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Abstract

A multivariate Lévy-driven continuous time autoregressive moving average (CARMA)
model of order (p,q), ¢ < p, is introduced. It extends the well-known univariate CARMA
and multivariate discrete time ARMA models. We give an explicit construction using a state
space representation and a spectral representation of the driving Lévy process. Furthermore,
various probabilistic properties of the state space model and the multivariate CARMA process

itself are discussed in detail.
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1 Introduction

Being the continuous time analogue of the well-known ARMA processes (see e.g. [1]), continuous
time ARMA (CARMA) processes, dating back to [2], have been extensively studied over the recent
years (see e.g. [3, 4, 5] and references therein) and widely used in various areas of application like
engineering, finance and the natural sciences (e.g. [6, 7, 5]). The advantage of continuous time
modelling is that it allows handling irregularly spaced time series and in particular high-frequency
data often appearing in finance. Originally, driving processes of CARMA models were restricted
to Brownian motion, however, [4] allowed for Lévy processes which have a finite r-th moment for
some r > 0.

As CARMA processes are short memory moving average processes, [8] developed fractionally
integrated CARMA (FICARMA) processes, which exhibit long range dependence. So far only
univariate CARMA processes have been defined and investigated. However, in order to model
the joint behaviour of several time series (e.g. prices of various stocks) multivariate models are
required. Thus, we develop multivariate CARMA processes and study their probabilistic properties
in this paper.

Unfortunately, it is not straightforward to define multivariate CARMA processes analogously

to the univariate ones, as the state space representation (see Section 3.1) relies on the ability to

*Centre of Mathematical Sciences, Munich University of Technology, Boltzmannstr. 3, D-85747 Garching,
Germany, email: marquard@ma.tum.de, rstelzer@ma.tum.de, URL: http://www-m4.ma.tum.de/



2 Marquardt, T. and Stelzer, R.

exchange the autoregressive and moving average operators, which is only possible in one dimension.
Simply taking this approach would lead to a spectral representation which does not reflect the
autoregressive moving average structure. Our approach leads to a model which can be interpreted
as a solution to the formal differential equation P(D)Y (t) = Q(D)DL(t), where D denotes the
differential operator with respect to ¢, L a Lévy process and P and ) the autoregressive and
moving average polynomial, respectively. Moreover, it is the continuous time analogue of the
multivariate ARMA model.

The paper is organized as follows. In section 2 we review elementary properties of multidi-
mensional Lévy processes and the stochastic integration theory for deterministic functions with
respect to them. A brief summary of univariate Lévy-driven CARMA processes forms the first
part of the third section and is followed by the development of what will turn out to be the state
space representation of multivariate CARMA (MCARMA) processes. We start by constructing
a random orthogonal measure allowing for a spectral representation of the driving Lévy process
and continue by studying a stochastic differential equation. Analysing the spectral representation
of its solution shows that it can be used to define multivariate CARMA processes. After spend-
ing a closer look on the probabilistic properties of this SDE (second moments, Markov property,
stationary and limiting distributions and path behaviour), we state the definition of MCARMA
processes in section 3.3. Furthermore, we establish a kernel representation, which enables us to
derive some further probabilistic properties of MCARMA models. In particular, we characterize
the stationary distribution and path behaviour and give conditions for the existence of moments,
the existence of a Cp° density as well as for strong mixing.

Throughout this paper we use the following notation. We call the space of all real or complex
m X m-matrices M, (R) or M,,(C), respectively, and the space of all complex invertible m x m-
matrices Gl,,,(C). Furthermore, A* denotes the adjoint of the matrix A and KerA its kernel.
I, € M, (C) is the identity matrix and || A]| is the operator norm corresponding to the norm ||z||
for x € C™. Finally, Ip(-) is the indicator function of the set B and Ny = NU {0}.

2 Multivariate Lévy Processes

2.1 Basic Facts on Multivariate Lévy Processes

We state some elementary properties of multivariate Lévy processes that will be needed. For a
more general treatment and proofs we refer to [9, 10, 11].

We consider a Lévy process L = {L(t)}+>0 (where L(0) = 0 a.s.) in R™ without Brownian
component determined by its characteristic function in the Lévy-Khintchine form E [e!(*L(D)] =
exp{tyr(uw)}, t >0, where

r(u) = iy, u) + /(ei<u7w> =i @) ey ay) v(de),  u€ R, (2.1)
Rm

where v € R™ and v is a measure on R™ that satisfies v({0}) = 0 and [ (||z||* A 1) v(dz) < cc.
Rm

The measure v is referred to as the Lévy measure of L. It is a well-known fact that to every cadlag
Lévy process L on R™ one can associate a random measure J on R x R™ \ {0} describing the
jumps of L. For any measurable set B C R x R™ \ {0},

J(B)=4{s>0: (s,Ls — Ls_) € B}.
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The jump measure J is a Poisson random measure on R x R™ \ {0} (see e.g. Definition 2.18 in
[12]) with intensity measure n(ds,dz) = dsv(dz). By the Lévy-Ité decomposition we can rewrite

L almost surely as

L(t) =~t + / z J(ds,dx) + liﬂ)l / xJ(ds,dz), t>0. (2.2)
llzl|>1,5€[0,t] e<[lz||<1, 5€[0,t]

Here J(ds,dz) = J(ds,dz) — dsv(dz) is the compensated jump measure, the terms in (2.2) are
independent and the convergence in the last term is a.s. and locally uniform in ¢ > 0.

In the sequel we will work with a two-sided Lévy process L = {L(t) }+cr, constructed by taking
two independent copies {L1(t)}+>0, {L2(t)}+>0 of a one-sided Lévy process and setting

) if t+>0
L) = —Lo(—t—) if t<O. (23)

Assuming that v satisfies additionally

|21 v(dz) < oo, (2.4)

llz]|>1

L has finite mean and covariance matrix X7, given by

Y= /m:* v(dx). (2.5)

RrR™

Furthermore, if we suppose that E[L(1)] = v+ f”I”>1 zv(dz) = 0, then it follows that (2.1) can
be written in the form

Y (u) = /(ei<“7’”> —1—i(u,z))v(dz), uweR", (2.6)

RmMm

and (2.2) simplifies to
L(t) = / xJ(ds,dz), te€R (2.7)
zeR™\ {0}, s€[0,t]

In this case L = {L(t)}+>0 is a martingale.

2.2 Stochastic Integrals with Respect to Lévy Processes

In this section we consider the stochastic process X = {X (¢)}er given by

X(t) :/f(t,s)L(ds), teR, (2.8)
R

where f: R xR — M,,(R) is a measurable function and L = {L(#)}+er is an m-dimensional Lévy
process without Brownian component. For integration with respect to Brownian motion we refer
to any of the standard books.

