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1 Introduction

We consider a ¢g-dimensional stochastic recurrence equation

Yn = An Yn—l + Cn, n € N, (].].)

for some iid sequence {(A,,(,)}neny of random ¢ X g-matrices A, and g-
dimensional vectors (,. Let z, € R? be some fixed nonrandom vector with
Euclidean norm |z,] = 1. Our goal is to describe the extremal behaviour of
the process y, = 2.Y,, n € N, where ’ denotes transposition, and throughout
the paper all vectors are column vectors. The extremal behaviour includes
besides the asymptotic behaviour of the running maxima
anlrgag);yj, neN,

also a precise description of the limit behaviour of the point processes of
exceedances over high thresholds.

Our principal example is the random coefficient autoregressive process

Yn = U1pYn-—1 + "'+aqnyn—q + fna ne N, (12)

with random variables (rvs) a;, = a; + 0;7in, where a; € R and o; > 0 for
1=1,...,q. Set

/

Oy = (alna s ,qun) and 7, = (nlnv s 777!171),'

We suppose that the sequences of coefficient vectors {n, },en and noise vari-
ables {&, }nen are independent and that both sequences are iid with

E&=En;=0 and EE =Eni=1, i=1,...,q. (1.3)

Setting Y, = (Yn, - - - s Yn—q+1)’ it follows immediately from (1.2) that the mul-
tivariate process {Y,, }nen satisfies the random recurrence equation (1.1) with

1yt Oéqn

A, = and G, = (6,,0,...,0) . (1.4)
I.1 0O

where I, ; denotes the identity matrix of order ¢ — 1. In this case y, = 2.Y,,
for z, = (1,0,...,0)".

Solutions to random recurrence equations have usually Pareto-like tails, a fact,
which is based on seminal work by Kesten [12] and was further developed by



Goldie [7] for the one-dimensional case, and by Le Page [18] and, more recently,
by Kliippelberg and Pergamenchtchikov [13], and De Sapporta, Guivarc’h and
Le Page [22] for the multivariate case. Applications of such results appear in
various areas, see e.g. Diaconis and Freedman [4] for an overview. Prominent
examples in the area of financial time series include the GARCH(1,1) model,
which was investigated by Mikosch and Starica [17]. In Kliippelberg and Perga-
menchtchikov [14] we investigated model (1.2). We presented conditions such
that the process {y,}nen allows for a stationary version, represented by a rv
Yoo We also proved that y., has, under natural conditions, a Pareto-like tail.

The extremal behaviour of solutions to random recurrence equations has been
investigated in the one-dimensional case for positive rvs A, and (, in de
Haan et al. [9]. The multivariate case has been studied in Basrak, Davis and
Mikosch [2] and Mikosch and Starica [17]. Prominent condition in all these
papers is that the matrix A, in (1.1) has a.s. positive entries.

Our paper can be considered as an extension of results of de Haan et al. [9] and
Basrak et al. [2] to arbitrary matrices in R?. De Haan et al. [9] considered the
univariate model (1.1) with positive random variables A,, and gave a precise
account of the extremal behaviour. In [2] the multivariate model (1.1) is con-
sidered with positive entry matrices A,, and its extremal behaviour is studied.
In that paper the authors show the existence of a limit process for the point
processes of exceedances and existence of an extremal index. In the present
paper we give a precise description of this limit process for model (1.1) with
general matrices A,. The limit is a compound Poisson process, and besides
the Poisson intensity we also give a complete account of the jump distribution,
where jump sizes of the process correspond to the cluster sizes of extremes.
We also present an explicit form of the extremal index.

Our paper is organised as follows. In Section 2 we present results on the ex-
istence of a stationary solution of the process {y, },en. Stationarity is a usual
prerequisite in extreme value theory and we shall work with the stationary
model. We also prove strong mixing of the process defined in (1.1), which
implies the weaker mixing conditions needed for our results on the extremal
behaviour of {y, }nen. In Section 3 we state our main results. Starting from the
fact that solutions to stochastic recurrence equations have usually Pareto-like
tails, we embed our model into the context of multivariate regular variation.
We describe the limit distribution of properly normalized running maxima.
Furthermore, results on the extremal behaviour of the stationary model in-
clude an explicit representation of the limit process of the point processes of
exceedances over high thresholds.

In Section 4 we present a new proof of the fact that for such models regular
variation of every linear combination of marginals implies multivariate regu-
lar variation. This new approach also extends results from Basrak et al. [1]



to symmetric distributions, which will prove useful for our principal exam-
ple (1.2). In Section 5 we prove our main result from Section 3 and present
in Section 6 its consequences for the random coefficient autoregressive model.
Technical details are summarized in the Appendix.

2 Existence of a stationary solution and the strong mixing property

We consider the model (1.1) and use the following notation to formulate our
assumptions. The symbol ® denotes the Kronecker product of matrices. Fur-
thermore, | - | denotes the Euclidean norm in R? and |A|* = trAA’ is the
corresponding matrix norm.

We make the following assumptions:

A1) The sequences {Ap}tnen and {(, nen are both iid and independent of each
other, satisfying

E|Al]? < oo, EG=0 and E|]* < .

As) The Markov chain {Y, }nen defined in (1.1) is aperiodic and irreducible
with respect to some nontrivial measure in R,

Sufficient conditions on {(An, (,)},en to ensure Ay are well-known in Markov
chain theory and, for instance, given in Feigin and Tweedie [6]. For example, it
suffices in the general model (1.1) that the random vectors (,, have a positive
Lebesgue density in R? on the set {x € R? : |z| < R} for some R € (0, o).

In the context of random recurrence equations there exist necessary and suf-
ficient conditions for stationarity, going back to Kesten’s seminal work on the
subject; see Kesten [12], also Goldie and Maller [8]. Such conditions involve a
negative Lyapunov exponent, a condition, which is in general difficult to ver-
ify. Because of the structure of our model we can give an equivalent condition
based on the eigenvalues of a certain matrix.

Assume that the following condition holds:

A3)  The eigenvalues of the matrix

EA ® A (2.1)

have moduli less than one.

As stated in Remark 2.2(ii) of [14], since E((A;---4,) @ (41---A,)) =
(E(A; ® Ay))", condition Az guarantees that for some constants ¢,y > 0,



E|A, - A <coe ™. (2.2)

Classical Markov chain theory ensures that under A; and Aj the Y,, converge
in distribution to its stationary distribution given by the random vector

Yoo =G+ D A1 A (2.3)
h—2

satisfying E |V, |> < co. We denote by 7 the distribution of Y., in R? and by
P"(z,-) the transition probability

P'(z,T)=PY,el'|Yo=2), zeR?,
for every measurable I' C RY.

