31F3
NNNN =V 1F31F3

NNNN + V
1F31F3
NNNN GNN T

1F31F3
NNNN

+ V
1F31F3
NN∆∆ G∆∆ T

1F31F3
∆∆NN + V

1F35P3
NN∆∆ G∆∆ T

5P31F3
∆∆NN

+ V
1F35F3
NN∆∆ G∆∆ T

5F31F3
∆∆NN + V

1F35H3
NN∆∆ G∆∆ T

5H31F3
∆∆NN , (5.11)

which depends on four other T-matrices. Each of these is defined via a similar scattering
equation, where one of them reads

T
5P31F3
∆∆NN =V 5P31F3

∆∆NN + V
5P31F3

∆∆NN GNN T
1F31F3
NNNN

+ V
5P31F3

∆∆∆∆ G∆∆ T
1F31F3
∆∆NN + V

5P35P3
∆∆∆∆ G∆∆ T

5P31F3
∆∆NN

+ V
5P35F3

∆∆∆∆ G∆∆ T
5F31F3
∆∆NN + V

5P35H3
∆∆∆∆ G∆∆ T

5H31F3
∆∆NN . (5.12)

This scattering equation for the T-matrix contains the low-energy constant contributing to
the potential

V
5P35P3

∆∆∆∆ =C5P3pp
′ + V

5P35P3
∆∆∆∆,OPE + V

5P35P3
∆∆∆∆,TPE . (5.13)

Since in these cases the fit algorithm is not able to find LECs which differ from an arbitrary
starting value, we tested NLO LEC-values in the range −107GeV−4 · · ·+ 107GeV−4 and
LO LEC-values in the range −106GeV−2 · · ·+ 106GeV−2 for two different cutoff parameters
Λ. The results are shown in Figs. 5.5 to 5.7, where the red band depicts the variation
of the cutoff parameter Λ = 400 . . . 800 MeV with the LECs set to zero. The different
values for the cutoff are shown in blue for Λ = 500 MeV and in green for Λ = 700 MeV.
Up to Tlab = 100 MeV the change of the 1F3-, 3F4- and 3D3-phase shifts by varying the
LECs is negligible. For higher Tlab the different lines split up, but still are within the band
produced by changing the cutoff parameter except for one case in the 3F4-wave. For the
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3H4- and the 3G3-wave and the two mixing angles (ε3 and ε4) the different choices of the
LECs cannot be distinguished from each other.
Due to the small effects of the contact potentials involving deltas, we omit these contact
potentials in the following.
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Figure 5.5: The NLO contact potential contributes to the ∆∆→ ∆∆ 3P3-wave and couples to
the 3F3 NN-channel. The variation of the LEC is shown for Λ = 500 MeV (blue) and Λ = 700 MeV
(green). The red band depicts the variation of the cutoff Λ.
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Figure 5.6: The NLO contact potential contributes to the ∆∆→ ∆∆ 3P4-wave and couples to
the 3F4-3H4 coupled NN-channel. For notation see Fig. 5.5.
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Figure 5.7: The LO contact potential contributes to the ∆∆→ ∆∆ 7S3-wave and couples to the
3D3-3G3 coupled NN-channel. For notation see Fig. 5.5.
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6
P H A S E S H I F T S

In this chapter, we present our results for phase shifts and mixing angles. In addition,
we investigate the influence of N∆-, ∆N- and ∆∆-coupled channels in the total coupled
channel result. We present a comparison of the Kadyshevsky and the Lippmann-Schwinger
equation and explore the next-to-next-to leading order purely nucleonic result and its
differences and similarities to the explicit inclusion of the deltas and their coupled channels
dynamics.
We compare all our results of the purely nucleonic and the coupled N∆-, ∆N- and ∆∆-
channels to the Nijmegen partial wave analysis [58].

6.1 peripheral phase shifts

The peripheral phase shifts are independent of the NN-contact potential except for the
3F2-wave and ε2 due to the mixing with 3P2. However, the influence of C3P2

NNNN on the
F-wave is nearly negligible, even at the highest energy Tlab ' 300 MeV.

6.1.1 F-waves

The F-wave phase shifts and the mixing angle ε3 are shown in Fig. 6.1. Except for the
3F2-wave the coupled particle channel corrections are closer to the Nijmegen PWA result
than the ∆-less case. The 1F3-wave is better described by the coupled channel potential
at energies Tlab < 170 MeV, whereas for higher energies the deviation from the empirical
PWA results increases. The 3F3 phase shift improves substantially over the entire energy
range Tlab < 300 MeV, whereas for the 3F4 phase shift the corrections due to the coupled
delta channels fill half of the gap between the purely nucleonic NLO calculation and the
Nijmegen PWA for Tlab > 50 MeV. The mixing angle ε3 can be reproduced very well. In
the purely nucleonic calculation the data points lie at the lower edge of the band, whereas
with coupled delta channels included the data points are located just in the middle of the
band. In general the cutoff dependence for F-waves is rather weak. Note that by increasing
the cutoff Λ, the interaction potentials get somewhat stronger and thus phase shifts tend
to grow in magnitude.
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Figure 6.1: F-wave NN phase shifts and mixing angle ε3 versus the nucleon lab kinetic energy
Tlab for a cutoff variation Λ = 450 . . . 700 MeV. The blue band (\\-hatching) and the red band
(//-hatching) show the results of the calculation with chiral NN potentials only and with the
full coupled (NN, N∆, ∆N, ∆∆) channels at NLO, respectively. The filled circles stem from the
Nijmegen PWA [58].

6.1.2 G-waves

The G-waves phase shifts and the mixing angle ε4 are shown in Fig. 6.2. The coupled
channel approach leads to some improvements in the waves 1G4, 3G3 and 3G4 at energies
Tlab > 200 MeV. The 3G5 phase shift changes from approximately −1.0° to a phase shift
of −0.7° at 300 MeV lab energy, but it still does not reproduce the curvature behavior of
the Nijmegen PWA. The reproduction of this delicate feature is observed only at higher

62



6.1 peripheral phase shifts

0 50 100 150 200 250 300
0.0

0.5

1.0

1.5

δ[
d

eg
]

1G4

0 50 100 150 200 250 300
−5

−4

−3

−2

−1

0

3G3

0 50 100 150 200 250 300
0

2

4

6

δ[
d

eg
]

3G4

0 50 100 150 200 250 300

−1.0

−0.8

−0.6

−0.4

−0.2

0.0

3G5

0 50 100 150 200 250 300
Tlab[MeV]

−1.5

−1.0

−0.5

0.0

ε[
d

eg
]

ε4

Figure 6.2: G-wave NN phase shifts and mixing angle ε4 versus the nucleon lab kinetic energy
Tlab for a cutoff variation Λ = 450 . . . 700 MeV. For notation see Fig. 6.1.

orders in the chiral expansion (see comparison of N2LO calculations with two different
choices of c1,3,4 parameters in Fig. 6.13). The cutoff dependence of the G-wave phase shifts
decreased significantly compared to lower partial waves.

