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Abstract

This technical report presents a 3D model of a robot that balances on a ball. This new
generation of robots, also called Ballbots, has recently been developed and described by sev-
eral authors. Different from the conventional approach of generalizing 2D behavior to the
3D case, however, this report presents a full 3D model derived from geometrical, mechan-
ical and energetical considerations; moreover, the motor dynamics is included. For control
purposes, the model is linearized and analyzed with particular attention to controllability.
The valid range of the linearized system is discussed based on a comparison with the original
nonlinear model. Finally, the new model is validated using a 2D model from the literature.
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1 Introduction

During the last couple of years, a new generation of robots, called Ballbots [7] have been de-
signed, developed and controlled by several authors, [1, 8, 9, 10]. In this arrangement, the robot
balances upright on a sphere which is the only contact to the ground; the concept of motion
might thus be called an ”Inverse Mouse-Ball Drive”. Similar to an inverse pendulum the Ball-
bot is an under-actuated system whose center of gravity has to be balanced by a stabilizing
feedback controller. Unlike the classical pendulum, however, the Ballbot dynamics is of higher
complexity, as the ball is also free to move and has to be modeled by a finite inertia, accordingly.
Additional nonholonomic constraints [13] are required to describe the motion relation between
ball and robot. Due to that complex dynamical behavior a detailed system description is needed
for the purpose of control. While simplified models resulting from a generalization of the 2D to
the 3D behavior have been described in former works [8, 9], a detailed 3D model developed from
spatial considerations has not been addressed yet, to the best of the authors’ knowledge. The
aim of this report is therefore to derive a 3D model of a Ballbot which allows the design and
testing of modern control methods. The model is developed with the help of Balancino, a new
Ballbot designed at the Institute of Automatic Control at the Technische Universitat Miinchen.
Its mechanical construction, shown in Figure 1(b), is similar to the one presented in [8].

Balancino mainly consists of two mechanical parts: body and undercarriage. Three sustaining
actuators are placed rotation-symmetrically at 120°, where each of them drives a so-called omni-
directional wheel (omniwheel). The wheels bear on a sphere that rolls on the ground and enables
the robot to move in any direction. The omniwheel effect allows to transfer three horizontal
forces to the ball (along the circle of latitude), whereas tangential forces (along a meridian)
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cannot be conveyed. Upon the undercarriage, the body of the robot is mounted. It is shaped
like a cuboid and carries batteries, electronics and, as the case may be, loads. For a technical
realization, the following hardware is considered: brushless DC electric motors as actuators,
three Lithium-ion polymer batteries as power supply, a 32-bit microcontroller and gyroscopic
and acceleration sensors, all installed at the body of the robot. In addition, a camera based
location system and a digital compass might be considered for navigation purposes.

Based on that technical conditions, the rest of the report is organized as follows: In Section 2,
the robot design and its degrees of freedom (DOF's) are detailed. The equations of motion, with
particular attention to constraints, energy and non-conservative force derivation, are mathemat-
ically derived in Section 3. The nonlinear equations are linearized and a linear state space model
is given in Section 4, while in Sections 5 the linear system is analyzed and its controllability
conditions are discussed in details. The report contribution is summarized in Section 6.

2 Balancino’s design and DOFs

The computer-aided design (CAD) model of Balancino is shown in Figure 1(b). The main
components of the robot and their topological interconnection to a multi-body system structure
are represented in Figure 1(a). It consists of a ball, three omniwheels, three motors and the robot
body, which are all considered as rigid bodies even if small deformations may occur, due to the
robot weight and motion. In Figure 1(a) 'o’ represents joints or fixed connections between the
bodies: The three omniwheels, for instance, have direct contact to the ball. These contacts are
modeled by slip-free rolling (see Section 3.1), which is a commonly used modeling assumption for
such systems [8, 9, 10] and legitimate if the acting forces and momentums stay within reason.
Also the Matlab simulation model is shown (Figure 1(c)), where the dynamic characteristics
of Balancino’s body are summed up in the center of gravity: only the kinetic connections are
illustrated. In order to represent the relative position and orientation of a rigid body with respect
to another one, coordinate frames are attached to the center of mass of each body as illustrated
in Figure 2(b). This Figure is the section view A-A of the topview (Figure 2(a)) and shows
one motor-omniwheel combination M, W7. Table 1 resumes the notation for the components
and their degrees of freedom (DOFs). In the following, the reference of the coordinate plane is
subscripted on the left side of the described quantity; the subscript G, for instance, refers to

T

(a) Topology (b) CAD model (¢) Simulation model

Figure 1: Modeling steps for Balancino
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(a) Construction top view (b) Section view A-A

Figure 2: Structure details

the coordinate plane belonging to the body of the robot. The index i (i € 1,2, 3) refers to the
corresponding omniwheel or motor. The motors and the omniwheels have only one rotational
DOF and their translation is fixed to Balancino’s body coordinate frame. However, they are not
located in the same center of mass, see Figure 2(b).

Coordinate transformations of vectors, which allow to express the kinematic relationship between
the components of a multi-body system, can be carried out with the general procedure described
e.g. in [5, 14]. The generalized transformation matrix

e?(1 —cos¥) +cost  erea(l —cosv) +ezsingd  ejez(l — cos) — egsind
Acp=|erea(l —cos?) —ezsind  e3(1 —cos¥) +cos?d  eges(l —cosd) +epsind| (1)
erez(1 —cos?) + easin®d  esez(1 —cosd) —eysind  e2(1 — cosdd) + cosd

describes the rotation ¥ around an axis intersecting the origin. Its direction is given by the
normalized vector e = [61, e, 63]T. Referring to the above indicated rigid bodies and their
coordinate frames, the following transformation operations are needed to complete the kinematic

Table 1: Notation of DOFs and rigid bodies

Rigid body || Index | trans. DOF || rot. DOF Comments

Ball K TK, YK, 2K || @, UV, ¥ Rotation about the inertial axes

Robot body || G TG, Ya, 2G «, B, Cardan angles

Omniwheel || W; Tw;,  Yw;, || O Rotation about y-/z-axis not al-
2w, lowed

Motor M; Ty, YM;, || € Rotation about y-/z-axis not al-
ZM; lowed
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relationships between the components:

Agr = Aeyy Ae,vAzp (2)

Agr = Azy Ay Aga 3)

Awic = Ayy (4)

Aw,g = Ayy-Azize (5)

Awsa = Ayy - Asaee, (6)

with

e, = [0, cosp, —sin @]T (7)

e, = [—siny, sing-cosv, cosyp-cosv] T (8)

The same rotation matrices as for the corresponding omniwheel (equation (4) to (6)) are obtained
for the motors. Based on that design preliminaries, the equations of motion are derivable, which
is focused in the next Section.

3 Derivation of the Equations of motion

To obtain the equation of motion the Lagrangian approach of the first kind [5], which treats
constraints explicitly in an extra term, is considered:

d (or\* ror\* [ov\T [oD\" -
dt<ap> ‘(ap> +<ap> *(ap> = Qe GIA ®)

where T represents the kinetic energy, V' the potential energy, D the dissipation energy and Qg
the non-conservative forces of all bodies. The quantity G is the derivative of the constraint
conditions with respect to the bodies’ coordinates, which multiplied by the Lagrange multipliers
A form the constraint forces. See [5] for a more detailed description of the Lagrangian approach.
Because of the relation between the coordinate frames not only holonomic but also nonholonomic
constraints [5, 13] are required. The equations of motion are therefore based on redundant coor-
dinates p, meaning that the obtained equations will have more state variables than DOF's exist.
However, by considering constraint equations it is possible to reduce the system coordinates to
the minimal coordinate configuration q.

In the following Sections the unknown terms of (9) and thereafter the minimal coordinate con-
figuration of the resulting equations of motion are derived. Unless otherwise noted, the terms
are given in the inertial coordinate frame wherefore the subscript index I is omitted for the sake
of readability. The parameters of the construction (Figure 1(b)) and all quantities required for
modeling are summarized in Table 2 in appendix B.

