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ABSTRACT

Tomlinson-Harashima Precoding (THP) for a wireless sys-
tem with multiple cooperative transmitters and non-coop-
erative receivers is considered (downlink channel). In the
literature THP has been optimized for this channel assum-
ing complete channel state information (CSI). But quality
of CSI is generally poor at the transmitter due to the time-
varying channel. We present a robust optimization of THP
and a combined optimization of THP and channel estima-
tion, which take into account the quality of CS1. They yield
a significantly improved robustness towards errors in CSI.

1. INTRODUCTION

The downlink of a wireless communication system with mul-
tiple transmit antennas and non-cooperative receivers with
one antenna each is considered. Precoding (pre-equalization)
is applied at the transmitter to reduce interference (space di-
vision multiple access). Tomlinson-Harashima Precoding
(THP)—a generalization of the work Tomlinson and Ha-
rashima (see references in {1, 2]) for intersymbol-interfer-
ence—is a non-linear precoder. It can be considered a one-
dimensional implementation of “writing-on-dirty paper” {3]
or successive encoding. Due to its non-linearity it achieves
very good performance, but it is also very sensitive to errors
in channel state information (CSI).

CSI is available at the transmitter from the uplink in
time-division duplex (TDD) systems or from (limited) feed-
back from the receivers. In both cases the—generally—
asymmetric assignment of time slots to the up- and down-
link and a time-variant channel lead to significantly out-
dated (partial) CSI at the transmitter.

In spite of such harsh constraints THP is convention-
ally designed assuming complete CSI: Zero-forcing THP
was presented in [4] and the minimum mean square error
(MMSE) optimization was introduced in [5. 2, 6].

But performance of THP degrades tremendously due to
outdated CSI at the transmitter. A robust optimization as-
suming partial CSI for zero-forcing THP was first presented
in [7]. For THP in case of cooperative receivers, where the
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linear prefiltering is still performed at the receiver, a similar
approach is given in [8] for a SISO system (without predic-
tion) and a heuristic solution was proposed by [4].

Applying the channel estimates to the THP solution as
if they were the true parameters, i.e., assuming small errors,
is the standard approach in case of partial CSI (Sec. 3.1).
Firstly, we optimize THP based on a mean square error
(MSE) criterion [S] and a paradigm from static stochastic
programming [9] assuming a stochastic model for the pa-
rameter errors. This yields an average robustness (Sec. 3.2).
The second approach performs a conditional mean (CM)
estimate of the MSE cost function given the observation of
a training sequence from previous uplink slots. This is a
general approach to a combined optimization of precoding
(equalization) and channel estimation (Sec. 3.3). Its solu-
tion shows, that linear minimum mean square error
(LMMSE) channel estimation is optimum together with a
robust design, which communicates size and structure of
the parameter errors to THP optimization. These methods
can also be applied to THP for frequency selective chan-
nels. The additional numerical complexity is small com-
pared to the complexity of the THP and LMMSE estimator
(Sec. 3.4). In Sec. 4 we briefly emphasize different aspects
of the new robust solutions, e.g.. their relation to regular-
ization, channel estimation, and compensation of imperfect
feedback. Finally, performance results in terms of uncoded
bit error rate (BER) show the gains obtained by a robust
optimization of THP (Sec. 5).

Our original contributions are: The CM estimate of the
cost function and combined optimization, different interpre-
tations of robust design for THP, and the extension ot our
previous work [7] to correlated channels and MMSE-THP.

Notation: Random vectors and matrices are denoted by lower
and upper case sans serif bold letters (e.g. b, B). whereas the
realizations or deterministic variables are, e.g., b, B. The opera-
tors Efe], (). ()™, and tr(s) stand for expectation, transpose,
Hermitian transpose, and trace of a matrix, respectively. & and
&1+ denote the Kronecker product and function, vec(B) stacks
the columns of B in a vector. e; is the ¢-th column of an N x N
identity matrix In.
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2. SYSTEM MODEL

Downlink Data Channel: Data symbols sq[n] € B with
E[sa[n]sa[n]!] = Ix and modulation alphabet B are first
reordered before being sequentially precoded (Fig. ). Non-
linear precoding requires a modulo operator M(e) at the
transmitter and receivers defined as

