On Non-parametric Estimation of
the Lévy Kernel of Markov processes
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We consider a recurrent Markov process which is an [t6 semi-martingale.
The Lévy kernel describes the law of its jumps. Based on observations
Xo, XA, ..., XA, we construct an estimator for the Lévy kernel’s density.
We prove its consistency (as nA — oo and A — 0) and a central limit theo-
rem. In the positive recurrent case, our estimator is asymptotically normal;
in the null recurrent case, it is asymptotically mixed normal. Our estimator’s
rate of convergence equals the non-parametric minimax rate of smooth den-
sity estimation. The asymptotic bias and variance are analogous to those of
the classical Nadaraya—Watson estimator for conditional densities. Asymp-
totic confidence intervals are provided.
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1. Introduction

Statistical inference for jumps in continuous-time models has received significant atten-
tion in recent years. Due to their well-known tractability properties, a vast amount of
literature has been devoted to the class of processes with stationary and independent
increments, called Lévy processes. The law of their jumps is characterised by their Lévy
measure. Parametric inference for Lévy measures has a long history. For recent devel-
opments in non-parametric settings, we refer, for instance, to Comte and Genon-Catalot
(2011); to Figueroa-Lopez (2011); to the special issue Gugushvili, Klaassen, and Spreij
(2010), which contains a collection of interesting papers; to Neumann and Reifl (2009);
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1. Introduction

and to Ueltzhofer and Kliippelberg (2011). Ample references to previous literature can
be found within the aforementioned.

In this paper, we consider a Harris recurrent Markov process X which is an It6 semi-
martingale. Such a process is a solution of some stochastic differential equation

dX, = b(X,)dt + o(X,)AW, + / 5(Xom ) L1505 o1y P(dE, dy)

(1.1)

+ /5(th,y)ﬂ{na(xmy)ugl}(p —q)(dt, dy),
with coefficients b, ¢ and d; the SDE is driven by some Wiener process W and some
Poisson random measure p (with intensity measure q(dt,dy) = dt® A(dy)); X;_ denotes
the left-limit. The law of its jumps is more or less described by the kernel F' where, for
each x, the measure F(x,-) coincides with the image of the measure A under the map
y — 0(z,y) restricted to the set {y : d(x,y) # 0}. We call F the (canonical) Lévy kernel
of X. We assume that the measures F'(z,dy) admit a density y — f(z,y), and we aim
for non-parametric estimation of the function (z,y) — f(x,y).

On an equidistant time grid, we observe a sample Xy(w), Xa(w), ..., Xna(w) of the
process; the jumps are latent. We study a kernel density estimator for f(z,y). We show
its consistency as nA — oo and A — 0 under a smoothness hypothesis on the estimated
density. In the ergodic case, we obtain asymptotic normality. In the null recurrent
case, we impose a condition on the resolvent of the process which goes back to Darling
and Kac (1957). Thereunder, we prove asymptotic mixed normality. We also provide
a standardised version of our central limit theorem for the construction of asymptotic
confidence intervals.

Our results are comparable to those in classical non-parametric density estimation.
In particular: Our estimator’s asymptotic bias and variance resemble those of the
Nadaraya—Watson estimator in classical conditional density estimation. Just as in the
classical context, moreover, the bandwidth choice is crucial for our estimator’s rate of
convergence. We conjecture that, for instance, a cross-validation method applies here
analogously; see Fan and Yim (2004) and Hall, Racine, and Li (2004). By an optimal
choice, if A — 0 fast enough, the rate is v(nA)*1ez/ldleataz)+2a102] where o > 0 (resp.,
ay > 0) stands for the smoothness of f as a function in z (resp., in y), and the function
v plays the role of an information rate. In the ergodic case, v(t) = ¢; in the null recur-
rent case with Darling-Kac’s condition imposed, v(t) = t°/(t) for some 0 < § < 1 and
some slowly varying function /. We remark that, in the case oy = a, our achieved rate
v(nA)®/(20+2d) equals the non-parametric minimax rate of smooth density estimation,
related to the smoothness of f as a 2d-dimensional function and with respect to v(nA).

At the core of our statistical problem, we essentially have to study the case first,
where the process is observed continuously in time and, in particular, all jumps are
discerned. In this case, we can consider a more general class of quasi-left-continuous,
strong Markov processes with cadlag sample paths than just It6 semi-martingales. For
these, the law of their jumps is again described by their Lévy kernel. We present a version
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of our estimator which utilises that the sojourn time of certain sets and the jumps are
observed. Under slightly weaker assumptions, we prove the estimator’s consistency and
asymptotic (mixed) normality. As these results are valid for a quite general class of
processes, we believe that they are of independent interest, not only as a benchmark for
all possible estimators which are based on some discrete observation scheme.

For discrete-time Markov chains, a related result is presented in Karlsen and Tjgstheim
(2001). We are aware that our final steps of proof appear to be similar. We emphasise
that the main difficulties in our context, however, come in two respects: on the one hand,
from establishing an appropriate auxiliary framework where related methods apply; on
the other hand, from the discrete observation scheme where our primary objects of
interest — the jumps — are latent.

For continuous-time Markov processes, apart from the Lévy process case and as far
as known to us, estimation of their Lévy kernel has been confined to the special case
of Markov step processes. For these, there is a one-to-one correspondence between
the Lévy kernel and the infinitesimal generator. Efficient non-parametric estimation of
Markov step process models has been studied by Greenwood and Wefelmeyer (1994).
They assume the mean holding times to be bounded, and the transition kernel to be
uniformly ergodic. This excludes the null recurrent case. The work on parametric
estimation of Markov step processes is more exhaustive. The null recurrent case has
been studied, for instance, by Hopfner (1993). There, the process is observed up to a
random stopping time such that a deterministic amount of information (or more) has
been discerned. Local asymptotic normality is shown in various situations. With a
slightly different aim, in contrast, Hopfner, Jacod, and Ladelli (1990) considers Markov
step processes observed up to a deterministic time. Accordingly, the observed amount of
information is random. Local asymptotic mixed normality (of statistical experiments)
is shown under Darling—Kac’s condition. Here, we utilise some of their results and
methods. We improve upon the restrictions within the aforementioned literature: First
and foremost, we do not restrict ourselves to Markov step processes. Second, we consider
processes, null recurrent in the sense of Harris, in a non-parametric setting. Third, we
address the influence of observations on a discrete time grid.

We briefly outline our paper. In section 2 we study the estimation of the Lévy kernel
based on discrete observations. Split into three subsections, we present the statistical
problem with our standing assumptions; we give our estimator along with a bias cor-
rection; and state our main results — the estimator’s consistency and the central limit
theorem. In section 3, we study the case where continuous-time observations are avail-
able. This section is organised analogously to section 2. The corresponding proofs are in
section 4. The proofs for our main results of section 2 are in section 5. Each proofs sec-
tion comes with its own short outline at its beginning. Since we bring together potential
theoretic aspects of Markov processes with functional and martingale limit theory, we
put some of our technical considerations off to appendix A.
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2. Density estimation of the Lévy kernel from
high-frequency observations

2.1. Preliminaries and assumptions

On the filtered probability space(s) (2,.%,(Z:)i>0, (P¥)zer), let X = (Xi)>0 be a
Markovian It6 semi-martingale with values in Euclidean space £ = (R% %9), or a
subset thereof, such that P*(Xy, = ) = 1 for all . For n € N and A > 0, we observe
Xo(w) and the increments

ApX(w) == Xpa(w) = Xp—palw) k=1,...,n. (2.1)

We emphasise that the jumps of the process are latent.

Throughout this paper, we use the following notation: We abbreviate £* := E \ {0}.
We denote the Dirac measure at x by €,. For 7 an (initial) probability on E, we denote
the expectation w.r.t. the law P™ := [m(dz)P* by E™. For « > 0 and A C E, in
addition, C{.(A) denotes the class of all continuous functions on A which are |« |-times
continuously differentiable such that every z € A has a neighbourhood on which the
function’s (partial) |a]-derivatives are uniformly Holder of order o — |« .

The characteristics (B, C,n) of X are absolutely continuous with respect to Lebesgue
measure; there are mappings b: EF — F and c: E — E® E, and a kernel F' on F with
F(z,{0}) = 0 such that

t t
B, = / b(X)ds, C;= / o(X)ds, and n(df,dy) = dt ® F(Xs,dy).  (2.2)
0 0

The integer-valued random measure 3, Ay, 20y €s,ax,) (dE, dy) on Ry x R is called the
process’s jump measure. The random measure n is its predictable compensator: For
every Borel function g : F x E — R, (inital) probability =, and ¢ > 0, we have

t
E™ Y 9(Xe, AX9) Lix, £x.) ZE“/ dS/ F(X5, dy)g(Xs, y). (2.3)
0<s<t 0 E

We call F' the Lévy kernel. 1t is unique outside a set of potential zero. We assume it
admits a density (x,y) — f(z,y) which we want to estimate.
Throughout, we work under the following technical hypothesis on the characteristics:

2.1 Assumption.

() The process X satisfies the following (linear) growth condition: There exists a
constant ¢ < oo and a Lévy measure I’ on E such that

()l < ¢ +llzll), lle(@)l < <A+ [l=]*), and  F(z, ) < (1+||2])F(A)

holds for all z € E and every Borel set A C E. We denote by 8 € [0,2] some
constant such that [ F(dw)(||w]® A 1)) < oo.
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(ii) The Lévy measure F' admits a density f which is continuous on E*.
(iii) There exists a constant ( < oo such that sup||zu>1||z||f(z) <. o

Remark. Apart from the growth condition, there is no assumption on b and ¢. Whether
X is a weak or a strong solution of (1.1) is irrelevant to us.

We impose assumptions on the recurrence of X and on the smoothness of f. To obtain
consistency for our estimator below, we impose:

2.2 Assumption. The process X is Harris recurrent: On FE, there exists a o-finite,
invariant measure p for X such that, for every Borel set A C E., we have

W(A)>0 — P* </oo]1A(X8)ds:oo> —1 VzeE.
0

2.3 Assumption. For some a > 0, the Lévy kernel admits a density f € CL.(F x E*);
and the invariant measure from Assumption 2.2 admits a continuous density . o

To obtain a central limit theorem, we also impose:

2.4 Assumption. The process X satisfies the following Darling—Kac condition: For
some 0 < § < 1, there exists a function v : Ry — R, — at infinity, regularly varying of
index ¢ — such that, for every p-integrable g,

1
v(1/A)

/OOO e ME[g(X,)]dt — u(g) p-a.e. as AL 0. (2.4)

(o]

Remark. In the positive recurrent case (that is, when p is finite), Assumption 2.4 indeed
is satisfied for 06 = 1 and with v(t) = ¢/u(E). We refer the interested reader to Touati
(1987) and to Hopfner and Locherbach (2003).

2.5 Assumption. For some aq,as > 2, the Lévy kernel admits a density f which is
twice continuously differentiable on E x E* such that x — f(z,y) € CpL(E) for all

loc

y € E*, and y — f(z,y) € CR2(E*) for all € F; and the invariant measure from
Assumption 2.2 admits a continuous density p/ which is ([a] — 1)-times continuously

differentiable. o

Ezample. Suppose that f is bounded and vanishes outside {||z| < 1,|y|| < 1}; that
is, there are neither jumps with left-limit outside the unit ball nor jumps of size bigger
than one. Then our process’s recurrence (or transience) is completely determined by
drift and volatility. For instance:
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(i) If the volatility o vanishes everywhere and the drift satisfies b(z) = —z, then X is
positive recurrent.

(ii) If the drift b vanishes everywhere, and the volatility satisfies o(z) = 1, then X is
not positive. In fact, X has the recurrence (or transience) of Brownian motion:
In the univariate case, X is null recurrent and Darling-Kac’s condition holds with
d = 1/2; in the bivariate case, X is null recurrent and Darling—Kac’s condition
fails; and in all other multivariate cases, X is transient.

2.2. Kernel density estimator

In principle, we are free to choose our favourite estimation method, e. g., the method of
sieves with projection estimators. Here, however, we introduce a kernel density estimator
as it allows for a more comprehensible presentation of the proofs. Also, the method is
well-understood in the context of classical (conditional) density estimation.

An outline: First, we choose smooth kernels g; and go with support B;(0) (the unit
ball centred at zero) which are, at least, of order oy and ay, respectively; that is, for
every multi-index m = (my, ..., mq) € N%\ {0} and each i € {1,2}, we have

m|i=my+ -+ mg <, = kn(g) = /le ~~~~~ xyg;(z)dz = 0. (2.5)

Second, we choose a bandwidth vector n = (n;,72) > 0. Last, we construct an estimator
for f(z,y) using the kernels ¢/*(z) := n; %g;((z — x)/n;). If the bandwidth is chosen
appropriately, we achieve a consistent estimator which follows a central limit theorem.

2.7 Definition. For 7 = (n1,7,) > 0, we call f27 defined by

2o 9 X —)a)gg Y (AFX) P
erA’n(%y) = { AY 97 (X k—1)a) if 2k=191 <X(k_1)A> >0,
0

(2.6)

otherwise,

the kernel density estimator of f (w.r.t. bandwidth n based on Xg, Xa,..., Xun). o

In analogy to classical conditional density estimation, we also introduce a bias correc-
tion for our estimator.

2.8 Definition. For n = (1,7,) > 0, we call 427 defined by

om1 _n,x

> Fmytms (91) Xfimt g 91 (Xe-1)a) 0™ (2 y)
mylms! Yio 9 (Xe-na)  Oxm2" ’

i 2=t 9" (Xg-1)a) >0
o1, 0 € IN*

(e5]
Ut
[m14+ma|=a1
|ma|#0

@ Fm(g2) O™
+772 Z TT(L!2)aym.an7n(xay)a

An () 1=

)
Im|=c:2
0, otherwise,

the bias correction for an’”. (The sums in the previous equation are over all multi-indices
of appropriate length.) o



2. Estimation from high-frequency observations

2.3. Consistency and central limit theorem

Here, we present our main results. We agree to the following conventions: Under As-
sumptions 2.2 and 2.4, v denotes the regularly varying function given in (2.4). Under
Assumption 2.2 only, v denotes an arbitrary deterministic equivalent (see Definition 4.1
below) of the Markov process X. For typographical reasons, we may write v; for v(t)
or X (t) for X; etc. as convenient.

