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1 Introduction

Risk modelling in insurance by means of estimating the ruin probability for a single
compound Poisson processes has a long tradition. In this paper we consider not only
one single risk process but a portfolio of risk processes, whose sum describes the risk
of an insurance company. In most realistic situations these risk processes would be
dependent, and it is to be expected that the dependence structure influences the ruin
probability, i.e. the risk of the portfolio.

The core problem here is the dynamic multivariate modeling. We model the net risk
portfolio of an insurance company as a multivariate Lévy process R = (R}, RZ, ..., R%);>0.
This means that R has stationary and independent increments and we assume that its
sample paths are cadlag (right continuous with left limits). The corresponding net risk
reserve of the insurance company is given by the stochastic process RT = (R} )0,
where

Rf =R +R + - +R t>0.

We can think of each component as a risk process R! = z; + ¢;t — C?, t > 0, for initial

risk reserves x; > 0 and premium rates ¢; > 0 for alli =1,...,d. Then
Rf=z+c-Ct, t>0, (1.1)

for # = 30 2, ¢ = S0 ¢ and CF = 3¢ CF describes the total risk reserve of
the company at time ¢ > 0. Note that Rt is again a Lévy process as summation of
the components over disjoint increments remain independent and also stationarity of
increments of the sum is inherited from the components. As summation is continuous,
also the cadlag property prevails.

In this model we consider the ruin probability as risk measure. For the initial risk

reserve x > 0 the ruin probability is defined as
U(z):= P(RS <0 for some t > 0).

It is to be expected that the dependence structure of the components will have an
effect on the ruin probability. The question is how to model the dependence structure
between the risk processes. A unifying approach for dependence modelling is the notion
of a copula, which has become popular; see e.g. Joe [7]. Since the law of a Lévy process
is completely determined by its distribution at time ¢, the dependence structure of the
components of a Lévy process could in principle be parameterized by a distributional
copula C; of the d.f. of its components at some fixed time ¢. However, this parametriza-
tion is not convenient as C; depends on t. Moreover, given the copula C; at time t it

is not clear, how the copula Cy at some other time s looks like. Infinite divisibility



is a property of the law of any Lévy process at any time. It is not clear, what copu-
lae correspond to infinite divisible laws. Moreover, copulae are invariant under strictly
increasing transformations, however, infinite divisibility is not; see Tankov [9], Exam-
ple 3.1. From these considerations one can conclude that distributional copulae may
not be an appropriate concept to model the dependence structure in a multivariate
Lévy process.

The properties of the Lévy process suggest another related approach. From inde-
pendence and stationarity of the increments follows that the law of the Lévy process
X = (Xy)i>0 is for any fixed ¢ infinitely divisible and can be represented by the Lévy-
Khintchine formula

E(e! X)) = exp {t (i(a,z) — %(z, Qz) — /Rd(ei(z’x) —1- i(z,x)]{‘x|21})ﬂ(dm))}
for all z € R%, where a € RY, Q is a positive definite (d x d)—matrix and II is a positive
measure on R?\ {0} satisfying [o.(1 A |z|*)II(dz) < oo, called the Lévy measure of
X. The triplet (a,@,II) is called the characteristic triplet of the Lévy process X. The
dependence structure between the components of X is given by the matrix @ for the
Gaussian part and by the Lévy measure II for the jump part.

Whereas the dependence structure in the Gaussian part is well-understood, the
dependence in the Lévy measure is much less obvious. However, as the Lévy measure
is independent of ¢ it suggests itself for modelling the dependence in the jump part. In
this paper we shall introduce parametric models for the Lévy measure and study their
impact on the ruin probability of the risk process R.

As suggested in Tankov [9] we use Lévy copulae for the modelling of dependence
for a multivariate risk process. Since we are going to use Lévy copulae for modelling of
subordinator dependency, we prefer the notion “subordinator copulae” (S-copulae) in
order to emphasize that we consider only subordinators.

Our paper is organised as follows. In Section 2 we define a subordinator copula and
present some properties and examples. We define the ruin probability and summarize
asymptotic results in the realm of heavy- and light-tailed claim size distributions. As
the tail integral is the main ingredient for estimating the ruin probability we present
its represention for bivariate subordinators. Section 3 is dedicated to the Clayton risk
process, the sum of two dependent compound Poisson processes, whose Lévy measures
are dependent with a Clayton dependence structure. We identify the sum of two such
dependent compound Poisson processes as a compound Poisson process with new Pois-
son intensity and claim size distribution. This allows us to estimate the ruin probability

for certain Pareto and exponential models.



