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Abstract

Molchan-Golosov fractional Lévy processes (MG-fLps) are introduced by a multivariate
componentwise Molchan-Golosov transformation based on an n-dimensional driving Lévy
process. Using results of fractional calculus and infinitely divisible distributions we are able
to calculate the conditional characteristic function of integrals driven by MG-fLps. This leads
to important prediction results including the case of multivariate fractional Brownian motion,
fractional subordinators or general fractional stochastic differential equations. Examples are
the fractional Lévy Ornstein-Uhlenbeck or Cox-Ingersoll-Ross model. As an application we
present a fractional credit model with a long range dependent hazard rate and calculate bond

prices.
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1 Introduction

In many financial or technical applications it is very useful to know the conditional characteristic
function of certain stochastic processes, because it is closely related to prediction: given the
past evolution of a stochastic process, we are interested in its distribution at some time in the
future. Consider the following example from the field of credit risk: given a short rate process
7 = (r(v))vejo,r) and a hazard rate process A = (A(v))ye(o,r] With some market maturity date
T > 0, the price of a defaultable zero coupon bond at time s with bond maturity ¢,0 < s <t < T,

is given by
B(s,t) = gy B2 s OO (1 (0) A()), 0 € [0, 5], (1.1)

where the random time 7 describes the default time of the bond and Q is some risk-neutral
measure. To calculate this price it is useful to know the conditional characteristic function of
the bivariate process (r, \).

Standard credit models describe (r, \) by an affine Markov process (see e.g. Duffie [11] and
Duffie, Filipovic and Schachermayer [12]). Due to the Markov property, (1.1) can be calculated
and takes a nice form which does only depend on the random variable (7(s), A(s)); i.e. today’s
level of the process (1, A). The past evolution of the path does not play any role.

However, the ongoing financial crisis, which had its origin in the US credit market, showed
that in real markets this assumption may be violated. In fact the work of Henry and Zaffaroni [20]
suggests that in many macroeconomic variables like interest and hazard rates, domestic gross
products, supply and demand rates or volatilities, there is strong empirical evidence against the
Markov property. In particular these processes show signs of long range dependence in their
increments. This supports the use of fractional processes like fractional Brownian motion (fBm)
or fractional Lévy processes for modeling the dynamics of (r, ) in (1.1). However, the prediction
problem gets a lot more complicated, since all past information will enter the price. The key is
now that these fractional processes can be described by kernel representations of affine Markov
processes and thus certain structures remain.

This idea has been present since Biagini, Fuschini and Kliippelberg [7], where the authors
focused however on contagion effects. Biagini, Fink and Kliippelberg [6] introduced a frac-
tional Brownian credit market. Interest rate models driven by fBm were considered in Fink,
Kliippelberg and Zéhle [17] and also in Ohashi [28]. However all these approaches do not leave
the Brownian framework.

In this paper we introduce the class of (multivariate) Molchan-Golosov fractional Lévy pro-
cesses (MG-fLps), including fractional Brownian motion and fractional subordinators (as defined
in Bender and Marquardt [5]) by a Molchan-Golosov transformation based on a general finite
second moment Lévy process. This idea as been proposed by Tikanméki and Mishura [37], who
however considered only the univariate case and used centered driving Lévy processes without
Brownian parts, basically excluding fBm and fractional subordinators. We then calculate the

conditional characteristic functions of MG-fLp-related processes using fractional calculus and



results on infinitely divisible distributions. Important examples like fractional Lévy Ornstein-
Uhlenbeck processes (fLOUps) or Cox-Ingersoll-Ross processes (fLCIRps) are considered. The
calculation of bond prices as in (1.1) is then straightforward.

Our paper is organized as follows. Section 2 will state preliminaries about Lévy processes,
including integration and distributional results. In section 3 we will introduce MG-fLps by an
integral representation with respect to a multivariate Lévy process. Second order structure,
path properties and integration concepts are considered. In section 4 we will present our main
results on conditional characteristic functions of MG-fLp-related processes, including important
examples like fLOUps or fLCIRps. As an application, section 5 will consider fractional credit
models described by Vasicek dynamics and calculate bond prices. An example using a two-
dimensional fractional Poisson subordinator for (r, \) is presented.

We always assume a complete probability space (€2, F, P). Denote by L?(Q2) the space of
square integrable random variables. For a family of random variables (X (i));cs, I some index
set, let 0{X (i),i € I} denote the completion of the generated o-algebra. For A C R and n € N,
the spaces of integrable and square integrable functions f : A — R™ are denoted by L!(A,R")
and L%(A,R"). In the case n = 1 we shall just write L'(A) and L?*(A). Furthermore | - || is
the L?-norm and (-,-) the corresponding Euclidian scalar product. Ry (R_) are the positive
(negative) real half lines. For a matrix A, AT shall be the adjoint. The gamma function shall be
denoted by I'. Denote by R the right halfline including zero.

2 Preliminaries

In the literature there are many possible approaches to define fractional Lévy processes and
a readable overview of two main concepts can be found in Tikanméki and Mishura [37]. Both
ways are mainly based on the idea of integrating memory into a Lévy process by choosing an
appropriate kernel function. This can either be done by integration over the whole real line like
in Marquardt [25] or on a compact interval which has been done by Tikanmaéki and Mishura [37].
However these are not the only ways to obtain a generalization of fractional Brownian motion.
For example, another possibility is to extend the harmonizable representation of fBm as has
been done by Benassi, Cohen and Istas [2].

In this work we will choose the approach of Tikanméki and Mishura [37] and generalize it to
the multivariate case. Also we will introduce a broader class of processes by using general finite
second moment Lévy processes. To avoid confusion with the other concepts we will call our class
of processes Molchan-Golosov fractional Lévy processes (MG-fLps).