Moreover, for some function v : R? — [1,00) we define (see p. 383 in Meyn
and Tweedie [16])

|||Pn _ 7T|H = sup HPn<x7) —71'(-)”@
Y eRru v(z) ’

where

[Pz ) =7, = sup | [ FE)P(wdn) ~ [ f)w(dz)].

0<f<v a
We need the following definitions.
Definition 2.1 (a) A Markov chain {Y,}nen is called v-uniformly geometric
ergodic if there exist R > 0 and 0 < p < 1 such that for every n € N
[P — ||, < Rp".
(b) For the stationary process {Y,}nen the mixing coefficient is for k € N

defined as

o = sup IEf(..,Y 1, Y) h(Ye,Yer1,.) = E f(., Y1, YO ER(Yy, Yir, )|, (2.4)

where the supremum is taken over all measurable functions f and h satisfying

|fl,|p| < 1.

Note that Theorem 3 in Feigin and Tweedie [6] and Theorem 16.1.2 in Meyn
and Tweedie [16] imply part (a) of the following result, part (b) is proved in
the Appendix.



Theorem 2.2 Let {Y,,}nen be as defined in (1.3) such that Ay — As hold.

(a) {Y,}nen is v-uniformly geometric ergodic with v(x) =1+ 2'Tx, x € RY,
for some fixed positive definite ¢ X g-matriz T .

(b) The stationary process (1.1) is strongly mizing with geometric rate, i.e.
for some positive constant C*,

of < C*pF, keN. (2.5)

k

Remark 2.3 Consider two sequences {Y,, (Yoo ) }n>o0 and {Y,,(Y)}n>0 given by
the same recursion (1.1), but with different initial vectors Y., and Y, where
Y. is supposed to have the stationary distribution and that E|Y]? < oo.
Both vectors Y., and Y are supposed to be independent of the future values
{(A,, () bnen- For the initial vector Y we have the recursion

Yn(Y):AnA1Y+ZAnAk+1Ck7 n€N7

k=1

where A, A, 11 = I,, and analogously for initial vector Y. By independence
of the matrices A, for all n € N and the vectors Y ,Y,, we obtain, invoking
inequality (2.2),

E|Y,(Y)=Y,(Yoo)P<E J] |4 PE|Y =Y. |* < c.E|Y = Y [?e . (2.6)

=1

Therefore, E |Y,(Y) — Y,,(Y4)|? tends to 0 exponentially fast as n — oo for
any initial vector Y with E|Y]? < co. O

3 Extremal behaviour

The main goal of this paper is the investigation of the extremal behaviour of
model (1.1). We introduce the unit sphere S in R?,i.e. S = {zx € R? : |z| = 1}.
We assume that the vector (2.3) satifies the following condition

H,) There exists A > 0 such that
lim PPV > 1) =h(z), z€S,
for some strictly positive continuous function h on S.

Remark 3.1 We call condition Hy regular variation of the vector Y, in the
Kesten sense, see for example, [12], Remark 4 on p. 245. Indeed, it means that
every linear combination of Y, is one-dimensional regularly varying, where the



slowly varying function is a positive constant. Regular variation in the Kesten
sense is not necessarily equivalent to multivariate regular variation, which is
defined as follows (see Resnick [19, 20] for details). The g-dimensional random
vector Y is called regularly varying with index ov > 0, if there exists a random
vector © with values on the unit sphere & in R? such that for all ¢ > 0

P(Y| > tz, Y/|Y] € )
P([Y]> 2)

S PO €-), z— o0, (3.1)

where % means vague convergence of measures. We shall show in Section 4
that under weak conditions the finite dimensional distributions of {y, },cn are
multivariate regularly varying in the sense of (3.1). O

Condition Hy implies that for y,, = 2.Y,,

lim nP (Yo > uy) = hya ™™, x>0, (3.2)

where u,, = n'/*z and h, = h(z).

This Poisson condition implies for the so-called associated iid sequence {Uk tren
with the same distribution as y., that the partial maxima M,, = maxj<g<, Yk,
n € N, satisfy

Jim. P(n Y M, < z) = exp(—h.2), x>0, (3.3)
This is classical extreme value theory and can be found in any textbook on
this topic; see e.g. Embrechts, Kliippelberg and Mikosch [5].

For the extremal behaviour of model (1.1) we expect that the running maxima
of {Yn }nen have a limit of the same type as (3.3), but with different norming
constants. Loosely speaking, large values of {y, } ,en have a tendency to cluster,
which implies that the maximum of M,, behaves as the maximum of On iid rvs
with the same distribution. The constant 6 € (0, 1] is called extremal index of
{Yk }ren- It is a measure of local dependence amongst the exceedances over a
high threshold by the process {yx }ren and has a natural interpretation as the
reciprocal of the mean cluster size.

To describe the extremal behaviour in more detail we shall also study the
point processes of exceedances of {y, }nen over high thresholds. We denote by
€ the Dirac measure and define for n € N and appropriate thresholds wu,, the
time normalized point process of exceedances on the Borel sets of [0, c0)



n

Nu(-) =7 €n() Lyymun) - (3.4)

Jj=1

We show that the sequences N, converge for n — oo and u, T oo weakly
to a compound Poisson process N. Moreover, we derive for the limit process
N the intensity and cluster size distribution, which is a discrete distribution,
denoted by {v;};en. Whereas the intensity describes the frequency of threshold
exceedances, the cluster size distribution gives the distribution of the cluster
sizes over thresholds. For further background we refer to Leadbetter, Lindgren
and Rootzén [15], Section 3.7, and Rootzén [21], see also Embrechts et al. [5],
Chapter 5 and Section 8.1.

Before stating our main results, we prove an analogue of Remark 2.3 for partial
maxima.

Remark 3.2 (a) Recall that M,, = max{y1,...,y,} = max{z.Y],..., 2.Y,},
where the vector (Yi,...,Y,) depends on the initial vector Y and we indi-
cate this by writing M, (Y). Taking into account that |max ay — max by| <
max |a, — b| we obtain for every 6 > 0

P(|M,(Y) — M,(Ys)| > 0n'?) < P(max |2, Y,(Y) — 2. Yi(Ys)| > 6n'/?)