We first assume that the process L in (2.8) is an m-dimensional Lévy process without a
Gaussian component satisfying E[L(1)] = 0 and E[L(1)L(1)*] < oo, i.e., L can be represented as
in (2.7).
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In this case it follows from (2.7) that the process X can be represented by

X(t)= / f(t,s)x J(ds,dz), teR, (2.9)

R xR™

where J(ds,dz) = J(ds,dz) — dsv(dz) is the compensated jump measure of L. A necessary and
sufficient condition for the existence of the stochastic integral (2.9) in L?(2, P) (see e.g. [13] or
[14]) is that

[ [t sial a s spsl vids) ds < oo, veer
R R™
Then the law of X (¢) is for all ¢ € R infinitely divisible with characteristic function

Efexp {i(u, X (£))}] = exp {// (57 1~ i, £t )2) ) v(d) ds}.

R R™

Furthermore, if f(¢,-) € L?>(R; M, (R)), the integral (2.9) exists in L2(Q, P) and
EX(H)X ()] = / £t $)S 0 f* (8, 5) ds. (2.10)
R

If
/ /(||f(t,s):n|| A)u(dz)ds < 0o, ViER

R R™

the stochastic integral (2.8) exists without a compensator and we can write
X(t)= / f(t,s)x J(ds,dz), teR (2.11)
R xR™

Finally, in the general case, where condition (2.4) is not satisfied, necessary and sufficient
conditions for the integral (2.8) to exist are (see [13, 15])

/ /(||f(t, s)z||> Al)v(dr)ds < 0o, VteER, (2.12)
R R™
and
/ ft,s)y + / ft,s)x ([{Ilf(t,s)z\lgl} — [{”I”Sl}) v(dz)| ds < oo. (2.13)
R Rm™

Then we represent X as

X(t)://f(t,s):n [J(ds, d) — (1V [|£(t, s)zl)~" v(dz) ds] +/f(t,s)7ds, teR
R

R R™

Moreover, if the integral in (2.8) is well-defined, the distribution of X (¢) is infinitely divisible
with characteristic triplet (v%,0, %) given by

7k /f(ta8)7d8+//f(t:S)ﬂJ[I{||f(t,s)z\|g1} — Ifjja|<13] v(dz) ds, (2.14)

R R™

R
/ / 1 (F(t, 5)2) v(dz) ds. (2.15)

R R™

S
S
=

Il
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It follows that the characteristic function of X (¢) can be written as

E [e/XO] = exp S i, u) + / [ = 1= i, 2) I <1y Vi (do)
Rm

= exp Y, (f(t,8) u)ds » , (2.16)
/

where 1y, is given as in (2.1). These facts follow from [15, Theorem 3.1, Proposition 2.17 and
Corollary 2.19].

3 Multivariate CARMA Processes

In this section we discuss CARMA processes driven by general Lévy processes, i.e., the Lévy
processes may have a Brownian component and does not need to have finite variance, if not stated
otherwise. We start with a brief review of the well-known one-dimensional case.

3.1 Univariate Lévy-driven CARMA Processes

Continuous-time ARMA (CARMA) processes constitute a special class of short memory moving
average (MA) processes (see, for instance, [9, Section 4.3.5]) and are the continuous time ana-
logues of the well-known autoregressive moving average (ARMA) processes. We give here a short
summary of their definition and properties. For further details see [3, 4, 16].

Definition 3.1 (CARMA Process) Let {L(t)}icr be a Lévy process satisfying f‘z log |z|v(dz) <

00, p,q be in Ny with p > q and ay,...,ap,bo,...,by € R, ap, by # 0 such that

|>1

0 | I

—ayp ‘ —Qp—1 —a1

A=

has only eigenvalues with strictly negative real part. Furthermore, denote by {X (t)}ier the sta-
tionary solution to
dX(t) = AX(t)dt + e L(dt), teR, (3.1)

where €T =10,...,0,1]. Then the process

Y (t) =bT X (1), (3.2)
with b7 = [ by, bg—1,- -, bg—pt1 ], 15 called a Lévy-driven continuous time autoregressive moving
average process of order (p,q) (CARMA (p,q), for short). If ¢ < p—1, we setb_; = ... =bg_pt1 =

0.

The CARMA (p, q) process can be interpreted as the stationary solution of the p-th order linear
differential equation,
p(D)Y (t) = ¢(D)DL(t), >0, (3.3)

where D denotes differentiation with respect to ¢t and

p(z) =2 + a1z’ + ... +a, and q(z) :=boz? + b1z + ... + b,
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are the so-called autoregressive and moving-average polynomials, respectively. To see this note first
that in the case ¢(z) = 1 (i.e. ¢ = 0 and b” = (1,0,...,0)) rewriting (3.3) as a system of first-order
differential equations in the standard way gives (31) and (3.2) with X! = (V;, DYy, ..., DP1Y;).
In the general case we transform (3.3) to Y (t) = p(D) 'q(D)DL(t) = q(D)p(D) 'DL(t) (note
that we may commute p~1(D) and ¢(D), since the real coefficients and the operator D all com-
mute). From the previous case we infer that the process in (3.1) is formed by p(D)~'DL(t)
and the first p — 1 derivatives of this process. Now one can immediately see that V; = b7 X; =
¢(D)p(D) "' DLy.

Remark 3.2 Observe that the process {X (t)}ter can be represented as

X(t) = / A=V [(du), t € R, (3.4)

and is a multivariate Ornstein-Uhlenbeck-type process ([17, 18, 19]). Hence, we have

¢
Y(t) = / bTeA(tfu)eL(du), teR. (3.5)

— 00

From (3.5) it is obvious that {Y (¢)}+cr is a causal short memory moving average process, since it

has the form -

Y (t) = / ot —u) L(du), tER, (3.6)
—00

with kernel g(t) = bTe?el| o (t). Replacing e?? by its spectral representation, the kernel g can

be expressed as .
g(t) = % / ei”‘;%d/\, teR (3.7)

— 00
Note that the representation of {Y'(#)}+cr given by (3.6) together with (3.7) defines a strictly
stationary process even if there are eigenvalues of A with strictly positive real part. However,
if there are eigenvalues with positive real part, the CARMA process will be no longer causal.

Henceforth, we focus on causal CARMA processes.

Proposition 3.3 ([16, Section 2]) If E[L(1)?] < oo, the spectral density fy of Y = {Y (t)}ter

s given by

var(L(1)) |q(iX)[?
2w Ip(iX)[? ’

Consequently, the autocovariance function vy of the CARMA process Y can be expressed as

fr(N) = AeR

. _var(L) [ |aN]?
v (1) = cov(Y (¢4 1), Y (1) = = _é o | D hER

Moreover, for a causal CARMA process an application of the residue theorem leads to

p
vy (h) = var(L Zq, (;— )) All o h e R,

r=1

provided all eigenvalues A, ..., A, of the matrix A are algebraically simple.



Multivariate CARMA Processes 7

3.2 State Space Representation of Multivariate CARMA Processes

This section contains the necessary results and insights enabling us to define multivariate CARMA
processes in the next section. As we shall heavily make use of spectral representations of stationary
processes (see [20, 21, 22] for comprehensive treatments), let us briefly recall the notions and results
we shall employ.