Throughout the whole paper we will always consider a given multivariate Lévy process
L = (L(t))iejo.r) = (L'(t), ... an(t))tTe[o,T]v for n € Nand T > 0, on a filtered probability space
(4, F, (Ft)ieo,), P) satisfying the usual conditions of right-continuity and completeness. The
filtration (after possible augmentation) is assumed to be generated by L (cf. Theorem 2.1.9 of
Applebaum [1]).

Then L can be described in terms of the characteristic triple (v, %, v) by its characteristic



function Elexp{i(u,L(t))}] = exp{ti(u)}, t € [0,T], with

v(u) = ily,u) — %UTZU + /n(exp{i(u, )} =1 —i{u, )1z <1y)v(dr), ue€R™

Here we have v € R™, ¥ € R™™"™ is symmetric and positive semidefinite, and the measure v

satisfies
= an x||? v(dx 0.
v({0}) =0 d /Rn(H I“ A 1Dv(de) <

Since we consider only finite second moment Lévy processes we also have that
/ z]|20(dz) < oo.

Integration with respect to Lévy processes shall be understood in the usual L?(Q)-sense (e.g.
see Rajput and Rosinski [31] or Sato [36]). The following theorem will be crucial when predicting
MG-{Lps. It is the multivariate version of Theorem 2.7 of Rajput and Rosinski [31] and can be
obtained using Proposition 2.17 of Sato [36].

Theorem 2.1. For f € L?([0,T],R™*") the integral fOTf(t)dL(t) exists as an L?(Q)-limit of

approrimating step functions. Moreover, we have for u € R™

B[ esp {i(u, /OTf(t)dL(t)>H :exp{/OTw(f(t)Tu)dt}.

Before stating the definition of MG-fLps we need a few more concepts: Define the fractional

Riemann-Liouville integral with finite time horizon for d > 0,

d 1 g d-1
(ITf)(S):F(d)/ f(r)(r—95)"dr, 0<s<T. (2.1)

For f € L?(R) this always exists. We shall also need the fractional derivative with finite time
horizon for d € (0,1),

T —g(s
(DF_g)(u) = F(11_ J ((Tgiui)d T d/ Mds), 0<u<T. (2.2)

The question of the existence of the fractional derivative is more sophisticated, for more details
we refer to Zahle [39]. For simplicity we shall only take fractional derivatives for suitable functions
g such that it always exists.

We shall write L_Ff = D%f. For d = 0 we will set I%f = D%f =1d.

We will also make use of the following spaces, introduced by Pipiras and Taqqu [29, 30]:

£:0.7) = R [T () () ()Pds < . de0,3),

K% = 2 —dg7—d d 1
[0, T) = R | 3¢y € L7[0,T] = f(s) = s “U72(() ¢f('))(3)}a d € (=3,0).



Because of our notation, for d = 0 both sets are equal to L?[0,7]. In the light of Lemma 4.3
of Bender and Elliott [3] we shall adjust these spaces such that they are closed with respect to

multiplication with an indicator function. Therefore define for d € (—1,1)
Ad = {f [0, —>]R‘Vs ] C[0,T]: fly € AS }

For d = (d(1),...,d(n))" € (=3, 3)", n €N, define

Ad = {f: [0, T] — R™"

where f;; denotes the ij-th component of f.

3 Multivariate Molchan-Golosov fractional Lévy processes

As already mentioned in section 2, we will generalize the concept introduced by Tikanméki and
Mishura [37] to the multivariate case. Therefore, our processes will be defined by a compactly
supported Molchan-Golosov transformation. However, in contrast to [37] we will also allow for
a Brownian part which results in a fractional Brownian motion, and a non-central driving Lévy
process, possibly leading to a fractional subordinator introduced by Bender and Marquardt [5].
For f € A% and d = (d(1),...,d(n))" € (=%,3)", n € N, define for s € [0,7] the convolution
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operator
zd<f73) =
cays MO (IO f11 () () ooe Capmys M IE (A fr,())(s)
caqrys O 18 << YD 1 (N(s) e Camys IR () £ () (5)

where for 1 < j7<n

((Qd(j) + D) + HI'(A — d(j)))i
I'(1 = 2d(3)) '

The very general definition of MG-fLps follows.

Cd(5) =

Definition 3.1. For d = (d(1),...,d(n))" € (=1,1)", n € N, we define the kernel function
zd(i[07.), ) [0, T] x [0, T] = R™ ™ using for s,t € [0,T)

l[o’t](s) . 0
L,(s) = : - :
0 . 1[07,5](3)
Then a Molchan-Golosov fractional Lévy process (MG-fLp)

L = (LYt))iepr = (LYO(2),..., L4 (t))tTe[O,T}
is defined by

Ld(t):/o 241y, 8)dL(s), te[0,T). (3.1)



Remark 3.2. The integral in (3.1) can be considered in the L?()- or in the pathwise Riemann-
Stieltjes-sense. The first assertion is clear by Rajput and Rosinski [31] and the fact that the kernel
is square-integrable. The second one follows because as a finite second moment Lévy process, L
is of bounded p-variation for all p > 2 (cf. Monroe [27], Theorem 2, based on the Blumenthal-
Getoor-index introduced in Blumenthal and Getoor [9]) and 2%(t,s) is on (0,t) componentwise

of bounded variation in the variable s, cf. Young [38].

Using the Lévy-Ité6 decomposition we obtain

L) = E[L®)]+ L) - E[L#)])
= E[L()]-t+B(t)+S(t), tel0,T],
where B is a n-dimensional Brownian motion with B(1) ~ N(0,X) and S is a zero-mean Lévy

process without Brownian part. Furthermore B and S are independent. This leads to the MG-fLp

decomposition
t
Lit) = / 2419, s)ds - E[L(1)] + B%(t) + S4(t), t€[0,T], (3.2)
0
where the first integral is understood componentwise. B? and S? are defined as in (3.1), i.e. are
a multivariate fBm and a zero-mean MG-fLp.
Example 3.3. Let n = 1 in Definition 3.1.

