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1 Introduction

This manuscript contains additional material to the paper "Derivatives and Fisher Infor-
mation" of Schepsmeier and Stéber (2012) and considers partial derivatives correspond-
ing to several parametric copula families. In Chapter 2 and Chapter 3 we list the partial
derivatives of considered elliptical and Archimedean copulas, respectively. FEspecially the
Gauss and Student’s t-copula are treated in detail. For these two families as well as for
the (Archimedean) Clayton copula the partial derivatives of the density function and the
conditional distribution function of first and second order are derived. For the remaining
Archimedean copulas, i.e. Gumbel, Frank and Joe, only the partial derivatives of first
order are considered. The results for Student’s t-copula are based on Dakovic and Czado
(2011), where we corrected some flaws.

To improve the standalone readability of this manuscript, definitions and notation from
the main paper are repeated where necessary.

2 Derivatives corresponding to elliptical copulas

The following listed derivatives of the elliptical copula families, Gauss and Student’s t,
are the prosecution of Chapter 3 in the main article by Schepsmeier and Stober (2012).
For better readability we also note the definitions of the copulas, although they are
already noted in the manuscript.



2.1 Gaussian copula

The cumulative distribution function (cdf) of the Gaussian copula family is given by
C(u1,uz; p) = P2(@7" (ur), 27 (u2), ),

where ®a(+, -, p) is the cdf of two standard normally distributed random variables with
correlation p € (—1,1), ® is the cdf of N(0,1) (standard normal) and ®~! (the quantile
function) is its functional inverse. The density is
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where x1 = ®!(u;) and z3 = &7 (uo).
The cdf of the first variable U; given the second is

h(u1, ug; p) = iC(ul,uQ;p) = P, (‘I)l(“l) - P(pl(UQ)) .
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Derivatives of the density function

Taking the first derivative of the density c(u1,us;p) with respect to the correlation
parameter p we obtain
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Further, dyc(uy, ug) = 01c(ug, uy).
Derivatives of the h-function

The first derivative of the conditional cdf h(ui,ug; p) with respect to the copula param-
eter p is
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The derivative with respect to uj is ¢ and the derivative with respect to us is

o () ) o
Oug V1—p? V1= p2 Ouz

Second derivatives of the density function

The second derivative of c¢(uy,ug2; p) w.r.t. the correlation parameter p is
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The next two derivatives involve the first copula argument u;. We differentiate twice
with respect to u; and in the second case we differentiate with respect to u; and the
correlation parameter p. Thus, for the second derivative w.r.t. u; we obtain
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Finally, we have the partial derivative of ¢ with respect to wuq, uo:
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Second derivatives of the h-function

The second derivatives of h only need to be determined with respect to the second
argument uo and the copula parameter p, since 59—7?2 = c¢. For the second derivative w.r.t.
p we obtain
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Secondly, we have the second derivative w.r.t. us.
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and finally the partial derivative w.r.t p and us
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2.2 Student’s t-copula
Derivatives of the density function

The log-density of Student’s t-copula is given by
l(ula U23 P, V) = lnc(ulv uz; p, V)
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where
M (v, p,x1,72) == v(1 — p*) + 27 + 25 — 2pz 129,
x;= 1, (u;), wi€(0,1), i=12.

We follow the approach by Dakovic and Czado (2011) to write the cdf ¢,(z;) of the
univariate t-distribution in terms of the regularized beta function I:
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(Abramowitz and Stegun, 1992, p. 948). Let us denote the density of the univariate
t-distribution with degrees of freedom v by dt(x;;v). Then, this implies for the partial
derivative %t;l(ui), which we denote as %xyi, that
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Expanding the expression for the cdf ¢, (x;) in Equation (1) we obtain
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Here, 81] v (2, 2) is the partial derivative of the regularized beta function with respect
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to the ﬁrst argument in brackets, i.e. %I v_(t,3) evaluated at ¢.
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The partial derivative of [ with respect to p is
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Similarly, the derivative with respect to the degrees of freedom is
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where U(-) denotes the digamma function.
The partial derivative of the Student’s t-copula density with respect to uq is
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Derivatives of the h-function with respect to p,v and us
The partial derivatives with respect to p, v and us, respectively, are given as follows
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These can be evaluated using our previous result for %xi
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Second derivatives of the density function

