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Abstract

Die Finanzkrise hat gezeigt, dass die Annahme von konstanten Kovarianzen nicht giiltig
ist. Diese Arbeit beschéftigt sich daher eingehend mit der Modellierung von stochastischer
Kovarianz in den Finanzmarkten und entwickelt Techniken, die es erlauben die stochastis-
che Kovarianz als Risikotreiber in die Bewertung von Derivaten miteinzubeziehen. Wir
behandeln zwei Modelle naher, eines mit stochastischer Varianz und deterministischer
Korrelation, ein anderes mit stochastischer Varianz und Korrelation.

Fiir das erste Modell kénnen wir mit Hilfe von partiellen Differentialgleichungen und der
Separationsmethode semi-analytische Losungsformeln fiir Barrier-Optionen herleiten. Im
zweiten Modell wenden wir Approximationstechniken der Storungstheorie an, um leicht
zu berechnende und gut konvergierende Approximationen fiir Nicht-Vanillaprodukte mit

mehr als einem Basistitel zu finden.






Abstract

The financial crisis has shown that constant covariances are an assumption which is not
valid as correlations tend to increase in extreme market events. This thesis covers ap-
proaches to model stochastic covariance risk in financial markets, and develops techniques
to incorporate stochastic covariance as a risk driver in the pricing of derivatives. We treat
two models, one with stochastic variance and deterministic correlation, one with stochas-
tic variance and stochastic correlation, more closely.

For the first model we find a semi-analytic pricing formula for double-barrier options us-
ing PDEs and the method of separation. In the second model we apply the techniques
of perturbation theory to find simply computable and well converging approximations for

non-vanilla products with more than one underlying.
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Introduction






Chapter 1

Introduction

1.1 Literature overview and purpose of the thesis

In 1973 Black and Scholes published their famous ﬁer on the pricing and hedging of
. Hoson b

contingent claims ] And even though Dupire , Heston [65] or Stein and Stein
} — just to name some of the papers — extended the model to relax its most rigorous
assumptions, such as a constant volatility, the basic Black Scholes framework is still used
as a standard to quote implicit volatility. Another assumption — the one underlying —
has first been relaxed in literature by Margrabe in his paper on exchange options E]
where he found a closed-form formula for (max(S; — Ss,0)) by a handy choice of the
numeraire, where S; denotes the price of the stock i. Stulz ] and Johnson [73] priced
options depending on the minimum or maximum of two and more underlyings at maturity
time 7. He et al. | found a closed-form solution for the joint distribution of the
maximum/minimum and maturity values of two assets in a two-dimensional Black-Scholes

framework @] and priced barrier and lookback options with two underlyings.

During the last two decades the popularity of structured derivatives on several underlyings
has increased, e.g. as a component of certificates. In the late 1990s the Société Générale
has marketed the so-called mountain range options. Annapurna (barrier option), Altas
(call on average performance with worst and best performer removed), Everest (payoff
dependent on worst performer in basket) and Himalayan (payoff dependent on best per-
former in basket) are basket products and depend on the performance of the best/worst
performing asset in the basket [16]. Those products have been sold in certificate struc-
tures to retail investors as well.

The Bank of International Settlements conducts semi-annual and more comprehensive tri-

ennial surveys dﬂ] The years between the 2007 and 2010 BIS surveys are characterised
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by an extreme growth in OTC derivatives that peaked in the first half of 2008, and a
subsequent reduction in positions. The decline in amounts outstanding of derivatives on
all types of risks is partly due to trade compression following the bankruptcy of Lehman
Brothers in September 2008. But even though the decline in stock prices during the cur-
rent crisis resulted in much smaller positions in the equity segment of the OTC derivatives
market (notional amounts outstanding of equity-linked contracts fell by 28% to 7 trillion,
whereas gross market values dropped by 23% (forwards and swaps) and 37% (options)

|) and the sophistication of payoffs decreased, the crisis showed a need for more re-
alistic models. Instead of improving pricing and hedging algorithms for more and more
complex payoffs the interest has now shifted to relax long believed assumptions, like the
one in small neglectable interest basis spreads between different payment frequencies, or
the determination of the credit value adjustments (CVA) to the price of OTC derivatives.
The importance of the management of counterparty risk by applying bilateral netting and
collateral arrangements has increased. In the aftermath of the Lehman bankruptcy many
banks have founded CVA desks to actively manage the counterparty risk. The exposure
from unrealised P&L towards a certain counterparty can be treated as a complex hybrid
derivative. The accurate modelling of relationship patterns has, thus, become even more

important.

The growth of market volume and increase of sophistication in the late 1990s and the first
years of the new millennium induced a growing interest in the literature to relax the most
rigorous assumptions of the Black-Scholes framework, e.g. deterministic volatility. And
since recently — also fuelled by the crisis which clearly showed that correlations increase
in extreme market events — the assumption of constant covariance and correlation has
been tackled in more detail. The performance of a portfolio or any multi-dimensional
derivative greatly depends on the joint behaviour of the underlyings, i.e. the variances
and correlations. In multi-dimensional econometrics the authors have put their effort in
accurately modelling the volatility /covariance dynamics. ARCH-GARCH models (e.g.
Bollerslev et al. Mi and multi-dimensional stochastic volatility models (e.g. [61], Eg,
, B]) have been applied to explain the dynamics in the markets. Chib et al. ]
observes in his multi-dimensional stochastic volatility framework that the correlation pat-

terns change over time.
Ramchand and Susmel @] fit a switching ARCH model to weekly international stock
market returns and find evidence of different correlations across regimes. In particular
correlations between the U.S. and other world markets are on average higher when the U.S.
market is in a high variance state as compared to a low variance regime. Ball and Torous
| model the correlation as a latent variable and find evidence that the estimated corre-

lation structure is dynamically changing over time. Andersen et al. B] uses model-free
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estimators and observes that volatilities and correlations move dynamically. Moreover,
the correlations among different stocks tend to be high/low when the variances for the
underlying stocks are high/low, and when the correlations among the other stocks are also
high /low E] Engle @} developed the Dynamic Conditional Correlation (DCC) model,
which allows the conditional correlation matrix to vary over time. Skintzi and Refenes
summarised some stylised facts about implied correlation and its dynamics studying an
implied correlation index |. They confirm an effect already observed before: There
is a systematic tendency for the implied correlation to increase when the market index
returns decrease and/or the market volatility increases, which indicates limited diver-
sification when it is needed most. The authors also observe a long-run dependence in
correlation.

In continuous-time finance literature Bakshi and Madan suggested a stochastic covariance
model for two underlyings in B], which is also applied by Dempster and Hong B] to price
spread options. In this thesis we work in that framework to extend the Fourier pricing
formulas to price barrier options and extend the results mentioned before by He et al.

| to derive the joint probability of hitting times.

There are some problems with the modelling of correlation as a risk driver: One is the
model to choose to keep the correlation between —1 and 1 and the other is the intractabil-
ity because the number of parameters grows exponentially when the dimensions are in-
creased. Emmerich ] tries to model correlation directly by a process which stays
between —1 and 1. However, this model is analytically not tractable and difficult to
expand to more than two dimensions. Gourieroux et al. |, Philipov and Glickman
BD] and da Fonseca et al. @], @] propose the use of Wishart processes to model
stochastic multivariate covariance matrices. This approach is rather cumbersome when
it comes to estimation and simulation. Pigorsch and Stelzer [93] and Muhle-Karbe et
al. @] present a multivariate stochastic volatility model of OU-Wishart type, which is

analytically tractable, however the dimensions also increase.

In the framework we propose in dﬂ] we try to tackle particularly the problem of tractabil-
ity (also see ]) We use principal component analysis to reduce the dimensionality
of the framework to make it more tractable. This approach has been used before by
Alexander (see B], M]) for the orthogonal GARCH model. Due to the affine structure of
the here proposed model, vanilla options can be easily priced. Path-dependent options
like barrier options can be approximated applying perturbation techniques (see e.g.
} for an introduction). In finance this method has been applied to option pricing
under a stochastic volatility model by Fouque et al. (see e.g. ‘ﬁj dl?)i‘ H

I, M]) The approach has also been applied to various option types, e.g. exotic
options in @], Asian options in ], defaultable bonds in B] and has been extended to
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multi-dimensions B] .

1.2 Summary of the results and contributions to the

literature

The main objective of the here presented thesis is the incorporation of stochastic co-
variance as a risk driver into pricing models. We treat two models, one with stochastic
variance and deterministic correlation, one with stochastic variance and stochastic corre-
lation, more closely. The first model has been proposed by Bakshi and Madan E] In that
model we show how barrier options can be valued by combining Fourier techniques with
the method of images when we assume a correlation p = —cos(*), where n is a natural
number and n > 1 between the two underlying assets. We, thus, extend the Generalized
Fourier framework of Lewis @] to two dimensions and show that the Fourier transform
can also be used for path-dependent options. Furthermore, we show how different Fourier
techniques (e.g. Lipton @], Dempster and Hong B}, Lewis @], see Schmelzle for a sum-
mary Eﬂ]) are related to each other. It can be numerically shown that the prices converge
to the Black-Scholes formula counterparts when we assume a degenerated stochastic co-
variance model, which tends to a two-dimensional Black-Scholes model.

Using PDEs and the method of separation we finally also find a semi-analytic pricing
formula for double-barrier options in this framework for any —1 < p < 1. These results,
however, make it also clear that an analytic solution for barrier options in more involved
models, i.e. when the covariance is driven by more than one common factor, can be ex-
cluded. Concluding, we extend the findings of He et al. M] and Zhou Eg], M] by
allowing for a third factor in the model which governs the covariance of the two underly-
ings. We derive prices for double-barrier options, and derive the joint probabilities of the
survival time. The solution for the pricing formula is easy to implement and the pricing
algorithm performs quite well. The pricing is implemented and compared to the Fourier
technique pricing.

The pricing formulas are then used to value certificates under issuer risk. Issuer risk
is the risk of loss on securities and other tradeable obligations because the issuer does
not fulfil his contractual obligations due to his insolvency. So far, most of the time the
prices of certificates have not been adjusted for the issuer risk, which means that many
investors might actually pay too much for the risk they acquire. Pricing securities under
counterparty risk can be traced back to Merton @] Johnson and Stulz M] analysed

the counterparty risk in option pricing. They used a firm-value model and assumed that
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the vulnerable option presents the single debt of the company. A huge increase in the
derivative’s value, thus, rises the risk of default of the company. This approach is only
appropriate when the derivative is the only or the predominant source of funding of the
counterparty. Klein @] as well as Klein and Inglis [79] choose a firm-value model to
account for the issuer risk and to model the dependencies between the issuing firm and
the underlying. We follow their approach in that regard, and condition the payoff of the
certificate on the survival of the issuer: The certificate only pays the total investment and
gains back as long as the issuer has not defaulted, i.e. its asset value has not fallen under
a certain barrier.

In a next step we propose a model with stochastic correlation. To reduce complexity we
do not model the covariance or correlation as such but the eigenvalues and eigenvectors.
For tractability we set the eigenvectors constant but assume the eigenvalues stochastic.
An empirical analysis shows that the eigenvalues are driven by a time-scale which varies
in the order of days. Thus, our model allows that the eigenvalues are driven by a fast
mean-reverting Cox-Ingersoll-Ross process. Our model easily extends the Heston model
to more underlyings: We allow for stochastic volatility and at the same time for stochastic
correlation among assets and between variance and assets as well as between assets and
correlation. The basic stochastic principal component model is an affine model for which
the characteristic function is available and allows for easy calibration to plain vanilla
instruments. Even some parametrisations of the extension to the stochastic principal
component model which is presented here feature an affine characteristic function. As
stated before, a closed-form solution for more involved payoffs cannot be found using
PDE techniques. Thus, we show how perturbation theory can help to find easy and well
converging approximations to non-vanilla options on two correlated underlyings. Further-
more, we give a proof and some test calculations for the convergence. Hence, we extend
the results of Ilhan et al. | to price by the means of perturbation theory two-asset
barrier options.

Hence, in this line of development, our work improves previous literature on correlation
risk: The here presented model assumes stochastic correlation between the assets, and

pricing stays feasible.

1.3 Structure of the thesis

In the following we give some guidance on the structure of the chapters. The thesis
is split in three main parts: the introduction with the mathematical preliminaries in
Chapter 2] the first main part in Chapter B which consists of all results for the stochastic

covariance model, and the second main part in Chapter @, which deals with the stochastic



8 1.3 Structure of the thesis

correlation model.

The chapter about the mathematical preliminaries (see Chapter ) is on its part divided
in seven sections. Section 2] introduces the probability space, Section familiarises
the reader with the concepts of distribution and characteristic functions, which are
needed in Chapter Bl for the Fourier pricing technique. In Section we cover not
only Ito’s Lemma, but also the martingale representation and the Novikov condition
which we require in Chapter @l  Section 2.4 explains diffusion processes which lead
an important role throughout the main part of the thesis. Another important result
is the Feynman-Kac theorem which is presented in Section In that section we
explain the connections between stochastic differential equations (SDEs) and partial
differential equations (PDEs). In Section we illuminate the basic assumption of the
Black-Scholes framework, the risk-neutral valuation. Section .7 introduces the concepts

and transformations we apply in Chapter 3 to solve PDEs.

Chapter Bl is composed of four main parts. In Sections [B.1] and we introduce
the reader to the framework and give rational for our model choice. The second part is
dedicated to pricing derivatives with Fourier techniques (see B4, where we extend the
Fourier technique of Lewis @] to price barrier options and find a solution for certain
correlation values. We extend our findings in Section by using PDE techniques. The
findings of the previous sections is applied to pricing certificates under issuer risk in
Section

Chapter @l consists of four major parts, in the first one ([LIHEZ]) we introduce the framework
and give some basic results of the instantaneous volatilities and correlations. Section
comprehends the empirical analysis of stock data for the components driving the
eigenvalues. In Section 4] we price single-barrier options. And, finally in Section
we price double-barrier options by approximating the price by means of the perturbation

theory.



Chapter 2

Mathematical preliminaries and

definitions

2.1 Probability spaces and stochastic processes

In this chapter we want to provide the mathematical preliminaries for the models intro-
duced later in this thesis. We limit the illustration here to definitions and propositions,
which are important in this thesis. For the description of the theory we use Zagst ,
Bingham and Kiesel ], Feller ], (Oksendal E

particular.

], and Karatzas and Shreve [76] in

Definition 1. (Oksendal [@/, Definition 2.1.1, p. 7f, Measurable space, probability space)

If Q2 is a given non-empty set, then a o-algebra F on §) is a family F of subsets of §2 with
the following properties:

i. e F,

ii. A€ F = AC € F,where AY = Q\ is the complement of A € Q,

121. 2[1,%2,6]::>‘21: UQ[ZE.F

=1

The pair (2, F) is called a measurable space. A probability measure Q on a measurable
space (Q, F) is a function Q : F — [0, 1] such that

i. Q(0)=0,9(Q) =1,
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. If Ay, As, ... € F are pairwise disjoint (i.e. 0;(\A; =0 if i # j), then
i=1 i=1

The triple (2, F, Q) is called a probability space. A set Ay € F with Q (Uy) = 0 is called
a (Q—) null set. (2, F, Q) is called a complete probability space if F contains all subsets
of the (Q—) null sets.

If a measure space (§2, F, Q) is not complete it can be easily completed by adjoining the
set A of all subsets of the (Q—) null sets. To do this we extend F to ?Q, which contains
all sets of the form AU, with / € F and 2, € Ay, and we extend the measure Q to the
measure Q by setting Q(A U Ay) = Q(A) for all A € F,Ay € Ag. This process is called

completion. We additionally introduce the notion of filtered probability spaces.

Definition 2. (Zagst, ], Definition 2.8, p. 15, Filtration)

A filtration F is a non-decreasing family of sub-sigma-algebras (.7-}),520 with Fy C F and
Fs C Fpforall0 < s <t<oo. Wecal (Q,F,Q,F) a filtered probability space, and

require that

i. Fo contains all subsets of the (Q—) null sets of F,

1. F us right-continuous, i.e. Fy = Fyi = Mgy Fs.

(Q, F, Q,T) is a complete filtered probability space, if F as well as each F;, 0 < s < t < 00,
is complete. We require complete filtrations only and Definition [2] expresses this: For the
completion of the filtration it is sufficient to complete the sigma-algebra Fy only, due
to Assumption (ii) of Definition 2l However, if Assumption (ii) is not fulfilled, the (Q—
completed) filtration may be adjusted by setting Fp = Fip forall 0 <t < oo. The process

of making a filtration complete and right-continuous is called (Q—) augmentation of F.

One can think of F; as the information available at time ¢, and F = (F}),,, describes the
complete flow of information over time assuming that no information is lost in the course

of time.

Definition 3. (Oksendal [@/, p. 9, Random vector, distribution function)

A random vector X is a real function @ — R d € N, which is measurable with respect
to its underlying o-algebra F. For d =1 X is a random variable. The function F' defined
by F(x) = Q(X < ) is called the distribution function of X.
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To describe the behaviour of the financial instruments, their volatility and correlation we

will use stochastic processes.

Definition 4. (Zagst m/, Definition 2.9, p. 15f, Stochastic process)

A stochastic process is a family X = (X;)i>0 = (X(t)),5¢ of random vectors X (t) defined
on the filtered probability space (0, F, Q,F). The stochastic process X is called

i. adapted to the filtration F if Xy = X (t) is (F;—) measurable for all t > 0,

i. measurable if the mapping X : [0,00) x @ — RId € N, s
(B ([0, 00 )) ® F — B (R?) —) measurable with B ([0, oo ))®F denoting the product
sigma-algebra created by B ([ 0,00 )) and F, where B(2l) denotes the Borel sigma-
algebra of A,

iii. progressively measurable if the mapping X : [0,t] x Q@ — R d € N, is
(B ([0,t]) ® F, — B (R?)) measurable for each t > 0.

Note that for each t fized we have a random variable

wr— X (t,0),

with @& € €.

When fizing © € ) we have a function in t, i.e.
t— X (t,0),

which is called a path of X(t). If the paths are continuous, i.e. t — X (t,0) is a

continuous function for Q-almost all @, X (t) is a continuous process.

Definition 5. (Zagst ,@], Definition 2.13, p. 17, Natural filtration)

Let (2, F, Q,F) be a filtered probability space and X be a stochastic process adapted to the
filtration F. The natural filtration F(X) is defined by the set of sigma-algebras

F=F(X(s):0<s<1),0<t< o0,

with F (X (s):0<s<t) being the smallest sigma-algebra which contains all sets
X)) ={weQ: X(s,0) € A},0 < s <t where A runs through the Borel sigma-
algebra B (R?) ,d € N. Again, we claim that F(X) has undergone a (Q—) augmentation,

if necessary, to ensure that Conditions 1. and 2. of Definition[2 are satisfied.
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An important example for a stochastic process is the Wiener process.

Definition 6. (Karatzas and Shreve M], Definition 2.1.1, p. 47f, d-dimensional Wiener

process, Brownian motion)

Let d € N and x be a probability measure on (Rd,B(Rd)). Let W = (Wi)so be a
continuous, adapted process with values in R?, defined on some filtered probability space
(Q, F, QX F(W)). This process is called d-dimensional Brownian motion with initial dis-
tribution x, if

. QX(W(0) e ) = x(A), VA€ B(RY,

ii. the increment W (t) — W (s) is independent of W (t") — W (s") for all 0 < s" <t" <
s <t < oo, and is normally distributed with mean zero and covariance matrix equal
to (t — s)14, where 1; is the (d x d) identity matriz,

1i. W has continuous paths Q- a.s.

If x assigns measure one to some singleton {x}, we say that W is a d-dimensional Brow-

nian motion starting at X.

It is notationally and conceptually helpful to have a whole family of probability measures,
rather than just one. Thus, we want to define the concept of a so-called Brownian family.

For that introduction we need the following concept.

Definition 7. (Karatzas and Shreve [@/, Definition 2.5.6, p. 73, Universally measurable)

Given a measurable space (2, F), we denote by ﬁx the completion of the Borel o-
field B(F) with respect to the finite measure x on (2, F). The universal o-field is
U(F) = ﬂx mx’ where the intersection is over all finite measures (or, equivalently,
all probability measures) x. A U (F) — B (R)-measurable, real-valued function is said to

be universally measurable.

Definition 8. (Karatzas and Shreve [@], Definition 2.5.8, p. 73, Brownian family)

A d-dimensional Brownian family is an adapted, d-dimensional process W = (W (t)),~, on
a measurable space (S, F) with filtration F and a family of probability measures { Q*}, cpa
such that

i. for each A € F, the mapping x — Q* () is universally measurable,
i. for each x € RY, Q*(W(0) =x) =1,

1. under each QX, the process W is a d-dimensional Brownian motion starting at x.



2 Mathematical preliminaries and definitions 13

A basic concept we will need later is the so-called martingale.

Definition 9. (Zagst /, Definition 2.16, p. 18, Martingale)

Let (Q,F, Q,F) be a filtered probability space. A stochastic process X = (X(t)),s is called
a martingale relative to (Q,F) if X is adapted, Eg [|| X (t)||] < oo for allt >0, and

Eo=[X(t)|F]=X(s) Q—as. forall 0<s<t<o0.

We have seen that the Brownian motion has independent increments, thus, for W (t) =
W(s) 4+ (W(t) — W(s)) the knowledge of the whole past up to time s provides no more
useful information about W (t) than knowing the value of W(s). This is known as the

concept of a Markov process.

Definition 10. (Karatzas and Shreve [@‘], Definition 2.5.10, p. 74, Markov process)

Let d € N and x be a probability measure on (]Rd,B (Rd)). An adapted d-dimensional
process (X (t))i>0 on some probability space (2, F, QX) with filtration F is said to be a

Markov process with initial distribution x if

i. QX(X(0) € A) = x(A),V A € B(RY,

. for s,t >0 and A € B(Rd),

QX (t+s)ed|Fs) = (X (t+s)eP|X(s)), QX —a.s. (2.1)

Analogously to the Brownian family we define the Markov family.

Definition 11. (Karatzas and Shreve [@/, Definition 2.5.11, p. 74, Markov family)

A d-dimensional Markov family is an adapted, d-dimensional process X = (X (1)), on a
measurable space (€2, F) with filtration F and a family of probability measures {Q*}, cpa
such that

i. for each A € F, the mapping x — Q* () is universally measurable,
i. for each x € RY, Q¥(X(0) =x) = 1,

iti. for each x € R?, 5, >0 and A € B (R?),

Q (X (t+s)eU| F) = (X (t+s) €| X(s)), Q° — a.s. (2.2)
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iv. for eachx €RY, 5,t >0 and A € B (Rd),
(X (t+s)eU| X(s)=1y) = (X(t)eA), Q*X(s) ' — a.e. v, (2.3)
where Q*X (s)7' = Q{0 € Q: X(s,w) € B(RY)}.

And as we have already seen:

Theorem 1. (Karatzas and Shreve [@‘/, Theorem 2.5.12, p. 75)

A d-dimensional Brownian motion is a Markov process. A d-dimensional Brownian family

1s a Markov family.
The Brownian family is even strongly Markovian. To explain this concept we first need

to introduce stopping and optional times.

Definition 12. (Zagst M/, Definition 2.18, p. 20, Karatzas and Shreve [%], Definition
1.2.1, p. 6, Stopping time, optional time)

Let (Q, F, Q,TF) be a filtered probability space. A stopping time with respect to the filtration
F = (Fi)s0 is a (F = B([0,00]) —) measurable function v : Q — [ 0,00 ) with

{1 <ty ={0eQ:(w) <t} e F forallt €0, o0). (2.4)
A (F — B (]0,00]) —) measurable function * : Q2 — [ 0,00 ), satisfying
{" <ty ={weQ:(v)<tye F forallt €0, ). (2.5)

is called an optional time with respect to the filtration F = (F}),5-

Definition 13. (Karatzas and Shreve M/, Definition 2.6.2, p. 81, Strong Markov pro-

cess)

Let d € N and x be a probability measure on (Rd,B (]Rd)). A progressively measurable,
d-dimensional process (X (t)),~, on some probability space (2, F, QX) with filtration F is

said to be a strong Markov process with initial distribution x if
i. QX(X(0) eA) =x(A),VAeB(RY,
it. for any optional time o* with respect to F = {F},, andA € B (]Rd),

QX (" +t)eA| Fry) = (X (" +t) e AIX (7)), Q¥ —a.s. on (¥ < 00).
(2.6)
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Accordingly, we define the strong Markov family.

Definition 14. (Karatzas and Shreve [@], Definition 2.6.3, p. 81, Strong Markov family)

A d-dimensional strong Markov family is a progressively measurable, d-dimensional pro-
cess X = (X(t)),5o on a measurable space (2, F) with filtration F and a family of proba-

bility measures { Q*}, cpa such that

i. for each A € F, the mapping x — Q* () is universally measurable,
ii. for each x € RY, Q¥(X(0) =x) =1,

iii. for eachx € R, t >0, A€ B (Rd) and any optional time " of F = {Fi} -,

X (T Ht)eUA| Frp) = (X (" +1t) eA|IX (7)), @ —a.s. on (1" < o0),
(2.7)

iv. for eachx € R, t >0, A€ B (]Rd) and any optional time 1* of F = {Fi},5,
X+ eA X =y) = (X)), X)) —aey (28)

Definition 15. (Zagst [@/, Definition 2.23, p. 22, Local martingale)

Let (2, F, Q,F) be a filtered probability space and X = (X;)i>0 be a stochastic process with

X (0) =0. If there is a sequence (itn)nen of non-decreasing stopping times with

Q(lim ¢, =00) =1 (2.9)
n—0o0
such that
X" = (X{")i0 = (Xian, )0, tA Ly :=min{t;e,} (2.10)

is a martingale relative to (Q,F) for all n € N, then we call X a local martingale. The
sequence (Ly)nen is called localizing sequence. If X is a local martingale with continuous

paths, we call X a continuous local martingale.
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2.2 Distribution functions and characteristic func-

tion

2.2.1 Notations

First, we introduce some concepts and notions.

Definition 16. (1@/, p. 7, LP[a,b]- spaces and their norm)

L? is the space of Lebesque-measurable functions f on [a,b], summable of degree p, with

the norm .
1
1/l = (/ | (@)[")»dzx (L? — Norm). (2.11)
Definition 17. (1@/, Space of continuous functions)

Cla, b] is the space of continuous functions f defined on a segment [a, b], with the norm

[f[]':= sup {|f(2)| [ = € [a, b]}. (2.12)

C*[a, b] is the space of functions f with continuous derivatives up to and including order

k,k € N, on the interval (a,b), with the norm

IF1:= > sup {|f(2)"] |« € [a,b]}- (2.13)

Definition 18. (1@/, Absolute continuity)

A function f defined on a segment [a,b] is called absolute continuous if for any e, there
exists § > 0 such that for any finite system of pairwise non-intersecting intervals (ay, by) C
(a,b), k=1,...,n for which

n

> (b —ax) <6, (2.14)

k=1

the inequality

Z | f(br) — flap)| <e (2.15)
holds.

Definition 19. (1@/, Hélder continuous)
A function [ defined on an open domain D, D C R, f: D — R, is called (uniformly)

Hélder continuous to the exponent o € (0,1 | iff there exists a positive real number = such
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that for all x, ' € D,
() = f@)] <Elz—2'|". (2.16)
Definition 20. (1@/, Analytic function in a domain)

A function f(u), defined in a domain D, is said to be holomorphic (analytic) at a point
ug € D if there exists a neighbourhood of this point in which f may be represented by a

power series:

Flu) =" a,(u—u)" (2.17)

If this requirement is satisfied at every point ug of D, the function f is said to be analytic

(holomorphic) in the domain D.

Definition 21. (1@/, Lukacs [@/, p.12, Singular function)

A non-constant function f which is continuous on the interval (a,b) and non-decreasing

with f(a) < f(b) whose derivative % is almost-everywhere zero on the interval on which

it is defined is called singular.

Definition 22. (B], Reed [@/, p. 37, Scalar product for vectors and complex-valued

continuous functions)

The inner product of two d-dimensional vectors a = (ay,...,aq) and b= (by,...,bq) over

the complexr numbers is given by
d —
(a,b) = aby, (2.18)
i=1

where b; describes the complex conjugate. The scalar product (f,g) of complez-valued

continuous functions on the interval [a,b] is defined by

b
(f.9) = / fgdz. (2.19)

Definition 23. (1@/, Even and odd functions)

An even real-valued function f does not change sign when the sign of the independent
variable is changed, i.e. satisfying the condition f(x) = f(—x). A real-valued function
that does change sign when the sign of the independent variable is changed, i.e. satisfying
the condition f(x) = —f(—x), is called an odd function.
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Definition 24. (Kdnigsberger [@/, p. 52, Gradient)

Let D be an open set in R, If the function f : D — R is differentiable, then Vf is a

function defined by
b~ f @) - Vi) bl

2.2
h—0 Al 0 (2.20)

where - describes the scalar product.

Definition 25. (Kdnigsberger [@/, p. 61, Laplace operator, Poisson equation)

The Laplace operator Af :=> " 0*f is given as the sum of all (unmized) second partial

i=1"1
derivatives of a function f : D — R, where D is an open set, D C R The equation
Af =0 is known as Laplace equation. The inhomogeneous form of the Laplace equation,

i.e. Nf =c, is known as Poisson equation.

2.2.2 Distribution functions

In this chapter we give an overview of distribution functions and their characteristic
function. We start by introducing the theory in R!. For the description of the theory we
use Lukacs @] and Feller ]

Definition 26. (Lukacs [@/, p. 10, Distribution function)

A point function F on a line is a distribution function if

i. F'is non-decreasing, that is, a < b implies F (a) < F (b),
ii. F'is right-continuous, that is F' (a) = F (a+),

iii. F(—o0) =0 and F(o0) < 0.

F is a probability distribution function if it is a distribution function and F(oco) = 1.

Theorem 2. (Lukacs ,@], Theorem 1.1.3, p. 12)

Every distribution function F(x) can be decomposed uniquely according to
F(x) = qFy(x) + @Fu(x) + s Fy(z). (2.21)

Here Fy, F,., Fy are three distribution functions. The points of increase of Fy are all
discontinuity points. The functions F,. and Fy are both continuous; however F,. is ab-
solutely continuous, while Fy is singular. The coefficients ¢, <, <3 satisfy the relations
120,0>20,g>0anda+a+g=1.
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For a proof see Lukacs M], p. 11f. A distribution function is called pure if one of the
coefficients in the Representation (Z21]) equals one. For pure distribution functions we use
the expression discrete distribution function if ¢; = 1, absolutely continuous distribution

function if ¢ = 1, and singular distribution function if ¢3 = 1.

2.2.3 Definitions and properties of the characteristic function

Integral transforms, defined by [*° G(u,z)dF(x) (provided that the integral exists as

a Lebesgue integral), with suitable kernels G(u,z) are a useful tool for the analysis of
distribution functions. In the following we will cover the kernels: z*, |x|k, e“r e The

first two transform F'(x) into sequences, the latter into functions of the real variable w.

Definition 27. (Lukacs [@/, p. 17, Algebraic and absolute moments)

Let X be a random variable with probability distribution F'. The algebraic moment of
order k of F(z),x € R, is then given by

ap = / a*dF(z). (2.22)
Similarly, the absolute moment of order k of F(x) is defined by

b= [ el arta). (2.23)

o0

Theorem 3. (Lukacs [@], Theorems 1.4.1 and 1.4.2, p. 19)

The algebraic moment of order k of a distribution function F(x) exists if and only if its
absolute moment of order k exists. Suppose that the algebraic moment of order k of F(z)

exists then the moments o, and 3, for all orders n < k exist.

For a proof see @], p. 19.

Definition 28. (Lukacs [@/, p. 18f, Feller [@/, p. 499f, Moment generating function

and characteristic function)

Let X be a random variable with probability distribution F(x). The moment generating
function of F(z),r € R, (or of X ) is the function M defined for real u by

M(u) = /_oo " dF(z). (2.24)

o0
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For absolutely continuous distributions with a density f,

M(u) = E "] = / e ) da. (2.25)

—00

The characteristic function of F(x) is defined by

o) = E [ = /_ " e P () = i(u) + i), (2.26)
where

w(u) = /_00 cos(ux)dF(x), w(u)= /_00 sin(uz)dF(x). (2.27)

We see that M (iu) = p(u). ¢ is the Fourier transform of dF.

Definition 29. (Kénigsberger [@/, p. 325, Fourier transform)

Let f be a Lebesgue-integrable function on R. Then, the Fourier transform of f, the
function f : R — C s defined by

f(u) = / f(x)e™*dz, u€ R, (2.28)
[ is continuous and bounded by ||f]|,.

The following properties of the characteristic function can be derived from the character-

istics of the Fourier transform.

Theorem 4. (Lukacs [@/, Theorems 2.1.1 and 2.1.2, p. 22, Feller ZE/, Lemma 1, p.
499)

Let p(u) = w(u) + iw(u) be the characteristic function of a random wvariable X with
distribution F'. Then

1. © 18 continuous,
ii. ©(0)=1, |o(u)] <1 for all u,
ii. aX + b has the characteristic function ¢ (au),

. o(—u) = p(u), where the horizontal bar atop of ¢ denotes the complex conjugate of

>

v. w(u) is even and w(u) is odd. The characteristic function is real if and only if F

18 symmetric,
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vi. forallu: 0 <1—w(2u) <4(1—w(u)).

For a proof see Lukacs M}, p. 22f, and Feller M], p. 500.

Theorem 5. (Lukacs [@/, Theorem 2.1.3, p. 23)

Suppose that the real numbers <, sz, . .., s, satisfy the conditions ¢, >0, > ;o = 1 and

that @1, ..., p, are characteristic functions. Then

p(u) =Y srpr(u) (2.29)
k=1
1s also a characteristic function.

For a proof refer to Lukacs @], p. 23.

2.2.4 Characteristic function and the moments of the distribu-

tion

There is a close connection between the characteristic function and moments. Let us first

define the first and higher (central) differences with respect to an increment u by

Alf(y) = fly+u) = fly—u) (2.30)
and
Apaf(y) = AYALf(y). (2.31)
Theorem 6. (Lukacs [@/, Theorem 2.3.1, p. 27f)

Let p(u) be the characteristic function of a distribution function F(x), and let

Agpp(0)
— 2.32
be the 2nd (central) difference quotient of p(u) at the origin. Assume that
| Asp(0)

Then the 2kth moment cwy, of F(x) exists, as do all moments of order n, n < 2k. More-

over, the derivatives o™ (u) exist for all w and forn =1,2,...,2k and
o™ (1) = 2”/ e dF(x) (n=1,2,...,2k), (2.34)
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s0 that o, = i "™ (0).

For a proof see Lukacs M}, p. 27f. The following corollary follows directly.

Corollary 1. (Lukacs [@/, Corollary 1 to Theorem 2.3.1, p. 29)

If the characteristic function of a distribution F(x) has a derivative of order k at u = 0,
then all the moments of F(x) up to order k exist if k is even, respectively up to order
kE—11if k is odd.

2.2.5 Uniqueness and inversion

The uniqueness of characteristic functions is laid out in the following theorem.

Theorem 7. (Lukacs ,@], Theorem 3.1.1, p. 35, Uniqueness theorem)

Two distribution functions Fy(x) and Fy(x) are identical if and only if their characteristic

functions p1(u) and @s(u) are identical.

For a proof refer to Lukacs M], p. 35f. The density can be computed by inverting the

characteristic function provided that the assumptions of the following theorem are valid.

Theorem 8. (Feller M/, Theorem 3, p. 509, Inversion theorem,)

Let o be the characteristic function of the distribution F and suppose ¢ € L. Then F

has a bounded continuous density f(x),x € R given by

f(z)=F'(x) = L /OO e~ o (u)du. (2.35)

2 J_ o

The proof is given in M], p. 509f.

For the convolution of the distribution function the following is true.

Theorem 9. (Lukacs ,@], Theorem 3.3.1, p. 45, Convolution theorem,)

A distribution function F' is the convolution of two distributions Fy and Fy, that is

Fly) = / " Ry - 2)dFy(a) = / T Ry - o)dR() = (F« B)(y),  (2.36)

o —00

if and only if the corresponding characteristic functions satisfy the relationship

p(u) = @1(u)ps(u). (2.37)
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For the inversion of a product of characteristic functions the following is valid.

Theorem 10. (Titchmarsh /, Theorem 40, p. 59)

Let o1 (u) be the characteristic function of fi, @1, fi € L, and let fo(x) belong to L (so
that its Fourier transform @o(u) is bounded). Then /2wy (u)ps(u) belongs to L and the
Fourier transform of the latter expression is ffooo filx —y) fa(y)dy.

For characteristic functions of the class L? the Plancherel theorem indicates the conver-

gence.

Theorem 11. (Titchmarsh M], Theorem 48, p. 69, Plancherel’s theorem)

Let f(x) be a density function of the class L?, and let

o(u, a) :/ f(z)e™ dz. (2.38)
—a
Then, as a — oo ¢ converges in mean over (—oo,00) to a function p(u) of L%; and
reciprocally
1 ¢ ,
f(z,a) = by /a o(u)e”""du (2.39)

converges in mean to f(z).

Theorem 12. (Titchmarsh /, Theorem 49, p. 70, Parseval’s formula)

If fi(z), e1(u), fo(x), wo(u) are Fourier transforms as in the above theorem, the following

equations hold:

/°° o1(u)pa(u)du = /°° fu() ol —)d, (2.40)

/_°° o1 () palw)du = /_°° fu(o) Fal ), (2.41)
/_m o (w)Pdu = /_°° £ () d, (2.42)

where the horizontal bar atop of ¢ (fo(x) respectively) denotes the complex conjugate of
© (fa(z) respectively).
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2.2.6 Characteristic functions in higher dimensions

The theory of characteristic functions in higher dimensions is closely parallel to the theory
in R
Definition 30. (Feller M/, p. 521f, Characteristic function in higher dimensions)

Let X be a vector of random variables Xy, Xo, ..., X, with probability distribution F (X).
The characteristic function of F' (or of X ) is the function ¢ defined for real u

o(w) = E [¢t™] = /R aE (u) (2.43)

The Fourier transform can also be formulated in R
Definition 31. (Kénigsberger [@/, p. 325, Fourier transform)

Let f be a Lebesgue-integrable function on R%. Then, the Fourier transform of f, the
function f :R? — C is defined by

fu):= | fx)e¥dx, ueR% (2.44)
Rd

A

[ is continuous and bounded by | f|l, and (u,x) is the scalar product with u =

(ul, U, . .. ,ud).
One of the main theorems, the inversion theorem still holds true.
Theorem 13. (Feller 1@/7 p. 524, Inversion theorem in higher dimensions)

Let o (u) be the characteristic function of the distribution F (x) and suppose o (u) € L.
Then F (x) has a bounded continuous density p (x) given by

p(x)=F'(x)= (271r)d /Rd e~ (1) du. (2.45)

2.2.7 Analytic characteristic functions

We introduce now the class of analytic characteristic functions. In the following we denote

by w and w real variables and by u = w + iz a complex variable with w, @ € R!.
Definition 32. (Lukacs ,@], p. 130, Analytic characteristic function)
A characteristic function o(u) is said to be an analytic characteristic function if there

erists a function E(u) of the complex variable w which is regular in a circle |u| < ¢
(¢ >0) and a constant = > 0 such that E(w) = p(w) for |w| < Z.
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This can be expressed in an informal manner (see @], p. 130) by saying that an analytic
characteristic function is a characteristic function which coincides with a holomorphic

function in some neighbourhood of the origin in the complex wu-plane.

Theorem 14. (Lukacs [@], Theorem 7.1.1, p. 132)

If a characteristic function p(u) is reqular in a neighbourhood of the origin, then it is
also reqular in a horizontal strip and can be represented in this strip by a Fourier integral.
This strip is either the whole plane, or it has one or two horizontal lines. The purely
imaginary points on the boundary of the strip of reqularity (if this strip is not the whole

plane) are singular points of p(u).

Eroof can be found in M], p. 130ff. The following example is based on an example in
]

Example 1. Tuake the characteristic function

olu) = (1- 21, (2.46)

a

with a € R. This function satisfies the elementary necessary conditions for characteristic
functions, namely p(—u) = o(u), p(0) = 1, |p(u)| < 1 for real u. It has a singularity on
the imaginary azis in w = —ia, i.e. the function is reqular near the origin in the strip
—a < J(u) < oo, where I(u) denotes the imaginary part of u (see Figure [21). In this

example we find that the strip of reqularity is bounded by one horizontal line in I(u) = a.

Strip of regularity

Boundayl%y

-1 —0.8 -06-04-02 0 02 04 06 08 1

Figure 2.1: Strip of analyticity

Thus, for a < J(u) < b, where (u) denotes the imaginary part of u, the characteristic
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function of the process X (t) is identical to the generalized Fourier transform of the tran-
sition density. We use here the concept of the complex Fourier transform by Titchmarsh
}, p. 4ff and 42ff: The existence of the integral defining f implies a certain restriction

on f(x) at infinity. But even if f does not exist, the functions

folw) = / " fa)ed, (2.47)
fo(u) = /_ f(z)e™ dz, (2.48)

where u = w + 1w, may exist, the former for sufficiently large positive w, the latter for

sufficiently large negative w. For
fotw) = [ pla)e=reras, (2.49)
0

so that f, is the transform of the function equal to f(z)e®* for z > 0, and to 0 for

x < 0. For the inversion we may write
1 ia1+00 . ) ib1+oo R )
flz)=— (/ [ (w)e™du +/ ﬂ(u)e‘”“du) : (2.50)
27 a1 —00 b1 —oo
where a; is a sufficiently large positive number, b, a sufficiently large negative number.

In this context the next three theorems, the Cauchy integral theorem, the Cauchy integral

formula and the Residue theorem, are quite helpful.

Definition 33. (1@], Simply-connected domain)

In a simply-connected domain D any closed path can be continuously deformed into a

point, remaining the whole time in the simply-connected domain D.

Theorem 15. ( [@/, Cauchy integral theorem)

If f(u) is a holomorphic function of a complex variable u in a simply-connected domain D
in the complex plane C, then the integral of f(u) along any closed rectifiable (i.e. having

finite length) curve v in D vanishes:

/f(u)du —0. (2.51)

An equivalent version of Cauchy’s integral theorem states that the integral

/b f(uw)du, a,b € D, (2.52)
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is independent of the choice of the path of integration (contour) between the fized points
aandb in D.

Theorem 16. (Kdnigsberger [@/, p. 203, 1@], Cauchy integral formula)

If f is a holomorphic function in an open domain D which includes the closure of the disk
K,(a) ={u:|u—a| <r} then for every point uy € K,(a)
1 f(w)

=— [ ———d 2.53

) = gz [ e (2.59)
where v denotes the circle which forms the boundary of K,. This formula can be extended
to two dimensions. If f is a function which is holomorphic in its variables uy and us in
an open domain D which includes K,(ay, as) = {w; : |u; — a;| < ry,i = 1,2} then for every

point (u1g, uzo) € Ky(a1,az)

_ 1 fur, us) e dut
furo, uz) = ( /F( duydus, (2.54)

27Ti)2 Uy — Ulo)(UQ — UQo)
where T = {w; : |u; — a;| = ry,0 = 1,2},
Definition 34. (1@], Residue)

Let f(u) be a function of one complex variable and f has a finite isolated singular point

at a. The integral
1
= — 2
Res,f 2m,/7f(u)du, (2.55)

where v 1s a counter-clockwise oriented circle of sufficiently small radius with centre at a,

is called residue of f in a.

Remark 1. If f has a simple pole at a the residue of f is given by

Resef = lim ((u —a)f(u)) . (2.56)

u—a

See [@/

Theorem 17. ([@], Residue theorem)

Let [ be a single-valued analytic function everywhere in a simply-connected domain D,
except for isolated singular points; then the integral of f(u) over any counter-clockwise
oriented, simple (i.e. injective) closed rectifiable curve  lying in D and not passing through

the singular points of f(u) can be computed by the formula

/f(u)du = 2mi Z Resq, f(u), (2.57)
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where ag, k =1,...,n, are the singular points of f(u) inside 7.
Corollary 2. (Contour variation in the strip of reqularity)

Assume a function f(u), uw = w + iw, analytic in a strip a < J(u) < b which decays
at oo like e~ Then it follows from Cauchy’s theorem that the integral over f(u)
extending from —oo to 400 can be taken along any line in the strip of regularity parallel
to the real axis.

If f(u) = g(u)h(u), where g(u), h(u) are analytic in a strip a < (u) < b, g(u) bounded
and h(u) decays at +oo like e~ then it also follows from Cauchy’s theorem that an
integral over f(u) = g(u)h(u) extending from —oo to 400 can be taken along any line of

the strip of reqularity parallel to the real axis.

See also Titchmarsh ME], p. 44f.

Proof.
Assume that we take the integral along a line in the strip of regularity at S(u) = ¢ from
—00 to +o0: }
oco-+1C1
r, = / f(u)du (2.58)
—o0+1C1

Assume a second line §(u) = ¢ parallel to (u) = ¢, which also must be within the strip

of regularity.

N\
S(u)
C r
> > a ! N Strip of regularity
Fz Y F4
N
AN AN AN
7 7 — 7
C2 F3
—A A R(u) >

Figure 2.2: Contour variation within strip of regularity

By Cauchy’s theorem this integral is equal to the sum of three integrals, which build with

—I'7 a closed curve,

—o0+1cC2 00+1C2 oco+1ic1
F1:/ : f(u)du—l—/ i f(u)du+/ fu)du. (2.59)

oo+icy —00-+1Co oco-+1co
NS

~\~ N~ '

=I5 =I'3 =I'4
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For I'y and Ty we derive due to the decay e~ of f(u) at 400

A+icy Atica
lim f(u)du =~  lim el qy
A=—c0 J Atic A=—0c0 J Atiz orw

< lim e @Mlgw

A——o0
= 0’
A+icy
lim f(u)du = 0. (2.60)
A—o00 Atics

Thus, I'; = I's and the first part of the corollary follows. If f(u) = g(u)h(u), with g(u)
bounded, then I's and I's are given by

Atica Aticy .
lim g(u)h(u)du <  lim ze el dy
A==00 Jayig A==00 J a4z
= O,
A+icy
lim fu)du = 0. (2.61)
A—o00 A+icy

Corollary 3. (Residue calculus, contour variation in a strip with simple poles)

Assume a function f(u) which decays at +oo like e~ Furthermore, f(u) regular in a
strip a < (u) < b and except for simple poles at a and b it is reqular in an even larger
strip S;. Then it follows from Cauchy’s theorem and the Residue theorem that the integral
over f(u) extending from —oo to +o00 can be taken along any line ¢y in S} parallel to the
real axis taking into account the contribution of the residue the contour has been moved

across or along. The residue contribution is given by

(
—2miResq f for ¢y < a,

—2miRes or ¢y > b,
of for e, .

—miRes,f for ¢a = a,

\ —miResy f for co = b.

Assume f(u) = g(u)h(u) with g(u) bounded and h(u) decays at +00 like e~ Moreover,
g(u), h(u) are reqular in a strip a < I(u) < b and except for simple poles at a and b they
are reqular in an even larger strip S;. Then it follows from Cauchy’s theorem and the
Residue theorem that the integral over f(u) = g(u)h(u) extending from —oo to +00 can
be taken along any line in S} parallel to the real azis taking into account the residue

contribution.
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Proof.
Assume that we take the integral along a line in the strip of regularity at $(u) = ¢ from
—00 to +o0:
oco-+icy
ry = / f(u)du (2.63)
—oo+1c1
<
Assume a second line §(u) = ¢ parallel to $(u) = ¢ with ¢ (=) a.
AN
S(u)
C r
> S a ! N Strip of regularity
FQ A\ 4 F4
_ A
1YY
> — AN
C2 F3
_A A R(u) >

Figure 2.3: Contour variation with simple poles

By Cauchy’s theorem this integral is equal to the sum of four integrals, which build with

—1I'1 a closed curve,

r - /_ T s / T / T ) du (%) /7 fw), (264)

oco-+icy LY —00+1Co LY oco+ica .
"' "' N SN~
:FQ :F3 :F4 for Co=a

where v~ describes a circle, in clockwise direction, of sufficiently small radius with cen-
tre at a. According to the Residue theorem this integral is then given by —2miRes,f
(—miRes,f respectively). The results for é; > b follow accordingly. From the above proof
we also know that I'y = 0 and I'y = 0.

The second part of the corollary follows analogously with Corollary 21 O]
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2.3 The Ito formula and the martingale representa-

tion theorem

In our context we work with so called Ito6 processes.

Definition 35. (Zagst ,E], Definition 2.32, p. 27f, Ito process)

Let W(t) be a d-dimensional Wiener process, d € N. A stochastic process X = (X (t)),>

1s called an Ito process if for all t > 0 we have
X(t) = X(0) —1—/0 (s, X(s))ds —1—/0 o (s, X(s))dW (s)
= X(0) —|—/0 (s, X(s))ds+ Z/o o (s, X (s)) dWg(s), (2.65)

where X(0) is (Fo—) measurable and p = (u(t)),q and o = (0(t));5o with o(t) =
(01(t),...,04(t))i>0 are a one and a d-dimensional progressively measurable stochastic

process with

/0 11 (5, X(s))] ds < o0, (2.66)

t
/ o? (s, X(s))ds < oo, Q—as forallt>0,k=1,...,d. (2.67)
0
A d-dimensional Ité process is given by a vector X = (X1,...,Xy), d € N, with each X;
being an Ito process, 1 =1,...,d.

Remark 2. For convenience we write (2.63) symbolically
dX(t) = p(t, X(@)dt+ o (t, X(t)) dW (t)

d
= p(tX(1)dt+ Y op (t, X(t) dWi(t), (2.68)
k=1

and call this stochastic differential equation (SDE) with drift parameter p and diffusion

parameter o.

To use 1t6’s Lemma we have to define the quadratic covariance process.
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Definition 36. (Zagst m/, Definition 2.33, p. 28, Quadratic covariance process)
Let d € N and W = (Wi(2),...,Wa(t))5o and Xi = (Xi(t))i>0 with i = 1,2 be two It

processes with
dX;(t) = p;(t,X(t))dt + o; (t, X(t))dW(t)

d
= i (LX) dt+) o (t, X (8) dWi(t), i = 1,2.
k=1

Then we call the stochastic process (X1, Xa) = ({(X1, X2),),~, defined by

Xl,XQ Z/ Jlk S, X O'Qk(S,X(S))dS

the quadratic covariance (process) of X1 and Xo. If X1 = Xy =: X we call the stochastic
process (X)) := (X, X) the quadratic variation (process) of X, i.e.

= Z [ o xas

/0 lo (5, X ()| ds,

where ||o (t, X (t))|| == \/>2¢_, 02, t € [0,00) denotes the Euclidean norm in R* and

o= o0q.

Theorem 18. (Zagst [@/, Theorem 2.34, p. 29, Ité’s Lemma in higher dimensions)

Let W = (W (t))t>0 be a d-dimensional Wiener process, d € N, and X = (X1,...,X,) =
(X1(t), .-, Xn(t))59 be a n-dimensional It process, n € N, with

X (1) = palt)dt + (AW (8) = pa(t)dt + Y o (8)dWi(t), i =1,...,n.  (2.60)

Furthermore, let G : R x [0,00) — R be twice continuously differentiable in the first n
variables, and once continuously differentiable in the last variable (t). Then we have for
allt € [0,00)

aGx(),y — 2GLXE) (téf ®)) +Z—8G ((’;’j @) ix.t)

5 9) gl UniraeIn]

Eltl
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The following theorem shows that each continuous local martingale relative to (Q,F(W)),
i.e. relative to @ and the natural filtration F(W), can be written as an It6 process. In

the following we denote these martingales briefly (Q—) martingales.

Theorem 19. (Zagst M], Theorem 2.38, p. 31, Martingale representation I)
Let d € N, W = (Wi(t),...,Wa(t));so be a d-dimensional Wiener process, and M =

(M) e,y be @ continuous local (Q—) martingale. Then there is a progressively mea-
surable process ¢ = (¢(t))t€[0’T] ¢ [0,T] x Q — R4 such that

i [T o)) dt < oo Q— a.s.,
. M(t) = M) + fot o(s)' dW (s) or briefly dM(t) = ¢(t)dW(t) Q— a.s. for all
t €10, T], where ¢(s) is the transposed of ¢(s).

Ifm = (gﬁ(t))te
[0, T, then 1. is strengthened to

o7] 8 a continuous (Q—) martingale with Eg [M%(t)] < oo for all t €

o | [ ) oo dr| < .

while 2. still holds.

For a proof see QOksendal M}, p. 53-54.

