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Abstract
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VICKY FASEN

1 Introduction

We investigate the extremal behavior of a stationary continuous-time moving average
(MA) process

Y(t):/_oo Ft—s)dL(s) fort€R, (1.1)

where the kernel function f : R — R is measurable, and the driving process
L = {L(t)}+er is a Lévy process. Recall that a Lévy process L has independent and
stationary increments, L(0) = 0, and L is stochastically continuous. Moreover, L
is characterized by the Lévy-Khinchine representation E(exp(iuL(t))) = exp(ti(u))
for t > 0, u € R with
1 .
P(u) = ium — §u202 +/ (e — 1 —iuk(z)) v(dz), (1.2)
R

and k(z) = x1;_1y(x). The quantities (m,o?,v) are called the generating triplet

of the Lévy process L. Here m € R, o2

> 0 and v is a measure on R, called
Lévy measure, satisfying v({0}) = 0 and [,(1 A |z|*) v(dz) < oo; we refer to the
monographs of Applebaum [I] and Sato [23] for background on Lévy processes.
Prominent examples of MA processes are CARMA processes (cf. Brockwell [4]) and
stochastic differential delay equations (cf. Gushchin and Kiichler [14]). Both families
include Ornstein-Uhlenbeck-processes.

We concentrate in this paper on increments of the Lévy process L in the mazi-
mum domain of attraction of the Gumbel distribution (MDA(A)): a distribution func-
tion F' € MDA(G), where G is a non-degenerate distribution function (d.f.), if there
exist constants ar > 0, by € R for T' > 0 such that limy_ T(1 — F(arx + br)) =
—log G(x) for x € R. The symbol A stands for Gumbel distribution. Without precise
referencing we use results from classical extreme value theory; we refer to Embrechts
et al. [9], Chapter 3 for more details.

Complementary results for MA processes in the maximum domain of attraction
of the Fréchet distribution have been investigated in the early work of Rootzén [21]
for stable processes and for regularly varying mixed MA processes in Fasen [11].

Throughout the paper we assume the following condition, which is sufficient
for the existence and the infinitely divisibility of Y. Firstly, we define L° := {f :
R — R measurable, [ |f(s)]° A(ds) < oo}, 6 > 0, where A denotes the Lebesgue
measure on R.

Condition (M). Let Y be a MA process as given in (I1]). The Lévy measure v
of L satisfies v (1,-V 1] /v(1,00) € MDA(A) with infinite right endpoint, and tail
balance condition

v(—oo,—x) 1—p

I = 1.
roe v (1, 00) P (13)
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EXTREMES OF SUBEXPONENTIAL MA PROCESSES

for some p € (0,1]. The kernel function f : R — R is bounded, and one of the
following conditions hold:

(M1) f e L.
(M2) f € L? and EL(1) = 0.
If the support of v is bounded below, we assume w. 1. o.g. v(—oo, —1) = 0.

We can also replace p € (0, 1] and v (1,- Vv 1] /v(1, 00) € MDA(A) with infinite right
endpoint by p € [0,1) and v [—(- V 1), —1) /v(—00, —1) € MDA(A) with infinite right
endpoint. Embrechts et al. [9], Corollary 3.3.32 and Sato 23], Corollary 25.8, imply
that L(1) has moments of all order and the tails of v decrease faster than polynomial.
Furthermore, the right tail of v is rapidly varying, i.e. lim,_ ., v(zt, 00)/v(x,00) =0
for t > 1. Notice, if f is bounded, then f € L! implies f € L2

This paper is on the extremal behavior of subexponential Lévy driven MA pro-
cesses. Subexponentiality is a property of the right tail of a distribution. Conse-
quently, it has been defined originally for positive r.v.s. In the context of this paper
L(1) has a distribution on the whole of R, which has a subexponential right tail.
The definition of a subexponential r.v. has been extended from a positive r.v. to a
r.v. on R by Willekens [24] and we start with the definition.

Throughout the paper we use the following standard notation: we write ' = 1—F
for the right tail of the d.f. F, F?* for the convolution F % F and F?* = 1 — %",
X < Y, if the distributions of the random variables (r.v.s) X and Y coincide.
The abbreviation i.d. stands for infinitely divisible. For real functions g and h we
write g(t) ~ h(t) for t — oo, if g(¢t)/h(t) — 1 as t — oo, and we denote g* () =
max{0, g(t)}, g~ (t) = max{0,—g(t)}, g7 = sup,cp g™ (t), g~ = sup,cp g (t) and
= v(z/g(s),00) Mds) = fg(s);ﬁO v(xz/g(s),00) A(ds). The symbol =2 stands for
weak convergence for T — oo.

Definition 1.1 Let F be a d.f. on R with F(z) < 1 for every x € R. Then F
belongs to the class of subexponential distributions, denoted by S, if the following
conditions hold:

(i) F € L, which means for all y € R locally uniformly lim F(z +y)/F(z) = 1.

T—00

(i) lim F2(z)/F(z) exists and is finite.

If FeS§and Zis ar.v. with d.f. ', then we write Z € §. The class S is closed
under tail-equivalence, i.e. if F € S and G is a d.f. with lim, .o, F(z)/G(x) =
q € (0,00), then also G € S. A survey of the class of subexponential distributions
with support on R, is provided by Goldie and Kliippelberg [12], see also Embrechts
et al. [9], Section A3. The following result summarizes mostly known properties of
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subexponentials on R needed for this paper, which can be found in Cline [5], Cline
and Samorodnitsky [6] and Pakes [18]. Only (vi) is a new and easy consequence of
the other results.

Proposition 1.2
(i) IfF € L, then F(x/2)? = o(F(z)) forx — oo and lim e F(x) = oo for € > 0.

(ii) If F € S, then lim, .., F?(z)/F(z) = 2.

(iii) Suppose F € S, F; are d. f.s with lim, .., F;(z)/F(z) = ¢ >0 fori = 1,2 and
G = Fy x Fy. Then, lim, .o, G(z)/F(x) = ¢ + q2. If ¢ > 0 for some i € {1,2},
then also F;, G € §. Moreover, for q; > 0,

/2 F . /2 F o
lim B2 oy = 2 i Pl =) gy =1,

z—oo | o Fy(x) @ o) ()
(iv) Let F be an i.d. distribution function with Lévy measure v. Then,

v(l,-Vv1]

F
€5 v (1,00)

€S <+= F(x)~v(x,o0) for v — oo.

(v) If X € S has only support on R, and Y is a bounded r.v., then XY € S.
(vi) If X,Y arei.d., X € S and vy (z,00)/vx(z,00) — 0 as © — oo. Then,

P(Y > xz) =o(P(X > x)) forz — 0.

The class of subexponential distributions includes all distributions with regularly
varying tails, the loggamma distribution and the heavy-tailed Weibull distribution.
A prominent example in the context of this paper is the following:

Example 1.3 (Extended heavy-tailed Weibull model) Let the right tail of
the d.f. F behave like F(x) ~ exp(—u(x)) for # — oo, where there exists a v > 1
such that u(tz) < x*u(t) for all t > v, x > 1 and some o € (0,1), then FF € S
(cf. Baltrunas et al. [2], Proposition 3.7, Lemma 3.8). If u is twice differentiable
with 0 < —u”(x)/u/(x)? ©== 0, then F € MDA(A) (cf. Embrechts et al. [9], Exam-
ple 3.3.23). Thus, the heavy-tailed Weibull distribution F(x) = K exp (—2%), > 0,
a € (0,1), K > 0, belongs to S N MDA(A). O

For the main results of this paper, presented in Section 4], about extremes of subex-
ponential Lévy driven MA processes, we are imposing the following more restrictive
condition.
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Condition (G). Let Y be a measurable and separable version of the MA process
as given in (L)) satisfying Condition (M) and P(|Y (t)| < oo for all t € R) = 1. Let
L(1) e SNMDA(A) with ap > 0, by € R, ur = arx + by for x € R such that

Tlim TP(fTL(1) > ur) = exp(—2z).
We suppose f € L', f*+ > f~, and fori = 1,2, P% := card O; < 0o, where
0; = {a eER: fla)= (—1)(i+1)f+} = {(xgi), . ,agzi)},

O1# 0 and, if f~ = fT and p < 1, then also Oy # (). If p = 1, then Oy := ().