Re(z) _{_lJ o [

1\/1(3)::—{ i
with 7 = 2v/2 for QPSK symbols and defined elementwise
for a vector. The feedback filter F € CK*X is lower tri-
angular with zero diagonal to ensure spatial causality for a
realizable feedback loop. The output of the modulo opera-
tor is linearly precoded with P € C**¥ and transmitted
using M antennas over the channel H, € CK*M o K
receivers in the downlink (time slot ¢). The channel is as-
sumed constant during one time slot (“block-fading”™). The
non-cooperative receivers are modeled as G = F7'Ig.
Including white additive complex Gaussian noise nn] ~
N0, 021 i) the estimate of s4[n] before decision is
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Figure 2. Uplink training channel

Uplink Training Channel: In a TDD system the channel!
parameters for optimizing the THP parameters F' and P
can be estimated from N training symbols (per receiver)
sp[n] € CX (n € {1,...,N}) in an uplink link slot. As
an example we assume alternating up-/downlink slots and a
worst-case delay of 3 slots (due to processing the training
sequence) to the first uplink slot available with a training
sequence. The receive training signal is (Fig. 2)

Yolnl = Hyspln] + vln] € T, ne {1,... N} )
with additive white noise v,[n] ~ N;(0, 021 51). Collecting
all N training symbols in the columns of S|, € CK*V we
obtain
T MxN
Y,=H/S, +V,eC"

¥q = vec[Y,] = (S’pT @ Ing)hy + v, € VY,

where h, = vec[H]]. Considering training signals from Q
previous uplink slots the total observation is

¥y = Shr , +v, € CYNQ )
withhrg = (Wl g bl 5. ... b o0, |7 € COME y, —

[i(;r——.?t .)7;[‘—57 cee ,37;_(2@+1)]T, and S = IQ & S;)r © I
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The channel coefficients h, = vec[H]] are modeled
as a stationary zero mean complex Gaussian random vec-
tor with covariance matrix Cp = E[h,hl]. which is block
diagonal assuming E[hk_qh,?,’q} = Chp, 0k k- The k-th col-
umn of HT is by, ~ N(0,Cy,). For simplicity, we as-
sume identical autocorrelation 7[i] (normalized to r[0] = 1)
for all elements of hy and a time-difference of 4 slots: C'p
is Toeplitz with first column [r[0],7[2], ..., 7[2Q —2]]T and
C hr = Cr®Ch.

Based on this model the current channel parameters h,
may be estimated (predicted) by

h”] = que (5)
where W is an LMMSE estimator [10], for example.

Throughout the article we assume that first and second
order channel and noise statistics are given.

3. ROBUST TOMLINSON-HARASHIMA
PRECODING

THP is optimized based on its linear representation (Fig. 1),
where a[n] and &[n] describe the modulo operations at the
transmitter and receivers, respectively (see references in [1,
2]). MMSE optimization, which is superior to a zero-forcing
design, is considered. The MSE based on knowledge of the
channel parameters H , is defined as

fs(P, F,3; H,, Ms) = E[|d[n] — d[n]||3] =
tr (I — F)Cuw(Ix — F)1)+3 2t (c..,PHH;‘HqP)

37 Kol — 23 (Re ((IK - F)CWP“H;*)) . (6
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Spatial ordering is not considered here to simplify our nota-
tion, but the extension is straight forward [6, 2] and applied
in the simulations. For the derivations the widespread as-
sumption C,, = diag[o}, ]/, is made.

To emphasize the generality of our approaches we intro-
duce the set of parameters to be optimized P, which includes
the constraints of the optimization: {P, F, 3} € P. Addi-
tionally, required model parameters, which we assume to be
perfectly known, are collected in Mg = {02, |X | o2}

=11

3.1. Standard Solution

The optimization problem for MMSE-THP based on a com-
plete knowledge of H  is

Jin fs(PLF. % H yy Ms) st tr (PCWP )g Pr,

F': lower triangular, zero diagonal 7
with average transmit power constrained by Pr. The stan-
dard approach treats an estimate H , (5) as if it was error-
free, and sets H, = H, (Fig. 3). Under this assumption
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Figure 1. THP for downlink data transmission with A/ transmit antennas and K non-cooperative receivers: Representation
with modulo operators M(e) (upper diagram) and equivalent linear representation (lower diagram)

the solution of (7) is' [6, 2]

Py = [pS,lr cee :pg,]\'] with (8)
-1
A (k) H ~(k I\’O’r‘) A (k),H
Ps = (H&) HE; ) +P_T"IM> H;) er,
Fs=(fs,...,fsk] with ©)
Ok nr
-1

Fsp =05 1:‘;1»') Ps k>

where Js is chosen to satisfy the power constraint with equal-
ity, H g’“) denotes the first & rows, and ’H}Ik} the last K — k

rows of H,: Hy = [HT, 1P T|T.
‘ ./\/l's

Optimization of Precoding
™ Ps = argmin fs(P; Hy, Msg)
PeP

Yplnl, | A,
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Figure 3. Standard optimization of THP

3.2. Robust Optimization
In the standard approach only the channel estimate was com-
municated to the optimization (Fig. 3). Now, we extend this
interface passing also information about the first and second
order error statistics to THP optimization (Fig. 4).