1<k<n

< P(max [Yi(Y) — Ya(Yeo)| > on'?)
1 n

S 5an kZ:Il EYe(Y) — Yi(Yoo)] -

Now inequality (2.6) implies that the right hand side tends to 0, i.e.
n~ A (M (Y) — My (Yeo)) o 0, n—oo,

for any initial vector Y with E|Y'|? < co. Therefore the weak limit of partial
maxima M, is independent of the initial vector Y.

(b) To show that the point process convergence is independent of the initial
vector Y we need to assume condition Hy. For n € N we set u,, = zn!/* for
some x > 0 and denote by

n

NY () =" €imO)ley;o0v)sun

=1

the point process of exceedances over u,, corresponding to the process {Y;}en
with initial vector Y. For arbitrary 0 < e < 1wedefine I, | = {max;<j<, [2.Y;(Y) —
z;Y;(Yoo” < €un}a then



P(INy () = Ny>()] > 0) < P(Y_ Mpaty;0)sun) — Liatyj(vm)sunyl > 0)

J=1

Z Liyv;)sunt — Lty vie)suatl > 0,1, ) + PIT )

| /\

IA
M:

P(un(l —g) <2Y;(Yoo) < (1+€)un) +P(I7 )

Pu,(1—¢) <2Ye < (1 4e)u,) +PT¢ ),

<.
Il

3

By definition, lim P(I'¢ ) = 0 and condition Hy implies that

n—o0

NY()_NXOO()i()? n — oo,

n

for any initial vector Y with E|Y]? < oo. Thus the weak limit of N,(-) is
independent of the initial vector Y. O

The extremal index 6 and the cluster size distribution {v;};en can be repre-
sented by the limit measure () of the following measures on R?:

Pt 'Yeel'nW,)

=Pt 'Y, el |tV eW )= ,
Qt( ) ( S | S z*) P(tilyoo c WZ*)

(3.5)

for t — oo, where W, = {y e R? : 2’y > 1} for z € RY.

Theorem 3.3 Assume that condition Hg holds. If the positive exponent X\ in
this condition is non-integer, then there exists a weak limit Q) of the family
{Q:¢}i>1 of measures (3.5) as t — oo. It satisfies for measurable I' C R?

Q) = pIT'NW, ), (3.6)
where  is some positive o-finite measure on RT\ {0} with p(W, ) = 1.

In our principal example (1.2) with Gaussian rvs {£, },en the stationary dis-
tribution given by the vector (2.3) is symmetric. For such cases we can prove
a stronger result.

Theorem 3.4 Assume that condition Hy holds and Y., has a symmetric dis-

tribution on RY; i.e. that Y <y, If the positive exponent X in condition Hy
s non-even, then the assertion of Theorem 3.3 holds.

We shall prove this result in Section 4. The measure () plays an important role
in the description of the joint distribution of the stationary vector (yi, ..., yx)
for every k£ € N on high levels. In this sense it is not surprising that () describes
the partial maxima of {y,}nen and the limit behaviour of point processes of
exceedances.



We set

§<y) :Z 1{Z;ij>1} Wlth Hj :Aj"'Al. (37)

j=1
and define the following technical conditions :

H,) P(s(y) =0) > 0 for everyy € W__.
H,) P(2ll;y=1)=0 for everyy € W, and j € N.

H, and H; are conditions on the distribution of the sequence (4,,),,cy. Condi-
tion H; implies that max;y 211y falls with positive probability in the interval
[—1,1]. Condition Hy is for example satisfied, if the random variables z/II;y
have a density in R for every y € W, and every j € N. In Lemma 6.5 with
proof in Section 6.2 we shall check these conditions for the random coefficient
autoregressive model (1.2).

The following result describes the extremal behaviour of any process with
multivariate random recurrence state space representation under natural con-
ditions.

Theorem 3.5 Assume that the conditions A1 — Az and Hy —Hy hold. More-
over, let the exponent X\ in condition Hy be non-even, if Yy, is symmetric, and
non-integer otherwise.

(a) Then
lim P(n Y M, <z)=e¢ %" 2>0,

n—0o0

where h, = h(z,) and the extremal index 0 is defined as

0= [ gy Qdy) >0. (3.8)

The probability measure Q(-) is the weak limit of the family (3.5) ast — oo
and

g(y) =P(c(y) =0), yeW,_, (3.9)

with the function ¢(-) defined in (3.7).

(b) Forn € N let N,, be the point process of exceedances over the threshold
U, =n'*x for x > 0 given by (3.4). Then

d
N,— N, n— o0,

10



where N is a compound Poisson process with intensity 01 (1 = h,a™) and
the cluster size probabilities

Vg :9_1(9k_9k+1)7 kGN,

satisfying 01 = 60 > 0y > 03 > ... > 0 with

b= [, @) Q) and giy) =P(s@) =k—1), yeW. , (310)

for k € N with ¢1(y) = g(y) as defined in (3.9).

Remark 3.6 (a) In Appendix B we shall show that Hy implies that all gy
are continuous.
(b) For g = 1 the limit measure ) has a Lebesgue density, more precisely,

Q(dy) = Ay A Liysndy.

In this case the extremal index has representation
_ > o ~1), —A-1
9—)\/1 P(Il?gl\)l(Ak A <y )y dy.

This result has been obtained in Borkovec [3]. O

4 Properties of the measures (); - multivariate regular variation

In this section we come back to Remark 3.1. Basrak et al. [1] investigate the
various notions of regular variation and their relationships, in particular the
relationship between regular variation in the Kesten sense and in the sense of
(3.1). They proved in their Theorem 1.1 that for non-integer A > 0 regular
variation in the Kesten sense implies (3.1). They also proved this result for
A an odd integer and vectors Y in R%. As an important class of models is
symmetric - also our principal model (1.2) is in the important Gaussian case
symmetric - we reconsider the problem in this context. We present a new proof
of Theorem 1.1 of [1], together with an extension of this result for symmetric
models.

We follow the point process theory as presented in Kallenberg [11]. Set R =
R U {—00, +00} and consider in what follows £ = R”\ {0} as the state space
of the point processes.

We study the properties of the family of measures defined in (3.5). Define

11



P(Yoctl)

I —
mt( ) P(Yoo c tWZ*>7 - 4

for any measurable I' € R? and notice that Q,(I') = m,(I'NW_,).