We utilise the following conditions as nA — oo and A — 0, where 0 < (3, (» < 00

vnAnf’nng’n —o00, and m, =0, 72, —0; (2.7)

d+2a1 ,.d 2 d d+2a 2.
VAT Mo —> Gy and vpany 105, % = (55

In addition, we also utilise the following conditions due to discretisation, where ( < oo
is independent of n:

Anii_d[(l_w(ﬂﬁ))vm — 0, and Aniiv(ﬂw) — 0; (2.9a)
nAPn s, < G oaa AP AT 0, (2.9D)
and vnAAQninn;l;f”(ﬁ*d) — 0. (2.9¢)

Remark. If A — 0 fast enough, then (2.7) and (2.8) are the crucial conditions.

2.9 Theorem. Grant Assumptions 2.1 to 2.3. Let 1, = (M1n,M2n) be such that (2.7)
and (2.9a) hold. Moreover, let (x,y) € E X E* be such that (/(x) > 0 and F(x, E) > 0.

(i) If nA% — 0, then, under any law P™, we have the following convergence in proba-
bility:

(@, y) —— f(x,y). (2.10)

(ii) Grant Assumption 2.4 in addition. If (nA)Y'"°A — 0, then, under any law PT,
(2.10) holds as well.

Remark. By this theorem, our estimator is consistent for every z and y # 0 if nA — oo
and A — 0. In practice, however, both n and A are given! Then, for instance, if a
continuous martingale component is present, our estimator is unreliable for all y close to
the origin. To illustrate this important point, suppose that X is a univariate process with
constant volatility o2 > 0. Increments with absolute value less than (oA'Y2, where ( is
quite a large constant (e.g., ( = 5), are predominantly due to the continuous martingale
and not due to jumps. On the set {y : [y| < CoAY2}, therefore, our estimator f27(x, -)
is unreliable regardless of the chosen bandwidth 7.
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For the next theorem, we establish additional notation. For 0 < a < 1, let K denote
the a-stable Lévy subordinator with Laplace transform E e ¢%t = 7% for £,¢ > 0. Its
right inverse L, := inf{s > 0 : K > t} is called the Mittag-Leffier process of order a. By
abuse of notation, we call L; =t the Mittag-Leffler process of order 1. On an extension

(Q,Z,P):=QxQ,.7 0.7 P oP) (2.11)

of the probability space, let V = (V(x,¥))sepyecp- be a standard Gaussian white noise
random field (that is, the finite dimensional marginals of V' are i.1i. d. standard normal)
and let L = (L);>0 be the Mittag-Leffler process of order ¢ (from Assumption 2.4) such
that V', L and % are independent. In the theorem below, convergence holds stably in
law; that is, pre-limiting and limiting random variables are defined on the extended
space (2.11) and we have joint convergence in law of our pre-limiting random variables
with any bounded, .%#-measurable random variable. This notion, labelled £ —st, is due
to Renyi (1963).

2.10 Theorem. Grant Assumptions 2.1 to 2.5. Let 0, = (10, N2.n) be such that (2.7)
and (2.9) hold, and let (x;,y;)ier be a finite family of pairwise distinct points in E x E*
such that ji'(z;) > 0 and F(z;, E) > 0 for each i € I. If (nA)'"°A — 0, then, under
any law P™, we have the following stable convergence in law:

[ (A (gl Fgg™™) vost_ [ 0(Ti, i)
( UnAﬁil,nﬁg,n(ff’" (xwyZ) - . 77n,2?1'2) ) - n%oso\ \/L_l v(xhyi) )

M(gl icl

where the asymptotic variance is given by
2. _ f(CL’, y)

p(x)
In addition, let n, be such that (2.8) holds as well. Suppose either that oy, e € N*

or that (; = (o = 0 in (2.8). Then, under any law P™, we have the following stable
convergence in law:

d d £ C o) — . 9y, ZL—st o 0-<Ii7yi) .
(Voo (2 ) = £a) | 2525 (st + T2V @)

i€l

o(z,y)

/gl(w)2dw/gg(z)2dz. (2.12)

where — in the former case — the asymptotic bias y(x,y) is given by

o Cl ’im1+m2<gl) am /.1' o T
v(z,y) = ) > (z)— f(z,y)

Iml +mg |:a1 ml !m2! 8xm1 ame
o (2.13)
K (g2) O™
te X g )
‘m‘:a2 m‘ 8y

and — in the latter case — y(x,y) = 0.
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Remark. The asymptotic bias and variance of our estimator are analogous to those of
the Nadaraya—Watson estimator in classical conditional density estimation: k,,(g;) and
[ gi(2)*dz are the relevant moment and the roughness of the kernel g;, respectively; and
f (resp., i) plays the role of the conditional (resp., marginal) density.

We recall that v from (2.4) satisfies v; = t in the ergodic case, and v, = t°/4(t) for
some slowly varying function ¢ in the null recurrent case. If we choose 7;,, = vgﬁi with
& = as/[d(ag + ag) + 2a10a5) and & = ay/[d(a; + ag) + 20qas), then (2.7) and (2.8)
hold with (; = ¢, = 1. If A — 0 fast enough such that nAMldartaz)+2aesl/C g jp
addition, where ¢ denotes the maximum of (1 — §)d(a; + ag) + 2a12, daq (g + 2 + d)
and dan(ay + 2 + d?/(2 + d)), then our choice of 7, also satisfies (2.9) for every 8 < 2.

Consequently, our estimator’s rate of convergence is

Uslecg/[d(oq-‘rocQ)-‘rQalaz]‘ (214)
In the case a; = o, the achieved rate vfjg(mﬁd) equals the non-parametric minimax

rate of smooth density estimation, related to the smoothness of f as a 2d-dimensional
function and w.r.t. v,A.

Remark. Bandwidth selection has always been a crucial issue in these kind of studies.
Although orders of magnitude are crucial from an asymptotic point of view and n;, =
(nA)~% for some & > 0 may be a good choice , we note that, in practice, n;,, = ((nA)~%
with leading constant ( # 1 could be a better one. A detailed analysis would go beyond
the scope of this paper. We briefly comment on two problems: How to choose the
bandwidths manually such that conditions (2.7-2.9) are satisfied for the unknown vy,
a1, ag and 87 What needs to be considered when employing data-driven methods for
selecting optimal bandwidths?

(i) Let ap > 2 and 0 < §y < 1 such that oy > d/(d + ap). If we choose n;, =
(nA)~1/(2d+200) " then (2.7) and (2.8) hold for all processes X such that Assump-
tions 2.4 and 2.5 hold for some ay,as > ag and 9y < § < 1. If A — 0 fast enough
such that nAlt+2eotd/leco+@+d)Vecl 5 ( in addition, then our chosen bandwidth
also satisfies (2.9).

(ii) The asymptotic bias and variance are proportional to the value of f and its deriva-
tives at the point of interest. The optimal bandwidth choice in terms of the asymp-
totic mean squared error, therefore, may depend heavily on x and y. Especially
for processes with infinite activity — where y — f(z,y) has a pole at zero — this
is an important issue in practice. In a future study on data-driven bandwidth
selection methods like cross-validation, this distinction from estimating a bounded
probability density has to be addressed carefully.

Theorem 2.10 does not allow for a direct construction of confidence intervals. For this
purpose, we also obtain the following standardised version.
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2.11 Corollary. Grant Assumptions 2.1 to 2.5. Let 1, = (N1.n,M2.n) be such that (2.7-
2.9) hold. Suppose either that o,y € N* or that (; = (o = 0 in (2.8). Then under any
law P™, we have the following stable convergence in law:

nt g n Ay 91" (X (k1))
52 frmin (ajia yl)

where £ = [ gi(w)*dw [ go(2)*dz.

Remark. In principle, the results of this section are extendible to more general Markov
models with Lévy kernel F' such that (2.3) holds. In view of our proofs, the assump-
tion that X is an Itd semi-martingale is crucial for the analysis of the influence of
discretisation (see section 5.1). Suppose that an explicit upper bound for the small-time
asymptotic “error”

n—00 iel’

el

([ = — f](%yz'))) L= (V)

‘A Y(ATX)] / F(z,dw)g )‘
and an explicit sufficient condition which ensures
Lsn] [sn]A P
sup A Z P ( / hp (X, )dr| —— 0
s<1 UﬂAnl n 0 n—o0

for &, =1 or & = vnAnf’nngm are available for some Markov process X. Then it is
straightforward (see Lemma 5.7 and (5.32) — Lemmata 5.6, 5.9 and 5.10, respectively)
to come up with sufficient conditions for Theorems 2.9 and 2.10, which replace (2.9).

3. Density estimation of the Lévy kernel from
continuous-time observations — A benchmark

The Lévy kernel of a Markov process is related with jumps. In fact, our estimator (2.6)
uses X(y—1)a and AZX as proxies for the pre-jump value X;_ and the jump size AX;,
if, at a time t € [(k — 1)A, kA], there is a jump from a neighbourhood of z and of
size close to y. Eventually, such time intervals contain either zero or one such jump;
never more. Certainly, the statistical analysis simplifies if we observed the whole path
of X; introducing proxies would be useless. So, despite observing the whole path of X is
somewhat unrealistic, it is theoretically important to study what happens in this case.
This section is devoted to this question and can be viewed as a benchmark for what
properties are achievable with a more realistic, discrete observation scheme.

3.1. Preliminaries and assumptions

On the filtered probability space(s) (2, %, (%1)i>0, (P¥)zer), let X = (X;)i>0 be a strong
Markov process with values in Euclidean space E = (R%, %?), or a subset thereof. Its

10



3. Estimation from continuous-time observations

sample paths are supposed to be cadlag. We observe — continuously in time — one sample
path {X(w) : s € [0,¢]} for t > 0; in particular, we discern all jumps.

In addition to the notation introduced before, we use some classical notation from
Getoor (1975): We denote the shift semi-group on Q by (6;):>0 so that X;.s = X; 06
for all s,¢ > 0. We denote the transition semi-group of X on E by (F;)>o-

A (perfect homogeneous) additive functional H of X is an Fi-adapted process such
that H; s = Hy 005+ H, for all s,t > 0. A Lévy system (F,H) of X (in a wide sense)
is a kernel F' on E with F'(z,{0}) = 0 and a non-decreasing additive functional H of X
such that, for every Borel function g : £ x F — R, probability 7 on E, and ¢ > 0,

t
E" Y g(Xeo, AX,) 1 (x, 2x.) :]E”/O dHS/EF(Xs,dy)g(XS,y). (3.1)

0<s<t

The disintegration into ' and H is by no means unique. For an appropriate reference
function go with Fgo(x) > 0, nevertheless, ratios of the form Fg(z)/Fgo(x) are unique
outside a set of potential zero. In the cases where X is quasi-left-continuous (that is,
when all jump times are totally inaccessible) Benveniste and Jacod (1973) proved the
existence of a Lévy system (F,H) where H is continuous. Such a process — cadlag,
strong Markov, quasi-left-continuous — is called a Hunt process.

Remark. The continuity of the additive functional was included as a part of the original
definition of Lévy systems due to Watanabe (1964).

Throughout this section, we work under the following hypothesis:
3.1 Assumption. There exists a Lévy system (F, H) of X where H; = t. o

Recalling (2.3), we observe that all Markovian It6 semi-martingales satisfy Assump-
tion 3.1. In analogy to the semi-martingale case, we call this F' in Assumption 3.1 the
(canonical) Lévy kernel of X. It is unique outside a set of potential zero. Again, we
assume it admits a density (x,y) — f(z,y) which we want to estimate.