From the point of view of optimization the true channel
h, = vec(H} ) is a random variable, with the linear model

(10)

for the estimate h,, (5). The estimation error 6 is described
by its mean E[6] = 0 (for simplicity) and covariance matrix
Co =E[(h, - ﬁq)(hq - hAq)H} an
=Ch+WC,W" - WCy, - CLW".  (12)

h,=h,+6

L Although it is a non-convex problem the solution can be found explic-
itly via the Lagrange function and KKT conditions [6. 2].
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As hy = vec(H]') we have a model of the error @ in H, =
H, + 0 with Cgn = E[@" O] as needed for robust THP.
Based on this error model we define the MSE on average

given H :
fr(P, F,53; Hy, Mg) = Egl[fs(P, F,3; H, + @), Ms].
(13)

This yields a robustness on average in contrast to worst case
robustness as obtained by a min-max formulation. The ro-
bust optimization problem is similar to (7)

in (5(P.F. 3 Hy, Mg) st tr (PCWPH) < Pr,

F : lower triangular, zero diagonal (14)
with the solution following the steps in [6, 2]

Pgr =[pg,.---»Pr k] With (15)
Prk = Or (Hff)’ﬂﬁff” +Cou + [;,(;'2' IM) —lﬁf,k)’Hek;
Fr=[fr1,--- frrl with (16)

Frp =05 [ ‘;f‘tn?{ ] P

The additional statistical information about the estimation
error leads to a structured loading of the inverse in pg .
The set of model parameters (Fig. 4) is extended to Mg =
{Ms,.E[O],Conu}.

Ao Error

v, 1] tg- Co * Ms ‘Modcl
= Channel > Robust THP Optimization Pr
N .

3p[n] |Estimation| Pg| PR = argg;jﬂ fr(P; Hg, M)

Figure 4. Robust optimization of THP

3.3. Conditional Mean Estimate of Cost Function

The robust optimization allows for a THP design, which
takes into account size and structure of the estimation errors.
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It remains to choose/optimize the channel estimator W (5).
Although many alternatives for W are available [10], we
would like to find the optimum estimator for the THP. Any
choice would be heuristic and a performance comparison
would be necessary. The goal is to optimize the precoder
directly based on the available observation y, (4) about the
channel coefficients. Additionally, for our model (Sec. 2)
the conditional probability density function p,,lyq(hq]yq)

(PDF) is complex Gaussian with moments By, = Elhy|y,|
and Chy, = E[(hy — pppy, )y — payy, )" 1y,]

Py, =Ry =Wy, W =Chy. S"(SCh, S+ 07 T r1n¢)
Chiy, =Ch~ WSChyp, a7

where Cpp, = E[hyhY | = [r[3],7[5],. .., r[2Q+1]]@C4
and W is equivalent to the LMMSE estimator [10].
Given y, the CM estimate of the cost function (6) is:

fo(P, F, 3y, Mc) = By, [fs(P, F, 8; Hy, Ms)ly, |-

(18)
The new cost function depends explicitly only on the obser-
vation y,. It can be easily shown that the cost function is
equivalent to fr (P, F, 3; H ;, Mg) with the LMMSE es-
timate H, and Cgn = Cuuyy, = Zi;l C;rkiyq- Thus,
the solution is given by (15) and (16) with Cgu = C Hi|y,
Mc = {/MSaCHHIyq})'

+ Mc
yq_[ri Combined Optimization
of Channel Estimation Pc
& Precoding >
sp[n] .
—»Pc = argmin fc(P; Y, Mc)
PeP

Figure 5. Combined optimization of THP and channel esti-
mation based on the observed training sequence y,

3.4. Numerical Complexity

For comparing numerical complexity we assume an LMMSE
estimator (17) for standard and robust (combined) optimiza-

tion. The comparison also holds in case ordering optimiza-

tion is included. The additional complexity is given by

C gu., which is based on (17), and of O(M*K2NQ).

