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Abstract

The computation of shortest paths in weighted and directed networks has been subject to re-
search for more than five decades by now, and it has never lost its relevance in up-to-date ap-
plications. Recently, there has been increasing interest in incorporating time-dependencies
into the modeling of the network. This is motivated by a large field of applications, such
as intelligent transportation systems, internet routing, multi-agent-systems and networked
control systems.

The topic of this thesis is the computation of optimal paths in time-dependent networks.
Although the time-independent optimal path problem is polynomially solvable, the time-
dependent optimal path problem is NP-hard if the cost is different from the travel time, or
the travel time functions do not fulfill the FIFO-property. After providing some background
information on the physical modeling of travel times and travel costs in the time-dependent
road network we formally introduce the mathematical model of time-dependent networks
which is used in this thesis. In this model, we allow negative cost functions and we incorpo-
rate arrival time constraints as well as waiting time constraints into the problem description.
Based on the theory of dynamic programming, we prove the existence of optimal paths and
the lower semicontinuity of the optimal value function both for the optimal path problem
in which all travel time and cost functions are precisely known and for the robust shortest
path problem.

We identify necessary and sufficient conditions for the continuity of the optimal value func-
tion and discuss the cases of piecewise analytic and piecewise linear functions. In particular,
under the assumption that all cost and constraint functions are piecewise analytic, we prove
the following assertions: The optimal value function is directionally differentiable, the set of
points in which the optimal value function is not differentiable is discrete and the optimal
value function is analytic in an open neighborhood of any other point. We also carry out a
complexity analysis for the case in which all travel time, cost and constraint functions are
piecewise linear.

We then consider a problem setting in which the waiting time constraints are formulated
in such a way that admissible paths are constrained to stay close to fastest paths (which
are computable in polynomial time in FIFO-networks). Assuming that waiting is forbidden
everywhere in the network, we discuss the impact of the arrival time constraints on the
complexity of the time-dependent optimal path problem with fixed departure time.

We develop two algorithms, which efficiently solve the problem of computing the optimal
value function and the corresponding optimal paths in time-dependent networks. The first
approach is a generalization of a class of previously published solution methods (decreasing
order of time methods) to heuristic search. In the second approach, assuming that the
time-dependent network has the FIFO-property, we generate an admissible initial solution
in polynomial time and then iteratively and monotonically approximate the optimal value

ix



function. Since an upper bound on the error of the current iterate is maintained throughout
the algorithm, this method allows a trade-off between computation time and accuracy of
the found solution.

Finally, we demonstrate the application of the above theoretical results and algorithmical
solutions in a case study in the time-dependent road network of Ingolstadt.
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1. Introduction

1.1. Motivation

This thesis has been prepared in a cooperative project of the Technische Universitdat Miinchen
and HARMAN International. The aim of the project was the development of a well-founded
and mathematically correct framework for the computation of fuel-optimal routes in a road
network. This task includes the incorporation of a physical model of vehicle dynamics, the
consideration of the influence of the traffic flow, the identification of a small but mean-
ingful set of parameters, which describe the influence of the driver behavior on the fuel
consumption, a theoretical analysis of the existence and properties of solutions and the
generalization of previous routing methods to the resulting problem. Recently, increasing
importance has been dedicated to all means of reducing the fuel consumption produced by
vehicular traffic, urged by the shortage of the reserves of fossil fuel and the global discussion
on climate changes. The minimization of the fuel consumption, or, more generally speaking,
the energy consumption associated with traveling from a given location to a given destina-
tion is however not only relevant for vehicles with combustion engines, but also constitutes
a crucial challenge for the comprehensive launch of electric vehicles.

Since recent research in the field of intelligent transportation systems indicates that the fuel
consumption associated with a given route in the road network significantly varies accord-
ing to changing traffic conditions it is natural to incorporate time-dependencies into the
model. The incorporation of time-dependencies is not only a challenging aspect from the
modeling point of view but also leads to an optimization problem, which is much harder
from a mathematical point of view than its static counterpart. Indeed, it has been shown
that the time-dependent minimum-cost path problem is NP-hard if the cost is different to
the travel time, or the travel time functions do not fulfill the FIFO-property (i.e., if it is
possible to arrive earlier by leaving later).

In order to emphasize that we are considering the minimization with respect to a cost crite-
rion, which may differ from the traveled distance (i.e., the shortest path problem) and the
travel time (i.e., the fastest path problem), we will call the problem under consideration the
time-dependent optimal path problem. Unless otherwise stated, optimality in this thesis
will always be equivalent to the minimization of the cost value, i.e., a generalization of the
(time-independent) shortest path problem.

With respect to the discrete-time time-dependent optimal path problem, the literature on
the continuous-time time-dependent optimal path problem is sparse. This is because a
discrete-time model allows the reduction of the time-dependent optimal path problem to a
time-independent optimal path problem in the so-called time-expanded network in which
the problem can be easily solved. However, the time-expanded network is very large (es-
pecially if a large time frame has to be considered or the original network is already large,
such as the German road network for example, which contains more than 2 million road
segments), which counteracts the development of efficient solution techniques. Moreover,
the consideration of a continuous time variable reflects reality in more detail.



1. Introduction

Traditionally, in navigation systems, the optimal path problem is formulated for a fixed
location, a fixed departure time and a fixed destination. In time-independent optimal path
problems and in some time-dependent optimal path problems it is then sufficient to consider
only one point in time at each node in the optimization procedure. In this case, a fixed
departure time is associated with the subproblem of computing an optimal path from some
intermediate location to the destination. However, although waiting is never beneficial in
travel-time weighted FIFO-networks, it can be advantageous at certain nodes in general.
Moreover, if model inaccuracies or perturbations shall be incorporated into the solution
strategy, the computation of optimal paths for fixed departure times is not sufficient. For
this reason, most of this thesis focuses on the problem of computing optimal paths for a
fixed location, a fixed destination and varying departure times.

Since there may be only a few places in the road network, such as, e.g., parking lots or
gas stations, which allow the driver to wait for a certain amount of time before continuing
his travel, we incorporate waiting time restrictions into the model of the time-dependent
network. In order to allow a trade-off between the maximal travel time and the fuel saving
associated with the choice of a route from a given location to a given destination we also
incorporate arrival time constraints into the network model.

In this thesis, we will not take into account the feedback of the route chosen by an individual
commodity on the state of the underlying routing network. This simplification is reasonable
as long as only a small fraction of the commodities traveling in the network choose their
routes according to the decision rules described below, or as long as the choice of a specific
route has no impact on the state of the network. Note however that the routing of all
vehicles in the road network according to the current traffic situation may lead to a new
traffic situation in which the cost associated with the route of each vehicle is increased [31].
We now proceed to listing the contributions and to explaining the organization of this the-
sis. More background information and an overview on the related work will be provided in
the respective sections.

1.2. Contributions

In the following, we provide a brief overview on the main contributions of this thesis.

We provide a general framework for the consideration of time-dependent optimal path prob-
lems, which comprises arrival time restrictions, waiting time restrictions and allows the
incorporation of negative travel cost functions. We prove the existence of optimal paths in
networks with certain problem data and extend these results to the robust optimal path
problem. For the robust optimal path problem we also provide sufficient conditions on the
set of possible network scenarios, which allow the application of dynamic programming in
the time-dependent network without extending the state space. When reduced to a time-
independent network, these conditions generalize the concept of interval data, which is
commonly used in order to ensure the applicability of the dynamic programming approach.
The treatment of the optimal path problem with certain data is carried out in Chapter &,
the robust optimal path problem is dealt with in Chapter B.

Assuming that all travel time, cost and constraint functions in the network are piecewise
analytic, we prove that the optimal value function is directionally differentiable, the set
of points in which the optimal value function is not differentiable is discrete and the op-
timal value function is analytic in a neighborhood of any other point. This proof uses
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Lojaciewicz’s structure theorem for real analytic varieties and Hironaka’s theorem on the
resolution of singularities and generalizes previous results to the case in which waiting in
the network is allowed and subject to optimization. Since in our problem setting a sequence
of continuous parametric optimization problems must be solved along each edge sequence,
the result implicitly yields that the optimal solution of a 1-dimensional parametric opti-
mization problem with analytic data is analytic in an open neighborhood of almost every
point. The crucial property of the optimal value function is however that for every singular
point (i.e., for every point for which there exists no open neighborhood in which the opti-
mal value function is analytic), there exist a one-sided open neighborhood and an analytic
parametrization such that the composition of the parametrization and the optimal value
function can be analytically extended to an open neighborhood, which contains the singular
point. The related results are contained in Section B2.

Until now it has been known that, if all travel time and cost functions are piecewise lin-
ear, the number of linear pieces of which the optimal value function of the unconstrained
time-dependent optimal path problem consists grows at least exponentially with the size
of the network in the worst case. Nevertheless, a more detailed analysis of this matter has
been an open question. We have carried out a detailed complexity analysis of the piecewise
linear time-dependent optimal path problem, taking into account both the impact of the
constraints and the FIFO-property. It turns out that both the type of waiting time con-
straints and the FIFO property have a crucial impact on the space and time complexity of
the computation of the optimal value function. In particular, we prove that, if waiting is
prohibited everywhere in a FIFO-network, then the space complexity of the optimal value
function is polynomial in the size of the network, the number of linear pieces of the network
functions and the number of edge sequences which induce optimal paths. Since the latter
is exponential in the size of the network in the worst case, the optimal path problem is
still NP-hard. However, in a general network with general piecewise linear waiting time
constraints, the space complexity of the optimal value function is double exponential in
the size of the network even if there exists a unique edge sequence traversed by all optimal
paths. The complexity analysis of the piecewise linear optimal path problem is carried out
in Section B33.

Considering the optimal path problem with fixed departure time in a time-dependent FIFO
network in which waiting is prohibited, we derive a pruning technique, which leads to a
significant reduction of the search space for any optimal path algorithm. This pruning tech-
nique is based on the Lipschitz continuity of the optimal value function and can be applied
both in the cases of constrained and unconstrained arrival times. We then formulate the
arrival time constraints in such a way that admissible paths are constrained to stay close to
fastest paths and carry out a complexity analysis of the time-dependent optimal path prob-
lem with fixed departure time. We prove that the resulting discrete-time problem can be
solved in polynomial time in FIFO-networks if the arrival time constraints are tight enough,
whereas the continuous-time problem is NP-hard unless the arrival time constraints allow
only fastest paths. These results are presented in Chapter [4.

We develop two algorithms which efficiently solve the problem of computing the optimal
value function and the corresponding optimal paths in time-dependent networks. The first
algorithm is presented in Chapter B and belongs to the class of decreasing order of time
algorithms. It improves over the methods published in the past by working for arbitrary
continuous travel time and lower semicontinuous cost functions (as opposed to only working
for piecewise linear functions) and by allowing the incorporation of elements of heuristic
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search. The second algorithm is presented in Chapter B and is designed for FIFO-networks
in which the arrival time constraints do not conflict with the earliest arrival and latest de-
parture times. In this case, we first construct an upper bound of the optimal value function,
the associated admissible control policy as well as a lower bound for the optimal value func-
tion in polynomial time. The control policy is then iterated in such a way that a monotone
decreasing sequence of upper bounds and a monotone increasing sequence of lower bounds
are generated, which converge to the optimal value function after a finite number of steps.
Since an upper bound of the error of the current solution is maintained throughout the
algorithm this method allows a trade-off between the computation time and the accuracy
of the found solution.

In order to show the applicability of the presented approach we have carried out a case
study using real-world data from the German city of Ingolstadt. The results imply that,
at least for a moderately-sized network such as the road network of Ingolstadt, continuous-
time time-dependent optimal paths can be computed in reasonable computation time. The
proposed approach also suggests that the potential for savings of the energy consumption
is in the range of 10 % for the considered electric vehicle with respect to fastest paths.
Parts of this thesis have been published or submitted for publication in the following articles:

[T07], (0], [T0R)].

1.3. Organization of the Thesis

The content of this thesis is structured in three parts. The first part is concerned with the
modeling of the fuel consumption, which must be associated with the edges of the time-
dependent road network in order to enable the computation of fuel-optimal routes. In the
second part, the mathematical formulation of the time-dependent optimal path problem is
provided, the existence of optimal paths is proved, properties of the optimal value function
are derived and a complexity analysis of the time-dependent optimal path problem is car-
ried out. Based on these theoretical results, algorithmic solutions of the time-dependent
optimal path problem are developed in the third part of this thesis.

In particular, Part I contains the description of a physical consumption model, a deriva-
tion of speed distributions on urban roads based on traffic theory, a generalization of the
approach to load-/time-dependent traffic data and the resulting properties of the network
functions.

Part [ is concerned with the theoretical treatment of the time-dependent optimal path prob-
lem. In Chapter B we introduce the notion of time-dependent networks, time-dependent
paths, the dual of the time-dependent network and the concept of reachability. We formally
define the different types of time-dependent optimal path problems in Chapter B, prove the
existence of optimal paths and the lower semicontinuity of the optimal value function and
derive the dynamic programming equations, which the optimal value function satisfies. We
conclude this chapter by briefly discussing order relations in time-dependent networks.

In Chapter B we address the properties of the optimal value function. In particular, under
weak assumptions, we prove the (Lipschitz-) continuity of the optimal value function in
Section Bll. We then prove that the optimal value function is directionally differentiable
everywhere and analytic in a neighborhood of almost every point, if the travel time, cost and
constraint functions are analytic, cf. Section B2. In Section B33, we provide a framework




1.3. Organization of the Thesis

for the description of one- and two-dimensional piecewise linear functions and carry out a
complexity analysis of the piecewise linear time-dependent optimal path problem.

We generalize the results of the preceding chapters to the robust optimal path problem
in Chapter B. In particular, we consider a problem setting in which the travel time and
cost functions of the network are not precisely known, but only a certain range of values is
given in which the particular realization must be contained. In this scenario, we prove the
existence of optimal paths, derive properties of the optimal value function and carry out a
complexity analysis of the piecewise linear optimal path problem. These results are based
on the identification of appropriate assumptions under which the principle of dynamic pro-
gramming can be used to compute the optimal value function without extending the state
space by the set of possible scenarios.

In Chapter @ we consider the computation of optimal paths for a fixed departure time in
FIFO-networks in which waiting is prohibited. We prove the correctness of a pruning prin-
ciple, which allows a significant reduction of the search space and carry out a complexity
analysis for the case in which the admissible arrival times are constrained to stay close to
the earliest arrival times.

Part [ is concerned with the algorithmic solution of the time-dependent optimal path
problem. In Chapter B we extend the class of decreasing order of time algorithms to heuris-
tic search by presenting a new point of view on the manner in which a node and time
interval can be chosen in one iteration of a decreasing order of time algorithm: In previous
publications, the piecewise linear structure of the network had to be assumed in order to
enable this choice. Our approach is similar to the choice of the iteration node in Dijkstra’s
shortest path algorithm or the A* algorithm. We prove the correctness and termination of
the resulting algorithm and illustrate its progression with a simple numerical example.

We present a second algorithmic approach to the solution of the time-dependent optimal
path problem in Chapter 8, which is applicable in FIFO-networks and allows a trade-off
between the computation time and the accuracy of the found solution. We first compute
an admissible initial control policy as well as a lower and an upper bound of the optimal
value function in polynomial time. We then repeatedly iterate the control policy, thereby
generating a sequence of monotone decreasing upper bounds and monotone increasing lower
bounds of the optimal value function. We prove the correctness and termination of the re-
sulting algorithm and illustrate its progression with a simple numerical example.

Finally, we conclude our discussion of the time-dependent optimal path problem in Chapter
@ by briefly summarizing our results and indicating directions for future research.

In the appendix (i.e., Appendix @), we carry out a case study in the road network of
Ingolstadt, using the traffic data collected in the framework of IN.TUM in the project
“Verkehrslage Ingolstadt” [8] and the parameters of the electric vehicle which is being de-
veloped in the MUTE project [@]. The results confirm the practicality of the approach
which we have chosen in this thesis.
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Part 1.

Physical Background






2. Computation of the Fuel Consumption

In this chapter we provide some background information on the physical modeling of the
travel times and travel costs in the time-dependent road network. In particular, we consider
the travel time and the amount of fuel required by a motor vehicle to travel through the
road segments and junctions of the road network. The discussion of the underlying physical
model is rather meant to be illustrative than restrictive for the definition of time-dependent
networks. The results which we derive for the fuel consumption of combustion-engined
vehicles can easily be extended to the energy consumption of hybrid and electric vehicles.
Indications to the differences in the modeling of the energy balance are provided wherever
they occur.

The computation of the fuel consumption of a motor vehicle or a fleet of vehicles in the road
network is not only relevant in the field of automotive engineering 129, Chapter V.33], [I9,
p.416 et seq.], [164] but has also aroused interest in the fields of traffic engineering [I03],
[76] and politics [21], [0] due to its environmental and economical impact. Considering only
the major urban areas of the United States of America, traffic congestion caused a total
cost of 47.5 billion $, and a waste of 14.35 billion liters of fuel and 2.7 billion hours of work
time per year in the 1990s [I77, p.1]. Since the impact of traffic congestion is increasing,
the reserves of fossil fuel are finite and the global discussion on climate changes enforces
the restrictions on the emission of greenhouse gases, the consideration of fuel consumption
in traffic planning has gained increasing importance in the last two decades.

The deployment of a model of the fuel consumption as the basis of decision making for
route-planning problems in the road network enables the computation of ecological routes.
At this, a route can be classified as ecological if it minimizes the emission of pollutants
(CO2, CO, HC, NO,, carbon black), which are generated by a vehicle on its drive from a
given point of departure to a given destination. Since the amount of emitted pollutants is
minimized by different optimization strategies, the simultaneous minimization of all pollu-
tants is not possible in general. Henceforth, we shall be concerned with the minimization of
COa,, which is equivalent to the minimization of the fuel consumption, because the amount
of emitted COg is directly proportional to the amount of consumed fuel [T29, p.137]. Con-
sequently, the resulting routes can also be considered as optimal from an economical point
of view. However, the minimization of the amount of fuel (or, more generally, energy) is not
only important for vehicles with combustion engines. At present, one of the core problems
of the development of electric vehicles is the conflict of objectives between the cruising range
and the size and cost of the battery. As a consequence, energy-optimal route planning is
likely to even gain importance in the context of electric mobility [], see also Appendix [Al
The determination of the optimal operating strategy of the vehicle, including the engine
management, gearbox control and determination of optimal acceleration and deceleration
behavior are important factors that influence the reduction of the fuel consumption. Re-
cently, there has been increasing interest in assessing the usability of navigation data for
the purpose of engine management, gearbox control [I61],[95] and the determination of
optimal acceleration and deceleration behavior [TT3]. However, since these quantities are
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Traffic:
speed limit
right-of-way
traffic situation

Environmental influences:
road Driver behavior:

weather offensive / moderate / defensive

front-seat passenger

Vehicle:
consumption according to
velocity plot

Figure 2.1.: Influences on the fuel consumption of a vehicle which is traveling in the road
network.

not subject to optimization in the context of route planning at present, we shall not be
further concerned with these topics. For the same reason, the possibility of reducing the
fuel consumption by an optimization of traffic control strategies [89] will be excluded from
the considerations in this thesis.
In order to use fuel consumption as a basis of decision making for route-planning problems
in the road network, a cost value must be associated with each road segment (and possibly
with each junction) of the road network at each point in time. This cost value must be
proportional to the amount of fuel required for passing through the respective road segment
(or junction), and must therefore depend on a variety of influencing factors such as the
vehicle model [8T)], [I03], the traffic situation [I03], [76] the driver of the vehicle [90], [I50]
and environmental conditions [T74]. These influencing factors are illustrated in Figure 2.
Considering only the longitudinal dynamics of the vehicle and assuming that the velocity
plots of the drive are given, we compute the resulting fuel consumption in Section E. In
Section 72, we introduce a model for determining the characteristics of velocity plots based
on a recently developed model of urban traffic. We motivate a time-dependent generaliza-
tion of these results which is based on historical traffic data in Section EZ3 and derive some
properties of the resulting travel time and travel cost functions in Section EZ4.

2.1. Energy Balance in the Case of Given Velocity Plots

Although the amount of fuel a vehicle requires for driving through a given road segment
or junction depends on a variety of influencing factors, the physical model of the vehicle
constitutes the end of the functional chain, cf. Figure P71 In particular, given any velocity

10



2.1. Energy Balance in the Case of Given Velocity Plots

plot depending on environmental and traffic conditions as well as driver characteristics, the
introduction and parametrization of the physical model of the vehicle permit the computa-
tion of the total fuel consumption associated with the respective velocity plot [129], [103],
[[9], [81]. For this reason we assume in this section that a velocity plot v € C1([0,T],R)
(in longitudinal direction of the vehicle) with time domain [0,7] C R, T' > 0, is given, and
we aim at computing the total fuel consumption B in the time interval [0, 7.

For a given velocity plot v we define the acceleration plot a € C°([0,T],R) (in longitudinal
direction of the vehicle) according to a(t) = d/dt v(t) for all ¢ € [0,T] and the distance plot
d € C%([0,T],R) (in longitudinal direction of the vehicle) according to

d(t) = /Otv(s)ds, for all t € [0,T].

Moreover, we assume that an angle of elevation in longitudinal direction of the road «(l) is
given for all [ € [0, L], L = d(T).

In order to keep the vehicle moving at a distance [ € [0, L] of the initial point of the drive
and in accordance with the velocity plot v the vehicle must countervail a sum of driving
resistances. These driving resistances consist of [I29, p. 74] the climbing resistance F, the
rolling resistance F)., the aerodynamic resistance F, and the inertial resistance F;. In order
to model the influence of the braking system of the vehicle, we also introduce the braking
resistance Fy, cp. [19, p. 417]. Introducing the lower heating value H; of the utilized fuel,
the engine efficiency 7. and the transmission efficiency 7, the total fuel consumption in the
time interval [0, 7] is given by [124, Chapter V.33], [19, p.416 et seq.], [T03]

o /T . {07 [Fu(t) + Fo(t) + Fu(t) + Fi(t) + Fy(t)]v(t) } " 1)
0

Hlne (t)nt(t)

In order to ease the notation we define the sum F'(¢) of the driving resistances at time
t €[0,T] by F(t) = Fe(t) + Fr(t) + Fa(t) + Fi(t) + Fy(t). Note that the quantity F(¢)v(t)
equals the mechanical power P(t) which must be provided by the motor of the vehicle in
order to countervail the driving resistances. Since no fuel can be generated in an combustion-
engined vehicle we use the fuel flow rate Q(t) = max {0, P(t)/(Hne(t)n:(t)) } in (272) which
was termed the ‘throttle-cutoft’ scenario in [T03]. However, in hybrid and electric vehicles
negative power P(t) < 0 can be used to recharge the battery. Consequently, the total
amount of energy required by a hybrid or electric vehicle for traversing a road segment can
be negative if, e.g., a(l) < 0 for all [ € [0, L].

Denoting by g the gravitational acceleration, by m, the total mass of the vehicle and by ¢,
the rolling resistance coefficient, the climbing resistance F,(t) and rolling resistance F).(t)
at time ¢ € [0, 7] are given by

Fu(t) = mygsin (a (d(t))), (2.2)
F,.(t) = ¢ypmyg cos (a(d(t))). (2.3)

At this, the rolling resistance coefficient ¢, generally depends on the tire and the road
surface. In the above equation (233) we have not accounted for the increase of the rolling
resistance during cornering, and we have neglected the dependence of the rolling resistance
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2. Computation of the Fuel Consumption

on the longitudinal velocity since both effects have been classified as negligible in [[29, p.7,
p.15]. Furthermore, we have assumed that the vehicle mass m,, is constant throughout the
drive, thus ignoring small variations due to the filling level of the fuel tank.

Denoting by p, the air density, by Ay the frontal area of the vehicle and by cq the drag
coefficient, the aerodynamic resistance F,(t) at time ¢ € [0, 7] is given by

Fo(t) = %U(w?. (2.4)
Note that both the variability of the air density along [0, L] and the influence of the wind
velocity in longitudinal direction of the vehicle have been neglected in (). Both quantities
are hard to predict in applications, and may be considered as system noise in our context.
Denoting by n(t) the gear at time ¢ € [0, T] and by A(n) the gear-dependent molding body
surcharge factor, the inertial resistance F;(t) at time ¢ € [0, 7] is given by

Fi(t) = X(n(t))mya(t). (2.5)

The molding body surcharge factor models the fraction of the moments of inertia with
respect to the vehicle mass m,. Let I, denote the moment of inertia of the wheels of the
vehicle, let r,, denote the radius of the wheels of the vehicle, let I,, denote the moment
of inertia of the flywheel in the motor and let gr(n) denote the gear ratio between the
rotational speed of the motor and the wheel axle of the vehicle if the gear n is engaged.
Neglecting the dynamic deformation of the tires and assuming that all wheels have the same

radius, we obtain

F,(t) = mpal(t) + I—;Ua(t) + %gr(n(t})ga(t), (2.6)

w w
since both the angular velocity and the accelerating moment of the flywheel are scaled by
gr(n), cp. [I29, eq. (21.5)]. A more detailed discussion, including the moment of inertia of
the powertrain, can be found in [T29, Chapter I11.21] but will not be annotated here. Note
that A(n) is uniquely determined by (233) and (28).
Denoting by p(t) the break pressure at time ¢ € [0,7] and by c,(n) a gear-dependent
constant of proportionality, the braking resistance Fy(t) at time ¢ € [0,T] is given by

Fi(t) = cp(n(t))p(t). (2.7)

The braking resistance has been introduced in order to distinguish between deceleration
caused by the motor brake and deceleration caused by an actuation of the brake pedal. Since
kinetic energy is converted to heat when actuating the brake pedal, the total deceleration
a(t) overestimates the effective deceleration ay,(t) which is relevant for the computation of
the power generated by the motor of the vehicle. Consequently, ¢,(n) < 0 in (221). Since
the brake causes a deceleration of both rectilinear and circular motions, the constant of
proportionality c,(n) at time ¢ € [0,7] depends on the gear ratio gr and hence on the gear
n(t) at time ¢ € [0, 7], cp. (E8).

Both the engine efficiency 7, and the transmission efficiency 7; generally depend on the
rotational speed w(t) of the crankshaft at time ¢ € [0,7] and the power P(¢). While the
variation of the transmission efficiency is minor [T06, Table 3.1] (between 0.93 and 0.98),
the dependence of the engine efficiency 7, typically varies between 0.15 and 0.40 and is
described by the so-called engine characteristic map [I29, Chapter IV.25], [I03]. Sometimes
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2.1. Energy Balance in the Case of Given Velocity Plots

an equivalent description of the engine-characteristic map is used which depends on the
rotational speed w of the crankshaft and the torque 7 on the crankshaft, cf. [I29, Figure
25.7].

In addition to the above driving resistances the power required by a number of auxiliary
consumers, such as air conditioning, light or car radio must be provided by the motor of
the vehicle. Denoting the power of the auxiliary consumers at time ¢t € [0,7] by Py(t), the
so-called basic power consumption, we obtain

[T [ Fw(®) £ R
5= | {0’ Hne(Om() }dt' 28

Assuming that all vehicle parameters as well as the velocity plot, the gear selection n(t)
at time t and the brake pressure p(t) at time t are given for all ¢ € [0,T], equation (ZR)
allows the computation of the total fuel consumption along [0 L] for v > 0. For v — 0, the
fuel flow rate Q(t) = max {0, (F(t)v(t) + Po(t))/(Hime(t)n:(t)) } tends to 0 if Py = 0, which
would require the motor to halt. Since under real operatlng conditions the clutch is released
and the motor proceeds to move with a certain idle speed wp, (Z28) must be replaced by

o= [ oo S &

if v = 0, where 7y denotes the torque generated by internal friction. If v(¢) = 0 for some
€ [0,7] and v(t) > 0 for some ¢t € [0,7], a transition between (ER) and (Z9) must be
realized which models the engaging and disengaging of the clutch. We will not discuss this
topic in detail, but suggest a linear transition as a simple solution. Due to its minor impact
on the fuel consumption, the engaging and disengaging of the clutch is usually left out of
consideration [129, Chapter V.33|, [19, p.416 et seq.|, [T03], and has been discussed here
only for the sake of completeness.
Note that, beside the choice of the velocity plot v, the only influence of the driver on the
fuel consumption in (Z38) are the gear-changing behavior and the braking behavior (i.e., to
which extent the deceleration of the vehicle is caused by the actuation of the brake pedal).
For an electric vehicle, (E8) and (Z9) become

B T Ft)(t) 27 Towo
E = /0 7757 + Py(t)dt, E= / max{ + Po(t)} dt, (2.10)

(t)me(t) ne(t)me(t)

since the power required for the auxiliary consumers can be directly taken from the battery
and the recovery of energy is possible during phases of negative energy demands.

Within the framework of this thesis, this method of computing the fuel consumption of
a motor vehicle has been implemented in the project work at HARMAN International.
The above vehicle parameters have been determined from a series of measurements by
using linear regression [(09]. The test drives were carried out in a BMW 325i touring [B]
and logged by a blue PiraT [2]. The resulting plots were kindly provided by HARMAN
International for publication and are depicted in Figure 272
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(b) Comparison of the filling levels of the fuel tank, based on measurements
and the vehicle model.

Figure 2.2.: Average fuel flow rate and filling level of the fuel tank, logged during 733 km of test

drives with a BMW 325i. As dependent variables in the regression analysis of the
vehicle parameters the fuel injection sensor, the rotational speed of the motor and the
torque applied by the motor were used. A constant engine characteristic map was
assumed since the measurement noise and the quantization errors were of the same
magnitude as the variations in the engine characteristic map.
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2.2. Characteristic Speed Distributions on Road Segments

In this section, we derive a probability distribution of the vehicle speed on an urban road
segment which agrees with the data published in [60] and a recently developed traffic theory
for urban traffic flow [87].

In order to describe the driving behavior in urban areas, several driving patterns (includ-
ing, e.g., average speeds, speed variations, acceleration behavior, gear-changing behavior)
have been introduced and measured [61], [60], [34]. The results have been used to de-
scribe in which manner the driving patterns are influenced by properties of the driver and
the surrounding infrastructure, and in which manner the driving patterns influence the
vehicle exhaust emissions [62]. In accordance with the data published in [60], the accel-
eration and deceleration behavior of a vehicle in urban traffic (within each speed range of
[10kkm/h,10(k + 1) km/h[, £ = 0,...,11) has been described by half-normal probability
distributions in [R]. The probability distributions of the vehicle speeds [60], accelerations
[60], [8], and decelerations [60], [8], were derived from repeated measurements of the vehicle
speed and acceleration according to a fixed measurement rate 1/At (At = 0.1s in [60] and
At = 1s in [8]). Such speed and acceleration data can be used as the input for physical
consumption models such as the model described in Section P71, [34], [T03].

Let us consider a road segment of length L on which the free flow velocity plots result in
a normal distribution of the measured vehicle speeds Vi ~ N (i, 03), Lyy Oy € Rar . Postu-
lating that the vehicle speeds are normally distributed is a common assumption in traffic
theory and has been empirically verified for highway traffic, see, e.g., [84]. For urban traffic
this is certainly not true (cp., e.g., the data in [60] and the traffic flow model [87]), for which
reason we only assume the free flow speed to be normally distributed. Let us assume that
each of the following events E = E}, k = 1,...,4, can occur on this road segment [87]:

Eq: A car drives freely throughout the road segment.

FE5: A car accelerates from the speed 0 to some speed VO+ and continues driving freely
until the end of the road segment.

Es3: A car drives freely until it is forced to decelerate from some speed V|;” to the speed 0
at the end of the road segment and then halts for some time Tj,.

E4: A car accelerates from the speed 0 to some speed VO+ in the first half of the road
segment (i.e., [0, L/2]), continues driving freely until it is forced to decelerate in the
second half of the road segment (i.e., [L/2, L]) from some speed Vj;~ to the speed 0 at
the end of the road segment and then halts for some time 73,.

Clearly, this is a simplification of the velocity plots which occur on a road segment in
reality. However, it captures the presence of junctions in urban traffic [87], and particularizes
the model in [87] by taking into account the acceleration and deceleration processes. We
assume that VO+, Vo, i, are independent random variables and that V0+7 Vo ~ N(pw, o2)
and T, ~ U([0,T)) for some T € R (which can be interpreted as the duration of the
red phase at a signalized junction). Note that the waiting time at a junction is indeed
uniformly distributed, provided that the traffic is undersaturated and reaches the junction
in a uniformly distributed manner. We further assume that the necessity of accelerating and
decelerating is modeled by two independent and identically distributed (i.i.d.) Bernoulli-
distributed random variables, and that the necessity of each such transition from free flow
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Figure 2.3.: Probability density function f,.. of the vehicle speed in an acceleration phase of fixed
duration T+ = 5s. The used parameters were At = 0.1s and o, = 2m/s%.

to stop (or from stop to free flow) is associated with the probability p; € [0,1]. Hence,
P{E} = (1 — pt)?, P{E2} = P{E3} = p(1 — pt) and P{E4} = p?. In the derivation of the
probability distribution of the vehicle speeds we also assume that the travel time of a freely
moving vehicle on a portion [0,1], | < L, of the road segment is given by [/p,. (Note that
this equation is almost surely exact for [ — oo if the free flow speed process is ergodic.)
Let us finally assume that the acceleration plots of a vehicle on the road segment result
in a half-normal distribution of the measured vehicle accelerations A+, AT ~ HN(0,02),
and decelerations A=, —A~ ~ HN(0,02), 0, € R*. This assumption constitutes a further
simplification with respect to [8] which we undertake for the clarity of the presentation.
We clearly have P{V < v|E = E1} < Pi(v,L) = (L/uy,)P{V; < v}. Here, the constant
of proportionality has been introduced in order to reflect the measurement process, in
which the number of measurements is proportional to the duration of the measurement
time interval [60], [8]. The travel time associated with the event E; on the road segment is
denoted by T1 (L) = L/ .

Let us now consider the case {E = FE3}. Consider an acceleration phase of fixed duration
TT = KAt, K € N, an acceleration plot a : [0,77] — R and an associated velocity plot
v : [0,7%] — R. Assuming that the acceleration values (ax)k=1,. K, ax = a(kAt), are
independent and half-normally distributed throughout the acceleration phase, and that a is
constant between two consecutive measurement points, the speeds (vg)k=1,... i, vx = v(kAt),
are given by v = Zle a;At. The corresponding probability density function of V is
depicted in Figure EZ3. In the following, we assume that the speed of the vehicle at time
t < T* during the acceleration phase is given by E[AT]t = \/2/mo,t. (Note that this
equation is almost surely exact for t — oo if the acceleration process is ergodic.) If we
assume that the measurement times are uniformly distributed in the acceleration time
interval then this corresponds to the approximation of the probability density function in
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Figure P33 by a characteristic function.
In order to derive the distribution of the vehicle speed V5 in the case {E = Es}, we
assume that the driver chooses some Vit ~ N (11, 02), accelerates from v(0) = 0 until either
v(t) > V! or the end of the road segment is reached, and continues driving freely until the
end of the road segment is reached. We denote the total travel time for a fixed V;" = 1)8'
by To(L,vg ). We further assume that the probability density function fo of V4 is given by
the equation .

fo(v) / TQ(L,U(J)r)fo(var)fv2lvo+(v|vo+ = vy ) dvg, (2.11)

—o0
where fy : R — R denotes the probability density function of V%, V0+ and fV2|V0+ denotes the

conditional probability density function of V5 given V0+. Note that this corresponds to the
measurement process which has led to the probability distribution of the vehicle speed in
[60] and the probability distribution of the vehicle acceleration in [g].

Let us assume that some U(T > 0 has been fixed and let us first consider the acceleration
phase. The equations of motion and the bounded length of the road segment yield v(t) =
E[AT]t and d(t) = E[AT]t?/2 for all t < T;(vg) = max {0, min{vy /E[AT], /2L/E[AT]}}.
Hence, if 0 < v < \/2LE[A*], then the traveling through the remaining distance L —
(vd)?/(2E[AT]) takes the time Ti(vy) = L/py — (vg)?/(2E[AT]uy). If vj < O then the
remaining travel time is Ty(vgy) = L/p, and if vj > \/2LE[AT] then the remaining travel
time is T¢(vg) = 0. In any case we have Th(L,vy) = Ti(vg) + Tr(vg)-

Considering measurement times which are uniformly distributed in [0, T%(L, vg )], we obtain

P{V; < v}, if vg <0

T (o) mindL o/} + TPV <o} 0 L o
IP){VQSU|%+:U+}: TQ(L,'I}S—) , 1f0<’U0 < QLE[A ]

min{1,v//2LE[A*]}, if vy > /2LE[AT]

Hence,
fO(U)v lf ’US_ S 0
T (vg )Xo+ (v)/vg + Ti(vg ) fo(v)
77‘)0 . + +
fV?‘Vo+(v|VE)+ :’U"") —_ TQ(L7'U8_) , if 0 <vyy < \/W[A]
Xjo,\ /20807 (V)/ v 2LE[AT], if v > \/2LE[AT]

Using (1), we establish

v

P(V <o|E = E3) x P3(v,L) = / (V") + eafo(v') dv/,

/
70061(1} )X[O, \/8/mLoa]
where
1 +Y gt
ci(v) = ———folvg ) dvg
» 2/moy,
0

VVS/rte B r Lo, — (vf)?

L
—oo Mv 0 8wty
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Figure 2.4.: Probability density function f,.. of the vehicle speed in an acceleration phase of variable
duration. The used parameters were L = 200m, o, = 2m/s?, ju, = 15m/s, o, = 5m/s.

Hence, the probability density function of the vehicle speeds in the case {E = Es} is the
superposition of the probability density function of the free flow speed and a weighted char-
acteristic function. The form of the weighted characteristic function (i.e., the contribution
of the acceleration phase) is depicted in Figure Z. The existence of the above integrals is
easily verified.

In the case {E = E3}, if T = 0, then we obtain the same probability distribution of the
vehicle speed V3 as in the case {FE = Fs}, since we have assumed that the terminal speed
is fixed to 0. Taking into account the independence of V", Tj,, we obtain

Py(v, L), itv<0
P{V <w|E = E3} x P3(v,L) = { PQEU,L; +T/2, ifv>0
We denote the travel time associated with the event {E = FE3,Vy = v, ,Ty = tn} on the
road segment by T3(L, vy ,th) = To(L, vy ) + th.
In order to obtain the probability distribution of the vehicle speed V} in the case {E = E4},
reasoning again with the symmetry of the acceleration and deceleration process, we decom-
pose the given road segment into two road segments of length L /2 on one of which Fy occurs
and on the other of which E3 occurs, i.e., P{V < v|E = E;} « Py(v,L) = Py(v,L/2) +
Ps(v,L/2). Using the same arguments, we obtain the travel time Ty(L,vd,vy,tn) =
To(L/2,v) + T5(L/2,vy , tn) associated with the event {E = Ey, Vy" = v, Vg =vy, Th =
tn} on the road segment .
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Figure 2.5.: Density function fy on a road segment of length L = 200 m. The jumps at v &~ 65km/h
and v &~ 90 km/h result from the finite length of the road segment. The probability of
finding the vehicle at a stop is P(V = 0) =~ 0.215 and P(V < 0) ~ 4 - 10~%. The used
parameters were 0, = 2m/s?, ju, = 15m/s, 0, = 5m/s, p; = 0.3, T = 60s.

Using the mutual independence of all random variables, we finally obtain

(1 —pe)2Pi(v, L) + (1 — py)ps (PQ(U,L) + Ps(v, L)) + p2Py(v, L)

limy o0 (1 = pt)2P1(v, L) + (1 = pe)ps (Pa(v, L) + Ps(v, L)) + pi Pa(v, I(,) )
2.12
Here, it is easily verified that the limit in the denominator of (E12) exists and is finite. Let
0 denote the Dirac measure concentrated at 0 and let ps = P{V = 0} denote the probability
of finding the vehicle at a stop. We decompose the probability measure py associated with
V according to py = psdg + py, where py possesses the Radon-Nikodym-derivative fi with
respect to the Lebesgue measure on R (i.e., fi is the density function associated with py).
Hence, V' can be modeled by an equation of the type

P{V <wv} =

V=_>1-d)V, (2.13)

where ds € {0,1} is a random variable with P{ds = 1} = ps and V is a random variable
with probability density function (1 —ps)~!fy. An example of this probability distribution
is shown in Figure 3.

Note that in general the probability of a stop at the beginning and at the end of a road
segment cannot be determined from the road segment alone. Suppose that the considered
road segment connects the junction J, to the junction J;. Then the probability of stopping
at the end of the road segment may depend on the maneuver at .Jo, i.e., whether the
car drives straight ahead or performs a right, left or U-turn. Similarly, the probability
of stopping at the beginning of a road segment may depend on the maneuver at Ji. In
order to model these dependencies, the differences between the speed distributions (and
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cost values, respectively) associated with the different maneuvers must be associated with
the junctions. The resulting optimal path problem must then be solved in the dual road
network, cf. Section B

We will use the above methodology to compute the fuel consumption of a vehicle traveling
through a given road segment in Subsection Z272. Let us conclude this section by computing
the total expected travel time T associated with the road segment. The independence of
the random variables yields

T = (1—py)*E[Ti(L)] + (1 — pe)ps (E[TQ(L, 759] +E[T3(L>V()_7Th)D
+ P E[Tu(L, Vo, Vg, Th)]. (2.14)

Above, we have already seen that T1(L) = L/u,. Next we compute

E[T>(L, V)] z/ T5(L, vy ) folvg ) dvg

L, VVB/mLaw gy 1, — (u)? \/%L L P
= — =02 02 fo(vg) dug + fo(vg ) duy .
Mv 0 8/t VV/3/7Loa o
Using the symmetry of the acceleration and the deceleration process as well as the mutual

independence of all random variables we obtain E[T5(L,Vy ,T)| = E[T2(L,Vy")] + T/2
and E[Ty(L, Vot Vi, Th)] = 2E[Ta(L/2,V;5)] +T/2.

2.3. Historical Traffic Data

In the last two decades there has been increasing interest in incorporating time-dependencies
into the modeling of the road network. This is due to the fact that both travel times [87],
(T3], and fuel consumption [Z1], [I03], [76] vary strongly under different traffic conditions.
The most common approach to describing the time-dependency of the road network is the
measurement of the average vehicle speeds, using, e.g., floating-car data [I19], [I55], [I73],
[67], inductive loops [@1], [b4], [T4T], or airborne systems [64]. Another widely spread method
is the simulation of traffic flow [33], e.g., with software tools, such as VISSIM [6], [IT5]. An
example plot of such average speeds (which is contained in a commercially available digital
map of Germany) has been kindly provided by HARMAN International for publication, see
Figure 8.

The measurement of the traffic density, scattering parameters of the vehicle speeds or
parameters describing vehicle accelerations requires a large amount of data and an appro-
priate measurement infrastructure to be available in large parts of the road network. Since
a spatially inclusive and comprehensive construction of such infrastructure has not yet been
completed, such measurements are only sporadically available and rarely contained in the
digital maps which are used for infrastructure and route planning purposes. In order to use
the methodology which we have developed in the preceding section, we must therefore de-
rive a method for estimating the distribution parameters i, 0y, 04, T, py for varying traffic
conditions.

Let us assume that a measured (space- and time-averaged, cp. Subsection E471) speed o(t)
is given for each time ¢ € R, from which the (average) travel time 7'(¢) (cf. (E14)) at time
t € R can be computed as T'(t) = L/9(t). Assuming that the traffic remains undersaturated

20



2.3. Historical Traffic Data

oo 10 20 30 40 50 60 70 80 a0

60

30

20

Figure 2.6.: Evolution of the average speed on an urban road segment throughout one day. The
unit of the horizontal axis is 20min, the unit of the vertical axis is km/h.

throughout the day, we may use [87, Eqs.(74),(76)], i.e.,

TiosV
anO+(Lﬂl+®MOﬂﬁgﬁﬁ)

o(u) = (=0 Tioat0 + % ’ ”(“):@(u)’ (2.15)
(1—3(1+5)U)L

in order to estimate the traffic density p(t) associated with ©(t). Here, u denotes the
utilization of the outflow capacity, and the fit parameters in the above equations are the lost
service time Tjos, the length of the road segment L, the speed limit vy, the outflow capacity
Q and the safety factor § (which has been introduced in order to cope with variations in the
inflow), as well as the the number of signal phases s at the junction (which is supposed to
be situated at the end of the road segment). Although this is a simplification (if the average
speed ©(t) is small, then the traffic is usually saturated) this approach has been empirically
verified, see [R7, Fig. 6].

The traffic density p which results from (2IH) corresponds to the average density on the
considered road segment, including all vehicles which are queued at the junction. Using
[87, Eq.(34)] we compute the average number of delayed vehicles AN to obtain the average
density ps of freely moving vehicles

~ Lp(u) — AN (u)
) = T AN ()l

. where AN(u) = (MLU) _ i) 0. (2.16)

Here, Iy denotes the average vehicle length. We suppose a vehicle whose drive is not
affected by the junction to be driving through traffic with the density ps.
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Let us now consider the free flow speeds, which we have assumed to be normally-distributed
in the last section. This assumption does not only coincide with empirical observations but
also with a traffic theory which is based on a gas-kinetic foundation. The theoretical results
not only suggest that the speed distribution is normal (in the absence of junctions), but
also provide relations between the traffic density, the average speed and the variance of
the average speed. Taking into account that these derivations are based on the absence
of junctions we apply this methodology only to the estimation of u,, o, from py, i.e., for a
traffic situation in which we have excluded the influence of junctions.

In a traffic model which is based on the application of the theory of dense gases and granular
materials to the Boltzmann-like traffic model by Paveri-Fontana, the equilibrium relations
83, Eq. (103), (104)], [85, Eq. (20.60), (20.62)] have been suggested between (the equi-
librium variables) py, f1, 0. Note that the formulas in [85] also take speed and variance
variations between the lanes into account which we neglect here for simplicity. Setting 5 =0
[83] (resp., B = 0 [84]), i.e., neglecting the effect which results from an overbraking caused
by a slower vehicle in front, we obtain:

A(pr) o (pr)

AL (2.17)

to(pr) = vo — 7(pe) (1 — ppr)) pex(p)ow(pr),  owl(pr) =

Here, vg is the average speed associated with the density pr = 0 (i.e., the speed limit in
urban traffic), y is a factor which takes into account the increase of the rate of interaction
between vehicles caused by their finite space requirements (i.e., a space requirement > 0), 7
denotes the effective relaxation time, p denotes the probability of overtaking and A denotes
the individual fluctuation strength [85, Chapter 20.2]. Although the asymptotic behavior of
these model functions can be derived, empirical data must generally be used to determine
X, T, P, A. It has been verified that this approach allows a very precise description of the
measured speed data, cp. [83], [84], [B5].

While p, pr can be determined from v using a few fit parameters (cf. (213) and (2718)), the
determination of p,, o, from (P-I7) requires a number of model functions. We now describe
a simplistic approach to determining these model functions from a few fit parameters.
At this, we take the asymptotic and qualitative behavior into account which has been
observed in empirical data. In order to maintain p,(0) = vg, (du,/dpe)(0) = 0, py(pr) <
(Pmax — pr)/ (PmaxprTr) as well as iy (pr) = (Pmax — Pf)/(ﬂrznaxTT) for pr & pmax [85, Chapter
20.3], we choose the ansatz

v + vap? +vspd, i 0 < pr < po
Ly (Pf) = Pmax — Pf
p12naxTT

s if po < pf < Pmax (218)

Here, pmax is the maximal density, 7T, is the reaction time of the driver [85, Chapter 20.3]
and pg is the density at which the transition between the two asymptotic behaviors occurs.
Once we have fixed pmax, Ir, vo, we determine pg, ve,vs in such a way that pr — p,(ps) is
continuously differentiable and ., (pf) = fi, for one measured pair (s, fiy).

Furthermore, using [85, Eq. (20.88)], we obtain

Uv(pf) _ \/(UO — My (pf)) (1 - pf/pmax - prva(pf)) ' (2'19)

7(pe) (1 = p(pe)) p
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2.4. Properties of the Network Functions

Note that we can now determine the fluctuation strength A from (2718), (2219) if the product
7(1 — p) is known. In order to obtain the correct asymptotic behavior (cp. [85, Chapter
20.3]) of o, we must take into account that p € [0, 1] and the relaxation time remains finite
for pr = pmax. Taking into account [R5, Eq. (20.112), Fig. 20.9], a quadratic interpolation
of ps— 7(pr) (1 — p(pr)) constitutes the lowest-order polynomial interpolation which yields
a reasonable result. In particular, we suggest a fit function

7(pe) (1 — p(pr)) = ao(0.0143 + 0.0843p¢ + 0.0014p7 ) (2.20)

with the parameter ay which can be chosen in such a way that o,(pf) = 7, for one mea-
sured pair (pf, ;). The parameter ay corresponds to the scaling of the relaxation time in
the absence of obstacles [85, Chapter 20.2].

Clearly, if more measurement data is available, more sophisticated methods can be applied
to determine the model functions which are contained in (214). However, if few empirical
data is available, the estimation of p,, o, from (ZIX)-(220) seems to be a reasonable ap-
proach.

Assuming that o, and p; do not depend on the time of day, we determine the value of T
from (214), using the values of y,(t), o, (t) which we have determined from (27T3)-(220).
Note that, following the derivation in [87], p; and T depend on the utilizations of all road
segments which discharge into the junction situated at the end of the considered road seg-
ment. However, if we assume that the utilization of all road segments which discharge into
the junction increases in a similar manner, we may approximate the resulting effect by a
variation of T only. An example of such distributions for varying average speeds is given in
Appendix @Al in which we apply the described methodology to traffic data measured in the
German city of Ingolstadt.

2.4. Properties of the Network Functions

In this section, we derive some properties of the travel time and travel cost functions asso-
ciated with the road segments in the road network.

2.4.1. Travel Times

The models which we have introduced in the preceding sections of this chapter lead to a
stochastic description of the velocity plots of a vehicle passing through a road segment.
An even more general approach is used in gas-kinetic traffic models [86, Section III.E], [40,
Chapter 5], in which the velocity v of a vehicle on a road segment is a random variable
depending on the position d on the road segment and the time ¢. In other traffic models
(see also [97], for a review, see, e.g., [86], [d0]) the focus is on the macroscopic characteristics
of the traffic flow rather than on the characteristics of the vehicles which form the traffic
flow. In these models, the velocity of the traffic low on a road segment is commonly a
deterministic variable depending on the position d on the road segment and the time ¢.
Following these approaches (and thereby considering an even more general framework than
in the preceding sections), we show that a physical interpretation of the travel time function
which is derived from the velocity plots on a road segment satisfies the non-passing property
[162], [24].
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2. Computation of the Fuel Consumption

We first consider the deterministic case.

Lemma 2.4.1 Let v : Rg xR — ]Rar be a continuous function which is globally Lipschitz-
continuous in the first variable and let L > 0. For each t € R define d; : [t,00) — Rf{,

di(s) =v(de(s),s), s € [t,00),
di(t) = 0.
and denote T : R — Rg,
7(t) = min {e eRY dy(t+0) > L}. (2.21)
Then, for all t1,ts € R, there holds
to >t = to+7(ta) >t +7(t1). (2.22)

Proof Suppose that there exist ¢1,t3 € R with to > ¢, such that (2222) does not hold.
As v is nonnegative and d(t) = 0 for all t € R, we have d¢,(s) > 0 for all s € [t;, 00),
i = 1,2. In particular, we have d; (t2) > 0. Next, according to (EZZI), there exists a
sT € (tg,00) such that dy, (sT) > dy,(sT). Consequently, there exists a sy € [t2,sT), such
that dy, (s0) = dt,(s0) = lo- Now, dy, |[5,,s+] and dy, (5, s+ satisfy the initial value problems

d;i(s) = v(dti(s),s), 5 € [s0,57],
dy;(s0) = lo,

1 = 1,2. Since v is continuous and globally Lipschitz-continuous in the first variable, the
Picard-Lindelof theorem [I16, p.140] implies that dy, |5, s+] = diy[sy,s+], @ contradiction. O]

Interpreting the quantities v, L in Lemma P-4 as the velocity plot on and the length of
the road segment, respectively, and interpreting 7 as the travel time function, Lemma 2271
implies that the physical modeling of the time-dependent road network implies the FIFO-
property, cp. Definition BZ2274.

We now address the stochastic modeling of the velocity plots. The following result implies
the stochastic consistency of the (physically modeled) travel time functions in a stochastic
time-dependent road network, cp. (B).

Lemma 2.4.2 Denote by C, the set of continuous functions mapping R x ]R(J)r to ]Rar which
are globally Lipschitz-continuous in the first variable, denote by C. the set of continuous
functions mapping R to Ra“ and denote by Ccll([t, oo)) the set of continuously differentiable
functions mapping [t,c0) to Rg, t € R. Let (2, F,P) be a probability space, let L > 0, let
v:Q — C, be a random variable and for each t € R define dy : Q) — Ccll([t, oo)),

ddgi”) (5) = v(de(w)(5),8), s € [t, 00),
dy(w)(t) = 0.
and denote 7 : Q — C,,
7(w)(t) = min {e e R : dy(w)(t + 0) > L}. (2.23)
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2.4. Properties of the Network Functions

Then, for all t1,t5 € R, there holds

to>t1 = Plto+7(tr) <c} <P{ti+7(t1) <c}, VeeR. (2.24)

Proof Since, for each w € Q, 7(w) satisfies (222) according to Lemma P21, we obtain
{weQ:to+7(w)(t2) <c} C{weQ:t; +7(w)(t1) < c} for all ¢ € R. This implies (2724).
(|

Let us now come back to the non-stochastic modeling of the travel times and relate the
above results to the quantities which are contained in digital maps of the road network.
Since the measurement of the position- and time-dependent vehicle speeds would require an
appropriate measurement infrastructure to be available in large parts of the road network
and an extensive amount of memory in order to be stored, such precise speed data are
usually not contained in the digital maps which are available for routing purposes. Instead,
a position-independent mean speed v : R — Rar is commonly introduced, which is (in case
of a non-stochastic modeling and using the notation of Lemma PZ471) defined as

t+7(t)
(t) = — = /t v(de(s), s) ds. (2.25)

Hence, the time-dependent speed in the digital map is commonly a space- and time-average
of the position- and time-dependent vehicle speeds on the road segment. Clearly, under
the assumptions of Lemma P22, the travel time function 7(t) = L/o(t) still satisfies the
FIFO-property.

We finally discuss some of the impacts of the modeling in Section EZA on the travel time
function 7. Let us assume that the distribution parameters fi,, oy, 0a, pt, 1 have been fixed.
Observe that, assuming that the free flow speed process is ergodic, the definition of the
travel time 77 (L) almost surely equals the average travel time of traveling infinitely often
through the road segment on which F; occurs every time. In a more realistic modeling of 7,
some probabilistic variation should be associated with 77(L) in order to take into account
that the road segment is only traveled through once when the travel time 7 is incurred.
Similar considerations hold for Ts(L,vo), T3(L,vo, ty), Tu(L,vd , vy s tn). Disregarding this
observation, we obtain a compact positive range of the mapping

T (L), if k=1
_ Ta(L,vy) if k=2
+ 2\, Yy )
(k7UO » Vo 7th) = T3(L7Uavth)a ifk=3 (226)
Ty(L,vg vy tn), ifk=4

Observe that, if the parameters L = 150 m, 0, = 1.5m/s?, u, = 15m/s, T = 60s have been
fixed, then T1(L) = 10s and Ty(L, fiy, pto, T') ~ 82s. Hence, a very large variation of the
travel times is caused by the presence of junctions in urban traffic. Although such variations
are likely to average out over long routes, their magnitude renders a precise prediction of
the travel time of the entire route almost impossible.

While we assume that the travel times are given by one value (e.g., defined by (214)) in the
Chapters B-B, we understand the travel time rather as a set-valued mapping (e.g., defined

by (E228)) in Section B.
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2. Computation of the Fuel Consumption

2.4.2. Travel Cost

In the following, we describe in which manner the models introduced in the Sections P71+
3 can be combined in order to associate a fuel consumption with each road segment at
each time. Let us assume that some parameters L, p;, T, 0q, by, 0 have been determined
according to Section 223 for some road segment at some point in time ¢, and that these pa-
rameters correspond to a space- and time-average of the velocity plots of a vehicle departing
on the road segment at time t. Let us further assume that the basic power consumption
Py of the vehicle and the angle of elevation in longitudinal direction of the road segment
« are constant, and that a gear changing behavior (v, a) +— n(v,a) and a braking behavior
(v,a) — p(v,a) have been fixed. Note that this implies that the effective acceleration (resp.,
deceleration) which must be applied by the motor is given by €(v, a)a for some €(v,a) € R,
cp. Section P70, Furthermore, we assume that the vehicle acceleration and deceleration A
is normally distributed during the free flow behavior , i.e., A ~ N(0,02). We denote by
fo, fa, fa+ the probability density functions associated with N (p,,, 02), N'(0,02), HN(0, 02),
respectively.

In order to adapt the vehicle model introduced in Section B, we must take into account
that the power P which can be generated by a motor is bounded by some Py, Pnax, i-€-,
Ppin < P < Ppax. (For a combustion engine there holds Py, = 0.) This results in a re-
striction 0 < v < vpyax of the vehicle speeds, vmax € RT, and a speed-dependent restriction
of the effective accelerations amin(v) < €(v,a)a < amax(v), Amin(v), Gmax(v) @ [0, Vmax] — R
[T29, Chapters 29, 32]. Since any reasonable set of parameters og, iy, 0, leads to a very
small probability of violating these constraints we have neglected the thereby defined driv-
ing limits in the derivation of the speed- and acceleration distributions. In the following,
we take the driving limits into account by setting

( 2mTowo + Py

20T 0 if v<0

_i(0,0,0) b

F P ~

(Ula’ ot By if v € (0,vmax] and (v, a)a € [amin(V), Gmax (V)]

D n(v’ a7 a)
P(v,a,a) = )

Prin, if v € (0,vmax] and €(v, a)a < amin(v)

if v € (0,vmax] and €(v,a)a > amax(v)
Pmaxa
Or U > Upmax

where F(v,a,a) is the sum of the driving resistances and 7j(v, a,a) is the product of the
engine and the transmission efficiency, cp. (Z3). Note that the definitions in Section 21
imply that both quantities can be written as functions of the vehicle speed and acceleration
if a gear-changing behavior and a braking behavior have been fixed.

With the event {E = E;} we associate the fuel consumption

L/py oo 9] D
mw-[ [ [ 0 o) dacuat

Observe that, assuming that the free flow speed process is ergodic, the definition of the fuel
consumption Bj(L) almost surely equals the average fuel consumption associated with an
infinitely often repeated travel through the road segment on which F; occurs every time.

Next, we associate the fuel consumption Bz (L,vy) with the event {E = E», VT = v} on
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2.4. Properties of the Network Functions

the road segment. If v(')F < 0, we obtain

L/py foo 0 ]3
=[]0 T PR @) dedods,
t= v=—00 Ja=—00 Hl
if 0 < vy <y/+/8/mLog, then

vl /(\/2/704) 2
Bt = [ / WAL O (@ da
t

0

L/po— (U )2/( 8/7WaMU U . a)
dadvdt, (2.27
/t /_OO /_Oo ——————=fa(a) fo(v) dadvdt, (2.27)

0

and if vy > 1/+/8/7Lo,, then

Bo(L,v) = VVarkjoe (% P(\/2]70.t, a, )
2t t —0 H,

fa+(a)dadt. (2.28)

=0
Note that, assuming again that both the acceleration and the free flow speed process are
ergodic, the definition of the fuel consumption By (L, var ) almost surely equals the average
fuel consumption associated with an infinitely often repeated travel through the road seg-
ment on which E,vd occur every time. Similarly, E[B2(L, Vyh)] can be interpreted as an
infinitely often repeated travel through the road segment on which E5 occurs every time.
By replacing P (V/2/moat,a,a) by P(\/2/mo,t, — n (EZ212) and (228) and by adding
t,P(0,0,0)/H; to the resulting fuel consumptlon (cp. (29)), we obtain the fuel con-
sumption Bs(L, v, ,tn) for the event {F = E3,Vy = vy ,Ty = tn}. Finally, we estab-
lish the fuel consumption By(L,vg vy ,tn) = Ba(L/2,v]) + Bs(L/2,vy ,ty) for the event
{E = Ej4, V0 = vy ,VO_ =y, Th = tn}. Disregarding the observation that each of the values
Bi(L), Bo(L,vg ), Bs(L,vg , tn), Ba(L,v§ , vy , tn) corresponds to the average fuel consump-
tion over an infinite number of times the vehicle is traveling through the road segment, we
obtain a compact range of the mapping

Bi(L), if k=1
_ Bo(L,vg) if k=2
+ 2 »Y0 )
(k,vd vy th) = Ba(L e o), Gr_3 (2.29)
B4(L,2)3_,’U0_,th), if k=4

In case of a combustion engine we have P,,;; = 0 which results in a compact nonnegative
range of the fuel consumption defined by (229). Let us illustrate this range by considering
the parameters of the electric vehicle which are provided in Table B, assuming that the
brake pedal is never actuated, a, 79 = 0, and assuming that L = 150m, o, = 1.5m/s?
py = 15m/s, 0, = 4m/s?, T = 60s have been fixed. Then Bj(L) ~ 0.06kWh and
Bu(L, fi, ph, T) = 0.14kWh. The same magnitude of variation of the fuel consumption was
observed in [I03, Table 2] between free and congested traffic.
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2. Computation of the Fuel Consumption

Finally, we define

B = (1-p)’E[Bi(L)] + (1 — py)py (E [Ba(L,Vy")] + E[Bs(L, %_,Th)D
+ PPE[Bs(L, V5h, Vg, Th)]. (2.30)

While we assume that the travel costs 3 are given by one value (e.g., defined by (E230)) in the
Chapters B-8, we understand the travel costs rather as a set valued-mapping (e.g., defined by
(2229)) in Chapter B. By choosing the distribution parameters, the gear changing behavior
and the braking behavior in such a way that the characteristics of the traffic situation and
the driver are taken into account, we can therefore associate a road-, traffic- and driver-
dependent consumption value to each road segment in the road network. (Note that driving
patterns related to speed, acceleration and gear-changing behavior were identified as the
five most significant influence factors on the exhaust emissions in [34].)

Depending on whether the motor is switched off, idling, or fuel is being tanked up while
the vehicle is at rest, we define the cost §(At) of waiting for some time At € R{ according
to 6(At) = 0, according to (2Z9) or according to §(At) = gAt, ¢ < 0, respectively. (Here, ¢
can be interpreted as the fuel flow rate during the tanking process.)

We conclude this section by discussing the cost of driving in a circle of length L in the
road network. In order to derive a lower bound of this cost we assume that p, Py = 0 (i.e.,
no energy is lost by an actuation of the brake pedal or auxiliary consumers). We further
assume that a gear-changing behavior has been fixed. Given a vehicle speed v and a vehicle
acceleration a, we denote by A(v, a) the resulting molding body surcharge factor, cf. Section
1. Let us assume that a differentiable velocity plot v : [0,7] — R, T' € R*, is given,
let d: [0,T] — Ry, d(t) = fgv(s) ds, denote the associated distance plot with d(T) = L,
and let a differentiable height plot h : [0,L] — R be given with h(0) = h(L). Denote
vg : [0,L] = RY, vg(l) = v(d"1(1)), aq : [0, L] — RT, aq(l) = v'(d~1(I)). By substituting
I = d(t) in (Z8) (which equals the energy consumption in (E10) if H; = 1) and using
(22)-(21), we obtain

B /L mygsin (a(l)) + mygerr cos (1)) + 0.5pa A pequa(l)* + Mva(l), ag(l))mpaq(l)
0 Hin(va(l), aa(l))

where «(l) = arctan(h/(l)). Taking into account the constraints hg(0) = hgq(L), 0 < vy <
Umax, Amin(Va) < €(Vd,a4)ad < amax(Vd); —Omax < & < oupax for some amax € RT, one
might derive a lower bound for any circle of length L in the road network by minimizing
over all function h, vy out of appropriate function spaces. Closed solutions can easily be
derived if A\, 7 are constant functions, and solutions have also been found for given height
plots h [I13], [95]. However, this shall not be topic of this thesis. We only note that,
since the potential energy in the initial and terminal position in one traversal of the circle
coincide and the kinetic energy of the vehicle is bounded, there exists a N € N, such that
the total amount of energy incurred for traveling N times through the circle is positive. For
simplicity, we assume that N = 1 in this thesis.

dl,
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Part 11.