2 Preliminaries

2.1 Subordinator copulae

A distributional copula in R? is a d-dimensional distribution function (d.f.) with uniform
marginals. For an arbitrary d-dimensional d.f. Sklar’s theorem provides the theoretical

basis for modelling.

Theorem 2.1. [Sklar’s Theorem] Let F be a d.f. on R® with marginals Fy, ..., Fy. Then
there exists a copula C : [0,1]% — [0, 1] such that for all x1,...,14 € R = [~00, )]

F(.’L’l,...,ﬂjd) :C(Fl(.iﬂl),...,Fd([Bd)). (21)

If the marginals are continuous, then C' is unique. Otherwise it is unique on RanF; x
-+« x RanFy. Conversely, if C is a copula and Fy, ..., Fy are d.f.s, then (2.1) defines a
joint d.f. with marginals FY, ..., Fy.

Lévy measures are in general unbounded on R? and may have a non-integrable
singularity at 0. This causes problems for the copula idea. Insurance risk processes,
however, are usually modelled by spectrally positive Lévy processes having only positive
jumps. This corresponds to a Lévy measure concentrated on the positive quadrant
[0,00)%. Subordinators are prominent examples of such processes as they have only
increasing sample paths, implying also that they are a.s. of bounded variation on every
compact time interval. For instance, compound Poisson processes are subordinators
with finite Lévy measures.

The Lévy-Khintchine formula for subordinators simplifies to
Elexp{i (= X))}) = exp{t / (@G0 — DI(de)}), =€ RY.
(0,00)7

For subordinators Lévy measures play essentially the same role as probability mea-
sures for random variables. Still the problem with the singularity at 0 prevails. To

circumvent this problem we follow Tankov [9] and define a copula for the tail integral.

Definition 2.2. [Tail integral] Let X be a spectrally positive Lévy process in R with
Lévy measure I1. Its tail integral is the function II : [0,00]¢ — [0, 00| satisfying for
Tr = (I’l,...,l'd),
_ II([z1,00) X -+ x [wg,00)) for z € [0,00)7\ {0},
(1) 1(z) =

00 for x = 0;

(2) 11 is equal to 0, if one of its arguments is co;
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(3) TI(0, ..., 2;,0,...,0) = IL;(x;) for (z1,...,2q) € RL, where IL;(x;) = II([x;,0))
is the tail integral of component i.
Definition 2.3. [Subordinator copula/S-copula] A d-dimensional S-copula is a mea-
sure defining function S : [0,00]¢ — [0,00] with marginals, which are the identity
functions on [0, oo].
Proposition 2.4. Let S : [0,00]% — [0,00] be a S-copula with domain Dy X -+ X Dy

and denote ¢; = min D;, u; = max D; fori=1,...,d. Then

(1) S(y1,...,yaq) is increasing in each component.
(2) S(yla- .- ayi—lagwyi-i-l cee ayd) =0 fOT all i € {17 .- ad}; yi € Dz
(3) S(U17~~7Uz‘—1,yi7uz’+1 e 7Ud) =y; for alli € {17-~-;d}; yi € D;.

(4) For all (ay,...,aq),(b1,...,bg) € Dy X+ x Dg with a; < b; we have

2 2

S D (=0T (L ya,) > 0

i1=1 ig=1
where yj; = a; and yj2 =b; for all j € {1,...,d}.
The following is Sklar’s theorem for S-copulae. For a proof we refer to Tankov [9].

Theorem 2.5. [Tankov [9], Theorem 3.1] Let IT denote the tail integral of a d-dimensional
subordinator whose components have Lévy measures Iy, ... Il;. Then there exists a S-

copula S : [0, 00]% — [0, 00] such that for all x1, ..., x4 € [0, 00

(2, ...,2q) = S(Ii(21), . .., Ma(x4)). (2.2)

If the marginal tail integrals Iy, ... Il are continuous then this S-Copula is unique.
Otherwise, it is unique on Ranll; x --- x Ranlly.

Conversely, if S is a S-Copula and 114, . .., Il are marginal tail integrals of subordina-
tors, then (2.2) defines the tail integral of a d-dimensional subordinator and 11y, . .. Ty

are tail integrals of its components.