3.1 Constraints

In this Section the contact constraints are discussed. They are required to formulate the physi-
cally impossible penetration of two rigid bodies in the model. These constraints characterize and
relate the kinematics of a contact point of rigid bodies. In such a way, the DOF's of a component
are bordered by adjoining components. In particular, the motion of the ball (contact point to
the ground P) and the contact points between the ball and the omniwheels @); are considered
(Figure 2(b)). The rolling relations of the ball position can be written as follow:

TK Rv
yk| — [—R ¢| =0, (10)
ZK R
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where R represents the radius of the ball. Due to the contact dynamics, the center of mass of
Balancino’s body is related to the ball position. Thus, the kinematic chain allows to describe
the position of the body center of mass by the geometrical constraints given by

el TK 0
yo| — |yx | +Ac- |0 =0, (11)
zZG 2K l

where A represents the frame transformation (from frame G to frame I). Analogously to the
body also the geometrical constraints for the i-th omniwheel

Tw; TK —ITw
yw, | — |yx | +Arc Agw,- | 0 | =0, i={1, 2 3} (12)
ZW; ZK R+r

and the i-th DC-motor

T M; TK —T M
ym, | — |yx | +Arc Agw,- | 0 | =0, i={1, 2, 3} (13)
ZM; K R —+r

can be named. The equations (11), (12) and (13) describe a kinematic permanent junction
between ball and omniwheels. The axial rotations ¢; and §;, of each omniwheel and DC-motor,
respectively, are coupled by the transmission factor i of the planetary gear:

5= Le. (14)
q

Accordingly, the chosen redundant coordinates are

P = [xKvyK71/]7a)677761762753]T (15)

Next, the relation between the rotation of the omniwheels and the ball is considered. While a
description only with holonomic constraints is not possible, additional kinematic chain equations
have to be added. The considered slip-free motion leads to the same tangential velocity of the
ball and each omniwheel in their contact points @; (i = {1, 2, 3}) (see Figure 2(b)). These
velocities are

—UK/R 0 0
wvo) = Aw,cAcrs | ik /R | x| |0|+AcAcw, |0 (16)
; R R
WTK rpPQ;
for the ball and .
. w, 5 0
wvo ) = Awe Acr- |ow, | + [ [0 x |0 (17)
2w, 0 -

for the omniwheels, where r represents their radius. As the omniwheels can not rotate around
their y- and z-axis (see Figure 3 and Table 1), three constraint equations considering the y-
component of the velocities w,vq, , can be given in the velocity domain:

(g,
oy
(D) = |wovg,, — watg,, | =0 (18)

(K) (Ws)

WsVQs,y WsVQs,y
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Note, slip between the omniwheels and the ball can be considered in equation (18) by an ad-
ditional variable which ensures the equivalence of the tangential velocities. However, it is not
always mandatory (see Section 2). By means of equation (18), the projection term of the non-
holonomic contribution forces G along the bodies coordinates can be given by the following
expression, according to [5, 12]:

G- %@ D)

op

The transposed of equation (19) together with the Lagrange multiplier A quantifies the force
contribution GT\ in equation (9).

(19)

3.2 Energy

In establishing geometrical constraints, the motion of the robot is described without considering
forces and torques producing the motion. The kinetic and potential energies of the multi-body
robot system, composed of ng elements, are needed. Translatory, rotatory and coupling energies
are scalar quantities and can be calculated separately in different coordinate frames (prefixed
with general indices B, C, D) as follows:

nK

1 1

T:Z i‘m‘ng'BVQ+m'CV£' (Cwlc XCTQS>+§'D‘-‘)?D'D0Q‘DWID - (20
=1

-

Trrans Tcoup Trot i
Considering the rotation terms Tre, it is convenient to describe the energy quantities with
respect to the coordinate frame of the corresponding body, because in this coordinate plane the
inertia tensor is constant. Concerning the translation terms T7rqns, it iS convenient to write
the equations in the inertial system, because the absolute velocities are easily obtained in this
coordinate plane by the derivation of the body centers of mass vectors. As suggested in [12],
the general reference points Qz are chosen to the center of mass of each element, in order to set
the contribution of the coupling energy to zero (Tcoup = 0).

Balancino’s potential energy in a general coordinate frame FE is given by

nK

V= Z (—m . EI‘SS . Eg)i y (21)
i=1

where m represents the mass of each body and gg the gravity vector in the coordinate frame
E. The vector gros denotes the position of the center of mass of the considered component
referring the origin O of the inertial frame. For E = I (inertial coordinate frame), the positions
of the centers of masses are given by

~

(K)

ros = [rx,uk. R]", (22)
T(OGS,) = [JIK,ymR]T +AjG- [O,O,Z]T, (23)
v = [ek,y, RN + Asg Acw, - [—aw,0,R+7]", (24)
rg\?) = [fCKayKaR]T + Arc Agw, - [—m,0, R+ r]T. (25)

Based on that, the absolute and the angular velocity of each of the ng-bodies and their inertia
tensors, required for determining (20), can be calculated as follows: The absolute velocities

. or 0 .
Vos =Tos = 6(;5 - 8712 =Jr-p, (26)
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are derived with a differentiation operation of the center of mass vector, where J7 represents
the Jacobian matrix of translation.
The following four equations

Kwixk = Akl JWIK, (27)
cwic = A.,-Ayg-[a,0,0" +A.,- (0,80 +1004]", (28)
wwrw, = Aw:ewig+ [0, 0, O]T, (29)
Mwiv; = Aweewie +ic - [0, 0, 0]T7 (30)
describe the absolute rotational velocities. The Jacobian matrix of rotation Jp is
Tr= 20, (1)

where x € {K, G, W;, M;} is the reference coordinate frame and the required rotational velocities
are given by (27) to (30).

Considering the ball as a hollow sphere and approximating the omniwheels as disks with thickness
by, the inertia tensors

. ZmgR? 0 0
05 = |7 0 Zmgr2 0 |, (32)
|0 0  2mgR?
Smyr? 0 0
WiGgWi) — 0 Fmw (r’+30%,) X 0 X (33)
| 0 0 1mw (r? +305y)

can be calculated according to [6]. The inertia tensors of Balancino and the motors are obtained
from the data sheets of the electronic components resumed in Table 2 and form the computer-
aided design model depicted in Figure 1(b):

09 o o oM 0
a0 =10 o o . wm8=] 0 % o |. (34)
o o 09 0 0o M)

Because of the symmetry of the construction, these matrices have diagonal form. Combining all
the obtained equations, the kinetic (20) and the potential (21) energy terms can be calculated.
Equation (20) can be further simplified to a matrix-vector notation by applying the Jacobian
matrices of translation and rotation [12], resulting in

1. )
T=3 "M, ca P, (35)

where the mass matrix of the system, considering the reference frame of the i-th body, can be

written as
nK

Meg =Y (m-I7Ir+I305TR), . (36)
=1

Spin friction is considered as a viscous damped friction momentum
My=—d-9 (37)

between ball and ground, which is proportional (damping factor d) to the rotation velocity 1/1
of the ball around its vertical axis. This friction is needed to assure the transfer of momentums
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from the motors to the ground which enables Balancino’s motion. Thus, the spin friction is
required to guarantee the full controllability of the system which is further detailed in Section 5.
Such friction terms are integrated in the Lagrange equation (9) by the dissipation energy of the
Rayleigh dissipation function [11],

D:;dw?. (38)

The coefficient d is related to the friction pairing (e.g. gum/asphalt) and needs to be identified
experimentally. For the later simulation, d is chosen according to the results in [10] (see Table 2).

3.3 Non-conservative forces and moments

Forces acting on the robot, which are not included in the potential V', are condensed in the
vector of the non-conservative forces Q. This vector includes damper forces and loads which
operate on the robot as external excitations. Here, these terms allow to influence and manipulate
Balancino’s motion. They are generated by the three motors and build the desired mechanical
moments on the ball to stabilize and to drive the robot to a desired position. Based on the
torque moments y, M; of each motor, Q y is given by

B 3 8WiwIWi T T
QNK—Z [ap} cwi M, 0, 0], (39)

=1

where the Jacobian matrix of rotation Jg (31) is required to project the torque moments into the
direction of the redundant coordinates p. As the omniwheels can only rotate around their x-axis,
the first element of 1, M; is non-zero. The corresponding torque moment values (M, Ma, M3)
depend on the characteristics of the motors. The dynamics of the DC-motors is defined by their
mechanical and electrical time constants due to the rotor inertia and the motor inductance,
respectively. The latter can be neglected because of its minor effect. Figure 3 shows an equivalent
circuit diagram of a DC-motor.