Definition 3.4 Let B(R) denote the Borel-o-algebra over R. A family {C(A)}aenm) of C™ -valued

random variables is called an m-dimensional random orthogonal measure, if

(a) ¢(A) € L? for all bounded A € B(R),

(b) ¢(0) =0,
(C) C(Al U A2) = C(Al) + C(Az) a.s., Zf Al N AQ = @ and

(d) F:B(R) - Mpy,(C), A — E[C(A)C(A)*] defines a o-additive positive definite matriz mea-
sure (i.e., a o-additive set function that assumes values in the positive semi-definite matrices)
and it holds that E[C(A1)((A2)*] = F(A1 N As) for all Ay, Ay € B(R).

F' is referred to as the spectral measure of (.

The definition above obviously implies E[C(A1){(A2)*] = 0 for disjoint Borel sets Ay, A,.

Stochastic integrals [, f(¢)((dt) of deterministic Lebesgue-measurable functions f : R —
M,,(C) with respect to a random orthogonal measure ( are now as usually defined in an L2-
sense (see, in particular, [22, Ch. 1] for details). Note that the integration can be understood
component wise: Denoting the coordinates of ¢ by (;, i.e. ¢ = ((1,...,Gn)*, the i-th element
([ F@)C(dL)); of [, f(£)¢(dt) is given by Y7L, [y fir(t)Cr(dE), where the integrals are standard
one-dimensional stochastlc integrals in an L2-sense and f;;(¢) denotes the element in the i-th row
and k-th column of f(¢). The above integral is defined whenever the integral

/f(t)F(dt) /flk () Fri(dt)
A kl 1

exists. Functions satisfying this condition are said to be in L?(F). For two functions f,g € L?(F)

B[ f#&)cdt) | [ gt)C(dt) 1= FO)F(dt)g(t)" (3-8)
[ odan (fLswocan) | = |

In the following we will only encounter random orthogonal measures, whose associated spectral

1<i,j<m

we have

measures have constant density with respect to the Lebesgue measure A on R, i.e. F(dt) =
CA(dt) := Cdt for some positive definite C € M,,(C), which simplifies the integration theory
considerably. In this case it is easy to see that it is sufficient for [, f(t)F(dt)f(t)* to exist that
S If @)1 dt is finite, where || - || is some norm on M,,(C). To ease notation we define the space
of square-integrable matrix-valued functions

L*(R; M, (Q)) := {f . R — My, (C), /R||f(t)||2dt < oo}. (3.9)

In the following we abbreviate L%(R; M,, (C)) by L?(M,,(C)). This space is independent of the
norm || - || on M, (C) used in the definition and is equal to the space of functions f = (fi;) : R —
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M,,(C) where all components f;; are in the usual space L?(R; C).

1/2
1l 0n ) = ( / IIf(t)||2dt> (3.10)

defines a norm on L?(M,,(C)) and again it is immaterial, which norm we use, as all norms || - ||
on M,,(C) lead to equivalent norms || - ||z2(a,.(c)). With this norm L?*(M,,(C)) is a Banach
space and even a Hilbert space, provided the original norm || - || on M,,(C) is induced by a
scalar product. Observe that as usual we do not distinguish between functions and equivalence
classes in L?(-). The integrals [, f(t)¢(dt) and [, g(t)¢(dt) agree (in L?), if f and g are identical
in L?(M,,(C)), and a sequence of integrals [, ||fn(t)||* dt converges (in L?) to [, ||f(t)||?dt for
n — o0, if || fu(t) — fF(B)||lL2(Mm(c)) — 0 @s m — co. Moreover,

B[ f&)cdt) | [ gt)C(dt) 1= fH)Cg(t)"dt. (3.11)
[ odan ([Lsocan) | = |

Our first step in the construction of multivariate CARMA processes is the following theorem

extending the well-known fact that

wio = [ o, tew

is an m-dimensional standard Wiener process, if ¢ is an m-dimensional Gaussian random orthog-
onal measure satisfying E[¢(A)] = 0 and E[¢(4)¢(A)*] = L=A(A) for all 4 € B(R) (see e.g. [23,
Section 2.1, Lemma 5]).

Theorem 3.5 Let L = {L(t)}ter be a two-sided square integrable m-dimensional Lévy process
with E[L(1)] =0 and E[L(1)L(1)*] = 1. Then there exists an m-dimensional random orthogonal
measure Py, with spectral measure Fy, such that E[®1,(A)] =0 for any bounded Borel set A,

Fi(dt) = %dt (3.12)
and .
L(t) = / eww—1 O (dp). (3.13)

— 00

The random measure @y, is uniquely determined by

< e—iua _ e—iub
b1 (la.) = [ G Ll (3.14)

for all —oo < a < b < 0.

Proof. Observe that setting ®([a, b)) = L(b) — L(a) defines a random orthogonal measure on the
semi-ring of intervals [a; ), with —oo < a < b < 0o. Using an obvious multidimensional extension
of [22, Theorem 2.1], we extend ®; to a random orthogonal measure on the Borel sets. It is
immediate that the associated spectral measure FL satisfies FL(dt) = Y1 dt and that integrating
with respect to ®;, is the same as integrating with respect to the Lévy process L.

Now define ®r,([a, b)) for —co < a < b < oo by (3.14) which is equivalent to
T e—ina _ gipb _
Bullah) = [ S b, (3.15)

— 00

2T
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Using (3.11) we obtain for any two intervals [a,b) and [a’,b")

AR RANY T e*iua — e*iub e*iua’ _ e*i[l,b’
Bitula il Or] = / 2mip EL( 27 )du (3.16)

—00

o0 *
—ipa _ ,—ipb —ipa’ _ —iub
/76 — 5} (—e — Ei/2> d,
I mifL

— 00

where ElL/ ? denotes the unique square root of ¥, defined by spectral calculus. The crucial point
e—i/_taie—i/.tb 1/2
e ——¢ N

Tanin 1~ is the Fourier transform of the

is now to observe that the function q3a7b(u) =

function I, 4)(t) 27 yl/2 , l.e.,

o (it —it L, ()7 dt.

\/ 2T /
The standard theory of Fourier-Plancherel transforms F (see e.g. [24, Chapter II] or [25,
Chapter 6]) extends immediately to the space L?(M,,(C)) by setting

P s IE(M(©) = T (©), ) = ) = —= [ e pioya

where [* e~ f(t)dt is the limit in L?(M,,(C)) of ffR e~ f(t)dt as R — oo, because this can
be interpreted as a component-wise Fourier-Plancherel transformation and, as stated before, a
function f is in L?(M,,(C)), if and only if all components f;; are in L?(R;C). In particular, Fp,

is an invertible continuous linear operator on L?(M,,(C)) with

—1. 72 2 7 int
Fat s IA(M(©) = LM (O), ) = ) = <= /  f(u)dp,
and Plancherel’s identity generalises to:
[ s at = [ Fowitan (317)
R R
Combining (3.16) with (3.17) gives
E[®r([a,b))®r([a',)) /¢ab o )) dp = % Tia,5) () I1ar ) () dt.