Example 2.6. [Complete dependence S-copula]

Let X = (Xj,...,Xy) be a subordinator with equal components. Its Lévy measure
is given by v(x1,...,2q) = v1(21)l{2,=gy=..—z,}- For the tail integral this means for
T = (xla"'7xd)
TM(z) = / I, (du) = min(TTy (21), ... Ta(za).
max(1,...,Lq)

This implies the S-copula

Si(x1, ..., 2q) = min(zy, ..., zq). O



Example 2.7. [Independence S-copulal
Let X = (Xj,...,Xy) be a subordinator with characteristic triplet (¢, 0,v). Its com-

ponenents are independent if and only if

d

v(A)=> wn(A), AeBRY,

i=1
where A; = {x € R : (0,...,0,2,0,...,0) € A}, where z stands at the ith component.
For the tail integral this means for x = (x1,...,z4)
H(z) = ﬁl(x1>1{z2:...:wd:0} +ee ﬁd(iﬁ'd)[{m:...:md,lzo}-
This implies the S-copula
Si(@1,.. 3 1q) = Bl (gy=. —ay=oc} + - F Tal{z = =2, 1=o0}- O

Example 2.8. [Archimedian S-copulal
Let ¢ : [0, 00] — [0, 00| be a strictly decreasing function with ¢(0) = oo and ¢(co0) = 0.
Assume furthermore that ¢! is completely monotone. Then the following is an S-

copula

S(ml,...,xd) :¢_1(¢($1)++¢($d)) O

Example 2.9. [Clayton S-copula]
The Archimedian S-copula with ¢(¢) = t=¢ for 6 € (0, 00) yields

S@(x17. .. ,xd) = (xl_e _|_ . _i_xd—@)_l/g‘

The family (Sg, 0 > 0) is called the Clayton family of S-copulae. This family includes as

limits for # — oo the complete dependence and for # — 0 the independence S-copulae:

QILI?OSQ(JZM...,xd) = S)(z1,...,xq).
éi_r)%se(xh”'axd) = SL(xh'"axd)'

This means that the parameter 6 allows us to adjust the dependence of d subordinators
from complete dependence to independence. These copulae correspond to subordinators
with time constant S-copulae. As shown in Proposition 4.4 of Barndorff-Nielsen and

Lindner [1], Sp must have mass on the axes. O

2.2 Ruin theory

The tail integral is the most interesting object, when studying ruin probabilities. We

shall investigate two regimes: a heavy-tailed regime, represented by subexponential
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claim sizes, and a light-tailed regime, represented by exponential claim sizes. Although
ruin theory has been developed in the general class of spectrally positive Lévy processes
(see Kliippelberg, Kyprianou and Maller [8] for the subexponential theory and Bertoin
and Doney [4] for the light-tailed theory), we shall restrict ourselves in this paper to
compound Poisson models. The reason for this is that the Lévy measure of a compound
Poisson process is finite, which allows for an explicit representation of the sum of
dependent processes. Moreover, the tail integral simplifies considerable. It also allows
for an immediate comparison of the dependent model with the extreme models given
by the sum of independent and complete dependent processes. We start with some
definitions.

Definition 2.10. (a) A Lebesgue-measurable function h : [0, 00) — (0, 00) is regularly
varying with index v € R (h € R,), if

lim i)
A% h(@)

If v =0 then h is called slowly varying.

=t7, t>N0.

(b) Let F be the d.f. of a positive rv whose tail F(x) =1 — F(z) > 0 for all x > 0.
Denote by F* = F % F the convolution of F and by F2* = 1 — F?* its tail. F orY is

called subexponential, if
F2(z) ~2F(2), x— o0,
where ~ means that the quotient of lhs and rhs tends to 1 as x — oo.

All d.f.s with regularly varying tail are subexponential, but the class is much richer.
The following Theorem is due to Embrechts and Veraverbeke [6]; see e.g. Embrechts,
Kliippelberg and Mikosch [5], Theorem 1.3.6.

Theorem 2.11. Let C' be a compound Poisson process with rate X > 0, i.e.
Ny
Rt:x+ct—0t:x+ct—ZY;, t>0,
i=1
where the tail integral of the Lévy measure is I1(z) = AF(z) for z > 0. If F is subexpo-
nential, then under the net profit condition ¢ — AEY > 0 we obtain

A g
q’(@”m/ F(y)dy, x— oo.

Remark 2.12. By Karamata’s theorem (see Bingham, Goldie and Teugels [3], p. 28),
if F € R_, and b > 1, then




The following classical Cramér-Lundberg theorem can be found e.g. in Embrechts
et al. [5], Theorem 1.2.2.

Theorem 2.13. Let C' be a compound Poisson process with rate X > 0, i.e.