Compared to section 2, we slightly weaken the assumptions imposed on the smoothness
of f. To obtain consistency for our estimator below, we impose Assumption 2.2 and:

3.2 Assumption. The canonical Lévy kernel admits a density f, continuous on £ x E*;
and the invariant measure from Assumption 2.2 admits a continuous density ' o

To obtain a central limit theorem, we also impose Assumption 2.4 and:

3.3 Assumption. For some aq,ay > 0, the canonical Lévy kernel admits a density f
such that z +— f(x,y) € Coon(E) for all y € E*, and y — f(x,y) € CL2(E*) for all x € E;
and the invariant measure from Assumption 2.2 admits a continuous density g’ which is

([aq] — 1)-times continuously differentiable. o

11



3. Estimation from continuous-time observations

3.2. Kernel density estimator

In section 2.2, we introduced a kernel density estimator and its bias correction based
on discrete observations. Here, we present corresponding versions which utilise the
continuous-time observation scheme. We recall that g; and g, are kernels with support
B (0) which are, at least, of order a; and ay, respectively. Given some bandwidth vector

n = (n,m2) > 0, we utilise the kernels g""(2) = n; %g;((z — ) /n;).
3.4 Definition. For n = (n;,7;) > 0, we call f7 defined by

(X AX,
, Bocest UL Rt it 112 (X,)ds > 0,
F(w,y) = oo (s
0 otherwise,

the kernel density estimator of f (w.r.t. bandwidth n up to time t). o

Our estimator in Definition 2.7 is the discretised analogue from the one presented
here: In the numerator of the former, the jumps AX; and the pre-jump left-limits X;_
are replaced by the increments A7 X and the pre-increment values X;_1)a, respectively.
In the denominator, the sojourn time fi g7"(X,)ds is replaced by its Riemann sum
approximation A Y}, ¢/"*(Xx-1)a). In analogy to Definition 2.8, we also introduce a
bias correction for our estimator:

3.5 Definition. For n = (n1,12) > 0, we call 4/ defined by

t g™ m
nal Z Rmi+my (gl) fO 8337"11 gl ( S)ds om? ﬁn( y)
1 |m14+ma|=ay my lmy! ft U x( )dS Oz
W (x,y) = el t
Yt YY) - n 770‘2 Z /{,m( ) f ( ) fO g?’ ( )dS >0
i |m|=az m! t ar, a2 € N* ’
0, otherwise,
the bias correction for ftn. o

3.3. Consistency and central limit theorem

Here, we present our results of this section. We continue to use the notation and con-
ventions from section 2.3.
We utilise the following conditions as t — oo, where 0 < (;, (s < c0:

vl g, — 00, and gy — 0,724 — 0; (3.2)

d+2a . d 2 d+2a0 2
vy ey — G, and Ut771 M2t — G5

12



3. Estimation from continuous-time observations

3.6 Theorem. Grant Assumptions 2.2, 3.1 and 3.2. Let ny = (N14,m2+) be such that
(3.2) holds. Moreover, let (z,y) € E x E* be such that /(x) > 0 and F(z,E) > 0.
Then, under any law P™, we have the following convergence in probability:

A ]PW
Z?t(x’y) m f(xay)

3.7 Theorem. Grant Assumptions 2.2, 2.4, 3.1 and 3.2. Let ny = (14, 72¢) be such
that (3.2) holds. Moreover, let (z;,y;)icr be a finite family of pairwise distinct points in
E x E* such that p/(x;) > 0 and F(z;, E) > 0 for each i € I. Then, under any law PT,
we have the following stable convergence in law:

—aa [ m (gl Fggt?) 2-st_ [ 0(Ti, i)
( Utnitng,t< tn(ajiuyi) - ! nt,ziZ) t%o:} \/L_l V(xlvyl) )
icl

M(Ql iel

where the asymptotic variance is given by
f(l’, y) / 2 2

dw [ galz)?dz. 3.4
oo [otwra [ gras (34)
In addition, grant Assumption 3.3 and let n; be such that (3.3) holds as well. Suppose

either that ay,as € N* or that (; = (o = 0 in (3.3). Then, under any law P”, we have
the following stable convergence in law:

(Voo (72 o) = ren)) £ (v + v @) L 69

i€l

o(x,y)* =

where — in the former case — the asymptotic bias v(x,y) is given by

malg) O,
G () O O

V(z,y) = 1/(z) i mylms!  Ox™ Ox™m2
F':m(g2) o
e mzcm ml  oy™ (=.9),

and — in the latter case —y(z,y) = 0.

We compare Theorems 2.10 and 3.7. First, we remark that the asymptotic bias and
variance of an’" are equal to those of our benchmark estimator ft". Second, if we choose
Nip = v, o with & = ao/[d(a + ag) + 201a5] and & = o /[d(a1 + ag) + 2a104] again,
then (3.2) and (3.3) hold with ¢; = (2 = 1. The rate of convergence in Theorem 3.7 is

’Utala2/[d(al+a2)+2ala2]; (37)

the rates (2.14) and (3.7) are equivalent. Third, we observe that our remark on the issue
of bandwidth selection holds analogously. Last, we note that Theorem 3.7 does not
allow for a direct construction of confidence intervals just as Theorem 2.10. In analogy
to Corollary 2.11, we also obtain the following standardised version.

13



4. Proofs for results of section 3

3.8 Corollary. Grant Assumptions 2.2, 2.4 and 3.1 to 3.3. Let n; = (N1.4,Mm2.t) be such
that (3.2) and (3.3) hold. Suppose either that ay,as € N* or that (; = (o = 0 in (3.3).
Then under any law P™, we have the following stable convergence in law:

nf,mél,t fg g{"" (Xs)ds ([ pe A
= t t
63 ¢ (i, Y1)

t—o0 iel’

i€l

[(@i,yi) = f (s, yz))) Lo (V(ﬂﬁuyz))
where £ = [ gi(w)*dw [ go(2)*dz.

4. Proofs for results of section 3

The notion of a deterministic equivalent of a Markov process plays a crucial role in the
limit theory for our estimator.

4.1 Definition. A non-decreasing function v : R, — R, is called a deterministic
equivalent of the Markov process X if the families

{L®) " H | P7):t>0) and {L((t)H " |P7):t>0}

are tight for every probability 7 on E and every non-decreasing additive functional H
of X with 0 < E*H; < 0. o

We emphasise the following consequence of Théoreme 3 of Touati (1987): Under Darling—
Kac’s condition, the function v in (2.4) is a deterministic equivalent of X. For every
H as in Definition 4.1, furthermore, we have that (v(t) ' Hg)s>o converges in law to a
non-trivial process as t — oco. For Markov processes violating Darling-Kac’s condition,
the latter convergence may not hold. Nevertheless, Locherbach and Loukianova (2008)
showed that some deterministic equivalent already exists when X is Harris recurrent.

Throughout the proofs, we denote convergence of processes by double arrow (“=-") and
understand it as convergence on the relevant Skorokhod space. For instance, we denote
by D(RY) := D(R4;RY) the space of all cadlag functions from R, to R? equipped with
Skorokhod’s topology. For a kernel F', a measurable function g, and a o-finite measure
v, the function F'g, the measure vF', and the number v(g) are given by

Fy(a) = [ Flo,dy)gly). vF(4) = [vdn)F(a,4), vlg) = [v(dw)g(a).

A kernel F is called strong Feller if Fg is in the class of continuous functions for every
bounded g.

This section is organised as follows: First, in section 4.1 we prove a triangular ar-
ray extension of Birkhoff’s theorem for additive functionals. Second, in section 4.2 we
introduce auxiliary Markov chains Z and Z’ derived from our Markov process X. We
show that our result from section 4.1 applies to these chains. Some technicalities are

14



4. Proofs for results of section 3

put off to appendix A. Third, in section 4.3 we demonstrate a preliminary version of
Theorem 3.6 which depends only on Z and Z’; we conclude with the final steps in the
proof of consistency. Last, in section 4.4 we demonstrate a preliminary central limit
theorem which depends only on Z and Z’; we conclude with the final steps in the proof
of Theorem 3.7 and Corollary 3.8.

4.1. An extension of Birkhoff’s theorem

The theorem presented in this subsection is the underlying key result for our proofs. It
is a triangular array extension of Birkhoff’s theorem for additive functionals (cf. Théo-
reme 1.2 of Azéma, Kaplan-Duflo, and Revuz, 1967). We prove a rather general version.

4.2 Theorem. Let Z = (Zy)ken+ be a Markov chain with values in some state space D,
with invariant probability 1, and with transition kernel V. Assume that the state space
is petite, that is, there exist a probability p on N* and a non-trivial measure v, on D
such that, for every Borel set A C D,

inf Zp k)UF(z, A) > v,(A).

xED

Let (hyp)nen+ be a sequence of functions such that (Vhy,)nen+ is uniformly bounded. Let
&, > 0 be such that

nén =00, &' (hn) = c<oo,  (n&) ' U(|hal) >0 and (n&g) M (hy) — 0

as n — oo0. Then, under every law P™ for some probability m on D, the following con-
vergence holds uniformly on compacts in probability:

Lsn]

n ucp . L
GY =2 cs, where nkz:lh (Z). (4.1)

Remark. If (hy)nen+ is non-negative (resp., uniformly bounded), then n§, — oo and
&1(hy) — ¢ < oo already imply (n€2)~ ' (|h,]) — 0 (resp., (n€2)~ ' (h2) — 0).

Proof (of Theorem 4.2). Convergence in probability is equivalent to the property that
— given any subsequence — there exists a further subsequence which converges almost
surely. By Proposition 17.1.6 of Meyn and Tweedie (1993), therefore, it is sufficient to
prove this theorem under the law P¥ only.

For each s > 0 and n € N*, we observe G = H! + H!", where

o Lsn)v(hn) n &
HS:T and H' _nkzl(h (Z) = (hn)).

15



4. Proofs for results of section 3

By assumption, we have H? — sc uniformly in s as n — oco. It remains to show that
H!" converges to zero uniformly on compacts in probability.

We note EY[h,(Zi)] = 1 (h,) for every k,n € N*; thus, E¥[H"] = 0 for all s > 0.
Moreover, its second moment satisfies E¥[(H/")?] = K7 4 K", where

Lsn]
S:n2522(¢h2 ))

n k=1
and
lsn]—1 lsn]
Kl = 252 S [uaan(e) 3 (¥ Hha) o).
I=k+1
First, we note
h? hy)?
perj < L2 BT (12)

Second, let m € IN* denote the period of Z. As the state space is petite w.r.t. ¥, by
Theorem 16.2.2 of Meyn and Tweedie (1993), the sampled chain with transition proba-
bility W™ is aperiodic and uniformly ergodic. By Theorem 5.4.4 of Meyn and Tweedie
(1993), there exists a partition Dy, ..., D,,_1 of the state space such that each D; is a
recurrence class and such that the measures miy( - N D;) are invariant w.r.t. U, For
every i € {1,...,m} and z € D;, we denote j(l, z) := (i +1) mod m, where ‘mod’ stands
for the modulo operator. For every ng € N*, we observe

no %] m
> (Wha(2) = 6()) = 303 (V" hain, ) (2) = m ()
-1 k=0 1=1 (4.3)

no mod m

+ Z: (\IJL%JmHh”IDj(Lz)(z)_¢(h”)>'

Hence,

ZO (‘Ijlhn(z) - ¢(hn))‘ <> > ‘\Ijkmﬂh”wﬂm(z) —m(haip,, )

=1 k=01=1

+ml|i(hn)].

By Theorem 16.2.1 of Meyn and Tweedie (1993), there exists a ¢ < 1 such that, for
every [ =1,...,m and each k € N,

51615 ‘\Ifkm“hnw](l ,(2) =m(hp,, )| < ¢k, (4.4)
Consequently,
my — 2Lsn]m [ Co((hn]) @ ([hn])[¢(hn)]
K] < ((1_0%3 = ) — 0. (4.5)
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4. Proofs for results of section 3

By (4.2) and (4.5), EY[(H)?] — 0, hence H™ — 0 in probability as n — oco. It remains
to show the local uniformity in s of this convergence.

By (4.3) and (4.4), we have that h, — 1(h,) is in the range of (I — ¥). Let &, denote
its pre-image under (I — W) (that is, its potential), and define the process M™ by

1 Lsn]

> (iln<Zk) - \Ijﬁn<Zk—1>>'

M =
’ n&n (o

We note that M™ is a ¥-martingale where 4" := o(Z;, : k < |sn]). Since (Vh,)en-
is uniformly bounded by assumption, so is (\Ilfzn)ne]N*. As n — oo, therefore, we have
|H!"— M = (n&,) " Ohy(Zo) — Whp(Z|en))| — 0. Likewise, EYV[(M™)?] < 2TV (H™)?+
2EY |H™ — M?|?> — 0. By Doob’s inequality, therefore, M™ = 0 in ucp. Hence, also
H'™ = 0 uniformly on compacts in probability as n — oo. 0

4.2. The auxiliary Markov chains

In this subsection, we construct auxiliary Markov chains Z and Z’ to which Theorem 4.2
applies. Once and for all, we fix our points of interest, i.e., {(x;,y;) : i € I} of Theo-
rem 3.7 such that p'(z;) > 0 and F(x;, E) > 0 for each i. Moreover, we choose a compact
set C' D {x; : i € I} and constants 0 < €,&’ < oo such that ¢ < [Jy;|| < & forall i € I
and such that

. . /

gp(x, {y:e<lyl<e}) >0 (4.6)
Remark. Under Assumptions 2.2 and 3.2, such a set C' always exists by the choice of
the points z; and the continuity of f on £ x E*.

Let T1,T5, ... denote the successive times of jumps of size between € and &’ starting
from C'; that is,

Tyi=inf{t>0:c <||AX)| <&, X,- €C} and Topy =T o0y, + T,

The conditional expectation w.r.t. the strict past of the stopping times 7, plays a key
role. We set

g(z) == F(z,{y : e < |ly]| < £})1o(a),

) f(x,y), ifreCande < <é,
oo [T O ol
0, else.

It is well-known that 77 < oo a.s. if, and only if, u(q) > 0. In our case, this holds

by (4.6). Therefore, T,, < oo a.s. for all n as well. For convenience, we abbreviate the
kernel with density p by II; its shifted version with density (z,y) — p(z, y—x) we denote
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4. Proofs for results of section 3

by II. By Weil (1971), II (resp., II) is the conditional transition probability kernel of the
jumps at the time(s) 7;, in the following sense: On the set {7}, < oo}, for every random
variable Y, measurable function ¢, and all z, we have

E*[g(AXt,) | Fr,-| = Ng(X1, ), (4.7)
E*[Y o 0r, | Fr, ] = NE[Y](Xg,-).

We note ITE[Y](z) = [ p(x,y) E*T[Y]dy.
Let D := D([0,1[; E) x Ry x C. For every k € N*, we define the D-valued and
C-valued random variables

Zy = (8 = X(—sym 1450 Te — T, XTk—) and  Z; = X, .

The corresponding filtration (% )ken- is given by ¥, := Z7,_. We emphasise that we
exclude time £ = 0. From (4.8) and 77 < oo a.s., we deduce that Z = (Zj)ken~ and
7" = (Z},)ken~ are 9-Markov chains. We denote their transition probabilities by ¥ and
®, respectively. We refer to appendix A for technical results on these auxiliary Markov
chains.

4.3 Lemma. Let (g,t,z) € D, let A C C and A C D be measurable, and let k € N*.
Then

Oz, A) =P (Z] € A)(z), (4.9)
U ((g,t,2), A) = "W (x, A). (4.10)

Proof. We deduce (4.9) and (4.10) directly from (4.8) and the Markov property of X,
respectively. o

By Lemma 4.3, Theorem 4.2 applies to Z’ and, also, to Z.

4.4 Lemma. Grant Assumptions 2.2 and 3.2. Then the Markov chain Z' is strong
Feller. Its state space C' is petite with respect to .