Note, (L3), L(1) € S and Proposition [L2 imply P(|L(1)| > z) ~ p~'P(L(1) > z)
for + — oo. Condition (G) excludes kernel functions, which are piecewise constant
in their extremes.

The paper is organized as follows. In Section 2l we give conditions for the station-
arity of Y and calculate the tail behavior of the Lévy measure of ¥ under Condition
(M). If L(1) € S and if —L(1) satisfies weak conditions, we can transfer the results
to the tail behavior of Y. Furthermore, we present the most important example,
namely Poisson shot noise processes. Poisson shot noise processes form the basic
structure for our results.

In Section Bl we derive results on weak convergence of point processes of subex-
ponential sequences in a general setup. These are fundamental results for our con-
tinuous-time process as its extreme behavior is governed by a discrete-time skeleton.
Furthermore, we derive path properties if a high level exceedance occurs. Such results
apply also immediately to discrete-time MA processes.

Such results of Sections 2] and [Bl are applied in Section (] to subexponential Lévy
driven MA processes in MDA (A), which means that (G) is satisfied. As can be seen
from (LJ)) if AL(t*) = L(t*) — L(t*—) for some t* € R is extremely large then
Y (t) behaves roughly like f(t — t*)AL(t*) for any ¢ € R. Thus, our investigation on
the extremal behavior of Y is based on a discrete-time skeleton {Y(¢,)},en, where
the discrete-time random sequence {t, },en is chosen as to incorporate those times,
where big jumps of the Lévy process and extremes of the kernel function occur. We
embed the process {Y(¢,,) }nen In a sequence of point processes and derive the weak
limit of this sequence. Not surprisingly, we find a strong analogy to the point pro-
cess behavior of discrete-time MA processes and corresponding results of Davis and
Resnick [§] and Rootzén [22]. We model the path behavior of the continuous-time
process near high level excursions by a mark on the point process. Obviously marks
are influenced by the kernel function and its local extremes. High level excursions
of Y are, in contrast to regularly varying models, no longer persistent; in the limit
they collapse into singular time points, where also extremes of the kernel function
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occur. Choosing another normalization we show, that the marks behave asymptot-
ically like the deterministic functions f(-)/f* or —f(-)/f*. Our findings point out
that our discrete-time skeleton reflects local extremes of Y. Finally, we derive the
limit distribution of running maxima. We conclude with the proofs of our results in
Section [Bl

2 Stationarity and tail behavior

Under certain conditions the integral given in (1)) is well-defined as a limit in
probability of integrals of step functions approximating f. This has been shown by
Rajput and Rosinski [19], Theorem 2.7. They give necessary and sufficient condi-
tions, which are formulated in terms of the kernel function f and the generating
triplet of L(1). Under these assumptions Y is i.d., and by the structure of a MA
process Y is stationary. The following Proposition gives sufficient conditions to en-
sure that these assumptions are satisfied. For the proof of Proposition 2.1l we refer
to Proposition 1.1.7 of Fasen [10] and of Proposition 2.2l to Section

Proposition 2.1 (Existence) Let Y be a MA process as given in (1) satisfying
Condition (M). Then Y is well-defined, i.d. and stationary. The generating triplet
of the marginal distribution of Y is (my, 0%, vy), where

= [T ms) [ (st (6) - F6)ta)) vida) A
ol = o /00 f2(s) Mds), (2.1)

vy (z,00) = /_OOV (Jt%(s)oo) )\(ds)+/:;z/ (—oo,f_—(xs)) Ads) for z > 0.

Proposition 2.2 Let Y be a MA process as given in (I1]) satisfying Condition (M).
Suppose ZW is a r.v. having d.f. v (1,-V 1] Jv(1,00), and Z® is a r.v. having d.f.
v[—(-V1),—1)/v(—o0,—1). Let A be a Borel set on R such that there exist a Borel
set By ={t e R:|f(t)| >y} C A, where B, has a finite positive Lebesgue measure
and B, C B, 5 C A for some § > 0. Moreover, we assume f~ < f* and Uy is a
uniform r.v. on A independent of Z") and Z®.

(a) Then for x — oo,
vy (2,00) ~ A(A)w(1,00)P(fH(UA)ZY > ) + MA)v(—o0, —1)P(f~(U4)Z® > ).

(b) Let L(1) € S, and if f~ = f* and L(1) has an infinite left endpoint, we
suppose —L(1) € S. Then f(Ua)L(1) € S if and only if Y(t) € S for t € R. In this
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P(Y(t) > z) ~ MA)P(f(Ua)L(1) > z) for z — oo.

If |f(t)] — 0O for |t| — oo, then there exists a ty > 0 such that we can choose A =
(—s, s) for any s > t;. The interval (—t¢, tg) contains all time points, where f achieves
its maxima and minima. In this case U4 = sU, where U is a uniform r.v. on (—1, 1).
If the kernel function f is positive, then f(sU)L(1) € S by Proposition (vi);
further conditions can be found in Fasen [10], Remark 1.3.5. The next Lemma is the
basis for the results in Section 4l

Lemma 2.3 Let Y be a MA process as given in (I1l) satistying Condition (M)
with L(1) € § and f~ < fT. Suppose for every ¢ > 0 there exists a Borel set
By, ={teR:|f(t)| >y} with 0 < \(B,) < €. Then

P(|Y(t)| > z) = o(P(f1|L(1)| > z)) forx — oo.

Lemma [2.3] does not hold if f is piecewise constant in a local extreme. For this
reason, we need card O; < oo, i = 1,2, in Condition (G).

Example 2.4 (Poisson shot noise process) Consider in (LL1]) as driving process
a compound Poisson process L with

N(t) —N(—t—)
L(t) = Z Z; and L(—t)= Z_; fort>0, (2.2)
=1 i=1

where {N(t)}1er is a Poisson process on R with intensity x4 > 0 and jump times
{Trtrezvfoy, - <I'y <0< Ty <---, which is independent of the i.i.d. sequence
{Zk}rez. Favorably for such a Y under Condition (M), is the representation

Y(t) = i f(t—T,)Z; forteR. (2.3)

j=—o0

J#0

We call Y given in (2.3]) a Poisson shot noise process. If additionally f is positive
and Z; has only support on R, we call Y a positive Poisson shot noise process.
In particular, for a non-increasing f : [0,00) — [0,00) the positive Poisson shot
noise process is non-increasing between successive jumps of L, and thus Y has a
local maximum in ¢ if and only if ¢ € {T'y }xen. This means {Y (I'x) }ren are the local
extremes of Y on R, and characterize the extremal behavior of Y.

