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Experimental data from many creep test series are compared with predictions from various
formulas in international codes. A mathematical simple creep formula is proposed and its
accuracy is determined from comparison with the experimental data. Based hereon, a
probabilistic model for the creep coefficient is proposed and the different sources of
uncertainty are quantified. The proposed model is well suited for hand calculations.

1. INTRODUCTION

When deterministically predicted concrete creep
effects are compared with actually measured effects,
large discrepancies can be observed. This may be ascri-
bed partly to a lack of knowledge about the creep
processes and partly to unknown variations in the
parameters influencing the creep processes. A third
source of uncertainty arising from inherent uncertain-
ties in the microscopic creep processes showing up
macroscopically may also be of importance. Whether
or not this third source of uncertainty can be ignored
is still an open question —see [1], [2], [3]. In this paper
such uncertainties are dealt with together with the
model uncertainty, i. e. the aforementioned uncertainty
due to the limited knowledge of the creep processes.
The other source of uncertainty is referred to as parame-
ter uncertainty.

The present paper is a “background” paper for the
Basic Note R-02 on Concrete Strength [4]. The aim of
this paper is to formulate a simple probability-based
uncertainty model for creep effects applicable to the
design of codes or to practical calculations in situations
where creep effects are of major importance as e.g. to
slender columns and prestressed members. The paper
also attempts to quantify and weigh the different uncer-
tainties. The paper does not, however, try to give a
new physically based creep model.

In the first part of the paper a large number of test
results is compared with values predicted according to

present deterministic codes. Based on this comparison
a simple mathematical formula for the creep coefficient
is chosen. The formula contains a model uncertainty
factor and factors depending on the external parame-
ters such as concrete composition and environmental
conditions. The different contribution to the total uncer-
tainty arising from these external parameters then is
analysed.

2. MODEL UNCERTAINTY.
COMPARISON OF PREDICTION FORMULAS

2.1. Prediction formulas

The total stress dependent strain at an instant ¢ under
constant stress o, applied at time T is

= 9% -, %
€ Ec(t)+EC(t)q’(t, 1) 2.1

where E. (1) is the modulus of elasticity at the time of
loading while o (t, 1) is the creep coefficient. The first
term in (2. 1) is the elastic strain and the second term
the creep strain. The creep coefficient is thus the ratio
of creep strain to elastic strain. The creep strain is
often further divided e.g. into delayed elastic and flow
strain.

Different prediction formulas for the creep coefficient
have been proposed in recent codes and are here compa-
red with test results. The prediction formulas for the
following 7 codes were used.
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a) CEB/FIP recommendation 1966, (C66), [5];

b) CEB/FIP recommendation 1970, (C70), [6];

¢) CEB/FIP recommendation 1978, (C78), [7;

d) German reinforced concrete code DIN 1045 1975,
(DIN,), [8];

e) German reinforced concrete code DIN 1045, 1981,
[9] and German prestressed concrete code DIN 4277,
1981, (DIN,), [10];

f) ACI Committee 209, (ACI), [11];

g) British Concrete Society, (BCS), [12].

Only codified formulas have been taken here, but
similar comparisons also with other suggested formulas
can be found in [13], [14].

2.2 Prediction errors

Creep tests with normal weight concretes with
various concrete compositions and in various environ-
mental conditions have been reported by many resear-
chers, [15-27). These test results have been compared
with results predicted by the afore-mentioned formulas.
The comparisons were either made at the values at the
end of each test or in some cases at an equivalent
final value, which has been extrapolated in the used
literature by the method of Ross [28]. Although some
investigators proposed in their rheological models that
creep does not approach a final value [13] the validity
of Ross’ extrapolation hyperbola is assumed throu-
ghout this paper since for the purpose of this investiga-
tion this point is only of minor significance. The final
value was chosen since the long term creep effects are
particularly relevant for structural applications.