6.1.3 H-waves

For the H-waves the coupled channel approach leads to a slightly better agreement with
the Nijmegen PWA for higher lab energies than the ∆-less phase shifts except for 3H4 as
we show in Fig. 6.3. The mixing angle ε5 is nearly unaffected by the coupled channels.
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Figure 6.3: H-wave NN phase shifts and mixing angle ε5 versus the nucleon lab kinetic energy Tlab
for a cutoff variation Λ = 450 . . . 700 MeV. The dark blue (dashed) and red (solid) line show the
results of the calculation with chiral NN potentials only and with the full coupled (NN, N∆, ∆N,
∆∆) channels at NLO, respectively. The filled circles stem from the Nijmegen PWA [58]. There is
no visible cutoff dependence in these peripheral phase shifts.
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Only 3H4 can have a contribution from the contact potential V (2)
∆∆∆∆, but it was shown in

Section 5.2.3 that this effect is negligible.

6.1.4 I-waves
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Figure 6.4: I-wave NN phase shifts and mixing angle ε6 versus the nucleon lab kinetic energy Tlab
for a cutoff variation Λ = 450 . . . 700 MeV. For notation see Fig. 6.3.

By including coupled channels, the I-waves in Fig. 6.4 show only very small deviations
from the purely nucleonic chiral potentials. Due to the high orbital angular momentum
` = 6 these phase shifts are mostly dominated by the one-pion exchange between nucleons.
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Both the I- and H-waves and the corresponding mixing angles show no visible dependence
on the cutoff parameter Λ.

6.2 phase shifts in low partial waves

In the partial waves with orbital angular momentum ` ≤ 2, the NN contact potentials at
LO and NLO affect the interaction in the S- and P-waves and also in the 3D1-wave through
the channel coupling 3S1 ↔ 3D1.

6.2.1 S-waves

With increasing ` in the peripheral partial waves, the cutoff dependence decreases rapidly.
However, in the low partial waves the cutoff plays a major role but this regularization
dependence is balanced in the S- and P-waves to a large extent by the NN contact potentials
with their adjustable strength. The S-wave phase shifts are shown in Fig. 6.5. One has to
perform separate fits in the coupled (NN, N∆, ∆N, ∆∆)-channel approach and the purely
nucleonic calculation in order to account for the differences of the 1π- and 2π-exchange
potentials. Due to the strong influence of the NN low-energy constants the effect of the
coupled particle channels is almost negligible, as one can see from the overlapping bands in
Fig. 6.5. The fitted values of the low-energy constants can be found in Tables 5.3 and 5.4.
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Figure 6.5: S-wave NN phase shifts versus the nucleon lab kinetic energy Tlab for a cutoff variation
Λ = 450 . . . 700 MeV. The blue band (\\-hatching) and the red band (//-hatching) show the results
of the calculation with chiral NN potentials only and with the full coupled (NN, N∆, ∆N, ∆∆)
channels at NLO, respectively. The filled circles stem from the Nijmegen PWA [58].

6.2.2 P-waves

The P-wave phase shifts and the mixing angle ε1 are shown in Fig. 6.6. They are also
influenced by NN-contact potentials. The corresponding constants are listed in Tables 5.3
and 5.4. The 3P0-wave coupled N∆ channel result deviates a bit more from the Nijmegen
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Figure 6.6: P-wave NN phase shifts and mixing angle ε1 versus the nucleon lab kinetic energy
Tlab for a cutoff variation Λ = 450 . . . 700 MeV. For notation see Fig. 6.5.
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data points than that of the purely nucleonic calculation for Tlab > 150 MeV. In the 1P1-
wave phase shift the coupled N∆ channels lead to a better agreement with the Nijmegen
PWA up to Tlab ≈ 200 MeV. The 3P1 and the 3P2 phase shifts receive corrections which
move the rather narrow bands towards the data and the cutoff dependence is reduced
significantly for the 3P2 phase shift. At low lab energies Tlab < 50 MeV the mixing angle
ε1 comes out closer to the empirical values in the coupled channel approach, but with
increasing energies the cutoff dependence of ε1 grows in the same way for the calculation
with and without coupled channels, such that the two bands overlap.
We show the influence of the variation of the NN-LEC C

3P0
NNNN = −4623 GeV−4 in

Fig. 6.7, where we increased or decreased the value of the LEC by 100 GeV−4, 500 GeV−4,
1000 GeV−4 and 2000 GeV−4. The four bands display the change from dark to light colors,
respectively. The blue line shows the best fit to the data up to Tlab = 100 MeV. The
data points at higher lab energy lie close to the C3P0

NNNN + 1000 GeV−4 line. However, this
boundary line does not describe the data in the best way for low lab energies Tlab.
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Figure 6.7: 3P0-wave: Variation of CNNNN3P0
= −4623 GeV−4 by ±(100, 500, 1000, 2000)GeV−4 as

explained in the text. The blue line is the result of the fit.

6.2.3 D-waves

The D-wave phase shifts and the mixing angle ε2 are shown in Fig. 6.8. Except for the 3D1
phase shift, there is no influence of NN contact potentials on the D-waves. All corrections
of the coupled N∆ channels tend into the right direction. For the 3D2-wave and the mixing
angle ε2, the Nijmegen PWA results lie within the band obtained in the coupled N∆
channel approach. The bands resulting from the cutoff variation widen in most cases with
increasing Tlab. Only for the 3D1 phase shift, which is influenced by the part of the NN
contact potential with low-energy constants C̃3S1 , C3S1 and C3S1−3D1 through the channel
coupling 3S1 ↔ 3D1, this cutoff dependence is strongly counterbalanced. The result of
the coupled (NN, N∆, ∆N, ∆∆) channel approach for the 3D3 phase shift represents a
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Figure 6.8: D-wave NN phase shifts and mixing angle ε2 versus the nucleon lab kinetic energy
Tlab for a cutoff variation Λ = 450 . . . 700 MeV. For notation see Fig. 6.5.

significant improvement over that of the calculation with the purely nucleonic chiral NN
potential at NLO. Especially, for higher cutoffs Λ > 650 MeV the calculated phase shifts
lie close to the empirical points from the Nijmegen PWA.
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6.3 influence of the n∆-coupled channels
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Figure 6.9: Contribution of NN coupled channels (blue dotted), additional N∆ (light blue dashed)
and additional ∆∆ coupled channels (red) in partial waves with isospin I = 1 for Λ = 550 MeV

The NN-waves with total isospin I = 1 are coupled to the N∆- and ∆∆-channels. The
contribution of the N∆-channels to these waves and mixing angles is depicted in Fig. 6.9.
For example, the addition in the 3P0-wave, the 3F2-wave and the mixing angle ε2 is
dominated by the N∆-channels whereas in the 1D2-wave the N∆-contribution is negligible.
The 3P1-, 3P2-, 3F3- and 3F4-waves show an almost equal contribution from the N∆- and
∆∆-channels. The S-wave and the partial waves with j ≥ 5 show only little or no effect by
switching on the coupled channels. In the isospin I = 0 NN-waves there exists only the
coupled ∆∆ channel. Results for these waves are shown in Fig. 6.10. Up to j = 3 and
in the 3G-wave, the inclusion of the coupled channels shows a noticeable difference. It is
important to note that these effects of the ∆∆-channel cannot be produced by the LECs
acting in the lower partial waves.
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6.4 comparison of results for two scattering equations
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Figure 6.10: Contribution of NN coupled channels (blue dotted) and additional ∆∆ coupled
channels (red) in partial waves with isospin I = 0 for Λ = 550 MeV. The N∆ channels do not
contribute to isospin I = 0.