Remark 4.1 (a) Regular variation in the Kesten sense as given in Hy can
be rewritten as

. PEYe>t) -

lim ———F = 4.2

where h(-) = h(-)/h,. Moreover, the function & satisfies for every ¢ > 0,
h(tz) =t*h(z), z€S,

where )\ is defined in Hy. This means that for all z # 0 the rv 2'Y,, is regularly
varying with index .

(b) The limit relation (4.2) is equivalent to

P(Y, €tW,) ~
=h S. 4.3
M v, e, ) e =€ (4:3)
a
Now define
1 1 1 1
5 - - - ) Y € R7
po(z,y) P y++1‘ s v | L
were we denoted xy = max(z,0) and x_ = —min(x,0). With this notation

we introduce the following metric on &

pz,y) = zq: po(T5, ;) +

J=1

1

— — , xr,y€ef.
lz| [yl

Then (&, p) is a separable and complete metric space. Moreover, for every
d > 0 the set {z € £ : |z| > J} is compact in this space, and bounded sets
are those that are bounded away from 0 € R%. The topolgie on & is discussed
in more detail in Resnick [20].

We are interested in vague convergence of measures (4.1) in (€, p), i.e. condi-
. . . . v

tions for which there exists a measure m in £ such that m; — m as t — oo.

We recall that m; — m means vague convergence of m; to m; i.e.

lim | f(y) mi(dy) = /5 f(y) m(dy)

t—oo Jg

12



for all continuous functions f with compact support in (£, p). We shall use
the following results.

Theorem 4.2 [Basrak, Davis and Mikosch [1], Theorem 1.1(ii)]
Let condition Hy hold for non-integer X\ > 0. Then the family (4.1) of measures

has a vague limit in (€ , p). Moreover, Yy, is multivariate reqularly varying in
the sense of (3.1).

The following result is essential for this investigation, in particular, for our
principal example (1.2).

Theorem 4.3 Assume that Yy, has a symmetric distribution on RY. Let con-
dition Hy hold for non-even A > 0. Then the family (4.1) of measures has a
vague limit in (€, p). Moreover, Yy, is multivariate regqularly varying in the
sense of (3.1).

Remark 4.4 Note that this theorem does not hold in general for even in-
tegers A. This follows directly from the counterexample given in Hult and
Lindskog [10]: take on p. 136 above e.g. fp = 1/(2m).

We shall use the following lemma, whose proof is given in Appendix C. To
formulate the result we recall the definition of a subsequential vague limit.
The measure p is called a subsequential vague limit of m,, if there exists a
sequence t,, — oo such that m;, — p.

Lemma 4.5 Assume that condition Hy holds. If v is a subsequential vague
limit of {m;}i>1, then for every u > 0 we have

ply €RY: 2y > u)=uh(z), z€S. (4.4)

Moreover, setting h(z) = h(z) + h(—z), we obtain for u> 0 and 0 < v < A

A N
[ 12l ) = 2w i),z €, (4.5)
|2y|> A—v
and for v > A
A .
[l ) = S w i), zE s, (4.6)
|2'y|<u v—A

Proof of Theorem 4.3 We first show that the family (4.1) is relatively
compact; i.e. that sup,~,; m¢(B) < oo for all bounded Borel sets B in £ (see
Kallenberg [11], Theorem 15.7.5). To see this recall that in the space £ bounded
sets are those that are bounded away from 0 € R, i.e. for every bounded B

13



there exist non-zero vectors xy, ...,z in R?7\{0} such that
k
U W, U (R"\R?)

and, hence, by (4.3)

sup my(B) < sup
t>1 t>1

This implies that the family {m;};>; has a subsequential vague limit.

To complete the proof it suffices to show that any two such limits, py and po,
are identical. First we suppose that A is non-integer, i.e. A € (I —1,[) for some
[ € N. Let puy and ps be two subsequential vague limits.

First note now that (4.4) implies that
p(rel jr=00) = uy(xef : |zf=00)=0.

Therefore, for the identity of the measures pq and ps it suffices to show that

[, @) m(de) = [ f(x) pad) (47)

for every continuous bounded function f satisfying

flz)=0 if |z|<r (4.8)

for some positive r. W.l.o.g. we can assume that f is infinitely often differen-
tiable and periodic (with period 2L) in every component of z. Hence, f has a
representation as Fourier series

= > e - e RY, (4.9)

keNda

where 2z, = mk/L and (z,z) = z,, . Now note that condition (4.8) implies
for all d € N
Z Ck (Zkay)dzov Yy GRq7 (410)

keNa
which implies that f has representation

J@)= Y aldii((zea), zeRY,

keNa

. L4 J
Al((zk,x)) _ ez(zk,m) _ Z (Z(Zk’ja‘x)) . 1€ RY .
Jj=0 ’

14



Recall from standard analysis that

) |mv+1 QLrV

Moreover, we can represent the function f as

fl@) = Hia(x) + H_y(z), x€R?,

where, setting z = z/|z|,

Hi(z) = > e dil(20,2) Lyzonyzry,  Hi(@) = Y o A((z, 7)) 1)<ty -

keNda keNg

Taking (4.5) and (4.11) into account we obtain

/ Hi_y(z) pa(dz) = > /I - ‘>1} ~1((zk, 7)) 1 (de)

keNd

=S o[ Al ) pald)

kENq

— /Rq H_1(z) po(de).

We have used that the integrals on the right-hand side are finite by Lemma 4.5,
which also justifies the interchange of summation and integral. Equality of
both integrals follows from the integrands’ dependence on the inner products
(2, x) only. Analogously, from (4.6) and (4.11) we obtain

/Rq Hi_y(2) p(de) = /Rq Hy_1 () po(dz) .

We show now equality of p; and s for odd integers [ = A\ = 2p 4+ 1 for some
p € Ny. For such | we represent the function (4.9) as

A ‘l

f(x) = Hia(x) + Hix )—ﬁPl( z), =eRT,

where Py(x) = Ypene ik (2, ) 1{/(z,.0)|<1}- From the calculations above fol-
lows that (4.7) holds, if

/Rq Py (z) p(dx) = /Rq Py(x) pa(der) .