This implies immediately that E[®r([a,b))®r([a’,b"))*] = 0, if [a,b) and [a’,b') are disjoint,
E[®1([a,b))®r([a,b)*] = %}f”)) and that ®;, is a random orthogonal measure on the semi-ring
of intervals [a,b), which we extend to one on all Borel sets. Therefore, (3.15) extends to

o0

/ Ia(t)®y(dt) = / $a () B1.(dn) (3.18)

— 00

for all Borel sets A, where gZ)A = Fm(Ia) is the Fourier transform of Ia.
For any function ¢ € L?(M,,(C)) there is a sequence of elementary functions ¢ (t), k € N,
(i.e., matrix-valued functions of the form Zi\; 1 Cila, (t) with appropriate N € N,C; € M,(C)
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and Borel sets A;) which converges to ¢ in L?(M,,(C)). As the Fourier-Plancherel transform is
a topological isomorphism that maps L?(M,,(C)) onto itself, the Fourier-Plancherel transforms
Pk (t) converge to the Fourier-Plancherel transform ¢(t) in L?(M,,(C)), which allows us to extend
(3.18), exchanging the roles of u and t, to

[ e eian = —= [ o0 @i (3.19)

for all functions ¢ in L?(M,,(C)) and their Fourier-Plancherel transforms ¢. Now choose ¢ (1) =
€2 then $(t) = V2rlj, ) (t). This shows that

eiub _ eiua
/  —C $,(du) = L(b) - L(a)
i
and thus (3.13) is shown.

The uniqueness of ®;, follows easily, as (3.13) implies (3.19) using arguments analogous to the
above ones. O
Note that for one-dimensional random orthogonal measures such results can already be found in

[20, Section IX.4].
Remark 3.6 If we formally differentiate (3.13), we obtain

aL <
d7(5 - /,oo ),

as in the spectral representation differentiation is the transform given by

o0 . o0 .
/ et @ (du) / ine™ ®(dp).
—o0

—00

Thus, a univariate CARMA processes should have the representation

— OO eiut@
Y (t) = / LB, (dp), (3.20)

as this reflects the differential equation (3.3). Later, in Theorem 3.22, we will see that this is
indeed the case. The square integrability necessary for (3.20) to be defined, explains why one can
only consider CARMA processes with ¢ < p (cf. Lemma 3.11).

The next lemma deals with the spectral representation of integrals of processes.

Lemma 3.7 Let ® be an m-dimensional random orthogonal measure with spectral measure F(dt) =
C dt for some positive definite C € M,,(C) and g € L*(M,,(C)). Define the m-dimensional ran-
dom process G = {G(t) }+er by

Gt = [ eg(in) a(dp)
—o0
Then G is weakly stationary,

G(s)ds < oo a.s. forevery t>0 and

et — 1
G(s)ds = / (i) B, >0,

o\ﬁ_ o\ﬁ_

— 00
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Proof. Weak stationarity follows immediately from (3.11), which implies

o0

EIGWG()] = [ e)g(i)Cylip)*dp.

— 00

The weak stationarity implies that ||G(s)||z, := E[|G(s)|3]'/? = E[G(s)*G(s)]'/? is finite and
constant, where || - ||o denotes the Euclidean norm. Thus an elementary Fubini argument and
using || - [z <[]+ (|22 gives:

B [c@as| < B|[I66lds| = [EUGEIRIs < [I6()]Iids < o
0 0 0 0

2

In particular, fo s)ds is almost surely finite. Finally, we obtain

t o) ot
/G(s)ds = /e“”g = //e“‘sdsg (ip) ®(dp)
0 0 —o0 0

zut_]_

t
[
oo
| St waw.
)
using a stochastic version of Fubini’s theorem (e.g. the obvious multidimensional extension of [21
Section IV.4, Lemma 4]). O
Before turning to a theorem enabling us to define MCARMA processes we establish three
lemmata and one corollary which contain necessary technical results relating the zeros of what
is to become the autoregressive polynomial to the spectrum of a particular matrix A. The first
lemma contains furthermore some additional insight into the eigenvectors of A.

Lemma 3.8 Let A;,..., Ay € My, (C), p € N, define P : C = M (C), 2 > Ip2P + Aj2P~! +
As2P72 4+ ...+ Ay and set

N(P)={z € C: det(P(z)) =0}, (3.21)
i.e., N'(P) is the set of all z € C such that P(z) & Gl (C). Furthermore, set
0 I, 0o ... 0
0 0 I .
A= : o € My,,(C) (3.22)
0 .0 I,
-4, —A,.1 ... ... A

and denote the spectrum of A by o(A). Then N(P) = o(A) and & € C™ \ {0} is an eigenvector
of A with corresponding eigenvalue X, if and only if there is an & € KerP(\) \ {0}, such that
z = (2%, (\D)*,...,(AP71&)*)*. Moreover, 0 € o(A), if and only if 0 € o(4,).

Proof. It is immediate from the structure of A, that A is of full rank, if and only if A, is of
full rank.

Let A be an eigenvalue of A and Z = (z7,... 7;)* € R"?, 2; € R™, a corresponding eigenvector,
ie., AT — Az = 0 from which Az1 = 2, Axs = x3,..., A\Tp—1 = 2p, ATp + Arxp + Aozp_1 + ...+
Apmy =0 follows. Hence, z; =A='z, i =1,2,...,p and

)\pﬂfl + A1>\p_12171 + AQ}\I)—2$1 +...+ ApiL'l = (ImAp + A1>\p_1 + ...+ Ap):nl =0. (323)
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As T #0, we have 21 # 0 and (3.23) gives z1 € KerP()\). Hence, we can set & = 1. Furthermore
the non-triviality of the kernel of P()) implies det(P(\)) = 0. Thus N(P) D o(A) has been
established.

Now we turn to the converse implication. Let A € N'(P), then P()) has a non-trivial kernel.
Take any & € KerP(\) \ {0} and set 2 = (*,(\)*,...,(A’"'%)*)*. Then (3.23) shows that
Az = Az and thus A € o(A4). Therefore N(P) C o(A) and 7 is an eigenvector of A to the
eigenvalue \. O

Corollary 3.9 o(A4) C (—0,0) + iR if and only if N(P) C (—o0,0) + iR.
Lemma 3.10 If N(P) C R\{0} + iR, then P(iz) € Gl;,(C) for all z € R.

Proof. As all zeros of det(P(z)) have non-vanishing real part, all zeros of det(P(iz)) must have

non-vanishing imaginary part and thus P(iz) is invertible for all z € R. O
p—1 .