6.4 comparison of results for two scattering equations

A comparison of the Kadyshevsky and the Lippmann-Schwinger equation for nucleon-
nucleon scattering has been performed in Ref. [59] for phenomenological potentials. It was
shown that the Kadyshevsky equation reproduces some features of other relativistic wave
equations, e.g the Bethe-Salpeter equation [60].
We compare the Kadyshevsky equation (3.9) with the Lippmann-Schwinger equation for
coupled channels (3.8) for the potential at next-to-leading order. The influence of the
chosen scattering equation is shown in Fig. 6.11. The difference between these two equations
in the purely nucleonic case is minor in most of the partial waves. In the coupled N∆
channel approach the Kadyshevsky equation leads to damped effects in the region of higher
energy, compared to the Lippmann-Schwinger equation. In most of the partial waves the
cutoff dependence decreases for the Kadyshevsky equation, the cutoff bands for selected
waves are shown in Fig. 6.12.
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Figure 6.11: Selected partial waves for Λ = 600 MeV. Red curves: with coupled delta channels,
light blue: without coupled delta channels, dashed lines: Lippmann-Schwinger equation, solid lines:
Kadyshevsky equation.
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Figure 6.12: Selected partial waves for Λ = 400 . . . 800 MeV. Red bands with //-hatching:
Kadyshevsky with coupled channels, blue bands with \\-hatching: Lippmann-Schwinger with
coupled channels
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6.5 next-to-next-to-leading order effects

6.5 next-to-next-to-leading order effects

As shown Fig. 2.2 the effects of the ∆(1232)-resonance are hidden in the low-energy
constants c2,3,4 of higher derivative 2πNN-vertices of the pure NN-sector [12]. These
additional ∆-isobar interactions at NLO in the coupled channel approach are transferred in
the NN sector as a part of the pion-nucleon low-energy constants. We compare the ∆-less
theory at N2LO to our coupled channel result.
At next-to-next-to-leading order we take the spectral functions from Ref. [12], which read

ImVC = 3g2
A

64f4
π

[
2m2

π(2c1 − c3) + µ2c3
] 2m2

π − µ2

µ
,

ImWT = 1
µ2 ImWS = g2

A

128f4
π

c4
4m2

π − µ2

µ
. (6.1)

The potentials VC(q) and WS,T (q) are again constructed through the regularized spectral
representation in Eq. (3.21). We employ the πN -LECs ci taken from the fit in Ref. [61],
which were also used in Ref. [20]: c1 = (−0.81±0.15)GeV−1, c3 = (−4.69±1.34)GeV−1 and
c4 = (3.40±0.04)GeV−1. In addition, we also consider a second set of values, that represent
the parts arising solely from the ∆(1232)-resonance excitation, taken from Refs. [38,62]:
c1 = 0, c3 = −2c4 = −g2

A/(2∆) = −2.84 GeV−1, evaluating this relation for our choice of
gA. The pion-nucleon LEC c1 is related to explicit chiral symmetry breaking and receives
no contribution from the ∆-resonance. The results are shown in Fig. 6.13. The results
of our coupled (NN, N∆, ∆N, ∆∆) channel approach lie in between the NLO and N2LO
calculations with purely nucleonic potentials for both choices of the low-energy constants
c1,3,4. As expected, the second set of LECs gives smaller changes of the phase shifts
compared to NLO than the first set.
For the phase shifts in the partial waves 1F3, 3G3, 3G4, 3G5, 3H6, and in all I-waves, as well
as for the mixing angles ε3 and ε4, the coupled N∆ channel result agrees reasonably well
with N2LO for set two. In the D-wave phase shifts the coupled N∆ channels are too weak
compared to N2LO for set two. On the other hand, the pion-nucleon low-energy constants
c1,3,4 (set two) yield too strong effects in the 3F2-, 3F3- and 3H4-waves, whereas the results
of the coupled channel approach agree much better with the empirical phase shifts. The
coupled (NN, N∆, ∆N, ∆∆) channel dynamics generates (through infinite iterations)
higher order corrections to the interaction strength represented by the low-energy constants
c3,4, and apparently these corrections go in the opposite direction. Such a reduction of
the delta dynamics encoded in c3,4 is favorable for some partial waves but disfavorable for
others. This mixed findings point to the need for N3LO or even N4LO calculations [20–22]
in order to get an accurate description of elastic nucleon-nucleon scattering in all partial
waves.
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Figure 6.13: Selected NN phase shifts and mixing angles for a cutoff Λ = 450 MeV. Red solid
curves: NLO calculation with coupled N∆-channels, dark blue dotted curves: NLO calculation
with chiral NN potentials only, green dashed curves: N2LO calculation with empirical low-energy
constants c1,3,4, orange dash-dotted curves: N2LO calculation with c1 = 0, c3 = −2c4 = −g2

A/(2∆).

74



7
S U M M A RY A N D C O N C L U S I O N

In this thesis, we have extended the chiral expansion of the two-nucleon potential at
next-to-leading order by the inclusion of coupled (NN, N∆, ∆N, ∆∆)-channels into the
scattering equation. This extension requires the calculation of six additional one-pion
exchange diagrams at leading order and about 60 two-pion exchange diagrams at next-to-
leading order. Due to the small mass splitting of the nucleon and the delta, and the strong
coupling of the delta to the πN -system, the delta is a natural candidate for an extension
of the heavy baryon chiral effective field theory. This is a phenomenological extension,
because the ∆N mass splitting is not related to explicit chiral symmetry breaking.
First, we have given a brief overview of QCD and the construction of chiral effective field
theory. We have summarized the chiral Lagrangians including the ∆-isobar. Together
with Weinberg’s power counting scheme, we have identified the Feynman diagrams that
are relevant for the calculation of the NN-potential. In addition, we have discussed
scattering equations and regularization methods needed to obtain the T-matrix (or S-
matrix) from the NN-potential. The Kadyshevsky equation, which is a scattering equation
with relativistically corrected kinematics, is used together with a local regulator. This
regulator acts already at the level of the spectral integrals and there are no subtractions
needed for the 2π-exchange potential.
We have constructed the chiral one- and two-pion exchange potentials. The analytic
expressions of the one-pion exchange potentials and of the two-pion exchange spectral
functions for the seven different combinations of initial and final (NN, N∆, ∆N, ∆∆)-states
and the nine possible intermediate states have been given. The reducible components of
the two-pion exchange planar box diagrams have been identified and excluded from the
potential. The pertinent rule is: The irreducible parts of the N∆ and the ∆∆ planar box
diagram are equal and coincide with the negative of the N∆ crossed box diagram.
The NLO contact potentials have been derived and the low-energy constants have been
identified in the spectroscopic notation. Only the purely nucleonic LECs have a one-to-one
correspondence in the two notations. The relations between the other LECs in spectroscopic
notation have been worked out. We have performed a fit of the NN LECs. As there are
more LECs in the potentials which involve ∆-isobars, than data points for the fit, we
omitted these LECs. In particular, the LECs arising from the potentials that include
deltas, show only a subleading effect in the resulting phase shifts. Furthermore, the fitting
procedure led to some undesired behavior after the delta LECs had been included as
adjustable parameters in the fit.
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summary and conclusion