Urs UL

Gear Omniwheel
0;y M;
—»

Figure 3: DC motor circuit model

1q

Applying Kirchhoff’s voltage law to the circuit, the voltage of each motor can be modeled
depending on the mutual induction Uyq, generated by the motor rotation, the potential drop
on the resistor Ur; and the inductance Uy, ; as follows:

Ui =Ugr;+UrL;i+ Uinai, i={1, 2, 3}. (40)

According to [4], the mutual induction can be substituted by Uing; = kg - d; - i¢. Assuming that
the inductance term can be neglected, equation (40) can be reformulated to

U =Ry -Li+kg-0;-iq, i={1,2, 3}. (41)

The constant kg is the ratio between the inducted voltage and the rotating speed and ig rep-
resents the gear transmission ratio. According to the motors’ data sheets (parameters given in
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Table 2), the motor torque Mj;; depends linearly on the currents I; (i =1, 2, 3) as follows:
My = knr - I

. M; = 1; - ky i v - 16 (42)
Mi:MM,i'ZG'nM'nG} o ’

where the term kj; represents the linearity factor. Because of the non-ideality of the torque
transmission in (42), a gear and a motor efficiency factor (ny;, ng) are added to the gear
transmission ratio ig. Combining equation (41) and (42), the torque moments operating on the

ball can be expressed by

kikni | Fkart
REEMIGIMIG. 5. FMIGIMNG. 47— (1 9 3} (43)

M; = —
RM RM

3.4 Nonlinear Dynamical Equations

Using the equations obtained in the previous Sections, the Lagrangian approach of the first kind
(9) is solvable. Its solution gives Balancino’s equations of motion, which are summarized in a
system of two differential algebraic equations (DAEs):

Mred . p = h(pupau) + GTA

&(p.p) = 0, .

where the term h(p, p,u) is

o () o (2] ) ) () () om0

and the input vector u consists of the actuator voltages
T
u = [Ul, UQ, Ug] (46)

For control purposes, a transformation towards minimal coordinates q is needed. Due to the

considered sensors and in order to achieve the stabilization and possible trajectory planing goals,
the choice of the following coordinates

T

a=[zx, yk, ¥, a, B, 7] (47)

is advantageous. Thereby, the system dynamics is uniquely described, because &; is at hand
by equation (18), resulting in a functional relation 0; (q,q). Based on that, §; are given by
integration. By

P (qa q) = [LEK, YK, ¢7 a, Ba v, 51 (qa q) ’ 52 (qa q) ) 53 (qa q)] (48)
the nonholonomic forces and moments GZ A can be eliminated and a set of differential equations
in minimal coordinates is obtained. Therefore, the derivative in time of the vector p

op ap
. _op . Op . 49
b= 5q 4t 5q @ (49)
~—
J
is inserted in equation (44) which is then multiplied from the left by J”, resulting in the differ-
ential equations of motion

Ip

T o T . _ . T~T

J" M,.eqd q= J (h (p, b, u) M, ed aqq) +,J :(j ,}‘ (50)
min h:zn

or rewritten in implicit form (considering only minimal coordinates):

f (qa q, (.:.-la 11) = Mmm (Q) ' q - hmm (qa éb u) =0. (51)
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4 Linearization

Some fundamental analysis, like controllability or observability, can be easily done based on a lin-
ear system formulation. Additionally, well-known controller design methods, like LQ-controllers,
require linear state space equations. In this Section the nonlinear system equations are linearized
at the equilibrium point 0, where the robot stands in a steady state. In the linearization point
all quantities are labeled with an additional lowered index O:

T
a=qo= [Tk, Yxo, %0, @, Bo, "] =07
q=¢o=0"

. (52)
d=Go=0"

T
u=ug = [Ug, Uso, Usg|] = o’
The nonlinear differential equations of second order (51) are linearized using the first order

Taylor series approximation

Do - of . of . of of
N A g0,u0 Qlgo,uo A lgo,u0 U 1d0,u0 (53)
= ———
Mlin Dlin Klin Qlin

with o = [qo, 0, do]”, the mass matrices My;,, € R, the stiffness matrix Ky;, € R,
the damping matrix Dy;,, € R%% and the input matrix Qp, € R%3. These equations are
reformulated with the following definition,

X = X1 = Xy
D R (54)
X2 =4q Xo = —M, " Kijpn - X1 — M

lin lin

e -1
Dlin * X2 — Mlianin -,

to obtain a set of first order differential equations. For the analysis in Section 5, the position
of the ball xx,yx and the orientation of the robot v are chosen as outputs, leading to a linear
state space representation calculated to

- [ 0 I

N 0
_ X+ ‘u
Kiin —MuiDlm] [ }

X = —1 —1
_Mlin _Mllein
A B
10 0000 0 - 0
=10100000 --0|%+ 0 u (55)
000 O0O0T1TTO0 - 0 D
¢

with the system matrix A€ R12%12 the input matrix Be R123 the output matrix C € R3x12
and the feedthrough matrix D € R3S,

Applying the parameter values according to Table 2 to this state space model it can be noticed
that the state variables x, yx, v and 1 have no effects on the dynamics of the system (zero
columns). Hence, the state space model could actually be reduced by canceling these state
variables. However, because zx, yx, v are interesting control variables (e. g. for position, motion
or trajectory control of the robot), only the state ¢ is omitted and therefore the state vector is
reduced to 11 elements. Moreover, since it is not possible to arbitrarily affect the angles v and ¢
simultaneously to preserve the full controllability of the system, the state iy has to be canceled.
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More details can be found in the following Section 5. The finally obtained state space model is
given by:

(0 0 0 0 0 1 0 0 0 0 0 |
00 O 0 0 0 1 0 0 0 0
00 O 0 0 0 0 0 1 0 0
00 O 0 0 0 0 0 0 1 0
00 O 0 0 0 0 0 0 0 1
x=10 0 0 —1429 0 —-261 0 0 0 0.58 0 | x+
0 0 14.29 0 0 0 —261 0 —0.58 0 0
00 0 0 0 0 0 —23.02 0 0  11.93
0 0 54.67 0 0 0 —7.46 0 -1.66 0 0
00 0 54.67 0 7.46 0 0 0 —166 0
00 O 0 0 0 0 0.20 0 0 —2.92
A

[0 0 0 |

0 0 0

0 0 0 (56)

0 0 0

0 0 0

+] 0 =021 021

024 —0.12 —0.12

3.47 347 347

0.70 —0.35 —0.35

0 0.60 —0.60
—0.85 —0.85 —0.85

B
10000O0O0O0OGO0TO0O0 00 0
y=10 100000000 0/ x+1[00 0]-u,
00001000000 00 0
C D
where
. . . . . AT
X = [':CK’ Yk, «Q, B) Y, TK, YK, 7/’» «, B) rﬂ (57)

5 System Analysis

For the purpose of control, the linear state space model is analyzed in terms of stability, con-
trollability, observability and its dynamical characteristics. The eigenvalues of system (56) are

)\:[—23.13, -9.58, -9.58, -2.80, -0.63, —-0.63, 0, 0, 0, +5.95, +5.95]T. (58)

As expected, not all eigenvalues are negative and the system is unstable, accordingly. Because the
eigenvectors belonging to A\7g9 = 0 are [1,0,...,0]7, [0,1,0,...,0]" and [0,0,0,0,1,0,...,0]T,
the position of the ball zf, yx and the robot’s yaw angle v span the system kernel N of di-
mension dim (N) = 3. All possible equilibria are inside this kernel ' which is plausible, as the
dynamics of a robot balancing on a ball has to be independent from its position and orientation.
In other words, if Balancino is stabilizable via state feedback control, each position and yaw
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angle is identically stabilizable.
For analyzing the system’s controllability and observability, the rank of the Kalman controlla-
bility and observability matrices are checked, yielding

rank [B, AB, ..., A" 'B| =11 and (59a)
rank [C, CA, ..., cA"1]" =11, (59b)

which states full controllability and observability of the system.

The importance of eliminating ¢ from the final LTI-system (56) in order to obtain complete
controllability can be seen using Kalman’s controllability matrix according to equation (59a).
Calculating its rank using the non-reduced system matrices A and B from (55) results in a
rank of 11, which is smaller than the full rank 12. Thus, complete controllability is not given
in this case. In addition, the rank of (59a) is also reduced (from 11 to 10) if the spin friction
(equations (37) and (38)) is eliminated from the A matrix. In both mentioned cases of non-
controllability, yawing of the robot body and of the ball are coupled in a way which makes it
impossible to transfer all of the state variables to zero from any arbitrary initialization. While
in the first case the yaw angles are directly coupled, in the second one the non-damped yawing
of the ball leads to such a coupling.

In order to clarify this coupling in more detail, the motion of the ball and Balancino’s body
is reduced to yawing and thus only the above mentioned angles can be considered as minimal
coordinates. This implies that the same voltage is applied to all DC-motors; hence the input
vector u according to equation (46) is replaced by a scaler input wyew = Uy = Us = Us.
Considering these restrictions and applying the modeling procedure according to the Sections 2
and 4 with the parameter in Table 2, the following SISO state space representation of yawing is
obtained!:

00 1 0 0

. 00 0 1 0

Xyaw = g 9302 11.93| Xvew T | 1941 | twaw (60)
00 020 —292 255

Yyaw = [0 1 0 0] - Xyqu

with the state space vector

. . T
Xyaw = (¢, 7, , F] (61)
The system eigenvalues are located at
Ayaw = [—23.13,—-2.80, 0, 0], (62)

whereby, because of the absence of eigenvalues on the right side of the imaginary-axis, the
stability of the system is shown. However, the controllability matrix is not of full rank:

rank [B, AB, A’B, A’B]=3<4=n, (63)

meaning that the system cannot be led to X4, = 0 when starting form a perturbed initial state.
This effect can be illustrated considering a controller designed by pole placement

det[AL= (A = b KT)| £ p(Aer) (64)
Aclose

Lconsidering friction effects
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where kT = [kzl, ko, ks, k:4] is the linear state feedback. The desired eigenvalues Age; of the
closed loop system A ,se are defined by the desired control polynomial p(Aset). The resulting
eigenvalues of the system (60) can be represented as

A=[0, Ao (K7). As(KT), Ao (KT)]. (65)

It can be recognized, that the zero-eigenvalue cannot be shifted by k™ towards the desired Ageq.
For the controlled system Xyquw = A iose - Xyaw the general solution can be written as

x(t) = Z Ci-vi- et (66)
i=1

where C; depends on the initial values and v are the eigenvectors, respectively. Choosing k’
properly leads to a decaying oscillation of three eigenmodes (A2, A3, \y < 0). However, \; stays
zero and as the corresponding eigenvector is [0,1,0,0]7, the angle v reaches a constant value
(# 0) for t — oco. In Figure 4(a) the behavior of both angles, with an initial perturbation of
o = 45° is shown. In case of neglecting the friction between ball and ground, the reduction of
the state quantity i shows a similar effect, because the controllability matrix is also not of full
rank. A simulation result initialized with Xy., = [45°,30%,0%] (3 is eliminated) is illustrated
in Figure 4(b). It can be seen, that in this case ¢ reaches a constant value which differs from
zero. These two simplified examples show the necessity to remove ¢ from the state space model
in (55) and also to consider the spin friction between ball and ground in order to guarantee full

controllability of Balancino.

