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ABSTRACT to overlap only with its immediate neighboring subcarriers
. . : . which not only simplifies equalization in the absence of CP,
Being sensitive to carier frequency offset (CFO) is knoan t but also improves the robustness of the system against a po-

be one of the main drawbacks of multicarrier systems. In thi?ential CFO. By employing offset quadrature amplitude mod-
paper, the effects of CFO on a filter bank based multicarrierIation (OQAM) the full capacity of the transmission band-

system (FBMC) in a multipath fading channel are discusse Width can be achieved in FBMC systems.

where an ideal root-raised cosi_ne (RRC) filter with roII-Qﬁ The effects of CFO on single carrier systems and CP-
factorl is used as the prototype filter which enables analyticah rp systems have been extensively studied in the litera-
derivations of the interference caused by the CFO. Based Q{yre, e g., [2][3][4]. There has been several recent works on
these results, an approximation on the SNR degradation witihis aspect in FBMC systeme,g., [5][6], which are in gen-
very small CFO is also given. Numerical experiments as weléral based on studies and simulations of practical systems.
as Monte Carlo simulations are done to verify the analysishis work, by employing an ideal RRC filter as the prototype
and the accuracy of the approximation in FBMC systems. Ailter in FBMC systems, we provide exact analytical results
comparison with the SNR degradations in cyclic prefix basedhat are comparable to the work done with CP-OFDM sys-
orthogonal frequency division multiplexing (CP-OFDM) sys tems. Thg performance metric employed to compare the two
tems has indicated an advantage of FBMC systems as beif§Stems is th&\R degradation D(c) defined as

more robust to frequency misalignments. D(e) = SINR(0)|as — SINR() as, @

1. INTRODUCTION wheree £ fTA;fR is the CFO between the transmitter fre-
quencyfr and t{1e receiver frequengy normalized with the

Despite their well-known advantages such as the ability tgubcarrier spacing\f, and SINRe) denotes the signal-to-
support high data rates through frequency selective clignneinterference-plus-noise ratio as a functionsofin addition,
one of the main drawbacks of multicarrier systems is theitve assume that there is also a phase offséetween the
sensitivity to synchronization errors in the frequency dam transmitter and the receiver, and the system is perfectly sy
[1]. The CFO is mainly caused by Doppler shift due to mobil-chronized in the time domain. Further more, we restrit
ity and the inherent difference between the oscillatorhiat t be in the rangg—0.5, 0.5], as the integer part of the normal-
transmitter and receiver. It typically destroys the oriog-  ized frequency offset does not affect the SINR.
ity between adjacent subcarriers and results in an attemuat
of the desired signal and the introduction of intercarngeii- 2. TWO IMPLEMENTATIONS OF MULTICARRIER
ference (ICI) and possible intersymbol interference (ISI) MODULATION

OFDM with cyclic prefix (CP) is by far the most popular
special case of multicarrier systems and has been adoptedTime equivalent baseband models of the CP-OFDM system
many current applications and standards. It has an efficietaind the FBMC system are shown in Fig. 1, where the receive
implementation by using the fast Fourier Transform (FFT)signal is corrupted by the carrier frequency and phasetoffse
and requires very simple equalization as long as the CP et the front end of the receiver. In FBMC systems, the real
ceeds the delay spread of the channel impulse response. Hoand imaginary parts of the modulated data symbols of%ate
ever, the CP is purely redundant in terms of information andhre first separated by the “C2R” module and multiplied with
considerably reduces the bandwidth efficiency. On the othet,, ; = ;™! which results in an actual transmission rate%of
hand, FBMC systems provide a better spectral shaping of suland then modulated by the synthesis filter bank (SFB) which
carriers than OFDM systems by careful designs of the protadniformly shifts the prototype filtep(t) in the frequency to
type filter. In FBMC systems, each subcarrier is designedover the whole signal bandwidth, and outputs the sum of
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iL l:]i“, where Np denotes the length of CP, and the received signal
—Ps| s s AFB_WM ' after the removal of the CP is given by
| g M g1k = CIK H Kly[k] +nlk], @

whereH [k] € CN*N contains the channel impulse response

of the block and is a circulant matrix due to the CP, ayfk]

) represents the additive white Gaussian noise at the receive

Fig. 1. Equivalent baseband system models If no compensation of the CFO is considered before the