The Time-Dependent Optimal
Path Problem
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3. Time-Dependent Networks

Many applications in which networks are used for modeling or optimization purposes, such
as, e.g., intelligent transportation systems [I01], [38], [I53], internet routing [124], multi-
agent-systems [[36] and networked control systems [[7], involve time-dependencies whose
incorporation into the network model lead to the notion of time-dependent networks. In
these systems, there need to be considered either a time-dependent variation of the travel
times and travel costs along the edges of the network, a time-dependent change in the
topology and connectivity of the network, or both of these features. This allows not only
for a more realistic modeling of the underlying physical systems, but gives also rise to a
great number of new phenomena. In Section Bl we motivate the introduction of time-
dependent networks based on the example of the road network. In the following sections
of this chapter, we introduce time-dependent networks, discuss time constraints and turn
restrictions, and define certain classes of time-dependent networks which are of particular
relevance in practical and theoretical considerations.

3.1. The Road Network as a Time-Dependent Network

The main task of an automotive navigation system is to provide the user with guiding
instructions, which conduct the driver of the vehicle from his present location to a prede-
termined destination. These instructions must take the structure of the road network into
account, be consistent with the local traffic rules, and should determine a route of a certain
quality. Common measures for quality are the traveled distance, the time required to reach
the destination and the number of turn maneuvers involved. In order to compute such a
route a digital map is required, which contains all information which is necessary for the
determination of the present location, the route and the route guidance. Before focusing
on the mathematical description of time-dependent networks, we give a brief overview of
the digital map which is the data base according to which the time-dependent network is
defined.

Digital maps of the road network usually contain a large number of information which are
not relevant for the definition of the time-dependent network. For instance, information
about green spaces, lakes, rivers or residential areas are only of geographical interest and
are commonly used only for the map display. Similarly, geometrical information about the
precise course of a certain road may be useful for the determination of the current position
of the vehicle, but are not relevant for the computation of a route, since the vehicle is con-
strained to stay on the road. The integral component of the digital map which is essential
for the computation of a route in the road network is the so-called topological information,
containing the description which road segments are connected by junctions. An appropriate
mathematical model for this description is a graph, in which the junctions correspond to
the nodes and the road segments correspond to the edges of the graph. In order to take
into account that certain roads, such as, e.g., one-way roads, can only be traveled in one
direction, it is convenient to use a directed graph. In the directed graph of the road network,
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3. Time-Dependent Networks

a directed edge between two nodes is introduced if the road segment which connects the
corresponding junctions can be passed through in the respective direction.

In the digital map certain attributes such as distance, travel time or travel cost are associ-
ated to each road segment and each junction of the road network. These attributes serve
as a means for determining the quality of a route and as a basis of decision-making in the
computation of optimal routes. The incorporation of these attributes into the description
of the directed graph leads to a weighted and directed graph, in which a cost value (or a
vector of cost values) is associated with each node and edge. Weighted and directed graphs
are also termed networks [[79].

Certain attributes, such as travel time or fuel consumption, depend on the current traffic
situation on the respective road segment or at the respective junction, cp. Part I. Since
the traffic situation underlies temporal and seasonal changes, the latest digital maps con-
tain a time-dependent description of the corresponding cost values, which are derived from
historical traffic data [27)], [TT9], see also Section P=3. In order to compute routes which are
optimal with respect to the predictable variations in the traffic situation, the cost values
associated with a node or segment in the network must be replaced by cost functions which
depend on the point in time at which the vehicle is predicted to reach the respective node
or segment. This leads to the definition of time-dependent networks in Section B2. In the
context of time-dependent network flows a model has been developed in which the travel
time and cost functions depend on the current state of the network, i.e., the current traffic
flow in the road network [IT4]. Since our interest is in the determination of an optimal
route for a single vehicle and not a set of optimal routes for a fleet of vehicles, we assume
that the network functions are not affected by the routing decision and depend only on the
time variable.

The incorporation of time-dependent travel time and travel cost functions allows an an-
ticipatory optimization of routes in the road network. In the past, the computation of
optimal routes in the road network was only based on static cost criteria and dynamic traf-
fic information replacing the cost values contained in the digital map. Such dynamic traffic
information is for instance provided by the traffic message channel (TMC), transmitting
additional attributes for certain road segments in the case of exceptional traffic situations,
such as, e.g., traffic jams [I'77, Chapters 8, 11]. Since these attributes can only be used for
the correction of the static cost values when an exceptional situation has already occurred,
only near-term reoptimization of the currently traveled route is possible. An anticipatory
avoidance of certain road segments which are jammed during each rush-hour is only possible
if a time-dependent network is used for the computation of the optimal route. Assuming
that all traffic changes are predictable from historical traffic data, the time-dependent ap-
proach clearly leads to routes of better quality.

However, not all changes in the traffic situation are predictable. Random - or at least hardly
predictable - events, such as accidents and weather conditions significantly codetermine the
traffic situation. Considering traffic models which incorporate a human element of uncer-
tainty, even the same conditions may lead to different situations (cf., e.g., [[02, Chapter
2.4], [86, p.1088, eq. (15)], [156]). A realistic mapping of the influence of the traffic situa-
tion on the computation of optimal routes in the road network must therefore result in a
time-dependent and uncertain model. We introduce such a model in Chapter B. Of course,
dynamic traffic information can be used to further improve the network description based
on current exceptional events.
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3.2. Notation

In this section, we introduce time-dependent networks as well as some basic notation from
graph theory and control theory. Moreover, we present a network transformation which
allows the decoupling of the discrete and continuous state transitions in the time-dependent
network. Finally, we introduce the FIFO-property of time-dependent networks, which has
a strong impact on the complexity of computing optimal paths. The following definition
of a continuous-time time-dependent network is similar to the definition of a discrete-time
time-dependent network in [36].

Definition 3.2.1 A time-dependent network is a quintuple G = (V, E,1;3,0), where V
denotes the (finite) set of nodes, E the (finite) set of directed edges (i.e., E is a multiset
over the cartesian product VxV ), 7: ExXR — Rar the travel time function, f: E xR — R
the travel cost function and § : V x R X Rg — R the waiting cost function.

Remark 3.2.2 The second argument of 7,3 denotes the departure time on the edge de-
termined by the first argument. The third argument of & denotes the waiting time at the
node specified by the first argument, whereas the waiting time interval begins at the time
determined by the second argument.

The definition of the time-dependent network, Definition B=2ZT, allows the directed graph
(V, E) to be a multigraph. In particular, there may be more than one edge e € E connecting
the same two nodes v,v’ € V. In order to express that e € E is one element of the multiset
corresponding to (v,v') € V x V, we denote e ~ (v,v"). Furthermore, we denote the
cardinality of a set S by |S|, and the power set of S by P(S). The following definition
introduces some basic objects of graph theory.

Definition 3.2.3 The head function is denoted by w : E — V and the tail function is
denoted by a : E =V (i.e., if e ~ (v,0), then a(e) = v and w(e) =').

For each v € V, the set E~(v) of edges terminating in v and the set E*(v) of edges
emanating from v are defined as

E-(v)={e€E:e~ (1, v),v €V},
Et(v)={e€ E:e~ (v,0),v € V},

respectively. By deg™ (v) = |ET(v)|, we denote the outdegree of v, by deg™ (v) = |E~ (v)| we
denote the indegree of v.

For each v € V, the set V™~ (v) of the predecessors of v and the set V1 (v) of the successors
of v are defined as

Vow)={v€eV:3ee Ee~ (v, v)},
Viw)={v eV :3ec E,e~ (v,v)},

respectively.

In the context of static networks, the set of nodes V' can be understood as the set of possible
states, whereas the set of edges E specifies the possible state transitions. Since in a time-
dependent network the travel time function 7 and the cost functions 3,§ depend on the
time variable, it is convenient to define the state space X = V x R. In particular, each state
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3. Time-Dependent Networks

x € X is a pair (v,t), consisting of a node v € V and a time t € R.

In many applications, such as, e.g., railway networks, it may be necessary and optimal to
wait at certain states in the network, before traversing the next edge. For this reason, we
specify the state transitions in the time-dependent network by a pair u = (At, e), consisting
of a waiting time At € Ra' and an edge e € E. In view of the control-theoretic formulation
of the optimal path problem, we call the pair u = (At, e) a control action. Similar to static
networks, a control action u = (At,e) can only be applied at states x = (v,t) € X with
e € Et(v). The state transition resulting from the application of such a control action u
in the state x is specified by the control-to-state mapping ¢ : U, ev «r {{(v,t)} x {R§ x
Et(v)}} =V xR,

o((v,t), (At,e)) = (wle),t + At + 7(e,t + At)). (3.1)

In particular, the application of (At,e) in (v,t) corresponds to the actions of waiting at v
during the time interval [¢, ¢ + At] and traversing e at time ¢ + At. Note that this definition
excludes the possibility of waiting for several time intervals at some node v before departing
on some edge e € ET(v). In case of cumulative waiting cost functions, i.e., if the cost of
waiting is defined as the integral over a time-dependent waiting cost potential, the exclu-
sion of multiple waiting is no restriction, since the cost of multiple waiting equals the cost
of waiting once for the entire time interval [@7, p.21], [I38]. This approach is commonly
used in the context of time-dependent network flows [[58], [I[33] and the characterization
of optimal time-dependent paths by linear programming [T47].

Our presentation of time-dependent networks is closely related to hybrid control theory
[82], [82]. In time-dependent networks, both the state variable x = (v,t) and the control
variable u = (At,e) are composed of a discrete variable (v € V and e € E, respectively)
and a continuous variable (¢ € R and At € R, respectively). The continuous time variable
t fulfills the initial value problem # = 1, #(0) = 0. In the framework of hybrid control, the
computation of optimal paths corresponds to the computation of optimal control strate-
gies, and the cost values of these paths define the optimal value function. To the best of
our knowledge, the control-theoretic approach has not yet been applied in the literature
of time-dependent networks. However, since it allows for a simple notation and an clearer
presentation of the dynamic programming equations, we will pursue this approach here.
One important question in mathematical systems theory is in which manner the system
behaves, depending on a variation of the initial state or a variation of the system input [88,
Chapter 3]. The most elementary concept on which such considerations are based is the
notion of continuity, i.e., whether the resulting state depends continuously on the initial
state and the control input, cf. [88, Definition 3.1.1.]. We equip the discrete sets V, E with
the discrete topology and (subsets of) RU {400} with the order topology generated by the
open intervals and open rays. It is easily seen that ¢ is continuous if 7 is continuous, at
which the continuity of 7 is equivalent to the continuity of the partial functions t — 7(e,t)
for all e € F.

In the following, we will consider the problem of computing optimal paths in a time-
dependent network with state space and control constraints. Such constraints arise in
many applications. For example, taking into account an earliest departure time and a lat-
est arrival time in route-planning applications already constrain the set of admissible arrival
times at the nodes of the road network. Moreover, there may be only a few places in the
road network, such as, e.g., parking lots, which allow the driver to wait for a certain amount
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of time before continuing his travel. Consequently, both the arrival times and the waiting
times at the nodes are subject to constraints in certain applications. Note that turn restric-
tions constitute a third kind of constraint, which we will deal with in Section B.

We now precisely formulate the state space and control constraints. To each v € V, we
associate a set T'(v) C R of admissible arrival times. The resulting state space is

X =] {v} xT()}. (3.2)

veV

We associate a nonempty set AT (x) C R of admissible waiting times to each state z € X.
Note that v +— T'(v) defines a point-to-set mapping 7" : V' — P(R) and = — AT (x) defines
a point-to-set mapping AT : X — P(R]).

Definition 3.2.4 A control actionu € R(J)FXE is admissible for a given state x = (v,t) € X,
if

uwe AT(x) x ET(v) and o(z,u) € X. (3.3)
A mapping p: X — Rg X FE is called an admissible control policy if, for all x € X, the
control action u = p(x) is admissible for x.

Remark 3.2.5 In view of equation (F3), a control u which is admissible for v = (v,t) € X
must account for the control constraint u € AT (x) x ET(v), as well as the state space
constraint p(x,u) € X. This allows a flexible network description, since both the control
constraints and the state space constraints may change independently of one another in
different applications.

Remark 3.2.6 The incorporation of the state space constraints allows an implicit incorpo-
ration of a varying network topology as follows: Suppose that associated with each edge in
the network there is a set of points in time at which the traversal of the respective edge is ad-
missible. We then replace each edge e € E by a virtual node ve, a virtual edge ey ~ (c(e), ve)
and the edge ey ~ (ve,w(e)) as depicted in Figure BA. The travel time and cost on eq,es
are given by

7(e1,1) 7(e2,t) = 7(e, 1),
/8( ) ﬁ(e%t) B(e,t),

for all t € R, respectively. Moreover AT (ve,t) = {0} and 6(ve,t,0) =0 for allt € R. We
define T'(ve) as the set of all points in time at which the traversal of the edge e is admissible.
In the resulting network, all constraints on the traversal times of the edges are formulated
as state space constraints. We will henceforth only consider networks with a fixed topology.

I
\]

et 07
61,t 0,

We associate the cost §(v,t, At) + [(e,t + At) with the application of a control action
(At,e) € Rf x Ein (v,t) € V x R. This sum corresponds to the cost of waiting at v during
the time interval [t, ¢+ At] in addition to the cost of traversing e at time ¢+ At. In order to
illustrate the sequential structure of the corresponding state transitions, the split network
has been introduced in [A7, p.27]. Since the split network turns out to be very useful for
algorithmic purposes, we now recapitulate its construction. For simplicity, we assume that
the directed graph (V| E) contains no multiple edges.
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3. Time-Dependent Networks

Figure 3.1.: Replacing the edge e by the virtual node v, and the edges e, es.

Each original node v € V is split into two virtual nodes vy, and vy, with

E™ (vw) = {(Vy>vw) : Je € E e ~ (v, 0) }, ET(vy) = {(vy, vuw) },
E™ (vnw) = {(vw, Unw) }» E* (vnw) = {(vnw, Vi) : Je € E, e ~ (v,0')}.

The node set V5 and edge set Eg of the transformed graph is defined accordingly. Next,

Ts(vw) = T'(v), AT (vy,t) = AT (v, 1),
Ts(vnw) = R, ATy (vpw,t) = {0}.

Note that the arrival time at v now corresponds to the arrival time at vy, and all resulting
time restrictions at vy, are implicitly taken into account by the sets of admissible waiting
times associated with vy. Clearly, the definition of the control constraints implies that
waiting is only possible at vy. The set of all waiting nodes of the split network is denoted
by Vi and the set of all nodes of the split network at which waiting is prohibited is denoted
by Vaw. Finally, we define the travel time function 75 and the cost functions s, ds of the
split network for all ¢t € R.

(ea.t) = 0, if eg ~ (Vy, Unw) for some v € V
TslCsr ) = 7(e,t), if Je€ E e~ (v,v') with eg ~ (vny, vh)
Byleat) = 0, if eg ~ (Vy, Unw) for some v € V

SR Bleyt), if de € Eoe~ (v,0v) with eg ~ (vpw, v))

Os(vw, t, At) = 6(v, t, At), VAt € R, 8s(Vnw, t,0) = 0.

This transformation is illustrated in Figure B=. It is easily seen that the split network is
a time-dependent network in the sense of Definition B2 and that there is a one-to-one
correspondence between x € X, u € U(z) and the corresponding state and control pairs
in the split network. Note that the split network never has to be explicitly generated, it
rather serves as an illustrative model on which the algorithms in this thesis are based, cf.
Chapter B and Chapter 8. For simplicity of notation, we will henceforth omit the subscript
“s” when discussing the split-network.

In the following definition, we introduce a class of time-dependent networks, which has
been subject to extensive research, especially in the context of the minimization of the travel
time [I37], [39], [29].

Definition 3.2.7 A function f : R — R, satisfies the FIFO-property, if for all t,t' € R,
there holds
>t = '+ f{t)>t+ Q@) (3.4)
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3.3. Paths in Time-Dependent Networks

O
5 /v.w\ (At, ('Uwa Unw)) (07 (UHW7 y(}v))
" ))
w
(a) Original node and control actions (b) Virtual nodes and control actions

Figure 3.2.: Splitting of the node v into the virtual nodes vy, vpy. The labels of the arrows
correspond to the control actions, which are applied at their tails, respectively.

f satisfies the strong FIFO-property, if for all t,t' € R, there holds
t'>t = t+ft)>t+ f(t). (3.5)

A time-dependent network G = (V, E,1;[3,09) satisfies the FIFO-property, if for all e € E
the partial mappings t — 7(e,t) satisfy (84). G satisfies the strong FIFO-property, if for
all e € E the partial mappings t — 7(e,t) satisfy (&3). Time-dependent networks which
satisfy the (strong) FIFO-property are called (strong) FIFO-networks.

It has been shown that the FIFO-property has a strong impact on the structure of fastest
paths and on the complexity of the computation of fastest paths in time-dependent networks
[T37]. We will generalize these results to the case in which the optimization is subject to
state space and control constraints in Section B&H. Moreover, we will prove that the FIFO-
property has a strong impact on the complexity of computing the optimal value function if
all network functions are piecewise linear, cf. Section b=3. Note that Lemma P2 implies
that the road network satisfies the FIFO-property, which is also known as the non-passing
property in the field of intelligent transportation systems [I62].

3.3. Paths in Time-Dependent Networks

In graph theory, a path is defined as a concatenated sequence of nodes of the graph [G2].
In a time-dependent context, this sequence must not only consist of nodes, but also of
the corresponding points in time. In our setting, we may identify these paths with the
trajectories in the state space, when a sequence of admissible controls is applied in an
initial state zg € X.

Definition 3.3.1 A sequence of controls u = (ug)r=1,2,.. s called admissible for a given
state xg € X, if ug is admissible for xp_1, k = 1,2, ..., where

T = w(wk,l,uk), k=1,2,... (3.6)

The set of all finite control sequences which are admissible for xg is denoted by U(xg).
A path p is a sequence of states p = (xo,:nl, ), such there exists a sequence of controls

u = (ug)k=12,.. € Ulxo), which fulfills (&3).
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3. Time-Dependent Networks

Remark 3.3.2 Obviously, a path p is uniquely determined by the control-to-state mapping,
if an initial state o and an admissible control sequence u € U(xg) are given, cf. (&),
(&38). In the following, we denote p = ®(xp,u), and call ® the control-to-path mapping.
The set of all paths in G subject to the time constraints T, AT is denoted by

P:XU<I>(U {{m}xU(x)}). (3.7)

zeX

Note that P includes paths p of length 0, which correspond to the states in the time-dependent
network.

Let g € X, u € U(xg) and p = ®(xg,u) with v = (ug)k=1,..n, » = (Tk)k=0,..n- We define
the length of the control sequence u by |u| = n and denote the k-th control action wuy of u
by uk, k = 1,...,n. Similarly, we define the (topological) length of the path p by |p| = n
and denote the k-th state zp of p by pi, k =0, ...,n. Moreover, we denote the subsequences
(uk)k=i,...j» 1 < i < j < |u|, and (pr)r=i,..j» 0 < i < j < |p|, by u;; and p;.;, respectively.
For any path p € P and any 4,5 € N with 0 <4 < j < |p|, p;;; is called a subpath of p.
Finally, with a slight abuse of notation, for u|,| = (At,e) we denote w(u) = w(e).

In a similar manner as in time-independent networks we define simple time-dependent paths
and circles.

Definition 3.3.3 Ifp = ((Uk’tk))kzo,...,n
of nodes (vi)k=0,...n 15 called the topological path associated with p.

p is called simple, if (vg)g=0,..n s simple, i.e., if vy # vy for all k,1 € {0,...,n} with k # 1.
p is called a circle, if (vg)g=0,..n is a circle, i.e., if vo = vp.

€ P is a time-dependent path, then the sequence

As in the time-independent case, a time-dependent path p is simple if and only if no subpath
of p is a circle.

With the application of the finite control sequence u = ((Atk,ek))k in xg, we as-

=1,...,|u]
sociate the sum of the costs of the application of each control action in the corresponding

state on the path ®(xp,u) = ((Uk, tk))k:o ol In order to ease the notation, we introduce
the path cost function B : |J,cy {{z} x U(z)} = R,

|ul

Blwo,u) = Y [0(vh—1, tho1, Atg) + Bler, tror + Aty)]. (3.8)
k=1

Definition 3.3.4 A path p* is called optimal with respect to an initial state o € X and a
goal node v' € V, if there exists a finite control sequence u* € U(xg) with p* = ®(xg,u*),
w(u*) =7 and

B(zo,u") = inf {B(zo,u) : u € U(zo),w(u) =v'}. (3.9)

In this case, u* is called an optimal control sequence (with respect to xy and v'). For a fized
goal node v' € V, we define the optimal value function b* : X — R U {+o0} by

b*(z0) = inf {B(zo,u) : u € U(zo),w(u) ='}. (3.10)
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3.3. Paths in Time-Dependent Networks

Remark 3.3.5 By convention, we set inf,cy f(u) = oo and sup,cy f(u) = —oo if U =0
and f is a real-valued function depending on w. This implies, that b*(xg) = oo if and only
if there exists no finite path from zg to v' x T(vV').

Remark 3.3.6 In order to obtain b*(v',t) = 0 for allt € T'(v"), we assume that there is one
additional control action “termination” in U(v',t). The application of this control action
generates no additional cost and leads to a terminal state in which no further control action
can be applied, cp. [Z3, Chapter 2.1].

In Definition BZ34, the optimality relates to a given goal node and a varying initial state.
In the same manner, we define an optimal value function with respect to a given source
node and a varying terminal state. In order to facilitate the notation, we introduce the path
travel time function 7 : U,cy {{z} x U(z)} = Ry,

|ul

7-(1'0, u) = Z [Atk + T(ek, tp_1+ Atk)], (3.11)
k=1

where 29 € X, u = ((Atg,ex)),_, | € U(xg) and ®(zg,u) = ((Uk7tk))k:0... - Note
that 7 and B coincide if 8 = 7 and §(v,t,At) = At for allv € V, t € R, At € R{. Using
the function 7, the arrival time at the terminal node v}, € V' of the path p = ®((vo,t0), u)
is given by to + T ((vo, o), ).

Definition 3.3.7 A path p. is called optimal with respect to a source node vg € V and a
terminal state (v',t') € X, if there exist a departure time ty € T(vo) and a finite control
sequence u, € U(vo,to) with px = ®((vo,t0), ux), pxpp,| = (V',t) and

B((vo, to), u.) = inf {B((vo,t),u) cu € Uvo, ), w(u) =o', t + T ((vo, 1), u) = t'}. (3.12)

In this case, uy is called an optimal control sequence (with respect to vy and (v',t')). For a
fized source node vy € V, we define the reverse optimal value function by : X — R U {Zo00}

by
be(v',t') = inf {B((vo,t),u) u € Ulvg, t),w(u) =0, t+ T ((vo, 1), u) = t'}. (3.13)

In the sequel, we will mostly consider the optimization with respect to a given goal node
and varying initial state. (See Section EZI for an overview over possible variants of the
optimal path problem.) In order to distinguish whether the optimality relates to a given
goal node or a given source node, we will use ‘x’ as a superscript or subscript, respectively
(cp., Definition B34 and Definition BZ37). Note that if G is a strong FIFO network and
either waiting is forbidden everywhere or it is never optimal to wait, then both problems are
conjugate and can be transformed to each other by reversing the time axis and appropriately
transforming the travel time and cost functions [44].

The existence of a path connecting any given pair of nodes in a static directed graph can
be guaranteed if the graph is strongly connected [79, Chapter 16|, [[35, Chapter 3]. In
particular, if v,v’ are any two nodes in the graph, then there exists a path from v to
v and a path from v’ to v if and only if both nodes are contained in the same strongly
connected component of the graph. As a consequence, a variety of solution techniques has
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been developed to compute the maximal connected components of a graph, see, e.g., [I35,
Algorithm 3.1, Algorithm 5.3], [79, Corollary 16.8], [d, Chapter 8.6].

The determination of connected components of a time-dependent network is complicated by
the augmentation of the state space by the time variable and the state transitions specified
by the travel time function 7. Since 7 > 0 it is impossible to travel backwards in time, and
consequently there can be no pair of states which are reachable one from another if 7 > 0.
Moreover, the definition of state space and control constraints causes further difficulties in
the computation of the set of states which are reachable from a given initial state (or a set
of initial states). Since b*(z) = oo if and only if v/ x T'(v') is not reachable from x, the
computation of the optimal value function is intimately related with the determination of
reachable subsets of the state space. We will consider this task in more detail in Section
B4E. It is clear that the computation of reachable subsets of the state space requires the
computation of earliest arrival times and latest departure times, and hence the computation
of fastest paths [142].

Fastest paths are optimal paths in a time-dependent network in which the travel costs
equal the travel times and the waiting costs equal the waiting times. In order to avoid the
definition of a second time-dependent network we replace B by T in Definition BZ34 and
Definition BZ372 to obtain the optimal travel time function t* : X — R U {oo}

t*(xo) = inf {T (w0, u) : u € U(zp),w(u) ="} (3.14)

with respect to a given goal node v' € V, and the reverse optimal travel time function
te: X = RY U{oc}

t. (', t") = inf {T((vo,t),u) cu € Ulvo, t),w(u) = v, t+ T ((vo, ), u) = t’} (3.15)

with respect to a given source node vy € V. In the following, the corresponding control
sequences will be called time-optimal control sequences, and the corresponding paths will
be called fastest paths. As before, in order to distinguish whether the optimality relates
to a given goal node or a given source node, we will use ‘*’ as a superscript or subscript,
respectively.

In some applications the computation of optimal paths is subject to additional constraints
which are based on optimal travel time, or on a combination of both cost criteria. For
example, the travel time associated with a fuel-optimal route might be constrained to be no
longer than 110% of the travel time of a fastest route. In order to adapt such constraints to
our model, we can define the set of admissible arrival times 7'(v) depending on the optimal
travel time. We will explicitly deal with such problems in Section 3.

Let us conclude this section with the discussion of a simple example. Consider the time-
dependent network in Figure B3, which is a FIFO-network. Let T'(vg) = T'(v) = R and
consider the departure time 3 = 0 at the source node vy. If waiting is forbidden at vy,
ie., if AT (vo,tp) = {0} for all ¢ty € R, then the cost associated with the control sequence

U = (Uk)k=1,.ns
[ (0,e1), k<n
w={ ek Zn (316

is 2 + 217" Since all admissible control sequences are of the form (BIH), there exists no
finite optimal control sequence and no finite optimal path in this example. This situation
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e
: 2t
T(e1,t) = 5 T(eg,t) =1,
2—1

5(61,t>:’ 2 |7

@ 2 @ 5(vo, t, At) = At.

Figure 3.3.: Time-dependent network in which no finite optimal path needs to exist.

/8(627t> = ’4 - 2t’7

contrasts to the static case, in which (given that the goal node is reachable from the source
node) a simple optimal path exists if all costs are nonnegative, cp. [d, Section 4.1]. In order
to deal with such situations, a concept of infinite paths has been developed which defines
an infinite path as the limit of an invariant generation sequence (see [I[38] for details).
Considering a sequence of control sequences of the form (BI8H) with increasing length n, the
corresponding sequence of paths would be invariant and their limit would be optimal in the
sense of [[38]. Since infinite paths are not practicable in applications, we will focus on finite
paths in the sequel. In Section B2 we will prove the existence of (finite) optimal paths under
fairly weak assumptions, and in Chapter B we will extend these results to time-dependent
networks with uncertain travel times.

Now consider the case in which unrestricted waiting is allowed at the source node vy, i.e.,
AT (vo, tg) = R(J{ for all {9 € R. In this case, it is easily seen that an optimal control
sequence is given by u = (2, e3), resulting in the travel cost 2. Hence, in contrast to the
computation of fastest paths in FIFO-networks, any optimization procedure must take the
hybrid structure of the time-dependent network into account, optimizing with respect to
both the optimal edge and the optimal waiting time. We will discuss two solution techniques
in the Chapters B and M.

3.4. Turn Restrictions and the Dual Network

In the preceding sections of this chapter we have introduced time-dependent networks with
state space and control constraints. In this section we additionally consider turn restrictions,
which can be understood as constraints on the set of admissible control sequences. A
description of such turn restrictions is contained in most digital maps of the road network
and must be incorporated into the routing process in automotive navigation systems. Since
certain turn restrictions may be relevant only for a small group of vehicles (e.g., trucks),
they are usually defined separately from the road network. Motivated by the practical
relevance of these constraints, we extend the results in [I05], [[@], [I'72], [IT7] to time-dependent
networks with state-space and control constraints. In particular, starting with a time-
dependent network with turn restrictions, we construct a time-dependent network without
turn restrictions and prove the one-to-one correspondence of the paths in both networks.

Definition 3.4.1 A time-dependent network with turn restrictions G, is an octupel G, =
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(V,E,p,1,0;8,0,1), where G = (V,E,T;/3,0) is a time-dependent network and

p: | J{E () x EX(0)} = {0.1},

veV

o: U{E ) x ET(v)} xR = R,
veV
vi|J{E () x EY(0)} xR > R,
veV

are a turn restriction function, a turn travel time function and a turn cost function, respec-
tively. A control sequence u = ((Atk, ek))kzl _,, is said to respect the turn restrictions p if
pleg,epr1) =1 forallk=1,...n—1.

Remark 3.4.2 The first argument (e”,e™) € E X E of 0,1 denotes the turn maneuver at
the node v = w(e™) = a(e™) which is effected at the point in time specified by the second
argument.

As in Section B2, we associate a set of admissible arrival times T,(v) C R to each v € V,
define the state space X, = [,y {{v} x T)(v)} and a set of admissible waiting waiting
times AT,(z) C R{ for each z € X,,.

The functions o, allow an explicit modeling of the time and cost which are necessary
to perform a turn maneuver in the network. They are commonly used in the field of
automotive navigation systems since they allow a larger set of criteria with respect to which
a path can be optimized [I72]. Moreover, they allow a more realistic modeling of a moving
object in the network, since straight-ahead driving is usually associated with a lower travel
time and cost than a turn maneuver. The incorporation of the turn travel time and turn
cost require a slight modification of the definition of the state transitions (B) and the
associated cost (B3), which are defined as follows for time-dependent networks with turn
restrictions. Let (vo,to) € X, and u = (ug)g=1,.n with uy = (Aty,ex) € Ry x E. The path
p= ((vk, tk))k:O,...,n associated with the application of w in (vg,tp) is given by

v = w(ek), k=1,..,n,
te = th—1 + Al + 7 (e, tr—1 + Aty)
+ U(eka €k+1,lk—1 + Aty + T(ek’a lg—1+ Atk))? k=1,.,n—1,

tn = th—1 + At, + T(en, th—1+ Atn)

As a consequence of this definition, waiting in the road network takes place before traversing
a road segment and after crossing a junction. The control sequence u is said to be admissible
for z € X, in G, if Aty € AT,(vg—1,tk-1), ex € ET(vk_1, (vg,t) € Xpforallk =1,..,n
and u respects the turn restrictions. The set of all control sequences which are admissible
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for z € X, in G, is denoted by U,(x). In a similar manner as in Section B33 we define B,,

i
L

B, ((vo, to),u) = [5(01@71, th—1, Aty) + B(eg, te—1 + Aty,)
1

e
Il

+ t(en, ept1, to—1 + Aty + (g, th_1 + Atk))}
+ 5(Un717 tnfly Atn) + B(Ena tp—1 + Atn)v (317)

where vy, t; are defined above for k =1,...,n.

Turn restrictions and turn costs complicate the application of the principle of dynamical
programming, which is the basic principle of almost all practically relevant solution tech-
niques for the computation of optimal paths such as, e.g., [66], [66], [80], 23], [I3R], [127],
(T3], [144], [3R], [3Y], [@7], [54]. Since turn restrictions are no state-dependent constraints,
the optimal control sequence associated with an intermediate state depends on the manner
in which this state has been reached from the initial state. This violates the principle of
optimality [22]. In order to avoid this problem, the state space must be modified appropri-
ately. Among the possible transformations of static networks, the dual network has proven
to be the most suitable [[@], [I72]. Note that modeling each junction as two sets of nodes
(i.e., access nodes to the junction and departure nodes from the junction) and a set of
edges (i.e., the possible turns in the junction) leads to a significant increase in the number
of nodes and edges of the resulting network. Since the worst-case time complexity of all
optimal path algorithms is O(f(|E|,|V|)), where f is a superlinear function of the number
of nodes and edges, this network transformation has proven to be inefficient. Both network
transformations are illustrated in Figure B4.

There are several notions of duality in graph theory, including combinatorial and geometric
duality [79, Chapter 11]. We will use a concept of duality which differs from those defini-
tions and which follows the concepts introduced in [T05] and used in [[@], [I72], [97]. Note
that the dual network was termed auxiliary network in [I1].

Definition 3.4.3 Let G, = (V, E,p,7,0;3,9,.) denote a time-dependent network with turn
restrictions. For each v € V, let T,(v) C R denote the set of admissible arrival times at
v and, for eachx € X,, let AT,(x) C R(J)r denote the set of admissible waiting times at x. We
define the time-dependent network with turn restrictions GZ = (VI ET ot 7T o7, g7 6T .T)
by

and
Tl t) = (e, t) + ol t+1(e7, 1)), ifel =(e”,e") € E x E,
BT ) = Bl t) + u(e” t +7(e, 1)), ife’ =(e7,e") € ExE,
6T (T t, At) = 6(a(e), t, At), ifvl =e€E,
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3. Time-Dependent Networks

(a) Original graph (V, E), only straight-ahead driving is allowed by
a turn restriction function p.

€9
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— er [/ v ef
“=S0——0 O o
\ /
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(b) Transformed graph (V’, E’) resulting from the splitting of the junction
into access nodes, departure nodes and turns.

V'] = X ,ev(deg™ (v) +deg™ (v)) = 2|E|, |E'| < |E| + X ¢y (deg™ (v) -
deg™ (v))

(c) Dual graph (VT, ET) in which the primal edges are interpreted as nodes.
VI =|El, |ET| <3, cv(deg™ (v) - deg™ (v))

Figure 3.4.: Illustration of two possible network transformations which allow the incorpo-
ration of turn restrictions into dynamic-programming-based algorithms.
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3.4. Turn Restrictions and the Dual Network

as well as p¥' =1, 0T =0, T =0. Moreover, we define
TE vl = T, (ale)), ifvl =ec€E,
ATg’(vT,t) = AT,(a(e), ), ifvl =ec€E.

G:‘g is called the dual of G,, and T;;F, ATE are called the dual constraints of T, AT,.

Remark 3.4.4 Note that the introduction of time-dependent turn restrictions would result
in constraints on the traversal times of the edges in the dual network. Such constraints
might be used, e.g., to model the impact of traffic lights in the road network [T1]. As we
have mentioned in Remark BZd, the incorporation of such constraints into the concept of
time-dependent networks is possible but will not be pursued in this thesis.

It is easily seen that G;F is indeed a time-dependent network with turn restrictions in the
sense of Definition B271. We will denote the state space of GZ by XpT, the set of admissible
controls for 27 € XpT by UpT(xT) and the path cost function will be denoted by BF:,F, cf.
Note, that the turn restrictions and turn costs in the dual network are trivial and allow
the definition of the equivalent time-dependent network GT = (VT, ET 7T; 87 §T) with
constraints T7 = TT ATT = ATT in which the set of admissible control sequences U7 (z7)
for 7 € X7 Xg satisfies UT (z7) = U ;T (z7). A similar equivalence of the time-dependent
network with and without turn restrictions holds for the second dual. In the second dual
of the road network each node corresponds to an unrestricted turn at a junction and each
edge corresponds to the same road segment as in the primal network.

In order to use the dual network for the computation of optimal paths in the primal network,
we need a further extension of Definition B2=3, which allows a one-to-one correspondence
between the initial and terminal states of the paths in the primal and the dual network [],
[T72], [T1]. Let Vo C V be a set of source nodes and let V' C V be a set of goal nodes with
Vo NV’ = 0. We define the time-dependent network G = (V, E,7; 3,48) by

V=vTuruVv, (3.18)
E=E"0 [J {{vo} x EY(wo)}u |J {E () x {v'}}, (3.19)
vo VD v'eV’
T(eT,t), ife=el € ET
7@ t) =4 0, ifeecVox E : (3.20)
(e ,t), ife=(e,v)eExV

N B(el,t), ife=el € ET

prEt) =< o, ifeeVyx E , (3.21)
Ble™,t), ife=(e,v')e ExV’

ST t,At), ifv=0" VT

0

, T e Vh UV (3.22)

ST (@,t, At) = {
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3. Time-Dependent Networks

In CNJ, we consider the state space and control constraints given by

~ [ TTWTD), fv=0T VT

T@) = { T,(v), ifoeluVv’ (3.23)
— ATT (T 1), ifv =0T VT
AT(@,1) = { {0}, if5eVpuV’ (3.24)

It is easily seen, that G is indeed a time-dependent network in the sense of Definition B=2T.
The associated state space X, admissible control sequences U and path cost function B are
defined as in (B2) and Section BZ3.

Theorem 3.4.5 Let G, = (V,E,p,7,0;3,6,1) be a time-dependent network with turn re-
strictions and let the arrival time and waiting time restrictions be given by T,, AT,. Let

)Z', ﬁ,g be defined as above and denote

T, = U {(z,u) :u € Uy(x),w(u) € V'},
z=(v,t)eX eV
T = U {@5):0eU@),w@ eV}

F=(T,neXveV

There exists a bijective mapping ¥ : Y, — T satisfying By(x,u) = g(\I/(:p,u))

Proof Let (z,u) € Ty, z = (v,t), u = ((Atg,ex)),_, , and v/ = w(u). We define 7 = =

and @ = (Ug)k=1,.. .n+1 DY

al = (07 (Uv 61))7
ﬁk = (Atkfh (ek,h ek‘))a k= 27 ey Ty
Upt1 = (Atn, (en,v’)).

As an immediate consequence of the above construction (BI8)-(8=2) we obtain 7 € X and
u e U(x). Clearly, w(u) € V'. An easy computation yields B, (x,u) = B (z7,u”).
Now let (z,u) € T, U= ((Atk,gk))kzl - We define z = 7 and u = (ug)r=1,..n—1 by

Up_] = (Atk,a(Ek)), k=2,..,n.

As an immediate consequence of the above construction (BIR)-(8224) we obtain z € X, and

u € Uy(x). An easy computation yields B,(z,u) = B(Z, u). O

Based on the result in Theorem B4=3, we can compute optimal paths in the extended dual
network G instead of computing optimal paths in the primal network with turn restrictions
G)p. The correspondence of the paths in G, and G is illustrated in Figure B4. Henceforth,
we will only consider time-dependent networks without turn restrictions.

3.5. Reachability in Time-Dependent Networks

The computation of optimal paths in time-dependent networks is intimately related to the
computation of the reachable subsets of the state space, since b*(z) < oo if and only if
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"((61762)7') "((62763)7')

e VR e VR e
L)
Vo V1 V2 V3
O 5(617') U B(GQa') U 6(637') O
5(1}0,-,-) 6(U17"') 6(1}27'»')

(a) Path in G,

@(Uo,ﬁ)@ (e1,€2) ) (e2,€3) @(63,03)@
—/ Z =/
,8(61")+L((61762)") 5(627')+L((627€3)7') 5(637')
5(05(61)7‘7') 5(05(62)7'7') 5(0‘(63)7'7')
(b) Path in G

Figure 3.5.: Correspondence of the paths and costs in G, and G.

there exists an admissible control sequence u € U(x) with w(u) = v'. Let us consider a
time-dependent network G = (V, E, 7; 3, 0) with arrival time constraints T and waiting time
constraints AT. Let us further suppose that a source node vy € V and a goal node v € V
are given. When computing an optimal path from some xg € {vg} x T'(vg) to {v'} x T(v'),
we only need to take into account those states g € X which are reachable from xg, and for
which there exists a u € U(zg) with w(u) = v'. Keeping this simple observation in mind
when constructing solution methods can lead to a significant decrease in computational
complexity.

In this section, we introduce the sets of reachable points in time associated with the nodes of
the network. We generalize the concept of strong connectivity to time-dependent networks
and prove that the sets of reachable points in time can be computed in polynomial time
under appropriate assumptions.

Definition 3.5.1 Let a time-dependent network G = (V, E, 1;3,0) with arrival time con-
straints T' and waiting time constraints AT as well as a source node vy € V' and a goal node
v' €V be given. Forv €V, we define the set of reachable points in time Tr(v) by

Tr(v) = {t € T(v) : 3p € P with po € {vo} x T(vo), pp| € {v'} x T (V')
and p, = (v,t) for some k € {0, ..., |p|} }. (3.25)

The reachable part of the state space is denoted by

Xr=J {{v} x Tr(v)}. (3.26)

veV

Observe that, according to the above definition, a source node vy € V and a goal node
v' € V must be fixed in order to define Tg(v) for v € V.

The following lemma generalizes the concept of strong connectivity [d, p.27] to time-
dependent networks.
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3. Time-Dependent Networks

Lemma 3.5.2 Let a time-dependent network G = (V,E,T;/,0) with arrival time con-
straints T and waiting time constraints AT as well as a source node vg € V and a goal
node v' € V' be given. Suppose that T is continuous, T(v) =R for allv € V and (V, E) is
strongly connected. If

lim t+47(e,t) = —00, Vee€FE, (3.27)

t——o0

and there exists a continuous function At : X — Re with At(z) € AT (x) for allz € X and

tlim t+ At(v,t) = —00, Yv eV, (3.28)
——00
then Tr(v) =R for allv e V.

Proof Let v € V. Since (V, E) is strongly connected, there exists a connected edge sequence
(€r)k=1,..k With a(e1) = vo, w(ex,) = v and a connected edge sequence (e} )k=1,.. r With
a(e]) = v, w(ep) = v'. Let tg € R be arbitrary but fixed. Since At(z) € AT (z) for all
x € X and T'(v) = R for all v € V, the control sequence u(ty) = (uk(to))kzl’wkﬁk, and the

path p(tg) = (:Ek(to))kzo kot defined recursively by xo(to) = (vo, to),

(
(

are admissible. Let 0 : R — R, Ox(to) = to + T((vo,to),ulzk(to)), k=1,..,ko+ k. An in-
duction over k yields the continuity of 65 and (8=21) and (B=28) imply that limy, oo Ok (to) =
—o00. Since 7, At > 0 we also have limy,_,oc 0x(t9) = 00. As a consequence of the inter-
mediate value theorem [BR, p.97, Satz 1], for each ¢ € R there exists a to(t) € R with

Ok, (to(t)) = t. Using p(to(t)) = @((vo,to(t)),u(to(t))) in (B23) yields Tr(v) = R. O

) ) z(to) = 90($k—1(t0),uk(t0)), k=1,.., kg,
t0)),€hro)»  Tk(to) = p(zp—1(to), ur(to)), k=ko+1,....ko +k,

& 2
—~
=
>—A ,_.

In the remainder of this section, we assume that 0 € AT (z) for all z € X. If 0 &€ AT (z)
for some z € X, but AT(x) is closed for all z € X, then we define the real-valued function
AT : X — RS, AT(v,t) = min AT(v,t), denote

(’U, t)
7(e,t)
e,t)
5(v,t, At

AT(v,t) — AT (v,t),
AT (a(e),t) + (e, t + AT (afe), 1)),
B(e,t + AT(a(e),t)),
6(v,t, At + AT (v,t)),

and consider the transformed time-dependent network G = (V,E,T; B, g) with the con-
straints specified by T, AT. Tt is easily seen that 0 € AT (z) for all z € X. Moreover, if
7, AT are both continuous and satisfy (84), then G is a FIFO network. Note that this con-
struction does not affect the existence of optimal paths if AT is continuous, cp. Assumption
3.

In many applications the computation of optimal paths is subject to an earliest departure
time ¢ € R at the initial location vy and a latest arrival time ¢ € R at the destination
v'. We incorporate such (additional) constraints into our model by replacing T'(vy) by
T(vp) N [t,00) and T'(v") by T'(v') N (—o0o,t]. In order to keep the notation simple, we
assume that t € T'(vg), t € T(v') and that these replacements have already been performed
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3.5. Reachability in Time-Dependent Networks

when defining the sets of admissible arrival times T'(vg), T'(v'). The earliest departure time
at vo and the latest arrival time at v’ are then given by ¢t = minT'(vg) and ¢ = maxT'(v'),
respectively.

The earliest arrival time at v € V with respect to the initial state (vo,to), to € T'(vo), is
defined as

£ (v) = to, if v =1y
£l inf{to + T ((vo, to),u) - u € Ulvo, to), w(u) = v}, ifv#wv ’

the latest departure time at v € V' with respect to the terminal state (v/,t'), t' € T(v'), is
defined as

T (v) = t, ifo=1
v\ = sup{t € T(v) : Ju € U(v,t),w(u) =0t + T ((v,t),u) =t'}, fv#

By allowing the variation of the possible departure and arrival times we define the earliest
arrival time tp(v) at v € V with respect to the source node vy and the latest departure time
tr(v) at v € V with respect to the goal node v':

. L if v = Vo
tr(v) = { infy eriuy) ey (v), ifv#vo (3.29)
- t, if v="1'
tr(v) = { SUpyer(y) tr(v), ifv#o" (3.30)

Using the FIFO-property and an inductive argument, it is easily seen that tp(v) = £,(v)
and tp(v) = #;(v) in a time-dependent FIFO-network without arrival time and waiting time
constraints. In the next lemma, we prove the equivalence of the fastest path problem in
time-dependent FIFO-networks with and without certain time constraints.

Assumption 3.5.3 Let G = (V,E,7;3,0) be a time-dependent FIFO-network with con-
tinuous travel time function. Let a source mode vog € V and a goal node v' € V be given
and denote t = minT'(vp), t = maxT(v"). Denote by t(v) the earliest arrival time of a
path from (vg,t) to v and by %}(U) the latest departure time of a path from v to (v',t) in
the unconstrained network, let Tr(v) = [£,(v),00) N (—00,(v)] for v € V and suppose that

Tr(vo) # 0, Tr(v') # 0,

0 € AT(v,t), V(v,t) € X, (3.31)
T(v) D Tr(v), Yo € V. (3.32)

Lemma 3.5.4 Let G = (V,E,7;(,6) be a time-dependent network in which Assumption
23 holds and let v € V with Tr(v) # 0. Then there exist a simple fastest path without
waiting from (vg,t) to (U,Lt(v)) and a simple fastest path without waiting from (v,t}(v)) to
(v, 1). The computation of these paths can be carried out in O(|E| + |V |log|V|) time.

Proof It is sufficient to prove the assertion for time-optimal control sequences and fastest
paths emanating from vg. The result for time-optimal control sequences and fastest paths
terminating in v’ then follows in a similar manner as in [45]. According to [137, Corol-
lary 1 and Section 3.2], there exists a simple fastest path p = ((vk,tk))kzo,wn from
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(vo,to) to (v,t4(v)) in the unconstrained network which is generated by some u(vo,v) =
((0, ek))k:l,...,n at (vo,to), to = t. We now prove that u(vo,v) € U(vg, to) in the constrained
network. Since t.(v) < t,(v), this implies that t:(v) = £,(v), p is a fastest path and u(vo,v)
is a time-optimal control sequence in the constrained case.

We clearly have ug(vo,v) € AT (vg_1,t5—1) X ET(vg_1), since 0 € AT (v, t) for all (v,t) € X.
It remains to show that (vg,tx) € X for all k = 1,...,n. Since the FIFO-property implies
that ¢t — t + 7(e, t) is monotone increasing in ¢t € R for all e € E, t; = t and an induction
over k immediately yield t, > t;(vg) for all k = 1,...,n. Now, suppose that tx > t:(vx)
for some K € {1,...,n — 1}. Let u(v,v") denote a control sequence connecting (v,%(v)) to
(v',t) in the unconstrained network. Then the concatenation of ug 11.,(vg,v) and u(v,v’)
defines a control sequence whose application at (vg,tx) generates a path which terminates
at some (v',t'). Since t, < tz(v,) by assumption, the FIFO-property and an inductive
argument yield ¢ < ¢. This contradicts the fact that t}(v k) is the latest departure time at
v . Consequently, ¢ € TR(Uk) C T(vg) for all k =1,...,n, and hence u(vp,v) € U(vo, to).
A slightly modified version of Dijkstra’s shortest path algorithm [56] can be used to com-

pute simple fastest paths without waiting in an unconstrained FIFO network [10]. Using Fi-
bonacci heap implementation [6Y], this algorithm can be implemented in O(|E|+|V|log [V])
time. 0

Remark 3.5.5 Note that in sparse networks, i.e., networks in which |E| = O(|V]), the
complexity bound of Lemma becomes O(|V|log |V'|). The road network, in which the
number of roads emanating from any junction is bounded, is a sparse network and satisfies
the FIFO-property according to Lemma [2Z1.

The preceding Lemma shows that, under Assumption B3, tz(v) and tg(v) can be deter-
mined from fastest paths with fixed departure time ¢ at vy and fixed arrival time ¢ at v’ in
the unconstrained network, respectively. In particular, tp(v) = t;(v) and tg(v) = tz(v) for
all v € V. The following result provides the structure of the set of reachable points in time
Tr(v), cf. Definition B

Lemma 3.5.6 Let G = (V,E, 7;/3,0) be a time-dependent network in which Assumption
Z23 holds. Then Tr(v) = [tr(v),00) N (=00, tr(v)] for allv e V.

Proof Let (v,t) € X be arbitrary but fixed. Clearly, if t < tx(v), there is no feasible path
from vy to (v,t), which departs at vy at or after tp(vg). Similarly, if ¢ > tg(v), there is
no feasible path from (v,t) to v’, which terminates at v" at or before tz(v'). Suppose that
tp(v) <tg(v) and let t € [tx(v), tr(v)]. We now construct a feasible path from vy through
(v,t) to v/, which departs at or after tp(vg) and terminates at or before tg(v’). Denote
by u(vg,v),u(v,v’) control sequences corresponding to fastest paths from (vo,tz(vg)) to
v, and from v to (v’ Jtr(v )), respectively. Without loss of generality, we may assume
that u(vo,v), u(v,v’) satisfy w;(vo,v),u;j(v,v") € {0} x E for all ¢ = 1,...,|u(vo,v)|, j =
1, ..., Ju(v,v")]. As a consequence of the FIFO-property and the same reasoning as in Lemma
B4, we obtain u(v,v") € U(v,t) for all t € [tz(v),tr(v)]. Similarly, we obtain the existence
of a tg € Tr(vp) such that

u(vo,v) S U(’Uo,to) < tg € [Lfg]

Suppose that & + T ((vo,t0), u(vo,v)) < tgr(v), denote n = |u(vo,v)|, and denote p =
®((vo, to), u(vo, v)) = ((Uk’tk))kzo - Then we must have tx = tg(vk) for some K < n.
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However, this contradicts the fact that tr(vk) is the latest departure time at vy, since
ti + T ((vi, ti), Uk +1:m(v0,v)) < tr(v),

and hence there exists an t~K > tg such that
i+ T ((0r ), (i1 (20, 0), u(v,0')) ) < Tr(o) + T (0, F(v), u(w, ) =

Hence, o + T ((vo, to), u(vo, v)) = tr(v). Since 7 is continuous, for any ¢ € Tr(v), [68, p.97,
Satz 1] yields the existence of a to(t) € Tr(vo) such that to(t) + T ((vo, to(t)), u(ve,v)) =t
and (u(vo,v),u(v,v")) € U(vo,to(t)). O

By combining Lemma B and Lemma BH@ we obtain the following corollary:

Corollary 3.5.7 Let G = (V,E,T;5,0) be a time-dependent network in which Assumption
@53 holds. Then Tg(v) can be determined in O(|E|+ [V|log|V|) time for allv e V.
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4. Optimal Paths in Time-Dependent
Networks

In this chapter, we first provide an overview over different problem variants of the time-
dependent optimal path problem, cf. Section BT. In Section B2, we prove the lower
semicontinuity of the optimal value function and the existence of optimal paths in time-
dependent networks with arrival time and waiting time constraints. This result can easily
be extended to the case in which the travel time function may assume negative values,
which is of particular interest in the context of time-dependent optimal flow problems. We
derive the dynamic programming equations which are associated with the time-dependent
optimal path problem in Section B3 and conclude this chapter by briefly discussing order
relations on time-dependent networks, cf. Section .

4.1. Problem Variants and Literature Overview

The computation of shortest paths in weighted and directed networks has been subject to
research for more than five decades by now, but it has never lost its relevance in up-to-date
applications. Although the main ideas for solving the problem date back to the 1950ies,
cf. [66] and [23], there has been a great number of improvements in the fields of algorithm
engineering, discrete optimization and operations research, see, e.g., [80], [Y], [16Z], [20].
Besides these direct applications, shortest path problems also arise as subproblems in net-
work optimization [92], [I58], [I33], and even - as a consequence of certain discretization
procedures - in the field of continuous control theory [96].

In [d2], the optimal path problem in time-dependent networks has been explicitly intro-
duced after it had been indirectly mentioned in the context of maximal flows in [67]. Based
on these early results a variety of different network models and optimization problems have
been introduced. There are two approaches to modeling the time variable of the time-
dependent network, i.e., the discrete-time approach followed in, e.g., [3%], [10], [35], [36] and
the continuous-time approach followed in, e.g., [I38], [47], [64], [T42]. While the problem
of computing optimal paths in a discrete-time time-dependent network can be analyzed
and solved with the methods of graph theory and discrete mathematics, both discrete and
continuous methods must generally be involved if the time-variable is continuous and the
resulting time-dependent network is a hybrid mathematical system. Furthermore, the opti-
mization problems can be distinguished between the optimization with respect to the travel
time [0, [37], [I0], [27] and the optimization with respect to a cost different from travel
time [39], [2R], [10], [3%], [3¥].

The time-dependent optimal path problem can be formulated both as a linear program in
the space of positive Borel measures [[42] and based on the theory of dynamic program-
ming [I38]. While we pursue the latter approach, the characterization of optimal paths by
optimal flows in the network allows a number of interesting theoretical results such as the
development of a duality theory [I33], [I58]. However, the restriction of the travel times
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to be constant functions and the size of the associated linear program essentially limit the
applicability of the linear programming formulation of the time-dependent optimal path
problem in applications in which the underlying network is large or the assumption of con-
stant travel times is too restrictive.

Due to the relevance of the travel time for the determination of the cost of a path, optimal
path problems in which the cost is different from travel time bear a certain resemblance
to multicriterial optimal path problems [25, Section 2.3.4], [I63]. Thus it is not surprising
that the optimal path problem in time-dependent networks is generally NP-hard if the cost
is different from travel time. This can be proved by a reduction to the number partition
problem [T0, Theorem 2]. Considering a time-dependent network with a discrete time vari-
able in which variations of the travel time and cost functions take place only at a finite
number of points in time, an algorithm has been developed which computes optimal paths
in pseudo-polynomial time [38]. However, no similar results hold if the time variable is con-
tinuous, cf. Theorem 33. If the time-dependent network satisfies the FIFO property (cf.
Definition B=21) and waiting is either unrestricted or forbidden everywhere in the network,
the time-dependent fastest path problem is of the same order of complexity as the optimal
path problem in static networks [[37]. In particular, the worst-case time complexity of the
fastest path problem is O(|V|log |V|+ |E|). However, if the FIFO-property is violated and
waiting is forbidden, then the fastest path problem is NP-hard [T37].

As a consequence of these hardness results, few computational experiments have been car-
ried out concerning the computation of optimal paths in time-dependent networks with
cost different from travel time. By contrast, considering the computation of fastest paths
in FIFO-networks, a variety of speed-up techniques have been developed, which allow the
computation of fastest paths in a split second even in very large networks such as the Eu-
ropean road network [[32], [64], [63]. Our computational results in Appendix A show that
such query times are not yet attainable even in the small network of the German city of
Ingolstadt if the cost is different from travel time.

As we have motivated in Chapter B and Section Bl by means of the road network, the
travel times and travel costs cannot be determined or predicted with certainty in many
applications. In order to cope with this situation the optimal path problem has been ex-
tended to stochastic networks [I:34], [I39], [T23], and time-dependent stochastic networks
(67, (0], [T28], [1], [72], [T04]. Since the stochastic time-dependent optimal path problem
does not allow closed analytic solutions in general [[70], we are considering the uncertain
time-dependent optimal path problem in the framework of worst-case-optimization, namely
in the framework of min-max-control [25, Section 1.6], [I76], [27], [99], [T7Y], [I52], in Chap-
ter B.

In any of the above problem settings there are again a number of different optimal path
problems. Without raising the claim of completeness, we have illustrated the most common
problem variants of the time-dependent optimal path problem in Figure Bl. The one-to-one
optimal path problem consists of the computation of optimal paths from one source node
to one goal node, whereas the one-to-all optimal path problem consists of the computation
of optimal paths from one source node to all other nodes in the network. Since most opti-
mal path algorithms are based on the principle of dynamic programming, most one-to-one
solution methods rely on one-to-all solution methods which are terminated as soon as the
goal node is reached with the optimal cost. The all-to-one optimal path problem consists
of the computation of optimal paths to one goal node from all other nodes in the network
and is equivalent to the one-to-all optimal path problem if the direction of optimization
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Figure 4.1.: Problem variants of the time-dependent optimal path problem.
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4. Optimal Paths in Time-Dependent Networks

can be reversed without changing the mathematical structure of the optimization problem.
Finally, the all-to-all optimal path problem consists of the computation of optimal paths
between any pair of nodes in the network.

In time-dependent networks, the direction of optimization cannot be generally reversed
without changing the mathematical structure of the optimization problem. The computa-
tion of fastest paths in FIFO-networks constitutes an exception of this situation. Yet, if the
travel time function is not bijective or waiting times must be considered in the optimization
procedure, we must distinguish between the forward (cp. Definition BZ34) and the reverse
optimal path problem (cp. Definition BZ374). Let us assume that one source node vy € V
to one goal node v € V have been fixed (i.e., let us consider the one-to-one optimal path
problem), which can be seen as a problem variant from which the other variants can be
constructed. In the forward problem, we then further distinguish between a fixed departure
time and a varying departure time (taking values in a certain set of departure times). Here,
for each departure time to under consideration, the optimal path from (vg,t) to v/ must
be determined, whereat the arrival time ¢’ € T'(v') is arbitrary. Similarly, in the reverse
optimal path problem, we distinguish between a fixed arrival time and a varying arrival
time (taking values in a certain set of arrival times). At this, for each arrival time ¢’ under
consideration, the optimal path from vy to (v/,¢') must be determined, whereat the depar-
ture time to € T'(vg) at vg is arbitrary.

As we have anticipated in Section B3, we will mostly consider the optimization with respect
to a given goal node and varying initial state. In particular, we will develop solution tech-
niques for the one-to-one and the all-to-one forward optimal path problem with fixed and
varying departure time, cf. Chapters B, B. In the remainder of this chapter, we will derive
the theoretical foundation of these methods, which we extend to the situation of uncertain
travel times and costs in Chapter B.

4.2. Existence of Optimal Paths

After recalling some properties of point-to-set mappings at the beginning of this section,
we will address the question under which assumptions finite optimal paths exist. We will
consider both the case of forward optimal paths (cf. Theorem B=24) and the case of reverse
optimal paths (cf. Theorem E=Z9). The results which we present in this section extend the
state of the art both by considering a more general network model and by relaxing some of
the usually imposed assumptions [T38].

In the unconstrained and continuous case, using cumulative waiting functions, there always
exists a finite optimal path if the cost functions fulfill certain growth conditions [[38]. This
result is based on the continuity of the optimal value function and on the non-negativity
of the cost functions. In [T43] the continuity of the cost functions was relaxed to lower
semicontinuity, but the positivity of the cost functions had to be guaranteed starting from
a certain point in time. Considering cost values which are related to energy consumption,
we believe that this assumption is too restrictive, cf. Section P11 and Subsection P24, It
may generally be possible to gain energy by traveling from a state of high potential to a
state of low potential. Nevertheless, if both the potential energy and the kinetic energy
of a commodity traveling in the network are bounded, it is not possible to gain an infinite
amount of energy. Hence, we will assume that the cost associated with each control action is
bounded from below, and that the cost along each circle in the network is strictly positive.
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4.2. Existence of Optimal Paths

(By a circle, we mean a control sequence u with w(u) = a(u). Note that the corresponding
edge sequence is a circle in the graph (V| F).) Similar assumptions have been used to prove
the finiteness of optimal paths in static networks [92, Lemma 2.132] and in a network-flow
formulation of the time-dependent optimal path problem [IT2]. We will now extend this
result to time-dependent networks with state space and control constraints.

For this purpose, we first recall some properties of lower-semicontinuous functions. Let Y
be a topological space. An extended real-valued function f : Y — RU{£o0} is called lower
semicontinuous, if for any y € Y and any ¢ > 0 there exists a neighborhood Uy of y, such
that f(Uy) C [f(y) — €,00] [B0]. It is well known (see, e.g., [80][Theorem 2.6]) that lower
semicontinuous functions attain their minimum on compact sets. The following definition
is adopted from [65, Definition 2.2.1, Definition 2.2.2, p.13] for completeness:

Definition 4.2.1 Let T,Y be topological spaces and I' be a point-to-set mapping from T to
subsets of Y.

(i) T is upper semicontinuous at to € T if, for each open set Uy C Y containing I'(to)
there exists a neighborhood Up C T of ty, such that for each t € Up, I'(t) C Uy. IfT
is upper semicontinuous at each point of T with I'(t) compact for each t € T, then T’
1$ said to be upper semicontinuous.

(i) T is lower semicontinuous at ty € T if, for each open set Uy C Y satisfying Uy N
[(tg) # O there exists a neighborhood Ur C T of ty, such that for each t € Ur,
Lt)NUy # 0. If T is lower semicontinuous at each point of T, then T is said to be
lower semicontinuous.

(iii) T is continuous in T if it is both upper and lower semicontinuous.

(iv) Let t, € N for all n € N such that lim,_, t, = to and to € T. T is closed at ty if
yn € D(t,) for each n € N and limy, o0 yn = yo together imply yo € T'(tg). If T is
closed at each point of T, then I is said to be closed in T.

(v) T is uniformly compact near ty € T if there exists an open neighborhood Up C T of ty
such that cl( Urer, ['(t)) is compact. If T is uniformly compact near each point of T,
then I' is said to be uniformly compact.

By graph(I') = {(t,y) € T x Y : y € I'(t)} we denote the graph of I" and by supp(I') = {t €
T :T(t) # 0} we denote the support of T'.

It is easily seen that the graph and the support of an upper semicontinuous point-to-set
mapping are closed. Moreover, it is well-known that upper semicontinuous point-to-set
mappings are closed [65, p.13]. The following lemma will be used to combine the waiting
time restrictions with the state space constraints.

Lemma 4.2.2 Let T,Y,Z denote topological spaces, f : T XY — Z a continuous func-
tion, A : T — P(Y) an upper semicontinuous point-to-set mapping, and suppose that 'Y
is locally compact and satisfies the second axiom of countability. If C C Z is a closed set,
then the point-to-set mapping I' : T — P(Y), I'(t) = {y € A(t) : f(t,y) € C} is upper
semicontinuous.
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4. Optimal Paths in Time-Dependent Networks

Proof Suppose that there is a g € T, such that I' is not upper semicontinuous in tg. Then,
there exists an open set Uy C Y containing I'(¢g), such that there is no open neighborhood
Ur of tg with T'(t) C Uy for all t € Ur. Hence, there is a sequence (t,)neN, limy, o0 tn = to,
such that for each n € N there exists at least one y,, € I'(¢,)\Uy. Since (¢, )nen is convergent,
{tn}nen is compact. As A is upper semicontinuous, for every n € N and for any open set Uy
containing A(ty), there exists an open neighborhood U7 of t,, such that A(t) C Uy for all
t € Up. Since Y is locally compact and A(t,) is compact for all n € N, we may choose the
(U§ )nen in such a way, that the closure cl(Uy}) of Uy is compact. Furthermore, as {t, }nen
is compact, we may choose a finite number of the (U} )nen, say (Uf)n=1,..n, N € N, with
{tntnen € UN_, UR. This implies, that Ky = [JY_, cl(U) is compact and contains A(t,,)
for all n € N. Hence, as Y satisfies the second axiom of countability [93, Definition 10.10],
we may (possibly after choosing a subsequence) assume that lim, o yn = yo € Ky. Since
A is upper semicontinuous, it is also closed, and we obtain yy € A(tg). As f is continuous
and C is closed, we also obtain f(to,y0) € C, and hence yo € I'(t9p). On the other hand, we
have assumed that y, € Y \ Uy, which implies yp € Y \ Uy and thus yo & I'(t9), because
Y \ Uy is closed. This is a contradiction. As A(tg) is closed, C'is closed and f is continuous,
[(to) = A(to) N{y € Y : f(to,y) € C} is closed. Since A(tg) is compact, I'(¢y) is compact.
O

In the remainder of this section, we assume that a time-dependent network G = (V, E, 7; 3, 0)
with arrival time constraints T and waiting time constraints AT is given. We will also
shortly denote this triple by (G, T, AT). Note that, if a goal node has been fixed, the opti-
mal value function is uniquely determined by (G, T, AT).