Lemma 3.11 Let Cy,C4,...,Cp—1 € M,,(C) and R(z) = > Ciz". Assume that N'(P) C R\{0}+
i=0

iR, then

/ I1P(i2) " R(i)||” dz < oo,

where P(2) = I,2P + A12P7 L + ..+ A,

Proof. As det(P(iz)), z € R, has no zeros, |P(iz) ' R(iz)|| is finite for all z € R, continuous
and thus bounded on any compact set. Hence, ff(K ||P(iz) ' R(iz)||?* dz exists for all K € R. For

any z € R™ we have

p—1 p—1
|1P(z)z| = H (Imz” + ZAp_kzk> z|| > ||2Px|| — ZAp_kzk:U
k=0 k=0
p—1
> <|Z|p— Z||Apk|||2k|> 1]
k=0

Thus, there is K > 0 such that ||P(2)z|| > |z|?||z||/2 for all z such that |z| > K, z € R™. This
implies ||P(2)7Y|| < 2|2|7PV|z| > K and thus for all z € R, |z| > K,

p—1 2
(Z IICiIIIZV) )
=0

which gives the finiteness of f::j |P(iz) "*R(iz)||* dz and [ ||P(iz) ' R(iz)| dz. ad
The following result provides the key to be able to define multivariate CARMA processes.

I1PG2) Ri2) | < IP)  FIRGP < o

Theorem 3.12 Let L = {L(t)}+er be an m-dimensional square-integrable Lévy process with zero

mean and corresponding m-dimensional random orthogonal measure ® as in Theorem 3.5 and

p,q € No, ¢ <p (i.e., p>1). Let further A1, As,..., Ay, Bo,Bu,...,By € My, (R), where By #0
p—j—1

and define f1 = B2 = ... =PBp—q-1 =0 (ifp>q+1) and Bp—j = — >, AiBp—j—i + By—j for
i=1

p—j—1
J=0,1,2,...,q. (Alternatively, B,—; = — Y., Aifp—j—i+ By—j for j =0,1,...,p— 1, setting
i=1
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B; =0 fori < 0.) Assume that A as defined in (3.22) satisfies 0(A) C (—00,0) + iR, which
implies A, € Gl (R).
Denote by G = (Gi(t),...,G,(t))" an mp-dimensional process and set B* = (ﬂf, . ,ﬂ;).

Then the stochastic differential equation
dG(t) = AG(t)dt + BdL(t) (3.24)

is uniquely solved by the process G given by

G;(t) = / eMw;i(i\) ®(dN), j=1,2,...,p, t€ER, where (3.25)
1 .
UJ](Z) = ;(w]+1(z)+ﬂj)7 ]:1727"'7p_1 and
1 =
wp(z) = > (_ZApkwk+l(z) +5p> :
k=0

The strictly stationary process G can also be represented as

G(t) = / eA=93 1(ds), teR (3.26)

— 00

Moreover, G(0) and {L(t)},~, are independent, in particular,
E[G;(0)L(t)*]=0 forall t>0, j=1,2,...,p.

Finally, it holds that

p—2 j
wy(z) = P(2) | Bpz" ! — ZZApfkﬂprk*jflzj ) (3.27)
7=0 k=0
wi(z) = (P(2)7Q(2), (3.28)
where
P(z) = InzP+A2P' +. . + A, (“autoregressive polynomial”)
Q(z) = Boz"+ B1z" ' + ...+ B, (“moving-average polynomial”)

and [ ||w;(iN)||* d\ < oo for all j € {1,2,...,p}.

Proof. A, € Gl,,,(R) follows from Lemma 3.8. That (3.26) is the strictly stationary solution of
(3.24) is a standard result, since all elements of o(A) have strictly negative real part, and a simple
application of Gronwall’s Lemma shows that the solution of (3.24) is a.s. unique for all ¢ € R (see
e.g. [26], Theorem 3.1). Since G(0) = f_Ooo e~ L(ds) and the processes { L(t) };<o and {L(t) }+>0
are independent according to our definition (2.3) of L, G(0) and {L(t)},~, are independent.

To prove (3.27) and (3.28) we first show -

zP—J

P—j
wj(z) = L (wp(z) + Zﬁp_izi1> for j=1,...,p—1. (3.29)
i=1



14 Marquardt, T. and Stelzer, R.

In fact, for p—j = 1 (3.29) becomes wy_1 = L (wp(2)+Bp—1) which proves the identity for j = p—1
immediately. Assume the identity holds for j +1 € {2,3,...,p — 1}, then

w;(2)

1 1] 1 Pt -
;(ijrl(Z) +Bj) = poll By wy(2) + Z; Bp—iz + B;
1 p—J '
o (wp(z) + Zﬂpizll> )
i=1

which proves (3.29). Now we turn to (3.27):

NI»—A

( ZAP KWkt (2 +5p>
1 p—1 1 p—k—1 '
T
i=1

s

¥4

It follows,

p—1 p—1p—k—1
(Imzp+ZAp_kzk> o) = B =5 S Ay BpiH,

k=0 k=0 =1

Set j = k+i— 1, then

p—2p—2
wp(2) = (P(2)) ™" (ﬂpzpl -> ZApkﬂp+kjlzj)
k=0 j=k

= (P(2))71 | B2t - Z ZApfkﬂpHc*j*lzj )

7=0 k=0

which proves (3.27).
Let now [ € {1,2,...,p — 1}. Then setting Ag = L,

p—2

1 2 .
wy(z) = g (wp(z) + Zﬁp_iz’_1>
i=1
3.27) 1 1 1 ! i - i—1
= (P(2)) Bpz" Z p—kBpth—j—12’ +Zﬁp—i2
7=0 k=0

J
ZAp kﬁp-&-k —j— IZ]+ <Zﬁp zZ )]
k=0

(P(z))"! S Rkl »
= S Bk Y Y Ay 2|
j=0 k=0 k=0 =0

) 1
— /sz
7=0

Setting j = k + | we obtain,
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(P(Z))il p—2 j p k+p—I-1
wi(z) = =7 | Bpe”” PN A kBrk 1 d +Z ZA[) KBpk—j12’
7=0 k=0
P(x ] i p—2 3 p—Il—1p—I—-1
S B 3) TATEELES iy M AR
7j=0 k=0 k=0 j=k
p  k+p—I-1 p—Il—1 k+p—I—1
82" DY D ApkBprk—i P + Y D> ApiBprkjr?
k=p—l j=k k=1 j=p—I

It follows,

p—2 j
wi(z) = (P(Z))_1 szl—l _ Z ZAp—kﬁp-&-k—j—le_p—H

j=p—1l k=0
p  k+p—-i-1 p—Il—1k+p—I—-1
. i—ptl
+ E Z Ap iBpik—jr2 P + E E Ap iBpih—jr2’7F
k=p—-1l j=k k=1 j=p—I

The last term in the bracket appears only if p — [ — 1 > 1. Therefore, the whole term in the

bracket is a polynomial of at most order p — 1. Fixing [ = 1 and setting i = j — p + 1 we obtain,

p—2k—1

wi(2) = P(2)7" |8 Z Z Ap wBriz' + > Ay kB’

k=p—1i=k—p+1 k=1 i=0

p—1k—1
:P(Z)_l Bp“‘ZZAp kBr— izt +A026p ZZ]

k=1 i=0

p—2 p—1
=P(z) ! Zﬂp 2 YD Ay kB ,z].

i=0 k=i+1

Using the fact that 81 = B,;_p4+1 and setting j = p — k, we finally get

p—i—1

wi(2) = (P(2)) " | B g—p+12" +Z Bp—i + Z AjBp—j—i 2

=P(z) ' B, p12” '+ ZB‘I iz

=P(z)! Z B, iz’
ZBq = P(2)1Q(2).

