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Isothermal transformations are minimally dissipative but slow processes, as the system needs to remain
close to thermal equilibrium along the protocol. Here, we show that smoothly modifying the system-bath
interaction can significantly speed up such transformations. In particular, we construct protocols where the
overall dissipation Wy, decays with the total time 7, of the protocol as W, o 729!, where each value
a > 0 can be obtained by a suitable modification of the interaction, whereas @ = 0 corresponds to a
standard isothermal process where the system-bath interaction remains constant. Considering heat engines
based on such speed-ups, we show that the corresponding efficiency at maximum power interpolates
between the Curzon-Ahlborn efficiency for @ = 0 and the Carnot efficiency for @ — co. Analogous
enhancements are obtained for the coefficient of performance of refrigerators. We confirm our analytical
results with two numerical examples where a = 1/2, namely the time-dependent Caldeira-Leggett and
resonant-level models, with strong system-environment correlations taken fully into account. We highlight
the possibility of implementing our proposed speed-ups with ultracold atomic impurities and mesoscopic

electronic devices.
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I. INTRODUCTION

Isothermal transformations play a fundamental role in
thermodynamics, being the building block of optimal
processes such as the Carnot engine [1]. In principle,
however, they are infinitesimally slow; this means in practice
that the total time of the process needs to be much larger
than the timescale of thermalization 7., over which the
system of interest equilibrates with its thermal environment.
These processes can then be sped up by increasing the
system-environment coupling, which naturally reduces 7.,.
However, modifying the interaction also induces additional
dissipation, which prohibits the nonphysical possibility of
performing an isothermal process arbitrarily quickly [2-5]
(note that increasing the coupling can lead to power output
enhancements [2,3,6]). Given this nontrivial trade-off, the
goal of this article is to develop quantum-thermodynamic
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protocols that smoothly modify the system-bath interaction
in order to speed up an isothermal process while keeping the
overall dissipation constant. This enables us to increase the
power of finite-time heat engines and refrigerators without
compromising their efficiency, a well-known challenge in
thermodynamics [7-15].

The idea of speeding up different thermodynamic
processes by external control has received a lot of attention
in the past years. Particularly relevant are shortcuts to
adiabaticity, which speed up unitary (and, hence, closed-
system) evolutions [16], making them suited to improve the
adiabatic part of thermodynamic cycles [17-19]. For open
quantum systems, speed-ups of the evolution to a particular
target state [20-23], such as an equilibration or thermal-
ization process [24-29], have also been developed. For
classical systems, such equilibration speed-ups (the so-
called engineered swift equilibration [30-32]) have been
experimentally tested [30,31]. Furthermore, these ideas
have been extended to full isothermal classical processes,
so that the state remains in the desired Gibbs distribution
along the whole process [33-35]. These ideas have also
been recently applied to the optimization of a finite-time
Carnot cycle [36], Otto engines [37,38], and refrigerators
[39]. In general, such speed-ups are possible by adding a

Published by the American Physical Society
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time-dependent term to the Hamiltonian which, in the
presence of a thermal bath, leads to a new source
of dissipation. Indeed, speed-ups of equilibration and
thermalization generally come with an extra work cost
[26,29,30,38] (see also the discussion in Ref. [40] for
thermodynamic computing).

Here, our aim is to design speed-ups to isothermal
processes which do not come at the price of higher
dissipation or work cost. As a consequence, our speed-
ups to isothermality (SI) can be readily used to maximize
the power of finite-time Carnot engines [7,9,13—15] and
refrigerators [41-47] while keeping their efficiency con-
stant. Because of the extra control of the system-bath
interaction, we find that the dissipation W ;. for optimal SI
can asymptotically decay as

1
Wgiss Darl’ (1)
tot

where 7, is the total time of the process, and different
a > 0 can be obtained by a suitable SI. In particular, we
provide two explicit examples where o = 1/2. The decay
in Eq. (1) can substantially outperform the standard scaling
for large 7,,;, Wyiss & 7Tiol» commonly found in protocols
where no control on the system-bath interaction is possible
[6-10,48-50]. Furthermore, we show how the scaling in
Eq. (1) leads to a new family of efficiencies at maximum
power that interpolate between the Curzon-Ahlborn effi-
ciency (for a = 0) and the Carnot efficiency (for @ — 0);
see also Ref. [51]. Analogous enhancements are obtained
for the coefficient of performance of refrigerators [41—43].
These results are obtained through a twofold approach.
First, we analytically derive protocols for speeding up
isothermal processes by assuming both slow driving
(i.e., the timescale of the driving is slower than the time-
dependent equilibration timescale) and that the (time-
dependent) coupling g remains weak but non-negligible
along the whole process. Second, the above approximate
but analytical approach is supported by explicit calculations
for two general models of dissipation, covering both
bosonic and fermionic baths. In particular, we consider
quantum Brownian motion [52,53], where a quantum
harmonic oscillator with time-dependent frequency inter-
acts with a time-dependent coupling to a large (but finite)
set of bosonic modes, and the resonant-level (RL) model
[54-58], where a single fermionic level with a time-
dependent energy couples to an infinite bath of fermionic
modes via a time-dependent interaction. By employing
exact nonperturbative approaches to simulate such systems,
we explicitly evaluate all sources of dissipation, including
those introduced by the time-dependent system-bath inter-
actions away from weak coupling. These complementary
analyses confirm our analytical findings based on heuristic
assumptions, and show that such ideas can be applied
beyond the regime of weak coupling and slow driving.

As an application of our results, we demonstrate that the
time of a Carnot-like engine or refrigerator cycle can be
significantly reduced without increasing the dissipation by
controlling the system-bath coupling appropriately, such
that both power and efficiency can be simultaneously
improved. Our protocol could thus enhance the perfor-
mance of quantum thermal machines in systems where the
system-reservoir coupling can be controlled. We identify
and discuss two promising experimental platforms, namely
impurities immersed in ultracold gases [59-61] and meso-
scopic electronic devices [62-65]. However, numerous
other possibilities can be envisaged which leverage reser-
voir engineering techniques, such as trapped ions
[66—-68], superconducting circuits [69], and nanomechan-
ical systems [70,71]. We also show that our SI protocols are
robust against control errors.

The paper is structured as follows. In Sec. II, we
introduce the basic tools needed to describe isothermal
processes. In Sec. III, we develop the speed-ups to
isothermality and optimize them to find the scaling in
Eq. (1). In Sec. 1V, we use our findings from the previous
sections to derive the efficiency at maximum power for
general decays as in Eq. (1). In Sec. V, we illustrate these
general considerations numerically for quantum Brownian
motion and the resonant-level model. In Sec. VI, we
demonstrate the experimental feasibility and robustness
of our proposal. We finally conclude in Sec. VII.

II. ISOTHERMAL PROCESSES

Consider a driven Hamiltonian,
H(t) = HS) (1) + g())V + HP), (2)

where H)(¢) is the Hamiltonian of the system S, on
which one has experimental control, while H (B) is the
Hamiltonian of the bath B and V is the interaction between
the two, whose strength is governed by the (possibly time-
dependent) parameter g. The whole information of system
and bath together (SB) is contained in the density matrix p.

Consider a transformation between an initial Hamiltonian
H(0) = H' and final one H(z,,) = H/. Without loss of
generality we can normalize the parameter ¢ to the unit
interval by introducing the compact notation X; = X(s7,y),
with s € [0,1], 7 the duration of the process under
consideration, and X = H, H (S),p, etc. The average work
associated to this transformation is given by the expression

1 .
W:/) dsTr(p,Hy), (3)

where p, describes the instantaneous state of SB.