In the following theorem we establish the existence of the solution to the forward optimal
path problem.

Assumption 4.2.3 Let G = (V, E,1;3,0) denote a time-dependent network. Suppose that
T is continuous and 3,8 are lower semicontinuous. Suppose that T'(v) is a closed set for

allv € V and that the point-to-set mapping AT is upper semicontinuous. Further, suppose
that there exist B, B° € R, B° > 0, such that

B((v,t),u) > B, Yue U(v,t) with |u] =1, (4.1)
B((v,t),u) > B°, Yue U(v,t) with w(u) = a(u).

Theorem 4.2.4 Let G = (V, E, 7;3,d) denote a time-dependent network in which Assump-
tion =23 holds and let vy,v' € V. Then, for any tg € Tr(vy), there exists a finite optimal
path from (vg,to) to v’ and the partial function ty — b*(vg,to) is lower semicontinuous on

Tr(vo)-

Proof Let (eq, ..., ;) denote a finite, connected edge sequence from vy to v'. Denote vg_1 =
aleg) for k = 1,...,n, and w(e,) = v, = v'. Note that the choice of this specific edge
sequence imposes additional constraints on the set of admissible controls at each (vg,t) € X,
k=0,..,n—1. We denote T, = T(vy), and for k = 0,...,n — 1, we define Efk : T(vg) —
P(Ry),

ATy(t) = {At € AT(vg, 1) < t + At + 7(ep, t + At) € Ty}, (4.3)

Ty, = supp(ATy). (4.4)
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4.2. Existence of Optimal Paths

By backwards induction, as 7 is continuous, AT is upper semicontinuous and T is closed,
Lemma B2 implies that ATk is an upper semicontinuous point-to-set mapping and Tk is
closed for all K =0,...,n — 1. Note that the set of admissible control actions at (vg,t) € X
along (e1, ..., en) is given by AT(t) x {ex}, cf. (B3).

We now analyze the optimal-cost function b* along this edge sequence by backwards induc-
tion. Since the cost of each circle is strictly positive, we have

b (0n, 1) = b* (v, 1) = b*(v/,t) = 0

for all t € T, = T(v'). Clearly, b*(vy,-) is lower semicontinuous. As the determination
of the optimal cost function along (eq, ..., e,) is a decision problem over a finite number of
stages, [24, Proposition 1.3.1] yields

b (vp,t) = inf  bp(t,At), k=0,.,n—1, (4.5)
Ate AT ()

where

b (t, At) = 6(vg, t, At) + Bleg, t + At) + b* (vg1, t + At + 7(eg, t + At)).

Since by, is a real-valued lower semicontinuous function and ¢ —» AT}(t 1(t) is an upper semi-
continuous point-to-set mapping, [hﬁ Theorem 2.2.1] implies that ¢t +— b*(vk, t) is lower
semicontinuous on Tk. Moreover, as ATk( ) is compact and nonempty for each t € Tk, the
minimum in (B3) is attained by some At} (t), k=0,....,n — 1.

Next, if N € N, we observe that any control sequence u with |u| > N|V|+ |V]| — 1 contains
at least N circles, which implies

B((vo, to),u) > (|V| — 1)B+ NB°. (4.6)

Now, for ¢ty € Tr(vg), there exists a (finite) control sequence ug € U(vy, tg) with w(ug) = v'.
Let By = B ((vo,to),UO). (A1) implies that the length of an optimal control sequence
u* € U(vp, to) is bounded from above by

+B°_(|BVO m) (4.7)

' <[V[-1

As there is only a finite number of edge sequences of bounded length, there exists an optimal
path from (vg,tp) to v'.

We now prove the lower semicontinuity of the partial function t — b*(vg,t) at tg € Tr(vo).
Let t;, € Tgr(v) for k € N with limy_,« tx, = to. For each k € N there exists a uy, € U(vo, tx)
with B((vg,tk),uk) = b*(vo,tr). Let (617...,eﬁ(k)) be the edge sequence applied by the
optimal control sequence ug, k € N. As there is only a finite number of edge sequences of
bounded length, there exists a kg € N such that for all K > kg there either holds

(i) n(K) > [V]=1+|V|(Bo— (V] - 1)B)/B°, or

(ii) there exists a k < ko such that (e¥, ...,e’fL(k)) = (ef, ...,en(K)).
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4. Optimal Paths in Time-Dependent Networks

(B8) implies that

VI-1DB
ﬁo

By —
n(K) > V| -1+ 5=t V| = b"(vo,tx) > b (vo, o). (4.8)

Let € denote the (finite) set of all edge sequences (e1, ..., ep) with n < [V|=14|V|(Bo—(|V |-
l)ﬁ)/ﬁo and (eq,...,en) = (e}, "'762(k)) for infinitely many k € N. For each (eq,...,e,) € &,
let

T(ely--qen) = {t S T(Uo) : H(Atk)kzzl,...,n such that ((Atk, ek))kzl,...,n = U(Uo,t)}.

For each (eq,...,e,) € £, we obtain that ty € T(el,-..,en) since T(el,...,en) is the support of an
upper semicontinuous point-to-set mapping and hence closed. The lower semicontinuity of
the optimal value function along each (ey,...,e,) € £ together with (A=8) yields the lower
semicontinuity of the partial function t — b*(vg,t) at tg € Tr(vp). O

Remark 4.2.5 In Theorem B-Z24, we have implicitly assumed that the set of admissible
waiting times AT (v,t) is compact for each (v,t) € X (cf. Definition §-21). This assump-
tion can be relaxed if the waiting cost function is uniformly divergent, i.e.,

lim §(v,t, At) = oo, wuniformly in (v,t) € X,
At—o0
and AT (v,t) is closed for each (v,t) € X. (In this case, for each By > 0, there exists a
At > 0 such that §(v,t, At) > By for all At > At and we may consider the modified waiting
time restrictions AT (v,t) N[0, At] without changing the optimal value function.) Note, that
a similar growth condition has been assumed in [I38], in order to show that each optimal

path has an associated finite waiting policy.

Remark 4.2.6 We are only considering nonnegative travel times in our model, cf. Def-
inition BZA. However, in the context of optimal flows in time-dependent networks it is
essential to allow the travel times to assume negative values when computing optimal paths
in the residual network [112]. It can be seen from the proofs of Lemma [-2-3 and Theo-
rem [.2.4, that the result of Theorem also holds for a continuous travel time function
T:E xR —=R.

The existence of optimal paths from vy to v’ is only guaranteed if the departure time at vy
satisfies tg € Tr(vp). Using the results of Section B we immediately obtain the following
corollary.

Corollary 4.2.7 If Assumption 2.3 and the assumptions of Lemma E22 hold, then for
any (vo,to) € X and any v € V there exists an optimal path from (vg,to) to v'.

Proof From Lemma B2 we obtain ty € Tr(vg) for all tg € T'(vg9) = R. The result now
follows from Theorem E—24. O

We now address the question under which assumptions an optimal solution of the reverse
optimal path problem exists. Here, the situation is complicated by the fact that for each
traversal of an edge e € F, we have to consider the set of all possible departure times. In
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4.2. Existence of Optimal Paths

particular, instead of considering the time transition ¢ — t + 7(e,t), we have to consider
the mapping ¢ — {t € R : t 4+ 7(e,t) = t'}. In order to analyze the reverse optimal path
problem, we introduce the point-to-set mapping 77! : E x R — P(R),

e, t)={teR:t+7(et) =t} (4.9)

Note, that 77! is not the inverse function of 7, but rather a notation. However, if G satisfies
the strong FIFO property, then ¢ — 771(e,#) is indeed the inverse of ¢ ~ t + (e, t) for
each e € E. In order to establish the existence of reverse optimal paths and the lower
semicontinuity of the reverse optimal value function we first prove the following preliminary
lemma.

Lemma 4.2.8 Suppose that the travel time function T is continuous, T(v) is a closed set
for all v € V' and that the point-to-set mapping AT is upper semicontinuous. If either

(i) limy_,_o 7(e,t) = —o0 for all e € E, and there exists a real-valued function AT :
X = Ry such that, for each v € V, AT (v,t) C [0,AT(v,t)] for all t € T(v) with
t<t, or

(i) T'(v) is bounded from below for allv €V,

then the point-to-set mapping A : E x R — P(R?),
Ale,t') = {(t, At) € R? : t € T(a(e)), At € AT(afe),t),t + At € T—l(e,t')} (4.10)
1S upper semiconlinuous.

Proof First, we prove that A(e,t’) is compact for each (e,t') € ExR. Lete € E, s : R? —
R, s(t,At) =t + At, and AT, : T(ale)) = PRY), AT.(t) = AT (a(e),t). Obviously, s
is continuous and AT, is upper semicontinuous. Since graph(AT.) is closed and s, T are
continuous A(e,t') = graph(AT.) N s~ (77 1(e,t')) is closed. Suppose that (i) holds. Then
there exists a t € T(a(e)) such that ¢ + At + (e, t + At) < ¢’ for all (¢t,At) € R x R}
with ¢t + At < t. Since 7 > 0 there holds ¢t + At < #' for all (t,At) € 77 (e, #'). Using
0 < At < AT(t'), we obtain t — AT (¢') <t <t for all (¢, At) € A(e,t'). Now, suppose that
(ii) holds. Then minT'(a(e)) <t < ¢’ and 0 < At < ¢'—minT (a(e)) for all (¢, At) € A(e,t').
In either case, A(e,t’) is bounded and hence compact.

Next, we prove that 77! is closed. Let e € E and t], € T(w(e)) for all n € N such
that lim, . t), =t and t{, € T(w(e)). Let t, € 7 1(e,t),) for n € N with lim,, 00 t,, = to,
to € R. The continuity of 7 implies ¢} = lim,, oo 7(€, t,) = (e, to) and hence tg € 771 (e, tf).
We now prove that A is upper semicontinuous. Suppose that there is a e € E and a
ty € T(w(e)) such that A is not upper semicontinuous in (e, (). Then there exists an open
set Uy C R? with A(e,t) C Up and a sequence of real numbers {¢], },en with ¢/, € T'(w(e))
and lim,_,o ¢, = t, as well as a sequence {(t, Aty)}nen satisfying (t,, At,) € A(e,t],)
and (tn, At,) € Up for all n € N. As {t},}en is convergent, from a similar reasoning as
above, we obtain the existence of a compact set K C R? with A(¢,) C K for all n € N.
Consequently, {(t,, At,) }nen must contain a convergent subsequence, which (without loss of
generality) we again denote by {(t,, At,)}nen. Since T'(a(e)) is closed and ¢, € T'(v(e)) for
all n € N, we obtain tg = lim, o0 tn, € T(a(e)). Similarly, since At,, € ATe(t,) and AT, is
upper semicontinuous (and hence closed) we obtain Aty = lim,, oo At,, € ATe(ty). Finally,
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since s is continuous and 77! is closed we obtain to + Aty € T_l(€,t6), and consequently
(to, Atg) € A(e,ty) C Up. This is a contradiction, as Uy is open and (t,, Aty,) & Uy for all
n € N. O

We are now ready to prove the analogon of Theorem E—X4 for the reverse optimal path
problem.

Theorem 4.2.9 Let G = (V,E,7;3,0) be a time-dependent network in which Assumption
[-2.3 holds and suppose that either

(i) limy—_oo 7(e,t) = —o0 for all e € E, and there exists a real-valued function AT :
X = Ry such that, for each v € V, AT(v,t) C [0, AT (v,t)] for all t € T(v) with
t<t, or

(i) T(v) is bounded from below for allv € V.

Let a source node vg € V' and a goal node v' € V' be given. Then, for any t' € Tr(v'), there
exists a (finite) reverse optimal path from vy to (v',t') and the partial function t' — b, (v',t')
is lower semicontinuous on Tr(v').

Proof In a similar manner as in the proof of Theorem B2 we consider a finite connected
edge sequence (e, ...,e,) from vy to v'. Along this edge sequence we use the principle of
dynamic programming [25, Proposition 1.3.1], which yields for the optimal cost function b,
of this subproblem

b*(a(el)7t) =0, (411)

b, )= inf  bu(t,At), k=1,..n, 4.12
(e )=, inf bi(t,A) n (4.12)

I
—_

where A is defined in Lemma B0 and
bi(t, At) = 8(au(ex), t, AL) + Blek, t + At) + by (a(er), t + At + T(ep, t + At)).

Since g*(a(el),t) is lower semicontinuous and A is upper semicontinuous, by forward in-
duction [65, Theorem 2.2.1] yields the lower semicontinuity of b, and the existence of a
minimizing argument in (E12). The rest of the proof follows as in the proof of Theorem
0. ]

Corollary 4.2.10 If the assumptions of Theorem F-2-9 with (i) rather than (ii) and the
assumptions of Lemma F223 hold, then for any vo € V and any (v',t') € X there exists an
optimal path from vy to (v',t).

Proof From Lemma B5H™2 we obtain ¢’ € Tr(v') for all ¢ € T(v') = R. The result now
follows from Theorem E—279. i

4.3. Dynamic Programming in Time-Dependent Networks

Similar to the time-independent case, the algorithmic solution of time-dependent optimal
path problems is usually based on the principle of dynamic programming [T37], [T38], [143],
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[T44], [35], 3R], [&7], [39], [49], [T32], [64]. Based on the results in the previous section,
we hereafter present the dynamic programming equations both for the forward and the
reverse optimal path problem. Due to the hybrid structure of time-dependent networks
these equations are of a hybrid nature, requiring the simultaneous optimization with respect
to the optimal edge and the optimal waiting time. We show how these equations can be
decoupled by using the split network which we have introduced in Section B=2.

We begin by considering the forward optimal path problem. As in the previous section, we
assume that a time-dependent network G = (V| E, 7;3,§) with arrival time constraints T
and waiting time constraints AT is given.

Proposition 4.3.1 Suppose that Assumption F-2.3 holds and that a goal node v € V
is given. The optimal value function b* defined in (ZID) satisfies the following dynamic
programming equations:

b (v',t) = 0, vt € T(v'), (4.13)
(w0 = min, [b* (@((v,8),u)) + 6(v,t, A) + Ble,t + At)} ,
u:(At:e)
Vo e V\ {v'},t € T(v). (4.14)

Proof As a consequence of (B2) and since B° > 0, we observe that b*(v',t) > 0 for all
t € T(v), and that the termination of the path from v’ to ¢" in the initial state leads to the
optimal cost b*(v',t) = 0 for all ¢ € T'(v'). Since we have already proved the existence of
optimal paths in Theorem B=24, the result follows from standard arguments, see, e.g., [26,
Proposition 3.1.1]. O

Referring to the result of Proposition B3, we define the optimal control policy u* : Xg —
(R4 x E) U {“termination”},

w(v',t) = “termination”, vt € Tr(v'), (4.15)
i (v,8) = arg min [ (((v, ), w)) + 80,8, A) + Ble, t + A1),
ueU (v,
ui(A(t,Z))
Vo e V\{v'},t € Tr(v). (4.16)

The optimal control policy can be used to construct the optimal control sequence u* with
respect to a given initial state g € X and the terminal node v’ € V' as follows:

up = pr(zr—1), k=1,2,.., (4.17)
xp = p(rK_1,u5), k=1,2,... (4.18)
The above recursion terminates as soon as p*(xrx) = “termination” for some k£ € N.

Note that due to the definition of the optimal control policy in (EZIH)-(B-I6), there holds
B(zg,u*) = b*(xo). Since Theorem BZ4 implies that infinite control sequences cause infinite
cost the recursion terminates after a finite number of steps. The characterization (EI1)-
(BIR) of optimal control sequences is commonly used for the algorithmic reconstruction of
the optimal path p* = (2)k=0,1,..., cp. Chapter B and Chapter @.

Since the simultaneous optimization of At and e in (14) is not convenient for algorithmic
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4. Optimal Paths in Time-Dependent Networks

purposes, we will also use an alternative version of the optimality equations, which is based
on the split network, cf. Section B2. In the split network, the optimality equation (EId) is
decoupled and takes the form

b* (vy, tw) = AtEAHYI’I(IUIW,tW) [b (Unw, tw + At) 4 (v, ty, At)], (4.19)
b* IlW?tIlW = i b* Watnw+ 7tnw + ;tnw . 4.20
S s

tr)w+7(evtnw)eT(w(e)W)

Remark 4.3.2 In order to solve (f-20) at a given node v € V, the minimum function of
the cost functions {b*(w(e),t + 7(e,t)) + B(e’t)}eeEJr(v) must be computed for all t € R.
Note that this involves the computation of the intersections of two functions, a task which
18 not explicitly solvable in the nonlinear case, and which may be adherent to an unknown
number of arithmetic operations in general. Yet, if all network functions (i.e., 7,5,9, AT)
are piecewise linear, the minimum function can be efficiently and explicitly computed [Z77]. In
order to solve ({-13), a parametric optimization problem must be solved [18], [78]. Although
efficient solution strategies have been developed (see, e.g., [18], [143]), this is not a simple
task in general. Let us again consider the case in which the network functions are piecewise
linear (see, e.qg., [1Z9] for properties of piecewise linear programs): In this case, the problem
of determining the optimal waiting policy breaks down to the problem of choosing one of
the line segments resulting from the time constraints and the piecewise linear structure of
(t, At) = b*(vpw, t + At) + 6(vy, t, At) in the t-At-plane. (If the waiting cost function and
the optimal value function are linear on a polygon contained in the t-At-plane, then the
edges of the polygon contain an optimal solution for all t, cp. Section BEZ3.) Therefore, the
problem of computing the optimal waiting policy is equivalent to finding the line segment
with minimal associated cost. This task is equivalent to determining the optimal edge policy

in (20).

Referring to (E-19), (E=20), the optimal control policy u* for (v,t) € X, v # v can be
determined from the optimal waiting policy at vy,

we s |J {{ow} x Tr(vw)} = RY,

Vw € Vay

ty, (U, tw) = argmin [b*(vnw, tw + At) + §(vy, tw, At) |, (4.21)
ALEAT (v )

and the optimal edge policy at v,y

et |J {{taw} X Tr(vaw)} = E, (4.22)
Unw € Vaw
torw (Vnw, tnw) = arg min {b* (w(€)ws taw + 7€, taw)) + B(e, tnw)}, (4.23)
e€ET (vnw):

tnw+T(evtﬂW)eT(w(e)W)

as follows (cp. (B1) and Figure B22):

1 (0,6) = (1 (0w £, iy (0 £+ 115, (00, 1)) ) (4.24)
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4.3. Dynamic Programming in Time-Dependent Networks

For completeness, we now briefly consider the reverse optimal path problem.

Proposition 4.3.3 Suppose that Assumption B.2.3 holds and that a source node vg € V is
given. Let A denote the point-to-set mapping defined in (-10). The optimal value function
by defined in ((TI3) satisfies the following dynamic programming equations:

by (’U(), t/) =0, vt e T(Uo), (4.25)

by(v,t)) = min be(a(e), t) + 8(ale), t, At) + Ble, t + At)] ,
(t,At,e)ERZx E~(v):
(t,At)eA(e,t!)

Vo e V\{w},t' € T(v). (4.26)

Proof As a consequence of (E2) and since B° > 0, we observe that b*(vg,t') > 0 for all
t' € T(vp), and that the termination of the path from vy to vy in the initial state leads to
the optimal cost b*(vg,t') = 0 for all ¢’ € T'(vp). Since we have already proved the existence
of optimal paths in Theorem B=29, the result follows from standard arguments, see, e.g.,
[26, Proposition 3.1.1]. O

In general, an optimal control policy for the reverse optimal path problem must not only
specify the control action which must have been implied in a preceding state z € X to reach
a certain state 2’ € X from the source node vy, but due to the fact that 7! is set-valued,
the preceding state must also be specified. This situation is illustrated by formulating the
equivalent of (A28) in the split network:

b (v, 1) = min [b*(a(e)nw, taw) + Ble, tnw)] , (4.27)
(tnw,) ERXE™ (vw):
tnw67'71 (C,t(,V)

bi (Vnws tonw ) = min [b*(vw, tw) + 0(Vw, tw, At)] (4.28)
(tw,At)eT(vW)XRg:
AtEAT(’UW,tW),tw‘f‘At:tnw

The state transitions in the split network are depicted in Figure EZ2. Note that ¢, is
subject to optimization in (E=27), whereas the choice of t, already determines the waiting
time At = tny — tw in (E28). Since, for some z = (v,t) € X, the specification of the
edge terminating in v uniquely determines the preceding node on a path through x, the
specification of the corresponding departure time suffices for the unique reconstruction of
reverse optimal paths. This approach has been carried out in [I38] but will not be pursued
here, since we will only be concerned with the algorithmic solution of the forward optimal
path problem.

Since the computation of optimal waiting policies is costly in terms of computation time (cf.
Theorem B32T), it is of particular importance in real-time applications to identify network
structures and problem variants in which this optimization can be avoided. Clearly, this is
the case if AT (z) contains only one element for all z € X. In this case, we may assume
that AT (z) = {0} and 6(x,0) = 0 by appropriately transforming the network functions,
cp. Section BH. Suppose that it can be shown that p*(z) € {0} x E for all x € X, i.e.,
that it is never optimal to wait. This holds, e.g., for the computation of fastest paths under
Assumption B53. In this case the dynamic programming equations are crucially simplified
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4. Optimal Paths in Time-Dependent Networks

At
(a(e)ws tw)—=((€)nw; tnw)—(w(€)nw, L)

Figure 4.2.: State transitions in the split network. In the forward problem, the optimization
first takes place with respect to the edge e, then with respect to the waiting
time At. In the reverse problem, the optimization first takes place with respect
to the waiting time Atf, then with respect to both the departure time t,, and
the edge e.

and take the form:
b (v',t) =0, vt € T(v'),

v = b [b* (wle), t+7(e, 1)) + Ble, t)], Vo e V\ {v'),teTw).
t+7(et)eT(w(e))

If a source node vy € V and a fixed departure time tg at vy are given, according to the above
equations, the optimal path problem can be solved by slightly modified static optimal path
algorithms [I37], [89], [64]. Similarly, the equations for the reverse optimal value function
become:

b*(vo,t/) =0, vt' e T(UQ),

be(v,t') = inf( : [b* (afe), 77 (e, ) + B(e,Tfl(e,t’))}, Vo e V\ {vo},t' € T(v).
ecE~(v):
T et )ET (ale))

Based on the similarity of the above dynamic programming equations, a network transfor-
mation has been introduced in [45], which allows the solution of the reverse optimal path
problem using algorithms designed for the solution of the forward optimal path problem.

4.4. Order Relations on Time-Dependent Networks

The purpose of this section is mainly the introduction of a concept of comparability of
time-dependent networks. After providing the definition, we will prove a basic result, which
we will use in the derivation of the solution method in Chapter @.

Definition 4.4.1 Let Gy = (Vi, E1,711;51,01), G2 = (Va, Ea, To; B2,02) be time-dependent
networks with arrival time constraints T1,Ty and waiting time constraints ATy, ATy, re-
spectively. Denote by X1 the state space associated with (G1,T1,ATy), by Xo the state
space associated with (Ga,To, ATs) and let V =V NV,, X = X7 N Xo.

We denote G % Gy if, for any fized goal node v' € V, the optimal value function b% as-
sociated with (G1,T1, AT1) and the optimal value function bl associated with (Ga,Ta, AT5)
satisfy

bl (zo) < b5(xo), Vzo € X. (4.29)

If Gy % Gy and Go % G1, we denote G4 = Go.

66



4.4. Order Relations on Time-Dependent Networks

Theorem 4.4.2 Let Gy = (Vi, Eq, 113 1,01) and Go = (Va, Ea, T9; B2, 02) be time-dependent
networks with arrival time constraints T, Ty and waiting time constraints ATy, ATy, respec-

tively. Denote by X the state space associated with (G1,T1,ATy), by Xo the state space
associated with (Ga, To, ATy). If

Vl D ‘/2, El D E27
Tl(’U) D) T‘Q(’L))7 Yv eV, ATl(l‘) D) ATQ(CL‘), Ve e X,
and
’7’1(62,t2) = 7’2(62,252), Veqy € EQ,tQ e Ty (04(62)), (4.30)
Bi(ea,t2) < Ba(ea, t2), Vey € By, ty € To(afez)), (4.31)
51($2, AtQ) < 52($2, Atg), Vg € Xo, Atz S ATQ('UQ,tQ), (432)

then G ; Gs.

Proof Let a goal node v/ € V = V4 N V5 and an initial state zg € X = X; N X5 be given.
Let Uy(zp) denote the set of admissible control sequences in G; subject to 11, ATy, let
Us(xg) denote the set of admissible control sequences in G subject to 1o, AT,, and let the
functions B, ® in G, Gy be distinguished by the index 1,2, respectively. Since Vi D Vo we
obtain V' = Vs, and since T} (v) D Ta(v) for all v € V we obtain X = X3 C X;. Now,
ATi(x) D ATy(z) for all z € X implies that Ui(xzg) D Us(xg) for all zp € X. Moreover,
(2230) implies that (o, u) = ®2(xo, u) and (E=31), (E=32) imply that Bi(xo, u) < Ba(xo, u)
for all u € Us(xg) and all xg € X. Let 29 € X and define

uy = argmin  Ba(xo,u).
u€Usz(zo):w(u)=v’

Then w3 € U;(z) and we obtain

b5 (o) = Ba(xg, us) > Bi(xo, us) > min Bi(xo,u) = b](x0).
weUr (zo):w(u)=v’

0

Remark 4.4.3 Theorem [.Z.3 can be used to construct contraction hierarchies for the op-
timal path problem. This approach has led to a significant reduction of the computation
time of time-independent optimal path problems [154], [74], and time-dependent fastest path

problems [51], [54], [52].
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5. Properties of the Optimal Value
Function

In this chapter, we only consider the forward optimal path problem and suppose that a
time-dependent network G = (V, E,7;,d) with arrival time constraints 7' and waiting
time constraints AT is given. We also assume that a goal node v' € V has been fixed.

In Section B, we prove that the optimal value function is (Lipschitz-) continuous under
some additional assumptions. We impose more mathematical structure on the definition
of the waiting time restrictions in Section b= and prove that the optimal value function is
piecewise analytic if the network functions are. In Section BZ3 we are concerned with time-
dependent networks in which all network functions are piecewise linear. Due to the explicit
solvability (with a finite number of arithmetic operations) of all involved subproblems, such
networks are of particular importance in practical applications. At this, we consider both
the lower semicontinuous case of Section B2 and the continuous case of Section bl. We
show that both the type of waiting time constraints, the piecewise linear structure of the
network functions and the FIFO property of the time-dependent network have a strong
impact on the time and space complexity of computing the optimal value function. Finally,
we conclude this chapter by briefly discussing periodical time-dependent networks in Section
B,

5.1. Continuity

Before proving the continuity of the optimal value function in Theorem B3, we first present
a result on the set of reachable states which is used in the proof of the theorem. We then
prove in Theorem B0 that the optimal value function is even Lipschitz-continuous under
some additional assumptions.

Assumption 5.1.1 Let vg € V' be a fixed source node, suppose that T, AT are continuous
and suppose that T(vg) = [t,00) for some t € R. Denote T(vy) = T(vg) and T(v) = R
for allv € V\ {v}. For each (v,t) € X, let tp denote the earliest arrival time at v in
(G, T, AT), and let [7(11, t) denote the set of control sequences which are admissible for (v, t)
in (G, T,AT). Suppose that T(v) D [tx(v),00) for allv € V.

Lemma 5.1.2 Let vg € V be a fized source node and suppose that Assumption BI1 holds.

(i) For all v € V and all t > Tp(v), there holds U(v,t) = U(v,t). In particular, if

(W', 1) = p((v,t),u) for some u € U(v,t), t >tp(v), then t’ >1a(v').
(ii) If, in addition to the above assumptions, there exists a T° € RT such that
T((v,t),u) >T°, VYueU(v,t) with w(u) = a(u), (5.1)

then Tr(v) = [tp(v),00) for allv € V.
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5. Properties of the Optimal Value Function

Proof (i) We first show that U(vo, to) = Ul(vo, to) for all tg € T(vo). Let to € T(vo).
We clearly have U (v, to) C U(vo,to). Let u € U(vg,tp) and denote p = ((Ukvtk))kzo =
®((vo, to),u). According to the definition of tp(v), v € V, we obtain ty, > tp(vy), k=0, ..., n.
As T(v) D [tg(v),00) for all v € V, this implies that u € U(vo, to). N
Now, let v € V and t > tp(v). Clearly, we havet € T'(v). Suppose that u € U(v,t)\U(v,t) is
such that uy.,—1 € U(v,t), and denote v’ = w(u). Then t’ = t+ T ((v,t),u) & T(v'), which
implies that ¢’ < tp(v'). By definition of £5(v) there exists a sequence (;)ien with ¢; € T'(vo)
for all i € N, and for each i € N, there exists a sequence (u; ;) en with u;; € U(vo,t;) for
all j € N, such that

ﬁR(U) = lim 'lim t; + T((vo,ti),u@j).

1—00 j—00
Let (ujj,u) € U (vo, t;) be the control sequence which results from the concatenation of Ui
and u. If ¢ = tp(v), then the continuity of 7 implies that
t = hrn hm t; + T((Uo, ti), (um-? U)) > ZR(U/)'

1—00 J—00
This contradicts the fact that ' < tp(v'). If t > tp(v), then the continuity of 7~ implies
that there exist ig, jo € N, such that

t >t + T((UOatio)vuiOJO)'

Let w;, j, = ((Atk,ek))kzl - Since AT is continuous there exist continuous functions

Lo 1y -y Powon = L' (v0) = ]Rar satisfying fiw 1 (tiy) = Aty and

U(to) = ((ftw1(t0)s €1), oors (trwn (t0), €)) € Ulvo, to), Vo € T(wp).

Let 0 : T'(vo) — R, O(to) = to + T((Uo,to),ﬂ(to)). Since T, ftw,1; -5 fw,n are continuous,
is continuous. As 6(t9) > to and 0(t;,) < t, [68, p.97, Satz 1] implies that there exists a
to(t) € T(vo) such that 0(to(t)) = t. Let (u(to(t)),u) € ﬁ(vo,to(t)) be the control sequence
which results from the concatenation of @(to(¢)) and u. Then,

Tr(0') >t = to(t) + T (v, to®)), (i(to(t)), u) ),

contradicting the definition of £ (v').

(7i) The assertion follows in a similar manner as above by using the fact that the earliest
arrival times are attained due to the existence of fastest paths and the lower semicontinuity
of the earliest arrival time function (cf. Theorem E=24 using 7° € R* and 7 > 0). O

Theorem 5.1.3 Suppose that AT is a continuous point-to-set mapping, 7, 3,8 are contin-
uous and there exist B,B° € R, B° > 0, such that (-1) and (Z-3) hold.

(i) Let a source node vy € V be given and let Assumption BT hold, then the partial
mapping to — b*(vo,to) is continuous on T(vp).

(ii) If X =V xR and (V, E) is strongly connected, then b* is continuous.

Proof (i) Let (eq,...,e,) be an edge sequence with a(e;) = vy and w(e,) = v'. Denote
vy =w(ex), k=1,...,n, and ATy, T as in (£23), (E4), k = 0,...,n— 1. Lemma 52 implies

70



5.1. Continuity

T(e1,:) = 2,B(e1,) =1

7(e2,) = 1,B8(e2,) = 2

Figure 5.1.: Example network in which the optimal value function is not continuous. All
network functions are constant, assuming the values depicted in the drawing.
Moreover, T'(vg) = R, T'(v") = (=00, 0] and AT (vg, ) = {0}.

that ATy(t) = AT (v, t) for all t € Ty, and hence T}, = supp(AT}) = T(vg), k=0, ...,n— 1.
Using [65, Theorem 2.2.2] instead of [65, Theorem 2.2.1] in the backward induction along
the edge sequence (eq, ..., e,), we obtain the continuity of the optimal-cost function along
(e1,...,epn). In a similar manner as in Theorem B2 we then obtain the continuity of the
partial mapping to — b*(vg, to) on Tr(vo) = T'(vo).

(ii) For any source node vy € V, as (V, F) is strongly connected, there exists a n € N and
at least one connected edge sequence (ey, ..., e,) € E™ such that a(e;) = vp and w(e,) = v'.
Lemma BT implies that Tr(vg) = R for any source node vyg € V' and we may repeat the
reasoning of (i) for any vy € V. Consequently, b* is continuous. O

Remark 5.1.4 [t is not possible to renounce Assumption BT in order to establish the
continuity of the optimal value function, as can be seen from the simple example depicted
in Figure B. Obviously, the optimal value function at vg is discontinuous at tg = —2.

Remark 5.1.5 Similar results to Lemma B2 and Theorem B3 can be established for
the reverse optimal path problem considering T'(v') = (—o0,t] for somet € R, cp. Theorem

g.223.

We will now establish the Lipschitz-continuity of the optimal value function under some
additional assumptions. This property will be used in Section [A to construct a pruning
criterion for the forward optimal path problem. In particular, based on the result of Theo-
rem b0, we will formulate decision rules in Lemma [21 and Corollary [2Z3, which allow
the identification of certain suboptimal paths in the search tree of an arbitrary optimal path
algorithm. In order to prove the Lipschitz-continuity of the optimal value function we intro-
duce the notion of uniformly linearly continuous point-to-set mappings, cp. [64, Definition
2.2.4].

Definition 5.1.6 Let I' be a point-to-set mapping from T C R™ to subsets of R". Then I’
is said to be uniformly linearly continuous on Ty C T if there exists a value Lt > 0 such
that for all t,t" € Ty there holds

inf ||z —2'|| < Lr||t—+#|, VoeTl(t). (5.2)
z'el'(t')
For simplicity, in the next two results we utilize the 1-norm on R", i.e., |jz| = Y"1, |a;| for

x = (21, ...,2y) € R™. Note that the triangle inequality in (R, |-|) implies |z +y| < ||(z,v)||

71



5. Properties of the Optimal Value Function

for z,y € R.

The following Lemma is a generalization of [65, Theorem 2.2.12], in which a more general
form of the constraints is allowed and in which the parameter occurs both in the definition
of the constraints and the objective function of the parametric optimization problem.

Lemma 5.1.7 Let f : R™™™ — R be Lipschitz-continuous with constant Ly and let T :
R™ — P(R™) be a uniformly linearly continuous point-to-set mapping with constant L.
Then the function f*: R™ — R,

f*(t) = inf f(t,x), (5.3)

z€l'(t)

is Lipschitz-continuous with constant Ly(1+ Lr).

Proof First we observe that as a consequence of [65, Theorem 2.2.8], for each ¢ € R™, the
minimum in (633) is attained by some 2* € I'(t). Next, for ¢,¢' € R™ there holds

|

1£5@) = £ ()] <

min f(t,z) — min f(¢,2)

2l (1) 2 eD(#)
+ xrggg/)f(t a') - i f, 2N (5.4)
Let
T4 € argmin f(t, 1), r., € argmin f(t, ), 2! € argmin f(t',2).
z€el'(t) z'el(t') ' €T (t)
Since T' is uniformly linearly continuous, there exists a ' € T'(¢') such that ||z, — Z'|| <
Ly ||t — t'||. The Lipschitz-continuity of f implies
f(t,2) = f(t, ) = LyLp|t = ¢']| = i f(t,a") = LgLr||t = ']
= f(t,zl) = LyLrllt = ¢']. (5.5)
Moreover, there exists a Z € I'(t) such that ||z — 2/ || < Lp||¢t — t'||, which yields
(6.2 = £(6.3) ~ LyLellt €] = min f(t.0) - LyLrlt |
= f(t,z.) — LyLpllt — '] (5.6)
Combining (6H) and (B6), we obtain
iy 7(62) — gmin 0.0 < Lotelle— ()] (57)
Next, the Lipschitz-continuity of f implies
F0) 2 1) ~ Lyl = ¢ 2 in, F(0s') — Ly~
= f(t'al) = Lgllt =¥ (5.8)
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and
FE.a) 2 f(tal) = Lyl =¥ > min f(ta') = Lyt~
= f(t,2l) — Lylit =] (5.9)

Combining (6X) and (), we obtain

i t,a') — mi t'x")|| < Lygllt = t]). 5.10
x,glgg,)f( ') w/renrlg,)f( )| < Lyt — ]| (5.10)
The assertion now follows from (54), (5-4) and (510). O

Lemma 5.1.8 Suppose that 7, 3,0 are Lipschitz-continuous with constants L,, Lg, Ls, and
AT is a uniformly linearly continuous point-to-set mapping with constant Lar. Let a source
node vg € V' be given and suppose that either Assumption B holds or X =V x R and
(V, E) is strongly connected. Let (eq,...,e,) be a connected edge sequence with a(e1) = vy
and w(e,) = v/, and denote vy = w(ex), k = 1,...,n. Then the optimal cost function
b* : Up—o ({o} x T(vg)) = RU {oo} along (e1, ..., ),

b*(vk, tk) = inf {B((’Uk, tk), ’LL) U= ((Ati, ei))i:kJrl,...,n S U(Uk, tk)},
is Lipschitz-continuous with constant

(1+Lar+ L; + LarL;)" —1
LAT + L’T + LATLT '

L= (1 + LAT)(Lg + L5) (5.11)

Proof Denote Ek,fk as in (£3), (E4), k = 0,...,n — 1. Lemma BT implies that
ATy(t) = AT (vg,t) for all ¢t € Tj; and hence Ty, = supp(ATy) = T(vk), k = 0,....,n — 1.

Consequently, AT, is uniformly linearly continuous with constant Laz. [23, Proposition
1.3.1] yields (cp. the proof of Theorem B13) for all ¢t € T'(vy)

b (op,t) =  inf  bp(t,At), k=0,...,n—1,
AteAT (vg,t)

where we used the function by, : graph(/A\Tk) — R,
br(t, At) = 6(vg, t, At) + Blenyr, t + At) + b (vps1, t + At + 7(epyr, t + At)),

k € ~{0, ..., — 1}, to simplify the notation. We now prove by backwards induction that
t — b*(vg, t) is Lipschitz-continuous with constant Ly for each k =0, ..., n, whereat L, =0
and

Li=[Ls+Lg+ (1+L;)Liy1] (1 + Lar). (5.12)

Clearly, t — b*(vy, t) is Lipschitz-continuous with constant L, since b*(vp, ) = 0. Now, let
k € {0,...,n — 1} and suppose that ¢ — b*(vjy1,t) is Lipschitz-continuous with constant
Lj11. The Lipschitz-continuity of 7, 3,8 implies that for all (¢, At), (¢, At') € graph(AT}%)
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there holds
b (t, At) — b (t', AY)| < [6(vg, t, At) — 8(vy, ', At)|

+ |B(ert1,t + At) — Blegs1,t' + At')|
+ ‘5* (Vks1, b+ AL+ 7(epp1, t + AL)) = 0* (vpy1, 8 + At + T(epyr, ' + At’))‘

< Ls||(t, At) — (¢, At)|| + La (|t — '] + |At — AY))
+ Ly (yt — |+ |At = AF| + | (ep i, t + A) = T(egir,t + At’)\)

< (Ls+ Lg)||(t, At) — (¢, At) ||+
Ly (|16, A0 = (¢, AV | + Lo (¢, A6) = (¢, A)]|).

We now obtain (512) from the above inequality and Lemma 6170, Using (512), an easy
inductive calculation shows that the Ly, k = 0,...,n, are given by

|
N

n

Ly =1+ Lar)(Ls + L&) [(1+ Lar) (1 + L))" 77 (5.13)

<.
Il
-

Substituting ¢ = n — j — 1 in (603) and using the formula for the geometric series we
establish

n—1—k
Ly = (1+ Lar)(Lg + Ls) Z (14 Lar)(1 + L,)]"
Z
(1+ Lap)(1+ L))" " =1
(I+Lar)(1+L;) —

Since Lar, L, Lg,Ls > 0 we obtain L > Ly, for all k =0, ...,n. O

= (14 Lar)(Lg + Ls) [

In order to generalize the result of Lemma BT to the optimal value function of the time-
dependent network, we must establish a bound on the topological length of optimal paths.
The following Lemma shows that such a bound exists under mild assumptions which are
satisfied in most practical applications.

Lemma 5.1.9 (i) Let Assumption -2-3 hold, suppose that T'(v) is compact for allv € V
and 7 : E X R — RT. Then for any vo,v' € V the topological length N of an optimal
path from vy to v’ is bounded from above by

N
N < max T'(v') TrnlnT(vO)7

(5.14)

where

= 1), (At .
T= min  min T((1) (ALe) >0

(i1) Let vg,v' € V be given and suppose that either Assumption BT holds or X =V xR
and (V, E) is strongly connected. Suppose that there exists a B € RT such that, for
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5.2. Directional Differentiability

all (v,t) € X, there holds
B((v,t),u) <B, YueU(v,t) with |u| = 1. (5.15)

Then the topological length N of an optimal path from vg to v' is bounded from above

by

n ViB-(V[-1)B
BO

N<|V|-1

vl (5.16)

Proof (i) Since 7 is continuous and X is compact, graph(AT') is compact and hence 7 > 0.
Hence, for each admissible control sequence u of length n we obtain ’T((v, t), u) > n7 . Since
a control sequence u € U(vy, to), to € T(vg), with w(u) = v/ must satisfy 7 ((v,t),u) <
max T'(v') — min T (vg) we obtain (614).

(#) If either Assumption 511 holds or X =V x R and (V, E) is strongly connected, then
there exists a simple connected edge sequence (eq, ..., e,) € E™ with n < |V] and continuous
functions piy g @ T(vo) = RS, k = 1,...,n, with u(ty) = ((Mw’k(to)’ek))kzl,...,n € Ul(vo, to)
for all ty € T'(vo). Now, (BI3) yields B((vo,t0), u(to)) < nB < |V|B. Inserting this result
into (EZ1) we obtain (B18). O

Theorem 5.1.10 Suppose that 7, 3,6 are Lipschitz-continuous with constants L;, Lg, Ls,
AT is a uniformly linearly continuous point-to-set mapping with constant Lar and there

exist B,B°,B € R, B°,B > 0, such that (§1), (Z-8) and (5Id) hold. Denote

(1+ Lar + Lr + Lar L)Y —1
Lar + Ly + Lar Ly

L* = (1+LAT)(L5+L5) ,
with o
ViB—(IVI-1)B
ﬁo
(i) If Assumption BT holds, then the partial mapping to — b*(vo,to) is Lipschitz-
continuous on T'(vg) with constant L*.

N=|V|-1+ V).

(ii) If X =V xR and (V, E) is strongly connected, then, for each vg € V', the partial
mapping to — b*(vo, to) is Lipschitz-continuous on R with constant L*.

Proof The result follows directly from Theorem B3, Lemma BT8 and Lemma 61T9. []

5.2. Directional Differentiability

The results of the previous section on the properties of the optimal value function require
very little mathematical structure in the problem formulation. We are next concerned with
matters of differentiability which require the time-dependent network to be specified more
precisely. In particular, we need to further specify the structure of the point-to-set mapping
AT. In the remainder of this chapter, we assume that

AT(z) = [AT(z),AT(z)], Vz € X, (5.17)

where AT, AT : X — R} with AT(z) < AT(x) for all x € X. We could similarly assume
that AT'(x) consists of a finite union of sets of the form (517). All results derived below
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5. Properties of the Optimal Value Function

also hold in this more general setting. However, in order to keep the notation as simple as
possible, we have introduced the particular form of the waiting time constraints (6I4). In
order to derive the directional differentiability of the optimal value function, we assume that
the partial mappings t — AT (v,t) and t — AT(v,t), v € V, t € T(v), as well as the net-
work functions 7, 8, have additional properties. Note, that due to the switching between
edge sequences traversed by optimal paths at different points in time we cannot expect the
optimal value function to be differentiable on Xpg. Such breakpoints not only occur as a
result of the switching of an edge sequence but also as a consequence of the parametric
optimization problems (BZ3) which must be solved along each edge sequence, cp. [30, Ex-
ample 4.11]. In order to obtain the differentiability of the optimal value function, a certain
class of differentiability of the cost and constraint functions (we can interpret At € AT (x)
as the inequality constraints —At < AT (z) and At < AT(x)), certain constraint qualifica-
tions (see, e.g., [63, Section 2.3], [78, Section 2.4], [80, Section 2.3.4]) and certain regularity
assumptions are usually assumed [65, Section 2.4, Chapter 3|, [I78, Section 2.2]. Although
the constraint qualifications are trivially satisfied by the simple structure of the inequality
constraints given by (6I7) and the set of problems for which the regularity assumption
holds is dense in the strong topology on C3(R% R) [Z8, Theorem 2.2.9] (see [78, Theorem
2.5.1] for a statement including the constraints), we do not pursue this approach here, since
the eventual switching of the optimal edge sequence obstructs the global differentiability of
the optimal value function. The best we can generally expect is to obtain the directional
differentiability of the partial functions ¢ — b*(v,t) for each v € V and t € Tr(v), cp. [30,
Section 4.3].

Using implicit function theorem results (cp. [63, Section 2.4]), even if the cost and constraint
functions are n times continuously differentiable and the constraint qualifications and reg-
ularity assumptions hold, the optimal value function can only be shown to be (n —1) times
continuously differentiable in general. This is due to the characterization of the optimal
waiting policy as a zero of the derivative of the cost function at interior points of the domain
of admissibility. Consequently, along an edge sequence of (topological) length k, the opti-
mal value function can only be shown to be max{0,n —k} times continuously differentiable.
Next, it can be seen from the proof of Theorem E=24 that the optimal value function is the
pointwise minimum of the optimal cost functions along the edge sequences connecting the
terminal node to the source node. Consequently, even if an upper bound for the topological
length of optimal paths is known, the set of intersection points between these cost functions
can contain accumulation points, thereby foiling even the directional differentiability of the
optimal value function. In order to avoid this situation, we consider piecewise analytic
functions in the following. According to the above discussion, they constitute the largest
class of functions which allow the directional differentiability of the optimal value function
in general. Similar assumptions were imposed on the network functions in the context of
time-dependent optimal flows [[33], [T12].

Note that the restriction of AT(x) to a finite number of connected components for each
x € X is necessary in order to establish that the optimal value function is piecewise analytic.
(Consider I'(t) = {0} U U, en{2}, f(t,2) = sin(tz) and f*(t) = mingepe) f(t, 7). Then the
intersections between the partial functions ¢ — f(¢, %), n € N, and t — f(¢,0) contain the
accumulation point 7.)

Since we must consider (lower semi-) continuous functions on closed domains in order to
obtain the existence of optimal solutions we must first be concerned with an appropriate
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5.2. Directional Differentiability

definition of differentiability on closed sets. After introducing two concepts of piecewise
analytic functions and proving a number of preliminary lemmas we present the main result
of this section, Theorem B4,

Let n € N and © C R™ be an open set. We denote the set of k-times continuously differen-
tiable functions f : @ — R by C*(6). We call f : © — R real analytic if, for each y € ©,
the function f may be represented by a convergent power series in some neighborhood of
Yy, cp., [TI8, Definition 1.6.1]. The set of all real analytic functions f : ® — R are denoted
by C*(0).

Let us now consider the case in which © is a closed set. In case of pathological closed sets,
a very general definition of k-times continuously differentiable functions has been formu-
lated by Whitney, see, e.g., [I68], [II8, Definition 2.3.5]. We are henceforth concerned with
closed connected sets which have a smooth boundary and consist mostly of inner points.
For such a set © C R", we may also consider a k-times continuously differentiable (resp.,
real analytic) function f as the restriction of a function f which is k-times continuously
differentiable (resp., real analytic) on an open set © containing O.

Definition 5.2.1 Letn € N and © C R" be a closed connected set, such that © = cl(int(0))
and such that there exists a (n — 1)-dimensional analytic variety Mg over an open set
Ue C R™ containing © with bd(0) C Mg. Let f: 0O — R.

We say that f € PCY(0), if there exists a (n — 1)-dimensional analytic variety M over an

open set Ug C R™ containing © such that bd(©) C M and for each connected component
O of © \ M there holds f|aen € C¥(cl(©)).

Remark 5.2.2 [t is easily seen that the sum of two piecewise analytic functions f,g with
appropriate domain is a again a piecewise analytic function by using [I18, Proposition 1.1.4]
and observing that for My = {x € R™ : z¢(x) = 0} and My = {z € R" : z4(z) = 0} we
obtain My N My = {x € R" : z¢(x) - z4(x) = 0}.

Even when considering parametric optimization problems in which only analytic functions
occur in the problem formulation, the optimal value function is not necessarily piecewise
analytic. Consider the function f(t,z) = [; sin(£?)d¢ — asin(t) for (t,z) € [0,1] x R and
the optimization problem

F5(t) = min_ f(t,z). (5.18)

z€[t,1]

Clearly f € C*(R?), t,1 € C*(R), and we have
Ouf (t, x) = sin(z?) — sin(t), O2f(t,x) = 2z cos(x?).

It is easy to verify that for ¢ > 0 the curve ¢t ~— (t,+/f) contains local minima of (5IR).
However, the function f*(t) = f(¢,+/t) is not in C¥([0,1]) as (f*)'(t) = —V/tcos(t) is not
differentiable at t = 0. Nevertheless, the function ¢ — f*(¢?) is in C¥([0,1]). In order to
cope with such situations we introduce the following type of functions:

Definition 5.2.3 Let T' C R be a closed interval with non-empty interior and f : T — R.
We say that f € CY<(T), if f € C! (T), flint(ry € C* (int(T)), and if T has a left boundary
point t, then there erists v € Cw([O, 1]) satisfying

y([0,1]) C T, 7(0) =t, 7' (s) >0, Vse(0,1], (5.19)
foyec¥([0,1]), (5.20)
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5. Properties of the Optimal Value Function

and if T has a right boundary point t, then there exists 5 € C¥([—1,0]) satisfying

¥([-1,0]) C T, 5¥(0) =1, 7'(s) >0, Vsec[-1,0), (5.21)
fo7yec¥([-1,0]). (5.22)

For T C R and f : T — R, we say that f € PCY(T) if there exists a 0-dimensional
analytic variety M over an open set Up C R containing T such that bd(T) C M and for
each connected component T' of T\ M there holds flagry € clw (cl(T’)).

Remark 5.2.4 If Upr C R is an open set and h € C*(Ur) is not the zero-function, then
the zero set M = {t € Ur : h(t) = 0} of h contains no accumulation point in Ur, cp.
[118, Corollary 1.2.6]. Hence instead of restricting the breakpoints of f to the zero set of
an analytic function as in Definition BZZ, we could have required M N K to be finite for
each compact K C T in Definition BZ-3.

Remark 5.2.5 In [133], [113], a piecewise analytic function f : T — R, T  C R, was
defined as a lower semicontinuous function which is analytic on each subset of its domain
on which it is continuous. At this, it was assumed that T is a closed interval which contains
only a finite number of breakpoints of f. It has then been shown that the optimal value
function is piecewise analytic and lower semicontinuous (in the above sense) if the network
functions are piecewise analytic and lower semicontinuous (in the above sense). Continuing
the approach we have chosen in Section B, we are able to prove an even stronger result,
i.e., the continuity and the directional differentiability of the optimal value function at any
point of its domain. Note that, if T C R is a closed interval and f € PCY*(T), then f is
directionally differentiable at any t € T, cp. Remark B-23.

Remark 5.2.6 In order to ease the notation, if © is as in Definition B2, D is a discrete
set and f : © x D — R, we will denote f € PC¥(O x D) if the partial mappings y — f(y,d)
are in PC¥(O) for all d € D. Similarly, if T is as in Definition 5223, D is a discrete set
and f : T x D — R, we will denote f € PCY*(T x D) if the partial mappings t — f(t,d)
are in PCH(T) for all d € D.

In a similar manner as in Remark 5272, if T C R, f € PC*(T) and g € PC¥(T), we obtain
f 4 g € PCY(T) by using [IIR, Proposition 1.6.7] and the local reparametrizations of f

==

specified in Definition b=23.

Lemma 5.2.7 Let Ug C R? be an open neighborhood of the origin, f € C1(Ug) and suppose
that 0 is a local and isolated minimum of the optimization problem min,cp.(o z)ce f(0, 7).
Then, for any ¢ > 0, there exists an ¢ > 0, such that for each t € (—e,€;) there ex-
ists a x*(t) € (—e,€) such that x*(t) is a local minimum of the optimization problem

minxéR:(t,w}G@ f(ta SU)

Proof Let ¢ > 0. Since f € C'(Ug) and 0 is a local and isolated minimum, there holds
0, f(0,0) = 0, and there exists an €; > 0 with 2¢, < €, such that 0,f(0,z) < 0 for all
x € (—2¢,,0) and 0, f(0,2) > 0 for all x € (0,2¢;). As 0, f(0,—€;) <0, 0:f(0,€e;) > 0 and
f € C1(Ug), there exists an ¢ > 0, such that

O f(t,—€z) <0, Vte (—e,er), (5.23)
Ouf(t,ex) >0, Vte (—e,e). (5.24)
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Since the set C, = [—€,, €;] is compact, the optimization problem mingec, f(¢, z) contains
a solution for each ¢ € (—e, €:). As a consequence of (23) and (B24), the solution cannot
be a boundary point of C,. O

Lemma 5.2.8 Let ef,eg > 0 and f € C¥([0,¢€¢]), g € C¥([0, ¢]) with f(0) = g(0) =0 and
f'(t) >0 for allt € (0,¢f], ¢'(t) > 0 for all t € (0,¢q4]. Denote by n the multiplicity of the
zero 0 of f, i.e., n = min{k € N: f(¥)(0) # 0}, and denote by N the multiplicity of the zero
0 of g, i.e., N = min{k € N : g®)(0) # 0}. Suppose that there exists a m € N such that
N =nm. Then there exists an €, > 0, such that h : [0,€p] — R, h(t) = f~1(g(t)) satisfies
h € C¥([0,€er]), h(0) =0 and h'(t) > 0 for all t € (0, €p].

Proof Let {ay }ren denote the coefficients of the power series expansion of f in 0, i.e., f(t) =
Sl g axt® for all t € [0, R), where R > 0 denotes the radius of convergence of this power
series expansion. Since 0 is a zero with multiplicity n, we have ap = 0 for £ =0,...,n — 1,
and consequently we may denote f(t) = t"a(t), whereat a(t) = an + > oo, 4 aptt ™. [IIR,
Corollary 1.2.3] implies that a € C“’((—R, R)) By definition of n, there holds a, # 0, and
since f/'(t) > 0 for all t € (0,¢f], we have a,, > 0. Denote p(t) = t". As a, > 0, there
exists a b > 0, such that a,, = a(0) = p(b) = b", and there holds p/(b) = nb"~1 # 0. As
a consequence of the inverse function theorem [IIR8 Theorem 1.4.3], there exists an open
neighborhood U, of b, on which there exists an analytic inverse function p~! of p. We choose
€7 > 0 in such a way that ¢y < min{R, ez}, 0 € a((—¢y,€5)), a((—€f,€f)) C Up, and define
rp: (=€, €r) = R, rp(t) = tp~*(a(t)). According to [I18, Proposition 1.6.7], there holds
ry € CY((—€5,¢5)),

n

rp" =" [p7Ha®) | = tma(t) = f(1), Ve € [0,E)

and r'(0) = p~'(a(0)) = b > 0. Clearly, there holds r(0) = 0 and, possibly after choosing
a smaller €y > 0, we may assume that ;(t) > 0 for all ¢ € (—¢f,€y). In a similar manner
we obtain the existence of ¢, € (0, €] and 4 € C¥((—¢,, ¢4)) satisfying ry(t)™ = g(t) for all
t €10,€), 74(0) = 0 and 7y (t) > 0 for all t € (—¢,, €).

As a consequence of the inverse function theorem [IT8, Theorem 1.4.3], since T}(O) > 0,
there exists an open neighborhood Uy of 7¢(0) = 0, on which there exists an analytic inverse
function 7"]71 of ry. We choose €, > 0 in such a way that [0,¢,] C Uy, and for s € [0, €]'] we

define f(s) = 7“]71(51/”). Then

(fof)t)=r;'(f(&)"/") =" (rf(t)”)l/"> =t, Vter; ([0,e))
s) = Tf(f(s))n = Tf((rfl(sl/n)nn =s, Vsel0,e].

(.
o

[y

=

Hence f is the inverse function of f. Since 7,(0) = 0 and ro(t) > 0 for all t € (—¢,,€),

there exists an €, € (0¢,] such that r4([0, €,]) C [0, ei/m]. Finally, for t € [0, €3], there holds
— _ 1/n — m
ht) = 7 (g(t)) = rfl((rg(t)N) / ) =7 (ry()™).

Since ry € C¥((—€4,¢g)), (—€4,€5) is an open superset of [0, €], 7';1 € C¥(Uy) and Uy is an
open superset of [0,¢,] D ry([0,€,])", we obtain h € C¥([0,€5]). Moreover, as r4(0) = 0

79



5. Properties of the Optimal Value Function

and 7“]71(0) = 0, there holds h(0) = 0 and using [68, Kapitel 15, Satz 3] we establish

mrg(t>m717’lg (t)

r} (r;l (rg (t m))

since each of the factors is positive for ¢ € (0, ep]. O

()= (17" (rg (™) - g (™1 -7y (t) =

>0, vt € (0, €n],

Lemma 5.2.9 Let T C R be a compact interval with non-empty interior and let f1, fo €
CYw(T). Then the function f*:T — R,

f7(t) = min {f1(t), f2(t) }
satisfies f* € PCY(T).

Proof Let Tho = {t € T : fi(t) = f2(t)}. We first show that either (1) T2 = 0 or (2)
T12 =T or (3) T2 is a finite set.

Suppose that neither of the cases (1), (2), (3) has occurred. Since T2 contains an infinite
number of points and T is compact, T2 contains an accumulation point ¢g. If ¢y € int(T")
then the identity theorem for real analytic functions [IT8, Corollary 1.2.6] yields f1 = fo
on int(T). Since f1, fo € CY(T) we must even have f; = fo on T, i.e., Tio = T which we
have precluded. Hence tg € bd(T'). Without loss of generality we may assume that ¢ is
the left boundary point of 7" and tg = 0. Let v, € C¥([0,1]) be such that (519) and (5=20)
hold for f;, i = 1,2. Let n; denote the multiplicity of the zero 0 of 7, 0=1,2, and denote
N =nyng, Uy = 11([0, 1]) 012([0, 1]). Since 7,(0) =0, v;(s) > 0 for all s € (0,1] and 7, is
continuous, ¢ = 1,2, there exists an ¢y > 0 such that [0, 9] C Uy. We now define

7ty =v1@tY), telo,e/N), i=12
Lemma bZR implies that there exist ¢; > 0 such that 7; € C¥([0, ¢]), 7;(0) = 0 and /() > 0
for all ¢ € (0, €], i = 1,2. Consequently, using [I'IR, Proposition 1.6.7], t — f; (1@. (%(t))) is
in C¥([0, ¢]) for i = 1,2, and

te (2 G0) = £ 071 E)) = REY), i=12

Since T contains the accumulation point 0 and ¢ — % is bijective on R, [TTR, Corollary
1.2.6] yields f1(tY) = fo(tY) for all t € [0,€p]. Since Jilime(ry € C¥(int(T)) for i = 1,2,
we even obtain f; = fy on int(7T) U {tp}. A similar reasoning for the right boundary point
yields fi = foon T, ie., Tio="1T.

We now consider the cases (1), (2), (3) separately. If either (1) or (2) has occurred then
f*(t) = fi(t) for an i* € {1,2} and the assertion follows. Let us assume that the case (3)
has occurred. Let [¢,¢] denote the closure of an arbitrary connected component of T'\ Tis.
It is sufficient to prove that f*|;,7] € che([t,t]).

Since fi1, fo € CY(T) we immediately obtain f*|[ﬁ] € Cl([i,ﬂ). Moreover, since f*(t) =
fi=(t) for allt € [t, ] and an i € {1,2}, there holds f*[,3 € C¥((t,?)). Let us now construct
a curve v* € C* ([0, 1]) such that (619) and (5220) hold for f*. If ¢ is the left boundary point
of T' then we may set v* = Yy Otherwise there exists an € > 0 such that [¢,t 4 2¢) C T
We may then set v*(s) =t + es. The assertion follows in a similar manner for . O
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Lemma 5.2.10 Let 0,0 € R with < 6 and let T C R _be a compact interval. Lety € C*(T)
with § < t+~(t) <0 forallt €T and f € Clw( (6,0 ) Then the function f*: T — R,

() = f(t+~(t)), satisfies f* € PCH(T).

Proof Let Ty = {t € T : t + (t) = §}. Since v € C*(T") and T is compact, it follows from
the identity theorem for real analytic functions [IT8, Corollary 1.2.6] that there are three
possibilities for the structure of Tp: (1) Ty = 0, (2) Ty = T and (3) Ty is a finite set. A
similar assertion holds for 75 = {t € T : t + y(t) = 6}. We first assume that Ty = (.

In the case of (1), since t +— ¢ + ~y(t) is analytic on an open superset of 7', the mapping
t— f(t+~(t)) is analytic on an open superset of T'. In the case of (2), since t — t+(t) = ¢
is constant, the mapping t — f (t + fy(t)) is analytic on an open superset of 7. In the case
of (3), let T’ be the closure of a connected component of T\ Tp. As t +~(t) € (8,0) for all
t € int(7"), we obtain that f* |y € C¥ (int(7”)). Since f* is the composition of functions
which are the restriction of continuously differentiable functions on open supersets of their
respective domains, we also obtain f*|7» € C1(T”). Let tpq € bd(T”). Without loss of
generality we assume that t,,q is the left boundary point of 77 and that t,q = 6 = 0. We
now construct a curve v* € C¥([0, 1]) satisfying v*([0,1]) € T”, v*(0) = 0 with (v*)'(s) > 0
for all s € (0,1], such that the mapping ¢ — f(y*(t) + v(y*(t))) is in C¥([0,1]). By
assumption, the mapping ¢ — d(t) = t 4+ ~(t) is in C¥(7T”), d(0) = 0 and there exists an
€ > 0 such that d'(t) > 0 for all t € (0,€]. Let y € C¥([0,1]) be such that (519) and (6-20)
hold for f, let n denote the multiplicity of the zero 0 of d (recall that we have assumed that
d is non-constant in the case (3)) and define

7(5) =d ' (3(5").

From the power series expansion of s + 7(s) we immediately obtain that 0 is a zero of
s +— y(s™) with multiplicity N = nm for some m € N. Lemma 528 implies that there is an
€> 0 such that 7* € €“([0,¢]), ¥*(0) = 0 and (3*)/(3) > 0 for all 3 € (0,¢]. Consequently,
using [[I8, Proposition 1.6.7], B

5o 1 (360 = (a3 (5) = (a7 (05) ) = F6)

is in C¥([0,¢]). By defining 7*(s) = 3%(€s) we obtain the desired curve v* € C¥([0, 1])
satisfying v*([0,1]) € T, v*(0) = tpa Wlth (7*)'(s) > 0 for all s € (0,1], such that f*o7" €

¢ ([0,1]).

In a similar manner we can construct such a curve for each t € Ty if Ty is a finite set. If
Tg=T then T = () and the assertion follows in a similar manner as if Ty = @ and Ty =T.
O

Lemma 5.2.11 Let T C R be a compact interval with non-empty interior and let T,T €
CY(T). Suppose that L'(t) < T(t) for allt € T and denoteT' : T — P(R), T'(t) = [L(¢),T(t)],
© = graph(I") and

f=min{t+zeR: (t,z) € O}, f=max{t+zecR: (t,z) € OF.

Let g € C¥(O), f € CH([0,0]), denote h: © — R, h(t,z) = g(t,x) + f(t+z), and suppose
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that
M = {(t,z) € int(©) : O,h(t,z) =0}

is a 1-dimensional real analytic variety. Then for each (tpq,xnd) € bd(M), there exists
an open neighborhood Upq of (tpq, Tpa), such that M N Unqg = My N My, where M; is the
finite disjoint union of connected i-dimensional real analytic manifolds, i = 0,1, with My C
bd(My). Moreover, for each connected component M; of My with (tbd,zpa) € bd(M7),
there exists a curve v = (y1,72) with y1,v2 € C¥([0,1]) such that

7(0) = (tba, Tbd), 7((0,1]) € Mj, Dvy(s) #0, Vse(0,1], (5.25)
ho~ e c¥([0,1]). (5.26)

Proof We separately consider different characterizations of boundary points. First, we
assume that t,q + 2pq € {6,0}.