The Lévy measure v of L is v (z,00) = plP(Z; > z) for z € R (cf. Sato |23,
Theorem 4.3). Proposition [[.2] (iv) gives L(1) € S if and only if Z; € S, and in that
case,

P(L(1) > z) ~ uP(Zy > x) for z — 0. (2.4)

7
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If Y is a positive Poisson shot noise process and |f(t)| — 0 for |t| — oo, then by
Proposition 2.2/ and Lemma [2.3] there exists a ty > 0 such that for s > tq and  — o0,

P(Y (t) > ) ~ 2sP(f(sU)L(1) > x) = o(P(f|L(1)| > x)),
where U is a uniform r.v. on (—1,1) independent of L(1). O

Example 2.5 (Discrete-time MA process) Let {{}rez be ani.i. d. sequence of
r.v.s and {c}rez be a sequence of real constants with ¢~ < ¢*. Then

[e.o]

Y, = Z Chi&x forneZ (2.5)
k=—00

is called a discrete-time MA process. Let & € SNMDA(A) be i.d. with infinite right
endpoint. Let additionally the tail balance condition lim, .. P(§ < —z)/P(& >
x) = p (1 —p) for p € (0,1] holds. This model can be considered as a special case
of Y in (ILI)): choose f(t) = >"po . ¢k Ljp—1,1)(t) for t € R. The continuous-time MA
process Y viewed at discrete-time points Y(n) = > 72 c,—x[L(k + 1) — L(k)] for
n € Z, is a discrete-time MA process with £ = L(k+ 1) — L(k). By Proposition
the process Y and, hence also the discrete-time MA process {Y}, } ez is well-defined
and stationary, if either Y 70 |ex| < oo, or E& = 0 and > o0 Jexl* < oo. In
particular, MA processes with the long memory property > (k) = oo, where

7 denotes the covariance function, are included. Write P = #{k : ¢, = ¢*} and
P® = #{k: ¢, = —c"}. Then we have by Proposition 2.2

P(Y, > z) ~ (PY +p 11— p)P(2)) P(cté > )  for x — oo.

3 Extremal behavior of subexponential sequences

In this section we investigate the extremal behavior of processes, not necessarily
stationary with marginals in SN MDA(A). Throughout this section, we continue the
example of a discrete-time MA process as it provides a good intuition.

We follow Resnick [20] and introduce point processes to describe the extremal
behavior precisely. Let S denote the locally compact and separable Hausdorff space
[0, 00) xR with the Borel o-field B(S), and Mp(S) denotes the class of point measures
on S with metric p that generates the topology of vague convergence. A measure
of the form ), ., , where x;; € S, I is at most countable and ¢,, denotes the
Dirac measure in xy, is a point measure. The space (Mp(S), p) is a complete and
separable metric space provided with the Borel o-field Mp(S). A point process in S
is a random element in (Mp(S), Mp(9)), i.e. a measurable map from a probability

space (2, A, P) into (Mp(S), Mp(S)). Given a Radon measure ¥ on B(S), a point
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process k is called Poisson random measure with intensity measure ¢, denoted by
PRM(¥), if k(A) is Poisson distributed with intensity 9(A) for every A € B(S) and if
for mutually disjoint sets Ay,..., A, € B(S), n € N, ther.v.s k(4;),...,k(A4,) are
independent. More about point processes can be found in Daley and Vere-Jones [7]
and Kallenberg [16].

First we study the extremal behavior of discrete-time processes via point pro-
cesses. This result will be used in Section [ to derive the point process behavior of
the discrete-time sequence {Y (t,) }nen, where Y is the MA process as given in (LT])
and {t, }nen is a properly chosen discrete-time random sequence.

Proposition 3.1 Let {Zy}ren be identically distributed r.v.s in S " MDA(A) and
{6k }ren be a sequence of r.v.s. Suppose ar > 0, by € R and ur = arx + by are
constants such that

Tlim TP(Zy > ur) = exp(—z) forzx e R
holds. Furthermore, assume there exists a sequence {Oy, } ey with O, 4 O, fork e N
such that 0, < Oy, a.s., Oy is independent of Z,, for every k € N, and

P(©; > z) = o(P(Z; > z)) for x — oc.

Let {T'}}ren be the points of a Poisson process with intensity p > 0, and for « € R
arbitrary let s € [[y_1 + a,Tj11 + ) for k € N, setting Ty := 0. Denote by

Fr=) ¢ (k/Tar! Ze—br)) A0 Fr = Zg(sku/T,a;%Zﬁek—bT)) forT">0
k=1 k=1

point processes in Mp(S). Suppose there exists a point process k in Mp(S) with
T—o0

k([s,t) x {z}) =0 a.s. for s,t > 0 such that K = k. Let I = [s,t) x (z,00) C S.
Then

lim P(kp(l) #kp(l)) =0 and kr =y

T—o00

In particular, if {Zy}ren is an i.1.d. sequence, then x is a PRM(¢)) with intensity
measure ¥(dt X dx) = dt x exp(—zx)dzx.

Example 3.2 (Continuation of Example 2.5]) Let ¢;; =--- = Ci ) = ct, ey =
=0, =—c", and else || < c'. In the case p =1 set P® := 0. Furthermore,
let ar > 0, by € R and ur = apx + by for x € R such that limp_. TP(ctE; > ur) =
exp(—z). For k € Z define the stationary processes

Ee == gyt T TG,y and Oy =Y, — T

9
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Let >0 €(spsP) De independent PRM(Y;), @ = 1,2, with ¢y(dt x dx) = dt x
exp(—z) dz and q(dt x dx) = dt x p~*(1 — p) exp(—x) dx respectively. On the one
hand

x T_)QQ [oe) x
Z 5(k/T,a;l(c'*‘Zk—bT P Z E(sp1,Pr1) T P Z € (sk2,Pr2) (3'1)
k=1 k=1 k=1

On the other hand P(|0;| > x) ~ KP(c¢¢; > x) = o(P(ct|§,| > 1)) for  — oo and
some K > 0 by Example and the rapidly varying tails of &1, where ¢ is the second
largest value of {|ck|}rez. Hence, by Proposition Bl for I = [s,t) x (z,00) C S we
have

[0.9] o Psoo
P (Z g(k/T,agl(kabT))(]) 7§ Z&(k/T7aT1(C+£ka))(I)> — 0, (3.2)
k=1

k=1
and by ([B.) we obtain

T—o0 1 2
DS (ratvivn) — P ann + PP Y
k=1 k=1 k=1

This result extends Theorem 3.3 of Davis and Resnick [§], who proved it under the
condition Y2 |ex]’ < oo for some d € (0,1). O

Proposition B.] gives a criterion for point process convergence of a discrete-time
subexponential sequence with marginals in MDA (A). In the continuous-time setting
of a MA process as given in (LI]), we apply the results to a properly chosen discrete-
time skeleton {Y(¢,) }nen. But then also the behavior of the continuous-time process
between the discrete-time points matters. The question arises how long the sample
paths of Y stays on a high level, and how it reverts to its mean after exceeding a
high threshold. The following Lemma is essential for describing the sample path of
Y after a high level exceedance.