Lemma 1. (Zagst ,E], Lemma 2.40, p. 33, Novikov condition)

Let 4 = (3(t)),~o be a d-dimensional progressively measurable stochastic process, d € N,
with .
/ Fi(s)ds < 00, Q — a.s. forallt >0, k=1,...,d
0
and let the stochastic process € () = (€ (t,7));50 = (€ (t,7(1))) 50 for all t > 0 be defined
by
£ (t,7) = e Jo 7 W()=3 [HIA(IPds

Then € (7) is a continuous (Q—) martingale if

Eo [e%foT”;’(S)HQdS] < 00. (Novikov condition)

For a proof see Karatzas and Shreve @], p. 198-199.

Remark 3. Under Novikov’s condition it is true that

T
| el ds <o, @-as

0



34 2.4 Diffusions and stochastic differential equations

and .
/ 15(s)||* ds < co, Q — a.s. for all t € [0,T].
0

Remark 4. For each T > 0 we define the measure Q = Qg(T,;,) on the measure space
(97‘FT) by

Q) :=FEg[ly-E(T,7)] = /2[8 (T,7)dQ for all A€ Fr,

which is a probability measure if £ (T,%) is a Q-martingale. In this case, € (T,7) is the
Q-density of Q, i.e. £(T,7) = % on (2, Fr).

We provide the Girsanov theorem, which shows, how a (Q—) Wiener process W =
<W(t)> o starting with a (Q—) Wiener process W = (W(t)),~, can be constructed.
tefo,T >

Theorem 20. (Zagst ,@], Theorem 2.41, p. 34f, Girsanov theorem)
Let W = (Wi(l),...,Wa(t))se be a d-dimensional (Q—) Wiener process, d €

N,7,E(%),Q, and T € [0,00) be as defined above, and the d-dimensional stochastic
process W = (Wl, . Wd> = (Wl(t), . Wd(t)) o be defined by
telo,

t
We(t) = We(t) +/ Su(s)ds, t €[0T, k=1,....d,
0

- AW (t) == F(t)dt + dW (t),t € [0, T).

If the stochastic process € (7) = (€ (t,7))iejor i @ (Q—) martingale, then the stochastic

process W is a d-dimensional (Q—) Wiener process on the measure space (S, Fr).

For 4(t) constant the change of measure corresponds to a change of the drift from u to
1 — 7. For a proof see Oksendal M], p. 163-164.

2.4 Diffusions and stochastic differential equations

In this section we want to analyse the question of existence and uniqueness for solutions
to stochastic differential equations. According to Karatzas and Shreve @], p. 281ff,
this endeavour is really a study of diffusion processes. Loosely speaking, a diffusion is a
Markov process which has continuous sample paths and can be characterised in terms of

its infinitesimal generator.
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Definition 37. (Karatzas and Shreve [@/, Definition 5.1.1, p. 281f, Diffusion process)
Let X = (X(t));50, (0 F), {Q }ycpa be a d-dimensional Markov family, such that

1. X has continuous sample paths,

ii. for every & € C? (Rd) which s bounded and has bounded first- and second-order
deriwatives:

lim © (E* € (X(1)] - £(x)) = (Ag) (x); ¥ x € R, (2.70)

t—0 t

where E* denotes the expectation with respect to Q*, and

ZZa ax,axi +Zui(x)%;:), (2.71)

i=1 k=1 i=1

l\DI»—t

with ag = 35, 0450k The left-hand side of (2.70) is called infinitesimal generator
of the Markov family, applied to . The operator in (2.71) is called second-order

differential operator with drift vector u = (p1,...,1a) and diffusion matriz a =

{aik}lgi,kgd'
iii. for every x € R4

E* [X:(t) — @] = tpi(x) + o(t), (2.72)
EX [(Xi(t) — 2:)(Xk(t) — xp)] = tax(x) + o(t), (2.73)

iv. 1)-4) of Definition[IJ) are satisfied, but only for stopping times t.

Then X is called a (Kolmogorov-Feller) diffusion process.
Definition 38. (Karatzas and Shreve [@], p. 282f, Kolmogorov forward and backward
equation,)

Assume that the Markov family of Definition [37 has a transition density function
Q*(X (1) € A) = p(r, %X, 7,x), A € BRY). p(r',x) = p(r',x,7,x) satisfies the Kol-

mogorov forward equation for every fized T € (0,00),x € R?, given by

0

g (7, x') = A*p(r', xX), p(1,x') = g(xX') for (7', x') € (0,00) x R, (2.74)
and p(1,x) = p(7',x', 7,x) for every fized ' € (0,00),x" € R? the backward Kolmogorov
equation, given by

%p(ﬂ x) = Ap(7,x),p(7',x) = g(x) for (1,x) € (0,00) x R%, (2.75)
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where the adjoint operator A* is given by

L4 2 d
(A"p) (T/’X/) = ) ZZ 00, (air (T/’X Z

(s (7', X ) p (7', X)),
(2.76)

if the derivatives are bounded and Hélder-continuous. (7/,x') describe the forward vari-

QJ‘QJ

ables, while (T,x) are the backward variables, i.e. 7/ > T.

Remark 5. The following equation with terminal condition

%p(t,x) = Ap(t,x); t',x fized, for (t,x) € (0,00) x R% p(t',x) = g(x), (2.77)

can be easily transformed into the backward Kolmogorov equation presented before with

initial condition by the transformation T =t —t (time reversal):
0 A d
5. 0(7:%) = Ap(7,x); 7', X" fized, for (7,x) € (0,00) x RY p(0,x) = g(x).  (2.78)

For the specific Kolmogorov equations of the models we treat in the main part refer to

Appendix [ATT]

Theorem 21. (Oksendal [@/, Theorem 8.1.1, p. 139f, Kolmogorov’s backward equation)
Let g € C3(RY). Define!

§(m,x) = E™* [ (X(0))]. (2.79)

Then
% = AL, 7>0,x € RY (2.80)
£0,x) = g(x), x e R% (2.81)

Moreover, if h(r,x) € C** (R x R?) is a bounded function satisfying (Z80) and (2&1),
then h(1,x) = £(1,%), given by (2.79).

Definition 39. (Fouque et al. [@/, p. 62f, Invariant probability density)

The existence of an invariant probability density means that p(t', 2z’ t, z) does not depend

on t' ort and consequently satisfies

A*p=0. (2.82)

'Note that we have reversed the time by setting 7 =T — ¢, i.e. 7 =0 means t = T.
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Definition 40. (1@/, Symmetric difference)

The symmetric difference of the sets A and B is denoted by
AN B. (2.83)
The symmetric difference is equivalent to the union of both relative complements, i.e.
AANB=(A\B)U(B\A). (2.84)

Definition 41. (1@/, Measure-preserving transformation)

A measurable mapping T : Q' — Q2 i.e. a mapping T from measure space (1, F' Q)
to (Q% F2 Q%) with THA?) = {z:%(x) € A} € Fy for each A* € F,, such that
OHTH(A?)) = Q*(A?) for every A* € F? is called a measure-preserving transforma-

tion.

Theorem 22. (Walters ], Theorem 1.5, p. 27, Ergodicity)
If T : Q — Q is a measure-preserving transformation of the probability space (2, F,Q),

then the following statements are equivalent:

. % s ergodic.

ii. The only members Ay of F with Q (T1(A1) AAy) = 0 are those with Q (™A;) = 0
or Q () =1.

ii. For every Ry € F with Q (A1) > 0 we have Q (J,—, T (A1) = 1, where T" denotes

the nth iterate of the transformation T and T~" its inverse.

iv. For every Ay, As € F with Q(Ay), QRAs) > 0 there exists n > 0 with

For a proof see M], p. 27t

Theorem 23. (Fouque [@], p. 115, Ergodicity of Markov processes)

Let us assume a Markov process, which is irreducible, i.e. the process can visit any neigh-
bourhood of the state space with positive probability, in finite time and from any starting
point, and which possesses an invariant probability density function. Then the process is

ergodic.
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Remark 6. Fvery ergodic Markov process has a unique invariant probability distribution

p
distribution. This probability distribution belongs to the null space of the adjoint generator

and the distribution converges to the invariant distribution as t — oo for any initial

A* of its infinitesimal generator A, i.e. that is the invariant distribution solves the adjoint

equation: A* p™ =(.

See @], p. 116.

Instead of proving the existence of a Markov process X satisfying the Kolmogorov back-
ward and forward equation, the methodology of stochastic differential equations was sug-
gested. Thus, in the following we introduce the concept of stochastic differential equations

with respect to Brownian motions and their solutions in the so-called strong sense.
Definition 42. (Zagst ,@], Definition 2.44, p. 36, Strong solution)

If there ezists a d-dimensional stochastic process X = (X(t))i>0 on the filtered probability
space (2, F, Q,F), where each satisfies (2.68) and (2.67), i.e. an Ité process, such that
forallt >0

X(t) = X—i—/o ,u(S,X(s))dS—i—/O o(s, X(s))dW(s) Q — a.s.,
X(0) = x€R? fized, (2.85)

dX(t) = p(t, X(t))dt+o(t, X(t))dW(t), for allt >0,
X(0) = x (2.86)

The following theorem answers the existence and uniqueness question for some stochastic

differential equations.
Theorem 24. (Zagst ], Theorem 2.45, p. 36f, Existence and Uniqueness)

Let o and o of the stochastic differential equation be continuous functions such that for

allt > 0,x,y € R" and for some constant =Z; > 0 the following conditions hold:

i. (Lipschitz condition)
[t x) = p(t,¥)] + [lo(t,x) —o(t,y)]| < E1 flx =yl (2.87)
ii. (Growth condition)

it )1 + llo(t, %) 1" < Z2(L+ |1x])- (2.88)
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Then there exists a unique, continuous strong solution X = (X (t))i<o of the SDE and a

constant =, depending only on =; and T > 0, such that
Eo [HX(t)HZ} < Zo(1 4+ |[x|[*)e=2t  for all te[0,T). (2.89)

Moreover,

Eo [ sup ||X<t>||2} < .
0<t<T

For a proof see Oksendal M], p. 69-71.

In the one dimensional case, the Lipschitz condition on the diffusion coefficient can be

considerably relaxed.

Proposition 1. (Karatzas and Shreve M/, Proposition 5.2.13, p. 291, Yamada and
Watanabe)

Let d =1 and let us suppose that the coefficients of the one-dimensional equation
dX(t) = p(t, X (t))dt + o(t, X (t))dW (t) (2.90)
satisfy the conditions

El|x_y|7

lo(t,2) —o(t,y)] < hlz—yl,

=
0
&
|
=
=
£
IA

for every0 <t < oo andz € R, y € R, where Z; is a positive constant and h : [0, 00) —

[0,00) is a strictly increasing function with h(0) =0 and
/ h™%(u)du = co; V¥ Zp > 0. (2.91)
0,22

Then strong uniqueness holds for Equation (2.90).

For a proof see Karatzas and Shreve@], p. 291-292.

Definition 43. (Karatzas and Shreve [%], Definition 5.3.1, p. 300, Weak solution)
A weak solution of Equation (2.64) is a tuple (X, W), (Q,F, Q,F), where

i. (,F,Q) is a probability space, and F is a filtration of sub-o-fields of F satisfying

the usual conditions,

. X = {X(t), F;,0 <t < oo} is a continuous, adapted R*-valued process,
W ={W(t),F,0 <t < oo} is a d-dimensional Brownian motion,
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iit. Q <f0t(|p(s,X(s))| + 02 (s,X(s))ds) < oo> = 1 holds for every 1 < k < d, and
0<1t<o0, and

iv. the integral version of (2.67)
X(t) = X(0) +/0 p (s, X(s))ds +/O o(s,X(s))dW(s), 0<t<oo. (2.92)

holds almost surely.

2.4.1 Important examples of SDE’s in R!

Example 2. (Geometric Brownian Motion)

We model the stock prices with geometric Brownian motions with the following SDE
dX(t) = X(t) (udt + cdW (1)), X(0) >0, (2.93)

where |1 and o are fized constants.

This differential equation has the unique solution
X(t) = X(0)elr37" )W), (2.94)

For a proof see Bingham and Kiesel [E/, p. 215-216.

Furthermore, the expectation, variance, and covariance functions are (see Arcones B/, P.

178)

E[X(t)] = X(0)e", (2.95)
Var [X (1) = X(0)%*(e”t — 1), (2.96)
Cov [X(s), X(1)] = X(0)2eHt+9)(e7* ) _ 1), (2.97)

Example 3. (Ornstein-Uhlenbeck Process)

The oldest example of a stochastic_differential equation is the Ornstein-Uhlenbeck (OU)
Process (see Bingham and Kiesel [12], p. 204)

dX(t) = —kX(t)dt + odW (), X(0) > 0, (2.98)
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The solution of this equation is (see Karatzas and Shreve [@], p. 358)
t
X(t)=X(0)e™ + o—/ e "9 dIW (5);0 < t < o0 (2.99)
0

The expectation, variance, and covariance functions are (see Karatzas and Shreve [@], .
358)

E[X(t)] = X(0)e ™, (2.100)
Var[X ()] = g—ﬁ(l—e_%t), (2.101)
Cov [X(s), X(t)] = ge—“t“)(e%““)—m. (2.102)

The invariant distribution of X is a zero-mean Gaussian distribution with covariance
function Cov(X(s), X (t)) = (02/2k) e~lt=5l,

A special case is the mean-reverting Ornstein-Uhlenbeck process (see Oksendal [@], p. 75)
dX(t) =k ((— X (t))dt + cdW (t), (2.103)
which can be solved for
¢
X(t)=¢(1—e"™)+X(0)e ™ + a/ e "= qW (5);0 < t < o0. (2.104)
0

See Oksendal ,@], p. 75. The expectation, variance, and covariance functions are given

by

E[X(t)] = ¢(1—e™)+X(0)e ", (2.105)
Var [X(t)] = %(1 — e, (2.106)
Cov [X(s), X(t)] = ge—“““)(e?“(“s) —1). (2.107)
X(t) is mean-reverting, i.e.
EX@®)]=¢(1-e")+X(0)e " — ¢, (2.108)

as t — 0o0. The invariant distribution is, thus, a Gaussian with mean ¢ and covariance
function Cov(X(s), X (t)) = (02/2k) e~lt=5l,
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Example 4. (Cox-Ingersoll-Ross Process (CIR))

dX () = k (C — X (1)) dt + o /X ) AW (1) (2.109)

Cozx, Ingersoll, Ross applied this process to model interest rates, Heston used it to describe
the volatility in his model, because X (t) remains positive (if X (0) > 0) provided (see Feller

ld)

02

> —. 2.110

(> T (2.110)
Its existence and uniqueness can be proved with the Yamada- Watanabe proposition (Propo-
sition[dl). For this process there is no explicit formula for X (t) in terms of W (t). However,

there exists an explicit formula for the transition probability density
p((tx) — (s,9) =p(X(s) =y | X() ==). (2.111)

See Coz, Ingersoll and Ross [@/
The expectation and the variance are given by (see [@/ )

E[X()] = X(0)e ™ +¢(1—e"), (2.112)
Var [X(t)] = X(O)%2 (e —e>") + g% (1—e21)?, (2.113)
Cov [X(s), X(t)] = X(O)U;(e"“ )
+¢ % e 7 — 2emrt  emrliHe)) g < ¢ (2.114)
As the CIR process is mean-reverting:
E[X(t)]=X(0)e ™+ (1—e") — . (2.115)

The invariant distribution of the CIR process is the gamma distribution with expectation

¢ and variance C% /.
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2.5 Connections between stochastic differential equa-
tions and partial differential equations

A direct link is given by the Feynman-Kac representation. In the following we consider a

solution to the stochastic differential Equation (2.65), under the assumptions that

i. the coefficients p;(t,x) and o (t,x) are continuous and satisfy the linear growth

condition (Z88),

ii. the Equation (ZG63) has a weak solution (X (t’x),W), (Q, F,Q,F) for every pair
(t,x) with X(t) = z, and that

iii. the solution is unique in the sense of probability law.

Closely related to the Stochastic Differential Equation (Z65]) is the second-order differen-

tial operator

N | —

(A) (x) =5 ) > au(t,x) gﬁfg;i + Zui(t,x)ag—f;(), ¢eC?(RY).  (2.116)

i=1 k=1

With an arbitrary but fixed 7" > 0 and appropriate constants = > 0,;\ > 1, we consider
functions g(x) : R? — R and 7(t,z) : [0,T] x R — [0, 00 ) which are continuous and g(x)
satisfies

g(x)| < = (1 n ||x|yﬁ) or g(x) >0,V xeR" (2.117)
Theorem 25. (Karatzas and Shreve M/, Theorem 5.7.6, p. 366, Feynman-Kac theorem)

Under the preceding assumptions suppose that £(t,x) : [0,T ] x R? — R is continuous, is
of class C*2 ([ 0,T] x RY), and satisfies the Cauchy problem

_% = Af—7rE t>0, xR (2.118)
§Tx) = g(x), xeRY (2.119)

where we simplified the terminal condition by foregoing the limes-formulation, r is called

killing rate of €, as well as the polynomial growth condition

max [£(t,x)] < E (1 + ||X||25\> , x € RY, (2.120)

0<t<T

for some 2> 0, X > 1. Then £(t,x) admits on [0,T] x R? the stochastic representation

£(t,x) = E® [g (X(T))exp{—/tTr(s,X)dsH, (2.121)
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where E&) denotes the expected value with respect to Q% with Q*(X(t) = x) = 1, on

(0, T] x Re. In particular, such a solution is unique.

Definition 44. (Karatzas and Shreve E@/, Definition 5.7.9, p. 368, Fundamental solu-
tion)

A fundamental solution of the second-order partial differential Equation (2118) is a non-
negative function G (t',x',t,X) defined for 0 <t <t < T, x € RY x' € RY, with the
property that for every g € Co(R?), t' € (0, T, the function

Et,x):= | G, ¥, t,x)g(x)dx, 0<t<t, xecR? (2.122)
Rd

is bounded, of class C'?, satisfies (Z118) and (2119).

Theorem 26. (Karatzas and Shreve [@], p. 368 Existence of a fundamental solution)

A fundamental solution G exists if the following conditions imposed on ju;(t, %), ax(t,x),

and r(t,x) are satisfied,

. Uniform ellipticity: There exists a positive constant = such that

d d
S anlt el > 2 X1, (2123)

holds for every x' € R? and (t,x) € [0, 00) x RY,

ii. Boundedness: The functions p;(t,x), a;(t,x), and r(t,x) are bounded in [ 0, T') x
R,

iii. Hélder continuity: The functions p;(t,x), ax(t,x), and r(t,z) are (uniformly)

Holder-continuous in [0, T) x RY,
Remark 7. For fized (t',x') € (0,T ] x R? the function
P(t,x) = G (t',x,t,x) (2.124)

is of class C!? ([0, T) x Rd) and satisfies the backward Kolmogorov equation in the
backward wvariables (t,x) with killing rate r and terminal conditions (exactly as in

(2118)). See Karatzas and Shreve [16], p. 308f.
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If in addition the functions 3- 2 pi(t, %), 22 30; @ik (t,x) and 3 alk(t x) are bounded and
Hélder-continuous, then for fized (t,x) € (O,T] x R the functzon

Y (t,x) =G, X t,x) (2.125)

is of class C1? ([ 0,7T) x Rd) and satisfies the forward Kolmogorov equation in the forward

variables (t',x") with killing rate r:

%%

5 = U —rY, t >0, x € R (2.126)

See Karatzas and Shreve ,@], p. 368f.
With Theorem [24 the solution for & is given by

£(t,x) = E&D [ = J rtoayas g (X(t’))} g €Co(RY ¥ €[t,T). (2.127)

Comparing (2.127) and (Z123) we can deduce that any fundamental solution G (t',x',t,x)

is also the transition probability density for the discounted process X determined by

0% (X(#) € ) / Gt X t,x)dx, AcB(RY), 0<t <t <T.  (2128)
A

In the following our descriptions are based on Zauderer M}, p. 415ff. The here so called
fundamental solution or transition probability is closely related to the Green functions.
This relationship is presented in the following.

Assume that ;(t,x) = 3 Ly aa’;(x then (2II6) can be simplified. In those cases we
call the second-order operator A;° eif and reformulate (ZI16]) to

d d
self B 1 . 825( aazk )
A E(x) = 2;;alk(x)axiaxk 2;( Z oxy, > Ox;
1 & PE(x) | Daip(x) 9E(x)
- §i2:1:k1 (aik(x)ﬁxiaxk+ Oxy, axz’)
.45 9
LSS (o) a9
i=1 k=1 ‘

Definition 45. (Reed and Barry [@/, p. 186, Adjoint operator)

The adjoint operator A* satisfies

(AE, ¢) = (£, A"9). (2.130)
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An operator for which A = A* is called self-adjoint.

We have already given the explicit form of the adjoint operator for a second-order differ-
ential operator in (2.76). Hence,

N | —
[]=

* 82 da
self o zk
t f(X) N 6a:k8xz (alk Z (%Z ( Z 8:L‘k )
0%¢(x) | Oaik(x) 9¢(x)
2 (“ik(x) ridn, | 0wy On )

)

=1

X
SU]| U
—

Il
N | —
[]=

1 n O Pai(x) | Oaw(x) 0¢(x)
+§;; (f(x) Ox;0xy, + ox;  Oxyp )
1 & Pai(x) | Oag(x) 0€(x)
Iy (5<X) R L e )
= A ¢(x) (2.131)

Hence, operators A of the form A = 3¢ 3¢ % (aik(x)%) are self-adjoint. In the

following we work with self-adjoint operators.

Theorem 27. (Zauderer [@/, p. 415f, Green function for parabolic equation with

Dirichlet boundary conditions)
For a parabolic equation

o€ (t',x)

ok Ae (' x) +r(xX)Et,x)=R(,x), X €D, 0<t, (2.132)

with wnitial and Dirichlet boundary conditions
£0,x)=g ), x' €D, £(t',X) |pyeop =B (t',X), 0 <1, (2.133)

where r(x') is a non-negative function, K(t',x’) is a real-valued time-dependent function,
D is a bounded region in two or three dimensions and 0D its boundary. B (t',x') is a
gwen function evaluated on OD. The integral theorem for the solution of & is then in

(t',x')-space:

/T/ G (t,x,t',x') R (t,x) dxdt+/ (G (t,x,t', %) g(x)) |i=o dx

/ / (t,x)B )aG(t; %) fsat (2.134)
aD n

where a = {a;}, ds is an element of the respective boundary area and n denotes the unit
normal on D pointing to the exterior of D. The Green function G(t,x,t',x') fulfils the
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following problem

G (t,x,1,X)

p — AUG (t,x, ¢, X))+ r(x)G (x, U, x) = (X' —x)5( —1),

x, xeD, 0<t,t'<T, (2.135)
with the end and boundary conditions

G(T,x,t',x')=0, G(t,x,U',x) | ,cop =0, t <T. (2.136)

The equation (ZI35) satisfied by the Green’s function G (t,x,t,x’) is a backward
parabolic equation that results on reversing the direction of time in the forward parabolic
Equation (ZI32). It can be shown that G (t,x,t,x') = G (—t',x/, —t,x,). Thus, as a
function of x’ and #/, G satisfies a backward parabolic differential equation, but with time

now running forwards instead of backwards. ], p. 416.

Remark 8. When the time is reversed in the forward parabolic Equation (2133) by a
change in variables, i.e. t' — t and we set now K = 0, remove the boundary conditions in
(2139), then the equation can be reformulated to

o€ (t,x)

—— 5 A (x) +r(x)E(t,x) =0, xeD, 0<t<T, (2.137)
with the end conditions
E(T,x)=g(x), x€D, (2.138)
& 1s then given by
E(t,x) = / (G, %, t,%) g(x)) |s=r dx, (2.139)
D

When we assume that the operator in (Z118) is self-adjoint the two problems are identical.
Thus, (2139) and (2Z122) must agree with each other, which means that the fundamental

solution is equal to the Green function in the backward variables.

The problem of the Green Function (ZI35]) can be reformulated to be consistent with
the problem the fundamental solution satisfies in the backward variables which we show
in the following. The connecting link between the two formulations lies in Duhamel’s

principle which is now introduced.
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Theorem 28. (Zauderer [@], p. 218ff, Duhamel’s principle)

Let € (t',x') satisfy a PDE of parabolic case

o€ (t',x))

o — A X)) Fr(x)EW, X)) = R(,X), (2.140)

with the following initial conditions
€(0,x) =0, (2.141)

and homogeneous boundary conditions (if available). Then there exists a function ¥(x,t;s)

with parameter s (initial time) such that

t
¢(t',x) :/ 9 (¢, x';s)ds, (2.142)
0
and vV satisfies the following equations

87985;;,(/) — Aselly (t’, X/) + T(X’)ﬁ (t',x’) =0, (2.143)

with the same boundary condition (if any) as & and the following initial conditions, given

att = s, where s > 0:
J(s,x) = R(s,x). (2.144)

Remark 9. It can be shown that in the parabolic case the Green function can be alterna-
tively constructed as follows (see [@/, p. 417f)

OG (L, %)

o —AG (tx, X ) +r(x)G (t,x,t',x) =0, x,x' € D, t <t', (2.145)

with the boundary conditions as of before and the initial condition substituted by

G, x,t',x)=§x —x), x' €D. (2.146)

The only difference is that the domain of integration in the original formulation of (2-137))
extends from O to T whereas in the present formulation it extends from 0 to t'. However,
Zauderer ], p. 417f finds that the domains of integration are, in effect, identical for

both formulations.
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2.6 Pricing contingent claims

In the following we provide necessary tools to price contingent claims in financial markets.
We assume the existence of a risk-neutral measure Q. Then, a European contingent claim

with maturity T is given by the following formula.

Theorem 29. (Bingham and Kiesel /, Theorem 6.2.3, p. 250, Risk-neutral valuation

formula)

Assume the existence of a risk-neutral measure Q, and a European contingent claim C(t, x)
with maturity T'. Let Py be an asset without systematic risk, the bank account, with a price
process given by dPy(t) = Py(t)r(t)dt, Py(0) = 1, where r(t) is the risk-free deterministic
instantaneous interest rate. The price of C(t,x), the arbitrage price process of X, is then

given by the risk-neutral valuation formula

X T
C(t,z) = Py(t)Eg {—PO T ‘ft] = Eg [Xe e

.

In the classical Black-Scholes model the price of a contingent claim X is given by the
risk-neutral valuation principle with

C(t,x) =e " T Es [X | F,

where the unique martingale measure Q is given by the Girsanov transformation

Et,x) = (=D w-1(e)"

For the following explanations in the main part we introduce some more notations.

Definition 46. (Operators)

L denotes in the following the parabolic operator of a differential equation, L* is its adjoint
according to Definition [{J, e.g. the adjoint operator of the differential operator L =
% + A —rf(t,x) is given by L* = =2 + A* —rf(t,x). Thus, Lgsf denotes the Black-

- o
Scholes operator in two dimensions applied on the test function f(t,x), given by

Lpsf(t,x) = % + Af(t,x) —rf(t,x), (2.147)

where A is given in (2.71) with drift r. The adjoint operator Ly¢ is hence given by

_Of(t,x)

+ A" f(t,x) — rf(t,x). (2.148)
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2.7 Solution of PDE

In the following we will loosely state some concepts on which we base some of our proofs

later.

Definition 47. (Zauderer ], p. 182f, Method of separation of variables)

Consider the following parabolic problem with the restrictions as defined in Definition [27]

ag((;t,/X) - Aself€<tlyxl) + T<X,)€(t/7xl) = 07 x' € Da t' > 07 (2149)

where 0 < x' < b and & satisfies the boundary conditions

E, %) Lyepp =0, £ >0, (2.150)

and the initial condition £(0,x') = g(x'), x € D. The method of separation of variables
requires a solution of (2.149) in the form

£t x') = Hx)T(¥), (2.151)

with the function H(x') satisfying the boundary conditions 2150, Substituting (2.151])
into (2.149) and dividing by HT yields

0 ’ Se
ES) _ A H (x') —r(x’)H(x’)‘

= o0 (2.152)
For more details see ], p. 182ff.
Definition 48. (Zauderer ], p. 476, Free space Green function)
The Green function G can be expressed in the form (see /, p. 476ff)
G =G +G°, (2.153)

where GY is the free space Green function. GY satisfies the same PDE as the Green
function G. In addition, GF' satisfies the terminal condition in the parabolic case. Hence,
GY satisfies a homogeneous PDE with homogeneous end conditions at t = T'. With respect
to the boundary conditions, we require G = —G¥ on 0D. The method of images is used

to determine GC.
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Theorem 30. (Harrell and Herod [@/, Theorem 15.12, Fredholm alternative theorems

for ordinary differential operators)

Suppose that A% is a dth-order differential operator. The problem is posed as follows:
Given f find & such that A = f with £&(By) = 0, with k = 1,...,d, where By, ...,
By € 0D, the bounded region.

1. Fxactly one of the following two alternatives holds:

(a) (First alternative) If f is continuous then A = f with £(By) = 0, with
k=1,...,d, has one and only one solution.
(b) (Second alternative) A% = 0 with £(By,) = 0, with k = 1,...,d, has a non-

trivial solution.
. (a) If A% = f with £(By) = 0 has exactly one solution, then so does AY'¢ = f
with E(Bk) = 0 has ezactly one solution where € is the conjugate function of €.
(b) A% = 0 with £&(By) = 0 has the same number of linearly independent solutions
as AV = 0 with £(By) = 0.

iii. Suppose the second alternative (i(b)) holds. Then A% = f with £&(By) = 0, with
k=1,...,d, has a solution if and only if (f,9) = 0 for each ¥ that is a solution for
A9 = 0 with 9(By,) = 0,

where (f,9) denotes the scalar product and A?" is the adjoint operator as defined in

Definition ({{3).

The following theorem is important when a solution of a PDE gained by transformations

is in form of integrals and those integrals shall be stated in the original variables.

Theorem 31. (Kdnigsberger [@/, p. 300, Transformation theorem)

Let T :RY - R? Tx = Ax + b, A € R4 b € R?, be a reqgular affine transformation. If
f R — R? js integrable over some A C RY, then f o T is integrable over T-1(A), and

1
/31(91) f(Ax + b)dx = detA] /Q[f(y)dy, (2.154)

where det(A) is called Jacobi determinant.
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Chapter 3

Pricing of barrier options within

stochastic covariance model

3.1 Introduction

Empirical studies are in support of the fact that asset price volatility is random and not
deterministic as assumed by the models originally proposed by Black and Scholes dﬂ]
and Merton M] Although, the volume of trades in exotic options has tremendously
increased in the last decade, this assumption is still very popular in practice, especially
in plain vanilla option pricing context, due to its simplicity. Multi-dimensional products
depend to a great extent on the volatility and covariance structure of the underlying.
The financial crisis shows that the assumption that the covariance structure is constant
is not valid. For options on one underlying models which do no longer assume volatility
of the underlying to be constant have been introduced, e.g. the local volatility model by
Dupire [37] or stochastic volatility models, e.g. the ones by Stein and Stein m, or Heston
|. In such models closed-form solutions for lookback and barrier options on a single

underlying are still available, e.g. in @]
Recently, multivariate models, like for example the Wishart model, have been develo&d
.

However, these models are rather complex so that analytical expressions especially for

by Gourieroux in B], ] and B} as well as by da Fonseca and others in ﬂﬂ],

path-dependent options are rare. Hence, most of the exotic options, particularly those
involving barriers, are priced using techniques like Monte Carlo simulations, finite ele-
ment or difference methods when the strict assumptions of a Brownian motion framework
are released. However, numerical issues and convergence problems arise particularly in
the case of path-dependent options and refinements of the grid or simulations have to be

imposed to model the assets at price levels close to the barriers.
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In a two-underlying geometric Brownian model an analytical expression of the joint dis-

tribution of the maximum@linimum and maturity values of two assets exists and has

| and Zhou ], 124].

In this chapter we can extend their analytic result to a model which allows for a third

been derived by He et al.

factor, which governs the stochastic volatility of the two underlying processes, and price
options with time-dependent barriers. We will show that the pricing function can be
derived in two ways, via Fourier transformation and inversion, as well as via Fourier

series.

In Section we introduce the framework of models, which are considered in the re-
mainder of the chapter. Some basic transformations to bring the PDE in a form we
can work with are presented in Section B3l In Section B.4] we concentrate on the first
method, i.e. pricing options using Fourier integration techniques. We build upon methods
first introduced by Lipton [83] and Lewis @T One of the models we consider has been
first introduced by Bakshi and Madan [§] and has been applied by Dempster and Hong

| to value correlation and spread options using Fourier transform. As far as we know
Borovkov and Novikov dﬂ] as well as Lipton |83] have been the only ones to price barrier
options on one underlying using Fourier transforms. Borovok and Novikov use a change of
measure with the normalised payoff without barriers as Radon-Nikodym derivative. We
follow Lipton’s approach in Section B.4.1] using the reflection principle and the method of
images to price options with a time-varying barrier on each underlying in a three-factor
framework. A manageable closed-form solution is attained when the correlation structure
of the two Brownian motions is assumed to be of the form p = —cos”, or takes those
values randomly. We will show that the formulas converge point-wise. The Lipton and
Lewis approach is then compared to the approach of Bakshi and Madan [§] as well as
Dempster @] in Section The formulas are implemented for double-digital barrier
options and correlation barrier options in and B.4.4l When we degenerate the three-
factor model it converges to the two-dimensional Black-Scholes framework. We compare
prices obtained in the degenerated model applying Fourier techniques with prices which
have been derived using the standard Black-Scholes formulas and find the results to be

quite close.

The assumed dependence structure might at first glance seem restrictive because the
correlations are negative for n > 2. However, the assumption of random correlations
makes a positive expected value for the correlation attainable (see Section B.4.6) and
adds additional randomness to the covariance dynamics. Furthermore, we believe that
a closed-form solution is helpful to test various numerical methods like Monte Carlo

simulations.
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In the second part we deal with solutions (derived via PDE and Fourier series) which
relieve the restrictions made on p. The solutions are a direct extension of the analytical
expression of the joint distribution of the maximum /minimum and maturity values of two

@] We exploit

the affine structure of the characteristic function and find an easy attainable solution

assets each governed by a geometric Brownian motion derived by He et al.

(see Section B.5]). The general pricing formula is again applied to double-digital and
correlation barrier options (see and B.5.3)) and the results from the formulas derived
using PDE techniques are compared to the ones using the Fourier technique. They are
consistent. Finally, in Section 3.6 we apply those formulas to the pricing of certificates
under issuer risk and find that neglecting issuer risk and/or stochastic covariance leads

to tremendous price differences.

The focus and innovation of this chapter is the pricing of barrier options like double-
digital barrier options or product barrier options in a stochastic covariance framework,
but the transition-probability functions/characteristic functions presented can also be

used to value other barrier options based on two assets.

3.2 Model framework

The system of processes is defined on a filtered probability space (€2, F, 0, F) where Fy
contains all subsets of the (Q—) null sets of F and F is right-continuous. We define the
processes under the risk-neutral measure Q. We start from a simple two-dimensional
geometric Brownian model (GBM) to describe the dynamics of the two underlyings of the

derivatives.

ds; = Syrdt+ SZO'ZdWZ, foriel = {1,2} (31)
(AW, dWs) = pdt.

This model is extended and made more flexible by allowing for a third factor governing

the stochastic covariance:

dS; = Sirdt+ S;o"dW; forie I ={1,2}, (3.2)
dv = k(¢ —v)dt +o,07dZ,
(dW;,dZ) = 0,

<dW1,dW2> == pdt7
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where k, (, 0,, and v as well as v are constants. The model includes well-known cases,
like for example the case of constant volatility, which follows from setting x = o, = 0
and v(0) = 1. It also contains several known uni- and bi-dimensional stochastic volatility

models, for instance:

Bakshi and Madan

Note that when |I| =1, i.e. S; = S5, as well as ¥ = v = £ the model is known as

e The model with vy =v = % has been considered in the case of correlation options by
|

and spread options in the work of Dempster and Hong [32].

the Heston model. The process which the volatility follows in this model has been
introduced in finance by Cox et al. for short rate modelling and is therefore referred
to as Cox-Ingersoll-Ross process (CIR process) (see Cox et al. ]) The popularity
of the CIR ‘ﬁocess is due to the positive value of v, which is guaranteed as long as
)

(see Feller
26¢ > o2, (3.3)

e The case |I| = 1, v = 0 and v = 1 has been introduced by Stein and Stein (see
]). The volatility follows a Gaussian mean-reverting process, which is also called
Ornstein-Uhlenbeck process. This process has been introduced by Vasicek | to
term structure modelling and has been used by Hull and White @, Scott ] and

Schébel and Zhu M]

e The case |I| =1, v =1 and v = 5 gives Wiggins’ log-normal model (see ])

N [—=

e The case |I| =1, 7 =3 and v = } gives Lewis’ model (see M])

N |+

In this chapter, we focus on the two diffusions with parameter sets v = v = % and v = 0,
v = 1, which possess affine-type characteristic functions, to derive closed-form expressions

for the price of barrier derivatives.

3.3 Pricing of two-asset barrier options

A two-asset knock-out barrier option has a payout g(S, S2), which may depend on S;(7T)
and Sy(T'), at maturity time 7 provided that not any of the two assets has crossed
a predefined time-dependent barrier By(t) = Bielor)ds op By(t) = Byelor®)ds The
popularity of barrier options has increased in the last years (see Walmsley |, p. 220).
Adding barriers is a convenient method for reducing an option’s cost (see Pooley et al.

|). Often they are part of complex structured notes, e.g. certificates. Barrier options

are also used to account for default in some credit models, e.g. in the CreditGrades model
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(see Sepp M]) When we assume risk-neutral valuation the value of a general two-asset

barrier option with time-dependent barriers on each of the underlyings is given by

C(t, 51,5, B1,B:) = Eg efftTT(S)dsg(Sl(T),Sz(T)) Lot sty | Fe | s

where
vy = inf (' € (t,T]: S1(t') < By(t)),
1o = inf (' € (¢t,T]: Sa2(t') < By(t)), (3.4)

where the expectation is taken with respect to the pricing measure 0.

g (S1(T),S2(T)) describes the part of the payoff which depends on the values of S; and
Sy in T'. The following PDE can be derived for the general model (inB2]). It is clear that
the PDE and the initial conditions are equal to the case without barriers. Additionally,

we introduce boundary conditions. See also Appendix [A.T.] for the transformations.

L, 20%2C | 1,20 _2q29%C 2 9%C
5 Sl 852 + U u0252 852 —|—pU V01028132m+
1
2

102 780+ 51 +7“Sgac—|—/i(§ )%—f+%—?—r0=0,

(3.5)
C(t, Bi(t), S2, Bi(l), B2(t),v) = 0, C(t, S1, Ba(l), Bi(t), Ba(t),v) = 0,
\C(T; S1, 82, Bi(t), Ba(t),v) = g (S1,52) L7, 1o>13-
The PDE can be reduced to
(

%4 1oy 2”%? + 03V 2”%? éalv”gf — S050% 3 BG—l—

po1020™ g2 4 S0 58+ (¢~ 0) 5T =0,
(3.6)

G(t, b1, 29,b1,b2,v) = 0, G(t,21,ba,b1,b2,v) =0,

\G(Ta 1,2, bla bQ,'U) =g (‘Tla 1'2) ]]~{L1>T7 L2>T}a

(3

{1,2}, and G(t,21,25,b1, b2, 0) := €ftTT(S)dSC(t7 S1, 52, Bi(t), By(t),v). Equation (3.6) is
|, p. 282) for the follow-

. ()i m(s)ds . ‘
where we use the transformations z;(¢) := In (%), b; ;= In (%) fori €

the Kolmogorov backward equation (see Karatzas and Shreve

ing system of SDEs

1
d:L‘,L- = —50’1 U2ydt + UVO'idWZ',
dv = k((—v)dt+ o,vdZ, (3.7)
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with r implicitly set to zero.

3.4 Pricing of two-asset barrier options with Fourier

techniques

3.4.1 General pricing formulas for two-asset barrier options

with Fourier techniques

The system in (B.6]) can be solved for a group of payoffs and models included in the
general framework ([B2), i.e. for specific values of the parameters v and v. A necessary
condition for this group is the existence of an affine and analytic characteristic function
(see Definition B2). A characteristic function, which is regular in a neighbourhood of 0,
is also regular in a strip a < &(u) < b, where a and b are horizontal lines to the real
axis and (u) describes the imaginary part of w, or in the whole plane, and there it
can be represented by a Fourier integral (see Theorem [[4)). Thus, for a < &(u) < b the
characteristic function of the process X (¢) is identical to the generalized Fourier transform
of the transition density (see Section Z.2.7)). Generalized Fourier transforms are inverted
by integrating along a contour in the complex u-plane, parallel to the real axis, with u in
the strip of regularit@see Equation ([Z50)). Our work extends Lewis’ approach to two

D)

These concepts can be extended to Fourier transforms in two variables.

dimensions (see [81],

Theorem 32. (Extension of Theorem 7.1.1 of [@/ (see Theorem[T]) to R?)

If a characteristic function p(u), where u represents a vector (uy,us), is reqular in a
neighbourhood of the origin, then it is also reqular in a horizontal strip to the real axes

and can be represented in this space by a Fourier integral.

Proof.

We follow the lines of Lukacs M], p. 130ff. Assume that ¢(u;,us) is an analytic charac-
teristic function. We know then that all moments of the corresponding distribution exist

and that it admits a MacLaurin expansion

= iUt ub o, B
gO(Ul,Ug) = ZZ T’ for ’11’ < Co, (38)
t=0 k=0 o
where €y = (Go1,C02) > 0 is the radius of convergence of the series. @ =

Jeo @i ahp(ay, xo)daydxy describes the algebraic moment. This series can be decomposed
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in an even and an odd part:

1
even: ¢1(ug, uz) = 5(@(“1;“2) + p(—ur, —ug)), (3.9)
1
odd: @o(uy,us) = é(go(ul, ug) — p(—uy, —uz)). (3.10)
It can be easily seen that
1(ur,ug) = i1(ur, uz) + p1a(ur, ug), 3.11)
a(ur, uz) = ©0o1(uy, us) + Poa(u, us), (3.12)
where
o0 (—1)E+ku%ku%k&23 ok
= : 3.13
@11(’&1, u?) ; kZ:O (2?)'(2]{)' ) ( )
.= (_1)E+k—1u%871u3k71a2271 -
= : 3.14
Piz(u, ) ;; (2e—1)I(2t— 1) ’ (3.14)
T T
= ’ 3.15
pa(ta, o) ; ; QOI2k—1) (3.15)
e L
= ’ 3.16
pmluug) = D) (26— 1)1(2¢)! (3.16)

t=1 k=0

The radii of convergence of these series are denoted by €;, €3, €11, Ci2, Co1, and Coo

respectively. From the inequality (derived from the Binomial theorem)

2t—1,.2k—1
|27 T2 <

it follows that

Qop—12k—1

(22 4+ 22°2) (22 + 225°2)

% 2k—2 | 2%-2 2k | 2%—2 2k—2
+ 27 g+ 2 ),

N

(2‘& 2k

i w4 r] s (3.17)

ﬁ2€71,2k71

(26— )12k — 1)l = (26— 1)I(2k — 1)!

IA

+

il

26)1(2k)

(26 — 2)1(2k)

Qo 2k

(28)(2h) + 7 (2)

(26)1(2k — 2

Qop—2 2k

1(2k) + (3.18)

Qg2 2k—2
(2t —2)1(2k —2)1 )
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where [ = fRQ |x1\E |x2|kp(q:1,x2)dx1dx2 describes the absolute moment. Thus, €5 >

Ci1 > Cp, as

2(e+1) 2(k
(71)E+k+2u1( + )u2( +1)a2(é+1),2(k+1)

lim RE D) 2HED)! QE+1))2k+1)) 1 (3.19)
£—00,k—00 (=D FuttudFage ok (28)(2k) Ci1 '
R (20)1(2k)! }

=1
€11

2¢—1, 2k—1

We further see that the series Y oo > 22 = (;iméfjﬁk‘l also converges for |u| < €.

Now,
1
28 2k—1 282k 28 2k—2
and
1
2t—1_.2k 2t 2k 20—2 2k
Thus,
Qo¢ 2k —1 52&,21@71

o2k — 1) = (26)1(2k — 1)!

B
1 QUop 2k Q¢ 2k —2
2 ((2&)!(%)! OEO) + ek — 2 (28)) ’

<
and
Qog—12k < 52E—1,2k
(26— DI(2k)! ~ (26— DI(2k)!
1 Ql2¢ 2k Q2¢—2,2k
= 3 ((zé)f(zk)!(%)(%) - 2)!(%)!(2’“)) | (3:20)

We derive that ¢o; > €11 > €y and Coo > €11 > ¢y. Thus, ¢, > ¢;. Furthermore, the

¢,k
. 0 oo UU /Be,k —
series D oo D reo W converges due to fopor = aoex as well as (BI8) and (B20) for
|U| < C11.

Let P be a real vector and denote the radius of convergence of the Taylor series of
w1(u1,us) () around P by ¢;(P) (¢2(P)). Define the ¢th derivative with respect to wu;

and the kth derivative with respect to us with

(p(&]g) (ub u2> _ Z~€+k / ei(u1z1+u2x2)x§x§p(xbx2)dx1dx2_ (321)
R
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Note that gy, = i~ R (0,0). We see

|90(2E’2k)(P)‘ < ageor  and “P(zé_l’%_l)(PH < Bae-1,26-1, (3.22)
’90(%_1’%)(13” < Poe—12r  and ’90(%’%_1)(1)” < Baezr-1- (3.23)
Hence,

and the Taylor series of ¢ (uy,us) and po(uy, ug) around P converge therefore in circles
of radii at least equal to €. The same is true for the expansion of ¢(uy,us) around P so
< Cy.

that o(u1,us) is regular at least in the strip |(u)
e kg ~
We have already shown that $10° 572 [=ill=eliur oonverges for || < &. Thus,

k!
i i |wl‘E |w2‘k Bé,k
elE!

=0 k=0
it w w
> ZZ' IL”L‘ 2‘ / / |37’ |332| pxl,xz)dxlda:Q
=0 k=0
A
— / / €|$1w1|+|WQ1’2‘p(;E1’Qj2>dx1dgj2’ (3.25)
—aJa

for any A and |eo| < €. Therefore, the integral [y, 1@+ 2w2)p(2y, 25)dxdxy, where
u = w + ito, is convergent for any |ww| < ¢; and any w. This integral is a regular
function in its strip of convergence and agrees with ¢(u) for real u. Therefore, it must
agree with ¢(uy,us) also for complex values u, provided |J(u)| < €y (see Lukacs [84], p.
131f). The integral converges in a strip a < (u) < b, where |a] > €p,b > ¢y and is
regular inside this strip. O

Remark 10. As the moment generating function M(w) is given by M(w) = p(iw) we
can derive from Theorem [34 that if p(u), u = w + iwo, is reqular in a neighbourhood of
the origin the moment generating function exists in a (real) neighbourhood of 0 as long
as © s in the strip of convergence of . Furthermore, there exists a complex analytic

extension M (wo —iw) to an open set D C C in the neighbourhood of the origin. See also

a4

Thus, for a < J(u) < b the characteristic function of the processes X (t) is identical to
the multi-dimensional generalized Fourier transform of the transition density. To apply
these concepts to option pricing we need the following conclusions about the convergence

of the inversion of the Fourier transform of a convolution.
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Theorem 33. (Fourier inversion of a product of functions with R(u) € RY)

Let f(u) € LY(R?) be the Fourier transform of a function f(x), f € L*(R%), and let g(x)
and its Fourier transform §(u) belong to L*(R). Then f(u) - g(u) belongs to LY(R?) and

its Fourier inversion is [, g(X') f(x — x')dx'. The Fourier inversion is defined by

# /R e () (), (3.26)

where (x,u) is the scalar product of w and x. If the map x1,25 — [5. 9(x) f(x — x)dx’'

18 continuous the convergence is point-wise.

Proof.

Let g(x) be an integ@able function in R?. The Fourier transform in R? of g, §, is bounded

1
by L7 gl (see

product f§ is Lebesgue integrable (see @], p. 243). Thus,

|, p. 325). Furthermore, we also assume f(u), §(u) € L. Hence, the

1 —i(x,u) Fro\ A _ 1 i) § TRy
(2m)¢ /Rd ‘ J(w)g(u)du (2m)d /Rd ‘ /(a) /Rd 9(x)e dxdu
1 / —i(x—x',u) ¢ /
= G L 900 [
= [ g fox - xix. (3.27)

The inversion is justified by absolute convergence. See also ], p. 51. If the map
T1, 22 = [pa 9(x) f(x — x')dx’ is continuous the convergence is point-wise (see [80], p.
327f): Let [, 9(xX')f(x —x)dx’ be continuous in Py. As [B20) is valid nearly everywhere
there exists a sequence (S,,) with S,, — Pg in such a way that ([3.20]) is true in the points
of S,,. The integral in (3.26]) is continuous (see [80], p. 282) because the Fourier transform

is a continuous and bounded function. Thus, the identity is also true in P,,. O]

Adding these pieces together we can make the following statement about pricing of barrier

options:
Theorem 34. (Barrier option pricing in R?)
Let us assume

i. the setting described in Equation (3.3),

ii. the ezistence of an affine analytic characteristic function ¢(T,u,z) of the

T
syelt T(9)ds By (T)
. . . In = —In =
respective model in the wvariables z; = L — L L — pzo
p

Vi- g
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In SzeftTT(S)dS_l By(T)
and zy = = %2 which is regular in a neighbourhood S, =

{fu=w+iw:we (a,b,)}, a, <0,b, >0 of the origin, and integrable,

1. the generalized Fourier transform 6(X) of the transformed payoff function
e~ T2 g(x) exists in a space S, = {u=w+iw :w € (a,,b,)}, is integrable

for |x| < oo, and

w. p= —cos(T), where n is a natural number and n > 1.

If the space Sc = S, NS, is not empty, then the barrier option value (3.4) is given by

u17 UZ)

Cp (t, 51,52, B, By, v)

6x1c1+x202—ftT7” s)ds N~ 1 /’waroo zw1+oo

4m201094/1 — k ;

(gp(T,u —Z, U )— o(7,u, —zk_),v)

G(ZUI(_Gl\/ 1-p2 +02\/1 )—zuz >du1du2, uc SC, (328)

1TU2 — 00 11 — 00

where
_ 2km + _ 2km +
A0 =reos (BT (10,) ) = (2T (),
n
S J r(s)ds B;(T
o=t 2Ty B
K; K;
o= 01— 02p o — 02 —01p
1= — 5% 2= oo
201(1 = p?) 205(1 — 02)
+oo
bl ) = / / “ster-sherg(y! o)
e W1 o1 1—P2 2( \/1i7m1+w2 )dI de'Q, u e Sg,

o(t,u,z,v) = exp{iuiz; + tugzg + V(7,u,0)},

where V(7,u) satisfies the System (3.36). The price converges point-wise if the map
S1, Sy — Cg(t, Sh, Sa, By, Ba,v) is continuous.
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Proof.
i.).

We assume the settings described in ([B.2]) (see Theorem [34], By introducing the

following transformations (see also Appendix [A.1.7))

Z(t, x1, 2,01, b2,v) e TGt 1y, 39, by, by, v),

- 01—02,07
201(1 — p?)
- 02—01,07
205(1 — p?)

we can reduce the PDE problem (B.6]) to

(

2V3 Z 2w 0%Z 2V‘71+‘72*2P010’2
at + (711) § + 2 QU 8 § - —8(1 P) Z
2v_ 02 Z 1.2 2'*/(9 Z 0Z __
+p01020 0x10z2 +3 2 vV Ov? + R(C U) ov 0’

(3.29)

Z(t, b1, 2,b1,b9,v) = 0, Z(t,21,b2,b1,ba,v) = 0,

\Z(T, T1,22,b1,00,v) = €72 g (w0, 29) Ly o1, 15T

The transition probability density function p(t',x’,v’,¢,x,v) is governed by the following

Kolmogorov backward equation and boundary conditions in the backward variables

1 2

—0
2

2 2u

v

1 ax%p

1 2 2u 82

202 8x2p
62

8:7618:162

o 0} + 03 — 2p0109

8(1—p?)

O?p(T, xl, 2y, V', w1, T2, V)

o0v?
ap(Ta :L‘I17$/27U,7m17x2av)

v

/ / / / / /
EP<T7I‘17$27U7$1>$27U) (TaxlwrQJUaIlax%U)

+ (1,27, 25, V', 21, T2, 0)

2v / / /
+poioov p(T, 27, 5, V', 21, 22, 0)

/ ro
p(T7 Ty, Lo,V ,T1, T2, U)

1
—ov
2

2y

+

+r(C— ) (3.30)

Y

where 7 =t' — ¢, t' > t. We apply the following initial and boundary conditions

/ / /

p(07 Xy, Lo,V ,T1, T2, U)
/ /

p<7—7 Ty, V 7617 T2, U)

/ / /
p(T7x17x27U y L1, bg,'U)

§(x) — x1)0(zy — 22)0(v" — ),
0,
0.
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The payoff of the derivative does not depend on the volatility, therefore we can proceed
with -
q(1,x',x,v) = / p(7,x' v x,v)dv'. (3.31)
0

¢ solves the Kolmogorov Equation (3.30) (see Definition BS]) supplied with the initial and

boundary conditions

Q(O,I,I,JZIQ,ZL‘l,ZEQ,'IJ) = 5(ZE,1 —171)(5(1',2 —1'2),
q(7, 2}, 25, by, w9,0) = 0,
q(1, 27, 7y, x1,by,v) = 0.