Nt
Rt:x+ct—Ct:x+ct—Z}/i, t>0.

i=1
Assume that the net profit condition A\EY —c > 0 holds and that there exists a constant
k > 0 such that

f[(lf) = /000 e F(2)dz = % (2.3)

Then

for some K € [0,00) given by

KA > — !
K=(—"2_ " (2)d
(C—)\EY/O ze"™ F(z) z) :

where the right hand side is taken as 0, if the integral is infinite.

2.3 The tail integral

Theorem 2.5 allows for a representation of the Lévy measure of a sum of dependent
compound Poisson processes by means of the S-copula. Our main object to study will

be the following.

Definition 2.14. Let C = (C',C?) denote a bivariate subordinator and define CT :=
C' + C?. Then C* has tail integral

—F

I (2) =% ([z,00)) = H{(z,y) € [0,00)* : x+y > 2}, 2>0.

As is common in one-dimensional Lévy process theory we identify ﬁ+(0) = ﬁ+(0—|—),
though this is in contrast to Definition 2.2(1).

Before we start with Clayton dependent risk processes, we explain the situation for

two independent and completely dependent processes respectively.

Example 2.15. Let C*', C? be compound Poisson processes and define C* := O + 2.
Then the risk process is given as in (1.1) by

Rf=x+ct—Cl=x+ct—(C}+C}), t>0.
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We shall always assume the net profit condition to hold for two independent total claim
amount processes C!, C?, i.e. ¢ > EC{ = \{EY; + M\ EY;, where C* is characterized by
the Poisson rate \; and the claim size Y; for i = 1,2. As the mean of C* is not affected
by the dependence, the net profit condition holds for any dependent model if and only

if it holds for the independent processes.

(i) Assume that C',C? are independent with the same claim size distribution, i.e.
Yi 4 Y, with d.f. F. Then C* is compound Poisson with rate A; + Ay and claim size
d.f. F. This implies that I (z) = (A; + Xo)F(z), z > 0.

(i) Assume that C',C? are completely dependent, i.e. C* = 2C'. Then CT is
compound Poisson with rate A and claim size distribution 2Y. This implies that
' (2) = AF(2/2), = > 0. 0

We formulate our next result for the general class of subordinators.

Proposition 2.16. [Sum of two subordinators] Let C' = (C',C?) denote a bivariate
subordinator and define O+ := C' + C2. If the tail integrals II; for i = 1,2 are abso-
lutely continuous on (0,00) and the dependence between C', C? is given by a two times
continuously differentiable S-copula S, then the tail integral of the Lévy measure of C*

can be calculated by
— 05 (u,v)
II'(2) = /(o,oo) T|u=ﬁ1(x),v=ﬁ2((zfx)\/0) 1T, (dz)
+II({0} X [2,00)) + II([z,00) x {0}), =z > 0. (2.4)

Proof. Let IT denote the Lévy measure of C. As indicated in the introduction C* is

a Lévy process. The Lévy-Khintchine formula gives for any Borel set B C [0, cc|?
II°(B) = I({(z,y) € [0,00]* : 2 +y € B}).

From Theorem 2.5 we know

(z,y) = S(Ii(2),I2(y)) for (z,y) € [0, 00]”.

From this follows that

O'(z) = II*([z00))
= T({(z,y) € (0,00)* : & +y > z}) + ({0} x [z,00)) + I([z,00) x {0})
=: IIF (2) + TI({0} x [2,00)) + II([z,00) x {0}). (2.5)

Since S is a two times continuously differentiable positive function on (0, 00)? and the

tail integrals II;, IT, are absolutely continuous on (0, 00), there exists a bivariate Lévy
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density II(dz, dy) on (0,00)? given by

025 (u,v)

H(de, dy) = Qudv

|u:ﬁ1(:v),v:ﬁ2(y)nl(dm)HQ(dy)a T,y € (07 OO)

For the absolutely continuous part of (2.5) we calculate

1) = [ [ et
0,00

(0,00)

/ T(dz, dy)
) J((z—x)V0,00)

025 (u,v)
| iyt (o T2 ()T (d
)/((Z:Jc)VO,oo) Oudv =TT, () 0=TTa () T2 (dY) 1T (d)

025 (u,v)
(0,00) /(0,II2((2—=)V0)) uov

8

05 (u,v) } 2 ((2—=)V0)
B T 5, |u=Ih(z IT, (dx
/(0,00) [ ou =t (z) . 1(dx)
8S(u, U) 3S(u, 'U)
— /(O’Oo) [ o ’u:ﬁ1(m)w:ﬁ2((z—x)V0) - T‘u:ﬁl(@’v:o IL; (dx)
0S(u

S(u, v)
B /(0 )T’“:ﬁl(z)’”:ﬁﬂ(z—xwo) I, (dx),

since S(u,0) = 0 for all u > 0. O

Example 2.17. [Continuation of Example 2.15]

(i) For the independent case the integral in equation (2.4) vanishes and
({0} x [z,00)) + II([z, 00) x {0}) = T0;(2) + a(2), 2 >0,

as all mass is concentrated on the axes.