For each prediction formula and each test series the
ratio between the predicted and the observed creep
coefficient was calculated

S R Y
observed ¢
i=1,2 ...,k 2.2

where n, is the number of reported tests in the i’th test
series and k is the number of test series being analysed.
Sample statistics for the mean value m; and coefficient
of variation v, for the i’th test series were then determi-
ned by

(2.3)

(2.4)

For each prediction formula the sample statistics m, v
and v, for all test series together were calculated as

k
m=3 nm/y n (2.5)

x
v=3 mu/¥ n (2.6)

) k
e @.7)
¥ i i=1
i=1

Corresponding sample statistics are shown in Table I.
It is noted that several prediction formulas are conside-
rably biased as the mean value m differs substantially
from 1. It is further noted that the average coefficient
of variation v varies between values as large as 25
and 407;. The largest coefficients of variation v; were
observed for data from experiments carried out before
1940. Apparently the laboratory conditions could not
be well controlled and the measuring techniques were
less advanced. A large additional measuring uncertainty
therefore appears to be present in those test results.

2.3. Suggested prediction formula

A prediction formula similar to the C78 prediction
formula is chosen. The C78 prediction formula appears
to be a reasonable compromise between accuracy and
simplicity. The formula is further well suited for a
probabilistic analysis. The creep coefficient is expressed
as
Pl V=B (D + ;B (&, T+ 94 By(t, 7) 2.8)

where B, (1) represents the irreversible part of the creep
strain which develops during the first few days after
the load is imposed, ©; By (t, 1) represents the flow

creep strain and @, B, , the delayed elastic creep
strain. The constants ¢, and ¢ , are taken as

0;=0.4 (2.9
Pr=0s1 Pr2Qy3 (2.10)
where

1
Op=4.5=w @.11)
@p2=1.24exp(—0.14r2?) 2.12)

0.8 for s<30

¢I3={0A8+¥(5—30) for 30<sgso @13

w is the relative humidity in percent of the environment;
r is the notional thickness (in units of cm) defined as
2A,/p. where A_ is the area and p, is the perimeter of
the concrete section in contact with the atmosphere. s
is the slump measure (in units of cm) measured as
described in [9]. The functions B,(t), B,(t, ) and
B, (t, 1) are

B.(t)=0.8 exp(—O.Zﬁ) (2.14)
Ba(t, 1)=1—exp (—0.02(t—1)) (2.15)
P 13 = 1/3
brls r)=<t+\ll(r)) _<r+\l'(r)) e

where

200 f <40
20r+ or r= } @.17

r) =
v {15r+400 for r>40

The times ¢ and 1 are measured in units of days. ¢ is
the effective age of the concrete at the time of observa-
tion and t is the effective age of concrete at the time
of loading. The effective age ¢ is determined as

1
t=aJ Mds 2.18)
o 30

where ¢, is the true age of concrete in units of days,
T(s) is the ambient temperature in units of °C and «
is a coefficient related to the type of cement

1 for normal and slowly hardening cement
a= 2 for rapid hardening cement (2.19)
{3 for rapid hardening high strength cement

The proposed formula (2.8) was compared with the
test results and the ratio of the calculated to the obser-
ved values had a sample mean of 0.95 and a sample
coefficient of variation of 0.165. The sample consisted
of the data from tests in [15], [18], [19] since sufficient
informations on parameters were only available for
these tests.

3. The probabilistic model

Analogous with the deterministic formula (2. 8) the
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following probabilistic formula for the random creep
coefficient & (z, 1) is suggested

@t )=J (B, (D +Q; B, (¢, T+, B, (5, 1) 3.1
where J is a random variable taking into account model
uncertainty while @ is a random variable taking into
account  parameter uncertainty. @, is as in
(2.10)-(2. 13) but now the concrete composition expres-
sed by the slump measure is random as well as the
environmental humidity. The notional thickness r and
delayed modulus of elasticity ¢, are taken non-random
while the effective times ¢ and t are random due to
random temperature variation. If the random variables
J and @ are assumed uncorrelated and if the random-
ness in the temperature variation is ignored, the mean
value and covariance function of ®(t, 1) are, [29],