In the following we reduce this PDE following the lines of He et al. M] We elim-

inate the mixing term by a transformation of coordinates. By using the transforma-

tions zy := \/11—,32 (“71:’1 — p‘”a_zl”) and zp = % we map the vertical axis to the line
\/ 1—p? . . .
29 = — z1, while the second (horizontal) boundary is only translated to zo = 0.

p
Thus, ¢(7, 21, 2}, 21, 22, v) satisfies the following PDE

9 _ U o g L 1,02,,&621 _ UQ,,af + 02 — 2poi09
or 2 0z 2 0z 8(1— p?)
1, ,,0% dq
T g TR UG (3.32)

with the following initial and boundary conditions

q(0, 21, 25, 21, 20,0) = (21 — 21)0(25 — 22), (3.33)

/ /
Q(Ta 21722,2}1,0,1}) = 07

1_ 2
—Vppzl,v) = 0 (3.34)

/ /
Q(T7 21y %9y 21y —

We derive a solution of this PDE for particular values of the correlation, p = — cos (%)

where n is any natural number (see Theorem B4l iv.). The idea is to find a solution G*
r (332) and ([B33)) in the whole plane first and restrict it to the actual space ([B.34]) it

is defined for by using symmetries.

Due to the fact that for certain values of v and v the PDE is linear in v, we can guess

affine solutions for G¥', i.e. the free space probability density, for those models.

1T 400

_ 11 +00
GF (1,2, 25, 21, 22,0) e / exp {iuy (2] — 21) + iug(2y — 22)
™ 1T — 00

+V(r,u,v) }du1du27 u=w+iw € Y, (3.35)
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where u = (uy,us) and S, describes a space in a neighbourhood of the origin, parallel to
the real axis, in which the integrand is regular. Inserting ([B.3%]) in (332) and [B.33]) we
see that V(7,u,v) has to satisfy the following system.

ov _ Lo, o 1o, 9 QVO-% +U§ — 2poi03
9 2v u 211 Uy 0=
1, o (0*V  [(OV° oV
+2U”U ((91)2 * ov +h(C—v) ov’
V(0,u,v) = 0. (3.36)

Since the process is affine V(7,u,v) can be denoted by exp{Ao(,u) + Zle Ai(,u)v'},
where in the sum A;(7,u) are multiplied by v raised to the power of i, i <
k and (B30) breaks then down into a system of Riccati equations (see @})
This solution is closely related to the concept of characteristic functions: To
see this, we Fourier transform PDE (B32) and the initial conditions (B.33)
iLe. p(r,uv) = [T [% elmntwenlg(r g v)dzde, or respectively ¢(7,z,v) =
ﬁ 27 eritmatuz)o(r u,v)duydus. Thus, with (A2T) we get

Iy L oo 2 L g o 20 01 + 05 — 2p0103
ar ~ av M gr 80— )
1, 5 0% dp
—|—§O'UU ’yw + /ﬁ(g - ’U)%, (337)

with the following initial condition
SO(Ov Uy, U2, U) = eiU1Zi+iUQZé' (338>

Inserting

o(1,u,v) = exp {iu1 2] + tugzy + V(7,u,v)} (3.39)

in Equation (B37) and initial Condition (B38]) we see that both are satisfied. Thus,
¢ is the characteristic function of 2] and z). According to Theorem an analytic
characteristic function, which is regular in a neighbourhood of the origin, is also regular
in a horizontal space S, = {u=w +iw : @ € (a,,b,)} and can there be represented
by a Fourier integral (see ii.). Hence, in this case ¢ is also the Fourier transform of the
transition density of z; and zy (see Theorem [BI]). The free space solution ([B.35]) to the
Kolmogorov backward Equation (8:32)) can, thus, be interpreted as the Fourier inversion
in the backward variables (21, z2) of the characteristic function/Fourier transform in the
forward variables (2, 25). G is a bounded continuous density if ¢ € L! (see Theorem [3)

(see ii.), and is, thus, the transition density of 2/, 2} starting in 2z; and z,. The solution
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for ¢, satisfying the boundary conditions, can be found from G* using the method of

images as described in [64]. By using the transformations z; := \/11_/)2(5”1;171 - 5”’20’2”2)
/1—p2
and zy 1= ”0_21’2 we mapped the vertical axis to the line 2o = — 1p ” 21, while the first

(horizontal) boundary is translated to zo = 0. By transforming these to polar coordinates
the vertical boundary is described by the angle tanf, = —@
boundary by 6, = 0. When p = —cos (%) (see Theorem [34] iv.), the angles take the
special values 3,, = 7; n = 1; 2,... For these angles, a method of images solution to the
PDE is possible. Some G

and the horizontal

~+ ro ~F I
Gk(Tazlaz27zlyzQ7v) =+G (T7217Z272k172k27v)

satisfy the PDE ([B832) with initial condition for arbitrary zzi, zge:
G (0, 21, 25, 21, 22,0) = £0 (2] — 211) 8 (2 — 21a) -

As the PDE is linear in G¥, any linear combination of these G’f’s, with different
(starting) values of (zx1, zx2) also satisfies the PDE. For the particular solution we take
a combination of n C_rf. We have to find this particular solution that also satisfies the
boundary and initial condition.

Consider the case with 8 = 2, ie p = —%. The first hextant of Figure Bl is the

region we want to solve the PDE for, i.e. 6, € [0, %

'3
positioned at Py = (201 = 1, cos(0,), z02 = rpsin(f,)). This point makes an angle 6, with

]. In this region a plus symbol is

respect to the zj-axis and is located at a distance 7,. Let us denote the lines, which
bound the first hextant by L; (6, = 0) and Ly (6, = %). For the other functions we
choose 211, 22 at a distance 7, from the origin and with the angles 0, + %”, 0, + %’r and
—0,, —0, + %“, —0, + 4?”. As G is the only function with (241, zx) positioned in the first
hextant the initial condition is satisfied. We claim that ¢ is given by the combination of

those 6 functions.
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Py

Py

Figure 3.1: Method of images in a circle (with g = 7).

As already seen this combination fulfils the initial condition and it also satisfies the PDE.
Additionally, we know that:

2k 21k, — 2k
p cos(i 0p + Tﬂ) = 71,(cos(b,) cos(%) + sin(6,) sin(%))
2rk, — . 21k
= COS(T) + 2 sm(T),
2k 2rk 2mk
T sin(i 6, + TW) = Tp(i sin(6,) cos(%) + cos(6,) sin(%))
+ 2rk . 21k

= — 2 COS(T) + 2 sm(T),

We can see from the symmetry of Figure B that the functions Gf cancel pairwise
along the solid lines: To obtain zero-value at L; we add to our first function G
the function Gy with the image point of Py = (201,202) in L; as starting point:
Py = (r,cos(—0,),rpsin(—6,)) = (241, 2p2). For example one can show for any function f

in Ly, ie 0, =0,

f(2) —rpcos(0y), 25 — rpsin(8,)) — f(2] —1pcos(—0,), 25 — rpsin(—6,))
= f(z —rpcos(bh), 25) — f(z1 — rpcos(6y), 25)

= 0 (3.40)

To balance the point P in L, the solid line with angle § = %, we add the function Gt
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with starting point Py = (1, cos(, + 2%), rpsin(6, + 2%)) = (211, 212)-

Furthermore to balance P, in L; we add the function G’z_ with starting value P; =
(rpcos(—0, + 43),rpsin(—0, +43)) = (211, 215) and so on. See @], p. 277f. Hence,
the boundary conditions are also satisfied, and the combination of the six functions is the
unique solution to the problem.

So in general, we slice a circle in 2n wedges with the same angles 3,, = ~;n = 1;2,...
The first wedge with zy; = 7,cos(6,) and zps = 7,sin(,) always relates to the space
where we want to find a solution to the PDE. For this space the initial condition (3.33)) is
satisfied, as z; = r, cos(d,) and zy = r,sin(6,). Thus, the combination in fact fulfils the
PDE and the initial condition. So we only need to show that the absorbing conditions
are satisfied. By the symmetry of the wedges in the circle the 2n density functions cancel
along the lines 0, = 0 and 0, = 3,,, in pairs. Thus, the solution is given by

n—1 _

kzo (GZ—(T, 24 2y 21, 2k, V) + G (T, 21, 25, 201 2o v))

/ !
Q(T,I'l,l'Q,SEl,%Q,’U) = )

o109/ 1 — p?

where ——L—— is the Jacobi matrix of the transformation from x — z which needs to
01024/ 1—p?

be applied if we carry out the integration in the original variable x (see Theorem [31),

S () () NAF (o () (-)
Gk (7_7 21y %9y 211 ) Rro >U) :(_) G (7—7 215”9y R1 = Zk1 y B2 = Zk2 7U) )

e+ 2km *
2 = Tp COS (—ﬂ (-) Qp) ;o) = TpSin <_7T (-) ‘gp) J

n n
Ty =/ 2% + 23, tanQP:Q,
21
1 1 —b Ty — b T —b
21 = |: ! ! —p< 2 2):| = 201, Z9 = 2 2 = 202- (341)
1—p? o1 02 02
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From risk-neutral pricing, it follows

CB (t, 517 SQ, Bla B27 U) — emcﬁrazzcsztT r(s)ds / / (672/1017%/2029(:6/17 13/2)

/ / / /
Q(T, Ty, Ty, V, 21, 1’2)>dl‘1d$2

dm) ecclcl—i—xgcz—ftT r(s)ds /oo /oo ) ,

p— —x)c1—xheo ro

- e 2 g(xh'rQ)
471'20'10'2\/ 1— 2 00

n 1 1w +00 101 +oo

o(t,u,z — zg,v)
1709 — 00 1TT1 — 00

—gp(T,u,z’ — z{,v))duldugdx’ld:c’z. (3.42)

We have required that the payoff function and the characteristic function are Lebesgue
integrable in the generalized sense in a space S¢ (see ii. and iii.). Moreover, we know
that the transformed payoff function is Lebesgue integrable (see iii.). Hence, g(z}, %) is
bounded and the integrand is Lebesgue integrable (see [80], p. 243), and we can apply
Fubini’s theorem and change the sum and integrals if there exists a space S¢ = S, N S,.
Then, the above expression can be simplified. We denote the Fourier transform of the

complete payoff function by ﬁ(ul, Usg)

. +oo
b(u1, us) / / —e $2629(x1>$2)
lu

22(

e 101\/1 AT \/lfip WH—WQ)) dzdzy, u e S,. (3.43)

Then, using (339) and (B330]),

T
€x101+12627ft r(s)ds "~ 1

iwatoo  piw1oo
472 0102\/1—7 /zwz 00 /zwl o0 ( (1, 0)
(¢(r,u, =24, 0) — @(1,u, —2;,~,v)) (3.44)
e(ml(_ﬁ\/bllTJrasz/%)_mz))dulduz,

Cp (t, 51,52, By, B, v)

ueSe=5,n9,

According to Theorem B3] together with (ii. and iii.) Cg(t,S1, Ss, B, B2,v) converges
point-wise to the actual solution if the function S, Sy — Cp (t,S1, S, By, By, v) is con-

tinuous in S; and S,. O
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Remark 11. We know that

i +00 101+ 00
! / zulz’ +iug 2}
q(TVIl _J;l’IQ _$27U> / 1 2

47T20'10'2\/1—p k= 0/@@2 oo

(go(T, u, —z;,v) — o(T,u,—2z; ", v)) duydus, (3.45)

1TU1 — 00

and (373). Hence, (374) can be transformed to

T
ezlcl—i-a:zcg—ft r(s)ds n 1 ito+00 /zw1+oo

477'20'10'2\/1— 12 —00

_ /o ’ ; v ’
(/ / (e %gw’uw’2>eW1+W2dmadxg>
— 0o —0o0

(plrtt —21,0) = (0. ~”.0)
ewlclJr:rgcz ft s)ds "~ 1/ / ( )
_ —clxl el
- g\ T, Ty
4m201094/1 — prt

i1t +00 101 +00
/ zul 2] +iugzl

1TU2 — 00 iTU1 — 00

Cp (t,51, 52, B1, By, v) =

1701 —00

(p(T,u, =21, v) — @(T,0, =2z, v))duydusdr’, dx,

— 6x101+$202—ftT r(s)ds (346)

o0 o
—ci1x! —cax! / ! / / / /
/ / e AT g1 1y )q(T, 1) — X1, Ty — Tg, v)drydTy.
—0Q — 00

3.4.2 Properties of selected two-dimensional affine characteris-

tic functions

In this section we want to treat properties of two characteristic functions which are
included in the general set-up of ([B2)) and which fulfil the PDE ([B37), i.e. have an
affine characteristic function. The first one is a Heston-type characteristic function with
y=v= %, the other model, in which the covariance is governed by an Ornstein-Uhlenbeck
process, has actually no affine characteristics for (S5;, v), however, a characteristic function
can be derived (see Kallsen [74]). In the following we analyse properties like the regular-
ity at the origin in S, and integrability in this space for the Heston- and the Stein and

Stein-type two-dimensional models.
Proposition 2. (Heston-type characteristic function)

The Heston-type characteristic function is defined by

wg(T,u) = exp {wlzl + tugzs + 01 (Ag(m,u) + By(r,u)v )} : (3.47)

v
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where

(k —0) (1 — exp (-07))

1 — 52 exp (—0r7)

(/@' B Dsmh (5 ) £ Cosh

(
cosh (37) + £sinh (

By(t,u) =

%T)> 3.48
) 45

Ap(Tu) = CH(( )T—2ln< ﬁf T§ )>)

— K <m’ —2In <§ sinh GT) + cosh GT))) , (3.49)

2 2
B B o7 + 05 — 2poi09
0=0(u) = \/52 + 02 <u2 + 0= ) ), (3.50)

o‘% +o‘§ —2poi02
1—p?

and regular in a neighborhood of the origin [w=,w'] with w; < 0 < w{ (wy; <0 < wy

2 . . . . .
where u?* = u? +u3. For 46% > — the characteristic function, pg, is integrable

respectively).

Proof.

For the derivation of the characteristic function see Appendix [A.1.2l For the analysis of
the regularity in a space S,,, in the neighbourhood of the origin we follow the lines of del
Bano Rollin et al. EI] Define D(u) = d(u)?. If we assume that 40%2 > —%ﬂi’mm,
we see that ¢g is well-defined and regular in a neighbourhood of tlvle origin according
to Cauchy’s integral theorem (see Theorem [[]), i.e. according to Remark [[0] the moment
generating function M () exists in a (real) neighbourhood of 0 and there exists a complex
analytic extension of My(w) = p(iw) to an open set D C C in the neighbourhood of
the origin. Observing the components of the moment generating function we see that the

main and most critical ingredient of the moment generating function is

flw) = a(’fv) sinh (D(;V)T) + cosh (@7) , (3.51)

with

(3.52)

N 2 2 2
d(w)* =0(iw)* =D(—w) = K"+ 0, (—w% — w3 + % +4((712 — p%ﬁ@) ’
because this part is in the denominator of By and in the log-part of Ay. ©(w) with

2

w € R? is a cup-shaped inverted parabola with leading coefficient —o? and real roots
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wy; <0 <w) (wy; <0< wy respectively) given by

2 2 2
n o{ +05—2poi0y K
== — 3.53
o \/ 4(1 = p?) i oy’ (3:53)

i.e. 0(w) > 0 on [w—,w']. Hence, f(z) is well-defined and analytic in such an interval.

As f has no zeroes in [w™, w'| the moment generating function exists there. We define
Defy(z) = {w € R : My(w) =E [e<wz>} < oo}. (3.54)

And thus, [w~,w™'] C Defy(z) and S,, = {u=w +iw : w € (a,,,b,, )}, where a,,, =
w~ and by, = w'. Please note that E (e**"*2) might not exist. We prove integrability of
the characteristic function py(w +iw) with u = w+izo C S,,. It suffices to show that
the real part of the exponent decays like |w| (see @]) In the following the real part of z is

denoted R(z). The real part of a square root in R? is given by R(v/w + iw) = 4/ W
(see dﬂ], 3.7.27). Thus, for —R(0) we see

1
—R(O) = 7 (’/{2 + (Wi + wi)o? — (@] + @3)02 + 2w w102 + 2iws 0>
+03 01+ 09 — 2p0oi09
=7
1
01+ 09 — 2p0109 )\ 2
b+ ) (3 + o 4 02T I
1 01+ 09 — 2p0109
< 7 K2 + (w? + w2)o? — (w? + w2)o? + o2 0
< ——=Iwlow, (3.55)

V2

where ¢ is a constant. Next, we take a closer look at the real part of By. Note that as
long as k < 0 (which is always the case for w — oo the denominator of the fraction is
bigger than the nominator. The fraction, however, approaches 1 as w grows due to the

graphs of the cosh- and sinh- functions. Thus, we find

5 osinh (%7‘) + %cosh (
cosh (%T) + £sinh (

Nl (e

3>s—éww%, (3.56)
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where ¢; is a constant. Another important ingredient is the log part. The following is

true as wy and wy increase, i.e. we can assume k < 0:

((omion () om (3) = xCono)

(3.57)

IA
|
|
El
S

Hence, the exponent decays component-wise like |w| and the characteristic function is

integrable in the space S, . ]

Proposition 3. (Stein and Stein-type characteristic function)
The Stein and Stein-type characteristic function is defined by
: . 1 2
0s2(T, 1) = exp { iuyz1 + iugze + = (ASQ(T, u) + Bga(1,u)v + Cso(T,u)v ) . (3.58)

where

Cso(T,u) = K—10 (3.59)

1 sinh (07) + £ cosh (dT))
2 )

+
cosh (07) + % sinh (dr)
(/@CO — %) + k% (sinh (07) + £ cosh (07))
cosh (07) + % sinh (07)

N

Bes(r,u) = — ke |, (3.60)

K o2
In (cosh (o7) + 5 sinh (DT)> + KT

2
2 202 _ 4,2 3 h D
L ¢ Kk sinh ( T? Cor
203 cosh (07) + % sinh (07)

k3¢
K% (“CD - T) cosh(d7) — 1
03 cosh (07) + & sinh (97) "

ASQ(T, U) = —

| —
[\3|qu/\

+

(3.61)

2 27 . . .
with d(0) given in (FA0). For % > —M‘Tf_—p?fam the characteristic function, g,

is integrable and regular in a neighborhood of the origin [w—,w™| with w; < 0 < w;

(wy <0 < wy respectively).

Proof.

For a proof of the characteristic function see Appendix [A. 1.2l We proceed analogously
to before with the analysis of the regularity in a space S, in the neighbourhood of the

0%4—0%—2/)0102
1—p2
regular in a neighbourhood of the origin. The main ingredient of the moment generating

origin. Again, if we assume that % > — , we see that ¢ is well-defined and
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function is

fw) = s (’;) sinh (@7) + cosh (@7) . (3.62)

Thus, we can transfer the results from above and conclude that [w—, w'| C Defgs(z)
and S = w'. With

ey = {U=W+ 1w : @ € (ayg,, byg,)}, where a,,, = w~ and b
respect to the integrability we can see that @go is composed of similar expressions as @g.

Ps2
Performing similar techniques one can easily see that the exponent decays like |w| and

the characteristic function is integrable in the space S, . []

Remark 12. If the three-factor model degenerates to a two-factor GBM model then the
characteristic function is given by
(iU1Z1+iuz22—%T(u%—‘ru%-‘r(m)))

4(1-p2)

pepu(n) = e (3.63)

Proof.

For k,(,0, — 0,v(0) — 1 we can show that the three-factor stochastic volatility Heston-
type and the Stein and Stein-type model degenerate to the two-factor geometric Brownian
motion model. First, we take the limits of Ay (7,u), By(r,u), Asa(7, 1), Bsa(7,u), and

Cso(1,u) when k,(,0, — 0,v(0) — 1:

A
lim —H(TQ’ w oy
K,00,(—0,0(0)—1 o,
B 0 1 (k2—0%)(1- -0
L Bylrwe(®) 1 (2 9)(1—exp(-07))
K, 0,(—0,0(0) =1 o2 K,00,(—0,0(0)=1 02 (kK +0) — (k — 0) exp (—07)
<u%+u%+%$) (1—1+07)
= lim —
K00, C—0,0(0) =1 (k4+0)—(k—20)(1—01)
0'2 0'27 g10
(uf +uj + DR 2) or
= lim —
K,00,(—0,0(0)—1 20+ 07 (:‘i — O)
0'2 0'27 010
(u% Fud 4 1+4(21j§)1 2) -
— 5 ,
A
lim —52(72—’ u) = 0,
K,00,(—0,0(0)—1 (o
B 0
hm 52(7—7 ;1)/1}( ) — 0’
K,00,(—0,0(0)—1 (o)
2 2 0'2+02—2p0' o
Ca (7, u)0(0)? (ul +up + T ) u

lim 5 = — ,
K,00,(—0,0(0)—1 g 2
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where the limit of Cs+2(0)2 is calculated analogously to the limes of B’f‘—g(o). Thus, both

characteristic functions, ¢y (7, 1) pg2(7,u), approach in the limit

2 2
2 2 o'1+0272pz7102
(“ﬁ“ﬁw i

1 — plurzitiuzza— p) . 3.64
n,av,(jg})(O)Hl ¢H7S2(u) ‘ ( )

It can be shown that this limit is consistent with the characteristic function of the two-
factor GBM model. The characteristic function of the GBM model satisfies the following
PDE

o 1% N 10%q¢ o} + 03— 2poy09
or 202 202 8(1 — p?) ¢

(3.65)

with the initial condition gy (0,u) = e1#+2z2 Tt can be easily seen that (B.64)
satisfies the terminal condition and also (B.69). O

This function is obviously regular in the whole space, and the moment-generating function

exists everywhere. Furthermore, it is integrable in the whole space.

3.4.3 Pricing of two-asset double-digital options with Fourier

techniques

Double-digital options pay out one unit provided that both underlyings are at maturity
time T above their predefined strike price K; and Ks. In the case of a double-digital
barrier option the payout is only guaranteed if both underlyings do not cross the given
barriers Bj(t) = Byeko (9 and By(t) = Boeho 794 dquring the lifetime of the option.

The value of a digital option with time-dependent barriers on each of the underlyings is

given as the expectation of two discounted indicator functions:

C2D<t7 517 527 Bl; BQ) == ]EQ |:ei ft T(S)ds]l{sl(T)>I(17 SQ(T)>K2}
]]~{L1>T7 1o>T} ’Ft :|7 (366>

where
v = inf (¢ € (¢, T]:S:1(t) < Bi(t)),
1o = inf(t' € (t,T]: S2(t') < By(t)).

—C12T1—C2T2

Thus, we have to Fourier transform e gp(x1, 1) = e AT 0 (T)>0 A 2a(T)>0}-

—C1T1—C222

p does not belong to L. Thus,
@] for a summarﬁg This could

For ¢1, co < 0 the integrals are unbounded and e
the Fourier transform does not exist (see also Schmelzle

be circumvented by introducing a damping factor like in Carr and Madan [18], Dempster
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and Hong B], or Eberlein et al. @] The introduction of a damping factor has the same
effect as the generalized Fourier transform along a contour in the complex space, parallel

to the real axis, i.e. loosely speaking it renders an actual non-Lebesgue integrable payoff

integrable (see also [82] and [104]):

> e (iul i +x/2 ( = iu1+iu2)>
~ ) —<| =
bp(ui,uz) = / / e MATTR2e Vit 72\ Visp? dx'yda
0 0
1

= - ! . (3.67)

Ul
i—R—=—c
o1 1_p2 /3 u2 _ __pu1 — 02
92 gay/1-p?

The integral only exists if u € S,, = {u =w+iw::w; > —co1y/1 — p*A

. Aot d ot
wy > \/1’)_2@1 — 909 }. The same payoff function dampened by e~®*1%17%2%2 where z]
—p

and 2} are given in 341l can also be transformed

! !
. I R N R Y A d d
h*D(U1;U2) = / / e al"l 1—p? "2< v1702a1+a2)6_r/161_m/202
0 0
’ N
U 71

e ( olm+ o2 (= \/1P—TW1+W2)) dx'ldgjé
1 1

d

d )
,L' Ul — _ oy = _ Cl Z uy puy + paf B ﬁ .
o1y/1-p2  o1y/1-p > 12 o122 2

where we have to choose af accordingly with a > —c¢j014/1 — p? and af > \/%ozil—@@
-p

assuming u real. In Section [3.4.5]we show one of the possibilities to derive the price of the

derivative with the dampened payoff function. The price of the option in the generalized

Fourier framework can be given in the following corollary.

Corollary 4. (Double-digital barrier option price)

Let us assume

i. the setting described in Equation (3.2),

ii. the existence of an affine analytic characteristic function o(7,u,z), which is reqular
in a neighbourhood S, = {u=w+iw :w € (a,,b,)}, a, < 0,b, > 0 of the

origin, and integrable,

1. that the generalized Fourier transform GD(X) of the transformed payoff function
e =2 g (X)L, 1,51y €xists in a space Sy, = {u=Ww +iw :

@ > =101/ 1 = pP A wy > —E=w — a0y }, is there integrable for |x| < oo, and

. p= —cos(T), where n is a natural number and n > 1.
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If the space Sc, = S, NSy, is not empty, the double-digital barrier option value is given
by

6:1:101+12027ft s)ds n 1 1t +00 /vzw1+oo R

Aml01094/1 — p k o Y imma—00

Cop (t, 51, 52, By, Bs, v)

11— o0
(90(7, u, —2z,v) — (1,0, -2, v)) (3.68)
tuy(— b b2p —iug 22
6( B o1 1—02+02v1—92) 202)dU1dU2, uc SCD,

where , ZZ(»_), i, b;, and ¢; are given in Theorem [33 bp(uy,us) is indicated in (3.67).

The corollary directly follows from Theorem B4l and Equation (B.67). Note that if p < 0,
c1,c9 > 0. Thus, in those cases we can choose o = 0, i.e. we integrate on the real space.
By using the method of images in the plane we can derive prices for double-digitals with a
barrier on Sy only: Cip(t, S, Se, Be) = [ —Jfr ]1{51( TYy>K1 A So(T)> Ko} L{ia>T) ].7-}}

The solution is found by reflecting the characteristic function in the plane (z3(0) —

—2(0)).

Corollary 5. (Double-digital single-barrier option price)

Let us assume the setting described in Equation (32) and the assumptions of Corollary
[4 then the double-digital single-barrier (in Sz) option value is given for any p by

ezlc1+x202—ftT r(s)ds itg400  pitol+00 A
ClD(t,Sl,SQ,BQ,U) = / /
dm201094/1 — i

(90(7—71’1 —Z1, —X2,V 90( 2172271))) (369)

] —00

. bop . bo )
U2
( e 2/ duyduy, u € Sc,,
where ¢, x;, ba, ¢;, are given in Theorem [34], and hp(uy,us) is given in (3.67).

The corollary directly follows from Theorem B4l and Equation (3.67). For details on the
method of images in a half-space please refer to Appendix [A.T.3
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We implement the above proposed models and pricing formulas. First, we compute prices
arising from the three-factor stochastic volatility Model (8.2]) using the formula in Theorem
[ with the Heston-type characteristic function while we set (, o, kK — 0, v(0) — 1. Thus,
the three-factor model degenerates to the two-factor GBM Model (Bl). The resulting
prices are compared in Table Bl to prices for the two-asset digital option, which we
compute in the GBM Model (B]) with a formula derived by He et al. B} The figures

show the accuracy of the Fourier transform method in the degenerated case.

Table 3.1: Prices of the two-asset double-digital barrier option computed in the limit to
bivariate normal distribution.

GBM model Degenerated 3-factor model
Correlation p

Strike K4 0 -0.5 -0.71 0 -0.5 -0.71

80 0.1049 0.0507 0.0288 0.1049 0.0507  0.0288

85 0.1032 0.0493 0.0277 0.1032 0.0493  0.0277

90 0.1001 0.0469 0.0258 0.1001 0.0469  0.0258

95 0.0960 0.0438 0.0234 0.0960 0.0438  0.0234

100 0.0912 0.0403 0.0208 0.0912 0.0403  0.0208

105 0.0860 0.0367 0.0181 0.0860 0.0367  0.0181

110 0.0805 0.0331 0.0156 0.0805 0.0331 0.0156
S1(0) = S5(0) =100,  r =0.04, T =1.0, o1 = 0y =0.5, v(0) =1.0,

By(0) = By(0) =75, ¢ =0.0004, r =0.0004, o, =0.0004.

For the following scenario computations for the two-asset barrier option in the three-factor
Model ([B2]) applying Theorem [ with the Heston-type characteristic function we choose
the parameters: S; = Sy = 100, K; = Ky =100, »r =0.04, T'=1, 01 = 05 = 0.5, p = 0,
o, =0.4,(=009, k=04, v(0) =0.9. For the double-digital options, a downward sliding
graph is drawn when the barriers B;(0), By(0) are increased (see Figure B.2)). The slope
of the graph is less pronounced for smaller barriers and more distinct for higher ones. We
have repeated the computations for correlation p = —0.5. The same appearance of the

graphs can be observed as for p = 0 in Figure
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Figure 3.2: Double-Digital Option with Barriers (p=0).
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Figure 3.3: Double-Digital Option with Barriers (p=-0.5).
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In Table we provide more results showing the impact of the various parameters of
the covariance process on the price of the derivatives. The barrier levels B;(0) and By(0)
are set at 75. The scenario is described in detail in the respective table. The digital
barrier option increases in value when the volatility of the third process o, is raised and
it falls when the mean-reversion level is incremented. The characteristics towards k, the
mean-reversion speed, are ambiguous: For a mean-reversion level of ( = 0.6 an increase
in k leads to a higher value, however, for higher mean-reversion levels, such as 0.9 or 1.2,
while setting o, = 0.8, an increase in x reduces the value of the derivative. The value of
the digital barrier option reflects, in fact, the probability that both assets stay above the
barrier levels during the lifetime of the option and are above the strike levels at maturity.
In the scenario we have chosen the probability for that is higher when the overall volatility
in the system is low because then the derivative stays above the barriers and ends in the
money.

To analyse the influence of the volatility and the various parameters we change the scenario
and choose a barrier level of B;(0) = By(0) = 60 and strike levels K; = Ky = 110. 07 and
o9 are set to 0.2 (see Table B.3]). The barriers and strikes are set at such levels to make
more volatility a necessary component to raise the probability that the options finish in
the money at maturity. Thus, the value of the digital barrier options increases with higher

mean-reversion levels as the barrier correlation option does.

Table 3.2: Prices of double-digital options with barriers in Heston-type model (Fourier
technique).

k= 0.6 k=0.9 k=12
C =
Oy 0.6 0.9 1.2 0.6 0.9 1.2 0.6 0.9 1.2
0.4 0.1041 0.0962 0.0891 0.1078 0.0966 0.0871 0.1111 0.0970 0.0855
0.6 0.1077 0.0994 0.0920 0.1109 0.0993 0.0894 0.1138 0.0993 0.0874
0.8 0.1125 0.1037 0.0960 0.1151 0.1029 0.0926 0.1174 0.1023 0.0899

51(0) = S,(0) =100, T =1.0, r =0.04, 01 =02 =0.5,
Bl(O) = BQ(O) :75, Kl = K2 :100, U(O) :1.0, P :O.

Table 3.3: Prices of double-digital options with barriers in Heston-type model (Fourier
technique) with low o-values.

k= 0.6 k=079 k=12
C =
Oy 0.6 0.9 1.2 0.6 0.9 1.2 0.6 0.9 1.2
0.4 0.1165 0.1185 0.1203 0.1156 0.1184 0.1208 0.1148 0.1184 0.1212
0.6 0.1154 0.1175 0.1194 0.1146 0.1176 0.1201 0.1139 0.1177 0.1206
0.8 0.1137 0.1161 0.1181 0.1131 0.1164 0.1191 0.1126 0.1167 0.1198

51(0) = S5(0) =100, T =1.0, r =0.04, 01 =05 =0.2,
Bl(O) - BQ(O) :60, Kl = KQ :110, ’U(O) :1.0, P =0.
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3.4.4 Pricing of correlation barrier options with Fourier tech-

niques

In the following we derive formulas to price two-asset and single-asset barrier correlation
options with time-dependent barriers. Bakshi and Madan price correlation options in [§].
Correlation derivatives are desirable for coping with cross-market or cross-currency (com-
modity) risks (see @], dg]) As Bakshi and Madan point out for equity markets they
even allow investors to position on a stock/sector relative to a market index. The corre-
lation option is actually a product of two call options. Each security can be interpreted
as the expectation of a unity payout conditional on both calls expiring in the money. The
option is closely related to the digital presented in the previous section. Barriers are again
introduced to lower the price of the derivative. Assuming risk-neutral valuation we can
compute the value of a correlation option with time-dependent barriers on each of the

underlyings by
Tr(s)d
Cgc(t, Sl, SQ, Bl, BQ) - EQ 6_‘[’5 r(s)ds max (Sl(T) — Kl, O)
max (SQ(T) - K2> 0) ]]'{L1>T, to>T} |E . (370)

—C1T1—C2x2

gC(IlaxQ) —

e~ C1T1—C2T2 (611[(1 _ K1)+ (612[(2 _ KQ)JF = KK, (6(1—61)11 _ 6—61961)+ (6(1—62)12 _ 6—62172)
T (8 S
(see [A14]), where z; = In Seft% e~1®1=2%2 9. does not belong to L'. The ordinary

Fourier transform does not exist and we have to apply the generalized Fourier transform:

(oo} oo
be(ug, ug) = Kle/ / (e(l’cl)‘”'l — e’mll) ((3(1*02)3”/2 — e*CQf”%)
0 0
! /
171+T72

i A 5 gt

Thus, we have to Fourier transform e
+

/ /
dzydxy

1 1

= KKy | — 3.71
14582 Z.Ul ui,pz T —a) + igl ui,pz ~ ( )
1 . 1

g Y2 . pur _ pl w2 . pur )
1 (0_2 0-2\/1_—F)2) + (1 62) 1 (0_2 0-2\/@> C2

Note that we choose S(u1) > o14/1 — p?(1 — ¢1) and S(ug) > 1p S(ur) + oa(1 — ¢2),

_p2
ie. Sy, = {u =w+iw:w; >o\/1—p*(1l—c1) Ny > \/%7@1 + o9(1 — 02)}. The

price of the option can be given in the following corollary.
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Corollary 6. (Correlation barrier option price)

Let us assume

i. the setting described in Equation (3.3),

ii. the existence of an affine analytic characteristic function o(7,u,z), which is reqular
in a neighbourhood S, = {u=w+iw :w € (a,,b,)}, a, < 0,b, > 0 of the

origin, and integrable,

1. that the generalized — Fourier  transform GC(X) of the payoff func-

—C1T1—C2X2

tion e go(x) at  maturity  exists in  a  Space

{u:w+z‘w:w1>als/1—p(1—01)/\w2>\/—wl—i—og(l—cg)}, s there
2

integrable for |x| < oo, and

. p=—cos(r), where n is a natural number and n > 1.

If the space Sc, = S, NSy, is not empty, the correlation barrier option (see (3.70) for

the payoff profile) value is given by

exlcl—l—xgcz—ftTr s)ds iwo+00 i1 400 A
CZC (ta 5175278173271)) /

47'('20'10'2\/1— k 0 1T —00

(ol 1t —a1.0) = ol —”.v)

1701 — 00

(dur (—

by
+ ) iug 22
e AP o g duldu2,

uc SCC,

where @, zl(-_), z;, b;, and ¢; as in Theorem [3]. 60(u1,u2) as defined in [3.7]]

The corollary directly follows from Theorem B4 and Equation (B.71)).

(3.72)

Excursus: Contour variation

The general formula (Theorem [B4]) with S, has many variations. Those variations
can be obtained by applying residue calculus (see Corollary B and M This is best
shown with the example of the correlation option. The integrand in Formula (B.72I)
is regular in u; throughout S, except for simple poles in ; = (1 — cl)alﬂ
and 1, = —iclalm. In uy we have poles at iy = —2—wuy + io9(1 — ¢3) and




86 3.4 Pricing of two-asset barrier options with Fourier techniques

Uy = —2 ~uy — 03¢y Thus, if we move the contour (path of integration) to w; = 0
V/ 1-p?

while keeping wy > \/_wl + 09(1 — ¢3) we only cross a single singularity at @, =
p?

i(1—c1)o14/1 — p?. This can be seen in the example (p = 0.5, o1 = g9 = 0.3) pictured
in Figure B4l Hence, we can apply Corollary

0.5 Contour 1

0.4

0.3

w2

0.2

0.1

0 0.1 0.2 0.3 0.4 0.5
w1

Figure 3.4: Contour variation.

Then by Corollary [3] the correlation option price must also equal the integral along
the real axis of u; minus 27i times the residue at i, = i(1 —¢1)o14/1 — p?. According

to (256) the residue at iy = i(1 — ¢1)o14/1 — p? is given by

evicl —|—1‘262—ftT r(s)ds

Am201094/1 — p?

Resa,f = KK, lim (ul o1 — p2(1 - cl)>

Ul —U1

1
_ g w2 . pu1 )
( (2-m) ~0-0) ((2-p5) )
SO T, Uy, U2, —Zf,V ) gO(T,Ul,’LLQ,—Zk_,U)) (373)
(1 o ( 1 b2<71p) iu2L2)
)
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erici+zaca— [ r(s)ds N1

= KK io1\/1 — p?
' 247T2010'2\/1—p2 kZ:O ! P
1
[l )+ ) (1 (- ) )
(QO(T TjL17 U2, —Zk, U) - 90<7—7 alu U, _Zkia U)) (374)

by _baoip\_,. b2
e<(l = )<0'1 2 >7w25>
7

where f is the integrand in (3.72). Hence, the new pricing formula is indicated by

—_

102 +00
CQC (t, Sl, SQ, Bl, Bg, U) = ( - 27TZ/ Resaldw

0 LTI — 00

eT1e1+T2C2 —ftT r(s)ds

Am201094/1 — p?
1w +00
/ / ho(u
1Ty — O
(gp(r, u, —z,v) — (1,0, =2, v)) (3.75)
LA A )_mg)duldm) ,

3

il

+

w1 = O, Wy > 0'2(]_ — 02).
In a next step we want to move ws to 0. This time we pass singularities at @y =

L4 4 oy (1 — ¢3). The residue for the second integral in ([B.75) is given by

\/ 1—p2

eT1e1+T2c2 fftT r(s)ds

Res?f, — KK, i L S
i )2 e “21—{%2@2 1 —p? io2(1 = 2)) Am201054/1 — p?
n—1
1
— — _ —
=0 (ZalmjL(l Cl))(zgl - 1)
02
(Ug (1-— 02)> (7, (Z—z -—Z pu11_p2) — cg)
T Uy, Uz, Zk,'U) - 80(7-7 U’17u27_zki7v)) (376)

3 b
(u( s )i 2)
e g9\ 1—p 2
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z101+x202—fT r(s)ds "1
= K KS Y oy
drioi09\/1 — p? 15
1
S _ o _
(0o (-9
(SO(T: Uy, U, _Zk7v) - SO(T7 Uy, U, _Zkifv)) (377)

. b b .. b
I 1 + 20 —itig 22
e o1 1—/)2 a9 1—p2 72
)

where f5 is the integrand of the second integral in (3.70). The residue for the first

integral is given by

emlcl+zzc27ftT r(s)ds

Am201094/1 — p?

Resgl)f1 = —2mil1 Ky lim (ug — e

uz U2 —>U2 \/th
n—1
Z io1\/1 — p?
k=0

— 7:0'2(]_ — CQ))

02

7 (U2 — —% — iO’Q(l — CQ)) (’l (Z—z — U—%) — CQ>
_ 5 _

(QO(T, Uy, U2, —2g, U) - 90(7_’ Uy, U, —Zf U))

. b b . b
wy | — R i 26 —iug 22
e o1 1—p2 o9 1—p2 92

exlclJr:rgcsztT r(s)ds

= Kk 2m0oy
n—1
Z 7;0-2 (QO(T, al; a27 —Z, U) - @(T7 al? ﬁ27 _Zk_7 U))
k=0
o((=en (F=132) —ina22) (3.78)

where f; is the integrand of the first integral in (B.75]). Thus, the pricing formula with
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integration on the real axis is indicated by

n—1 )
CQC (t, Sl, SQ, Bl, BQ, U) = ( — 2mi / R@S@ldUQ

k=0 o0
—2m / Resffz) duy

6x101+x2027ftT r(s)ds

Am201094/1 — p?

[ o
(90 (T’ U, —Zg, U) - ¢ (Ta u, —zj , U)) (379)

(iul (7 by + bap ) 7iugbf2)
e o1V1=p?  o3V1=p? 72) duydus | .

—27TiR657(212) +

By using the method of images in the plane we can derive prices for correlation options

with a barrier on Sy only: Cic(t, S1,52, Ba) = Eg [e S r(9)ds max (S1(T) — K31,0)
max (S2(T) — K2,0) Lg,>7y | F; |- The solution is found by reflecting the characteristic
function in the plane (22(0) — —22(0)).

Corollary 7. (Correlation single-barrier option price)

Let us assume the setting described in Equation ([32) and the assumptions of Corollary

[, then the correlation single-barrier option value is given for any p by

ex101+1’202—ftT r(s)ds /‘sz-i-oo i1 400 A

47r201<72\/1 -

ClC(t7 Sla SZ: BQ? U)

1TU2 — 00 1TU1 — 00

(o(7,u, 22, o(T,u, —21, 29,0)) (3.80)
by
(wl oo / — —tu2 o9 dulduz, uc Sgc7

where @, x;, b;, and ¢; are as defined in Theorem [3]], as well as 60(”1,“2) in[3.71)

The corollary directly follows from Theorem B4l and Equation ([B71). For details on

the method of images in half-space please refer to Appendix In the following we

compute prices of a two-asset correlation option in the three-factor Model ([B.2) using

Theorem [6] with the Heston-type characteristic function, which we degenerate to the

two-factor GBM Model (B). We compare the resulti@ values to prices computed in
]

the GBM model with a formula derived by He et al. . The exactness of the prices
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computed using Fourier transform can be seen in Table B4l For the following scenario

Table 3.4: Prices of the two-asset barrier correlation option computed in the limit to
bivariate normal distribution.

GBM model Degenerated 3-factor model
Correlation p

strike K3 0 -0.5 -0.71 0 -0.5 -0.71

80 453.06 99.59 31.58 453.06 99.60 31.58

85 421.59 88.71 26.92 421.59 88.71 26.92

90 390.85 78.36 22.61 390.85 78.36 22.62

95 361.20 68.78 18.77 361.20 68.78 18.79

100 332.91 60.05 15.47 332.90 60.05 15.47

105 306.14 52.22 12.65 306.14 52.22 12.65

110 280.99 45.27 10.29 280.98 45.27 10.29
S1(0) = S5(0) =100, T =1.0, r =0.04, o1 = 09 =0.5, v(0) =1.0,

Bi(0) = By(0) =75, ¢ =0.0004, r =0.0004, o, =0.0004.

computations for Theorem [l we set again S; = Sy = 100, K; = Ky = 100, » = 0.04,
T=10,=0,=05,p=0,0,=04, (=09, k=04, v(0) =0.9. When the barriers
By (0), Bs(0) are increased we also observe in Figure B.H for correlation options with two

barriers a downward sliding graph.

400
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Figure 3.5: Correlation Option with Barriers (p=0).
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We repeat the computations again for correlation p = —0.5. For the two-asset barrier
correlation option the features of the graph do not change in comparison to p = 0 in
Figure

100
8]

60

Value

40
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90

80

70 80

60

50 60

. 40 40
Barrier By (0) Barrier B;(0)

Figure 3.6: Correlation Option with Barriers (p=-0.5).

In Table we provide more results which show the impact of the various parameters
of the covariance process on the price of the two-asset barrier correlation option. The
barrier levels B;(0) and Bs(0) are set at 75 as before. One notes the — at first — striking
different behaviour of digital and correlation options towards the parameters of the model:
For the correlation option the picture is different to before. The payoff of this derivative
is not only influenced by the probability that the underlyings stay above the barriers
during lifetime and above the strike levels at maturity but also by the actual level of
the underlyings at maturity. Thus, in the here presented scenario there are two contrary
effects: A higher volatility increases the probability that the underlyings are far above
the strike levels at maturity but it also increases the probability that the underlyings fall
below the barrier levels during the lifetime. The former effect seems to be dominant in
this scenario as the value of the barrier correlation option raises when the mean-reversion
level is increased. If the volatility of the volatility process is incremented the value of the
option falls. Therefore, the probability that both underlyings stay above the barrier and

far above the strike levels at maturity is lowered. As the opposite effect is visible with
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digital options it seems that a higher o, leads to a higher probability of lower volatility
values in the whole system. When « is augmented the overall effect depends again on the
mean-reversion level: In the case of a low mean-reversion level of ( = 0.6 the value of the
derivative falls. Obviously, lower volatility values below and at the mean-reversion level
become more probable. The opposite is true for the higher mean-reversion levels as the
fast mean reversion ensures high values of volatilities.

To analyse the influence of the volatility and the various parameters in more detail we
proceed analogously to the digital options and choose now a barrier level of B;(0) =
By(0) = 60 and strike levels K7 = Ky = 110. o7 and oy are set to 0.2. Comparing Tables
B3) and ([B6) we can observe that digital and correlation options behave in the same

way to a change in the different parameter values.

Table 3.5: Prices of correlation options with barriers barriers in Heston-type model
(Fourier technique).

k= 0.6 k=0.9 k=12
< =
oy 0.6 0.9 1.2 0.6 0.9 1.2 0.6 0.9 1.2
0.4 313.86 326.25 337.69 307.88 325.27 340.86 302.70 324.43 343.41
0.6 310.11 322.79 334.49 304.69 322.40 338.27 299.98 322.03 341.29
0.8 305.05 318.09 330.12 300.39 318.51 334.73 296.30 318.77 338.38

51(0) = S»(0) =100, T =1.0, r =0.04, o1 = 03 =0.5,
Bl(O) = BQ(O) :75, Kl = Kg :100, U(O) :1.0, P :O.

Table 3.6: Prices of correlation options with barriers in Heston-type model (Fourier tech-
nique) with low o-values.

xk=0.6 k=0.9 k=12
C =
Oy 0.6 0.9 1.2 0.6 0.9 1.2 0.6 0.9 1.2
0.4 28.99 32.37 35.81 27.30 31.91 36.65 2590 31.53 37.35
0.6 29.24 32.60 36.03 27.51 32.10 36.82 26.08 31.69 37.49
0.8 29.58 32.91 36.32 27.79 32.36 37.06 26.32 31.91 37.69

51(0) = 55(0) =100, 7T =1.0, r=0.04, o0, =03 =0.2,
Bi1(0) = By(0) =60, K, = K, =110, v(0) =10, p =0.

3.4.5 Alternative Fourier Technique

As already mentioned, alternatively, the methods derived by Carr and Madan dﬁ] and
Dempster and Hong [32] could be extended to allow for barrier option pricing. They
Fourier transform the option price directly. As many of those integrands are not Lebesgue
integrable and singular, they transform a modified (dampened) call price, which assures

integrability. We price any terminal payoff ¢(Si,S2) without barriers. Starting from
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Equation (B.6]) and for K; = 1 we define the characteristic function of the two variables
x) and x4 at time ¢ starting from z; and x2 in ¢ = 0 in terms of the two independent

variables z; and zy (see transformations for (3.32)) by

o(t,wy,wy) = Eglexp {iw 2] () + twaz5(t)}]

[ee] (oo}
; ’ g N
= / etz gt o 2l oz, 2, v)d2idz, we R (3.81)

—00 oo

where
- _ 1 (27/1—51_ 1'/2—62)
! 1—p? o1 02 7
xh —b

r 2 2

22 - o9 3

€T, = In (SieftT r(s)d )

bz = In BZ(T),

T = T—1t.

g is the joint density function of 2, 2, in 7" conditional on x; and =5 in t. As already
shown, we can reformulate any option for which the payoff only depends on the terminal

values of the stocks by

C(T —t, 21,79, k1, k2) = e ftT r(s)ds+ciz1+coma / / 9(1'17 T, ki, k2)

—ci1x! —coxh A / / / !
e~ AN TN G(T 1y, XY, Ty, Te, V)dTodr, (3.82)

where k; = In(K;). In many cases the joint density function is not known in closed form
but the characteristic function so that we cannot use the formulation in ([3.82]). Therefore
we want to Fourier transform the above problem. However, if C(T — t,x, x9, k1, ko) is
not L' (see also Schmelzle @] for a summary) the Fourier transform does not exist. As
mentioned above we can circumvent this by introducing a damping factor af. Following
Carr and Madan B] and Dempster and Hong B] we multiply the option price by:

C<t7 Xy, T2, kla k?) = ea%kl—i_angC(ta Xy, T2, k17 k2)
For suitable a?, a4, c(t, x1, 72, k1, ko) is an integrable function, since then

J.

€a§k1+agk20(t, X1, T2, kl, kg) dk1dky < 0. (383)
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Along the lines of Dempster and Hong B] we derive the Fourier transform of the modified
double-digital option price (without barriers), i.e. g(x1,22) = Liz >k 205k}, Where k; =
In Kz .

(o] o0
éD(U}h w2) - / / eiw1k1+iw21€2CD (ta €1, T2, kl? kQ)dedkl

/ 041 +zw1 k1+(ag+z’w2)k2 ft s)ds+ciritcars

/ e e~ CQ%Q(T, 2y, xhy, 11, T, v)dryda dkadky
k

7" (s)ds+crax1+cazo / /
Q(Ta Xy,To,T1,T2, U)

d _
+7,w1 k1+(a2+zw2)k26 crx)— 02I2dl€2dk1dl‘/2d$/1

— e ft 7“(3 Yds+c1x1+cazs
d . / d . /
e} 0 of —c1+rwr )z +H (a5 —catrwa)xs 4 / /
/ 6( 17 ¢ 1)z +(ag—c2 2) 2q(7-7 1'1’;[27@171'2’1))
—00

(af + iwl)(ag + dwy)

/ /
dzodzy

—

—00

al —01+zw1) (\/ 1—p201z§+bl+polz§)
—f r(s)ds+ciz1+caza / /

(af + iwy)(ad + jws)

ag—catiws)(2502+b2) W,
elo? (=2 (7, 2, 2, 21, 20, v)d2hd 2]

e(al c1+zw1)b1+(a2—cg+iw2)b2

= e ftT r(s)ds+cizi+caxs
(af + 1wy (ad + fwy)

90(7_7 Uy, Uz, U)?

where

up = o1/ 1—p? (wl—i(a‘f—cl)),

Uy = Oy (uz —1 (ozg — CQ)) + poy (w1 —1 (oz‘li — cl)) )

We can apply the Theorem of Fubini in the forth line due to .83

The damping factor improves the integrability on the negative real axis. A sufficient
condition for ¢p to be square-integrable is the finiteness of ¢p(0,0), which can be achieved
by choosing a¢ accordingly. Then the inversion of ¢p converges to ¢p in L?- norm in line
with Plancherel’s Theorem (see Theorem [II). Comparing u; to ([3.67) and the there
defined strip of regularity for u; we can observe that the introduction of the damping

d

factor af ensures in a similar manner as the application of the generalized Fourier inversion

(integration in the complex plane) integrability.
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The price of a digital option without barriers is given by

e~ a1 k1—asks

CD(T,Sl,SQ,K17K2”U> -

472

/ / e—i(wlk1-i-u)2kz)éD(7—7 w1, w2)dw2dw1. (384)

The value of the barrier option in the three-factor model can be found when we apply
the method of images in a wedge (see He et al. M], Carslaw and Jaeger dﬂ], p. 27Tt

Sommerfeld @]) to the characteristic function in accordance with the proof of Theorem

34

Corollary 8. (Double-digital barrier option price with alternative method)
Let us assume
i. the setting described in Equation (3.3),
ii. the existence of an affine characteristic function,
1. p = — COS (%), where n is a natural number and n > 1, and that

. there are af, ad so that exp {ayxy + asry} Cp € L2,

Then the price of a two-asset digital barrier option (see (3.68) for the payoff profile) is:

—a1k1—agks oo oo .
Cop(t, Si, 82, Ki, Ky, By, By, v) = eT/ / g wikituzk)
éQD (U}l, wg)dedwl, (385)

where

_ ftT ’r‘(s)ds-‘rcll‘l +C2x2€(a‘f—c1+iw1)b1 +(ag—cz+iw2)b2

(af + 1wy (ad + fwy)

e

~

CopD (W)

i
L

(SO (7—7 u, —Zk,U) — ¢ (7—7 u, _Z];7 U)) )
0

il

where ¢, zg) and zg) are given Theorem[3] The convergence is in L*-norm.