(ii) In contrast to that, for the complete dependence case the above sum vanishes and

all the mass is concentrated on the 45 degree line in (0, 00)?.

(iii) In all other cases, for a homogeneous S-copula, there is mass on the axes as well
as in (0, 00)?; see Proposition 4.4. of Barndorff-Nielsen and Lindner [1]. O

3 The Clayton risk process

Let C',C? denote compound Poisson processes with rates A\i, s > 0 and claim size
d.f.s Fy, Fy. Let the dependence between C', C? be given by the Clayton S-copula Sy

with parameter 6 > 0 as in Example 2.9.
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Proposition 3.1. Consider the situation above.

(a) The process CT is a compound Poisson process with tail integral given by

where for z > 0

L(z) = >\1>\§“/ — —
02) <<A?F§<x> + My (2 — )

o (

2) = 1(2) + L(2) + I3(2), (3.1)

Fg(z—m) )ﬁ%Fl(dx),

_ . ~1/8
L) = MBFi(z) (W) + )

L(z) = MFi(2) + MFa(z) — A F (2) + 097V — (A + A 7F, (2) e,

Moreover,

(b) Assume now that F = Fy = Fy and A = Ay = \y. Then

where

Ii(2)

IQ(Z)
Ig(Z)

I (2) = A(I1(2) + L(2) + 215(2)),

FQ<Z —2) ) v F(dz
/(o,z) (fe(z — )+ Fe(x) () 32
F(z) (FG(Z) + 1>1/0 ~ F(2), z— o0, (3.3)
F(2)(1—(1+F ()Y = o(F(2)), z— oo (3.4)

Proof. (a) By (2.4) we get for the tail integral of the Lévy measure ITT of the process
Ct=C'"+C%for >0

m(2) = /( | AV D O () + AT, (2 — 1) A (da)

[ OE @0 @)+ ) T A

= a7 [ - ) + MY - ) Rids)
(0,2)

AN / T (2) + X))~ Fy (dx)
=: Il(Z)+IQ<Z)
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To calculate I3(z) we use Definition 2.2(3) and Theorem 2.5.

({0} x [z,00)) = HmTI(([0, 00) X [2,00)) \ ([, 00) X [2, 00)))

z|0
= T1(0,2) = lim T1([r, 00) x [z, 00))
= Th(2) — lim (T (2), Ta(2)).

As a compound Poisson process has finite Lévy measure and S is for 6 € (0,00)

continuous in [0, 00)?, we obtain

H({0} x [2,00)) = Tha(2) — S(I4(0), Tha(2)) = XaF(2) = (AT + A3 7F, " (2)™°,
and similarly for II([z,00) x {0}). This gives the expression for I3(-).

Setting z = 0 we obtain I;(0) = 0 and
L;00) = M(L—= 1+ ((M/A)) Y0 4+ Ao (1 — (L4 (Aa/A)?) V) € [0, A1 + Ao

This implies

9+1

I(0) < L0)+ MM +A9)”
= At Ao — 200 (M X E AT 4 2

_ p¥d
= A+ X — M A(NF N\ (2 v ng)

< A+ A < 0.
Finiteness of the Lévy measure of C implies that C'" is a compound Poisson process;
see e.g. Bertoin [2], Chapter 1, Proposition 2 and Corollary 3.

To estimate I(z) note that \§(\Jv? —|—>\0) %" has antiderivative v(A0? + )~/ giving

—9 -1/60 __
B(z) = s (MFL(2) +A0) T2

hence
IQ(Z) ~ Alfl(z)v Z = 0.