Lemma 3.3 Let Y = {Y () }+er be a stochastic process in R with decomposition
Y(t)=f()Z+Y(t) forteR,

where Z € S N MDA(A) is a r.v. independent of Y = {Y(t)her, and f : R > R
is a deterministic function with f < er < o0o. Furthermore, assume there exist
constants ar > 0, by € R and ur = arx + by for x € R such that

[lim TP(f*Z > up) = exp(—z).
Define T = ]7+Z + 6, where 0 is independent of Z and satisfies
P(0 > z) = o(P(f*Z > 1)) forz — oo. (3.3)

Then the following assertions hold:
10
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(a) Let J C R and P(sup,c; Y (t)| < 00) = 1. Then, we have
Y(t)  f(t
—( ) & T > uT> =0.

br f+
(b) Let O = {o,...,ap} be a finite set in R such that f(t) = f+ fort € O. For
Y1, ...,yp € R, and y = max{0,yy,...,yp} we have

hm P <sup > €

T—o0 teJ

TILH;OIP’ (Y(a1) > ur + aryr, ..., Y(ap) > ur + aryp| 7 > ur) = exp(—y).
(c) Lett € R with f(t) < f+ and P(Y(t) > z) = o(P(f*Z > z)) for * — .
Then,

71i_r)r;oIP’(Y(t) > ur +apy|T >ur) =0 foryeR.
Remark 3.4 Let a € R with f(a) = f+, P(Y(a) > z) = o(P(f*Z > x)) for
x — oo and T = Y («), where we suppose Y is a.s. bounded on every compact set
on R. Then, Lemma (a) describes the sample paths behavior of Y, if it has an
exceedance over the threshold ur at time point a. More precisely, let Xt for T' > 0
be processes in some measurable metric space (]]3), 5), where uniform convergence
on compacta is sufficient for convergence. The process Xr is defined to have the
distribution

P(Xr € D) =P(Y € D|Y(«) > ug) for D € D.

Then Lemmal3.3 (a) states that X1 /by converges weakly to the deterministic func-
tion f(-)/f+. Thus, the ' sample path of Y/br after an exceedance of Y () above ur
is asymptotically f( )/er For P = 1, the exponential limit in (b) corresponds to
the limiting generalized Pareto distribution for scaled excesses in MDA(A). O

Example 3.5 (Continuation of Example B.2) Suppose P() =1, P? = ( and
co = ¢*. Let k € Z be fixed. Define the discrete-time process Y (n) = Yy, f(n) = oz,
Y(n) =Y, — f(n)& for n € Z and Z = &. Let Xy be a stochastic process with
P(Xr € D) = P(Y € D|Yy > ur) for D € B(R?). Then Lemma B3] (a) implies
Xr/br = {¢a—1/c" }nez. Applying Rootzén [22], Lemma 3.4, yields

T—>oo
Z 5(k?/T ar YYi—b1),(Yn/bT ) nez) Z €(sk1,Pr1s(Chon/cTInez)"
= k=1

For a subclass of the extended heavy tailed Weibull distribution with the specific
tail P(§; > 1) ~ KaPexp(—a®) for 2 — oo, K > 0, f € R, a € (0, 1), this result
can be found in Rootzén [22], Theorem 8.6. O

11



VICKY FASEN

4 Extremal behavior of a Lévy driven M A process

In this section we study the extremal behavior of a subexponential Lévy driven MA
process Y as given in (1)) satisfying Condition (G). To this end we use a discrete-
time skeleton. This means we investigate the extremal behavior of a discrete-time
sequence {Y (t,)}nen, where the discrete-time random sequence {t,}nen is chosen
properly by the jump times of the driving Lévy process and the extremes of the
kernel function. We shall show that the extremes of {Y(¢,)}nen coincide with the
extremes of Y on high levels.

Therefore, we decompose L in two independent Lévy processes according to its
jump sizes: L = Ly + Ly with Lévy measure

v (A)=v(AN(1,00)) + (AN (—o0,—1)) for A € B(R)

and generating triplet (0,0,7) of L;. The Lévy process Ly has generating triplet
(m,0%, v — v). Then L, is a compound Poisson process whose jumps have mod-
ulus larger than 1, and L, has jumps with modulus only smaller than 1. Hence,
Ly(t) = Z;V:(? Z; for t > 0, where N = {N(t)};cr is a Poisson process with inten-
sity u = v1(R), and jump times I' = {I' }rezqoy, - < T, <0< T <---. The
sequence Z = {Z, }rez consists of i.i.d. random variables with d.f.s vy (—o0, -] /L.
Furthermore, N and Z are independent. This decomposition of L induces a decom-
position of Y giving Y = Y] + Y5, where for i = 1,2,

Yi(t) = /00 f(t—s)dLi(s) forteR (4.1)

are independent MA processes. Then Y; has the modification

i)=Y f(t-T,)Z; forteR, (4.2)

e
where the right hand side is defined pathwise. First we give a short motivation for
the choice of the discrete-time random sequence {t, },en. Consider the Poisson shot

noise process Y7 given in (£2)), then

ViCe+t) = f(t)Zu+ Y f(t+Tx—T;)Z; forkeN teR.

j=—o0

J#k,0

For subexponential {Z;}rcz some Zj is likely to be large in comparison to other
terms of the sequence. Then Y;(I'y + t) behaves roughly like f(t)Z;. The process
{f(t)Zk }1er achieves a maximum only for some ¢ € O;. Similar results hold for large

12
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negative jumps and a minimum ¢ € Oy of the kernel function. This suggests that
Yi(t,) with

the{Ti+aV  keN1=1... PO} U{[y+a? : keN,1=1,... P}
is a local extreme value of Y7, if the absolute value of the jump of L is large.

Theorem 4.1 Let Y be a MA process as given by (1) satisfying Condition (G),
where Y has the decomposition (@) with (Z2). Fori =1,2,1=1,..., P%, define
point processes in Mp(S) by

@) _ . : Ry
Ky = €((Fk+al(z))/T’a;l(Y(Fk—i—al(ﬂ)_bT))7 Ko

k=1 - k;E(k/(Tu),a;l((—1)(i+1)f+Zk_bT))-

Let 32 £(spp) = K be aPRM(1;), i = 1,2, with intensity measure ¥; (dt x dx) =
dt x exp(—z) dx and ¥9(dt x dz) = dt x p~(1 —p) exp(—x) dx respectively. Suppose
kD and k@ are independent. Furthermore, define the point processes

p@) P2)
Kr =Y KD 4 3 K2 Fp = POFRY 4 pORD = plgM) | p@) @)
=1 =1

Let I = [s,t) x (v,00) C S. Then fori=1,2,1=1,...,P®, we have

lim P8 (1) £ 70U =0  and Ky == k.
The limit process of the point process of exceedances kr(- x (x,00)) for z > 0 fixed,
is the sum of two independent compound Poisson random measures with constant
cluster sizes P and P® respectively. If f has at most one maximum and at most
one minimum the limit process x is a Poisson random measure. This case reflects
no clusters on high levels.

The sample paths behavior near high level excursions is modelled by marked
point processes. For our model a marked point process is a point process in S X
[—00, 00]™ for m € N. The coordinates higher than three describe the behavior of
the continuous-time process in the neighborhood of an exceedance over the threshold
ur in the second coordinate. More about the concept of marked point processes can
be found in Daley and Vere-Jones [7], Section 6.4. The following corollary describes
the behavior of marked point processes.

Corollary 4.2 Let the assumptions of Theorem hold. Suppose ti,...,t, € R,
i € {1,2} is fixed and o € O;. Then the following statements hold.

13
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o
(a) Let Kr = 192—31 6((Fk+a(i))/T,a;1(Y(Fk—i—a(i))—bT),{a;l(Y(Fk-l—tj)—bT)}j:Lm’m)a
00
K = PP .
k;l € (skirPri { Pri 1{f(tj):(_1)(i+l)f+} +e oo l{f(tj)#_1)(“—1)f+}}]=1,m,m)

T—o0

be point processes in Mp(S x [—o00,00]™). Then Ky = K.
(b) Let Kr = 3,

1 \Gerar)/sap (L rat)=om ) Gy T ) /0T s =1,

i

8

K= & (skis Proa L (= 1)V £(85)/ F+ }j=1,....m)

k
be point processes in Mp(S x R™). Then Kr =K.