Suppose first that the integrand is well described by the
equilibrium value at all times, i.e., Tr(p,H,) = Tr(p"H,),
with
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0= @
=

and Z = Tr(e™?H+). It follows that

1. Z
Tr(p"H,) = —In = =: AF,
W= / dsTr(pt Pz, (5)
where Z is the partition function, Z;,, = Tr(eH""), and
—(1/p)log(Z2) is the free energy of SB. Equation (5)
is fulfilled in the limit 7,,;, > oo and when the driven
observables H thermalize (as expected for local observ-
ables). Note that the quantities in Eq. (5) depend on the
Hamiltonian (2) of the system and bath together, in general.
In the slow driving limit, i.e., for large but finite 7y,
Eq. (5) no longer holds as some work is dissipated
into the bath because p, # p along the trajectory. In order
to quantify the dissipated work, one introduces Wy =
W — AF > 0, which tends to zero as 7,,, — c0. Expanding
W giss in powers of 1/, one obtains at first order in 1 /7
(this corresponds to the linear-response regime with respect
to the driving speed)

1 1 ..
Wdiss = —/ dSG/)Kh (Ht’ H ) + O( ) (6)
Ttot JO Ttot

where G is a bilinear form evaluated at equilibrium o,
The form G ,» was previously studied in different contexts.
It was obtained through linear-response theory [10,72-74],
by master equation approaches [49,75-77], or directly from
the partition function [78,79]. For clarity of the exposition,
here we focus on the latter, but our (heuristic) arguments
can be extended to more general G, (see Appendix A).
Furthermore, for this work it is enough to consider time-
dependent Hamiltonians satisfying H; = iSI:I , where H is
some (time-independent) observable and 4, is the control
parameter. In this case, we can write [76,78,79]

Teqﬂ

Tot JO

Wdiss =

[N 72

ds/lfcovpm( H) + O( ) (7)
Ttot

where 7., is the timescale of relaxation [associated to

Tr(p,H)], and

- 1 *InZ

covw(H,H) :EW, (8)

I

which can be expressed in terms of the generalized
covariance defined as

covyp (4.8) = Te(a [yl =18 - T B ).

Equation (8) [and, hence, Eq. (7)] gives the standard notion
of a thermodynamic metric commonly used to describe
dissipative systems near equilibrium [78,79], and it pro-
vides us with a simple analytical form which depends on a
single timescale 7.

In this work we are interested in modifications of the
system-bath interaction strength g, assuming initially weak
coupling. In this regime, we can expand around g = 0,
corresponding to replacing the thermal state of the inter-

acting system p" by the noninteracting one pg‘. In par-
ticular, for cov,n (A,A), we have
cov,u(A,A) = O r Vg PP+ (10)

where we note that a similar expansion can be performed
for the more general G » in Eq. (6). We also assume that the
thermalization time 7.4(g) is related to the strength of the
interaction ¢ introduced in Eq. (2) via

Teq(g) °<_2v (11)

which is expected in common dissipative evolutions [80].

Given Egs. (7) and (11), it is clear that the dissipated
work Wy, may be reduced by increasing ¢ and, hence,
decreasing the thermalization timescale 7.4(g). However,
any modification of the Hamiltonian will require additional
work to be performed, leading to a nontrivial trade-off
between speed and dissipated work. In what follows we
develop strategies to optimally modulate g, in order to
speed up the process while keeping the overall dissipation
constant.

II1. SPEED-UPS TO ISOTHERMALITY

Let us rexpress Eq. (2) in terms of the adimensional
parameter s € [0, 1]:

Hy=HY + g,V +HP, (12)

where both HES) and the interaction strength g, can be
externally controlled. We focus on protocols comprising
the following three steps.

(1) The interaction between system and bath is in-
creased from g, to gy in a time 7,,, keeping the
system Hamiltonian constant.

(2) An isothermal transformation H(()) - H <1S) is per-
formed in a time 7;y,, while the interaction strength is
kept constant at g;.

(3) The interaction between the system and the bath is
reduced to the initial value g, in a time 7.y, again
holding H®) constant.

In Fig. 1 we give a schematic representation of the
thermodynamic protocol for different coupling strengths.
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FIG. 1. Schematic representation of the protocol. We

consider the family of thermodynamic protocols from an initial
Hamiltonian H, = HE)S> + H® 4 gV to a final Hamiltonian

H, = HES) + H® 4 g,V. For each protocol we choose an
interaction strength gy = k;gp.

For simplicity we assume 7. = 7,,,. Since both 7., and
T, are finite, work is dissipated during each step of the
protocol. We call W3R, Wi® and WS the dissipated work
in steps 1, 2, and 3, respectively. The total dissipation reads
Waiss = WS + Wi+ W9 "and the total duration of the
protocol is given by

Tiot = Ton T Tiso T Toff = 2Ton Tt Tiso- (13)

Our goal is to optimize 7,,, Tis, and the interaction strength
gy such that 7, is reduced and the dissipated work W g
stays (approximately) constant.

A. Steps 1 and 3: Taming the dissipation when the
interaction is increased or decreased

We consider a family of protocols where the system-
bath interaction strength changes polynomially in time
according to

95 = 9i + (97 — 9:)s%, (14)

for a > 1 and s € [0, 1]. Throughout this section, we take
gi = go and gy = kgy, with gy > 0 a reference (weak)
coupling strength. The assumption of a small, no-zero
initial interaction strength is technically necessary here to
ensure that we remain in the slow-driving regime,
ie., Teq(9y)/Ton < 1V 5. However, we will later see in
numerical simulations that taking g; = 0 leads to similar
results.

In order to quantify the dissipation during the trans-
formation we make use of an expansion analogous to
Eq. (7), which is valid in the linear-response regime,

P! ,
giss = T— dSTeq(gs)gchVpk.h (V’ V)? (15)

on JO

where we have introduced a time-dependent equilibration
timescale 74(g,). Furthermore, through Eq. (11) we have

Teq (90)

1+ (k—=1)s%?" (16)

Teq (gs) = [

In order to evaluate Eq. (15), we follow a twofold approach.
First, we approximate the covariance as in Eq. (10) to deal
with corrections of the weak coupling regime (i.e., kg, non-
negligible but satisfying kg, < 1). Second, we obtain an
upper bound on W§l using a nonperturbative approach
based on the norm of V.

For the first approach, we assume that cg/l) =0 in
Eq. (10), since Tr(Vp') = 0 holds exactly in a broad class
of relevant open quantum systems, such as the examples

discussed in Sec. V. Let us now consider two cases
separately: keeping only the lowest-order term (cs))) or
retaining also the second-order one (c&,2 )).

1. Zeroth order

In this case, by replacing cov  (V, V) by cg)) in Eq. (15),
we obtain

2 (0)
_ ﬂgoTeq(QO)CV F<1>((Z, k), (17)

TO[I

WD

diss
with

(Zz(k _ 1)252(11—1)

[(EACEDT A

1
F(l)(a,k):/ ds
0

an integral that admits a solution in terms of the incomplete
function. For large k [while keeping kg, < 1 for consistency
with Eq. (10)], we can approximate F(')(a, k) as

FO(a, k) 4;::?; /(11)) kil (19)

with & > 1, whereas F(")(1, k) = (k — 1)?/k. This approxi-
mation, which works reasonably well even for low k,
provides an intuition of how F()(a, k) grows with k.

Examining Eq. (17), we see that by choosing 7, to be a
function of k, such that 7., « F(!)(a, k), the dissipated
work becomes independent of k. To make this more
precise, we introduce 73 as a reference timescale
for turning on the interaction to a relatively weak
value with k& > 1, such that only a small amount of
dissipation is incurred. For larger values of k, the dis-
sipation remains small so long as the interaction is switched
on over a time

Ton = F(l)(a’ k)Tgvneak' (20)
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This indicates how to scale up 7, with k in such a way that
the dissipation stays constant at leading order in g when the
interaction is increased.

2. Second order
One can also consider a more conservative choice than

the one in Eq. (20) by accounting for ci,z) in Eq. (10). The

)

dissipation W ;. induced by the second-order term corre-

diss
sponds to
4 (2)
wip), =Pl oy
o TOl’l

with F®(a, k) = (k—1)?a?/(2a — 1). For large k (with
kgy < 1), we can assume for simplicity,

2
e (22)

F(Z)(oc,k)z2 [k
a_

Thus, by taking
Ton = F(2)<a’ k)Tg/:ak’ (23)
we ensure that Wéi?s is independent of k. Note that this

choice is more conservative since F®)(a, k) > F(!)(a, k)
for k > 1.