Since there exists a real analytic continuation h of h to an open neighborhood Upq of
(thd, Tba) (cp. [TIR, Definition 1.2.7]), the set

Mg = {(t,x) € Upq : Bx/ﬁ(t,x) = 0}

is an analytic variety of top dimension d € {0,1}, cp. [[IR, Chapter 5]. Note that, if
Mypq were an analytic variety of dimension 2, then the power series expansion of A in an
inner point of Myq would yield d,h = 0 and hence M could not be a 1-dimensional variety.
The Lojaciewicz Structure Theorem for analytic varieties [I18, Theorem 5.2.3] yields that
Myq = MoUMy, where M; is the finite disjoint union of connected i-dimensional real analytic
manifolds, ¢ = 0,1, with My C bd(M;). Note that, if Myq were a 0-dimensional analytic
variety Mypq = My, since Upg N M # () and My C bd(M;), M could not be a 1-dimensional
analytic variety. Let M| be a connected component of M N Upg with (tpq, xpq) € bd(M]).

If (tpq,zpa) € Mi, then we may choose v : [-1,1] — Mpq as a real analytic local
parametrization of the connected component of M; containing M| U {(tpq, 2ba)}. With-
out loss of generality, possibly after an appropriate transformation of the curve parameter,
we may assume that 7(0) = (tpa, 2ba) and ¥((0,1]) C M. Since 7 is a local parametrization
of a real analytic manifold, we have Dv(s) # 0 for all s € [—1,1], cp. [II8, Definition 1.9.1].
Since t + x & {0,0} for all (t,2) € M C int(©) we obtain (ho y)|j1; € C¥([0,1]).

If (tha, xpa) € Mo, then Hironaka’s theorem on the resolution of singularities of real ana-
lytic varieties [I[I8, Theorem 5.1.6] yields that there is a blowup 7 : Y — Uq, such that the
proper transform My of {(t,z) € Upq : Ouh(t, ) = 0} in Y is a real analytic manifold. Let
vy : [—1,1] = Y be a real analytic local parametrization of My with W(’yy(O)) = (tbd, Tbd)
and 7T(’)/y ((0, 1])) C M. Since vy is a local parametrization of a real analytic manifold we
have Dvy (s) # 0 for all s € [—1,1], and since 7 is a projection, 7 is real analytic. With-
out loss of generality, possibly after restricting the domain of vy to a smaller interval and
rescaling the curve parameter, we may assume that  is injective on vy ((0,1]) € 7~ 1(M7).
By setting v(s) = (v1(s),72(s)) = m(yy(s)) for s € [0,1], we obtain v1,72 € C¥([0,1]).
Possibly after restricting s to a smaller parameter interval and rescaling the curve ~, we
obtain that Dv(s) # 0 for all s € (0,1]. Since t + x ¢ {6,0} for all (t,z) € M C int(0) we
obtain (ho~)p,1 € C([0,1]).

We now consider the case in which tpq + z,q € {0,0}. Without loss of generality we only
consider the case in which ¢4 + b4 = 6 and 6 = 0. Let v € C¥([0, 1]) be such that (619)
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and (520) hold for f and let O 1) = {(t,2) € ©: 0 <t +x <1}, ¥ : Oy — R?,
U(t,z) = (Vi(t,z), ¥ao(t, x)) = (L, y(t +2) — 1) (5.27)

and Oy = ¥(Op,1)). Observe that Oy C {(£,7) € R? : 0 < {+ &}. Obviously, v is
continuous, and since 7'(s) > 0 for all s € (0,1], ¢ : ©pg 1) — (:)[0,1] is bijective. Hence, there

exists a continuous bijective inverse ¢! of ¥ on (:)[071]. A simple calculation yields
VTHET) = (7 T+ T) —1). (5.28)

Moreover, ¥ (thd, Thda) = (tba, Tba) and 11 (t, z) +h2(t, ©) = v(t+2), and since y € C¥([0,1])
there exists a real analytic continuation of ¢ to an open neighborhood of (tyq,zpq). By
the assumptions on f and +, using [[I8, Proposition 1.6.7], there also exists an analytic
continuation (,% ) — h(1,%) of the mapping (¢, z) — h(1(t,z)) to an open neighborhood
Uy of (thd, zpq). We choose Uy, in such a way that there also exists an analytic continuation
of ¢ to Uy. Now we have

Ozh(t,z) = d,h(Y(t, 2))y (t+ ), Y(t,z) eUyNO

and +/(t+x) > 0 for all (t,z) € UyNint(0). The Lojaciewicz Structure Theorem for analytic
varieties [TI8, Theorem 5 2. 3] implies that there is an open nelghborhood U¢ C Uy of
(tpd, Tpq) such that { t T)e€ U¢ 0% h(t )= 0} MOUMl, where M, is the finite dlSJOlIlt
union of connected i-dimensional real analytic manifolds, 7 = 0,1, and M() C bd(Ml). Let
Us = {(E T) € 17¢ T4z >0 = 0}. Observe that (Mo U M;) N Us also is the disjoint
union of a finite disjoint union of connected i-dimensional real analytic manifolds, 7 = 0, 1.
For the open neighborhood Uypgq = 1(Uy) of (tpa, xpa) we obtain

MNUpg = @D((Mg U Ml) N (7>) = w(Mo N (7>) U w(Ml N [7>),

whereat w(MgU(7>) C M is the finite disjoint union of connected 0-dimensional real analytic
manifolds, w(]\/\/.f 1 U ﬁ>) is the finite disjoint union of connected 1-dimensional real analytic
manifolds and w(ﬁoﬂﬁ>) C bd(¢(Mlﬁﬁ>)). Let M{ C MNUpq be a connected component
of M NUpq with (thg, zpa) € bd(M]). Then there exists a connected real analytic manifold
M| C M, with (M| N Us) = M. If ¢y (tpq, 2pa) € M] then there exists a real analytic
local parametrization 5 : [—1,1] — M of ]\7{ with

5(0) = (tbd7$bd)> i((ov 1]) - w_l(M{)7 D:VV(S) 7& 0, Vse [_17 1]' (5'29)

If ¢~ (tpa, Tha) € M() then [IT8, Theorem 5.1.6] yields in a similar manner as above that
there exist 31,72 € C¥[—1,1], such that 5 = (31, 72) satisfies 7(0) = (tpa, zpa), 7((0,1]) C
Y=Y (M]) and D7(s) # 0 for all s € (0,1]. Since I is real analytic on ﬁw we obtain
ho7 e C¥([-1,1]). We now set v : [0,1] — cl(M]), v = (71,72),

v(s) =¥ (7(s))- (5.30)

Since there exists an analytic continuation of ¥ to ﬁ¢, [ITR, Proposition 1.6.7] implies that
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Y1,72 € €¥([0,1]). Clearly, v¥(0) = (tbd, zba) and v((0,1]) C M{. Moreover,

7 (s)
Drts) = < 7 (31(s) + Fals >)m<s>+%<s>]—%<s>>‘
)

It remains to prove that D~(s) # 0 for all s € (0,
71 (s) = 0. Note that this implies 75(s) # 0. Since (s
and we obtain 7/ (71 (s) + 2(s)) > 0, which yields

]. Let s € (0,1] and suppose that
€ Us, there holds 71 (s) +72(s) > 0,

~— =

7' (1(s) +72(s)) [71(5) +Fa(s)] —F1(5) = 7' (Fa(s) + Fa(s))Fa(s) # 0,

and hence Dvy(s) # 0 for all s € (0, 1]. Finally, we observe that
(hom)(s) = h(v(3()) = (hoF)(s), Vs [0,1]

Since ¢+ ¢ {0, 6} for all (t,x) € M C int(©) this implies h oy € C¥([0,1]). O

Lemma 5.2.12 Let T C R be a compact interval and let I,T €
I(t

C¥(T). Suppose that
L(t) <T(t) for allt € T and denote T : T — P(R), I'(t) = [L(¢),T(t)], © = graph(T') and

0 =min{t+z e R: (t,z) € O}, 0 =max{t+z €R: (t,z) € O}.

Let g € C*(©), f € C([6,0]) and denote h : © — R, h(t,x) = g(t,x) + f(t +z). Then
the optimal value function f*:T — R,

ff(t)= min  h(t,z) (5.31)
z€[L(t),0(1)]

satisfies f* € PCYH(T).
Proof The candidates for a minimizer of (6231) at ¢ € T are '(¢),I'(¢) and z € (L'(¢),T(t))
satisfying dyh(t,z) = 0. We first discuss the mappings t — h(t,E(t)) and t — h(t,f(t))
of. [78, eq. (2.2.5), p.24].
Clearly, the mappings ¢ — g(¢,I'(t)) and ¢ — g(¢,T(t)) are in C¥(T), cf. [II8, Proposition
1.6.7). Lemma 6210 implies that ¢ — f(¢t+L(t)) and t — f(t+IL(t)) are in PC**(T). Con-
sequently, using [I18, Proposition 1.6.7|, we obtain that ¢ — h(t,E(t)) and t — h(t,f(t))
are in PCH(T).
We next consider candidates for local minima z € (I'(¢),T(t)), t € T. Let
S = {(t,:n) cTxR:ze (z(t),f(t))}.

If S = () then we obtain

F*(t) = min {h(t, (1)), h(t, T()) } (5.32)
Lemma 6529 implies that in this case f* € PCH(T). Let us assume that S # (). The set

M = {(t,a:) € S:0zh(t,x) = 0}
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is either empty or an analytic variety of dimension d € {0, 1,2}, cp. [II8, Chapter 5], and
contains all candidates for local minima in S. If M = () then the assertion follows from
(6332). In the following we assume that M # (. We will now separately consider each
possible dimension d of M.

d = 0: The Lojaciewicz Structure Theorem for analytic varieties [IT8, Theorem 5.2.3] states
that each (¢,x) € M is isolated, hence Lemma B0 implies that M contains no minimum
of (633W). Consequently, the assertion follows from (B=32).

d = 2: Since int(M) # () all derivatives of h vanish at some (¢,z) € int(M) C S. The power
series expansion of h then yields 9,h =0 on S. As h € C}(©) and © = cl(S) we even have
Ozh = 0 on O©. Consequently, the partial function x — h(t,x) is constant for each t € T'
and the assertion follows from (b=32).

d = 1: We first show that M is locally the finite union of 0- and 1-dimensional real analytic
manifolds.

Let (tg,zo) € S. If (tg,z0) € M, since M is closed in S, there exists an open neighborhood
Ut0:20) of (t,x0), such that Ut0:®0) 0 M = (). If (tg,29) € M, the Lojaciewicz structure
theorem for analytic varieties [IT8, Theorem 5.2.3] implies that there exists an open neigh-
borhood U(t0:%0) of (to, z), such that M N Utoro) = Méto"ro) U Mfto’xo), where Mi(to’xo) is
the finite disjoint union of connected i-dimensional real analytic manifolds, ¢ = 0,1, and
M) b (M),

Let (to, 7o) € graph(L') Ugraph(T'). If (o, o) & bd(M), since cl(M) is closed in ©, there ex-
ists an open neighborhood Ut0:%0) of (t, ), such that U®:20) M = (). If (¢, 2¢) € bd(M),
then Lemma B=2ZT1 implies that there exists an open neighborhood U (to0) of (to, zo), such
that M N Utor0) = Méto’xo) U Ml(to’xo), where Mi(to’xo) is the finite disjoint union of con-

nected i-dimensional real analytic manifolds, i = 0, 1, and Mo(to’xo) C bd (Ml(to’m)).

Since T' is compact and I',I" are continuous, © is compact. Consequently, the open cover
{U(to’xo)}(towo)e@ of © contains a finite subcover. This implies that M = My U M;, where
M; is the finite disjoint union of connected i-dimensional real analytic manifolds, : = 0,1,
and My C cl(M;). Hence, there are only a finite number I € Ny of t§f € T, i € {1,...,I},
such that « — h(t$, z) is constant. Let J € Ny be the number of t?- eT,je{l,..,J}, such
that ({t?} X ]R) N My # 0. Since I,.J € Ny, it is sufficient to prove that f* has the desired

properties on the closure of each connected component of 7'\ (U{Zl{tf} U U}']:1{t?})'
Let T” be the closure of such a connected component, and denote

K
M Nint(graph(D|7/)) = U My, (5.33)
k=1

where K € Ny and M| is a connected 1-dimensional real analytic manifold for each k. If
K =0 then the assertion follows from (5232). In the following we assume that K € N, and
for each k € {1, ..., K'}, we denote

Ty, = {t € T' : 3z € I'(t) such that (t,z) € cl(M})}.

Obviously, T}, is a closed interval. Moreover, as a consequence of the identity theorem for
real analytic functions [TT8, Corollary 1.2.6], for each k € {1,..., K} and each ¢ € int(T}),
the set {x € I'(t) : (t,x) € cl(M})} is finite, since we have assumed that the mapping
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x + h(t,z) is non-constant for all ¢ € int(7}). We define ﬁk : T, — R,

()= min h(t, ), 5.34
fitt) = min ht,2) (5.34)

and claim that

£4(t) = min {h(t,z(t)), A(ET(), ,_min, f;;(t)}, Vie T (5.35)
teTy,

This characterization of f* is obviously correct for ¢ € int(7”), cf. (6233), (6E23d). Moreover,
[65, Theorem 2.2.8] implies that f* is continuous. Hence, (5=33) also holds at the boundary
points of 7”. We next analyze M, and f; in more detail in order to establish that f*|; €
PCH(T).

As Mj € My C M, M is closed in S, My C bd(M;) and graph(I'[iue(rr)) N Mo = 0,
there holds bd(M}) C bd(graph(I'|7v)). Moreover, since My is the finite disjoint union
of connected 0-dimensional real analytic manifolds, the set of boundary points bd(M)) is
finite. (If the set of boundary points were not finite, since bd(graph(F\T/)) is compact,
the set of boundary points would contain an accumulation point. Using real analytic local
parametrizations of the boundary curve and M}, in a neighborhood of the accumulation
point, the identity theorem [I18, Corollary 1.2.6] would yield M; C bd(graph(T'|r)), a
contradiction.) We denote bd(M}) = U, {(tP?, 2P9)} for some L € Ny.

We next observe that cl(M}) is compact since graph(I'|7v) is compact. Suppose that there
is an infinite number of (¢, 2%) € M], such that the tangent space to M) at (¢',z") is given
by {(t,z) € R? : t = 0}. Since cl(M}) is compact, the set of all such points contains
an accumulation point (¢§,zf). Assume that (¢, z{) € M;. As x — 9,h(t,x) is non-
constant for each ¢ € int(7”), using a real analytic parameterization of Mj in an open
neighborhood of the accumulation point, [II8, Corollary 1.2.6] implies that M, C {t{} xR, a
contradiction to the construction of 7. We now separately discuss the different possibilities
for (tf,z§) € bd(M}).

Lemma BE2T1 implies that, for each for each (t,z}) € bd(Mj},), there exists a curve v =
(71,72) with v1,72 € €¥([0,1]), ¥(0) = (¢§,z8), v((0,1]) € M} and Dy(s) # 0 for all
s € (0,1]. Now, [I18, Corollary 1.2.6] implies that +; is constant. However, if 7; is constant,
then = — 9,h(tf, z) must be constant and hence M} C {t{} x R, a contradiction to the
construction of T".

Let (tf,z%), n = 1,..,N, N € Ny, denote the points of M, at which the tangent space
to M is given by {(t,z) € R? : t = 0}. Furthermore, let P, € N denote the number of
connected components of T}, \ ( Ule{t}’d} U ngl{t%}) and let T}/ | denote the closure of the
p-th such connected component, p = 1, ..., P;. Observe that the number @), of connected
components of M N graph(F|int(Té/,p)) is finite, Qr, € No, and let M,’C’,pq denote the ¢-th

such connected component, ¢ = 1,...,Qy,. Note that, for each t € int(Tlg p), there exists
exactly one x € I'(t) with (¢,2) € M}/, and for each t € bd(T}/ ), there exists exactly one
z € I'(t) with (t,z) € bd(Mj,,). We denote this unique x € I'(t) by @4(¢) in the following,

p=1,..,P,q=1,..,Qkp On T,;’p we then obtain the following characterization of f}':

o(t) = min  h(t, 2pe(t)). 5.36
i) = min bt (o) (5.36)
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We now prove that t — fi (t) = h(t,zpq(t)) satisfies fipg € CI’W(T,ZP). By inserting (5-36)
into (B=33) for all £k € {1,..., K} and all p € {1,..., Py}, and by applying Lemma 529 to
(6339) on every non-empty set ﬂ(k’p) K, Ty p With

ICp = {(krapr)rzl,...,R : (kr)rzl,A..,R € P({l, "'aK})va‘ € {]-a -~-3Pkr}}a

it then follows that f* € PCH(T") and hence f* € PC(T).

Since My, is connected f;  is continuous. Let ¢ € int(7},). Then there exists a real
analytic local parametrization v = (y1,72) of M/, in a neighborhood Uy, of (t, 2pq(t))
with 71,72 € C¥([~1,1]), 7(0) = (¢, 2pe(t)) and v{(s) # 0 for all s € [~1,1]. The real
analytic inverse function theorem [TTR, Theorem 1.4.3] implies that there exists an inverse
function 47! of 41 in a neighborhood U of 41(0), such that 4! € C¥(UY). We obtain

Fen® = h(L22 (071 ®) ),

which is in C*(U[/) according to [TT8, Proposition 1.6.7]. Furthermore,

(Fip) @) = 0k (8,22 (37 (1)) ) + 0eh (£, (11 (9) )2 (31 (8)) (1) (1)
= o (i), (5.37)

as Oyh(t, zpe(t)) = 0.

Let tpq € bd(T,:,f p). Without loss of generality we assume that t,,q is the left boundary point
of T/ . We have already shown that there exists a curve v = (y1,72) with y1,72 € C* ([0, 1]),
7(0) = (tba, Tpg(tna)) and Dy(s) # 0 for all s € (0,1], such that y(s) € cl(My/,,) for all
s € [0,1] and hoy € C¥([0,1]). As a consequence of the construction of Ty, ,» we obtain that
71(s) > 0 forall s € (0, 1]. Since y(s) € cl(M/ ) for all s € [0, 1], there holds dzh(y(s)) =0
for all s € [0,1]. Consequently, for each s € (0, 1], there holds

%(ﬁ{,pq 0 71)(5) = 0 (V(5))71(5) + el (7(5))72(5) = el (7(5)) 71 (5)- (5.38)

If the directional derivative in direction 1 of fl;k’pq at thq, D1 f,;"qu(tbd), exists, then it is given
by, cf. [65, Definition 2.3.2],

, - fipg(tha + 1) = £ty (fra)
D; fk,pq(tbd):tgfél+ ,Pq . Pq

where we have used that v1(s) — tpq™ for s — 0. As

lim fl:,pq (Vl (S)) B fl:,pq (71 (0)) d (f]:pq o 71)(0)7 lim 71(5) ! (0) /

s—0F s—0 ~ds
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using (B=38), we obtain the existence of D1 f; , (tba). Using (B=31), we establish

D1 ff; pq(tba) = Oth(tva) = (frpg) ()

lim
t—tpq T

Now Whitney’s extension theorem [IT8, Theorem 2.3.6] yields the existence of f,’;pq € C'(R)

with fi ,, = fg,pq|Té’,p‘ O

Lemma 5.2.13 Let T,T" C R be compact intervals, let T,T € C*(T) with L'(t) < T(t) for

allt € T and denote T'(t) = [L(¢),I'(t)]. Let
=min{t +zcR:tcT,xecl(t)}, O=max{t+zcR:tecT,zecl(t)}

and f € C¥([0,0]). If {(t,z) € graph(D) : f(t + ) € T'} # 0, then there exists a N € N,

compact intervals T,, C T and functions L,,,I'y, € C¥(T},), n =1, ..., N, such that

{zeT®): fit+a)eT}t= | J [L,(0),Talt), Vel (5.39)
ne{l,...,.N}:
teTy

Proof If f is constant then we have {x € I'(¢) : f(t+x) € T'} = I'(t). Hence, in this case the
assertion holds. Let us assume that f is not constant. Since f is continuous, the boundary
points of f~1(T") are given by f~!(bd(T")). Since [6,60] is compact and f € C*([6,6]), [ITX,
Corollary 1.2.6] yields that the set f~!(bd(1"”)) is finite. Consequently, f~!(1") consists of
a finite number K € N of compact intervals, say Hi, k = 1, ..., K. We define the functions
Ay, A : T — R by Ap(t) = max{L(¢), min Hy — t} and Ag(t) = min{(¢), max Hy — t},
k=1,..,K. Obviously, Ay, Ay € PC¥(T). Next we define T}, = {t € T : A, (t) < Ax(t)}
and W) = Aylqy, Uy, = Kk:‘T,;- Since Ay, Ay € PC¥(T), T} is the finite union of compact
intervals. Moreover, T} can be decomposed into a finite number Nj, € N of intervals on
each of which ¥, , Uy, are analytic, k = 1,..., K. For k € {1,..., K} denote the closure of the
n-th such interval by T}, j = Zi-:ll Ni+n,n=1,..., N, and let Ej,fj be the restriction of
W, ¥y, on the respective connected component 7} of T}. This construction yields (539). OJ

Theorem 5.2.14 Suppose that 7,8 € PC*(E x R), § € PC*(V x R x R}), AT, AT €
PC¥(X) and there exist B,B° € R, B° > 0, such that (1) and (Z-3) hold.

(i) Let a source node vy € V be given and let Assumption BT hold, then the partial
mapping to — b*(vo, to) is in PC (T (vg)).

(ii) If X =V x R and (V, E) is strongly connected, then b* € PC**(X).

Proof We first assume that 7,3 € C*(E x R), 6 € C¥(V x Rx R{), AT, AT € C¥(X). We
proceed in a similar manner as in the proof of Theorem B=24. Let (eq, ..., ;) denote a finite,
connected edge sequence from vy to v’. Denote vy = w(e), k = 1,...,n, and ﬁk,fk as in
(@3), (B3), k = 0,...,n — 1. Lemma 62 implies that AT} (t) = AT (v, t) for all t € Tj,
and hence T}, = supp(ﬁk) =T(vk), k=0,...,n— 1. Along the edge sequence (e, ..., €,),
for each k£ =0,...,n — 1, we must solve the following parametric optimization problem, cp.
(E3): N N
b*(vk,t) = lllf bk(t, At), t e Tk,
AtEAT(t)
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where
bi(t, At) = 8(vg, t, At) + Ble, t + At) + 0" (vpy1, t + At + 7(ex, t + At))

and b*(v,, t) = 0 is in C¥(T},) C PC(T},). N N

We will now prove by backwards induction that ¢ — b*(vy,t) is in PCY*(T}). According
to Remark 24, it is sufficient to prove that, for an arbitrary compact interval K C Ty,
t > b*(vg, t) is in PCY(K), k=0,...,n—1. Let k € {0,...,n—1} and K C T} be a compact
interval. Since AT is continuous, graph(AT'|(,, 1<) is compact, the set

Tip1 = {t + At + 7(ex, t + At) € R: (t, At) € graph(AT |y, 1< k) }

is a compact interval. (Recall that Lemma 512 implies that T}, C T(vg11).) Using
the induction hypothesis, i.e., using the fact that ¢ — 5*(vk+1,t) is in PCl’w(ka), there
exists a decomposition of TI;H into I, € N compact intervals Tl;+1,i7 i = 1,..., I}, such
that t — b*(vpe1,t) is in CLW(T,;JFM) for each ¢ € {1,...,I;}. By construction, we have
{(t, At) € graph(AT |y, xx) 1t + At +7(eg,t + At) € Ty, ;} # 0 for each i € {1,..., [;}.
Lemma 5213 implies that, for each ¢ € {1, ..., I}, there are J; ; € N and compact intervals
Ty C K, j =1,..,Jk;, as well as analytic functions Mkﬂ-j,ﬁkﬂj € CY(Tyyj), j =
1, ..., Ji, satisfying

{At € AT (vg,t) : t+ At + 7(ep, t + At) € Ty, ;} = U [AT ;5(t), AT 45(t)],
jE{l,..A,Jkyi}:
tETkﬂ'j
for all t € K. We define the point-to-set mapping ATy, ;5 : Tj, i — P(R(}L ),
ATy i5(t) = [ATy ;5(), AT 35(t)].

By construction of 77, 1, Tk ij, ATy ij, i = 1,..., I, j = 1, ..., Jyi, we have

+1
Iy, Jk,i - I,

K =J U T, AT (t)=] | ATwy), vteK.
i=1j=1 i=lje{l,. Jp}:

tETkﬂ'j
Lemma B2T2 implies that the function f ;; : T ;; — R,

r,ij (t) AteIAnTI;?ij(t) kl ) | |

satisfies fii; € PCL“’(TMj). Now

b* (vg, t) = Frij(0).

min
1€ (LoD} JE (Lo Tii )
tGTkﬂ'j
Using Lemma 5270 on every nonempty set of the form (7 (V;e7, Tr,ij With Z C {1,..., I}
and J; C {1,...,Jr;}, we obtain that ¢t — g*(vk,t) is in PCl’w(fk). Consequently, by
backwards induction, t +— b*(vg, t) is in PC(Tp).
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Let K; = T(vo)N[i,i+1] for i € Z. Since the optimal cost function along each connected edge
sequence from vy to v/ is in PCY¥ (T(Uo)), the partial function ¢y — b*(vg,to) is bounded
on each non-empty set K;, i € Z. Let i € Z with K; # (0. As in the proof of Theorem E24
we see that the number of edge sequences which may possibly be traversed by an optimal
path from vy to v’ with departure time ¢y € K; is finite. Let & denote this finite set of edge
sequences. For each € € & let b} (v, tg) denote the optimal cost along € with departure time
to € K; at vg. As _
b* (2}0, to) = min b: (UQ, to),
ee€

the assertion follows from Lemma B29.

Let us now assume that 7,3 € PC¥(E xR), § € PC*(V x R x R}) and AT, AT € PC¥(X).
By further decomposing, for each k € {0,...,n — 1}, T}, ;; with respect to the breakpoints
of 7,8, AT, AT and ATy, ;; with respect to the breakpoints of J, the assertion follows in a
similar manner as above. g

Remark 5.2.15 We conjecture that the result of Theorem can be slightly generalized
by letting 7,5 € PCY(E x R), §; € PC¥(V x R x RY), 02 € PCY(V x R) and defining
d(v,t, At) = 01(v,t, At)+02(v, t+At). In order to prove this conjecture it would be necessary
to show that the sum and concatenation of two PCY-functions of appropriate domain are
again a PCY-functions by using a similar technique as in the proof of Lemma B2,

We conjecture that similar assertions as in Lemma B™Z8 - Theorem BZT4 can be proved
if the word “analytic” is replaced by the word “algebraic”. Furthermore, using the above
techniques, it seems possible to prove similar results as in [I33], [T12]. In this case it would
be possible to replace the assumption on the continuity of the piecewise analytic functions
by an appropriate concept of lower semicontinuous piecewise analytic functions. We will
pursue none of these approaches here and leave them as a topic for further research.

5.3. Piecewise Linearity

In this section we consider a problem setting which is of particular importance in practical
applications. Although we have shown that the optimal value function is (almost, c¢p. Defi-
nition B23) piecewise analytic if the network functions are, the computation of the optimal
value function is rather nontrivial in this general case. This is due to the characterization of
the candidates for optimal waiting times as the zeros of certain nonlinear mappings, which
is itself a nontrivial problem, regardless of the parametric structure which is additionally
imposed by the variation of the departure times.

For this reason we now consider the case in which the network functions are piecewise linear,
and we prove that the optimal value function and the optimal control policy are both piece-
wise linear. Piecewise linear network models are not only used in the consideration of the
time-dependent optimal path problem [d7], [T62], [98], [61], but are also a common means
of describing electrical networks [I20]. After introducing a suitable concept of piecewise
linear functions in Subsection B=3, we carry out a complexity analysis in Subsection b=32,
which is based on the structure of the set of breakpoints of the piecewise linear functions.
Such an analysis has been suggested in [64], but to the best of our knowledge no results
have been published on this topic so far.
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Since the solution of a one-dimensional linear equation requires a constant number of arith-
metic operations, measuring the complexity of piecewise linear function by the structure of
the set of breakpoints is not only natural when considering the space complexity, but also
when considering the time complexity of the computation of the optimal value function. We
show in Subsection B33, that both the manner in which the waiting times are constrained,
the specific form of the waiting cost function and the FIFO-property of the travel time
function have a crucial impact on the complexity of the computation of the optimal value
function in time-dependent networks.

5.3.1. Piecewise Linear Functions

Usually, a piecewise linear function f : R™ — R is defined via a set of linear functions f; :
R™ — R, i€ I, I CN, such that f(z) = f;(x) for some i € I and f is continuous, see, e.g.,
[24], [T20]. The continuity of f implies that the set of breakpoints of f, i.e., the set of all x €
R™ for which there exists no open neighborhood on which f is linear, has a linear structure.
Since the optimal value function is only lower semicontinuous in general, c¢f. Theorem B=24,
we henceforth also consider discontinuous piecewise linear functions. However, we retain
the assumption that the set of breakpoints has a linear structure. Our approach is similar
to the one followed recently in [I65]. Since we require a finite representation of f (in view
of space complexity) and a finite number of operations to compute the zeros of f (in view
of time complexity), we restrict ourselves to the following definition.

Definition 5.3.1 Let T C R be the finite union of closed intervals and points, and let
f:T — R. Suppose that there exist Ny, N1 € N, points t,, € T, no = 1,..., Ny, and open
intervals T, C T (open in R), ny =1, ..., N1, such that

No N1
- (0e0)- (0

and f|r,, is linear, ny =1,..., N1. We say that f € PLUT), f € PLL.(T), f € PLL.(T)
if f is continuous, lower semicontinuous, upper semicontinuous, respectively. We denote

PLYT) =PLUT) UPLL(T)UPLL (T).

Remark 5.3.2 If T' is unbounded, Definition B=3A precludes periodical piecewise linear
functions (except for constant functions) from the following discussion. However, we will
see in Section that, under weak assumptions, it is sufficient to consider only a compact
time interval in order to compute the optimal value function in a periodical time-dependent
network.

Let T C R be the finite union of closed intervals and points and let f € PLY(T). We now
show that there are minimal numbers Ny, N7 € N and a unique minimal decomposition
of T into points t,, C T, ng = 1,..., Ng, and open sets T,,, C T, n; = 1,..., N1, which
satisfy Definition B230: Let 7" be the set of all ¢ € T such that there exists no open
neighborhood Ur C T of ¢ (open in R) on which f is linear. In any decomposition of 7'
into open intervals and points according to Definition 5231, no point of 7" can be contained
in an open interval by construction. Since f € PLY(T), T' is finite, say |T'| = Ny € N,
and by construction Ny is minimal. Now, by construction, the set 7'\ 7" contains a finite
and minimal number N7 € N of connected components, each of which is an open interval.
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f(#)

2 4

10/@./0(\-
5 5 !

Figure 5.2.: f € PL}.([0,3]) with #f = (2,2,3). Values which are attained are marked by

lsc
filled circles, values which are not attained are drawn as unfilled circles.

These minimal numbers play an important role in the consideration of the complexity
of concatenating, summing and computing the pointwise minimum of a finite number of
PLY(T)-functions. We also need the following number, in the definition of which we assume
that the minimal unique decomposition {t,,}no=1,....No» {Tni }ni=1,..N, is given: Let No
be the number of points t,,, ng € {1,..., Ny}, for which there exists a n; € {1, ..., N1} such
that tn, € bd(T3,) and f|r, U} is linear. Without loss of generality we assume that
these points are {t,, }ny=1,...N,- We further denote Noo = No — No 1.

Definition 5.3.3 Let T C R be the finite union of closed intervals and points and let
f e PLYT). Let {tno tno=1....No» {Tny tni=1...Nys Noo,No1, N1 € N be as defined above.
We define

#f = (No,o, No,1, V1),

call the points {tn, }no=1,...No, half-isolated of (T, f) and call the points {tn, }ng=No1+1,....No
isolated of (T, f).

Remark 5.3.4 In the following, for NJN' € Nk, k € N, with N = (Ny,...,N), N' =
(N1, ..., N;,) we denote N < N’ if Ny < N/ for all i = 1,...,k. This eases the notation of
complezity bounds for sums, concatenations and pointwise minima of PL -functions.

We have illustrated the measure of complexity of a Pﬁllsc([(), 3])—function f in Figure b™3.
Obviously, for a linear function f : R — R we have #f = (0,0,1), and for a piecewise
linear and continuous function f : R — R consisting of N linear pieces, there holds #f =
(0, Ny — 1, Nq).

In the following lemmas we have summarized some simple results on the decomposition of
the domain and on the complexity of PL!-functions. These results include the number of
arithmetic operations which are necessary to carry out certain computations. At this, we
assume that the PL!-functions are stored in the following manner:

Let T be a finite union of closed intervals and points, let f € PL'(T) and let {t}, }no=1,....N
be the points in the minimal decomposition of (7, f). We uniquely characterize f by
the array of sextuples (tngs D frgs frgs fros frigs D St Jno=1,...,No» Which has the property that

ng’
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tng < tngt1 for all ng =1, ..., Ng — 1 and | J° {th,} = UNe_ {t,,,}. Here,

no=1 no=1

= { limy_,;, ~ f(t), if (tng — € tne] C T for some € > 0
no -~

00, otherwise '
fro = f(tno),
v ) limyyy, f(t), if [tng,tn, +€) C T for some € > 0
1o 00, otherwise ’
and
0 -
_ lim S0 f"O, if (tny, — €,tn,] C T for some € > 0
Dfr, =19 t—ta,~ t—1tng ,
o0, otherwise
f) = fa
, if [tpy,tny +€) C T for some € > 0
Dfif =1ttt t—tn, [t tno + )
o0, otherwise

The function f € PL},.([0,3]) in Figure 52 would then be characterized by

0 oo oo 1 1 0.6
1 06 16 0.8 0.8 0.2
2 02 1 05 1.8 —-06]|"
3 —06 1.2 1 oo o

where each line stands for one sextuple. This representation simplifies the derivation of the
number of arithmetic operations which are necessary to carry out the computations in the
following lemmas.

Lemma 5.3.5 Let T C R be the finite union of closed intervals and points and let f €
Pﬁl(T) with #f = (N(]}o,NO’l, Nl) Then N1 < NO,O + NO,I + 1.
If f is continuous, then N1 < No1 + 1 and No1 < 2Nj.

Proof Let the decomposition of T according to the discussion preliminary to Definition
633 be given by the Ny open intervals T;,,, n1 = 1,..., N1, and Ng = Ngo + Np,1 points
tne, Mo = 1,...,Ng. By induction over N; it is easily seen that the intervals T),,, n; =
1,..., N1, contain at least N1 — 1 disjoint boundary points. At this, the minimum is attained
if each boundary point of each T},,, n1 = 1,..., N1, is an inner point of 7" = R. Since
Uan1:1 bd(T},,) C Uﬁg‘):l{tno}, this implies N1 < Np + 1. Moreover, if f is continuous, then
the boundary points of the T, n1 = 1,..., Ny, are given by t,,, no = 1,..., No,1, and we
obtain N1 < Ny + 1. Conversely, since each open interval is bounded by at most two
boundary points, we obtain N1 < 2Nj. O

Lemma 5.3.6 Let T,T7" C R be the finite union of closed intervals and points, let f,g €
PLUT) with #f = (Njo, NJ1,N{), #g = (N§o, N§1, N{) and let h € PLYT") with
#th = (Nbo, Nf1, NJ). Let N = N o+ N |, N§ = Nio+ N§,, Nf = NJiy + N§y.

(i) If c € R\ {0} then #(cf) = #f and cf can be computed in O(N({) arithmetic opera-
tions.
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(11) Let € {+,-}. Then
#(fxg) < (N({0+N3,o+min{N<{1,N5,1}v N&1+Ng71+min{N({0,Ng’0}, Ng+Ng+1)’
and if f,g are continuous, then N({o = N&O and

#(frg) < (N({()v N({l + Ng 1, N({l +N§, +1).

Moreover, if the decomposition of T according to the discussion preliminary to Defi-
nition B33 is identical for f and g, and g is continuous, then #(f xg) = #f.
In any case, f xg can be computed in O(Ng + Ng) arithmetic operations.

(iii) Let T C T be a closed interval or a point. Then the set h~'(T) consists of at most
N(})‘ 4+ 1 connected components and can be computed in O(Néb) arithmetic operations.
If T is a point, then h=Y(T) contains at most Nél + 1 boundary points,

If h is monotonically increasing and T' is a closed interval, then the set h=1(T) consists
of at most one connected component and can be computed in O(log(Né‘)) arithmetic
operations.

(iv) Let h= hlpan-1(r). There holds
#(foh) < ((N§ + NG+ Ng', (N + NS, + Ngyo (NG + DN + N + 1),
and if f is continuous, then
#(foh) < ((N§ +DNJo +N§, (N + NGy +Ngy, (NG + NGy + NGy + 1),

and f oh can be computed in O(NS‘NOf) arithmetic operations.
Assume that h is monotonically increasing and T' is a closed interval. Then

#(f o) < (No+ Ngio, Ny +Ngyo N + Ny +1),
and if f is continuous, then

#(foh) < (Nfo+Nbo, Niy+ Ny, N+ N +1),

and f o h can be computed in O(log(N(})‘)Ng) arithmetic operations.

(v) Suppose that g € PLIUT') with #g = (N§ o, N§, NY), and the decomposition of T’
according to the discussion preliminary to Definition B=33 is identical for g and h,
then #(foh+g) <#(foh), and foh+ g can be computed in O(N(?Ng) arithmetic
operations. If h is monotonically increasing and T' is a closed interval, then foh+g
can be computed in O(log(NéL)Ng) arithmetic operations.

Proof The result (i) is obvious.

(i1) Denote #(f x g) = (N({Bg,Nﬁg?le*g). If t € T is an isolated point of (T, f x g), then
either ¢ is an isolated point of (T, f), or t is an isolated point of (7', g), or ¢ is a half-isolated
point of both (7, f) and (7', g) and there only exist linear continuations of f and g to disjoint
open intervals. This implies N({Bg < N({o + Ngo + min{N({l, Ng 1} T f, g are continuous,
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then f * g is continuous and the isolated points of (T, f), (T, g), (T, f *x g) coincide and are
given by the isolated points of T. Consequently, N({ o= Ng, = N({ 57, Moreover, if the
decomposition of T" according to the discussion prelirflinary to Definition 533 is identical
for f and g, and g is continuous, then each isolated point t of (T, g) must be an isolated point
of T', and hence t is also an isolated point of (7', f) and (T, f xg). This implies N({ o= N[{ 0-
If t € T is a half-isolated point of (T, f * g), then there exists no open neighborhood of ¢
on which both f and g are linear. Furthermore, if ¢ is an isolated point of (7', f) then ¢
must also be an isolated point of (7', g). This implies Ng;g < N({l +N§,+ min{N({l, N§ .}
If f and g are continuous and ¢ is a half-isolated point7 of (T, f xg), then ¢ cannot be an
isolated point of 7', i.e., t cannot be an isolated point of (T, f) or (T, g). This implies
N({ 1< N({ 1+ Ng,l. Moreover, if the decomposition of T' according to the discussion
preliminary to Definition B2373 is identical for f and g, and g is continuous, then we obtain
N({ 1< N({ 1- Now, the remaining inequalities follow from Lemma BZ33 and the observation
that each isolated or half-isolated point of (f * g,7) must be an isolated or half-isolated
point of either (7, f) or (T, g). In order to determine the function f * g, we parallely run
through the array representations of f and ¢ in increasing order of the first elements. For
each half-isolated or isolated point of f and g we compute the sextupel associated with fxg
from the representations of f and g in constant time. The resulting sextupel is stored unless
the left- and right-sided limits of f % g coincide with the value (f x ¢)(¢) and the left- and
right-sided derivatives of f * g coincide. Since this decision requires a constant number of

arithmetic operations, f x g can be computed in (’)(Ng + N§ ) arithmetic operations.

(iii) We first assume that h is monotone increasing and 7" is a closed interval. As T is
connected, the set h='(T) is connected. Let (nO,DhnO,hno,hno,h;{(},DhJr Jno=1,...No be
the array representation of h. As h is continuous and monotone increasing, there holds

Ry = hny = B} and hny <y if g < nj. In order to determine (the existence of) the
boundary points of h~H(T ) we ﬁrst determine the maximal index n;, with h <minT (if

no such index exists then either the left boundary point of h=H(T ) is min 7", or there exists
no left boundary point) and the minimal index nd with h ng > Max T (ifno such index exists

then either the right boundary point of h=1(T ) is max T”, or there exists no right boundary
point). We can determine these indices by bisection in (’)(log(NO )) arithmetic operations.

ng ’ 'ng +1
be computed in constant time since h|, _ ] and Al ¢ . are linear.
na’na+1 "0 —l’ng

The boundary points of A~ 1(T) are then contained in (¢t —,¢ — ] and (tngfl, tng], and can

We next assume that h is not monotonically increasing and that T = {t} is a point. We
now prove that h=1({#}) contains at most N/ + 1 boundary points. This also implies that
h=1({t}) consists of at most N{ + 1 connected components. (Unless h=1({t}) = R, each
connected component has at least one boundary point. Since NéL +1 > 1, the assertion also
holds if A1 ({¢}) = R.) Let {t,, }no:lw"NSL, {T/Ll}mzlw7Nlh be the decomposition of 77 with
respect to h as in the discussion preliminary to Definition B233. The assertion obviously
holds if N(})l = 0, because then 77 = R and h is linear. Let us assume that Nél > 0. If t/ is
a boundary point of hil({ t}), then either h properly intersects the constant function ¢ on
some T/, ,ny € {1,..., N}, ort/ € Unoe{lp_.’Nél}{t;m}. Moreover, if h properly intersects the

ny?
constant function ¢ at some t’ € T, , ny € {1, ..., NJ'}, then bd(T,él)ﬁUnoe{l’m’N&l}{t’no} =(
and h=1({t}) N T, = {¢'}. Hence, as h is continuous, for each such intersection, [bd (7}, )|

points in {t;o}nozl’m’Nél cannot be boundary points of h~1({¢}). Since we have assumed
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that N > 0, there holds [bd(7%, )| > 1, and hence h™*({#}) contains at most NJ + 1
boundary points. In order to compute the connected components, we must check whether
h(t,,) = t for ny = Noh,l +1,..., N}'. Moreover, for each interval cl(T}, ), ni = 1,..., N},
we must solve one linear equation in order to determine whether cl(7}, ) N h=1(t) # 0 and
whether cl(T},) € h™'({ }). Now, using Lemma 533, the assertion follows as in (ii). If T
is a closed interval with nonempty interior, then the assertion follows in a similar manner
by considering the boundary points of f, and by observing that each connected component
of h~1(T) has nonempty interior.

(iv) Let #(foh) = (N({Eh, Nofcl’h7 N{°™). If ' € T' is an isolated point of (T'Nh~Y(T), foh ),
then either ' is an isolated point of (T, h), or t = h(t') is an isolated point of (T, f), or ¢’ is a
half-isolated point of (77, k), h(t') is a half-isolated point of (7, f) (and a boundary point of
a connected component with nonempty interior of T') and ¢’ is an isolated point of h~1(T).
It is easily seen that the last case cannot occur if h is monotone increasing. (4ii) yields

N({ Bh < (N} + 1)N({ o+ NI and, if h is monotonically increasing and 7" is a closed interval,
N({Bh < N({o + N&o- If ¢/ € T' is a half-isolated point of (T" N h~Y(T), f o h), then either ¢’
is a half-isolated point of (T, h), or t = h(t') is a half-isolated point of (7, f). (iii) yields
N({ (ih < (N(})l + 1)N({ 1+ N(})" , and, if h is monotonically increasing and 7" is a closed interval,
N({ cl’h < N({ 1+ N&l. Since each half-isolated point of (7", h) results either in an isolated or
a half-isolated point of (7" N h~(T), f o h), there holds N({Sh + N({ih < (N§ + l)Ng + N§.
Now the remaining inequalities follow from Lemma B=3H. The assertions on the order of

the number of necessary arithmetic operations follow as in (7).
Using the same arguments as in (i) and (iv), we obtain (v). O

Lemma 5.3.7 Let T C R be a closed interval, No1 = |bd(T)|, let f, : T =R, n=1,..., N,
be a family of linear functions and let the function f*: T — R be defined by
ff(t) = min fu(t), VteT. (5.41)
n=1,....IN

Then f* € PLL(T) is continuous and concave with #f* < (0, No1 + N — 1, N).
Moreover, f* can be computed from f in O(N?) arithmetic operations.

Proof We prove the assertion by induction. Since #f; = (0, No,1,1) and each linear

function is continuous and concave the assertion follows if N = 1. Now suppose that
fr_1:T — R, defined by

fya)= min_ fu(t),  VEET

is concave and f5;_, € PLL(T) with #f%_, < (0, Noa+N —2,N —1). Clearly f* € PLL(T)

as the pointwise minimum of two PLL(T)-functions. Next, f* is concave, because for every
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t,t’ € T and every A € [0,1] there holds

f*(At+(1—A)t’):min{f;(,_l(AtJr(l— M), v (A + (1= A t’)}

> min { Ay, (8) + (L= A) fa (&), M () + (1= N fn(t)}
> Amin { fy_;(8), fn ()} 4+ (1= XN min{f3_ ('), fz(t')}
= A () + (A =N f ().

Since fj_; is concave and fx is linear, there are at most 2 proper intersections of f3_;
and fy. If there is no proper intersection then either f* = fx_; or f* = fy and the
assertion follows. If there is exactly one proper intersection then # f* < #fx_,+(0,1,1) <
(0, No,1+N —1,N). Finally, if there are exactly two proper intersections, say ¢,t’ € T', then
there must be k > 1 breakpoints of fx_, in [t,t']. Consequently, #f* = #fx_; +(0,2,2) —
(0,k,k) <(0,No1+N —1,N).

We again proceed inductively in order to prove the result on the number of arithmetic
operations. Clearly, if N = 1 then f* can be computed in 0 operations. Now let us
suppose that we have already computed f3,_;. We first compute the the intersections
(tnisyni), @ = 1,..,1, T € {0,1,2}, of f{,_; and fn. Since f3_; is continuous and fy
is linear, this can be implemented by running through the array representation of fx_;,
solving IV — 1 linear equations and checking whether the found solutions are contained
in the considered intervals. Hence, we can compute all intersections in O(N) arithmetic
operations. On each connected component of T\|J_, {ty;} we either have f* = fy < f_,
or f* = fy_1 < fv. By comparing the directional derivatives of f and f}_; at one
boundary point of each connected component we determine which function outvalues the
other. Since O( Zn o[(n = 1) 4+ 1]) = O(N?), the assertion follows. O

It is obvious that the optimal value function is piecewise linear if all network functions
are piecewise linear, the admissible and optimal waiting times always equal zero, and no
state space constraints are imposed [47]. In Subsection 62332, we will extend this result to
the case in which waiting for a waiting time unequal to zero may be necessary and (or)
optimal and certain arrival time constraints are imposed at the nodes. Here, the situation
is complicated by the partial waiting cost functions (¢, At) — (v, t, At), v € V, and by the
consideration of the parametric optimization problem (EH). We now introduce a certain
kind of 2-dimensional piecewise linear functions which turn out to be convenient when
studying the complexity of the optimal value function.

In the following, a set S C R? is called a closed line segment if there exist z,y € R? and a
closed Interval I C R such that S = {s € R? : s = . +t(y — x),t € I}. Similarly, S C R?
is called an open line segment if there exist x,4 € R? and an open interval I C R, such
that S = {s € R? : s = 2 + t(y — x),t € I'}. Moreover, a set © C R? is a closed polygon if
© = cl(int(©)) and there exists a finite set of line segments {S,}n=1.. n, N € N, such that
bd(©) = U)_, S,. Note that these definitions also allow line segments of infinite length
and unbounded polygons.

Definition 5.3.8 Let © C R? be the finite union of closed polygons, closed line segments
and points, and let f : © — R. Suppose that there exist My, My € N, points (t, ) €0,

m07
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mo = 1,..., My, and open line segments S, C ©, my = 1,..., My, such that

{(t',2') € ©:BUg C © open in R?, (t',2) € Ug, such that f|u, is linear}

Mo My
= ( U {(tlmo’xlmo)}> U ( U Sﬁ) = O'(f) (5.42)

mo=1 mi=1

lsc usc
if f is continuous, lower semicontinuous, upper semicontinuous, respectively. We denote

PLAO) = PLEO)UPLL.(O)UPLE,.(O).

and f|57/n1 is linear, m1 = 1,..., My. We say that f € PL2(O), f € PLL (0), f € PL2,.(0),

Remark 5.3.9 Note that ©'(f) is a closed set since © is closed and the set
{(t’,:c') €0 :3Ue C O open in R, (',2') € U, such that flue is linear}
is open in R? by construction.

Remark 5.3.10 It can be easily seen that the gemeralization of Definition B=31 and Def-
inition B33 to arbitrary dimensions n € N is possible. However, the consideration of the
measures of complexity and the notation of these functions become more difficult in higher
dimensions. We have separately introduced the classes PLY, PL? in order to simultane-
ously introduce a motation which is appropriate for the consideration of the complexity of
the time-dependent optimal path problem in Subsection B-Z2.

Let © C R? be the finite union of closed polygons, closed line segments and points and let f €
PL?(0). In the following, we will use a particular (not necessarily minimal) decomposition
of ©(f) into points and open line segments. First, we prove that there exists a unique
minimal decomposition corresponding to Definition B3R, from which we then construct
another decomposition which turns out to be convenient when studying the parametric
optimization problem (BZ5), cp. Figure 63. Let O be the set of all points (¢',2') € ©
for which there exists no open line segment S’ C © with (¢',2') € S’ on which f is linear.
This also implies that for each (¢',2') € O, there exists no open neighborhood of (¢, z’) on
which f is linear. Consequently, in any decomposition of ©'(f) corresponding to Definition
B3, each point (t',z') € OF must be in the set of (isolated) points. By construction O
is minimal and by assumption M = |©f| € N. Let ©F be the set of all points (¢,2) € ©
for which there exists an open line segment S’ containing (', 2’) on which f is linear, but
there exists no open neighborhood of (#,2’) on which f is linear. By construction we
have ©] N OF = 0 and ©'(f) = ©5 U ©F. In any decomposition of ©'(f) corresponding to
Definition B3R, each (¥, 2') € ©F must be contained either in a line segment or in the set of
(isolated) points, and each connected component of ©F is the union of open line segments.
By construction there is a unique decomposition of each connected component into open line
segments whose mutual intersection is either a point or empty. This decomposition defines
the minimal number of line segments, thereby simultaneously minimizing the number of
(isolated) points. By assumption, the number M7 € N of such line segments is finite.

From this decomposition we construct the required decomposition as follows: Let ©f denote
the set of all (#,2) € ©F for which there exists a line segment S’ C ©F with (¢, 2’) € bd(5’)
in the minimal decomposition of ©'(f), and let ©) = ©5 U ©f. As the number of open line
segments in the minimal decomposition of ©'(f) is finite, the set O is finite. We denote
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5.3. Piecewise Linearity

My = 10g|, ©h = {(t1ngs Trng) Fmo=1,...M, and ©] = ©1\ 0. Let M; € N denote the number
of line segments in the unique minimal decomposition of © into open line segments, and let
{872, Ymi=1,...a, denote these line segments. (Note, that the number of these line segments
is finite as ©f is a finite set.)

Due to the structure of the parametric optimization problem (BZ5) we distinguish between
line segments which are parallel to the t-axis and line segments which are not parallel to
the t-axis in the (¢, z)-plane R?. We denote by 7 : R? — R the orthogonal projection to the
first axis of coordinates, 7(t,x) = t. Let

O11= U Sy O10 = U S - (5.43)
mi1=1,...,M; mi=1,...,M;
REMIS (St =1

As for PL'-functions, we partition the set O into two sets: Let My be the number
of points (t’ L0 ) mo e {1,.. MO} for which there exists a m; € {1,..., M1} such
that (¢, %, ) € bd(S;,,), f|S/ o)} s lincar, and Sty C ©1;. Without loss of

m07 mi
generality we assume that these. pomts are {(ty,s Ty ) Ymo=1,..,Mo,- We further denote
M0,0 = Mo — M()’l and

Mo,1 Mo
O0,1 = U {tngs o)} ©00= | {hg 7o)} (5.44)
mo=Mo,1+1

In order to define a measure of the complexity of PL2-functions which is appropriate for
the consideration of the parametric optimization problem (E=), we must introduce some
more notation: We denote {tn, }no=1,... ,No = 77(@0 0UB01UBO1 ), and by {T}, }n,=1,..N, We
denote the connected components of 7(©) \ Uno 1{tno}. Note that, by assumption, both
sets are finite and, by construction, T,, is an open interval for each ny € {1,..., N1}. Let
No.1 be the number of points t,,, no = 1, ..., Np, such that either for each (¢,,,2") € ©'(f)
there exists an open line segment S’ C 71 ((—00,tp,)) N O1,1 with (tn,,2") € bd(S’) such
that f|s/u{(t,, )} is linear, or for each (tng, ') € ©'(f) there exists an open line segment
S C Y ((tng, 00)) NO1,1 with (ty,,2") € bd(S’) such that f15/U{(tny 2y} 18 linear. Without
loss of generality we assume that these points are {tno}nO:17.,,7No,1. We further denote
Ngyo = NO — N()’l. Finally, let

{2’ € R: (tn,,2")

Jo = max
no=Nop,1+1,...,No

{:L' eER: (t,&"/) S @171}’,

Ji = max max
ni=1,...,N; tETnl

Iozmax‘{t ') ) €60, : 42 =

Ilzmax‘{mle{l My, ) e S, + x—t}‘

mi?

Definition 5.3.11 Let © C R? be the finite union of closed polygons, closed line segments
and points and let f € PEQ(@). Let Ny, No1,Jo,lo, N1, J1,11 be as defined above. We
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/ /

x T
4 1 4 1
3 31
2 1 2 1
14 11
T T T T t/ T T T T t/
1 2 3 4 1 2 3 4
7; t t t¢ !
L B3, gy b2
(a) Minimal Decomposition. (b) Decomposition which is used for the

definition of the measure of complexity.

Figure 5.3.: (a) Decomposition of the domain of f € PL},.([1,4]?) into Mg = 8 points and
M7 = 10 line segments. (b) Decomposition of the domain of f into My = 12
points and M; = 15 line segments. Points (¢',2’) for which there exists no
adjacent line segment S’ such that f]| S'U{(#,2)}y 18 linear are drawn as unfilled

circles. There holds #f = (2,2,5,2,3,5,6).

define
#f = (Noo, No,1, Jo, Lo, N1, J1, I1).

We have illustrated the measure of complexity of a Pﬁfsc( 1, 4]2)—function f in Figure 3.
The notion of the complexity of a PL2-function is not quite obvious at first appearance, but
it will be easily understood in view of Lemma 6Z3T2 and Lemma B=3T3. As an illustrative
example, considering @ = {(¢,2') € R? : t,2’ > OA |t/ + 2/| < 1} and a continuous
linear function f : ©® — R, we obtain #f = (0,2,0,2,1,2,2). Simple expressions for the
complexity of functions f € PL2(0) can also be derived if ©’(f) forms a regular triangular
grid.

We now show that the notions of the complexity of P£!- and PL2-functions are appropriate
when studying parametric optimization problems of the form (E73). At this, we assume that
the PL2-functions are stored in the following manner:

Let © be the finite union of closed polygons, line segments and points, let f € PL3(0) and
let {(t7,0> T1ng ) frmo=1,...M, and {S},, }m,=1,...a, be as described preliminary to Definition
B30 Let further {P),, }m,—1,.. 1, be the collection of the connected components of © '\
©'(f), My € N. Observe that each P,,,, my € {1,..., My}, is an open polygon and that
My < JiNy. Finally, let {tp, }no=1,.... N, and {Ty, }n,=1,.. n, be as described preliminary to
Definition B23T1. We uniquely characterize f by 3 linked lists L;, I = 0, 1,2, of objects [43,
Chapter 10.2]: The first list contains My objects OY), , each of which contains the coordinates
of one point (t;no,xﬁno), mo € {1,..., My}, the respective value of f, and one pointer. The
second list contains M; objects O}nl, each of which consists of a set of inequalities which
uniquely characterize a line segment S}, , m; € {1,..., M1}, the 3 coefficients of the linear

function f]| St and a pointer. The third list contains M, objects Ofnz, each of which consists
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5.3. Piecewise Linearity

of a set of inequalities which uniquely characterize an open polygon PTQU, ma € {1,..., Ms},

the 3 coefficients of the linear function f] P, and one pointer. (We will describe below in
which manner the pointers are set.)

In order to efficiently solve the subproblems that arise in the computation of optimal paths
we further store two functions: The first function, GetPartialFunctions, is a linked list of
objects O%F § =1, ..., I%F each object consisting of a point set and a linked list of pointers.
Let supp(O$F) denote the point set associated with O$FF, i = 1,..., I°%F. The point sets are
given by {tny tno=1... Ny and {Tp, }ny=1...N,, and the objects OFF ¢ =1, ..., I°F are linked
in such a way that ¢; < ¢4 for all ¢; € supp(O%F), t;11 € supp(OFF), i = 1,..., I%F — 1.
The pointers in OFF, i € {1, ..., I°F}, point to the objects O%, C (supp(O%F) x R), i.e., to
the objects in the linked lists L;, I = 0,1,2. The pointer in the respective object Ofn in the
linked list L, [ € {0,1,2}, m € {1,..., M}, is set in such a way that it points to OFFF.

The second function, GetDecomposition, is a linked list of objects O, i = 1,..., I, each
object consisting of a point set and a linked list of pointers. Observe that the mapping

t— {(1,m) € {0,1,2} x N:m < My, supp(OL,) N {(t' +2') e R* : ¢/ +2' =1} £ 0}, (5.45)
is piecewise constant. The point sets associated with the objects O, i = 1,...,I®? are
given by the maximal connected components of R on which the mapping (623) is con-
stant. Let supp(O) denote the point set associated with O, ¢ = 1,...,I°’. The point
sets are linked in such a way that ¢; < t;.; for all t; € supp(OfD),fiH € supp(O%,),
i = 1,..,I% — 1. The pointers in O®, i € {1,...,I°?}, point to the objects O}, with
supp(O! )N {({t' +2) e R? -t/ + 2/ =t} # 0,1 € {0,1,2},m € {0,..., M;}. Let us denote
the pointers associated with some object O, i = 1,...,I1®*, by a;;, j = 1,...,J;, J; € N
and let supp(a; ;) denote the point set associated with the object the pointer a; ; points to.
The pointers are linked in such a way that supp(a; ;),supp(a; j+1) are adjacent point sets
with the property that ¢; < t;41 for all (;,2}) € supp(ai;), (tj+1,7;1) € supp(aijt1),
j=1,..,Ji — 1.

We compute the functions GetPartialFunctions and GetDecomposition in a preprocess-
ing step, and use them to trade off the space complexity of storing PL2-functions to the

time complexity of solving the time-dependent optimal path problem.

IGD

Lemma 5.3.12 Let © C R? be the finite union of closed polygons, closed line segments and
points. Let m : R2 — R denote the orthogonal projection to the first coordinate axis, denote
T =m(0©), define
[:7T—P(R), I(t) ="t Nne,
and suppose that T'(t) is compact for eacht € T. Let f € PL?.(0) with #f = (No.o, No.1, Jo,
Iy, N1, J1, 1), and let the function f*:T — R be defined by
*(t) = mi t,a').

f (@) w,rgr(lt)f( ;')
Let ©¢,,00,1,01,0,01,1 C © be a characterization of the breakpoints of f as in (043),
(6Z32) and define

A:T— P(R), A(t) = W_l(t) N (@070 U @071 U @171).
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Then f* € PLL(T) with #f* < (Noo, No1 + N1(J1 — 1), N1J1) and

£ = min f(t.). (5.46)

Moreover, f* can be computed from f in O(N070J0 + N1J12) arithmetic operations.

Proof Since © consists of a finite number of closed polygons, closed line segments and
points, I'(t) is closed for each t € T. As (090U ©Op1 U©O1 ) is a finite set which is closed
in T, T" is upper semicontinuous at each t € T. Since I'(t) is compact for each t € T,
I is upper semicontinuous. Since f is lower semicontinuous, [65, Theorem 2.2.1] implies
that f* is lower semicontinuous. Next, we show that (62@) holds. Let ¢ € T and let
z* € argmingcp() f(t,2'). Suppose that z* ¢ A(t). Since © \ (©00,©0,1,01,1) is open
in O, there exists a maximal connected component S’ of T'(t) \ A(t) with z* € S’, such
that f|s/ is linear. As z* € argmingcpgyy f(t,2'), f|lsr must be constant. Let 2" € bd(S").
Then 2" € A(t) and, since f is lower semicontinuous, f(t,z") < limg_,» f(t,2') = f(t,x%).
Consequently, (628) holds.

Let {tno}no=1,...N, and {7y, }n,=1,.. N, be as described preliminary to Definition Bz
For each n; € {1,...,N1}, Ty, is an open interval and graph(A|z, ) C ©11 consists of
a finite number J < Jy of line segments S;, j = 1,...,J, on each of which f is lin-
ear. By v; : Tn1 — R we denote the linear function satisfying (¢,7;(t)) € S; for all

t € T, and by f] : cl(Ty,) — R we denote the linear continuation of ¢ f(t v;(t )) to
A(T,,). Let f* : cl(Typ,) — R, f*(t) = minj—i,__s fj() and observe that f*(t) = f*(t)

for all ¢t € T},,. Lemma BZ3 T3 yields that f* e PLL (cl( Ty,)). f* is concave and satisfies
#1* < (0,J1 — 1+ [bd(Ty,)|, J1). Note that Un1 , bd(T,,) C Un0 1{tno}. For each t,,,
no = 1,..., Ny 1, there exists an adjacent T},,, n1 € {1,..., N1}, such that f can be continu-
ously continued to each (tn,, z’) € graph(A|,, y) from some S" C graph(A|r, ) C ©1,1 with
(tno, l‘,) € bd(S’) This yields #f* < (N070, N071 + Nl(Jl — 1), NlJl).

Since the minimum of J real numbers can be computed in J arithmetic operations, and
such a minimum has to be computed for each t € T/ = [J\° Nout 1ltne}, at which J <
Jo for all t € T', the computation of f*|p requires O(NyJp) arithmetic operations.
(Here we access the values of f in O(NpoJy) arithmetic operations by using the func-
tion GetPartialFunctions.) As we may use Lemma 65371 for the closure of each of the N;
remaining time intervals in 7(©) (we again use the function GetPartialFunctions in order

to access the partial linear functions in O(N;J;) arithmetic operations), the result follows.
O

We next prove two simple lemmas which will be useful when applying the piecewise linear
approach to the time-dependent optimal path problem.

Lemma 5.3.13 Let © C R? be the finite union of closed polygons, closed line segments
and points and let T C R be the finite union of closed intervals and points. Denote 0 =
{(t,2)) € © : ' +2' € T}. Let g € PL}(O) with #g = (NOO,Ngl,Jg,Ig,ng,Jl,Ig)
fe Pﬁllsc(f) with #f = (N({O,Ngl,Nf) and let the function h : O = R be defined by

h(t',z') = g(t', ")+ f(t'+a'). Thenh € PLE (O) with #h = (N070,N071, JOIh NP TR T,
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satisfying

Nbo < N§+I{N{y, Ny < NS +INS,, Jh<J8+N{, Ib<I§+1I,
N < N + I9N{, JpP<JI+ N, 1p<1+1,

where Ng = N({O + N[{l. Moreover, h can be computed from f,g in O((N§ + Ing)(Jg +
J{ + 2N0f)) arithmetic operations.

Proof First, we observe that O is the finite union of closed polygons, closed line segments
and points since {(t,2') e R* : ¢/ +2/ € T} is the finite union of closed polygons and closed
line segments. Furthermore, if g, f € PL7,.(O), then it is obvious from Definition B=38 that

h=G+f¢€ Pﬁfsc(é). Let g = glg, let f: © — R be defined by f(t',2') = f(t' 4+ 2') and
let {tn, }no—l / denote the minimal number of breakpoints of f according to Definition
=1,..,N{

B30 For each (#,2/) € int(©) with ¢/ + 2’ # &, for all ng = 1,...,N({ there exists an
open neighborhood of (#',2) on which f is linear. Moreover, for each (¢,2’) € int(©) with
t'+a’ = tp, for some ng € {1, ..., N§} there exists no open neighborhood of (¢, 2’) on which f
is linear, but f is linear on the connected component C” of {(¢”,2") € int(©) : " + " = 1,,,}
which contains (¢,z"). Since C’ is either an open line segment or a point, we obtain

fePL ().