¢) Define P = P9 q, =T —|—oz(i) I =1,....,P, and a = T} + o for some
() ) k l 9 ) )
keN. Fory,,...,yp € R, y = max{0,y1,...,yp}, 01 =1 and 6, = p~ (1 —p)
we have

1

lim P (Y (a1) > ur + ary, ..., Y (ap) > ur + aryp| Y (@) > ur) = exp(—0,y).

T—o00

(d) Lett ¢ O; andy € R. Then

Jim P(Y (T +1) > ur + azy|Y (T, + a®) > up) = 0.
Remark 4.3

(i) Theorem[41] states that exceedances of {Y (I}, + ozl(i))}keN above the threshold
ur behave like the exceedances of {(—1)*V) f*Z, Y,z above ur for T — oco. Hence,
the influence of small jumps of the Lévy process, represented in Ys, are negligible for
the extremal behavior of {Y (I, + al(i))}keN, since Zy, represents the jumps of L with
modulus larger than 1. Furthermore, this result means that extremely large jumps of
the Lévy process cause extremely large jumps of the MA process. Fasen [10], Theo-
rem 1.4.5 shows the converse that under more restrictive assumptions on the kernel
function extreme large jumps of the MA process can only be caused by extreme
large jumps of the Lévy process.

(ii) The discrete-time skeleton {Y (t,,) }nen reflects the local maxima of the process
on high levels; see Corollary 4.2 (b). Notice that in the last coordinate of Kr in (b)
the normalization by represents the behavior of Y (I + ozl(i)).

(iii) The extremal behavior of a continuous-time MA process is similar to the
extremal behavior of a discrete-time MA processes, cf. Examples and [3.3 In
both cases the cluster behavior depends on the number of extremes of the kernel
function. U

In the following theorem we calculate the normalizing constants of running maxima

of Y.

14



EXTREMES OF SUBEXPONENTIAL MA PROCESSES

Theorem 4.4 Let Y be a MA process as given in (I1l) satisfying Condition (G),
where Y has the decomposition (41)) with (42). Assume the kernel function f
satisfies [°°_supgc,<y |[(t + )| A(ds) < oo. Write M(T) = supy<y<p Y (t) for T > 0.
Then,

Thm P (a7 (M(T) —br) <z) =exp(=[1+p (1 —p) 1{f~ = fT} e ") forz € R.
We impose a stronger condition on the kernel f than in (G), because we compute an
upper bound for Y, which only exists under this additional assumption. For a Poisson
shot noise process with non-negative, non-increasing kernel function, the normalizing
constants of running maxima have already been calculated by Lebedev [17].

Remark 4.5 If f is flat in its maximum and either f~ < f% or f is also flat
in its minimum with value — f*, the convergence of running maxima of Y is also
ensured. Following the proof of Theorem line by line and replacing the suprema
in X\ by the infima, a lower bound for sup,¢(,,_1 ) Y (t) can be found, without using

Theorem [4.1]. O
5 Proofs

Proof of Proposition (a). Using Davis and Resnick [§], Proposition 1.1,
there exist xg, K > 0, w : (z9/fT,00) — R absolutely continuous with density w’,
lim, o w'(z) = 0 and lim, ., w(z) = oo such that for z > z¢:

Jae V(@) (5),00) A(ds) + [, v(—00, =2/ f~(s)) A(ds)

v(x/y, o)
5 w(x/y))Q 2
< 52( e MLCIRYC! 65.1)
By the rule of L’Hospital lim w(z)/z = lim W'(z) = 0. Hence, by (5I) and f € L2,
we have
0 Jac v(@/f(5),00) Alds) + [, v(—00, =2/ [ (s)) A(ds)

< o)t T )

L Y (5),00) M) + [y (=00, —a/ f(5)) M) o
A(By)v(x/y, o) '

This means with 1 = (1, 00) and ps = v(—o0, —1) for x — oo,

/_OO v(z/f"(s),00) A(ds) + /Oo v(—o0, —x/f(s)) M(ds)

[e.9] —00

/ v(z) *(s), 00) Mds) + / v(—o0, —/ £~ () A(ds)
= MAmP(fH(UN)ZY > 2) + MA)P(f~(Ux) 2P > x). (5.2)

<

15
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(b). If L(1) € S and —L(1) € S respectively, we obtain by Proposition (iv)
for x — o0,

P(L*(1) > z) ~ iyP(ZY > 2)  and P(L (1) > z) ~ puP(Z? > )

respectively. Thus, standard arguments (for details see Fasen [10], Lemma 1.3.4) and
(a) yields for x — oo,

vy(,00) ~ MAP(fHULLT(1) > x) + MA)P(f~(Ua) L™ (1) > )
= MAP(F(UA)L(L) > 2). (5.3)

If v has a finite left endpoint, also the support of the Lévy measure of f~(Us)L™ (1)
is bounded below. Moreover fT(U4)L* (1) € S by Proposition (v). We have by
Theorem 26.1 of Sato [23], and Proposition (i),

P(f~(Ua)L™ (1) > z) = o(P(fT(Ua) LT (1) > x)) for x — oo.

Then (E.3) follows again with P(f~(U4)Z® > z) = 0 for large = and (a).
Thus, by (53)) and Proposition (iv) we obtain the r.v. Y(¢) € S if and only
if f(Ua)L(1) € S. In this case P(Y(t) > z) ~ vy(z,00) ~ AMA)P(f(Us)L(1) > z)

for © — oo. O

Proof of Lemma 2.3l Let € > 0 and 0 < A\(B,) < e. Similarly to (5.1]), there exist
Ky, zo > 0,w : (zo/f1,00) — R, absolutely continuous with lim, .., w(z)/z = 0
such that for x > x,

VY(:L‘v OO) _ /;Oo V(:L‘/er(S),OO) )\(ds)_'_/_voo V(—OO,—:L‘/ff(S)) )\(dS)

Sl Froe) e T NETI RS
AT
< 16 (50) [ RN e

which tends to 0 as x — oo and € | 0. On a similar way we obtain

. vy(—oo0,—x)
A Vo)

The statement follows by Proposition (vi). O

The main step of proving Proposition B.1]is the following Lemma.

Lemma 5.1 Let Z € SN MDA(A) be independent of the r.v.s 6 and X. Suppose
there exist constants ar > 0, by € R, such that for ur = arx + by with x € R,

lim TP(Z > ur) = exp(—=z). (5.4)

T—o00
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For € > 0 define vy = are.
(a) Suppose P(0 > z) = o(P(Z > x)) for v — oo. Then,

7lll’n TIP’(@ + Z > ur, Z < up— ’UT) = 0, (55)
im Tlim TP (O + Z > ur,|Z — ur| > arA) = 0. (5.6)

A A,
(b) Then, lim TP(0+ Z < ur,Z > ur +vy) = 0.
(c) Suppose P(X > z) ~ qP(Z > z) for x — oo and ¢ > 0. Then,
TlionTP(X+Z>uT,X <wur—vr,Z <up—uvyp)=0.

Proof of Lemma [5.11 Let F;, Fy and Fx be the d.f.s of Z, 8 and X respectively.