We have solved the Kadyshevsky equation and the non-relativistic Lippmann-Schwinger
equation with our coupled N∆ channel potential to obtain NN phase shifts and mixing
angles for several cutoff parameters in the local regulator. We have found that in some of
the partial waves and mixing angles, the N2LO contribution attributed to the ∆-isobar can
be obtained already at NLO with coupled N∆ channels included. The inclusion of these
coupled channels has also led to a reduction of the regularization cutoff dependence in
some partial waves. Compared to the purely nucleonic results at next-to-leading order, the
coupled N∆ channels improve in most partial waves the description of the empirical phase
shifts and mixing angles, although the corrections by the inclusion of coupled N∆ channels
are still too weak at higher lab energies, especially for 1D2, 3D3, 3F4, 3G5 and 3H6.
This coupled channel approach can be continued also to higher orders in the chiral expansion.
Then one has to consider also the ππN∆ vertex, which introduces the (shaded) triangle
and football diagrams in Fig. 3.3. At N2LO one needs to find appropriate values for the
pion-nucleon LECs, which do not contain contributions from hidden deltas any longer.
It is worth to note that there exist no additional LECs for the (NN, N∆, ∆∆) contact
potentials at N2LO.

76



A
C O N V E N T I O N S

a.1 general conventions

• We use natural units, setting c = ~ = 1.

• We use the Einstein summation convention: summation over repeated indices is
implicitly understood.

• The metric tensor in Minkowski space is gµν = diag(1,−1,−1,−1).

• The contravariant components of the space-time four-vector x in Minkowski space
are xµ=(t,x)T and its covariant components are xµ=gµνx

ν =(t,−x)T .

• The Gell–Mann matrices λa forming a basis of the su(3) Lie algebra are

λ1 =

0 1 0
1 0 0
0 0 0

 , λ2 =

0 −i 0
i 0 0
0 0 0

 , λ3 =

1 0 0
0 −1 0
0 0 0

 ,

λ4 =

0 0 1
0 0 0
1 0 0

 , λ5 =

0 0 −i
0 0 0
i 0 0

 ,

λ6 =

0 0 0
0 0 1
0 1 0

 , λ7 =

0 0 0
0 0 −i
0 i 0

 , λ8 = 1√
3

1 0 0
0 1 0
0 0 −2



(A.1)

They fulfill the following commutation relations[
λa
2 ,

λb
2

]
= ifabcλc2 , (A.2)

with the totally antisymmetric structure constants fabc. Up to permutations, their
non-vanishing values are

f123 = 1, f147 = f165 = f246 = f257 = f345 = f376 = 1
2 , f

458 = f678 =
√

3
2 .
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conventions

• The gamma matrices γµ read in Dirac representation

γ0 =
(
12 0
0 −12

)
, γk =

(
0 σk
−σk 0

)
(A.3)

where k runs from 1 to 3 and σk are the usual Pauli spin matrices.

• The Feynman slash abbreviates the 4× 4 matrix /a = γµaµ.

a.2 spin and isospin matrices and relations

This section collects the properties of the spin (transition) matrices σi, Si, Si† and Σi. All
definitions and relations apply in exactly the same way for the isospin (transition) matrices
τ i, T i, T i† and Θi.

• The spin-1
2 matrices are the Pauli matrices σi

σ1 =
(

0 1
1 0

)
, σ2 =

(
0 −i
i 0

)
, σ3 =

(
1 0
0 −1

)
. (A.4)

• The transition matrices for spin-3
2 to spin-1

2 read

S1 = 1√
6

(
−
√

3 0 1 0
0 −1 0

√
3

)
,

S2 = −i√
6

(√
3 0 1 0

0 1 0
√

3

)
,

S3 = 1√
6

(
0 2 0 0
0 0 2 0

)
. (A.5)

and their hermitian conjugates Si† serve for the reverse transition spin-1
2 to spin-3

2 .

• The spin-3
2 matrices take the form

Σ1 =


0
√

3 0 0√
3 0 2 0

0 2 0
√

3
0 0

√
3 0

 ,

Σ2 =


0 −

√
3i 0 0√

3i 0 −2i 0
0 2i 0 −

√
3i

0 0
√

3i 0

 ,

Σ3 =


3 0 0 0
0 1 0 0
0 0 −1 0
0 0 0 −3

 . (A.6)
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A.2 spin and isospin matrices and relations

• We use additional spin-matrices defined in Ref. [57], which are symmetric in the
multiple indices i, j, k ∈ {1, 2, 3},

Sij† =− 1√
6
(
Si†σj + Sj†σi

)
,

Sij =− 1√
6
(
σiSj + σjSi

)
,

Σij =1
8
(
ΣiΣj + ΣjΣi − 10δij1

)
= δij1− 3

2
(
Si†Sj + Sj†Si

)
,

Σijk = 1
36
√

3

(
5(ΣiΣjΣk + ΣkΣiΣj + ΣjΣkΣi + ΣiΣkΣj

+ ΣjΣiΣk + ΣkΣjΣi)− 82(Σiδjk + Σjδik + Σkδij)
)
. (A.7)