(i) Choosing as driving Lévy process a standard Brownian motion, we get a classical fBm on

[0, T, cf. Samorodnitsky and Taqqu [34].

(ii) Taking a strictly increasing subordinator as driving Lévy process leads to a fractional
subordinator in the sense of Example 1 of Bender and Marquardt [5]. In particular, the

resulting MG-fLp is a.s. increasing.

The next results follow by standard properties of Lévy processes, see e.g. Rajput and Rosin-
ski [31], Marcus and Rosinski [24] or Sato [35]. A brief look at the autocovariance of a MG-fLp

leads to the following proposition.
Proposition 3.4. For s,t € [0,T] we have for the mean-value and autocovariance function
(i) B[LY(t)] = [3 2104, s)ds - E[L(1)].

(ii) Cov[Ld(t) L%(s)]
1 (cd(l) d(j )COU[LZ( ), LJ’(1)](td(1)+d( DAL gd(D)+d()+1 —Jt— 8’d(i)+d(j)+1))

where

1<i,j<n

N[

B VT(2d(0) +2)sin(n(d(i) + $)y/T(2d() +2) sin(x(d() +
Cd(@).dt) = T(d(i) + d(j) + 2) sin(m(d(i) + d(j) + 1)/2)

)



Proof. The first part is clear from the decomposition (3.2). The second one follows by
T
COU[Ld(t), Ld(s)] = / zd(i[o,t], u)C’ov[L(t),L(s)](zd(i[o,s],u))Tdu
’ . . T A ~
— (COU[LZ(t),LJ(s)]/O ZZ(I[W],u)z;lj(l[oﬁ],u)du) R
The calculation of the last integrals is similar to (2.17) of Elliott and von der Hoek [14]. O
Remark 3.5. Proposition 3.4 (ii) shows that MG-fLps have the same second-order structure

as fBm (up to a constant) and therefore it is clear that for all 1 < i < n the increments of the

univariate process L% exhibit a similar memory structure as in the case of fBm.

The next lemma summarizes main properties of MG-fLps and is the multivariate extension
of Proposition 3.7 of Tikanméki and Mishura [37].

Lemma 3.6. We have for d = (d(1),...,d(n))":
(i) A MG-fLp without Gaussian component has a.s. continuous paths if and only if d € (0, %)”

(ii) A MG-fLp without Gaussian component has a.s. Holder continuous paths of any order
o < min[d] if and only if d € (0, ).

(iii) If d(i) € (—3,0) for some 1 < i < n, then the MG-fLp has discontinuous and unbounded
sample paths with positive probability.

Before coming to conditional characteristic functions of MG-fLps we need to define integra-
tion. This will be done by the usual L?()- approach, as e.g. in Pipiras and Taqqu [29, 30],
Marquardt [25] or Tikanméki and Mishura [37].

Consider simple functions of the form

m

FO = arlp 0,0 (),

k=1
whereme N, m>1,0<t; < - <t, <Tand a; € R"" for 1 < k < m. Then we define
m S0y (an) 1 (L9 (teyr) — L9 (1))

T m
| ) = Y ) ~ L) = 3 z
= U\ S (@)ng (L9 (b 41) — L9 (1))
A simple calculation leads to
T T
| et = [ ).
0 0

Now we obtain from the definition of AdT and Theorem 2.1:



Theorem 3.7. For d = (d(1),...,d(n))" € (—=3,3)", n € N, let f € A%. Then the integral

fO s)dL(s) exists as a (componentwise) L?(Q)-limit of approzimating step functions in AL

(also componentwise}. Furthermore, we have the identity

T T
/ F(s)dL(s) = / (£, $)dL(s),
0 0

which holds (componentwise) in L*(Q2).

Further we find some distributional results on MG-fLp driven integrals. The proof uses
Theorem 2.1, Theorem 3.7 and the fact that z%(¢, s) is Hermitian and symmetric for s,¢ € [0, T].

Theorem 3.8. For d = (d(1),...,d(n))" € (—3,3)", n €N, let f € A%. Then we have for all

u€R"
Lo {ifu [ s} =ew{ [ w9 s}
- exp{ /O A, s), )ds—;/{)TuTzd(f,s)Ezd(f,s)Tuds
+ /O ! / ] (e““ﬂd(f’s)@ 1 i, 24, 5)x>1{||zd(f’s)mH<1})V(dx)ds}.

The characteristic function of a MG-fLp follows directly from Theorem 3.9:

Example 3.9. For each fixed ¢ € [0,7] the random vector L%(t) is infinitely divisible and its

characteristic function is for u € R™ given by

T

Blesxp{ifu, L(1)}] = exp { / U1t s u)ds
0
T 1 T
= exp {z/ (z4(t, 8)y,u)ds — B / u' 24(t, )82t s)uds
0 0
T
+/ / <ez<u,zd(t,s):p) —-1- i(u, Zd(t, S)l‘>1{”2d(t,s)x“<1}>I/(dﬂ?)ds}

Remark 3.10. When d € (0, ) it is also possible to define pathwise integration with respect
to MG-fLps using Hoélder continuity like in Buchmann and Kliippelberg [10] or a p-variation
approach like in Fink and Kliippelberg [16]. Another possible approach would be via a Skorohod-
type integral using the S-transform as suggested by Bender and Marquardt [4].

4 Results on conditional characteristic functions

In this section we will state and prove our main theorems about the conditional characteristic

functions of MG-fLp driven integrals and related processes. Define for d € (—%, 3) and suitable
f:10,T) — R™™ the deconvolution operator
— d _ — n) rd(n —d(n
C_Cll(l)sd(l)[T(_l)((.) d £ (N (s) ... C—clz(n)sd( )[T(_)((.) dn) £,())(s)
24(f,5) = : g :
d _ n) rd(n —d(n
c 611(1) d(l)]T(_l)((.) dDF(N(s) ... ¢ 31( )5 d( )]T(_)((.) dn) £ ())(s)



First we need a technical lemma, which will be crucial to derive the prediction formula and

ensure that all appearing deconvolution operators exist.