(a) Note that ur — oo, vy — 00, ap/by — 0 and also ur/2 —vr = (/2 —€)ar +
br/2 — oo for T'— oo. Hence, we can assume that ur/2 < up — vp. Now, suppose
for the moment that for T" — oo,

/ / Folur — 9)Fa(dy) = o(F(ur)) (5.7
ur/2 _
| Fotur —w)Fatdy) = ofFzlur)) (5.8)
Ty (ur/2) Fo(ur/2) = ofFy(ur)). (5.9)
Then we obtain for T' — oo,
P(O+2 > up, Z < ur —vr,0 < up/2) < /UT_UT Folur — y) Fy(dy) = o(Fz(ur)),
ur /2

ur /2

PO+ Z>ur,Z <ur/2) = / Fo(ur —y)Fz(dy) = o(F z(ur)).

Hence, the last two inequalities and (5.9]) give
PO+ Z > up, Z < ur — vr)
< PO+Z>up, Z <up—vp,0 <up/2)+...
i+ PO+ Z > ur, Z <ur/2)+P(Z >ur/2,0 > ur/2)
= o(Fz(ur)) for T — oo.
Applying (5.4)) yields (5H). On the other hand, we estimate
PO+ Z > up,|Z — ur| > arA)

P(Z > ur)
_ / o %FZ(@) + / Oi A%FZ(@)
Fe(z) F—?(UT) FZ(UT +arA)
S ST Talur) | Falur) o
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For the first summand in (5.I0) the assumption P(6 > x) = o(P(Z > z)) for z — oo,
Proposition (ii) and the fact that ur,ar — oo for T' — oo gives

Ia F2*
lim  sup Fo(2) Fy (ur)
T=002>ara Fz(2) Fz(ur)

— 0. (5.11)

Applying (5.4]) again gives for the second summand in (5.10),

i Lzl tord) o Frlar(@t A 4br) eplzr = A) ave o)
T—o0 Fz(ur) T—oo  Fy(arx + by) exp(—z)

The result (5.6]) follows then by (B.10)-(5.12).
Next we prove (0.7)-(2.9). By the same argument as used for (5.10I) and the fact
up, vy — oo for T'— oo we obtain (5.7):

ur—vr F _ F F2* oo
/ olur —y>FZ(dy) < sup _G(z) 7' (ur) =,

T/2 Fz(uT) z>vr FZ Z) Fz(uT)

Moreover, we obtain (5.8]) by Proposition [[.2] (iii). Finally, (5.9) follows from Propo-
sition (i), which gives

0< lim Fo(ur/2) Fz(ur/2) _ - Folur/2) o Fa(ur/2) Fz(ur/2) _
Toe Fz(ur) T—oo 'z (ur/2) Toe Fz(ur)

Statement (5.9) also holds, if § and Z are tail-equivalent.
(b) We have again by (54) and vy — oo as T — o0,

lim TP(Z > ur +vr,0 + Z < ur) < Tlim TP(Z > up + vr)P(0 < —vp) = 0.

T—o00

(c) Since Fx € S, we know that Fx(up —y)/Fz(ur) — q for T — oo locally
uniformly in y. Moreover, by Proposition (ii),

uT/Q F o
lim MFZ(dy) =q.
T—o0 o FZ(uT)
Thus by Pratt’s Lemma (Resnick [20], Exercise 5.4.2.4),

P(X—f—Z > UT,X S UT—UT,Z S UT/Q) uT/2 FX(UT—y)

lim = lim i F(d
Teo P(Z > ur) T—oo . Fy(ur) z(dy)
* . Fx(ur—y)
/OO T—co  Fy(ur) forur/2) (Y) Fz(dy)

18
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By symmetry also P(X +Z > ur, X < ur/2,Z < ur—vr) = o(Fz(ur)) for T — oo.
Hence, by (5.9),

P(X+Z>up, X <up—ovp,Z <ur—uvr)
< P(X+Z>up, X <upr—vp, Z <ur/2)+...

i+ PX+Z > ur, X <ur/2,Z <up—vp)+P(X >ur/2)P(Z > ur/2)
= o(Fyz(ur)) for T — oo. O

Proof of Proposition 3.1l Denote by ¢(r = > ., € (k/T 07 (Zet 0 —br)) for T > 0
»ar
point processes in Mp(S). Let € > 0 be arbitrary. Write I, = [s,t) X (z — €,z + €].

Then,
{CT(I)%ET(I)} Q U {0k+Zk>uT,ZkSUT—UT}U...
ke[Ts,Tt)
U {Qk —|— Zk S ur, Zk > ur —|— UT} U {%T(Ie) > 0}

ke[Ts,Tt)

Hence, by Lemma 5] (a,b) and the independence of ©; and Z; we obtain

P (CT(]) 7é %T(I)) < T(t — S)P(@l —+ Z1 > ur, Z1 < ur— UT) —+ P(ET(IG) > O) + ...
—I—T(t—S)]P)(@l—f—Zl < UT,Zl >UT+UT)

=X P(k(1) > 0) <2 0.

By a modification of an argument of Hsing and Teugels [I5] (see the proofs of their
Theorem 4.2, Lemma 2.1 and for more details Fasen [10], Corollary 1.2.2) we have
limy o P(kr (1) # ¢r(I)) = 0. Thus the assertion

Tim Blwr(1) # Fr(1)) < Jim P(sr(D) # Go(D) + Jim P(Gr(T) # For(D) =0

follows. We conclude kp —= k by Rootzén [22], Lemma 3.3. O

Proof of Lemma [3.3l Let € > 0 be arbitrary.
(a) We decompose the probability:

Y(t) [t
IP’(sup L—& > € T>UT> (5.13)
tes | br fr
= IP’(sup @—@ > e, |fTZ = up| > arA 7'>uT>—|—...
tes | br
..+ P | sup @—@ >e,|f+Z—uT|§aTA T>ur|.
tes | br
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The first term in (5.13)) satisfies the inequality
V() f(t
P(wp 1) _fv

teJ

bT er > €, |f UT‘ > ar

7'>UT>

P <|f+Z —ur| > arA, T > uT>
P(T > ur) '

Furthermore, by (3.3) and Proposition (iif),
lim TP(r > ur) = lim TP(f*Z + 60 > ur) = exp(—x). (5.15)

T—o00

(5.14)

Then, by using Lemma [5.] (a) we conclude

P <|f+Z —ur| > apA, T > uT>
lim lim
Atoo T—o0 IP)(T > UT)

For the second term in (5.13]) we have

Y(t) [t

PGW (1 _Jw
teJ

<P (sup Y (1)] > bre — ar(A + x)) P (’}42 . uT) < aTA> , (5.17)

=0. (5.16)

| > ¢, |f+Z —ur| < aTA>
br
teJ
where we used the independence of Y and Z in the last step. Furthermore,
TP ()f+Z — UT’ < aTA> <TP <f+Z > Up — CLTA> T2 =2+ for T — 00 (5.18)

holds. Thus, by (BI5), (&I7), (5I8) and bre — ar(A + z) — oo for T — oo (cf.
Embrechts et al. [9], p. 149) we obtain

p(wa@ 0
teJ

Combining (5.13), (5:14)), (516) and (5.19) yields the assertion.

b > e |fTZ —up| < arA
(b) First we show

> uT> =2, (5.19)

lim P (sup Y (t) — 7| > are
T—oo teo

> uT> = 0. (5.20)

Define vy = are. We proceed as in (a) and decompose the probability

P (sup Y (t) — 7| > vr
teO

7> uT) (5.21)

= P (sup Y (t) = 0| > vr, f[TZ > up — vy

teO

7'>uT)—|—...

7'>UT).

+P(sup|)~/(t)—9\ >UT,f+Z§uT—UT
teO
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For the first summand of (5.21]) we get by the independence of Y —fand Z

P (sup Y(t) = 0] > vr, [T Z > ur — vy

teO

7> uT) (5.22)

P (supteo Y(t) — 6] > UT> P (]7+Z > up — ’UT)

=x
]P(T > UT) .