Let @g’ol,sc@gJ, @51',0, @!{,1 denote the decomposition of © with respect to g, let ég,m @)g’l, égo,
éil denote the decomposition of © with respect to § and let ég,o: (:)6‘71, é}io, 6?1 denote
the decomposition of © with respect to h according to (5-43) and (524).

If (¢/,2) € @&O, then either (¢',2') € 93,07 or (t',2') € 6871 and t' + 2/ = t,, for some
ng € {1, ...,Ng}, or (t',2') € @], UO], and t' 42’ = tn, for some ng € {N({1 +1, ...,N({}.
This yields Néfo < N+ 17 N({ o- Next, we observe that the lower semicontinuity of f,g
implies that, if (¢,2') € 9370, then (¢,2') ¢ @871. Hence, if (t',2') € é&l, then either
(t'a') € O, or (t',2') € ©  UO];and t' + 2’ = tn, for some ng € {1,...,N({1}. This
yields Noh,l < N&l + I1f N({ 1- From the above reasoning it is easily seen that the number

of additional points in the decomposition of ﬂ((:j) bounded from above by I Ng . Hence,
N < N§+ IINJ and NI < N9 + I9N{.

Let t' € m(©). If (t',2') € x~1(¢) N (ég,o Uéfil Ué}f’l) then either (#,2') € 7~ '(t') N (6F yU
0f,uef)) o2 +t = tn, for some ng € {1,...,]\7({}. This yields J& < J§ + N({ and
Jp < J9+ NJ.

Let ¢ € T. If (¢,2') € (5871 with ¢ 4+ &/ = ¢, then either (¢,2') € 0f, with ¢ + 2’ = i,
or (t,a') € © , UBT, and ' + 2’ = t = tp, for some ng € {1,...,N({1}. This yields
I(})‘ < I§ + Ij. Next, we observe that the lower semicontinuity of f and g implies that
Ohueky)\(ef,uef,) c Ui:;g:l{(t’,a:/) €O :t' +a' =1y} Hence, if [{(t,2) € S :
'+ a2 = t~}‘ = 1 for some open line segment S’ C é}f’l U é}f’o, then the thereby defined
intersection point {(ty, 2p)} = {(t,2') € S' : ¥ + 2’ = t} satisfies either (t},z}) € 05,
with ) + afy = t = t,, for some ng € {1, ...,N({l}, or (ty, ) € ©f, U O], This implies
I <I§+1.

In order to compute h from f, g, we use GetDecomposition and GetPartialFunctious.
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Since we can solve linear equations in constant time, we can modify the elements in one
object of the object lists L; in constant time, [ € {0, 1,2}. Since there are O(NLJl + N JP)
objects in all lists L;, [ € {0, 1,2}, we can modify all objects in O(N}JE + NFJP) time. We
use the function GetDecomposition in order to determine which obJects must be changed
(resp., generated or deleted) in which manner. Since we can insert (resp., remove) elements
into a linked list (resp., from a linked list) in constant time, we can perform the necessary
modifications of the functions GetDecomposition, GetPartialFunctions, in O(NJJE +

N{‘Jl) arithmetic operations. (Observe that there exists a pointer from each obJect of
GetDecomposition to the objects in the object lists L;, and a pointer from each object in
the object lists L; to the objects of GetPartialFunctions.) Using Lemma B33 and the
above upper bounds for N/, JSL, Nlh, th, the assertion follows. O

The next lemma is a special case of the preceding results.

Lemma 5.3.14 Let T' C R be a closed interval with int(T") # 0, 0,0 € R with § < 0 and
© =T x1[60,0]. Let T CR be a closed interval with int(T) # 0 and denote © = {(t',2’) €
©:t'+2' € T} Let m: R? — R denote the orthogonal projection to the first coordinate awis
and denote T = W(é) Let g € PL2(O) be a linear function with #g < (0, N&I,O, 2,1,2,2),
let f € Pﬁi(f) with #f = (07N({1,N1f) and let the function f* : T — R be defined by

f1(t) = min_g(t,2") + f(t +2").
z'€[6,0]
Then f* € PLLUT) with #f* < (0, 6]\7({1 + 4,6]\&{1 + 3) and f* can be computed from g, f
in O(N({l log(N({l)) arithmetic operations.

<y

manner as in Lemma 5312 we see that h : © = R, h(t',2') = g(t',2') + f(t' + '), satisfies
h e 77£2(®) Let O 05 @0 1, 0, 05 @1 1 C O be the characterization of the breakpoints of h
as in (b43), (624) and define

Proof From [63, Theorem 2.2.8] it immediately follows that f* is continuous. In a similar

A:T=PR), Al)=n1t)N(OpoUBOp1UB1,).

In a similar manner as in Lemma b=3T2 we see that the parametric optimization can be
restricted to 2’ € A(t) for each t € T. graph(A) consists of N({ , line segments

57/11:{(t”x/)eé:t/_i_x/:fnl}’ nlzlj'..’]\f({l’

determined by the breakpoints ¢, ...,?N f

0,1

©:a' =0}, S;={(t2)€e0: 2" = 0}. Moreover, there are at most 2]\7({1 mutual inter-

sections of the line segments Sy, Sg, Shy e S;V s, whose projections to the first coordinate
= 0,1

of f, and the two line segments Sy = {(t',2") €

axis decompose T' into at most K = 2]\7({1 + 1 open intervals 717, ..., Tk, cp. Lemma b=33.
Since g is linear, there holds g(t',z") = go + gpt’ + g2’ for some gg, gy, g»» € R. Moreover,
for each ny € {1, ...,N({l}, (t',2') = f(t' +2') = f(tn,) is constant on S/ , which implies
that for each ny € {1, ..., N({l} there exists a hy, € R, such that

h(t/,t~n1 - t/) = (hny, + g0 + t~n1ga¢’) + (g9 — gm/)t/, vi' e 71'(57/11).
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Consequently, for any nq,n} € {1,..., N({l}, the functions ¢ — h(t,t,, —t) and t — h(t,fnzl —
t), defined on 7 (S}, ) and 7 (S, / ), respectively, cannot properly intersect each other. Hence,
on each Ty, k =1, ..., K, it is sufficient to consider the line segments Sé, Sé, s’ “(k) in order
to compute f*, where

ni(k) = argmin h(t,t,, —1), t € Tk.
ny€{L,...NJ }:
TkCﬂ(S;LI)

The continuity of f* and Lemma 5377 yield that # f*|c(7,) < (0,4,3). As T = Uszl cl(Ty)
is a closed interval and K < 2N({1 + 1, we obtain that #f* < (0, 6N({1 + 4, GN({1 +3).

In order to compute nj(k) for all k € {1, ..., K}, we first determine which line segments are
relevant for £ = 1 in O(N({ 1) arithmetic operations. We then sort the cost functions by

building a binary heap in (’)(N({ 1 log(N({ 1)) arithmetic operations. Observe that, while & is
increasing, only the line segment with minimal index is removed and the line segment with
index one greater than the actually maximal index is inserted. Since the insertion (resp.,
removal) of an element into a binary heap (resp., from a binary heap) can be implemented
in logarithmic time, we can compute nj(k) for all k& € {1,...,K} in O(N({llog(N({l) +
Klog log(N({l)) arithmetic operations. As K < 2Néi1 + 1, f* can be computed from g, f in
CQ(N({1 log(N({l)) arithmetic operations. O

The next two lemmas are concerned with the relation between piecewise linear functions
and point-to-set mappings.

Lemma 5.3.15 Let T C R be the finite union of closed intervals and points and let the
point-to-set mapping I' : T — P(R) be given by I'(t) = [L(¢),T(t)] with T € PLL.(T),
T € PLL.(T) and L(t) < T(t) for allt € T. Then T is an upper-semicontinuous point-

to-set mapping and graph(I') is the finite union of compact polygons and line segments. If
I,T € PLYT), then T is a continuous point-to-set mapping.

Proof First we show that I' is an upper semicontinuous point-to-set mapping. For each
compact K C T, since I is lower semicontinuous, we have I'(K) C [g, 00) for some g € R.
Similarly, for each compact K C T, since I' is upper semicontinuous, we have I'(K) C
(—o00,7| for some g € R. Consequently I'(t) C [g,9g] for all t € K. Since I'(¢) is closed
for all t € T this implies that I'(t) is compact for all t € T. Now, let t € T and Ur C R
be an open set such that I'(t) C Up. Since ['(¢) is lower semicontinuous and T is upper
semicontinuous we obtain the existence of an open neighborhood Ur C T of t € T such that
[(t) = [L(t),T(t)] C Ur for all t € Up. The result for I,T € PLL(T) follows in a similar
manner. Next we show that graph(T") is the finite union of compact polygons, line segments
and points: Let 7" be a maximal open subset of 7' on which both I" and T are linear. The
number of such sets is finite, cl(graph(F|T/)) is either a closed polygon or a closed line
segment, and as I' is upper semicontinuous there also holds cl(graph(T'|7/)) C graph(I').
Moreover, the set of all points ¢t € T' for which there exists no open neighborhood on which
both I and T are linear is finite, and for each such ¢, graph(I'|(;) is either a closed line
segment or a point. ([l
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Lemma 5.3.16 Let T C R be a closed interval with int(T") # 0 and let the point-to-set
mapping ' : T — P(R) be given by I'(t') = [L(t'),T(t")] with L,T € PLUT'), #L <
(0, No1, N1), #I' < (0,No,1,N1) and D(#') < T(¢') for allt' € T'. Let T C R be a closed
interval or a point and let  : R? — R denote the orthogonal projection to the first coordinate
azis. Then the set T = w({(t',2’) € graph(D) : t' + &’ € T}) consists of at most Ny + 1
connected components.

Proof Let us first assume that T is a point, T = {¢}. Denote v:T" — R, v(t') =t —t/,
then 7' = m(graph(I') Ngraph(y)). Note that I —~,I'—v € PLL(T”") with #L —v = #I and
#I'—~v = #I'. Lemma b33@ (i) and (i) imply that the zero set of (I —)(I' — ) contains
at most 2Ny 1 +1 boundary points. Each boundary point of each connected component of 7'
is either a boundary point of 7" or a boundary point of a connected component of the zero
set of ([ —~v)(I'—7). Let N;, denote the number of bounded connected components of T and
let N, < 2 denote the number of unbounded connected components of 7. If 7' = R then
the assertion is obviously true. Henceforth, we assume that 7" # R. Since each bounded
connected component of T" has 2 boundary points, each unbounded connected component of
T has 1 boundary point and 7" has at most 2 — N,, boundary points, the maximal number
of connected components of 7" is bounded from above by the objective function value of the
following linear program:

max Ny + Ny, subject to
2N, + N, < (2No1 + 1) + (2 — Ny,
N, <2,
Ny, N, > 0.

It is easily seen that the maximal value of the objective function is Ny + 1.

In a similar manner we establish the assertion if T is a closed interval with int(f) # 0, by
considering bd(T). O

Lemma 5.3.17 Let T' C R be a closed interval with int(T") # 0 and let the point-to-
set mapping T' @ T' — P(R) be given by T'(t') = [L(¢),T(t")] with T',T € PLYT') and
L) <T() for all ' € T'. Let T C R be a closed interval or a point and let = : RZ — R
denote the orthogonal projection to the first coordinate axis. If U, T satisfy (84), then the
set T =n({(t',2') € graph(T) : ' + 2’ € T}) consists of at most one connected component.

Proof Let © = {(t,2/) € graph(D) : ¢/ + 2/ € T} and let (), 2}), (t,2}) € © be arbitrary
but fixed. We now show that there exists a continuous curve from (¢}, z}) to (¢, x5) which
is contained in ©. Without loss of generality we assume that ¢| + 2 <t + 2, and define
the curve v : T/ — R? by 71(s) = (¢} + s,2] — s). Let s; € Rj be maximal such that
th+s1 < thand y1(s) > L(t)+s) for all s € [0, 51]. Next, we define vo : (s1,00) — R2, y(s) =
(th+s,L(t|+5s)), denote sy = th—1t}, define v3 : [s2,00) — R?, 3(s) = (th, [(t] +52)+5—52)
and set s3 = 2, — L'(#] + s2) + s2. Since t' — T'(t') satisfies (B2) and s — (¢] + s) + (2} — 5)
is constant, v1(s) € © for all s € [0,s1]. Since ¢’ — L(t) satisfies (Bd), y2(s) € O for all

s € (s1,s2). Finally, since v3(s2),v3(s3) € I'(t) and sg+73(s2), s3+73(s3) € T, there holds
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5.3. Piecewise Linearity

t/

Figure 5.4.: The curve v in (B227).

v3(s) € O for all s € [s2, s3]. Now, since I is continuous, the curve v : [0, s3] — é,
’71(8)7 0 S S S S1
Y(s) =19 72(s), s1<s5<s2 (5.47)
73(8)7 52 S S S 53
is a continuous curve which connects (¢}, z}) and (t5, z5), see also Figure 64. O

Before applying the above methodology to the time-dependent optimal path problem we
prove the following recursion formulas.

Lemma 5.3.18 (i) Let a,b € N with b < 2 < a, then a**' > aF 4 ba*~1.
(ii) Let ag,c,d,e € N, b € R{ and a, € N be defined by

2
an = c(an_1 +b+ ed"ﬂ) , Vn € N.

Then
an = (9(02"_1(% +b+ ed)Qn), Vn € N.
(iii) Let agp,co,c1,c € N and a,, € N be defined by
an = c1(an—1 + ¢) + co, Vn € N.
Then
n—1

an = cf(ap+¢) + Zc’f(c—i— co) +co, YneN.
k=1

Proof (i) The assertion holds if and only if (a —1/2)? > b+ 1/4. This is true if b < 2 < a.
(ii) We first compute

a1 = clag + b+ ed’)? = (’)(021*1(@0 +b+ ed)21).
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Hence, the assertion is true for n = 1. Now assume that the assertion holds for a,,. Then
ns1 =0 <c<62n_1(ao +b+ed)?® +b+ ed”>2>
=0 <02n+11(a0 +b+ ed)THrl + c(b+ ed™)? 4+ 2¢*" (ag + b+ ed)?" (b + ed"))
= (9<02"+1_1(a0 +b+ ed)an)

since 2™ > 2n for all n € N.

(i4i) Obviously, the assertion is correct for n = 1. Suppose that the assertion holds for
k=1,...,n. Then

n—1

api1 = C (c’f(ao +c)+ Z c
k=1

’f(c+co)+c0+c) + o

=" ag + e —i—chH (c+co) + creo + cie+ o

= ag + ) + Zc’f(c+ co) + ¢o.
k=1

5.3.2. Complexity Analysis of the Piecewise Linear Optimal Path
Problem

After having introduced an appropriate concept of piecewise linear functions and an appro-
priate concept of the complexity of piecewise linear functions, we have proved some basic
results on the summation, concatenation, pointwise minimum and parametric minimization
of piecewise linear functions. We are now ready to apply the methodology of Subsection
B3 to the time-dependent optimal path problem.

At this, we assume that the partial functions 7. : R — Ry, 7.(t) = 7(e,t), and B, : R — R,
Be(t) = B(e,t) are in PLL(R) for each e € E with an identical decomposition of R according
to the discussion preliminary to Definition b=373. Moreover, we assume that 7'(v) is a closed
interval for all v € V. We further assume that AT (v,t) = [AT (v,t), AT (v,t)] for all (v,t) €
X, at which the partial functions t — AT, (t) = AT(v,t) and ¢t — AT, (t) = AT (v,t) are
in PL. (T(v)) for all v € V. For each v € V', we denote the graph of the partial point-to-set
mapping ¢t — AT (v,t) by ©,. Finally, we assume that, for each v € V', the partial functions
5y : Oy = R, §,(t, At) = 6(v,t, At), are in PL2(O,).

Since 7,3 are derived from historical traffic data [&1], [T19], see also Section P=3, which
is usually stored according to a certain fixed discretization in the digital map, the above
assumptions on {7 }eck, {fe }ecE are no restriction in most practical applications, see, e.g.,
[T71], [75] and the references therein. Since waiting time constraints in the road network
are usually given by earliest and latest departure times with respect to a given arrival time,
neither the assumption on the structure of AT is a restriction in this particular application.
Furthermore, the results which we prove below can easily be generalized to the general case
by using Lemma b330, Lemma b3TH, Lemma b=3T2 and Lemma B3T3,
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In the remainder of this section, we always assume the above continuous and piecewise
linear structure of the partial network functions. We also assume that there exists a C' € N,
C > 2, such that

#7. < (0,0~ 1,0), #e < (0,C-1,C),  VeeE,  (548)
#MU S (]‘707 C)? #HU S (]‘707 C)? V’U e V-? (5'49)
#5, < (1,0,C,C,C,C,0), YoeV.  (5.50)

Note that, if C' = 1, then the partial network functions {7 }ccr, {Be}eer would be constant.
The above assumptions on the (finite) complexity are no restriction in the case of a compact
state space X. However, if X is unbounded, they imply that there exist ¢, € R such that
all partial functions are linear for ¢ € (—oo,t] and ¢ € [t,00). Such an assumption has also
been imposed in [@7] in order to prove that the time-dependent optimal path problem is
solvable in finite time. We will show in Corollary 623 that, under weak assumptions, it is
sufficient to consider only a compact time interval in order to compute the optimal value
function in a periodical time-dependent network.

We now prove that the time-dependent optimal path problem with piecewise linear prob-
lem data is solvable in finite time. We also derive the order of the number of arithmetic
operations which are necessary in order to compute the partial function ¢ty — b* (v, o).
The results in Theorem BZ321 imply that both the manner in which the waiting times are
constrained, the specific form of the waiting cost function and the FIFO-property of the
travel time function have a crucial impact on the complexity of the computation of the
optimal value function.

Lemma 5.3.19 Let vg,v' € V be given and suppose that Assumption F-.2.3 holds. Let
(e1,...,en) € E™ be a connected edge sequence with a(er) = vy and w(e,) =v', let

j:0 = {tO € T(UO) s du = ((Atk’ek))kzl,...,n € U(Uo,to)},
Npa = |bd(T(v'))| and let b Ty — R,

b (to) = inf {B((vo,to),u) tu= ((Atgen)),_, ., € U(vo,to)}

denote the optimal cost function along the edge sequence (eq,...,e,). Then 58 € PE(IZ(TVO)
and, denoting #bj, = (N&O, N&l, NY), we obtain:

(i) There holds N§ o < C*", and Ng,,N{ are of order
3-2" -3 2 2z
(9(0' _<Nbd—|—2+0> )

Moreover, by can be computed in

O <C’9'2n_1_5 (Nbd + 24+ 02)3.2711)

arithmetic operations.
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(it) If X =V xR, then N§, =0, and N§,, Ny are of order

O <C3-2"—322"> )
Moreover, 56 can be computed in
O <Cg-2n—1523-2“—1>

arithmetic operations.

(iii) If G is a FIFO-network and the functions AT,, AT, satisfy (84) for each v € V,
then N&O <1, and Ng}l,N{) are of order

(9<02"—1(Nbd n 10)2n>.

Moreover, by can be computed in

o) <C3.2n—1—2 (Nbd + 10>3.2n1>

arithmetic operations.

(iv) If G is a FIFO-network, the functions AT, , AT, are constant for each v € V and &,
1s linear for each v € V, then N&O <1, and Ng}l, NY are of order

O((6C)"(Nba + C)).
Moreover, 56 can be computed in
O(n(6C)" ! (Npq + C)log(Npq + C))
arithmetic operations.

(v) If G is a FIFO-network, AT (v,t) = {0} and 6(v,t,0) = 0 for each (v,t) € X, then
N(()),o <1, and Ng,l,N? are of order

(’)(C’n + Nbd) .
Moreowver, g{") can be computed in
(’)((C’n2 + nNpq) log(C))

arithmetic operations.

Proof Denote vy = w(eg), k =1,...,n, and E’k,fk as in (£3), (B4), k = 0,...,n— 1. Since
the result of Lemma B39 is trivial if Ty = (), we assume in the following that T}, # ) for
all k = 0,...,n. Next, we denote O, B : R = R, 0x(t) =t + 7(exr1,t), Br(t) = Blext1,t),
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8k Oup — R, 64 (t, At) = 6(vg, t, At). Ast— AT (vg,t) and t — AT (vy, t) are PLE(T (vk))-
functions, Lemma B3T3 yields that ka is a continuous point-to-set mapping and that
graph(ATY},) is the finite union of closed polygons, closed line segments and points for each
k=0,...,n — 1. This also implies that fk is the finite union of closed intervals and points
for each k =0, . n—l

Next, we denote b* : T, - R, b*( ) = 0. Since T}, = T(vn) is a closed interval, we either have
#b% = (1,0,0) or #b* (0, Npg, 1). Moreover, for k =0,...,n — 1, we denote b* T, — R,

bi(t) = inf  by(t, A),
Ate AT ()

where by, : graph(ﬁk) — R,
b (t, At) = Br(t + At) + b (0t + AL)) + G (t, At).

Furthermore, we define the auxiliary functions hy : QEI(TV;CH) — R, hi(t) = Br(t) +
EZ+1 (Gk(t)), k =0,...,n—1. By backwards induction, we immediately obtain from [65, Theo-
rem 2.2.8], Lemma 53313 and Lemma 53312 that bf € PLL(T}) with #bf = (N§ o, N§,, NF)
for some N007 Né“l,N € Np, and that hy, b, are continuous. We denote N0 = N0 ot No 1
for kK =0,...,n, and we denote the number of connected components of Tk by Nk

Let us con81der the assertion (7): N

Since #0, = #7¢,,,, using Lemma B3 (iii), we deduce that 0, ' (Tk+1) consists of at
most Cj\vfk+1 connected components. Now, Lemma B38 (i) and (v) yield that hy €
PLL(0, YTy T)) with #hy = (NéL’B,Ng’j,N *), satisfying N&’j < C'N(]{'fl + C. As h is con-
tinuous and 6, (Tk+1) consists of at most Cﬁk+1 connected components we also have
NéLO < C'Njp41. Moreover, as in the proof of Lemma B30 (iv), we see that Ng“f) + N&’i <
CN(’iJ{l + C. Using Lemma 5313, we obtain that b, € PL? (graph(ATk)) with #b, =
(NGt NG, Jok, 1ok, NY*, J7*, ITF), satisfying

N < C+ C(CNTH +0),
N < ¢+ C(CNF + ),
JIE <20 + CNEH

Now, Lemma bB=3T2 yields

NE S CHCCNET +0)+ [C+CONE +0)] - 2c+ ONEF =) (551)

Since 0, (T k+1) consists of at most CNkH connected Components Lemma B=XTA yields

Nk < C Nk+1 By induction, since Nn = 1, we obtain that Nk. < (C?*)n- k. Now, the
continuity of b; immediately yields NO,O < Ny = O((CQ)” k) According to Lemma b33
it is sufficient to consider the recursion of the N(lil, k =0,...,n, in order to establish the
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assertion (i). From (E31), using No 't < N&H + Nj41 and C > 2, we obtain
2
N(lil <3 <Né‘ff1 Loy CQn—2k—2> '
From Lemma B3R (ii) we obtain
k 3.2n—k_3 2\
NOJ:O(C' - (Nbd+2+c) > (5.52)
From the estimates for the necessary numbers of arithmetic operations in Lemma bB=38,

Lemma b3T2 and Lemma B3T3 it is easily seen that the dominating order is given by
O(Nb’“(J ) ) Hence, bn 1 can be computed from bn, Bn-1,Tn—1,0n_1 in O(C*) arithmetic

operations, since Npq = O(1). Using (6552), we further obtain that bk can be computed
from by, Bk, Tk, Ox in

ke 3,2n7k71
O (09'2 k-5 (Nbd ro4 02) )

arithmetic operations for k = 0, ...,n — 2. Using Lemma B3R (i), we establish that
4 = 9.2n—k=1_5 2\ 32
(’)(C)+Z(’)(C' *(Nbd+2+c) )
k=0

—0 <C9'2"1—5 (Nbd 124 (12)3'2%1).

Let us now consider the assertion (i4): N
From Lemma B2 it follows that T}, = R for all £ = 0,...,n. As hy, by, b are continuous,
there hold Nélf) = Ngff) = Jg’“ = Nolfo = 0. Using Lemma B3T3, we obtain that

Ngi < C+C(ONET +0),
N < C+C(ONE +0),
Jik <20+ CN§T,

Now, Lemma b=3T7 yields
NE < C+CONET +0) + [C +C(CNEF + C)] . [20 +ONI 1], (5.53)

According to Lemma B33 it is sufficient to consider the recursion of the N(’i L, k=0,..,n
in order to establish the assertion (i7). Since C' > 2 we obtain from (B53) that

2
Ny < O (N +2)
Using Lemma BZ3IR (i) we establish, since Npq = 0,

Nb =0 <C3'2"'“—322”>. (5.54)
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From the estimates for the necessary numbers of arithmetic operations in Lemma B30,
Lemma bZ3T2 and Lemma B3T3 it is easily seen that the dominating order is given by
(’)(Nf’“(Jf’“)z). Hence, 52_1 can be computed from E;, Bn_1,Tn—1,0n_1 in O(C*) arithmetic
operations. Using (6554), we further obtain that gz can be computed from B}; 419 Bk Tk, Ok in

arithmetic operations for k = 0, ...,n — 2. Using Lemma G318 (i), we establish that

n—2
0(04) + Z O <Cg.2nk1—523.2”k1> -0 <C9~2"1—523.2n1> )
k=0

Let us now assume that G is a FIFO-network and that for each v € V' the partial functions
t — AT(v,t), t — AT(v,t) satisfy (8d). (Note, that this assumption holds in the cases
(#i), (iv), (v) of Lemma B3 T9.) Lemma B30 (74i) yields that Hgl(fk+1) consists of at most
as many connected components as ka. Using Lemma B=3T7 and an inductive argument,
we obtain that Nk =1, for all £k = 0,...,n. Now, Lemma 630 (iv) and (v) yield that
he € PLLON(T, )) with #hy, = (Ngg,Ng“;,Nhk), satisfying NJ& < C' + N§T'. As h is

continuous and c9k (Tk+1) consists of at most 1 connected component we also have No,’f) <1
and N(% + N&’i <C+ N(l)“j'l. Using Lemma B=3T3, we obtain that
Ngi < C+C(C+ NEY,
b k
Ny <C+C(C+N§,
b k+1
JiF <2C + Ny,

Let us now consider the assertion (4ii):
Lemma b= yields

N§L < C+C(C+NETY + [C Lo+ N(’;fl)} - [zc + NEF 1] (5.55)

According to Lemma B33 it is sufficient to consider the recursion of the N(’i L E=0,..,n,
in order to establish the assertion (77). Since C' > 2 we obtain from (653) that

7 \2
NE, < C(N(’f{l + 1C) .
Using Lemma BZ3T8 (ii) we establish
% 277,7]{3 1 7 2n7k
NE, = O(C ~(Noa + ZC) ) (5.56)

From the estimates for the necessary numbers of arithmetic operations in Lemma b=38,
Lemma b3T2 and Lemma B3T3 it is easily seen that the dominating order is given by
O(Nb’“ (ka) ) Hence, bn ; can be computed from bn,ﬁn 1, Tn1,0n_1 in O(C*) arithmetic

operations, since Npq = O(1). Using (B5H), we further obtain that b’,; can be computed
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from EZ+1, B, Tk, 0k in
3.9n—k—1_9 7 3.2n—k-1
olc (Nbd n ZC)

arithmetic operations for k = 0,...,n — 2. Using Lemma B3R (i), we establish that

n—1 on—k—1 on—1
o Eho(er o o™ ) ofe 1)

Let us now consider the assertion (iv):
Lemma B=3T4 yields
N§y < 6C(NGT'+C) +6C + 4.
Using Lemma B3R (ii7) we establish
Ny TF = 0((6C)"F(Npa + C)). (5.57)

From the estimates for the necessary numbers of arithmetic operations in Lemma B3,
and Lemma BZ3T4 it is easily seen that the dominating order is given by (D(N& k log(N& ’i))

Hence, 52—1 can be computed from Z;‘l, Brn-1,Tn-1,0p_1 10 (’)((C—i—Nbd) log(C+Nbd)). Using
(657), we further obtain that b;; can be computed from b} |, Bk, T, 0% in

O((n — k)(6C)"* " (Npq + C) log(Npa + C))
arithmetic operations for k = 0,...,n — 2. Integrating > ;_, kg*—' with respect to ¢ and
using the formula for the geometric series [68, p.8], we establish that

n—2
O((C + Noa)10g(C + Npa)) + (Noa + C) log(Npa + C) > O((n — k)(6C)"+1)
k=0
= O(n(6C)" ! (Npa + C) log(Npq + O)).

Finally, we consider the assertion (v):
In this case we obtain b = hy, for each £ = 0,...,n. A simple inductive argument yields

Ny < Npa + (n—k)C = O(C(n — k) + Npa). (5.58)

From the estimates for the necessary numbers of arithmetic operations in Lemma 538
(iv), (v), we obtain that bf can be computed from bf. |, 7, 8 in O((C(n — k) + Npq) log(C))
arithmetic operations. Hence, b can be computed in

n—1

D O((C(n— k) + Npa) log(C)) = O((Cn® + nNpa) log(C))
k=0

arithmetic operations. O

Remark 5.3.20 The estimates of the complexity of the optimal cost function in Lemma
BT are not optimal. Better estimates can be proved by explicitly solving the recursions
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in the proof of Lemma B=Z 1 for the first few steps and by then deriving recursion formulas
with smaller constants. However, since this approach yields the same qualitative (quadratic,
exponential, double-exponential) results, we have restricted ourselves to the estimates in
Lemma BZZT1Q.

Theorem 5.3.21 Let vg,v' € V be given, suppose that Assumption F.2.3 holds and denote
Npg = {bd(T(v’))‘. Suppose further that, for each ty € Tr(vo), there exists an optimal
control sequence u*(to) € U(vo,to) of topological length n(ty) = |u*(to)|, such that

sup n(ty) < N, (5.59)
toETR(vo)
U {(er s enp) € B su(to) = (<Atk7ek>)k:1,...,n<to>}‘ <M,  (5.60)

to€Tr(vo)

for some N,M € N. Then the function b§ : Tr(vo) — R, b§(to) = b*(vo,to), satisfies
by € PCZSC(TR(UO)), and denoting #bf; = (No,0, No,1, N1), there hold:

(i} N07() = O(MC2”) and N071, N1 are Of order
N 2N
@, <M203'2 (Mo +2+C2) ) .
Moreover, by can be computed in

3.2N71

@ (MC9~2N1—5 <Nbd +24 02) + M3C3‘2N—3 <Nbd Loy 02>2N)

arithmetic operations.

(i) If X =V x R, then b§ € PL’C(TR(UO)), Noo =0, and No,1, N1 are of order
o <M203'2N—322N>.
Moreowver, 36 can be computed in
10 (Mcg-zN—1—523-2N—1 + M303~2N—322N>

arithmetic operations.

(iii) If G is a FIFO-network and the functions AT,, AT, satisfy (54) for each v € V,
then Noo = O(M) and No1, N1 are of order

7 N\2Y
O(MQCQN_l (Nbd—l-ZC) >
Moreover, by can be computed in

0 <MC’3'2N1_2 (Mo + ZC)MN_I + M3 (Nog + Zo) 2N)
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arithmetic operations.

(iv) If G is a FIFO-network, the functions AT,, AT, are constant for each v € V and 6,
is linear for each v € V, then Noog = O(M) and No 1, N1 are of order

O(M?(6C)N (Npa + C)).
Moreover, b can be computed in
O(MN(6C)N " (Npq + ) log(Npa + C) + M3(6C)N (Npa + C))
arithmetic operations.

(v) If G is a FIFO-network, AT (v,t) = {0} and §(v,t,0) = 0 for each (v,t) € X, then
No,o = O(M) and Ny1, Ny are of order

O(M?*(CN + Npa)).
Moreover, by can be computed in
O(M(CN? + NNpa) log(C) + M?(CN + Npa))
arithmetic operations.

Proof We separately consider all connected edge sequences (eq, ...,e,) € E™, n € N, with
ale1) = vy, w(ey) = v'. The complexity of the optimal cost function along each such edge
sequence is given by Lemma b3 Td. b is the pointwise minimum of all such restricted
optimal cost functions. The isolated points in the decomposition of Tr(vg) with respect to
by are contained in the union of the isolated points of the restricted optimal cost functions
along the edge sequence. This yields the result for Ny . On each maximal open interval on
which all restricted optimal value functions are linear, the maximal number of breakpoints
of bjy is M according to Lemma b5=374. From this observation, we obtain the asserted order
of No,1, Ni. Note that, if X =V x R, then Npq = 0 since T'(v') = R contains no boundary
points. Moreover, since Lemma Bh™ implies that each node v is reachable at any time
along any edge sequence from vy via v to v/, the continuity of the optimal value functions
along the edge sequences from vy to v yields Ny = 0.

In order to compute by for each isolated point of (TR(U()), bg), we must compute the minimum
of at most M numbers (i.e., we need O(M) arithmetic operations). Moreover, in order to
compute bj on each maximal open interval on which all restricted optimal cost functions
are linear, we need O(M?) arithmetic operations according to Lemma 5237, Summing this
to the number of arithmetic operations which are necessary in order to compute the M
restricted optimal cost functions, we obtain the desired result for the necessary number of
arithmetic operations. O

Remark 5.3.22 Theorem BT Z1 shows that the complexity of the time-dependent optimal
path problem can be determined by the complexity of the network functions in the considered
time interval. Decreasing the number of breakpoints of 1,3, and using linear waiting cost
functions § lead to a significant decrease in the complexity of the time-dependent optimal
path problem. Both efficient and optimal methods are known in the literature, which yield a
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piecewise linear approximation of the original historical traffic data within a given accuracy
or by using a given number of linear segments, see, e.q., [I71], [73] and the references
therein.

Remark 5.3.23 The complexity bound in Theorem B=ZZ1 (iv) is only pseudo-polynomial.
Recall that we have established an upper bound on the maximal topological length N of
optimal paths in Lemma BT9. However, as can be seen from Theorem [7.3.3, the number
M of edge sequences from vg to v' which have to be considered when computing the optimal
value function is not polynomial in the network size.

Remark 5.3.24 The estimates of the number of arithmetic operations in Theorem B=3Z1
require that the partial optimal value functions t — b*(v,t) are only computed for nodes
v € V which are contained in an optimal path. However, these nodes are possibly considered
more than once in the estimates in Theorem B2 ZA. In particular, if k edge sequences which
are traversed by optimal paths pass through some v € V', then the complexity of computing
t — b*(v,t) is counted k times.

5.4. Periodical Time-Dependent Networks

Definition 5.4.1 We call a time-dependent network G = (V, E, 1;3,0) periodical with pe-
riod t, € RT, if

T(e,t) = 7(e, t +tp), Vee E,t € R, (5.61)
Ble, t) = Ble,t +tp), Vee E,t € R, (5.62)
S(v,t, At) = 5(v, t +tp, At), Yo eV,teR At e R]. (5.63)

We call the arrival time constraints T and the waiting time constraints AT periodical with
period t, € R, if for allv € V' there hold

teT(v) <=t+t, € T(v), (5.64)
At € AT (v,t) <= At € AT (v,t + tp), vVt € T(v). (5.65)

Theorem 5.4.2 Let Assumptions f.2-3 hold and let a source node vg € V and a goal node
v/ € V be given. If G, T and AT are periodical with period t, € RT, then the partial
function to — b*(vg, ty) is periodical with period t,.

Proof We first prove that U(vg,t9) = U(vo,to + tp) for each tg € T'(vg). Let to € T'(vo)
be arbitrary but fixed. According to (AB4) there holds (vo,to + tp) € X. Let u =
((Atk’ek))kzl,...,n € U(vo,tp), n € N, and denote u; = ((Atk’ek))kzl,...,i fori=1,...,n.
Clearly u; € U(vo, to) for all i = 1,...,n. We now show by induction that u; € U(vo, to+tp)
for all i =1,...,n and that

((Uk’tk))k:() i = @((Uo,to),ﬂi) - ((Uk,tk + tp))k:o,...,i = @((Uo,to + tp),ﬂi). (5.66)

5

According to (563) there holds Aty € AT (vg,to +t,). Using (550), we obtain

(to + Atl) +T(€1,t0 + Atl) +ip = (to +ip + Atl) + T(el,to +ip + Atl),
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5. Properties of the Optimal Value Function

which implies that (vi,t1 +tp) = ¢((vo,t0), u1) € X, cf. (654). The inductive step and the
converse inclusion follow analogously.

It remains to prove that B((vo, to), u) = B((vo, to+1tp), u) This follows directly from (668),
(6062) and (EB3I). O

Corollary 5.4.3 Let Assumption [.2.3 hold, suppose that 3,6 are bounded on compact
subsets of their respective domain and let a source node vg € V and a goal node v' € V' be
given. Suppose further that there exists a N € N such that, for each tg € T'(vg), there exists
a control sequence u € U(vo, to) with w(u) = v and |u| < N. If G, T and AT are periodical
with period t, € RY, then there exists a t € R such that the partial function b*(vo,to) can
be computed for all ty € T(vy) by considering the compact subset X N (V x [0,1]) of X.

Proof Since ty — b*(vo, o) is periodical with period ¢, according to Theorem B2, it is
sufficient to compute b*(vg,tg) for all ¢y € [0,¢,] N T(vg). As [0,tp] is compact, E is a
finite set and 7 is continuous and periodical with period ¢, there exists a 7 € Rg , such
that 7(e,t) < 7 for all e € E, t € R. Since AT is upper semicontinuous, AT is uniformly
compact. Moreover, as V' is finite, [0, %] is compact and AT is periodical with period tp,
there exist AT, AT € R{ such that AT(z) C [AT,AT] for all z € X. Furthermore,
as 3,0 are periodical with period ¢, and bounded on compact subsets of their respective
domain, [0,%,] and [0,t,] x [AT, AT | are compact and V, E are finite, there exist 3,6 € R
such that B(e,t) < B for all e € E, t € R and §(v,t,At) < 6 for all (v,t) € V x R,
At € AT (v,t) C [AT,AT].

Since for each ¢y € T'(vg) there exists a control sequence u € U(v,ty) with w(u) = v" and
lu| < N, we obtain that b*(vg,t9) < N(B +6) for all tq € T(vg). Now, (E=2) implies that,
for each ty € T'(vg), each optimal control sequence u* € U(vg, to) satisfies

N@B+d)—(VI-1)B

1< V-1
< V] -1+ &

V1.

Furthermore, if u € U(vg, o), then T ((vo, to),u) < |u|(7 + AT). Consequently, the partial
function b*(vg,tp) can be computed for all ¢y € T'(vg) by considering the compact subset
XN (V x[0,t]) of X, whereat

N@B+6)—(VI-1)
ﬁo

- B —
t:tp+(W1—1+ |V0(T+AT)

O

Remark 5.4.4 Clearly, if T'(v) is as in Theorem B3 (i) or (i), then there exists a simple
admissible path from each vy € V' to each v' € V', and we may set N = |V|—1 in Corollary

B.4.3.
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6. A Problem Formulation for Robust
Optimal Paths

In this chapter we consider the time-dependent optimal path problem under the assump-
tion that neither the travel times nor the travel costs are precisely known. We provide a
framework for the formulation of the time-dependent robust optimal path problem and give
some basic results for the optimization with respect to the absolute robustness criterion.
At this, we only consider the (robust) forward optimal path problem.

After reviewing some of the literature in the field of optimal path problems with uncer-
tainty in Section B, we introduce the model on which our further analysis is based in
Section B2. We also introduce a generalization of the concept of interval data in Section
62 (namely the DP-property, cf. Definition E2271) and show that the (time-independent)
absolute robust optimal path problem is polynomially solvable if the set of possible scenar-
ios satisfies the DP-property. Again by using the DP-property we prove the existence of
optimal paths in Section G33. In Section B4, we impose some additional assumptions on
the time-dependent network and prove the continuity of the optimal value function. More-
over, assuming that the scenario set is independent (cf. Definition 6224), we show that the
optimal value function is piecewise analytic in the sense of Definition B223 if the network
functions are piecewise analytic in the sense of Definition bB22Z1. Under similar assumptions
we provide a complexity analysis for the case in which all network functions are piecewise
linear.

6.1. Literature Overview

There are two principal methods which have been proposed over the years to deal with
data uncertainty in optimization and optimal control problems: Stochastic programming
[T4R] (resp. stochastic optimal control [I75]) and robust optimization [I17], [24] (resp. ro-
bust optimal control [I78]). The most common manner in which model uncertainties are
incorporated into network models, especially in the field of (time-dependent) transporta-
tion networks, is the notion of stochastic (time-dependent) networks. In [I34] and [T23], a
time-independent network was assumed in which the cost values on the edges are random
variables with continuous distribution functions. While the computation of the path mini-
mizing the expected cost was the objective in [I34], the more general framework of utility
functions was considered in [123]. In [I51], [I39] and [104] the cost values on the edges were
modeled as Markov chains. The application under consideration in [I04] was, similar to our
motivation in Chapter B, the road network. In [I28], [73] and [I27], a discrete-time time-
dependent stochastic network was considered in which the path with least expected travel
time should be determined. Motivated by the fact that after certain realizations of the travel
times on the first edges of the path it might by optimal to choose another path than the one
determined a priori, an optimal policy (which is referred to as a set of hyperpaths in [I28])
rather than an optimal path was computed. In the language of mathematical control theory
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6. Robust Optimal Paths

[T59], [59], [8R], an optimal path corresponds to an optimal open-loop control, whereat an
optimal policy (resp., set of hyperpaths) corresponds to an optimal feedback control. It is
well-known that the cost function associated with the feedback control outvalues the cost
function associated with the open-loop control [ThY], [69], [R¥], [25, Appendix G|. In these
papers [I28], [73] and [T27], it was assumed that all probability distributions are stationary
except for some finite time interval, and in [73], [I27], it was additionally assumed that
all travel times are deterministic except for some finite time interval. Similar assumptions
were imposed in [I71], [72], which also provide a brief overview of the problem variants in
discrete-time stochastic time-dependent networks.

In [T67], the continuous-time time-dependent stochastic fastest path problem was consid-
ered. The objective of the optimization in this work was not the minimization of the least
expected travel time of a path, but the determination of the set of pareto-optimal paths. At
this, a path p* is called pareto-optimal if there exists no other path p whose cost function
stochastically dominates the cost function of p*, cp. [25, Section 2.3.4, Appendix GJ. A gen-
eralization of the FIFO-property to stochastic time-dependent networks, namely stochastic
consistency, was then formulated and used to construct an optimal pruning criterion for
the search algorithm presented in the paper [[67]. At this, the stochastic time-dependent
network is said to be stochastically consistent if, for each e € E and all ¢,¢' € R, there holds

>t = P{t'+71(e,t)) <c} <P{t+7(e,t) <c}, Ve>0. (6.1)

Note that Lemma 2472 implies that a time-dependent stochastic road network in which the
travel times are derived from a physical model of the traffic flow is stochastically consistent.
A stochastic time-dependent network with a continuous time variable and the computation
of paths which minimize the expected travel time were considered in [[70]. In this paper,
the expected arrival times along a path [70, Eq. (14)] were recursively approximated by
first- and second-order approximations in time of the first two moments of the probability
distributions of the arrival times. Clearly, this approach may lead to an accumulation of
errors and may therefore result in the computation of a suboptimal solution. However, in
many applications the distribution of the travel times and costs is not completely known,
cf. [70], [@1], [19], [043], [T73], [65], and the recursion of the probability distributions
is a nontrivial task. Both aspects impede and may even inhibit the consideration of the
(continuous-time) time-dependent optimal path problem in a stochastic framework. In order
to illustrate the complication that occurs in the recursion of the probability distributions,
let us consider the recursion of the travel times. In the time-independent case, the travel
time along a path is given by the sum of the travel times on the edges. Consequently,
if each edge travel time is, e.g., normally distributed, then the travel time of the path is
normally distributed and its expected value and variance can easily determined from the
expected values and variances of the edge travel times. However, in the time-dependent
case, the situation is more intricate: Suppose that the arrival time 6 at some node v € V
is a random variable with continuous probability density function fy, and suppose that the
travel time at time ¢ along an edge e € E emanating from v, 7(e,t), is a random variable
with continuous probability density function f.r(-, (e,t)) for each t € R, at which (e,t) is
considered as a parameter of f;. Note that 7(e,-) is a stochastic process and let us assume
that each realization of {r (e, t)}teR is continuous in t. We denote by ¢ = 6 + 7(e, ) the

arrival time at w(e) which is a random variable depending on ¢ and {7(e,?)} reg- 10 and
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{T(e, t)} 1R are stochastically independent, then
P{0 <t} =P{0+7(e,0) <t} = / fo(s)P{s+7(e,s) < t}ds
R

= [ 2 [ i tessasas

which implies that the probability density function fy of 8" is given by (cp. [I16, p.274,
Differentiationssatz))

Fo(t) = %IP’{@’ <t - % /R fols) /_ " fo (o0 (e, 8))do ds
:/ng(s)fT(t—s,(e,s))ds.

The dependence of the parameter (e,s) of f; on the integration variable s in the above
integral is the reason why the recursion of the probability distributions is a nontrivial task.
Closed solutions can only be obtained in very few special cases. Hence the approximation
of the first two moments of the probability distributions is not only founded in the lack of
a precise description of these distributions, but also in the difficulties that occur in their
recursion.

In order to develop a computationally efficient method for solving the time-dependent op-
timal path problem subject to uncertainty, which does not require a precise stochastic
description of all uncertainties in the network, we will assume that we are given a range
of values which the travel times and travel costs can assume. This leads to the notion of
minmax optimization.

The two most common approaches for formulating the uncertainty in robust optimization
are the concept of scenarios and the concept of interval data. A discrete set of possible
realizations of the problem data is commonly considered in the first case. In the second
case the uncertainty is captured by certain interval ranges in which the realizations of the
problem data are known to be contained. It has been shown in [I5], that there are combina-
torial optimization problems which are NP-hard in the case of a finite set of scenarios, but
which are polynomially solvable in the case of the interval representation of the uncertainty,
thereby justifying a differentiation of both models. We will see below how the concept of
interval data can be formulated as a special case of the concept of scenarios and we will
propose a generalization of the former approach in Definition B2, which we believe to be
more meaningful, cp. Corollary B223.

There are also two (most common; for other definitions of the objective function see, e.g.,
[[52] and the references therein) manners in which the objective function is formulated
in the literature [T17]: In the absolute robustness criterion (minmax optimization), the
objective consists of the determination of a solution which, among all possible solutions,
leads to the best worst-case performance. In the robust deviation criterion (minmax regret
optimization), the objective consists of the determination of a solution which, among all
possible solutions and maximizing over all scenarios, leads to the minimum deviation of the
objective function value from the optimal objective function value of the particular scenario.
The first criterion is also commonly used in the field of optimal control [I66], [25, Chapter
1.6], although it generally leads to more conservative solutions [99].

121



6. Robust Optimal Paths

Most results on the robust optimal path problem are formulated for the time-independent
case. The absolute robust optimal path problem with scenario data is NP-hard [[17], [I76],
whereat the absolute robust optimal path problem with interval data is solvable in polyno-
mial time 28], [99]. The relative robust optimal path problem (i.e., the determination of
the optimal path with respect to the robust deviation criterion) is NP-hard both for sce-
nario data [I17], [I76] and for interval data [I'79], [I6]. It has also been shown that, given
a finite set of scenarios, the absolute and the relative robust optimal path problem are
fully polynomial-time approximable if the number of possible scenarios is constant, whereat
non-approximability results have been proved for both problems if the number of possible
scenarios is not constant [I2]. A number of algorithms have been developed in order to
solve the different variants of the problem [I76], [28], [99], [T00], [T30], [I37], and in [68] the
robust optimal path problem has been considered in a time-dependent road network in the
context of vehicle routing.

6.2. Problem formulation

Let us assume for the remainder of this chapter that the travel time and travel cost functions
7,8,0 depend on the state of the network w, which is known to assume values in a set W
of possible states of the network, i.e.,

T ExRxW = R{, (6.2)
B:EXRxW =R,
§:VXRXRy xW —R.

Let us further assume that the set of possible states of the network is subject to certain
restrictions which depend on the state of and the control action applied by a commodity
traveling in the network. This model accounts for both a time-dependent evolution of the
network and an impact the commodity exerts on the set of possible states of the network.
Note that the history of the commodity (i.e., the manner in which a particular state has
been reached) is not taken into account and only the current state and control action are
supposed to have an impact on the state of the network. Given a state x and a control
action u, we denote by Q(z, u) the restricted set of states of the network, i.e.,

Q: |J  {{wn)} < {Rf x EX(0)}} = POIV)\ 0. (6.5)

(v,t)eV xR

Note that we may just as well interpret Q(x,u) as the influences of the possible network
states on those cost and transition functions which are affected by the application of the
control w in the state x. Let

W = {w:dom(Q) - W| w(z,u) € Qz,u) Y(z,u)€ dom(Q)}. (6.6)

W is the set of possible scenarios for the time-dependent optimal path problem and each
w € W is a possible scenario.

It would be possible to assume that not only the travel time and cost but also the goal
node resulting from a particular control action are uncertain. In this case, we would have
to replace the edges in the graph by hyperedges, which would result in a (time-dependent
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and uncertain) hypergraph. The approach of determining an optimal path in a hypergraph
has been chosen in [[77] in order to solve the space-discretized version of a time-independent
perturbed optimal control problem. We conjecture that the results presented in the following
can be generalized to this setting. However, since we are especially interested in the time-
dependent road network in which the travel times and travel costs may be uncertain but
the topology of the road network is fixed, we leave this generalization as a topic for future
research.

In a similar manner as in Chapter B we introduce the functions ¢, ®,B,7,b*. The state
transition resulting from the application of a control action (At,e) in the state (v,t) of the
commodity traveling in the network, given the state w € W of the network, is specified by
the control-to-state mapping

©: U {@ o} x{Rf x EY(u)}} | xW =V xR,
(v,t)eV xR

o((v,1), (At e),w) = (w(e),t + At + 7(e, t + At,w)).

Given arrival time constraints 7', waiting time constraints AT and a restriction of the set
of possible network states 2, we define the state space X as in (82). A control action u is
called admissible for a given state x = (v,t) € X, if p(x,u,w) € X for all network states
w € Qz,u).

Let 9 = (vo,t9) € X and u = ((Atkvek))k:m__. denote a sequence of controls which
satisfies a(egr1) = w(ex) for all k = 1,2, .... Given a scenario W € W, the path p =
O (0, u, W) = ()k=0,1,... produced by the application of u in z( is determined by

T = @(wk_l,uk,w(xk_l,uk)), k= 1,2,.... (67)

The control sequence w is called admissible for the given state x if, for each w € W, z, € X
for all K =0,1,.... We denote the set of control sequences which are admissible for zy € X
by U(zo). In a similar manner as in Chapter B, we denote

Jul

B(xo,u,w) = Z [5(%71,%717 At W(wp—1,u)) + (e, te—1 + Atg, W(@p—1, uk))}y
=1
|ul

T (w0, u,w) = Z [Atk + 7 (e, tp—1 + Aty W(xk—huk))}v
k=1

where zg € X, u = ((Atk,ek))kzl , € U(zo) is an admissible control sequence, w € W

is a network scenario and p = ®(zg, u, w) = ((vk,tk)) . Finally, given a destination

E=0,1,...
node v’ € V', we define the optimal value function b* of the forward time-dependent absolute
robust optimal path problem according to:

b*(x) = inf sup B(x,u,w). (6.8)
u%(g(_f)/ wew

We have so far modeled the uncertainty in the time-dependent network by a very general
formulation using scenario data. However, the analysis in the following sections of this
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chapter will be based on a more restricted model which is a generalization of the concept
of modeling the uncertainty by interval data. In the following, we suppose that the com-
modity which travels in the network does not know which scenario the network is in and
in which manner the scenarios depend on the state of and the control action applied by
the commodity. This is similar to assuming that the set of possible scenarios has a specific
structure which is defined as follows:

Definition 6.2.1 Let (V,E,7;3,9) be a time-dependent network in which the functions
7,8,d depend on some internal network state according to (63)-(6=4). Let W denote the
set of possible scenarios of the time-dependent network according to (GZ) and (G3).

The set of possible scenarios W has the DP-property, if for each finite collection of (xn, uy) =
((vn,tn), (Atn,en)) € dom(2), n = 1,..,N, N € N, with (T, um) # (Tn,u,) for m,n €
{1,..., N}, m # n and each collection of W, € W, n=1,...,N, there exists a w € W such
that

T(e’mtn + Atna W(xnv u?’b)) = T(e’VL; tn + At?’b? Wn(xna un))7 n = 17 E] N7
5(en7tn + Atnyw(xnaun)) = 5(en;tn + Atnywn<$n7un))a n=1,..,N,
(5(vn,tn, Atn,w(xn,un)) = 5(Un,tn, At,, Wn(xn,un)), n=1,...,N.

If the set of possible scenarios has the DP-property, then it is not possible to infer from
certain realizations of the network functions 7, 3,0 for a finite collection of distinct state-
control pairs {(@n, un)}n=1,..~n, N € N, to the realization of the network functions 7, 3,
for any other state-control pair (x,u). Whether this property originates from the set of
possible scenarios or from the lack of knowledge of the commodity which travels in the
network is arbitrary for the following considerations. However, assuming that the set of
possible scenarios has the DP-property has a strong impact on the applicability of the
principle of dynamic programming and on the computational complexity of solving the
(time-independent) absolute robust optimal path problem, cf. Corollary E2Z3. The key
argument, on which the derivation of the dynamic programming equations for the time-
dependent absolute robust path problem is based, is the following:

Lemma 6.2.2 Suppose that the set of possible scenarios VW has the DP-property and that
there exists a T° € R, T° > 0, such that

T((v,t),u,w) >T°, VYueU(v,t) with w(u) = a(u),Yw € W. (6.9)

If 29 = (vo,to) € X and u = ((Aty,ex)) ,, € U(zo), then

k:17"'7

|ul

sup B(xg,u,w) = sup  --- sup Z By (xg—1, ug, wi), (6.10)
wew leQ(IOaul) wneﬂ(xn—lyun) k=1
where
Tk = (vkatk‘) = gp(l‘k—hukawk)v k= 1, ey n,

Bi(xh—1, up, wi) = 0(vk—1, tp—1, Aty wi) + B(er, tho1 + Aty wi),  k=1,...,n.

Proof We prove the assertion by induction on the length n of the control sequence wu.
Clearly, (610) holds for n = 1. Now, suppose that (6I0) holds for all states z € X and all
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control sequences u € U(x) of length at most n — 1. Let g € X and u = (“k)k:1 . €
U(zp). Then
sup B(zg,u,w) = sup sup [31($0,U17w1) + B((z0, w1, wr), ugin, W)}

wew wleﬂ(acg,ul) WEW:
W(:Eo,u1):w1

= Sup |:B]_(CL'0,U]_,U)]_) + Sup B((;O('I(]aulawl)auzn’w)}
w1 EQ(zo,u1) WeW:
w(zo,u1)=w1

Let w; € Q(x0,u1) be arbitrary but fixed, let 1 = ¢(xp,u1,w1). Obviously, there holds
{weW :w(xg,u1) = w1} C W and hence

sup B(xl,u&njw) < sup B(l’]_,’UQ:n,W). (6.11)
wew: wew
w(zo,u1)=w1

Let w € W be arbitrary but fixed and (zy)k=1,..n = ®(x1,u2:n,w). (E9) implies that
xyp # xy for all k,1 € {0,...,n} with k # [. Hence, as W has the DP-property, there exists a
w e W with W(xg,u1) = wy, such that

(I)(l'l, U2:ny W) = q)(.’IJl, U2:n, )7\})7

B(l’l, U2:n W) = B($17 U2:n s W)
Together with (BI), this implies that

sup  B(x1,ugim, W) = sup B(x1, ugim, w).
WEW: wew
W(:L'Q,’u,l):’wl

Consequently,
sup B(xg,u,w) = sup [Bl(:co,ul,wl) + sup B(go(xo,ul,wl),u&n,w)}.
wew w1 €Q(x0,u1) wew
Now (6110) follows from the induction hypothesis. O

We now briefly consider the time-independent absolute robust optimal path problem under
the assumption that the set of possible scenarios has the DP-property. The DP-property is
adapted to time-independent networks as follows:

Given a set W of possible network states and a network (V, F; 8) with 8 : E x W — R and
a control-dependent restriction 2 : E +— P(WW) \ 0 of the set of possible network states, the
set of possible scenarios

W={w:E—=W|w)eQe) VeecE}
has the DP-property, if for each function

B:Ew— R, with B(e) € B(e,Q(e)), VeeE,
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there exists a w € W such that
Ble) = Ble,wle)), Vec E.

It is easily seen that this adaption is straightforward from Definition B2, since V, E are
finite sets and, in the time-independent case, the state v € V is uniquely determined by the
choice of an admissible control action e € E*(v), i.e., v = a(e).

We will now show that the complexity results for the time-independent absolute robust
optimal path problem with interval data can be generalized to scenario sets which have the
DP-property. Note that modeling the uncertainty by interval data corresponds to modeling
the uncertainty by a scenario set which has the DP-property and by considering a cost
function 8, which has the property that (e, 2(e)) is an interval for each e € E.

Corollary 6.2.3 The time-independent absolute robust optimal path problem with nonnega-
tive edge weights is polynomially solvable if the set of possible scenarios has the DP-property.

Proof Let (V,E;3) be an instance of a network in which 8 : E x W — R{, where W
denotes the set of possible network states. Let €2 denote the restriction mapping of the
network states and let VWV denote the set of possible scenarios. Let a source node vy € V
and a goal node v € V be given. Finally, let (eq, ..., e,) be a connected edge sequence with
a(e1) = vg and w(e,) = v'. Suppose that there exist k,l € {1,...,n} with k > [ such that
(eg, ..., e;) is a circle. The non-negativity of # implies that

ST Blenwle) = > Blewle))+ Y. Ble,wle))  YweW,

i=1,...n i=1,..,k—1 i=l+1,...,n

and hence there always exists a simple optimal path. Consequently, the optimal value
function b* : V' — R of the time-independent absolute robust optimal path problem satisfies

b*(v) = min su%;ﬁ(ei,w(ei)),

(e1,e-ren)EE We

where £ is the set of all simple connected edge sequences which connect vy and v’. Using
the DP-property of W and proceeding in a similar manner as in the proof of Lemma B2,
we obtain .
b*(v) = min Ble;),
( ) (el,...,en)ea‘f;ﬁ( 2)
where ((e) = supyeq(e) Se, w) for all e € E. Consequently, the time-independent absolute
robust optimal path problem in (V, E; ) can be solved by solving the time-independent
optimal path problem in (V, E; 3) with source node vy and goal node v'. The latter problem
is polynomially solvable. O

The above result is similar to the observation in [I5], where it is pointed out that the
polynomial solvability of certain robust combinatorial optimization problems with interval
data is due to the structure of the set of scenarios which is a rectangular box. We have
seen that, at least in the case of the optimal path problem, the DP-property of the set of
scenarios (in the sense of the above adaption of Definition E2Z4) is sufficient in order to
establish the polynomial solvability. We conjecture that a similar generalization holds for
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the combinatorial optimization problems in [IH)].

Furthermore, we conjecture that, in the time-dependent case, there exist similar relation-
ships between the computational complexities of the absolute robust optimal path problem
with fixed departure time. However, we leave a detailed analysis of this matter as a topic
for further research.

In order to conclude this section we introduce the following assumption on the set of possible
scenarios which simplifies the solution of the dynamic programming equations associated
with the time-dependent absolute robust optimal path problem.

Definition 6.2.4 Let (V,E,7;3,9) be a time-dependent network in which the functions
T, 3,0 depend on some internal network state according to (02)-(6-4). Let VW denote the
set of possible scenarios of the time-dependent network according to (6-3) and (64).

The set of possible scenarios W is independent, if

(i) for each finite collection of (zn,un) = ((vn,tn), (Atn,e,)) € dom(Q), n = 1,...,N,
N € N, with (Tm, Um) # (Tn,un) for m,n € {1,..., N}, m # n, and any collection of

Tn € T(enstn + Aty, Uzn, un)), n=1,..,N,
Bn € B(en, tn + Atp, U, up)), n=1,..,N,
on € (5(Un,tn,Atn,Q(xn,un)), n=1,...,N,

there exists a w € W such that

Fn = T(en, tn + Aty W(zn, un)), Vn=1,...,N,
BTL :/B(en7tn+Atn7W(mnaun))7 Vn = ]-7"'7N7
On = 5(vn,tn,Atn,W(azn,un)), Yn=1,..,N,

forallm e {1,...., N}, and

(ii) for any ((v,t1), (At1,e)), ((v,t2), (Ato,€)) € dom(Q) with t1 + Aty = to + Aty, there
holds

7‘(6,751 =+ Atl, Q((U, tl), (Atl, 6))) = 7'(6,752 + Atg, Q((U, t2), (Atg, 6))),

5(e,t1 + Ay, Q((v, 1), (At e))> - 5<e,t2 + Aty, Q((v, t), (Ao, e))>.

Remark 6.2.5 It is readily seen that if W is independent, then it has the DP-property.
Moreover, if W is independent, then the realizations of the network functions 7,3,0 are
independent of one another, and the realizations of T and B depend only on the departure
time on the respective edge.

In the following sections, we will establish the existence of optimal paths and derive some
properties of the optimal value function.

6.3. Existence of Optimal Paths and Dynamic Programming

Before proving the existence of time-dependent absolute robust optimal paths we prove two
preliminary lemmas.
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6. Robust Optimal Paths

Lemma 6.3.1 Let T,Y, W, Z denote topological spaces, f : T xY x W — Z a continuous
function, A : T — P(Y) an upper semicontinuous point-to-set mapping and Q : T XY —
P(W) a lower semicontinuous point-to-set mapping. Suppose that Y is locally compact
and satisfies the second axiom of countability, and suppose that W satisfies the first axiom
of countability. If C C Z is a closed set, then the point-to-set mapping I' : T — P(Y),
I't)={y e Alt): f(t,y,w) € CVw € Q(t,y)} is upper semicontinuous.

Proof Suppose that there is a tg € T, such that I' is not upper semicontinuous in tg. Then
there exists an open set Uy C Y containing I'(¢p), such that there is no open neighborhood
Ur of to with I'(t) C Uy for all t € Up. Hence, there is a sequence (t,)nen, limy, o0 tn, = to,
such that for each n € N there exists at least one y,, € I'(t,) \ Uy. In a similar manner as in
Lemma B2, using the upper semicontinuity of A, we obtain the existence of a subsequence
(denoted again by (¥, )nen) which converges to some yo € A(ty). Next, since y,, € I'(¢,) for
all n € N, we obtain that f(t,,yn,w) € C for all w € Q(t,,y,) and all n € N. Moreover,
since y, € Y \ Uy and Y \ Uy is closed, we observe that yp € Y \ Uy C Y \ I'(tg). We
now claim that, as we have supposed that I" is not upper semicontinuous in ty, there exists
at least one wy € Q(tg,yo) with f(to,yo,wo) ¢ C. Otherwise, as C is closed and f is
continuous, I'(¢9) would be a closed set which is compact (recall that I'(t9) C A(tp) and
A(tg) is compact) and which contains yg (recall that yg € A(tp)), contradicting the fact
that yo € Y \ I'(fp) and thereby proving the upper semicontinuity of I' in ¢3. In order
to complete the contradiction, we will now show that there exists no wg € Q(tg, yo) with
f(to, Yo, wo) & C.

Let (tn)nen, to, (Yn)nen, Yo as defined above and suppose that there exists a wg € Q(to, yo)
with f(to,y0,wo) € C. As W satisfies the first axiom of countability [93, Definition 10.20],
there exists a countable and nested filter base (UE,)ren of open sets UE, € W which
converge to wy [93, p.8]. Since  is lower semicontinuous, there exists an open neighborhood
Uk .y C T xY of (to,y), such that UE, N Q(t,y) # 0 for all (t,y) € U,y and each
ke N. As limy,00(tn,yn) = (to,y0), for each k € N, there exists a N(k) € N, such
that U% N Q(tn, yn) # 0 for all n > N (k). Consequently, there exist w, € Q(t,,y,) with
lim,, 00 wy, = wp. As f is continuous, C is closed and f(t,, yn, w,) € C for all n € N, we
obtain that f(to, yo, wo) = limp—e0 f(tn, Yn, wy) € C, thereby completing the contradiction.
Il

Lemma 6.3.2 Let T,Y,W be topological spaces. If Q@ : T xY — P(W)\ 0 is a lower
semicontinuous point-to-set mapping, and f : T xY x W — R is a lower semicontinuous
function, then the function f*: T xY — R,

f*(t,y) = sup [f(t,y,w),
we(t,y)

18 lower semicontinuous.