• The products of two matrices fulfill the following relations

σiσj = δij1 + iεijkσk ,

Si†σj = −
√

3
2S

ij† − 1
2iεijkSk† ,

σiSj = −
√

3
2S

ij − 1
2iεijkSk ,

Si†Sj = 1
3δ

ij1− 1
3Σij + 1

6iεijkΣk ,

SiSj† = 1
3
(
2δij1− iεijkσk

)
,

ΣiSj† = −
√

3
2S

ij† + 5
2iεijkSk† ,

SiΣj = −
√

3
2S

ij + 5
2iεijkSk ,

ΣiΣj = 5δij1 + 4Σij + iεijkΣk ,

Σ2 = 151 ,
ΣiΣkΣi = 11Σk , (A.8)

which are verified by using their explicit representations in Eqs. (A.4) to (A.6).
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conventions

a.3 isospin matrix elements

In isosinglet and isotriplet states one finds

〈0, 0| τa1 ⊗ τa2 |0, 0〉 = −3

〈1, 1| τa1 ⊗ τa2 |1, 1〉 = 1

〈0, 0|Θa
1 ⊗Θa

2 |0, 0〉 = −15

〈1, 1|Θa
1 ⊗Θa

2 |1, 1〉 = −11

〈1, 1| τa1 ⊗ T a†2 |1, 1〉 = 2
√

2
3

〈1, 1| τa1 ⊗Θa
2 |1, 1〉 = −5

〈0, 0|T a†1 ⊗ T a†2 |0, 0〉 = −
√

2

〈1, 1|T a†1 ⊗ T a†2 |1, 1〉 = −
√

10
3

〈1, 1|T a1 ⊗ T a†2 |1, 1〉 = −1
3

〈1, 1|T a†1 ⊗Θa
2 |1, 1〉 = −2

√
5
3

〈0, 0|T ab†1 ⊗ T ab†2 |0, 0〉 = 5
√

2
3

〈1, 1|T ab†1 ⊗ T ab†2 |1, 1〉 = −
√

10
3

〈1, 1|T ab1 ⊗ T ab†2 |1, 1〉 = −5
3

〈1, 1|T ab†1 ⊗Θab
2 |1, 1〉 = −

√
10

〈0, 0|Θab
1 ⊗Θab

2 |0, 0〉 = 15
2

〈1, 1|Θab
1 ⊗Θab

2 |1, 1〉 = 3
2 , (A.9)

where the tensor product symbol ⊗ indicates that the operators act in a product of two
isospin-spaces.

a.4 non-relativistic expansion

• The free Dirac spinors have the form

ūi =
√
Ei +MN

2MN

(
1 , − σ · p ′

Ei +MN

)
, uj =

√
Ej +MN

2MN

(
1
σ·p

Ej+MN

)
, (A.10)

with

Ei =
√
M2
N + p ′2 , Ej =

√
M2
N + p 2 , (A.11)

where MN denotes the nucleon mass.

• The expansion of the baryon bilinears (ū3Γ1u1) or (ū4Γ2u2) in the inverse large
nucleon mass up to order O(q2) yields [11,63]:

ūi1uj ≈ 1 + p2 + p′ 2

8M2
N

− σ · p
′ σ · p

4M2
N

,

ūiγ
0uj ≈ 1 + p2 + p′ 2

8M2
N

+ σ · p ′ σ · p
4M2

N

,

ūiγuj ≈ 0 + (p+ p ′) + i(p− p ′)× σ
2MN

,
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A.5 projectors entering two-pion phase space integrals

ūiγ5uj ≈ 0 + σ · (p− p ′)
2MN

,

ūiγ
0γ5uj ≈ 0 + σ · (p+ p ′)

2MN
,

ūiγγ5uj ≈ σ + p2 + p′2

8M2
N

σ + σ · p ′ σ σ · p
4M2

N

,

ūiσ
0luj ≈ 0 + i(p

l − p′l) + iεlmn(pm + p′m)σn
2MN

,

ūiσ
kluj ≈ εklmσm + εklm

p2 + p′ 2

8M2
N

σm − εklmσ · p
′ σm σ · p
4M2

N

. (A.12)

a.5 projectors entering two-pion phase space integrals

We list the projectors used to obtain the coefficients of interest from tensorial 2π-phase
space integrals over lµ, lµlν , lµlν lρ,and lµlν lρlσ in Section 4.2.1.

Pr
Ã1

= 1
µ2 qµ

Pr
Ã2

= 1
2µ2 qµqν + 1

2vµvν −
1
2gµν

Pr
B̃2

= 3
2µ4 qµqν + 1

2µ2 vµvν −
1

2µ2 gµν

Pr
Ã3

= 1
6µ2 (−qρgµν − qνgµρ − qµgνρ) + 1

2µ4 qµqνqρ + 1
6µ2 (qρvµvν + qνvµvρ + qµvνvρ)

Pr
B̃3

= 1
2µ4 (−qρgµν − qνgµρ − qµgνρ) + 5

2µ6 qµqνqρ + 1
2µ4 (qρvµvν + qνvµvρ + qµvνvρ)

Pr
Ã4

= 1
24 (gµνgρσ + gµρgνσ + gµσgνρ)

+ 1
24µ2 (−qρqσgµν − qνqσgµρ − qµqσgνρ − qνqρgµσ − qµqρgνσ − qµqνgρσ)

+ 1
8µ4 qµqνqρqσ + 1

8 vµvνvρvσ

+ 1
24 (−vρvσgµν − vνvσgµρ − vµvσgνρ − vνvρgµσ − vµvρgνσ − vµvνgρσ)

+ 1
24µ2 (qρqσvµvν + qνqσvµvρ + qµqσvνvρ + qνqρvµvσ + qµqρvνvσ + qµqνvρvσ)

Pr
B̃4

= 1
24µ2 (gµνgρσ + gµρgνσ + gµσgνρ)

+ 1
8µ4 (−qρqσgµν − qνqσgµρ − qµqσgνρ − qνqρgµσ − qµqρgνσ − qµqνgρσ)

+ 5
8µ6 qµqνqρqσ + 1

8µ2 vµvνvρvσ
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+ 1
24µ2 (−vρvσgµν − vνvσgµρ − vµvσgνρ − vνvρgµσ − vµvρgνσ − vµvνgρσ)

+ 1
8µ4 (qρqσvµvν + qνqσvµvρ + qµqσvνvρ + qνqρvµvσ + qµqρvνvσ + qµqνvρvσ)

Pr
C̃4

= 1
8µ4 (gµνgρσ + gµρgνσ + gµσgνρ)

+ 5
8µ6 (−qρqσgµν − qνqσgµρ − qµqσgνρ − qνqρgµσ − qµqρgνσ − qµqνgρσ)

+ 35
8µ8 qµqνqρqσ + 3

8µ4 vµvνvρvσ

+ 1
8µ4 (−vρvσgµν − vνvσgµρ − vµvσgνρ − vνvρgµσ − vµvρgνσ − vµvνgρσ)

+ 5
8µ6 (qρqσvµvν + qνqσvµvρ + qµqσvνvρ + qνqρvµvσ + qµqρvνvσ + qµqνvρvσ)

(A.13)

In each case the coefficients in front of the tensors (built with gµν , qµ and vµ) are found by
solving systems of linear equations.
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Q U A N T U M N U M B E R S O F C O U P L E D C H A N N E L S

For each partial wave denoted by the total angular momentum j, the total isospin I and
the parity π, the number of coupling channels n is given together with the set of quantum
numbers for each channel. These channels are labeled by their angular momentum `, their
spin s and the number of ∆-isobars d in this channel.