E[@(, 1)]=
EJB, (D) +E[Q1B, (¢, )+, B4(2, 1) 3.2)
Cov[®(1y, 1), (13, 1,)]
=(E[J]*+ Var [J]) Var [@] By (11, Ty) By(ea T5)
+Var[J] (B, (v)+E [®] B, (1, Ty)
+ 4B, (1, 1)) B, (t)+E @] B (15, 12)
+ ¢4 By (t2, 12)) (3.3

The mean value and variance of @, are from (2.10),
[29],
E[¢!]=E[(D,,]¢[2E[¢f3] (3.4

TABLE I
COMPARISON OF PREDICTED VALUES WITH TEST DATA

Lit. " c66  C0 C78 DIN, DIN, ACl  BCS
m 0.970 1.095 0.884 1.057 0.826 0.978 0.769
B8] 48 (% W, 221 46.1 19.2 510 19.6 64.9 17.9 (24 (*%
m o L165 1234 1034 0764 0920 0615 0956
(6. 8" W, 137 137 234 2.6 2.6 26 2.6 (8
m 0983 1035 1215 0903 1088 0730 093
sz 5 0 wamss s 2 2 6 i 3 W 82 B3 316 336 336 336 36 (30
i 129 m 1056 1085 0808  0.609  0.764 0603 0777 4 %
[18) s womsecnss = = i ( W, 195 20,9 202 14.7 163 15.4 16.4
- % m 1541 1221 1368 138 1210 0937
[19) oo wiosmtrie e o v o v W 153 273 188 26.8 20.2 15.0
20 5 m 0999 0788 0680 0833 0441 0786
[R0) 55 sanie 3 5 o mopnsnse v, 177 37.9 19.3 264 19.8 219
s mo 1864 2083 1224 1722 0923 1047
RAseonns s s o 0 s 0, 581 482 426 518 369 53.2
m 1071 1143 1417 1249 1229 0856  1.396
R AR R 4 v, 17.8 160 117 1.7 121 11.7 20,0 (4
m 0.707 0.707
7% I 10(% e .k a0 s
- m  L705S  L550 0919 0753 0777 0716
R4 v, 417 428 429 423 45.2 46.3
m 098 089 1261 085 109 0876  1.025
L R 170 % 106 174 196 22 190 249 237 a2 e
m o L14S L9 0929 0859 0829 0709
Qe 350 W, 208 207 268 234 291 4.7
pa— m 095 1000 0894 0697 0788 0583
*) W 270 18.5 23 216 238 278
RN M 1209 LI83 0966 0964 0834 0821 0899
219 v 2546 3293 2503 34.06 2531 3850 1902
v, 5420 3907 3637 3857 3639 4710 2409
(*) Comparison with the final creep value.
(**) Number of experiments which have been calculated by BCS method.
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Var [(1)[]= (P}2 (E [q,”]z Var [®;]+ Var [d’fx] E[‘I’fa]z
+Var[@,] Var[®]) (3.5)

The uncertainties in the different parameters are treated
next in detail.

Model uncertainty

The comparison between test results and results pre-
dicted by (2.8) suggests an expected value of 1/J of
0.95 with a corresponding coefficient of variation of
0.165. A histogram of sample points m,; shows that
1/J is well described by a log-normal distribution. J
can therefore be taken lognormally distributed with
mean value 1.05 and coefficient of variation 0.165.
Due to uncertainty in the laboratory conditions during
the tests, the coefficient of variation can be somewhat
reduced. Based on data in [30] it is suggested to use
values

E[J]=1.05
V,=0.13 } 3:5)

Uncertainty in concrete composition

The randomness in concrete composition is taken
into account by the random slump measure which is
assumed constant across the structure. Thereby it is
assumed that within structure variations generally ave-
rage out. The mean value and in particular the variance
of the slump measure depend on the knowledge of
the concrete composition. If no detailed knowledge is
available, the following values are suggested for the
random variable @,

1.30 wet concrete
E[®,3]= {1.05 normal concrete (3.7
? 0. 80 dry concrete

Vo,,=0.10

If the slump is measured, the uncertainty can be
ignored.