(b) Now (3.1) reduces to

. z F(z— 1) > v N — _
I (z) = A — - F(dz) + AF(2)(F (2) 4+ 1)7/°
/0 (Fe(z—x) F(x)
F2AF(2) — 2M(F (2) + 1)
= M©L(2) + L(2) + 213(2)).
The limit relation (3.3) follow immediately from (a) and (3.4) is obvious. O
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Remark 3.2. As shown in Proposition 3.1(a), the asymptotic behaviour of I3(z) for
z — oo depends on the tail behaviour of F} and F5. As in the proof of Proposi-
tion 3.1(b), note that for z — oo

Ai(z) = OTF () +25°) 7Y ~ M (2),
As(2) = 77+ 0T, ()Y ~ ATFa(2).

Now assume that lim, ., F(2)/F1(z) = ¢ € [0,00). (Obviously, the roles of F} and F,
can be exchanged.) Then

m@+@@):Aju@O+—_ —m@)=&ﬁ@(u§%+m0.

This implies that A;(2)+Ax(2) ~ M F1(2)if ¢ = 0, and A;(2)+Aa(2) ~ (A\+cho) F1(2)
if ¢ > 0. O]

The proof of Proposition 3.1 suggests the following construction, which will be used

later.

Proposition 3.3. Consider the representation of ﬁ+(-) as in Proposition 3.1(a). De-
fine

X=X+ A — A7+ N0V (3.5)

Then Ct = Cy + Cy can be identified with a compound Poisson process with rate X and
claim size distribution with tail G(z) = (1/X\)(I1(2) + L(2) + I3(2)), z > 0, satisfying
G(0) = 1.

Proof. First note that I;(0) = 0. Then, by change of variables, setting v = F;(z), we

obtain
I(0) = Mo (A9 + M9)~1/9,

Setting A = I5(0) + I5(0) and G(z) := (1/A)(11(2) + I2(2) + I3(2)) for z > 0, this model

defines a compound Poisson process with the same Lévy measure as C'T. 0

Corollar 3.4. If \; = \y = A, then the expression for X in (3.5) reduces to

0+1

X=2\1-2""7).
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3.1 Clayton-subexponential models

The next result concerns the heavy-tailed regime. We start with Pareto claim sizes.

Theorem 3.5. Let C*,C? be compound Poisson processes, both with rate X > 0 and

Pareto claim sizes with d.f.

b
F(m):( - ) , x>0,
a+zx

fora >0 andb > 1. Assume that the dependence between C*, C? is given by the Clayton
S-copula Sy for 6 € (0,00) as in Example 2.9. Then

ﬁ+(a:) = MKz "4+ F(x) + o(F(2))), x— oo, (3.6)
for some constant K = a®K (b,0) > 0. In particular, ﬁ+(-) € Rp.

Proof. From (3.2) we obtain for any 6 € (0,00) and z > 0

z bo—1
Li(z) = bab/ (a+2) o dv
0 <(a T I)be i (a+x)b9> o
z+a ybefl
— ' | - dy (3.7)
o (2a+z-y)+y?)7
1+z/a b1
_ / —da. (3.9)
1 (24 z/a — )% 4 %) o

Define for w > 2 the function L(w) := I;((w — 2)a); i.e

w—1 L1
L(w) = b/ o dx.
1 ((w — x)% 4 2b) "o

For any ¢ > 0 we obtain

j=p)

L1
L(tw) =
() /1 tw—xbe—i-xw)eT

We see immediately that
Lg(tw) = t_bLQ(U}).
This implies that Ly(w) = K w ™" for all w > 2 and for some constant K = K (b, ) > 0
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To estimate L; and L, observe that by the mean value theorem we obtain for some

§e1/t1],
b &N 1—-19) bEM1(1-1)

b= (w—gp e~ pwrern U T

Moreover, for some &(w) € [w — 1,w — 1/t]

Lo ehe ey
o(w) = tb((w_g)bengbe)G%l T et T

Finally,
L(2)=L2+ z/a) = 2+ 2/a) °K(b,0) ~ K(b,0)ab27", 2 — co.
The result follows then from Proposition 3.1(b). O

Corollar 3.6. Suppose that the conditions of Theorem 3.5 hold. Assume also that the
net profit condition ¢ — 2AEY > 0 holds. Then

A ab
c—2\EYb—-1

U(z) (K(b,0)+1) 2=V o0,

In particular, ¥ € R_p—1).
Proof. From (3.6) we know that
O'(z) ~ AK(®D,60)+1)F(2).

Then by Remark 2.12 we obtain the ruin estimate

A x

U
(z) c_oNEY b—1

(f((b, 0)+1)F(z), x— oo,

by Karamata’s theorem. 0

For some special parameters we can calculate K explicitly. We start with the inde-

pendent and complete dependent models.