The finiteness of [~ _|lw;(i)\)||* dX for all j = 1,2,...,p is now a direct consequence of Lem-
mata 3.10, 3.11 and Corollary 3.9.
It remains to show that the process defined in (3.25) solves (3.24): For j = 1,...,p we have as

a consequence of (3.25),

o0

G;(t) — G;(0) = /(ei“ — Dw;(iX) ®(dN). (3.30)

— 00
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For j =1,...,p— 1 the recursion for w; together with Lemma 3.7 gives
eI _ T it _q
Gi() - G0 = [ T wa@ + 5 [ ot @y
— 0 —00

/ w1 (IN)e™ B(dN) ds + B; L(2)

o—_ T\“

Gj-i-l (S) ds + BjL(t).

Hence,
de (t) = Gj-i-l (t)dt + B]dL(t) (331)

Analogously we obtain for Gp,

Gy (t) — G (0) = / (e — Dy (iX) B(d))

/ / z/\sAp kwk+1(7’)‘) (I>(d/\) ds + ﬂp ( )
0

— 00

/A,,Gl(s) + -+ A1Gp(s)ds | + BpL(t).

Therefore,
dGp(t) = —(ApG1(t) + ...+ A1Gp(t))dt + BpL(1).

Together with (3.31) this gives that the process G defined by (3.25) solves (3.24). O
Obviously, E[G(t)] = 0 for the process G = {G(t)}+er which solves (3.24). Noting that G is a
multivariate Ornstein-Uhlenbeck process, the second-order structure follows immediately.

Proposition 3.13 Let G = {G(t) }+er be the process that solves (3.24). Then its autocovariance

matriz function has the form

U'(h) = E[G(t + h)G(t)*] = e**(0), heR, (3.32)

with T(0) = [ eAUBYrB*eA % du satisfying AT(0) + T'(0)A* = —BXL6*.

0%8

Proof. (3.32) follows from (3.11) and the last identity is a standard result from matrix theory
(see e.g. [27, Theorem VII.2.3]). O
From [28, 17, 18, 19] we know that (3.26) is the unique stationary solution to (3.24) whenever

the Lévy measure v of the driving process L(t) satisfies f”x log ||z||lv(dz) < oo. This condition

lI>1
is sufficient (and necessary, provided 8 is injective) for the stochastic integral in (3.26) to exist,
as can be seen from substituting f(¢,s) = eA(t’s)ﬂI[Om) (t —s) in (2.12) and (2.13). As we shall
use this fact later on to define CARMA processes driven by Lévy processes with infinite second

moment, we state the following two results on the process G in a general manner.
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Proposition 3.14 For any driving Lévy process L(t), the process G = {G(t)}ter solving (3.24)
in Theorem 3.12 is a temporally homogeneous strong Markov process with an infinitely divisible
transition probability Pi(x,dy) having characteristic function

t
/ e ) Py (x, dy) = exp  i{x, e tu) + / V(e B)*u)dv y, ueR™. (3.33)
R™P 0

Proof. See [18, Th. 3.1] and additionally [10, Theorem V.32] for the strong Markov property.
O

Proposition 3.15 Consider the unique solution G = {G(t)}s>0 of (3.24) with initial value G(0)

independent of L = {L(t)}+>0, where L is a Lévy process on R™ satisfying f‘ log ||z||v(dz) <

[z||>1
0.

Let L(G(t)) denote the marginal distribution of the process G = {G(t)}+>0 at time t. Then
there exists a limit distribution F such that L(G(t)) = F as t — oo. This F is infinitely divisible

with characteristic function
o0
E [ei<“’F>] = exp /¢L((6Asﬂ)*u) dsp, ueR"™, (3.34)
0

Proof. See [18, Theorem 4.1]. O

Remark 3.16 Obviously F is also the marginal distribution of the stationary solution considered
in Theorem 3.12.

The sample path behaviour of the process G = {G(t) }+er is described below.

Proposition 3.17 If the driving Lévy process L = {L(t)}tcr of the process G = {G(t)}ier in
Theorem 3.12 is Brownian motion, the sample paths of G are continuous. Otherwise the process
G has a jump, whenever L has one. In particular, AG(t) = SAL(t).

3.3 DMultivariate CARMA Processes

We are now in a position to define an m-dimensional CARMA (MCARMA) process by using
the spectral representation for square-integrable driving Lévy processes and extend this definition
making use of the insight obtained in Theorem 3.12.

Definition 3.18 (MCARMA Process) Let L = {L(t)}ier be a two-sided square integrable
m-dimensional Lévy-process with E[L(1)] =0 and E[L(1)L(1)*] = 1. An m-dimensional Lévy-
driven continuous time autoregressive moving average process {Y (t)hier of order (p,q), p > q
(MCARMA(p, q) process) is defined as

o0

Y(t) = / eMPENTIQ@N) B(dN), teER, where (3.35)
oo
P(z): = IpzP+A12P7 + . 4+ A,
Q(2): = Boz'+ Bz ' +...+ B, and

® is the Lévy orthogonal random measure of Theorem 3.5 satisfying E[®(d)X)] = 0 and E[®(d)\)®(d\)*] =
%EL. Here Aj € M,,(R), j = 1,...,p and B; € M, (R) are matrices satisfying B, # 0 and
N(P):={z € C:det(P(z)) =0} C R\{0} +iR.



18 Marquardt, T. and Stelzer, R.

The process G defined as in Theorem 3.12 is called the state space representation of the
MCARMA process Y.

Remark 3.19 (a) There are several reasons why the name “multivariate continuous time ARMA
process” is indeed appropriate. The same arguments as in Remark 3.6 show that an
MCARMA process Y can be interpreted as a solution to the p-th order m-dimensional
differential equation

P(D)Y (t) = Q(D)DL(t),

where D denotes the differentiation operator. Moreover, the upcoming Theorem 3.22 shows
that for m = 1 the well-known univariate CARMA processes are obtained and, finally,
the spectral representation (3.35) is the obvious continuous time analogue of the spectral
representation of multivariate discrete time ARMA processes (see, for instance, [1, Section
11.8)).

(b) The well-definedness is ensured by Lemma 3.11. Observe also that, if det(P(z)) has zeros
with positive real part, all assertions of Theorem 3.12 except the alternative representa-
tion (3.26) and the independence of G(0) and {L(t)}+>o remain still valid interpreting the
stochastic differential equation as an integral equation as in the proof of the theorem. How-
ever, in this case the process is no longer causal, i.e. adapted to the natural filtration of the

driving Lévy process.