Similarly, the price of the correlation barrier option can be derived. The transform of the
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dampened correlation option price is given by

o S
éC’(wla w2) _ / / (iw1+a) k1 +(iwa+ad) k:g ft s)ds—+cix1+cara

0o oo
—c1a} —cax! ! k1 x! ko
e TR (1 — ¢ e —e
kl ko

G(7, 2, x5, 1, w9, v)dabhdx dkadky

— / / e ft r(s) ds+c1x1+czx2q(7_ xlv 1.2’ Ty, To,V / / zwl—l—al)kl

eliwztag)kz p—ciz) —caz) (e‘”l — e’“) (e‘”2 —e )dkzdkldxgdm

_ - r(s)ds+cixi+coxs
- f (=) / / QT .731,1'2, )

e® A 1+1—c1+zw1)(a1 1 +ZU)1) Il(al—l—l c1+zw1)<a _|_zw1)
(af +iwy)(ad + 1 + iwy)

/ d_ _ . .
612(a2+zw2+1 cQ)(OZd—F]_—I—Z’LUQ) _6I2(0{2+7,1U2+1 CQ)(O(%‘{”VLUQ)

dxtda!
(o + dwy + 1) (ad + iw,) 20T
J? oy 1—c w
= *f T(s)ds+clx1+ch2/ / t(ad+1—cq+iwn)
(of +iws)(af + 1+ 1wy)
352(0‘ +iwz+1—c2)
T 7:5 ) dl' d$
(a2+lw2+1)(042—}—1 2 qT( 1072 ) gy
= T(S)ds+6m+62z2/ / (21, 25,v)
e(W1=p?a12]+bi+porzh)(af+1—citiwn) o (2hoa-tbe)(af+1—cotiws)
dzydzy

(af +iup)(af + 1+ iwr)(ad + 1 + iwsy)(ad + iwy)

Aoyt diq1_ ;
ebl(al—i-l c1+7,w1)€b2(a2+1 CTHwQ)QO(T, u/17 ul27 ’U)

(af +dwp)(ad + 1+ dwp) (ad + iwsy) (ad + 1 + iwy)’

— e ftT r(s)ds+ciz1+caza

where

uy = 01\/1—p2(w1—z’(0ff+1—01)),

uy, = 09 (wg —4 (ozg +1-— 02)) + poy (w1 — (oz‘li +1-— cl)) ) (3.86)

Thus, the price of the correlation option is given by

e~ k1—asks

 4n?

/ / —i w1k1+w2k2)CC(u1,U2)dw2dw1, (387)

CC(ta‘Sl?S?vKlaKQaU) =
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where

o ftT T(s)ds+clml+02m2e(a‘f+1—c1+iw1)b1+(ag+1—02+iw2)b2
colwy,wy) = Tou . ub, v
olwnwe) = Y (ol 4 1+ ) (0 + ) (ad + 1 4 7ug) ¥ 7 1020

uy = 01\/1—p2(w1—z’(off+1—cl)),

uy = oo(ws —i(ag+1—c))+por (w1 —i(af+1—cp)).

Corollary 9. (Correlation barrier option price with alternative method)

Let us assume

i. the setting described in Equation (3.3),
1. the existence of an affine characteristic function,
1. p = —COS (%), where n is a natural number and n > 1, and that

1. there are 04‘11, ozg so that exp {onxy + agza} Cp € L2.

Then the price of a two-asset barrier correlation option (see (3.70) for the payoff profile)

15 given by:

6—051]4:1—042]4}2 oo o.9] )
Cac(t, 51,82, K1, Ky, By, By, v) = T/ / e i(wkituaha)
a —o0 J —oo

égc(ul, UQ)d’lUdel, (388)

where

o= LT r(s)ds+clzl+02126(0/11+1761+iw1)b1+(ag+1762+iw2>b2

of + iwy) (af + 1 +iw:) (af + iws) (od + 1 + dws)
1

(go (T,u, —2z+,v) — ¢ (T, u, —z, v)) ,
=0

uy = 01\/1—p2(w1—i(a‘f+1—01)),

uy = oa(ws —i(ag+1—c2))+ por (w1 —i(af+1—1¢)),

620 (wl ) wQ) = (
n

Ed

(=) (=) : i T2
where ¢, z,," and z;," are given Theorem 3] The convergence is in L*-norm.
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3.4.6 Random correlations

The restriction of the solution for the two-asset barrier options to correlations p =

—cos (7) with n € N might seem rather restrictive because all possible correlations are

negative for n > 2. We can, however, loosen this constraint. The assumption that the

correlation takes the attainable values p,, randomly with a probability p, makes positive

expected correlations achievable. For example, if we assume that p; = p, = % and p; =0,
1

for ¢ > 2 then the expected correlation is % with variance ;.

Theorem 35. (Random correlation)

Let us assume that the correlation p can take any value p, = —cos™ with a positive
probability p, and that this probability p, is known. Then, the value of any derivative is

gwen as the weighted sum

C(ta Sla SQa U) = anc(pzfcos%) (t, 517 SQa U)' (389)

i=1

Remark 13. Given this assumption E(p) > 0 is attainable, although most of the possible

values for p are actually negative.

3.4.7 Conclusion

In this section we have shown how to derive easily attainable and quickly computable
solutions to a range of two-asset barrier options in a stochastic covariance framework
for a special correlation structure. This framework is extended to allow for a random
correlation structure. The formulas derived can be computed via fast Fourier transform
following the transformations done by Dempster and Hong [33] but even without the

adoption of the fast Fourier transform the formulas can be quickly evaluated.

3.5 Pricing of two-asset barrier options with PDE

techniques

In the following we use the method of separation and the solution to well-known ODEs
to find pricing techniques for valuing options for any p. In Subsection B.5.1] we use our
knowledge about affine characteristic functions and the PDEs which they solve to find a
simple extension to the solution He et al. proposed for two correlated geometric Brownian

motions for our three-factor stochastic covariance Model ([3.2)). Moreover, we derive the
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survival probabilities.

3.5.1 General pricing formulas for two-asset barrier options ex-

ploiting the affine form in v

The System (B.6]) can be solved for a group of models included in the general framework
[B2), i.e. for specific values of the parameters v and v. This group is characterised by
the existence of an affine characteristic function. For these models a feasible and easily

manageable solution for the pricing of two-asset barrier options can be found:

Theorem 36. (Barrier option pricing in R* with PDE technique)

Let us assume the setting described in Equation (33) and the ezistence of an affine char-
acteristic function. Then the price of a two-asset barrier option (see (3.4)) for the payoff

profile) in the three-factor stochastic volatility model is given by

61101+x2027ftT r(s)ds oo oo o
Cp (t, 51,5, By, By,v) = / / g(x}, xh)

o109/ 1 — p?

e~ Tie1—her (T, 1, T, X, 2, v) da' di), (3.90)
where
| SieftT r(s)ds
r; = n T,
2 o
Q(Ta l'l,[[‘g,l’ll,l'é,v) = _/ AV(’T, )\) (391)
Bp Jo
> ntd \ [ nrd
Zsm ( 5 p) sin ( 5 p) Sy (Arp) Ty (Arh) dA,
n=1 b

tan 8, =

z2—ba
tan(d,) = ik , 0, €10,5,],
1 r1—=b1 _ x2—bo
\/1p2< o1 P o2 )
o= g1 — 02p0 ) — 09 — O01pP
b 20(1-p?) P 20(1 - p?)
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where V (1, \) solves the PDE given in (3100) and J.(x) denotes the Bessel function of
the first kind.

Proof.

We start from (B32) and separate q(7, z1, 22,v) = H (21, 29)V (7,v). We get

oV 1 0’H 1 0*H o2+ 02 — 2p0109
__H = = 21/V - 21/V _ ,2v1 2 HV
or 2" 0723 i 2" 023 ! 8(1 — p?)
1, ., 0% oV
+§O'UU A/W_H + H(C — U)%H (392)

Dividing by H we obtain

o Lﬂvz 0*H n OPH\ 5,01+ 05 —2poi0y
or 2 H\0z# 0z 8(1 —p?)
1, 4 0%V ov
+50u0 507 + k(( —v) 5 (3.93)

Furthermore, we set

1 /0?°H ©0°H A2
=y =T H 3.94
2 ( D23 023 > 2 (3:94)

By transforming z; and z; in Equation (B.94) to polar coordinates the vertical
boundary is described by the angle tan6, = ——V1p7p2 and the horizontal bound-
ary by 0, = 0. Thus, the bounded area for which the PDE is defined is a
wedge YV = {(rpcos(6,),rpsin(6,)):r, >0, 0<6,<p,} C R? where tanf, =
V1Zp 2, By € [0,7]. The boundary of the wedge is described by Y =
p
{(rpcos(6,),r,sin(,)) :r, >0, 6, €{0,8,}} C R%. Choosing a separable solution of

the form R(r,)©(6,) we get the following relationship

R dR 2o
dT‘IQ7 drp dag .
r Rt T Nrl |+ o | = 0. (3.95)
dzig
We define dg = —k? and find
©(0,) ~ Asin (kb,) + B cos (kb,) . (3.96)

© has to fulfil the boundary conditions ©(0) = ©(8,) = 0. Thus, B = 0 as k is real.
Hence,
b= n=1,2... (3.97)
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The radial part is given by

PR () I
d (\rp)? "d (M)

As R(0) has to be well-behaved, the general solution of the radial part is

(Arp)? + () = k) R =0. (3.98)

R(ry) ~ Jg, (Arp) (3.99)

where J (z) is the Bessel function of the first kind. We insert (8:94) in ([3.93]) and get

oV 1, 02+ 03 — 2p0109
- - _ = y)\2 _ ,2v”l 2
or AV Ty
1, ,. 0%V oV
—|—§O'UU PYW + KJ(C — ’U)%, (3100)
V(O,U) = 1 (3.101)

If the process possesses an affine-type characteristic function, (3100) collapses to a system

of ODEs and the solution can be given by

q (7,7, Op, 10, 00, 0) = /0 V(T,)\)ch()\)
n=1

sin <”;9p> Jaz (Ary) dA. (3.102)
D P

To determine ¢,(\) we use the initial condition ¢ (0,7, 0, v) = 28 (r, — 1) 6 (0, — 0}).
Multiply (3102) at 7 = 0 by sin (Wrep> and integrate over 6,.

Bp
0 o
%6 (rp — %) sin (m7r p) = &/ Cm(A)Jmx (Ary) dA, (3.103)
Tp Bp 2 0 Pp

where we use the integral identity [ sin (mx)sin (nz) de = Z6(m — n) (see Arfken H], p.

632) and, thus, [, sin (%ﬁ”) sin (%) o = 25(m —n).

Finally, multiplying by ry Ju= (N'r,) and integrating over 7, results in the following solution
P
for ¢, (\)

em(N) = 25_)\/ sin (

/
m7r6?p

Br

) Tz (N3 (3.104)

where we use the Bessel function closure equation [~ zJ (ax)J,(ba)dz = L6(a — b) (see
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Arfken H], p. 648). Thus,

2 o
q(T,rp,Gp,r;,H}’wv) = 5—/ AV (1, \)
» Jo

> ) nmt’ ) nm6
Zsm < 5 p) sin < 5 p) J% (A1) J% (Arh) dA.
n=1 p

p

and,

p(z1(7) € dxy, xo(T) € drg,21(T) > by, 25(T) > by, v) =

eclx1+02x27ftT r(s)ds
= q (7,21, T, T, 2, v) da'yda)y, (3.105)

o102\ 1 — p?

where z; denotes the minimum value z; takes in 7 and

1
o024/ 1—p

is the Jacobi determinant.
]

Remark 14. If the three-factor model degenerates to a two-factor GBM model then (3911

15 consistent with the formula He et al. /| found.
, , 2 _0%4'05*2/)‘71027_ © T2+T;72
qaBy (T, 71, Ta, Ty, Ty, v) = 5T e 80-/% E e
-
p

n=1

0/ /
sin (ng p) sin (mﬁr@p) Io= (@) . (3.106)
P P PAT

where I.(x) denotes the modified Bessel function of the first kind.

Proof.
If the three-factor model degenerates to a two-factor GBM model then (391) is consistent
with the formula He et al. E] found:
2 o0 1 - o'2+o'272p010'27_
qeum (T, 01, T2, 0) = _/ \e s (W= )
By Jo
- nmo, nm
‘ P o P /
Zsm ( 3 ) sin ( 3 ) J% (A1) J% (Ar) dA
n=1 p p
2 _O‘%+U%—2p0‘102
= —e 8(1_P2)
BT

2\ gy’ nwo, 0 rr
Y et sm( ”) sin (m P) o (p—”) . (3.107)
n=1 ﬁp ﬁp o T
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where we used the formula (see Gradshtein B], 6.633)

ey 1 @+ ab
/0 ze " (ax)J (br)dx = 52¢ ] (@> : (3.108)
with I, (%), the modified Bessel function of the first kind. O

One of the models for which the affine characteristic function exists is the model with
the Heston-type third factor. The price of a two-asset barrier option is presented in the

following corollary.

Corollary 10. (Barrier option pricing in Heston-type model in R? with PDE technique)

Let us assume the setting described in Equations (32) and (3.3) with v =~ = 5. Then

the price of a two-asset barrier option (see (37)) for the payoff profile) in the three-factor

stochastic volatility model is

650161-&-96202—]? r(s)ds oo oo o
Cp(t, 51,59, B1, By,v) = / / g(xy,x
B( 1,2 1 2 ) Uldzm I ( 1 2)

/ /
—xc1—T5HC2

e q (1,21, X, ), h, v) daydxy,  (3.109)

| S,;eftT r(s)ds
r; = In T ,

A
Q(Ta $1,x2,$1,$2,1}) = 5

where

tanﬁp - _1T_p27 B € [077‘-]7

, _ 1 (xl—bl_pxg—b2)2+<:c2—b2)2
P (1—p?) o1 o) 0P ’

z2—ba
tan(ep) = i ) ep S [OaﬁpL
1 <x1—b1 _pxg—b2>
\/1_p2 o1 02
o2 + 02 — 2p010y
=00\ = 2402 (N2 + 12 :
(N \//-z +UU( + 0= )
o Cimop oo
20197 7 200(1—p?)

where Ay and By are given in [3-49) and ([3-48).
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Proof.
Inserting (A24) in (3I00) we find the same ODEs as before in (A1.2). The solutions
follow. O

We have seen before that the Ornstein-Uhlenbeck process also possesses a characteristic
function. The pricing formula for the two-asset barrier option can, thus, be indicated in

the same way as for the Heston-type model:

Corollary 11. (Barrier option pricing in a Stein and Stein-type model in R* with PDE
technique)

Let us assume the setting described in Equation (32) with v =1 and v = 0. Then the
price of a two-asset barrier option (see (3.4) for the payoff profile) in the three-factor

stochastic volatility model is given by

61181+27202—ftT r(s)ds oo 0o o,
Cp(t, 51,59, By, Bo,v) = / / g(xy, o
B( 1 2 1 2 ) 0’10'2\/1—7p2 I ( 1 2)

/ /
—ITC1—THC2

e

| SieftTr(s)ds
x; = In &5 |

q (7,21, T, X, 5, v) da di), (3.111)

where

2 o L T. T v T. ’U2
q (1,21, 20,7, 75, 0) = —/ )52 (As2(rA)+ Bsa(r\)v+Csa (1. A)v?) (3.112)
Bp Jo
- nmt), nmf
. P . D /
Zsm ( 5 ) sin ( 5 ) J% (A1) J% (Ar) dA,
n=1 p p
1—p?
tan 8, = —T, pelo,n],
1 lL‘l—bl I’Q—bg 2 Jfg—bg 2
Tp = 2 - P + )
(1—p?) o1 09 09
z2—bo
J— g2
ta‘n(gp) - 1 21—by 2o—bo ) ep € [Oaﬁ]a
\/1—p2 o1 P o2

where Aga, Bso and Cso are given in (Z2HI6T).

Proof.

Inserting (A37) in (BI00) we find the same ODEs as before in (A12). The solutions
follow. O
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Using the Result (301 we can derive some more densities along the lines of Iyengar
|, i.e. the density of the first hitting time ¢ and z;(¢) and the survival probability, i.e.

p*(/ edt',x(/) € D) and p*(/ <t') with 0 <t <t <T.

By using the same arguments as Daniels @], Iyengar B] and Metzler @] we derive the

probability density p* (¢ € dt’,x(/) € D) of the hitting time ¢/, where ¢/ = min (¢1, t3),

and the density of x(//) = (z1(/),z2(¢)) in /. 9D describes the boundaries with

(b1, x2()) U (z1(¢)), b2) C OD.

Theorem 37. (p* (/' € dt',x(./) € D))

The probability density function p*(J/ € dt',x(/') € dD) is given by

p< (0 € dt',x(/) € OD) = enrmtema—)iris)ds - / AV ()N
0

B2r,
Z nd,, sin (n7n9p )
By

J%g(krp)J%g(Ar;)dAal)dﬂ, (3.113)

where 0, = (=1)"*' if 0 = 3, and 6, = 1 if 6, = 0,

| SieftT r(s)ds
s M TR )
1 [L'l—bl ﬂfg—bg 2 l‘g—bg 2
Ty = 2 - P + )
(1—p?) o1 o9 09

z2—bo

tan (6,) = z

1 x1—by wa—by )
\/1 2 < o P o2 )
—p

Proof.

Using a similar argument to Daniels @], Iyengar H] and Metzler @] and transforming

to polar coordinates it can be shown that

PP (0 edt z(l) € dY) = eamitesnfir()is
@ edt' z(/) € YY) dzdz
eclx1+02127f:/ r(s)ds

2

a / / / !
a—nq (t, Tp, Op, t Ty Op) (s

dr'de),

zE@Y:|

where (b1, z2(/")) U (z1(¢)),b2) C 0D, 0Y describes 0D in polar coordinates. a% de-

notes the normal derivative, i.e. a directional derivative taken in the inward nor-
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mal (orthogonal) direction, to the boundary 0Y in point z (z € 09Y). x =

o (\/1 —p?z + p22> + by, 0929 + b2> and (z1,22) = 1, (cos (9;)) ,sin (01’,)) In our

case the (unit) normal vector n on the boundary is either (0,1) for z = (r,,0), ie.
29 = 0, or (sin(f,),—cos (5,)) for z = 1, (cos (B,) ,sin(B,)), i.e. z0 = — . With

p
8‘1 =Vq¢g-n= (grq, : T,89,> (0,1) = i;ﬂ we obtain for z = (7, 0)

h

0!

1 9 2r,
¢ (L edt'z(/)yedy) = { / AV (', N)

Z sin (mré’ ) sin (ngjp )

J% (Arp) J%: (A7) d)\dr;d%]

_ [5% /OO AV (', 0)
ENE WEY

Jaz (Ary) Juz (Ar}) d/\dr;d%}

T 00

p

- . mr@ / / /
Z nsin ( Bp”) Juz (Ary) Jux (Nry) dXdrdf),

T e > nmf
= AV (t, )\ n sin ( p)
), WY (5

0,=0,r,>0

91,=0,r1,>0

p

Jaz (Ary) Juz (Arh) dAd2}dz). (3.114)

The respective probability for z = r,(cos(/3,), sin(3,)) can be derived by reflecting z about

the line 25 = tan (%) z1, i.e. the reflected 6;, =By —0,.
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We insert the reflection in (3II4) and compute

¢ (Led' z(/)edy) = ,7T2 / AV (t',N) Znsin nmdy
Tp/Bp 0 n—1 /6}7

Jux (A1) Jux (Ar) dAdz;dz,

T e > nmt
= — AV (t,\ nsin( p)
), WY (

p

cos (nm) Sz (A1) Sz (Arh) dAdz]dz). (3.115)
[

The survival probability can be obtained by integrating (B.91]) over the wedge (see Iyengar
| and Metzler [88]).

Theorem 38. (Survival probability)

The survival probability p*(.' > t') is given by the following expression in polar coordinates.

X ciT cz—t/rss 4 . nmt >
P >t) = e 14caza— [y r(s)d Z—Slﬂ( Bp)/ V(t/,)\)J%()\Tp)

ne1350 p 0
/0 ryJuz (Ary) dridA, (3.116)
where
1 (sieffr(sws)
r, = In|—— |,
K;
1 l’l—bl CCQ—bQ 2+ fL’Q—bQ 2
r, = -
P (1—p?) o P o9 o9 ’
z2—bo
tan(f,) = . xlji o 6, € [0, B,).
\/1—,02 < o1 P o2 )
Proof.

The probability that z; and x5 do not hit the barrier during lifetime in 0 < ¢ < ¢/ < T
can be obtained by integrating (B.91]) over the wedge. This is facilitated by converting to
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polar coordinates.

px<L/ > t/> —  eG1miteara— ft r s)ds/ / t Tp,ep,rp,e’ )T’;dr;d@;
B /

—  eC1miteara— f r(s)ds Z i sin (mr@ ) P @Sin (mr@ > dﬁ'
n= 1 Bp 0 ﬁ]’ Bp

/ AV (t,A) Ju ()\rp)/ e (Ar) dr' dX
0 P 0 P

t! 4 nmt
cla;1+cza:2—ft r(s)ds E o P
e R 7Tn S1n ( B )

p

/ AV (¥, ) Jaz (Ary)

0
/ rpjgw ()\7*;) dr;d)\.
0 P

If the three-factor model is degenerated to the two-factor model the probability is given
by (see Metzler @])

a%+o% —2poio9 t,

pEBM(L/ > t/) _ 661$1+02r2—f: r(s)dsz 4 sin (nﬂ-ep) e s(-p?)

2 2
! 4 nﬂ-e _oi+o5—2poy0g ,
_ eclx1+czx2—ft r(s)ds E /‘ sin ( P e S(1=p2) —=t

’
e By
o0 / /
<Tp+rp ) 1 TpT r.r
p b p /
r e 2w  — | Tnx_ + [nx dr
p/o 2\ \ B\ Ty P
2, .2
' _oitoa =010y
— 6015E1+02562*ftt r(s)ds 2Tp e S(1=p2) 67475

where we used the identities 21 (x) = I 1(z) + I41(x) (see Abramowitz and Stegun ﬂ],
9.6.26) and [ e "I (at)dt = §,/Tew s (%) (see Gradshtein [59], 6.618). O

2

00‘::

3.5.2 Pricing of two-asset double-digital barrier options with
PDE techniques

In the following we are going to derive formulas to price two-asset barrier double-digital

options with two time-dependent barriers.
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Corollary 12. (Double-digital barrier option in Heston-type model with PDE technique)

Let us assume the setting described in Equations (32) and (3.3) with v = = 5. Then
the price of a two-asset barrier double-digital option (see (360) for the payoff profile) is
given by

eT1e1+Tacy 7ftT r(s)ds

0'10'2\/ 1—

(T, xl,xg,xl,x2, v) dxydry, (3.117)

Cop(t, S1, 59, Ky, Ko, By, By, v)

where q (T,x1, T, Ty, 25, v) is given in Formula (Z110).

Table 3.7: Prices of double-digital options with barriers in Heston-type model (PDE
technique).

k=10.6 k=10.9 k=12
¢
Oy 0.6 0.9 1.2 0.6 0.9 1.2 0.6 0.9 1.2
0.4 0.1054 0.0973 0.0901 0.1092 0.0978 0.0881 0.1126 0.0982 0.0864
0.6 0.1091 0.1006 0.0931 0.1124 0.1005 0.0904 0.1154 0.1005 0.0883
0.8 0.1142 0.1052 0.0972 0.1168 0.1043 0.0937 0.1191 0.1036  0.0910

51(0) = S5(0) =100, T =1.0, r =0.04, 01 = 05 =0.5,
Bl(O) = BQ(O) :75, Kl = K2 :100, U(O) :1.0, 1% =0.

Table 3.8: Prices of double-digital options with barriers in Heston-type model (PDE
technique).

k=0.6 k=0.9 k=12
¢
oy 0.6 0.9 1.2 0.6 0.9 1.2 0.6 0.9 1.2
0.4 0.1417 0.1325 0.1243 0.1461 0.1331 0.1219 0.1499 0.1336 0.1200
0.6 0.1456 0.1360 0.1274 0.1494 0.1360 0.1244 0.1528 0.1360 0.1221
0.8 0.1507 0.1407 0.1317 0.1539 0.1399 0.1278 0.1566 0.1393 0.1249
S1(0) = S2(0) =100, T =1.0, r =0.04, o1 = 09 =0.5,

Bl(O) = BQ(O) :75, K1 = K2 :1007 ’U(O) 11.0, 14 =0.3.

In a first step we want to compare the prices of the formulas in this chapter with the
formulas derived using Fourier techniques (see Section B.4.3]). Thus, we reprice the sce-
nario in Table using the PDE based formulas (see Table B.7). For the following
scenario computations we have chosen the parameters: S; = S = 100, K; = Ky = 100,
By =By =75r=004,T=1, 01 =03=0.5, p=0.3, v(0) = 1.0. In Table B8 one can
find several scenario computations showing the impact of the various parameters of the
covariance process on the price of the derivatives. For the Heston-type model the value of

a two-asset digital option decreases for rising mean-reversion levels, i.e. when the overall
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volatility of the two assets rises. The option increases in value when the volatility of the
third process o, is raised. The characteristics towards k, the mean-reversion speed, is
ambiguous: When we increase x from 0.6 to 0.9 for a mean-reversion level of ¢ = 0.6 as
well as in the case ( = 0.9 and 0, = 0.3 an increase in x leads to a higher value, however,
for higher mean-reversion levels, such as 1.2, an increase in k reduces the value of the
derivative. The value of the digital barrier option reflects, in fact, the probability that
both assets stay above the barrier levels during the lifetime of the option and are above
the strike levels at maturity. In the scenario we have chosen the probability for that is
higher when the overall volatility in the system is low because then the derivative stays

above the barriers and ends in the money.
Corollary 13. (Double-digital barrier option in Stein and Stein-type model with PDE
technique)

Let us assume the setting described in Equation (32) with v =1 and v = 0. Then the
price of a two-asset barrier double-digital option (see (360) for the payoff profile) is given
by

eT1e1tT2cy fftT r(s)ds

0102\/1 — ,02

(T, :Bl,xg,xl,:zg, v) da'ydrs, (3.118)

CQD(t7SI7SQ7K17K27Bl7B271}) -

where q (T, x1, Ta, T, Ty, v) is given in Formula (Z113).

Table 3.9: Prices of double-digital options with barriers in Stein-type model (PDE tech-
nique).

k=0.6 k=0.9 k=12
¢
oy 0.6 0.9 1.2 0.6 0.9 1.2 0.6 0.9 1.2
0.4 0.1571 0.1429 0.1304 0.1692 0.1503 0.1340 0.1812 0.1585 0.1392
0.6 0.1580 0.1442 0.1316 0.1681 0.1493 0.1324 0.1780 0.1548 0.1344
0.8 0.1564 0.1434 0.1311 0.1647 0.1463 0.1290 0.1725 0.1492 0.1277
S1(0) = S2(0) =100, T =1.0, r =0.04, o1 = 09 =0.5,

Bl(O) = BQ(O) :75, K1 = K2 :1007 ’U(O) 11.07 14 :03

For the Stein-type model the behaviour towards ( is comparable to the Heston-type model:
The value of the option falls with an increase of the mean-reversion level. Incrementing
o, we can observe a fall in value except for the scenario k = 0.6. The value of the option
increases in the Stein-type model when we increase the value of k and only falls when
both o, and ¢ are very high (o, = 0.8 and ¢ = 1.2). The different characteristics of the
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Heston and the Stein model can be explained by the different form of the diffusion term
of the third factor process: The diffusion in the former model depends on \/ve, while the

diffusion of the later only depends on o,.

3.5.3 Pricing of two-asset barrier correlation options with PDE

techniques

In the following we derive formulas to price two-asset barrier correlation options with
time-dependent barriers.
Corollary 14. (Correlation barrier option in Heston-type model with PDE technique)

Let us assume the setting described in Equations (32) and (33) with v = = 5. Then

the price of a two-asset barrier correlation option (see (3.70) for the payoff profile) is
given by

6x101+x2027ftT r(s)ds

0109+/1 — p2

/ / 1(1—c1) _efa:’lcl)
( ah(l—c2) e x262>

q (T, 21, 29, 2, 25, v) dr'dxs, (3.119)

OQC(t7517827K17K27B17B27U> - K1K2

where q (T, 1, Te, T, Ty, v) is given in Formula (Z110).

Table 3.10: Prices of correlation options with barriers in Heston-type model (PDE tech-
nique).

k=0.6 k=0.9 k=12
¢
oy 0.6 0.9 1.2 0.6 0.9 1.2 0.6 0.9 1.2
0.4 313.87 326.25 337.69 307.90 325.27 340.85 302.73 324.43 343.40
0.6 310.23 322.84 334.50 304.80 322.43 338.27 300.08 322.05 341.28
0.8 305.52 318.31 330.21 300.76 318.64 334.76 296.62 318.85 338.38
S1(0) = S2(0) =100, T =1.0, r =0.04, o1 = 09 =0.5,

Bl(O) = BQ(O) 275, K1 = K2 21007 ’U(O) :1.07 14 =0.

Again, we first compare prices computed using the Fourier technique (see Section [B.4.4])
with the prices computed with PDE-based formulas. In Table it can be seen that
the results are quite close to Table B.5l For the correlation option the picture is different.
The payoff of this derivative is not only influenced by the probability that the underlyings

stay above the barriers during lifetime and above the strike levels at maturity but also by
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Table 3.11: Prices of correlation options with barriers in Heston-type model (PDE tech-
nique).

k=0.6 k=0.9 k=12
¢
oy 0.6 0.9 1.2 0.6 0.9 1.2 0.6 0.9 1.2
0.4 590.26 623.48 655.53 573.94 620.06 663.92 560.10 617.18 670.81
0.6 585.78 619.16 651.40 570.16 616.46 660.55 556.91 614.15 668.02
0.8 580.17 613.55 645.89 565.39 611.72 655.99 552.84 610.13 664.22
S1(0) = S2(0) =100, T =1.0, r =0.04, o1 = 09 =0.5,

Bl(O) = BQ(O) :75, K1 = K2 :1007 ’U(O) :1.0, 14 =0.3.

the actual level of the underlyings at maturity. Thus, in the here presented scenario there
are two contrary effects: A higher volatility increases the probability that the underlyings
are far above the strike levels at maturity but it also increases the probability that the
underlyings fall below the barrier levels during the lifetime. The former effect seems to be
dominant in this scenario for the Heston-type model as the value of the barrier correlation
option raises when the mean-reversion level is increased. If the volatility of the covariance
process is incremented the value of the option falls. Therefore, the probability that both
underlyings stay above the barrier and far above the strike levels at maturity is lowered.
As the opposite effect is visible with digital options it seems that a higher o, leads to a
higher probability of lower volatility values in the whole system in the Heston-type model.
When k is augmented the overall effect depends again on the mean-reversion level: In the
case of a low or medium mean-reversion level of ( = 0.6 or 0.9 the value of the derivative
falls. Obviously, lower volatility values below and at the mean-reversion level become
more probable. The opposite is true for the higher mean-reversion levels as the fast mean

reversion ensures high values of volatilities.
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Corollary 15. (Correlation barrier option in Stein and Stein-type model with PDE tech-

nique)

Let us assume the setting described in FEquation (33) with v =1 and v = 0. Then the
price of a two-asset barrier correlation option (see (3.70) for the payoff profile) is given

by

€$101+$2627fiT r(s)ds

0109v/1 — p2

/ / s 1(1—c1) _e—a:'101>
( ah(l—c2) e :)3202)

q (T, 21, 29, 2, 25, v) dr' dxs, (3.120)

OQC(t751;827K17K27B17B27U> =

where q (7,11, X2, 2y, xh,v) is given in Formula (3113).

Table 3.12: Prices of correlation options with barriers in Stein-type model (PDE tech-
nique).

k=0.6 k=0.9 k=12
¢
oy 0.6 0.9 1.2 0.6 0.9 1.2 0.6 0.9 1.2
0.4 556.82 604.77 651.57 515.67 575.07 633.05 478.92 545.26 610.33
0.6 579.87 627.79 675.83 540.39 601.81 664.02 505.65 576.50 649.18
0.8 611.56 659.42 708.59 574.0 638.28  705.47 541.37 618.56 700.60
S1(0) = S2(0) =100, T =1.0, r =0.04, o1 = 09 =0.5,

Bi1(0) = By(0) =75,  K; = K5 =100, v(0) =1.0, p=0.3.

In Table we note that the behaviour of both models is similar with respect to the
mean-reversion level (: The values of a two-asset correlation option in the Stein-type and
the Heston-type model raise with an increase of (. Thus, the effect that higher volatility
increases the probability that the underlyings are far above the strike levels dominates the
second effect in this case in both models. In the Stein-type model an increase in o, leads to
a higher value of the option, i.e. the sensitivity towards o, is reversed in most of the cases
in comparison to the valuation of the digital option. A higher value of o, thus, increases
the probability that both underlyings take on values in the money at maturity. This
effect even compensates the decrease in the probability that both underlyings stay above
the barrier during the lifetime of the option. The sensitivity towards s in the Stein-type

model is also reversed: With an increase in x the value of the option is lowered.
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3.5.4 Conclusion

We have found a closed-form expression to price two-asset barrier options. Those options
have a payout at maturity time 7', which may depend on S;(7") and Sy(T") provided that
not any of the two assets crossed a predefined barrier. Closed-form expressions for barrier
options on two assets are rare. He et al. | and Zhou , | presented closed-
form pricing of those derivatives in the context of constant covariance. We extend their
result by allowing for a third factor in the model which governs the covariance of the two
underlyings. The solution found in Theorem is true for any correlation —1 < p <1
between the underlyings, and the implementation is numerically stable. Moreover, we
derive the joint survival probability of the two assets. In some scenario calculations we
analyse the impact of the model parameters on the price of two-asset barrier correlation
and digital options. From our proof of the general pricing formula with PDE techniques, it
is also clear that the assumption that the covariance process and the underlying processes
are independent cannot be relaxed. For those frameworks a closed-form solution is not
possible. Thus, we deal with approximation techniques in the next chapter. There we
also relax the assumption that the covariance is only driven by one common factor. We

rather assume several drivers and even set the correlation stochastic.

In the following we apply the techniques derived in this chapter to the pricing of certificates
under issuer risk. Certificates are retail products which consist of simpler internal hedging

derivatives.
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3.6 Pricing certificates under issuer risk

3.6.1 Introduction

Since market introduction in 1989, certificates have become very popular with retail cus-
tomers in Germany. In the years 2002 to 2007, the market volume doubled every year
M}, peaking in an all time high of 139 billion EUR at the end of the 3rd quarter of 2007.
In the financial market crisis, the market volume began to decline. Following the filing of
Chapter 11 of Lehman brothers in September 2008, the market for certificates dropped
by 30 billion EUR in one quarter to 80 billion EUR. Until the end of March 2010, the
market in Germany recovered to 106 billion EUR M]

Certificate are also referred to as structured products. The simplest structures are index
certificates which allow a retail customer to directly invest in an index like the German
stock index Deutscher Aktien Index (DAX) or the Dow Jones Euro Stoxx 50. From a
legal point of view those products are bonds and the investors are, thus, creditors of the
respective issuer. This rather technical aspect has been disregarded in the investment
decision by many retail investors. Even the Value at Risk figures which are sometimes
given by banks as an indicator of the risk involved in single certificates are based on the
assumption of a non-defaultable issuer. However, in the case of an insolvency of the issuer
the investor may lose his total investment regardless of the performance of the underlyings
of the certificate. The case of Lehman Brothers shows that this risk can in fact materialise.
Certificates differ in this feature from an investment in funds. The investment in a fund
is a so-called special property and is not affected at all by the creditworthiness of the
issuing company because the fund is protected against the bankruptcy of the issuer.
Issuer risk is the risk of loss on securities and other tradeable obligations because the
issuer does not fulfil his contractual obligations due to his insolvency. Up to today this
kind of risk has hardly been addressed in the pricing of exotic securities and especially not
from a retailer’s perspective but only in connection with regulatory capital requirements,
e.g. Basel II. More details about modelling and evaluating counterparty /issuer risk under
an economic or regulatory perspective can be found in ], , @]

Pricing securities under counterparty risk can be traced back to Merton @] Johnson
and Stulz [74] analysed the counterparty risk in option pricing. They used a firm value
model and assumed that the vulnerable option presents the single debt of the company.
A huge increase in the derivative’s value, thus, rises the risk of default of the company.
This approach is only appropriate when the derivative is the only or the predominant
source of funding of the counterparty. Hull and White @] as well as Jarrow and Turnbull

| value so-called vulnerable options, options on a bond written by a defaultable party,
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in a reduced form model. They assume independence between the credit risk of the
counterparty and the asset underlying the derivative. Cherubini and Luciano (see @],
21]) suggest to use a copula approach to value the counterparty risk in an investment.
This allows to model a dependence structure between term-structure movements and a
default of one of the parties.

Klein [78] as well as Klein and Inglis @] choose a firm-value model to account for the
issuer risk and to model the dependencies between the issuing firm and the underlying.
We follow their approach in that regard, and condition the payoff of the certificate on
the survival of the issuer: The certificate only pays the total investment and gains back
as long as the issuer has not defaulted, i.e. its asset value has not fallen under a certain
barrier.

Like Klein @] and Klein and Inglis @} we model the correlation between the assets of
the issuer and the asset underlying the derivative explicitly. The barrier is exponentially
increasing in time. The issuer can default any time before maturity. In the case of default
the investor recovers a constant fraction of the market value of his investment. As we deal
with retail products we furthermore assume that the exotic structures are fully hedged,
i.e. all debt owed to the investor has to be seen alongside assets which the company owns.
In the case of default, however, these assets do not cover the claims of the investors but are
part of the insolvency estate. This allows us to assume the boundary as deterministically

increasing rather than stochastic (see @])

3.6.2 The model

The model formulation is influenced by the CreditGrades framework (for details see M]
and |). This approach allows us to derive closed-form expressions for index, partici-
pation guarantee, bonus guarantee, discount, and bonus certificates under issuer risk in a
Black-Scholes and a stochastic covariance framework.

The system of processes is defined on a filtered probability space (€, F, Q,IF) We as-
sume the existence of an equivalent martingale measure. As an immediate consequence
the market is arbitrage-free. The processes are directly formulated under the martingale
measure Q. We consider an issuing company ¢ = 1 with an asset value per share at time ¢
of Vi(t), an equity price S1(t), and a total debt per share of D;(t). The firm’s asset value

dynamics follow a geometric Brownian motion

A%
71 = (r —dy)dt + o1dWy, V1(0) = S1(0) + D1 (0), (3.121)
1
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or a process with stochastic volatility, respectively

dv;
71 = (r — dy)dt + o1v”dWy, Vi(0) = S1(0) + D1(0), (3.122)
1

where 7 is the risk-free interest rate and d; is the dividend yield on the company’s assets.

Both processes, r and d;, are assumed deterministic. v is driven by a stochastic process

dv = k((—v)dt+o,07dZ, (3.123)
(W, dZ) = 0,

and v, k, (, 0,, and 7y are constants. The company’s debt is deterministic and yields a

continuous interest of r(s) — d;(s).
Dy (t) = Dy (0)eo r&)=da(s)ds (3.124)

The issuing company defaults if its asset value falls below that barrier D;(t). Thus, the
time of default is defined by the stopping time ¢}

= inf {t' € (to, T] : Vi(t') < Di(t')}. (3.125)

We denote the equity per share by

PR (3.126)

0 otherwise.

{ Si(t) = VA(t) — Di(t), if o > t and,

This implies that default occurs whenever the stock price S;(t) falls to zero. As soon as
S1(t) reaches zero it remains there. In this framework an European option is seen as the
corresponding down-and-out barrier option with an absorbing barrier for S;(¢) set at 0.

Hence, an equivalent time to default to ¢} is
Ll = inf {t/ S (to,T] : Sl(t/) < 0} (3127)

In the GBM framework the dynamics for Si(¢) are, prior to default, found by applying
It6 to ([BI26) and are given by

dSl == Sl(T — dl)dt + (Dl(t) + Sl)aldWI. (3128)

The stock price of the issuer follows — prior to default — a shifted log-normal distribution.
This distribution implies negative stock prices with positive probability (see | for more
details): The higher the leverage (debt-to-equity ratio) the higher is the probability of
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default and vice versa.
The dynamics of the underlying assets of a certificate are modelled by geometric Brownian
motions. The following system is considered to describe the assets of the issuer and the

underlying assets of the derivatives:

dSl == Sl (7“ — dl)dt + (Dl(t) + Sl)Jldwl, (3129)
dSl Sl(T — dz)dt -+ SZO',LdWl fori = 2, C. ,d,

where o; and p are constants (see @])

This framework is compared to a stochastic covariance framework, where S is modelled
by
dSl = Sl (7’ — dl)dt + (Dl (t) + Sl)alv”de (3130)

where v is driven by (BI3T]). Hence, the framework is given by

dS; = Si(r—dy)dt + (Dy(t) + Sy)ov”dWh, (3.131)
ds; = Si(r—d;)dt + S;on”dW; fori=2,...,d,
dv = k((—v)dt+o,07dZ, (3.132)
(AW, dz) = 0,

(dW;, dWy) = pidt.

In the following we consider the Heston-type model with v = v = % and the Stein-type
model with v =1 and v = 0.

3.6.3 Pricing of certificates under issuer risk
Building blocks

The most popular certificates are composed from simple building blocks such as zero-
coupon bonds C(t), investments in an underlying Ss(¢), call options Cegy (t, Sa, Ka),
and digital options Cp (¢, 59, K2) as well as knock-out put options Cip (t,Ss, Ko, Bs).
The formulas for these components are derived for the case that the issuer can default
and has a recovery rate of zero (for a similar model see @], p. 635ff). In the case of no
default the valuation of the building blocks is well-known and will be provided for the
purpose of completeness. By means of these building blocks defaultable index, guarantee,

and bonus certificates can be valued for any assumption of the recovery rate. The proofs
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for the results in this section will be provided in the Appendix [A.2]

A main component of index certificates and discount certificates is the investment in the
underlying Sy, which is actually worth Sy(¢) at time ¢, when we assume that the issuer
cannot default. However, when we suppose that the investor does not obtain the dividends

paid out the value is given by Sy (t)e~ I da(s)ds,

Proposition 4. (Investment in a stock)

In the case when the investment in the equity is guaranteed by an issuer who is defaultable

with recovery rate zero, the price Sy, of this investment in Model (31239) at time t is given
by

CF = e K0 (A7 ()

—exp {227 (c1 — pg—j(l — o)) N (&1> >7

where Na(x,y, p) is the standard bivariate normal distribution function with correlation

Ps

T] = ln(Sl;l—%@), Ty = In (52€ff<r<s>fd2(s>>ds) 7
T=T—1,
0 = 01 — PO2 ’ Cy = 02 — PO ’
201 (1 = p?) 202(1 = p?)
! < Ty

1 1
- — onT d, = — — onT .
1\/F 20'1\/; pO'g\/F, 1 1\/F 20]\/? ,00'2\/;

In the stochastic covariance Framework (F131) the price is given by

d

e$*101+93262—ftT r(s)ds /iwl—i-oo ~
%

Cg(t, Sl,SQ,U> [ch(ul)

270y 100

(()0 (7—7 u, —21, —22, U) — ¥ (77 u, 21, — 22, U)) du17

u€ Sep =5,N8

gc?’
where
= —1
hg(ul uy) = ( : >
) L poalc) |
0'11 + e “
with — (uy) = w1 > —oicr + (1 = e)osp,  ie Sy, =

S
{u=w+iww:wy=0Aw; > —01¢c; + (1 — c)o9p} and the characteristic functions
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o(7,u,z,v) for the Heston-type and the Stein and Stein-type models are given by

1
op(T,u,2,v) = exp {iu121 + dugzy + s (Ag(1,u) + By(T, u)v)} : (3.133)

v

) . 1
vs2(T,0,2,0) = exp {zu1z1 + dUgzy + o (ASQ(T7 u) + Bga(1,u)v + Cso(T, u)vQ)} ,

v

with Ag, By, Ass, Bs2, and Csy as defined in (348)-(549) and (359)-(307).

For a proof see [A.2.2)
Products, which ensure a repayment of an investment with notional 1 at maturity, are

internally stripped into a zero-coupon bond and several derivatives. As known, a non-

defaultable zero-coupon bond is priced by Cz(t) = e~ S r()ds

Proposition 5. (Zero-coupon bond)

When we assume that the issuer can default and — if he defaults — he does so with no

recovery, the value of the zero-coupon bond in the GBM framework can be computed by

(see [107])
CR(t) = e-JlWS)dS(N(d;‘)—effN (a;)), (3.134)

with N (.) being the standard cumulative normal distribution function, and

x] 1 ~ x; 1
d* — 1 - d* — e T )
1 0—1\/F 20-1\/F’ 1 01\/; 20-1\/F
When the issuer additionally promises a fized interest r; on the investment this is valued,
assuming no default, by C2(t,I) = (1+rp) e~ Il r@)ds g accordingly by CL(t,I) =
e~ Ji r(s)ds (1+7rp) (./\/ (d}) — e N (fl’f)) in a world with defaults and zero recovery.

In the stochastic covariance framework with defaults the zero bond is priced by (see /)

CR(t,S1,v) duy, (3.135)

1,.% T
egml_ft r(s)ds > @(7-7 Ul,Q?T,’U) _ 90<T7 uy, _'ILU)
27 _

o0 iul - %
where the one-dimensional characteristic functions for the Heston-type model and the

Stein-type model are given by

1
ou(T,u,v) = exp {zulx’{ + s (Ap(T,u1) + B (T, ul)v)} , (3.136)

v

|
ws2(T,u,v) = exp {zulxl + p (ASQ(T, uy) + Bga(7,u1)v + Csa(T, Ul)UZ)} ,

v
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where

1
0=0(uy) = \/Fo2 + 0202 <u12 + Z)’
and with Ay, B, Asa, Bs2, and Csy as defined in (3.48)-(349) and (359)-(361).

Call options are introduced in the structured products to leverage the investment and

to grant the investor a high participation rate in the returns of the underlying. In

the GBM framework with a non-defaultable issuer the call option with strike K5 is

priced by the well-known Black—Scholes formula Cea (t So, K3) = SgeftT TSNS (dy) —

Koe~ I r(s)ds \f (d}), where dy = T, Ty = Spelt (T(;(L 2% and di = dy—09/T.

In the stochastic covariance framework the czﬁrlce is given by Ceoan(t, Se, Ka,v) =
]

l:027ftT r(s)ds 1 00 _
Kokt LI (et — [, #rtmnat)) (see [107).

2
27 o0 u2+Z

Proposition 6. (Call option)
In the GBM Framework (3.129) at time t the price CE(t, Sy, Sa, K3) of a defaultable call

option, when the payment of the call option is guaranteed by an issuer who is defaultable

with recovery rate zero, is given by
Canlt, S1: 9, Ks) = ((526_ JERON, (dy, dy, p) — Kae I NG (df, ds, p))

_ (Sge_ S d2(s)ds exp {2:17”{(01 (1 —c9) 02/))}/\/2 <c~11, ds, p)

01

—Kse™ S r(s)ds exp {2931(61 + CQ_)}N2 (d; ds, ) )) )

01

where x7, Ta, ¢1, c2, as well as dy, and dy are given in Proposition [{],

~ Lo
d, = dy=—"—F—2p
2 0,2[-!— 509/, 2 a7 01\/_+ 02\/_

di =d;—pooy/7, dj=dy— 0T,
El’{ :al—pagﬁ, a;:aQ—O'Q\/F.

In the stochastic covariance Framework (3131) the price is given by

P *1c1+xoco— ft r(s)d 1toa+00 i1 400 A
D
CCall(t7 5175271}) CE. 1)
47T 010924/ 1— 1TU2 — 00 11 —00
(p(m,u, =21, —22,v) — (7,1, 21, —22,v)) duy duy,

ue SCCDEH = Sg, N SgCD :

Call
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where

N 1 1

hg(ul,w) = Ky .
; ur u2p _ - o - U -
(Ul p v —1—,)2) 1 (z——l = +1 02) (102 = 62)

Note that we have to set S(ug) > o9y/1 — p?(1 — c2) and S(uy) > —L=(ug) — o101,

\/1—p?
i.e. Sgg = {u =W+ it wy > o9y/1 — p?(1 — o) ANy > \/—I%WQ —oy¢y ¢. The char-

acteristic functions for the Heston-type and the Stein and Stein-type models are as given

in Proposition [{}

For a proof see [A.2.2)

Similarly in the GBM framework the non-defaultable digital option with strike K5 is
priced by Cp(t, Ss, Ks) = e~ o (5)ds N'(d}) and in the stochastic covariance model by
CD(t 52 K2 U) _ G%IZ_ftTT(S)dS fOO QO(TUQ '—$27 )

27 —00 %—qu

Proposition 7. (Digital option)
In the GBM Model (3129) at time t the price CH(t, Sy, Sy, K3) of a defaultable digital

call option, when the payment of one is guaranteed by an issuer who is defaultable with

recovery rate zero, is given by
Og(ta S1, 82, Ka) = e_ftTT(s)ds <N2 (di, d3, p) —exp {2%(01 + CQLP)}
01
NQ (aL a;,P) )a

where x5, T2, c1, c2, di, and di are given in Proposition [§], di and dj are defined in

Proposition [

In the stochastic covariance Framework (3131) with defaults the price is given by

. ex*lcl—i-chz—ftT iTU9 400 iw1t+oo
CD (t Sl SQ Kg U) / bC’D ul)
' ’ , ’ 47’(’20'10'2\/ 1— 1TU2 — 00 1TT] —00
(SO(T7 u, — —Zz2, U SO(T u, 21, —%22, U)) duldu27
ueSCg—S N Soep:

where

~ 1 1

hg(ul,uQ) = )
y U2 92
lm V=P czi(ﬂ—P 2 )—01

1 o2 ﬂ
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with S(ug) > —oay/1 — p?cy and I(uy) > —1\/%)2%(1;2) — ey, dee. Syp = {u=w +iw :
wy > —o9y/1 — p?ca N wy > \/"—wQ — oy¢1 }. The characteristic functions for the

1—p2

Heston-type and the Stein and Stein-type models are as given in Proposition [4)

For a proof see [A.2.2

The bonus certificate includes, beside other derivatives, a knock-out put option. The
price of a non-defaultable knock-out put option with barrier By(t) = Bzefot (r(s)—da(s))ds

and strike K is given by (see also [64])

Cip (t,51,59, Ky, By) = Cp(t, 52, Ky)
—e ftT dg(s)dsB2
2by — 1
N (_x _ _w;)

Ug\/? 2
ds&

By

2by — 1
N( = 2 +§02\/F)7

g9 T—1t

LS I

where

Colt,55,K0) = Ko~ () — sy 0wy ().

S (r(s)—da(s))ds BT
Sse ), by = In ( 9 ( ))
K> K,

Ty = ln(

In the stochastic covariance framework the default-free price is given by

Kye—3%2=J, r(s)ds /oo

27
1 et ((iuy — 3) e — (i — ) e %)

2 1
/U/2+Z

ClP<t; Sa, Ko, By, U) = (‘P(T; U, —Izﬂj) - 90(7'7 Ug, To — 20, U))

—00

dus, (3.137)

where the one-dimensional characteristic functions are given in (BI36]). For a proof see

3.
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Proposition 8. (Barrier option)

In the GBM Model (3129) the price CL.(t, Sy, Sa, Ko, By) of a defaultable knock-out put
option at time t, when the payoff is guaranteed by an issuer who is defaultable with recovery

rate zero, 1s given by

K 601:6’1‘+02:1:27ftT r(s)ds oo 0 y )
Cle<t, Sl, Sg, KQ, B2) = 2 / / e <670212 o 6(1702)z2>
0 —o0

o109/ 1 — p?