Proof. Let f be a bounded Borel function and xy € C. Under Assumption 3.2, we deduce
from Lebesgue’s dominated convergence theorem that ¢ is continuous. By (4.6), we have
that  — p(z,y) is also continuous for every y and sup{p(x,y) : z € C,y € E} < oc.
Again by Lebesgue’s dominated convergence theorem, we conclude that

Jim Tlg(z) = lim / p(z,y)g(x +y)dy = / p(zo,y)g(z + y)dy = Ig(xo).
By (4.9), consequently, ® = ITP'(Z} € -) is strong Feller on C.

By the same argument as for the equivalence of T3 < oo a.s. and p(q) > 0, we have that
the measure with p-density ¢ is an irreducibility measure of Z’. Under Assumption 2.2, it
is absolutely continuous. Thus, its support has non-empty interior. By Theorem 6.2.5 (ii)
of Meyn and Tweedie (1993), therefore, every compact set — hence the state space C' of
Z' — is petite with respect to ®. O
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4. Proofs for results of section 3

4.5 Corollary. Grant Assumptions 2.2 and 3.2. Then the state space D of Z is petite
w.r.t. W,

Proof. By Lemma 4.4, there exists a probability p on N* and a non-trivial measure v,
on C such that, for every Borel set A C C,

inf Zp k)OF (2, A) > vy (A).

JCEC’
Let (g,t,z) € D, A C D be measurable, and p be the probability on N* given by
p(1) =0 and p(k) = p(k — 1) for k > 1. By (4.10), then
Z k)U*((g,t, ) Zp U(x, A) > v,V (A) =: 7;(A).

Since v, is non-trival, so is 7. O

4.3. Proof of Theorem 3.6

Throughout the remainder of section 4, we work under the law P™ for some initial
probability m on E and, for presentational purposes, we suppose w.1.0.g. that u(q) = 1.
We consider the processes G™", J™" and S™" given by

Lsn]

1
Gy (@, y) Zgl (X7,,-) 97" (AX7,), (4.11)
k 1
1 1 [Tisn)
TN () : Z 91" (Xr-) and SP7(x) = / g (X,)dr. (4.12)
0

We emphasise that these processes are of the form ZLS”J hn(Zy) where Z is the auxiliary
Markov chain defined in section 4.2. We utilise the following preliminary condition as
n — oo (cf., (3.2)):

nninn‘in — 00, and 7, — 0,72, — 0. (4.13)

4.6 Lemma. Grant Assumptions 2.2, 5.1 and 3.2. Let 1, = m ., be such that (4.13)
holds. Then the following convergences hold uniformly on compacts in probability:

Jrm(x) =% sq()p'(z) and S (x) =% spl(x).

n—oo

Proof. Let 1 and ¢ denote the invariant probabilities of Z and Z’; respectively. We
apply Theorem 4.2:

(i) We note that J™" (z) is of the form (4.1) with &, = ¢ and h, : C — R given by
hn(2) = g1((z—2x) /)5 (hn)nens is uniformly bounded. By Corollary A.6 where u(q) = 1,
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4. Proofs for results of section 3

q is the p-density of ¢. Also ¢ and ' are continuous. By Lebesgue’s differentiation
theorem, thus,

e —ml/udz (2)91((z = ) /1) ——= q(@)p/ (z).

n—o0

Since nn? — oo, likewise, (nn2?)~1p(|h,|) = 0 as n — oo. o

(ii) We note that S™"(z) is of form (4.1) with &, = n? and h, : D — R given by
ho(g,t,2) = t 3 g1((9(s) — x)/nn)ds. By Corollary A.6, 1» = pV¥. By Lemmata A.2
and A.5, thus,

m, % —ml/udzm,z—wﬂ%)——+ﬂ()

n—oo

Likewise, (nn2?)"ro(|h,]) < (nn24) =~ [ u(d2)|g1((z — x)/nn)| — 0. By Corollary A4, in
addition, we observe

¢Uﬁ)< 2l g1lloe S p(d2)|gi((z — ) /70)] .0
nn2d ~ inf.coq(2) nn2d n—oo O

4.7 Lemma. Grant Assumptions 2.2, 3.1 and 3.2. Let n, = (N1, M2n) be such that
(4.13) holds. Then the following convergence holds uniformly on compacts in probability:

G (a,y) 2B sf (e, y)u ().

Proof. Let (#")s>0 be the filtration given by 7" := Fr_ . . By (47), we have
E[AGY ™ | "] = g™ (Z)gs™Y(Z},) for s = k/n. Thus, the compensator of G™
Wt b () ss0 i given by HIM = nt S gi(Z))Tg8 (Z;).

Fix s > 0. In analogy to the proof of Lemma 4.4, IIgJ"" is continuous under Assump-

tion 3.2. In analogy to Lemma 4.6, n~=' S22 [¢7%(Z/)| converges in ucp to a non-trivial
process as n — oo. Therefore,

[sn]
g ) < s [ (E) ~ g - 3 a0 (2] 0
z€ n

Since p is continuous under Assumption 3.2, lim, . IIgs™¥(z) = p(z,y) by Lebesgue’s
differentiation theorem. We recall f(z,y) = q(z)p(z,y). By Lemma 4.6, hence,

HY =% sf(w,y)u ().

It remains to prove M := G7 — H = 0 uniformly on compacts in probability. By
(4.13), we have sup,[|AM? o < (nnf02) " |g1]lsoll92]loc — 0. By Theorem VIII.3.33 of
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4. Proofs for results of section 3

Jacod and Shiryaev (2003), thus, it is sufficient to show that the predictable quadratic
variation (M"™ M™), of M™ converges in probability to zero for all s. We observe

|sn]
(a0, = B S [ )~ 20 o)
<—r “zJ Y [ p eyt maz)es(z)d
_mﬁ,nﬂgm nklﬁlngl k Bl(O)P Y T Menz)ge(Z) dz.

In analogy to Lemma 4.6 again, n= 1" 18 ¢ 91" (Z},)? converges in ucp to a non-trivial

process as n — 00. As in the proof of Lemma 4.4, moreover, p is bounded on C x F.
Consequently, (M™, M"™); — 0 in probability as n — co. o

Next, we carry Lemmata 4.6 and 4.7 over to the time-scale of X. Let J be the process
given by

Jt = i_o: ]1[0’15] (Tk) (4.14)

We note that J is a non-decreasing additive functional of X. It is the random clock of Z
(and Z’) in terms of X. By (3.1) — where H; =t —, and by u(q) = 1, we have EFJ, =t
for all ¢t > 0.

4.8 Lemma. Grant Assumptions 2.2, 3.1 and 3.2. Let v : Ry — R, denote a deter-
ministic equivalent of X, and let n; and (x,y) € E X E* be as in Theorem 3.6. Then

the family {.,2” (Gf’ft;ﬁt (2, 9), S5 () | ]P’r) it > 0} is tight. (4.15)
Moreover, each limit point of the family in (4.15) is the law L(f(z,y)p'(z)L, j' (x)L)
for some positive random variable L.

Proof. As J is a non-decreasing additive functional of X, by Locherbach and Loukianova
(2008), the families {Z(J;/v; | P™) : t > 0} and {ZL(vy/J; | PT) : t > 0} are tight. By
Corollary VI.3.33 of Jacod and Shiryaev (2003) and Lemma 4.7, thus,

the family {Z(G""™(z,y),S""™(x), Ji/ve,ve/Jy | PT) : t > 0} is tight. (4.16)
Let @ denote a limit point of the family in (4.16), and let (¢,)nen a sequence such that
LG (@, y), S (), g, Ve, Ve, [ Tt

P") — Q.

n—oo

On some extension of the probability space, w.l.0.g., there exists a random variable
L > 0 such that Q = Z(s — sf(z,y)u'(z),s — sp'(z),L,1/L). Since its first and
second marginal are the laws of continuous processes, we have

L(Gym i (2,y), Sy e () | PT) —— 2 (f(a,y)u(x) L, 1 () L) o
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Proof (of Theorem 3.6). For every t > 0 and each x and y, we have

o) = e
S o,

Let h, : D — R be given by hy,(g,t,2) =1t [} |g7""(g(s))|ds. By Lemma A.2 and Corol-
laries A.4 and A.6, we have ¢(h2) < 2||g1||laonia(inf.cc ¢(2)) " u(lgi™"]). By Markov’s
inequality, since vfnft — 00, therefore,

t
ot [ g (X)ds < v (Za) o 0. (4.17)
Ji
By Proposition 17.1.6 of Meyn and Tweedie (1993), in analogy to the proof of Theo-
rem 4.2, this convergence in probability holds under every law P™.

We recall the results from Lemma 4.8. Let L > 0 be a random variable such that
the law .Z(f(z,y)u' (z)L, p/(z)L) is a limit point of the family in (4.15). Moreover, let
(t,)nen+ be a sequence such that

(G (2, y), Symie () == (f(x, y)p'(x) L, ' () L).

n—0o0

A
MNtn

We recall 1/(z) > 0. Consequently, f;'"(z,y) = f(z,y) in law as n — oo by the contin-
uous mapping theorem. As this limit is unique and independent of the particular limit
point of the family in (4.15), we have that f"(x,y) converges to f(z,y) in law, hence,
in probability. o

4.4. Proofs of Theorem 3.7 and Corollary 3.8

In this subsection, we work on the extended space (2.11), L denotes the Mittag-Leffler
process of order 0 < § < 1, and W = (W?);c; denotes an I-dimensional standard Wiener
process such that L, W and .% are independent.

In addition to the processes G™", J™" and S™" given in (4.11) and (4.12), we consider
the process U™" given by

nvxF .Y
Uz, y) o= g (Gz’w,y) - ’Mww} . (4.18)
1

We emphasise again that these processes are of the form Z,E‘S:nf hn(Zk) where Z is the
auxiliary Markov chain defined in section 4.2.

4.9 Lemma. Grant Assumptions 2.2, 2.4, 3.1 and 3.2. Let 1, = (1,0, M2,n) be such that
(4.13) holds. Then we have the following convergence in law in D(R!):

(Urm (@), = (W (@)o(eny)Wi)._,

i€l n—oo

where o(x,y)? is given by (3.4).
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4. Proofs for results of section 3

Proof. For n € N*, let M™" be the process given by

d |sn]
M o \/77177 0 (7N aY (A X ) — T 12X VFa™(X.)d
s (x,y) Z g1 ( k)g2 ( Tk) g ( s) 92 ( Jds |,
k—1

N Ty
and let (J7")s>0 be given by J" = Fr_ . By Theorem VIIL.3.33 of Jacod and

Shiryaev (2003), it is sufficient to prove (i)—(iv) as follows:
(i) We have U (x,y) — M (z,y) = 0 in ucp as n — oo.
(ii) The process M™" is an #"-martingale for each n.

(iii) For all 4,j € I, we have

(M (5, ), MM (2,7) ) ——— slo (s, yi) ! (2))7635.

s N—o0

(iv) We have the “conditional Lyapunov condition”

Lsn] i}
K2 (a) = 3 B (amr @) 4. ] Eoo

n—0o0

(i) We note that U™"(x,y) — M™"(z,y) is of form (4.1) with h, : D — R given by

ot =t o (P00 (ragetaten - LTI o

M(Ql )

and &, = nf/,?n n/2 ~1/2_ By Lemmata A.2 and A.5 and Corollary A.6, we have

- xF Y
= \Ju [ 1(a)g* () (Fggmy<z> - M) =0.

(g1

Since 1,3, — 0, we also observe

V([ha]) _ 4 (gl Fg3"?)
< @ [ gy @ >
gz = en (|90 Fgz™"]) + pllgi™") - () —— 0

By Corollary A.4, likewise,

P(h2) 205,191 ]leoll F 5™ |l oo ( . oy | gl Fgg™?)
5 S pllg?™" Fgz™*]) + ullgr™ o7 > 0
W) < M S (g o)+ ot | T )
Since ng&, — 0o, we deduce from Theorem 4.2 that (i) holds. o
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4. Proofs for results of section 3

(i7) By construction, M™" is integrable and adapted to (J")s>0. For s = k/n, we
note S = Fr,_,. By (3.1) — where H; =t — the compensator of our process’s jump

measure is given by dt ® F(X;,dy). By Doob’s optional sampling theorem, thus,

T,
B o (Aol Xe) - [l (P (Xas| 72| =0
k—1
for all k£ € N*. Therefore, M™"(z,y) is an J"-martingale. o

(7ii) Let i, j € I. In analogy to step (ii), we deduce

(M (s, i), M (5, 5))

771 n772 N
n

Lsn]
5 E” [af "l (Zg ol (M)

Fr,_,|.

For all n large enough, we have g{"" ¢/"™ = 0 whenever x; # z;, and g3"" g;"" = 0
whenever y; # y;. For all w, if ¢ # j, thus, (M™"™ (x;,y;), M™"™ (x;,y;))s — 0.