From the definition of the measures p; and py follows the existence of se-
quences {71, fnen and {ro, bnen such that m,, — u; as n — oo for i = 1,2.
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Let Dp, be the set of discontinuity points of the function Fj, which is given by

Dp = J {zeR?: |(zZ,2)] = 1}.
keN4

In Appendix C we prove that p;(Dp,) = 0 for i = 1,2. Moreover, for every
x e RY

[Pi(x)] < Y el < o0,

keNg

i.e. P, is bounded, since the function (4.9) is infinitely often differentiable.
Furthermore, if x € R? with |z| < 1 then |(Zx,x)| < |Zk||z| < 1 for every
k € N?. Thus (4.10) implies

P(x) = Z Ck (Zk,$)11{|(zk,x)|<1} = Z Ck (zk,x)l =0, Jz|<1,
keNa keNa

i.e. this function has bounded support {z € R? : |z| > 1}. Therefore, by
Theorem 15.7.3 of Kallenberg [11] we can write

/Rq P(z) py(dx) = lim Py(z) my,, (dz)

n—oo JRrq
1
_ i E P(Ya, /11
no0 P (Yoo € 11, W, (Yoo /T10)
|

— i "E (Zk, Yoo 14z r
A PV > ) 25, 4 B R Lo

=0,

by symmetry of Y,,. Analogously we obtain [p, P(z) u2(dz) = 0. Hence, (4.1)
converges to a limit u. a

Proof of Theorem 3.3 and Theorem 3.4

We denote by p the vague limit of the measures (4.1). From (4.4) follows
directly that p(OW,, ) = 0. Therefore, the family (3.5) has also a vague limit
@ (see Kallenberg [11], Theorem 15.7.3), which satisfies (3.6). Moreover, by
definition, for every ¢t > 1,

Qi(RY) = QW) = 1= QW) = Q(RT).

Thus, Theorem 15.7.6 of [11] guarantees weak convergence of the family (3.5)
to Q. a
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5 The existence of an extremal index and point process conver-
gence

5.1 Definitions and existing results

We consider a stationary process {yy }ren such that for every 7 > 0 there exists
a sequence {u,(7)}nen for which

lim n P(y; > u,(7)) = 7. (5.1)

n—oo

The conditions D(u,(7)) and A(u,(7)) are extreme mixing conditions (for
the definitions see for example Rootzen [21], p. 379), which are both implied
by strong mixing; i.e. they follow immediately from Theorem 2.2 for every
appropriate sequence {uy, }nen.

Definition 5.1 (Extremal index)
Assume that there exists a constant 0 < 6 <1 such that for every 7 > 0

. _ =0
Jim P(max ye < ua(7)) = 77

Then 6 is called the extremal index of the sequence {y }ren-

Theorem 5.2 (Rootzen [21], Theorem 4.1(i))
Suppose that condition D(u, (7)) holds for each T > 0. Then {yx}tren has
extremal index 6 > 0 if and only if

lin% limsup |P(Me) <ty | Yo > uy) — 0] =0 (5.2)

n—oo

for w, = u,(19) for some 15 > 0.

We consider now the point process of exeedances for the process {yx }ren de-

fined as .

N, () =0 6m() Lgsunm)y »

j=1
where the sequence {u,(7)} is given in (5.1).

To study the asymptotic properties of these processes we apply the following
criterion.

Theorem 5.3 (Rootzen [21], Theorem 4.1(ii))
Suppose that {yx } ken has extremal index 0 < 0 < 1 and the condition A(u,(T))
holds for each T > 0. If for every k > 2 and some 19 > 0
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lim lim sup [P(N, , ((0,€]) = k =11y > un) = O =0, (5.3)

n—oo

then the sequence {0y }ren is decreasing, i.e. 01 =6 > 0y > 03 > ..., and for
every T > 0 the point processes N, . converge weakly to a compound Poisson
process N with intensity 0 7 and cluster size probabilities vy, = 07 (0 — O41),

k e N.
5.2 Proof of Theorem 3.5

In view of Remarks 2.3 and 3.2 we prove this theorem for the stationary
process (1.1), i.e. the process starts with initial vector Yj 2 Y, as in (2.3).

5.2.1 FExtremal index

In this section we prove Theorem 3.5(a). We apply Rootzén’s criterion (The-
orem 5.2) based on mixing properties of the process (1.1) which immediately
follow from Theorem 2.2(b). The most important issue will be representation
(3.8) for the extremal index.

First of all, note that condition H; implies that 6 as defined in (3.8) is strictly
positive. We verify property (5.2) for {y }ren with u, = n'/* 2 for arbitrary
x > 0. Denoting again Il = Ay --- A; we define the auxiliary process

Yo=Yy, Yi=1LY,, keN,
which obviously satisfies
Y/k = Ak Y/k,1 .

Hence the difference process V;, = Y —~}7k, k € N, satisfies equation (1.1)
with initial value zero. Define y; = 2.Y;, m = [en]| for some € > 0, and
Vi = supj<p<p |Vi|- To check condition (5.2) notice that for every 0 <4 <1

P(M,, <u, | yo>u,) =P(max (gx + 2. Vi) < upn | yo > up)

1<k<m

< P(lr&ag( U < (14 0)uy | yo > un) + P(V) > duy)
oy

< 7

< [ 95 Qu(dy) + Ai(n) + Aan),

where g is as in (3.9), the measure Q(+) is defined in (3.5) and

Ai(n) = P(r]gax g > (1+0)uy | yo > u,) and Ag(n) =P(V) > du,l5b.4)

18



By Lemma B.1 the function g(-) = g¢i(-) is continuous. Moreover, Theo-
rems 3.3-3.4 imply that there exists a weak limit @ for the family {Q;}¢>1.

Therefore,
. )
m/ o) y)—/ﬂ@g(—Hé)@(dy).