1s0
j = 0, I = 1, π = 1, n = 4
` 0 2 0 2
s 0 2 0 2
d 0 1 2 2

3p0
j = 0, I = 1, π = −1, n = 4
` 1 1 1 3
s 1 1 1 3
d 0 1 2 2

3s1-3d1
j = 1, I = 0, π = 1, n = 6
` 0 2 0 2 2 4
s 1 1 1 1 3 3
d 0 0 2 2 2 2

1p1
j = 1, I = 0, π = −1, n = 4
` 1 1 1 3
s 0 0 2 2
d 0 2 2 2

3p1
j = 1, I = 1, π = −1, n = 6
` 1 1 1 3 1 3
s 1 1 2 2 1 3
d 0 1 1 1 2 2
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quantum numbers of coupled channels

3d2
j = 2, I = 0, π = 1, n = 4
` 2 2 2 4
s 1 1 3 3
d 0 2 2 2

1d2
j = 2, I = 1, π = 1, n = 9
` 2 2 0 2 4 2 0 2 4
s 0 1 2 2 2 0 2 2 2
d 0 1 1 1 1 2 2 2 2

3p2-3f2
j = 2, I = 1, π = −1, n = 11
` 1 3 1 3 1 3 1 3 1 3 5
s 1 1 1 1 2 2 1 1 3 3 3
d 0 0 1 1 1 1 2 2 2 2 2

3d3-3g3
j = 3, I = 0, π = 1, n = 8
` 2 4 2 4 0 2 4 6
s 1 1 1 1 3 3 3 3
d 0 0 2 2 2 2 2 2

1f3
j = 3, I = 0, π = −1, n = 5
` 3 3 1 3 5
s 0 0 2 2 2
d 0 2 2 2 2

3f3
j = 3, I = 1, π = −1, n = 9
` 3 3 1 3 5 3 1 3 5
s 1 1 2 2 2 1 3 3 3
d 0 1 1 1 1 2 2 2 2

3g4
j = 4, I = 0, π = 1, n = 5
` 4 4 2 4 6
s 1 1 3 3 3
d 0 2 2 2 2

1g4
j = 4, I = 1, π = 1, n = 9
` 4 4 2 4 6 4 2 4 6
s 0 1 2 2 2 0 2 2 2
d 0 1 1 1 1 2 2 2 2
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quantum numbers of coupled channels

3f4-3h4
j = 4, I = 1, π = −1, n = 12
` 3 5 3 5 3 5 3 5 1 3 5 7
s 1 1 1 1 2 2 1 1 3 3 3 3
d 0 0 1 1 1 1 2 2 2 2 2 2

3g5 -3 i5
j = 5, I = 0, π = 1, n = 8
` 4 6 4 6 2 4 6 8
s 1 1 1 1 3 3 3 3
d 0 0 2 2 2 2 2 2

1h5
j = 5, I = 0, π = −1, n = 5
` 5 5 3 5 7
s 0 0 2 2 2
d 0 2 2 2 2

3h5
j = 5, I = 1, π = −1, n = 9
` 5 5 3 5 7 5 3 5 7
s 1 1 2 2 2 1 3 3 3
d 0 1 1 1 1 2 2 2 2

3i6
j = 6, I = 0, π = 1, n = 5
` 6 6 4 6 8
s 1 1 3 3 3
d 0 2 2 2 2

1i6
j = 6, I = 1, π = 1, n = 9
` 6 6 4 6 8 6 4 6 8
s 0 1 2 2 2 0 2 2 2
b 1 2 2 2 2 3 3 3 3

1h6-3k6
j = 6, I = 1, π = −1, n = 12
` 5 7 5 7 5 7 5 7 3 5 7 9
s 1 1 1 1 2 2 1 1 3 3 3 3
d 0 0 1 1 1 1 2 2 2 2 2 2

3i7-3l7
j = 7, I = 0, π = 1, n = 8
` 6 8 6 8 4 6 8 10
s 1 1 1 1 3 3 3 3
d 0 0 2 2 2 2 2 2
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C
R E L AT I O N S F O R L O W E N E R G Y C O N S TA N T S

c.1 definition of lecs in spectroscopic notation

In this chapter we list the relations for the LECs in the partial wave scheme. All of the
constants below carry also the index of the potential specified in the headings, which we
omitted here again for readability.

NN→ NN:

C̃
1S0 = 4π(CS − 3CT )

C̃
3S1 = 4π(CS + CT )

C
1S0 = π(4C1 + C2 − 12C3 − 3C4 − 4C6 − C7)

C
3S1 = 1

3π(12C1 + 3C2 + 12C3 + 3C4 + 4C6 + C7)

C
1P1 = 2

3π(4C1 − C2 − 12C3 + 3C4 − 4C6 + C7)

C
3P1 = 2

3π(4C1 − C2 + 4C3 − C4 + 4C5 + 8C6 − 2C7)

C
3P0 = 2

3π(4C1 − C2 + 4C3 − C4 + 8C5 − 12C6 + 3C7)

C
3P2 = 2

3π(4C1 − C2 + 4C3 − C4 − 4C5)

C
3D1−3S1 = 2

3
√

2π(4C6 + C7) (C.1)

NN→ N∆:

C
3P0 = 2

3
√

3
π(−16C3 + 4C4 − 4C5 − 12C6 + 3C7)

C
3P1 = 1

3
√

6
π(−32C3 + 8C4 − 4C5 − 4C6 + C7)

C
3P2 = 1

3
√

6
π(−32C3 + 8C4 + 4C5 − 12C6 + 3C7))

C
5P1−3P1 = 1

3

√
5
6π(4C5 − 12C6 + 3C7)
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C
5P2−3P2 = 1√

6
π(4C5 + 4C6 − C7)

C
5D0−1S0 =

√
2
3π(4C6 + C7)

C
5S2−1D2 =

√
2
15π(4C6 + C7) (C.2)

N∆→ N∆:

C̃
5S2 = 4π(C(0)

1 + 3C(0)
2 )

C
5S2 = π(4C1 + C2 + 12C3 + 3C4 + 4C6 + C7)

C
3P0 = −2

3π(4C1 − C2 − 20C3 + 5C4 + 8C5 − 12C5−)

C
3P1 = −1

3π(8C1 − 2C2 − 40C3 + 10C4 + 8C5 − 12C5− − 20C6 + 5C7)

C
3P1−5P1 =

√
5

3 π(4C5− − 12C6 + 3C7)

C
5P1 = −1

3π(8C1 − 2C2 + 24C3 − 6C4 + 24C5 − 12C5− − 20C6 + 5C7)

C
3P2 = 1

3π(−8C1 + 2C2 + 40C3 − 10C4 + 8C5 − 12C5− + 12C6 − 3C7)

C
3P2−5P2 = π(4C5− + 4C6 − C7)

C
5P2 = −1

3π(8C1 − 2C2 + 24C3 − 6C4 + 8C5 − 4C5− + 36C6 − 9C7)