Influence of random temperature

The random temperature is taken into account by
using an effective time similarly to (2. 18). The relation
between the cffective age ¢ and the true age t, is taken
as

tzdf"(z(f)ﬂo
5 30

where o is given by (2.19), T(s) is the temperature
measured in units °C, and where the exponent p is
taken equal to 1 in C78 while it is suggested to take p
equal to 1.7 in [31].

The temperature variation is suggested to be model-
led by one of the following four formulas ordered
according to increasing complexity

TM=E[T] (3.9
324

)pds for T(s)>—10 (3.8)

T(H)=T (3.10)
T(t) =T+ A4, cos (27 f, +6,) @3.11)
T(t)=T+ A, cos(2n fit+0,)

+ A, cos (27 f,140,) 3.12)

where 1/f;=1 year and 1/f,=1 day. T is the mean
yearly temperature and 4, and A4, are independent
mean zero random variables describing the amplitudes
in the yearly and daily temperature variations.

When the effective ages are random, also the function
Ba Bs and B, (2.14)-(2. 16) are random. The function
By in (2. 16) is thus a random function B, (t, 1)

1/3

o Jl ((T(s)+10)/30)? ds
0

Bf(ts )= T
aj (T (s)+10)/30)? ds+{ (r)
0 /

a j " (T(s)+10)/30)7 ds
L 0 (3.13)

aJ‘I((T(s) +10)/30) ds+ (r)
[

With suitable assumptions about the distribution types
of T, A, and A, it is possible to calculate the mean
value and covariance function for B (t, 1) from (3. 13).
Numerical calculations do, however, show that the
uncertainty in the functions B, B; and B, are minor
compared to the other uncertainties. In most cases it
is therefore sufficient to use the simple model for T(t)
in (3.9). In that case the functions B,, B, and B, are
non-random.

Environmental humidity

In all reported test series the relative air humidity
was kept constant. The drying creep processes are in
reality influenced by some vapor pressure in the pores
and for constant air humidity a state of equilibrium is
developed for this pressure. The pressure can therefore
be measured in terms of this equivalent relative air
humidity and its influence on the creep process be
determined as in (2. 11).

When the relative air humidity is time varying, also
the vapor pressure in the pores varies with time and
so does the equivalent relative air humidity. The pur-
pose is now to determine the variation in the equivalent
relative air humidity from the variation in the relative
air humidity.

Measurements in W. Germany have shown that a
sufficient realistic model for the relative air humidity
variation is
W(t)=W,+A cos (27 f,1+8) (3. 14)

where 1/f,=1 year. W, is the mean relative humidity
at the location — W, may be known deterministically
or be a random variable. A cos (2n fyt+0) is the
variation around the mean value. The variation is taken
as a periodic process. The value of A was determined

TABLE II. — RELATIVE AIR HUMIDITY w(t)
MEASURED AT THREE DIFFERENT LOCATIONS IN WEST GERMANY,
w(t)=wo+4 cos (27 ft+0).

Location .. ....... Wo A
Munich .. ... ..... 78% 8%
Bochum. ..., ... 82% 7%
Rheinhausen . . . . .. 4% 8%

for 3 locations in Germany—see Table IL Figure 1
illustrates the effect on the creep development of
varying W, and of the periodic term 4 cos (2 Jot+9).