Example 3.7. [Pareto model, continuation of Example 2.17]

(i) In the independent case we get

15



This implies for the ruin probability

2 g 2 —
U, () :_—)\ F(z)dz ~ — A f F(x), z— oc.
c—2)\EY J, c—2\FEYb—-1

(ii) For the complete dependent model we have
O (2) =T (2/2) = AF(2/2), z>0.

This implies for the ruin probability as x — oo,

22 o __ oA 1/2 —
@) c—zﬂmdém Vo S
2\ x —
2"'F
c—2\EY b1 (z)

~ Qb_l\I/L(ZL’) > \IJL<1’)

Example 3.8. [Clayton-Pareto model, b0 = 1, b > 1]
Suppose that the conditions of Theorem 3.5 hold. Assume also that the net profit
condition ¢ — 2AEY > 0 holds. Take b0 = 1. Then (0 4+ 1)/0 = b+ 1 and by (3.7),

babz -

Proposition 3.1(b) implies
O (2) ~ Ab+ 1DF(z), z— .

Then since b > 1,

A b+1_7
C—ONEY b—1"

W()

r) 2V, (z), z— o0,

where 2 means that the quotient of lhs and rhs remains bounded away from 0. Since
b+1 < 2! for b > by and b+ 1 > 2! for b < by the ruin probability of the depen-
dent model with Clayton S-copula S}/, can be smaller or larger than the completely

dependent model. O

16



Example 3.9. [Clayton-Pareto model, b = 2, § = 1]
Consider the Pareto claim size distribution as in Theorem 3.5 and assume that b = 2
and # = 1. Then by (3.7), setting v :=a + 2z/2

a+z
Yy

I = 2ad° d
1(?) / (T

@ /““ y p

= = Y

2 Jo  ((y—w)?+u?)?

z " z
—dt
(@ + u?)? +[

a2 [z u
_ —1/ v g
2 J_: (t2 + u?)?

u
uz+wyﬁ>

I
| ],
RS
—

NI

a* (1 2z 1 2
= 3 (a 2 + 2 arctan %)

a? 2 2z 4 2
-2 (2& + 2224+ (2a + 2)? * (2a + 2)? arctan 2a + z)

2
of 2 2 a ™
~ Z 4+ D) = S(1+2).
a (23+224> 22( +2)

Proposition 3.1(b) implies

7TCL2

O (z) ~ A2+ =

2);, z — 00.

Using again Karamata’s theorem we obtain for the ruin probability

A@+wmnfw<

\\ ~
@)~ By S

1+£)@L@)>WL@)

As ¥ (x) ~ 2V (r) as x — oo the ruin probability ¥, is asymptotically smaller than
. O

We conclude this section with an example to show that there exist subexponential
d.f.s such that the tail integral IT, is heavier than the tail F itself. This means that we

can certainly not hope to extend our results to the full subexponential class.

Example 3.10. [Clayton-Weibull model]
Let F(2) = exp(—+/z), z > 0, and take the Clayton S-copula S; as in Example 2.9.

17



For the integral I; as given in (3.2) we calculate

/ Z <eXp( 3}%@< \/5))2 esz(\;E\/g) dzx

Li(2)
_ / exp(—+/7) 1 .
(exp(Vz — o — V) +1)22yx

_ / exp(—z) i
(exp Vz— 22— 1)+ 1)2

_ exp(—x) . vz exp(—x) "
/ (exp(vz — 22 z—xQ—x)—l—l)2d +/\/ﬁ(exp(\/z—x?—x)—|—1)2al

= A+ B(2)

Next we calculate

Be) | ¥ enlEi-wm
- /\/7 (exp(v/2/2 — ) + 1)?
Vz

_ x/E/ ’ € d
= e x
V22 (eVF? 4 e)2
eVE
_ eV dx L eV?
eVz/2 (6\/Z/2 + 2)? eVi2 4 g TR
Loy
= —(=+o — 00, Z— 0.
e 2/2 "2
This implies that
=+
H_(Z)ZE(Z)HOO, 2z — 00 U
F(z) = F(z)

3.2 Clayton-exponential models

Next we investigate the Cramér case. Here the role of II" is not as immediate as in the
heavy-tailed case. We can, however, apply Cramér’s theorem to C.
We concentrate on exponential claim sizes and some special cases of #, where we

can calculate I; and estimate I;.
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Example 3.11. [Exponential distribution, 6 = 1]
Let F'(z) = e~ x> 0, for some a > 0. Then, setting ¢ := ¢%*, we obtain