Moreover, let JM(z) = nilnfnz,i"f E*T-1[g?"(Z1)?]. We note that J"™™ is of
form (4.1) with &, = n{,, and h,, : D — R given by hy(g,t,2) = EYO [g,((Z; = x)/1m1.n)?]-
By Lemma A.5 and Corollary A.6 and under Assumption 3.2, we observe

M) = [ 1@+ mn2ale + ma2) (27 — W @)le) [z

By Theorem 4.2, since h,, is non-negative and uniformly bounded, thus,
T (@) =% sq(x / g1(2)%dz. (4.19)

Hence, we observe

(M (o), M ), = T @) [ gaefd

< J"(x) / g(w)’dw  sup |p(x + mnz,y + mow) = p(z,y)| —— 0.

z,w€B1(0) N0

Since f(z,y) = q(x)p(x,y), consequently,

(M@, y), M (2, y)) o sf () (@) [ (w)dw [ ga(z)dz

s N—00

that is, (iii) holds. o
1w) We observe |K™™(x < KM K"nn - where
( ) S Y y S S )

m,n U%Cfﬂ?gcfz Lan X, n,T / n,Y 4
K= —o== ZE o [(91’ (Z1)95 (AXT1>)

Y
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4. Proofs for results of section 3

and

4n2d n2d |sn| 4
R = ZEXT’“ 1 (/ g1 Fgz¥(X,)ds ) '
We note that K™ and K" are of form (4.1) with &, = nn?%ni% /4 and, respectively,

halg,t,2) = B [91((Z] = 2)/mn) 92 (AX 1, = ) /1120)"]

([0 (222) ] v (%)) |

By Lemma A.5 and Corollary A.6, for K™, we have

¥(hn)
&n

By Corollary A.4 and Lemma A.5, for K™ moreover, there exists a ( < oo such that

b(h)
é-n

Since, in both cases, h,, is non-negative and uniformly bounded, we deduce from Theo-
rem 4.2 that |K (x, y)‘ < KM K™ = () in ucp as n — oo. O

and

hn(g,t,z) = E9©

4
= o // ' (z+ Ul,n2)91(2)4f(5€ + Mz, Y+ Uz,nw)gz(w)4d’¢UdZ P 0.

4
< nnid gnd // 1 (x4 mn2)|gu(2)|f (@ + mnz, y + n2pw)|ge(w)|dwdz ——0.
1,n'2n

Next, we carry Lemma 4.9 over to the time-scale of X. We recall that the additive
functional J of X, given in (4.14), is the random clock of Z (and Z’) in terms of X. In
addition, let L! denote the process given by L := v; ' Jy.

Under Darling—Kac’s condition, we have the important Théoréme 3 of Touati (1987)
at hand; see also p.119 of Hépfner et al. (1990) and Theorem 3.15 of Hoépfner and
Locherbach (2003). For reference, we include it as the following proposition.

4.10 Proposition. Grant Assumptions 2.2 and 2.4. Let H = (H,...,H') be a p-
integrable additive functional of X with (component-wise) non-decreasing paths. Then,
under every law P, we have the following convergence in law in D(R!):

(v Ha)szo == (BF[HYIL, - EP[H]]L). (4.20)

Recalling Lemma 4.6, by eq. (3.4) of Hopfner et al. (1990), we obtain the following
corollary to Proposition 4.10.

4.11 Corollary. Grant Assumptions 2.2, 2.4, 3.1 and 3.2. Let n, = n1, be such that
(3.2) holds. Then we have the following convergence in law in D(R™):

(2 (sim@),,) 2 (L (W), ) !
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4. Proofs for results of section 3

4.12 Lemma. Grant Assumptions 2.2, 2.4, 3.1 and 3.2. Let ny = (n14,m24) be such
that (3.2) holds. Then we have the following convergence in law in D(R):

(LU @oy)ier) 2 (L (0 @Dt mW), )

t—o0
where o(x,y)? is given by (3.4).
Proof. From Corollary 4.11 and Lemma 4.9, we infer

Z Ve, Mt <z i
Lt = L and (U""(z,4:))ie; = (w(xi)a(:vi,yi)w >z‘el' (4.21)

t—o00

Thus, the families
{2 P7:t>0} and {L((U""(2i,9:))ier | P7) >0}
are C-tight. By Corollary V1.3.33 of Jacod and Shiryaev (2003), we conclude that
the family  {.Z(L*, (U™ (x5, y:))ies | P™) 1 >0} s C-tight. (4.22)

In the remainder of this proof, we abbreviate Ut := (U™ (x;, y;))ic1-

Let (Q,.%) := (D(RxR'), 2(RxR')) denote the canonical space, and let (L, W) be
the canonical process. Moreover, let P be an arbitrary limit point of the family in (4.22).
We deduce from (4.21) that its marginals are given by the Mittag-Leffler law of order §
and the /-dimensional (scaled) Wiener law, respectively. For convenience, we abbreviate
Q) == Z(L | P) and Q, := Z(W | P). Suppose that L and W are independent
processes under P. Then P = ©; ® @, holds. As P is an arbitrary limit point of the
family in (4.22), then it has to be unique. Hence, (Z((Lf,U™) | P™) — ©Q; ® Q2 weakly
as t — oo. o

Let K denote the right-inverse of L, i.e., K; := inf{s : Ly > t}, and let (J4):>0 be
the filtration on Q which is generated by the process (K, W). Suppose that — under
P — K and W are processes with independent increments relative to (%);so. (That
is, K; s — K; and J7 are independent for all s, > 0, and W;,, — W, and JZ are
independent for all s,¢ > 0.) Then, in analogy to Step6 on p.122 of Hopfner et al.
(1990), we deduce that — under P — the pair (K, W) itself is a process with independent
increments relative to (J4):>0. We recall that K is a d-stable subordinator, thus, purely
discontinuous (resp., deterministic if § = 1). Since W is continuous, hence, K and W

are independent processes — under P. Consequently, P = Q; ® Q5. o

It remains to show that — under P — K and W are processes with independent
increments relative to (J#);>0. This, however, follows in analogy to Step 7 on pp. 123f
of Hopfner et al. (1990) with obvious notation. 0

Next, we demonstrate that the convergence in Lemma 4.12 holds stably in law.
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4. Proofs for results of section 3

4.13 Lemma. Grant Assumptions 2.2, 2.4, 3.1 and 3.2. Let n; be as in Lemma /4.12.
Then, we have the following stable convergence in law in D(R*T):

(L W™ o i) 22 (L. (' @l wWE) )

t—o0
where o(x,y)? is given by (3.4).

Proof. Let h be a bounded, Lipschitz continuous function on D(R'*!) and Y be a
bounded .Z-measurable random variable. With o(z,)? given by (3.4), we abbreviate

U = (U”t’m(zi,yl» and W := (u’(a:i)a(xi,yi)Wi)

iel iel

We have to demonstrate

E" WL UR)Y | —= B[h (L, W) ETY. (4.23)

First, we suppose that Y is .%,-measurable for some v > 0. Let a' be given by
al = (s —ut™)*. Then a' converges to a; = s as t — oo. By Lemma 4.12, since a
is non-random, £ (a*, L', U% | P™) — ZL(a, L, W | P) weakly as t — co. The paths of
the limit process are a.s. continuous. By eq. (3.4) of Hopfner et al. (1990), therefore,

ZL(a, L, U o L, | P™) —— Z(a, L, Wy | P).
a t—o00

at»

Since ET[h(LL: 0 0y, (U™ o L) 0 0,)Y] = ET[E**[h(LL,, U™ o L.,)]Y] by the Markov

property, and since E™[E[h(L, W)]Y] = E[h(L, W.)] E"Y, consequently,
E"[I(Liy 00y, (U™ 0 L) 06,)Y] — E[h(L, W) ETY.

For every » > 0, we note

Sup LZ - szt 0 0,| = sup Ufljst/\u < ’l};lJu 2250,
s<r ° s<r t—00
and
o OOJU+ g any coU a.s
sup (th o th) o Qu —U"o Li < ||gl|| (HgQH n2,t|| g2 || ) SN
s<r s

> \/vmﬁmit treo
Since h is Lipschitz, therefore,

(LU o L) — h(LL 0 0., (U o L) 06,)

a.s.
— 0.
t—o00

Since h and Y are bounded, we deduce from Lebesgue’s dominated convergence theorem

that (4.23) holds for all bounded .%,-measurable random variables Y.
Second, for arbitrary bounded .#-measurable Y, we have E"[Y|.%,] — Y in L! as
u — 0o. Consequently, again by Lebesgue’s dominated convergence theorem,

lim sup [E™ [h(L, U™ o L', U™ o L')(E"[Y].Z,] - V)]| = 0.

Thus, (4.23) holds in general. O
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4. Proofs for results of section 3

By Corollary 4.11 and by eq. (3.5) of Hopfner et al. (1990), we obtain the following
corollary to Lemma 4.13.

4.14 Corollary. Grant Assumptions 2.2, 2.4, 3.1 and 3.2. Let n; be as in Lemma 4.12.
Then we have the following stable convergence in law in D(R*):

G

L2 () Lt ()0 (2, )W)

iel’

(Spe™ (@), U™ (i, i),

i€l 4,5
where o(x,y)? is given by (3.4). o
Proof (of Theorem 3.7). For every t > 0 and each x and y, we have

”Ut nt

r e Jv(xy fmxy\/nltn2t/vth T]tr s
\ vmimit (ftnt (xv ?J) - [ (% y)) efve Jt

Sy (@) + vt fr, 91" (Xs)ds )

where f7(z,y) == w(gP*Fg3?)/u(g?"). Let h, : D — R be as in the proof of Theo-
rem 3.6. We recall ¢(h?) < Cnl_ﬁ for some ¢ < co. We also note vtnz_f — 00. In analogy
o (4.17), thus,

J? P
\/m/ 7 (Xo)ds < \/m o(Zy1) =2 0.

Since L and W are independent, V(x;,y;) = Lfl/ 2W£1 defines an I-dimensional
standard Gaussian random vector such that L, V and .# are independent. By the
continuous mapping theorem and Corollary 4.14, consequently,

e e L —s
(\/ Utni{tng,t(ftn (‘Tia yl) - f77 (Imyz)))ze[ ?oc? (O-(xh yl>v<xlvy7,)L 1/2)1617

where o(x,y)? is given by (3.4). o
In addition, grant Assumption 3.3 and let 1, = (11,4, 72,) be such that (3.3) holds as
well. We abbreviate 4"(z,y) = f"(x,y) — f(z,y) and note

(g )" (x, y) = / i (@ +m2)(f@+mzy +mw) — f(2,9))91(2)g:(w)dwdz.

We apply Taylor’s theorem to u/ and f: In z, we expand up to the order [a;| — 1
and, in y, we expand up to the order [as] — 1. We recall from (2.5) that ¢g; and g¢o
are, at least, of order oy and aw, respectively. By a classical approximation argument,
therefore, there exists a constant ¢ < oo such that |u(g)*)y" (x,y)| < (0t +n37). If
¢1 = ¢ = 01in (3.3), then it is immediate that (v;nf,ng )23 (z,y) — 0. If oy, 0y € N*,
more explicitly,

T\ — o /{ml mo aml / amQ
(g AN e y) =0ty D) o (61) u(x)a f(z,y)

(rm trma|=an mqlmsy!  Ox™ 72
[ma|#£0
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5. Proofs for results of section 2

m

«a 'Lim(g2) 0 a o
+ 772,% Z ml #/(x)ﬁyimf(x’ y) + 0(771} + 772,%)-

Im|=c:2

V23m (2, 9) — ~y(x,y) given by (3.6). O

Since pu(gi"*) — p'(x), we have (vin{ m3,)
Proof (of Corollary 3.8). In analogy to the proof of Theorem 3.7, by Corollary 4.14 it
remains to show that (vn{,ng,)/?5;" (x,y) is a consistent estimator for v(xz,y).

We recall that in classical (conditional) density estimation, the (partial) derivatives
of a consistent density estimator — provided they exist — are consistent for the (partial)
derivatives of the estimated density. In analogy to Lemma 4.8, we observe that this is
also true in our context. In particular,

O B O o gl (X)ds b ()

e — nt > d xT’L
dzm dyma ! @9) 7 Gscml@ymf(m’w o Jogl®(X)ds oo ()

If either oy, a0 € N* or (; = { = 0 in (3.3), consequently, (vinf ng,)"/?4" (z,y) —
~(x,y) in probability as t — oo. O

5. Proofs for results of section 2

Throughout this section, ¢ < oo denotes some generic constant which may depend on
the variables specified at the beginning of each proof. It may change from line to line.

This section is organised as follows: First, in section 5.1 we study the influence of
discretisation on our estimator. We prove results for the small-time asymptotic of It
semi-martingales and for the sojourn time discretisation error. Second, in section 5.2 we
prove an auxiliary, non-standard martingale limit theorem. Third, in section 5.3 we prove
the consistency of our estimator (Theorem 2.9) utilising our results from sections 4.3
and 5.1. Last, in section 5.4 we apply Theorem 5.5 from section 5.2 to our case and
conclude with the final steps in the proof of the central limit theorem (Theorem 2.10
and Corollary 2.11) utilising our results from sections 4.4 and 5.1.

5.1. Small-time asymptotic and sojourn time discretisation error

In this subsection, we study the influence of discretisation.

We compare our estimators in Definitions 2.7 and 3.4: In the numerator of the former,
the jumps AX; and the pre-jump left-limits X;_ are replaced by the increments A}X
and the pre-increment values X(,_1)a, respectively. Our It6 semi-martingale meets the
following small-time asymptotic:

5.1 Proposition. Let A be a compact subset of E x E*, ny < min{||y|| : (z,y) € A},
and let g be a twice continuously differentiable kernel with compact support. Grant
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5. Proofs for results of section 2

Assumptions 2.1 and 2.3. Then, for every m € N*, there exists ( < oo such that

AE A0 - [ Pla,dw)g(w)

(5.1)
A A™ :

A (anl)/2 =

+ 77 2V (B+d) (1 + Z—:l 7}2k> 77 m+1)+d]

<¢

holds for every (z,y) € A, n <y and A < 1, where g"¥(w) = n~%((w — y)/n).

Remark. For presentational purposes, we have left a small gap in the finite activity case.
For instance, if f is locally bounded on E x E, then we can improve the bound in (5.1)
replacing 172\/ (#+d) by n? independently of the dimension d.

In the former estimator’s denominator, the sojourn time f; g7**(X,)ds is replaced by its
Riemann sum approximation A Y ;_; g7 (X(x-1)a).

5.2 Proposition. Let © € E, v : Ry — Ry be a non-decreasing function, &, > 0,
M — 0, and (hy)nen= be a uniformly bounded family of twice continuously differentiable
functions supported on B, (x) such that (™ O™ by ) pen+ s uniformly bounded for every
multi-index m with |m| € {1,2}. As nA — oo and A — 0, we suppose v(nA)n? — oo
and gnAnf—d[(l—W(Ber))vO] — 0.