DFT at the receiver, the received OFDM symbol in the fre-
quency domain is given by

signals gssocigted yvith all subcarriers. At the rgceim,si z[k] = FCKH[KF"z[k] + Fnlk]

the received s_lg_nal is passed through the analysis filtek ban Ulk| Al [K] + Frlk], @3)

(AFB) where it is demodulated and filtered by the matched ] ) ) o

filter of p(t), and the complex modulated symbols are recovWhere A[k] € CY*V is a diagonal matrix containing the

ered from the detected OQAM symbols. Both SFB and AFBPF T Of the channel impulse response &ifk] ¢ C**" isa

can be implemented efficiently with an IFFT/FFT module fol- circulant matrix defined by

lowed by polyphase filtering, yet the complexity of FBMC Ulk]

systems is typically higher than CP-OFDM systems.

(b) FBMC system model

. . N,
e]¢ej27r5k(l+Tp)

In the next we consider the RRC filter with roll-off factor v (e, 0) vn(e, N—1) -+ wn(e1)
1 as the prototype filtew(t) which has the frequency response vn(e 1) v (e,0) o ovn(e2) @)
Tcos ™2 0<|f] < &, : : :
Hrre(f) = { {COS 2 ‘f|*>|f|%j T vn(e, N=1) vn(e,N—=2) -+ wvn(e0)

whereT is the symbol duration. The better spectral shaping ofvherevy (e, n) = L S(rle—n)) gjm =i E=2

— n(e—n
sin Te=m)

subcarriers of such a system as compared with the CP-OFDM From (3) and (4) it can be seen that the symbol detected

system is illustrated in Fig. 2. on subcarrier is scaled in magnitude by (¢, 0)]|, rotated

. ) Npy . e(N—1) .
by el (#+4Hn) gi2mek (14 3) ei™ =5 and further interfered
3. REVIEW ON THE EFFECTSOF CFO ON by received symbols on the other subcarriers scaled by the
CP-OFDM SYSTEM corresponding off-diagonal elements Gfk]A[k]. For co-

herent demodulation at the receiver, the phase rotationldho
With a CP longer than the channel impulse response, the daji@ estimated and we assume that it is perfectly compensated.
transmission in CP-OFDM systems is independent from blockjoreover, we assume that the data symbols transmitted on
to block, where each block containé modulated data sym- each subcarrier are independent from each other, and that th
bols which is usually referred to as an OFDM symbol. Letpower is uniformly allocated to all subcarriers. The SINR on
the k&th OFDM symbol bex[k] € CN. The transmitted vec- subcarriem can then be expressed as
tor before the insertion of the CPigk] = Fz[k], where

2 2
F € CV*¥ is the unitary DFT matrix. The effect of CFO  SINR,(¢) = v (e, OF 1 Hn " P

| ) . N—1 ’
can be formulated into a diagonal matrix [3] as Z lun(e,n’ —n)|?|H, |*Ps + E[|Fn|?]
. . N, . e . e(N—1) ’
Clk] = ¢'* - eI2mek(1+57) diag {1,e’*™~ ... *" N}, :’;2



where Ps is the transmit power for each data symbol, andchannel coefficient on subcarrier denoted byH,,. As a re-

E[|Fn|?] equals the noise power on one subcarrier as the DF3ult, (8) can be further formulated as

operation does not change the power. I 3
For flat fading channels and for smakuch thate| < 1, (m(t) e ) ® p(t)

: . . t:l.%
[3] has provided an approximation &f(=) as Nel oo By
10 1\ SNR+1 5, =Hy > > du b we™ T w(e, An, Al),
@~ 1" %3 me, ®) o=
In 10 N2 3 n i
where SNR stands for SINR) for simplicity. whereAn = n —n/, Al = 1 — I, andw(e, An, Al) as a

function of the normalized CF®, subcarrier offsetAn and

symbol offsetAl is defined as
4. EFFECTSOF CFO ON FBMC SYSTEMS
e— An

+oo
AN JTAITf _

As introduced in Sec. 2, with OQAM modulation, the trans- (& A A = (/700 c Hero(f 7 Hrro(f)df
mit signals(t) in an FBMC system can be written as