C
5P3 = 2

3π(−4C1 + C2 − 12C3 + 3C4 + 8C5 − 4C5−)

C
5S2−3D2 = −

√
6
5π(4C6 + C7)

C
5S2−5D2 =

√
14
5 π(4C6 + C7) (C.3)

NN→ ∆∆:

C̃
1S0 =4

3
√

2π(−3C(0)
2 + 5C(0)

3 )

C̃
3S1 =− 4

3
√

10π(C(0)
2 + C

(0)
3 )

C
1S0 =

√
2

9 π(−36C3 − 9C4 − 12C6 − 3C7 + 60C8 + 15C9 + 20C10 + 5C11)

C
3S1 =−

√
10
9 π(12C3 + 3C4 + 4C6 + C7 + 12C8 + 3C9 + 4C10 + C11)

C
3P0 =−

√
10

27 π(20C10 − 5C11 + 6(−4C3 + C4 − 4C8 + C9))

C
1P1 =− 2

√
2

27 π(20C10 − 5C11 + 3(−12C3 + 3C4 − 4C6 + C7 + 20C8 − 5C9))
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C
3P1 = 1

27

√
5
2π(44C10 − 11C11 + 6(8C3 − 2C4 + 4C6 − C7 + 8C8 − 2C9))

C
3P2 = 1

27
√

10
π(240C3 − 60C4 + 72C6 − 18C7 + 240C8 − 60C9 + 52C10

− 13C11)

C
3P1−5P1 =

√
5

27 π(24C6 − 6C7 − 28C10 + 7C11)

C
3P2−7P2 =1

9

√
7
5π(24C6 − 6C7 + 4C10 − C11)

C
3S1−3D1 =− 1

9
√

5
π(28C10 + 7C11 + 8C6 + 2C7)

C
5S2−1D2 =− 1

9
√

10
π(28C10 + 7C11 − 24C6 − 6C7)

C
7S3−3D3 = 1

3
√

30
π(4C10 + C11 + 24C6 + 6C7)

C
1S0−5D0 =− 1

9
√

2
π(28C10 + 7C11 − 24C6 − 6C7))

C
3S1−3D1 =− 1

9
√

5
π(28C10 + 7C11 + 8C6 + 2C7)

C
3S1−7D1 =1

9

√
7
10π(4C10 + C11 + 24C6 + 6C7) (C.4)

N∆→ ∆∆:

C̃
5S2 = 4π(−2

√
3C(0)

2 +
√

2C(0)
3 )

C
5S2 = 1

3π(−24
√

3C3 − 6
√

3C4 − 8
√

3C6 − 2
√

3C7 + 3
√

2(4C8 + C9)

+ 4
√

2C10 +
√

2C11)

C
3P0 = 1

18

√
5
2π(32

√
6C3 − 8

√
6C4 + 8

√
6C5 − 24

√
6C6 + 6

√
6C7 + 96C8 − 24C9

+ 4C10 − C11)

C
3P1 = 1

36

√
5
2π(2(32

√
6C3 − 8

√
6C4 + 4

√
6C5 + 28

√
6C6 − 7

√
6C7 + 96C8 − 24C9)

+ 92C10 − 23C11)

C
3P2 = 1

36
1√
10
π(320

√
6C3 − 80

√
6C4 − 40

√
6C5 + 72

√
6C6 − 18

√
6C7 + 960C8 − 240C9

+ 292C10 − 73C11)

C
3P1−5P1 = 1

72π(−4
√

3(4C5 + 12C6 − 3C7) + 84
√

2C10 − 21
√

2C11)

C
3P2−5P2 = 1

12
√

30
π(6
√

2(−4C5 + 4C6 − C7)− 28
√

3C10 + 7
√

3C11)

C
3P2−7P2 = 1

6

√
7
5π(2

√
6(−4C6 + C7) + 12C10 − 3C11)
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C
5P2−7P2 = 1

9

√
7
5π(2

√
6(2C5 − 12C6 + 3C7) + 4C10 − C11)

C
5P3−7P3 = 1

18π(4
√

3(4C5 + 12C6 − 3C7)− 4
√

2C10 +
√

2C11)

C
1S0−5D0 = 1

6
√

2
π(2
√

6(4C6 + C7)− 28C10 − 7C11)

C
5S2−3D2 = − 1

12
√

5
π(18
√

2(4C6 + C7) + 28
√

3C10 + 7
√

3C11)

C
5S2−5D2 = 1

12

√
7
5π(12C10 + 3C11 − 2

√
6(4C6 + C7))

C
5S2−1D2 = 1

6
√

10
π(−28C10 − 7C11 + 2

√
6(4C6 + C7)) (C.5)

∆∆ → ∆∆:

C̃
1S0 = 2

3π(6C(0)
1 − 90C(0)

2 + 45C(0)
3 − 700C(0)

4 )

C̃
3S1 = 2π(2C(0)

1 − 22C(0)
2 + 3C(0)

3 + 140C(0)
4 )

C̃
5S2 = 2

3π(6C(0)
1 − 18C(0)

2 − 27C(0)
3 − 140C(0)

4 )

C̃
7S3 = 2

3π(6C(0)
1 + 54C(0)

2 + 9C(0)
3 + 20C(0)

4 )

C
1S0 = 1

18π(72C1 + 18C2 − 1080C3 − 270C4 − 360C6 − 90C7 + 540C8

+ 135C9 + 180C10 + 45C11 − 8400C12 − 2100C13 − 2800C14 − 700C15)

C
3S1 = 1

6π(24C1 + 6C2 − 264C3 − 66C4 − 88C6 − 22C7 + 36C8

+ 9C9 + 12C10 + 3C11 + 1680C12 + 420C13 + 560C14 + 140C15)

C
5S2 = 1

18π(72C1 + 18C2 − 216C3 − 54C4 − 72C6 − 18C7 − 324C8

− 81C9 − 108C10 − 27C11 − 1680C12 − 420C13 − 560C14 − 140C15)

C
7S3 = 1

18π(72C1 + 18C2 + 648C3 + 162C4 + 216C6 + 54C7 + 108C8

+ 27C9 + 36C10 + 9C11 + 240C12 + 60C13 + 80C14 + 20C15)

C
3P0 = 1

9π(−24C1 + 6C2 + 264C3 − 66C4 − 48C5 + 360C6 − 90C7 − 36C8

+ 9C9 − 96C10 + 24C11 − 1680C12 + 420C13 + 784C14 − 196C15)

C
1P1 = 1

27π(−72C1 + 18C2 + 1080C3 − 270C4 + 360C6 − 90C7 − 540C8

+ 135C9 − 180C10 + 45C11 + 8400C12 − 2100C13 + 2800C14 − 700C15)

C
3P1 = − 1

18π(48C1 − 12C2 − 528C3 + 132C4 + 48C5 + 96C6 − 24C7 + 72C8

− 18C9 − 60C10 + 15C11 + 3360C12 − 840C13 + 2464C14 − 616C15)