Next we show

lim Ay(n)=0. (5.5)

Indeed, for every L > 0 we have

P(maxg~,, 2. ;Yo > (14 )u, , 2L Yo > up)

P2, Yy > uy,)

140\ P(Yo| > Luy, 2, Yo > uy,)
L ) * P(2 Yy > uy)

1 +5> P(|Yo| > Luy,)

< P(|II .
=2 (‘ ol > L Pz Yy > uy)

k>m

Al (TL) =

< P(max |1y >
k>m

From (2.2) and Chebyshev’s inequality we conclude

14+0 L? L?
P(|1I < E|IILI>?< —— ¢, e,

Therefore, condition Hy yields for every L > 0

limsup A;(n) < const L™,

n—oo

Taking now L — oo implies (5.5).
Next we consider the second term in (5.4). We shall show that

A} = limsup Ay(n) < conste. (5.6)

n—oo

Indeed, we have

< Z P(|Yy| > 0un/2) + Z P(|}~/k|>5un/2)

1<k<m 1<k<m

L AB P
< mP(Y1| > du,/2) + 0 Z E |11, |2

2 o)
< enP(|Y1] > du,/2) + 4e, E %

52 2 Z eiﬂ/k'

nkl
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The last inequality implies (5.6). Taking into account that g(ry) — ¢(y) as
r — 1 for each y € RY, we obtain the following upper bound

limsup P(M,, < u, | yo > u,) < 6 + conste

n—oo

for every € > 0. Analogously, we obtain the lower bound

P (M, < unlyo > un) = P(max (g + Vi) <un | o > un)
> P(lr<nax U < (1=08)u,, Vi <duy, | yo > uy)
> P(II;I%L ST Yo < (1= 8)un | o > 1) — Ag(n)
> P(rﬁgﬁz T Yo < (1= 8) up | 2. Yo > un) — Ag(n)

- /]Rq g(%) Q,,(dy) — As(n).

This implies for every ¢ > 0

liminf P(M,, < u, | yo > u,) >0 — conste.

n—oo

These bounds imply (5.2), i.e. Theorem 3.5(a). O

5.2.2  Point process convergence

In this section we prove Theorem 3.5(b). We invoke Theorem 5.3, which char-
acterizes point process convergence of N, to a compound Poisson process.
As mentioned above the mixing condition A(u,) immediately follows from
Theorem 2.2(b). We verify property (5.3) for {yx }ren. As in the proof of The-
orem 3.5(a) we set m = [en] for some € > 0 and §; = 2.Y; for j € N. For every

0<d<1we get
y0>un)

P (Zl Ly suny = E—1,V: <du,|yo > un) + Ay(n)
]:

1”75 + Dn,6 + AQ(”)’ (57)

P(Nu((0¢]) = k=1yo > un) = P (Z Ly suny = k=1
j=1

IA

IN

Yo > un)
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and As(n) is defined in (5.4). We estimate I, 5 first.

Yo > Un)

1”75 <P (Z 1{gj>(1—6)un} =k—1 ’I]n;}%( gj < (1 - 6)“”
)

+P<max g > (1—=90)u,

>m

Yo > un)

<P (Z Lt v -9y = K — 1 2 Y0 > “n)
j=1
+P (rx;ax g > (1=0)un| yo > un>
j>m
y
— [ 915 Qu,(dy) + Aln).
R4 1-96

where

J>m

Al(n)=P (max g; > (1—=9)u,

Yo > un> .

Notice that similarly to (5.5) we obtain lim,, ., A}(n) = 0. Next we estimate
Dn,5~ For fixed € N, 1 <[ < m we can write
Yo > un)

Yo > Un)

SZP(y] S un’gj > (1_6)'“71"/7:1 S 6un|y0 > un)

j=1
Yo > Un) .

+ P (| yo > uy)

Dn,5:P (Z 1{yj§un,§j>(1—5)un} 2 1, VT:, S 5un

+P( U {y; < up,y; > 1—=0)uy}, V,: < du,
j=l+1

Moreover, setting I'y = UL, {9 > (1 —6)u,} we obtain

1—20)u, < y; < uy)
P(yo > un)
P((1—20)u, < yo < up)

P(yo > uy)

l
Dn’(S S Z P((
7=1

=1

+ P (T yo > up) -
Taking into account that for every fixed L > 0

L, {%l < Lud € U (Ll > 21 -8))

j=l+1

and that {A;};en is independent of Yy, we deduce
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P(Fn|y0 > un)
<P( n s |YE)|<Lun|y0 > un>+P(D/0’ > Lun’yo > un)

<§3PO“' 5) P([Ys| > Lu,)

Y L,
- j=l+1 (y > u”>
Hence inequality (2.2) yields
Lee & 0 P(|Yo| > Luy,)
P(T, > uy,) < e+ )

Thus we obtain the following upper bound :

P((1—-20)u, < yo < uy, Le, & - P(|Yy| > Lu,
]_|_ .

D,s <1 -+ e
g P(yO > un) 1-9¢ j:zl;d P<y0 > un)

By condition Hj there exists some universal constant ¢ > 0 such that for every
0>0,l>1and L >0

1 Lec > j
! T * —J L.
121:8;}1) n,e <<1 — 25) ) * 1-0 jzzl;rl ‘ ne

Taking in this inequality the limits limy,_, . lim;_ . limgs_,o implies

limlimsup D, ; = 0.

—0 n—oo

Therefore, by (5.7) we get the following upper bound

N«om—k—u%>um
< [ o775 Qu,(d9) + () + Aan) + D,

Analogously, we obtain a lower bound

P(Nu((0.d) =k~ 1]y > u)
> [ a7 5) Qu, (dy) = Ai(n) — Aaln) — D,

This concludes the proof of Theorem 3.5(b). O
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6 The random coefficient autoregressive model

6.1 FExtreme behaviour

In this section we consider model (1.2) satisfying (1.3). We can represent this
process in the form (1.1) with the sequences { A, }nen and {(, }nen defined in
(1.4). We suppose that {4, },en satisfies condition Aj.

Example 6.1 We start with an example satisfying Aj. Consider model (1.2)
for ¢ = 2 with a; = 0 and 09 = 0. In this case the corresponding matrix (1.4)
has the following form:

020 0 a3
01N @ 0 0 ax 0
A, = | TR d EA @A = 2
1 0 0 a0 O
1 000

The eigenvalues of this matrix can be calculated as

B B ot ot ) o} ot )
Zl_a2732__a2723—?+ Z+G2,Z4—?— Z—FGQ.

Hence, condition A holds, if 63 +a3 < 1. O

Theorem 3 in Feigin and Tweedie [6] in combination with Theorem 2.2(a) and
(b) imply immediately the following result.

Theorem 6.2 Consider model (1.2)-(1.3). We assume that & has a positive
Lebesgue density on (—R, R) for some R € (0,00]. If As holds, then Y, =
(Yns -+ s Yn_qi1) converges in distribution to the random vector Yo, in (2.8)
for which E|Y,|? < co. The process {Yy, }nen is v-uniformly geometric ergodic,
where v(z) = 1+2'Tz, x € RY, for some positive definite matriz T. Moreover,
{Y, }nen is strongly mizing with geometric rate.