(i) Grant Assumptions 2.1 to 2.3. If nA%¢, — 0 and v(s) = v(st) for some deter-
ministic equivalent v of X and some t > 0, then, under any law P™, we have the
following convergence in probability:

Lsn]

é lsn]A P
AS B / hoy(X,)dr| —E 0. 2
Ssglt) U(TLA T]n Z k I)A 0 ( ) " n—00 0 (5 )

(ii) Grant Assumptions 2.1 to 2.4. If (nA)'°AE, — 0 and v is the reqularly varying
function from (2.4), then, under any law P™, (5.2) holds for all t > 0.

Before we turn to the proofs of Propositions 5.1 and 5.2, we present two auxiliary
upper bounds for the small-time asymptotic of It0 semi-martingales. Below, we heavily
utilise results and notation from the books Jacod and Shiryaev (2003) (esp., Chapter II)
and Jacod and Protter (2012) (esp., Section 2.1).

We recall that our underlying process X is an [t6 semi-martingale with absolutely
continuous characteristics (B, C,n) satisfying (2.2), and that its jump measure m is the
random measure on R, x E given by m(dt,dz) := Yy, ax, 201 €(s,ax,)(dE, dx). For a
function g on 2 x R, x E, we define the stochastic integrals

g*my ::/ g(w, s,w)m(w;ds,dw) and g*n; := g(w, s, wn(w;ds, dw),
[0,t]xE [0,t]xE

30



5. Proofs for results of section 2

and also the purely discontinuous martingale g x (m —n),, as soon as these integrals are
well-defined. By Lévy-It6 and Grigelionis decomposition, we can assume w.l.o0.g. that
there exists a d-dimensional Wiener process W, defined on (2, %, (%#)i>0, (P*)zcr), and
an E @ E-valued function o with ¢ = ogo' such that

t
X, =Xo+ /() b( dt —|—/ dW + (w]le”q) (m - n)t + (w]1||w||>1) * M.

[t6’s formula plays a crucial role in the sequel. By a version derived from (2.1.20) of
Jacod and Protter (2012), if g : E — R is twice continuously differentiable, then

9(X) = g(Xo) +/Ot b(XS)TVg(XS)ds+1/ttr (c(X,)V(X,))ds
+ (9(X_ +w) = g(X_) = ' Vg(X ) Tjuj<r * my
+ [ o X)W, + (9(X -+ w) = (X)) Ljucr = (m — w),

+ (9(X- +w) = g(X ) L1

(5.3)

where tr(-) denotes the trace operator on F ® E and V% denotes the Hessian of g.
For £ > 0, we denote by T¢ := inf{t > 0 : ||AX;| > £} the first time of a jump greater
than £ . Also, we introduce the following decomposition of our semi-martingale X:

X, = XO + Xf + X;g, where Xé : (wﬂHwH>£ *my = ZAX ILHAX [>¢-

s<t

We note that X¢ and X' are again It6 semi-martingales; we denote their characteristics
by (B¢, C,n®) and (B’,0,n'), respectively. Furthermore, we decompose X¢ into drift
B¢, continuous martingale part M€, and purely discontinuous martingale part M¢. These
are given by

t t
B§:/ bE(X,)ds, M;:/ o(X)AW, and  ME = (wljuj<c) * (m — ),
0 0

where 0 (2) = b(2) = [eoju<1 F(2, dw)w if £ < 1, and b (x) = b(x) + [i < <e F (2, dw)w

if £ > 1. Under Assumption 2.1, we derive the following two lemmata.

5.3 Lemma. Let & > 0 and p > 2. Grant Assumption 2.1. Then, there exists a
constant ¢ < oo such that, for every 0 < £ <&, x € E, andt <1, we have

SupHXsATs [P < C(1+ [|l][P)t.

Proof. In this proof, ( < co may depend on &, and p but neither on ¢, z, £ nor ('.
First, let 1 < & < &. We emphasise that, in this case,

6 (@)1 < llo(a)[| + & F(, {1 < [lw]] < &}). (5:4)
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5. Proofs for results of section 2

By (2.2), we have n®(dt, A) = dtF*(X,, A) := dtF(X;, AN Be(0)) for every Borel set A.
By construction, X;* =0 on {t < T¢}. By (2.1.43) of Jacod and Protter (2012), thus,

t t
B supl| XS, e < CEF [ 1770 [5G o+ X5 o) s + #7271 (el -+ X5 PP2as
t
+§IEI/ ds/FEO(X0+X§,dw)\|w||P
0
t p/2
+CE® tp/Q—l/ ds (/ F& (X + Xg,dw)||w||2> |
0
Under Assumption 2.1, for all £ < 1, we observe

t
E supll X5 < € [ (1+ B 4+ XS, e,

For ¢! > 0, let S¢ :=inf{s > 0: || X¢|| > ¢'}. Then

¢
B Sslg)HXsé/\T&/\SC’ Hp < C/0 (1 + EIHXO + XfATéASC’ HP)dS’
where we note sup8§t||X§ L rense || < ¢+ & By the Gronwall-Bellmann inequality, thus,

t
B supll X, o I < 1+ lall?) (£ [ ¢eStds) = (1 + ) - ).

Since S AT¢ — T€ as ¢’ — oo, consequently, E” sup, || X%, e ||” < ¢(1 + ||l[|?)t.
Second, let 0 < € < 1. We note that XF1,.7¢ = (X, — Xo)1,-7¢ holds, and that X¢
is continuous at T¢ outside the null set {||AX | = £} As T¢ < T for all w, thus,

supl| XS, e | = sup|| (X, — Xo) Locre || < sup||(Xs — Xo)Locqr|| = sup| Xy |
s<t s<t s<t s<t

almost surely. By case £ > 1, consequently, E* sup8§t||X§AT§||p < (14 ||lz]P)t. o

5.4 Lemma. Lety # 0 andny < ||y||. Grant Assumption 2.1. Then, for every m € N*,
there exists a constant ¢ < oo — non-increasing in ||y|| — such that, for every x € E,
1 < TNo, and t < 1;

]Pm(Xt S Bn(XO + y))

m tm
< ¢ (T P 4 g 2m+0) [tnd (1 3 t’“n””*d”(’“)) o
k=1

(5.5)

Proof. Let 1 < ¢" < (|lyll/no)" V), e == (¢ g — ¢"™n0)/6 > 0 and € < £/2. In
addition, let g be a C*-kernel such that 1p, ) < g < g, We set g,(z) =
g((z —x —y)/n) and abbreviate

+1y/2(0)

h(t,n) :=P*(X; € By(z +y)) < E* g,(Xy).
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5. Proofs for results of section 2

In this proof, ( < oo may depend on 1y, (', § and m, but neither on z, ¢t nor n
By Itd’s formula (5.3), we have h(t,n) < |H;'| + |H"| + |H/"|, where

n x t T 1 x t 2
H' = F /Ob(Xs) Vg, (X.)ds + 5 B /Otr (c(X) Vg (X,)) ds,

t
H = Ez/o dslp, (oiy(X /F(Xs,dw){gn(Xs +w) — gy(Xs) — 0" Vigy (Xa) Ljug<i }

t
H{" = B [ dsLp, oo (X.) [ F(X,dw)g, (X, +w).

Under Assumption 2.1, b(z) and ¢(z) are bounded in norm by (1 + [|z]|*). Moreover
the gradient and Hessian of g, vanish outside B(r41y,/2(x+y) and satisfy ||0;g,| < (n~!

and ||0;;9,] < ¢n~2. Hence,
t
[HY| < SO+ Nl + lyl*)n~2 Ef/o LB(r 1y () (Xs)ds.
For z € By (z + y), furthermore,
r 1= =
[ Fzdw){gy(= + w) = go(2) = 0"y () L1} < e [ Faw)@a wl?).

Therefore,

S+ Lol W), (56)

|HY| + |[HY| <

Suppose that |H,"| < ¢(1+ ||lz]|* + [Jy||?) (tn? + t>n~?) holds. Then,
L+ z)* + |y
(L + [|] H“>/(Cﬁ)

h(t,n) < C(L+ [l + lylP)n (1 + tn~+0) + =
By iteration, we obtain (5.5) after m steps. o
It remains to prove |Hy"'| < C(1+||z||2+||y|I*) (#n¢+t2n~"). Under Assumption 2.1 (iii),

on the one hand, we have

/F(z,dw)gn(2+w ¢+ lz[)n /f y+z—2+nu)g(w)dw
< C(1+ ||z])n?, if z € Bs.(x),
<A+ |z +yl)n® if z € Bipey(x +y)°.

For z € Byy¢m(z +y) \ Bey(z + y), on the other hand, we have

[ Fwa e < SEEL faug (I o
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5. Proofs for results of section 2

Since n¢ < 7% and [ F(dw)(||w||® A 1) < oo by assumption, thus,

L+ llz+yl)n™?, if 2 € Bey(z +y)°,

U+ al)nt, itz € By(a). (5.7)

/F(z,dw)gn(z—i-w) < {g

Let S5¢ := inf{t > 0 : | X{| > 3¢}, and QF* := {S=¢ < T¢ At}. We split the set
Qx[0,1] into Ay := Qx[0,tATEASSE], Ay = (%) x [TEAL, 1] and Az := Q5 x [S7€, 1].
Then we obtain the following:

First: Since sup,,|| X ¢

carengee — Xo|l < 3e, by (5.7), we obtain

J[ AP dstag, e (X) [ FOXdwigy(X 4+ w) < ¢(1+ [l
Second: Under Assumption 2.1, we have
PrTE < 0 5%) S B [ Al (X (X, llull > €) < (1 + el
By the Markov property and (5.7), therefore,
/ [ AP* dsip, i (X) / F(X,, dw)g, (X, + w)

t
< E* Lirecinse EXTg/O ds]lBan(Hy)C(Xs)/F(stdwmn(XS tw)  (5.8)
<1+ |z +yl)tn P PH(TE <t A S
< CA+ |zl + lyl)en .

Third: By Lemma 5.3, we have P*(Q5*) < ¢(1+ ||z|[?)t. By the Markov property and
(5.7), therefore,

/ /A dP* dslp,, (oy)(Xs) / F(X,, dw)g, (X, + )
3
<+ e+t Preps 69
< CH flf® + lylP)een =" ;
We turn to the proofs of Propositions 5.1 and 5.2.

Proof (of Proposition 5.1). Let 1 < ¢’ < (min{||y| : (z,y) € A}/no)"/™+?) and ¢,£ > 0
be given as in the proof of Lemma 5.4. In this proof, { < oo may depend on 7, (', 3,
m and the set A, but neither on z, y, A nor 7.

Let n < ng, and (x,y) € A. W.l.o.g., we assume that ¢ is supported on B;(0). To
avoid cumbersome notation, we abbreviate h, = ¢™**¥. From (2.2) and It6’s formula

(5.3), we obtain E* h,(Xa) = HA + HX + HY', where

A . 1 A
HY = E* /0 b(X0) Vhy (X)dt + 5 EF /0 tr (e(X0) V?hy (X)) dt,
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5. Proofs for results of section 2

A

HY = E* /0 dtlp,, (a4y)(X0) / F(Xy, dw) {hy(X; +w) = hy(Xy) — " Vhy(Xo) Ly},
A

HY =B [ty oo (X0) [ F(X0, dw)hy (X + ).

By (5.6), we observe

[HA| + [HZ| <

] / P*(X; € Bery(x +y))dt.

By the choice of ', Lemma 5.4 imphes

Akz Am'H
(1 + Z V(Bd)+2(h— 1)) + 772(m+1)+d‘| ' (5.10)

[HX| + [HY

<C|—5

Suppose

A
Hgﬂ _ /F(Q?, dw>hn(x + w)/o Pm(Xt g BC’U(x + y))
< g(AH—(a/\l)/Q +A2n_(6+d)).

Combining (5.10) and (5.11), we obtain (5.1). o
It remains to prove (5.11). By (5.7), we observe

(5.11)

Cn_(ﬁ"’_d), if z € BC’W(:C + y)c,

¢, if z € Bs.(x). (5.12)

/F(z, dw)h,(z +w) < {

Let the stopping time S%¢, and the event QZ’f be given as in the proof of Lemma 5.4.
We split the set © x [0, A] into Ay := Q x [0, AATEA ST, Ay = (Q5)° x [TEAA, A]
and Az == QF* x [S7€, A]. For convenience, we also abbreviate

:;],y<z7w) = f(Z,y—l-fL'— 2+77w) - f(l'ay‘i‘m‘))
Then we obtain, first: By the choice of €, we have that the convex hull of the set
{Fy+ =2 +nw): (2,y) € A |z — 2| <3 [Jw] <1}

is a compact subset of £ x E*. By Assumption 2.3 and for all (z,w) € Bs.(z) x B1(0),
we have |7 (z,w)| < (||lz — z||*'. By Lemma 5.3, therefore,

J[ aP [ dwg(u) 71, (Xe w) < CAET Supl|XE .l < (AT
A ’ t<A

Second and third: We compare (5.7) and (5.12). In analogy to (5.8) and (5.9), respec-
tively, by the Markov property and (5.12), therefore,

//A, dP* dtﬂBC/n(x-i-y)c(Xt) /dwg(w) Z{y(Xt’w) S CAQU—(ﬁer),

for i € {2,3}. In summary, we proved (5.11). o
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5. Proofs for results of section 2

Proof (of Proposition 5.2). W.l.0.g., we assume 1 < 1/4. In this proof, ( < oo may
neither depend on n, A nor 7.
By It6’s formula (5.3), we observe

Lsn

n [sn]A
o (60 dr = A Y b (X | < B+ HE 4+ [+ [,
NAnn 0 k=1
where
1
H = / (b X,) Vho(X,) + = tr (e(X,)Vh, (X, )dr,
Mnn“ (X0) Vha(X,) + 5 tr (e(X,) Vo (X))

d
UnAlln ;=1

¢, rdopwa t
H = / dt dr
- (k—1)A

/n i F(X, dw){hn (X, +w) = hy(X,) = w" Vha(X,)},

H / Lyax, (o1 {n(Xr— + AX,) — ho(X,)},
UnAnn k=1 (k-1 A<r<t
and
M= / ( / Vho(X,) 0(X,)dW,
UnAnn k=1 DA

L e )~ B dw)) |

It remains to show:

(i) Under Assumptions 2.1 to 2.3, if v(s) = v(st) for some deterministic equivalent v
of X and some ¢ > 0, and if nA%&, — 0, then H?, H™, H'" and M converge to
zero uniformly on {0 < s <t} in probability.