100

[or]
o

e 70} ¥
0 : e —— " -
Z 6o —
3 . 0
-100 = 50\
— [
o >
— L 40 N
s 20 Bl N
Sa0ly Tme—e—e—. —
§ -300t & 20,\
RN
-400F i 107 N
500 K OW\
) £ 10
000 2 4 6 8 10 20670 20 30 40
time [s] time [s]
(a) full system with friction (b) reduced system without friction

Figure 4: Time responses illustrating the controllability problem

A further system characteristic becomes obvious by the transfer zeros
n=[-2221, —3.72, —3.712, +3.712, +3.712]". (67)

Because of 145 > 0, the system is of non-minimum phase, which is easy to understand when
comparing its physical behavior to a simple inverted pendulum. Thus, the robot has to move
backwards first for tilting its body forwards into the desired direction of motion.

Finally, the range of validity of the linear model is approximated by comparing it to its nonlinear
representation (50) and to the behavior of the plane model presented in [8], named TGU ballbot.
A free tip over motion for an initial tilting «(0) = 1° is considered for both comparisons whose
results are depicted in Figure 5. As clarified by Figure 5(a), the range of validity can be set to
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100 : ; : 140 : : ; ; . : .
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101
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(a) Compared to the nonlinear system (b) Compared to the 2d-TGU ballbot

Figure 5: Range of validity of the 3D-linearized state space model

[0,22°], where the tilt angle error between the nonlinear and the linearized model of Balancino’s
is still below 5%. In order to enable a comparison with the plain TGU ballbot model, its
parameters were modified, meaning the mass of the robot body, its moment of inertia and its
centroidal distance to the ball were matched with Balancino. Despite that, the tip over motion
of the TGU ballbot is faster than the one of Balancino (Figure 5(b)). However, this behavior
has been expected due to the higher abstraction level of the TGU model (e.g. missing moments
of inertia of the power train).

6 Conclusion and outlook

In this report, a detailed 3D-model of a robot balancing on a ball, named Balancino, has been
presented. The nonlinear equations of motion have been derived based on Lagrange’s equations
of the first kind. In addition to the robot and the ball also the dynamics of the three required
actuators was considered. The complete model has been linearized and further analyzed for con-
trol purposes. Special attention has been paid to the controllability problem. It has been shown
that the yaw angles of the ball and robot are not simultaneously controllable. The necessity to
introduce spin friction in order to guarantee Balancino’s controllability has been detailed.

In future work, the obtained model will be used to design and test linear and nonlinear con-
trollers as well as switching or adaptive strategies. Also real time experiments for checking the
performance of control strategies are of high interest.
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A Explicit representation of modeling equations

Vectors and matrices used in the modeling Sections are given in the following. This may help
for clarification or at least it will ease the modeling procedure for the readers.

The explicit outlines of the transformation matrices are given by

COS I/ cOS v sin v cos v —sinv
Ay = |sinpsinvcosy —cospsiny  sinysinpsiny + cospcosy  singcosv
|sin ¢ sinv + cospsinvcosy —singcosy + cospsinysiny  cospcosv
[ cosycosB sinycosa + cosvysinBsina sinysina — cos~ysin 5 cos o
Agr = |—sinycos cosycosa —sinysinSsina cos-ysina 4+ sin -y sin 5 cos «
sin 3 — cos B sin « cos 3 cos &

[cosn 0 —sinp

Aweg=1] 0 1 0
[sinp 0 cosn
-—%cosn @cosn —sing
A‘WQG = _§ _% 0
_—%sinn § sinn  cosm
——%cosn —?cosn —sinn
Awo=| % -3 0
_—%sinn —@ sinn  cosm

The elements g; ; of the projection matrix GT € R9*3 are:
g11 = —cosfsinnsina — cosysinacosnsin B — sinycosacosn
g1,2 = —cosBsinnsina+TSinvsinacosnsinB—;cosvcosacosn
+ %cosysinacosnsinﬂ + %sinvcosacosn
913 = —cosﬁsinnsina—;sinfysinacosnsinﬁ—l—;cos'ycosacosn

1 1
+ §coswsinacosnsin5+ isin'ycosacosn

g2,1 = —sinfsinn + cosycosmncos B
3 1
goo = —sinﬁsinn—TSin'ycosncosﬂ—§cos'ycosncosﬁ
. . 3 . 1
go3 = —smﬁsmn—l—Tsm’ycosncosB—50087005770086
gs1 = R(cosfsinncosa + cosycosacosnsinf — sin -y sin acosn)
R
g32 = §(QCosﬂsinncosa—\/gsin'ycosacosnsinﬁ—\/gcosysinozcosn
— cosy cos a cos 1 sin B + sin 7y sin « cos n)
R
933 = 5(2008581n7]cosa—|—\/gsin'ycosacosnsinﬁ—{—\/gcosysinozcosn

— cosy cos a cos 1 sin B 4+ sin 7y sin « cos 77)

ga1 = —(R+r)(sinfsinn — cos~ycosncos f3)
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B Parameter

94,2

94,3
95,1

95,2

95,3

96,1
96,2
96,3
g7
g7,2
97,3
98,1
98,2
98,3
99,1
99,2
99,3

1
2

1
2

sinycosn (R+ )
1
5 (R+r)cosn (\/gcos'y - sin'y>

1
2

—sinn (R+7r)
—sinn (R+7r)
—sinn (R+7r)

—-r

(R+1)cosn (sin7 + V3 cos fy)

(R+r) <2sinﬂsinn+ \/gsin'ycosncosﬁ—i—cos*ycosncosﬂ)

(R+71) (—\/gsinvcosncosﬁ—l—QSinBsinnchosvcosncos,B)

In the following the mechanical and electrical parameters used for modeling are given. The

DC-motor and the gear characteristics are taken from [2] and [3].

The mass of the modeled

omniwheels is composed by the wheel and the binding mechanism, which connects the spindle.

Parameter Value Unit Parameter Value Unit
l 0,373 m 0C 0,149 kgm?
R 0,13 m 6.5 0,149 kegm?
r 0,062 m p{C) 0,036 kgm?
n 45 o o) 6,042-10%  kgm?
2 0,132 m 0% 5463104 kgm?
T 0,031 m o) 5463104 kgm?
g 9,81 m 05" 2,7-10°7 kgm?
M 0,6 kg o0 4,79310°  kgm?
ma 4,79 kg gD 4,793-10°  kgm?
mw 0,475 kg na 70 %
mu 0,046 kg M 82 %

d 0,17 A Unnaz 12 1%

iG 43 — Ky 14,5 S
ke 1,52 m Ry 8,71 Q

Table 2: Values of the parameters
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C Energy contribution

In the following the kinetic and the potential energies of Balancino’s components are given.