To derive the tail behaviour of the stationary rv y, = z.Y for z, = (1,0,...,0)
we require the following additional conditions for the distributions of the co-
efficient vectors {7, }nen and the noise variables {, },en in model (1.2).

D,) The rvs {nim,1 < i < q,n € N} are iid with symmetric continuous
positive density ¢(-) which is non-increasing on Ry and moments of all order
erist.

D,) For some m € N we assume that E(ay; — ay)*™ = o?mEn?7 € (1,00).
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In particular, o1 > 0.
D;) E|&|™ < oo for allm > 2.

Dy) For every real sequence {cgtren with 0 < Y322 |ck| < oo, the rv T =
Yoioq &k has a symmetric density, which is non-increasing on R .

As stated in Proposition 2.3 of [14] condition Dy is satisfied, if the following
simpler condition holds:

D)) The rv & has bounded symmetric density f, which is continuously differ-
entiable with bounded derivative f' <0 on [0,00).

An important example is the following.

Example 6.3 [Gaussian model]

Recall from Proposition 2.6 of [14] that for n;, i = 1,...,q, and & Gaussian
rvs and o; > 0 the conditions D; — D4 hold. We call this model Gaussian
linear random coefficient model or simply Gaussian model. As was shown in
Lemma 2.7 of [14], this model is equivalent in distribution to an autoregressive
model (with deterministic coefficients a;) and ARCH(q) error term. O

A first step in studying the extremal behaviour of any stationary time series
model is the tail behaviour of the stationary distribution.

Theorem 6.4 (Kliippelberg and Pergamenchtchikov [14], Theorem 2.4)
Consider model (1.1) and (1.4). We assume that the sequences {ny,,1 < i <
Gtnen and {&, }nen are independent, that conditions Az and Dy — Dy hold,
and that a + o} > 0. Then the distribution of the vector (2.3) satisfies

tlim t'P(2 Yo >t) =h(2), 2€S.

The function h(-) is strictly positive and continuous on S and the parameter
A is given as the unique positive solution of

k() =1, (6.1)

where for some probability measure v on S

1/n

RN = lim (B[4, - 4,") :/SE|x’A1])‘1/(da:),

and the solution of (6.1) satisfies A > 2.

For the stationary process (1.1) this means that for every marginal rv y;, =
2LYy, with z, = (1,0,...,0)
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tlim *P(yp > t) = h(z) = h,.

Thus Theorem 6.4 implies condition Hy for the model (1.2). The following
Lemma guarantees H; and Hy; its proof can be found in Section 6.2.

Lemma 6.5 Assume that condition Dy holds and that o? > 0. Then the
sequence of matrices {Ap}nen given in (1.4) satisfies Hy and Hy.

Thus Theorem 3.4 implies immediately the following result.

Theorem 6.6 Consider model (1.2)-(1.3). Assume that conditions Az and
D, — Dy hold and that o7 > 0 and a + o) > 0. Assume, furthermore, that
the positive solution A of (6.1) is non-even. Then Theorem 3.4 holds for the
process (1.2).

Example 6.7 [Continuation of Example 6.3]

We derive sufficient conditions for the coefficients in the Gaussian model (1.1)
such that the solution A of equation (6.1) is non-even. To this end we calculate
k(4). For every matrix we denote its elements by < - >. This yields II,, =
Ap - Ay = (< 1L, >5)1<ij<q- We represent the (1,1)-element of this matrix
by its recurrence form

< Hn >11=01Mn < Hn—l >11 +Mp—1,

where m,_; = a; < II,,_; >4 +Z?:2 o, < I, > 18 independent of 7y,.
Therefore, from the Newton formula we get for n € N

E(< 11, >11)4 =E (0'1 Mn < | I >11 +mn_1)4

> Uil E (771n)4 E (<, >11)4
=301 E(< I, ; >)".

This implies that E (< II,, >;;)* > (30})" for all n € N. Then it is easy to
show that #x(4) > 307 > 1 for all 0y > 0, = 37/* 2 0.76. From Theorem 6.4
we know that A > 2, therefore, for o1 > 37'/4 the value \ is non-even. O

6.2 Distributional properties of the random coefficient autoregressive model

In this section we prove Lemma 6.5. Condition D; ensures that the rv n;
has symmetric positive density ¢ with certain additional properties. In the
following lemma we show that this implies that p,(y) = II, y has also a density,
which can be given explicitly in terms of ¢. As before we denote by < - > the
components of the corresponding vector.
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Lemma 6.8 Assume that condition Dy holds and o1 > 0. Then for y =

(y1,-.-,yqg) € To = {y € RY : y; # 0} the vector p,(y) = (< Ly >1,...,<
I,y >,)" has a density given by

p(xay) :p<I17 s 7xKI7y>
—1

q
= gp('x(b y) H 1{3)j+17£0} 90(:6.77 mj+1 <x7 y)) ) x e Rq ? (62>
J

—t

/

where m;(z,y) = (Tj,..., g, Y1,---,Yj—1) and

<U — Y1 — Doty Q1Y

, veER,y=(y,..., e R?.
0_1|y1| ) y (yl yQ)

Proof. The special form (1.4) of the matrices A; implies that for j =1,...,¢
the vector p;(y) € R? has the following components:

pi(y) = (< Aj-- Ay >, < Ay >1,?Jl7~-,yq7j),-

In particular,

pa(y) = (< Ag--- Ary >1,.., < Ay >1)' (6.3)

Notice now that for k € N every linear combination Z?;l oy with y3 # 0
has the density ¢(v, y). Moreover, for j > 2 the rv < II; y >, has a conditional
(conditioned on Ay, ..., A;_1) density

1{<Hj_1y>17£0} ()0</U7 p]—l(y)) :

Here we took into account that P(< II;_1y >,= 0) = 0 for j > 2. Now it is easy
to show by induction on j that the random vector (< Ay >1,..., < ILjy >;)
has for every y € Iy the following density on R/

J
filz, - 25,9) = @(21,9) H 1{zj_1;£o} ©(25,95-1(2,9)),

=2
where
Vi(2,9) = (Zjs - > 20915+, Yy ) -
Therefore,
p(x1, .2, Y) = fo(@g .. 21,Y)
and we obtain (6.2). O

Next we prove H;: Notice that for z, = (1,0,...,0)" we have W, C T,
where Iy is defined in Lemma 6.8. Define II*(y) = SUD, 2, 11; y. We shall
show by contradiction that for every y € I’y
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P((y) = 0) = P(IT(y) < 1) > 0. (6.4)

So assume that P(s(y) = 0) = 0 for some y € I'y. Then, immediately,
P(II*(y) > 1) = 1. Now note that for the matrixes {A,}nen of type (1.4)
the vector p,(y) = Il, y has the form (6.3), i.e. p,(y) = (211, vy, ..., 2.1 y)".
Therefore,

P(II*(y) > 1) = EP(II*(y) > 1] p(y)) = E Flpy(y)),

where the function F' is defined as

F(x)zP((maX z;) vV " (x) > 1) , = (21,...,24) €RY,

1<j<q

with a V b = max(a, b). Moreover, for |z| <1 by (2.2)

Fz)=P(II*(z) > 1) < ¥ P( 1z > 1)

j=1
o o0 .