The variation of the equivalent relative air humidity
is found from a very simple model since only little
knowledge about the diffusion processes is available.
The variation is calculated for an infinitely long plane
wall of thickness 2d— Figure 2. Only a stationary situa-
tion is considered and the air humidity is assumed to
vary as e'***, The wall is assumed homogeneous and
a pore pressure p(x, t) found as the solution of the
diffusion equation

ap *p

—=D— 3.15
ot ox? ( )
with the boundary conditions

p(—d, )=p(d, )=e'2"* (3.16)

and D =the diffusion coefficient which is assumed cons-
tant. The equivalent relative air humidity r(¢) is found
by averaging p (x, t) over the thickness of the wall

1 d
f(l)=—fP(X, t)dt 3.1
dJo
The solution to (3. 15) is written as
px, )=H(x, f)e/* (3.18)
where H(x, f) is found as
H(x, f)=c cos[(l—i)‘ %fx:l 3.19

and the constant c is found by introducing the boun-
dary conditions (3. 16)

Hx, f)= cos[(1—i) /n‘f/ﬂ 3.20)
> cos [(1—i) /nfiDd] :

For r(t) the solution becomes

r(O)=H(f)e? = tan (1 .—i)geum (3.21)
1-ng
where

- [
s

The amplitude in the variation of the equivalent relative
air humidity is therefore ]H( f)[ times the amplitude
in the variation of the environmental air humidity.
From (3.21) |H(/)|? is found as
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YT To;

winter  summer winter summer

t

Fig. 1. — Sketch of seasonal variation of the creep coefficient for
different mean yearly relative air humidities.

2_ 1 cosh2E—cos 2§
[# (1 —zgl cos h2&+cos 2§ L

The equivalent air humidity is thus modelled as
R(0)=Wo+ |H(f)|A cos (2n fot+86) (3.24)

The second moment representation of U(t, 1)
=®;, B,(t, ) can now be calculated. When the air
humidity varies, the terms should be written as

U, I)=J.’d)/, (u)%(u, ) du (3.25)

i
|
3
Fig. 2. — Plane concrete wall. Time varying relative air humidity.

H(f)12

05

1 2 3 4 5 6

Fig. 3. — Amplitude reduction factor |H (f)|2.
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The mean value function is from (2. 11) and (3.25)
E[U(, x)]=f (4.5-$(E[WQ]+IH(f)]E[A]
X COS (27rf0u+9))) %(u, T)du (3.26)
u

and the covariance function is correspondingly

Cov[U(ty, ty), U(t,, 15)]=
rr L W+ [H(D|? Varla)
) 73

xcos (27 fou, +0) xcos (21 fyu, +6))

B,

au (U3, T;)duy du, (3.27)

X ip[(uu T,) %
u

The variance function can be easily obtained by taking
ty=t; and 1, =1,.

It follows from (3.26) that upper and lower bounds
on E[U(t, 1)] are

<4- 3= ’ZIE(E[WO] +[H(fy)] E[A])) Br6 DSE[UE, 1)

§(4A 5— i(E[WO]— [H(f0)|E[A]))B,(t, 7). (3.28)

Upper and lower bounds on the variance function are
correspondingly found from (3. 27)

S(Var(Wel— | H (f6)|? Var [4]) B(t, ©)2 < Var [U ¢, 1)]

= E;E(Var[wol‘*' [H(fo)fz Var [4]) B,(t, 1)* (3.29)

4. AN EXAMPLE

The mean value and the coefficient of variation of
the final creep coefficient for a 50 ¢cm x 50 cm concrete
column are estimated. The concrete is normally harde-
ning and categorized as wet. The column is loaded at
age 50 days. The mean air temperature is 15°C. The
mean yearly relative air humidity at the location is
estimated as 80% with a standard deviation of 3%. The
amplitude in the yearly relative air humidity variation
is estimated to have a mean value of 6% with a standard
deviation of 2%, The exponent p in (3. 8) is taken as 1
and the diffusion coefficient as 0.3 cm?/day.