Potential energy

Vi =migR
Ve =mag(R + 1 - cos (B cos a)
Vw1 =mw (R — ((sinysin o — cosysin B cos ) cos ) — sin 7 cos 5 cos o) xyy+
+(sinn(sin~y sin o — cosy sin 5 cos a) 4 cosncos S cos ) (R + r))g
Viva =myw (R — (—1/2 (sinysin o — cos ysin § cos a) cos i 4 1/2 (cosysin v + sin y sin 3 cos a) cos nv/3+
— sinn cos B cos a)zy 4+ (—1/2 sinn(sinysin o — cos v sin B cos ar) 4+ 1/2 sin nv/3(cos y sin a+
+sinysin B cos ) + cosncos fcosa)(R+1))g
Vivs =my (R — (—1/2 (sinysin o — cos ysin § cos a) cos — 1/2 (cosysin v + sin  sin 3 cos a) cos nv/3+
—sinncos B cos a)zy 4+ (—1/2 sinn(sinysin o — cos v sin 8 cos a) — 1/2 sin nv/3(cos v sin a
+sinysin B cos ) + cosncos fcosa)(R+1))g
Varr =moy (R — ((sin~y sin o — cos vy sin 3 cos «) cos ) — sin 7 cos B cos o)z py + (sin n(sin v sin a+
—cosysin S cosa) + cosncos feosa)(R+1))g
Varz =may (R — (—1/2 (sinysin a — cosysin 3 cos o) cos 1 + 1/2 (cos v sin a + sinysin 3 cos o) cos v/ 3—
+sin 7 cos B cos &)z + (—1/2 sinn(siny sin o — cosysin f cos o) + 1/2 sinnv/3(cos y sin a+
+ sin~y sin B cos ) 4 cosncos fcosa)(R +r))g
Vars =mag (R — (—1/2 (sinysin a — cos ysin B cos a) cos ) — 1/2 (cos y sin o 4 siny sin § cos o) cos v/ 3+
—sinncos B cos a)zys + (—1/2 sinn(sin ysin o — cosysin 3 cos a) — 1/2 sin nv/3(cos v sin a+
+sin~y sin § cos ) + cosncos fcosa)(R +1))g

Kinetical energy

1 5 . . 2.
Tk :imK[g(ﬁ( + %) + §¢2R2],

1 . ;
Ta :50@ [32(1 — cos® ) + &2 cos? B cos® v + 243 cos 3 cos ]+

1 ) X
+§0§f) (B2 cos® v 4 a2 cos® B - (1 — cos? y) — 263 cos 3 cos y sin ]+

1
+§0§§) [4% 4 a2(1 — cos? B) + 24 sin B+

1 . .
+§mg(l2d2 cos? B+ 1282 4+ 2i k1S cos B — 2y lév cos a cos S+

+29lf sinasin B + &% + %)
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Twi1 =1/2mw ((£g + (—(— cosncos~ysin § — sinncos B)zw + (— sinn cos~ysin B + cosn cos B)(R+
+7))B + (cosnsin~y cos By — sinnsiny cos B(R + 1))4)% + (Yx + (—(cos n(— sin v sin a+
+ cosysin  cos a) + sin 7 cos 5 cos o)z + (sin7(— sinysin « 4 cosy sin B cos )+
—cosncos fcosa)(R+r))a+ (—(cosncosycos fsina — sinysin 5 sin a)xyw+
+(sin 7 cosy cos B sin a 4 cosnsin Bsin a)(R + 7))3 + (— cos n(cos y cos o — sin vy sin 3 sin &) zyy +
+sin7(cosy cos a — sinysin Bsina)(R 4 1))¥)? + ((—(cos n(sin -y cos o 4 cos 7y sin [ sin o)+
+ sinn cos fsin )z + (sinn(siny cos o + cosysin fsin ) — cosncos Bsina) (R + r))a+
+(—(— cosm cosy cos f cos a + sinn sin 3 cos o)y + (— sinn cosy cos B cos a+
—cosnsin Bcos a)(R + 7)) + (— cosn(cos v sin o 4 sin  sin S cos o) zyy+
+ sinn(cosysin a + sinysin B cos a)(R 4 7))¥)?) + (1/2 cosn(cosy cos B(c 4 sin B7)+
+(sin y cos a 4 cos 7y sin B sin ar)(cos af — sin avcos )+
+(siny sin a — cos 7y sin B cos @) (sin af + cos avcos 37)) — 1/2 sinn(sin B(c + sin 57)+
— sin av cos 3(cos af — sin a cos B7) + cos a cos B(sin af3 + cos a cos BY))+
+1/261)8w,, (cosn(cos y cos B(c + sin 37) + (sin~y cos o + cos vy sin B sin a) (cos S+
—sin o cos %) + (sin~y sin a — cosysin B cos &) (sin a3 + cos o cos %)) — sinn(sin B(& + sin B7)+
— sin «v cos 3(cos a3 — sinacos B4) + cos v cos B(sin o + cos a cos BY)) + 61)+
+(—1/2 sin~ cos B(cx 4 sin B4) + 1/2 (cosy cos & — siny sin S sin o) (cos af — sin v cos B7)+
+1/2 (cos y sin o + sin y sin 3 cos &) (sin a8 4 cos a cos B%))0w,, (—sin~ycos B(& + sin f7)+
+(cosy cos o — sin y sin 8 sin a)(cos af — sin a cos B7) + (cos v sin o + sin  sin § cos a) (sin oS+
+ cos acos B5)) + (1/2 sinn(cosy cos B(cx + sin %) + (sin~y cos a + cos y sin  sin o) (cos af+
—sina cos %) + (siny sin a — cosysin B cos &) (sin a3 + cos o cos 54))
+1/2 cosn(sin B(cx 4 sin 3%) — sin o cos B(cos af — sin a cos 37) + cos ar cos B(sin af+
+ cos a cos 3%)))0w.. (sinn(cos~y cos B + sin B7) + (sin~y cos o + cos 7 sin B sin a ) (cos o3+
—sin o cos %) + (sin~y sin a — cosysin B cos @) (sin o3 + cos o cos 57) )+
+ cos n(sin B(é + sin f7) — sin « cos [(cos o3 — sin acos 5%)
+ cos avcos B(sin a3 + cos acos 54)))
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Twa =1/2mw ((éx 4+ (—zw(1/2 cosncosysin B + 1/2 cosnv/3sinysin § — sinn cos )
+(1/2 sinncosysin B + 1/2 sinnv/3sinysin 3 + cos 1 cos B)(R + r)) A+
+(—2w(1/2 cosnsinycos B — 1/2 cosnv/3 cos v cos B) 4 (1/2 sinnsin -y cos S+
—1/2 sinnV/3 cosycos B) (R +1))4)? + (U + (—(—1/2 cosn(— sinysin a+
+ cosysin B cosa) + 1/2 cosnv/3(— cosysin a — sin y sin 3 cos &) + sin 7 cos 8 cos o)z +
+(—1/2 sinn(— sin vy sin & + cosysin 8 cos o) + 1/2 sin nv/3(— cos v sin a+
—sinysin fcosa) — cosncos fcosa)(R+r))a + (—(—1/2 cosncosycos fsin a+
—1/2 cosnv/3sin~ cos B sin a — sinysin B sin o)z + (—1/2 sing cosy cos 8 sin a+
—1/2 sinnv/3sin~y cos Bsina + cosysin fsin o) (R + 7)) 8 + (—(—1/2 cosn(cos~y cos a+
—sinysin Bsin ) + 1/2 cosnv/3(—sin~y cos a — cosysin fsin ) )y +
+(—1/2 sinn(cos~y cos o — sin v sin B sin ) + 1/2 sin nv/3(— sin y cos a+
—cosysin Bsina))(R + 7))5)* 4 ((—(—1/2 cosn(sin y cos o + cos y sin B sin )+
+1/2 cos nv/3(cosy cos a — sin 7y sin Bsin o) + sin g cos fsin a)zy + (—1/2 sinn(siny cos a4
+ cosysin Bsina) + 1/2 sinnv/3(cos y cos o — sin v sin  sin ) — cos 7 cos Bsin a)(R + 7)) é+
+(—(1/2 cosmcos~ycos B cosa + 1/2 cosnv/3sin -y cos  cos a + sin 7 sin 5 cos a)zyy+
+(1/2 sinn cos~y cos B cos a + 1/2 sinnv/3 sin y cos 3 cos a+
—cosnsin fcosa)(R+ 7)) + (—(—1/2 cosn(cossin a 4 sin v sin 5 cos o)+
+1/2 cosmV/3(— sinysin a 4 cosysin 8 cos a))xw + (—1/2 sinn(cosysin a+
+sinysin B cosa) + 1/2 sinnv/3(— sinysin a + cosysin Bcos a))(R 4 r))%)?)+
+(—1/4 cosn(cosy cos B(c + sin B+) + (sin~y cos a + cos ysin 8 sin ) (cos a3+
—sin a cos %) + (sin~y sin a — cos ysin B cos @) (sin o3 + cos o cos 57) )+
+1/4 cosnv/3(— sin~y cos B(ct + sin %) + (cosy cos a — sin -y sin 3 sin &) (cos af+
—sin o cos %) + (cosy sin a + sinsin B cos @) (sin 3 + cos o cos 57) )+
—1/2 sinn(sin B(& + sin %) — sin a cos 3(cos a3 — sin o cos B7)+
+ cos a cos B(sin aff 4 cos acos 54)) + 1/22)0w,, (—1/2 cosn(cos~y cos B+
+sin B4) + (sin~y cos a + cosysin B sin o) (cos af — sin o cos £4) + (sin ~y sin a+
— cosysin B cos &) (sin a8 + cos o cos 7)) + 1/2 cosnv/3(— sin~y cos B(c + sin 7))+
+(cosy cos o — sin y sin 3 sin ) (cos af — sin a cos 3%) 4 (cos sin o+
+sin~y sin 3 cos @) (sin aff + cos a cos 37)) — sinn(sin B(d + sin B5)+
—sin avcos B(cos aff — sin a cos B7) + cos a cos B(sin af + cos arcos 7)) 4 d2)+
+(—=1/4V/3(cos v cos B(c + sin §%) 4 (sin~y cos a 4 cos 7y sin B sin o) (cos S+
—sin o cos %) + (siny sin a — cosysin B cos @) (sin o3 + cos o cos 7))+
+1/4 siny cos B(é + sin 84) — 1/4 (cosy cos a — sin 7y sin B sin o) (cos S+
—sin a cos %) — 1/4 (cos ysin a + sin v sin 3 cos o) (sin oS+
+ cos avcos B4)) 0w, (—1/2V/3(cos y cos B(c& + sin B) + (siny cos a+
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+ cos y sin B sin a)(cos aff — sin o cos 3%) + (siny sin o — cos v sin 8 cos o) (sin a3+
+ cosacos 7)) + 1/2 sin~y cos B(& + sin 87) — 1/2 (cos y cos a+