, since

We compute the second partial derivatives of the copula density c¢. Where this leads
to simpler expressions, we state the corresponding derivatives of the log density [ from
which (for p) are related as follows:
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The second derivatives of the log-likelihood function [ with respect to p and v are:
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Uy(+) is the trigamma function, the second derivative of the logarithm of the gamma
function (Vq(z) = C{%lnf(z)). This expression for %22‘2" involves the second partial
derivative of the cdf ¢, (z;), as well as the partial derivatives of dt(z;,v) with respect to
v (denoted (%dt)) and z; (denoted dt'), respectively:

Taking the partial derivatives of [ with respect to both parameters yields
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Further, the derivative of the log-density with respect to p and wu; is
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The derivatives of the copula density with respect to v and u; can be determined simi-
larly:
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For the second partial derivative with respect to the argument u; we obtain

5% _< e Pdt(zyv) .Cuwz)) ((1/+2)(x1px2)+ a

7dt .
azul dt(xl’”) dt((ljl;]/)Q M(V7 P73317$2) 8”1 (Ihy))

c(ur, uz) (dt( 1 [M( v+2 2+ 2)(m —P$2)2} + o2 dt(a:l;l/)> ,

- dt(u;v) x1;V) v, p, T, T2) M(v, p,x1,22)? 0uy
where
92 1 v+ 1 2241
adet(fE]_, V) == L

Finally, the second partial derivative with respect to u; and us is
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Second derivatives of the h-function

In this section, we obtain the second partial derivatives of the conditional distribution
function (h-function). Taking derivatives with respect to the association parameter p we



0%h , T1 — PT2 —Io Ty — pra v+ 23
an:dt %;V+1 - + %py+1
(VJr:v%)(lfpz) (Verg)(lfpz) (u+x§)(1—p2)
v+1 v+1 v+1
T O ey R z2 3 oprp  via
) 3 5
(VJrz%)(l*PQ) (Ver%)(lfpz) 2 2 (VJr:v%)(lfp?) v+l
v+1 T Rz
(=2 )I/—‘r$% T1 — PTo V—i—l‘%
p v+1 5 N5 v+1
(1/+x2)(1—p )
v+1

Using similar notation and techniques as for the derivatives of the log-likelihood function
we obtain
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Also the second partial derivatives involving ug follow similarly:

dt/ L1 —pPT2 . + 1

v
via2)(1—p2)
= ’ - : T2
02us dt(zo;v)? (v423)(1—p?) (va2)(1—p2) v+l
v+1 v+1
_ / . _ _ 1— 2
—ar | B, .dt(”??vl’i P _ Ty — pr2 ; P
(v+23)(1-p?) dt(w2;v) (v+23)(1-p?) (vta2)a—pr)\ 2 V1
v+1 v+1 v+1
4 dt w;y_’_l . 5 P §+§ T1 — P2 _ sz
(vte3)(1-p) (v+23)(1—p2) \ 2 2 (v+a3)(1—p?) \ 2 v+1
v+l Rz 2
) <1 -7 ) 1 ((z1 = px2) — p12) 1
v+1 dt (wo3v u+1 dt(xo;v) ((mg)(w))% dt(zq; V)’
v+1