(¢) Assuming E[L(1)] = 0 is actually no restriction. If E[L(1)] = pr, # 0, one simply observes
that L(t) = L(t)—pzt has zero expectation and P(D)~'Q(D)DL(t) = P(D)~'Q(D)DL(t)+
P(D)~'Q(D)uz,. The first term simply is the MCARMA process driven by L(t) and the
second an ordinary differential equation having the unique “stationary” solution —A,; 'Bypr,
as simple calculations show. Thus, the definition can be immediately extended to E[L(1)] #
0. Moreover, it is easy to see that the SDE representation given in Theorem 3.12 still holds
and one can also extend the spectral representation by adding an atom with mass ur, to ®;
at 0.

(d) Furthermore, observe that the representation of MCARMA processes by the stochastic dif-
ferential equation (3.24) is a continuous time version of state space representations for (mul-
tivariate) ARMA processes as given in [1, Example 12.1.5] or [29, p. 387]. In the univariate

Gaussian case it can already be found in [23, Lemma 3, Chapter 2.2].

As already noted before, we extend the definition of MCARMA processes to driving Lévy processes
L with finite logarithmic moment using Theorem 3.12. As they agree with the above defined
MCARMA processes, when L is square-integrable, and are always causal, we call them causal
MCARMA processes.

Definition 3.20 (Causal MCARMA Process) Let L = {L(t)}ier be an m-dimensional Lévy
process satisfying
/ log |1z v(d) < oo, (3.36)
[lz]|>1
D,q € No with ¢ < p, and further Ay, As, ..., Ap,Bo,B1,...,B; € My, (R), where By # 0. Define
the matrices A, B and the polynomial P as in Theorem 3.12 and assume o(A) = N (P) C (—o0,0)+
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iR. Then the m-dimensional process
Y(t) = (ImaOMm(C)a---aOMm(C)) G(t) (337)

where G is the unique stationary solution to dG(t) = AG(t)dt+pdL(t) is called causal MCARMA (p, q)

process. Again G is referred to as the state space representation.

Remark 3.21 In the following we will write “M CARMA” when referring to Definition 3.18,
“causal MCARMA” when referring to Definition 3.20 and “(causal) MCARMA” when referring
to both Definitions 3.18 and 3.20.

Let us now state a result extending the short memory moving average representation of uni-
variate CARMA processes to our MCARMA processes and showing that our definition is in line
with univariate CARMA processes.

Theorem 3.22 Analogously to a one-dimensional CARMA process (see (3.7)), the MCARMA

process (8.835) can be represented as a moving average process

o0

Y(it) = / g(t —s)L(ds), teR, (3.38)

— 00

where the kernel matriz function g : R — M,,(R) is given by

o(t) = 5- / ¢ P(in) ™ Q(in) dp. (3.39)

Proof. Using the notation of the proof of Theorem 3.5 we obtain this immediately from (3.19):
Y(t)= [ e P(ip)" Qi) B(dp)

e P i) T Qi) du @1, (ds)

|
l=\13|’_‘ g 3

o0

M=) P(ip) "1 Q(ip) dp L(ds) = /g(t—s)L(dS)-

— 00

|-

Eli\g é\g
Eli\g é\g

O

Remark 3.23 For causal MCARMA processes an analogous result holds with the kernel function
g replaced by
g(s) = (Im, OMm((C) yeeey OMm((C) )eAsﬂI[Opo) (8)

Moreover, the function g simplifies in the square-integrable causal case as the following extension

of a well-known result for univariate CARMA processes shows.

Lemma 3.24 Assume that 0(A) = N(P) C (—00,0) +iR. Then the function g given in (3.39)

vanishes on the negative real line.
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Proof. We need the following consequence of the residue theorem from complex analysis (cf.,
for instance, [30, Section VI.2, Theorem 2.2]):

Let g and p : C — C be polynomials where p is of higher degree than ¢q. Assume that p has no
zeros on the real line. Then

/ &? exp(iat)dt = 2mi Z Res (f,z) for all a > 0 and (3.40)
s p( ) 2€C:¥(2)>0,p(iz)=0

q®) _ ,

() exp(iat)dt = —2mi Z Res (f,z) for all a <0 (3.41)
VN p 2€C(2)<0,p(iz)=0

with f:C— C, z+— % exp(iaz) and Res(f,a) denoting the residual of the function f at point
a.

Turning to our function g, we have from elementary matrix theory that

S(z)

Pli2)'QU2) = p iy

where S : C = M,,,(C) is some matrix-valued polynomial in z. Observe that det(P(iz)) is a
complex-valued polynomial in z and that Lemma 3.11 applied to R = @ implies that det(P(iz))
is of higher degree than S(z). Thus, we can apply the above stated results from complex function
theory component-wise to (3.39). But as all zeros of det(P(z)) are in the left half plane (—o0,0) +
iR, all zeros of det(P(iz)) are in the upper half plane R +i(0, c0) and therefore (3.41) shows that

g(t) = QL / e P(ip) "1 Q(ip) du = 0 for all ¢ < 0.
T
— 00

O

Remark 3.25 The above result again reflects the causality, i.e., that the MCARMA process Y (¢)
only depends on the past of the driving Lévy process, i.e., on {L(s)}s<¢. Similarly g vanishes on
the positive half line, if N(P) C (0,00) + iR. In this case the MCARMA process Y () depends
only on the future of the driving Lévy process, i.e., on {L(s)}s>¢. In all other non-causal cases
the MCARMA process depends on the driving Lévy process at all times.

Using the kernel representations, strict stationarity of MCARMA processes is obtained by
applying [9, Theorem 4.3.16].

Proposition 3.26 The (causal) MCARMA process is strictly stationary.

Furthermore, we can characterize the stationary distribution by applying representation (3.38)
and the results of [15] mentioned at the end of Section 2.2.

Proposition 3.27 If the driving Lévy process L has characteristic triplet (vy,o,v), then the distri-
bution of the MCARMA process Y (t) is infinitely divisible for t € R and the characteristic triplet
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of the stationary distribution is (v3°,05°,v5°), where

/ 7d3+// )zl g(s)an<1y — Igpen<iyl v(de) ds,

R R™

oy = / 9(s)og"(s)ds

R
/ / I5(g(s)z) v(dz) ds. (3.42)

R R™

Y

N

<3

&
I

For a causal MCARMA process the same result holds with g replaced by §.

3.4 Further Properties of MCARMA Processes

Having defined multivariate CARMA processes above, we analyse their probabilistic behaviour
further in this section. First we turn to the second order properties.

Proposition 3.28 Let Y = {Y(t)}ter be the MCARMA process defined by (3.35). Then its
autocovariance matriz function is given by

Ty(h) = % / eMPGEXN)TIQUAN)SLQEN (PGN) ") dN, heR.