Lemma 4.1. For d = (d(1),...,d(n))" € (=1,1)", n € N, let f € A4. Then the following
assertions hold for all 0 < s <t <T:

(i) For all 1 <i,j <n we have that z (fl[s 4.+) € L*([0,T]) c L'([0,T7).
(i) The function
[07 S] — Rnxnv v = z:d(l[o,s]zd(fl[s,t]v ')7 U)
exists componentwise and belongs to 7\?

(iii) For all v € [0, T,
zd<z:d(1[07s]zd(f1[s,t]a ')7 ')7 ) - 1[0 s] ( ) (f]-[st )

Proof. Since f € A% it follows that flp, € A%. By definition of AdT we therefore get that
zfj(fl[syt], ) € L([0,T]) c L'([0,T]), which leads to (i). The existence of the function in asser-
tion (ii) can be obtained by using a similar approximation argument as in the proof of Lemma 1
of Duncan [13]. The second statement in (i) and (iii) follows by definition of A? and by applying
Theorem 2.5 of Samko, Kilbas and Marichev [33] componentwise. O

Remark 4.2. Clearly L% is adapted to the filtration (Ft)tefo,r) Which can now be directly seen
by the deconvolution formula (cf. Jost [22])

L(t) :/0 z;d(i[oyt],s)de(s), t€10,7].

Further we want to remark that this is not the case for fractional Lévy processes as defined in
Marquardt [25]. However in contrast to the processes in [25], MG-fLps do not have stationary

increments in general, cf. Proposition 3.11 of Tikanméki and Mishura [37].

Theorem 4.3. For d = (d(1),...,d(n))" € (—3,3)", n €N, let f € A% and

Fi = a{ /Osf(v)de(v),s c [O,t]}, te0,T].

Then we have for all 0 < s <t <T and u € R”

exp /f )AL (v (.F}]

= e {i(u, [ B0+ [ 2 g g )0 + [ g0 i)



Proof. Recall that a MG-fLp is adapted to the filtration (F%).cjo,r) generated by the corre-
sponding Lévy process. Since the random variable fo de( ) is Fs-measurable, it is enough
to consider the conditional characteristic function of fs f(v de(v). Applying Theorem 3.7 we
switch from the MG-fLp to the corresponding Lévy process and obtain

t T s T
/S f(0)dLiw) = / 2A(f 1}y 0)dL(v) = / 2A(f 1y, 0)dL(0) + / 2 f 1y, 0)dL(0).

The first summand on the righthand side is again Fs-measurable and therefore we obtain

o (o [ sOr0)5)
= exp /f YdL% (v / (fl[S,t}yv)dL(v)>}
XE{exp{ <u/$ (fl[st]v >‘]: H

However due to independent increments of Lévy processes we have

Blexp {i(u [ #(1g0a) 5] = o (i, [ 1,0 0m0))]

and applying Theorem 2.1 leads to

E[exp {2<u, /ST zd(fl[s7ﬂ,v)dL(v)>H = exp { /Stzﬂ(zd(fl[s’t],v)Tu)dv},

where we have used the fact that 2%(f 14,v) = 0 if v € [t,T]. Since we want the prediction
formula in terms of the MG-fLp and not the driving Lévy process, we invoke Lemma 4.1 (ii)

and apply again Theorem 3.7 to obtain

/0 24(f15,v)dL(v) = /0 2 (10,927 (f1s g, ), v)dLA ().
Putting everything together we get the assertion. O

Remark 4.4. Every f € A%, with fij(u) # 0 for all w € [0,7] and 1 < 4,5 < n, satisfies the
conditions of Theorem 4.3. This follows since an MG-fLp is adapted to the natural filtration of
the driving Lévy process, cf. Remark 3.2 of Tikanméki and Mishura [37].

Example 4.5. [Univariate fBm] Choose in Theorem 4.3 n =1, f = 1)y, 0 <t < T, and take
as driving Lévy process a standard Brownian motion, i.e. L = B. Then L? = B? is an univariate
fBm. Using Theorem 3.1 and Remark 3.2 of Fink, Kliippelberg and Zahle [17], the conditional
characteristic function is for 0 < s <t < T given by

E[exp{iqu(t)|fs}]
= exp{iu[Bs ) d(s,t,v d(y
= exp {iu[Be) + [ Wi 0dBtw)

u? 2 d 2
— S [t e = 197G, )20, 172] -
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where
\I/d(s,t,v) = v_d(Is_j(Ig—(')dl[s,t](')))(v)a CAS (07 3)7

and |- H(Qz,T as defined in [17], section 2. This matches the result of Theorem 4.3 since It__dl[QS] fe) =

I79f(-) in the situation above. Furthermore we have

?Z,T - ||\de(3¢ta ')I[O,S]H(QLT = ||Zd(1[s,t}7 )1[s,t]()H2

Example 4.6. [Univariate Gamma MG-fLp] In Theorem 4.3 choosen =1, f = 1jg4, 0 <t < T,

and take as driving Lévy process a univariate Gamma process G = (G(t)).e[o,7)- Its distribution

115,

is then characterized by

Y(u) = —ylog (1 — %)1[0,& (u),

with 7, A > 0. By Theorem 4.3 we obtain for the Gamma MG-fLp G¢ = (Gd(t))t6[07T] and
0<s<t<T

Elexp{iuG®(t)|Fs}]
= exp {w [Gd(s) + /0 ,z**_d(l[(m]zd(l[s’ﬂ7 Y, v)de(v)] }

X exp {'ylog()\)[t —s]—7 /St log(\ — zd(l[sﬂ,v)u)dv}.