3. Beyond weak coupling: A nonperturbative approach

In principle, one can extend the previous considerations
to find more conservative choices of z,,, as a function of k
by accounting for higher orders in Eq. (10). However, for
stronger couplings a more useful approach is to use the fact
that cov,u(V, V) < 2|[V|]?, in order to bound the (exact)
dissipation (15) as

ﬁg(z)feq(go>2||vl|2 F(l)

TOH

Wdiss < (a’ k) . (24)

Hence, in models where g3||V||> is finite (and possibly
small), it appears plausible that the choice (20) is in fact
already sufficient to keep the dissipation controlled [note
that with Eq. (20) the upper bound becomes independent
of k]. Importantly, the bound (24) also works for strongly
correlated and non-Markovian systems, suggesting that our
considerations also apply for strongly correlated systems
that thermalize [81]. This will be confirmed later through
exact numerical examples at strong coupling for fermionic
and bosonic baths. In particular, the bound (24) can become
tight for finite-dimensional and locally interacting systems,
such as fermionic or spin models, where || V|| is of the order
of the system-bath boundary and independent of the size of
the bath. In such cases, the scaling of the equilibration time

might differ from Eq. (11), but our framework can be easily
adapted to account for that.

4. Discussion

Summarizing, in this section we showed how to scale up
7., With k to ensure that Wy does not increase as we
increase the interaction. We followed two complementary
approaches. First, taking a perturbative expansion of W g
for weak coupling, we derived two possible choices:
Eq. (20) and Eq. (23). The former ensures W, stays
constant at leading order in the expansion (zeroth order),
whereas the latter ensures that W ;. does not increase with
k up to second order in g. Second, we showed that one can
also upper bound Wy by a k-independent bound by
combining Egs. (24) and (20), a bound which holds at
arbitrary strong coupling (i.e., large g) as long as ||V|| is
finite. In Sec. V, we test these choices for fermionic and
bosonic baths (see Fig. 8), showing that these generic
considerations work well in relevant physical models even
at reasonably strong coupling.

B. Step 2: Isothermal part of the process

Now we focus on the isothermal part of the protocol.
The protocol consists of modifying the Hamiltonian of the
system H §S> while keeping the coupling strength g constant.
We introduce 7% as the time spent to perform the
isothermal part of the protocol for k=1, i.e., in the
absence of modulations of the interaction. By assuming
the scaling in Eq. (11) and by using the expansion in
Eq. (7), we can choose the time 7, of the isothermal
process for k > 1 as

weak

T
Tiso — 1]5(02 (25)

in order to keep the dissipation constant for any value of k.
Similar to the previous section, this is strictly valid at
leading order in gy, i.e., when keeping only the first term in
Eq. (10). This appears justified in the dissipative systems
we consider in this work (see Sec. V).

C. Full protocol

Collecting all the considerations above, we have devised
choices of 7., and 7, as a function of k£ which guarantee
an overall constant dissipation. The total time of the
protocol reads

weak

T = 2P0 (@ R+ 7 (26)

where F()(a, k) is given by either Eq. (18) or Eq. (22), the
latter being more conservative than the former in order to

not increase the dissipation (see Sec. V for examples). In
Fig. 2 we show the behavior of Eq. (26) for different values
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Ttot/ fsvfak
P . k) weak
cal eak __
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‘l — Tiso
,' lxggak/,[.weak =100
0.75 1 !
!
1
1
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0.25
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k

FIG. 2. The total time 7., in Eq. (26) as a function of k, for
different values of 7 = ¢}k /¢¥eak: 7 =20 (blue), 7 = 50
(orange), 7 = 100 (green), and a = 1. The dashed line corre-
sponds to F?) and the solid line to F(!), Results for both F(*) and
F are exact, the former being obtained through the exact

integral expression (18).

of the dimensionless ratio 7 = z¥<3 /¢3¢ and for both
choices Eqgs. (18) and (22). Note that for large 7, as in
realistic situations (normally the isothermal process is
much longer than the time spent switching the system-
bath interaction on and off), we obtain substantial improve-
ments on the time of protocol. Our proposal hence provides
a way of substantially speeding up isothermal processes
through control of the system-bath interaction, which
crucially does not come at the price of increased dissipation
or work cost.

D. Optimal protocols and decay of dissipation

Above, we designed a family of protocols in which the
dissipation remains constant, while the total time of the
process can be adjusted as a function of & (see also Fig. 2).
Let us now minimize the expression in Eq. (26) to find the
fastest isothermal process for a given dissipation.

We first consider the zeroth-order expansion from
Sec. I A 1. To obtain an analytical expression, we use
the large-k approximation in Eq. (19) to obtain

weak

Tiot = 2Dak1/afz)vt$ak T Ti}% ’ (27)

where D, = n(a — 1) csc (z/a). This expression can be
minimized with respect to k, yielding

_ aTivS/gak a/(2a+1) (28)
D, :

and the corresponding minimal time

weak\ 2a/ (2a+1)
weak< on )
9

where C,, is the constant
D, 2a/(2a+1)
C, :(2a+1)< > . (29)
a

For a standard isothermal process at kK = 1 in the weak
coupling regime, in which the interaction is not modified,
at leading order in l/rfsvgak the dissipated work can be
expressed as [9,14,76]

Wweak

diss Tweak ’
iso

(30)

where X > 0 can be obtained from the integral expression
in Eq. (7), where we note we have neglected the cost of
turning on or off the interaction due to the weak coupling
(the importance of this assumption will be discussed in
more detail in Sec. V, where all work costs are evaluated
explicitly). By construction, the family of protocols in
Eq. (29) will dissipate the same W, = ng‘;‘gk. If we
combine this observation with Egs. (29) and (30), we
obtain that

) (Tweak)Za
1 \*on
Wdisq - ZC o 2,1+1 ’ (31)
Tiot
with @ > 0. For constant 73¢%, the dissipation decays as
Tmizaﬂ) in the total time 7, of the process, which can

greatly outperform the standard decay in Eq. (30).

Naively, the decay in Eq. (31) may suggest that one can
make the dissipation arbitrary small simply by increasing a.
This is not the case, however, due to the contribution of the
constant C,, which diverges exponentially as « increases.
As a consequence one can show that for any 7 there exists
an optimal a, which scales logarithmically in z. Hence, one
needs exponentially long protocols in order to choose
larger a.

Next, we discuss the case where 7., is scaled as in
Eq. (22), in order to account for contributions to the
dissipated work at second order in g. Using the large-k
approximation in Eq. (22), the total time now reads as

weak

T = 2B, T2 4 % (32)

where B, = a*/(2a—1). Following the same steps

as before, we find that the total time is minimized

4 __ _weak weak : : _
when we choose k* = V% /(2B,755™), yielding 7, =

\/ 8B, rlekryeak  This leads to a decay of the efficiency

given by
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2y weak
8a Xt

Wi = o0
" a1y

(33)

Therefore, for a fixed 7%, the dissipation decays with the
total time as 7i7, in contrast to the standard decay (30).

IV. EFFICIENCY AT MAXIMUM POWER
THROUGH SPEED-UPS TO ISOTHERMALITY

In this section, we study the implications of optimal
shortcuts to isothermality for thermodynamic cycles. In
Sec. III, we presented different possible protocols for
speeding up an isothermal process. Here, we use a general
form for the decay of the dissipated work which encom-
passes all regimes considered in Sec. III. Indeed, let us
assume that the dissipation decays as

Wiss = % > (34)
Ttot
with y > 1 and 7, is the time of the process. For the
optimal shortcuts to isothermality, we have thaty = 2a + 1
with @ > 0 and %, = ZC2F! (r5¢8)2*, whereas for the
more conservative choice in Eq. (22) we have y = 2 and £,
given in Eq. (33).