The effective age at loading is (3. 8)

15+10
T=
3

50 days=41.67 days

The notional thickness is 25 cm and the values of the
B-functions (2. 14)-(2. 16) are

B, (1)=0.220
Ba(o0, 1)=1

326

B, (0, 1)=0.617

The value of & is calculated from (3.22)

=\/,,, LI 25(:m=2.117
365 days 0. 3% cm/day 2

and the variance reduction factor | H ()] follows from
(3.22

[H (fy)] =0.338

The ¢-factors have mean values and standard devia-
tions from (3. 28), (3.29) and (3.7)

57=4, 5—518(80+0.338.6)§E[¢,1]

=4. 5*i(80—0.338.6)=l 12
28

0.104=% [37-0.3382.22<D[g,,]

= lé /3*+0.3382.22=0.110

E[p3]=1.30 D[g,;]=0.13

[

Using the values for the model uncertainty in (3. 6) the
mean value and standard deviation of the final creep
coefficient @, follows from (3.2)-(3.5)

2.64<E[p,]<2.83
0.42<D[p,]<0.45

The calculation of several examples has indicated that
the coefficient of variation of ¢, usually may be expec-
ted between 15% and 20%. These calculations also
show that the model uncertainties generally are the
dominating sources of uncertainty when predicting
creep cocfficients.

5. SUMMARY

Various formulas suggested in national and interna-
tional codes for prediction of the creep coefficient have
been compared with experimental data. Some formulas
are found to give rather biased results. The formula
suggested by CEP/FIP in the 1978 Model Code appears
to be the best of the formulas. A slightly modified
version of this formula is given in the paper in a
simple mathematical form. Based on this formula a
probabilistic model for determination of the creep coef-
ficient is suggested. Mean values and variances for the
random concrete and environmental parameters in the
model are given next. The uncertainty in the relative
air humidity and its influence on the creep coefficient
is studied in some detail using a simple diffusion model.
It is finally demonstrated that the model is well suited
for hand calculations and the mean value and variance
of the creep coefficient is calculated in a specific case.

NOTATION

The following symbols are used in this paper:

E[] expected value;

Cov|[, ] covariance

Var|[ ], variance;

D[] standard deviation;

m, sample mean;

v, sample coefficient of variation;
n, sample size;

€, strain;

Cg, stress;

E( ) modulus of elasticity;

o, P9, ), creep coefficient;

Poos final creep coefficient;

Ba B,( ), irreversible creep strain function;
Bn Be(, ) flow creep strain function;

Ba Bal 5 ), delayed elastic creep strain function;

®4 @5, O, ©f, constants depending on concrete and
Dpy, @2 O3, @y environmental parameters;

% time;

w, W, relative air humidity;

T, temperature;

r, notional thickness;

A, area;

P perimeter;

s, S, slump measure;

o, coefficient related to type of cement;
T, model uncertainty random variable;
r(,) pore pressure;

D, diffusion coefficient;

r( ), equivalent relative air humidity;

H( ), transfer function;

i, \/?1 s

A frequency;
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RESUME

De la variabilité du coefficient de fluage du béton
structural. — On a comparé plusieurs Jformules proposées
dans les codes nationaux et internationaux pour la prévi-
sion du coefficient de fluage. On a trouvé que certaines
Jormules donnaient des erreurs systématiques. La formule
proposée par le CEB et la FIP dans le Code Modéle de
1978 semble la meilleure. On donne une version légére-
ment modifiée de cette formule sous une Jorme mathémati-

que simple. On propose, en s’appuyant sur cette formule,
un modéle probabiliste de dérermination du coefficient
de fluage. On donne ensuite des valeurs moyennes et des
variances pour le béton quelconque et les variables du
milieu. On étudie de fagon détaillée I'influence des varia-
tions d’humidité de Pair sur le coefficient de fluage a
Paide d’un modéle de diffusion simple. On démontre enfin
que le modéle est bien adapté pour les calculs manuels
et on calcule la valeur moyenne et la variation du coeffi-
cient de fluage sur un cas particulier.
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