— sinysin Bsin «)(cos a8 — sin o cos 57) — 1/2 (cosy sin a 4 sin v sin 3 cos o) (sin af+
+ cosacos 57)) + (—1/4 sinn(cosy cos S(& + sin 55) + (siny cos a+

+ cosysin sin a)(cos aff — sin a cos §7) 4 (sin~y sin a — cos 7y sin B cos o) (sin a S+
+ cos a cos 7)) + 1/4 sinnv/3(— sin y cos B(c + sin 3%) + (cosy cos a+

— sin ysin 8 sin @) (cos af — sin a cos B7) + (cosysin o + siny sin 3 cos ) (sin a -+
+ cos acos 37)) 4+ 1/2 cosn(sin B(c + sin B%) — sin o cos B(cos aff — sin a cos 35)+
+ cos a cos B(sin a8 4 cos acos 5%)))0w.. (—1/2 sinn(cos~ cos B(c + sin 7)+
+(sin y cos o + cos v sin B sin o) (cos a8 — sin a cos B4) + (sin sin a+

— cos 7y sin B cos &) (sin af + cos o cos 37)) + 1/2 sinnv/3(— siny cos B(ct + sin 57)+
+(cos y cos o — sin v sin 8 sin &) (cos a8 — sin a cos B4) + (cos 7 sin a+

+ siny sin 3 cos &) (sin af 4 cos a cos 3%)) + cos n(sin B(é + sin 35)+

— sin a cos 3(cos af — sin a cos B7) + cos a cos B(sin a3 + cos a cos B8Y)))



TUM Tech. Rep. Auto. Cont. Vol. TRAC-6

Tws =1/2myw ((ix + (—zw(1/2 cosncosysin B — 1/2 cosnv/3sinysin S+
—sinncos B) + (1/2 sinncosysin f — 1/2 sinnv/3 sin~ sin S+
+cosncos B)(R+1))B + (—xw(1/2 cosnsiny cos B+ 1/2 cosnv/3 cosy cos B)+
+(1/2 sinnsin~y cos § + 1/2 sinnv/3 cos y cos B) (R + r))7)*+
+ (@K + (—(—1/2 cos n(—sin~ysin o + cos y sin 5 cos a) — 1/2 cos nv/3(+
— cosysina — sinysin 4 cos a) + sinn cos B cos a)xy +
+(—1/2 sinn(— sin~ysin a + cosysin 8 cos o) — 1/2 sinnv/3(— cos  sin a+
—sinysin S cosa) — cosncos fcosa)(R +1))a+
+(—(=1/2 cosncosycos Bsina + 1/2 cosny/3sin~ cos Bsin a+
+sinnsin Ssina)zy + (—1/2 sinn cosy cos fsin a+
+1/2 sinnv/3siny cos B sin a + cosysin B sin a) (R + 7)) S+
+(—(—1/2 cosn(cos~y cosa — sinysin fsin o) — 1/2 cosnv/3(— sin~y cos a+
—cosysinfsina))xy + (—1/2 sinn(cosy cosa — sinysin fsin o)+
—1/2 sinnV/3(—siny cos a — cos ysin fsin a))(R + 7))+
+((—=(—=1/2 cosn(sin~y cos o + cosysin fsin ) — 1/2 cos1v/3(cosy cos a-+
—sin~ysin Ssina) + sinn cos fsin )z + (—1/2 sinn(siny cos a+
+ cosysin fsina) — 1/2 sin nv/3(cos 7 cos a — siny sin B sin o)+
—cosncos fsina)(R+ ))& + (—(1/2 cosncosycos 5 cos a+
—1/2 cos v/ 3siny cos 3 cos a + sin 7 sin 8 cos )+
+(1/2 sinn cosy cos B cos a — 1/2 sinnv/3 sin y cos 3 cos a+
— cosnsin fcosa)(R+ 1)) + (—(—1/2 cosn(cos v sin o + sin ysin § cos )+
—1/2 cosnv/3(—sinysina + cosysin B cos o))z + (—1/2 sinn(cos y sin a+
+ sinysin B cosa) — 1/2 sinnv/3(— sinysin a + cos ysin B cos a))(R + 7))%)%)+
+(—1/4 cosn(cos~y cos B(ct 4 sin 3%) + (sin cos o + cos 7y sin [ sin a) (cos af+
—sin o cos 34) + (sin~y sin a — cosysin 3 cos &) (sin a8 4 cos o cos 7))+
—1/4 cos nv/3(—sin~ cos B(c + sin 7) + (cos y cos a — sinysin B sin o) (cos oS+
—sinacos B4) + (cos~sin a + sin y sin 8 cos o) (sin a8 + cos o cos B7))+
—1/2 sinn(sin B(& + sin B7) — sin a cos B(cos af — sin a cos B7)+
+ cos a cos B(sin a3 4 cos avcos B4)) + 1/283)0yw.. (—1/2 cosn(cos ~y cos B(c+
+sin £7) + (sin -y cos o 4 cos 7y sin f sin ) (cos a3 — sin a cos B7) + (sin~y sin o+
— cos~ysin f cos @) (sin a B + cos o cos B)) — 1/2 cos nv/3(— siny cos (& + sin )+
+(cos~y cos o — sin y sin 3 sin ) (cos af — sin a cos 35) + (cos v sin o+
+ sin~y sin 3 cos a)(sin aff + cos a cos %)) — sinn(sin B(d& + sin B5)+
—sin acos B(cos af — sin o cos B) + cos a cos B(sin af + cos arcos 7)) + d3)+
+(1/4V/3(cos v cos B(ct 4 sin %) + (sin cos a + cos y sin 3 sin a) (cos af+
—sin o cos 34) + (sin~y sin a — cosysin 3 cos &) (sin a3 4 cos v cos 55))+
+1/4 sin~ cos B(c + sin %) — 1/4 (cos~ cos o — sin y sin 3 sin a) (cos af+
—sin a cos %) — 1/4 (cos ysin a 4 sin  sin 3 cos ) (sin a S+
+ cos accos 3%))0w,, (1/2 V/3(cosy cos B(c + sin 7) + (siny cos a+
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+ cos y sin B sin a)(cos aff — sin o cos 3%) + (siny sin o — cos v sin 8 cos o) (sin a3+

+ cosacos 7)) + 1/2 sin~y cos B(& + sin 87) — 1/2 (cos y cos a+

— sinysin Bsin «)(cos a8 — sin o cos 57) — 1/2 (cosy sin a 4 sin v sin 3 cos o) (sin af+

+ cosacos 57)) + (—1/4 sinn(cosy cos S(& + sin 55) + (siny cos a+

+ cosysin sin a)(cos aff — sin a cos §7) 4 (sin~y sin a — cos 7y sin B cos o) (sin a S+

+ cos a cos 7)) — 1/4 sinnv/3(— sin y cos B(c + sin 3%) + (cosy cos a+

— sin ysin 8 sin @) (cos af — sin a cos B7) + (cosysin o + siny sin 3 cos ) (sin a -+

+ cos acos 37)) 4+ 1/2 cosn(sin B(c + sin B%) — sin o cos B(cos aff — sin a cos 35)+
+ cos a cos B(sin a3 4 cos o cos $4)))0w.. (—1/2 sinn(cosy cos B(d + sin )+
+(sin cos o 4 cos y sin S sin ) (cos af — sin avcos B%) + (sin sin a4
— cos~ysin f cos @) (sin aB + cos o cos B)) — 1/2 sinnv/3(— siny cos (& + sin )+
+(cos~y cos o — sin y sin 3 sin ) (cos af — sin avcos 3%) + (cos 7 sin a4
+ sinysin B cos a)(sin o + cos a cos 7)) 4 cos n(sin B(cx + sin )+