11



dt/ L1 —pT2 ‘U4 1

v+z2 —p2 ’
92h B ,/% ' —9 _1 X1 — po (=2 )l/—i—x%
- 3
OpOus dt(xa;v) (v+22)(1-p?) 2 (va2)1—p?) 2 v+1
v+1 2z
—p T—pry  1-p*
_ . )
(u+m§)(17p2) <(y+z§)(1p2)> 2 v+l
v+1 v+1
dt | —=L—v +1
v+a2)(1—p
n () Ce® -1 N 3 1—p?
dt(ze; V) 2\ (1_ 2 2 a3 v+1
(V+x2)(1 p?) (y+x2>(1—p )
v+1 v+1
i T1 — px2 2pxy n 3 T1 — pxa2 1-— pr n p
3 9 57 _ 2 B
<(“+w%><“’2)> B (“*w%)(”z)) T (<v+w%)<1p2>) 2
v+l v+1 v+1

.(—%ﬁitx@>1.

Finally, we obtain the partial derivatives with respect to v, and p and us, respectively.
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3 Derivatives corresponding to Archimedean copulas

In the class of Archimedean copulas we consider the Clayton, Gumbel, Frank and Joe
copula, mentioned in Chapter 3.2. For the Clayton copula we will exemplarily list all first
and second partial derivatives of the density function as well as of the conditional distri-
bution function (h-function), while in the other case we restrict ourself to the first partial
derivatives. The remaining partial derivatives not listed here can easily be computed by
a computer algebra system such as Mathematica' or Maple?.

3.1 Clayton copula

The Clayton copula, or sometimes referred to as MTCJ copula, is defined as

Sy

Clug,up;0) = (u7? +uy? —1)70 = A(uy, ug, )77,
with A(ui,ug,0) = u1_9 + u2_9 — 1. The density of the Clayton copula is

e, u2;0) = (1+0) (un - ua) 0 (uy? +uy® —1)7972
(14 0)(uy - ug)~ 7
A(U17u2,9)%+2

Y

where 0 < 6 < oo controls the degree of dependence. Using the same notation, the
h-function is given by

h(u1,ug;0) = uQ_Q_l - A(uy, ug, 0)*1*%.

"Wolfram Research, Inc., Mathematica, Version 8.0, Champaign, IL (2012).
2Maple 13.0. Maplesoft, a division of Waterloo Maple Inc., Waterloo, Ontario.
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Derivatives of the density function

The partial derivative of the density ¢ with respect to the parameter 0 is
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Derivatives of the h-function

We calculate the derivatives of the h-function with respect to the copula parameter 60
and ug, respectively:

oh _9—2, _ _ _o+1 _0—92, — - -
%:_%0 2 +uy? — 1) j‘;9—"“29 2w +uy? — 1)
+ u272972(u179 +o0? = 1)_29;—19 + u272972(u179 + u;a — 1)_290#

— <—h +uy 2 A(ug, ug, 9)_2%1) (6 +1),

U2

6+1
6

oh e —1-3 | 2392
%:(_9_1)%6 2 A(ur, up, )2 e+(—1—§)A(U1,U2,9) ? o

where
0A

—— = —fu; %L
811,1 1

Second derivatives of the density function

For the following, we use the partial derivative of A(uq,us,0) to shorten the notation.
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The second partial derivative of the Clayton copula density with respect to 0 is
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26— 00 2 62 A(uy, uz, 0)
OA
2202 — 2In(A(u, uz,0))0
+ o, ug) - | A2t oA

L (FR DR Awwm -2 ) ()
A(ul,u2,9)2

Further, the partial derivative with respect to u; is

Pe 20+ ur— (0 + Ve(ur, up)
2u; u%
2
2 2
LD (A el ) —m w2+ ) ()
A(U1,U2,9)2 7

and finally, we obtain the derivatives with respect to uq, and 6 and ue, respectively.