C
5P1 = − 1

54π(144C1 − 36C2 − 432C3 + 108C4 + 432C5 − 1152C6 + 288C7
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− 648C8 + 162C9 + 36C10 − 9C11 − 3360C12 + 840C13 + 224C14

− 56C15)

C
1P1−5P1 = 4

√
10

9 π(−12C6 + 3C7 + 56C14 − 14C15)

C
3P2 = 1

90π(−240C1 + 60C2 + 2640C3 − 660C4 + 240C5 + 1152C6 − 288C7

− 360C8 + 90C9 − 204C10 + 51C11 − 16800C12 + 4200C13 − 4256C14

+ 1064C15)

C
7P2 = 1

135π(−360C1 + 90C2 − 3240C3 + 810C4 − 1440C5 + 1512C6 − 378C7

− 540C8 + 135C9 + 36C10 − 9C11 − 1200C12 + 300C13 − 16C14 + 4C15)

C
3P2−7P2 = −2

√
14

5 π(8C6 − 2C7 + 4C10 − C11 + 16C14 − 4C15)

C
5P3 = 1

27π(−72C1 + 18C2 + 216C3 − 54C4 + 144C5 + 216C6 − 54C7 + 324C8

− 81C9 + 72C10 − 18C11 + 1680C12 − 420C13 + 368C14 − 92C15)

C
7P3 = 1

54π(−144C1 + 36C2 − 1296C3 + 324C4 − 144C5 − 1728C6 + 432C7

− 216C8 + 54C9 − 180C10 + 45C11 − 480C12 + 120C13 − 352C14

+ 88C15)

C
7P4 = 1

18π(−48C1 + 12C2 − 432C3 + 108C4 + 144C5 − 72C8

+ 18C9 − 12C10 + 3C11 − 160C12 + 40C13 − 32C14 + 8C15)

C
1S0−5D0 = 4

3π(−12C6 − 3C7 + 56C14 + 14C15)

C
3S1−3D1 = − 1

15
√

3
π(−272C6 − 68C7 + 84C10 + 21C11 − 1344C14 − 336C15)

C
3S1−7D1 = −2

√
7

5 π(8C6 + 2C7 + 4C10 + C11 + 16C14 + 4C15)

C
5S2−1D2 = 4

3
√

5
(−12C6 − 3C7 + 56C14 + 14C15)

C
5S2−5D2 = −1

3

√
7
10π(−48C6 − 12C7 + 12C10 + 3C11 + 64C14 + 16C15)

C
7S3−3D3 = −2

√
3

5 π(8C6 + 2C7 + 4C10 + C11 + 16C14 + 4C15)

C
7S3−7D3 = 1

15
√

3
π(432C6 + 108C7 + 36C10 + 9C11 + 64C14 + 16C15) (C.6)
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relations for low energy constants

c.2 relations for lecs in spectroscopic notation

In the purely nucleonic sector, there are seven constants at next-to-leading order. These
constants are contributing to seven matrix elements. For the contact interactions with one
or more ∆-isobars the number of matrix elements is larger than the number of constants in
the potential. Therefore, the following relations between the LECs at NLO in the partial
wave naming scheme can be obtained from Eqs. (C.2) to (C.6).

NN → N∆:

15C3P0 − 15C3P1 − 3
√

5C5P1−3P1 + 10C5P2−3P2 = 0
15C3P1 + 3

√
5C5P1−3P1 + 5C5P2−3P2 − 15C3P2 = 0

√
5C5D0−1S0 − 5C5S2−1D2 = 0 (C.7)

N∆ → N∆:

3
√

35C3S1−3D1 + 5C5S2−5D2 = 0
√

35C3S1−5D1 − 5C5S2−5D2 = 0
√

7C5S2−3D2 +
√

3C5S2−5D2 = 0
√

5(5C3P0 − 5C3P1 − C5P1 + C
5P3)− 10C3P1−5P1 = 0

15C3P1−5P1 +
√

5(3C5P1 − C3P2−5P2 − 5C5P2 + 2C5P3) = 0
√

5C3P1 − 4C3P1−5P1 −
√

5(C3P2 + C
5P1 − C5P2) = 0 (C.8)

NN → ∆∆:
√

3C3S1−7D1 −
√

7C7S3−3D3 = 0
√

5C1S0−5D0 − 5C5S2−3D2 = 0
3
√

2C3S1−3D1 +
√

7C3S1−7D1 − 5C5S2−3D2 = 0
3C1P1−5P1 + 2

√
2C3P2 − 2

√
2C3P0 −

√
7C3P2−7P2 = 0

2C3P0 + 3C3P1 − 5C3P2 = 0 (C.9)

N∆ → ∆∆:
√

5C1S0−5D0 − 5C5S2−1D2 = 0
√

10C3S1−5D1 + 20C5S2−1D2 + 5
√

14C5S2−5D2 = 0
4
√

3C5S2−1D2 +
√

42C5S2−5D2 −
√

2C5S2−3D2 = 0
21
√

10C3P1−5P1 + 2
√

7(−10C3P2−7P2 + 3C5P2−7P2)− 7
√

2C3P2−5P2 = 0
56
√

2C3P2−5P2 + 10
√

7C3P2−7P2 + 2
√

7C5P2−7P2 + 7
√

10C5P3−7P3 = 0
21
√

2C3P1 + 98
√

2C3P2−5P2 + 2
√

7(4C3P2−7P2 + 3C5P2−7P2)− 21
√

2C3P2 = 0
98C3P0 + 38

√
14C3P2−7P2 − 21C3P1 − 77C3P2 − 45

√
14C5P2−7P2 = 0 (C.10)
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∆∆ → ∆∆:
√

5C1S0−5D0 − 5C5S21D2 = 0

12
√

14C5P1 + 5
(
8
√

14C5P2 + 40C7P2−3P2 + 9
√

14C7P4
)

−
√

14(52C5P3 + 45C7P3) = 0
60
√

10C1P1−5P1 + 48C3P1 + 108C5P1 + 63C7P4

−48C3P0 − 80C5P2 − 28C5P3 − 63C7P3 = 0
126C5P1 + 70C5P2 + 135C7P4 − 196C5P3 − 100C7P2 − 35C7P3 = 0

10C3P0 + 15C3P1 + 14C5P3 − 25C3P2 − 9C5P1 − 5C5P2 = 0
6
√

7C3S1−3D1 + 5
√

70C5S2−1D2 + 14
√

5C5S2−5D2 − 7
√

2C3S1−7D1 = 0
√

3C3S1−7D1 +
√

7C7S3−3D3 = 0
4
√

3C3S1−7D1 + 3
√

7C7S3−7D3 −
√

30C5S2−5D2 = 0 (C.11)

The existence of these many relations is remarkable, but follows from the possible spin-
structure of the NLO contact potentials.
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