Proof We denote

*(t,y) = su ty,w)=—| inf —f(t,y,w)l|.
Pt = s flyw)==[ ot —fty)]

As the function (¢,y,w) — —f(t,y,w) is upper semicontinuous, [65, Theorem 2.2.1] implies
that the function ¢ +— inf,cq yw) —f(t,y,w) is upper semicontinuous, which yields the
lower semicontinuity of f*. O
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6.3. Optimal Paths

In the formulation of the following theorem we use a generalization of the set of reachable
points in time Tr(vp) (cp. Definition BH) to time-dependent networks which are subject
to uncertainty:

Tr(vo) = {to € T'(vo) : Ju € U(vo, to) with w(u) =v'}.

This set consists of all departure times for which we can guarantee to reach the goal node
v" without violating any constraint in any scenario w € W.

Assumption 6.3.3 Let G = (V, E,7;3,0) denote a time-dependent network in which the
functions T, 3,8 depend on the network state w € W. Suppose that the travel time function
T is continuous and the cost functions 3,0 are lower semicontinuous. Suppose that T'(v) is
a closed set for all v € V| that the point-to-set mapping AT is upper semicontinuous, that
the point-to-set mapping € is lower semicontinuous and that W satisfies the first axiom of
countability. Further, suppose that the set of possible scenarios VW has the DP-property and
that there exist B,B°, T° € R, B°,T° > 0, such that there hold (E3) and

B((v,t),u,w) > B, VueU(v,t) with [u] =1,Yw e W, (6.12)
B((v,t),u,w) > B°, Yu e U(v,t) with w(u) = afu),Yw e W. (6.13)

Theorem 6.3.4 Let G = (V, E, 1;3,0) denote a time-dependent network in which Assump-
tion holds and let vo,v" € V.. Then, for any ty € Tr(vo), there exists a (finite) optimal
path from (vg,to) to v and the partial function ty — b*(vg,to) is lower semicontinuous on

TR(U()).

Proof We proceed in a similar manner as in the proof of Theorem E=Z4. First, for any
finite, connected edge sequence from v to v/, we define

T(e1,...,en) = {t € T(Uo) : H(Atk>k:1,...,n such that ((Atk7ek))k:1 n € U(Ug,t)}.

EAREE)

We denote the set of all finite, connected edge sequence from vy to v' by £ and observe that

Trwo) = | Tleren:
(e1ye.yen)€EE

Next, we assume that a finite, connected edge sequence (eq, ..., e,) from vy to v’ has been
fixed. We denote vip_1 = a(eg) for k = 1,...,n, and v, = w(e,) = v'. In order to ease the
notation, we further introduce 0 : R x W — R, 0 (t,w) =t + 7(eg, t,w), k = 1,...,n. Note
that 6 is continuous for all k = 1,...,n. We denote T}, = T(vy), and for k =0,...,n—1, we
define ATy, : T(vg) — P(RY),

ATy (t) = {At € AT (v, 1) : O (t + At w) € Ty Y € Q((vg, 1), (At ek+1))}, (6.14)
Tj, = supp(ﬁk). (6.15)

The DP-property of W and (6) imply that To = f(e .en)» CP. Lemma 622, By back-
wards induction, as 7 is continuous, AT is upper semicontinuous and T is closed, Lemma

B33 implies that ATk is an upper semicontinuous point-to-set mapping and Tk is closed
for all k = 0,...,n — 1. Note, that the set of admissible control actions at (vg,t) € X along
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6. Robust Optimal Paths

(e1, ..., en) is given by ATy (t) x {ex}. N
We now analyze the optimal-cost function b* along this edge sequence by backwards induc-
tion. Since the cost of each circle is strictly positive, we have

b (0n, 1) = b* (v, 1) = b*(v/,t) = 0

for all t € T, = T(v)). Clearly, b*(vy, -) is lower semicontinuous. Moreover, Lemma
implies that, for each tg € Ty, there holds

inf .-+ inf sup B(xo,u, w)
At1€AT, (to) Atn, € AT, (tnfl) wew

|ul
— if - inf sup o sup > Bulwkot, e w),
At €AT(to) Atn€ATR(th—1) w1€Q(To,u1) Wn€UTn—1,un)
where we have denoted, for k = 1,...,n, up = (Atg, er), v = (vg, tx) = ©(Tk_1, Uk, wi), and

Bi(@p—1, up, wp) = 6 (vg—1, tp—1, Atg, wi) + B(ek, te—1 + Atg, wy).

As (B12) implies that Z’,;(t) > —ooforallt € Ty and all k = 0,...,n — 1, [25, Proposition
1.6.1 et seq.] yields for all ¢t € T, and all k =0,...,n — 1:

b*(vp,t) =  inf sup bi(t, At, w), (6.16)
AteATR(t)  weQ((vpt),(At,epr1))

where we used the function by, : graph(ﬁk) x W =R,
b (t, At,w) = §(vg, t, At,w) + B(eks1,t + At,w) +g* (Uk+1, Or(t + At, w)) .

Since by, is a real-valued lower semicontinuous function, ¢ — ka(t) is an upper semicon-
tinuous point-to-set mapping and (t, At) — Q((vk,t), (At, ex41)) is a lower semicontinuous
point-to-set mapping, Lemma 6232 and [65, Theorem 2.2.1] imply that ¢ — b* (vk, t) is lower
semicontinuous on fk Moreover, as Zi/’k (t) is compact and nonempty for each ¢ € fk, the
minimum in (68) is attained by some At;(t), k =0,...,n — 1.

Next, if N € N, we observe that any control sequence u with |u| > N|V|+ |V| — 1 contains
at least N circles, which implies

B((vo,to),u,w) > (V]| — DB+ NB°,  ¥we W, (6.17)

The rest of the proof follows as in the proof of Theorem E=2Z by using (614) instead of
(23). O

For the remainder of this chapter, we assume that Q(x,u) is compact for each x € X
and each u € U(x). This allows us to replace the supremum in (618) by a maximum.
In the following propositions we establish the principle of dynamic programming for the
time-dependent robust optimal path problem.

Proposition 6.3.5 Suppose that Assumptions holds and that a goal node v/ € V
is given. The optimal value function b* defined in (B8) satisfies the following dynamic
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programming equations:

b (v 1) = 0, vt € T(v'),
b*(v,t) = mi 5(v,t, At t+ At b* '
(wt)= g g S0t Abw)+Blet+ Atw)+ (v, )’“’w))}’
u=(At,e)

Vo e V\ {v'},t € T(v).

Proof As a consequence of (613) and since B° > 0, we observe that b*(v/,t) > 0 for all
t € T(v'), and that the termination of the path from v’ to v in the initial state leads to the
optimal cost b*(v/,t) = 0 for all ¢ € T'(v'). Since we have already proved the existence of
optimal paths in Theorem B34, the result follows from standard arguments (see, e.g., [26,
Proposition 3.1.1]) by replacing expectation by maximization and using Lemma 6272. [J

We next consider the dynamic programming equations under the assumption that the set
of possible scenarios is independent. We denote

©:E xR — P(R), Oe,t) = U {+7let,w),
weN((v,t),(0,e))
B:ExR—=R, Ble,t) = max Ble, t,w),
( ) weN((v,t),(0,e)) ( )
0:VxRxRf =R, S(v,t, At) = max S(v,t, At,w).

weQ((v,t),(At,e))

Proposition 6.3.6 Suppose that Assumption holds, that the set of possible scenarios
W is independent and that a goal node v' € V is given. The optimal value function b*
defined in (B28) satisfies the following dynamic programming equations:

b (v',t) = 0, vt e T(v'),

b*(v,t) = min |8(v,t, At) + B(e, t + At b* 9

(v.0)= min [30,t, M) +Ble,t+ A+ max b (w(e), 0)]
u=(At,e)

Vo e V\{v'},t € T(v).

Proof Recall that, if W is independent, then W has the DP-property, cp. Remark E=23.
Using Proposition 6233 and Definition 6224 (i), we obtain

b*(v,t) = min max O(v,t,At,w)+ max fS(e, t + At,w)
weU(v,t) LweQ((v,t),u) weQ((v,t),u)
u=(At,e)
b* 1), u, ) Vo e V\ {v'},t € T(v).
N C(CORAD)] veV\{v},teTw)

Now, Definition 24 (7i) implies

b*(v,t) = min |d(v,t, At) + B(e, t + At b*(w(e),
()= min [5(0.t A0 +Blet + A0+ max b (w(e).6)].
u=(At,e)

for all v € V'\ {v'} and all t € T'(v). O
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6.4. Properties of the Optimal Value Function

We will now apply some of the concepts developed in Chapter B to the problem setting of
Section B2. First, the continuity of the optimal value function is established under similar
assumptions to those in Section Bl by using the following result.

Assumption 6.4.1 Let vg € V be a fized source node and suppose that T(vg) = [t,00)
for some t € R. Suppose further that 7, AT,Q are continuous, that there exists a 7° > 0
such that (B33) holds and that the set of possible scenarios W has the DP-property. Denote
T(vo) = T(vo) and T(v) =R for allv € V \ {vo} and let U(v,t) denote the set of control
sequences which are admissible for (v,t) in (G,f, AT). For each v €'V, let

I = inf inf inf ¢ t
tr(v) =, inf Lt o + T ((vo, to), u, w)
w(u)=v

denote the earliest arrival time at v in the time-dependent network (G,T, AT). Suppose
that T'(v) D [tr(v),00) for allv e V.

Lemma 6.4.2 Let vy be a fized source node and suppose that Assumption 041 holds.
Then, for all v € V and all t > tp(v), there holds U(v,t) = U(v,t). In particular, if
(W', ') = ¢((v,t),u) for some u € U(v,t), t > tg(v), then t' > tp(v').

Proof In a similar manner as in the proof of Lemma B2, we obtain that, for each o €
T(vo) and each u = ((Aty, ex)) ., € U(vo, to), there holds

k=1,...,
n
inf T(xzg,u,w) = inf inf Ti(xp—_1, Uk, W), 6.18
WweWw ( 0 ) w1 €Q(x0,u1) Wn €QTn—1,un ; k( k=1 Tk k) ( )
where
T = (vk,tk) = gp(:rk_l,uk,wk), k=1,..,n,
Ti(@p—1, up, wg) = Aty + 7 (e, to1 + Atg, wy), k=1,..,n.

Using (EIX) and the continuity of €2, the result follows in a similar manner as in the proof
of Lemma BT g

In the remainder of this section, we assume that a goal node v’ € V is given.

Theorem 6.4.3 Suppose that AT and ) are continuous point-to-set mappings, T, 3,6 are
continuous and there exist B,B°,T° € R, B°,T° > 0, such that (632), (EI3) and (GI3)
hold. Suppose that the set of possible scenarios YW has the DP-property.

(i) Let a source node vy € V' be given and let Assumption 6-4-1 hold, then the partial
mapping to — b*(vo,to) is continuous on Tr(vo).

(i) If X =V xR and (V, E) is strongly connected, then b* is continuous.

Proof The result follows in a similar manner as in Theorem B3 by using Lemma G232
instead of Lemma B2 and by applying [65, Theorem 2.2.2] to both the maximization with
respect to w € Q((v,t), (At,e)) and the minimization with respect to At € AT (v,t), cp.
(61m). O
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In the preceding results of this chapter, the set of possible states of the network W was
assumed to be an arbitrary topological space. We will now consider the computation of the
optimal value function in the cases in which W C R"” for some n € N and in which the
network and constraint functions are piecewise analytic and piecewise linear, respectively. In
general, we must then solve a problem of the form (EI8). In particular, we must maximize
with respect to a variable w € R", at which the constraint function €2 depends on the pair
(t, At) € R%. Hence, the resulting problem is necessarily of a higher dimension than the
problems which we have analyzed in Chapter B. Although we believe that, at least in the
case of piecewise linear network functions, a similar analysis as in Chapter B can be carried
out for the time-dependent absolute robust optimal path problem, a number of notational
and technical difficulties must be solved first. For this reason, we will not further consider
this general problem setting in this thesis and assume that W C R and that the set of
possible scenarios W is independent. Using the simplifications resulting from Proposition
B34, we will see that an analysis of the time-dependent absolute robust optimal path
problem can be carried out with the notation and the techniques of Chapter B. The general
problem is left as a topic for future research.

In the remainder of this chapter, we assume that O(e,t) = [0(e,t),0(e,t)] for some 6,0 :
E xR — R with (e, t) < 0(e, t) for all (e,t) € E x R. Moreover, we assume that AT (z) =
[AT(z),AT(z)] for some AT, AT : X — R} with AT(x) < AT(z) for all z € X. Note
that these assumptions are due to keeping the notation as simple as possible, and that the
following results would also hold if ® and AT were a finite union of such interval-valued
point-to-set mappings. Using the techniques of the previous chapter, we obtain:

Theorem 6.4.4 Suppose that the set of possible scenarios W is independent, 0,0,3 €
PC¥(E x R), § € PC¥(V x R x Rg), AT, AT € PC¥(X) and there erist B,B°,T° € R,

B°,T° > 0, such that (@3), (EI2) and (EI3) hold.

(i) Let a source node vy € V' be given and let Assumption [6-4-1 hold, then the partial
mapping to — b* (vg, to) is in PCH¥ (TR('U())).

(ii) If X =V x R and (V, E) is strongly connected, then b* € PC1*(X).

Proof We first assume that 0,0, 3 € C*(E x R), § € C¥(V x R x R{), AT, AT € C*(X).
We proceed in a similar manner as in the proof of Theorem E24. Let (eq, ..., e,) denote a
finite, connected edge sequence from vy to v’. Denote vy = w(ey), k =1,...,n, and fk, H”k
as in (61@), (GI5), k = 0,...,n — 1. Lemma GZ2 implies that AT} (t) = AT (vy,t) for all
t € Ty and hence T}, = supp(ﬁ“k) = T(v), k = 0,...,n — 1. Along the edge sequence
(e1,...,e,) we must solve the following parametric minmax problem for k£ = 0,...,n — 1, cp.
(618) and Proposition B236:

b*(vp,t) =  inf [S(v,t,At)JrB(e,HAt)Jr max b (vps1,0)|, Ve Ty, (6.19)
Ate AT (L) 9O (t+At)

where b*(vy,, t) = 0 is in C¥(T},) C PCY¥(T},). N N

We will now prove by backwards induction that ¢ — b*(vy,t) is in PC'¥(T}). Let k €
{0, ...,n—1} and assume that ¢ — b*(vp41,t) is in PCY¥ (Tjpy). According to Remark 524,
it is sufficient to prove that, for an arbitrary compact interval K C Ty, t — b*(vg,t) is in
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PCY(K). Since AT is continuous, graph(AT ¢, yx k) is compact and the set
Ty, = {t+ At € R : (vg, t, At) € graph(AT| gy, 35 k) }

is a compact interval. Similarly, since © is continuous, graph(®|y,, +1}XT;Q) is compact and
the set

T,::/_,'_l = {9 eER: (€k+1,tl, 9) S graph(@|{ek+l}leg)}
is a compact interval. (Recall that Lemma B2 implies that 7}’ ; C T'(vg41).) Using the
fact that £ — b* (Vp41,t) is in PCH (Tk+1), there exists a decomposition of T}/, | into I € N

compact intervals T}/, ;, 4 = 1,..., Iy, such that ¢ E*(Uk+1,t) is in Cl’w(T,g’Hi) for each
ie{l,...,It}. Forie{l,..,I;} we denote Oy, : T] — P(R),

Ori(t') = [B(ersr, 1), Olergr, t') | N T,y 4.

For all i € {1,....I}}, as 6,0 € C*(E x R) and T}, is compact, the set supp(©y;) is the
finite union of Ji; € N compact intervals T,g’ij, Jj=1,...,Jky, for each of which there exist
Or,ijs Onij € C(Ty ), such that O ,(t') = [0y, ;;(t'),0hi; ()] for all ' € T .. (cf. [IT,
Corollary 1.2.6]). According to the construction, we obtain

I Ik I
i=1j=1 i=1 {1y p i}

tET] .
Lemma 5212 implies that the function fy ;; : T}, ;= R,

fri () = max b* (i1, 0) = — min —b* (vg41,0)
0€[8), 15 (t"),0k,i5 ()] 0€[8), 45 ('), 0k, ()]

satisfies fyi; € PCl’w(T,g ZJ) Next, we define fj, : 7], — R,

fr(t') = Srij ().

min
7’6{1771k}7]6{177']k,1}
t'eTy .
Using Lemma 5270 on every nonempty set of the form (,cz ;e 7, 7}, i withZ C {1,..., I}

and J; C {1,..., Jp.;}, we obtain that fy, is in PC**(T7). Finally, we observe that (EI9) can
be written as

Dok, t) = inf  [0(v.t, A + Ble,t + At) + fiult + At)], teTy.
ALEAT (L)

Now the remaining part of the proof follows in a similar manner as in the proof of Theorem
b2T4. O

We next consider the piecewise linear case. As in Subsection b2X3, and without loss of
generality, we assume that the network functions are continuous. Before proving the main
results, we establish a few preliminary lemmas:
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Lemma 6.4.5 Let T, T' C R be closed intervals or points, let 0,0 € PE%(T) be such that
0(t) < 0(t) for allt € T and such that the decomposition of T with respect to 8 and 0 is
identical. Denote #60 = #60 = (No.o, No.1, N1) and define

T={teT:[0(t),6(t)]cT?}

If either T is a point or 6,0 are monotonically increasing, then T consists of at most one
connected component. Otherwise T' consists of at most 2Ng 1 + 1 connected components.

Proof We first show that _ .
T=60"1T)no (T). (6.20)

Suppose that t € §71(T") ﬁgfl(T'). Then (t),0(t) € T, and since T" is connected, there

holds [6(t),0(t)] c T". Conversely, suppose that tg oY1) ﬂg_l(T’). Then {6(t),0(t)} ¢

T’, which implies that [6(t),0(t)] ¢ T'. Consequently, (6220) holds.

If either T" is a point (which implies Nog = 1 and Ny = 0) or 0,6 are monotonically
increasing, then Lemma 5238 (iii) implies that both ~(7”) and 5_1(T ") consist of at most
one connected component. The intersection of two connected sets is a connected set.

Let us assume that int(7") # @) and that §, 6 are not monotonically increasing. Now Lemma

638 (i) implies that both §~(7") and gil(T’ ) consist of at most Nyp1 + 1 connected
components. Each left (resp., right) boundary point of a connected component of T must
be a left (resp., right) boundary point of either §~1(T") or @71(T’ ), and hence T’ consists
of at most 2No1 + 2 connected components. However min 6! (7") and ming_l(T’) (resp.,
max §~(T") and max?jl(T’)) can only both be left (resp., right) boundary points of T if
they coincide. Hence, T' consists of at most 2Ny 1 + 1 connected components. ]

Lemma 6.4.6 Let T C R be a closed interval with int(T) # (), let T' C R be the finite union
of closed intervals and points, let 0,0,g € PLLT) be such that (t) < O(t) for allt € T
and such that the decomposition of T with respect to 0,0, g is identical. Let f € PLL(T").
Denote #0 = #0 = #g = (0, N§,, N{), #f = (N{ o, N{ 1. N{), NJ = N{o+N{, and define

T={teT:[0(t),0(t) cT}
Then the function f* : T — R,

ff®)=g@#)+ max f(0),
0e[0(t),0(¢)]

satisfies f* € PLY(T) and there holds
#1* < (NG + 2Ny +1)NJ, 3NE, +6(NG, + )N +2, 3N§ | +6(NE, +1)NJ +3),

and f* can be computed from f,g,0,0 in (’)(Ngvl(N({)Q) arithmetic operations.
If 6,0 are monotonically increasing, then

#1* < (N§L+ANJ, 3NJ, +12N] +2, 3Ng, + 12N] +3),

and f* can be computed from f,q,0,0 in (’)(N&lNg + (Ng)Q) arithmetic operations.
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« _ (NI oS oS / ' ;
Proof Let #f* = (Nyo, Ny, Ni ), let {tné)}%:l,__’NOf, {Tn’l}n’1:17---7Nf be the decomposi-

tion of T with respect to f and let the decomposition of T' with respect to § and  be given
by {tno}m:l’__ng’l, {Th, }ny=1,.. vo- Assume that g is the zero function.

Let Ty max C 1" denote the set of local maxima of f and let
Ng
1" I(Tz;rgmax) n U {t;ﬂo}
ny=

We claim that, for each ¢ € f, there holds

f*(t):max{f(g(t)),f(é(t)), max f(t’)}. (6.21)

HeT*N[(t),8(t)]

We obviously have

£ = max {7 (00). FO). _ wax ()}

t'eT! N[o(t),0(t

arg max

Suppose that t* € (Thgmax \ T%) N [0(t),0(t)] for some t € T. Then t* € Té,l for some
n) € {1,...,N1f}, f is constant on TT’L,l, and consequently f(t*) = f(t;lg) = f(t’%) for
ng,my € {1, ...,N({l} with t;%,t’% € bd(Tr’L,l) according to the continuity of f. Next, we
observe that we either have {0(t),0(t)} NI, # 0, or t/,,t, € [6(t),0(t)]. In any case,
1 -0 0
there holds
f(&") = max _ f(t),
teT*N[o(t),0(t)]
which implies (EZ2T1).
In a similar manner as in the proof of Lemma BZ38 (iv), it follows that the set of breakpoints
of fof,fof:T — R is contained in

N§ NG,
T—UHMUUUi 't ), T—U%@uUm 't 1),
no=1 np=1 no=1 ni=1

respectively. According to the construction of 7™, the set of breakpoints of the upper
semicontinuous and piecewise constant function fu.x : 7T — R,

fmax(t) = max f(t)
eT*N[A(t),0(1)]

is also contained in T U T. Finally, we observe that, if ¢ is a boundary point of T, then
Teg ' (bd(T)) Ub " (bd(T')) C TUT.

Since each connected component of 6~ ({t/ 6}) and ?71({75; 6}) contains at most two bound-
ary points, nj = 1, ..., N({, Lemma 530 (744) yields that the number of breakpoints Ny in

the common decomposition of f o8, f 08, fuax satisfies

No < |TUT| < NYy +2(N§, +1)NJ,
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6.4. Properties of the Optimal Value Function

and if 6,0 are monotonically increasing, then
No < |TUT| < Ngy +4N{.

Obviously, there holds N({ B < Np. From Lemma B=31 we obtain that the number of intervals
N in the common decomposition of f o8, f o6, fmax satisfies

Ny < Ny +2(N§y + 1N + 1,
and if 6,6 are monotonically increasing, then
Ny < N{, +4N{ + 1.

Using the continuity of f* (cf. [65, Theorem 2.2.8]) and Lemma 5237 on each of these
intervals (by adding only the additional number of breakpoints on each interval) we obtain
that

NJ1 <3Ny +6(Ngy + )N +2, N/ <3NY, +6(NG, +1)NJ +3,
and if 6, are monotonically increasing, then
N{y <3N§,+12N{ +2,  N{ <3N, +12N{ +3.

If g is not the zero function, then the set of breakpoints of g is also contained in T U T.
Hence, the result also holds if g # 0.

Finally, in order to compute f*, we first compute the functions f o8, f 00, fuax. According
to Lemma 538 (i), (v), we can generally compute f o6, f o in (’)(Ng,lN({) arithmetic
operations, and we can compute f o6, fo# in (’)(log(NgJ)Ng) arithmetic operations if
0,6 are monotone increasing. In order to compute fuax at some t € T U T, we must first
determine T*N[@(t),0(t)]. Using the array representation of f, we can determine the indices
(i.e., the minimal and the maximal index) of the the breakpoints of f in T* N [6(¢),6(t)] in
(’)(log(N({)) by bisection. The maximizing argument of f in T* N [6(t),0(t)] can then be
determined in (’)(Ng ) arithmetic operations. We must repeat this procedure for each of the
Ny points in T'U T, which generally yields a total of C’)(Ngl(Ng )2) arithmetic operations,
and which yields a total of O(NglN({ + (N({)Q) arithmetic operations if §,6 are monotone

increasing. The computation of f* on each interval in the common decomposition of T
with respect to f o0, f 00, fmax can be carried out in O(32) = O(1) arithmetic operations
according to Lemma BZ374. This yields the desired result. O

For the remainder of this section, we assume that, for each e € F, the partial mappings
0,:R =R, 0,(t) =0(et), 0. : R = R, O.(t) = 0(e,t) and B, : R = R, B,(t) = Ble,t) are
in PLL(R) with an identical decomposition of R according to the discussion preliminary to
Definition 533. Furthermore, we assume that T'(v) is a closed interval for all v € V. We
also assume that the partial functions t — AT, (t) = AT(v,t) and t — AT, (t) = AT (v,t)
are in PLL (T(v)) for all v € V. For each v € V, we denote the graph of the partial point-
to-set mapping ¢ — AT (v,t) by ©,. Moreover, we assume that, for each v € V', the partial
functions &, : ©, — R, §,(t, At) = §(v,t, At), are in PL2(O,). Finally, we assume that
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6. Robust Optimal Paths

there exists a C' € N, C > 2, such that

#Qeg (070_170)7 #geg (070_170)7 #Beg (070_170)7 VGEE,
HAT, < (1,C,0C), #AT, < (1,C,C), wev,
#SU S (1707 C7 Cv C? C7 C)7 VU € V

Note that, if C' = 1, then the partial network functions {0, }ecr, {0 }tecr, {Be}ecr would
be constant.

Lemma 6.4.7 Let vg,v' € V be given and suppose that Assumption G-33 holds. Let
(€1,...,en) € E™ be a connected edge sequence with a(e1) = vy and w(e,) =v', let

Ty = {to € T(vo) : Ju = ((Aty, €)1, € Ulvo,t0)},
Npg = ‘bd(T(v’))} and let 53 : Tp — R,

by (to) = inf {B((vo,tg),u) tu = ((Dtger))_y € U(vg,to)}

denote the optimal cost function along the edge sequence (eq,...,e,). Then 5}") € Pﬁi(fo)
and, denoting #bjy = (N(?,o,Ng,p NY), we obtain:

(i) There holds N§ o < (2C)" and N§,, NY are of order
o (03'2"3 (8Nba + 6+ 1602)2”) .

Moreover, b can be computed in

. 3‘2n71

0 (09'2 = (8Nba + 6 + 16C2) )

arithmetic operations.
i) If X =V xR, then Ny =0 and NO,, N are of order
0,0 0,10 V1
0(03-2”—352") )
Moreowver, 36 can be computed in
0(09-2"*1—553.2%1)

arithmetic operations.

(iii) Ift — (e, t),t — O(e,t) are monotonically increasing for each e € E and the functions
AT, AT, satisfy (84) for each v € V, then N(()),o <1 and N&l,N? are of order

(9(02"—1(12Nbd + 50)”).
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6.4. Properties of the Optimal Value Function

Moreover, 53 can be computed in
n— on—1
O<03.2 1_2(12Nbd+50)32 )

arithmetic operations.

(iv) If t — B(e,t),t — O(e,t) are monotonically increasing for each e € E, the functions
AT, , AT, are constant for each v € V and 6, is linear for each v € V, then N(()),o <1
and N(()),lvN? are of order

O (72" (Nba + C)).

Moreover, 58 can be computed in
O<722n(Nbd + C)2>
arithmetic operations.

(v) If t — O(e,t),t — (e, t) are monotonically increasing for each e € E, AT (v,t) = {0}
and §(v,t,0) = 0 for each (v,t) € X, then N&O <1 and N(()),leO are of order

O(l?n(Nbd + C))
Moreover, EZ‘) can be computed in
O<122n(Nbd + C)2>.

arithmetic operations.

Proof We denote vy = w(e), k=1,...,n, T, = T(vy), and for k =0,...,n — 1, we define

Tk = {t € R [8(0),0(1)] C T},
KT;C : T(vg) — P(Rar), ka(t) = {At € AT (vg,t) : t+ At € Tk,k—f—l}a
Ty = supp(ﬁk).

Next, we denote 0y, 0x, B : R — R, 0,(t) = 0(epy1,t), Or(t) = 0(exs1,t), Br(t) = Blers1,t),
Ok + Oy, — R, 0p(t,At) = d(vg,t,At). Since the result of Lemma E3TJ is trivial if
T:O = (), we assume in the following that fk # () for all k = 0,...,n. Let us suppose that
T}, is the finite union of closed intervals and points for some k € {0,...,n — 1}. Then
Lemma EZ3 implies that Tj_;; is the finite union of closed intervals. Furthermore, as
t = AT(vg_1,t),t — AT (vg_1,t) are PLE(T(vk_1))-functions, Lemma 63TH yields that
Ek_l is a continuous point-to-set mapping and that graph(ﬁk_l) is the finite union of
closed polygons, closed line segments and points. This also implies that T;_; is the finite
union of closed intervals and points. By induction, we obtain that T}, T} are the finite
union of closed intervals and points for each k = 0,...,n — 1.

Next, we denote b;, : Ty — R, b,(t) = 0. Since T, = T(vy) is a closed interval, we either
have #b> = (1,0,0) or #b} = (0, Npq,1). Moreover, for k = 0,...,n — 1, we introduce the
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6. Robust Optimal Paths

functions gz tl Thk“ — R and EZ : Tk — R,

b (t) = Bp(t) +  max  b(6), bp(t) = min  fi(t, At),
0€[8),(2),0k(1)] ALEAT (1)
where fi : graph(ﬁk) — R, fi(t,At) = gz7k+1(t + At) + 6x(t, At). By backwards in-
duction, we immediately obtain from [65, Theorem 2.2.8], Lemma EZ48, Lemma B3T3
and Lemma B3T2 that b}, € Pﬁi(Tk’kH), fx is continuous and b} € PLLT,) with
#gz = (NOO,N01,N1) for some NOO,N01,N1 € No. We denote N0 = Noo + N01 for
k=0,...,n, and we denote the number of connected components of Tk by Nk

Let us con81der the assertion (4): ~ N
Using Lemma 623, we deduce that T}, ;41 consists of at most 2C' Ny, connected compo-

nents. Moreover, Lemma BEZ8 yields that fl;z’kﬂ € Pﬁi(fk’kH_l) with #Z;;k“ = (N(li’éHl
N(;g 1k+1 Nk k“) satisfying

I

Nyt <o +20NT, NPT <30+ 60N+ 2.

Using Lemma 52313, we obtain that f, € PL? (graph(ﬁk)) with #f, = (N({’B,Noji’“l, J({’“,
1 NTv gl v satisfying

NJi < €+ C(3C + 6CNEH + 2),

Ni* < C+C(4C +8CN[H! +2),

J{F <5C +8CNF 42,

Now, using C' > 2 and Lemma =3T3, the above estimates yield

NE, < C+CUC +6CNEM + |C+C(5C + 8CN(’;+1)} : [50 +8CNFT 41|, (6.22)

Since Tk k+1 consists of at most QCNkH connected components Lemma B=3T18 yields Nk

(2C?)Njpr. By induction, since N, =1, we obtain that Ni < (202" *. Now, the
continuity of bz immediately yields Noo < N < (2C%)"=*_ According to Lemma 53H
it is sufficient to consider the recursion of the N0,17 k = 0,...,n, in order to establish the

assertion (i). From (B222), using Ni 1 < N&Jfl + Nj41 and C > 2, we obtain
2
N <P <8N§T1 16+ 8(202)"”“’1) ,
and from Lemma B3R (7)) we obtain
n— n—k
Nk, = o<c3~2 "=3(8Npg + 6 + 16C2)° > (6.23)

From the estimates for the necessary numbers of arithmetic operations in Lemma BEZ,
Lemma b3T24 and Lemma B3T3 it is easily seen that the domlnatlng order is given by
(’)(ka(Jf’“) ). Hence, b* | can be computed from b*, 01,01 in O(C?)

arithmetic operations, since Npq = O(1). Using (6223), we further obtain that bk can be

nlanl?
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6.4. Properties of the Optimal Value Function

computed from ZZH,Q,C,@;Q, B Ok in
o ((19'2"’“5 (8Nba + 6+ 1602)3'2"_'“_1>

arithmetic operations for £ = 0,...,n — 2. Using Lemma BZ3TR (i), we establish that

n—2
oCcH+> 0 <C9'2”‘k‘15 (8Npa + 6+ 1602)*2" " )
k=0

o) <09'2"1—5 (8Nba + 6 + 1602)3'2“>.

Let us now consider the assertion (i): B B
From Lemma B2 it follows that T}, = Tk k+1 =Rforall k=0,...,n—1. As b} 1o Jrs b3,

are continuous, there hold N(]i é”l = N({ b= Jg’“ = N(’)fo = 0. Moreover, Lemma 6248 yields
that
Neftt <3C +6CN§T! + 2.

Using Lemma B3T3, we obtain that

NJi < € +C(BC+6CNE +2),
N{* < C+C(3C +6CNET +2),
J{* <4C +6CNT! + 2,

Now, Lemma b=3T2 yields
NE1 < C+C(3C +6CNET +2) + [C +C(3C +6CNST +2)

|4C +6ONET + 1] (6.24)

According to Lemma B33 it is sufficient to consider the recursion of the N(’i L E=0,..,n,
in order to establish the assertion (7). Since C' > 2 we obtain from (553) that

NE, < CP(6NET 457,
Using Lemma 52318 (i) we establish, since Npq = 0,
NE = 0(Cc¥ 352, (6.25)

From the estimates for the necessary numbers of arithmetic operations in Lemma G240,
Lemma b=38, Lemma b=3T2 and Lemma B3T3 it is easily seen that the dominating order
is given by (’)(Nf’“(Jfk) ) Hence, bn 1 can be computed from bn,ﬁn 1,0 O 1,5n 1 in

n—1»
O(C*) arithmetic operations, since Npq = 0. Using (554), we further obtain that bz can
be computed from sz,Qk,?k,Bk,gk in

O (Cg,2n7k71_553,2n7k:71)
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arithmetic operations for £k = 0,...,n — 2. Using Lemma B533T8 (i), we establish that

0(04) + 50(092”’“1553-2"’61) _ O(C9-2n*17553~2”*1).
k=0

Let us now assume that, for each e € E, the partial functions t — (e, t), t — 0(e,t) are
monotonically increasing and that, for each v € V', the partial functions ¢ — AT (v,t), t —
AT (v,t) satisfy (Bd). (Note, that this assumption holds in the cases (%ii), (iv), (v) of Lemma
6E277.) Lemma G247 yields that Tj 41 consists of at most as many connected components

as T, k+1. Using Lemma Bb3T7 and an inductive argument, we obtain that Nk =1, for all
k =0,...,n. The continuity of b implies that either max{]\fkJrl NkH} > 0 or Nk'H > 0.

Lemma BZAD yields that b}, | € PLY(Tkpr1) with #bf ., = (N&éf“,N&f“,Nf M),
satisfying N[]; é’c 1 <1 and

Nyt <30 + 12N5! + 2.

Since g’,;’kﬂ is continuous and N, = 1, we either have #ZZJH_I = (1,0,0) or #EZ’,H_I =
(O,N(]i’lkH,Nk k“) for each £k = 0,...,n — 1. Using Lemma B3T3, we obtain that f; €
PL2(graph(AT})) with #f;, = (N({’B,N({’“l, JUF 1e, NTE TR ) satisfying

NJ% < C+C(B3C+ 12N +2),

N{* < C +C(3C +12N§{' +2),

J{* <4C + 12NE + 2.

Let us now consider the assertion (74i):
Using C > 2, Lemma BZ312 yields

NEy < C+ CAC +12NETY) + [C + CUC + 1285 - 4 + 1286 +1]. (6.26)

According to Lemma B33 it is sufficient to consider the recursion of the N(’i L, k=0,..,n
in order to establish the assertion (7). Since C' > 2 we obtain from (E28) that

NE, < C(12N§11 +50)°.
Using Lemma BZ3IR (i) we establish

N§ =0 ((72"’“—1(12Nbd + 50)2“> : (6.27)

From the estimates for the necessary numbers of arithmetic operations in Lemma B2,
Lemma b330, Lemma b3T2 and Lemma B3T3 it is easily seen that the domlnatlng order
is given by O(Nf’“(Jfk) ). Hence, b* _; can be computed from b5 By 1.0, 1,0p_1,0n_1 in

O(C*) arithmetic operations, since Np,q = O(1). Using (621), we further obtain that EZ;
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6.4. Properties of the Optimal Value Function

can be computed from EZ+1,Qk,§k,Bk,gk in

arithmetic operations. Using Lemma B3 T8 (i), we establish that

n—2
0"y + 30" 2 (120 4507 ) < 002120 4300,
k=0

Let us now consider the assertion (v):
Lemma b=3T4 yields

1
NEy < 6(3C + 12N 1! +2) + 4= 2N+ 5C) + 16.
Using Lemma B3R (iv) we establish
NyTF = 0(72" F(Npg + C)). (6.28)

From the estimates for the necessary numbers of arithmetic operations in Lemma B4,
Lemma =34, and Lemma BZ3T4 it is easily seen that the dominating order is given by
O(Ng1 " log(Ng1H™M) = O(Clog(C)) and O((NgT)?) for k =0,...,n — 2. Using (E28),
we obtain that gz can be computed from ZZ+1,Qk,§k,§k,3k in

@ (722”_%(1\713(1 + 0)2)

arithmetic operations for k = 0,...,n — 2. Using the formula for the geometric series [6S,
p.8], we establish that

n—2
O(Clog(C)) + (Noa + C)2 Y 0(722”*%) - O<722”(Nbd v 0)2).
k=0

Finally, we consider the assertion (v):
In this case we obtain b = b};k+1 for each K =0,...,n — 1, i.e.,

N§y <3C+ 12N+ 2= 12(N§TH + C/4) + 2.
Using Lemma B3T3 (iv) we establish
NyTF = 012" F(Npa + C)). (6.29)

From the estimates for the necessary numbers of arithmetic operations in Lemma B4,
Lemma BZ38, and Lemma BZ3T4 it is easily seen that the dominating order is given by
O(Ng1 " log(Ng1 ™) = O(Clog(C)) and O((NgT")?) for k =0,...,n — 2. Using (E2),

we obtain that b}, can be computed from bz+1>Qk:§kaBk>gk in

(’)(122”*2’“(Nbd + 0)2)

143



6. Robust Optimal Paths

arithmetic operations for k = 0,...,n — 2. Using the formula for the geometric series [BS,
p.8], we establish that

n—2

O(Clog(C)) + (Mg + C)?Y_ 0 (122n—2k) - o(m?nwbd + 0)2).
k=0

O

Theorem 6.4.8 Let vg,v' € V be given, let Assumptions hold, suppose that T'(v) is a
closed interval for all v € V' and denote Npq = |bd(T(v’))|. Suppose further that, for each
to € Tr(vo), there exists an optimal control sequence u*(ty) € U(vo,to) of topological length
n(to) = |u*(to)|, such that

sup  n(tg) < N,
toETR(’Uo)

U {(61’ < En(ty)) € Ento) ; u*(to) = ((Atk’ek))kzl,...,n(to)}‘ =4
to€Tr(vo)

for some N,M € N. Then the function b§ : Tr(vo) — R, b§(to) = b*(vo,to), satisfies
b € PﬁlSC(TR(Uo)), and denoting #bjy = (No,0, No,1, N1), there hold:

(i) Noo = O(M((2C?*)N) and No1, N1 are of order
O <M203'2N—3(8Nbd +6+ 1602)2N> .

Moreover, by can be computed in

3.2N~—

. 1
O <M09'2N_15 (8Nbd +6+ 1602> + M3C3? 3 (8 Ny + 6 + 1602)2N>

arithmetic operations.

(i) If X =V xR, then Noo =0 and Ny 1, N1 are of order
0] <M203'2N_352N> .
Moreover, by can be computed in
O<M09-2N1—553-2N1 +M3C3'2N_352N>

arithmetic operations.

(iir) Ift — 0(e,t),t — (e, t) are monotonically increasing for each e € E and the functions
AT, , AT, satisfy (B4) for each v € V, then Noog = O(M) and Ny 1, N1 are of order

2N

O<M202N_1(12Nbd +50) >
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6.4. Properties of the Optimal Value Function

Moreover, by can be computed in

2N

O (MC3‘2N1‘2 (12Npq +5C)* % + M2 =1 (12Nyq + 5C) )

arithmetic operations.

(iv) If t — B(e,t),t — O(e,t) are monotonically increasing for each e € E, the functions

AT, , AT, are constant for each v € V and 8y is linear for each v € V., then Noo =
O(M) and No 1, N1 are of order

O(M*72N (Npa + C)).
Moreover, by can be computed in
O<M722N(Nbd +C)2) + M372N (Nipg + 0))

arithmetic operations.

(v) Ift — O(e,t),t — O(e,t) are monotonically increasing for each e € E, AT (v,t) = {0}
and 5(v,t,0) = 0 for each (v,t) € X, then Noo = O(M) and Ny 1, Ny are of order

O(M?*12Y (Npq + C)).
Moreover, b can be computed in
O<M122N(Nbd +C)%) + M312N (Npg + 0))
arithmetic operations.

Proof The results follows in a similar manner as in the proof of Theorem bBZ3~21. ]
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7. Optimal Paths Without Waiting and
with Fixed Departure Time

In the preceding chapters we have considered the problem of computing the optimal value
function and optimal paths for varying departure times. In this case, the reachable part of
the state space Xr had a hybrid structure. In particular, it consisted of pairs {v} x Tr(v),
v € V, at which Tg(v) C R generally was a time interval. Hence, X was innumerable in
general.

In this chapter, we consider the problem of computing (the cost of) an optimal path for
a fixed departure time in a FIFO-network in which waiting is prohibited. In particular,
we assume that AT'(v,t) = {0} and §(v,¢,0) = 0 for all (v,t) € X. If we consider the
case of a fixed departure time and assume that only a finite number M € N of paths of
maximal length N € N are admissible, then the reachable part of the state space consists
of a finite number of states, i.e., the reachable part of the state space is discrete. For such
types of state spaces the concept of the time-expanded network has been introduced in a
number of discrete-time time-dependent network problems, see, e.g., [I0], [39], [48], [I58].
The time-expanded network is constructed from a time-dependent network as follows:

A node of the time-expanded network is a pair (v,t), where v € V' is a node of the time-
dependent network and ¢ € R is a (reachable) point in time. The edges of the time-expanded
network are given by all state transitions (v,t) — (v/,¢') in the original network, i.e., by all
pairs of time-expanded nodes ((U,t), (W, t )) for which there exists an edge e of the time-
dependent network such that v = a(e), v' = w(e) and t/ =t + 7(e,t). (Recall that we are
assuming that AT (v,t) = {0} for all (v,t) € X.) The cost of traversing this edge of the
time-expanded network is given by (e, t). If the (reachable part of the) state space of the
time-dependent network is finite, the time-expanded network is a time-independent network
which has the structure of the time-dependent network. The advantage of this approach is
that all theoretical results and algorithms for the time-independent optimal path problem
directly carry over to the formulation of the time-dependent optimal path problem in the
time-expanded network. We will also use this notion in the following sections of this chapter.
If waiting is prohibited everywhere and there are no multiple edges in the network, then
there is a one-to-one correspondence of paths p emanating from some initial state zo € X
and control sequences u € U(xg). This is not necessarily the case if waiting is allowed at
certain nodes of the network, since {At € AT (v,t) : t + At + 7(e, t + At) = t'} may contain
more than one possible waiting time for a given triple (¢, e,t') € Rx E xR. Hence, assuming
that there are no multiple edges in the network, we may use the notion of paths and control
sequences interchangeably in this chapter. Moreover, we may relax Assumption =23 in
order to guarantee the existence of optimal paths. The necessity of lower semicontinuous
cost functions and continuous transition functions was due to the hybrid structure of the
time-dependent optimal path problem with waiting times. If waiting is forbidden everywhere
in the network then we are considering an essentially discrete problem (even if the time
variable is continuous) which is specified by the topological structure (V, E) of the time-
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dependent network. In this case, given that (E20) and (B=2) hold, optimal paths exist even
if the network functions are not (lower semi-) continuous.

In Section [, we define two types of constraints which are of particular importance for the
time-dependent optimal path problem in automotive navigation systems. For both types of
constraints we derive pruning criteria in Section 2, which lead to a significant decrease of
the number of reachable node-time pairs which must be considered during the computation
of the optimal path. We then carry out a complexity analysis of the forward optimal path
problem with fixed departure time in Section [=3.

7.1. Problem Setting

In time-independent networks with nonnegative edge costs, optimal paths are always simple.
They can be computed, e.g., by applying the principle of dynamic programming (e.g., by ap-
plying the Bellman-Ford algorithm [23]) or the algorithm of Dijkstra. Time-dependent opti-
mal paths can contain circles, cp. Section B33. This is because, in a time-dependent network,
the principle of dynamic programming is only generally valid in the time-expanded network
(0], [@8], cp. Proposition BZ3. This explains the difficulty in deriving computationally
efficient algorithms for the time-dependent optimal path problem: The time-expanded net-
work is usually very large in the case of a discrete time variable, and the set of reachable
node-time pairs may even be innumerable in the case of a continuous time variable and
fixed departure time [[38]. Several pseudo-polynomial algorithms have been developed for
discrete-time time-expanded networks, exploiting the fact that the time-expanded network
is acyclic if all travel times are positive [I0], [38], [35].

For some applications, like automotive navigation systems, it might be desirable to exclude
circles in the topological structure of paths. This is on one hand motivated by the smaller
number of feasible paths, which must be considered during search, and which will in almost
all cases suffice for the computation of optimal paths. On the other hand, it is unlikely that
an optimal path which contains a circle will be accepted by the driver.

Recall that the time-dependent optimal path problem can be formulated as a linear pro-
gram in the space of positive Borel measures [[42], [I12], [I33], [I58], cp. Section BI. Tt
can be shown that, if all cost functions are measurable, each extremal solution is a sum of
Dirac-measures [[12]. By inserting an additional constraint into [IT2, (LPM)], i.e., by re-
quiring the Borel-measures x. associated with the edges e € F of the network to be bounded
from above by z.(R) < 1, e € E, we conjecture that each feasible extremal solution of the
resulting linear program can be shown to be a simple path. However, the travel times in the
linear programming formulation of the time-dependent optimal path problem are restricted
to be constant functions and few efficient algorithms have been developed to solve the re-
sulting linear program [I4], [I33, Chapter 6]. Hence, the applicability of this approach is
limited in applications in which the problem size is very large or the assumption of constant
travel times is too restrictive. For this reason, we consider the problem of computing simple
optimal paths in the framework of dynamic programming.

We have seen in Lemma Bhd that certain fastest paths are easy to compute in FIFO-
networks in which Assumption B553 holds. This motivates the introduction of the second
constraint, which requires any feasible path to remain in some sense close to a fastest path.
Such time constraints may occur in applications such as automotive navigations systems,
in which it may be prohibitive to compute a route which requires more than 110% of the
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optimal travel time. In order to ease the notation, we assume that the fixed departure
time ty € R always equals tg = 0. We now formulate the three problem settings which we
consider in this chapter.

Problem 7.1.1 Let G = (V,E,7;3,0) be a time-dependent FIFO-network, let Th(v) = R
for allv eV, let AT (v,t) = {0} and §(v,t,0) =0 for all (v,t) € X. Suppose that (V,E) is
strongly connected and there exist B,B° € R, B° > 0, such that (Z-1) and (%-3) hold. Let a
source node vg € V, the departure time to = 0 and a goal node v' € V' be given.

(i) Compute an optimal path from (vg,0) to v' in (G, Ty, AT).

Let ~ : Rar — Rg denote a monotonically increasing function with v(0) = 0, and let
I : R — R, I'(t) = t + 7(t). Denote by ty(v) the earliest arrival time of a path from
(v0,0) to v and by tr, ) (v) the latest departure time of a path from v to (v, Tty (v")))
in (G, T1,AT), cp. Section ZA. Let

Tr(v) = [ty(v),0) N ( — co, min {F(Lo(v)),fp@o(v/))(v)}], YveV.
(ii) Compute an optimal path from (vg,0) to v in (G, Ta, AT).
(iii) Compute an optimal simple path from (vg,0) to v' in (G, Ty, AT).

Observe that (G,T1, AT) satisfies Assumption B523. Hence, Lemma BS54 implies that we
can compute 1% from T} in O(|E| + |[V|log|V|) time.

Lemma 7.1.2 Consider Problem [711 (i) and let v € V with To(v) # 0. Then there exists
a simple fastest path without waiting from (vg,0) to (v,zo(v)).

Proof The assertion follows in a similar manner as in the proof of Lemma B54, since
I'(ty(v)) > ty(v) for all v € V. O

In the following, we consider two classes of time constraints, i.e., we choose v as a linear
function or as a logarithmic function. For the sake of simplicity, we denote

Min * R(J]r — ]R(J]ra ’Ylin(t) =t, (71)
Yog * ]R(J)r — R(J)rv 'VIOg(t) = log(l + t)a

where log denotes the natural logarithm. Note that the introduction of constants or the
choice of a logarithmic function to a different basis would not result in different orders of
complexity in Section [Z3. Hence, the functions v, , yog can be viewed as representants for
a whole class of functions. These classes have been chosen in analogy to the literature [140],
[[47], which investigates the effect of the accuracy of a given heuristic on the complexity of
heuristic search (cf. Section [[3). Yet, this choice is somewhat arbitrary, and results similar
to those of Lemma 28, Theorem =31 and Corollary [Z39 can also be achieved for other
function classes.

In an unconstrained optimal path problem (without waiting and with fixed departure time),
none of the two constraints (i.e., the simple path constraint and the feasible arrival time
constraint) is imposed. As each constraint has a different impact on the complexity of
computing optimal paths, we will separately discuss the effects of the constraints both in
continuous and in discrete time.
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7.2. Pruning Techniques

In this section we consider the Problems [T (3)-(ii7). Our first goal is to prune the search
tree of an arbitrary optimal-path algorithm, based on the principle of branch and bound. We
then consider Problem ZT1 (%ii) and derive a bound on the number of predecessors of the
head (resp., tail) of a path, which are relevant in order to maintain the simple path property.
A key argument in the first part of this section is the bounded length of optimal paths,
which is used to construct a Lipschitz constant for the optimal value function. Under weak
assumptions we have already derived such bounds in Lemma BT9. In practical applications,
there are usually a plurality of more sophisticated techniques for the derivation of an upper
bound of the length of each optimal path from v to v/, such as, e.g., using landmarks [54]:
Suppose that upper bounds B*(U), b.(v") of the forward and reverse optimal value functions
with respect to a landmark v* are given for two nodes v,v" € V. In other words, suppose
that we know that we can reach v* from (v,t) with a cost less or equal b (v) and we can
reach v’ from (v*,t) with a cost less or equal b,(v’) for each ¢t € R. Then, as a consequence
of the triangle inequality, we also obtain that b*(v,t) < b.(v/) + b (v) =: B, cp. Theorem
BT T0. Note, that a smaller Lipschitz constant results in a stronger pruning criterion.

As we have pointed out at the beginning of this chapter, the computation of a solution to
the time-dependent optimal path problem with fixed departure time and without waiting
can be carried out in the time-expanded network. Generally, if the edge travel times are
functions of a continuous time variable, most paths from vy to a node v € V with departure
time tg result in different arrival times. As the time-expanded network may contain a large
number of node-time-pairs in a small time interval, it is of high practical interest to prune
any node-time-pair (and hence the search tree rooted in this node-time-pair), which cannot
be contained in an optimal path. Although this is particularly important in the case of
a continuous time variable, the following results hold also in the case of a discrete time
variable.

In the next lemma we derive a pruning criterion for Problem -1 (i) which we then extend
to Problem I (%) in Lemma [CZH. Both results are formulated for forward search
algorithms. Similar results can be proved for backward search algorithms.

Lemma 7.2.1 Consider Problem [T.11 (i). Suppose that T, 3 are Lipschitz-continuous with
constants Lr,Lg > 0 and there exists B € R, B > 0, such that (B1d) holds. Denote

Le(1+ LN —1

L:
L, ’

(7.3)

with

VIB—(V]-1)B
+ 55

N=|V|-1 V.

If u,u’ € U(vg,0) with w(u) = w(u'), then u' cannot be extended to an optimal control
sequence if

B((vo,0), ') > B((v0,0), ) + L‘T((vo, 0),) — T ((vo,0), u')‘. (7.4)

Proof Theorem b0 implies that b* is Lipschitz-continuous with the Lipschitz-constant L
given by ([=3). The minimum-cost extension of a control sequence u € U(vg,0) which leads
to the goal node v’ is the extension by an optimal control sequence u* € U (v, T((vo, 0), u))
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Figure 7.1.: Topological structure of the example network. The dashed center part of the
graph may be arbitrary, but such that there exists at least one topological path
from vy to v’. It might be, e.g., a symmetric grid graph of arbitrary size.

with w(u*) = v'. Consequently, using the Lipschitz-continuity of b*, () implies that
B((vo,0),u) +b* (v, T (40, 0), ) ) < B((v0,0),u) + 5 (v, T((v0,0), )

+ L T((v0,0), w) = T((v0,0), )

< B((vo, O),u') + b (v,T((vo,O), u'))

Therefore, v/ cannot be extended to an optimal control sequence. ]

Remark 7.2.2 Assuming that B > 0, the upper bound N of the length of an optimal path
from v to v', can be significantly strengthened. If n is the minimum-hop distance from v
to V', then we obtain b*(v,t) < nB which implies that N < nB/B (cp. [107, Lemma 3]).
Here, for v,2v' € V, the minimum hop distance from v to v' is defined as the minimum
(topological) length of any (topological) path from v to v' in (V, E).

The following simple example illustrates the use of the path pruning criterion: Consider the
time-dependent network given by the graph in Figure [, with

7(ep,t) = 0.1, B(ep,t) = 0.5, vt € R.

Suppose that 7,8 are Lipschitz-continuous in the second argument with constants L, =

Lg = 0.15, and B(e,t) > B = 0.5. Consider Problem T (i). We assume that (e.g.,
from a time-independent preprocessing step) we know that b*(vg,t) < 5 for all t € R.
This implies that the topological length of an optimal path is bounded from above by
N = sup;cg b*(vo,t)/5 < 10. Consequently, the partial mapping t — b*(vg, t) is Lipschitz-
continuous with Lipschitz-constant

A+L)Y -1 4, (7.5)

L=Ly—— <

As the optimal path may contain circles, we must generally consider all copies of the source
node vg in the time-expanded network. Since b*(vg,t) < 5 we must eventually consider 11
copies of vy if the node-time pairs are expanded by some forward search algorithm in an

increasing order of cost. Let uy., = ((O,ek))k:1 _, with e = ¢g for all kK = 1,...,n and
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let pg., = (I)((U(),O),un) = ((’U(),O), vty (V9,0.1 - n)) denote the path n times cycling eg. In
addition to (vg, 0) (which may be considered as reached by the path pg of length 0 emanating
from vg), the node-time pairs (vg,0.1-n) are reached by p,, n = 1, ..., 10, respectively. The
travel times and costs associated with p,, n =0, ..., 10, are

T ((v0,0),up) = 0.1+ 7, B((v0,0),up) = 0.5 7.

Now, since
B((v0,0),un) = 0.5 > L-0.1-n = L|T ((v0,0), un) ~ 0],

Lemma [ implies that p, cannot be extended to an optimal path, if n = 1,...,10.
Hence, only by considering the source node, the application of the path pruning criterion
has significantly reduced the size of the search space. Instead of 11 possible copies of vy
in the time-expanded network, only (vg,0) needs to be considered for the computation of
the optimal time-dependent path. Of course, the same procedure can be repeated in any
subsequent node, resulting in a further reduction of the search space. Although this is
only an illustrative example, and the performance of the pruning criterion depends on the
underlying network and the particular application, it shows the potential of the simple test
given by equation (IZ2).

In order to extend the result of Lemma [T to the time-constrained case we first prove the
following property of the sets of admissible control sequences.

Lemma 7.2.3 Consider Problem [7.11 (ii). Then, for all t,t' € T(v), there holds
>t = U(v,t')CU(v,t),
and if there exists a T € RT such that
T <T((v,t),u), V(v,t) € X,u € U(v,t), (7.6)

then U (v,ty(v)) is a finite set for each v € V.

Proof According to Lemma [T, there exists a simple fastest path from vg to each v € V
with T3(v) # 0. Let u* € U(vo, 0) be such that ty(v) = T ((vo,0),u*). Let t,¢' € T(v) with
t' > tandlet u € U(v,t'), n = |u], vp = w(ug), k = 1,...,n. The FIFO-property implies
that

t+ T((U, t), ul;i) <t + T((U, t/), Ul:i) < min {F(EO(Ui))v%F(to(v’))}’ i=1,...,n.

If we had ¢ + T((v,t), ulzi) < to(v;), then the concatenation (u*,u.;) of u* and wu;.; would
satisfy
T((”O? 0)7 (U*7 ul:i)) S t+ T((Uu t)) ul:i) < EO(’UZ')

according to the FIFO-property, thereby contradicting the definition of t,(v;), i = 1,...,n.
Consequently, u € U(v,t).

Now assume that there exists a 7 € Rt such that (Z8) holds. In a similar manner as in
the proof of Lemma BT9 (i) we obtain that, for any v € V, the length of any admissible
control sequence u € U(v,t) is bounded from above by N = [I'(to(v")) — to(v)]/T. Hence,
\U(v,t)| < |E|N for all t € T(v). O
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The optimal value function is not necessarily continuous in the case of time-constrained
optimal paths. This is due to the fact that a control sequence u may produce very low
values of the cost function B but become infeasible at a certain time ¢, due to the constraints
on the arrival times, cp. Remark BT4. In such a case the optimal value function would
jump to the value defined by the next-best feasible path (see Figure ). In particular, we
obtain the following corollary of Lemma [273:

Corollary 7.2.4 Consider Problem [7-11 (ii) and assume that 7,3 are continuous. Then
the partial function t — b*(v,t) is continuous from the left for each v € V. If there exists
a T € RY such that ([7.0) holds, then the set of discontinuities of the partial function
t — b*(v,t) on Tr(v) is finite.

Proof Let t € Tr(v). Lemma [Z3 implies that

lim b* (v, s) = I in B((v,s),u) < min B((v,8),u) = b*(v, 1),
;%1 (U S) ;%11161’(1]1(151,5) ((U 8) U) uEI(IflgfzI},t): ((’U ) ’LL) (U )
w(u)=v' w(u)=v"

since U(v,t) C U(v, s) for t > s and the partial mapping t — B((v, t), u) is continuous for
each u € U(v,t,(v)).

According to the FIFO-property and the continuity of 7 the set Tv(u) = {t eTW):ue€
U(v,t)} is a closed connected set for each u € U(v,ty(v)). The set of discontinuities of the
partial function t — b*(v,t) on Tr(v) is contained in {max T(u)}ueU(v%(v)). If there exists
a T € RT such that (1) holds, Lemma "23 implies that U (U,LO (U)) is finite, and hence
the set of discontinuities of the partial function ¢ +— b*(v,t) on Tr(v) is finite. O

This leads to the following extension of Lemma 2 to the time-constrained case.

Corollary 7.2.5 Consider Problem [711 (ii). Assume that T, are Lipschitz-continuous
in the second argument with constants L., Lz > 0, and that there exists a T € R" such that
([73) holds. Letv € V with To(v) # 0, let N = [T'(t5(v")) — to(v)] /T, and let L be defined
by (73). If u,u’ € U(vp,0) with w(u) = w(u'), then u' cannot be extended to an optimal
control sequence if T ((vo,0),u’) > T ((vo,0),u) and

B((vo,0), ) > B((v0,0), 1) + L (T ((v0,0), ') = T((v0,0),u) ). (7.7)

Proof From Lemma B9 (i) we obtain that the length of any optimal path is bounded
from above by N = [['(ty(v")) — to(v)]/T. Proceeding as in the proof of Lemma 51T,
the partial function ¢ — b*(v, t) is Lipschitz-continuous with the Lipschitz-constant L given
by (3) on every time interval 77 C T'(v) which contains no discontinuity. Let ¢1,...,¢;,
j € N, denote the time instants at which the partial function ¢ — b*(v, ) is discontinuous,
and let b; = limy 4, b*(v,t) — limyy, b*(v,t), i = 1,..., j, denote the height of the i-th jump.
According to Corollary 24, b; > 0 for all 7 = 1,...,j. Consequently, if ¢ > ¢, there holds

b (0,) > b (v, t) = L(t' =)+ Y b = b*(v,t) — L(t —t). (7.8)
i€{l,....5}:
t<t;<t'

The minimum-cost extension of a control sequence u € U(vp,0) which leads to the goal
node v’ is the extension by an optimal control sequence from v to v'. For w,u’ € U(vg,0)
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Figure 7.2.: Cost functions and arrival time functions of time-dependent paths, correspond-
ing to three control sequences u with a(u) = vy, w(u) = vy and varying de-
parture times ¢t (dashed, chain-dotted, dotted black curves). The gray line in
the lower drawing constitutes the time constraint in vo, the solid black curve in
the upper drawing illustrates the resulting optimal cost function in the time-
constrained network.
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with v = w(u) = w(w') let t = T ((vo,0),u), t' = T ((vo,0),u’) and assume that ¢’ > t. Now,
(72) and (V) imply that

B( (v, 0),u) + b*(v,t) < B((vg, 0),u) + b*(v,t') + L(t' — t)
< B((vo,0), ) + b*(v,t').

Therefore, u/ cannot be extended to an optimal control sequence. ]

Let us now consider Problem [T (743). In this case, any solution algorithm has to remember
the history of each path during the expansion process. Hence, a solution algorithm must
expand paths rather than nodes. In contrast to the algorithms of Dijkstra or Bellman-Ford,
which only need to remember the direct predecessor of each node, this must be considered
as a severe drawback. The following result shows that the number of predecessors which are
relevant for a further expansion of a path by some forward search algorithm is bounded.

Lemma 7.2.6 Consider Problem [T.11 (iii). Suppose that vy is either linear or logarithmic,
and suppose that there exist a constants T,T € RT such that there hold ([7-8) and

T((v,t),u) <T, V(v,t) € X,u € U(v,t). (7.9)

Let n denote the minimum-hop distance from vy to v'. Then the number N of predecessors
which are relevant for the expansion of any path rooted in vy, is bounded from above by

N <~(nT)/T -1.

Proof Asin the proof of Lemma [Z3 we see that the length of any feasible path is bounded
from above by I'(ty(v'))/T. Clearly ty(v') < nT. Let u € U(vp,0) be an admissible control
sequence of maximum length K € N, and p = ((Uk’tk))kzo,.‘.,K = (I)((’U(],O),u). For each
vj, j =1,..., K, the set of admissible arrival times satisfies T'(v;) C [O, F(T((Uo, 0),u1;j))],
as I is monotone increasing and 7T ((vo,0), u1:;) > to(vj) > 0. A necessary condition for the
relevance of vy, for the further extension of py.;, k¥ < j < K, is therefore

T (00, 0), 1) + T < T(T((v0,0), ure) ), (7.10)

because vy, must still be reachable and T ((vo,0), u1:j4+1) > T ((vo,0), w1j) + T
Since ’T((vo, 0), ulzj) = T((UO,O) U1. k) + T((vk,tk) uk+1]) as well as F(T( vg, 0 Ul:k)) =
T((vo, 0),u1;k) + ’y(’T((vo, 0),u1.k)) (13) implies that

T((vk, tk), uk+1;j) +7T< ’Y(T((’Uo, 0), Ul:k)) (7.11)

is necessary for the relevance of vy, for the expansion of py.;. As v must always be reachable,
another necessary condition for the further extension of py.; is given by

T ((v0,0),u1;5) +T < T(nT). (7.12)

Let r = j — i denote the number of relevant predecessors of a path of length j < K, 7; =
T((Uo, 0), ul;i)/i the average edge travel time on pg.;, 1 < i < jand 7. = T((UL, i), Wit1: ])/r
the average edge travel time on p;.;. () and (9) imply that 7 <7, <T and 7 < 7. < T.
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We now consider the following nonlinear optimization problem:

’ 7Iﬂ]aTmT - T, subject to (7.13)

—i <0, (7.14)

—r <0, (7.15)

T-7<0, (7.16)

m—T <0, (7.17)

T-7<0, (7.18)

. —T <0, (7.19)

—y(7i8) + o + T <0, (7.20)
—I(Tn)+7r+mni+T <O0. (7.21)

The constraints (14), (IH) ensure that only paths of nonnegative length are considered.
(18)-(ZT9) denote the edge travel time constraints and (=20), (ZZ21) coincide with (1),
(C12). If 2* = (3, r*, 7%, 77) is an optimal solution of (CI3)-(ZM), then the number of
relevant predecessors is bounded from above by r*. Let f : R?* — R denote the objective
function of (I3), and let ¢ : R* — R®, with the components ¢;, [ = 1,...,8, be defined by
(1A)-(=2m). According to [37, Theorem 3.3.5], a necessary condition for the optimality of
x* is the existence of 1y € R, y; < 0,1 =1,...,8, such that

8

~Vf@)+ > mVa(z*) =0, (7.22)
=1

/’[/lql(x*) = 07 l = 17 ) 87 (7'23)

if the set 2 = {x € R* : ¢(x) < 0} satisfies the constraint qualification [37, Definition 3.3.1]
in 2*. This is guaranteed by the existence of 6z € R* with

(Vg (x*),6z) <0, VIe{l,..,8} with ¢(z*) = 0. (7.24)

according to [37, Theorem 3.3.21].