—sin acos B(cos af — sin o cos B) + cos a cos B(sin af + cos arcos 7))
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Tr =1/2mpy (2 + (—(— cosncosysin f — sinn cos B)xp + (— sinn cos vy sin 5 + cosncos 5)(R+
+7))B + (cosnsin~y cos B — sinnsiny cos B(R + 7))4)? + (Jx + (—(cos n(— sin v sin a+
+ cosysin f cos a) + sinn cos 5 cos a)x s + (sinn(— siny sin o 4 cosy sin B cos )+
—cosncos fcosa)(R+71))a + (—(cosncosycos fsina — sinnsin fsin o)z +
+(sin 7 cosy cos Bsin o + cosnsin Bsina) (R + 7)) 3 + (— cos n(cos~y cos o — siny sin 3 sin a ) pr+
+sinn(cos 7y cos a — sinysin Bsina)(R 4 1))¥)? + ((—(cos n(sin -y cos a + cos ysin [ sin )+
+ sinncos Ssina)xys + (sinn(siny cos a + cosysin Ssin ) — cosncos fsina) (R + r))da+
+(—(— cosmcosycos S cos a + sinn sin 5 cos a)xps + (— sinn cosy cos § cos a+
—cosnsin B cos a)(R + 7)) + (— cosn(cos y sin o + sin v sin B cos ) y+
+ sinn(cosysin a + sin ysin B cos a)(R 4 ))¥)?)+
+(1/2 cosn(cosy cos B(ct + sin B%) 4 (sin~ cos o + cos y sin 3 sin &) (cos af — sin a cos B5)+
+(siny sin @ — cos 7y sin B cos ) (sin af + cos avcos 7)) — 1/2 sinn(sin B(c + sin 57)+
— sin a cos B(cos a3 — sin a cos B7) + cos a cos B(sin a3 + cos a cos BY))+
+1/2i401)0w,, (cosn(cos~y cos B(c + sin B4) + (sin cos a + cos v sin fsin a)(cos aff+
—sin o cos %) + (siny sin a — cosysin B cos o) (sin a3 4 cos v cos %)) — sin n(sin B(d& + sin B5)+
— sin acos B(cos af — sin a cos B%) + cos arcos B(sin a8 + cos a cos BY)) + i951)+
+(—1/2 sin~ cos B(cx 4 sin B%) + 1/2 (cos cos & — sin sin S sin o) (cos o3 — sin v cos B7)+
+1/2 (cos y sin o + sin y sin 3 cos &) (sin a4 cos a cos BY))0w,, (—sin~ycos B(é + sin f)+
+(cosy cos o — sin y sin 8 sin ) (cos af — sin a cos 37) + (cosy sin o + sin y sin 3 cos a) (sin af+
+ cos acos 3%)) + (1/2 sinn(cosy cos B(c + sin 54) + (sin~y cos a + cos ~y sin 8 sin o) (cos af+
—sin o cos 4) + (sin~y sin a — cosysin B cos &) (sin a3 4 cos v cos §74))
+1/2 cosn(sin B(cx + sin B5) — sin v cos B(cos af — sin a cos B7) + cos a cos B(sin af+
+ cos acos 3%)))0w.. (sinn(cos~y cos B + sin 87) + (siny cos a + cos sin B sin a)(cos o3+
—sin o cos %) + (sin~y sin a — cosysin B cos @) (sin 3 + cos o cos 57) )+
+ cos n(sin S(& + sin f7) — sin « cos S(cos a3 — sin acos 54)
+ cos avcos B(sin a3 + cos a cos 54)))
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Taro =1/2mpy (25 4 (—227(1/2 cosncosysin B4 1/2 cos nv/3sin vy sin S+
—sinncos B) + (1/2 sin7cos~ysin B + 1/2 sinnv/3sin vy sin S+
+cosncos B)(R+ )3 + (—xar(1/2 cosnsinycos B — 1/2 cosnv/3 cosy cos 3)+
+(1/2 sinnsin~ycos 8 — 1/2 sinnv/3 cos 7y cos B)(R + 7))+
+(yx, + (—(=1/2 cosn(— sinysin o + cosysin S cosa) + 1/2 cosnV3(+
—cosysina — sinysin 3 cos a) + sinn cos 5 cos a)x pr+
+(—1/2 sinn(— sin~ysin a + cosysin  cos a) + 1/2 sin nv/3(— cos sin a+
—sinysin 5 cos a) — cosncos fcos ) (R +7))a+
+(—(—1/2 cosncosycos fsina — 1/2 cosny/3sin~ cos B sin a+
—sinnsin Ssina)xy + (—1/2 sinn cosy cos B sin a+
—1/2 sinnv/3sin~y cos B sin a + cos 7 sin fsina) (R + 7))+
+(—(—1/2 cosn(cosy cosa — sinysin Bsin o) + 1/2 cosnv/3(— sin~y cos a+
—cosysinfsina))zps + (—1/2 sinn(cosy cos o — sin~y sin [ sin o)+
+1/2 sinnv/3(—siny cos @ — cosysin Bsin ) (R + 7))5)*+
+((—(—1/2 cosn(sin~y cos o + cos ysin Bsin ) + 1/2 cos nv/3(cos cos a+
—sinysin Ssin«) 4 sinn cos fsina)x s + (—1/2 sinn(siny cos a+
+ cos ysin Bsin a) 4 1/2 sinnv/3(cosy cos a — sin~y sin Bsin a)+
—cosncos fsina)(R+r))& + (—(1/2 cosncos~ycos 3 cos a+
+1/2 cos nv/3sin~y cos 3 cos a + sin 7 sin B cos a)ry+
+(1/2 sinn cos~y cos B cos o + 1/2 sin nv/3 sin y cos 3 cos a+
—cosnsin Bcosa)(R+1))3 + (—(—1/2 cosn(cosysin o + sin y sin 3 cos a)+
+1/2 cosmV/3(— sinysin o + cos ysin 8 cos a))xpr 4 (—1/2 sinn(cos v sin a+
+ sinysin B cos a) + 1/2 sinnv/3(— sinysin a + cos ysin B cos a))(R + 7))%)?)+
+(—1/4 cosn(cos~y cos B(cx + sin B%) + (sin~ cos o + cos 7 sin [ sin a)(cos af+
—sin o cos %) + (sin -y sin a — cosysin B cos a)(sin 3 + cos o cos 57) )+
+1/4 cosnv/3(—siny cos B(& + sin 84) + (cosy cos a — sin v sin B sin a)(cos oS+
—sinacos B4) + (cosysin a + sinysin S cos o) (sin o3 + cos av cos 57))+
—1/2 sinn(sin B(& + sin %) — sin a cos B(cos a3 — sin o cos B7)+
+ cos a cos B(sin a3 4 cos avcos B4)) +1/2 ig02,)0w,, (—1/2 cosn(cos~y cos f(a+
+ sin £%) + (sin~y cos o + cosy sin [ sin «v)(cos aff — sina cos B%) + (sin~ysin a+
— cosysin 8 cos @) (sin aB + cos acos B5)) + 1/2 cos nv/3(— siny cos B(é + sin )+
+(cosy cos o — sin y sin 3 sin a) (cos af — sin acos 3%) 4 (cos 7 sin o+
+sin~y sin 3 cos @) (sin af + cos a cos 7)) — sinn(sin B(d + sin B5)+
— sin a cos B(cos af — sin a cos B) + cos acos B(sin af 4 cos o cos B)) + igda)+
+(—=1/4V/3(cos vy cos B(c + sin §%) + (sin~y cos a 4 cos 7y sin B sin o) (cos af+
—sin o cos 84) + (sin~y sin a — cosysin 8 cos @) (sin 3 + cos o cos 57) )+
+1/4 sin~y cos B(c + sin §4) — 1/4 (cos~ cos o — sin 7y sin (3 sin a) (cos a S+
—sin o cos %) — 1/4 (cos ysin a + sin v sin 3 cos o) (sin o+



TUM Tech. Rep. Auto. Cont. Vol. TRAC-6

25

+ cos acos 39)) 0w, (—1/2 V/3(cosy cos B(c + sin 87) + (siny cos a+

+ cos y sin Bsin a)(cos aff — sin o cos 3%) + (siny sin o — cos v sin 8 cos o) (sin a3+
+ cosacos B7)) + 1/2 sin~y cos B(& + sin 87) — 1/2 (cos y cos a+

— sinysin Bsin «)(cos a8 — sin o cos 55) — 1/2 (cosysin a 4 sin v sin 3 cos o) (sin af+
+ cosaccos 7)) + (—1/4 sinn(cosy cos B(& + sin 57) + (sin~y cos a+

+ cosysin §sin a)(cos aff — sin a cos §7) 4 (sin~y sin a — cos 7y sin B cos o) (sin a S+
+ cos a cos 7)) + 1/4 sinnv/3(— sin y cos B(c + sin 3%) + (cosy cos a+

— sin ysin 8 sin @) (cos af — sin o cos ) + (cosysin a + siny sin 3 cos a) (sin a+
+ cos a cos 37)) 4+ 1/2 cosn(sin B(c + sin B%) — sin o cos B(cos aff — sin a cos 35)+
+ cos a cos B(sin a3 4 cos acos 54)))0w.. (—1/2 sinn(cos~ cos B(c + sin 7)+
+(sin y cos o + cos v sin 8 sin o) (cos a8 — sin a cos B4) + (sin sin a+