Nel 4oo T ) Consequently, we have

s(t) = Z Z dn',l'en',z’p(t—llg)eﬂﬂ%(till%) N—1 +oo -
n/=01'=—co R = dp R Hnejd’(s’”’l’"/’l’)w(s, An, Al) ¢,
o= T o n’Z:Ol':Z—OO ! { }
=D Y dwadwaplt = U ©)

n'=01'=—oco Whereequ(e,n,l,n’,l’) é ejgi)ejﬂl’sejﬂnAle—j%(An+Al)_ Again
wherer’ is the subcarrier index, is the symbol index in the W€ assume that with the help of pilot symbols, the phase of
transmit data sequenck, ;s = 6, ye 9™ andd, , € R Hype?®™bmb can be perfectly estimated and compensated,
is alternatively the real or imaginary part of the QAM symbol Which results in
loaded subcarriet’. Note that the subcarrier spacing in such Nel oo
a system equals/T. Ri=[Ho| | D > duyon(e, An, Al)

The received signal(t) as indicated in Fig. 1 is given by n'=01'=—co
r(t) = (h(t) @ s(t) + n(t)) - 7T (M +oo

and then passed through the AFB and sampled at each output drn(e,0,0)+ 3 dnrn(e,0, Al)

at rate %. The detected symbol on subcarrierat symbol 1’7;{”

index!, namelydn,l, is therefore expressed as ©)
N—1 +oo

dna = RN (a(t) - 7T ) @ (1) + + D D dwpan(e, An, Al | - Hyl,
’ ’ t:l-% n'=01'=—o00
n'#n
* i j2m £t ~ .
R {Aml e’ ("(t) T > ®p(t) t:l%} where the definition
2 R + Ro, an (g, An, Al) 2 §R{6*1%(An+Az)ej7rAz(n75>w(6’An’ Al)}

wherez(t) = h(t) ® s(t), p(t) is the matched filter 0b(t)  applies. Note that,, (¢, An, Al) is the weight of each symbol
which is known to be(?) itself, and we denote the two SUM- {5 the detected symbd, ;. In (9), the first summation term
mation terms a#, andR,. Note thato denotes the convolu-  represents the desired signal, the second stands for the ISI
tion operation and denotes the complex conjugate operation.op the detected subcarrier, and the last indicates the @I pl

Let the frequency response oft) be X(f). Applying |5 from all s ; .
. — ymbols on the other subcarriers. When signal
T1() andS( 1) are the frequency recponse bf s muipatnPO1er IS concemed, the squarecaf(z, An, A1) should be
d y resp PaMtaken and subscript can be dropped sinde’™ 4" | = 1.

channel and the transmit signal, as well as It is assumed as before that the symbols on all subcarriers
(m(t) ) ejzna%t) ® p(t) in the data sequence are independent from each other, and
t=1-F each has a power d¥% /2, i.e,, the power of the original QAM

Foo — symbols isPs. The SINR at the detection is given b
- / TEIX(f -2 Tn)HRRc(f)df» (8) Y i hiisg y
oo SINR,.i(¢) =
Since Hrre(f) is only nonzero forif| < £, the effective (e, 0,0) (10)
integral range is restricted b € [— %, ). Within the band- N e , b2
width of this range we assume that the shifted channel fre- > Y a’(e, An, Al) — a®(¢,0,0) + H, 7P

quency responsf (f — =) is roughly a constant,e., the n/=01'=—co0



which follows fromE [R3] = o?/2 as the real operation 1

halves the noise power. Due to the assumed constant trans- 10° 1

mit power, the detected symbol indéin (10) can be set to | TR RSRA S R P K Ry

0 for simplicity. If the channel is flat fading, the subcarrier %\10 Rt e o b «»,Om

indexn can be dropped as well. g0 : i
Based on the above analysis, the effects of CFO on the 21 107} |

desired signal include: its magnitude is scaledhify, 0, 0); c{loﬁi

its phase is rotated by as defined earlier, which is to be

compensated by the phase synchronizer; it is distorted by IC e e TRV

and ISI, which only depend on the channel condition on the 0% T 335313;5AZ)

detected subcarrier. wllz 0200021, A1)

4.1. ICl and ISl Analysis

When there is no CFO, the transmultiplexer under study with

;
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Fig. 3. Power attenuation factors

both ideal RRC filters at the transmitter and the receiver pro

vides perfect reconstruction of the signia,

1, An=Al=0,

(0, An, Al) = { 0,  otherwise

With a nonzercs, the two immediately adjacent subcarriers

e a(e, An,+£1), An = 0,41 contribute to the main part
of interference.

and one of the secondly adjacent subcarriers, depending on o )
the sign of:, contribute to the interference. Due to the sym-4-2- Approximations With Very Small CFO

metry of the frequency respongézrc(f), we discuss only
the case that > 0 in the following.