4. INTERPRETATION OF RESULTS

4.1. Tikhonov Regularization

The robust cost function (13) can be expressed in terms of
the standard cost function (6)

fr(P,F,3; H, Mg) = fs(P, F, 3; H,, Ms)
T8 % (chHC@HP) . (19
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The second term penalizes the norm of the linear prefilter P,
i.e., it regularizes the solution. Decreasing the norm of P
leads to smaller amplification of the estimation errors and
reduced sensitivity in performance. Similar solutions are
known from least squares [11. 12] with a stochastic error in
the model. The second term can be written in terms of a
sum of weighted norms of the columns p;, of P

B
tr (CWP“CQHP) =S oL piCenp,  (20)
k=1

The weighting matrix C gu incorporates the error structure
in the solution.

4.2. Improved Channel Estimation
The CM estimate of the Gramian of H, is [13]

- ~AH .~
E[H H,ly,] = H, H, + Cyp . @21

This term also appears, when writing the CM estimate of the
cost (18) explicitly. As computation of the Gramian changes
the statistics, this has to be taken considered when designing
the estimator. The standard approach intuitively applies the
maximum likelihood invariance principle [10] to the case of
a stochastic parameter model. where this principle does not
hold. If H, is not an LMMSE estimate, we can think of

—— ~H .~ .
HiUH, = H, H,+Cen, (22)

which occurs in the robust cost function (13), as an im-
proved estimate of the Gramian H'H,.

4.3. Compensation for Imperfect Feedback Filter
The structured loading term in the inverse (15) incorporates

. . .olk ~(k
knowledge about estimation errors in H q " and ’Hfl ). As

Py and P only depend on H gk), the forward filter Py
compensates for imperfect interference cancellation in the
feedback. This observation is confirmed, when the solution
Fs from (9), which depends on ﬁq, is applied to (6) and
the resulting cost function is optimized for P.

4.4. Relation of Robust to Combined Optimization
As discussed above the solution from robust (13) and com-

bined optimization (18) are identical for

fiq = vec(ﬁ;r) = Ly, Con = CHHIyq. (23)

This shows that LMMSE estimation is optimum for MMSE-
THP design. it its error covariance matrix is considered in
the inverse in (15). A heuristic choice of the estimator W
is needed for robust optimization. Moreover, for robust op-
timization no assumption about the PDF of H,, or its condi-
tional PDF is made, only knowledge about the 1st and 2nd
order moments is assumed. On the other hand, for the solu-
tion ot the combined optimization joint Gaussianity of the
channel and observation is required.
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5. PERFORMANCE EVALUATION

Simulation parameters: QPSK data symbols, A = 4 trans-
mit antennas in a uniform linear array (half wavelength spac-
ing), and K € {2,4} receivers are used. Transmitter and
receivers are modeled as in Sec. 2. All complex Gaussian
channel coefficients have the same Jakes power spectrum
with maximum Doppler frequency fy = 0.08 (normalized
to the slot period), i.e., a max. speed of ~ 65 km/h for slot
frequency 1500 Hz at 2 GHz as in TDD-CDMA. The az-
imuth directions of the receivers’ channels are Laplace dis-
tributed with means [—15°,0°, 15°] and standard deviation
10°. Random QPSK sequences of length N = 30 are used
for training in the uplink. (Robust) spatial ordering (Fig. 1)
is included s‘imilarly to [5]. An LMMSE channel estimator
W is employed, i.e., the solutions for robust and combined
optimization are ldbntlﬁ,dl (23) with this choice. The sym-
metric slot allocation from Sec. 2 is chosen. A comparison
with other robust methods (e.g. min-max) is not possible
in this article as—to our knowledge—this is the first robust
THP design for non-cooperative receivers.

Results: Figures 6 and 7 show the uncoded average BER
for K = 2and K = 4. If no LMMSE channel estimation/pre-
diction is performed, i.c., channel estimates outdated by 3
time slots are used (QQ = 1), the BER saturates at 0.5. Per-
forming LMMSE channel estimation based on the received
training sequences from Q = 5 previous uplink slots and
applying the standard solution (7) yields a significant im-
provement. But still the performance degradation compared
to complete CSI is large. Robust or combined optimization
of THP (cf. Egs. 13 and 18) results in an improvement of
about 3dB for K = 2 and 4dB for ' = 4 at a BER of
0.01. The gain is larger for A* = 4 as the sensitivity of THP
increases with the system load, i.e., the BER degradation is
larger than for /' = 2. There is no saturation for robust and
standard THP in the shown SNR range due to prediction and
same SNR in training and data channel. The performance
gains are mainly due to the rich structure in C'yu v,
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