0+1
z efaé(zf:r) 6 o
‘[1(2) = /0 (e—ae(z—x)+e—9ax> ae dx
Z _o+1
= / (1+te‘2“9w) ¢ ae”dx
0

_ / ' dy
o= (14 ty29)9+1 ’

If 6 = 1 we can calculate this integral with sufficient precision:

hiz) = /jW f/ 1+y

= ! i t ( “*) — arctan( _%az)
+ arctan(e arctan(e
2Vt \ ¥ + 1 e 41

1 1 e 1 1 1
= = — + e 2% (arctan e2% — arctane 2“)
2 \er® +1 e ez 4+ 1]

1 —laz l(J,Z —laz
= 56 2 (arctane2 — arctane™ 2 )
T 1
< o —51125 > O
— 46 ) Z )
and
™ _
Li(z) ~ 7€ 2% 2z > 00
Moreover,
1
1,(0) = 5 and Iy(z) <e ™, z2>0. (3.9)

Finally, I5(0) = 1/2. This implies that C* is a compound Poisson process with A =
ﬁ+(0) = M11(0) + I5(0) + 2153(0)) = (3/2)A and claim size distribution G with tail

G(z2) < %67%‘” +2e ", z2>0. (3.10)
0

Theorem 3.12. Let R* be the risk process as in (1.1) with C*,C? compound Poisson
processes, both having rate X > 0 and exponential claim sizes with F(x) = ™%, 2 > 0,
for a > 0. Assume that the dependence between C',C? is given by the Clayton S-
copula Sy as in FExample 2.9. Assume also that the net profit condition ¢ — 2AEY > 0
holds. Then the independent model satisfies the Cramér-Lundberg condition (2.3); i.e
K1 =a—2\c> 0 satisfies



Then the Clayton-exponential model allows for a Cramér-Lundberg ruin estimate
U(x) ~ Kie ™% 1z — oo, (3.11)

for Ki,k1 > 0. Moreover, 0 < k1 < k1 < a.

Denoting by k) the Lundberg coefficient of the completely dependent model, then k| =
a/2—Nc= %lﬁ_ and both, k| and k1 are less than 5. The relation between k| and ky

depends on the choice of the parameter a.

Proof. As calculated in Example 3.11 C* can be identified with a compound Poisson
process with rate A = (3/2) and claim size distribution @ satisfying (3.10). Since the

tail of G is exponentially decreasing at least with exponent a/2, the function

(s = | e,

is finite at least for s < a/2. Recall that the net profit condition holds if and only if it

holds for the independent processes giving
c—2\EY =c—2)\a>0 <= a>2)\c (3.12)

This allows a comparison of the two models and we obtain first

271(0) = S01(0).

giving

4 ~

gr(0) = /OOO G(y)dy = %EY = gf](o).

Since by (3.9) we have I;(z) ~ %e‘é‘w as z — 00, we must also have lim,_.,/2 g7 (s) = o0.

a

Consequently, g7 is a convex continuous function on [0, §) satisfying by the net profit

condition
Gi(0) < o5 and  Tim Gi()
— an im g;(s) = oo.
ar B3N a a2 ar 0.8
So there exists a positive solution x; of the equation
- 2c
s) = —,
91s) = 53

i.e. C'" satisfies the Cramér condition with Lundberg coefficient ;. This implies (3.11).

For a comparison of the different Lundberg coefficients recall that we can calculate it
in the independent exponential model explicitly, getting x; = a — 2\/c. As by the net
profit condition (3.12) f;(a/2) = 2/a < ¢/A this implies that x, > a/2 and hence

k1 > k1. The remainder of the proof is obvious. O
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Example 3.13. [Exponential distribution, 6§ = 1/2]
We have restricted ourselves above to the Clayton-exponential model for # = 1. There

is one further case, which we can analyse in a similar way. If § = %, then

! d 1
Li(z) = / L =- eas

- (1 +ty)3 2t(1 + ty)?
1
_ 5e—%az((l +6—az/2)—2 o (1 +eaz/2)—2)
1 1
_ 56—%M(h1(2) — hy(2)) < 56—%“2,

since hy(0) = he(0) = 1/4 and hy(z) T 1 and hy(z) | 0, hence hy(z) — ha(z) < 1 for all
z > 0. From this follows also that

Since Iy(z), I3(z) < e™%, II" is exponentially decreasing at least with exponent a/2.

Now one can proceed as in Example 3.11. 0
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