Example 4.7. [Bivariate Poisson MG-fLp] Choose in Theorem 4.3 n =2, f =1j94, 0 <t < T,
and take as driving Lévy process a bivariate Poisson process, i.e. here take independent Poisson

processes Z; on [0, 7] with intensities n; > 0 for ¢ = 1,2,3 and define
L:=(Z1+ Zy,Zo+ Z3)".

The distribution of this bivariate Lévy process is then characterized by

Y(u) = /Rz(exp{i@, ) — 1 —i{u, 2)1{|g<1y)V(dz) = /RQ(exp{i(u, z)} — Dv(dz), ueR?

with v(dr) = mgiyx oy (dz) + m2013 <113 (dx) + 0360y {1} (d7). Theorem 4.3 leads now
for0<s<t<Tto

Elexp{i{u, L%(1)) |fs§]
= exp {ilu, L4(s) + /0 5 (1007 (g, ) )AL (w) ) )

t 2
X exp {771 / (exp (z Z zflj(l[svt),v)uj) — 1)dv}
s j=1
‘ 2 2
X exp {772 / (exp (Z Z zgj(l[s,t), v)uj) — 1)dv}
s k=1 j=1
t 2
X exp {773/ (exp (z Z zgj(l[s t),fu)u]) — 1)dv}



In a next step we will consider MG-fLp-driven Ornstein-Uhlenbeck processes, starting with
the definition. Similar processes were considered by Marquardt [26] and Kliippelberg and Mat-
sui [23]. However, in contrast to our work, they define their underlying fractional Lévy processes
by an integral representation over the whole real line like in Marquardt [25]. Postponing the

usual question of existence and uniqueness until Proposition 4.8 we define:

Definition 4.8. For d = (d(1),...,d(n))" € (0,3)", take o € A%, k : [0,7] — R" and a :
[0,T] = R™"™ k,a componentwise locally integrable such that e~ f-ta(v)d’va(-) € AL for allt €
[0,T]. Then the (unique) solution to the stochastic differential equation (sde)

ded(t) = (k(t) — a(®)£4(t))dt + o (t)dLe(t), te[0,T], £%(0)eR™
is called a fractional Lévy Ornstein-Uhlenbeck process (fLOUp).

The next proposition ensures the existence of a solution. Its uniqueness follows by a simple
application of Gronwall’s Lemma (e.g. Theorem 3.1 of Ikeda and Watanabe [21]) similar to the

classical Brownian case.

Proposition 4.9. In the situation of Definition 4.8 we have for t € [0,T)

t ¢
ed(t) = e~ Joals)ds ad gy 1 / e~ Je a®dvg () ds + / e~ Is a9 ard(s),
0 0
where the matriz exponential is defined as usual.

Proof. Define £4 as above and calculate for 0 < s <t < T

t t t z
—/ a(2)24(2)dz = —/ a(z)e” Jo a(v)dv g, 0d(0) — / a(z)/ e o AWV L (1) dwdz
s s s 0

t z
- / a(2) / e Ju 0 g () dL (w)dz
s 0
— [6_ fot a(v)dv _ —fOS a(v)dv] Sd(o)

—/Sta(z)/o e~ Jua0)dvg )dwdz—/:a(z)/s e Ju P () dwdz
- / a(2) /0 e 0 () LA )z — / a(2) / e i a0 () dLY ) dz
— e Joadv _ — 5 a(v)dv]gd( )

// ok () dzdw — /t/wta(z)e S @@ () dzdw
_ /0 / alz)e 1 a8 () d2dLé () /t wta g (w)dzdLA (w)

= [6_ fot a(v)dv _ e~ Joa v)dv] £d( )
s t

4 [ [em Jwe®idv _ o= L5 o] )y + w @ _ 1] () duw

S

_l’_

S— S—

[67 futj a(v)dv +e N a(v)dv] (w)de( ) / [67 fzf; a(v)dv I]a(w)de(w)
t

= sd(t)—sd(s)—/ o(w)dLi(w) — [ k(w)dw.

S
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O]

Remark 4.10. Using Holder continuity of the MG-fLp paths (Lemma 3.6 (i7)), we can also
define integration via a pathwise approach, cf. Young [38]. If the pathwise and the L2-integral

both exist, they have to be equal. The next lemma is based on this fact.

Lemma 4.11. In addition to the assumptions of Definition 4.8, let the matriz o(t) be non-
singular for every 0 <t <T and d = (d(1),...,d(n))" € (0, 3)". Furthermore assume o;; and

((7)2-;-1 are of bounded p(j)-variation for some 0 < p(j) < 1/(1 —d(j)) (¢f. Young [38]) for all
1<i4,5 <n. Then we have

dLA(t) = (—U(t)_lk(t) + U(t)_la(t))ld(t)> dt +o(t)lded(t), 0<t<T.
Proof. The proof is analogous to the proof of Proposition 4.9. O

The prediction result follows. The proof is a combination of Theorem 4.3 and Lemma 4.11.