If v = 4iin, an analysis of (C22) and ([C23) yields the admissible solutions py = g = ps =
pa = pe = 0, ps = —(nT = T)/T>, pr = pg = —1/2T, i* = nT /77, v* = (T = T)/T,
75 = T and 7 € [T,T] arbitrary. Obviously, the choice of 7 does not affect the value
of the objective function. We therefore choose 77 = T and i* = n as candidates for
an optimal solution. The constraint qualification is satisfied in the thereby defined point
z* = (i, r*, 77,75, as oz = (0,—3n/T,—1,nT/(nT — T)) satisfies (=2d). Hence the
number of relevant predecessors is bounded from above by r* = v, (nT) /T — 1, if v = Yin.
If ¥ = Yo, an analysis of (Z22) and (ZZ3) yields the (unique) admissible solution p11 = po =
s = s = i = 0, pi5 = log (10T ) /T—1]/T, jir = —(1-+nT )/ [T@+nT )}, s = —1/[T(2+
nT)], ©* =n, r* =log(1+nT)/T —1, 77 =T, 77 = T. The constraint qualification is
satisfied in the thereby defined point x* = (i*,r*, 77, 7}), as éz = (0,—2n?T/T,—1,1)

satisfies (Z24). Hence the number of relevant predecessors is bounded from above by r* =
710g(nT)/I_ 1, iffYE'ylog- O

Remark 7.2.7 Note that the upper bound on the number of predecessors given by Lemma
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[7-28 is valid for any feasible path in the time-dependent network, given a source node and a
goal node of minimum-hop distance n. In the same manner in which this bound was derived
in the proof of Lemma [7.2-4, replacing n by k, a bound for any feasible path of length k € N
can be derived.

7.3. Complexity Analysis

We have derived two pruning techniques in the last section, which allow a significant reduc-
tion of the cost of computing time-dependent optimal paths. Nevertheless, the computation
of such paths is still in general NP-hard. In this section, we prove some complexity results
for the Problems 11 (7)) and (44i).

There has been considerable effort in bounding the number of nodes expanded by heuristic
search algorithms, such as the A* algorithm [80], in terms of the accuracy of the heuristic.
Assuming that the graph is a tree, it has been shown that the number of nodes expanded by
the A* algorithm is polynomial in the length of the optimal solution (in the worst case), if
the accuracy of the heuristic is constant [[46] or logarithmic [I40]. By contrast, the number
of nodes expanded by the A* algorithm is exponential (in the worst case) if the accuracy of
the heuristic is linear [T47]. Although the setting considered in these works does not carry
over to the time-dependent case, a similar result holds if the time variable is discrete and
time constraints of varying order are considered.

As we have argued in Section [[2, the constraint of allowing only simple paths for expansion
leads to a different notion of expansion. In contrast to the usual optimal path algorithms
(such as Dijkstra or Bellman-Ford), it is necessary to expand paths rather than nodes. As
the number of simple paths grows exponentially with the number of feasible nodes, we can-
not expect a polynomial bound on the number of paths. Hence, as long as we consider a
discrete time variable, we only consider Problem [ZI1 (ii) and we do not require paths to
be simple.

The following results are formulated for a continuous time variable and a discrete-valued
travel time function. The set of reachable nodes in the time-expanded network is then a
discrete set.

Theorem 7.3.1 Consider Problem [711 (it) and assume that 7(E x R) C {z,...,7} with
7,7 € N. Let n denote the minimum-hop distance from vy to v'. If (V,E) is a symmetric
directed r-ary tree, then the number N of reachable nodes in the time-expanded network is

N=0 <n37'"?/(21)> , if Y = Yiin, (7.25)

N=0O (n1+1/(21) log(n)rl/(21)> , if ¥ = Yog- (7.26)

Proof The fastest path subtree S of (V, E) is a directed tree rooted in vg. As any admissible
path must visit vy at an admissible time ¢ € T5(vg) = {0}, the only edge emanating from
vo must be an edge on a fastest path from vy to v’. Due to the FIFO-property, the fastest
path from vg to v’ is simple and therefore uniquely determined. We denote the nodes which
are passed by this path by v, vy, ...,vn_1,vn, with v, = v'. Let Sy, k = 1,...,n, denote
the subtree of S rooted in v; and containing (except for vg) only nodes not passed by the
fastest path from vy to v' (see Figure Z3). The number of reachable nodes in the time-
expanded network is given by the set of all node-time pairs in the time-expansions of the
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subtrees Si, k = 1,...,n. As+y is monotonically increasing, the maximum number of feasible
copies of vy is given by |[v(k7T)|. The maximum depth of Si is therefore bounded from
above by |v(kT)/(21)], because vy must be reachable at an admissible arrival time from
any node v € Si. Moreover, if we consider a node vy; at depth j € N in S, (see Figure
[[3), then T5(vy;) contains no more than (k7) — 21 reachable and admissible arrival times.
The number N of reachable and admissible node-time pairs in the time-expansion of S, is
therefore bounded from above by

ly(k7)/(20)]
Ny <A(km) + (r=1) > v y(k7) - 257). (7.27)
j=1

From our reasoning above we have N <3 ' | Nj.
If v = Yin, then (C2Z4) becomes

Lk7)/(2m)] ~
Ny <kT+4 (r—1) Z =Y kT — 2j7) = O (kzrkT/@z)) ,
j=1
which results in (ZZ3).
If ¥ = Y1og, using the formula for the geometric series, (ZZ4) becomes

llog(1++7)/(27)]
Ny, <log(1+k7)+ (r—1) Z 7~ (log(1 + k7) — 2j7)
j=1
[log(1-+k7)/(20)] -1
<log(1+k7) | 1+ (r—1) > 7
=0
rlog(1+k7)/(21)] _
=log(1+k7) |14+ (r—1)
r—1
= 0 (log(k) (kr) /),
which results in (283). O

Remark 7.3.2 In the situation of Theorem [7.3.1, since the set of reachable states is finite,
an optimal path exists even if (1) and (=3) do not hold.

A major difficulty when adapting this methodology to general graphs is the fact that there
exists more than one simple solution path. In a grid graph, which may be considered
as an appropriate model for the road network of an urban area, neither the complexity
results concerning the accuracy of a heuristic, nor the results derived in Theorem =3
apply. Considering a continuous variable, independent of the simple path constraint, even
the following negative result holds.

Theorem 7.3.3 Consider Problem [7.11 (i) or Problem [711 (iii), suppose that there
exists a T > 0 such that ([7.4) holds and that (V, E) is a grid graph. Let n denote the
minimum-hop distance from vy to v'. If v # 0, then in the worst case there exist Q(Q"/z)
optimal paths from vy to v' and Q(n?"/z) reachable node-time pairs.
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®
Figure 7.3.: Labeling of the symmetric directed r-ary tree used in the proof of Theorem

[30. The edge sequence (eq, ..., e,) constitutes the topological structure of the
optimal path.

Proof In order to localize a node in the grid graph, we use a coordinate system and choose
vp as the origin. The coordinates (z,y) € Z? of any node v € V in the grid graph are
then given by the (directed) number of hops x in the horizontal direction and the (directed)
number of hops y in the vertical direction, which are required to reach v from vg. Without
loss of generality, we assume that v’ is located at (z',%/) € Z?, with 0 < 2’ <3/, n=2'+y'.
We will now consider the set Vg of nodes v with coordinates (z,y) € Z2, 0 < z < 2/,
0 <y <4/, ie., those nodes which are contained in minimum-hop paths from vy to v'.
As ty(v) > T > 0 and v # 0, Ta>(v) contains an infinite number of points in time for all
v € Vg, v # vg. We may therefore choose the edge travel times 7 in such a way that each
minimum-hop path from vy to v € Vg is admissible, and such that the node-time pairs
passed by all minimum-hop path are distinct. Furthermore, we may choose the edge cost
function 3 in such a way that B(e,t) = 8 for some 8 € RT, all t € Th(a(e)) and all e € E
with e = (vy,vy) for some v1,v2 € Vo, and B(e,t) > B otherwise. With this choice, each
minimum-hop path from vy to v’ is admissible and optimal. Each of these paths can be
represented by a sequence of z’ horizontal and 3’ vertical hops. Hence the number of all
minimum-hop paths from v to v’ is given by the number of permutations of a set containing
2’ indistinguishable elements of one type (horizontal hops) and ¢’ indistinguishable elements
of another type (vertical hops). Therefore, there are

/_|_ / '
& +y) (7.28)
'y’
minimum-hop paths. Choosing, without loss of generality, ' = y// = n/2, we obtain Q(2"/2)
optimal paths from v to v’. Since each such path is of topological length n, we obtain
Q(n2"/?) reachable node-time pairs. O
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Remark 7.3.4 Note, that the exponential number of reachable node-time pairs results from
the fact that the terminal node-time pair of each time-dependent path possibly defines a new
reachable node-time pair. In this case, it might be beneficial to introduce the simple path
constraint, as the number of simple paths of length 1 in a grid graph is of the order i,
2.62002 < p < 2.67919 [123], whereas the number of paths of length | is of the order 4'.
Although this may lead to a considerable decrease in the number of reachable node-time
pairs, exponential worst-case complexity can only be avoided by choosing v = 0.

Despite the negative result given by Theorem =373, the number of reachable node-time
pairs in a time-dependent grid graph remains polynomial in the minimum-hop distance of
the source and goal node if the time variable is discrete. In order to establish this result we
need the following Lemma:

Lemma 7.3.5 Let (V,E) be a grid graph. The number of nodes v € V' of minimum-hop
distance k from a given node vg is bounded from above by 4k.

Proof Associating the same coordinate system with the grid graph as in the proof of
Theorem 233, the number of nodes of distance k is given by the number of solutions
(i,7) € Z? of |i| + |j| = k. These solutions form a 7/4-rotated square in Z2, with each edge
of the square containing k£ + 1 grid points. As each corner of the square is contained in two
edges, there are 4(k 4+ 1) — 4 = 4k nodes of minimum-hop distance k from wvy. O

We now derive an upper bound of the number of reachable node-time pairs which implies
the desired complexity result for discrete-time time-expanded grid graphs.

Theorem 7.3.6 Consider Problem [711 (i) and assume that 7(E x R) = {z,...,7} with
7,7 € N. Let n denote the minimum-hop distance from vy to v'. Suppose that the number
of nodes of minimum-hop distance k from vy is bounded by v(k). Then the number N of
reachable nodes in the time-expanded network is bounded from above by

[0(n7)/7)
N< > wlk)y(kT). (7.29)
k=1

Proof Let vy be a node of minimum-hop distance k£ from the source node vy, and let
tr = to(vg). Clearly, there hold kT < tp < k7, and t,(v') < n7. Relaxing the time
constraint which ensures that v" can be reached at an admissible time from each t € Ty (vy),
{vk} x Ta(vy) contains at most |vy(tx)]| reachable node-time pairs and ¢ is bounded from
above by t = I'(n7). An upper bound for the number of reachable node-time pairs of
minimum-hop distance at most K from vg is therefore given by the following optimization
problem:

K
max v(k)y(ty), subject to (7.30)
(trstic) £
T<t <7, (7.31)
T <tlgy1 —tp <, k=1,.,.K—1, (732)
th <1, k=1, K. (7.33)
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The constraints (=30) and (=32) take the range of 7 into account. Obviously, all ¢,
k=1,..., K, are bounded from above by K7, hence Zé(:l v(k)~(tr) is bounded from above,
and if there exists a solution, there also exists an optimal solution with a finite value Ng
of the objective function (Z30). As we have required t; < ¢ for all k = 1,..., K, a solution
can only exist if K <¢/7. Hence, the number of reachable node-time pairs is bounded by

N < max  Ng. (7.34)
Ke{l,..,[t/T]}

Since +y is monotone increasing, for any K € {1,..., [¢/7|}, S5, v(k)y(ty) is maximized if
the variables t;, are maximized simultaneously, i.e., if for some k* € {1,..., K}

th=17— (K — k)1, +1<k<K, (7.35)
the =T — (K — k* 4+ 1)r — (k* — 1)7, (7.36)
t, = k7, 1<k<k"—1. (7.37)

From (38)-(37) we see that ¢, < k7 for all £ = 1,..., K. Consequently, because 7 is
monotone increasing, we obtain y(tx) < v(k7) and

K K
ST vk (te) <> vk (7).

k=1 k=1

Finally, as K < t/7 = I'(nT)/1, we obtain (29). O

Remark 7.3.7 In the proof of Theorem [7-3-8, the optimization problem ([7-30)-(7-33) de-
fines an upper bound for the number of reachable node-time pairs which only accounts for
the distance to the source node vy. Considering, in addition to ([7-31)-([7-33), the constraint
that v' must be reachable at an admissible arrival time from any admissible node-time pair,
a more sophisticated and more accurate upper bound for the number of reachable node-time
pairs can be defined as follows: Associate with any v € V' the minimum-hop distance i from
vo to v and the minimum-hop distance j from v to v'. (Note, that we must assume that the
number of predecessors of minimum-hop distance j from v’ is bounded by v(j).) Then, for
any K € {1,...,|T'(n7)/1]}, solve the following maximization problem:

g}%ﬁ i+jg;7j20 vijy(tij), subject to (7.38)
it <ty < AT, i+j5<K,i,5>0, (7.39)
I'(n7) — j7 < tij < T'(nT) — jT, i+j <K, i,j>0, (7.40)
vij < (i), i+j < K,i,57>0, (7.41)
vii < v(j), i+ <K, ij>0. (7.42)

In this formulation, ([7-39) and (7Z0) take into account the time constraints at v, whereas
(741) and ([7Z3) take into account the topological structure of the time-dependent network.
The mazimum value of the objective function in ([7-38) defines an upper bound for the
mazimum number of reachable node-time pairs. As long as neither v nor v are exponential
functions, this procedure only yields a more accurate upper bound, but does not improve the
result of Theorem [7.3.0 in the order of complexity. For this reason, we have not further
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followed this approach.

Remark 7.3.8 Note, that the application of Theorem [7.3.4 to a symmetrical r-ary tree
results in different orders of complexity than Theorem [7.31, i.e., N = O (n2r2’ﬁ/z) if v =
Yiin and N = O (n1+1/1 log(n)rn?/ﬁ'l/f) if ¥ = Nog- The fact, that N grows exponentially
with n even if 7y = Yog 15 due to the weaker structural assumptions in Theorem [7.3.4.

Corollary 7.3.9 Consider Problem [7.1] (i) and assume that 7(E x R) = {r,...,T} with
7,7 € N. Let n denote the minimum-hop distance from vy to v'. If (V. E) is a grid graph,
then the number N of reachable node-time pairs in the time-expanded network is
N = 0(n?), if Y = Yiin, (7.43)
N = O(n*log(n)), if ¥ = Mog- (7.44)

Proof The assertion follows directly from Lemma [Z33 and Theorem [Z38, since for v =
Yin and v = yiog We have y(k7) = O(y(k)) and I'(n7 /1) = O(n). O
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8. An Exact Method for the Computation
of Optimal Paths

In this chapter, we introduce a solution technique which, similar to the previously published
decreasing order of time (DOT) algorithms [3%], [47, Chapter 6], computes the forward
optimal value function and the corresponding optimal paths by scanning backwards in
time. By using a different interpretation of chronological scan algorithms, i.e., by extending
Dijkstra’s idea of sorting cost values to sorting cost functions, we generalize the concept of
DOT methods to an heuristic search algorithm. As in large graphs, such as the road network,
heuristic search is often the only possibility to obtain acceptable query times in real-time
applications [[32], [I07], this generalization must be considered as a great improvement
with respect to the algorithms published in the past [I38], [T43], [T44], [BR], [47], [49].

In Section Bl we introduce the algorithm and prove its correctness. The progression of the
algorithm is illustrated with a simple numerical example in Section 4. A more detailed
study of the algorithm, including a comparison with an approximative method (cf. Chapter
) is then carried out in Appendix [Al.

8.1. The DOT* Algorithm

In the remainder of this chapter we suppose that a source node vg € V, an earliest departure
time t at vy, a goal node v’ € V and a latest arrival time ¢ at v’ are given. For simplicity, we
also assume that T'(v) = [¢,t] for all v € V. Note, that results similar to the ones derived
in the following hold for any compact state space.

In view of reachability, the time constraints at vy and v’ may result in even stronger time
constraints at intermediate nodes if 7 # 0 (cf. the definition of Tr(v) for v € V' in Definition
B5). If Assumption BZ3 holds, then Tr(v) can be computed in polynomial time for all
v € V (cp. Corollary B57), and hence the question whether there exists a feasible finite
path from vy to v’ can be answered in polynomial time. Note that, by restricting all com-
putations to the reachable points of the state space, any knowledge about {Tr(v)}yey can
be used to reduce the computational overhead. In the DOT*-algorithm (Algorithm BT1.1),
we take this into account by considering lower bounds of the travel times. We will get back
to the idea more rigorously in Chapter .

In the following, we present a new decision rule which determines a node ¥ and a time
interval I for which the optimal value function b* can be determined in one iteration of
a chronological scan algorithm. This decision rule can be understood as a generalization
of the decision rule in Dijkstra’s shortest path algorithm [66] or in the A* algorithm [R0]
to time-dependent networks. Indeed, the DOT* algorithm simplifies to Dijkstra’s shortest
path algorithm if t = ¢, 7 = 0, § = 0, 3 is constant and nonnegative and no heuristic is
used. Recall that in each iteration of (a backwards search implementation of) Dijkstra’s
algorithm, the open node with the minimum cost value is identified and declared as closed.
Then, each of its non-closed predecessors is declared as open and its cost value is updated
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according to the dynamic programming equation. The proceeding of the A* algorithm is
similar, with the exception of choosing the node v with the minimum sum of its actual cost
value and a lower bound of the cost to reach v from the source node (in backwards search).
The lower bound is also referred to as the heuristic utilized by the A* algorithm. The sum
of the actual cost value and the heuristic underestimates the true cost of the optimal path
from vg to v’ constrained to pass through v, and thus, roughly speaking, prefers nodes close
to the optimal path. It has been shown in [80], that the more accurate the utilized heuristic
is, the less nodes are expanded by the A* algorithm.

Hence, in each iteration of both algorithms, the optimal cost value of one node is identified.
In a time-dependent network, we cannot expect to be able to compute the optimal value
function of one node in one iteration. However, the computation of one cost value in each
iteration is only sufficient in discrete-time time-dependent networks [8%], and decision rules
for continuous-time time-dependent networks have only been developed for the piecewise
linear case so far [47, Chapter 6].

Similar to [B], [47, Chapter 6], we use the fact that it is only possible to travel forward in
time in order to determine an appropriate node and an appropriate time interval for which
the optimal value function can be computed. The main idea behind this solution strategy
is to avoid computational overhead: Label-correcting methods, such as the algorithms pro-
posed in [I3R],[47, Chapter 7], repeatedly evaluate the dynamic programming equation at
all nodes and all times. In comparison to [47, Chapter 6], besides the fact that our method
is also applicable if the network functions are not piecewise linear, the main advantage of
our algorithm is the incorporation of heuristic search.

Considering fastest paths with a fixed departure time in a discrete-time context, the A*
algorithm has been adapted to time-dependent networks in [8Y]. In the following, we gener-
alize this idea to the computation of the optimal value function in a continuous-time time-
dependent network. In the next definition we recall some properties of (time-independent)
heuristics [60] which we will use in the following. Note that, in contrast to [60], we formulate
the properties of a heuristic for backwards search.

Definition 8.1.1 Let G = (V, E;~) be a (time-independent) network in which v : E — RT,
and let c* : V xV — Rar be such that, for all vi,vy € V, ¢*(v1,v2) denotes the cost of an
optimal path from vy to ve in G. Suppose that a source node vg € V has been fized.

A heuristic m : V. — R is called admissible, if m(v) < c*(vo,v) for allv € V. A heuristic
7w : V = R is called consistent, if w(ve) < mw(v1) + ¢*(v1,v2) for all vi,ve € V.

We use the split network to iteratively compute the optimal value function at nodes of
increasing distance from the goal node v’. As in Section B3, we denote the nodes which
result from the splitting of v € V by vy and vyy. Furthermore, we use lower bounds
7, Ty - V. — R of the cost and travel time to reach the goal node, as well as lower bounds
7, Ty 2 V X V. — R of the cost and travel time of any path between a pair of nodes.

In particular, we suppose that for all v € V', we have already computed a lower bound 7 (v)
of the optimal travel time function ¢y — t*(vo nw, to) With respect to the goal node vy € V
and a lower bound 7,(v) of the optimal value function tg — b*(vgnw, to) with respect to the
goal node vy € V.

Moreover, we suppose that for all vi,vs € V', v; # vo, we have computed a lower bound
7t(v1,v2) of the optimal travel time function ¢ — t*(v1 nw,t) with respect to the goal node
V2 nw and a lower bound 7, (v, v2) of the optimal value function ¢ — b*(v1 nw, t) with respect
to the goal node v ny. For v = vy = v, we suppose that we have computed 7 (v,v) and
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mp(v,v) as lower bounds of the travel time and cost, respectively, of any circle containing
Unw-

Such lower bounds 7., 7. (the subscript - stands for ¢ or b in the following) can be computed,
e.g., by solving optimal path problems in the static networks G, = (V, E;7) and Gg =
(V, E; B), weighted by -

7(e) = min |:T(€,t) + min At}, Ve e E,
telt,t] AteAT (w(e)t+7(et))

— mi ¢ i ) ¢ t), At Ve € F

Ble) i [5(6, )+ e AR o) (w(e), t+7(e, ), )]7 e€E,

respectively. Note, that it is not necessary to solve an all-to-all optimal path problem in
order to compute the lower bounds 7.: They can be determined using an admissible and
consistent heuristic 7. : V' — Rar, which underestimates the time and cost, respectively, to
reach any v € V from one (previously determined) source node vy € V. If such a heuristic
7. is known, the lower bound can be set to 7.(vy,v2) = m.(v2) —7.(v1). Since . is admissible,
7.(vg, v1) = 7.(v1) —7.(vo) = 7.(v1) underestimates the cost to reach vy from vy and since 7.
is consistent, m.(v1, v2) = m.(v2) — 7.(v1) underestimates the cost to reach v from v;. Using
landmarks and the triangle inequality (see, e.g., [64] for details), the lower bounds can be
improved by defining them as the maximum over a set of heuristics.

In [160], the idea of the A* algorithm has been generalized to multiobjective search. This is
by some means similar to the solution strategy in the DOT* algorithm, in which we compute
the optimal value function at each v € V' in decreasing order of time and by minimizing the
cost of the respective control sequences. In particular, the decisions in the DOT* algorithm
are based on maximal time and minimal cost.

We proceed by describing the notation used in the DOT* algorithm: Cost values are denoted
by the function b : (VUE) x [t,t] = Ry U {oc}, where b(v t) denotes the best cost
value computed so far for reaching v from (v,t). Furthermore, b(e t) denotes the best
cost value computed so far for reaching v' from (c(e)nw,t), constrained to depart on e at
time t. (Here, a(e)nw denotes the virtual node associated with a(e), at which waiting is
prohibited, cf. Section B2.) The corresponding control policies are denoted by the functions
w2 V X [t, ] = EU{0,00} and py : V x [£,1] — Ry U{oc}. Here, uy(v,t) € Ry denotes
the waiting time at (v,t), and pny(v,t) € E denotes the edge to be traversed first on
the path to v/, when leaving v at time ¢. The cost functions and the control policies are
initialized with the value oo at v € V', v # v’, and with the value 0 at v’ (termination).

As we have mentioned before, in each iteration of the DOT* algorithm, the optimal value
function at a certain node and for a certain time interval is computed. (See Figure &1l for
the illustration of one iteration of the algorithm.) In order to distinguish which points in
time are relevant for the current iteration, we use the following notation: By tt(v),v eV,
we denote the latest point in time for which b(v,-) has not yet been computed. t*(v) is
initialized with the value oo, and is assigned the value —oo as soon as the computation of
b(v, ) has been completed. Similarly, for e € E, t*(e) denotes the latest departure time on
e € E which has not yet been considered in the computation of the cost function b(a(e),-).
t*(e) is initialized with the value —oo, increased the first time a path from a(e) to v’ has
been determined, then decreased whenever the cost function b(a(e), -) is computed for some
time interval, and finally assigned the value —oo as soon as the computation of b(a(e), )
has been completed.

167



8. An Exact Method

In each iteration of the DOT* algorithm, one node v € V is chosen in such a way that there
exists an edge e* € ET(0) with

e e B = argergax (t*(e) — m(ale))),

~

Ra¢>:£g(aaﬁwn+wumaw.

At this node 7, and for times t <t = t*(e*), cost values are to be computed in the current
iteration. By t~, we denote the supremum of all points in time, for which we cannot
guarantee the optimality of the cost values which are being determined at ©. The time
interval for which (the candidate for) the optimal value function is being computed at v is
denoted by I := (t=,£] N [t,7]. (Note, that we may possibly have ¢t~ = —cc.) Hence, there
are two values to be chosen in each iteration of the algorithm: the choice of v (cf. lines
[2-06) and the choice of T (cf. lines IZ-IR).

In order to determine an appropriate value of ¢, we use the following observation: Since
¢, Ty are lower bounds of the travel time and cost, respectively, at least one path departing
on some et € ET(?) at time ¢ is optimal, if

min _ bet,t) < MH(N@@mﬁ+ﬁ@ﬂ@D+ﬁ@a@D. (8.1)

cteE+ (D) T ecE0>t
In the DOT* algorithm, a similar criterion is used, which is only based on the cost functions
determined by the algorithm (cf. line [7). Its validity is proved in Theorem BT and
illustrated in Figure B3.
Different approaches can be applied to solve an equation of the form (E:[I), cp. line [
One possibility is to sort the edge cost functions, i.e., to sort the values {b(e,t)}ecr and
{b(e,t + (v, ale)) + %b(ﬁ,a(e))}eeE for all ¢t € [t,t]. However, a sorting of the latter
cost functions is generally costly, since the functions depend on the iteration node. Yet, if
¢, Tp are constant or have been defined using a small number of landmarks, a small number
of sorted lists (each list sorted with respect to one particular landmark) can be used to
determine the right-hand side in (). Another possibility is the organization of the edge
cost functions in a priority queue. This approach has led to a very efficient implementation
of Dijkstra’s algorithm using Fibonacci heap [69]. We do not want to go into the details of
potential sorting procedures here, and leave this as a topic for future work. Nevertheless,
we explicitly note that it is never necessary to resort all edge cost functions for all times:
It is always sufficient to use the sorting of a small number of sorted edges to compute the
left-hand side of (Bl). In order to compute the right-hand side of (&), it is sufficient to
remove a small number of edges for a given time interval (cf. line 2H), and to add a small
number of edges for a given time interval (cf. line 23). In any case, only those points in
time ¢ have to be considered, for which ¢t < ¢ (e), cf. lines I8, 7, [Y.
Alternatively, depending on the space-time trade-off chosen in the particular application, it
is also possible to compute both the left-hand side and the right-hand side in (8dl) whenever
line 7 is executed.
Once the expansion node, the expansion time interval and the optimal edge policy at Upny
have been determined, the optimal waiting policy must be computed (cf. line 20) by solving
a parametric optimization problem of the form (E-I9). Recall that this task is equivalent
to the determination of the optimal edge policy in the piecewise linear case, cf. Remark
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/b\(e?n )
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v

Figure 8.1.: Information flow in one iteration of the DOT* algorithm: The cost functions
associated with the edges eq, e5 are used for the determination of the cost func-
tion at Uny, which is again decreased by the application of the optimal waiting
policy at Uy. Finally, this cost function is used for the computation of the cost
functions associated with eg, e4.

A32. At the end of each iteration, the edges in E~(v) are updated using the information
just computed at ¥ (cf. lines P2-23). Finally, t*(9) and {t"(e)}ccp+(5) are decreased to ¢~

(cf. lines 24-25), since the computation of b(7, -) has been completed on (t=,t]N[t,t] (cf.
Lemma BT3 and Lemma BT3).

Remark 8.1.2 If the condition t*(vg) > —oo is omitted in the while-loop (cf. line I3),
then the DOT* algorithm becomes an all-to-one solution method, i.e., the optimal value
function with respect to the goal node v' and the given time constraints is computed at all
nodes.

In the following, we derive some properties of the algorithm and prove its correctness. For
this purpose, we assume that there exists a w, > 0, such that the lower bounds ¢, 7 satisfy

7Tt('l)2) — 71',5(1)1) < %t(vl,vg) — Ty, Vvl,vg cV. (82)

Note, that (82) may be understood as a sharpened consistency assumption, which ensures
that the nodes v on the fastest path from vy to v/ are expanded in increasing distance from
the goal node v’. This is reasonable, since we need to know (at least the relevant part of)
the optimal value function of the successors of ¥ when v is expanded. The first two lemmas
follow easily from the lines of the algorithm.

Lemma 8.1.3 (Decreasing order of time) Suppose that w, > 0, let v € V and denote
by I,(D) the time interval for which b(,-) is computed the i-th time D is chosen for expansion
in line @ of the DOT* algorithm. Then maxI,(0) = tr(?), and for all i > 2 there holds
max I;(0) = inf I,_1 ().

Proof Clearly, the assertion holds for v’ in the initialization (cf. lines 0-d). It then follows
by induction that max I;(9) = #z(7), cp. lines B, B2, and max I;(3) = inf I,_, (%) for each
v €V, since tT(?) is only decreased throughout the course of the algorithm, cp. the proof
of Theorem BTA. O
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8. An Exact Method

Algorithm 8.1.1 DOT* algorithm

Require: time-dependent network G = (V, E, 7; 3,0), source node vg, goal node v/,

time interval [¢,¢], waiting time constraints AT

Ensure: optimal value function b, optimal waiting policy pw, optimal edge policy pinw

10:
11:
12:
13:

14:
15:
16:

17:

18:

19:
20:
21:

22:

23:

24:

25:
26:

/b\(v',t) + 0, for all t € [,

b(v,t) « o0, forall v € V\ {v'}, t € [t,T

ble,t) < Ble,t), for all e € E~(v'),

% Initialize V'

t,t]
pnw (V' 1) <= 0, for all ¢ € [¢,
t,t

pw (V1) 0, for all ¢ € [¢,
tt(v') + —o0
% Initialize v € V \ {v'}

t]
]

t,t]
pnw (v, 1) <= 00, for all v € V '\ {v'}, t € [¢,
pw (v, 1) = 00, for all v e V\ {v'}, t € ¢,
t*(v) < oo, for all v € V'\ {v'}

% Initialize e € E— (V')
t*(e) + min {t*(a(e)), max{t € [t, 1] : t + 7(e,t) < T}}, for alle € B~ (V')
t e

€ [t+m(ale ))ﬁ( )]

t]
]

% Initialize e € E\ E~ (V)
tt(e) + —oo, for alle € E\ E~(v')

ble,t) « oo, foralle € E\ E~(v'), t € [£,7]

while t1(vg) > —co and max.cpt*(e) # —occ do
% Choose node for expansion
E* + argmax,cp [t (e) — m(a(e))]

Choose e* € argmin,p- </l;(e,t+(6)) + wb(a(e)))
(0,1)  (afer),t¥(e"))

% Determine time interval for expansion
t~ < sup {t € [t+m(D),t]: ming+ g+ (3) b(e*, t)
> MiNgep 71 Milee 1+ () 2047 (7,0(e)) (b( e, 0+ (v, a(e)) ) + (0, 04(6)))}
T (t7, 8]0 [t + m(D),7]
% Ezxpansion R R
Choose finy (U, t) € argmin,+ ¢ g+ (5 be™ ) foralltel
,uw(v t) + argminyear(s, 0 {6 (v, t, At) + b(,unw(v t+At), t+ At } forallt € T
b0, 1) « 8(D,t, 1w (D, 1)) + b(,unw(v t+ pw(0,1)), t + pw(0,1) ), for all t € T
% Prepare edges terminating in 0 for future expansion
tT(e) + min {t*(a(e)), max{t € [t,t] : t + T(e, ) < t}},
~_for all e € E7(¥) for which t¥(e) = —o0
Ble,t) « B(B,t + (e, ) + Ble, 1), )
for all e € E~(v), t € [t + m(ale)),tT(e)] with t + 7(e,t) € I
% Update expanded time intervals
tt(0) « t~
t*(e) < min{t*(e),tT(0)}, for all e € E* ()
end while
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8.1. The DOT* Algorithm

Remark 8.1.4 Let (vj, j) denote the values of U and t which are determined in line I0
of the j-th iteration of the DOT* algorithm. If 7, is admissible and consistent, then the
sequence (t; — ﬂt(ﬁj))jzl , _1s monotone decreasing and satisfies t; — m;(V;) > t™ (vo).

Lemma 8.1.5 (Label setting) Suppose that , > 0. Then the DOT* algorithm is a label-
setting algorithm, in the sense that once a value b(v,t), (v, t), nw(v,t) has been computed
for (v,t) € V x [, 7], or a value b(e,t) has been computed for (e,t) € E x [t,T], it is never
changed again.

Proof The result is a direct consequence of Lemma ET73. g

Theorem 8.1.6 (Termination) Suppose that w, > 0. Then the DOT* algorithm termi-
nates after at most

S o4 | ) (Lmi) ) 53

veV\{v'} T

iterations.

Proof From the choice of (7,%) in lines IZHI@ and (R2) we see that there exists a et €
E*(v), such that

t=tt(e") > tT(e) — m(ale)) + m (D)
>tt(e) —m(v,ale)) +m,;, Ve€E.

This implies that there is no e € E, such that ¢*(e) — 7;(7, a(e)) > 6 for § > ¢ — m,. Hence,

inf min b(e, 0 +7,(D,a(e))) + 7(0, ale)) = o0
Ge[t,f] €EE,
t+(e)20+7:(3,0(e))

for all t > ¢ — mr,. Consequently, t~ < ¢ — @ (cf. line [7). Moreover, since ett ( ) <
lines @, [, 22, 25), there holds ¢~ < min{?#,t } — m,. As t7(3) > max.cp+ g tT(e) =
(cf. lines B, 24 and recall that ¢t~ < max.ecgtt(e)), we have t~ < min{#,¢"(0)} — m, (cf.
line ), and min{ 7, ¢ (0)} is decreased at least by m, (cf. line 24).

Since, for each v € V', 7(v,v') is a lower bound for the travel time from v to v/, the latest
departure time Zz(v) at v satisfies Tz (v) < T — (v, v'). Moreover, the choice of t~ and T in
lines [[7, IR, implies that the optimal value function at v is only computed for ¢t > t + m(v).
Since, in each iteration, an interval of the form (¢7, ﬂ N [t,t] is processed, there is possibly
one extra iteration for the left endpoint of [t + m(v),t — T¢(v,v’)]. Therefore, according to
Lemma B3, a node v € V can be iterated at most 1+ | ((Z — 7¢(v,v)) — (¢t + m(v))) /7,
times. Summing over all nodes in the network and taking into account that the computation
at v’ is completed in the initialization, we obtain (833). O

Remark 8.1.7 The result of Theorem B8 suggests that optimal paths can be computed in
polynomial time. This is certainly not true in general, since the complezity of the algorithm
highly depends on the complexity of summing, sorting and concatenating the cost functions
[111], cp. Section B3 for the piecewise linear case.
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8. An Exact Method

Figure 8.2.: Determination of ¥ (cf. lines 14-16) and ¢~ (cf. line 17) in the DOT* algorithm,
using the lower bounds 7y, ¢, mp, . All optimal value functions along the solid
lines have been computed, the paths along the dashed lines have not yet been
expanded.

Theorem 8.1.8 (Correctness) Once the DOT* algorithm has terminated, b*(vo,t9) =
b(vo, to) for all to € [t,T]. Moreover, for all to € [t,T] for which b(vo,to) # oo, the optimal
path p* = ((Uk, tk))k:o | from (vo,to) tov" and the corresponding optimal control sequence

= ((Aty, ek))k:1 o, can be constructed recursively by

(Atk) ek) - (Mw(vk—l)tk—l)a an(vks—latk—l + Mw(vk—htk—l)) )7 k= 1) 2) ceey (84)
(’Uk,tk> = (p((’l)kfl,tk,ﬁ, (Atk, ek)), k= 1, 2, ceey (85)

terminating as soon as vy, = v’ for some k € N.

Proof Since py(v,t) € AT (v,t) for all (v,t) € V x [t, ] (cf. line EO), and b(e t) # oo only
ift € [t,t] and t + 7(e,t) € [t, ] (cf. lines @, [, 22, 23), we have

(o (Vs + g (0,8)), g (v,8) ) € U(v, 1), V(v,t) € X with b(v,t) # oo.

Moreover, if g(v, t) is computed, then the cost value in the successor state has been _computed
in a previous iteration of the DOT* algorithm, because /b\(e, t) is only computed if b(w(e), t+
7(e, t)) is computed (cf. lines [, [0 and 21, 2Z3). Consequently, the recursion given by (E3H)
can only terminate in the goal node v'. From line EI, it follows that B(U,t) is the cost
value produced by the application of (,unw(v, t+ pw (v, 1)), (v, t)) in (v,t). Since Theorem
B2 implies that infinite paths generate infinite cost, (83) must define a finite path, and
hence the recursion terminates in v’. Consequently, the proof is complete, if we show that
b*(v,t) = g(v,t) for all (v,t) € X for which ¢ > ¢*(v). We now prove this assertion by
induction over the number of iterations.

Obviously, the assertion is true for (v,t) € {v'} x [£,¢] in the initialization phase of the
DOT>I< algorithm. Now, suppose that in some iteration v € V has been chosen, and that
b(v t) is being computed for t € I. We show that b(v t) satisfies the Bellman equation
(B1a). We split v into the nodes Uy, Uny (see Section B2) and set b(vnw, t) = b(,unw(v, t),1)
and g(@\w,t) = 3(@“,,25 + (0, 1)) + 6(0,t, pw(D,t)). As a consequence of Lemma T3
and the induction hypothesis, and in view of line P and equations (E19) and (B=20), it is
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8.1. The DOT* Algorithm

sufficient to show that

b t) = min 5 (wle)st+ (e 1) + Ble,)]. (8.6)
(D, 1) = ‘ (O, t + AL) + 6(D,, At)|, .
@wst) = min [P0t + AF) +6(0,, A1) (8.7)

for all t € I. From line PO it is obvious that (B72) holds if (8H) holds. As a consequence
of the induction hypothesis and the definition of b(e,?) (cf. lines [0, 23), (8H) would be
equivalent to

o~

b(Vnw, t) = (O,e)énUl(%nw,t) b(e,t), (8.8)
if /b\(e,t) had already been computed for all (e, t) € ET(v) x f, for which (0, e) € U(Upw, t).
We now show that (88) and (BR) are equivalent although we might have /l;(e, t) = oo for
some (e,t) € EY(@) x 1.
Let us assume the contrary: Denote vy = Tny and suppose that there is a tNO € T and an
optimal control sequence in the split network u = ((Aty, ek))k:l,...,n € U (o, to) such that

B((@VO;{O)? u) < min ~ /g(€+a%)'
6+€E+(50):t+(6+)2t0
Let p = ((%,tNk)) p—o. n, denote the path (in the split network) generated by u at (7o, to)
and let uj., = ((Aty, ek))k:j _forj=1,..,n. Let further J € {1,...,n} such that (v7,t7)
is the first state on p at which waiting is allowed and for which 3(5 J,%VJ) has already been
computed. As a consequence of the induction hypothesis and the principle of optimality,

we have N R N N
B((0s,t7), wss1m) = b0y, t5) = b*(0y,t5).

Hence, Z(CJ,;J_l + At ;) has already been computed (cf. line E3), which implies that J > 2.
(If J =1, then At; = 0 since Uy = Upw, and we would have

ber, to) = B((@o, o), u) < min _ b(et, %)
et €E+(D),tt(eT)>to

fore; € E1(v) and tt(e;) > to. This is a contradiction.) Consequently, t(ey) > t;_1+At.
Note also that tg > t + m(v). Now, since m(v, a(ey)) is a lower bound for the travel time
from Vpy = Vg to vy_1, (82) implies (cp. Figure B2)

t+m(aley)) < to+ m(ales)) — m(D) < to + 7(T, aley))
< ’tVJ—l + Aty. (8.9)

Moreover, as (v, a(ey)) is a lower bound for the travel cost from v to v;_1, we establish
(cp. Figure E3)

min _ b(eT,0) > B((To, to), u) = B((@s-1,8s-1), wgn) + 76(T, e))
eteE+(0),tt(eT)>to

=b(es,ty1 + Aty) + (T, ale)). (8.10)
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€3

€1

,_._
()
w
=~

€2
() ®

(a) Topology of the time-dependent (b) Plot of the edge cost functions deter-
network. mined by the DOT* algorithm.

Figure 8.3.: Topology and edge cost functions of the example network.

Now, (B9) and (BI0) contradict the choice of ¢t~ (cf. line 17). O

8.2. A numerical example

In this section, we briefly illustrate the progression of the DOT* algorithm. For this purpose
we consider the time-dependent network G = (V, E, 7;3,0) with V| E' as shown in Figure

B-3(a), with travel times

{3—275, 0<t<1

Tlent) =9 g, l<t<4’

T(€2at) = 17 T(e?nt) = ]-7

travel cost

Ben=1+@-22  Sen={yy VSIZL. en =32

and waiting cost
§(vo, t, At) = At, §(v,t, At) = At?, 5(v',t) = 0.

We consider [t,7] = [0,4] and the waiting time constraints AT (v, t) = [0,4—t], AT (v,t) =
[0,1], AT(v',t) = {0}. Note that the time-dependent network G is neither continuous, nor
FIFO, nor piecewise linear.

We first set m¢(v) = mp(v) = 0 for all v € V', and 7w (v1, v2) = Tp(v1,v2) = 1 for all vy, ve € V.
With this choice we obtain a Dijkstra-like behavior of the DOT* algorithm:
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In the initialization phase, we set b(v/,¢) = 0 for all ¢ € [0,4] and t7(v') = —oco. Further,
we set /b\(el,t) =1+ (t—2)%for0<t<3, t(e;) =3, and /b\(eg,t) =3/2for 0 <t <3,
t+(€3> =3.

Iteration 1:

Since b(e1,3) > b(es, 3), we clearly have £ = 3, o = v. Now

~ ~ 2 0<t<1
(v, vg) + inf be,g_{ ) <t< ,
b{v. v0) 0 [t-+7¢(v,00),t | (e1,6) 24+ (t—1)2, 1<t<2

o~

(v, v) + inf  b(es,0) =5/2, 0<t<2
et+7e(vw),L ]

and b(es, t) = 3/2, which results in t~ = —oo. Hence, finy(v,t) = €3 for 0 < t < 3 and

pw(v,t) = argmin  At? +3/2 =0.
Ate[0,min{3—¢,1}]

(Note, that we have to fulfill 0 < At < min{3 —¢,1}, since b(es, t) = oo for t > 3.) This
results in b(v,t) = 3/2 for 0 < t < 3, tT(v) = —o0, tT(e3) = —o0, and finally, we set
t*(ez) = 2 and

5, 0<t<1

b(62’t):{ 6, 1<t<?2

Iteration 2:
Again, we have ¢ = 3, which results in ¥ = vy. Since

~ n 2 0<t<1
b (vo, Vo) + inf b(e1,0) = { ’ ==
v(0:to) O€[t+7+(vo,v0),t | (e1,) 24 (t—1)?, 1<t<2

~ N 6, t=0
Ty (vo, Vo) + inf b(es, ) = { ’ ’
b( 0 0) QE[t-‘y—%t(vo,vo),g] ( 2 ) 7, 0<t < 1

and /b\(el,t) = 1+ (t — 2)%, we obtain t~ = 1. Hence, we set pny(vo,t) = e for 1 < ¢ < 3.
We now compute

i (vo,t) = argmin At + 1+ (t+ At —2)* =
Ate[0,3—1]
~ 1174t 1<t<3/2
b(vo,?) { 14+ (t—2)?% 3/2<t<3’

3/2—t, 1<t<3/2
0, 3/2<t<3

and t*(vg) =1, tT(e1) =1, t7(e2) = 1.

Iteration 3:

It is obvious that ¥ = vy, and for ¢ € [0, 1] we compute finy(vo,t) = €1, tw(vo,t) =3/2—t
and /l;(’Uo, t) = 11/4 —t. Since we now set ¢t (vg) =t~ = —oo, the algorithm terminates.
Note, that 3(110, -) cannot be computed for all ¢ € [0, 3] in iteration 2. Suppose that there
was an additional edge eq ~ (vo,vo) with 7(e4,t) = 1 and B(e4,t) = 1. In this case, it would
be necessary to compute b(eq4, -) before computing b(vy, -) for ¢ € [0, 1] in order to guarantee
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the correctness of the algorithm.

Let us now use more informed heuristics, which leads to a A*-like behavior of the DOT*
algorithm. For this purpose, we assume that 7 (v1,v2) = 1 for all v1,ve € V and 7p(v1, v2) =
1 for all vi,v9 € V except for m(vg,v) = mp(v,v9) = 7/2, Tp(vo,v0) = 4. Moreover, we
assume that m(v) = m(v) = 1/2 for v € V, v # vy, and m(vg) = m(vg) = 0. The
initialization phase remains unchanged.

Iteration 1:

As tt(e;) — 0> tt(e3) — 1/2, we have t = 3, T = vg. Since

~ ~ ) 0<t<1
mp(vo, Vo) + inf ble1,0) = { ’ ==
b( ’ O) Ge[t-"_%t(vofuo)i\} ( ! ) b + (t - 1)2’ 1 <t S 2

~

7y (vo,v) + inf b(es,0) =5, 0<t<2
Oc(t+7t(vo,v),t ]

and /l;(el, t) <5 forall 0 <t <3 weobtain t~ = —oo and the algorithm terminates after one
iteration. The optimal value function at vy and the corresponding optimal paths coincide
in both runs of the algorithm.
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9. An Approximative Method for the
Computation of Optimal Paths

In the preceding chapter, we have introduced an exact solution technique for the time-
dependent forward optimal path problem which allows the incorporation of heuristic search
and which reduces the computational overhead with respect to the methods published in
the past. Since the computational complexity of determining an exact solution may still be
infeasible in many practical applications, we now present an algorithm which approximates
the forward optimal value function and the corresponding optimal paths. Assuming that the
network satisfies the FIFO-property, we generate two initial solutions in polynomial time,
which we use to iteratively approximate the optimal solution. We show that all iterates
fulfill a certain monotonicity property, which provides an explicit estimate of the accuracy
of the found solutions. Furthermore, we prove that the algorithm converges under mild
assumptions after a finite number of iterations.

In Section B, we introduce the algorithm and prove its properties. We illustrate its pro-
gression with a simple numerical example in Section B2. A more detailed study of the
algorithm, including a comparison with an exact method (cf. Chapter B) is then carried
out in Appendix [Al.

9.1. The TD-APX Algorithm

In this section, we assume that an earliest departure time ¢ at vy and a latest arrival time
t at v' are given, that (in addition to Assumption B223) Assumption B33 holds and that
7 > 0. Moreover, we assume that a norm || - || for piecewise continuous real-valued functions
f D — R with compact domain D C R is given, such as, e.g.,

11l = sup | £(5)] + / @),
teD D

We now present a time-dependent approximative algorithm (TD-APX, Algorithm B1.1)
which solves the problem of computing the optimal value function and the optimal paths in
a time-dependent network with compact state space. The method is based on the principles
of branch and bound and policy iteration. After computing a lower bound and an upper
bound for the optimal value function, we use branch and bound to reduce the set of states
which are possibly contained in an optimal path. Since the set of states in the time-
dependent network is innumerable in general, we only branch by splitting the state space
into {{v} x [¢,%]} for v € V. In order to tighten the bounds associated with each node, we
iterate the control policy at a given node by solving the associated dynamic programming
equations (A13), (B-14). This corresponds to the principle of policy iteration, a well known
solution technique in the field of Markov decision processes.

The TD-APX algorithm proceeds in three steps. In the first step, fastest paths from (vo,t)

177



9. An Approximative Method

to each v € V and from each v € V to (v/,%) are computed. The respective travel times
are used to determine the set of times Tg(v) C [¢,t] for which a node v € V is reachable,
cp. Lemma BH@. The set of all reachable nodes is denoted by Vg, the reachable part of
the state space is denoted by Xr = ¢y, {{v} x Tr(v)} C X, cp. Definition B51, and
the set of all control sequences which are admissible in (v,t) € Xp is denoted by Ugr(v,1t).
Moreover, the control sequences corresponding to (simple) fastest paths (without waiting)
from (vp,t) to v and from v to (v/,t) are stored as initial iterates and used to define upper
bounds Eo(v),gl(v) of the optimal value function, respectively. The admissibility of this
approach is proved in Lemma E13.

In the second step, we compute optimal paths from vy to each v € V and from each v € V
to v’ in the time-independent network G = (Vg, Eg; B,0) which is defined by

Er={e€ E:ale) e Vg \ {v'},w(e) € Vg},

B(e) = min [le,t), e € ER,
( ) teTr(ale)) ( ) B
= mi i A VR.
d(v) tem;r(lv) [ ternlr%v,t) o(v,t, t)}, veVr

The corresponding control sequences are used to define lower bounds by(v),b'(v) of the
optimal value function. Since there may exist circles with negative costs in G, we do not
use these control sequences as initial iterates. However, we use the upper bounds bg(v), Bl(v)
and the lower bounds b,(v),b'(v) in order to eliminate all nodes from the considered node
set Vg which cannot be contained in an optimal path (cf. lines 2, 86, cp. Remark G172).

In the third step, we denote by i(v) the number of times a node v € Vi has been iterated.
Moreover, we denote by t +— Bi(v)‘i(v)(v, t) and t — b;(,)ji(v) (v, ) the upper bounds and lower
bounds of the partial function ¢ — b*(v, t) which have been computed in the i(v)-th iteration
of a node v € Vg. Finally, we denote by t Ei(v)ﬂu(v)(v,t) and t = () +1i(v) (v, 1) the
current upper bounds and lower bounds of the partial function ¢ — b*(vnw,t). (Here, vny
denotes the copy of v in the split network, at which waiting is prohibited, cp. Section E=2.)
The upper and lower bounds of the cost functions are then iterated in order to approximate
the optimal value function. One iteration consists of the update of the functions at v,y (and
the corresponding optimal edge policies), the computation of the potential improvement
m(v) (which is the || - ||-change of the cost functions at vy since the last computation of
the optimal waiting policy), the choice of an appropriate candidate node v € Vg for the
computation of a new waiting policy (cf. line 2 and Remark B1-3) and the computation
of the new cost and waiting policy at . The iteration loop is terminated as soon as the
optimal value function at vy is approximated within a given accuracy ¢ > 0in || - ||.

We further partition the nodes under consideration Vg into three sets. Vg C Vi denotes
the set of all nodes vp for which we have already finished the computation of the partial
function t — b*(vp,t). Vo C Vg consists of all nodes vp for which an improvement of the
upper and lower bounds is possible by means of computing a new waiting policy. We may
understands these nodes as labeled “open”, the set of remaining nodes Vo = Vg \ (VR U V)
may be understood as labeled “closed”.

In order to simplify the notation of the algorithm we cite the following update equations,
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cp. (E20) and (B19):

bitn)+1li(o) (U, T) <— min _Qz-we iwen w(e), t+7(e,t)) + e,t_, 9.1
bitw)+1jicey (v:1) € min by liw(en (@(€):t + (e 1) + Ble. 1) (9.1)
o ioonag (Us1) < argmin by, e)jiw(e)) (W(e); t +7(e, 1)) + Ble, t)], (9.2)
P o) +1 o remin - biguepicate) _

bi(o)+1ji(v) (v, 1) <= min bitw(e)liw(e)) (wle), t +7(e, 1)) + (e, t) (9.3)

(0,e)EUR (vnw,t) L
Finw,i(o)+1(v,1) <= argminIbiu(e)icu(e) (W(e), t +7(e,1)) + Ble,t) |, (9.4)
(076)€UR(UHW7t) - i

bi(w)i(w) (V5 1) < Ateglin(lv,t): biwli()—1(v,t + A) + (v, 8, AL) |, (9.5)
t+Ate€TR(v)

(Uv t) < argmin _bi(v)|7j(v)—1(va t+ At) + 5(Ua L, At)_
AteAT(v,t): - -
t+AteTR(v)

~~
©
(=]

N—

I

Ew,i(v)

bi(w)|i(v) (v, 1) < Ateglin(lm): _bi(v)|i(v)—1(va t+ At) +6(v,t, At)
t+AtETR(v)

Foaw.i(v) (v,t) = argmin |b;()iw)—1(v,t + At) + (v, t, At)- )
’ AteAT(vt): b ]
t+ALETR(0)

(Note that Assumption B-273 implies that the minima in the above equations are attained.)
The resulting procedure is summarized in Algorithm 6.1.

Remark 9.1.1 The TD-APX algorithm can be aborted if it is determined in line [ that
Tr(vo) = 0. In this case we have Tr(v) =0 for allv € V and the goal node is not reachable
from the source node, cf. Lemma E528. Note that this also implies that Vo = ().

Remark 9.1.2 If a node vy is removed from Vg in line I3 or B, then there exists no

optimal path from vy to v' which passes through vr. By construction of the upper and lower
- -

bounds by(v),b (v),by(v),V (v), Theorem g-4-3 yields that

bo(v) + V' (0) < by(v,t) + b* (v, ) < bo(v) +b (v), Vt € Tr(v).
As a consequence of the principle of optimality, there also holds

b*(vo, to) < sup [bu(v,t) +b"(v,1)],  Vto € Tr(vo).
teTRr(v)

Consequently, vg cannot be contained in an optimal path from vy to v’ if

bo(vg) + b/ (vg) > min [by(v) + b (v)].

veVR

Remark 9.1.3 The manner in which the iteration node is chosen in line 21 is not the only
way to achieve the properties of the algorithm which we prove below. It constitutes a trade-off
between the (heuristic) probability a node v is contained in an optimal path (i.e., by(v)+b'(v)
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Algorithm 9.1.1 TD-APX algorithm

Require: time-dependent network G = (V, E, 7; 3,0), source node v, goal node v/,
time interval [¢,1], waiting time constraints AT, desired accuracy e

Ensure: approximation of the optimal value function b,
corresponding waiting policy 1, corresponding edge policy 7t

% STEP 1:

1: Compute tp(v) and the corresponding optimal control sequences (v, v) for all v € V,
such that the path generated by u(vg, v) is simple and without waiting.

2: Compute tr(v) and the corresponding optimal control sequences (v, v’) for all v € V,

such that the path generated by w(v,v’) is simple and without waiting.

Ve {veV tp(w) <tr(v)}

Tr(v) = [tr(v),tr(v)] for all v € Vg

BQ‘_l(U,t) +— B((v,t),ﬂ(v,v')) —(v,t,0) for all (v,t) € Xg

bojo(v,t) < B((v,t),u(v,v")) for all (v,t) € Xg

(ﬁnw,O?ﬁw,O)(U’t) = ﬂl(v,v/) for all (U t) € Xp

Do (V) 4= SUDy Ty (v0): W(wo,0) €U (vo.t0) B((0, 10), (w0, v)) for all v € Vi

b (v) + SUDyey (0) B((v,1),u(v, ")) for all v € Vi

% STEP 2:
10: Compute in G the optimal cost by(v) from vy to v for all v € Vr
11: Compute in G the optimal cost &' (v) from v to v’ for all v € Vg
12: Vg  {vg € Vi : by(vr) + V' (vR) < minyeyy, [ bo(v) +5l(v)]}
13: boj_q1(v,t) < b'(v) — §(v) for all (v,t) € Xg
14: byjo(v,t) < ' (v) for all (v,t) € Xg

% STEP 3:
15: i(v) < 0 for all v € Vg
16: Vir 4= {v € Vi : [|biguyji) (0 -) = Bigwyjicw) (v )| = 0}
17: Compute (80)-(84) for all v € Vi \ Vi and all t € Tr(v)
18: 7T(’U) — Zbe{bﬁ} Hbi(v)+1|i(v) (U, ) - bz( Yi(v)— 1 H for all v € Vg \ Ve

19: Vo + {v € Vg \ VF : m(v) > 0}
20: while VO 7é @ and Hbi(vo)\i(vo)<v07 ) — bi(v0)|i(v0)(v07 )H > e do

21:  Choose U € argmin, ey, [by(v) + b (v) — 7(v)]

22: i(v) +i(v) +1

23: Compute (I3)-(UR) for all v and all t € Tr(v)

24 V(D) + minery, @) bi)ie) (0 )

25: B/( ) < SupteTR(v) bz(v)|z( )(f)\ t)

26: Ve + {UR € Vg : bO(UR) + b (UR) < mmveVR [70(2}) ( )]}

27: Compute (E0)-(E4) for all v € Vi, (U ) *(i)\) N (VrR\ Vp) and all t € Tg(v)
28: 71'(7)) — Zbe{g,E} Hb +1|z(v)( ) bl( v, )H for all v € VR ( )

29: Vi {U € Vp: Hgi(v)“(v)(v, ) —4(” i(v) (Vs H = 0}

30: Vo%{UEVR\VF:W(’l})>0}
31: end while
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9.1. The TD-APX Algorithm

should be small) and the room for improvement at v (i.e., the potential improvement mw(v)
should be big).

Remark 9.1.4 The iteration number i(v) associated with each node v € Vi has been in-
troduced in order to formulate the monotonicity of the iteration process (cf. Lemma [JI11).
For algorithmic purposes, it would be sufficient to formulate a two-step recursion, where
the first step (update potential improvement) is defined by (TA)-(94) and the second step

(update computation) by (@3A)-(T3).

In general, the complexity of the TD-APX algorithm depends highly on the complexity
of the functional operations in (4)-(88) and lines [, P8, [I11]. In the piecewise linear
case, the time complexity of STEP 1 and STEP 2 is polynomial in the size of the network
topology. Hence, an admissible initial solution is computed in polynomial time, cf. Lemma
B4 and Lemma ETH. Since the number of linear pieces of the optimal value function
grows exponentially with the size of the network topology in the worst case, the iterations
in STEP 3 become more costly as the algorithm proceeds. If the optimal value function is
approximated exactly by the lower and upper bounds, the worst-case time complexity of
STEP 3 is exponential in the size of the network topology, cp. Section b3.

Let us now prove some properties of the TD-APX algorithm.

Lemma 9.1.5 (Admissibility) At each iteration j of the algorithm, and for each ty €
Tr(vo), the control sequence u = ((Aty, ey)) , defined recursively by

k=1,2,...
Aty = ﬂw,i(vk_l)(kalﬂ te—1), k=1,2,..., (9.9)

e = ﬁnw,i(vk_l)(vk—lv te_1+ Atk), k=1,2,..., (910)
(’Uk,tk) = ‘P((Uk—btk—l)a(Atk,ek))a k=1,2,.. (9.11)

is admissible and terminates in v' x Tr(v') after a finite number n € N of steps, thereby
defining an admissible path ((Uk7tk))k:o _ from g to '

Proof We prove the assertion by induction over the number of iterations j of the algorithm.
The admissibility of the initial iterates is a consequence of the FIFO-property and follows
from the same arguments as in Lemma B554. Since 7 > 0 and X is compact, there exists a
7 > 0, such that 7(e,t) > 7 for all e € E, t € Tr(a(e)). Clearly, the iterative steps (E)-
(I4) and (I3)- () preserve these properties, since all constraints are explicitly taken into
account. Consequently, the recursion (E9)-(E1) terminates in v" after a finite number of
steps. (Otherwise the corresponding path would need infinitely long to reach v'.) O

Remark 9.1.6 Recall that the control policy M0 1, i nOt initialized in STEP 2. Hence,
a recursive construction of the control sequences and paths as in (@)-(@12) is not possible
in general. However, if all nodes have been iterated at least once, the control policy By
can be used to construct admissible control sequences terminating in v’ in a similar manner
as in Lemma @TIA. However, as a consequence of the computation of the initial cost values
in G, the cost associated with these control sequences is generally unknown.

Lemma 9.1.7 (Monotonicity) At each iteration j of the algorithm, for all (v,t) € Xg
with i :=i(v) > 1, there holds

bi_1ji—1(vyt) < byji(v,t) <0 (v,t) < byji(v,t) < bi_1i—1(v,1). (9.12)

181



9. An Approximative Method

Proof The assertion follows by induction from Theorem B4 and [?6, Lemma 1.1.1]. O

Theorem 9.1.8 (Optimality) If the TD-APX algorithm terminates, then

Hb*(v()a ) - bi(vo)\i(vo)(U07 )H S €, Hb*<UO7 ) - bi(vo)|i(v0) ('U(), )H S €, (913)

and the corresponding e-optimal paths and control sequences are characterized in Lemma
@ 1A.

Proof In view of Lemma BT, Remark BT and Remark BT we only need to prove that
Vo # 0 throughout the algorithm unless Tr(vg) = 0. If Tr(vg) # 0 and Vp = (), then for all
v € Vg we must have (cf. lines [9, B0, IR, ER)

10s0)+11i(0) (Vs ) = Bigoyjiwy—1 (v )| =0, b€ {b,b},

which implies that reapplying the iteration procedure (83)-(88) at any v € Vi would result
in the same cost functions. Hence

;)i t) = i o(v,t, At t+ At
'L(v)\z(v)(va ) (At,e%relg;(v,t)[ (U7 ) )—l—ﬂ(e, + )

+ bz’(w(e))|z’(w(e)) (w(e), t+ At + T(e, t+ At))} , be {b, B}

Since we have b;(,) i,y (v, ') = by ey (v, 1) = 0 for all t € T'(v') (cf. lines B, I4), and v' is
reachable from each (v,t) € Xg, the current iterates b;(.y;.) (- "), Ei(,)ﬁ(.)(-, -), are fixed points
of the dynamic programming equations and must therefore be optimal [A7][Proposition 4.1].

g

Theorem 9.1.9 (Termination) The TD-APX algorithm terminates after a finite number
of iterations.

Proof As in the proof of Theorem TR, we see that, if the algorithm terminates due to
Vo = 0, then we also have HE'L'(UO)h(UO)(UO’ ) = Bi(wo)iwo) (V0 )| < €. Hence, it is sufficient to
prove the assertion for the termination criterion Vp = (). We suppose that the algorithm
does not terminate after a finite number of steps. Then, there must be a subset V,, of
nodes, Vo, C VR, which are iterated infinitely often. If a node v is chosen to be iterated, we

must have v € Vg, i.e., cf. lines [, B0, IY, PJ,

Z 10i0)+1}i(0) (Vs ) = bigyjice)—1 (v, )| > 0.
be{b,b}

Hence, there must be a point in time at which one of the predecessors of v has been changed
in one of the preceding iterations. For v € Vi, let T;(v) C Tr(v) denote the set of those
points in time ¢ € Tx(v), for which at least one of the cost values b;(,)i() (v, £)s D) i(w) (V5 1)
is changed in an iteration j* > j. We obviously have Tj(v) C [tg(v),tr(v)]. Now, let
Ji € N, k € N denote the number of iterations, such that each v € V, has been iterated
at least k times after J iterations of the algorithm. Since 7 > 0 and Xp is compact, there
exists a 7 > 0, such that 7 > 7. As each change in a cost function is transported backwards
in time to the predecessors of the respective node, we have T}, (v) C [tr(v),tr(v) — k1].
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Consequently, there is a k* € N, and a finite number of iterations Ji«, such that none of
the cost functions in V, can be changed in any subsequent iteration of the algorithm. This
is a contradiction. O

Remark 9.1.10 Observe that, if p = ((vk,tk))k:
then the TD-APX algorithm yields

0. U8 an optimal path from vy to v, =/,

Bitwp)icon) (ks t) = 0% (Vs t) = Digo)ficoe) (Vs i) (9.14)

if vg is iterated and we already have by, | Vv, ) (Vk+15 et 1) = Bigo 1) iCopsr) Wkt 1/te41) =
b*(Vgt1,tht1). Hence, if U; denotes the node chosen in the j-th iteration of the TD-APX
algorithm, and (vg)k=n—1,..0 S a subsequence of (V;);j=1,.. for some J € N, then (U13)
holds. Consequently, if we modify the TD-APX algorithm in such a way that

. (o) < C
Q%NW/Q%MW

throughout the course of the algorithm for some C > 1, then the TD-APX algorithm termi-

nates also in the case of negative travel times. (This is due to the fact that both the length

of each optimal path and the number of nodes in the network is bounded.)