A. Heat engines

We consider a finite-time Carnot-like cycle between two
thermal baths at different temperatures 7, and T,
[9,14,15,43]. Furthermore, when the (finite-time) iso-
thermal part of the cycle is carried out, we assume a decay
as in Eq. (34). Using Q + W = AEj, the heat exchanged
between the system and each of the two thermal baths reads

ZV
Qc:Tc _As—g‘i‘ ’

p)
thTh<AS—T—Z+--~>, (35)

h

where 7., are the times of the isothermal processes (with
the cold, hot bath, respectively), and we have assumed a
symmetric cycle such that the constants X, are equal for
each isothermal process [9,14,15]. The efficiency of the
engine is given by

Q.
0, (36)
whereas the power reads
Y (37)
T, + T,

In the case of y = 1, i.e., Wi 7501, the efficiency at
maximum power n* is given by the Curzon-Ahlborn

efficiency [7,9]. We want to compute n* for a generic
value of y; see also Ref. [51] for a similar analysis.
The maximum power is obtained by imposing the two
conditions:

op_ . op_
8TC_’ 61;,_

0. (38)

The system has a unique real and positive solution for 7,
given by

0"/ r+1) <Zy(y + 1oV D) 1y+1> 1y

T QU 1 AS(1—0)
TC
Th = gl (39)

where we used the notation 0 := T./T,. The corresponding
efficiency at maximum power reads

OV 01 (y - 1)/ D) 1y 1 1
W= 1- : [(r 1/)<y+1) 0+ 1] (40)
y+1)0 +r+0
which depends only on the ratio of temperatures € and y.
This formula has two interesting limits: for y — 1, one
obtains the Curzon-Ahlborn efficiency nj=1- VO=nca,
while for y — oo, we regain the Carnot efficiency
& = 1 — 60 = ne. The efficiency at maximum power inter-
polates between these two regimes as y varies, as illustrated
in Fig. 3. If we expand Eq. (45) around 6 — 1 (i.e.,
ne — 0), we obtain

4 /4 2 3
n, = ne + ne + O(ng). 41
= et g O ()
/),]*
1.00 4 i
— =1
= V= 2
0.75 4 y=d
Ules — =8
0.50 - — y=o0
nca
0.25 4
0.00 4 , . .
0.00 0.25 0.50 0.75 1.00
0
FIG. 3. Efficiency at maximum power. 17, for y = 1,2, 4,8, oo,

with y = 1 and y = oo corresponding to Curzon-Ahlborn (ycp)
and Carnot efficiency (7.), respectively.
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The expansion in Eq. (41) neatly shows how 75 approaches
nc as y increases. Notice that for the optimal SI that we
defined in the previous section, the time of the process in
Eg. (39) is proportional to C,, and hence tends to infinity as
11, = n¢, preventing the possibility of achieving a Carnot
cycle with finite power.

B. Refrigerators

Now we consider a refrigerator, in which input power is
used to extract energy from the cold bath (i.e., to reverse the
natural heat flow) [41-44]. The cooling power is given by

P.= L (42)
Ty + T

whereas the figure of merit corresponding to the efficiency

is given by the coefficient of performance (COP),

defined as

S €c, (43)

in

where W;,, = -0, — Q,, is the input work [minus the
extracted work in Eq. (37)], and e, is the Carnot COP,
given by e == (! — 1)7!. As in the previous section, our
goal is to extent previous results in the low-dissipation
regime for the COP at maximum cooling power [41-44] to
the more generic decay of dissipation given in Eq. (34).
We first note from Eq. (42) that the maximum condition
Eq. (38) would lead to the unphysical solution 7;, = 0. For
this reason it is convenient to maximize P, for a fixed ratio
R :=7;,/7.. In this case, the maximization of Eq. (42) also
has a unique real and positive solution for 7., given by

o (A DENY
‘ -AS )

7, = Rzt,. (44)
The corresponding COP at maximum power reads

1
. — (45)

7T TART
y0

which depends only on the ratio of temperatures 6, y, and R.
Again, in the limit of y — oo we regain the Carnot COP, if
R > 1, i.e, 7, > 7, [note that this condition also appears
for consistency of the solution (44): for R < 1, the second
term of Q;, in Eq. (35) diverges, hence making the power
expansion in the low-dissipation regime unjustified]. The
dependence of €; on y is illustrated in Fig. 4, where it is
observed how y > 1 enables higher COP at maximum
power. Moreover, if we expand for 8 — 0 (i.e., ec — 0),
we obtain

*

2

&

0.00 0.25 0.50 0.75 1.00

FIG. 4. Efficiency at maximum power. ¢, fory = 1,2,4,8, oo,
and R = 10, with y = oo corresponding to Carnot COP (e(),
respectively.

. 1
€, =

PRy 1
2(1 - RY)
Ry[(1=R7)y™ + 12

C

+ ec? +0(ec?). (46

which also shows how ¢} continuously approaches e¢ as y
increases.

V. NUMERICAL RESULTS

In the previous sections we have combined heuristic
and rigorous arguments to show that the time of an
isothermal process in Eq. (26) can be considerably reduced
by suitably modifying the coupling between system and
bath. The goal of this section is to illustrate these consid-
erations for exactly solvable models. Specifically, we
consider two complementary examples: a bosonic envi-
ronment described by the Caldeira-Leggett model and a
fermionic bath described by the resonant-level model. The
quadratic nature of their corresponding Hamiltonians
allows us to simulate the systems exactly at arbitrarily
strong coupling and driving speed, hence going beyond our
previous analytical considerations.

With the Caldeira-Leggett (CL) model, we study a
problem with bosonic degrees of freedom using exact
calculations but with a finite, discretized bath (the bath
is large enough that our statements about thermalization
remain meaningful). In this context, we quantitatively
demonstrate that the heuristic assumptions underlying
our analytical results hold to an excellent approximation,
even with relatively fast driving and coupling strength.
Then we move to a resonant-level model with fermionic
degrees of freedom, which is analyzed using an approxi-
mate analytical approach. This allows us to study both the
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slow-driving and fast-driving regimes in order to demon-
strate a genuine speed-up for isothermal processes at strong
coupling. Finally, we consider a full Carnot cycle using the
resonant fermion level as a working medium, demonstrat-
ing explicitly that SIs allow for increased power without
compromising on efficiency.

A. Caldeira-Leggett model

We start by illustrating our results with the Caldeira-
Leggett model [52,53,80], a prototypical example of a
quantum Brownian motion. The CL model describes a
Brownian quantum particle of mass m in a harmonic
potential. The full Hamiltonian consists of four terms,

H=HY® 4+ HB 1 gSB) 1 g&) (47)

where the Hamiltonian of the system S reads
1 2
o =1 <mw§x2 + %) , (48)

where x and p are the position and momentum operators;
the Hamiltonian of the bath B is

1 N P2
B) _ E n 2,2
H( ) — y (_ + mna)nxn> s (49)

n

where @, = (n/N)(®nax — @min) + @min are the frequen-
cies of the modes in the bath, and we defined w,,,x = 2wy
and ®,,;, = wg/N. The interaction HE) between the
system and the bath is defined as

HE) = nynx,,, (50)

where y, are the coupling constant between system and
bath. The relevant bath properties are characterized by
the spectral density §(w) =27, (72/w,)é(w — ,). In
the remainder we assume all the masses m,m, =1,
and that the couplings satisfy y, = gw,\/®ma/(27N),
which leads to an Ohmic spectral density with hard cutoffs
in the continuum limit N — oo (see, e.g., Appendix G of
Ref. [3]):

3(&)) = 92w®(wmax - |w|) (51)

Here, g is a time-dependent coupling strength, leading to
a characteristic dissipation rate ¢?, while ©(z) is the
Heaviside step function. The last term H®) in Eq. (47)
is a renormalization term which ensures the positivity of H,

2
H® =2y T (52)

which may be absorbed within H).

The CL Hamiltonian in Eq. (47) is quadratic. This
enables us to diagonalize it efficiently and to describe
the time-evolved state by covariance matrices (of size
2N x 2N for systems composed of N particles), allowing
us to reach large but finite baths. Thus, the dynamics
induced by the CL Hamiltonian in Eq. (47) can be
simulated without making any assumption on the coupling
strength g (see, e.g., Ref. [82] for details).

1. Thermalization in the CL model

We first study the dependence of the thermalization time
on g for observables on the system. In the simulation, we
take as an initial state the thermal state of the noninteracting
Hamiltonian pf (1 = 0) = pf(H®)) ® pif(H'®), and then
perform a quench to a finite interaction strength g = kg,
and consider the corresponding relaxation to the new
equilibrium state.