92c %(9 + 1) + c(ul,uQ) . (u?"HA(ul,ug,a)) [%(29 + 1) + 20(u1,u2)]

ou00 Uy w22 A(uy, ug, 0)?
c(uy,uz)(20 4+ 1) {u?“ In(uq)A(ur, ug,0) + u?“%}

- )

u%9+2A(u1, ug, 6)2

P _ He0+)  FE@OFD)  clu,w)20+1) 94

Ou10uy u1 u?“A(ul, uz, 0) u%eﬁA(ul, ug, 6)2 uy’

Second derivatives of the h-function

The second partial derivatives of the conditional distribution function with respect to 6

and uo are given as follows,

@ o @ . —ln( ) + ln(A(u17u279)) (_ - %) %
520~ 90 2 02 Alur, us, )
dA
2002 — 2In(A(uy, us,6))0
i h(ul,uz) ) A(ui,uz,0) i ( ( ))
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2
52:2 = (=0 —1)(—0 — 2)uz B A(us, up,0) "0

+ (-6 — l)uQ_G_1 (—1 — ;) A(ul,ug,ﬂ)Qég}i

1 1 a1 (DA
+ <—1 — 9> <—2 — 0) A(u1,u2,0) 0 (aw)

1 3 04
+ (‘1 - 0> A(un, uz,0)7277 %uy’
8%h itz
Soow = O+ (‘ Buz 12 u2( u) (=260 — 2)uz ¥~ Ay, uz, )27
2
dA
4202 <—2 - > A(ur, uz, 9)_3_é3’1i2>

3.2 Gumbel copula

The Gumbel copula is given by

Cur,uz;8) = exp[—{(~ In(u1))’ + (— In(u2))’} 5] = exp[—(t1 + t2)7],

where ¢; := (—In(v;))?,i = 1,2 and § > 1. The h-function and the density are as
follows: )
1 1
e~ (titt2)? (t1 + tg)gil to
ug In (ug)
c(ur, uz; 0) = C(ur, uz; 0) (urus) ™ {(— In(ur))? + (= In(u2))’} =245 (In(un) In(uz) '~
X {14 (0 = D((~In(w)’ + (~In(uz))) "7}

(t1 + t2) 7245 (In(ur) In(uz))? ™ x {1+ (0 — 1)(t1 +12) 77},

h(ul, U, 9) = —

Y

= C’(ul,u2;9)u1u2

The derivative of the density ¢ with respect to the copula parameter 0 is

% = c(uy,uz) {— (t1 + tz)% (_ln (t192+ ta) + tIn (= In (1;181":151 (=In (UQ))>
n (2 In (t;;— t2) i (2 n Z) tiln(—1In (U123 1 Z In (—1In (UQ))> +1In(In (u) In (UQ))}
o (In ur) In ()’
+ C’(ul, Ug) (tl —+ tg) U1ts
(4t bt 0= 4yt (RO DR bRERE)))
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Similarly, the derivative of ¢ with respect to u; is obtained as

oc
8u1

upln(uy)  wy U1 up In(uq)

=c(ulw)[—(t1+t2)é1 b1 (24g)ne 9_1]

—2+% (ln (ul) In (UQ))H_I (6 _ 1) (tl + t2)_%_1 t1

— C(u1,uz) (t1 + t2) s up In(up)’

Finally, the partial derivatives of the h-function w.r.t. 6 and us are:

= h(u1,us) [(tl ) <_1n (t;j t2)  tiln(=In (1;121++t121§1(_1n (W)))

( t1 + t2) (9_1 — 1) (tsIn (= In (u1)) 4 t2In (— In (u2))>> —In(—1In (uz))]

t1 + 12

(’9h

= h(u1,u2)

(+12)72—0+1 (5= 1)tf 1]

8u2 ug In(ug) ug In(ug)(t; +t2)  ueo

3.3 Frank copula

The Frank copula is defined as

1 1
Clurui0) = o (gl = ) = (1= )1 - 0] )
and has the following density function:

c(ur, uz;0) = (1 — e P)e Ptu)[(1 — 7)) — (1 — e 01)(1 — e 2)] 2,
where 6 € [—00,00]\{0}. The corresponding h-function is

e? (e‘gu1 — 1)
e@u2+0u1 _ e@u2+9 _ eGu1+€ _|_ e9 .

h(u,ug;6) = —

The partial derivative of the density function ¢ with respect to the copula parameter 0
is given by

aC ]. -0 -0 -1
39 (ul,u2) <9+e (l—e ) —(u1+u2)

—9 Kl - 6_9) - tltg]_l (e—" - %tQ - tl(?;;)) .