<

The last term tends to zero, since ap — oo, TP(f+Z > ur — vy) — exp(—z + ¢€) for
T — oo and (5I5) holds.
Using Lemma 5] (a) and (5.10) we get for the second summand of (5.27))

T>UT)

=0, (5.23)

P (sup ?(t) — 9) > UT,f’LZ < wur—vr
teO

P <7’ > uT,erZ < ur —UT>

P (7t > ur)

Therefore (5.20) is proven by (B.21))-(5.23)). Invoking again (B.15]) we see that

P(7 > ur +ary;| ™ > ur) ey exp(— max{y;, 0}). (5.24)

Taking (5.20) into account we obtain the second statement of (b).

(c) By considering Proposition (iii) we have for |f(t)| < f™,
P(Y(t)>ar(x+y)+br)=o0 <IP (fJFZ > ar(x+y)+ bT>) for T — oo.

With (515) we conclude

P(Y(t) > ar(z+y) +br) 7o

0.
P (7' > arx + bT)

P(Y(t) > ur + ary| 7 > ur) <

If f(t) = —f", then with Lemma [5.1] (a) we have

lim P(Y(t) > ur + ary|T > ur)

T—o0

< lim P(—f+Z + ?(t) > ur + ary, f—'—Z > urp — UT)

T T—oo P(r > ur)

< PO > ur + ay)
T—o0 P(r > ur)

=0.

]
For the proofs of Theorem .1l and Corollary d.2 we first show the following Lemma.
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Lemma 5.2 Suppose the assumptions of Theorem hold. Then fort € R, k € N,
there exists a sequence {O(t) }reny with ©x(t) independent of Z;, and

Y(T) +1t) — f(t)Z,] < Ok(t) a.s. (5.25)
Furthermore there exists a r. v. © with O(t) L0 forkeN,t€R, and
P(© > x) =o(P(fT|Z,| > x)) forx — occ.

Proof of Lemma Choose k > 0 fixed, and define the shifted compound Poisson
process {L(t) }ser with jump times {—I'_;};cz oy, where

5o Iy for j =k,
I Fk — kaj fOI‘j € Z\{]{]},

with corresponding jump sizes |Zy;| at time —f_j and intensity p. Then,

V(D +1t) = Z ft+Them)Zm= > ft+T_)Zk,; forteR,

Tt i
and we obtain
Vi(Tr +1) = fOZ < D If(t+ L)1 Zny] =: Ya(t), (5.26)
e

where Y;(t) is a modification of the MA process o 1 f(E =)l dL(s). Thus,
YTk + 1) = f(O)Ze] < Vi(t) + [Ya(T + )] = Ok(2). (5.27)

Note, that ©(t) is independent of Zj. Choose © < Y;(0) + |Y2(0)|. By the indepen-
dence of I', Z and Y, as well as the stationarity of Y; and Y; we obtain

P(|Y Ty +t) — f(t)Z] > 2) < P(O4(t) > 2) =P(© > z) for k € N,z > 0. (5.28)

Using Proposition (b) and Proposition [ (v) we have | f(Ua)|L(1),Y7(0) € S,
and by Lemma also P(Y1(0) > ) = o(P(fT|Z,| > z)) for & — oo. Since vy,
has a bounded support, applying Theorem 26.1 of Sato [23] and Proposition (i)
yields

P(|Y5(0)] > z) = o(P(Y1(0) > z))  for x — oo,

Hence, with Proposition (iii) we conclude
P(© > z) = P(Y1(0) + |Y2(0)| > z) = o(P(f*|Z1| > x)) for z — co.  (5.29)
U
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Proof of Theorem [E.1l. Recall that by (2.4) the normalizing constants of Z, are
ar/u, bry, and, if p < 1, the normalizing constants of —Z,, are a(1—p)7/(pu)> O1—p)T/(op)-
Considering Lemma the assumptions of Proposition B.1] are satisfied, and thus,
. 1,0 ~(1 . 2,0) ~(2)

lim P(x)(1) # &), (D) = lim P(s) (1) # R5), (1) = 0.

T—o0
Hence,

Flor() #52(1) < P00 500 + SR D £ 30) .

T—o0

By Proposition 3.1 of Davis and Resnick [§] also kr k. A conclusion of

Rootzén [22], Lemma 3.3, is rr =y O

Proof of Corollary For statement (a) we consider w.1.o.g. the case m = 2,
t; = ol with f(t;) = (=1)@D f+ and f(ts) # (—1) D f+ Let T = Iyx [y x Iy x Iy =
(8, ] x (w1, 1] X [T2, y2] X [3,y3] be relatively compact sets on S x [—o00, 0o]?. Define
the point processes

1 _ .
Ky’ = Z8((FkJra(i))/T,a;l(Y(FkJra(i))be),a;l(Y(FkJralSZ))be),s_oo)’
k=1
2 _
Kp' = Z5(k/(Tu),a;1((—1)(i+1>f+zk—bT>,a;1((—1)(i+1>f+zk—bT),efoo)

T
I

in Mp(S X [—00,00]?). Thus,

P(Kr(1) # K7 (1)) < P(Kr(I) # Ky (D) + P(KR (1) # K (). (5.30)
On the one hand we have by (5.27), (529), Lemma B3] (¢) for some ¢ > 0, and
T =3 if x3 > —o0, and T = y3 if 23 = —o0,
P(Kr(I) # Ki (1)) (5.31)
< T(E +t— S)]P)(f(tg)Zk + @k(tg) > CLTf + bT, (— ) (i+1) f+Zk; + @k( ) > arxry + bT)

T—o0

—%0,

and on the other hand by Theorem E.1] we have for xs > —o0,
(K7 (1) # K5 (1)) (5.32)
<P(RED (I x 1) # 79 (I x 1)) + PV Iy x L) # 79 (1 x 1)) == 0.

If 25 = —oo similar arguments as in (5.31]) show limy_, IP(KF}D(I) #+ Kg)(l)) =0.
By Proposition 3.1 of Davis and Resnick [§] also Kg) = K. Again reasoning as
in Rootzén [22], Lemma 3.3, and (5.30)-(5.32) we obtain Ky —= K.
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Statement (b) is a conclusion of Lemma (a), Lemma and similar argu-
ments as in (a) (cf. Rootzén [22], Lemma 3.4). The statements (c¢) and (d) follow by
Lemma B3] (b, ¢), and Lemma (.2 O

Proof of Theorem M4l Let ¢, = sup;cp,_1,,41) [T (t) and d, = sup,ep,_1 i1y [ (2)
for n € Z. Since [7_supycici |f(t + )| A(ds) < oo we conclude Z;’of oo Cn < 00
and Y ° _ d, < oo. Now, we use the decomposition L = L1 LQ + L3, where
Zl and Zg respectively are positive compound Poisson processes with character-
istic triplet (0,0,77) and (0,0, ) respectively, where 71(A) = v(A N (1,00)) and
7h(A) = v(AN (=00, —1)) for A € B(R), and Ly = L, has characteristic triplet
(m, 0% v — 1y — ). Define

[e.o]

X = Z Cnfkf;(ﬁl)a X2 = Z dn,kfl(f), XB = sup / f(t—2s) dLg( )

k=—00 k=—00 te[n—1.n)

for n € N, where f,ff) = Li(k) — Li(k — 1) for k € Z, i = 1,2. Both X and X
are finite a.s. by Example 25 and since P(|Y(¢)| < oo for every t € R) = 1 also
|X7(L3)| < 00 a.s. As Ly and L, respectively, are increasing, we have

sup Y1) < XM+ XP + X = X,,. (5.33)

te[n—1,n)