In particular, in Fig. 5, we compute the relative entropy
S(p|le) = Tr[p(log p —log o)] between the marginal of the
time-evolved state p(s) (1) = Trg[p(t)] and the thermal state
of the system p{fy, (1) = Tr[pjj (H (1))]. The relative entropy

decays exponentially in time,

$ (i) (®) 1l £i%(0))

Data points
— Fit

Time /7eq(20)

FIG.5. Relaxation to the thermal state. We compute the relative
entropy S[/)(S)(t)||p‘(‘§)(t)] between the reduced state p(g)(t) =
Trp[p(1)] of the total time-dependent density matrix and thermal
state of the system p'(lg)(t). For a wide range of values of k, the
time-evolved state approaches the thermal equilibrium exponen-
tially: S [/)(S>(t)||p?}>(t)] ~e™"/%(9) Inset: We extrapolate the
decay of the relaxation time with a power law 7.q(g)~
Teq(9o)k™. The optimal fit corresponds to v =2.06 and
Go7eq(90) = 0.59. Parameters are N = 300 and g§/wg = 0.01.
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5 [ﬂ<s>(t)llp?§)(t)} ~ e7al9), (53)

where 7.4 (g) is the relaxation timescale for a given coupling
strength g. As we expect, the slope becomes increasingly
steeper for stronger couplings. In order to understand the
behavior of 7.4(g) as a function of g, we assume a power-
law decay 7.q(g) = 7eq(g0)k™", Where 74(go) corresponds
to the relaxation time for k = 1 and v quantifies the scaling
with interaction strength. In Fig. 5 (inset), we fit the
function  log[zeq(g)] = logteq(g0)] —vlog(k) with a
straight line, which confirms the scaling predicted by
Eq. (11) with v = 2 even for rather large coupling strengths
up to ¢*/wg ~ 0.25.

Similarly, we need to verify that the interaction energy
thermalizes and satisfies Eq. (11). This is shown in Fig. 6,
where we plot AV = (V(t)) — (V) for different values of
the coupling g4« (k), and where (V(#)) is the exact value of
the interaction energy for the unitary-evolved state and V.,
is its thermal equilibrium value (with respect to the global
thermal state). By performing an extrapolation as the one
of Fig. 6, we confirm the scaling in Eq. (16) up to the
relatively large interaction strength of ¢*/wg ~ 0.25.

2. Generalized covariance

In Fig. 7 we show the behavior of the covariance
from Eq. (9) for the relevant quantities H®) and V as a
function of the interaction strength g. One observes that

(AV)
_9 Data points ® k=11
T k=17
T3 k=23
ki vy = 1.97 k=929
10_2 E l()g(Te"(;) = vy log(k) + oy k=35
-3 2.9 3.3 3.7 ® k=141
1 log (k)
10~
10—5 i
1076 L T T T T T
0 1 2 3 4
Time/Tc‘(;(gO)

FIG. 6. Thermalization of the potential. Moving average of the
expectation value of the potential as a function of time for
different coupling strengths. The value of (AV(¢)) decays
exponentially as a function of time. The slope becomes increas-
ingly steeper for stronger coupling g..(k); i.e., the thermal-
ization is faster. Inset: We extrapolate the decay of the relaxation
time with a power law log[zy;(9)] = log[zeq(go)] — vy log(k).
The optimal fit corresponds to vy, = 1.97 and g%fg(l(go) =11
Parameters are N = 300, g3/wgs = 0.01.

cov(H®), H)) stays essentially constant, which means
that only ¢(©) in Eq. (10) contributes, hence also justifying
Eq. (25). On the other hand, cov(V, V) does vary with g,
suggesting that higher-order terms in the expansion (10)
can play a role.

3. Speed-ups to isothermality

In order to confirm the intuition given by the generalized
covariance, as a last step we simulate the full thermody-
namic protocol and compute the associated dissipation. We
vary g by a linear ramp of the form given by Eq. (14) with
a = 1. We take a very small initial coupling g7 = 103wy
and a final coupling strength g, = kg,. Here, g, is a weak
reference interaction strength that differs from g;, unlike in
Sec. III. Nevertheless, as expected we find the same scaling
of the dissipation with g, o k.

First, in Fig. 8(a) we show the total dissipation W g, for
increasing and decreasing the interaction between system
and bath while holding wg constant. The switching time is
varied according to 7., = kK*z% in order to account for
higher-order corrections to cov(V,V), as discussed in
Sec. IIA2. One observes that W either decreases
or stays constant with k, as expected from our analytic
reasoning. Furthermore, in Fig. 8(b) we show the total
dissipated work for the full thermodynamic protocol
behaves in a similar way. As we increase the interaction
strength, the dissipation remains constant or drops close to
zero, and as shown in Fig. 2 the time substantially
decreases. Hence, we have obtained the desired speed-
ups. Regarding the timescales of the process, note that the
times shown in Fig. 8 are comparable to the thermalization
times in Figs. 5 and 6. This shows that the heuristic
arguments of Sec. III hold even for relatively fast driving.

cov(HS) HS)) cov(V, V)

r2.22
0.0050 1

— 5 = 1.25

0.0045 1 r2.21

— OJS:1.5

| — g = 1.75
0.0040 L9 90

0.0035 1

r2.19
0.0030 1

0 20 4 0 20 40
k k
FIG.7. Bounds on the dissipated work: Covariance matrices. In
Egs. (9) and (7) we bounded the dissipated work by employing

the covariance cov,, (H, ). Note that the covariance of H, and V
stays bounded for very large values of k.
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(W + Wai) /g6 (W + WEk + W) /g3 o
| e gimu =30 g =30 |
0157 g = 6.0 g =120 |01
e gimk = 9.0 on ghmk =300
0104 ~e— g™ =15.0 0.10
. (a) (b) 0.8
0.05 1
ey Yot eal[0.06
_: ilﬁﬁﬁiz—; 0698099
0.00 : 0.04
5.0 7.5 10.0 2 4
k k
FIG. 8. (a) Dissipated work for turning on and off the

interaction in the CL model. For different values of 7%, the
error induced by going to the strong coupling regime decreases to
zero. Parameters are N = 300, gj/ws = 0.01, and fawg = 1.2.
(b) Dissipated work for full protocols. The total dissipation
decays as the interaction increases. For different values of 7%,
the error induced by going to the stronger coupling regime
decreases to zero. The protocol consists on modifying the
frequency of the systems from w; = wg to a)J; = 2wg. Parameters
are N = 300, gj/wg = 0.01, g3zl = 0.5, and fwg = 1.2.

iso

B. Resonant-level model

In this section, we benchmark our predictions using the
analytically tractable resonant-level (RL) model. Specifically,
the system of interest comprises a single distinguished
fermionic mode coupled to an infinite collection of reservoir
modes, also fermionic. The total system-bath Hamiltonian
reads as H = H) + H®) 4+ HB) with

HS) = ¢afa, (54)
HE = "wblby. (55)
k
HSY = " (a'by + bla). (56)
k

Here, a annihilates a fermion with time-dependent energy
&(t), while by, annihilates a fermion in the bath with energy ;.
We take coupling constants of the form 4, = g, where g(t)
is a time-dependent parameter characterizing the overall
interaction strength and the 4, are time-independent weights.
The relevant bath properties are characterized by the spectral
density F(w) =27 >, 225(w — wy) [83], assumed to be of
the form

J(@) = FO(A - |w

): (57)

where A is a high-frequency cutoff.

1. Solution for the dynamics

Exact solutions for the RL model have recently
been presented in the context of a debate regarding
heat in strongly coupled open quantum systems, with
particular emphasis on the wideband limit A — oo [54-
58]. Note, however, that the system-bath interaction
energy is proportional to A, and thus formally divergent
in this limit (this can be seen easily using the reaction-
coordinate representation [84], for example). We thus
take A to be finite but much larger than all other energy
scales.

Under this assumption, we use a quantum Langevin
approach to solve for the open-system evolution, detailed in
Appendix B. Our approximate analysis requires that the
dynamics proceeds much more slowly than the inverse
cutoff scale A~!, but otherwise allows for arbitrary driving
protocols and strong system-bath coupling. Taking a
factorized system-bath density matrix at the initial time,
p(0) :p(s)(O)pg‘(H(B)), we find the level occupation
n(t) = (a'a) and the system-bath interaction energy
v(t) = (H®B)) to be given by

1 1
n(t) = 2 + |K(1,0) (n(O) - 5) (58)

1 ! ! / !/ !/ * /
—EA dsA ds'K(t,s)g(s)p(s — s)g(s")K*(t, ),
o(1) = Im A CdsK* (1, $)g(D) Bt — 5)g(s). (59)

These expressions are written in terms of the

propagator

K(t,1) = exp [ [ " ds <—ie(s) - %S)zﬂ (60)

and the noise correlation function

50 1 1 cos(At)} .