Theorem 4.12 (fLOUp). For d = (d(1),...,d(n))" € (0,3)" take o € A%, k:[0,T] — R™ and
a:[0,T] = R™", k,a componentwise locally integrable such that e~ f-ta(”)dva(-) € AL for all

t € [0,T]. Let further o(t) be non-singular for every 0 <t <T and assume o;; and (J)i_jl are of

bounded p(j)-variation for some 0 < p(j) < 1/(1 —d(j)) (cf. Young [38]) for all 1 < i,5 < n.
Then we have for 0 < s <t <T and u € R”

Elexp{i(u, £9(t))[F;})
_ exp{ <u e f av)dvgd(s)_i_/ e—fia(v)dvk(w

)
X exp z< / 1[0 RE (hl[s 0 ),v)de(v)> +/Stw(zd(h1[s7t],v)Tu)dv}
= exp {z u, e s““)d”Sd( )+ / e_fia(”)d”k(w)dw>}

{
(e
xexp{ —i(u / (10,92 (h1je ), ) (0) " h(v)do) |
{
{

cexp { [ (10.24 01, 000(0) o))}

[en]

X exp /0 Os]z (h1[sy,-),v)a( de /w (h1[s4,v) u)dv},
(4.1)

where h(-) = e~ S a(v)dvg (L,

Remark 4.13. [General sdes] Using the MG-fLp decomposition (3.2) and Proposition 3.9 of
Tikanméki and Mishura [37] we see that the i-th component of a MG-fLp is of zero-quadratic
variation if d(i) € (0, 3). Therefore for d = (d(1),...,d(n))" € (0,1)", general sdes driven by
MG-fLps can be considered using for example the theory of Zahle [40], section 5. However as

already mentioned in Fink and Kliippelberg [16], this does not cover CIR type processes. Using
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the zero-quadratic variation property and the integration concept of Russo and Vallois [32], a
similar theory as in [16] can be proven (at least up to stationary solutions, where we have to
face Remark 4.2). Therefore it will be interesting to calculate the prediction of transforms of
MG-{Lp driven integrals, which can be achieved by Fourier methods (cf. Theorem 3.7 of Fink,
Kluppelberg and Zahle [17] for the univariate fBm case). An example is the next theorem which
can be proven similar to Buchmann and Kliippelberg [10] using the idea of Theorem 3.7 and
Example 3.8 of [17].

Theorem 4.14 (fLCIRp). Ford € (0,1) and a >0 let X = (X (t))sejo,r) be the solution to the
fLOUp sde

dX(t):—gX(t)dt+de(t), te[0,7], X(0)€R.

Assume further that Elexp{X (t)}] < oo fort € [0,T]. Take f(x) = sign(x)a:Q%2 for x € R and
o > 0. Define the process Z = (Z(t))ejo,m by Z(t) = f(X(t)). Then for0 <s <t <T

t t
Z(t)— Z(s) = a/ Z(v)dv+0/ VI1Z () [d® L% (v)

holds with Z(0) = f(X(0)). Here the integral fst VIZ(@)|dR Le(v) is the forward integral of
Definition 1 of Russo and Vallois [32]. Furthermore for u € R we have

0]z = [ ([0l on e+ B[R0 ) o
R

with g.(€,u) = (2m) 7" [ e~ Detinf @) gy w € {4, =}, where E[e®HVXO|F ] is given by the
analytic extension of (4.1) to C.

5 Fractional credit models

We shall work in the framework of the most reduced-form credit risk models in the literature.
Given a finite time horizon T* > 0, a credit market shall be described by the bivariate process
(r,H) = (r(t),H(t))o<t<T+ on a given probability space (€2, F, Q) endowed with the filtration
(Ft)o<t<T+, which represents the market information and satisfies the usual conditions of com-
pleteness and right continuity. The process » models the short rate and H the default indicator,
i.e.

H(t) =1{r<yy, 0<t<TH

for a given (Fi)o<i<r+-stopping time 7, the default time. Denote by (H:)o<i<7+ the filtration
generated by H.

Assumption 5.1 (Market structure; cf. Frey and Backhaus [19], Ass. 3.1).

(i) We assume that there is a subfiltration (Gi)o<t<r+ of (Ft)o<t<r* with

Fo=GVHy, 0<t<T*
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1 is (Gt)o<t<T*-progressive, and that there exists a positive (Gi)o<i<T+-progressive process
A = (M)o<t<t*, called the default rate, describing the intensity of H (cf. Corollary 5.1.5
of Bielecki and Rutkowski [8]) with fg A(s)ds < oo a.s. for all 0 < t < T*. Furthermore

assume that

t
P(r>t|G)=FE[l1—-H(t)| G :exp{—/ )\(s)ds}. (5.1)
0
Setting Goo 1= Vogth* Gy, assume that for all bounded Goo-measurable random variables
7,
Eln| F]=En|G] (5.2)
holds.

(ii) Q is a risk neutral pricing measure, such that the price of any Fp-measurable claim X €
LY(Q) with maturity 0 < T < T* at time 0 <t < T is given by
V(t,T)=FE[X | F] for0<t<T.

In the framework above, the default history (F;)o<i¢<7+ is the investor information at time
t, meaning that the investor knows the short rate r, the default rate A and the default indicator
process H at time ¢t. Using Lemma 13.2 of Filipovic [15] we see that the price of a defaultable
zero coupon bond is for 0 < ¢t < T < T™* given by

T
B(t,T) = E[1{7>T}e*fz r(s)ds

T
Fi] = 1psg Ble I 0O

gt} .
Therefore it is sufficient to specify the dynamics of the bivariate process (r, \), forgetting H. We

propose a fractional Vasicek model:

Assumption 5.2 (Fractional Vasicek model). For d = (d(1),...,d(n))" € (0,3)", n € N, take
o€ A, k:[0,T"] = R" and a : [0,T*] — R™ ", k,a componentwise locally integrable such

that e~ fta(”)d“a(-) € A, for allt € [0,T*]. Consider the corresponding Ornstein-Uhlenbeck sde
ded(t) = (k(t) — a(t)24t))dt + o(t)dLi(t), te[0,7*], £%(0)e R™™,

Assume further as in Lemma 4.11 that o(t) is non-singular for every 0 <t < T* and o;; and
(o)i_j1 are of bounded p(j)-variation for some 0 < p(j) < 1/(1 —d(j)) (cf. Young [38]) for all
1 <i,5 <n. Then define for fized weights 0, ¢ € (Ry)", where § # 0,

r(t) = (0,£%1t))  and A1) = (¢, £4t)), tel0,T]. (5.3)

Therefore we have G = o{L%(s), s € [0,t]} for all t € [0,T*].