Here, we use t; := (1 — e~%%),i = 1,2 which implies

ot;
8701 = e, =12
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The derivative with respect to uj is

80 8t1 -y -1
P, ug) - =0+ 22 (1 - —tt} :
5 c(uy, ug) ( + 28u1 ( e ") —tity >
where Y
7 —Ou; .
=0e ", 1=1,2.
8ui
Similarly, we obtain the partial derivatives of the h-function
oh u1e9“1
o0 (u17u27 ) < + (eeul IR 1)
((uz +up)efuetou _ (yy 4 1) efv2t0 — (yy +1)fmt0 4 eg)
N (Fuztbur — Oustt _ cfurtd 4 o0) ’
8h 069u2+9u1 _969u2+9
—— = —h(u1, uz;6) ( ) :
6u2 (e0u2+9 ul __ 69 us+60 __ e@u1+€ + 60)

3.4 Joe copula

The Joe copula is defined for 6 > 1 as

D=

Clut,uz; ) =1 — ((1 )P (1 =)’ — (1 —w)?(1 - u2)9)

=1 (1 +ty — tita)?

0

where t; := (1 —w;)” i =1,2. Its density and h-function are

c(ur,uz0) = (1= 1) + (1= u2)® — (1 — wn)’(1 —u2)®) 2+ (1 = 1)°~1(1 — )0~

=1+ (1 =)+ (1 —u2)? — (1 —uy)?(1 — )
= (tl + tz — t1t2)572 (9 -1 + tl + t2 — t1t2)(1 — U1)071(1 — Uz)eil,

v (1—ug)’ ™ (1 —(1- ul)“’)

Plur,uzs0) = (1 =)’ + (=)’ = (1 =) (1 = w))?)
= (tl +ty — tltg)%_l(l — UQ)0_1(1 — ul)G—l.
Using the partial derivative of ¢;(u;,0),

ot
— =t;In(1—w;) i=1,2,
50 tiln(l —w;)

the derivative of the density with respect to 6 can be determined as

% _ ( ) _ln(t1 +t27t1t2)
ag — "t 0
(L —2) (% + 32 _ Sy, ¢, 9l2)
0 90 " 96— 90 90 In (1 — In (1 —
N 11+t — t1t2 +1n( ur) +1n uz)
1 ot ot ot ot
_ =200 V011 — -t (1 1 2 Ot 2
+(tr+te—tita)? " (1 —w) (1 —ug) ( + 20 + 20 " 90 ta t189> .
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The derivative with respect to the first copula argument uy is

86 o ( ) é—Q o tle 4 t19t2 _(9—1)
8U1_CU1’U2 t1 4+ to — t1to 1—wuy 1—ug 1—u

t16 t160t
o h 2>'

1_9 6—1 6—1
t to —t1te) 0 1-— 1-— —
+ (t1 + t2 — tita) (1—up)” (1 —u2) < T

Finally, we determine the derivatives of the h-function with respect to the copula pa-
rameter and wug, respectively.

oh In (tl to tlt?) (% 1) (%tel %t; %tel ta —t %tg)
——p — + +1In(1—
o0 (1, uz) ( 62 ty +to —tity (1= )

1_ _1 0t
_ _ o1 )0t L
(tl + t2 tltg) (1 UQ) (99 5

Oh _ h(url ) ( 5-1 ( to0 N t1ta6 ) (6 — 1)> .

8UQ t1+t2—t1t2 _I—UQ 1—U2 _1—U2
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