— cos 7y sin B cos &) (sin a8 + cos o cos 7)) + 1/2 sinnv/3(— siny cos B(ct + sin 57)+
+(cos y cos o — sin v sin 8 sin o) (cos a3 — sin a cos B4) + (cos v sin a+

+ siny sin 3 cos &) (sin af 4 cos a cos 3%)) + cos n(sin B(é + sin 35)+

— sin a cos 3(cos af — sin a cos B7) + cos a cos B(sin a3 + cos a cos B8Y)))
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Tars =1/2m (5 + (—x27(1/2 cosncosysin  — 1/2 cos nv/3sin + sin S+
—sinncos B) + (1/2 sinncosysin f — 1/2 sinnv/3sin ~ sin f+
+cosncos B)(R+ 1)) + (—zar(1/2 cosnsiny cos B+ 1/2 cosnv/3 cos vy cos B)+
+(1/2 sinnsin~y cos 3 + 1/2 sinnv/3 cos v cos B) (R + 1))3) >+
+(yx, + (—(—=1/2 cosn(— sinysin o + cosysin fcosa) — 1/2 cosnV3(+
— cosysina — sinysin 8 cos a) + sinn cos B cos a)xpr+
+(—1/2 sinn(— sinysin & + cosysin 8 cos o) — 1/2 sinnv/3(— cos v sin a+
—sinysin S cos a) — cosncos fcos ) (R +7))a+
+(—(=1/2 cosncosycos fsina + 1/2 cosny/3sin~y cos B sin a+
+sinnsin Ssin o)z + (—1/2 sinn cosy cos 5 sin a+
+1/2 sinnv/3sin~y cos 8 sin a 4 cos nsin B sin a)(R + 7)) A+
+(—(—1/2 cosn(cosy cosa — sinysin fsin o) — 1/2 cosnv/3(— sin~y cos a+
—cosvysinSsina))xy + (—1/2 sinn(cosy cosa — sinysin fsin o)+
—1/2 sinnV/3(—siny cos a — cos ysin fsina))(R + 7)))>+
+((—(—1/2 cosn(sin~y cos o + cos ysin Bsin ) — 1/2 cos nv/3(cos cos a+
—sinysin Ssin«) 4 sinn cos fsina)x s + (—1/2 sinn(siny cos a+
+ cosysin Bsina) — 1/2 sinnv/3(cos y cos a — sinysin Asin o)+
—cosncos fsina)(R+r))& + (—(1/2 cosncos~ycos 3 cos a+
—1/2 cosnv/3sin~ cos B cos a + sinnsin [ cos o)z pr+
+(1/2 sinn cos~y cos B cos a — 1/2 sinnv/3 sin y cos 3 cos a+
—cosnsin Bcosa)(R4+1))3 + (—(—1/2 cosn(cosysin o + sin ~y sin S cos a)+
—1/2 cosnV/3(—sinysina + cosysin B cos a))zas 4+ (—1/2 sinn(cos vy sin a+
+ sinysin B cos a) — 1/2 sinnv/3(— sinysin a + cos ysin B cos a))(R + 7))%)%)+
+(—1/4 cosn(cos~y cos B(cx + sin B%) + (sin~y cos o + cos 7 sin [ sin a)(cos af+
—sin o cos %) + (sin -y sin a — cos 7y sin B cos @) (sin 3 + cos o cos 57) )+
—1/4 cosnv/3(— sin~y cos B(c + sin §4) 4 (cos~y cos a — sin y sin B sin o) (cos oS+
—sinacos B4) + (cosysin a + sinsin S cos o) (sin o3 + cos av cos 7))+
—1/2 sinn(sin B(& + sin %) — sin a cos B(cos af — sin o cos B7)+
+ cos arcos B(sin a8 + cos acos 54)) 4 1/2 ig53)9Wm (—=1/2 cosn(cos~ycos B(a+
+sin B4) + (sin~y cos a + cos v sin B sin o) (cos a8 — sin v cos §4) + (sin ~y sin a+
— cosysin 8 cos @) (sin aB + cos acos B5)) — 1/2 cos nv/3(— siny cos B(é + sin )+
+(cos vy cos o — sin y sin 3 sin ) (cos af — sin a cos 35) + (cos sin o+
+ sin~y sin 3 cos a)(sin af + cos a cos 37)) — sinn(sin B(d + sin B)+
— sin a cos B(cos af — sin a cos B) + cos acos B(sin af 4 cos o cos B)) + igds)+
+(1/4V/3(cos vy cos B(ct 4 sin %) + (sin cos a + cos y sin 3 sin &) (cos af+
—sin o cos %) + (sin~y sin a — cos ysin 8 cos @) (sin 3 + cos o cos 57))+
+1/4 sin~ cos B(c + sin §4) — 1/4 (cos~ cos o — sin 7y sin 3 sin a) (cos af+
—sin o cos %) — 1/4 (cos ysin a + siny sin 3 cos o) (sin o+
+ cos acos 3%)) 0w, (1/2 V/3(cosy cos B(c + sin B5) + (sin y cos a+

+ cos y sin Bsin &) (cos aff — sin o cos 35) + (siny sin o — cos v sin A cos a) (sin oS+
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+cosaccos 37)) + 1/2 sin~y cos B(é + sin B7) — 1/2 (cos y cos a+

— sinysin Bsin «)(cos aff — sin o cos 35) — 1/2 (cos y sin v + sin v sin 3 cos a) (sin a3+
+ cosacos 5%)) + (—1/4 sinn(cosy cos B(& + sin 55) + (siny cos a+

+ cosysin Bsin a)(cos ol — sin o cos 57) + (sin~y sin a — cos ysin B cos &) (sin o3+
+ cos avcos 7)) — 1/4 sinnv/3(— siny cos B(c& + sin 5%) + (cos cos a+

— sin ysin 8 sin @) (cos a8 — sin o cos B7) + (cosysin o + siny sin B cos ) (sin a -+
+ cos acos B%)) 4 1/2 cosn(sin B(c 4 sin %) — sin o cos B(cos af — sin a cos 54)+
+ cos a cos B(sin a3 4 cos o cos $4)))0w.. (—1/2 sinn(cos~ cos B(c + sin 7))+
+(sin cos o + cos y sin 3 sin ) (cos af — sin a cos 3%) + (sin sin o+

— cosysin B cos o) (sin a3 4 cos o cos §4)) — 1/2 sinnv/3(— siny cos B(c + sin 7))+
+(cos~y cos o — sin y sin 3 sin ) (cos af — sin a cos 3%) 4 (cos 7 sin a+

+ siny sin 3 cos &) (sin af 4 cos a cos B7)) + cos n(sin S(& + sin f7)+

— sin a cos B(cos af — sin avcos B7) 4 cos o cos B(sin af + cos a cos 35)))



TUM Tech. Rep. Auto. Cont. Vol. TRAC-6 28

References

1]

2]

[10]

[11]

[12]

[13]
[14]

T. Endo and Y. Nakamura. An omnidirectional vehicle on a basketball. In Proc. IEEE
International Conference on Advanced Robotics, Seattle, USA, 2005.

Faulhaber. Datenblatt dc-kleinstmotoren, 2011.
http://www.faulhaber.com/uploadpk/DE_2224 SR _DFF .pdf, accessed: 18.02.2011.

Faulhaber. Datenblatt prazisionsgetriebe, 2011.
http://www.faulhaber.com/uploadpk/DE_231_MIN.pdf, accessed: 18.02.2011.

H. Gassmann. Theorie der Regelungstechnik - Fine Finfihrung. Harri Deutsch, 2003.

J. Ginsberg. Engineering Dynamics. Cambridge Univ. Press, 2008.

K. Grote and J. Feldhusen. Dubbel - Taschenbuch fir den Maschinenbau. Springer, 2007.
R. Hollis. Ballbots. Scientific American, 295(4):72 — 77, 2006.

M. Kumagai and T. Ochiai. Development of a robot balanced on a ball - first report,
implementation of the robot and basic control. Journal of Robotics and Mechatronics,
22:348-355, 2010.

T. B. Lauwers, G. A. Kantor, and R. L. Hollis. A dynamically stable single-wheeled mobile
robot with inverse mouse-ball drive. In Proc. IEEE International Conference on Robotics
and Automation, Florida, USA, 2006.

U. Nagarajan, A. Mampetta, G. A. Kantor, and R. L. Hollis. State transition, balancing,
station keeping and yaw control for a dynamically stable single wheel mobile robot. In Proc.
IEEE International Conference on Robotics, pages 998 — 1003, Kobe, Japan, 2009.

W. Nolting. Grundkurs theoretische Physik 2 - Analytische Mechanik. Springer, 2006.

W. Pietruszka. Matlab und Simulink in der Ingenieurpraxis - Modellbildung, Berechnung
und Simulation. Teubner, 2006.

J. R. Ray. Nonholonomic constrains. American Journal of Physics, 34:406 — 408, 1966.

M.W. Spong, S. Hutchinson, and M. Vidyasagar. Robot Modeling and Control. Wiley, 2006.