The following theorem considers the price of a defaultable zero coupon bond in the fractional
Vasicek credit market 5.2.

Theorem 5.3. Let 0 <t <T < T*. In the model of Assumption 5.2, set
D(t,T) = ftT e~ I aWdvgs where the integral is taken componentwise. Assume further that
D(-,T)o(-) € AL and

E[exp{ - <9 + o, /tT D(w,T)a(w)de(w)>}] < . (5.4)

15



Then we have

55} T
B(tT) = LgyB|e i 2

3

— 1 exp { - <9 + ¢, D(t, T)L4(t) + /tT D(v, T)k:(v)dv>}

X exp { B <9 + ¢, /Ot Z;d(l[O,t}Zd(hl[t»T}’ ) U)de(v)>}

T
<oxp{ [ 0.0 Ti0+ 6},
with h(-) = D(-,T)o(-).

Proof. By Assumption 5.2 the stochastic integrals also exist in the pathwise sense. By the proof
of Proposition 4.9 and Fubini’s Theorem (pathwise) we get

/tT(r(s) L A(s)ds = (0+6)T /tT 4(s)ds
= (04¢)" /t ' [e—ffa<v>dvsd(t)+ /t ) e Ju O () du
+ /t el “(”)d”a(w)de(w)] ds
_ (e+¢)T[ (t, T)2%(t) / D(v, T)k )dv—i—/tT D(w,T)o—(w)de(w)}.
We calculate

[ — [F(r(s)+A(s))ds

3

= exp{—<9—|—qb,[ tTSd /DvT dw>}
xE[exp{—<9+¢,/t D(w, T)o (w)dL(w >Hgt]

By assumption, the conditional expectation is a.s. smaller than infinity and therefore we can

invoke the prediction result of Theorem 4.3 (by extending it to u € C) to achieve
T
Flexp{ — 9+¢,/ D(w,T dL4(w) ) t|G
(e { = {o+0. || D Do)}l
t
= e { = (040, [ 510 1, ) L))}
0

T
xexp{ [ (b, TiO + 6o},
t
with A(-) = D(-,T)o(+). Putting everything together we obtain the assertion. O

Remark 5.4. Condition (5.4) is met if we assume the components of L? to be fractional sub-
ordinators and o(-) to be componentwise positive. These assumptions are economically justified
since interest rates should be positive in most cases. We refer to Theorem 3.3 of Rajput and

Rosinski [31] for more general conditions.
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Remark 5.5. The Gaussian case was already considered in Fink, Kliippelberg and Zéehle [17]
and Biagini, Fink and Kliippelberg [6] using different, partly more direct approaches. It has the
serious drawback that processes like the short rate could be negative. However in practice the
Gaussian models are fast to implement and very tractable. Of course it is always possible to scale
and shift a Gaussian Vasicek model such that the probability of becoming negative is arbitrarily
small. However with the theory in this paper we can propose models with non-negative short and
default rates where bond prices are comparably easy to calculate. On the other hand we want to
mention that when considering credit derivatives like credit default swaps, negative interest and
hazard rates might be suitable to model market anomalies like inverted CDS curves, cf. Fink
and Scherr [18].

The remainder of the paper is dedicated to the consideration of a specific example using
the bivariate Poisson MG-fLp of Example 4.7. The components of this process are fractional
subordinators in the sense of Example 3.3 and have therefore the advantage of delivering non-

negative short and hazard rates.

Example 5.6. [Fractional Poisson market] Assume d(1),d(2) > 0. Take the bivariate Poisson
MG-fLp of Example 4.7 as driving process in the fractional market 5.2. Further, for simplicity,
take k(-) = (ky, ko), with ky, ko > 0,

for a1, as, 01,09 >0and § = (1,0)7, ¢ = (0,1) . Therefore

dr(t) = (k1 —ayr(t))dt + o1dL* (), r(0) =79 € R,
ANt) = (kg — ag\(t))dt + a2d LY@ (1),  A(0) = X € R,

where L) and L4?) are dependent.
We apply now Theorem 5.3. Condition (5.4) is met since the process in the exponential is

non-positive. Further we have

T s T e—a1(s— t)
D(t,T) _ / e A a(v)dv o t ds - 0 . —. Dy(t,T) 0 )
¢ 0 [ el ds 0 Dy(t,T)

Therefore we have

f<9+¢, D(t,T)£4(t) /DvT dv>

— Dy, T)r(t) — Dt TIN(E) kl/ Dy (v T)dv—kg/ Ds(v, T)dv
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and

(0 6. [ 2 Ao O, ) )L )

t

t
—01/0 2 Y(L0,92 (D1 (- T) Ly 1), ), )AL (v) — 0’2/0 27 (10,92 (D2, T) Ly 7, ), )AL (v)
t
- / 2 (10,02 (D1, T) Ly 7y, ), v) (—krdv + ayr(v)dv + dr(v))
0

t
- / 2 (1,02 (D2, T) Ly 7y, ), ) (—kadv + a2\ (v)dv + dA(v))
0

where we used Lemma 4.11 in the last line. Applying the characterization of the Lévy measure

from Example 4.7, we calculate

Y(2 (M), v)

T, B O'lzd(l)(Dl('7T)1[t,T]av) 0 i
(9+¢)) = << 0 UQZd(Z)(DQ(',T)]-[aT],U) (9+¢)

_ io12* (D1 (-, T) 1y 77, v)
¢<<iazz 2(Daf, T)l[tT7v)>>
= m(exp(—o129D (D (-, 7)1y 7y, 0)) — 1)

+ip(exp(—o12" (D (-, 7)1y 79, v) — 022 (Do (-, T) 1y 1y, v)) — 1)
+n3(exp(—02zd<2>(p2(.,T)1W], v)) —1)

Putting everything together and applying Theorem 5.3 leads for all 0 < ¢ < T < T* to the bond

prices

B(t,T)