(ii) Under Assumptions 2.1 to 2.4, if v is the regularly varying function from (2.4),
and if (nA)'°AE, — 0, then H?, H™ H" and M converge to zero uniformly
for {0 < s <t} in probability for all ¢ > 0.

(a) Under Assumption 2.1, b(z) and ¢(z) are bounded in norm by (1 + ||z||*). More-
over, the gradient and Hessian of h, vanish outside B, (z) and satisty ||0;h,| < (n;,?
and ||9;;h,|| < (n~?2, by assumption. Thus,

: 1 -
b= Tha(2) + 5 tr (e(2) Vha(2))| < €1+ 20721, 0 (2):
By Fubini’s theorem, therefore,

1

UnAT/d

n AT, A [sn]A
sgp|H7,| < C(1+ ||zl )?SS A where SIS = /0 1, (z)(X,)dr.
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5. Proofs for results of section 2

In case (i), we deduce from Lemma 4.8 that the family {.Z(S;"*™ | P*) : n € N*} is
tight under Assumptions 2.2 and 2.3. As A&,n,? — 0, sup,, |[H"| — 0 in probability.
In case (ii), we obtain from Corollary 4.11 that S converges stably in law to a
non-trivial process. As A&,n,% — 0, sup,, |H?| — 0 in probability for all ¢ > 0. o

(b) Let (' > 1 and k =1A2/(8+ d). Under Assumption 2.1, we have

Awﬂnawmm@+wym4@—wvmgw

CA+120)m2 fjwp<a F(dw)w]]?, for |z — x| < (', (5.13)
< CA+ 200" Jjwy<o F(dw)|Jw]?, - for ¢'ni < ||z — x| <14 np,
0, else.

Again by Fubini’s theorem, therefore,

A&t A
m nlin  am,A'nk n_gm,Al+n,
sup I, \s<<1+uxu>( ST s 4 Sl gt

In analogy to step (a), since A&,n2~41=%) — 0, H™ — 0 uniformly on {0 < s <t} in
probability in case (i); and for all ¢ > 0 in case (ii). o

(c) In analogy to steps (a) and (b), we note

|H"| < A (UnN?Z)_l(VL (X_ +w)| + |hn(X—)|)1||w||>1*mLanA

where
K7 = & A(wnan) ™ hn(X— 4 w)[Ljus1 * 0pana,
K = & A 0an) " (X )T ju>1 * Rjsn)a,
NI = & A 0panD) ™ i (X— 4 w)|Ljwgs1 * (M — 1) gna,
N = & A (Waaty) ™ (X | Lo * (M= 1) gna.
Under Assumption 2.1, since [j,,>1 F/(2, dw)|hy (2 +w)| = 0 for z € By, (x), we have

%@>§WamMMAz+wﬂsga+nﬂu

In both cases (i) and (ii), therefore,
tnA2¢,

nA

— 0,

n—oo

sup [ K| < ¢(1+l]))

for all £ > 0. Furthermore, we observe that N™ is a martingale w.r.t. the filtration
(Fsnn)s>0- Its predictable quadratic variation satisfies

(N",N™) s = =52 hy(X- + w)*Lijw>1 * Mena <C(1+||5’3||) . —=0
nA nA n
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5. Proofs for results of section 2

Since |sn]/n — s, NI" — 0 uniformly on {0 < s <t} in probability for all ¢ > 0.

Lsn]/n

In addition, we recall that F'(z, {||w| > 1} < {(1+||z||) under Assumption 2.1. Thus,

sup [K'| < C(1+ 2l & A8y =0

in case (i); and for all £ > 0 in case (ii). Again, we observe that N'" is a martingale
w.T.t. the filtration (Zs,a)s>0. Its predictable quadratic variation satisfies

A2¢2 1 A2¢2
<N/77,7N/TZ>S — 5 S;Ld|hn<)(_)|21]-”w”>1 * NgnA S C( + ”xH()i SnS;nqAJM 0
UnaTlh UnATy, n—o00

Thus, N[, /, — 0 uniformly on {0 < s <t} in probability in case (i); and for all ¢ > 0

in case (ii). o
(d) Let (M)s>0 and (M!")s>¢ denote the .Z,,n-martingales given by
M= S [ )V ha(X,) o (X)W,
Pim ) ealr) V(X o (XA,
M " ilnd OA(r) (P (X- + w) = hp (X)) T <1 * (M = 1)gna,

where oA (1) :== A — (r — |r/A]A). The predictable quadratic variation of M satisfies
52

N/

< C(]' + ||x||2)A2§121 S/n,A,nn.

snA
(M, M), = | ea ) Vi (X,) (X)) Vhn (X, )t

As A& 2 — 0 and v,an¢ — 0o, M™ — 0 uniformly on {0 < s < t} in probability in
case (i); and for all ¢ > 0 in case (ii).
In addition, the predictable quadratic variation of M"" satisfies

2
<M”n, M”n>s = nQd(pA(T)2(hn(X_ —+ w) — hn(X_))Qﬂ”w”Sl * NgnA

Let ¢ > 1and k =1A2/(8+d) be as in step (b). By (5.13),

/”wgl F(z,dw)(hn(z + w) — hn(2))?

CA+ 12107 fjup<a F(dw)Jwlf?, for ||z — 2| < 'np,
< QS+ N2Dm5" fjup<a F(dw)Jwll?, - for ¢y < [lz — @[] < 1+ na,
0

else.

)
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5. Proofs for results of section 2

Therefore,

I Im C(l + Hx”)Aé-VL Afnnn m,A ¢l én m, A 14+,
<M 7M >s S 'UnAng nngQ Ss + 17d+ﬁﬁ55 K *

Again since A&,n;2740=%) — 0, M"™ — 0 uniformly on {0 < s < t} in probability in
case (i); and for all ¢ > 0 in case (i ) 0

5.2. Auxiliary martingale limit theorem

The theorem presented in this subsection serves as a preliminary result for the proof of
our central limit theorem (Theorem 2.10 and Corollary 2.11). It is a non-standard limit
theorem for a triangular, martingale array scheme.

Here, we work on the extension (2.11) of the probability space, L denotes the Mittag-
Leffler process of order 0 < § < 1, and W = (W?%);c; denotes an I-dimensional standard
Wiener process such that L, W and .% are independent.

5.5 Theorem. For n € N*, let (9)s>0 be the filtration given by 9" := F s a, and I
be a finite index set. Moreover, let h, : E x E — R! be such that ||h,||e — 0 asn — .
Grant Assumptions 2.2 and 2./, and suppose that the process M™ given by

Lsn)
Z P (X —1ya, AR X) (5.14)

is a 9"-martingale such that the predictable quadratic co-variation (M™ M™) is iden-
tically zero for every i # j and all n large enough. If ((M™, M™));cr converges stably
in law in D(RY) to (s?L)ies, then

Lt :
M" rﬁi (W} )ier-

Proof. Let § = 1. Then we have L, = s. Therefore, the convergence of M™ to (¢?W*);c;
follows directly from standard results (see section VIII.3c of Jacod and Shiryaev (2003)).

For the remainder, let 0 < § < 1. We consider the processes L™, L™, K™ and N™
given by

Lsn]
L;m N <an Mm Z EX(k DA hz (Xk 1)A>AZX)27

k=1
=YLV, Kli=inf{s>0:Ll>u} and NJ':i=Mp,.
iel
We emphasise that N™*(L") = M + AM, zny holds for all s. As |AM™]| < ||hy|| — 0,
it is sufficient to prove that we have the follovvmg stable convergence in law in D(R x RY):
n n f st [ 2 _ 3 -2 . 2
(L™, N") =2 = <q L, ((gz/g)W )id) ,  where ¢* := %;gz (5.15)
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5. Proofs for results of section 2

First, by the continuous mapping theorem, we obtain

(En’ (Lm)iel> :%2 <§2L’ (gizL)ieI) ' (5.16)

Second, we remark that K" is a predictable ¢"-stopping time for all v > 0. Thus, N" is
a martingale w.r.t. the time-changed filtration J2" := 54}}? Moreover, we observe that
its predictable quadratic variation satisfies

(N™, N™) s = L.

By (5.16), we have that |L™ —(c;/$)2L"| — 0 uniformly on compacts in probability for all
i € I. We note that the (scaled) Mittag-Leffler process ¢?L is a.s. continuous. Its right-
inverse K given by K, = inf{s > 0 : ¢*L, > u} is a (deterministically time-changed)
d-stable Lévy process, hence, without fixed time of discontinuity. By (3.2) of Hopfner
et al. (1990), therefore, L, — (;/S)*s in law for every s > 0; hence, in probability. By
construction, we have that ||[AN"|| is bounded above by ||h,|ls. This bound converges
to zero. By standard results (see above), consequently,
n ZL—st — i

Vv ()., 17
In analogy to the proof of Lemma 4.12 and Steps 6 and 7 on pp. 122-124 of Hopfner
et al. (1990), we obtain that the pair (L™, N™) converges in law in D(R x R') to
($*L, ((si/S)W?),¢;). Finally, the stable convergence in law and the independence from
Z follows in analogy to Lemma 4.13. o

5.3. Proof of Theorem 2.9

Throughout the remainder of section 5, we work under the law P™ for some inital
probability 7 on E, and we denote Eg = {z € E : i/(z) > 0, F(z, E) > 0}.
We consider the processes G™*" and R™*" given by

1 Lsn]

GrA @ y) = 3 g1 (Xe-na)gs” (LX), (5.18)
na k=1
A A Lsn]
Ry&M(@) = =37 1" (Xe-1)a)- (5-19)
UnA =

5.6 Lemma. Grant Assumptions 2.1 to 2.3. Let n, = n1,, be such that (2.7) holds, and
let x € Eg.

(i) If nA? — 0, then,

the family {Z (RT”A’W" (x) | ]P”) ‘n € IN*} is tight. (5.20)
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5. Proofs for results of section 2

(1) Grant Assumption 2.4 in addition. If (RA)'°A — 0, then, (5.20) holds as well.

In both cases, each limit point of the family in (5.20) is the law Ly (z)L) for some
positive random variable L.

Proof. Let St"(z) = v; ' [' ¢g9%(X,)dr. By Lemma 4.8, the family {.35,”(5"A (x) |
P™) : n € N*} is tight; moreover, each of its limit points is the law £ (1/'(x )L) for some
random variable L > 0. In both cases (i) and (ii), since 7, is such that (2.7) holds, we
have
SPAM (2) = Ry (2)]| 2 0

by Proposition 5.2. Consequently, the family {Z(RP*"(x) | P™) : n € N*} is tight;
moreover, each of its limit points is a limit point of the family {.# (Sy"(x) | P™) : t > 0},
hence, the law £ (y/(x)L) for some random variable L > 0. O

5.7 Lemma. Grant Assumptions 2.1 and 2.3. Let n, = (M1.n, N2.n) be such thatny , — 0,

N2, — 0 and An, , 2V(EFd) Moreover, let (x,y) € Eg x E*, and let g be a C*-function
with compact support. Then

lim  sup
n—oo 2€By, . (2)

LE ALY - f(ay) [ gw)du| =0, (521)
Proof. First, by Proposition 5.1 — where we choose m large enough — we have

lim  sup ‘A TE? g™ (AT X) — Fg"’y(z)’:O.

n—o0 EBnl n( )
Second, under Assumption 2.3, f € C2.(FE x E*) for some o > 0. Therefore,

lm sup|Fgno() - Fo)| < Jim cril) =0

n—00 n—00
z€By, , (z)

Third, by Lebesgue’s differentiation theorem, we observe

lim ‘Fg”"’y(x) - f(x,y)/g(w)dw‘ =0.

n—o0

5.8 Lemma. Grant Assumptions 2.1 to 2.3. Let n, = (Min,N2n) be such that (2.7)
holds. Moreover, let (x,y) € Eq x E*. Then, in both cases as in Lemma 5.6,

the family {92” (G?’A’"" (z,y), R (2) | ]P”) ‘n € IN*} is tight. (5.22)

Moreover, each limit point of the family in (5.22) is the law L(f(z,y)p/(z)L, ' (x)L)
for some positive random variable L.
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5. Proofs for results of section 2

Proof. We note that G2"(z, y) = f(z,y) R (z) + HM2(2,y) + M1z, y), where

Lsn]
HIA(a,y) = —— 3 g1 (Xgya) (BX 03[ (A1X)] - Af(zy)),  (5.23)

UnA k=1
A 1 lsn] . N
M, y) = 5 g1 (Xeona) ((AFX) - B g (ALX))). (5:29
UnA p=1
By Lemma 5.6, it is sufficient to prove that Hj»*™ (x,y) and M]">" (x,y) converge to
zero in probability as n — oo.