*x/ / * */ /
papm (T, 23, 1y, 27, wo)day da, (3.138)
h =% =2 and
where Y1 = 5, Y2 = 55, an
— 2 / /
*/ / * 26 or _<T12’+T;’ ) . 7’L7T0p . nﬂ'ep Tprp
pepm (T, 27, T, 2], T2) = E e r  sin sin Ine | — |,

BT B Bp P\ T

(X — i »

tan 8, = _—,1p—02’ g e 0,7,

1 Ty T 2 X 2
1 2 2

r = T | — — P )

P (1 /)2) (01 02> (02)

z2

tan(0,) = 1 Zi , 0, €10,5,]. (3.139)
7 (7 -0z)

In the stochastic covariance framework with defaults the respective formulas were derived

in Section 351l Hence,

* T
KoeC1@iteaza—[; r(s)ds oo 0 )
D 2 —c1z}’ [ —cadl 1—co)z
Cip(t, S1, 52, Ko, Ba,v) = e (g7 — (l=c2) 2)
0 —00

o109/ 1 — p?

q(1, 23, 2y, 2%, 29, v)drhda?y, (3.140)

where (7,23, by, x5, x9,v) is given in (ZT1) for the general case, for the Heston-type

model in (3110) and for the Stein-type model in (3113).

Index certificates

In this section we price an index certificate with price /C(t) at time t under issuer risk.
As stated before, the index certificate allows a retail investor to invest in a single stock
or stock index with price Sy(t) at time ¢. He fully participates in any movement of the
underlying. The index certificate does not provide any protection against a decline of the
underlying. Internally this certificate is hedged by buying the respective index or single

stock. Taking into consideration the issuer risk and assuming a constant recovery rate ‘R
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in the case of default of the issuer, the index certificate can be valued by

IC(1,5),8,) = Sye i @O (1 Ry e I rOBE S [Sy(T) g ery | Fi]
(3.141)

where ¢; is given in ([BI27). The index certificate can be valued by using the building
blocks of Proposition @l Thus, the certificate is priced by the following formula

IC(t,81,5,) = RSy(t)e i L& 1 (1 —R)CP(L, S, Ss). (3.142)

The number of parameters rises considerably if the notion of issuer risk is incorporated
in the pricing of derivatives. In the following we show the results of the valuation of the
index certificate in different scenarios. Our analysis is two-fold. In a first step we compare
the issuer-risk adjusted prices to values which neglect issuer risk in the GBM framework.
Secondly, we analyse the influences of stochastic volatility and compare the Heston-type

and the Stein-type model. We focus in this analysis on the effect of the volatility of the

1

covariance process.” For the scenario computations in this chapter we have chosen the

following instrument parametrisations if not stated differently in the respective examples:

e Initial stock prices of the issuer and the underlying: S1(0) = S5(0) = 100,
e Initial debt endowment: D;(0) = 50,

e Maturity: 7' = 2,

e Volatility of the issuer and the underlying: oy = g = 0.4,

e Correlation between the underlying and the issuer: p = 0.3,

e Risk-free rate of return: r = 0.04,

e Dividend yield of the underlying and the issuer: d; = dy = 0,

e Stochastic volatility:

— Heston-type framework: ( =v(0) =1,k =2,0, =1, v=v=

12
2

— Stein and Stein-type framework: ( =v(0) =1, Kk =2,0, =1, v=1,v7=0.

IThe scenario analysis in the stochastic covariance model has been prepared during a master thesis project
in cooperation with Kolja Einig. See @]

2In contrast to the previous examples the volatility level of S; and S is determined by o or oy respec-
tively. The covariance process governs the stochasticity only.
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Figure B7 shows that for increasing debt of the issuing company the value of the index
certificate declines and finally approaches 2RSs(t). The price of the non-defaultable cer-
tificate stays at par regardless of the debt level. This shows that for a retail investor a
simple comparison of the prices of index certificates of different issuers is not appropriate
in order to find the security with the best price-performance ratio. For his investment
decision the investor has to take the financial soundness of the issuer into consideration.
Figure 31 also analyses the impact of the volatility of the issuer’s asset (the volatility
of the underlying is kept to 0.4) and the correlation between the issuer’s asset and the
underlying. For that reason we choose a relatively low debt scenario. The negative rela-
tionship between the volatility of the issuer’s assets and the price is clearly visible. The
probability of a default considerably increases in high volatility scenarios and, thus, the

price decreases.

IC: Impact of debt. IC: Impact of volatility and correlation.
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Figure 3.7: IC: Analysis of issuer risk in GBM framework.

It strikes that the impact of the correlation on the price grows with the volatility: For
a very high volatility a correlation near 1 leads to a considerably higher value than a
correlation near —1. In a low volatility and low debt scenario with D;(0) = 50 the price is
not much affected by the level of the correlation as the probability of default is relatively
low. However, in a high volatility and low debt scenario with, thus, higher probability
of default of the issuer, both assets tend to move in the same direction if the correlation
rises. Thus, in contrast to a negative correlation the probability that the issuer survives
and the underlying asset features a positive return goes up. A negative correlation results
in a different performance of the issuer’s assets and the underlying. Thus, the probability

increases that the certificate matures at a low value or worthless. This effect is known
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as wrong way risk. According to the ISDA wrong way risk occurs when exposure to a
counterparty is adversely correlated with the credit quality of that counterparty [35]. Now
we turn to the analysis of the influence of stochastic covariance in the model framework
(seeBI3T)). In Figure B8 we show the impact of stochastic volatility in both, the Heston-
type as well as the Stein and Stein-type framework, for the three ¢ = 0 levels of debt,
D1(0) = 20,50, 100.
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Figure 3.8: IC: Impact of o, in stochastic covariance framework.

In the case o, = 0 both models degenerate to a simple two-factor geometric Brownian
motion model. When o, is now increased we observe that the prices of the index certificate
decrease for the lower initial debt levels D;(0) = 20 and D;(0) = 50 in both models. In
the Heston-type model the high debt case D;(0) = 100 can be differentiated from the
other cases in terms of that the price increases with rising volatility of volatility. It
seems that the probability of default decreases with higher o, in the Heston model. This
suggestion is supported by Figure B9 which shows the reaction of the probability of
default with respect to a rise in o, in the same debt scenarios D;(0) = 20, D;(0) = 50,
and D;(0) = 100. As suggested we see that the probability of default decreases with
increased o, in the high debt scenario D;(0) = 100.
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Figure 3.9: Default probability: Impact of o,.

This behaviour might seem rather peculiar. Hence, in Figure the term structure of
default probabilities for two different levels of debt and volatility, D;(0) = 50,100 and

o, = 0,2 is analysed.

Heston framework

Stein and Stein framework
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Figure 3.10: Default probabilities for o, = 0,2 and D;(0) = 50, 100.
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The figure shows that for large ¢, a higher o, causes the default probabilities in the Heston-
type model to decrease for all levels of debt. This effect is comparable to what we found

for double-digital options when we increased the mean-reversion speed in Section [3.4.3

Participation guarantee certificates

In contrast to the index certificate the participation guarantee certificate offers the in-
vestor some risk protection against a decrease of the underlying. However, this protection
is financed by a limited profit in cases when the underlying increases. The investor
participates in any positive performance of the underlying on the basis of the so-called
participation rate p. This structure is built up by a long position in a zero-coupon bond
with a standardized notional of 1 and stock options whereby the number of stock options
is determined by the level of the participation rate. Taking into consideration the issuer

risk, the price is indicated by

PG (t, 81,80, Ka,p) = ¢ 0 (Bg [(1+ pmax[Sa(T) — K2, 0)) | 7

— (1 =R Egs [(1 + pmax [Sy(T) — K2,0]) Ly, <1y | Fi] )
(3.143)

where ¢; is as described in (BI27), p is the participation rate of the contract, and K, de-
scribes the price level where the participation starts. This means that below this point the
investor does not profit from any increase in the stock price. A defaultable participation

guarantee certificate of an issuer with recovery rate fR is, thus, priced by:

PG (t, 51,52, Ka,p) = R(Cz(t) +9Ceau (t, S2, K2))
+(1=R) (CL(t,51) +pCly (L, 51,5, K»)) . (3.144)

For the participation guarantee certificate we compute some scenario values in the GBM
model to analyse the effect of the issuer risk. For these computations we choose a partic-
ipation level of Ky = 100 and a participation rate of p = 50%.

In the first plot of Figure B.I1l we find the impact of the debt level on the participation
guarantee certificate similar to that of the index certificate: As before the price falls

especially steeply for smaller D;(0) levels.
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PG: Impact of debt. PG: Impact of volatility and correlation.
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Figure 3.11: PG: Analysis of issuer risk in GBM framework.

In the second plot in Figure B.I1] the joint impact of the issuer’s volatility and the cor-
relation is shown. The form of the graphs resembles the graph of Figure B.7 and the
same explanations apply to explain the form. The effect of the correlation on the price
of the participation guarantee certificate is, however, clearly less distinct because the to-
tal price of the certificate considerably depends on the value of the zero-coupon bond
for which the correlation is irrelevant. In Figure BI2] we show the impact of stochastic
covariance in the Heston-type and the Stein and Stein-type model, for the initial debt
values D;(0) = 20,50, 100. In the stochastic covariance framework the behaviour of the
participation guarantee certificate resembles again the one of the index certificate: In the
Heston-type model the negative relationship between the volatility of volatility and the
price of the certificate for lower levels of debt, and the positive relationship between both
for higher levels of debt are again clearly visible. However, due to the call option compo-
nent, which allows an investor to participate in value increases of the underlying of the
certificate, the volatility of the underlying S5 becomes now an important impact factor
for the value of the total certificate. Comparing the graphs with the ones of the index
certificate we see that this additional impact factor amplifies/dampens the slopes in the
Heston-type model: The value of the participation guarantee certificate decreases faster
for lower levels of debt and increases slower for higher levels of debt. It seems that for
higher debt level the positive effect of an increased o, on the default probability is diluted
by the negative effects of a rising o, on the price of the call option. This is comparable

to what we observed for the double-barrier correlation options in Section B.4.4
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Figure 3.12: PG: Impact of o,.

Bonus guarantee certificates

When investing in a bonus guarantee certificate one does not directly participate in fluc-
tuations of the value of the underlying. Rather, one receives a fixed interest rate and
additionally a bonus payment if the underlying is above the bonus barrier at maturity.

The investor could compose this payoft by buying a zero-coupon bond and a digital option:

T
BG (t7 517527K27TI7\II) - e_ft r(e)de (EQ |:(1 +TI+\II ]l{SQ(T)>K2}) | Ej|

—(1=R)Eg [(1+ 71+ ¥ Lis,r)>ka}) Ln<ry | Fi >,
(3.145)

where ¢; is defined in ([B127), r; the basic interest, U the bonus payment rate, and K, the
bonus barrier. In our framework the risk-neutral price of the bonus guarantee certificate

is given by

BG (t,Sl, SQ,KQ,T[, \If) = %(Cz(t,[) —|- \If CD (t, SQ,KQ))
+(1=R) (CL(t,1,5) + ¥ CP (t, 1, 52, K»)) .
(3.146)
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To show the impact of debt, volatility, and correlation we structure a bonus guarantee
certificate with bonus barrier K, = 120, basic interest r; = 3.0%, and bonus payment
rate = 5.0%. For the bonus guarantee certificate we observe the same typical feature of
the graph, which shows prices for different debt levels (see first plot of Figure BI3]): The
graph decreases sharply for lower debt levels and approaches PR-times the price of the

analogous certificate of a non-defaultable issuer.

BG: Impact of debt. BG: Impact of volatility and correlation.
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Figure 3.13: BG: Analysis of issuer risk in GBM framework.

In the second plot in Figure the relationship between price and volatility is of nearly
linear kind: The higher the volatility the lower the price the investor has to pay. The
impact of the correlation is less distinct as in the case of index certificates due to the fact
that a major part of the value of the bonus guarantee depends on the zero-coupon bond.
This fact is also reflected in the stochastic covariance framework. We see here clearly that
the value of the zero bond is mainly driven by the quality of the underlying credit: Hence,

the graphs in Figure B.I4] resemble a mirrored image of the ones in Figure
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Figure 3.14: BG: Impact of o,.

Discount certificates

The risk protection of a discount certificate consists in a risk buffer: The investor buys
the certificate at a discount on the actual value of the underlying. This risk limitation is
again financed by a gain limit. The structure can be hedged by investing in the underlying

and writing a call option, i.e. the value is specified by

DC (t, 51,5, Ky) = Ssy(t)e” S da(s)ds _ Cean (t, 82, K) — (1 — R) e 17 r(s)ds
Eo [(S2(T) — max[Sy(T) — Ko, 0)) Lyy<ry [F],  (3.147)

where ¢; is as in ([3127). The discount certificate can be valued by the following formula

DO <t781782)K2> - 9%('S’Q(t)e_ftTdQ(S)ds - OC’all (ta S27K2>)
+(1 = R) (CE(t,51,8) — Clyy (¢, 51,52, Ka)) . (3.148)

We value a discount certificate with Ky = 120 in different scenarios. In respect to the
debt level the value of the discount certificate does not differ in its characteristics from the
certificates analysed before (see Figure B.10]). In Figure we look into the dependence
of the price on the issuer’s volatility and the correlation. Regarding the volatility we

see the known structure, i.e. the price falls when the volatility increases. The slopes are
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similar for all correlation scenarios. As the certificate consists of building blocks clearly
dependent on the correlation the impact of the correlation on the value of the certificate

is similar to the index certificate example.

DC: Impact of debt. DC: Impact of volatility and correlation.
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Figure 3.15: DC: Analysis of issuer risk in GBM framework.

In the analysis of the discount certificate in the stochastic covariance framework (see
Figure B.I6]) we see in the Heston-type model that by increasing o, we do not only lower
the default probability but also increase the price of the short call (in contrast to the long
call in the participation guarantee certificate). Both effects lead to increases in the price

of the certificate in the Heston-type model.
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Figure 3.16: DC: Impact of o,.

The investor in this certificate is protected from a decline of the underlying up to a certain

point, the protection barrier Bs(t) = Bgefot r(8)ds  Below this point the investor fully

participates in any fluctuation of the underlying. The same is true for the performance

of the underlying beyond the bonus barrier K.

The certificate can be fully hedged

by an investment in the underlying and by buying a knock-out put option with barrier

By(t) = Bgefot ()45 When the issuer risk is incorporated in the pricing model the price

is specified by

BC (t, Sla 527 K27 BQ(t))

where

= inf (¢’ € (to,T]: Sa(t') < Bo(t')),

_ Sg(t)e_ ftT da(s)ds +e ftT r(s)ds

Eg [max[Ks — Sor7, 0] Lisry | Fi] — (1 — R) e i r)e
EQ [(52(T) + max [K2 - Sz(T)v 0] ]l{b2>T}) ]l{uST} | JT:J )
(3.149)

(3.150)
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where ¢; is as in (127)). The following formula evaluates the payoft:

BC (t7 Slv 52) = R (SQ(t)e_ ftT da(s)ds + ClP (t7 S?v K27 B2(t))>
+ (1= R) (CE(t,S1,5) + Clp (¢, 51, So, Ko, B(t))) . (3.151)

Finally, we show some exemplary computations of the bonus certificate. We assumed a

protection barrier B2(0) = 70 and a bonus barrier Ky = 130 for our computations.
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Figure 3.17: BC: Analysis of issuer risk in GBM framework.

Not surprisingly, the graph (Figure BIT) plotting the debt level of the issuer against
the value of the bonus certificates shows the same features as in the examples above.
The bonus certificate is constructed by combining the investment in the underlying and
a knock-out put option. Thus, it is not surprising that the second plot in Figure B.17

resembles strongly the respective graph for the index certificate.
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Figure 3.18: BC: Impact of a,.

The impact of the index components is, however, not so visible in the analysis of the
stochastic covariance framework: In contrast to the graphs of the index certificate where
in nearly all scenarios the prices decreased with increasing o, we see here all graphs of
the Heston-type model increasing. Thus, we deduce from Figure that the impact of
stochastic volatility on the value of the down-and-out put is stronger than on the index
component. The large impact of the down-and-out put option on the price can be traced

back to its moneyness. In the Stein and Stein framework this picture is less uniform.

3.6.4 Conclusion

We have derived closed-form expressions for index, discount, participation guarantee, and
bonus certificates under issuer risk in a Black-Scholes model and a stochastic covari-
ance model framework. Our scenario computations clearly depict that, depending on the
issuer’s capital soundness, a pricing formula which neglects issuer risk considerably over-
prices the value of the singular certificate. Thus, for a retail investor a simple comparison
of the prices of analogous certificates of different issuers is not appropriate in order to
find the security with the best price-performance ratio. For his investment decision the
investor has to take the financial soundness of the issuer into consideration. Furthermore,
the introduction of a third process which governs the covariance matrix of the issuer

and the underlying leads to big differences in the valuation compared to a Black-Scholes
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framework. We have analysed the behaviour of the certificate prices for rising stochas-
ticity in the covariance in detail. The choice of the assumed stochastic covariance model
considerable influences the price dynamics, e.g. the price in the Heston-type model reacts
completely different to a rise in the volatility of the covariance process than the value in

the Stein-type model.



Chapter 4

Pricing of barrier options within

stochastic correlation model

4.1 Introduction

As already mentioned, local and stochastic volatility models have been in place for some
years now, e.g. Dupire @] or Stein and Stein dElh and Heston @] A natural extension
of the latter ones is a multivariate model with stochastic correlation, not only stochastic
covariance like the model presented in Section And indeed, the performance of a
portfolio or a multi-dimensional derivative depends very much on the joint behaviour of the
underlyings, i.e. the covariances. Correlations are not constant over time. The popularity
of discrete stochastic correlation models like the Dynamic Conditional Correlation (DCC)
model proposed by Engle @] supports this idea. Stylised facts featured by historical
data as well as by implicit market prices, e.g. the smile and skew of volatilities and
correlations, can be captured by the assumption of a stochastic behaviour of correlation
(besides volatility) (see e.g. da Fonseca et al. [26], Christoffersen et al. @]) There are
two main problems with the modelling of correlation: One is the model to choose to keep
the correlation between —1 and 1 and the other is intractability because the number of

parameters grows exponentially when the dimensions are increased.

Gourieroux et al. @], Philipov and Glickman @] and da Fonseca et al. ﬂﬂ], @] pro-
pose the use of Wishart processes to model stochastic multivariate covariance matrices.
However, this approach is rather cumbersome when it comes to estimation and simu-
lation. Pigorsch and Stelzer [93] and Muhle-Karbe et al. | present a multivariate
stochastic volatility model of OU-Wishart type, which is analytically tractable, however

the dimensions increase which renders a calibration rather complicated.
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In their discrete modelling works Kim et al. B], Aguilar and West B], Pitt and Shephard

| Chib et al. [22] suggest a multivariate factor stochastic volatility model to represent
stochastic dependencies between the underlyings. The factor models as well as our prin-
cipal component model reduce the dimension of the original problem. Our paper is based
on a stochastic principal component model introduced earlier by works of Escobar et al.

| and Escobar et al. [41]. This framework introduces stochastic eigenvalues and, thus,
avoids proliferation of parameters as the number of eigenvalues can be diminished to a
suitable number. Other publications applying principal component analysis are in support

of the fact that two to three Egerdj/alues are sufficient to describe most of the variation in
|, []).

Moreover, our model easily extends the Heston model to more underlyings: We allow

the portfolio (see Alexander

for stochastic volatility and at the same time for stochastic correlation among assets
and between variance and assets as well as between assets and correlation. The basic
stochastic principal component model is an affine model for which the characteristic func-
tion is available and allows for easy calibration to plain vanilla instruments. Even some
parametrisations of the extension to the stochastic principal component model which is

presented here feature an affine characteristic function.

We continue in this chapter to price barrier derivatives in one and two dimensions as in
Chapter Bl but now within the context of the principal component model. By means of
the affine characteristic function in some parametrisations of the model we are able to
find analytical expressions for single-barrier options. However, as mentioned in Chapter
we are not able to find a closed-form solution for two barriers in two dimensions and we
hence follow a perturbation theory approximation. The accuracy of the approximation is

analytically proven.

Hence, in this line of development, our work improves previous literature on correlation
risk and default dependencies: The here presented model assumes stochastic correlation
between the assets, and the pricing stays feasible. The simplicity of the approximative
pricing scheme is a key element of a good pricing performance.

This chapter is structured as follows. In Section[L2lwe give a short insight in the stochastic
principal component model and we empirically motivate the structure of the model (see
Section L3]). We derive closed-form solutions for single-asset instruments such as single-
barrier call options in this framework in Section .4l To solve for barrier options on two
underlyings we apply an approximation, which is motivated by perturbation theory in
Section
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4.2 Model framework

The system of processes is defined on a filtered probability space (€2, F, 0, F) where Fy
contains all subsets of the (Q—) null sets of F and F is right-continuous. We define the

processes under the risk-neutral measure Q.

We introduce a fast mean-reverting stochastic principal component model. In the next
section we motivate the choice of a fast mean-reverting component to the eigenvalue

empirically. One can think of the fast mean-reverting component as influenced by the

fast mean reversion of the volatility which has been found by several authors (see LE],
|). In our analysis we limit ourselves for demonstration purposes to two underlyings.

However, an extension to d underlyings is straight forward.

s, = rSidt—i—Siiaijf(v] (t)dW;, i € {1.2}, p= (4.1)
j=1
dv; = KUJ(Q,J o))t + =212, (4.2)
(dW;,dZ;) = 0. j
AW dZy) = ot
(dW;,dW;) = 0, for j € {1,2}.

f(v;) represents the jth eigenvalue of the instantaneous covariance matrix ¥ of the under-
lying process .S;. The eigenvalues are driven by a fast mean-reverting Cox-Ingersoll-Ross
process with mean-reversion rate , where we assume §; very small. We further suppose
that the eigenvalues f(v;) are p051t1ve and bounded. We assume that there are constants
011, 012, 021, 092 such that 0 < 0,1 < f(v;) < 0j9, for all j < p. (a;;) represents the (2 x 2)
matrix of eigenvectors. For any fixed time ¢ the process decomposes into two orthogonal
directions given by the eigenvectors a;;, which are not dependent on time. We presume
that the Feller condition is satisfied for all processes.

In the following we denote the instantaneous variance of the log-asset In S; by og and the

instantaneous correlation between the two assets In S; and In Sy by pg, s, -

Remark 15. The log-assets exhibit stochastic variance and correlation given by

(O = D abs w(0)

S 1a¢jakjf(vj( ))2 |
Va3 f (00 S (1)
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Proof.

The expression(L3) can be obtained by applying Itd’s formula (see Theorem [I8) and
quadratic variation (see Definition B6]). Thus, with

Of (v;(1))” Ko, 2f (v(t))” 0,
rnor = (i%fﬁgz@W*W+§—7ﬁf—y”

J J J
Of (v;(t))* ou,
—— 2 SudZ,. 4.4
F g S S, (4.4
and
of (v, o2
U?(Uj(t)) = <—81j)j ) (5—2]%'7 (4.5)
j
the results follow. n

Theorem 39. (Characteristic function)

For any time t the joint conditional characteristic function @t — t,u) =
E [exp {i (ux(t'))} |F;] of the log-assets x; = In (Sleftt T(S)d5> and xo = In <S2€ftt T(S)d‘*),
where Sy and Sy are given by Model ({7.1), satisfies the following PDE

9 (T, 1) 1 9 (7, 1)
S (e
-Z TS st
j=1
2 [ K, dp(r,u) 102
+Z( 3 (CUJ ) avj +252 J )

+;;%mm(mr5%m) (4.6)

where T =t' —t, t' > t, with initial condition ¢(0,u) = exp {i (ux)}.

Proof. The theorem trivially follows from Ito’s Lemma. O]
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Corollary 16. (Special case)

In the case pj =0, Vj, and f (vj) = \/v; the characteristic function has an affine solution
given by

@(T,u):exp{ (ux) + Ay (1,u) +Z ’ — B, (T, u) v }

jl”J

(4.7)

where

o, sinh (%T) ( 7')

Bin; (ou) = — — (4.8)

a; * cosh (aﬁ ) ( 7'>>

2

2
Ay (t,u) = T(Z (ug + ug) Z v.)

inh (227 ) 4 cosh (2 (4.9)
] %, Sin 5 T COS 5 T , .

—22 (“”ﬂ Gyln (

/sz 02
% = Du]-(u) = ? + ? ( (U1G1J + u2a2j) -+ 2u1u2a1]a23 -+ ulalj -+ uzagj)

This characteristic function is well defined and analytic in a neighbourhood of 0.

For a proof refer to Appendix Bl

4.3 Data analysis for mean-reversion scales

In the following! we study if there exists a fast mean-reversion scale of the eigenvalues
and /or covariances of the assets as suggested by the model. In our analysis we follow the
lines of Fouque et al. ], who analyse variograms of the log absolute returns for the
mean-reversion speed, and extend their approach to two dimensions from an underlying
perspective. As proposed by our model we assume constant orthonormal eigenvectors
(a11,as1)" and (aja, aze) and focus on the estimation of the mean-reversion speed param-
eters kj, = 22 , 7 = 1,2, of the dynamics of the eigenvalues f(v;) := f1 and f(ve) := fo.
In order to facﬂltate the estimation we set the correlation between the Brownian motions

IThe following chapter has been prepared in cooperation with Daniela Neykova during her master thesis
project. See %@]



144 4.3 Data analysis for mean-reversion scales

for the assets and the volatility processes p7, j = 1,2, to zero. An analysis by Fouque et
al. (see @], p. 81ff) showed in a one-dimensional setting that the rate of mean-reversion
was insensitive to the correlation parameter.

Our data set? comprises stock prices of the three companies IBM, Apple and Dell. We
use their high-frequency intra-day data over one year (from October 1, 2008 to September
30, 2009) to proof our hypothesis of the existence of a fast mean-reverting factor. To es-

timate the covariance matrices®

we apply daily stock-price data over 15 years (from June
30, 1995 to June 30, 2010). The large data set should ensure the stability of the estima-
tors. The high-frequency data points are averaged over intervals of 5 minutes. Intervals
during working days without any observations are collapsed. So we finally end up with
78 matching observations per company per day, thus a total of 19,593 data points per
company. Furthermore, the high-frequency data must be adjusted by the day effect, i.e.
the systematic effect that the volatility is the highest at the beginning of the day when
trading starts and at the end of the day. We follow here Fouque et al. | who model

the day effect by fitting a periodical function to the 78 observations.

The steps which are described in the following are performed for both time series, the
daily and the intra-day data, separately for a combination of two companies at a time.

We adjust the stock price returns by their means and normalise the data:

Si(n) = 2(S1(n) = Si(n— 1))
! © VAUS (n) 4+ Si(n— 1))
ca; . 2(S3(n) = Sa(n—1)) .
Sd(n) = VA S " 1,2,..., (4.10)

where n describes the nth observation, At is either 5 minutes in the case of the high-
frequency data or 1 day in the case of the daily data, and S; denotes the mean-adjusted
data point. When we theoretically discretise the stock price processes (A1]) by applying

Euler approximation®

_B5n)_ AW AW
Sl(n)\(;i_t = M1\/E + a11f1(v1(n))% + a12f2(v2(n))%7
_AS(n) AWi(n) o AT (n)
Sy (VAL —M2\/E+a21f1(vl(n))—\/A—t + ass fo Q(n))—m : (4.11)
n=12...
where (a;1,a,2)" describe the eigenvalues of asset S;, f(v;(n)) = f;(n) is the positive

2The data has been downloaded from The Trade and Quote (TAQ) database.
3Note that we assume constant eigenvectors.
4Note that we work now under the pricing measure. j; are 7 in the risk-neutral world (see (@I])).



4 Pricing of barrier options within stochastic correlation model 145

eigenfunction process, and AW is the respective increment of the Brownian motion W,

we see that
G AW, AW,
Sitn) = auﬁ(n)% + @12f2(n)%,
S8 = anfim 200 @AW s aa

VAL VAL

To extract the behaviour of f; and f, from the data we de-correlate the two-dimensional
discrete process (S¢, 5¢)" by multiplying it with the eigenvectors of the covariance matrix
for (In(S1),In(S2))’. As already mentioned our assumptions of constant eigenvectors allows

us to estimate the covariance matrix from the daily data set over its whole period from

1995 to 2010. From there we gain the two eigenvectors ( au ) and ( 2 )
asy a22

(?fl(”)>:<“” aﬂ)(Sfl(n)) n=1,2,.... (4.13)
Sg(n) a1z a2 S4(n) )’ o

We, thus, obtain the two independent time series (S¢, 5¢)’ for our high-frequency data.

AW1<TL) &d - n AWQ(”) n —
— and S(n) = fa( )—\/E n=1,2 ... (4.14)

As mentioned above the day effect in the intra-day data, i.e. the fact that the volatility of

Si(n) = fu(n)

stocks is especially high when the stock exchanges open and decreases to a lower level in
the course of time over the day before it rises again, has to be accounted for. We include
this effect into our model by replacing (EI4]) with

VAL VAL

where f#(n), j = 1,2 s a periodic function of day-time with period 78 (which corresponds

St(n) = fi(n) fi(n) and S§(n) = fa(n) f3(n) n=12..., (415

to the 78 observation points per day). For the estimation of the periodic function we treat
each data point S%(n) as influenced by the realisation of the function fi(n) at the time
point n, n = 1,...,78. We compute the root-mean square over all data points S’f(n)
realised at a certain time n, n =1,...,78, e.g. for the calculation of the first root mean-
square at n = 1 we take all those data points into account which were realised at 9am.
The result of all 78 root-mean squares is presented in Figure [Z]] for the examples Dell
and Apple. The graph falls until a certain point in time before it increases again. This
form could be reversed engineered with the sum of two exponential functions, one with

a component exp {—n/lgj )}, which causes a decrease in n, and one with a component
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exp {(n -1)/ léj ) }, which is an increasing function for n > 1. lﬁj ) and léj ) govern the form
and determine the inflexion point of the graph. Hence, we fit the root-mean square results
to the the sum of two exponentials, f(n) = ff(l)(n) + fjd(Q) (n) with fjd(l)(n) — a4
af’) exp {—n/lgj)} and f]d(z)(n) = aéj) +ai? exp {(n — 1)/l§j)}, Jj = 1,2, to the 78 root-
mean squares with a least-square approach. The fitted functions are marked in Figure 1]
with a dotted line. In our analysis we obtained the following estimates for the parameters:
al) = —0.1491, al” = 0.0083,al" = 0.1439, (" = 0.1509, 1" = 0.0042, 18" = 0.1732 and

al? = —0.1478,a? = 0.0328,a = 0.1706, 0 = 0.1522,1 = 0.0168, I{” = 0.2530.

0.018 . . . 0.04

0.035 H

0.014
0.03

0.025 |

£ £
2 0.01 | | ]
= o
@ ®
> > 0.02 |
0.015 |
0.006 [
0.01 |
0.002 L L L 0.005
0 2 4 6 0 2 4 6
Hour Hour

Figure 4.1: Observed data (solid line) and estimated functions (dotted line) for the sys-
tematic intra-day behaviour of variability for the eigenfunction j = 1 in the left figure
and for j = 2 in the right one.

To clean the actual data set we transform S%(n) := S%(n)/f4(n), S¢(n) := S%(n)/f3(n).
In the following we consider the log of the absolute high-frequency data of ~id(n),

).

) . (4.16)

S{’(n)‘ — (fi(n)) + In (’ A%n)

AWQ(TL)
VAL

and apply a 10-points median filter to compensate for the noise in the data.’ Finally, we

Ln) = In

Lin) = In

500] = () +1

5In one-dimensional form, a median filter uses a sliding window with respect to the data series. When
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can compute the variogram functions for the the high-frequency data which allows us to

analyse the autocorrelations in our data series in closer detail.

=

Vld,N({,) _ %{? - (Z‘f(n+?) —Df(”»z’

=

—_

3

=

VIS = e S () — T, (4.17)

=

I
.

n

where N is the total number of observations, and &, the lag. If the graphs of those
variogram functions for the intra-day data were now flat we would have to conclude that
there is no mean-reversion effect in the respective time scale. To estimate the extent of

the curvature and, thus, the respective mean-reversion scale, we fit the variogram to

VEN(E) m 202 (1- ) e, (4.18)
0_*‘ 2 v -
with 193 - M7U; - &, j=1,2,
J 2%;]_ J 5j

where £} = %, j = 1,2. As shown in the Appendix [B.4] de’N({’,) is an estimator of
J

the variogram function in a mean-reversion model. Hl represents the time-scale of the

fast mean-reversion in the data, and is, thus, the ﬁgu]re of interest. Finally, we fit the
functions defined in (ZI8) to the transformed intra-day variogram data (V" (¢), V"™ ())".

The parameters ¢; and ﬁgj, j = 1,2, are determined by averaging the first and the last

values of the variogram function. From there we carry out a least-square estimation for
a non-linear regression to find the mean-reverting speed parameters nzj, 7 =1,2. The
Figure pictures the empirical and fitted variograms of the eigenvalues of the Dell and
Apple time series for the intra-day data.

the number is odd the centre data point in the respective window is replaced by the median of the data
points in the window, e.g. if the values of the data points within a window are 1,2,9,4,5 the centre data
point would be replaced by the value 4, which is the median value of the sorted sequence 1,2,4,5.9.
When, like in our case, the number of elements n in the window is even, the median filter sorts the
numbers and then takes the average of the n/2 and n/2+ 1 elements, e.g. if the values of the data points
within a window are 1,2,9,4 the data point 9 would be replaced by the value 3, which is the average of
2 and 4.@], p. 271f.
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1.5 T T T T . T T

0 : I I I I I I
0 1 2 3 4 ) 6

Days

Figure 4.2: Empirical variogram functions (dotted lines) and fitted curves (solid lines) for
the two series of normalised eigenvalues {S%(n)} (top plot) and {S¢(n)} (bottom plot)
obtained from the intra-day data analysis for Dell and Apple without considering the day
effect.

The already discussed day effect is reflected in the oscillating graph of the empirical
variograms of the high-frequency data. The adjusted variogram function is plotted in
Figure The slope of the fitted curves for adjusted and unadjusted data are very

similar.
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1.5 T T T T — T T

Days

Figure 4.3: Empirical variograms (dashed lines, i.e. {S%(n)} (thinner dashed line with
higher amplitude), {S¢(n)} (thicker dashed graph with lower amplitude)) and the re-
spective fitted curves (thinner solid line is the fit for {S%(n)}, the thicker solid line the
respective fit for {S%(n)}) after compensating for the systematic intra-day variability be-
haviour, compared to the case without considering the day effect (dotted and solid lines
respectively).

This analysis has been carried out for each of the three tuples of the three companies
Dell, Apple and IBM. In Table [£1] we summarise the results. The results show clearly

the existence of a fast mean-reverting scale for each eigenvalue.

Data Ky, Koy Ki Nl
’Ul ’U2
(day) | (day)

IBM, Dell | 257.70 | 361.66 | 0.98 0.70
Dell, Apple | 150.82 | 111.04 | 1.67 2.27
Apple, IBM | 115.10 | 100.53 | 2.19 2.51

Table 4.1: Estimated mean-reverting speeds (Ii:j, j = 1,2) and typical times for mean-

reversion (——, j = 1,2).

* )
K
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4.4 Pricing of single-barrier options

The marginal knock-out barrier option has a payout ¢(.S;), which may depend on S;(7') at
maturity time 7" provided that S;(¢) has not crossed a predefined time-dependent barrier
B (t) = Byehom®)ds prior to maturity. When we assume risk-neutral valuation the value

of a general barrier option with a time-dependent barrier on its underlying is given by

C(t,S1,B1,v) = Eg|e Ji "4 (S(T) 1,57 m],
where

0 o= inf(f € (t,T): () < Bi(t)), (4.19)

where the expectation is taken with respect to the pricing measure Q.

g (S1(T)) describes the part of the payoff which depends on the value of S; in T. The
following PDE can be derived for the Model (A1) with pj = 0. The restriction is necessary
to apply the method of images.

Si (303, (0 S25G) + 181 58 + 98 — rC
+Z?:1 <52 (Cv] )8_C+%5_ &> =0,
C(t, Bl<t)7Bl<t>7 ) C( Sl7Bl< ) ) = g(Sl) 1{L1>T}'

The PDE can be reduced to
2
S (a0 58 - b s (02 42) + %
"’iu 2
"‘Z] 1 < F(Goy — ')6_G+ % 52 UJ?%?) =0,

G (ta bl7blav) = 07 G (T7 x17blyv) =g (1’1) ]l{L1>T}7

) JE r(s)ds
where we use the transformations z;(t) := In (%)7 by == In <B}((1T)>7 and

G (t,z1,b1,v) = el r()dsC (¢, 1, By, v). See also Appendix [AT1l Following the lines
of the derivation in Section B.4] we can then derive the following theorem on pricing a

single-barrier option.

Theorem 40. (Single-barrier option pricing in Model ({4.1))

Let us assume

i. the setting described in Equation ({.1) as well as pj=0,

ii. the existence of an affine analytic characteristic function o(7,u1) in z1, which is
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reqular in a neighbourhood S, = {u; = wy + iwy : wy € (a,,b,)}, a, <0,b, >0 of

the origin, and integrable, and

iii. that the generalized Fourier transform B(xzy) of the payoff function e~ 2 g(xy) at
maturity exists in a space S, = {u; = wy +iw 1wy € (a,,b,)}, is integrable for

|z1| < o0.

If the space S¢ = S, NS, is not empty, then the barrier option value (4.19) is given by

c $ B e%—ftT r(s)ds twi+oo
t = —
B(, 15 17V) o [M_OO f)(“l)
(90<7_7 Uy, —1’1) - @(Ta Uy, T1 — le)) dul?
up € Se, (420)
where
52
o(T,u1,21) = expl iuz + A" (1, uq) + Z 0—;ij(7, u)vj | o,
j=1 vj
. T .
o) = [ Fglapeniin, ues,
Syeli r(s)ds By(T)
= by =1
€1 Kl ) 1 n Kl )

where ¢(T,uy,x1) satisfies the PDE[.0. The price converges point-wise if the map S; —

Cg(t, Sy, B1, V) is continuous.

Proof.

By introducing the following transformations

G(t,x1,b1,v) = e%Z(t,ml,bl,v),
96 = 1G ter 0z
0xy 2 oxy’
TG _ lg,.292 202
o3 4 014 o3’

we can reduce the PDE problem (£20) to

a2 .
S5 (3ahif () 5% + 52— 1570 @} f(v,)°2)

=12

2
2 Roj 07 1%; 9272\ _
+ 2 (7(% — Vi), T2 Vige | =0,

J

Z (t, bl,bl,V) = 0, Z (T,$1,b1,v) = ef%lg(:ﬂl)]l{“>T}.
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As in Section BAT] we can specify the Kolmogorov backward equation and boundary
conditions of the transition probability density function p(¢',z},v',t,z1,v). Since the

payoff of the derivative does not depend on the volatility, we pursue with

q(T,xl,v,:B'l):/ p(r, 2, Vv, 2y, v)dv'. (4.21)
0

Here ¢ solves the Kolmogorov Equation (see Definition [38]) supplied with the initial and

boundary conditions

Q(wahbhv) = 6(I1 - fL’/1>,
q(7,b1,01,v) = 0. (4.22)

In the following we apply the reflection principle (see @], p. 79f) (the counterpart to
the method of images in a half space in two dimensions (see [A.1.3))), i.e. we first derive a
solution G¥' in the whole plane and restrict it to the space (see ([E22)) it is defined for by
using symmetries.

Assume an affine solution can be found®:

- 1 w1400
GF(r, 2}, v;z) = o exp {iul@ﬁ — 1) + A%(1,w1)
+Z ( ] B* (T, UI)Uj>}du17
u = vy +iwy € S, (4.23)

where S, describes a space in a neighbourhood to the origin, parallel to the real axis, in

which the integrand is regular.

The solution for ¢, satisfying the boundary conditions, can be found by the approach
q = G¥ + GY by using the symmetry of G in z; (see @]) Note that the point 2b; —
is symmetric to z; in b;. Thus, we set GY(7, 2} — x1,v) = —GF (1, 2] — 2b; + 21,v). In
x1 = by, G¢ = —G* and the boundary condition is, thus, satisfied. The PDE is also

Se.g. with f(v;) = /v; with Bj; = Bj;y;(7,u1) and A* = A} (7, u) given in @I)-@3),

2 2
Ry, o5, 1
Duj = an (u) = \/54j + 5QJ <u%a%j + 40‘%]’)1
J J
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satisfied by G¢. Hence, the solution is given by

ar ot vie) = GF(naf —a,v) = G2 + oy — 20, v)
1 w1400 2 52
= 5/ exp A*(77U1)+Z U—;ij(r, Uy )vj (4.24)
w1 —00 = o

(exp {iuy (] — x1)} — exp {iuy (2] + 21 — 201)}) duy.

From risk-neutral pricing, then

o0

CB (ta Sla Bb V) = e%liftT (s / (e?g(xll)q<7-> ‘I{lv AL xl)) dxll' (4'25)

We have required that the payoff function, its transform and the characteristic function
are Lebesgue integrable in a space So. Hence, we can apply Fubini’s theorem and change
the integrals if there exists a space Sc = S, N S,. Then, the above expression can be

~

simplified. We denote the Fourier transform of the payoff by b(u;)

o +oo xll . ’
h(u) = / e 2 g(x))e" M day, uy € S,

Then,
e%fftT r(s)ds piwi+oo
CB (tvaBl’V) = 2—/ h(ul)
™ w1 —00
(¢ (7w, —21) — (7, w1, 1 — 2b1) duy,
u € Se=8,N8,,
where

Uj

2 52
o(T,u1,r1) = exp {iulxl + A*(1,uy) + Z (0—;ij(7, ul)vj) } (4.26)

=1

If S; — Cp(t,S1, B, V) is continuous the above relationship converges point-wise with
Theorem a

Exemplarily, we price single-barrier call options with gc.u(S1) = max(S; — K1,0), i.e.
goau(r1) = Kimax(e™ — 1,0). Thus, we have to Fourier transform e_%“”lgcau(xl).

e~ 271 gcau does not belong to L. The ordinary Fourier transform does not exist and
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we apply the generalized Fourier transform:

!

s N Y /
—e 2)e"™Tidx]

NS

bean(ur) = K1/Oo(€
0

1 1
= Ki(-— . 4.27

2

Note that we choose S(u;) > 1, ie. Sy,

of the barrier call option can be specified with

= {u1 =w; +iwy :wy > %} Then, the price

e?fftT r(s)ds iwitoo
Crcau (t, 581, B1,v) = —/ Hoan(ur)

w1 —00

(90(7—7 Uy, _xl) - §0<7—7 U, L1 — 2b1)) dul,

uy € Scpy = Sp N S, (4.28)

Call*

Bgall has a simple singularity in w; = % We can, thus, again apply residue calculus and
move the contour of integration to the real axis (see Corollary B). With ([Z56]) we derive

the residue of 60all¢

1 1
Rescay = lim (u1 - i—) K, ( ——— T )
Ul*ﬂ'% 2 Z(Ul — 15)(zu1 — 5)
— Ky (—i)(—1) = Kqi. (4.29)

[y

Then by Corollary Blthe option price also equals the integral along the real axis of u; minus

2mi times the residue of the Call price at 1 = i%, ie 2Kim ffooo d(uy —z%) o(T,u1, —x1) —

o(T,u1, 21 — 2b1))du1. See also @] The pricing formula with integration on the real

axis is then given by

r1

T 1
ClCall(taslaBlav) = 67_ft T(S)dsKl(@(T,Z§,—l’1,V)

1 6%—ftTr(s)ds oo
—90(7',25,96‘1 - 251)) + B — /_Oo beau(ur)
(p(1,u1, —21) — (T, u1, 21 — 2b7) duy,
uy real. (4.30)
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4.5 Pricing of two-asset barrier options with pertur-

bation theory

Options with barriers on more than one underlying cannot be priced in closed form but
have to be approximated. Due to the form of our model an approximation using pertur-
bation techniques seems to be the right choice. In finance this method has been applied

)
They theoretically prove the convergence of their approach in [52]. The approximation is

correct to an order of O ((5 %) and it is valid everywhere except in a boundary layer near

to option pricing under a stochastic volatility model by Fouque et al. (see e.g. [47],

expiry. This group applied the approach to various option types, e.g. exotic options in
B}, Asian options in @], defaultable bonds in |53]. Their approach has been extended
to additionally allow a slow mean-reverting component [50] and to multi-dimensions @]
Howison [66] applies perturbation theory to price vanilla options near expiry, options in
illiquid markets etc. Howison [66], Rasmussen | as well as Conlon and Sullivan [24]

extend the expansion and show the convergence.

We shortly introduce perturbation theory. The introduction to perturbation theory is
i]

based on the explications of Zauderer , p. D72t

Consider a differential equation
L(C,e) =0, (4.31)

that depends on the small positive parameter € and is given over a spatial region D. For a
parabolic or hyperbolic problem the boundary conditions are assigned on 9D and initial
data are given in D at the time ¢ = 0. The so-called reduced or unperturbed problem
associated with (3] results when we set € = 0 in ([@3]]), i.e. £(C,0) = 0. The given
problem is called regular if the reduced problem has a unique solution. If this is not the
case we have to deal with a so called singular perturbation problem. When we set ¢ = 0
in a singular problem we obtain an equation for which either the order or the type of the

differential equation has changed.

For regular perturbation problems, the solution C'is expanded in the perturbation series
C=> Cpe" (4.32)
n=0

The difference between C' and Cj is called a perturbation on the solution Cy of the reduced
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or unperturbed problem. Inserting the expansion into (EL3T]) yields

L(C,e) = L‘,(i Crue”, e) —0. (4.33)

The assumption is taken that £(C,€) can be expanded in a power series in C' and e. Thus,

(A3T)) can be written as a series
L(C ) =Y Li(Cn,Crot,...,C1,Co)e" =0, (4.34)
n=0

where £,, describe differential operators which may be linear or non-linear, and which act
on the functions Cy, C,...,C,. To solve the problem we equate the coefficients of €” in

([@34)) to zero (i.e. equating like powers of €) and get
En(Cn,Cn_l,...,Cl,Co) :0, 7’L:0,1,.... (435)

The same is true for any initial and/or boundary conditions. Hence, we obtain a system

of equations which we can solve recursively.

In the following sections we exemplary price two-asset options with and without barriers
in the Model (4]) with perturbation theory, describe the convergence analytically and
give some numerical examples. Furthermore, we present a possible extension to Model

(1) and indicate how perturbation theory could also be applied in this model.

4.5.1 Approximation of Model (4.1))

We will see that the PDE for the valuation in fast mean-reversion models is a singular
perturbation problem. We will show that the singular perturbation can be applied and
converges everywhere except in a boundary layer near expiry. We also provide some

numerical results which back the theoretical convergence results.

By means of the perturbation technique we want to price options which depend on two
underlyings with and without barriers on both of the underlyings in the Model (4.J]).
The payoff in 7" is indicated by ¢(Si,S2) in the following. Exemplarily, we show the
computations of a two-asset option with and without barriers (see @Tfor two-asset digital
options without barriers). In the case of the option without barriers the value can be
determined by

C (t, Sl, SQ) = EQ [maX(Sg - KQ, 0)151>K1} s (436)
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the value of the barrier option is given by

CB(ta Slv 827 B17 BZ) == ]EQ |:maX<SZ - K?) 0)]]-51>K1]]-{L1>T,L2>T}:| ) (437)

where ¢; = inf (t’ e(t,T]:5({) < Bl(t’)> and 1o = inf (t/ e(t,T]:5({) < Bg(i’)).
By (t) and Bs(t) describe the barriers on Sy and Sy respectively. As we presume fast
mean reversion for all the eigenvalues, i.e. 6; — 0, C(Si, S2) and Cp(Si, S2, By, Bs) can
be asymptotically approximated (see [49]). We pursue the expansion for the two-asset
option C (t,S51,S2) and only provide the expressions for Cg(t,S1, S, By, Bs) explicitly

when there are clear differences in the solutions.
First, we expand the problem in 0; (see [£32)), after that in 0.

[e.9]

' = ) Croy, (4.38)
n=0
Co = > Copdh. (4.39)
k=0
The infinitesimal generator £° is given by
1 1 1 1
L= LY+ Lo+ —Li+ —L7+ Lo (4.40)

Note that it is expressed in the form of a power series in ¢;. Thus, the problem to be

solved for the two-asset option becomes

L£°c’ = 0,
C°(T,81,5,) = g(S1,Ss), (4.41)

and for the barrier option, respectively

L£08 =
Co(t, By(t),S,) =
O%(t, Sy, By(t)) =
Cy (T, 81,82) = 9(S1,59), (4.42)

o o o
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where

o o2 92

1 _ ) P S
Ly = ko (G —v1) 9or T 907’ (4.43)
o o 0
Ly = Koy (G —v2) 0 + 7U26_v§’ (4.44)
02 0?
Ly = Plfsl%lau\/v_lf(vﬂm+P§’520v1a21\/v_1f(01)8528v17 (4.45)
v 82 U 82
L} = P2510v2a12\/v_2f(v2)851802 +P2520v2a22\/v_2f(02)852802, (4.46)
0 1ooxe s 2 1o s , 07
Ly = BN + 551 ;auf(vj) 8_5'% + 552 Z::%jf(vj) 8_53
2
0? 0 0
+5152 Zaljagjf(vjfm +7r (Sla_sl + 528_52 — 1) . (447)

j=1
Theorem 41. (Barrier option pricing in R?)

Let us assume the setting described in Equation (4.1)). Then the price of a two-asset option
without barriers ([{.30) (and with barriers ({.37) respectively) can be approximated by

CO(t, 51,59, v) = Q" = Coo+ 061010+ 0:C01 +610,C1 1, (4.48)
C%(t, S1, 52, Bi(t), Ba(t),v) = Q(SB = Cpoo+01C1o+02Cp o1
+51(5203’1,1, (449)

where Co o and Cpo are given in [{.60) and (B.8), C1 and Cpay in [{-84) and ({{-94),
Coa and Cpoq in ({.100) and ({.113), Ci1 and Cp 1, in ({-116) and {{-123).
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Proof.
We insert (£3%) in (£Z) and ([E42) respectively. To solve the problem we equate like

powers of ;. This results in several PDE problems which can be solved. We restrict the

asymptotic solution to the first expansion terms:

izcgogz + 1 (L3CP + L1CF) + %ﬁg + i.cf + Ly ) CF (4.50)
1 1
+LIC% ¢ £5032> + 0y <(§£§ + 5—/:% + ,c2> CP + L109 + 55032) .= 0.
2 2

We set the first four leading order terms to zero and find the following relationships

672 Lics =0, (4.51)
ot LIC + L1Ce =0, (4.52)
5 (%cg + Loy 52) C% 4 L10% 4 Llo =, (4.53)
5L <%£3 +Liczy 52) C% 4 L1054 L10 =, (4.54)

Regarding Equation (E5I) one observes that £} only involves derivatives in v;. Thus,
any function independent of vy is a solution of (L5I). On the other hand v;-dependent
solutions show the unreasonable growth e%vl at infinity”. We will draw on that
argument repeatedly in the course of this proof. Thus, we search for a solution of 6'32

which does not depend on v;.

In Equation [@5Z) L1 also takes a derivative in vy, thus, £1C? = 0. Tt follows due to the
same reasons as for Equation @5I) C = C%(t, S}, Sy, v2). Hence, the approximation
032 + 510f2 does not depend on the current level of the eigenvalue v;.
As C% does not depend on v; Equation ([53) can be reformulated to

1 1
(5_253 oLt 52) Co 4 pio (4.55)
2

7£(1)Cg2 can be solved by dividing the equation by %Ug ,v1 and by multiplying the term by the integrating

v 2Rvg (Cvlfwl) w1 fv 2Kkvy (Cvlfwl)dwl 8C52
factor e’ GRS . The ODE can then be transformed to 6%1 e’ v BU(’l = 0.

9052 ~ ,m ln(v1)+2m%
We, thus, see that —5%- =ce " 7v1 . See also @]
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Then, we expand C’f"’, i > 01in 09
CP =Y Cindy. (4.56)

Inserting this expansion in ({53]) and grouping terms of equal order in d5, and setting the

first four leading terms to zero we get

652 L2Co0 =0, (4.57)
51 L3Co1 + L32Coh, =0, (4.58)
69 L3Co2+ L3Co1 + L2Coo + LiCoy =0, (4.59)
6y L2Co3+ L3Chs + L2Co 1 + LECa; = 0. (4.60)

Solving the PDE for the leading terms Cy o and Cpg,

Similarly to before, we can derive from (L57) and ([Z58) that Cyo and Cpy are both
independent from vy. Equation (E5J) can be simplified by the fact that £2Ch; = 0 to
L3Ch0+ L2Ch0+ LiCo0 = 0. This is a Poisson equation (see Definition (25))) in Cp, and
Cs0 with respect to vy and vs.