T ip Linh(ﬂt/ﬁ)  at/p

Note that the second, cutoff-dependent contribution to
¢(t) is essential to regulate the divergence of the
integrand in Eq. (59) as s — ¢, but plays essentially
no role in Eq. (58) for large A. In Appendix B we show
that the results for the dissipated work obtained within
this approach converge to a A-independent value for
sufficiently large A.

It follows immediately from Eq. (60) that the relaxation
timescale is given by 7o~ 1/ ¢*, in agreement with Eq. (11),
even though the evolution is non-Markovian, in general.
Note also that, since Eq. (59) contains one propagator while
Eq. (58) includes two factors of K(z,7'), the relaxation
timescale of the interaction energy is twice as long as that of

(61)
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n(t). This is in accordance with the relaxation behavior of
the CL model shown in Figs. 5 and 6.

2. Dissipated work

We now compute the dissipated work during an iso-
thermal protocol, during which the level energy () is
linearly ramped from an initial to a final value & — ¢y,
while interacting with the bath. The dissipated work is
given by Wy,s = W — AF, where W is found from Egs. (3),
(58), and (59), while AF = e —¢; + 7' In[f(ef)/f(€:)],
with the Fermi-Dirac distribution f(w) = (e 4+ 1)7!. At
the start and end of the protocol, the system-bath interaction
energy is switched on according to Eq. (14) with a =1,
g; =0, and g; = kgo, and switched off via the reverse
procedure. Note that here again we have g, # ¢;, unlike in
Sec. III, yet as expected we find a similar behavior of
dissipation with the final coupling strength g, o k.

To confirm this scaling, we plot Wy for several
different parameters as a function of k in Fig. 9. We
see that the dissipation grows sublinearly with k for
Ton = k72 while the dissipation strictly decreases for
the more conservative choice of 7., = k*z3¢. This sug-
gests that, as in the Caldeira-Leggett model, the generalized
covariance cov(V,V) does depend on g, necessitating
higher-order terms in the expansion (10) to be taken into
account. Nevertheless, the results confirm that control over
the system-bath interaction can indeed reduce the time
taken by an isothermal process without incurring additional
dissipation (cf. Fig. 2 showing the time of the isothermal
process).

We now consider how the dissipated work scales with
the total time of the protocol in the optimal case, as

0.10 Wi/ 95
o g2rveak =95 g2pveak — 5
0.08- garieak = 5 garweak — 5()
o BT =5, gorig = 100 e
0.06- e
004] e=="g ooog L
o &= e |
002 e==""0 o o o
1 2 3 4 5

FIG. 9. Dissipated work W, over an entire protocol in the RL
model for various switching times and values of k. As a function
of k, the isotherm time is reduced as z;,, = Ti"g“l‘ /K%, while the
switch-on and switch-off times are increased either as z,, =
kr)¢% (dashed lines) or 7,,, = k272 (solid lines). Parameters are

e =2¢;, gi/e; = 0.1, pe; = 1, and A/e; = 100.

discussed in Sec. III D. In particular, we focus on protocols
where 7, is proportional to k% in order to ensure that the
dissipated work is nonincreasing as k increases. Following
the procedure outlined below Eq. (32), we compute the
optimal W, as a function of 7.y, holding 7% fixed. The
results are plotted in Fig. 10, showing that the dissipated
work decays as a power law, Wy & 7f, to a good
approximation over the range of times considered. As
the time to turn the system-bath interaction on and off is
increased, the power-law exponent v — 2, as predicted in
Sec. III D. Faster switching of the interaction incurs addi-
tional dissipation which was not accounted for in Eq. (30),
thus leading to smaller exponents v < 2. Alternatively, one
could also obtain v ~ 2 by reducing gy, i.e., by working in
the weak coupling regime (in our simulations g3 = 0.1¢;,
which is certainly non-negligible). It is also important to
note that a better scaling of Wy, does not necessarily
correspond to less overall dissipation. Indeed, for the
parameter regime considered in Fig. 10, Wy, for a given
T, is minimized by choosing a smaller value of %%, since
this allows more time for the isothermal part of the process
to take place slowly.

So far in this section we have focused on the regime
of slow driving where ¢37, > 1. We now show that
our approach also works in the complementary fast-
driving regime. In Fig. 11 we plot the total time versus
dissipated work, comparing sped-up protocols with
k =2 to reference protocols with k= 1. For a given
dissipation, the SI significantly reduces the total time
taken for the isothermal transformation, even when
o7t < 1. This represents further evidence that our
proposed SI work well outside of the slow-driving
regime assumed in Eq. (7).

100 ] 2 k 1.75
° 907_(‘:17163 =5, Wiss X Thot
2 k _ —1.83
L4 g(]T(;xrjlea = 10, Wiiss o< Teot
2 ak __ —1.93
ST o GTon =90, Waiss o Tio
=
1072 J
10 10?

2
9o Ttot

FIG. 10. Decay of the optimal dissipated work as a function of
the total protocol time in the RL model. The optimal k for each
7ot 18 found following the procedure discussed below Eq. (32).
Circles show numerical results, lines indicate power-law fits
to the function Wy (7o) = Ctly. Parameters are &y = 2é;,
/e = 0.1, fe; = 1, and A/e; = 100.
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2
90 Teot

0 . . . . .
0.20 0.25 0.30 0.35 0.40
Wdiss/ AF
FIG. 11. Total protocol time as a function of dissipated work in

the RL model. Each curve is generated by varying gizie* €
[0.5, 5] while holding zl¥¢& /z%¢ak =30 fixed. The curves for k=2

180
show both linear scaling, 7, = kz%¢, and quadratic scaling,
Ton = K2 7¢%. Parameters are ¢, = 2¢;, gj/&; = 0.01, fe; = 1.1,

and A/g; = 100.

3. Carnot cycle

As a final demonstration of our speed-ups to isother-
mality, we show that the power of a quantum thermal
machine can be improved without sacrificing its efficiency.
We consider the Carnot-like engine cycle indicated in
Fig. 12, which proceeds by the following steps: (i) adiabatic
expansion &; — &,, (i) isothermal compression &, — &3 in
contact with a cold bath at inverse temperature f,,
(iii) adiabatic compression €3 — &, (iv) a final isothermal
expansion €3 — &, in contact with a hot bath at inverse
temperature f3,. The density matrix of the system mode
commutes with the Hamiltonian at all times during the

0.20 0.25 0.30 0.35 0.40

FIG. 12. Carnot cycle for the RL model showing the level’s
energy ¢(t) versus its occupation n(t). For finite system-bath
interaction strengths (blue and orange solid lines), correlations
with the bath lead the system state during the isotherms to deviate
significantly from equilibrium (dotted line). The protocol is the
same as Fig. 13(a) with gjzicak = 25.

adiabatic steps. It is therefore possible to perform the
adiabatic steps arbitrarily quickly without affecting the rest
of the protocol, and in the following we assume that the
adiabats are instantaneous.

As in the previous section, we consider isothermal
protocols of the form of Eq. (14) with a =1, g, =0,
and g; = kgy. We focus on cycles where e,/¢e| = &3/e, =
Pn/P.. This choice ensures that the system is close to
equilibrium with the new bath temperature at the start of
each isotherm, thus minimizing the dissipation incurred
by switching on the coupling to the bath. We use Eqgs. (58)
and (59) to describe the evolution during the hot and cold
isotherms, assuming that the corresponding bath relaxes
back to equilibrium over the course of the subsequent
isotherm. Since the working medium is pushed far from
equilibrium during engine operation, we need to repeat the
engine cycle several times until a limit cycle is reached. In
our calculations, the cycle is repeated until the initial and
final level occupation differ by less than 1%.