<> Ejzf* < e > ez
=1 j=1

This implies that there exists 0 < r < 1 such that F/(z) < 1/2 on the set
B, ={z € R? : |z| < r}. But by our assumption above we get

1=P(II'(y) > 1) =EF(p,(y)) = [ Fa)p(a.y)da. (6.5)

where the density p(z,y) is defined in (6.2) and, therefore,

/ p(z,y)dx > 0.

T

Hence, the right hand side of equality (6.5) is strictly less than 1. This con-
tradiction proves for all y € I'y inequality (6.4), which implies condition Hj.

Finally, we check condition Hy. By condition D; and 7 > 0 the rv 2, Ay
has a density for all y € Ty, thus P(z,A;y = a) = 0 for a € R. Suppose for
some j € N that P(z/Il; y = a) = 0 for every a € R. Then for a € R,

P(zll,y = a)

<P(A; LIy = a, 21y =0) + P(z,A, 1Ly = a, 21y #0)
<P(y =0) + [ P = o) Py € dr)

=Pz 1Ly =0) + | P(zA 2z =a)P(ly€dz).

To
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The first probability is equal to zero by assumption. The second term is equal
to zero as the rv 2, A, x has a density for every € I'yg. This means that for
all j € N and all a € R we have P(2/II; y = a) = 0. This implies Hs.

This concludes the proof of Lemma 6.5. a

Appendix
A Proof of Theorem 2.2(b)

For a stationary Markov process we have for functions f and h as in Defini-
tion 2.1,

E[f(.... Y1, Y0) h(Yi, Yiga, -]
=E [f(... Y1, Yo) E[h(Ys, Yisr, ) | Yy, 5 < K]]
—E[f(..,Y_1,Y) H(Y;)]

=E [f(., Yo, Yo) By HV)|

where E, denotes the expectation, given the process starts in z, and

Eh(Ys, Yisr, . )=EH(Y:) = EH(Ya),

where H(y) = E, h(y, Y1, ...). Thus
|Ef(...,Y_1,Y0) h(Ye, Vi1, ...) —E f(..., Y1, Y0) ER(Yy, Yirq, .|
=|E [f(-.. Y0, Y5) (By, H(Y:) — EH(Ya0))] |

<E[Ey, H(Y;) - EH(Y)|
<Rp"Eu(Yy) = Rp"Ev(Y) < Rp* (1 + [T|E Y],

and this implies inequality (2.5) with C* = R(1 + |T| E|Yx|?) < oo. O

B Properties of the functions g

Recall the functions g from (3.10).

Lemma B.1 Under condition Hy the functions gi(-) are continuous for all
k e N.

Proof. By the definition of ¢ in (3.7) we have for every k € N

l96(y) — gr(wo)| < 2Pw(y,y0) > 1), y,50 € Wes,
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where v(y, y0) =272, [Lie, ) > 13 — Lie, oy > 13| and &(y) = 2,11 y. Therefore,
it suffices to show that

lim P(v(y,y0) >1) = 0. (B.1)

Y—Yo

For every fixed 0 < & < 1/2 we set I'. = (72, {|¢;(y) — &(yo)| < €)}. Taking
into account that

Wy, o) 21y N T. C D{l—s < &(yo) < 1+¢}

we get

P(v(y,y0) >1) < P(v(y,50) > 1,T,) + P(IY)
<P (U2 {l—¢ < &(w) < 1+¢e}) + P(TY)

Y PO <) <149+ S P& > 1/2) + PIY)

j,l j=l+1
<ZP1—5<§](yo)<1+€ ) + 4 Z E & (yo)]> + P(T¢).
Jj=l+1

Moreover, by Chebyshev’s inequality and (2.2) we can estimate the last prob-
ability as

oo 1 oo
Z |€] 5j(yo)| > 5) < = Z |§J fj(y0)|2
c* o .
< |y y0|2ZE|H > < Iy w2 > e

J=1 j=1
Therefore,
!
P(v(y,y) = Z (1-e < &) < 1+e)

+4c, |yol? Z e”+ ly — yo|226”
j=l+1

By condition H, and taking here limits y — g, € — 0 and [ — oo we obtain
(B.1). O
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C Proof of Lemma 4.5

Let pu be a subsequential vague limit, i.e. if there exists a sequence ¢, — oo
such that my, — p, then u(9B, ) = 0 for the set B, , = uW,, for every u > 0
and z € R?\ {0}. Indeed, in this case

OBy.={yef& : (v,y)=utC{yef: 1-0u<(z,y) <(1+u} = Gs

for all 0 < § < 1. Therefore, by the property of vague convergence (see Kallen-
berg [11], Theorem 15.7.2(iii)) and the limiting relationship (4.3) we have for
every 0 < 0 < u and Gy as above,

H(OBuc) < p(C) < Timinf m, (o)
P(2'Yye > t,(1 —0)u) — P(2'Yoo > t,(1 4 d)u)

= 1'

tac P2 Y, > t,)
~ lim P(2'Ye > (1 —0)ut,) — P(2'Yo > (1 + d)uty)
 ta—oo P(2.Y, > t,)

= h(@)u™ (1=08)* = (1+46)) .

Taking the limit for 6 — 0 implies that u(0B, ) = 0. By Theorem 15.7.2(ii)
of Kallenberg [11] and condition Hy we get (4.4). Next we show (4.5). An
application of (4.4) yields

[ 1t @) = v [Ty € R - 2] > max (1)) de
Z'y|>u 0
=u’ pu(y € RY : |2'y| > u) + 1// " uly € R |2yl > t)dt

= h(z)u’ >+ h(z)v /Oo At

u

This implies (4.5). Analogous reasoning yields (4.6). O
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