The Fredholm alternatives (see Theorem B0, i(b) with iii) state that there exists only
a solution if L9Cy( is orthogonal to the null space of the adjoint generator L of £y =
Ly + £3. According to Remark [ an ergodic Markov process has a unique invariant
probability function, which solves the adjoint equation. The CIR process is ergodic and
has, thus, an invariant distribution (see Example ({])). Hence, £2Cp o must feature mean

zero (be orthogonal) with respect to the invariant measures of vy and vy. See also Equation

//;CQOO’()pinv(Ul,UQ)dUld'UQ = <<;CQCO70>> = <<£2>> 0070 = O, (461)

where p"(vy,vy) is the invariant distribution of the CIR processes v1, vo. The second

equality in (£6]1)) is true because Cy is inendent from v; and v,. We use here the
6

notation of Fouque (see @], @], @], @],

with respect to the invariant distributions of the CIR processes for v; and v, i.e. the inner

6]): The bracket notation means integration

product with respect to the invariant measure.

Note if we set f(vq) = \/v_l and f(va) = /vy respectively that (f(v1)?) =
I p (v )vrdvy = ¢, and ( = [ P (v2)vadvy = (yy, where p™(v;) denotes
the invariant distribution of the CIR process, the Gamma distribution (see Appendix
B.3). ((Ls)) is equal to the two-dimensional Black-Scholes operator Lpg (see (ZI47))
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with eigenvalues (f(v1)?) = f(v1)? and (f(v2)?) = f(v9)2.
((£2)) = Lps

— 2+152i 2<f( .)2>a_2+352i 2<f( )2>8_2
T oo 27 AV ey T e 2L R g s

2
92 0 0
o N2y 9 v —— —1). (4.62
+51822a1]a2g<f(%) >851352 +r <51851 + 52852 ) (462)

Jj=1

Hence, we can also write ({L.GI]) as

Lps(T1,72,p)Coo = 0, (4.63)

where the centred volatilities of S; and S5, 7 and @9, and the centred correlation p

between the two assets can be indicated by

o = ali(f(n)?) + aly(f(v2)?),
a5 = az(f(n)?) + ag(f(va)?),
5 = aragi (f(v1) ;—;amam(f(w) > (4.64)

Corollary 17. (Cyp)

The term Cy is the solution of the following problem

Lps(01,52,p)Co0 = 0,
C(J,O (T, Sl, SQ) = max(52 — KQ, 0)]1.S'1>K1- (465)

Co,0 can be evaluated by the following formula
Coo (t,51,5) = SoNa(dz,dy, p) — Kae™""No(d3; df, ), (4.66)

where

Sz‘ei ftT r(s)ds

K; 7
I 1

dj =d, —poy/7, di= STV + poaV/T,

g1
+ —T2V/T.

T=T—-t, x;=In

3
DN

X2

d;=d, -7 d, =
2 2 02\/F, 2 Egﬁ 9

For a proof see Appendix [B.2
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Corollary 18. (C o)

Cpoo, the respective expansion term for the two-asset option with two barriers, is given

by (see [od))

Lps(a1,72,0)Cpoo = 0,
Cpoo (T,51,5) = max(Sy — K5,0) 1g,>xk,,
Cpoo(t, Bi(t),5S2) = 0,
Cpoolt,S1, Ba(t)) = 0. (4.67)

([#-67) can be solved for p = — cos ()

CBOO(t Sl Sg B1( nz_i <c1¢71 610'1005(2 k) ﬁ(—czﬁz—ﬁclﬁﬂsin(%))
k=0
(B2 (Hf = Hy) —e 7K, (Hy — Hy)),  (4.68)
where
In (847) ~ by In (57) ~ b,
noo= — y Y2 = — y
01 09
P — pO2 o — 09 — P01
' 2%, (1—7p%) > 25, (1—7p°)
H+ o 92(52‘72+(1 C2)U2COS(QWI€)+\/17(C101 p(1— cz)az)sm< k))
;=
yl(\/?sm 27”“ ) Loy =
€ ” N2 (ll (71 )772) 12 (’71 » Tl2 ) 7p) ) (469)
H- — 692(8202+( (1—c2 02+2‘7101p)COS(%k)Jrl%ﬁQ(*ClEl(1*252)75(1702)02)sm( k))
. = v/
yl(\/ﬁsm 2"’“ ) L
e\ Na (I (v sm2 ) o2 (4 ,m2) 4 7)) » (4.70)
H2+ 692(6202 909 COS 2”k)+\/£7(clgl+p6202)51n<27rk))
N (e () o (0772 ) 7)) (471)
g — (0202+(02crz+2alc1p) COS(2”k)+\/117?(70151(17252)4»56262)sm( k))
2

Ne (b (572 ) 5l (7))
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ll(kl,kﬁg) = \/T—t(lfl‘{‘ﬁk?Q)‘FEl\/%,
lo (ki k) = \/T—t(ﬁk1+k2)+%,
TR COS(%)
T TR T -
sin (2£)  peos (%)
+y2< (T —t)\/1— P2 (T—t)(l—ﬁ)>
B B cos (22%)
e I
sin (#7¢) pcos (%)
+y2<(T—t) 17 (T—t)(1—52)>’
= B pcos(%k) sm(%)
T2 = 2 2+y1< T—1)(1-7) - AT —1)
cos (%)
=T -y

PN —t n
R L
*”aciiﬁlw
n;::<r—@ﬁm+w<—@ff§gfla*‘¢f¥%$ilw>

1 — 2p? 27k psin (22£)
*”(‘u—ﬁMT—w““( >‘2

For a proof refer to Appendix [B.2

Solving the PDE for the first-order corrections Cy; and Cp 1

Equation (£359) can be interpreted as a Poisson equation in vs only (in vy respectively)

for Cpa (Cop). Thus, the following solvability conditions which have to be imposed due
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to the Fredholm alternatives for the two differential equations, are given by

<£(1)02,0+£200,0>U2 = O,
(L5Co2 + L2Cog), = 0, (4.72)

where we indicate by <h>vj that h is centred with respect to the invariant distribution of
v;.® As L2 and Cj, are independent from v; (due to (LEI]) and explanations all Cp; are

independent from v;) and analogously £} and Cy,? are independent from vy and we find

L3Coo = —((L2),, Cop) + f5, (¢, S1,5s),
L3Cos = —({L2),, Cop) + f5(t,51,5), (4.73)

where f5, (f§,) is another eigenfunction, which does not depend on v; (or v, respectively).

These expressions can be simplified by the use of the following relationship

473
- ﬁécz,o = <£2>U2 Cop = <£2>v2 Coo — ((£2C00))
————

=0, see (L61)
1 0*C,
= ()~ TS5 5"

1 s 0 OC
i (o) = T )3 5"
82000
05,051

_— 0°C, 1 9°C,
= (f(vl)z_f(vl) )( a11512 85’(12)0 2 21522 85(2;’0

tarian (f(v1)? = f(01)2) 81 S5t

0*C,
+(111(1215152 asla()g2>, (474)

and

S PCoo 1 9*Cop
- 5300,2 = <‘C2>v1 Cop = (f(’U2)2 — flv2)? )( a125% 052 2 22522 052

8 0070 >
05,08,/

+a12a225152 (475)

8Note that both conditions are necessary and do not contradict the results we get when we regard
as Poisson equation in v; and vo. This can be seen when we solve <£(1)Cz’0 + ﬁgC()70>Uz = <£(1)>U2 Ca0+
L5Ch o = 0. When L5C) o is unknown the last expression is again a Poisson equation, this time in v;.

Thus, according to the Fredholm alternatives <<£(1)>v2> . The same follows for <£%C’0,2 + £2CO’O>U1 =0.
v1

9The perturbation could also analogously be started in d». Thus, all C;,0 are independent from vs.
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Further, we define ¢ as the solution of Poisson equations

(Lo+ Lo = D (f(v)* = f(v))?), (4.76)

£(1)051 = f(Ul)Z—f(U1)2>
Ly = [l

Hence, we can write with (A76]) and ([73))

, 0 , O >
CQ’O = — ¢1 (111 1 852 2152 852 + 2&116L215152651852 CO,O
+f20 (t,51,9), -
, 0 & o
Cos = — ¢2 (%2 2 852 + 5995 = 952 + 2(112(1223152851852) Coo
_|_f (4.5,.5,). 4.78
0,

Equation (£.60) is a Poisson equation in vy,v5. As Cp3 is independent from v; (due to
([@5])) and explanations all Cp; are independent from v;) and Cy; is independent from

v5'% we can reformulate (FL60):
(L2 + L) (Cos + Co) = —(L1Chs + L2Co1). (4.79)

Hence, the following statement must be imposed to guarantee the solvability of the Poisson

equation
(L)) Cos = - <<52002>> — —(£3Coa),, (4.80)
B , 07 0* 0”
= ¢2 12 1 852 22522352 + 26112@225152851852 Co,o . .

Applying ([A70]) the problem for Cj; can be simplified.
Corollary 19. (Cy,)

The problem for Cy; is given by

Lps(T1,02,p)Co1 = ACyp,
C()J(T,Sl,SQ) = 0, (481)

%Due to (@ESF) and the following explanations all Cy ; are independent from v;. We get the analogous
result for C; ; being independent from v, when we start the perturbation in ds.
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with
Ay = <\/U_2f(vz)%>v2 P20, (%Slaisl + %526%2)
(st aa; 5% e + 200 Si o) (152
where gf; =~ Ty m)(w) 1,2 ( — f(v2)2)p(22)dz, (see Equation (B33)). Thus,

<\/_f(vz)a¢2> / Ne O ip(w)%
/ 2 f(02)(f(22)? — flv2)?)
\/v—g

p(22)dzodvs.

2
UZ,U

If f(v) = NG

<\/’U_2f( )gﬁz> O’?U/O /0 Z9 —UQ Zg)dZQdUQ

m 2 [ v o1 RO o
0_2 / / aC’IR a e M =2 dZQ — 52 dUQ
20

00 1 C’IR+1) 1

“2dxe — Ty | dv
CIR CIR 2 2 2
7 (a ) )

2 CIR+1 IUCIR ) _
- /O ( e —vg) dvy. (4.83)

where v(¢,x) = [ e~'t*1dt is the lower incomplete gamma function (see [@], 8.850 and
8.951).

2

2
020

It can be easily shown that

Co1 = —(T —t)A:Co, (4.84)
as Lpg commutes with S; 2=

8Sk fO?"k‘ = 1, 211 cmd [,350070 = 0, i.e. »CBS (—(T — t)AQC()’[)) =
AsCoo — (T — 1) AsLpsCoo = «4200,0-

%) 1% %) 2 9
Whor k= 1: izl (57550 ) = Si (25,5550 + 522500 ) = 82,25 (5,555
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The PDE in the case of the barrier option is given by

Lps(@1,02,p)Cpo1 = AChoo,
Cpoa (T,51,8) = 0,
Cpoai(t,Bi(t),S) = 0,
Cpoai(t,S1,Ba(t)) = 0.

We simplify the problem by defining (see @])

A ~ 0*C 0*C
Cpo1=Cgo1+ VigSy——20% |y, Gy — 800 (4.85)
Of (v2)205: Of (v2)205,
When we differentiate LpsCp oo with respect to f (Uj) we see
5 6803'0’0 ] 9 20CB 0,0
df(v;)? 2 2 77 o Of(v;)?
LpsC = z S ()220
PTOAE (LpsCro,0) En + 51 ;aljf(%) 052
1 9 20CB,0,0 0 29CB,0,0
2 2 C0f()? of(v))?
+§SQ ; a2jf(1]j 2 852 + 5152 ; alj&gj U]) m
603,070 aaCB,O,O aC
Of(vj)? of(v;)? B,0,0
+r | S — 4+ S -
1aS, 2708 90,
9°Cpo0 9°Cpo0 9’Cpo0
(st g g+ St g + 25 Sy o)
— Lps oo (4.86)
af (vy)?
9*Cp o0 9*Cpo0 9*Cpo0
T3 (Sf g 52 + 5303 o5z T 2o15aayay 351052> =0
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due to Equation (E6T).'? Hence, Lps(T1, 02, p) U500 2 for j = 1,2 solves the PDE problem

8037070 - 2 92 a C1BOO 2 9 (()2037070
'CBS(;[f(uj)2 N 2(51 Wpgr T g0
8 C’BOO
25152002 e A g ):
aCBﬁO <T7 Slas2> - 07
af (vj)?
oC
28 (1, By(t),S5) = 0,
af (vy)
%00 (; 5, By(1)) = 0 (487)
9 f(v;)?

Differentiating this With respect to S; with ¢ = 1,2 we see that due to the fact that Lpg

commutes with ;-2 3sk for k =1, 2,
62037070 1 0 2 9 8 CB,O,O 2 92 82CB,0,0
Las(Sigg2es) = —35gg (Staly gt + St g
9*Cpo0
—|—251826L1JCL2] aslasz )
2
90800 g gy = o,
0S;0f(v;)?
2
m( Bi(t), Sk) in general not 0,
0S;0f (v;)?
PCroo 5 By = o (4.88)
0S8;0f (v;)?
C B,0.1 1s therefore the solution to the problem
535(51,52,,5)03,0,1 = 0,
CA'B,O,l <T7 Sl? 52) = OJ
éB,O,l<taBl(t>>SQ) = ‘712912(?5,31752(75))7
OB70,1(ta S1, Bo(t)) = ‘722922(757 Si(t), Bs), (4.89)

. oC 8C —7 5 0°C
2Note that with @B2) LpsCp o0 = 2520 + 1820, a3, Fu;)2 25800 + 153 7, a3, F(v;)2 25550
8°C oC oC
+ 5152 2 arjag; flv;)2 55800 4y (51 poo 4 g, %C0800 _ 0370,0) —0.
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where
Vo = (VEI52) pioon (490)
Vo = (VEID52) ponim (4.91)
glg(t,Bl,SQ(t)) = 51@ ,
8f(v2)2851 S1=B1(t1),52=852(t1)
2
gﬂ(t’ Sl(t)’ Bz) - 52% Slzsl(LQ)stZBQ(LQ)'

The solution can be found by (for the following results see H])

T 0
OB,O,I(@ Sl, 52, Bl, Bg) = / / e—c1b1—c2b26—c2(02a; Smﬁ”)‘ﬁggm(lﬁ', B17 Banga; sinﬂp)
0 0
Pgpy (V€ dt’ 0, = By) dal,dt’
T o)
" / / e~crbime2bzgmer (1 VI=PI Y g0 (# Ble"l\/ﬁ%, By)
0 0

Pepy (V€ dt’ 0, = 0) dadt’, (4.92)

where r, = a;, and ¢, = (0, 3,).

tl
ﬂ.eclxl+02ngft r(s)ds—a(t'—t) a;2+?“%

Popu(l € dt 2 (1) €0Y) = i AP
p p n=1

sin (ng@) Ig= (aifp> ; (4.93)
D P

where z describes the vector of transformed variables in polar coordinates, Y describes
the boundary, i.e. the wedge with 6, = 1if 0, = 0 (i.e. Sy = B(t), S = K, =
Bie? V15 — B eniV1-ptrcos(ty) — Ble‘”\/l”’%) and §, = (—1)"* if 0, = B, (ie.

S; = By(t),Sy = Kye® = DBye% = Bye?n5m0%), tan 3, = ——VI:ﬁQ, B, € [0,m. For

P
p=—cosr, phpy (' €dt',z(t') € JY) can be attained in an easier way.
For 6, =0
phpy (€ dt z(/) € dY) = perziteama— [ r(s)ds—alt'~t)
2n—1
1 7z — %z
N (—re (B2 esT7)) |
o (e (emia)

(z’—z )2+(Z/_z )2
where e is the vector (0, 1), @ is the standard normal distribution with %e_ e
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7 = (Zi,Zé), Zy = (217'22)7

(rp cos(ZZ +6,), 7, sin(2Z + 6,))  for k even,

‘Ikz = (494)
(rp Cos((k—1 —0,),1p sm(% —40,)) for k odd,

SieftTrds
Tr; = ln,<——7?;——),
1 .Tl—bl .172—62
2 s ()

- _ To — b2
2 o
For 0, = 3,
pepu(d €dt' z(/) € dY) = pcrziteawa— [ r(s)ds—a(t'~t)
2n—1
1 pa 2 — Tz ,
2 Z(‘l) CI’(—> , (62‘Ekz ),
t’ —0 \/E 25=0
with (9;, = [, — 0, and
r,cos(2Z 4+ 6,), 7, sin + 6, for k even,
= { (O B 1) o o
(rp COS(Q(k—l —6,),7p sin (21 —= —0,)) for k odd.

Corollary 20. (Cpo,)

The solution for Cp 1 is given by

82C'B,o,o ~ 9*Cp o0

Cgo1 = éB,O,l — Vi2Sy — Voo Sy ———. (4.96)

Solving the PDE for the first-order corrections C1 o and Cg 0

Inserting expression ([A50]) in (A.54]) and collecting terms of the same order of o we obtain

the following relationships

6,2 LiC), =0, (4.97
(52_1 : 5(2301,1 + ,C%Cl,o = U, (498
5(2) . L%OLQ + ,C%Cljl + EQOLO + E%OQ’() + 560370 = U, (499

)
)
)
0y L2Cy5+ L3C1a+ L2011 + L1Co, + L3Cs1 = 0. (4.100)



4 Pricing of barrier options within stochastic correlation model 171

We notice that C} and Cy are both independent from vy. Equation (4.99)) is a Poisson

equation in vy, vy while £3C; = 0.

As L2C50 = 0 due to the independence of C3 from v, (due to ([AE]I]) and explanations all
Co,; are independent from v;. The same follows analogously for C; as the perturbation
could be also started with d5.) and ﬁéC’l,g = 0 because C} 5 is independent from v, (due

to ([E52)) and the respective explanations) we can reformulate (Z99)
(L3 + L) (Cro+ Cs0) = — (£1Ca0 + L2Chp) - (4.101)

The following condition has to be fulfilled so that this Poisson equation is solvable:

(L)) Cro = — ((£2Ca0)) B0 — (£1Cy), (1.102)

Using ({.76) and (4.77) the respective problem for €' o can be found.
Corollary 21. (Cyy)

Ci o solves the following problem

Lps(T1,02)C1o = Ai1Cohp,

Cio(T,51,52) = 0, (4.103)
where
0 0 0
A = <\/U_1f(U1)a;jll> P10 <%SI@_51 + %528—52>
9? 0? 9?
(a%lea—S% + aglsga—sg + 2&11&215152 851852) . (4104)

Analogously to [{-84) the solution for the two-asset option without barriers can be easily
indicated by
Cio=—(T—1t)A1Chp. (4.105)

Accordingly, the problem for the barrier option is given by

Lps(71,02,p)C1o = AiCpoo,
CB1,0 (T,51,5) = 0,
Cpao(t,Bi(t),S,) = 0,
Cpao(t,S1, Ba(t)) = 0. (4.106)
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We redefine the problem analogously to ([ST)-(H88) by

82C’B,o,o 0? CB,o0

B,1,0 B,1,0 11 lﬁf(vl)2851 21 28f(’01)2852 ( )
03,1,0 is the solution to the problem
535(51,52)03,1,0 = 0,
CA’B,LO (T7 Sl? SQ) - 07
éB,1,0<thl(t),52) = ‘711911(75,31752@)):
éB,l,o(t,Sth(t)) = ‘721921@, S1, Ba(t)), (4.108)
where
- 1 0
o= 22y poran, (4.109)
2 (91)1 v
- 1 0
T = (a2 poyan, (4.110)
2 81}1 n
0°C
911(75, Bl,SQ(t)) = Sl——BéO’O ,
af@l) 05, S1=B1(:1),52=852(e1)
0*Cp oo
g21(t, 51, Ba(t)) = Sy—="— .
af(vl)QaSQ S1=51(t2),S2=DBa(t2)

Analogously to ([£92) the solution can be found by

T o9
OB,l,O(TZ Sl, 52, Bl, BQ) = / / e—c1b1—c2b26—c2(02a; Sinﬁp)‘/mgll(t/, B17 Banga; sinﬁp)
0 0
Pgpy (V€ dt’ 0, = By) da,dt’
T o)
* / / e abimebgmalniny 17’)2)‘722921(5, B1€”1\/§“§>, By)
0 0

Pepy (V€ dt’. 0, = 0) dadt’, (4.111)

where the probability is given in (£.93)).
Corollary 22. OB,l,O

The solution to Cg 1 is given by

2 ~ 2
P00 _ g, 9Co0 (4.112)

Cgio=0Cgro— V1S
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Solving the PDE for the first-order corrections C;; and Cp 1,1

Equation (£99) is a Poisson equation with respect to vy for C3. Thus, we deduce with

(E.102)

L3C1, = —(LiCho+ L2Cho),

=7 = (= ({L2)) Crp +(L2),, Crp)

@Io0n) 1 -
= 5(T- t)(f(v2)? — f(v2)?)

5262 + a3 528 + 2a12a09251 5 > A, C (4.113)
12 185’2 22 2852 12A2201 2851852 1000, .
1 , 02 0? 0?
CL? = 2( - t)¢2 (a12 1 aSQ 2253 852 + 2a12a22515 851832) .»4100,0

+fio(t,S1,5),

where ff, (t, 51, Ss) is another eigenfunction, which does not depend on v;. In this way,

Equation (£.60) is a Poisson equation in vy for Cy 3. Hence, from the solvability condition

together with (£.80) follows, analogue to (LI13)):

;C(I)OQJ = — <£%C{]72 + £20071>v2
1 -
- L0 - T
82 82 82
(aHSf 35'2 21522 952 + 2a11a21.51 5> (951852> AyCh o, (4.114)
1 , O 0? o2
Con = 2( —t)or (all 1952 21522852 + 2(111(1215152851852) A2Co0

+f2€,1 (t, St 52) )

where f3, (t,51,S2) is another eigenfunction, which does not depend on wvy. Finally,
Equation (AI00) is a Poisson equation in v, and vy for C3; and C)3. To ensure its

solvability we have to enforce the following condition
<<£2>> 01,1 = — <<£%0172 + £10271>> .

Corollary 23. (Cy,)

Ch 1 satisfies the following problem

(L)) Oy = 20t — T)ALACop. (4.115)
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Concluding, as in ({{-83) and [-107),

Cr1 = (T —1)%A1 4,0 . (4.116)

This result can be easily checked by inserting (116l in (ZI1H]).

For the barrier option the problem is given by

Lps(G1,02,p)Cp11 = 2(T —1)A1A:CB o0,
Cpaa(T,51,5,) = 0,
Cpa1(t,Bi(t),S) = 0,
Cpaa(t,S1, Ba(t)) = 0. (4.117)

In order to simplify the problem we deduce that

Lps ((T - t)2A1A203,0,0) = —=2(T —t) A1 A:Cp oo + \(T — t)zﬁBSAlAQCBp’q, (4.118)

~~
=0

the last term equals zero as A; and Ay commutes with Lzs. Hence, we define
Cpi1=Cpi1+ (T —t)2A1A:Cp o0 (4.119)
CA'B71,1 is the solution to the problem

535(51,52)03,1,1 = 0,

Cpan (T,51,8,) = 0,

03,1,1@,31@),52) = gi(t, By, 52),

Cpaa(t,S1, Ba(t)) = @alt, S1, Ba), (4.120)

where

g1(t, B1,51) = (T_t>2A1A2OB,O,O

S1=B1,52=52(¢1)

G2(t, 51, B2) = (T —1)*A1A:Cp o (4.121)

S1=51(t2),S2=DBa
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The solution can be found by

T o]
Cpaa (t,S1,5,B1,By) = / / emehimese g ey sinfy) g (f By Bye2n i)
pGBM Sedl, b, —ﬂp)da dt
i / / —Clbl caba —Cl(Ula V1 g2(t/ Ble v BQ)

Pepy (V€ dt’, 0, =0)dadt’, (4.122)

where the probability is given in (£.93).
Corollary 24. (Cp11)

The solution for Cg 11 given by

Cpig = éB,l,l — (T —t)* A1 A2CBg 0. (4.123)

Accuracy of the approximation

We derive the accuracy of the price approximation along the lines of Fouque et al B],
|. Each call or digital option has a payoff function which is only C® smooth with a

discontinuous first derivative at the kink S; = K;. However, for the proof we require a

smooth payoff function and smooth derivatives.

Thus, in order to proceed we regularise the payoff, which is a two-asset option, by replacing

it with the Black-Scholes price C'gg of the two-asset option with time to maturity € with

volatilities @1, o2 and correlation p, i.e. deterministic covariance because at ¢ < T the

Black-Scholes price Cgg is smooth, and the derivatives are well-defined.

We define therefore

gg (Sla SQ) - CBS (T7 817827 Kla K27T + ga ElaEQap) ’ (4124)
with

Cps (t,51,52, K1, K5, T,01,02,p) = Cop(t, 51,52, K1, Ky, T,61,02,p).
(4.125)
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Hence, the regularised price C%° solves

550576 — 0’
C(T,S1,5,) = ¢°(S1,5).

Let Q% denote the first-order approximation to the regularised option price, i.e.
Q€,5 = 570 + (51 io + 52 g,l + 51(52051, (4126)

where

o0 (t,S1,82) = Cps(t,S1,Se, K, Ko, T +&,51,52,7), (4.127)
Cio = —(T=1)ACg, (4.128)
5,1 = —(T-t)A 5,07 (4.129)
o= (T —1)2AAC,. (4.130)

Concluding, the proof must involve three steps. First, we show that the regularised price,
C% is converging to the actual unregularised price, C° (see Lemma[2), in a next step we
deduct that the regularised approximation Q% is close to the approximation @°, which
is defined in Equation ([@48)), (see Lemma [B]). Finally, it is left to prove that C%% ~ Q%°

in Lemma [@l
Lemma 2. (C%° ~ (C°)
For the fized point (t, Sy, S, v), wheret < T and v = (vy,vs), there exist constants gi > 0,
5; >0, ¢ >0, and ¢; > 0 such that
|C°(t, Sy, Sa,v) — CO(t, S, B2, v)| < 4, (4.131)

for all0 < 8, <8y, 0< 8, < 0y, and 0 < & < &.

Proof.

In the following we show that C%° and C? converge to each other by conditioning the
difference in the prices on the paths of the eigenvectors up to 7. For that we use the
probabilistic representation of the price as the risk-neutral value of the discounted payoff.

For the proof of this lemma we introduce the processes for S;, i € (1,2) with pf:

2
a0 (41 0+ )

j=
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where

f(@;(t) = @” ort =1 (4.133)
f(v;)? fort>T

and v; follows the process described in (£.2)). Note that VT@ and Z; are two independent
Brownian motions with Z; = Z; in @) and W, = ﬁ(Wj — piZ;) in @I). The
assumption of a risk-neutral equivalent martingale measure allows for the probabilistic

representation of the price as the expected discounted payoff. Thus, we find

€ = B [T (ST +2), 5T +9)).

¢ = Eg {eﬂ"(T*ﬂg (él(T), @@))} .

In the next step we condition the difference of the regularised and the unregularised prices

on the paths of the Brownian motions of the eigenvalues follow, i.e.
¥ — % = Eg [E [e*NT*Hg)g (5‘1 (T +8),5(T + g))

—e 00 (SU(T), So(T)) | Zy()usosr = 1,2H. (4.134)

To calculate the expectations we determine the conditional joint distribution of S; and

S,. We start with the expectation in 7" and obtain the following diffusions for In(S;) and
11’1(512)1

al; f(0;(1))?pjdt
1

DN | —

d(n(3) = rde— 33, FE 070 - )t -

)

2 2
+2_ a1 f(5(t) V31— pU2AW; + Y " an; f(5(t))pdZ;,
Jj=1 j=1

a(n(S)) = rdt- %Zagj F(@5(0)(1 = p)dt — %Z aj; f (1)) pfdt

2 2
+ D an f@ 001 = pPdW; + 3 as; [(55(0)p5dZ;,
j=1

j=1
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or
- . 1 v
Si(T) = Sl(t)eAl exp {T(T—t) — 5/75 Z 1jf 0;(s - 2)ds
2 T
+3 [ at@eny/i- g
j=1 t
Sy(T) = Sy(t)e exp{ T —t) ——/ Z a3, f(01(s))*(1 — p?)ds
T
s [ ettty pyanis .
j=1"1
where
T 2
A = / > aif(0;(s))pldZ; — / Zau F(@;(s))%p%%ds. (4.135)
vj, j = 1,2,1ie 0;, 5 = 1,2,t < T are independent from <VAV](3)> under Q as we
0<s<T
have reformulated the processes with independent Brownian motions (I/T/](s)) , and
0<s<

(Z;(s))g<s<p (see EI32)). The conditional distribution of S1(T) (Sy(T) respectively) is,
thus,

S1(T) 1
1n<51(t)> 1 Z;(s t<s<T~N(r( —t)+ A — 201,01>, (4.136)

with
67 = &t T),

= /t (1= p"3) a2 f(01(5))% + (1 — p°3) aBf (Ts(5))%) ds.  (4.137)

To summarise we obtain the following conditional joint  distribution
F(ln (5’1 In (gg) |Zj(s)t§S§T, Jj= 1,2) for In(S;) and In(S;) (for a single under-
lying see 1)

F (i (Su1)) i (So1)) |Zi(shisosrs = 1,2) = N (ma,ma, 68,63, 9) - (4.138)

where

m; = In(S;(0))+ A + (T —t) — =67 (4.139)
Sl (anaz (1 — p2) f(91(5))? + arpazs(1 — PSQ)f(@z(S))Q)dS‘

0102

(4.140)

>
I
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It follows that

E [e‘T(T_t)g(SH(T)a So(TN|Zi(8)i<srs J = 1>2]

01 02

= CBS (t, S1€A1,S2€A2,K1,K2,T, \/T_t’ \/T_t’ﬁ> . (4141)

Accordingly, we get

F (m (5*1 (T + €)> In (S*z (T + g)) | Z;()s<oers =1, 2)

:NZ (mlam%a—%aa—g’ﬁ) ) (4142)
where
1
57 = Gi(t, T + €)?
EI3EI3D . T
B e [ (@T@OP + o)
T
67 + éos, (4.144)
p p(t, T +¢)

B.5)

(@3_31]) ﬁ(t, T)&l (t, T)52(t, T) + f7?+6(a11a21f(?11(8))2 + a12a22f(02(8))2)d8
B o1(t, T + €)Go(t, T + ¢)

E.5)

[’5&1&2 + gﬁ 01 09

4.145
515, (4.145)
The conditional expectation can be computed by
E [6—7’(T—t+€)g (S’l(T + g), gg (T + g)) ’Z] (S>t§s§T7 j = 1, 2]
= e 0% [ 1, S1eMTTE Spet2 KL K, T o , o , ) . 4.146
BS( 1 ’ Y AV s (4.146)

Using the explicit formulas and the assumption that &;, ¢« = 1,2, is bounded above and
below (for detailed calculations see (B.2))), we derive that

—7ré Aq+ré Ao+ré ~ ~ ~ €,0 A Ao~ ~ N
‘6 CBS (ta Sle ! 7526 ? 7017027P) _OBS (tv Sle 17526 270_1a0—27p)‘

< €ly (14 [Ai] 4 |[Ao] 4+ |Ar| [Aa]) (e +1) . (4.147)

E(T) := e is the stochastic exponential of ¥(T) = ftT ?:1 pY f(vj)a; because et =
D=3 and d€ = Ed7y. The expectation of the exponential martingale exists if the

. . .. 17| w | [Pas L
Novikov condition is fulfilled, i.e. if E [e2 /¢ [IV% } < 00, which is the case for the CIR
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process (see @]) We find
|Ca(t, Sl, SQ, ?J) - Cg’é(t, 51, SQ, ’U)| < (€, (4148)

for ¢; and € small enough. O
Lemma 3. (Q% ~ Q?)
For the fized point (t, Sy, So,v), wheret < T and v = (vy,vs), there exist constants 5? >0,
53 >0, é& >0, and ¢y > 0 such that

|Q° (t,51,5,v) — Q% (t,51,5,v)| < ¢, (4.149)

for all0 < 8, < 6., 0< 8, < 05, and 0 < & < &.

Proof.

In the following we show that the approximation Q% of the regularised payoff is close to

Q°, the approximation of the unregularised payoff. From the definitions of the correction

terms Ch (see (£I00), Coa (see (£R4)), and C4; (see ([@IIA)) it follows that
Qé,é - Qé = ( — (T —t) (01 A1 + 02.A2) + (T — t)25152A1A2) (CS,O — C'0,0) .

From the definition of A; (see (£I04)) and Ay (see ({.82)) one can see that they are

bounded due to the boundedness of the solutions of the Poisson equations in v; and v
(see (B.3)).

As Cf (t,T,51,53) = Coo(t, T +€,51,52) and Cop as well as its successive derivatives
with respect to S7 and Sy are differentiable in ¢ at any ¢ < T we deduce for (¢, Sy, S2,v)
with fixed t < T

Q0 - Q] < o, (4.150)

for some ¢y > 0 and € small enough. O]
Lemma 4. (C%° ~ Q%)
For the fized point (t, Sy, So,v), wheret < T and v = (v, vy), there exist constants S? >0,
32 >0, & > 0, and ¢5 > 0 such that
€0 (, 81, 55,0) = QO S1, S, 0)| < a0 (1482 008 (4.151)
+6? <1 +er+ 52€_1>

516, (1 T N (526*1) )
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for all0 < 8, < 6, 0 < 8, < 9, and 0 < & < &.

Proof.

In the following we show that the regularised approximation Q% converges to the actual
regularised price C by finding a boundary for the absolute value of the error in the

approximation, R%9. We first introduce C%°, which we define by
C = Q% + 6105 o + 03C5 5 + 670505 1 + 5105C% 5 + 83CS o + 65C 5, (4.152)
and, thus, define the error in the approximation for the regularised problem as
R = C% — %9, (4.153)
By applying £° on R%® and forming terms of equal power in §; and d, we see that

£6R€,5 _ E(?(Cvg,é - CE,(S)
1 . 1

= _E(I)OS 0ot 5

b 51

52 (ﬁ(lJOiO + E%Cg,o)
1
L3CE o+

1 1
62 0o
+ (L3CS ., + LICG 1 + L2Ch g + LiCS )
+05 (L5C5 5 + L1CG2 + L2CF 1 + L5C5 1)
0 ¢ d ¢ 5
+55L5CT o+ < (L3CT, + LiCT)
2 2
+51 (LgCiQ + E%Cil + ‘62050 + E[l)C;O + ’C%CZ%,O)
o € o € €
+6_;£(1)O°’1 + 5—? (L3CE L + L1CE)
1
+5152 (;C%CiQ + £2Cil + E%O;l)
02 (LoC5 o+ 02 LoC5 y + LECE o+ 61L2C5 )
+6§ (ﬁQC&Q _'_ (51;620]6:2 + ﬁ%C&g + 52£20§73)
= 5152F1€ (t, Sl, SQ, V) + 6%F2€ (t, Sl, SQ, V)

+5§F3€ (tﬂ 51752)V) ) (4154)

+ (L5CS 1 + LICG )

because £9C = 0 and the first approximations are chosen to cancel the first brackets

(see (EEI)-(A54) and (L5T7)-(E60)). We define

Flg (t7 Sl, SQ, V) = E%CiQ + ‘C2Cil + C%ng’l + 51;6202511 + 5252016727
FS (1, 5,5, V) = LaChy+ LICE,+61L5C5,
F; (t, Sl, SQ, V) = EQC(E;Q -+ ,C%ng’ -+ (52£20§73. (4155)
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The derivation of C34 and Cp3 is shown in the Appendix [B2l From Equations ({71,

A78 113, EE1T4) we moreover deduce

_ 82
05,2 = - ¢2 <a12 1852
+f02 “(t, 51, 5,),
ng,o =

+ f2.0° (t, 51, Sa)

2
+1i, 2&F (t,51,952),

1 82
( — 1) ( ary 1852

+f21° (E S1,52)

1 82
( )¢2 < 12 1 852

0
+ 202,62 <S1 a; 953,
92

. 1 , 02
Ci2 = (T )¢2 < 5p) 1852
)

0?
<a12512 852 2253 852

+f0,3 (tyslaSQ) )

1 82
2( —t)én (an 1852

a1 (9

+p101,61 (51—— +

2 05

0? 0?
( S2 21522852

11 1as2

+f3,07° (t7 S1,52),

where
(Lo +L3)E =
cie, =

L3 =

0?
292 —— + 20120925155

0? .
122022 852 651852> CO’O

02 o

82 ~
— ¢]_ (CLH 1852 + a21S228S2 + 2(111&2151528518S2) CS,O

82

a -
252 —— 4+ 2012099515, 851352> AiCo

22 2852

0? .
051652 > AQCO’O

82
05108,

0?
21522052 + 2011021515 555

52 8 + 2@12@225152

22 2852 > AQCS,O

929 (9
) 352>

+ 2a12a225152

2\ .
881852 > CO’O

, 07 0 ¢
L + 201104015159 555 95,05, AiCo

s 2652

a921 0
527a—sz)

+ 2@11@215152 851852) 0070

(4.156)
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and f7 are other eigenfunctions which are not dependent on v.

Furthermore, we see that the value of R®? at maturity 7" is given by

RY(T, Sy, 85,v) = 616,G5(T, Sy, S, v) + 62G5(T, Sy, B2, V)

where

Here we have exploited the

+5§G§ (T7 517 SQa V>7 (4158)

= 5102671(7—’7 Sl>SQ> +52052(T, 51,52),
= OS,O(T7 SIJSQ) +5IC§70(T7 Sl,SQ),
= CS,Q(Tv S1,52) + 520573(71 S1,59). (4.159)

definition of C® ([@I5Y), the terminal conditions

e (T, S1, 52) = C&g (T, S1, 52) = gg(Sh 52), Cio (Ta S1, 52) = 05,1 (T7 S1, 52) =
Ci 1 (T, S1,5;) = 0. Using ([EI56) we find that G¢ can be written in the form

Gi (T7Sl752) = 971 (TashSQ)a

GY(T, Sy, S = | gigk ! 5 2 .Sigk 0" Cio
2( s M1y 27V) - ' Z q2,ik’ 1~2 aSiaség +0 . Z q27ik 12 857185'5
ikyi+k=2 i,ki+k=3
+62 (T7 Sl? SQ) 3
) . 8i+k0€ ) ai-i—kcé
G5(T, Sy, S2,v) = L SiSE 2 4§ 3k S1Sh———op
3( y D1, D2, V) i k;ZQ Q3,zk 1~2 asiaség + 02 ) kgr;::s q371k 1~2 aSiaSS?

+(j3 (Tv Sl? SQ) s

where §; (t,51,5;) are functions which depend on the eigenfunctions. ¢ ; (G3;) is a

function that depends on ¢; (¢, respectively). Whereas, ¢; ;. (3 ,;,) is a function that

depends on & (&, respectively).
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Ff can be written in the form (see Appendix for detailed calculations):

¢ 2 0 giond G
Fi(t,51,5,v) = (T -1 ' Z M55 Garp gk 055055
i,k;i+k=8
. . az-ﬁ-kcéo
+(T - t) ' Z rl,z’ks Séc aSzask
i,k;i+k=6
5 5 aﬂ*koso
i,k;i+k=5
3”’“060
HT=1) 3 Husiss aszas’f)
i,k;i+k=T
07
+52<‘ Z rl,ikS S§ aSlaSk
i,k;i+k=b
HT—t) > Slskawkcﬂo) + i (t, 51, 55)
— T1LikP1°2 3 Gi Aok qa(t,01,02)
i 05%08.
€ ~ i kaH_kCg ~ z aH_kCSrO
F%(t,81,5,,v) = (T—t). Z T9.i919% Farmak 95155k + Z T k5199 95195k
i ki tk=6 i,k;i+k=4
. . 8z+k050
+01 ((T —t) | Z T ko1 S5 —zraar 08108k
i,k i4+k=T
LG
Y FaaSiS g k)+Q5(t 51,52),
i,k;i+k=5 as as
g ) . aerkC(E] 0 B z aHkCS 0
F5(t,51,5,v) = (T_t)‘ Z 7“3,1’16‘5( Sg aSzask + Z 31’“3 2 85’185’5
i kii-+h=6 iksith=4
e
+(52 ((T - t) ‘ Z 31k5152 aszask
i,k;i+k=T7
8”’“0
+ Z Ngzksl 2 a0 k)+QG(t S1,52)
i,k;i+k=5 05 aS

where fzj defines functions which either depend on ¢ or &.

First, let us analyse those terms ff more closely with respect to their boundedness. Let

P = ff or Y = q{ with the functions fl‘-j and (]g being defined above.

Then
[PV < & max(llo(v)]l, 1o’ (WL IEW IE V)ID (4.160)

for some constant ¢5 and with ¢(v) and £(v) defined in ([@70) and ([AI57), i.e. ¢ and £ are
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the solutions of Poisson equations with i = f(v)2—f(v)2or h = /Vf(v) 52— (/v f(v)52).
Due to the results in Appendix [B.3] ¢ is at most logarithmically growing in v at mﬁnlty
(see Appendix [B.3). As the moments of the process of v are uniformly bounded in
0 = (01,09) (see Section Z4.T]) we can conclude that there exists a constant ¢ > 0, which

may depend on v, such that
E[|¢(v(s))||v(t)] < és <oofort<s<T. (4.161)

Next, let us deal with the derivatives in S; and analyse their boundedness. It can be
derived that (see Appendix [B.])

e e "™ No(dS, dS, p) fori=0Ak=1,

e Kqe T Ng(dg,di,_)

1 1 2 382 o-E
+ Zk ; e f 0 ;:—76869: €< 2(17ﬁ2)(y1+d2 2pd2y1)>dy1 fori=0Ak > 27

g 1 2, .2 o3&
er fd2 b2 81 1 e( 72(17ﬁ2)(d1 +y2*2pd1y2)>dy2

(9”’“05’0 00 \/;Bacl B
i 9.k S A S o (Y3 +dS " —2py2diY) . _
axlaZEQ —Ke f I \/7-76611 16( 2(1 ) )dyQ fOl" 1 Z ]., k - O,
fde b gi-1 < m(d§2+y§*2@ﬁy2))d fori>1Ak=1
o0 Vit 02 1€ Y2 ore= o

de b4 gi—1 (—%(d€2+y2—2ﬁdgy2))
To—e\ 20-pH L 172 !
f 00 \/Fditl_ e dy2

1o
+2’f 2 e B ottt (~5te

(dE%+d5%—25dE d ))
7€ 9t 1t

fori > 1Ak > 2,
(4.162)

for some constants b; and by and with

d5 = 02\/; + 352V, d5 = dS — 7o VT,
d:gl: 31@;—501v7'€—|—p_02v7—€7 di*:di—p_agng,
B SQGTT%
‘= T — s+€, To =1In
T +€ 2 K2

In the following we have to differentiate between options with short and long remaining
HRCE o

8:v"i8m]2€ }

¢7, which depends on z; and x», as the derlvatlves are uniformly bounded in €.

< ¢, for some constant

maturity. For long maturities, i.e. T —s > L=t > 0, ‘E [
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For 0 < T — s < I we consider
. az+k000

0z, 0xk
The conditional (conditioned on Z;y,j = 1,2,t < t' < s) distribution of In S; and In .S,
is Gaussian with means, variances and correlations as given in (EI39)-(EI40) with T'
Fortydt!

Sy el r)at’ 1 Syed
In A and zo = In o

i+k
d O ,0

= E
Oxi ok

E

Ziwit <t' < s” ‘ . (4.163)

replaced by s. The joint conditional density of x; =
is denoted by p(x1,xs) and is given by

1 (z1-m1)? | (wg—1irg)? (z1—11) (o —1R2)
+ —2p
p(xhxz) — e I P)( o1 D) O G2 )>

271'5'15'2 1 —p

with

L
m = ;(0) + A —

L5
5 = / (L= 222) @y f () + (1 — p32) a2y falt))?) .

. [ (annazn (1 = py?) f(01(8))? + arzaza (1 — py?) f(D2(t))?)dt!
r= 5164 ’

2 2
° -~ U 1 ’ -~ / U
Moo= [ stz = [ dr )t
j=1 j=1

To simplify the analysis of the conditional expectation we compute the following expres-

sions
00 0o ,2(11 h)((m )2 4 (@a— m2>272p(:1;1 ) (zg— m2))
P 0'1 0.2 0_1 0_2
/ €w2p(w17w2)dw2 — / €w2€ _ : dx2
- o 2161094/ 1 — p?
= ! / e”‘}ﬁm?e*%('z?ﬁg)dzg
271'6'1(3'2
— 0
<1
< emriia, (4.164)
2 0 L,
v/ v Yy = — x) e 2" dx
27r/ ‘ ’ \/% o ( )
2 o0
— — 22X2e X(2X) 2dX
ﬂ- —0Q
28 i+1
= A (4.165)
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See for example dﬁh
7 d5 o
bi 612/ 7] ( m(d +y2— 2pd1y2)>dy

Ve ) 02f
7 i e ds

E

2

Zi(t');t <t < s]

2

T€ 8:}31 —00
<1
e2 ds i
g1 2 0 pd§
Lo 4 s W2 —p )dyg )
8331
b; g _ai’ !
T — ——1 ~ 1~k -1 ~
< E - 2 5 +e 2 E Co |Ga|” €™ 2%2dy,
T 1 — 0o k 1 |
L bounded
- " . N e
b; TR C11 Z 1
S E Z~€x2€7Tclo ‘ E|k S 1+1 | | ’LU2€* 2 p(w17w2>dw2dw1
7€ k=0 (79) b
C12 ~ Juy [F C12 ap ™’ C13
< — E —e~ 2 dwy = E e dw, < — (4.166)
TE 2 =0 TE€2 7'52 TE2

where we apply (IZ:IBZI) in the fourth last line and (ZI6%) in the third and the last line,

yz’:f—ﬂ?%:yi L, = e, dy =8 — ST VT DoV T, and dy™? = 22 4 17,/7¢,
Gi (1-p2) Vre G2 2

Analogously, we obtain

- & o -
]E bE exz 1 a_e(_m<d€ +y1 2pd2y1))dy1 Z(t/)t < t/ < S
Tg ooaxg ! T N
~ £ k
< E be e2e(~34%") Z |x%|k514 Zi(t);t <t' <s
Ve (1)
C1abe N 052" X [P . .
= / 51 € W27 73 & T/p(@l Te,wg\/;>dw1 d@g
T k=0 T2 .
ZP(EQ\/;)
i iy
< /Cli)f eV e [Ws|" p(Wa V7€) dws
T2 k=0
<1
I 22 i ¢ _
A U B B Y
< / ol YT S sy < (4.167)
TE 2 =0 TEZ
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and by integrating the prior expression multiplied by (7' — s 4 €) we obtain

B a’i+9 z2 £2 o= ¢ q¢
‘E [T—Ee% axiaxW( st (987 - 2pdiaf)) |Z;(t);t <t' < S]
1025

B ; € € _ €€
< E _Eefvze( sy (4 +d5” ~2pdid5) ZZ |$1|~k|+$lz| 2 < < S]
k=0 =0
¢
C b 77 de de —9% dede ‘ w
< [ [ e Catmletiat Dy sl e,
k=0 1=0 T°°?
_ Cl8bE // ’wg\/; 2(1 -2 ( iwl +d6 W2 *deé w1d€ w2>)
1+E+2
i ¢
Z|w1| [@a|'p (W, V7%, WoV 78 i di
k=0 1=0
< Clgbé // Tar/1— —p 22\/7.7 O'Qp Zl\/; ( (dizl —|—d6 Zo ))
it
!
Z 717" ‘ V1= 02527, + poa71 | p(21VTE, 22V 70 dZ1d7e
k=0 1=0
§z12 &,792
< CQQbE //602\/ 1—?252\/7:_652ﬁ251\/7:_e<7%(d1 tdy ))
- 75%
it
Z |71z, " Z |z’fz§” ” 7€ 2oV T€)dZ1dZo
k=0 [=0 m=0
621
< (4.168)
Pz
where Z9 = Wo and Z1 = ﬁ(@l — p_UJQ)
Due to ([AI61) we can deduce from these results that
E Z w(v) ai-i-k 670 < »é (T + g _ S)min(071_T") (4 169)
, dxioak || =% ’ '
ikyi+k=
and by integrating the prior expression we obtain
r IECE Coz|In(é)] n=3+2I
A A S i A (1170)
t l,k,z—i—k:n 81'16332 624gm1n(0,l+T)
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Using the Green Theorem we can represent R0 as
Raé (ty Sl; 527 V) - E |:6_T(T_t)5152Gi (Sl (T>7 S2(T)’ V)
T _
B / e—r(s—t)5152Ff(s,Sl(s),Sz(S)aV)dS}
t
LB {GNT%%G;(& (T), S(T),v)
T .
_ / eI EE (s, S1(s), Sa(s), V)dS}
t
L E |:e—r(T—t)5§G§(Sl (T), S2(T),v)
T .
_ / e—r(s—t)5§F§(57 5’1(3)’ 52(5), V)d8:| .
t

Assuming that the eigenfunctions are bounded it follows that

|E [(5152G§(51(T),SQ(T),V)H S 6(5162,
B [52G5(S,(T), So(T),v)]| < 602 (1+516*%+5lg*1),
IE [52G5(S)(T), So(T),v)]| < 562 (1+5ge—% +52g—1),
. :
’]E { / e NS S, FE(S1(T), So(T), V) || < 46102(1 + & 2 + 5161 + 6o ),
t i
. :
’E [/ e TENRFL(S1(T), Sa(T),v) || < es0t(1+E 2 +6:87),
tT ~ - 1
’E U e TETSZEE(S|(T), So(T),v)|| < é662 (1+g—5+52g—1).
t i

Concluding,

‘Rg,é

< & [6%(1 FEI 40 + o2 (1 FEE 4 526*1)

16,0, (1 vEt s+ 526‘1> ] , (4.171)

and therefore for (¢, 51,52, v) fixed with ¢t < T using (ZITI) and the bounds from
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we have

€8 — Q| = | = R+ 63C5, + 83C5 5 + 0260205, + 0163CT,

+63C5 0 + 65C 4

< o [5’{‘ (1 yET 4 516*1) F (142408

5,0, (1 T 52g—1> ] . (4.172)

Theorem 42. (Accuracy of the perturbation)

At a fized point (t,S1,S2,v), t < T and under the assumption that the eigenvalues are

positive and bounded the accuracy of the approzimation of the two-asset option is given
by
. ‘06(1;75175’271})_@6 <t751as2)}
lim -
§1—0,02—0 <5§_p>
1

=0, (4.173)

for 01 > 9o, p > 0.

Remark 16. The price Cp g is smooth in S; > By (t) and Sy > Bsy(t) and its derivatives
have finite limits as Sy — By and/or Sy — By . Hence, the convergence for knock-out

barrier options can be proved in just the same way.
For single-barrier options see B]

Proof.
< . =1 =2 =3 = . <=1 =2 =3 = . = = = .
Take 6; = min ((51,(51,(51), J2 = min ((52,52,(52>, and € = min (¢, é, €3). Using Lemmas

2 Bl and @ we deduce

|©° - @

IN

|C(5 o 06,5‘ + |C€,5 o Q%,(S‘ + ‘Q&(S o Q5|
< 2max(cy, c2)é + c3 [53 (1 fET 4 516_1> + 82 (1 fEr 4 626_1>

46,5, (1 T 525—1> ] , (4.174)

for 0 < §; < 81, 0 < 05 < 02, and 0 < € < €, where the functions are evaluated at the

4

PR
fixed point (¢, S, Ss,v). Taking é = max (513 , 623>. Assume that §; > o then

0 - Q| <« (5% <1+5;%+5{%)), (4.175)
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for some fixed ¢4 > 0 and Theorem (42 follows. O]

Numerical accuracy of the approximation

In the following we compute the exact value of the two-asset option without barriers (£.30])
with the alternative Fourier technique described in Section and compare it to our
approximation. We calculate some scenarios to get a deeper insight into the quality of the
approximation. The basic scenario is given by f(v;) = |/vj,0,, = 04, = 0.1, (,; = 0.1,
Ky, = Ky, = 0.2, T =1, and K1 = Ky = 10.5. We set the eigenvalues to ay; = 0.9,
ajz = as; = /(1 —0.92), and ays = —0.9. In our first calculation we set the value of
S1 = 10.5 and vary the value of Sy. It takes values between 8 and 12. In Table we
indicate the results of the approximation for §; = d, = % and 0; = 0y = % In the Plots£4l
and we show the relative differences between the exact result and the approximation
for 6; = 09 = 2—10 and 0 = 0y = % respectively. The relative error is a decaying function in

the value of Sy. The relative error seems to be the highest for out-of-the-money options.

x1073
3.5

25}

Relative error

1.5¢

8 9 10 1 12
Sa
Figure 4.4: Relative difference between exact result and approximation for two-asset

option without barriers for ¢; = %.
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0,022
0.018 +
—
2
5}
00,014 +
2
el
<
[}
oot
0,01 +
0,006 - - -
8 9 10 11 12
So

Figure 4.5: Relative difference between exact result and approximation for two-asset
option without barriers for 6; = 1.

Table 4.2: Prices of the two-asset option computed with Fourier technique and approxi-
mation.