For a given 7% and 7%, we study how the power and

S0
efficiency of an engine cycle scale with k. We consider two
different scenarios, as shown in Fig. 13. By scaling the
switch-on and switch-off time as 7., «x k, we obtain a large
improvement in power due to the significant reduction in the
total cycle time. However, this comes at the cost of losing
some efficiency because the work dissipated during each
isotherm increases with k [see Fig. 9]. On the other hand, if
we instead use the more conservative choice 7, « k%, we
find that both power and efficiency can be improved by
increasing k, since both the total time of the protocol and the
dissipation decrease. However, this more conservative scal-
ing naturally corresponds to smaller enhancements of power.

One may also realize a refrigerator by operating the
Carnot cycle in the opposite direction. As an example, the
inset of Fig. 13(a) shows the coefficient of performance as a
function of cooling power for the reverse cycle. We find
very similar qualitative characteristics to the corresponding
engine. Our approach can therefore also be used to boost
the power of Carnot-like refrigerator cycles while retaining
efficient performance.

VI. EXPERIMENTAL FEASIBILITY
AND ROBUSTNESS

The implementation of our proposal requires the ability
to smoothly modulate both the Hamiltonian of the system
and its coupling to the environment. In this section, we
discuss two experimental platforms where such control is
feasible. We also show that our protocol is robust against
unavoidable control errors.

A. Impurities in cold atomic gases

A promising candidate system is a cold atomic gas with
impurity atoms of another species immersed within it. Such
binary mixtures of cold atoms have been studied in
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performance characteristic for the reverse cycle.

numerous experiments in recent years [59-61,85-91]. The
impurities behave as controllable open quantum systems
interacting with their ultracold gas environment [92-99].
Examples of useful thermodynamic cycles in this context
include refrigeration of the impurities [100] or of the
surrounding gas [101].

The control required for our scheme may be implemented
by confining the impurities by a species-selective dipole
potential that can be dynamically modulated [59,87,90].
Crucially, moreover, the system-bath coupling can be con-
trolled by tuning the s-wave scattering length describing
interspecies collisions via a Feshbach resonance [102]. This
allows the scattering length to be gradually [103] or suddenly
[60] varied over several orders of magnitude or even set to
zero without affecting the environment properties [59].

To be concrete, let us consider a setup similar to the
experiments reported in Ref. [59], where an impurity atom is
embedded in a Bose-Einstein condensate (BEC) of a differ-
ent species. The open system is thus a harmonic oscillator
corresponding to vibrations of the trapped impurity, which is
damped by collisions with the BEC atoms. Phonon excita-
tions in the BEC behave like a bosonic bath [92,93,95,96]
and the impurity-BEC system can be described by the CL
model of Sec. V A if the dynamics of the condensate mode is
neglected [98,104]. Translating the experimental para-
meters of Ref. [59] into our notation gives an impurity
trapping frequency of wg = 27 x 1.0 kHz, a temperature of
pwg ~0.02, and measured damping rates on the order of
Teq(g)wg 2 10. All of the ingredients necessary for the
implementation of SI have therefore already been demon-
strated in the context of ultracold gases.

B. Semiconductor quantum dots

Another potential platform to realize our scheme is a
mesoscopic electronic device, such as a quantum dot or

metallic island connected to a conducting electron reservoir
[105]. Here, the charge state localized on the dot or island
exchanges particles and energy with the reservoir via
tunneling processes. This is similar to the RL model
considered in Sec. V B, albeit with an additional feature:
the Coulomb interaction typically plays an important
role in mesoscopic electronics. Nonetheless, our general
arguments still apply to these systems. Numerous thermo-
dynamic protocols have already been experimentally
implemented in this context, including a Szilard engine
[62,63], a refrigerator [64], and an autonomous heat
engine [65].

Both the dot’s energy level and the tunnel barriers that
define its coupling to the reservoir can be independently
[106,107] and dynamically [62,63] tuned by applying
appropriate gate voltages to different parts of the system.
Control over the tunneling rate spanning several orders of
magnitude has been demonstrated [108]. Typical exper-
imental parameters can be estimated from Ref. [65],
which reports dot energies relative to the chemical potential
on the order of ¢ <1 meV, comparable temperatures of
Pe = 1, and tunneling rates on the order of g> ~ 10 GHz~
0.01 meV. Therefore, mesoscopic electronic devices seem
equally promising for the implementation of SI.

C. Robustness against error

Any real experimental implementation suffers from
unavoidable noise and control errors. It is therefore crucial
to ensure that our scheme is robust against such imperfec-
tions. Assuming that the thermal bath represents the
dominant source of dissipation and decoherence in the
system, the key remaining issue is the extent to which the SI
is affected by fluctuations in the applied control fields.

Since the analytical arguments of Sec. III rely on
perturbative arguments and were shown to hold for a broad
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FIG. 14. Dissipated work for noisy protocols in the RL model.
Each data point represents 100 realizations of a random protocol
with relative error ¢ in the timing of each stroke (see main text
for details). The points show the mean while the error bars show
the variance of the dissipated work for a noisy protocol with
k =2 and quadratic scaling of the switch-on and switch-off
times: Ty, = Toip = K270 and T3, = 7% /k%. Dotted lines
show the work done for noiseless reference protocols with
k=1. Parameters are &y =2¢;, fe; = 1.1, ghrhe =0.15,

gk = 1.5, and A/e; = 100.

family of protocols, we expect the SI to remain robust
under small errors that do not lead to large and discon-
tinuous changes in the control fields. In order to quanti-
tatively demonstrate this, we consider a specific yet
realistic kind of noise: namely, imperfect timing of the
control operations. In particular, we assume that the
duration of each step of the protocol is given by
7, = T, + 67,, where a = on, off, iso and {6z, } are three
independent random variables with zero mean and variance

612 = o272, For concreteness, we take a uniform distribu-
tion of 6z, and choose the same relative error for each
stroke, o, = o©.

In Fig. 14 we plot the results of a simulation of 100
random realizations of such a noisy protocol in the RL
model. As one might expect, small timing errors lead to
small changes in the overall dissipated work. Our results
show that the resulting fluctuations in the dissipated work
are of the same relative order as the error in the timing o.
This holds true even for quite large relative errors ¢ ~ 10%
and relatively fast driving where ¢z, ~ 1. For the param-
eters of Fig. 14, the protocol with k = 2 is approximately 2
times faster than the k = 1 case. Hence, the SI remains
advantageous since timing errors increase the dissipation
by at most a few percent.

VII. CONCLUSIONS

We have put forward the idea of a speed-up to iso-
thermality, where an isothermal process is sped up by
smoothly increasing (and decreasing) the system-bath
interaction. This leads to faster isothermal processes while
keeping the overall thermodynamic dissipation constant.

As a consequence, our proposal allows for increasing
the power of a finite-time Carnot cycles [7-9,13-15]
and refrigerators [41-44] without compromising their
efficiency.

To obtain these results, we followed a twofold approach.
First, we analytically constructed SI under two main
assumptions:

(1) slow driving, allowing for an expansion of the

dissipation as in Eq. (6),

(2) the timescale of thermalization satisfies 7., o g2,
where ¢ quantifies the strength of the system-bath
interaction, as expected in dissipative systems [80].

Under these assumptions, we have shown that SI can
decrease the time of a given isothermal process by several
orders of magnitude; see Eq. (26) and Fig. 2. This leads to
faster decays of the dissipation with time (Sec. III D) and
higher efficiencies at maximum power of finite-time Carnot
engines and refrigerators (Sec. IV).

Second, we have tested the analytically derived SI for
two generic models of dissipation covering both bosonic
and fermionic baths. In both cases, we exactly simulated
the system-bath evolution at strong coupling in order to
account for all sources of dissipation. The obtained results
confirm the validity of our analytical considerations, while
strongly suggesting that SI can even be applied beyond the
weak coupling and slow driving regime. An analytical
characterization of SI in these regimes is an interesting
and challenging future research direction. In this sense, it
seems promising to combine the ideas presented here
with open systems techniques to deal with strong, time-
dependent coupling such as the reaction-coordinate
mapping [2,5,84,109-111], or more sophisticated tensor-
network methods [112-115].