Since {f,(:)}keN is an i.i.d. sequence with f,(;) < L;(1) and X® = {Xﬁi)}neN is a
discrete-time MA process, which satisfies the assumptions of Example B.2] we obtain
fori =1,2, (only i = 1 in the case [~ < fftorp=1)

= T—00 5(i),.(i
= ; g(k/T,a;l(X,gi)be» = pl@),.(0)

with x® as given in Theorem Il Furthermore, P() = card{k : ¢, = f*} and
P@ = card{k : d;, = f*}. The processes X" and X® are independent. By the
use of Example 2.5 we have IP’(Xy(f) > z) ~ POP(f+L;i(1) > z) for + — o0, i = 1,2
(only ¢ = 1 in the case f~ < f* or p = 1). Regarding Goldie and Resnick [13],
Theorem 2.3, (if f~ = f* and p < 1) and Proposition Bl (if f~ < fT or p=1) we
conclude

. =0 p() (1) 4 p2),.(2)
ZE kT (X 04X )> — PYVkY + PRV
k=1

The sample path of Y; are a.s. cadlag so that Y5 is also separable. Using Braverman
and Samorodnitsky [3], Lemma 2.1, and the Markov-inequality we obtain IP’(|X )| >
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x) = O(exp(—z)) for z — oo such that by Proposition[T.2] (i) we also have IP)(|XL(€3)| >
z) = o(P(f*|L(1)] > x)) for + — oo. Applying Proposition Bl yields

T2 ), 4 p@),.2)
Z6(k/T,a;l(X,(cl)+X,i2)+X£3)7bT)) — Pk 4+ PR,

oo
k=1

Thus, for I = (0, 1] x (z,00) we have on the one hand with (5.33))

T—o00 T—o00
k=1

= ]P)(li(l)(]) = O)[l{f—<f+} + 1{f—:f+} P(I{(Q)(I) = 0)] (534)

lim Plaz' (M(T) =by) <) > lim P <Z5(k/T,a;l(X,i”+X,iQ)+X,i3)—bT)) (1) = O)

On the other hand, Theorem (ATl gives

Jim P(a; (M(T) — br) <z) < P(PYD(I)+ PP (1) =0) (5.35)
=P(!(1) = 0)[1g5- <y + Ly pry P52 (1) = 0)).

Taking P(xM) (1) = 0) = exp(—e~®) and P(k@(I) = 0) = exp(—p~ (1 — p)e™®) into
account we obtain by (534) and (5.38) the result. O

Acknowledgement

I take pleasure in thanking my Ph. D. advisor Claudia Kliippelberg for helpful com-
ments and careful proof reading. My special thanks go to Holger Rootzén and his
colleagues at the Department of Mathematical Statistics, Chalmers University of
Technology for their hospitality in fall 2003. Discussions with Holger Rootzén have
been very fruitful and stimulating. Financial support by the Deutsche Forschungs-
gemeinschaft through the graduate program “Angewandte Algorithmische Mathe-
matik” at the Munich University of Technology is gratefully acknowledged.

References

[1] APPLEBAUM, D. (2004). Lévy Processes and Stochastic Calculus. Cambridge
University Press.

[2] BALTRUNAS, A., DALEY, D. J., AND KLUPPELBERG, C. Tail behaviour of

the busy period of a GI/GI/1 queue with subexponential service times. Stoch.
Proc. Appl. 111 (2), 237-258.

25



13l

4]

5]

(6]

7l

8]

19]

[10]

[11]

[12]

[13]

[14]

[15]

VICKY FASEN

BRAVERMAN, M. AND SAMORODNITSKY, G. (1995). Functionals of infinitely

divisible stochastic processes with exponential tails. Stoch. Proc. Appl. 56 (2),
207-231.

BROCKWELL, P. J. (2000). Heavy-tailed and non-linear continuous-time
ARMA models for financial time series. In: W. S. Chan, W. K. Li, and H. Tong
(Eds.), Statistics and Finance. Imperial College Press, London.

CLINE, D. B. H. (1986). Convolution tails, product tails and domains of
attraction. Probab. Theory Related Fields 72, 529-557.

CLINE, D. B. H. AND SAMORODNITSKY, G. (1994). Subexponentiality of the
product of independent random variables. Stoch. Proc. Appl. 49 (1), 75-98.

DALEY, D. J. AND VERE-JONES, D. (2003). An Introduction to the Theory of
Point Processes, vol. I. Elementary Theory and Methods. 2nd edn. Springer,
New York.

Davis, R. AND RESNICK, S. (1988). Extremes of moving averages of random

variables from the domain of attraction of the double exponential distribution.
Stoch. Proc. Appl. 30 (1), 41-68.

EMBRECHTS, P., KLUPPELBERG, C., AND MIKOSCH, T. (1997). Modelling
Extremal Fvents for Insurance and Finance. Springer, Berlin.

FASEN, V. (2004). Extremes of Lévy Driven MA Processes with Applications
in Finance. Ph.D. thesis, Munich University of Technology.

FASEN, V. (2005). Extremes of regularly varying mixed moving average pro-
cesses. Adv. in Appl. Probab. 37, 993-1014.

GOLDIE, C. M. AND KLUPPELBERG, C. (1998). Subexponential distributions.
In: R. J. Adler and R. E. Feldman (Eds.), A Practical Guide to Heavy Tails:
Statistical Techniques and Applications, pp. 435-459. Birkhéuser, Boston.

GoOLDIE, C. M. AND RESNICK, S. (1988). Subexponential distribution tails
and point processes. Commun. Statist.-Stochastic Models 4 (2), 361-372.

GUSHCHIN, A. A. AND KUCHLER, U. (2000). On stationary solutions of delay

differential equations driven by a Lévy process. Stoch. Proc. Appl. 88 (2),
195-211.

HsiNG, T. AND TEUGELS, J. L. (1989). Extremal properties of shot noise
processes. Adv. Appl. Probab. 21, 513-525.

26



[16]

[17]

18]

[19]

20]

21]

22]

23]

[24]

EXTREMES OF SUBEXPONENTIAL MA PROCESSES

KALLENBERG, O. (1997). Foundations of Modern Probability. Springer, New
York.

LEBEDEV, A. V. (2000). Extremes of subexponential shot noise. Math. Notes
71 (2), 206-210.

PAKES, A. G. (2004). Convolution equivalence and infinite divisibility. J. Appl.
Probab. 41 (2), 407-424.

RajpuT, B. S. AND ROSINSKI, J. (1989). Spectral representations of infinitely
divisible processes. Probab. Theory Related Fields 82 (3), 453-487.

RESNICK, S. 1. (1987). Extreme Values, Regular Variation, and Point Pro-
cesses. Springer, New York.

RoOTZEN, H. (1978). Extremes of moving averages of stable processes. Ann.
Probab. 6 (5), 847-869.

RoOOTZEN, H. (1986). Extreme value theory for moving average processes. Ann.
Probab. 14 (2), 612-652.

SATO, K. (1999). Lévy Processes and Infinitely Divisible Distributions. Cam-
bridge University Press, Cambridge.

WILLEKENS, E. (1986). Hogere Orde Theorie voor Subezponentiéle Verdelingen.
Ph.D. thesis, Katholieke Universiteit Leuven.

27



	1 Introduction
	2 Stationarity and tail behavior
	3 Extremal behavior of subexponential sequences
	4 Extremal behavior of a Lévy driven MA process
	5 Proofs
	References