Proof. Tt follows directly from the spectral representation (3.35) that the MCARMA process
Y = {Y(¢) }+er has the spectral density

1
fr(A) = %P(M)_IQ(M)ELQ(M)*(P(M)_l)*, AER (3.43)
The autocovariance function is the Fourier transform of (3.43). O

Remark 3.29 Note that in Proposition 3.13 we already obtained an expression for the autoco-
variance matrix function of the process {G(t)}+er of Theorem 3.12. The upper left m x m block
of (3.32) is also equal to I'y.

Regarding the general existence of moments, it is mainly the driving Lévy process that matters.

Proposition 3.30 LetY be a causal MCARMA process and assume that the driving Lévy process
L is in L"(Q, P) for some r > 0. Then Y and its state space representation G are in L"(Q, P).
Provided (3 is injective, the converse is true as well for G.

Proof. We use the general fact that an infinitely divisible distribution with characteristic triplet

(v,0,v) has finite r-th moment, if and only if f\lw\|>0 ||z||"v(dz) < oo for one and hence all C' > 0
(see [11, Corollary 25.8]). Using the Kernel representation (3.38) with

9(s) = (Im, 01,y () > - - -5 Oy () ) *BI10,00)(5),
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(3.42) and the fact that there are C,c > 0 such that ||(I,, 0ar,, (c)> - - - ,OMm(C))eASBH < Ce™% we
obtain for the stationary distribution of Y’

[ T = [ [ty (1 O O )e 3]
x_

0 Rm
X || (I, 0nt, (@) 5 - - - > O, () )eASBa:HT v(dz)ds

IN

oo
/ / I}t 00) (Ce*CS ||a:||) C"e " ||z||" v(dz)ds
0 R™
log(1/(Cllz1)
_ / Cr e ||)|” dsw(dz)
llzll>1/C 0
C’I"
= (=" = 1/C") v(dz),
lzll>1/C
which is finite, if and only if L has a finite r-th moment.

Basically the same arguments apply to G(t) = fioo eAt=9)3L(ds). Provided f is injective,
there are D,d > 0 such that ||e4*3|| > De~% and calculations analogous to the above one lead to
a lower bound which establishes the necessity of L € L" for G € L". O
Since the characteristic function of Y'(¢) for each t is explicitly given, we can investigate the
existence of a C}° density, where Cp° denotes the space of bounded continuous, infinitely often

differentiable functions whose derivatives are bounded.

Proposition 3.31 Suppose that there exists an o € (0,2) and a constant C > 0 such that

/ / 1, 9t — )2 L (ug(emsyoricty #(de) ds > Cllull? (3.44)

R R™
for any vector w such that ||u|| > 1. Then the MCARMA process Y (t) has a Cg° density.
The same holds for a causal MCARMA Y (t) process with g replaced by §.

Proof. 1t is sufficient to show that [ ||u||*||®(u)||du < oo for any non-negative integer k, where
® denotes the characteristic function of Y'(¢) (see e.g. [31, Proposition 0.2]).
The characteristic function of the (causal) MCARMA process Y (¢) is given by

®(u) = exp / / [ei(“’g(t*s)’”> —1—i{u,g(t— s)x)I{|<u7g(t_s)x>‘§1}] v(dz)ds ),
R Rm™

where g stands for either g or §. Thus,
1/2

1@ ()]l

exp / / [eitusti=sie) 4 omitutt=0) 3] y(d) ds

R R™

exp / / (cos(u, g(t — s)x) — 1) v(dz) ds

R R™

<exp //(Cos<uag(t_5)x>_I)I{l(mg(t—s)x)\gl}V(dx)ds )

R R™
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as cos(u,g(t — s)z) — 1 < 0. Then, using the inequality 1 — cos(z) > 2(z/m)? for |z| < 7 and
assumption (3.44) we have

[ ()| < exp _é//|<uag(t_S)m>|21{\(u,g(t7s)z)|§1}V(dw) ds
R Rm
< exp{=Cllul*~*},

where C, C' > 0 are generic constants and the proof is complete. The inequality 1—cos(z) > 2(z/)?
for |2| < 7 can be easily shown: Define f(z) = 1 — cos(z) — 2(z/m)?. Then f(0) = f(x) = 0 and
there is y € (0,7) such that f'(z) > 0, z € [0,y) and f'(z) <0, z € (y,n]. Hence, f(z) > 0 for all
z € (0,m). O
We summarize the sample path behaviour of the MCARMA (p,q) process Y = {Y(¢)}ier,
which is immediate from the state space representation (3.24) and the proof of Theorem 3.12.

Proposition 3.32 If p > q + 1, then the (causal) MCARMA(p,q) process Y = {Y (t)}ier is
(p — q — 1)-times differentiable. Using the state space representation G = {G(t)}tcr we have
g—;Y(t) =Gipa(t) fori=1,2,...,p—q— 1.

Ifp=q+1, then AY (t) = B1AL(t), i.e., Y has a jump, whenever L has one.

If the driving Lévy process L = {L(t)}ter of the MCARMA (p,q) process is Brownian motion,
the sample paths of Y are continuous and (p — q — 1)-times continuously differentiable, provided
p>q+1.

Ergodicity and mixing properties (see, for instance, [32] for a comprehensive treatment) have
far reaching implications. We thus conclude the analysis of MCARMA processes with a result on
their mixing behaviour. Recall the following notions:

Definition 3.33 (cf. [33]) A continuous time stationary stochastic process X = {Xi}ier is

called strongly (or a-) mixing, if
oy :=sup {|P(ANB) — P(A)P(B)| : A€ F°,,B€ F*} =0

as | = oo, where F° _ := o ({X:}t<0) and F° = o ({Xi}es).

It is said to be B- mixing (or completely regular), if
B :=E (sup {|P(B|F2,) — P(B)| : B€ F*}) = 0
as | — oo.
Note that «; < f; and thus any -mixing process is strongly mixing.

Proposition 3.34 Let Y be a causal MCARMA process and G be its state space representation.
If the driving Lévy process L satisfies

/” - |z||"v(dz) < oo (3.45)

for some r > 0, then G is 3-mizing with mizing coefficients B; = O(e~*) for some a > 0 and Y
is strongly mixing. In particular, both G and Y are ergodic.
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Proof. As G(t) = ffoo eA(t=9) BT ,(ds) is a multidimensional Ornstein-Uhlenbeck process driven
by the Lévy process SL, we may apply [34, Theorem 4.3] noting that (3.45) together with Propo-
sition 3.30 ensure that all conditions are satisfied. Hence, the -mixing of G with exponentially
decaying coefficients is shown. But this implies that G = (G}, G5, ..., G})" is also strongly mixing,
which in turn shows the strong mixing property for Y, since Y is equal to G; and it is obvious from
the definition of strong mixing that strong mixing of a multidimensional process implies strong
mixing of its components. Note that we also obtain a; < §; for the mixing coefficients «; of Y.

Using the well-known result that mixing implies ergodicity concludes the proof. d
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