(H) We observe

[HP (2, y)| < sup )\A E° (g3 (ATX)] = f (@, y)| vad 3° AR (Xepa),  (5.25)
2€By; (z k=1

where h is a C?>-function dominating |g;|. The sequence ( vA Zk L AR (X (g—1)A) Jnen=

is tight in analogy to Lemma 5.6. As SUD.cp,,  (x) AT (g (AT X)] = f(z,y)| = 0

by Lemma 5.7, we have H">" (z,y) — 0 in law, hence, in probability. o
(M) We observe that M™5" is an Z |, a-martingale. We note sup, [| AM™4m || <
(Unanf n8 ) " g1l llg2llc = 0 by (2.7). By Theorem VIIL2.4 of Jacod and Shiryaev
(2003), thus, it is sufficient to show that the predictable quadratic variation of M™"mm
at time one, denoted (M™"m M™51),  converges to zero in probability.
We observe

Mn’A’n, MAM < ||91||oo sup 772 E? g 7, y(AnX ARTE X E1
< >1 UnM]ilﬁg 2€By, (z) A kz:l ( 2 )
By Lemma 5.7, sub.cp, |~ E* g (ATX)2] = [(x,0) [ ga(w)2dw. In analogy

to step (H), since v,an{,ng, — oo, we have (M™2m M2 — () in law, hence, in
probability. o

Proof (of Theorem 2.9). We recall the results from Lemma 5.8. Let L > 0 be a random
variable such that the law Z(f(x,y)u/ ()L, /' (x)L) is a limit point of the family in
(5.22), and let (ng)ren+ be a sequence such that

(G2 (), RS () = (f(ay)p!(2) Lol (2)L)

k—o00
Since p/(z) > 0, by the continuous mapping theorem, we conclude

TL7A7TL
(o) = ) 2 gy
7y RnkAnnk(x) k*)OO/ ,y'

As this limit is unique and independent of the particular limit point of the family in
(5.22), we have that f27 (x,vy) converges to f(z,y) in law, hence, in probability. o
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5.4. Proofs of Theorem 2.10 and Corollary 2.11

Throughout this subsection, we work on the extension (2.11) of the probability space,
L denotes the Mittag-Leffler process of order 0 < § < 1, and W = (W?);c; denotes an
I-dimensional standard Wiener process such that L, W and .%# are independent.

We consider the processes G2 and R™*" given by (5.18) and (5.19), and the pro-
cesses U2 and R™A" given by

nsz Y
U9(0,0) = o (G227) - ME I o))

w(g!™*)
Lsn)

m A
RV () = -~ S gl (Xg-1)a)? (5.27)
Un k=1

We recall that, under Darling-Kac’s condition, we have Théoreme 3 of Touati (1987) at
hand (see Proposition 4.10). First, we obtain an extension of Lemma 5.6.

5.9 Lemma. Grant Assumptions 2.1 to 2.4. Let n, = m1 ., be such that (2.7) and (2.9a)
hold, and let (x;);c; be a family of pairwise distinct points in Eg. If (nA)Y A — 0,
then, under any law P™, we have the following stable convergence in law in D(R?):

(Rn,A,nn(xi)7R/n,A,nn (mz)) i”z—gt ( 'Tz L /1, /92 de) . (528)
el

1€l n—oo

Proof. Let S*(x) := vt [38 ¢77(X,)dr and S7(z) := v; ' [ n?g?™ (X,)2dr. We note
that p(gi™™) — p/(x) and p(nd(g™*)?) — /' (x) [ g1(w)?*dw for all z. By Theorem 4.2
and Proposition 4.10, we deduce — in analogy to Corollary 4.14 — that

(578 (), 57 (1)) ﬁt( ()L (1) [ g de) R

i€l t—oo

For every x, moreover, we deduce from Proposition 5.2 that

(R () — S ()| £B 0 and  [R™A™ () — STAM(x)| 2B 0.
Consequently, we obtain (5.28). o

In view of Theorem 5.5, we obtain the following preliminary result.

5.10 Lemma. Grant Assumptions 2.1 to 2.5. Let 0, = (M n,N2n) be such that (2.7)
and (2.9) hold, and let (z;,v;)ier be a finite family of pairwise distinct points in Eg x E*.
If (nAY'°A — 0, then, under any law P™, we have the following stable convergence in
law in D(RT):

(Rn’A’nn (), g (i, yz)) . “gt (M/(%)La o(x, yz‘)#’(fi)wi)iela (5.29)

i€l n—oo

where o(x,y)? is given by (2.12).
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5. Proofs for results of section 2

Proof. Let (4"

s

)s>0 be given by 4" = Z |, a, and let the process M™*7 be given by

d Lsn]
Mgy = B 5™ (X 0) (g8Y(ALX) — EX0-03 g19(ATX)

UnAkl

We note that M™27 is a @"-martingale of the form (5.14). The proof is divided into
four steps: First, we prove

‘Un,AJ]n (xa y) - Mn,Amn (l’, y)’ g 0. (530)

n—oo

Second, we show that the predictable quadratic variation of M™2(x, 1) satisfies

(a8 i), M (@), 5 (lwwl @IPL) - (531)

i€l n—oo 1€

in D(RY). Third, we show that (M™2 (z;,y;), M™>" (z;,y;)) vanishes for all n large
enough if ¢ # j. Last, we argue

(R (), (M2 i, ), MU e ))) 252 (o) s [o sy () L),

in D(R*). By Theorem 5.5 and (3.5) of Hopfner et al. (1990), we then have (5.29).
(i) We note U (z,y) — MP2(x,y) = HP2(x,y) + H"(2,y) with

Lsn)

TF
HnAn (z,7) m Zgl X(k-1)a) (Fgg’y(X(kl)A) 9;(99)) ’
1
[HA0 (2, )| < \Jonaning  sup

93" (ATX) = Fg3" ()| R (x),
2€By, (z)

A
where RI/™20(z) = Av;iZLS”J R (X (—1)a) for some C>-function h, dominating |g;|.
Under Assumption 2.5, Fg3Y is twice continuously differentiable. Since (2.9) holds, by
Proposition 5.2 and step (i) in the proof of Lemma 4.9, H™*" (z,y) = 0 in ucp as
n — oo. By Proposition 5.1 — where we choose m large enough — we have

<¢ (\/Z+An;2v(ﬁ+d)>

sup
2EBy, (x)

1
A E 92" (A1 X) = Fgg*(2)

since (2.9a) holds. Since, moreover, (2.9) holds, therefore,

d d
\V UnaMpM2n  SUD

z€By, , (z)

—— 0. (5.32)

n—oo

1
R E g (ALX) — Fgir(z)

In analogy to Lemma 5.9, "™ () converges stably in law. Thus, |H™*"(x,y)| = 0
in ucp as n — oco. Consequently, (5.30) holds. o
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5. Proofs for results of section 2

(ii) We note (M™27(z,y), M™21(z,y)), = K@ (z,y) — KA7(z,y), where

ndnd Lsn]
KA (x,y) = 22 37 g1 (Xgopa)? (BY0-02 gl (A} X)?)
nA p=1
and
n 1 n n,
|K; 7A,77(x’y)| < Ze%upx) Al (EXk 1A ﬁy(A X ’AUdRI An(x)

By Lemma 5.7 and the continuous mapping theorem,

N (B g (AFX)Y

o (z,9)*.

2€By, ,,

By Lemma 5.9, R™27 (x) converges stably in law. Since Angm — 0, we observe that
| KA (1 4)| converges to zero uniformly on compacts in probability as n — oo.
Again by Lemma 5.7,

sup
z€By, ,, (2)

,r] n > n
2 EXt-0a gV (ATX)? — f(2,y /92 dw‘ —— 0.

In analogy to K™ (x, ), therefore,

=2 0. (5.33)

n—o0

KA1 (0,) = (2,0) [ g1(wPdwRmSm (2)

By Lemma 5.9, consequently,

(KR’A’U"(IZ',%)) 7St ( xzayl /gl dw/J xz /92 dZL> EI;

el n~>oo

hence, (5.31) holds. o

(7i1) Let i,j € I. We note that for all n large enough such that 7,72, are small
enough, we have g{"* g{""* = 0 whenever z; # z;, and g3"" g;"* = 0 whenever y; # y;.
For all w and n large enough, thus, (M™% (x; y;), M™>M (1, 9,))s = 0 if i # ;. o

(iv) By Lemma 5.9 and (5.33), we obtain the joint convergence of (R™*" (x;));c; and
(M™AM (5 y5), M3 (25, y:)) )ier to the required limit, 0

Proof (of Theorem 2.10). For every n, and (z,y) € Eg X E*, we have

Vonantand (Fm (@,y) = " (z,y)) = w
n'l2n n R? A (l’)
where f(x,y) == u(gP"Fg3?)/u(g]”®). Since L and W are independent, V(z;,1;) =

Ll_l/ 2W£ | defines an I-dimensional standard Gaussian random vector such that L, V" and
% are independent. By the continuous mapping theorem and Lemma 5.10, consequently,

Vonsnt g, (P8 (e y) = P (2 w) 2 (0w )V (@) L0
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where o(x,y)? is given by (2.12).

In addition, let 7, = (91,4, 72.n) be such that (2.8) holds as well. It remains to prove
(vnant ng, )2 (f1 (2, y) — f(z,y)) — ~(z,y). This, however, follows in analogy to the
proof of Theorem 3.7. O

Proof (of Corollary 2.11). In analogy to the proof of Theorem 2.10, by Lemma 5.10 it
remains to show that (v,ang,n4,)"?41" (z,y) is a consistent estimator for ~(z,y). This,
however, follows in analogy to the proof of Corollary 3.8. o

A. On the auxiliary Markov chains Z and Z’

In this appendix, we derive an explicit representation for the transition kernel ® of the
auxiliary process Z’, and (in-)equalities for expectations of the form E*( ] h(X,)ds)".
In addition, we derive representations for the stationary probability measures ¢ and ¢
of the processes Z and Z’.

We invoke technical results on resolvents of semi-groups. The resolvent (Ry)xso of
a semi-group (FP;)i>o is given by Ry := [ exp(—At)Pdt. For bounded measurable
functions h, the generalised resolvent kernel R}, is given by

Ri(z, A) = E* /OO e~ JohXNY (XNt Ve e B, Ac &
0

These kernels were first introduced by Neveu (1972). For a comprehensive interpretation,
we refer to section 4 of Down, Meyn, and Tweedie (1995).

A.1 Lemma. Let (R))x>o be the resolvent of X, and let (R}) o be given by
i _ k
Ry =Ry (I, = LIDRY)",  where T h(x) = q(z)h(x). (A.1)
k=0

Then (R})a=o is the resolvent of a positive contraction semi-group. For its corresponding
process X*, we have that the laws of X* 1o and X1 are equal.

Proof. Since Iql:[ is a bounded kernel, (R})a>o is the resolvent of a positive contraction
semi-group by Theorem 4.2 of Bass (1979). It follows from Sawyer (1970) and Chapter 6
of Bass (1979) that, for the process X* (corresponding to (R})r>0), we have that the
laws of X* 1o, and X 1o are equal. 0

A.2 Lemma. Let h be a measurable function on E. Then
T
E°h(Z}) = RiIh(z) and E° / 'B(X.)ds = Rh(z), (A.2)
0

where Ry, denotes the generalised resolvent kernel associated with the modified resolvent
(RBX)rs0 and the function q. For every Ay > ||q|[oo, we have Ry = 33724 R} (I,\q,qu\q)k.

46



A. On the auxiliary Markov chains 7 and 7’

Proof. We recall that the laws of X*1jo 7 and X1 p[ are equal. The expectation
of h(Z]) under P*, therefore, coincides with the expectation of h(X*) sampled at an
independent killing time according to the multiplicative functional exp(— [ ¢(X¥)ds).
In formulas, we have

E® h(Z) = E* /0 e Jo 9 g xV B(xdt.

By eq. (19) of Down et al. (1995), hence, E*h(Z]) = R;l,h(x), where R} denotes

the generalised resolvent kernel associated with the modified resolvent (R})xso. By

Chapter 7 of Neveu (1972), Ry = 332, R} (In,—¢ R} )" holds for every Ay > [|¢[|oo-
Similarly, we observe

Ty ] t . t
E* / h(X,)ds = E* / e~ Jo aXDau g xey / h(X*)dsdt. (A.3)
0 0 0
By Fubini’s theorem (cf., eq. (20) of Down et al. (1995)), consequently,

T1 oo t *
E* / h(X,)ds = E* / e Jo dDB (x4t = Reh(a).
0 0

Remark. It is immediate from Lemma 4.3 that ® = ﬁR;Iq.

We obtain two corollaries:
A.3 Corollary. Let hy,..., hy be measurable functions on E. Then
k T1 k o0 t
BT [ hs(Xods = SO B [T e haati () [T / W(XN)dsdt.  (AA)
j=1"0 j=1 70 £
Proof. In analogy to (A.3), we observe

EZH/ ds—Ex/ e~ Jo 1K) du H/ T)dsdt.
0

By the Leibniz rule, moreover,

k

ljl/ot hi(X)ds = Z/Ot hi(X H/ hy(X)drds.

I#j
By Fubini’s theorem, therefore, we have (A.4). 0

A.4 Corollary. Let h be a bounded measurable function on E. For all k € N*, if
infzesupp(n) () > 0, then

E* (/T h(X )ds>k S ] S ST (A.5)
0 ’ - (infz’ESupp(h) Q(x))k_l I . .
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Proof (by induction). By Lemma A.2, we immediately have (A.5) for £ = 1. We assume
that (A.5) holds for some £ € N*. Then we deduce from Corollary A.3 and |h| <
/|7l oo/ (infzesupp(n) ¢(x)) that (A.5) holds for k + 1. 0

A.5 Lemma. quﬂR; = .
Proof. By Theorem 4.2 of Bass (1979) and Section 7 of Neveu (1972), we have
(I —(I—R{")R: =1,
where the formal inverse of R; is defined by Ry* := 322 ,(1 — Ry )k Since p is invariant

w.T.t. (P,)i>0, we also have pRy = pand p = pRy". Hence, ul 11 = p(I,IT— (I— Ry ).
Therefore, ul IR, = p. a)

A.6 Corollary. The measures ¢ := (u(q)) ‘ul, and ¢ == @V are the invariant proba-
bility measures w.r.t. ® and W.

Proof. Since ® = TIR:1,, we observe ul,® = pl,. By (4.10), oU**! = p®*¥ = W in
addition. o
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