Exact result Approximation
01 = b9

S 0 2 0 2

8 0.3582 0.3515 0.3594 0.3592
8,21 0.3971 0.3900 0.3983 0.3982
8,42 0.4381 0.4306 0.4394 0.4393
8,63 0.4812 0.4734 0.4826 0.4825
8,84 0.5264 0.5184 0.5279 0.5278
9,05 0.5736 0.5654 0.5752 0.5751
9,26 0.6229 0.6144 0.6245 0.6244
9,47 0.6741 0.6655 0.6758 0.6757
9,68 0.7273 0.7185 0.7289 0.7290
9,89 0.7822 0.7733 0.7840 0.7840
10,11 0.8390 0.8300 0.8408 0.8409
10,32 0.8975 0.8885 0.8993 0.8994
10,53 0.9577 0.9487 0.9595 0.9597
10,74 1.0196 1.0105 1.0214 1.0216
10,95 1.0830 1.0739 1.0848 1.0851
11,16 1.1479 1.1389 1.1497 1.1500
11,37 1.2143 1.2054 1.2161 1.2164
11,58 1.2820 1.2732 1.2838 1.2843
11,75 1.3512 1.3425 1.3530 1.3534

12 1.4216 1.4130 1.4234 1.4239

51 (0) 210.57 K1 = KQ 210.5, r :0.057
p1 = p2 =0.05, T =1.0, Gv; =0.1, Ky; =0.2,

oy, =0.1, v;(0) =0.2, a1z =az =V1-0.9?
a11:0.9, a22=—0.9
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4.5.2 Extension of Model (4.1])

We suggest here an extension to Model (J]) and introduce — beside the fast mean-
reverting component — a further, slow mean-reverting component to the stochastic dy-
namic of the eigenvalue. In this context we shortly want to give an insight how per-
turbation could be applied in the extended model as well. Further future research will
have to be undertaken as far as for example convergence and the number of necessary

perturbation terms are concerned. The following model is suggested:

P
dS; = rSudt+5i)  aif(v;(),y;(0))dW;, i€ {1,2}, p=2 (4.176)

j=1
Ry Oy,
dvj = 5 (Go; = vj)dt + = \/0jdZ,,, (4.177)
j J
dy; = Egﬁyj (Cyy — y3)dt + €50y,\/y;dZ,y, (4.178)

(dW;,dZ,,) = pidt,
(dW;,dZ,) = pldt,
(dZ,;,dZ,) = p;’dt, for j € {1,2},

all other correlations are set to 0. To allow for slow mean reversion we assume €; very

small.

In the following we shortly indicate how an approximation applying perturbation theory

could by analogously to before performed in this model.'?

As before we price in this framework options which depend on two underlyings with and
without barriers on both of the underlyings (see (£.36]) and (£37))). The payoff in T is
indicated by ¢(S,52) in the following. We asymptotically approximate the prices with
singular (in d;) and regular (in €;) perturbation theory. The infinitesimal generator £°¢
is again expressed as a power series, this time in ¢; and §;

PSR TR SR 2441 | 2 Aq2
= 6_%£0 + gﬁo + 5—151 + 5—251 + Lo + 1M + e5M;

€ €

Fe MY 4 g M2+ 5—1/\4; + 5—2/\43, (4.179)
1 2

[’51 ,02,€1,€2

3This chapter has been prepared during a master thesis project in cooperation with Daniela Neykova.
See also h]
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where
0 1 0?
1 o) 4 g2 g 4.1
‘CO Ry (CUI 1)81)1 + 2UU1U1 a,U%’ ( 80)
0 1 0?
2 _ ) D2 4.181
EO Rog (CUQ 2)81)2 + 20'1)2’1)2 61}%’ ( 8 )
1 09? 0?
L, = Pla11f1(’01,y1)<7m\/_51838 + plag, f1(v1,41) 00, /01 5285281}1 (4.182)
o2 2
Ly = p2a12f2(v2’y2)0”2\/_81886 + p5az, [2(V2, Y2)0u,1/V2 5285281;2 (4.183)
0 0 0 9 9 0?
Ly = o +r (8185'1 + 52852 - ) + (a11a21f1 —|—a12a22f2) 5182851652
1, 2 , O 1 o on 02
+§ (a11f1 12f2) 1 852 +5 (a21f1 22f2) 528_5227 (4.184)
3 1 02
8 1 82
M2 _ l€2 , — — 4+ = 2 —, 4186
0 Y (Cy yQ)ayQ 20y2y2 ay% ( )
1 0? 0?
My = plaifioy /i Slas o + plaz, froy /i SQ@S o (4.187)
9 0? 0?
Y Y / 4.1
Mj Pza12f20y2 VY251 05,0y + Pza22f20y2 Y25 FES ( 88)
82
My = pilonoy /o , (4.189)
O 0y,
o2
Mg - p2 0U2Jy2 V V2Y2 avgayg (4]‘90)

where f; = (v;,y;). The problem to be solved for the two-asset option C°¢, hence, becomes

L(S,eoé,e — 07
Cé’G(T,Sl,SQ) - g(ShSQ)a

and for the barrier option, respectively,

L0k =
CH(t, Bi(t), S2) =
Co%(t, 51, Bo(t)) =
CO (T, 81, 5,) = g(S1,5).

o o o

(4.191)

(4.192)



4 Pricing of barrier options within stochastic correlation model 195

The similarity to our problem before can be seen. Thus, an approximation of a two-asset
option without barriers (£36]) (and with barriers (£31) respectively) can be approximated
by

Co(t, 51,51, vy) ~ Q (4.193)
= Co000+€Ci000+€Co100
+061Co01,0 +92C0001 + - - -,
C (£, 51, 52, Bi(1), Ba(t), v,y) =~ Q (4.194)

= B0,000+€CB1,000+€ChB0100

+61Cpo010+ 02Cpo001 + -, (4.195)

where Cp 00 and Cp 00 are given in (B.66) and (B.G8), C1 000 and Cp 1000 in (B.74)
and (B.80), Co 100 and Cpp100 in (B1A) and (B.82). Coo10 and Cpoo1,0 are denoted
in (B.70) and (B.2) and Cppp1 and Cgopo,1 in ([B.69) and (B.7I). We show in the
Appendix B3 that the results of the terms indicated can be found analogously to Section
4.5l

4.6 Conclusion

In this second chapter of the main part we have presented a multivariate model with
stochastic correlation which offers enough flexibility to reflect the stylised facts about
correlation explained in the introduction (see [[I). By analysing high-frequency data
we can empirically show that there exists a fast mean-reverting factor (with a time-
scale in the order of days) which drives the eigenvalues. Moreover, our model allows
to avoid the dimensionality pitfall. In many cases the first three to five eigenvalues are
sufficient to explain the dynamics of a certain basket. In some cases an affine characteristic
function is available and, thus, eases the calibration of the model. With the perturbation
technique we furthermore present an approximation for path-dependant options which is
easy and quick to calculate and implement. Moreover, the convergence is proved and the
performance is shown numerically. Thus, we contribute a feasible and also empirically

valid model to literature.
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Appendix A

Appendix for Chapter

A.1 Appendix for Section 3.4

A.1.1 Transformations used for PDE

For constant barriers By and By (only GBM framework):

(
1.2¢29%C | 1,2¢29%C 9%C
20151 557 + 30253 052 + p0102515255 55, +

—l—rSlg—g + rSgg—; + %—f —rC =0,

(A.1)
C(ta Bla SQ) = 07 C(ta Sla BZ) = 07
\C(Tv SlJ 527 Bl7 BQ) =4g (Sl7 52) ]l{bt>T,L2>T}-
Transform S; to x; == 1n(i) and B; to b; := ln(%). The new derivatives in terms of C’
are given by
oc  _ 10¢

¢C 1o 1oc

082 S2 022 S?0x;’

02C 1 9%
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A.1 Appendix for Section 34

Thus, the PDE in terms of C'(t, 1, 22, by, b) has the form

1
2

+W_

Then transform to G := eft

(
202C" | 1._28°C _
o? 157 39252 + (r

rC' = 0,

1.2\9C" _1_2y9C" o%2c’
201>8x1 + (7” 202>812 + '00—10—289318362—'_

Cl (t, bl,l‘g) = 0, C/ (t,Il, bg) = O,
\Cl (T7 T, T2, by, bz) =g (351, iUz) ]1{L1>T,L2>T}-

(A.2)

s)ds=frz1—faz2+a(T=0) ' The derivatives are given by

aC/ T aG
= — [, r(s)ds+pra1+fazatat o
ocC’ - ftT r(s)ds+prz1+Prxetat 6ZG + 0G
81‘,‘ axz
02C’ T 92
— = — [, r(s)ds+pra1+Bazatat 9 2G
8$? ’ ( ﬁz ) B 8:}61 ) 7
Ay 9G . 0G
= _f r(s)ds+p1w1+P2re+at G '
ékci&tj <BZBJ + 6] a + 62 j)
p1 and By are determined in such a way that we get rid of the first derivatives in z; and
Zy. Thus,
o1 (% - UL%) — poa(3 — aig)
61 - o1 (1 _ ,02> )
P Yl (3-2)
S =)
1 1
a = — 0151 -5 52 ( - EO’f) f — (7" — éag)ﬁg — p01025152_

Inserting ; and « and grouping the derivatives of order one and the terms in G this

becomes clear

81'1 2
oG ,
= 8_1'1 —501 +0’1

oG 1
a. (——U% + 0%51 + poioafs + ?")

1 T 1 r
o (3-%) sl 2)

1 T 1 T
06 (~121-p) F(-3)-ri(-3) 0o

8:161

(1—p?
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The same is true for 2 at

1 1
G (—r +rta+(r—so7)B+ (r— 503) B2 + po10afi B + 0151 ‘75522) =0

2 2
(A.3)
The PDE for G(t,x1,x2,b1,bs) is given by
( 2 2
%U%%T% + %05273 + p01028x18932 + +%? o O’
(A.4)

G(t,b1,1’2> = 0, G(t,l‘hbg) = 0,

\G (T’ 11, L2, bl’ b2) =9 (:L‘l? :E?) 1{L1>T,L2>T}€751117ﬁ2$2.

The respective Kolmogorov backward equation for the transition density p(¢, 2}, 25, 1, x2)

is now given by (see Remark [7)

2 2 2

e
p(t, 2y, 25, by, 22) = 0,
p(t, @), 25, 21,by) = 0,

p (T, 2, 25, 21, 20) = 8(x] —x1)0(2 — 22). (A.6)

This equation can be transformed in the standard form by the transformation 7 := T —t:

dp L ,0p 1 252p d’p
=2 = P AT
or 2702 T2%0:2 TP g o, (A7)
p(Ta'Illaxéax&?mIz’blaxQ) = 07
p(T,lL‘ll,fE,27l'1,b2) =0
p (0,2, b, x1,20) = 0(2) — x1)0(2hy — 22). (A.8)

By Fourier transforming this PDE we find that the equation the characteristic function
¢ has to fulfil. We set ¢(, ul,ug,x’l,x’z = foo foo ellmituee) p(r gl w0y, wy)daday

et “”1*“2“)90(7, Uy, Uz, T4, xh)duydus.

or respectively p(1,x}, xh, x1,x9) 1=
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Thus,
/ /
@ N /Oo /oo i ulxl—m”?)a@(ﬂ ul’u%xlv%)dmdum
or o0 00 or
Op % poo
g = / / —z(u1x1+u2m2)@u1gp(7', Up, Usg, 37/17 xé)duldu%
1
e e
52 = 2 / / —z(u1x1+u2x2)u%(p(77 U1, U, :L‘/h ,I',Z)duldu27
1
o g
91,0xy / —etmmtuar2)y 40 0(7, uy, Ug, 2, ) dug dus,
1 2 oo

90(07 Uy, u2, 1,/1’ ':LJQ)

z(u1x1+u2l‘2 (S(ZL‘ — xl)é(xg — $2)d$1dx2

7, u1x1+u2x22

and
9y
or
@ (T, ug, U, by, $/2)
2 (7-7 Uy, U2, .T/17 bZ)
)

/ /
2 (07u17u27$17x2

= _%J%U?so—%USU%—pMWW (A-9)
— 0,
= 0,
O ) (A.10)

For time-dependent barriers, which are applied particularly in the case of stochastic or

local volatilities:

)
1,20 2q29°C
U015 557 957

2+ 92C
78’1)2 _'_TSI

+ 1,U2V

1,2
5€°V

To reduce the above PDE transform S; to x; :

1n<

%?) for i € {1,2}. The

—l—rSzaS +5(C—v)%+%

20%C 2u 0%C
52785' + pu 0'10'25152—631652+
—rC =0,

(A.11)

C(t, Bl(t), SQ) - O, C(t,Sl, Bg(t>) - O,
\C (T7 Sl7 827 Bl(t)a BQ<t>) =g (Sla SQ) ]1{L1>T,L2>T}'

.TTS S
ln(se]t%) and B;(t) to b;

new derivatives for C(t, Sy, 52, K1, Ko, Bi(t), Bo(t)) in
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terms of C'(t, 1, e, Bi(t), B2(t)) are given by
aC aC G aC
o= oo
oC 1ac
0*C 1 9*C’ 1 0C
0S? S2 0x?  S? Ox;’
0*C 1 0%
Thus, the PDE in terms of C'(t, x1, 22, by, bg) has the form
5112”0%680 -+ v %C/ — Ly Qg% — %v 03270; +pv2”0102—62%;2+
FEV GG+ R(C—0) 5 rC’ =0,
(A.12)

Then transform to G := eft

Cl (t, bl, IL‘Q) = O, Cl (t, X1, bg) = 07
¢ (T, 21, 29,b1,b2) = g (21, 22) L4y 570057)-

s)ds—crzi—e22 " The derivatives are given by

oC — e ftT r(s)ds+ciz1+caxe ( G+ a_G)

ot It
o g oG
= _ft r(s)ds+ciz1+coxe .
aZL'i ¢ (CZG + axl) )
o2C" : G 2
—_— — - ft T(S)ds+clml +coxo 2 2
022 e ( & oz, -G+ _axl ) ;
9*C’ T
- = e Ji r(s)ds+cizitcawa (CZCJG + ¢ gG te gf) .

c1 and ¢y are determined in such a way that we get rid of the first derivatives in x; and

o = 01— 02p

' 201 (1 —p?)’
02 — 01p

Co

205 (1= p?)
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Thus,
g—i ( ;UQVJf + v2”afcl + pv 010202)
~ o (a0 )
- 9 (L) e T g, 220
= 0.
The computation for is analogue. In the following we determine the killing rate of the

PDE, i.e. the term G.

1 1 1 1
2 2 9 2 2 9 2. .2 2. .2
G (clcgpalagv + 5C101Y Y+ 5C202V v— F0161v v— 50202V v

— 222G (0102;)— proi — p*as + ploioy n —0} — 03 +2PU102>

4(1—p2)? 4(1—p?)
(A +pY)oi — 4po10s + 051 + )
8(1—p?)’
2 2
B 9 o] + 05 —2poi0,
= —v"G ( S(L=7) ) . (A.13)

The PDE in terms of G(t, x1, 2, by, by) has the form

%U (?) + % ?9(2? 21/G<01+;(21—ip<)7102) + pv2u010_28£gx2+
188+ x(C o) + 4 =0
(A.14)
G (t7 bl; x2) - OJ G (tu Ty, bZ) - 07
|G (T, 21, 29,b1,by) = €772 g (11, 29) L gy 100571 -
In a constant volatility framework (v? = 1) it is now possible to remove the component
with the killing rate, i.e _U2u(01+;(21;iﬂ0m) as well by the transformation U := e*T9@
as e oU
— =TI ol + — A5
ot~ © ( i ) (A.15)
Thus,
a = —|ciepoioo + lcfaf + cgag 10%01 - 10302
2 2 2 2
2 2
-2
_ o + 03 p0'20'2' (A.16)

8(1—p?)
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By introducing

1 (1’1 23’2)
72 = ——|——p—,
' 1—p2 \01 pUz

To
: A17
Z2 0_27 ( )

the mixing derivative in xy and x5 is removed. The derivatives are given by

o 10
014 B ﬂal 821’
o 10 p 0
Ory 0902 ﬂo’2 0z’
0? 1 0?
ot~ (1= p?) ot 0:F
0? 1 0 P> 0? p 02
0 T 303 U AoioR i ey 0mdn
0? ) 0? 1 0?
01102 - (1= p?) o101 8_2% * gleﬂ 021079

We insert these derivatives and group terms of the same derivative:

0°G (1 1 2
. o2 2w _2 P
p

9’G oL 2 L 1 0
— | 220" 0 ———— o109p————— | = 0.
021029 2 o2\/1 — p? ' 2p01<72 1—p?

Furthermore, we transform ¢ — 7, where 7 := T — t.

)\ 100
o102 (1 — p?) S22 82%’

— U2V0'1(72p

N DO

( 2, 2
1 20 0%G 1 2v9%°G 2v o1+0o5—2poio2 o
2V 023 2V 023 +v G( 8(1—p?) )
1.2,290°G _ (NG | 0G _
SEVIET —K(C— )5 + 52 =0,
(A.18)
\/1—p?
G(T,Zl,O) :O, G(T,Zl,— P Zl> :O,
\G (07 215 ZQ) =e anTehg (Zh 22) ]l{L1>T,L2>T}‘

The respective Kolmogorov backward equation for the transition density
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;o . .
p(Tv Ry %95 215 22, U) 18 gilven by

p
or

p(Ta Zia 257'2170)

/1 — p2
p (T, ZQ,Zé,zl,——pa)

p

p (07 Ziu Zé? 21, 22)

il et
+262v2”’% + k(¢ — v)%, (A.19)

= 0,

- 0,

= (2] — 21)0(25 — 22). (A.20)

By Fourier transforming this PDE we find the equation the characteristic function ¢ has

to fulfil.

spectively p(r, 21, 25, 21, 22) 1=

/ !/
We set SO(T7 Uy, U2, 21, ZQ)

1
@m?

i zituzze)p (7 24, 2, 21, 29)dz1dze Or Te-

= [T [T e

o o g
o e Wwmmitue®2) o7 4y ugy, 24, 25 )duyduy. Thus,

0 a I
a—ﬁ = / / —1i U1Z1+U27«'2 (’O(T’ u178327 Zl’ ZQ) dU1du2,
ap —i(u12z1tu2z2)
920 = 72 iur (T, uy, ug, 21, 25)duy dus,
82 00 00
((9_212) B 2 / / B U121+U222)u2<)0(7— Uy, Uz, Zlu Z2)du1du27
1 o] 00
0 o0 o0 8 o
8_5 _ / / —i(u121+u222) 90(7—7 ulva'sz 215 22) duldu2,
90(07 Uy, U2, Zi? Zé)) - / / l (u121+u222) (5(2 — Zl)(s(Zé — ZQ)ledZQ
— z(u1z1+ugz2 (A21)
and we get
Iy L oo o L oo 2 2 01+ 03 —2p010y
or — T3V we T gviwe— vt )
Ly, P dp
+§E v ,YW + KJ(C - U)%, (A22)
QO(T7IU’17U272170) = 07
/1 — 2
80 <T7u17u2yz:/[7_TpZ:/L> - 07
2 (07 Uy, U2, Zi? Zé) - ei(U1Z/l+UQZé)' (A23)
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A.1.2 Characteristic functions

Proof. (Derivation of Heston-type characteristic function)

Assume the following affine form

1
op(T,u) = exp {iulzl + tugze + o (Ag(7,u) + Bg(, u)v)} , (A.24)

v

and plug it in the PDE [B.37) with v =~ = %

1 <5AH(T>U) n aBH(Tau))

1 o 4+ 02 — 2p0,0
=——v(uf—i—u§+ 1 2 pPoO101

o2 or " or 2 A(1— p?)
1 1
—l—T‘EUBH(T, u)? + U—gm(ﬁ —v)By (7, 1),
Ap(0,u) = 0, (A.25)
By(0,u) = 0. (A.26)

We find then the following ODEs for Ay and By.

0Ag(T,u
$_HCBH( ’u) — O,
Ap(0,0) = 0, (A.27)
8BH(7',u) 1
T—§BH(T>U) + KBy (T, 1)
Lol o o o} 405 —2poro1\
+50, (u1+u2—|— 0= = 0,

For the proof of the solution see Lipton (see @], p. 380). (A2]) is a Riccati ODE which
(222

9~ H
we solve with the usual transformation By = —2-7=—. In terms of Ey(r,u), Ag(t,u)
can be written as Ay = —2k(In Ey. The ODE and appropriate initial conditions for

Ey(7,u) have the form

82Ey aEH 2 9By \ °
— 9972 49 — 2| 2

OEy 2 2
1 o + o5 — 2poi109

“or_ 2,2 2 1 2
0*Ey OEy 1 o o o OP402—2p0i0,

_ = Ey =0
oz THor Ta%\" TR T T " !
OEy
or

EH(O, ll) = ]_,

(0,u) = 0. (A.29)
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The general solution of ([A.29) can be indicated by
En(t,u) = e i+ 4 eg_efH-7, (A.30)

where ey are arbitrary constants and Kpy4 solve the following quadratic equation

1 0% + 02 — 2p0109
Kio +kKpe — Zag (u% + uj + - 4(12 — =0. (A.31)

Hence,

02+02—2pc710'2
—k+ \//-452 + 02 <u% + u3 + A e

Kygy = 5

(A.32)

We introduce 0 = 9(u) = \//12 + o2 <u% +u3 + %). FEg(r,u) has, thus, the

following form

—K+0)T

Ey(t,u) = eHJre%( + eH,e%(_”_D)T. (A.33)

From the first initial condition follows ey, = 1 — eg_. From the second equation we

obtain for ey_ = =52 and for ey = 2. Thus,
Byru) = T (chg0)erCrr
T =
H\'") 2
h) _ ) —0T
e s il (25 o) (A.34)

Ap and By have then the following solutions:

BH(T, 11) ( _D)(l — CXp (_07—))

1—’{—_’_aexp( 07')

sinh($7) + £ cosh(57)
- " cosh(37) + &sinh($7)’

Ap(r,u) = CK((KJ—D)T—an(l_ ;0 p( )>>
_ /1{(/-@7—2ln(—smh( )+Cosh( ))) (A.36)

O

(A.35)
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Proof. (Derivation of Stein and Stein-type characteristic function)
For the Stein model we guess the following affine form.

1
vs2(T, 1) = exp {z’ulzl + fUgzg + = (ASQ(T, u) + Bgso(1,u)v + Cso(T, u)UQ)} , (A.37)

v

where Ag2(0,u) = Bg2(0,u) = Cs9(0,u) = 0. We plug it in the PDE [B37) with v =1
and v = 0O:

i (81452(7', u) +UaBSQ(T, ll) +U20052(7', u))

o? or or or
1o, 4 o 02405—2poi0
b (3 Bsalr.w) + 0B (r.w)Cin(7,0)
— Bgs(7,u)’ + —vBga(7,u 7, u
20_12) 0_;4) S2\71, 0_;4) S2\7 S2\7

2 4
=5 Csa(T.u) + —07 O, u)2>

v

LK(C — 'U) (st<T, U) + 2’0025(7—7 u)) )

oy
AS2(07u) = 07 (A38>
BSQ(Oau) = 07 (A39)
Cs(0,u) = 0. (A.40)
Inserting (A.37) in (332) we find the following ODEs
0Ags(T,u 1
% — KCBs(r, 1) — 0 Cn(r, 1) = S Bso(mu)* = 0,
Ago(0,u) = 0, (A.41)
B
83;_5_7’,11) + kBgo(T,u) — 2Bgo(1,u)Csa(T,u) — 2k(Css(T,u) = 0,
Bs2(0,u) = 0, (A.42)
oC
% + 2kCs(1,u) — 2Cs(7,u)?
-
o2 (5, 4 0i+403—2p0oi09
2 (“1”” 10— ) -
CSQ(O,U> = 0. (A43)
aDg
(A43) is again a Riccati equation. We set Cgy = —3 7. The ODE and appropriate
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initial conditions for Dgs(7,u) have the form:

1 % 1 3?52 2 1 3?52 2 3?52
. __or" + _ T . T — K T
2 Dsp 2\ Dg 2\ Dg Dgs

o2 (5, o 0i+03—2p0oi09
v - 0
—1—2 (u1+u2—l— 11— ) ) ;
(92D52 8D52 9 2 9 O'% + O'% — 2p0'1(72
2 — Dgy = 0
gz e T\t T T 2= 0
oD
Dg3(0,u) = 1, *2(0,u) = 0. (A.44)
or
The general solution of ([A.44)) can be indicated by
D52 (7’, u) = d52+6L52+T + dsg_eLS?‘_T, (A45)

where dgo4 are arbitrary constants and Lgo4 solves the following quadratic equation

o? + 02 — 2poi0
Ly + 26Lsoe — 0y (Ui +uj + —— = 2/) =) =0. (A.46)
41— p?)
Hence,
o of, 0.0, 0L t0F—2p0109
LSQ:I: = —K* K +0_’U U1+U2+ 4(1_p2) ,
0=20(u) = K2 4+ o2 u2+u2+‘7%+03_2ﬂ0102
A 41— p?)
Dgs(1,u) has, thus, the following form
Dgs(r,u) = dgay e 4 dgy e, (A.47)

From the first initial condition follows dgoy = 1 — dgo_. From the second equation we

obtain for dg;— = =52 and for dgoy = 552
Dayru) — (k4 0)e=rF 7 4 (= 4 0)elF07
S2\1, - 2
_ 620 (/ﬂ?(em— o e*bT) _|_a (eb-r 4 e*DT))

e (K
= e <D sinh (07) + cosh (bT)) :
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Similar to (A.35]) we conclude

sinh (07) + % cosh (o7 )) | (A.48)

Cisaf u)—1 K—0
SAT =g cosh (07) + % sinh (07)

(A42) is a first-order ODE of the form % + p(r)y = ¢(r), which can be solved by
y = Lo felﬁ(T’/)‘zTﬁ));T(T)/)dT ¢ In this case p(7) = k — 2Cs5(7, 1) and ¢(7) = 2k¢Css(7, 1)
(see Arfken E], p. 465ff). Due to the initial condition Bgs has the form

Bgs(T,u) = (/T 2k(Cso(7",u) exp {/T (k — 2Cgo(T", u)dT”)} d7">
0 0
exp {— /T K — 2Cqo (T, ll)d’i'/}
0

— (/OT 2k(Csa(7',u) exp {k7" + In (Dga(7',u))} d7/>
exp{—k7T —In (DSQ(T u))}

_ ( / gaDSQ u) Xp(m')dT’> —DSQ(lT’u) exp {—#7)

— _,{g/ ( — K <5 sinh(d7') + cosh(DT'))

/

+0 (0 cosh(d7') + sinh(Df)) )dT’ exp {—rT}

DSQ (T, U)
kCexp{—krT} [T K2 N
= - - 0 — —)sinh(0o7')dr
Do(r ) /s ( 3 ) sinh(o7')
2 2

_ M ((1 — KJ—) cosh(0) — (1 — K—) cosh(DT))

DSQ<T u) 02 02

1 (/{CD — %) + k2C (£ cosh (07) + sinh (7))
) ( cosh (07) 4 % sinh (07)

#¢0 (£sinh (07) + cosh (7))
~ cosh (07) + % sinh (07)

1 (/@'CD — %) + k2C (sinh (07) + £ cosh (07))
) cosh (07) + & sinh (07) RGO
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For Ags we show that

2

o
KT
2

o) °T>

)

o2 K .
- In (cosh (o1) + 3 sinh (07’)) +

K2C%0? — K1 sinh (97)
203 cosh (07) + % sinh

K2 (kCO — %) < cosh (07) — 1
_I._
cosh

03 (07) + % sinh (07)
fulfils (AZ1)). For that reason we compute £(Bss + 3 B3,

ASQ (T, 11)

l 2 2 RG(Q . H4<2
3hC 4 2

(cosh (07) 4 £ sinh (07'))2
%(Rga - %) (sinh (07) + £ cosh (7))
(cosh (o7) + £sinh (07))2

1
k(Bsa + 533*2

A2 . . 9
RE YR
(cosh (07) 4 £ sinh (7)) 2
This is compared to
0Ags(T,u) 0_3 C o sinh (07) + £ cosh(07)
or 2 cosh (07) + % sinh (07)
cosh?(97)0 — sinh?(97)0 SIS

-0
(cosh (07) + % sinh (07))? ) ( 20 203 )
k sinh?(d7) — k cosh?(07) + 9 sinh (97) + & cosh (97)
(cosh (97) + % sinh (07))?

i
u

)

2 (KC K¢
e (a_ - ?)
1 H4<’-2 H4<2 I{GC2
= 0,Cs(7,u) + EHZCZ ~ o e
: (cosh (07) 4 £ sinh (07'))2
_1/{242 . /<4C22 . ﬁ2<</ﬁz_§ B 5352)0 sinh (07) + & cosh (07) :
2 20 0 0 (cosh (07) + £sinh (7))
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1 K202 442 K0¢? 2,2
— 0'3052(7', 11) + C 21 5 r C
(cosh (07) + Zsinh (07)) 2

% (/1{0 — %) (sinh (07) + % cosh (OT))
(cosh (97) + £ sinh (07'))2
”2042 (cosh (97) + £sinh (07'))2
(cosh (07) + £sinh (DT))2
A (sinh®(07) — cosh®(d7)) & roe? (—sinh*(07) 4 cosh*(27))

202 204
(cosh (07) 4 £ sinh (07’))2 (cosh (07) 4 £ sinh (DT))2
1
= 020gy(7,1u) + K(Bga(T,u) + 5352(7, u)’. (A.50)

A.1.3 Method of images in a half-space

For the Corollaries [ and [ we apply the method of images in a half-space to the charac-
teristic function . Thus, according to B32) ¢(7, 21, 29, v) satisfies the following PDE

@ _ ’U 8 Z + l,UQVig - U21/0-% + 0-% B 2p0102
or 2 0z 2 0z 8(1 — p?)
L 5 5,0% Jdq
+§O'U'U Vw + K(C — ?J)%, (A51>

with the following initial and boundary conditions

q(0, 21, 22,v) = 0(2] — 21)d(2h — 22), (A.52)
Q(Ta 21, 0) U) - 0 (A53>

As before the idea is to find a solution G¥ for (AEI) and ([(A52) in the whole plane first
and restrict it to the actual space ([A.53) by the following approach G' = G + G¢.

G' has been found in 335). G¢ must satisfy (AEI) and, as G is required to vanish at
2y = 0, then G = —GY in z, = 0. Due to the form of G¥' we test for GY(7, u1, us, 2} —
21, 2y — 29) = —GF (7, u1, ug, 2 — 21, 25+ 29). It can be easily seen that G¢ satisfies (A51))
as there are only pure second order derivatives in z;. On the boundary G is given by

ito2+00

11 +00
~G I . . / .
G (7_7 215 %9, U5 21, 22) 47T2 / €xXp {Zul (Zl - 21) + U222
1TU2 — 00

FV(r,u) }durdu, (A.54)



214 A.1 Appendix for Section 34

As V(7,u) is symmetric in uy (see (30)) G is invariant to a reflection —uy — uy and,
thus, also to a reflection —zy — 2. Hence G¢ = —G¥ at the boundary z, = 0. In
the bounded area, i.e. for z5 > 0 the initial condition is satisfied as G fulfils it. The

transition density function is therefore given by

12400 1T01+00

I . - /

Q<7721722ava31722) = 4 3 / TUl,UQ,Zl zl,zQ—zg)
™ 12 — 00

~ / /
—G(T,u1,ug, 2] — 21, 25 + 22))du1du2,

u=w+iw € S,. (A.55)
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A.2 Appendix for Section

A.2.1 Derivation of general pricing formula for defaultable op-

tions in GBM and stochastic volatility framework

Proof. In the following we want to price defaultable options with a payoff g(S5;) in 7" in
an extended CreditGrades model. In this section we place the general expressions. In
Section the specific propositions are derived.

Due to the shifted form of the model we apply slightly different transformations than in

Appendix [AT 1]
Hence,
CP(t,81,8) = E[e I g(8) 10, 00y |}}] , (A.56)
where
v=inf(t" e t,T]:S5()<0), (A.57)

where the expectation is with respect to Q. In the GBM framework C® fulfils the following

partial differential equation and boundary conditions

p 2
503510+ Di(0)* 5 + 3035356 + po10a(S1 + Di(t) Sa 5555 +
= d) Sy + (r dz)S2acD 262 —rCP =0,

CD(t, O, SQ) — 0,
kCD(T, Sl, 52) = 9(52)11{L1>T}.

In the stochastic volatility framework the PDE and boundary condition are given by

4
—UQVU%(Sl—I—D ( ))Qd;g’f +_ v 252208§2D
+ov?0105(S1 + Dy (1)) S22 Se + 202 2E + k(¢ — )%

(7" - dl)Slﬁ -+ (’f‘ - dQ)Sg BCD + Bg’tD TCD == 0,

CP(t,0,5,) =0,
\CD(T7 S, 52) = g<82)]]'{L1>T}'
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Those PDEs can be reduced to

(
oGP | 1 _209%°GP | 1 282GD 1 .20GP 1 _20GP
“or T201 g T390 ~ 2% e 2% 0m, T
2D
pPO109 aax»{%$2 = 07
(A.58)
GD(t, 0, xg) = O,
GD(T7 *’L’Tv 5(12) - g(x2>]l{L1>T}a
or respectively,
e 52GP 22GP 1 oGP 1 oGP
at+2lv2ya*2+ 2V82 §%2ya_a:1<_202 2yax2+
D
PUlU?UQVai*%x + 302 2”‘9 G + k(¢ —v) %= =0,
(A.59)
GD(t, O, .732) = 0,
kGD(T’ IT, x2) = g(mQ)]l{L1>T}>
. JE (r(s)—da(9))ds
where we use the transformations z(t) := In 228 e L 2i(t) =1In <%€;(t>>.

We further apply the transformation GP (¢, 23, 25) := el r()dsCP(t, Sy, S5). The transfor-

mations for zj are given below:

ocP ocP 1

0S5, oxy S1+ Di(t)’
orcP 1 o*cP  ocP
osy (S1+ Dl(t))2 ( O3’ Oy )
o*cP 1 1 0*cP

95,05, S5 Sy + Dy (t) Oxtdzs
8CD 8C’D aCD Dl(t) D1 (t)Q(T' - dl) - (Sl -+ Dl(t))Dl (t) (7"1 — dl)

ot ot 9rt S+ Di(t) Di(1)?
ocP
B 81‘2 <T B d2)
ocP  ocP S ocP
i T U s W e B PG

Now we can pursue the transformations suggested in (A.I12)-(AI6) for the GBM model.

Then choose y; := %, and y, := 72. For the stochastic volatility framework we proceed as

in Section BAT] with only the difference that we set 2; := 71 and z; 1= \/1177(% —p3h).

Finally, we end with the following Kolmogorov backward equation for the probability
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density p(7,vy'1, Y5, Y1, y2) in the GBM model.

0] 10* 10 o?
L e e (A.60)
or 20y7 20y, 0y10y2
with the following initial and boundary conditions
p0,y1,92) = (1 — y1)0(s — 12), (A.61)
p(Tv Oa y2) = 0.
For the GBM framework the solution for the free space is (see @], p. 511)
1 B ((y/lfy1)2+(yéfy2)2*20(@/1791)@’27142))
pF( 2(1-p2)r (A62)

/ /
T7y17y27y17y2) = —C
2w/ 1 — p?r1

= P (T, Yy — Y1, Ys — Y.

We apply the method of images (see ], p. 476fF) to restrict the fundamental solution
p!" to the area the problem is defined for. This method is appropriate when the region to
which the solution should be bounded is highly symmetric: A solution for the free space is
first derived (p¥' (7,4, ¥4, y1,y2)) and then restricted to the defined region via symmetry,
i.e. the principle of reflection. The point (—y1, —2py; + y2) is symmetric with respect to
the boundary ¢} = 0 to (y1,y2). We test this by substituting (—y;, —2py; + y2) in the
nominator of the exponential in (A.G2):

Yt + (Y5 — y2 + 2py1)* — 2py1 (Y — Yo + 2py1)
/

= yi + (Y — y2)” + 4p°y7 + dpyi (s — y2) — 2py1(ys — y2) — 4p%y;
= yi + (Y — v2)” + 20y (vh — v2) (A.63)

Thus,

1 ((y’l +91)2 +(yh+2py1 —v2 )2 —2p(y] +y1) (wh+2py1 —yz))

PO YL Yo U1, 02) = et 2077 (A.64)

2w/ 1 — p*7

= (T, y, + Yy, ¥ + 2001 — Ua).

satisfies the requirement to compensate p” on the boundary, i.e. p — p& = 0 if y; = 0.
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p“ must also satisfy the PDE (A.60):

o7 _ 0 (W u)" + (e 2oy — o) — 20001 + 1) (v 2001 — )
or T 201 = ) ’
% — _pG (y,l + yl) + (yé — Y2+ 2py1)2p — p((yé — Yo+ 2py1) + (yi i y1)2p)
oy (1= )7
_ 6 () + 1) + p(v — 1) — 207,
7(1 — p?) ’
Y2 (1—p)T )
2
@ — pG<(yi+yl)+;0(yé—y2) —20%y))" = (1 = p*)7
T (1 — p2)272 )
% _ pG(_(yé_y2+2py1)—|—p(yi+yl))2_ (1—02)7'
Oy3 (1 — p2)2r2 ,
’p e (= (1 — y2 + 2p01) + p(i, + ) (W) + 1) + p(ih — y2) — 20%0})
e (1—p?)?r?
+MPG
(1—p2)2r2"
Thus,
8Lﬁ _ lanG L 132}70 iy asz
or 2 0y; 2 0y; ' O0y0ys’

—27(1 = p*) + (v +v1)> + (W — y2 + 2p01)* — 20(4 + y1) (Y — Y2 + 2py1)
(1 +y1) = 20° (1 + 1) + plyh — y2 + 2pp1))* = (1 = p°)7

1—p?
+(P(Z/’l + 1) — (Yh —y2 +2py1))* — (1 — p*)7 + 2p*(1 — p*)7
1—p?
L2 (—(vh — v2 +2p11) + p(yy + 1)) (W1 + 1) + p(ys — Y2 + 2py1) — 20° (Y1 + 31))
1—p?
_ —(1 = p?)27(1 = p?) + (¥ — yo + 2py1)%(1 + p* — 2p?)
1—p?
LW y) (07 + 1+ dpt — dp® 4 207 - 4pY)
1—p?
C2p(n +y) (s = y2 + 2py1) (1 + (=14 2p°) + 1 = 2p° — p°)
1—p?

= —(1—=p"27 + () +11)* + (Y — y2 + 2011) — 2p(yi + 1) (Yo — Y2 + 2p01).-

Hence, with « as in (A.10) and with y;, y2 as defined above the solution for general payoff
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functions g(y9) is found by

CD(T, i yz) — ® Teitzoco—aT— ft r s)ds</ / 7' yl Y1, yé — yg)

clxl

2 g (yh ) dyy Ay

/ / T,?J1+yiayé+2pyl—y2)

ec””’f'még(yé)dyidyé) | (A.65)

For further reference we compute the following double integral

_ y%+y§—2py1 Y2
eNv1ty2y2 o 20-077  dyodyy,

Al
21/ 1 — P27 Jo, Jbo

_ T+53 209172
6’71y1+72y26 2(1—p2)r

Al )
21/ 1 — P27 Jo, Jbo

_ —r2 (v 4+p7v2)2 =72 (va+pv1) 2 +2y1 T (v +pv2) +2u2 T (Yo +o71)

e 2(1—p2)7
_ —2py1T(v2+py1)—2py27 (7 +p72)+2072 (71 +p72) (2 +p71)
e 2(1-p2)r ddeyl
1 _*T(v%(1+02)+7§(1+92)+4P71’Y2)+271y1(1*92>+272y2(1*92)

e — 2(1-p2)

27T\/1—p27_ /bl /b‘z

(2023 +202 3 4207170 +205v1v2) 53493200172
e 2(1—p2) e 20-pHr 671y1+’72y2dy2dy1

[e.9]

1 o /
2/ 1 — 2T Joy—r(vi+pv2) Jba—r(v2+pm1)

'yl +'y2 +2m1 72

2, 2 o
T'y%+~/§+2m172 _ V195200192

e e 0T dgydy,

oo

T/ 1 VT(v1+p72) /—\f(vzﬂm)

.2 .2 PN
91 +95—2p9192

e 20-p?) dQngl

"/1 +'y2 +2pv172 bl b2
= ¢z MWNTh+pr) - —= VT +m) — —=:p), A.66
z(x/_(% p72) 7 VT (72 + 1) 7 p) (A.66)
where g1 = y1 — 7(71 + pY2), Yo = y2 — T(72 + pn1), and y; = 3—1;
Furthermore, note that
1 () —v1)2+(wh—v2)2 ~20(v] —v1) (vh—v2))
6_ 2(1—p2)7
2w/ 1 — p*7
1 7y’l2+1/22*2Pyiy/2+y%+y§‘f2py1y2*2y’1(y1*pyz)*2y/2<yzfpy1)
— R — 2(1—p?)T (A67)

2w/ 1 — p?1
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and
1 ((y’1+y1)2+(y’27y2+2py1)272p(y’1+y1)(y'2*y2+2py1))
—e_ 2(1—p2)7
2my\/1 — p*7
1 7y’12+y’22f2py'1y§+yf+y§f2pyly2+2y'1<y1*202y1+py2)*2y'2(y2*py1)
= ———¢ 2(1-p2)7 (A.68)

2/ 1 — p*7

For the stochastic covariance framework we proceed from ([A.39)) exactly as in BATl With

Corollary Bl we can, thus, derive

T,
exfcl—l—:z:QCQ—ft it +00 i1 400

g D u
47'('20‘10'2\/1 - g — 00 1701 —00 ¢ 1)
<g0(7', u, 21, 22) — (1,4, 21, —22)) duqdus,
ue Sep =5,N5,

CD(t7 Sl7 SQ; U)

cb’

A.2.2 Proof of propositions 4H§]

Proof. (Proof of proposition [))
Thus, with [A65 and g(S5(T)) = So(T) = €*2 in the GBM framework the value of the

index in ¢ is given by

* —ar— [T r(s)ds > >
C’S[,)(T’ ?Jl,yz) = e¥iataacs J; r(s)d (/ / pF(T, yi - yl,yé - y2)
—00 J0

701‘%1 "+(1—co xQdy dy2

— / / BT + v, v + 2py1 — o)
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where x5 = ln(SQeftT("“(s)_dQ(s))ds). With ([A.G0)-([A.G]) follows

2 2
* +y; —2 1
CSD(T, Y1) = eazlc1+x2c27a7-fftT 7(s)ds exp {_yl Y ylyZp} ;
m

2(1 — p2)7' A/1 = p27-
/°° /°° { yi2+y52—2y’1yép}
exp{ — 5
—00 JO 2(1 —p )T
Y1 — PY2 / Y2 — PY1 ,
_ g1 FI2 1 — g2 POl
(GXP{( ant - p2>f> nt (( )t p?)r) y}
oo d (e 200 0y
AN (YO E A

exp { ((1 — )os + %) yé} )dyidyé>

2 2
_ 61’{61+x202—ar—ftT r(s)ds exp U + Y3 — 2y1y2p
2(1—p?)7

6%(7f2+7732+2mfrn§) SIS y/2 + y/2 — 2l
( / / exp{— L2 }d@ldgg
2my/1 = p? —o0 J—y/7(v +pm3) 2(1=p*)7

00 00 12 12 ’o
0 ) / / exp {—yl S } d%d%)
o0 J—y/ror +mi) 2(1 = p?)7
= exT01+z202—aT—LT r(s)ds exp _y% + yg — 2Y1y2p
2(1=p*)7

(e;w%n;%zpmg) N (VEet + o)

—eBOT RN (VR (v + ) > (A.69)
with
ny = (1—cy)oy+ %,
o= —con _yl(tl__QZng_ ,0927
n

Ny = T
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To

T

2

simplify we calculate

dy =70+ pn3)

dy =70 +pm3)

2 2
(0 + 20 n3) =

x*
= VT (—0101 + p(1 = ¢g)og + 2 )

o1T

g1 — PO2 0'2(1 — 2p2) -+ PO1 l'}{

ﬁ( -2 T A o
Tt o1\ T

= = - 1\/_‘1‘/)02\/;7

o1\ T 2

. 1—2 2 *

Jr g1 PU22 p02( ,0)2+,001_ Ty

2(1—p?) 2(1—=p?) o7

QZ'T 0'1\/?

(c%af + (1 — ¢9)?05 — 2po109c1(1 — ¢)

2 2
Y1 — PY2 Y1 — pY2 Y2 — P
L PI2 ) 9
i ((1 - p2>7> A=y ' ((1 - ,o2>f>
Y2 — PY1 Y1 — pPY2
12(1 — ea) o2 PIL L 91 — ey)o L LY
(1—=p*)7 (1—=p*)7
v P 2 (y2 — py1)(y1 — py2)
(1—p)7 (1 —p?)2r?

2 2
T( 2 01— Po2 02 — PO 2
2 ("1 («(1 —p2>2) " (azu —p2>2) 7
01— po2 02 — POy
o1(1 = p*)20a(1 — p?)2
—2610'1ﬂ —+ 2(1 — 62)02%
T T

LA 0" = 20°) (0" 1 = 20) = 2oyin(1 p2)>

|~

—2pci0

+ cr% — 20203 — 2pc10104

+2poi0,

(1=
7 (01— p?*) + 031 — p*) — 2pgi05(1 — p?)
2 4(1 = p?)?
2
2 02 — PO1 po1 — P 02
+0'2—0'2 1—p2 — 09 ]_—p2 )
2 2
. Yi + 3 — 2p11y2
+ (—Cll’l + (1 - CQ)IQ + 2(1 — p2)7_ )
2 2
-2
at —cx] + (1 —co)zs + YL Yo T PPy (A.70)

21— pH)r



A Appendix for Chapter[3

223

T _2 _2 _
2(% +ny T+ 207 m) =

a% +J§ —2poi102

where o« =
8(1-p?)

CSD(t7517 S2)

—y1(1 —2p%) — pys
—9
= e
(2 — py) (= (1 — 2p%) — pya)
(1= p?)>r?

T —yi(1 = 2p° +p°)

)
aT + 5 < €101 (1—p>)r

Yo(1—p*) —yap(L +1—2p?)

(1 —p*)7
LYiA 4t =407+ 92+ 20°(1 — 20%)) +ys(p” + 1 = 29°)

(1—p?)2r?
)

Y2 — P

+2p(1 — ¢2)09 (1— )7

+2p

+2<]. — 02)0'2

2pyiya(—(1 —2p°) + 14 (1 —2p°) — p?)
(1= p?)2r?

:L,*
at + cx] + (1 — ) (Iz - 2PU20—1>
1

2 2
yi + Y5 — 2py192

+ 21 —pH)T 7

(A.71)

. Hence,

eﬁ{m +x2c2 *a‘f'*ftT 7(s)ds

<exp {at —c12] + (1 — e2)xa } No (dy, ya, p)

+(1— 02).7:2}

*
0202

01

—exp {047 +cx] —2(1 — o)
Ny (alay%p) )
Sope” I dQ(s)ds( 2 (di1,y2,p)

—exp {227 (c1 — pg—j(l —2)) }N, (alvaap> >,

where
Ty 0'1\/?
d = —=-—
! o1\T 2 POV,
~ Ty 0'1\/F
d - .
: v R
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For the stochastic covariance framework we have to derive 6? (u1,uz) using the transfor-
mations in Section [A.2.1] analogue to (3.43)).

00 oo
D _ —crat'+(1—co)xh iur 2! +iugzh 7 ./ x/
hs (ur,ug) = / / e 2R g da)
0 —00
/

00 oo o /(il(f £ iu2+iu1>+iU2 = )
— / / ezl +(1=c2)zy ,\ o1 Vi-p? oa/1-0 dﬁ,zdxil

o > Y ’ i — L iug+iuy | +iug IIQ
— e_clxl 6(1_C2)$26 91 V1—p2 02\/17p2 dxédxil

i
/ / clxlel CQ :p2€( (

(E,
zuz+zu1)+iu272) , ’
o2Vi-0 ) drodxy

- f,l (— zu2+zu1
= e 2 e’ iU
0 + I—c
w2>(1—cz)02 1—p2
1
x/
B 1o dzy.
11— p2
o2y/1=p wa<(l—c2)o24/1—p?

Note that we can set I(uz) = wy = 0 for the second (first) fraction if ¢y < 1 (g > 1).
Then we can move the path of integration of the first (second) bracket to the real axis
with Corollary Bl We compute with ([2356]) the residue of the integrand f of 6? at iy =

i(1 — ex)oan/1 — p2.

1= 2
Resg, f = lim (u2 —io9y/ 1 — p?(1 — 02)> - 7 P
ua—vi i <u2 —ioa/T— (1 — cg))

= ioy/1— p? (A.72)

When we set now the path with Corollary [ to @ws = 0 the fractions cancel and we are
left with a Dirac delta function. Thus,

Gg(ulyuz) = / el e"ll (_\/#iUQ‘i'i“l)
— 27'('@0'2 1-— 1% 15(1@ — 202m(1 o CQ)))dJ}){/

p 221
o zul . —c
1 —pPo1 wi1>(—o1c1+(1—c2)o2p),ww2=0

d(ug —ioa\/1 — p?(1 — ¢3)).
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Proof. (Proof of proposition [G])

With (A6H), g(S2) = max(Sy — K5,0) and the transformations performed according
to Section [A.2.7] (compare to the transformation performed after (370)) in the GBM

framework the value of the call option in ¢ is given by

Cév)(T, y1,y2) - K, e Yeitaocg—aT— ft rs)ds(/ / 7_ yi _yhy; _y2)

(€—c1z1 "+(1—co)zh e —azy’ 02552 dy dy2
[ee] o0
— / / P (T 4 v, s + 201 — o)
0 0

) _ / ok
(6 crx}’+(1—c2)zh, e~ 1] Cng)dyidyé>7

where xo = In( SQe[t i )ds) With (A.G0)-([ALG]) follows

« 2 2_9 1
CCD(T, Y1, y2) = K265L"101+w262*a77ff r(s)ds exp {_91 + Y5 y1y2p} -

2(1 = p?)r V1= pr
/°° /°° exp {_y12 +yh’ — 2y’1yép}
0o Jo 2(1 —p?)7
Y1 — PY2 / Y2 — PY1 /
(oo { (e = s (e =35 )
Y1 — PY2 Y2 — pY1 /
—eXpq | —C101 + —) Y1 + (—0202 + —> Y }
(e = ) 1=2r) %))
y1 = 20" +pya\
_(eX —C101 — (1 _ ) Yp
Y2 — PY1 /
(e
—expd (—ci0 Y1 = 20°y1 + pye .
- '
PY1
exp { ( C202 + p2)7'> Yo } ))dy1dy2

2 2
— KZGITq-chcz—ar—ft r(s)ds exp {_yl ;(?12 - 223)/1929}

(36T ™00, (VT + o) VRO + 2700

T 42 +2 +,+
—ez (T2 ) A (\/F(’Yfr +p7§r)?\/— (2 + o’ ’p))

s, 2 2 - B B
—(65(71 T 2 ) N (\/F(’Vl + o1 ), VT (g + o1, )

p
,oo_2 2 R
ez NG (VE( + e ) VT + ), )) (A.73)
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with

To simplify we calculate

di :=V7(% +p13)

d; == V7(7 +p)

dy := 703 + p7f)

d; == V7(v3 + 1)

Y1 — PY2
R
Y2 — P
(]' 2)02 + )
(1—p%)
Y2 — P
—yl(l - 2P2) — PY2
N )
5
Vs -

*

T
ﬁ <—0101 — pCa09 + ! )
o7

1

o1 — po 09 — PO 3
\/;<_1 P2_p2 Pl+ 1)

20=p?) "20=p%) o7
o7

o1\ T 2

01— pOoy 03— poy x]
V(S s )

_ .CIZ'I _ 0'1\/F
0'1\/; 2 '

T
VT ((1 — 02)03 — peioy + —2)
O9T

2

T o2(1 — 2p?) + poy o paz)
ww“F< ) A )
0_2\/— \/_0-27

x
VT <—0202 — pcio1 + —2>
02T

@¢‘ “_( e )
L o,

0'2\/_ 2
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do = VT +p71) =

d; = V7(y +pn) =

2

T

_2 ) o
5(”)’1 +7 " +2pm 72)

T 2 2
(7 +20s) =

1\/_cr2+\/_((

—pyi w1 —2p2)+py1)
2 2

—Ar )
L /7o w(l—p")  pp(2-2p%)
2\/—2+\/_(( pQT (1—02)7)
1

5\/_0'24‘7—2 F

_lfa2+f(( — Py _pyl(1—2p2)+py1)

2 — ) 1)
1
L gy Y2 g

2 N

2 2
Y1 — PY2 Y2 — P
— 2c10
=y ((1—/)2)7)

(1—=p*)7
2 (Y2 — py1) (Y1 — py2)
(1=p*)7 ’ (1—p?)272
T (Uf(l — %) + 02(1 — p?) — 2po0a(1 — p2)>
41— p?)?