Another interesting direction is to characterize the work
fluctuations due to such SI, which have been characterized
in, e.g., shortcuts to adiabaticity [116], and other trade-offs
between thermodynamic cost and time enhancements
[117,118]. Indeed, because SIs allow for accessing larger
energy scales, one expects that they shall generate higher
work fluctuations [116]. In this sense, we note that one
expects a competing effect in the work fluctuations gen-
erated by a SI: because we are accessing stronger coupling
and hence larger energy scales, one expects stronger
fluctuations; however, for a fixed time, SI allow for
decreasing dissipation, and in the quasistatic regime the
minimization of dissipation comes together with the min-
imization of fluctuations, at least for commuting protocols
[77]. A further interesting possibility is to combine these
considerations with geometric optimal paths [10,75-77].

Quantum heat engines have been experimentally realized
in a range of different architectures, including trapped ions
[66,68], nanomechanical resonators [70], nitrogen-vacancy
centers [119], and quantum dots [65]. Our theoretical
results are applicable to platforms where the system-bath
coupling can be tuned. We have discussed two specific
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possibilities—ultracold atomic impurities and mesoscopic
electronic devices—but other setups may also be feasible.
For example, reservoir engineering is possible in trapped-
ion systems by controlling the vibrational degrees of
freedom of the ions [67]. It is also worth stressing that
the proposed speed-ups are robust to imperfections in the
control or timing of the driving, as enhancements are found
for a large family of protocols. We have demonstrated this
explicitly, showing that SI protocols remain advantageous
even when the system-bath coupling strength or the timing
of the strokes is noisy. Enhanced quantum heat engines via
speed-ups to isothermality thus appear feasible with current
or near-future technology.
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APPENDIX A: EXTENSIONS TO MORE
GENERAL DISSIPATIONS

In this appendix, we consider the case in which the
dissipation is of the form as in Eq. (6):

1 /1 .o 2
Wdiss - —/ d[Gpth (Hl’ H?) + O(T—2> N (Al)
T Jo ! T

where G is a bilinear form which depends only on the

base point p!'. This expression is generic, and it arises in the
expansion of the entropy production rate ¢, in the quasi-
static limit [76,78,79]:

. . . 1'2
6, = Gp;h(Hths) + O(;) (A2)

In particular, if the dynamics is described by the time-
dependent Liouvillian equation,

p=Lipl. (A3)

where L, has for every ¢ only one thermal steady state and,
moreover, the real part of all its eigenvalues is negative
(these two conditions are sufficient to ensure thermal-
ization), then the integrand in Eq. (Al) is given at first
order by [76]

Gp(H, Hy) = _ﬂTr[HtL?_[‘ﬂp;;‘(HJ)[HIH]’ (A4)
where we defined the two operators:
b
sla)= [ dsp'a-Tipame.  (aS)

Li[A] = A " dverki (ph(H,)Tr{A] = A).  (A6)

Before going on, it should be noted that the operator J,, is
related to the generalized covariance through the equality:

cov,(A, B) = Tr[Ad,[B]]. (A7)

Moreover, carrying out the integral in Eq. (A6) in the
eigenbasis of L, shows that the eigenvalues of L™ are
directly connected with the different thermalization time-
scales in the system. In particular, in the case in which all
the observables thermalize at the same rate, Eq. (A4)
reduces to Eq. (7).

Considering again the simplified case in which the

derivative of the Hamiltonian is given by H= /i,X, we
have the chain of inequalities:

ﬁ 1 .
Wasd =2 [ XL L, 1) <

1 .
<Z wp cov (X, X) A iz, (A8)

T 1€f0.1]

where we indicate with 777" the biggest eigenvalue of L.
Since during the turning on and off procedure we want to
keep track of the dependence of the thermalization time-
scale on the interaction strength, we keep this term inside
the integral. This expression should be compared with
Egs. (15) and (17) in the main text.

As a final remark, the bound in Eq. (17) on the
covariance can be improved to [120]

sup cov,u(F, F) <2 sup ((V2),n — (V)2).
1€[0,1] ' 1€[0,1] ! b1

(A9)

This quantity is expected to be finite even in the limit in
which || V|| - oo.
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APPENDIX B: SOLUTION OF THE
RESONANT-LEVEL MODEL

In this appendix, we detail our approach to solve the
resonant-level model described in Sec. V B. Starting from
the Hamiltonian given in Eqgs. (54)-(56), we derive the
Heisenberg equations:

a(r) = —ie(t)a(r) = ig(1)y_Ibi(1), (B1)
k

bi(1) = =i by(1) = ig(t)Aa(). (B2)

The second equation can be formally solved to give

Saubi(t) =60 =i [ dtle = Pyg(e)ate). (83
k

)

where we defined the noise operator,

E(r) =Y Age =00y (1), (B4)
x

whose Gaussian statistics with respect to the initial state
define the memory kernel y(t —#') = ({&(¢),&7(¢)}) and
the noise correlation function (¢ — 1) = ([&(1), & (¢)]).
These are given explicitly by

10 = [ 52 S (o), (B3)

#0) = [ S (@) anblpo - )/, (B6)

where we defined a reduced (time-independent, dimension-
less) spectral density §(w)=27z>", 25(w—w;)=F(®)/g*
According to Eq. (57), this is given by the tophat function:
S(@) =O(A —|w|). (B7)
Note that in Eq. (B6), for completeness, we allow for a
finite chemical potential u. In the wideband limit A — oo,
the chemical potential can be set to zero without loss of
generality by simply redefining all energies relative to ,
which justifies our choice of gy = 0 in the main text.

To obtain a tractable description, we approximate the
memory kernel as

(B8)

This is an exact equality (in the distributional sense) in the
limit A — o0, and is a good approximation for finite A so
long as slowly varying functions and large times relative to

the cutoff scale A~! are considered. The noise correlation
function is approximated as

b= [ 5o anblpw - )2

A &

© dw —iwt
~ /_ S et anh{p(w ) /2]

[Se]

— /md_we—iﬁ)f + /_Ad_we—ia)t
A 27 —c0 2

1 e~ int cos(At)
T ip [Sinh(m/ﬂ) ) ]

(B9)

In the second equality, the integration domain is partitioned
into three parts, and the approximation tanh(z) ~ +1 for
4z > 1 is made. The first integral is essentially the Fourier
transform of tanh(z), which is calculated by a standard
contour integration, resulting in a geometric sum over
Matsubara frequencies that evaluates to the first term in
Eq. (B9). The remaining two integrals yield the second
term in Eq. (B9) with the help of the Sokhotski-Plemelj
theorem. Note that this second term regulates the 1/¢
divergence as t — 0 but is negligible (in the distributional
sense) for timescales ¢ > A~!. It can be shown that, within
these approximations, the fluctuation-dissipation relation
$(w) = 7(o) tanh[f(w — u)/2] between the Fourier com-
ponents of the memory kernel 7(w) and the noise spectrum
$(w) holds for all |o| < A.

As a consequence of Eq. (B8), Eq. (B1) reduces to a
time-local differential equation,

a(r) = —ir‘«’(t)a(t)—%g(l)2 a(t) —ig(1)&(r),  (B10)

which can be easily solved to find

/‘ﬁ . N .
1.0 1
w 0.8 1
S
0.6 1
0.4 1 == k=1
—o— k=4
10! 10
Ne;
FIG. 15. Convergence of the work done over an entire protocol,

where 7., = k% and 7,,, = T3¢ /&2, for various values of the

cutoff A. Parameters are ey = 2e¢;, g%/e,— =0.1, pe =1,
goriedk = 2.5, and ggrlvedk = 50.
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a(t) = K(t,ty)a(ty) — i/tdt’K(t, t’)g(t’)ef(t’), (B11)

)

where the propagator is given by Eq. (60). Combining
this with Egs. (B3), (BS), and (B9), and the fact that
(a™(ty)b(ty)) = 0 for a factorized initial condition at
to = 0, we deduce Egs. (58) and (59).

Our analysis relies on two approximations, given by
Egs. (B8) and (B9). The former assumes that the dynamics
is much slower than A~!, while the latter requires that the
temperature and chemical potential are much smaller than
A. In particular, we require that &(¢), ()%, f~', |ul, and
|u+ '] are all much smaller than A. For sufficiently
large A, the work done over a complete isothermal
protocol converges to a A-independent value, as we
demonstrate in Fig. 15. This confirms that our results
are independent of the cutoff, which merely regulates the
system-bath interaction energy that would otherwise
diverge.
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