9.2. The numerical example revisited

Let us again consider the network depicted in Figure B.3(a), with the same travel times,
travel cost, waiting cost, arrival time restrictions, waiting time restrictions, source node vg
and goal node v’ as in Section B3, except for

— <t <
T@hﬂ={3 t, 0<t<2

1, 2<t<4

Note that now the network is a FIFO-network. Let us perform the operations of the TD-
APX algorithm.

In STEP 1, we compute

tR(UO) =t=0, tR(UO) =3, TR(UO) = [07 3]>
tR(U) =1, ZR(’U) =3, TR(U) = [1?3]a
tR(U/) =2, ER(U/) =t=4, TR(U,) = [2,4],
and set
(ﬁnw,O?ﬁw,O)(U()vt) = (6170)7 5—1\0(U0>t) = EO\O(U0>t) =1+ (t - 2)27
(ﬁnw,O?ﬁw,O)(’Uv t) = (637 O)’ 5—1\0(7)7 t) = BO\O(U’ t) = 3/27
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as well as b_q)o(v', ) = byjo(v', ) = 0. Moreover, we compute

=/

Bo(’UQ) == 0, b (’UQ) == 5,
bo(v) = 9/2, Y (v) =3/2,
bo(v') = 6, b(v') =0.

Hence we obtain Vg = V, Egp = E and the cost functions 3,0 of the network G =
(VRr, ER; B,9):

ﬂ(€1)
d(vo) =

L, ﬁ(eQ) =17/2, é(e:’)) =3/2,
; 6(v) =0, 8(v') = 0.

In STEP 2, we compute

bO(UU) =0, bl(vo) =4 b—1|0(U0at) = QO|0(U0at) =1,
bo(v) = 7/27 bl(v) = 3/27 Q,HO(U, t) = b0|0(vv t) = 3/27
by(v') =1, V(') =0. b_ypo(v',t) = byp(v',t) = 0.

Since minyey;, bo(v) + 5/(1)) =5 > by(vgr) + b/'(vg) for all vg € Vg, none of the nodes in Vg
can be excluded from further consideration in STEP 2.

In STEP 3, we first determine that Vi@ = {v, v’} since the lower and upper bounds for the
cost functions at both nodes coincide. (93) and (84) at vo lead to byjo(vo, ) = b_qj0(vo,)

since b_1)o(vo, -) is already optimal (cp. Section B2). (&) and (E2) lead to

min{l+ (t —2)2,5}, 0<t<1
bip(vo,t) = ¢ min{l+(t—2)%6}, 1<t<2 3 =1+(t—2)°
1+ (t—2)?, 2<t<3

and p_ (vo,t) = e1. Hence, Vo = {vo}, vp is iterated and, since byjo(vo,-) = byo(vos *),

we obtain b*(vo, -) = by (vo, ) = by1 (vo, -), which leads to the termination of the TD-APX
algorithm.
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10. Conclusion

We conclude this thesis by summarizing our results and indicating directions for further
research.

10.1. Summary

In this thesis, we have considered the time-dependent optimal path problem with arrival
time and waiting time constraints. This problem arises in many applications, among
which we were particularly interested in the computation of fuel-optimal paths in the time-
dependent road network. Since in real-world applications the problem data is usually subject
to uncertainty, we have also considered a robust formulation of the time-dependent optimal
path problem in which the travel time and cost functions are only known to assume values
in a certain (time-varying) range.

We have derived necessary and sufficient conditions for the existence of optimal paths and
the (lower semi-) continuity of the optimal value function. Considering piecewise analytic
problem data, we were able to prove the directional differentiability of the optimal value
function. Piecewise analytic functions also constitute the largest class of functions for which
this result can be shown to hold since the (pointwise) minimum of two functions must gen-
erally be formed in the optimization process. For practical considerations, a piecewise linear
description of the travel time, cost and constraint functions is the most appropriate. In any
other case, the exact solution of the optimal path problem would involve the computation
of the roots of general nonlinear functions. Motivated by the particular importance of the
piecewise linear optimal path problem we have carried out a detailed complexity analysis
for this kind of problem data. The results indicate that both the FIFO-property of the
network and the form of the waiting time restrictions have a crucial impact on the space
and time complexity of computing the optimal solution.

Traditionally, the computation of optimal paths for a fixed departure time is most common
in applications such as navigation systems. For this problem setting, we have derived a
pruning criterion which allows a significant reduction of the search space of any optimal
path algorithm. A study of the impact of the arrival time constraints on the problem com-
plexity has shown that the discrete-time time-dependent optimal path problem with fixed
departure time is polynomially solvable in FIFO-networks if the arrival time constraints are
tight enough, whereas no such result holds in continuous time.

We have proposed two algorithmic solutions of the time-dependent optimal path problem
with varying departure time, which are likely to outperform the methods published in the
past. The DOT* algorithm generalizes the decreasing order of time algorithms to heuristic
search. Thereby, the manner in which a node and a time interval are chosen for expansion
by the algorithm does not rely on the piecewise linear structure of the network. Further-
more, the heuristic is used to reduce the part of the state space which must be explored by
the algorithm. The TD-APX algorithm, which is designed for FIFO-networks, generates an
admissible solution in polynomial time. Maintaining an upper bound on the accuracy of
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the found solutions, the optimal value is then iteratively and monotonically approximated.
This approach seems to be promising, especially when the computation time rather then
the accuracy of the solution is critical, since the approximation process can be terminated
with adjustable accuracy. Both methods have been experimentally evaluated with real-
world data from the road network of Ingolstadt. Especially the results achieved with the
TD-APX algorithm demonstrated the practical applicability of the proposed approaches.

10.2. Directions for future research

During the study of the time-dependent optimal path problem, a couple of interesting di-
rections for future research have emerged. We now list the most promising among them.
From a modeling point of view, in order to obtain suitable input data for physical con-
sumption models, there is a need for extending the known theories of urban traffic in such a
way that, depending on a given traffic density, a common distribution of vehicle speeds and
accelerations can be derived. These distributions can then be used as input data for the
physical consumption models in order to compute the fuel consumption more accurately.
It would also be interesting to simultaneously consider the optimization of the route and
the optimization of the velocity plot on the route. Although such an optimization problem
must respect the constraints which are imposed by the traffic, we believe the resulting so-
lution to have high fuel-saving potential. However, we argue that an exact solution of this
optimization problem will be computationally infeasible because of the large problem size.
Our results on the robust time-dependent optimal path problem should rather be seen as
a basis for further work than a complete body of research. Both the assumption which
allows the application of dynamic programming without extending the state space and the
assumption which allows the separate consideration of the travel time and cost are quite
restrictive and may not be fulfilled in practical applications. A complexity analysis of the
absolute robust time-dependent optimal path problem with fixed departure time also re-
mains as an open question.

In view of the applicability of our results for electric vehicles it would be interesting to
incorporate further resource constraints into the optimal path problem, such as the fi-
nite capacity of the battery. If the remaining capacity of the battery is introduced as an
additional state, the dimensionality of the resulting dynamic programming problem would
increase and thereby necessitate the extension of the results of this thesis to two-dimensional
parametric optimization problems.

From an algorithmic point of view, the verification of the optimality of the DOT* algo-
rithm (in the sense in which the A* algorithm is optimal) remains as an open question.
Further research on good choices of the iteration node in the TD-APX algorithm seems
also promising. Moreover, it would be interesting to generalize the proposed methods in
such a way that also the absolute robust optimal path problem can be solved. In order to
use the algorithms for real-time applications, the parallelization of both methods will be a
challenge for the future.
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A. A Case Study in the Road Network of
Ingolstadt

In order to illustrate and road-test the theoretical and algorithmic results of this thesis
we have carried out a case study in the road network of the German city of Ingolstadt.
This case study comprises the computation of the energy consumption using traffic data
and a physical consumption model as well as the experimental evaluation of the proposed
algorithms in the resulting time-dependent road network of Ingolstadst.
As it has already been mentioned in Section I and Chapter B, the computation of the
energy consumption associated with a route in the road network is not only relevant for
vehicles with combustion engines but also for electric vehicles. Indeed, one of the core
problems of the development of electric vehicles is the conflict of objectives between the
cruising range and the size and cost of the battery [125]. That is because on the one
hand the energy capacity is proportional to the cruising range, and on the other hand the
battery is the most expensive component of hybrid and electric vehicles, since it must meet
the high demands on energy capacity and power demand in road traffic [I26]. Moreover,
since up to now the infrastructure which allows the charging of the battery of an electric
vehicle is sparse, the prediction of the energy consumption associated with a route (or the
prediction of the cruising range) is crucial, even if it is not the objective of optimization.
These framework conditions were also taken into account in the MUTE project [4] (in which
researchers of the Technische Universitdt Miinchen develop a prototype of a technically and
economically convincing electric vehicle) and it was decided to incorporate the computation
of energy-optimal routes into the advanced driver assistance systems of the MUTE-vehicle.
The vehicle parameters used in the planning phase of the MUTE-vehicle were provided by
the project team for an evaluation of the theoretical results derived in this thesis and are
denoted in Table AT

In the following sections we describe the collection of the time-dependent traffic data (cf.
Section AT and in which manner the vehicle parameters provided in Table BT and the
average speed data were used in order to define the time-dependent network of Ingolstadt (cf.
Sections A2 and B=3). In Section A=, we provide a detailed discussion of the computational
experiments which were carried out in this road network.

A.1. Data Collection

The speed values which form the basis for the evaluation of the algorithms are derived from
taxi floating car data, which was kindly provided by Taxi-Funk Ingolstadt GmbH & Co.
KG. The time and position information which are repeatedly sent from each taxi are first
received via a telnet stream. A map matching and a routing procedure are then used to
determine which road segments the taxi has been traveling through between two consecutive
information transmissions (for details, see [57]). In order to assign a speed value to each road
segment which was partially or completely traveled through, it is assumed that the vehicle
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Vehicle parameter Planning value in the MUTE project
Vehicle mass (including battery) 500 kg
Friction coefficient 0.007
Frontal area 1.696 m?
Air-drag coefficient 0.28
Transmission ratio ! 9.11
Motor moment of inertia 0.03 kg m?
Wheel perimeter 1.7813m
Wheel moment of inertia 0.80 kg m?
Basic power consumption TT0W
Engine power 15kW
Energy content of the battery 9kWh

Table A.1.: Vehicle parameters used in the planning phase of the MUTE project [d].

No Vacation Vacation Holiday
Monday Monday Monday-Sunday
Tuesday-Thursday | Tuesday-Thursday

Friday Friday

Saturday Saturday

Sunday Sunday

Table A.2.: Class definition of calendar days with similar traffic conditions.

speed in the time interval between two transmissions is independent both of the time and
the position. Based on all data which has been received for one particular road segment e
during a time interval [ty — 15 min, tx], tx = k-5min, k = 0, ..., 287, the current average speed
vk (e) on this road segment is determined. In particular, if ng(e) taxis have been traveling
through some road segment e of length L(e) during the time interval [ty — 15 min, ;] and
Tk,n(€) denotes the travel time of the n-th taxi, then vy (e) is set to

~ 1 e (e) L(e)
O(e) = ng(e) Ten(e)

(A1)

n=1

These average speeds have been stored for each road segment in a data base for the duration
of about one year.
As many research works show [I6Y], [94], [T21], the traffic state strongly depends on the
calendar day, since traffic demand on working days is very different to that on weekend or
on holidays. In order to identify calendar days with similar traffic conditions a correlation
analysis has been applied, which led to the class definition in Table B2

Since traffic may also change from season to season due to different weather conditions,
the average speed values are aggregated for a time duration of three months and based on
the classification in Table B2, As the validity of speed information decreases with the age
of the measurement, the aggregated average speeds (except for the class “Holiday”) are
weighted with half-life (for details, see [T0R]).

!The MUTE-vehicle has only one gear.
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A.2. Data Postprocessing

A.2. Data Postprocessing

As the topological structure of the time-dependent network of Ingolstadt we used the graph
(V, E) contained in the digital map which was kindly provided by the PTV AG for re-
search purposes. In the first step of the data postprocessing, the time-dependent speed
data resulting from the data collection described in Section A were matched to the road
segments F. This results, for each road segment e € E in the road network, in a collection
(tk., vk (e), nk(e))k:o,...,zsﬁ of times of day ty, average speeds Ui (e) and number of observations
nk(e). Since the measurements on a road segment may be sparse or unevenly distributed
throughout the day (i.e., ng(e) = 0 for many k), single discordant values may lead to an
unlikely variation in time of the average speed. In order to cope with this situation we have
implemented a weighted kernel regression using a Gaussian kernel [I57]. If, at some point
in time ¢; an average speed vy (e) had been determined from ny(e) measurements, then we
associated the weight wy(e) = ni(e) with vx(e). Otherwise, we used the weight wy(e) = 0.1
together with the average speed vy (e) = Umap(€e) which was contained in the digital map as
an input to the kernel regression. The standard deviation for the kernel function was set

to 0.5h~\/ 288/ Zifo wg(e) which led to a satisfactory tradeoff between the preservation of
the local variations in and the smoothing of the average speed data. We denote the k-th
smoothed average speed on a road segment e by g(@k(e)).

The output data of the postprocessing step are, for each road segment e in the road net-
work, a collection (t, v (e), 7/ (e)) ., of times of day #}, average speeds v}, (e) and travel

k=0,...,
times 7,(e). Time-dependent average speed (average travel time) data were only assigned
to those road segments on which measured average speeds had been associated with at
least 12.5% of the points in time of the input data. For the remaining road segments, the
time-independent speed data Umap(e) (resp., travel time 7(e) = L/Umap(e)) of the digital
map was used. This led to a proportion of 30 % of time-dependent road segments in the
network of Ingolstadt.

Since the average speed vy (e) on a road segment e of length L(e) at time ¢; has been de-
termined according to (AX) from measurements during the time interval [t — 15min, ¢],

we set
L(e)

g(ok(e))
In this manner, the point in time ¢}, —5 min with which the travel time is associated is chosen
in such a way that it is both an inner point of the measurement interval and not contained
in the (k — 1)-th measurement interval. Note that (A=) corresponds to the (smoothed)
harmonic mean of the measured travel times.

In order to obtain an explicit network description, which is suitable (in view of a tradeoff
between the accuracy of the time-dependent description and the computational complexity)
for the computation of energy-optimal paths in the road network of Ingolstadt we only used
72 data points, corresponding to ¢, = k-20min, v}, (e) = g(Dap—1)+1(e)) and 77,(e) = 7(e, 1},),
k =0,...,71, for each road segment e. The average travel times between two such points
in time were then determined by linear interpolation, leading to a piecewise linear and
continuous description of the travel time function 7. An examination of the derivatives of
the linear pieces of the partial functions t — 7(e,t), e € E, revealed the FIFO-property of 7
and an examination of the breakpoints of the partial functions t — 7(e, t), e € E, revealed
that 7 > 0. An illustration of the postprocessing step is provided in Figure B

(A.2)

7(e, ty, — Hmin) =

191



A. A Case Study in the Road Network of Ingolstadt

507
451
- — 40}
5 €
15 1S
g <
° © 35¢
[ (7
2 8
n w
& 8 30/
g . 5 x
g g *
T x ® o5l
251 . * 20}
20 ‘ ‘ ‘ ‘ 15 ‘ ‘ ‘ ‘
0 5 10 15 20 0 5 10 15 20
time of day [h] time of day [h]
(a) Road segment of category “main”, Umap = (b) Road segment of category “freeway”, Umap =
25km/h. 45km /h.

Figure A.1.: Postprocessing of the average speed data associated with two road segment.
The crosses in the plots correspond to the input data, the solid line corresponds
to the smoothed output function. The data of the class “Tuesday-Thursday”
was used in both plots.

A.3. Definition of the Time-Dependent Cost Functions

In order to estimate the speed distributions which serve as an input for the physical con-
sumption model, we distinguish between the road categories “Local street”, “Main street”,
“Arterial” and “Freeway”. We do not distinguish between different driver types or between
certain functional zones of the city of Ingolstadt. This coarse resolution is due to the lack of
precise driving data (i.e., driving data including the speed and acceleration distributions)
and due to the independence of our vehicle model from the gear changing behavior. (The
MUTE-vehicle has only one gear, cp. Table BATl.)

In order to determine the speed distribution for a particular road segment and average
speed, we use the data published in [60] which was also used to evaluate the impact of driv-
ing patterns on fuel-use in [62]. This data results from the recording of the driving data of
29 families for two weeks in the Swedish city of Vésteras. The size of Vésteras is comparable
to the size of Ingolstadt, and hence we assume that (although none of the families drove
an electric vehicle and there is a certain variation between the driving patterns in different
cities [63]) the speed distributions are comparable to those of Ingolstadt.

Using this data for a calibration of the model, we adapt the methodology presented in Part
M as follows: For simplicity, we approximate (22I3) by

V = (1—dy)[diVi + (1 — dp) V¢ ], (A.3)

where dg € {0, 1} is a decision variable which models that the vehicle is in a stop with prob-
ability ps = P(ds = 1) € [0, 1], df € {0, 1} is a decision variable which models that a moving
vehicle is in free flow with probability pr = P(df = 1) € [0, 1], V; is normally distributed,
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Vi ~ N (ug, of), and V4 is half-normally distributed, V4 ~ HN (ot). Hence, in contrast to the
model in [B7], we do not assume that either V' = 0 or V' = 0, but we associate a normal
distribution with the free flow speeds and we introduce a half-normal distribution in order
to model the transition between V' = 0 and the free flow speeds. Observe that, except for
the assumption that V; is half normally distributed, (A=3) is equivalent to (ZZ13). Moreover,
the form of the probability density function during an acceleration (resp. deceleration)
phase which has been derived in Section I resembles the probability density function of a
half-normally distributed random variable, cp. Figure Z4. Note that the data published in
[60] allows the derivation of a speed distribution of the form (A=3) even if the parameters
which were introduced in Section 22 are not completely known (as is usually the case in
practical applications).

We choose oy such that E[v] = /2/moy, = ug — of. Hence, we expect the transition to lead
to the “center” of the free flow speed distribution. Indeed, P(vs < ps—of) < 16 %. Further-
more, we expect the travel time incurred for a transition to be proportional to the target
speed (i.e., to ug) and the travel time incurred during free flow to be inversely proportional
to g (since the length of the road segment is fixed). This implies that

1 At

= —, ]_— = —
bt Apd +1 Pt g +1

for some A > 0. Finally, assuming that all random variables are mutually independent, we

determine pg from (B=3) according to

- E[V]
pepe 4 (1 — pe) (ps — o)

ps:1

Using this approach, we reconstruct the probability distribution in [60] with a cumulative
error of ~ 5% per road category and speed limit.

Since the speed data for each road category in [60] has been recorded for approximately
constant traffic conditions and does not allow the consideration of time-dependent variations
of the average speed, we determine the distribution parameters for varying traffic conditions
from (E1H)-(2220). Recall that we have assumed that the traffic is undersaturated in (2713),
which is a simplification since there are time periods during which the traffic in Ingolstadt
is saturated.

In (E713) we use the fit parameters Tjos = 6 (corresponding to two time periods of length
3s of amber light), the average length L of a road of the respective category in Vésteras (we
have assumed that every second road segment in the digital map leads to an intersection
in order to obtain an average intersection density of > 200m between two intersections
as indicated in [B0]), the free speed vy contained in the digital map, the outflow capacity
Q = max {1800, 1800 - vo/(50 km/h)} veh./hour/lane and § = 0.1 (cp. [87, Fig. 6]). The
parameter s is estimated for each road category and speed limit from the average traffic
density p and average speed v contained in [B0]. The range of the fitted parameter s € [1.3, 2]
reflects the low density of signalized junctions in Vasteras and the average priorities in traffic
associated with the different road categories and speed limits. The average vehicle length
in (Z18) has been set to vyep = 5m.

In (ZI8) we have fixed the parameters pmax = 160veh/km, T, = 0.8s [84], [85] as well
as Umax = vo and determined pg,v2,v3 in such a way that ps — pug(pf) is continuously
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(a) Road segment of category “main”, speed limit (b) Road segment of category “freeway”, speed
vo = 50km/h and length L = 145m. The average limit vo = 90km/h and length L = 320m. The
speed in [B0] is ~ 44km/h. average speed in [B0] is ~ 85 km/h.

Figure A.2.: Relative frequency of the vehicle speed for different traffic densities on two road
segments. The solid line corresponds to the data published in [60], the dotted,
dash-dotted and dashed lines correspond to the model (A=3) and (E-13)-(2220).

differentiable and matches the data published in [60]. The parameter ag in (2220) has been
chosen in such a way that (2219) holds for the data published in [60]. An example of resulting
speed distributions for varying traffic densities is depicted in Figure B2, the corresponding
relations between the free flow density and the average speed v as well as the average free
flow speed g are depicted in Figure A=3.

Given a pair (¢}, 7}.(e)) on some road segment e, we estimate the distribution parameters as
described above and determine the associated speed distribution which results from (A=3).
This speed distribution and the speed-dependent acceleration distributions published in [§]
are used to determine a common speed-acceleration distribution associated with the pair

(t).,U;.(€)). The energy consumption function § for the road segment e at time ¢) is then
defined according to

T(e,t)) _
Ble,th) = “E P(v,a,a)|dt, k=0,..1 A4
( k v,ale,k
0

Here, E, 4jc,r denotes the expected value with respect to the common speed-acceleration
distribution associated with the pair (¢}, 7;.(e)) and P(v,a, ) denotes the power which must
be provided by the battery of the vehicle in order to countervail the driving resistances, cp.
Section 2472, Since the longitudinal elevation « of the road segments is not contained in
the digital map we used the value a = 0 in our computations. The energy consumption
between two points in time is then determined by linear interpolation, leading to a piecewise
linear description of the travel cost function 3.
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Figure A.3.: Relations between the free flow density and the average speed v as well as

the average free flow speed ps. The range of pr corresponds to the range
p € [0, prax]-

A.4. Experimental Evaluation

In the following subsections we summarize the experimental evaluation of the DOT* al-
gorithm and the TD-APX algorithm in the time-dependent network of Ingolstadt. We
first describe the characteristics of the network (cf. Subsection B—T), the computer and

the implementations (cf. Subsection BA=3). We then discuss the experimental results in
Subsection A=A3.

A.4.1. Network Description

We consider the time-dependent optimal path problem with a fixed time frame [¢,t], t < ¢,
as in Part M, i.e., T(v) = [¢,t] for all v € V. We use the graph (V, E) contained in the
digital map, the travel time function 7 defined in (A=) and the travel cost function defined
in (B=). Moreover, we set AT (v,t) = {0} for all (v,t) € X and 6(v,t,0) = 0. As we have
mentioned in Section A=A, the travel time function is strictly positive and satisfies the FIFO-
property. Hence, denoting the time-dependent network of Ingolstadt by G = (V, E, 7; 3, 9)

Assumption B3 holds in (G, T, AT).

The time-dependent network of Ingolstadt contains 4447 nodes, 11808 (directed) edges, and
the partial network functions ¢ — 7.(t) = (e, t), t —= Be(t) = B(e,t), t € [t,t], satisfy

t—t t—t
<0, |—1|42 1
#Te_<’{20min—‘+ ’[QOmin-‘—i_ )
t—t t—t
<0, |z—1|+2 = 1
#he < ( ’ {QOmin-‘ * ’[QOmin-‘ * )

for all e € E according to (A2) and (A=). For the time-dependent network functions
associated with the class “Tuesday-Thursday”, there hold 7(E x R) C [0.42s,375.8s] and
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B(E x R) C [0.00065 kWh, 0.23 kWh], and non-constant functions are associated with 3959
edges. Let E C E denote the set of edges for which the partial functions 7., associated with
the data of the class “Tuesday-Thursday”, are non-constant. There holds

max T(e,t max e,t
max t€[0h,24h] (e;t) ~ 8.93, max t€[0h,24 h] Ble,t) ~ 6.34,
ecE Milye(on,24n) T 7(e, 1) ecE Milye(oh,24h) Ble,t)
1 max T(e,t 1 max et
t€[0h,24 h] (e,1) ~ 1.85, t€[0h,24 h] Ble, t) ~ 1.53,
|E] mlnte[Oh 241 T(€,1) \E\ mlnte oh24n B(e,t)

which is in accordance with the empirical observations in [IT3].

Moreover, for the time-dependent network functions associated with the class “Sunday”,
there hold 7(E£ x R) C [0.425,375.8s] and (£ x R) C [0.00058 kWh, 0.23 kWh], and non-
constant functions are associated with 3341 edges. Let E C E denote the set of edges
for which the partial functions 7., associated with the data of the class “Sunday”, are
non-constant. There holds

max T(e,t max e,t
max te[0h,24h] ( ) ~8 78’ max t€[0h,24 h] ( ) ~ 708,
eck; MINgec[0h24h) T (6, t) ecE mlnte[Oh 24 h] 6(67 t)
1 max e,t 1 max e,t
t€[0h,24h] T ( ) ~ 1. 75’ t€[0h,24 h] ( ) ~ 1487

—

|E| mlnte[Oh 24n) T(€; 1) |E| = mine o 241 Ble, t)
e
The maxima and minima of 7 in the classes “Tuesday-Thursday” and “Sunday” are both

attained for e € E \ E.

A.4.2. Description of the Computer and the Implementation

The computational experiments are carried out on an 2xquad-core Xeon E3750 with each
processor clocked at 2.33 GHz and provided with 8 MB of L2 cache. The machine has 16
GB of RAM, the operating system is Ubuntu Linux 2.6.32-25-generic, which was compiled
with GCC 4.4.3.

Our implementation is written in Java and compiled with Java version 1.6.0_18. The results
of Subsection B2 imply that we must expect the piecewise linear functions to contain a
large number of linear pieces. In order to cope with the space complexity of storing the
partial optimal value functions, we have set the initial and the maximal heap size of the
Java Virtual Machine to 3 GB. The graph (V, E) is represented by saving E~ (v), E™(v) for
each v € V and a(e),w(e) for each e € E. We have used two implementations of piecewise
linear functions: The partial network functions 7., 5, e € E, are implemented as arrays
in order to rapidly access one particular linear piece. The partial optimal value functions
are implemented as linked lists since they are repeatedly modified by the algorithms. This
allows a space-efficient storage of the partial optimal value functions and the insertion and
removal of linear pieces in O(1) space and time complexity. Linked lists are also well-suited
to scroll through the linear pieces, since, in most cases, either no linear piece or all linear
pieces of a partial optimal value function must be accessed in one iteration of each of the
algorithms.

In a preprocessing step, the all-to-all optimal path problems in the networks (V, E; 1) and
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(V, E; ) are solved with the Floyd-Warshall algorithm [9, p.147], where 7 : E — R* and
B:E— R,

7(e) = min 7(e,t), B(e) = min fS(e,t), Ve € F,
te(t,t] - te(t,t)

respectively. By c¢t(v1,v2), we denote the cost of an optimal path from vy € V to va € V in
(V,E, 1), and by c,(v1,v2), we denote the cost of an optimal path from v1 € V to vg € V
in (V, E, B). Finally, we denote

&= Ierélélz(e) - U1,UQI€I\1/1:%1¢U2 Ct(vh U2)7
&= Ierél]gé@) - vl,v2g‘1}1%175112 Cb(vh 02).

There holds ¢, ¢, > 0 for the two time-dependent networks of Ingolstadt, which are gener-
ated from the traffic data associated with the classes “Tuesday-Thursday” and “Sunday”.
In the DOT* algorithm, a hash table [43, Chapter 11] is used in order to choose the iteration
node. The hash table contains, for each edge e € E, the value t*(e) — m¢(a(e)), and the
value maxccg [t (e) = (a(e))] and an array of the edges arg max,c [t (e) —m (a(e))] are
separately stored. In each iteration, the edges argmax,cp [t7(e) — m(a(e))] are accessed
via the hash table and the iteration nodes is chosen according to line @ of Algorithm E.1.
The lower bounds 7. (the subscript - stands for ¢ or b in the following) are defined as

m.(v) = s c.(vo,v), Yv eV, (A.5)

where s € [0,1). The lower bounds 7. are either defined as

7.(v1,v2) = ¢, Yoi,v9 €V, (A.6)
or as
_ [ max {Q,,C,(’Uo,’l)g)—C.(U(),’Ul)}, if v1 # vy
7. (v1,v2) = { %, fo, =0y Yui,ve €V, (A.7)
or as
B c.(v1,v2), if v1 # vy
m.(v1,v2) = { min c.(v1,v)+ min ¢ (v,v9), ifvy=ve Vo, vp € V. (A8)
veViw#vy veV w#vg

As (V) E) contains no loops, the values (v, v), (v, v) in (BZ) and (BA=8) are indeed lower
bounds of the cost and travel time of any circle containing v € V, respectively. The pa-
rameter s scales the length of the time interval for which the partial optimal value function
can be computed in one iteration of the DOT* algorithm, cp. (B2). Small values of s lead
to longer time intervals, bigger values of s lead to the expansion of less nodes, cp. Figures
AA(aHA 4(c). While the definition (A7) only requires the solution of an one-to-all opti-
mal path problem with the source node vy, the definition (A=8) requires the solution of an
all-to-all optimal path problem. However, the lower bounds 7. defined in (A=8) enable the
processing of longer time intervals in each iteration of the DOT* algorithm, since they are
greater than or equal to the lower bounds 7. defined in (A71). In order to compute ¢~ in
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line 7 of the DOT* algorithm, the pointwise minimum of the (shifted) edge cost functions
is computed in each iteration. A sorting of the edge cost functions (resp. the sortings of
several edge cost functions with respect to several landmarks) has not been implemented
because of memory restrictions.

In the first step of the TD-APX algorithm, a bidirectional Dijkstra search is used to deter-
mine the sets Tr(v) for all v € V. A bidirectional A* search is then used to define the lower
bounds of the cost functions in the second step. The bidirectional A* algorithm is used in
order to compute both lower bounds b(vg), b(vg) as soon as possible for some vy € Vg C V.
Since nodes are expanded in an increasing order of cost, all nodes which have not yet been
expanded by the bidirectional A* algorithm when by(vg) +b'(vg) > minyev, [bo(v) —i—gl(v)]
for the first time for some vp € Vg, can be removed from Vg, cp. Algorithm E.1, line
[2. In the third step of the TD-APX algorithm, a Fibonacci heap [#3, Chapter 20] is used
to choose the iteration node. The seminorm || f|| = [, [f(t)| dt on the space of real-valued
lower semicontinuous functions f with compact domain D is used in the implementation
of the TD-APX algorithm. Thereby the repeated computation of the minimum of the par-
tial optimal value functions is avoided. (Note that, as a consequence of Lemma 23 and
Corollary [ZZ4, the above seminorm would be a norm if we considered the time interval
|t,t] instead of the time interval [¢,¢].)

A more detailed analysis of the algorithms, including a detailed description of the imple-
mentations will be presented in [46], [I°70].

A.4.3. Experimental Results

We have observed in some preliminary experiments that the TD-APX algorithm solves the
time-dependent optimal path problem in the road network of Ingolstadt much faster than the
DOT* algorithm. This is due to the fact that min ycpxr 7(e,t) = 0.42s. If a time frame
of 42 minutes is considered and 1000 nodes have to be expanded by the DOT* algorithm,
then we must expect O(6-10) iterations in the worst case, cp. Theorem ET8. Taking into
account that (depending on the complexity of the partial optimal value functions computed
so far) one iteration requires a computation time of approximately 0.02s-0.2s, we must
expect a total computation time of approximately 33 h-333 h. Since this is computationally
infeasible both for a statistical evaluation of the algorithm and an utilization in practical
applications we are considering four kinds of test scenarios:

In the first scenario, we evaluate the benefits of using precise lower bounds in the DOT*
algorithm. Due to the above estimates on the worst-case runtime, only a small number
of very small test cases are evaluated. In the second scenario, we compare the average
runtimes of the TD-APX algorithm (with ¢ = 0kWh) and the DOT* algorithm (with
different definitions of the lower bounds) on a small number of test scenarios in the city
center. We then evaluate the computational complexity of the time-dependent optimal path
problem in more detail in the third scenario, in which we solve a large set of test cases in
the complete network with the TD-APX algorithm. In the fourth scenario, we focus on the
differences in the energy consumption and the number of edge sequences which are traversed
by optimal paths at different times of day and days of the week.

Scenario 1

In order to evaluate the benefits of using precise lower bounds in the DOT* algorithm,
we use a set of 10 test cases. Here, the source and goal node are chosen in a minimum-
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hop distance d € {3,4,5,6}, and the time frame [7:58 h,8:02h] is taken as a basis. Three
different settings of the DOT* algorithm are used to solve these optimal path problems, in
each of which 7, 7, are defined according to (BAZ5). In the first setting, the scale parameter
s is set to 0, and 7, 7, are defined according to (AZH). In the second and third setting, the
scale parameter s is varied between 0.1 and 0.9, and 7, 7, are defined according to (A=)
and (A8). The runtimes and numbers of iterations associated with these test cases are
listed in Table A—=3. As a reference, the results of the TD-APX algorithm are also provided.

It can be seen that the utilization of precise lower bounds has a drastic impact on the

Algorithm | Setting Av. comp. | Min. comp. | Max. comp. | Av. no. of
time time time iterations
lower bound 3751s 0.001s 12850 65423
s = 0.1, (A7) 2301s 0.02s 7331s 47179
s = 0.1, (AR) 86 0.03s 187s 5551
s = 0.3, (A7) 993 s 0.02s 3978s 25564
s = 0.3, (A1) 645 0.01s 149 4435
DOT* s = 0.5, (A7) T4Ts 0.001s 3293 s 21909
s = 0.5, (A1) 41s 0.2s 955 4143
s = 0.7, (B&77) 756 s 0.001s 3088 s 20848
s =0.7, (A=) 38s 0.01s 119s 2550
s = 0.9, (A7) 813s 0.001s 3867s 20925
s=0.9, (A=) 33s 0.01s 1568 1960
TD-APX | e =0kWh 0.006s 0.003s 0.01s 13

Table A.3.: Computation time and number of iterations for very short paths. The network
functions were generated from the traffic data of the class “Tuesday-Thursday”
(working week). 10 pairs of distinct source and goal nodes of minimum-hop
distance d € {3,4,5,6} were chosen in the city center.

average runtime and on the average number of iterations of the DOT* algorithm. With
an appropriate choice of the scale parameter s, (A7) improves the average runtime of the
DOT™ algorithm by one order of magnitude with respect to the setting in which s = 0
and 7y, 7, are defined according to (A=6). (A=R) even improves the average runtime of the
DOT* algorithm by two orders of magnitude with respect to the setting in which s = 0
and 7, T, are defined according to (A=H). While this small number of test cases suggests
that the optimal scale parameter s is between 0.5 and 0.7 for the lower bounds (BT1), an
optimal scale parameter of approximately 0.9 can be observed for the lower bounds (A=R).
Furthermore, we observe that the runtime of the DOT* algorithm is highly sensitive to the
input data. The minimal and maximal runtimes of each setting of the algorithm differ by
6 orders of magnitude. While the algorithm terminates fast if the edge cost functions differ
significantly from each other, a very long runtime is produced if the DOT* algorithm must
expand nodes with approximately identical shifted cost functions.

In Figure B4, we have depicted the node sets which are expanded by the algorithms in
one of the above test cases. Despite of the small set of test cases which were evaluated in
the first test scenario, the usefulness of precise lower bounds is underlined by the results in
Table BA=3 and Figure A.
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Figure A.4.: Nodes which are expanded by different settings of the DOT* algorithm and in
different steps of the TD-APX algorithm (e = 0kWh). The same source and
goal nodes and the time frame [7:58 h, 8:02 h] are taken as a basis of all plots.

Scenario 2

Based on the results of the first scenario, we evaluate the performance of the TD-APX
algorithm with e = 0kWh and the performance of the DOT* algorithm with 7, 7, defined
as in (AH) and 7, T as in (AR). For the parameter s in (A=3) we use the values 0.5,0.7 and
0.9, which led to relatively short average and maximal runtimes in the first test scenario. The
source node vy and the goal node v’ are chosen randomly in the city center (approximately
1km?, cp. Figure AF), and the time frame [7:50h,8:00h] is taken as a basis. 20 pairs
(v0,v") € V2, wg # v, are chosen and used as input of each optimal path algorithm. The
results of these tests are depicted in Table A=4. In order to compare these results with static
optimal path algorithms, the average computation times of Dijkstra’s algorithm and the A*
algorithm (in the networks (V, E;7) and (V, E; 3), respectively) are also provided.

As in the test cases of the first test scenario, the scale parameter s = 0.9 yields the best
average runtimes of the DOT* algorithm. Furthermore, we again observe a very high spread
in the computation times of the DOT* algorithm. For this reason we neither present test
cases for longer time frames than the one underlying Table A4. In some preliminary tests
we have observed that the computation time of the DOT* algorithm repeatedly exceeds 12
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Algorithm | Setting [7:50h, 8:00 h]
Av. comp. | Min. comp. | Max. comp.
time time time
Dijkstra - 0.002s 0.001s 0.2s
A* - 0.002s 0.001s 0.006s
s = 0.5, (AR) 1523 s 0.04s 6505 s
DOT* s =0.7, (A=) 1243 s 0.001s 5012s
s =0.9, (A=) 834s 0.001s 4264 s
TD-APX | e =0kWh 0.3s 0.001s 14s

Table A.4.: Average computation time of different optimal path algorithms in the time-
dependent road network of Ingolstadt. The network functions were generated
from the traffic data of the class “Tuesday-Thursday” (working week), the source
and goal node were both chosen randomly in the city center.

hours in the time frame [7:50h, 8:10 h]. This is neither acceptable for practical applications
nor suitable for a statistic evaluation.

Although the utilization of precise lower bounds speeds up the DOT* algorithm by a factor
of approximately 100, it is obvious from the test results that, in its present implementation,
the DOT™* algorithm is not suited for practical applications. The average runtime of the
TD-APX algorithm outvalues the average runtime of the DOT* algorithm by 3 orders
of magnitude. In order to evaluate the DOT* algorithm more extensively in the future we
suggest to take into account the following lessons learned from our first experimental results:
One focus of future implementations should be on keeping down the number of linear pieces
associated with the edge and node cost functions. In most iterations of the DOT* algorithm
very short time intervals are expanded. However, when the same node or edge is expanded in
a subsequent iteration, it is very likely that the rightmost linear piece computed in the latter
iteration extends the leftmost piece of the previous iteration. An efficient implementation
of checking such a compliance can be used to reduce the computational overhead. Note
that all operations on piecewise linear functions (with the exception of appending a new
linear piece to the head or tail of the linked list) require at least logarithmic time in the
number of linear pieces. As can be seen from Figure A4, the number of linear pieces of the
partial optimal value function is not exceedingly large in the medium-sized time-dependent
optimal path problems, which were considered in this case study. It might therefore be
interesting to implement the choice of the iteration node of the DOT* algorithm using a
sorting of the edge cost functions. If such an implementation is too memory-consuming (as
must be anticipated for larger networks), the computation of the functions

t+— min /b\(eJr,t),

eteE+(D)
t — min min 56,9—1—7? v,ae))) + 7 (v, afe
Ge[tﬁf\] e€E:itt(e)>0+7:(v,a(e)) ( ( t( ( )) ) b( ( )))

in line [ of Algorithm B.1 should be executed simultaneously and in decreasing order
of time, and it should be aborted as soon as the value ¢~ is determined. However, alto-
gether it appears that the optimization strategy of the TD-APX algorithm (local iteration)
is superior to the optimization strategy of the DOT* algorithm (global optimization) in the
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Figure A.5.: The road network of the German city of Ingolstadt.

time-dependent network of Ingolstadt.

Scenario 3

In the third scenario we evaluate the TD-APX algorithm in more detail. We choose the ac-
curacy € as 0%, 1% and 5% of the energy content of the battery, i.e., we set € equal to 0 kWh,
0.09kWh and 0.45kWh. Moreover, we vary the time frame [¢, ] by setting ¢ = 7:00 h and
using the values 7:30 h, 8:00 h, 8:30 h, 9:00 h, 10:00 h, 11:00 h and 12:00 h for ¢. For each time
frame, a certain number of pairs (vg,v') € V2, vy # v/, are chosen and used as input of the
TD-APX algorithm. The results of this test are depicted in Table BH. As a reference, the
average computation times of Dijkstra’s algorithm and the A* algorithm (in the networks
(V,E;7) and (V, E; 3), respectively) are also provided.

In order to illustrate the results of one test run of the TD-APX algorithm, the partial

Algorithm | Time frame Number of Average computation time
test cases
e =0kWh | e =0.09kWh | ¢ = 0.45kWh
Dijkstra - 1269 0.0019s 0.0019s 0.0019s
A* - 1269 0.0015s 0.0015s 0.0015s
[7:00 h, 7:30 h] 238 8.3s 2.0s 0.041s
[7:00 h, 8:00 h] 243 14s 2.9s 0.059s
[7:00 h, 8:30 h] 148 22s 4.2s 0.097s
TD-APX [7:00h, 9:00 h] 121 31s 7.7s 0.13s
[7:00 h, 10:00 h] 88 44 10s 0.18s
[7:00h, 11:00 h] 87 60s 15s 0.22s
[7:00 h, 12:00 h] 100 120s 30s 0.36s

Table A.5.: Average computation time of the TD-APX algorithm in the time-dependent
road network of Ingolstadt. The network functions were generated from the
traffic data of the class “Tuesday-Thursday” (working week), the source and
goal node were both chosen randomly in the city.

optimal value function ty — b*(vo, o), the cost function associated with the initial iterate
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In the plots, M denotes the number of mutually distinct edge sequences which

are traversed by optimal paths.

203



A. A Case Study in the Road Network of Ingolstadt

Figure A.7.: Dependence of the computation time of the TD-APX algorithm on the maximal
topological length N of all optimal paths and on the number C of linear pieces
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of the control policy, and a subset of the optimal paths are depicted in Figure A=R.

In order to evaluate the predictions of the complexity of the time-dependent optimal path
problem with varying departure time, the number of linear pieces of the partial optimal
value function tg — b*(vg,tp) is plotted in Figure A8 and the average computation time
of the TD-APX algorithm is depicted in Figure BA74. In these figures, regression analysis is
used to analyze the dependence of the number of linear pieces and the average computation
time on the maximal topological length N of all optimal paths and on the number C' of
linear pieces of the partial network functions 7, g, e € F, cp. (5509) and (4R).

From Theorem 62321 (v), we expect the number of linear pieces of the partial optimal value
function tg — b*(vg, to) to be of the order (’)(M2(CN + Nbd)), where M denotes the num-
ber of mutually distinct edge sequences from vy to v' and Npq = 2 denotes the number of
boundary points of [¢,7]. By contrast, in the evaluation of the experimental results we find
the values of N and M to be correlated and the influence of M to be negligible. However,
we have noticed that even if the number of mutually distinct edge sequences from vy to
v’ is large, the number of distinct edges is usually very small. This is consistent with the
statement in Remark B2324. By inspection of Figures [A.6(a]), [A.6(c] and [A.6(e], it appears
that, for a fixed value of C', the number of linear pieces of the partial optimal value function
grows approximately linearly with the topological length of the longest optimal path. This
is consistent with the theoretical findings in Theorem 62321 (v). The large variation in the
number of linear pieces is due to the topological structure of the road network of Ingolstadt
(the road network is structured in neighborhoods and suburbs) and the distribution of the
road segments with which non-constant data is associated.

In Figure [A.6(T], the average number of linear pieces of the partial optimal value function
is plotted in dependence on the number of linear pieces of the network functions. Assuming
that the number of linear pieces is approximately proportional to IV for a fixed time frame
(see above), the computational experiments confirm the result of Theorem B=321 (), which
predicts the average number of linear pieces of the partial optimal value function to be
approximately proportional to C' for a fixed maximal path length N. In Figure [A.6(T), the
average maximal path lengths NV resulting from the test cases in the respective time frames
are used for the regression function.

Based on the result of Theorem B3 (v), we expect the computation time to be of the
order O(M(CN? + NNpq)log(C) + M3*(CN + Npq)). As in the evaluation of the number
of linear pieces of the partial optimal value function, we find the influence of M on the
computation time to be negligible. Moreover, by inspection of Figures A 7(a], and
A 7(e), we find that, for a fixed value of C', O(N?3 + N?) describes the average computation
time better than O(N? + N). This is due to the fact that, in an algorithmic solution of
the time-dependent optimal path problem, we need to compute the partial optimal value
functions at O(N?) nodes. Since the partial optimal value functions at the “inner nodes”
of the set of all expanded nodes Vi C V are needed to compute the partial optimal value
functions at the O(N) “boundary nodes” of Vg, we must expect N times the computation
time which is predicted by Theorem 52321 (v). This is indeed what we can see in Figures
A.7(a], A.7(c] and A.7(e].

In Figure [AT7(T]), the average computation time of the TD-APX algorithm for e = 0kWh is
plotted in dependence on the number of linear pieces of the network functions. Assuming
that the computation time is roughly proportional to O(N?3 + N?) for a fixed time frame
(see above), the computational experiments confirm the result of Theorem 623721 (v), which
predicts the average computation time to be roughly proportional to C'log(C) for a fixed
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Figure A.8.: Results of one test run of the TD-APX algorithm corresponding to a fixed pair
(vg,v") € V2 and the time frame [10:00 h, 24:00 h].
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maximal path path length N. In Figure [A.7(T), the average maximal path lengths N result-
ing from the test cases in the respective time frames are used for the regression function.
When varying the value of € from 0kWh to 0.45kWh, the number of linear pieces is de-
creased by a factor of approximately 1.5, whereas the average computation time is decreased
by two orders of magnitude. In fact, as can be seen in Figure [A.7(d], the computation time
hardly depends on the maximal length of the optimal path if € = 0.45kWh. This is due to
the fact that, if € is large enough, then the initial iterates of the upper and lower bounds
of the partial optimal value functions, ¢y — EO‘O(U(), to), to — Qmo(vg, to), already satisfy the
termination condition ||bg|o(vo, to) — bojo(vo, to)|| < €. (In this case the number M of edge
sequences which are traversed by the e-optimal paths equals 1, cp. Figure [A.6(c).) Only
the few test cases in which the termination condition is not satisfied in the initial iteration
of step 3 of the TD-APX algorithm cause the variation of the average computation times
which are listed in Table BH. The factor 1.5 between the numbers of linear pieces corre-
sponds to the additional breakpoints of the optimal value function which are caused by the
switching of the edge sequences traversed by optimal paths. Although the impact of this
switching behavior is not of the order of magnitude which we predicted in the worst-case
analysis in Theorem 62321 (v), a significant difference of the number of linear pieces can be
observed in Figures [A.6(c] and [A.6(d].

Scenario 4

In the fourth scenario, we evaluate the influence of the time of day and the influence of
the day of the week on the solutions of the time-dependent optimal path problem. For
this purpose, we compare the time frames [1:00 h, 2:00 h] and [7:30 h, 8:30 h] for the classes
“Tuesday-Thursday” (working week) and “Sunday”. 400 pairs (vg,v') € V2, vy # ¢/, are
chosen randomly and used as the input of the TD-APX algorithm for both time frames and
both classes of the days of the week. The value ¢ = 0kWh is generally used for the TD-
APX algorithm in this scenario. The solutions of the optimal path problems are analyzed in
terms of the average energy consumption and in terms of the average number of routes. The
average energy consumptions are computed as the average of the optimal value functions
(i.e., the cost functions associated with the energy-optimal paths p*(t), t € Tr(vo)) and as
the average of the cost functions associated with the paths pppr(t), which are generated
by the initial iterate of the TD-APX algorithm, ¢t € Tr(vg). The latter paths correspond
to the control sequence u(vg,v") which allows the latest departure time (LDT) at vg, cp.
Algorithm B1.1, line 1. In particular, prpr(t) = ®((vo,t), u(vo,v')) for t € Tr(vy). The
average energy consumptions associated with these paths are summarized in Table BA6. In
Table A7, we have listed the average number of (mutually distinct) edge sequences which
are traversed by optimal paths from a fixed source node to a fixed goal node and the per-
centage of test runs for which this number is greater than 1.

We observe that, in the considered test cases, the average energy assumption associ-
ated with energy-optimal paths is about 10 % lower than the average energy consumption
associated with the control sequence which allows the latest departure time at the source
node. (Note that the path prpr(tg(vg)) is a fastest path.) We also find that the differ-
ence between these average consumption values is smaller at night than in the morning.
Furthermore, with the exception of the value associated with energy-optimal paths in the
time frame [7:301,8:30h], “Tuesday-Thursday”, the average energy consumption is lower

3Cost of the path which allows the latest departure time (LDT).
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’ Day ‘ Time ‘ Criterion H Average energy consumption
_ ) Energy 0.7405 kWh
Tue-Thu [1:00h,2:000] F=rE7s 0.8196 kWh
(7:30h,8:30 1] Energy 0.7396 kWh
' " LDT 3 0.8303kWh
) ) Energy 0.7358 kWh
Sun [1:00h,2:00 b] LDT 3 0.8133kWh
) ) Energy 0.7306 kWh
[7:30h,8:30 b] LDT 3 0.8159 kWh
Table A.6.: Average energy consumption associated with the paths p*(t), pLpr(t) for t €
Tr(vo).
Day Time Average number | Percentage
of edge sequences | of queries
1:00-2:00 h 36 94
Tue-Thu =35 8300 34 91
Sun 1:00-2:00 h 30 92
7:30-8:30 h 34 91

Table A.7.: Alternation of the edge sequences traversed by optimal paths from a fixed source
node to a fixed goal node.

on Sundays than on Tuesdays-Thursdays. Although the differences are small, they can
be ascribed to the heavier traffic conditions during the working week and during the rush
hour. We also observe that the average energy consumption associated with the control
sequences which allows the latest departure time at the source node are particularly high
in commuter traffic, whereas the average energy consumption associated with the optimal
control sequences is particularly low in commuter traffic. This can be explained as follows:
Driving at high speeds in commuter traffic necessitates a large number of strong acceleration
and deceleration maneuvers, which increases the cost associated with the control sequences
which allow the latest departure time at the source node. Since driving at lower speeds
(=~ 40km/h, cp. Figure BA0) is generally more economic for the MUTE vehicle than driv-
ing at higher speeds, the cost associated with the optimal control sequences is decreased if
slow synchronized traffic is found. Since only approximately one third of the edges of the
network are attributed with time-dependent data, a larger variation between the average
energy consumptions must be expected in general.

From the results in Table [A72 we deduce that the edge sequences traversed by energy-optimal
paths differ from the edge sequences traversed by fastest paths in more than 90 % of the
considered test cases. As can be seen from Figure B9, the partial optimal value function
increases steeply in the time interval [23:40 h, 23:50 h], where 23:50 h= ¢z (vg), while the edge
sequences associated with the respective cost values are rapidly alternating. This behavior
constitutes the transition from the unconstrained to the constrained optimal (fastest) path.
(At tr(vg) only fastest paths are admissible at vy.) The number of edge sequences which
are traversed by the respective optimal paths is surprisingly large and leads to an average
of over 30 different edge sequences which are traversed by optimal paths associated with
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Figure A.9.: Partial optimal value function ¢y — b*(vg,tg) in a neighborhood of the latest
departure time tg(vp) =~ 23:50h. The time domains during which all opti-
mal paths traverse the same edge sequence are delimited by triangles. The
underlying test case is described and illustrated in Figure BA=R.

the considered pairs (vg,v’) € V2, vg # v'.
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Figure A.10.: Distance-related energy consumption of the MUTE vehicle. The plotted con-
sumption values correspond to the energy consumption associated with a drive
at constant speed and no longitudinal elevation.
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List of Symbols

Network description:

Symbol

Description of the variable

STEmER O <
o0

Set of nodes

Node

Set of directed edges, E C V x V

Edge

Tail mapping, a: E — V

Head mapping, w: E — V

Set of edges terminating in v

Set of edges emanating from v

Set of predecessors of v

Set of successors of v

Outdegree of v

Indegree of v

Time variable, t € R

Waiting time variable At € Ra'

Edge travel time mapping, 7 : £ x R — ]RSr
Edge cost mapping, 8: E xR —- R
Waiting cost mapping, d : V x R x R(J{ —R
Time-dependent network, G = (V, E, 7;3,9)

Problem Description:

Symbol  Description of the variable

T(v) Set of admissible points in time at v € V'

X State space, X = U,y {{v} x T(v)}

AT(v,t) Set of admissible waiting times at (v,t) € X

P Set of admissible paths (state sequences)

D Path (state sequence), p = ((vk, tk))k:(),l,...

U(v,t)  Set of admissible control sequences at (v,t) € X

u Control sequence, u = ((Atk, ek))k=1,2,...

Ip|, |ul Length of the path and control sequence, respectively

Pk, Uk k-th component of the path and control sequence, respectively
Di:j,Ui:; ~ components i, ..., j of the path and control sequence, respectively
v Source node

v’ Goal node

tp(v) Earliest arrival time at v € V

tr(v) Latest departure time at v € V

Tr(v) Set of reachable points in time at v € V, TR C R

Xr Reachable part of the state space, Xp = ey {{v} x Tr(v)}
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List of Symbols

Functions on the Network:

Symbol  Description of the variable

¥
d

T
B
t*
T
b*
b*

*

1

Control-to-state mapping, ¢ : U e x{(z,u) : v € U(z), [u| =1} = X
Control-to-path mapping, ® : (J,c x{(z,u) :u € U(z)} — P

Path travel time function, 7 : J,cx{(z,u) :w € U(z)} = Ry

Path cost function, B : |J,cx{(z,u) :u € U(z)} = R

Optimal travel time function, t* : X — R} U {00}

Reverse optimal travel time function, t* : X — R} U {oo}

Optimal value function, b* : X — R U {+£oo}

Reverse optimal value function, b* : X — R U {%o0}

Optimal control policy p* : X — Ry x E

Notational Convention:

Lower bounds of a quantity are denoted by underlining, upper bounds by overlining
the quantity, respectively.

Optimality is denoted by the subscript and superscript *, respectively.
Duality is denoted by the superscript 7.

The interior of a set S is denoted by int(S), the closure of S is denoted by cl(.S), the
boundary of S is denoted by bd(.S).

The support and the graph of a mapping f : S — Y are denoted by supp(f) and
graph(f), respectively.

The set of k-times continuously differentiable real-valued functions on an open set
S C R™ is denoted by C*(S), k € NU {oo}. The set of real analytic functions on an
open set S C R” is denoted by C¥(S5).

If S C R is an open set and f € C*(S) then the first derivative of f is denoted by f/,
the k-th derivative of f is denoted by f*), k > 2.

If S C R" is an open set and f : S — R™ is Fréchet-differentiable, then we denote the
Fréchet-derivative of f at © € S by Df(z).

If S C R” is an open set and f € C¥(S) then the partial derivative of f with respect
to the i-th coordinate is denoted by 0;f, ¢ = 1, ..., n. If the variables of f have distinct
names, e.g., (t,x) — f(t,z) then the partial derivative of f with respect to t is denoted
by 0;f and the partial derivative with respect to x is denoted by 9, f.

In the split network (cf. Section B2), the waiting node is denoted by the subscript w,
the node at which no waiting is allowed will be denoted by the subscript nw.

The probability of an event E is denoted by P{E}, the expected value of a real-valued
random variable X is denoted by E[X].

The abbreviations “p.d.f.”, “i.i.d.” and “a.s.” stand for “probability density function”,
“independent and identically distributed” and “almost surely”, respectively.
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Symbol ST unit

Description of the variable

t [s]

d [m]

v [m/s]

a [m/s?]
Q [rad]

w [1/s]

T [Nm]

P [bar]

n [1]

Ay [m?]
my [kg]
Moy [kg]

cd [1]

Tw [m]

gr [1]

Crr 1]

H [MJ/1]
g [N/kg]
Pa [kg/m?)
Ne [1]

Ur 1]

A [1]

Iy kg m?]
I kg m?]
F, [N]

F. [N]

F, [N]

F; [N]

F [N]

p (W]

Py (W]

Q [1/s]

B 1]

L [m]

P [veh./km]
Pt [veh./km]
Vi [m/s]
Mo [m/s]
Ou [m/s]
Vo [m/s]
o [m/s]
A [m/s?]
Oa [m/s?]

Time

Traveled distance

Velocity

Acceleration

Angle of elevation

Rotational speed

Torque

Break pressure

Gear

Frontal area of the vehicle

Vehicle mass

Wheel mass

Drag coefficient

Wheel radius

Gear ratio

Rolling resistance coefficient

Lower heating value

Gravitational acceleration

Air density

Engine efficiency

Transmission efficiency

Molding body surcharge factor

Wheel moment of inertia

Motor moment of inertia

Rolling resistance

Climbing resistance

Aerodynamic resistance

Inertial resistance

Driving resistance

Power

Basic power consumption

Fuel flow rate

Fuel consumption

Length of the road segment

Traffic density

Traffic density under free flow conditions

Vehicle speed under free flow conditions (random variable)
Expected value of vehicle speed under free flow conditions
Standard deviation of vehicle speed under free flow conditions
Terminal vehicle speed in an acceleration process (random
variable)

Initial vehicle speed in a deceleration process (random variable)
Vehicle acceleration and deceleration (random variable)
Distribution parameter of the vehicle acceleration and
deceleration
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AT [m/s?]  Vehicle acceleration (random variable)

A~ [m/s?]  Vehicle deceleration (random variable)

Ty [s] Waiting time at the junction (random variable)

T [s] Maximal waiting time at the junction

Dt 1] Probability of stopping at the junction

Ds 1] Probability of finding the vehicle in a halt

Vv [m/s] Vehicle speed on the urban road segment (random variable)
T [s] Expected travel time on the urban road segment
N(u,o) Normal distribution with parameters u € R, o € RJ
HN(0,0) Half-normal distribution with parameter o € R
U Uniform distribution over the interval I C R

Chapter-Specific Notation, Chapter B3:

Symbol  Description of the variable

p Turn restriction mapping, p : U,y {E~(v) x ET(v)} — {0, 1}
o Turn travel time mapping, o : J,cy {E~(v) x ET(v)} x R = R{
L Turn travel cost mapping, ¢ : J,epy {E~(v) X ET(v)} x R = R

Chapter-Specific Notation, Chapter B:

Symbol Description of the variable

PC¥(O) Set of all piecewise analytic functions f: © — R, © C R", in the
sense of Definition B2

che(T) Set of all analytic functions f : T — R, T' C R, in the sense of
Definition B=2=3

PCY(T)  Set of all piecewise analytic functions f: © — R, T C R, in the
sense of Definition b3

PL'(O)  Set of all piecewise linear functions f: © - R, © C R",
n € {1,2}

PLIO)  Set of all continuous piecewise linear functions f: © — R,
© CR", ne{l2}

PLL.(O©) Set of all lower semicontinuous piecewise linear functions
f:©@=R O CR" ne{l,2}

PLY..(O©) Set of all upper semicontinuous piecewise linear functions
f:©@=R O CR" ne{l,2}

#f Complexity of the piecewise linear function f: ©® - R, © C R",
n € {1,2}, in the sense of Definition 52373 and Definition b=3T1.

Chapter-Specific Notation, Chapter B:

Symbol  Description of the variable

%4 Set of all possible states of the network

Q(t) Restriction of the set of possible states of the network at time ¢t € R
w(t) State of the network at time ¢t € R

W Set of all functions w: R — W with w(t) € Q(¢t) for all t € R
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% Travel time constraint function, = : Rg — Rg
r Travel time constraint function, I' : Ry — R, ['(t) =t + ()

Chapter-Specific Notation, Chapter B:

Symbol  Description of the variable

t Earliest departure time at vg, t € R

t Latest arrival time at v/, t € R

v Node to be expanded by the DOT* algorithm, v € V

t Point in time, at which ¥ is chosen by the DOT* algorithm, ¢ € [t,]

b Cost function computed by the DOT* algorithm, b X — Rg

At Waiting policy determined by the DOT* algorithm, At:X — Rar

e Edge policy determined by the DOT* algorithm, ¢ : X — E

tt(v) Maximum point in time, for which b(v, -) has not yet been computed
by the DOT* algorithm ¢ (v) € [£,¢] U {—o00, +oc}

t*(e) Maximum point in time, for which b(e, -) is relevant for the
DOT* algorithm, t*(e) € [t,£] U {—o0}

t~ Maximum point in time, for which optimality cannot be guaranteed
in the current iteration of the DOT* algorithm

T Time interval for which optimality can be guaranteed
in the current iteration of the DOT* algorithm

7t (v) Lower bound of the travel time from vy to v € V'

(V) Lower bound of the travel cost from vy to v € V

7 (U,v) Lower bound of the travel time from vy to vy

in the split network, v,v € V.
mp(V,v) Lower bound of the travel cost from Uny to vy
in the split network, v,v € V.

Chapter-Specific Notation, Chapter O:

Symbol Description of the variable

Il - |l Norm on the space of piecewise continuous functions
s Potential improvement, 7 : V — Rar

i(v) Number of times the node v € V' has been iterated
bi()[i(v) Lower bound of the optimal value function at vy after i(v) iterations

of the node v € V, b iy : {v} x Tr(v) = R
biw)+1ji(w) Lower bound of the optimal value function at vny after i(v) iterations
of the node v € V, b)) 11ji(y * {v} X Tr(v) = R
bi(w)fi(v) Upper bound of the optimal value function at vy, after
i(v) iterations of the node v € V., by i) * {v} X Tr(v) = R
bi(v)+1livy Upper bound of the optimal value function at vny after i(v) iterations
of the node v € V, bj(y)11ji(v) : {v} X Tr(v) = R
€i(v) Edge policy associated with b;,)jiv), v €V, €5y : {v} X Tr(v) = E
€i(v) Edge policy associated with b;(,yjiv), v € V, € : {v} X Tr(v) = E
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Aty Waiting policy associated with b)), v € V, Aty : {v} X Tr(v) — RS
Kti(v) Waiting policy associated with Ei(v)ﬁ(v), vevV, Kti(v) : {v} x Tr(v) — RY
bo(v) Lower bound of the reverse optimal value function b, (v, t) with respect
to the source node vy
b (v) Lower bound of the optimal value function b, (v,t) with respect to
the goal node v’
bo(v) Upper bound of the reverse optimal value function b, (v,t) with respect
to the source node vy
7’(7}) Upper bound of the optimal value function b, (v,t) with respect to
the goal node v’
Vi Set of all reachable nodes v € V' for which it has not been excluded
that there exists an optimal path from vy to v" which passes through v.
Ve Set of all nodes v € Vi for which the computation of the optimal value
function has already been finished.
Vo Set of all nodes v € Vi for which an iteration may result in an
improvement of the upper or lower bound.
Vo Set of all nodes v € Vi \ Vg for which an iteration cannot result in an

improvement of the upper or lower bound.

Chapter-Specific Notation, Chapter AL

Symbol SI unit  Description of the variable

a [rad] Angle of elevation

]5(1), a,a) [W] Power which must be which must be provided by the battery
of the vehicle when driving at a speed v an acceleration a and
an angle of elevation «

L [m] Length of the road segment

Vi [m/s] Vehicle speed under free flow conditions (random variable)

Lt [m/s] Expected value of vehicle speed under free flow conditions

ot [m/s] Standard deviation of vehicle speed under free flow conditions

Vi [m/s] Vehicle speed under transition conditions (random variable)

ot [m/s] Distribution parameter of the vehicle speed under
transition conditions

Ds 1] Probability of finding the vehicle in a halt

Dt 1] Probability of finding a moving vehicle in free flow conditions

N(u,o) Normal distribution with parameters u € R, o € RJ

HN(0,0) Half-normal distribution with parameter o € R*
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