2, .2
x Y1 + Y5 — 2py1y2
+ | —cx7 — coxo +
( 1T — C2T 201 = e )
2 2
x Y1 + Y5 — 2py192
= ar —cxt — come +
ST (-

) n Ui+ Y3 — 2pyye

= - —2
aT + c1x] — ca(x2 po—201 20— 2
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OO, 51 50, ]) = Kyeriortases-ar— [T rn
((GXP {—c127 + (1 — c2)za + at} Noy (dy, da, p)
—exp {—lef — CoTy + aT}NQ ( 1 dS,p))

oDy

L (1- 62)372}/\[2 <31,(~127P)
01

— exp {aT + 1] + 2¢o 2P _ 02902} No (&T, &;, p) ))
01

= ((526_ I dZ(s)dSM (dy,dg, p) — Kae™ I T(S)ds-/\/é (di,d3,p) )

- (exp {aT + ] —2(1 — o)

— (526_ S} dz(s)ds exp {Zf{(cl (1 —¢9) UQP)} No (Ell, ds, ,0)

(%51
Ko 0 o {2x1<c1 " c;’i”)}/vg (a.5.) )) ,
01
where
i) 1
d, = olf — 201T + poa/T,  dy = p— + 502\/F,
~ ~ x
d = alf — -01\/_+PU2\/_ d; = 02\2/— 01\/— + 02\/_
d; =d; — poa/T, d; = dy — 02V/7,
&T :&1—p0'2\/F, 6132&2—02\/;.

For the stochastic covariance framework we derive h2:

63(“17“2) = Kg/ / —01901 5(1—c2) _e—x'gcz>
/

ey o
1 1
- KQ .
[ w _ _ wap _ i U2 _ ;_ up _
1 (01 - —1—,)2) 1 (202 s +1 @) (7,02 = cz)
Note that we have to set S(ug) > 094/1 — p?(1 — ¢3) and I(uy) > %( 9) — o101, L€

Sgg:{uzw+iw:w2>02\/1—p(1—02)/\wl> w2—0101} ]
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Proof. (Proof of proposition [7])

Analogue to the proof above for the call option the value of the digital call option in ¢ in
the GBM framework with payoff g(Ss) = 1g,(r)>k (for the transformation compare with
the explanations after ([B.60])) follows

r o
Cp(t, 51, S5, Ky) = e Jo T <N2 (di,d3, p) — exp {QJJT(Cl + ngip)}
1
N <&T,&§,p) ),

and,

. T 1 ~ T x] 1
d; = — = d; = —2 — —oa/T.
2 O'Q\/F 20-2\/F’ 2 UQ\/F pO'l\/? 20-2\/F

The result for the stochastic covariance framework follows with Corollary B with b, = 0
]

Proof. (Proof of proposition [§])

(A60) with additional boundary condition p(7,y1,b2) = 0 can be solved by applying
Theorem B0l in connection with Remark [I4]

(A.59) with the additional boundary condition is solved by the application of Theorem
The results follow. O






Appendix B

Appendix for Chapter 4

B.1 Appendix for Section

Proof. (Proof of Corollary [I6])

Assume the affine form (A7) and plug it in the PDE (.6]). We obtain then the following
PDE:

OA% (T,u) = [ 62 0By, (1)
B or _Z agj or Y

j=1

2 2 2 2
Z aj; f (vj) 1 Z Z
- a J 9 5 U U aljakj U]

l,k=1

2 2 2
j * vj 1 6 *
+ Z (J_éij (7,u) 52 (Cvj - "Uj) + 50_;%'3H1j (7, u)2

vj J Uj

+Z2:Z2:i“l%‘f(vg) (Binj (T, u) plj\/_j—j)> = 0. (B

=1 j=1 vi
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If f (v;) = /vj and p§ = 0 the PDE is affine and breaks down into several ODEs:

8A 1
_Zzulr_z< QB;H](T u)’ﬁ) Cv]> = 0,

j=1 ”J'
Ay (0,u) = 0, (B.2)
62 OB;
—; Hl] +1 Z Ul + Z Ui Uk Qi A
UUJ' 1k 1
+0'_12)jBH1-] (T, u) K/’U]' 20_12)] BHIJ (7_, u) = 0,
BE?{U
These ODEs can be solved analogously to (A28). Thus, we set By,; = —258—. Ey;
H1j
is then given by
i _my S0y, (o 0y, ) e T
2 52 +va>7- 52 vj < 52 UJ)
Er = < J ! ! B.4
H1j (T7 u) e 20,0], ) ( )
with
Ky, Oy
avj = %- (u) = F + ? ( (U16L1J + u2a2]) + 2u1u2alja2] -+ ulalj + UQ(I%])
Thus,

2
Ay (tyu) = 7 (ir (ug + ug)) Z( U’CU71 Eng)

j=1 ”J

2 2
= T(Z u1+u2 Z g )
= J

_QZ < = Cu; In ( ]% sinh <02 ) + cosh (%T))),

and By; follows from (A3H) with x := 5 for B,;.

/{/2.
Define ®; (u) = 9,,(u)?>. We see that D (0) = 5+ > 0. Hence, we see that ¢ is
J

well-defined and regular in a neighbourhood of the origin according to Cauchy’s integral

theorem, i.e. there exists a complex analytic extension of M(w), the moment generating

function, to an open set D C C in the neighbourhood of the origin (see Theorem [32] and

Section [3.4.2]). O
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B.2 Appendix for Section

Proof. (Pricing of two-asset option in GBM model)

Pursue the transformations of the PDE according to [A_TIHA T4l The Green function is
then given by

1 B 72 Bz o102
1o 2(1-p?%)r B.5
P\T,Z1,T5,21,T9) = e . .
( b ) 20'10'271\/]. —p27 ( )

Thus,

T o [ee}
CO,O (lf, Sl, Sz) _ K2€c1z1+c2m+a7'fft r(S)dS/O‘ /0 p(T, T — x/l’x2 . xl2)

- f - / _ ’_ ’
(6 crx)+(1—c2)z, — e a7 021’2) dl‘lldl'IQ (BG)

We transform this expression to a bivariate normal distribution.

With L given in (A.G6]) follows
0070 (t, Sl; 5«2) _ K2601a:1+ch2+a7——ftT r(s)ds <€—a7—clx1+(1—cg)a}2j\/’2 (dg, dl; ﬁ)

_e—aT—C1x1—czaf2N2 (d;, d; ﬁ) ) , (B7)

where

S.e™ ftT r(s)ds
=T —t ;i =In—n——
T , T n K,
T 1
di =d; —poa/7, di=——=— 51T + 502V/T,
0'1\/? 2

T 1
di=dy —oo/7, dy=——+ 552\/?.
2

<

Ql

Proof. (Pricing of two-asset barrier options in GBM model)

Follow the transformations in Section [A.T.1] for constant barrier options and apply (A.I7)
to (AI8). For p = — cos (22£) the Green function is then given by (see also Section B2

n



234 B.2 Appendix for Section

for the method of images in a wedge)

n—1
1 L ((2! —r, cos (2ZE 2h—r, sin ( 22k 2
p(T, 21,25, 21, 22) = 2_<€ o (s rmeos (540,)) +(3% (3+6))°)
—0 T
_e—é((zi—rpcos(T“—G,,))Q—I—(zé—rpsin(2;;}“—91,»2)). (BS)

Hence,

00 00
T
o + — — d / !/
037070@,51,82) = ngclxl cavzmar ft r(s) S/ / \/jp<7-a ZlaZQaZhZQ)
0 le%

— / —_ ! - 1= /
(emermirrizeaist  gmermieant) g2 ot (B.9)

With (A60)

oo oo 1 1 , ok 2
Ly, = /0 /_Zl1/32%exp{—z((zl—rpcos(T:tep)>

5 2
+ <z§ — 7psin <%k + 0p>) ) } exp {k12] + kawy} dzdz,

1,2 /Oo o 1
— e 27'P —_——
b b2 /1 —,52
91 a2

2 e 2
eXp{ “ ), (y’l — 20Y1Ys + Y ) }
/ 21k
exp Lrp coS (L + Qp)
1 —p*r n

A .21k P 2rk
+72 <7“p sm(T + Qp) — \/1—_7#7"13 COS T + Hp
exp {k:lﬁlyg + k‘gagyé + klbl + l{?gbg} dy;dyg
2 _ 2
r (7 + 2905 + 5

L 12 1 k1by+haobo ex 5

—= 6_? P

p

b b
N (VEGE + )4 A ) ) (B0
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where y; =

o

P 1 (27rk)
= ko +vy — Cos
S

b; 2

L 2= ey (= 0y2)? = G (UF + 43P — 2p192p), and 25 1=y,

1 2rk
= ————7,C0s (L i 9p) + k10

n

7v/1 — p?

27k

1 2rk -
= —— (7‘,, COS(L) cos(6,) + rpsin(—) sin(Qp)) + k101
n n

7v/1 — p?
- 27k

TV1—7p

1 2
= — (21 COS(Lk> + 2o 51n(—)> + klﬁl
n n

1 1 2k - .27k _
= ( 1 — PY2) COS(T) + Y2 SIH(T)) + ko,

TV1-7p’ \/1—ﬁ2(y

n

o (i i () - (QZk» S

1 2k 21k
— <\/ 1 — p°rpsin (% - Qp) — pry Cos (% : 9p>) + koo
D

;2 ( 1 —p? (i r,sin(6,) cos(#) + 1, cos(6,) sin(%))

n
2rk - 2rk
—7 <rp COS(%) cos(6,) + 1, sin(%) sin(Gp)> ) + koo
1 2rk 2rk
—_— ( 1—p? (i 29 cos(i) + 2 sin(i))
n n
21k, — 2rk
7 <zl cos(%) + 29 sin(%)) ) + kooo

_ T cos(2ﬁk) + ! (y1 — Py2) sin(%)
- p Y2 0 = = Y1 — PY2 n
1 2rk

_ _ - . 2nk _
—p (ﬁwl = Py2) cos(——=) + y2 Sln(7)> ) + a0
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+11 (sin (%) ) — cos (%)) ) + kooy  for 5

- ﬁ(w <_ ﬂcos(%)—%sin(%))

+1 (sin (%) ) — cos (%)) ) + kozy  for 74

(B.12)
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Hence, Cp o is given by

n—1
CB,0,0<t; 517 Sg) _ Z€c1x1+c2x27m—€7%rf;quczbg (Bl?))
k=0
2 _ 2
T ('ﬁ + 207y oy )
By exp 5

— bl _ bQ
+ + + ot
N (x/?(% +pn2)+61ﬁ, (P +772)+52\/;)

_2 o _2
T(% +2py1 g + 1 )
2

— exp

N, (ﬁ(v{ + 115 ) + %ﬁ VTP ) + Efj;) )

2 _ 2
T(%* +2p71+7§+72+)
9

e

b
N (VAT + o)+ 2

) o _2
T <’Yl + 20717, + 72 )
2

bz
S~ +
VI ) + = ﬁ)

— exp

N, (ﬁ(%— +075) + %\1/;, VTP +72) + 526\2/;) ))’

where ~it, 75 are as indicated in (BII)-(BI2) with ky = —c; and ky = —cy, 15 follows
7 with ky = (1 — c3).

Now, we simplify the singular multiplying factors of the mnormal distributions

by inserting (B.II)-(B.I12) and we use our calculations in ([A70) for a7, ie.

% (C%E% + (1 — 02)253 — 2p_0'152€1<1 — Cg)) = % (C%E% + C%E% + 2p_0'162(31(32) = QT.
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T 2 _ 2
5(7? + 2070y + 05 )

T
5 (C%E% + (1 — 62)263 — Qﬁcl(l — 02)5152)

T 1 2k 1
"2 <72<1 ) ( n 0”) TR
2 2
((1 - ﬁ2)r§ sin® (%k + Hp) + ﬁQT; cos? (%k + Qp))
2k 2k
—2p\/1 — p*r; cos (% + 9p) sin (% + Qp)
D 2k 2k 2k
+2—7_2(1p_ =) (\/ 1 —p?r)sin (% + 9p) oS (% + 0p> — pry cos’ (% + Hp)>
0151 21k ) (]_ — 02)52
—2——— 9y, cos| — +0, | +2——=
2k 27k
(\/ 1 — p*r,sin <L + 9p> — pr, €os (—7T + 9p>>
n n
pCc1o 2 2
g PaT1 ( =7, sin (Lk N gp) 1, cos (ﬂf L 9))
71— 7p? n n

(1 —co)o 2
n

TV1—7p
1 71(1—p? 27k
ar+—r§+z<—2Mrpcos (Lﬂ:@))
n

27— 2 Tﬁ/]._EQ

1 27k
+2— ((1 — 02)52 — ﬁcﬁl) Tp (% + 9p> )

T

1 2k 2k
aT + er’ — c1o1V/ 1 — p?r, cos (% + 0p> + ((1 = ¢c2)T9 — pc101) Tp sin (% + Hp)

1 _ — 21k - ([ 21kY\ .
or 4+ ng — /1= 7 (,,,p coS <T) cos(6,) + 1, sin (T) 81n(6p)>

+((1 = )7 — pex) <i ) cos <#) sin(6,) + r, sin <¥) cos(ep))

1 1 2rk\ - . 21k
at + 2—7“12, — o1V 1 =7 | ——= (y1 — py2) cos (_) T Y250 <_)
T V1—p? n n

+ 21k . [ 27k 1
+((1 = ¢2) 72 — pc101) <— cos <%) Y2 + sin ( 77; ) T (1h — P?J2)>
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PR . 200N 1 (1 e — 5z sin [ 2
= ot + —r —(C1071 COS — (9)09 — pcioy)Sin | —
o P Y1 101 0 ﬂ 2)02 — PC101 o

(_ <27Tk) + — . (27Tk)
+1yo | peioycos | — | — o1/ 1 — p*sin | —
n n

+((1 = )72 — peroy) <i o8 (27:{:) a 1/_)_ 72 s (2Zk)) )

=ar+ 5124 (—6101 cos (2£) + 117p2 (1 = ¢9)Ty — pci@y) sin (2”"3))

(

Y2 ((1 — )02 COS (27rk) + ﬁ (—(1 = cp)T2p + 711 ) sin (%k))

((1 — co)T9 — pc1@y) sin (%))

Ead

=ar+ %7”5 + 1 (—0151 cos (—)

Y2 ( (—(1 — )72 + 201¢1p) cos (%)

+—A— (—(1 — ¢2)72p — T1c1(1 — 2p%)) sin (22£) )

\ 1=p

Analogously, we obtain

T
5(’71 + 2,0’71 772 + 772 )
1 21k 21k
= T + ET}% — 0161 \V 1 — ﬁ27”p COS <% :l: Hp) + <—C262 — p6161> Tp Sin <% :l: ep) .

)
_ 1.2 = 27k
=aTr + 515 +y1 | —c101 cos (—n )

1_52 (—C262 — p6161> Sin (%))

+42 (—6202 cos (22E \/1_ (co02p + T1¢1) sin (QWk))

= T + ?Tp + yl 1_ﬁ2 (—0262 — p0161> SiIl (#))

VR

ey cos (2E) +
‘)

Y2 ( (coT9 + 201¢1p) COS (

27rk

-I—\/ll_? (coTap — T101(1 — 2p Sln
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Thus,

Cgoo(t,S1,59)

1

3
I

o (ermimemeos (3 ) oy carmepam)sn(5E) ) perm, (B.14)

0

£
Il

o Sin(2zk) ((1 )7 (271'k1)+ 1 ( (1 )7 o+ ) 3 (27rkr))
T /12 —C2)02 cos{ == —(l—c2)0 o1c1)sin
Bgey1 1-p2 <6y2 2)02 n 0 2)Tap+T1c1 s

by

1

by
=t ot
AT (pn +n2)+52ﬁ)

No (\/F(%+ +omy ) +

<

Ql

e

Y2 ((—(1—02)02+20101p) cos(QfL )+ 1 5 (_(1_62)525_5101(1_252)) sin(Q:;k))
—e

1-7
b1

1

Q

<

A np) + aj@;) )

%)* \/11,?(C2E2ﬁ+5101) sin(T))

No (ﬁ(v; +py ) + =

—~

—e~ S T(s)dsK2 (692 (*8202 cos

ba
— At
AT (P +72>+52\/F)

Y2 ((C20’2+20’101p) cos(%)-&- \/117? (@525—5101(1—252)) sin(%
—€

NP +2) + @bf/?) ))

01

b
Ne (\/F(vr )+ =

§|

N

1

Ny (\/F(vf +P0) + =

=
B
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Proof. (Explicit expression of differences for Lemma [2])

’CBS (t, SleAH—TG,526A2+TE,5'1,5'2,,5) — C (t SleAl 526 01,0’2 ﬁ

PO2, P

i 21+ A +re— 152 To + A —H"e—l— 0
SZeA2(€r6N2( L 1 - 271 ~~ 2 2 2
01

01

r + AN — 162 .7:—|—A—|—cr X
—M<1 Al 21+PU2, & & 2,P>>

152 1z
_K2€fr(Tft) (eTg_/\/’z (ZEl + A1 +re— 0'1 To + A2 + re — 2

1+ A — 362 2 —|—A — 152
—N2( 1 A1 2 1’ 2 2 2 27p)

01 op)

pPo2, ~ P

~ Ay + re — 152 A 153
1 2

+p027

_N2($1+AA1—%(3% . $2+A2+ 02 A) ‘

01

7

~ 1+ A +re— —02£E+A +re——0
_K2677'(T7t) (ereN2( 1 1 17 2 2 )

o1

1+ M — 267 mo+ Ay — 163 A
_N2<1 1 1, 2 A2 2 )‘

)
o1

Note that

do—pz
2, 2 i d 2 P21
_si+eg-2paizy 1 [ e 2
e 2(1-p?) d.flfgdxl = 2—/ / e 2 dZZdzla (B15)
T

1 d; dso
2m\/1 — p? /_oo /_oo

as we set z; = 77 and 25 = ——~—(zy — pr1). Hence, 1y = /1 — p2z0 + pzy, 22 =
\/1—p?

(1 — pH)z2 + p?2i + 2p\/1 — p?2129, and —2pziw9 = —2pz1(\/1 — p?22 + p2z1). In the
following

x1+ A 1. .
d1 = lA 1——01"’902,
01 2
T + A 1.
d2 - 2A 2+_O-27
09 2
. 1+ A +ré 1. .
d; = 1~—1——01+p02,
o1 2
ro+ A 1.
dg = 2~ 2+—02.

(o] 2
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To simplify the following calculation we compute the two expressions with ([LI44]) and

(E145)

and

<

IN

()
V1-p2  J1-p2

pPO102 B PO102
1= p?6169 /1 — p26109
pPO102 + €p 0102 pO102

V1= 26, /1 26169
s . [V =pP0102 — /1 — p*o109
€C1 + po102 NP = =
01020102\/1 — p2\/1 — p?
=~ .. . 0902 — p*6262 — G203 + Gioap? 1
€C1 + PO102———"——— > = - = —
(71020102\/1—p \/1—,0 0102\/1—,0 +\/1—,0 0109
G163 — p*6103 — (61 + €51)(63 + €03) + (pG102 + T1T2p€)°
616261591/ 1 — p2y/1 — 2

bounded in €

A~

651 + ﬁ&lUg

J/

1
61691/1 — p2 + /1 — 515
&ca, (B.16)

&g 16,
V1= 726 - V1= P26
di61 +e(r — 301 +p0102)  dioy

V1= %6 V1= %6
d163\/1 = p? — d161611/1 — 2

V1= 21— 2616,

G1/1— 2 — 510/1 — 2
61614/ 1 — p2y/1 — p?
see above: bounded in €

< &1+ M), (B.17)

< &3+

= gég—i— dl(ATl

The assessment for the respective expression with d5 follows analogously.
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Thus,

IN

IN

IN

IN

IN

IN

The

s
0

1+ N +re— 167 xo+ Ay +re— 153 )

‘ (e_TEN2 ( ) ~ ﬁ

o1 02

d5—pz ¢ d5—pz
ds Vi—? _zi+= i Vi _itE
e "2 dzodz + e 2 dzdzy
—00 dq —00

d, do—pz1 le
Vi1-p2 21+22
dZQle
do—pz;
dl —p2 z1+z2 dl / z1+z2
dZQle + dZQle
d2 p
52
d6 5 P d; do—pz1 PZ1
V1-p2 Z1+22 V1-p2 Z1+22
2 ZQle 2 22d21
d;
dg*ﬁzl

di /1 52 z1+22 dl */1—P2 z1+z2
dZQle + dZQle
d

d2 pzl Hf-/
2 (di_ﬁZQ d1+,522) 6_%Z%d2’
- 2

<1
dS —pz1 do+px 12
_ #id +
/—oo<\/1—/32 \/1—/32)6 . Vi—p 1R
“ L p p
_/_ooe 21(\/1_152_\/1_152 zldzl

1.2
e 272

do ~ N
1 p p
_[m (whﬁfXﬂ—ﬁ)@m

2
d1

1 —00

=

+

. (1+d1)< dg~ d )
/1_p2 /1 — p?
ds d

1+d, L !

<+ )<¢1—ﬁ wl—&>

+Ca

+

i
1—2 J1-p?

+

. dg d, _d p p
+c 1 + d 1 + e 2 _

‘| 2<¢1—2 7)1 (A w—ﬁ?)‘
Cs€(1 + |Aq] + |Ag] + |A1] |As]). (B.18)
inequality in the third last line is derived by separating ffoo e 24 = % and

e 2 dz1| < |dy|. The inequality in the second last line is derived from integrat-

<1
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d2
. Now, we easily see that

—0o0

ing f:iso e72% (—25)dzy = ‘6_%Z§

A+ Ao+ ~ o~ o~ €0 A Ao ~ ~ A
’CBS(t,Sle ! TE,SQ(? 2 TE,O’1,O’2,ﬂ> —CBS(t, 516 1,526 2,0'1,0'2,p)

< € (e 4+ 1) (14 |Ag| + |Ag] + [Ad]|As]) - (B.19)
O

(Cs0, Co3 and explicit representation of Ff(t,S1, Ss))

([4.60) is a Poisson equation in ve. Hence, we can write

LiCs, = —<£10270+£201,o>

, 0 , 0 0?
¢1 Gll 1 052 2152 952 + 26111612151526,5185,2

+/50(t, 51, 52)> > +(L2),, Cro = {{£2)) Cro + AiCog

V2

= —(La),, Cro+ ((£L2)) Cryg

) , 02 , 0 02
+£1( ¢1 (CLH 1 852 2152 852 + 2@11@215152851852>

+f30(t, S1, 52)> — A1Cop

1 0? 0?
= §(T - t) ( 1) (a’llsfasQ 21522852

32
05,05, > AiCoo

v @9251 a¢1 ay; 0 as 0
+P104, (Ula ™ < 81)1 >> (Sl 9 851 SQ 852)

a5282 528 + 2a11a2151S 62 C
11 1882 21 2852 1142101 2851852 0,0-

+2a11a9151.52

Thus,

1 , O , O o2
Cso = §(T — )¢ | al1ST =5 052 + 45,95 == RXE + 2@11@215152851@52 A1Chp

0 921 8)

v an 0 azn O
Foon (Sl > 95, 73 35,

, O , O o2
llsl 852 2152 652 + 2a11a215152851852 CO,O

+f370(t7 51752)7 (BQO)
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where L& = (vl% — <v ‘3‘511 >> Co,3 can be solved accordingly.

Inserting (LI56) in (LI55) we obtain

_ 0 a 0 Aoy O
Fi(t,51,5,) = (T—t)pgavzvza%( 2125135 5, 852)
0? 0? 0?
(“125 Ip5 952+ 5505552 553 T 22022515 851852) AiCos
—2(T — t) A1 A2Co 0 + (T — )2 A1 A2L2Co
v 8051 a11 0 a2 0
(T =)oz, ( Sigs, Ty asg)
82 82 82
(a”S g o5z * + 550 31652 2011021515 aslasg) AzCog
1 0? 0?
+(51 ( ¢1 <a11812 852 + SQ Aoq 852
+2 55—\ a,c LY
a11A2101 2851852 2000 9 1
0? 0? 0?
( nd %852 + 550 31852 +2“““215152851852) A2EQCO’O>

2 2
+(52( 1¢1(a1252 0 + 5242 0

16’52 2 22352
ansamSi S ) yCop + (T
A12A22017 2351852 20,0 9
0? 0?
(ame 852 + S3a5, = 952 + 2a12a22515

+q4(t, S1, 52),

t)¢

32
881832) AxL2Cog
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F2€(t7 5173’2)

1 , 07 , 02 0>
_§¢1 CLHSl 882 2182 852 + 2@11@218152 85165 ;CQCQO
do1 ai; 0 as O
v . T _ s e
Fovon (T =g - (Sl 2 95 T asz)

a5282+a528 + 2aq1a91515 > A, C
11 1852 21 2882 11a2191 2881852 1Co,0

85 ap; 0 as; O
v2 2 —i v
TPy, (SI 295 Ty (952>

0? 0? 0?
<a11512 RRE 215%852 + 2011021519 5555 ) Coo

051055
1 0? 0?
""51( ¢1 (aHSf 35’2 522 %1 332
+2a11a21515; i A, C +E(T—t)q§
11042101 2851882 100+ 5 1
0? 0? 0?
< 5 g + St + 2“““21515285185) AbaClp
v 11 0 921 0
+p100, &1 (Sl 2 95, 5278_52)

5 O , 0 0?
( 0 52 + 03,55 =5 052 + 2a110215159 851052) L:Co 0

_'_QS(ta Sl7 52)

F§(t,S),S;) follows accordingly.
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In the following we derive the form of the derivatives of Cj:

de 2,82 oo &
8000 _(yi+dy —2pyidy)
— = ™Ky "7 ./\/'2( D) 2077 diyy
Oy 2moa/ 1 —
Kye di— ,002W <y1+<d§+ﬁz\/?>2—2ﬁy1<d§+ﬁgx/?>>
2(1-52) dyl

27r02\/ 1-— \/_

(y%+d§272ﬁy1d§)
= GxQng NQ( 2(1-7%) dyl
27TO'2 V1-—
K26*7"7'€ di (y1+P02\/7) +(d2+0’2\/7:)2*25(y1+ﬁ52\/;~)(d§+?2\/z)
2(1-52) dyl

2 /1 - PPV

— szQ@ TTNQ( 6 _

9 _
(y%-‘—dg —2py1d5)
2(1-72) dyl

ﬁ/

e _
Kze—”' di _y1+d2 —2py1d2

— 2(1-p2)
o221 — 2V T

(291759 V e 47252 +2d559V e 452 7E — 25y 7o Ve — 25259 V e d§ — 25252 )

e 2(1-p?) dyl
(y%+d§272ﬁy1d§)
= erKQG NQ( 2(1-7%) dyl
27TO'2\/ 1-—
KQG,Me df  24af’—opyidi  (FR-72)r 2455,V (1-5%)
2(1-52) e 2(1-52) dyl

25,\/1 — PV
= erng_rTeNQ( ;, i,ﬁ),

_ & & _1=2_& g z
because €*2 Kqe ™" — Kye T T 2027 ~43202VT — (),

Thus,

— 00 TE€

o+ o k=2 ds bl
—070 - SQNQ( 57 i?ﬁ)—’— 6w2/ :

Oxk
2 £=0

aé 1 2 =2 z
= - d5’ — 2pdS d B.21
P (exp{ 2= <y1 +dy" —2p 2y2>}) Y1, (B.21)



248 B.2 Appendix for Section

where b is some constant term. For derivatives in z; we find:

(90070 K2€_7—€

— ' 6x2€_%d§2
Oz 2159/ 1 — pPV/TE
" ! pd)? b d
[ o a7

1 yex2
_KZG—T(T—t)e—idi*

ds* 1 )
[~ ool

and, thus, we deduce

aicq,o _ % 522 aifl exp _d§2+y§—2ﬁd§y2 Ay
O} oo VTE 2T 2(1-7

KemrT=) /C‘r oo
’ e Nt

1 9 .2 .
SR a? — 25 de*) dys.
eXP{ 2(1—ﬁ2) <y2+ 1 PY2d; } Y2

We further see that

0070 - er? KQG_Tgr
w2011 2ro1/ (1 —p?) (T —t)
% di* + 43 — 2pd;
1 Y PA1Y2
— d B.22
/_ooexp{ 21— 77 - (B22)
and
0 Co0 _ “ o o exp di7 4 g3 - 2pdiy dy
D120 oo VTEOTT! 2(1-7p%) 2
(B.23)
as well as
9tk dj§ il de2 2 _ 95d¢
W e 00 _ gz —’~—._1 exp . — 1 T _2p 192 dys
Ozkoxt oo VTEOTY 2(1 -7
n—2 52
DI
k=0
Pitk—1 de2 d€2 — 95dedE
g eXp{ — LT _2p 12 8 (B.24)
o' ok 2(1-7%)
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B.3 Poisson equation with CIR operator

Let x solve
Lix(vj) +h; =0, forj=1,2 (B.25)

with £f as defined in Equation {43) or ([£44) and with h; satisfying the centering
condition

(), =0, (B.26)

or

(h2),, =0, (B.27)

respectively. The averaging is done as explained before with respect to the invariant

density p™*(v;) of the Cox-Ingersoll-Ross (CIR) process @]

CIR
CIR%;

. Jox afTR_1 _ cCIR,,
v _ J - v
P ;) = T'(aS1R) vy’ ety 50, (B.28)
J
where
cir  2KG
a; o 2
oy,
cir _ 2hj
H o2

Equation (B.28) has to satisfy Equation (B.26) (B.27 respectively) to be solvable (see
Theorem [B0). We see that by taking into account the following relationship

(), == (L)), = = [ () w
B[ e (e w) do

= 0, (B.29)

where £J" is the adjoint operator of £J (see Definition (@F)) and the inequality in
line two is due to the definition of the adjoint operator. In the third line we exploit

that the invariant distribution solves the adjoint equation £3" p™(v;) = 0 (see Remark ).

In the following we derive an upper boundary on the absolute value of % and x(v;).
J
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B.3 Poisson equation with CIR operator

Hence, we derive an equivalent expression for £y

Llx

N dx Ix 2 82X
= 3 (81}] (QKUJCUJ) 2%%8 + 0,0 (%]2

7 (Ox . Ox 1
2 an javj Uj

dx 0%y
(a; —1) + Uja_vj (—p5) + ”a_uf)

2

_ O-”J' inv aX 8pzm} (Uj) aX inv aQX

N 2pin (v;) (p (Uj)ﬁvj U Ovj v, +op™ (V) av§

— O-gj i v mv( ) aX

— 2pimv(v;) O, P ov;

= —hy, (B.30)

where the last line follows due to (B:25). Thus,

and we can solve (B31)) for 2X.

012; 0 ox
S g\ ) o ) = =k, B.31
2p1nv<U]) 8’[)] <Ujp ( )87}]> h]’ ( 3 )
Ov;
195% 2 vj
a2 v j B.32
Ovj  opup™ (v;) /0 hy(wjplw)de, (B.32)

When |h;(v;)] <& (1 + ]v]\l> we obtain for v — 00,0

dx

dv;

IN

T2 inv () 1nv / h
0, Ujp 0
wP
zm} i (1 oy o2 /
U] 'U]O' 0

CIR_ 1

CIR%;
CIR CIR_H 1 —pCIRy 1% d
zm} im0 () Ngy o2 € T CIR w
U]O' 0 (% )
, v cIRa§"?
IRy, CIR_H 1 Vj aCIR ]9 _,uCIRw %
1m) im0 () Ny o2 o w “ € CIR dz
UJ Uiy, 0 0 INCYE
-

where we use the inequality for the absolute value of h;(v;) in the second line, the third

line follows when we insert (B.28). We partially integrate the expression in the third

line to obtain the forth line. Note that the first part of the partial integration increases

like vl ! because evaluating the expression at the upper limit we get

c3p"™ (v )Ul

o (v ) while
J

the expression at the lower limit is zero. The second part, the integral, could be again
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2

evaluated using partial integration. Note that the result would increase like vé’ and so

on. Thus, the absolute value of the above expression increases at infinity or zero at most
like vé-_l.
For | = 0 we further analyse the behaviour of [x| at 0 (the upper limit is ¢3--):
J
8Finv(vj)

, L’Hopital —204—,
pina(y)| L HOPIAL) o ov; — 2. (B.34)

v;—0 2 inv (. M
Uvj <p (U]> + U] ij

The last equality follows as 6Fg:j( 1) and pimv( v;) cancel and v; o ig;(_vj ) = 0. From (B33)

and (B.34) we can show for [ = 0 that

IX(w)l < G (14 In(1+ o)) (B.35)

B.4 Awutocorrelation function for CIR processes

In the following we omit the index j, which indicates the order of the eigenvalue. As
mentioned above we assume no correlation between the processes for the stock prices and

the processes driving the volatility (i.e. pi = 0).

Due to the stationarity of {L%(n)} the variogram defined by V4N(E) =
s V(LA (n + €) — L(n))? is an estimator of the value E [(id(j) - I_,d(O))ﬂ . For
the discrete equilibrium processes {v(n)} it is true that (see 2114 for ¢t — o00):

Cov (0(k), 5(0)) = 92e VAL (B.36)
where
192 — 12)CU
v 2Ky

E [(zd(n +E) — zd(n)ﬂ —F [(Ed(é) - Ld<o))2}
= E[(nf (5(¢)) ~ 0/ (3(0)))] + E !

= 2K [(v)’] — 2E [o(£)v(0)] + 2V3r< ('

- 2193(1— “EF>—|—2Var(ln(\/—_D).
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B.5 Appendix to Section 4.5.2

In the following we fist show the expansion of the problem in £;. We only provide those
expansions which are necessary to solve for the explicitly indicated terms in (£I95]). The
analysis of the number of necessary terms for a good convergence will be left for future

research.

oo
e d,e2 N
C —E Co2el.

n=0

This series is substituted in ([I9]]) and the first two leading order terms are set to zero.

[52£1+ L5+ £1+ £2+£2

63 01 09
+esMZ + eg M7 + 5, MQ] 0o = (B.37)
2£1 + 252 ﬁ} + —L% 4 Lo+ M2 4 M2+ 2 M2| 00
5 (5 (51 52 (52
- {Mi - 5—1/\4;} o= = . (B.38)

Next we expand in &

o0
de2 b n
Co™* = E Co,n52a
=0
[oe)
0,2 E 4 n
Cl — Cl7n€2~
n=

Inserting these expansions in (B37) as well as (B:38) and forming terms of equal order
in e, we get for the first two leading terms

e, ¢ [52£1+52.c2+ —Cl £2+L‘2}COO—O (B.39)

(5 5

ﬁl + — £2 - EQ} Co

e, &5 {52£1+ (52£2+ 5 5

- [Mf - 5—2/\43} Coo =0, (B.40)
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el €9 {52£1+52£2+ —L1+ £2+£2}Cf70

o1 5s
+ {M% + —Mé} Coo =0, (B.41)

el, &b {52£1+ 52£2+ 5 £1+ 5, £2+£2] Cyy

We expand in §;

1
+ {Mi + 6—1/\44 oL+ {M? + 5—2/\/13] Yy =0. (B.42)

[ee]
o _ E 02 n 8 § d2 n § : n
C(0,0 - C’0,0,77,51 ’ C10 1 CO 1 77,51 9 Cl 0 — Cl ,0, ’n :
n=0

Again these expansions are substituted in (B.39), (B.40), and (B.41). We set the first
four order terms for (B.39), the first three ones for (B.40) and (B.41)) in 0; to zero and

obtain

0 0 2.
€]y €9, 07 ¢

0 0 -1
€1, €3, 04

0 0 0.
€7, €9, 0y :

0 0 <1
€1, €9, 03

for (B.39)

[,103200 =0= 03200 does not depend on vy, (B.43)
L 0320 L+ LY Coo 0=0= Coo , does not depend on vy, (B.44)
=0
LEO 5+ L1CT | + [52 + 2£2 + — 52} 0 =0, (B.45)
N 03 92
=0
1 1
L L3055 + L1007 5 + [@ + ﬁcg + 5—£§] Py =0. (B.46)
2 2

Note that we use here the same argument as in ({.51]) and choose a v;-independent solution
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for C2% , and C22 ,. Furthermore, insert the expansion

in (B.40)

e), ey, 672 EIC 0=0= C’O 1.0 does not depend on vy, (B.47)
ey, ey, 0yt ElCO 11t £1C' 10=0= C’O 1.1 does not depend on vy, (B.48)
=0

€9, e}, 6?:L0012+£103?171+{£2+ — L2+ c2 o
N —

62 d2
=0
1
in (B.A1)
ey, €9, 0771 L} C100 =0= ClOO does not depend on vy, (B.50)
els €9, 01 LoCh s + L1CYh o + MEC 000 =0
=0
= O .1 does not depend on vy, (B.51)
€1, €9, 07 1 LGCY o + L1CP%  + | Lo + 52£2+ 5 L Co
=0

Finally, we expand in

000—5 OOOOn 29 001—§ OOOln 29
n
Co o = E Co1,0n05,CY% 0 = E C1,0,0n0 -

Inserting these expressions in (B.45), (B.46]), (B.49) as well as (B.52)), forming terms of

equal power in dy and setting the first four leading terms in (B.H) and the first three
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leading terms in (B.46]), (B.49) and (B.52) to zero we receive
for (B.43)
8(1], 6(2), 6?, (52_2 . /:300’0’070 =0= 00’070,0 does not depend on va, B53)
), €9, 0%, 851 L£5Ch001 + L3Ch000 = 0= Cpoo1 does not depend on s, (B.54)
=0
8(1), Eg, 5?, 58 : E%Co70,072 + E%CO’O’()J +£200,070’0 + £(1)00707270 = O, (B55)
=0
8(1), 88, 5?, 55 . £30070,073 + L%C()’o’og + £200’07071 + ﬁéCo,[)’Q’l = O, (B56)
for (B.44l)
5(1), 58, 5%, 2_2 : E(Q)C’QO,LO = 0= Cpp,1,0 does not depend on vs, B.57)
el &5, 61, 05" L3Co0a1 + L3Co010 = 0= Cyg11 does not depend on vy,  (B.58)
=0
eY, €9, 01, 69 : L&Cop12 + L3Co011+L2Co010 + L5Co030 + L1Cop20 =0, (B.59)
=0
for (B.49)
6(1], 5%7 5?, 52_2 . /;30011’070 =0= 00’170?0 does not depend on va, (B60)
el, €}, 07, 05"+ L3Cha04 +:C%Co,1,o,0 + Mgco,o,o,q =0
-0
= (10,01 does not depend on vy, (B.61)
e, 5, 67, 0y : 5(2)00,1,072 + E%CO,I,O,I +L5Co.1,00 + L5Co,1,2,0
=0
+ M3Co 000 + M35C0001 =0, (B.62)
————

=0
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for m
1, €9, 69, 6,2 53017070,0 =0 = (1,0, does not depend on vy, (B.63)
6%, 63, (5(1), 52_1 : 530170’071 -+ L%OLO’(LO =0
—0
= (0,01 does not depend on vy, (B.64)
5%7 587 5?, 5(2) : 5(1)01,0,2,0 + 5301,0,0,2 + E%CLO,OJ +L5C10,0,0
—0
+ M%CO,O,O,O + M;,CO,O,LO - O (B65)
—_———

=0
Solving the PDE for the leading terms Cy 0,0 and Cg,,0,0,0

We see that Cpgpoo is independent from v; and vy (see (B.43) and (B.53)) and that
Equation (B.53)) is a Poisson equation in Cy2 and Cy 2,0 with respect to vy and vy. All
other steps are analogue to Section [L5.1] (compare (L.66) and the explanations before)
and thus,

Co,000 (t,51,52) = SoNa(da, dy, p) — Kae ""Na(d3; dY, p), (B.66)
where
Sie— ftTr(s)ds
— Tt m—m2
T . n I
1
d; =d; — poa/T, dlz_xl — =TT + poa/T,
O'lﬁ 2
_ X2 1_
4 =d, — d, = -
5 o — 02\/T, 2 62\/F+202\/F’
with

Ty, y2) = afy <]012>U1 +afy <f22>
3y, y2) = a5 (f),, + a5 (f2)

. (B.67)

anaz (ff),, + azax (f3),,

0109

V2

ﬁ(ylv 92) -

CBo.00,0, the respective expansion term for the two-asset option with two barriers, is
hence for p = — cos (2£) given by (see also ([LG7) and (EGR))

3

-1 27k 27k

€101—C101 COS — L (—co59—pci1o1) sin
CBo000 (t,51,52) = Zeyl( 71- e cos( B ) ke (—eada—pean) sin( )
k=0
By(H{ — Hy) — e TKa(Hy — Hy)) (B.68)
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with the parameter given in ([L72]).

Solving the PDE for the first-order corrections Cy 0,01, CB,0,0,0,1 and Cp 1,0 as

well as CB,O,O,I,O

Equation (B.5H) can be also seen as a Poisson equation in v; only (in vy respectively)
for Cyp02 (Coo20). We perform the steps analogously to the Solution (A.84]) under the

fast-mean reversion model in Section [£.5.J] and we can give the solutions:
Co001 = —(T = 1) A2Co0,00, (B.69)

where

0 0 0
AsCh000 = Oupy <f2\/v_28;i22>v2 <a125165, +a2252aS2)

02

(a12a225152 851052

1 0? 1 0?
+ a12512 aSg %2522 8S2> Co,0,0,0

. O [ 2
with 22 = — 2 (02 (2 (,) — (13)2,) p(2)d (see (ED)).
We obtain with Equation (B.59) an analogous expression for Cy o1 0.

Coo,10 = —(T'—1)A1Co0,0,0; (B.70)

with

0 0 0
Ay = oy p] <fl\/Ula;:}§i>v1 (01151 a5, + a2152(952)
0? 1 0? 1 0?
<6111612151526,31&?2 + GHS%GSQ @21522852) .

Analogously to the Solution ([A96]) we can write down the solution of the barrier option

term:
A ~ *CBo000 9*CB,0,000
CB,0,00,1 = Cpo0,01 — Vm&m - ‘/22528528—%- (B.71)
and
A - 0*C - 9*C
CB0,01,0 = CBo0010 — ViiSi 55575 BO00D Uy 8y 20000 (B.72)

0510 (f3)., 0520 (f3).,
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Solving the PDE for the first-order corrections C1 0,0, CB,1,0,0,0 and Cp 1,00 as

well as Cg0,1,0,0

We interpret Equation (B.G3)) as a Poisson equation in C g2 and C g2 with respect to

v1 and vo. Hence,

(<£2>>U1,v2 Cro00=— <<M%>>vw2 C0,0,0,05

where

0 0 0
<<M%>>v1,v2 007010:0 = pzllo-yl\/a <f1>1}1 <a1131 85’ + a2132 832) a—y100707070. (B73)

We know that (compare ([A.87))

o oC, 0? 0? 0?
»CBS(UlaU27 ) <;10>00 - (a11a215152851852 2 %1512052 + a21522852>
Co,o,o,o;
0 ——C (T S S) =0
<f1> 0,0,0,0 1502 .

From there we can conclude

62
05105,

d 82
WC’&O,O,O = (I'—1) <a11a21515’2 + a1152

o2
1957 + a21S2 ) Co,0,0,0-

2083

We can then reformulate (B.73) to

; 0 0
<<M%>>v1,v200707070 = (T —t)/)1‘7y1\/_<f1> <@f1> <115185 —HLQISQ@SQ)

2 o2 1 o2
<G11a215152 0 2 52 52 ) C'0,0,0,0-

95,05, T 2mSigg T 3@ gg
The following result easily follows as £pg commutes with S; -2 ask for k =1,2.
1
Cho00 = 5(T — 1) ((M1)),. .. Coo00- (B.74)

Analogously, the respective corollary for Cy ;¢ follows from Equation (B.62]).

1

(T 1) <<M%>>v1,v2 C0,0,0,0- (B.75)

C(0100:
[t bl 2
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(M), Conoo = (T —1)p} VD (112502 4 5,2
1/ ) oy 0y £0,0,00 P20-y2\/%<f2>1)2 91, a2 185 + ago 2852
0? 1 , 0% 1

<a12a225152— + -

82
95108, 2 oy 1ag2 302955 )Co,o,o,o.

2 052
Introducing barriers leads to the following system for C' 0,

LpsCpiooo = — <<M%>>vw2 CB.00,00
Cpao00 (T,51,5) = 0,
Cpa000(t; Bi(t),52) = 0,
Cp1000(t,S1,B2(t)) = 0. (B.76)

Again, we transform the PDE in such a way that we solve a homogeneous PDE with

inhomogeneous boundary conditions. Hence,

Lps <—(T —t) <<M%>>Uw2 Co,o,o,o) = ((M1))u1:Co000

1 0 0
'—(77—‘t)P¥0y1\/§T<fi>m_§(a11532;§7 +'a2155£955)
82 82 82
(2a11a215152 85185 11512 852 215%852)
00,0,0,07

and

T —t)? 0 0
»CBS(_( 5 ) (‘/115185 +V2132(952)

0? 1 .2 0? 9 0?
a11a215152m + 3 9 1151 852 + %182 852 00707070

0 0
. )(Vnslas +v215265)

0? , 0 1
(&11&215152— + =

2083

52
05,05y 2 i 1852 a215'2 )00,0,0,07
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58

i9sF k=1,2 and LpsCpp0,0 = 0. Thus, we define

as Lpg commutes with

. T—t)? (= 0 d
Cpiooo = Cpiooo— (T'—1) <<M%>>Ul’v2 Co,0,00 — —( 5 ) (VnSl o5, + Vngg (952)
0? ) 82 , 0?
(a11a215152 851852 + CLHSl 852 a2152 852) 00,0,0,07
~ f "
Viin = allpzfay1\/_<f1>vl <8y1> )
. o(f
Vi = auplon VBT (), o (B77)
Hence, we obtain
Lps(p, o1, 52)6'3,1,0,0,0 = 0
03,1,0,0,0 (T; S, 52) =0
C213,1,0,0,0@7 By(t),5,) = 311(15, B1, 82,91, 12),
éB,l,O,O,O(t7 S1, Bo(t)) = §12(t, S1, Ba, 1, Ya), (B.78)

with

511(t731,52791,y2) —(T —1)

1) ((M1)),, 1, Co000

— 3 = (&“51021 * ‘/"’1520?92)

(a11a21S152 85?252 + 1a115’f aa; angg 86;2) C0,0,0,0 ‘51231(“),
912(t, 81, Bo, ) = —(T — 1) ((Mi)),,., Coooo

— 3 a (‘}Hsla(?s* * VQIS?@?%)

(aﬂa?ls 152 as?;sg Pt 3652 - “2153 aa;) Co000[s1=pata)

For the solution it holds

éB,l,o,o,O(t7 S1, 82, B1, Bo)

T 00
/ / 6—01b1—6262€—c2(02a; Sinﬁp)éll(tly Bl, B260'2a;, sinﬂp)
0
Pepy (V€ dt' 0, = B,) da,dt’
/ / 7C1b1 cabs 701(0’1& \/ )921(t Ble 14/1 BQ)

Pepy (V€ dt’, 0, =0) dadt’. (B.79)
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CB,1,000 18 given by

C = CB o+ (T —t) ((MD)) G T Ca oy AR Y
B,1,0,0,0 1,0,0,0 1/ /vy 0e ~0,0,0,0 5 11 185 21 285'2

52 L, o 0 , 0
allanglsgm + = 5 a1 1852 (I21SQ 852 0070,070. (B80)

Analogously, we can conclude

T 0
Cp01,00(t: 51,52, B, By) = // emcbimeabzgmealmaysinfo) g, (1 By Bye2% i Fr)

Pepy (U € dt’, 0, = B,) dar,di’

/ / 701})1 Czbg 761(0’1(1 \/ g (t B 60'1\/ B2)

Pepy (V€ dt’ 0, =0) dadt’, (B.81)

with

§21(t7317S27y17y2> = (I'—1) <<-MQ>>1,17@2 Co.000

T—1 0 0
—( 5 i (VlQSl@S +V22S285'2)

0? 1 0? 1 0?
(&12&225152 851852 2 %QS]? (952 GQQSg (95'2) Co,o,o,o ’slzBl(Ll),
- T—t2 0 0
922(t7517327y17y2> = - —t <<M2>> 0000— ( 9 ) (‘/125185 _'_‘/225285'2)
0? 0? )
<a12a225152 851852 B %25% 852 +5 5 3253 85’2) Co,0,0,0 ‘52:13202)7
= 0o
Vag = 22050y, (f1),, ayz

= 80’2
Vie = CLlQPQUyzyz <f1>v2 Oy

Cpo100 is given by

A (T —t)? 9, 0
CB,O,l,0,0 = 05170’0 + T ‘/1251 88 + VQQSQ 852
0? 1 0? 1 0?
<012a225152 95,05, + amsf 852 a22322 852

+(T = ) {{M7))0,6:Co,0,0,0-

) CB,0,0,0,0
(B.82)






List of Symbols

T Indicator function

A Operator of Kolmogorov forward equation

Af o Infinitesimal generator

A Set

Ag oo Parameter of Heston-type characteristic function

Ago o Parameter of Stein and Stein-type characteristic function

(@ij) wve Matrix of eigenvectors

ad Damping parameter

QU e e kth algebraic moment

O Real number

BR) ..o Borel sigma-algebra

By oo Parameter of Heston-type characteristic function

Bi(t) oo Time-dependant barrier on stock ¢

Bgo oo Parameter of Stein and Stein-type characteristic function

Bl o kth geometric moment

Bp o tan ! (—@)

b o Real number

C o Complex numbers

Cr o Collection of functions with continuous derivatives up to order
k

Ch o Subset of C* of functions having compact support

(U Defaultable derivative

Cp(t,S1,5,B1,Bs) ...... Barrier option

CP(t,81,8) .o Defaultable investment in a stock

Cz(t) oo Zero coupon bond

Cip(t,S1,5,Bs) «....... Double-digital single-barrier option

Cip(t,S9, Ko, By) ....... Knock-out put option

Coo(t, S1,S2,B1,By) ... Correlation barrier option

Coc(t,S1,52,Bs) ...t Correlation single-barrier option
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Cop(t, S, 52, B1,Bs) ..... Double-digital barrier option

Ceoan (t, 52, Ka) oo, Call option

Cp (t, 92, Ks) oot Digital option

(OF Parameter of Stein and Stein-type characteristic function
CIR ... Cox-Ingersoll-Ross model

X oo Probability measure

Covtee Constant

i e Constant

C ot Constant

CL et 2;'11(71‘12;2)

& 2;722(1‘11/)’;)

Di(t) oo total debt per share of firm ¢
Do Open set

Def(z) voovviiiiiiiii, Space in which the moment generating function exists
OD ... Boundary region of D

D Bounded region

) Fast mean-reversion speed

QW) oo \/ﬁ-uag (u2+%)

Ai oo Dividend yield of company i

EX] oo Expected value of X

E(x) oo Exponential martingale of x

€ Slow mean-reversion speed

F oo o-Algebra

(F1* F5)(y) voveeiinns Convolution of F; and F

Fo Filtration

Qo Set

Flz)=9(X <=x) ....... Distribution function of X

Flu) oo Fourier transform of f(z)
o Complex conjugate of f

Ou) oo Characteristic function

) Heston-type characteristic function

DGBM « v veeeenieeanns Characteristic function of geometric Brownian motion model
D82+ Stein-and Stein-type characteristic function
e Function of the day effect

f Eigenfunction

Gt,X) oo Kernel, e.g. fundamental solution, Green function

GF(t,m) oo Free space Green function
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Geometric Brownian motion model
Stochastic process

Payoff function dependent on S} and Sy in T’
Function only depending on x

Fourier transformed payoff function
Imaginary part of u

Modified Bessel function of the first kind
Stopping time

Counter with j € N

Real-valued function

Strike for asset ¢

Constant mean-reversion speed

Counter with ¢ € N

Counter with £ € N

In K;

Banach space of Lebesgue integrable functions in R¢
Hilbert space of square-integrable functions in R?
Operator for differential equation
Moment generating function

Local (Q—) martingale

Drift parameter

rpcos (22 1+ 6,)

Tp Sin (%TW + 9p)

Natural number

Exterior unit normal

Non-negative function

Real number

Filtered probability space

Probability space

Measurable space

Non-negative function

Random variable

Real variable

Real vector

Bonus payment rate

Participation rate

Function

Density function of z
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Do Number of considered eigenvectors

Q Probability measure

q(7, X', X,0) o Probability density function, integrated over v’
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