The analytical expressions of the nonzewr(e, An, Al)
terms are given as follows:

_1_€ jﬂmé[ € _ €

w(e, 0, Al) = (1 2)6 2 cos 75 sinc (Al(l 2))

1. € 1 . €
+ 5 sinc <(Al +1)(1 - 5)) + 5 sinc ((Al -1 - 5))} ,
w(e, —1, Al) = li;aej”m% {coswl sinc Al ;E

1. 1—¢ 1 . 1—¢]
+ 3 sinc(Al + 1)? + 3 sinc(Al — 1) > |
w(e, 1, Al) = ﬂeﬂm% |:COS7T€ —1 sinc AlS —g !

1 . e+1 1 . e+1]
+ 3 sinc(Al + 1) 3 + 3 sinc(Al — 1) 5|

w(e, 2, Al) = %ej"m(%fl) |:COS7T <% - 1) sinc Al%

1. e 1. €
+ 5 sinc(Al + 1)5 + 5 sinc(Al — 1)5] .

Analytical and numerical studiegg., from Fig. 3 where
the variations ofo? over increasing symbol offsétl| are
demonstrated, show that

e a(5,0,0) = w(e,0,0) = (1—=5)cosms +

sin

"3 <1

us

e a(e,£1,0) = 0, i.e, there is no pure ICI from the ad-
jacent subcarriers;

e «af(e, An, Al) converges t® when|Al| — oo, yet the
convergence of(e, An, Al) is oscillatory due to the

multiplication of sinc functions with a sinusoidal term;

For |e] < 1, we neglect the termsa(e, An, Al), |Al] > 1
and apply the approximationsn(z) ~ x, cos(xz) =~ 1 — %
andlog,(1 + x) ~ %5 to obtain an approximation d(¢)
as

10 3-SNR+4 , ,
bEe)~ G016 "¢
Compared with (5), it can be seen that the approximated SNR
degradations are both proportional to the squarg ahd the
degradation in FBMC systems is obviously smaller since the
SNR in both approximations are linear and hence positive.

(11)

5. NUMERICAL RESULTS

In this section, the theoretically derived SNR degradation
and their approximations in CP-OFDM and FBMC systems
are numerically evaluated. Monte Carlo simulations are als
done to verify these results. The number of subcarméiis
chosen to equal024, and for CP-OFDM system, the length
of CP is set taV/8. Although in Sec. 3 and Sec. 4 the effects
of CFO in multipath channels have been studied, we simulate
here only with the AWGN channel to make a general com-
parison of the two systems, since it has been shown that the
SNR degradation in the FBMC system only depends on the
channel condition of the subcarrier of interest.

In Fig. 4, D(e) with ¢ up to 0.2 are shown, where the
SNR is fixed to0 dB. For the FBMC system, a slight gap
between the theoretical and simulation curves can be read,
which is due to the truncation of the RRC filter to the time in-
terval[—5T, 5T in Monte Carlo simulations, which is shown
to cause the system to be more sensitive against CFO as com-
pared to FBMC systems with ideal RRC prototype filters. On
the other hand, the approximations bfs) as given by (5)
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Fig. 4. SNR degradations vs. normalized CFO in CP-OFDM andFig. 6. Normalized CFO to cause SNR degradation8.of 1 and3

FBMC systems with AWGN channel and SNRO dB dB vs. SNR in CP-OFDM and FBMC systems with AWGN channel
12 T T T T T
L e 00 channels. Exact SNR degradation expressions as well as thei
i CpOFDM. € =005 '," approximations are reviewed for the CP-OFDM system and
_ oll-=-cPorome=0a o F | derived for the FBMC system. The advantage of FBMC sys-
£ | e- Covorom, s=02 iy tems as being less sensitive to CFO than CP-OFDM systems
S gll-S- FBMC.c=02 A has been proved both by theory and simulations. The SNR
% ‘ degradations analyzed in this paper serve as an upper bound

on real FBMC systems, since an ideal RRC prototype filter
has been assumed which can not be implemented in practical
systems. However, the analysis can help with CFO estimation
and resource allocation in FBMC systems.
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