1onE {e— ST (r(s)+A(s))ds Qt}

Loy exp{ Dyt — Dy(t, THA(D) /ﬁ/ Dy (v, T)dv — kQ/ Do(v T)dv}
< exp { /01t - Dy T) Ly, ), )(—hade + arr(u)do + dr(v)) }

< exp { /Ot o D (-, T) 111, ), 0)(—hadv + as\(w)dv + dA(v)) }

T
X exXp {771/ (exp(_alzd(l)(Dl(’aT)l[t,T}aU)) - 1)dv}
t
T
xexp {ms / (exp(—0129 (D1 (-, T) 1y 77, 0) = 0227 (Do, T) 1y 77, v)) = 1)dlo |
t

T
xexp {m [ (exp(-a"® (Dol T) 1. 0)) - Do},
t

Remark 5.7. If we want to choose d = (0, 0)T in the context of Example 5.6, short and hazard

rate are driven by Lévy processes which are a subclass of affine Markov processes. Therefore the
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bond prices can be calculated to

T T
B(L.T) = exp{ ~ Di(0.7)r(0) ~ Do(0.TIN0) - /ﬁ/o Dy (v, T)dv — kg/o Dy(v. T)dv

<exp {m / ' (exp(=o1 Dy (6, 7)) — 1)dv + s / ! (exp(—0aDs(0, T)) — v}

X exp {772 /tT(eXP(—UlDl(UyT) —02D2(v,T)) — 1)dv},

which represents the affine structure, see e.g. Duffie [11] and Duffie, Filipovic and Schacher-
mayer [12]. However, if d # (0,0)7, the past paths of short/default rate matter and will enter
the prices.

To compare prices we consider the case ¢t = 0.

Bond{D, 1)

10

0.8

0.4

Figure 1: Bond prices B(0,t) in the fractional Poisson market 5.6 for varying d(1) and maturity
t, using (n1,m2,m3)" = (2,1,2)7, (r(0),A(0))" = (0.1,0.05)7, k1 = 0.5, ks = 1, a1 = 4, az = 8,
o1 = 2, 03 = 1 and d(2) = 0.25. Recall that (d(1),d(2))" = (0,0)" corresponds to the Lévy
Vasicek model of Remark 5.7. Prices decrease with d(1) as a consequence of the long range

dependence, which is very surprising, cf. Remark 5.9.
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Figure 2: Bond prices B(0,t) in the fractional Poisson market 5.6 for varying d(2) and maturity
t, using (n1,m2,m3)" = (2,1,2)7, (r(0),A(0))" = (0.1,0.05)7, k1 = 0.5, ks = 1, a1 = 4, az = 8,
o1 = 2, 03 = 1 and d(1) = 0.25. Recall that (d(1),d(2))" = (0,0)" corresponds to the Lévy
Vasicek model of Remark 5.7. Prices decrease with d(1) and d(2) as a consequence of the long

range dependence, cf. Remark 5.9.

Example 5.8. In the situation of Example 5.6 we have
T T
BO.T) = exp{ -~ Di(0.7)r(0) ~ Da(0.T)A(0) - kl/ Dy (v, T)dv — k2/ Da(v. T)dv
0 0
T
X exXp {771/ (GXP(—Ulzd(l)(Dﬂ'a Tﬂ[o,T]:”)) - 1)dv}
0
T
X exXp {772 / (exp(_glzd(l) (Dl('a T)]'[O,T]vv) - UQZd(Q) (DQ('v T)]'[O,T]vv)) - ].)d’l)}
0
T
xexp {m [ (exp(-aaz"®(Dal T)g,0) ~ 1o},
0

Because of the singularities in the operator z¢ classical numerical methods have to be used with
care. We will choose a similar discretization scheme, as in the fBm case, cf. Fink, Kliippelberg
and Zahle [17]. This will be explained for the first occuring fractional integration:

For d(1) € (0,3) and 0 < ¢t <T < T* we have

T
/eXP(—Ulzd(l)(DﬂwT)l[o,T],U))dv
0

T T d(l)D(r T) 191 (r)
= _ —d(1) " 1) 0.1]
/0 exp ( 01€C4(1)V /U (r — o)1=d(1) dr) dv.
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First we decompose the outer integral for m e Nand 0 =vg <v1 <--- < v, =T

nl i T AW D(r, T) 11 1 (r)
_ —d(1 ) (0,7
— E_O /UZ exp ( — 01Cq(1)V ) /U D dr) dv.

Now by Remark 3.3.13 we have for sufficiently small intervals [v;, v;11], subpartitions v; = wj <

wzi < ---gwim = v;4+1 for some m; € N, i =0,...,m — 1, and v € [v;, Vj11]

dr

T D(r, T) 1o 1y(r)
v (’I” - U)l_d(l)

Q

mi—1

1 . ) . . ) . )

2d(1) D lwhyy — o)™ = (wh = v) DN [(w}) D D(w}, T) + (wl 1) "™ D)y, T)]
Jj=0

= A(v)

Putting everything together we get

T
/ exp(—1220 (Dy (-, T) L 1, v))dv
0

ol v T a0 D(r, T) 11971 (7)

= - —d(1) ’ [0,7]

= Z; /v, exp ( T1C4(1)V /v (r — o)1) dr) dv
n=1 n—1

~ 2/ exp ( — Ulcd(l)A(vi)u—d(1)>dv = Z[UZ-H — v;] exp ( — alcd(l)A(Ui)[viH - vi]/2>.
i=0 v Vi i=0

Choosing now v; = 0.014, s =0, ..., 100¢, and w§ =0.01(i+7),7=0,...,100t — i, we obtain
100t—i—1
Aw) = 3 16+ 1) =800+ )" D0.01(i + ), ) + (i + j + 1)*D(0.01(i + j + 1), ¢)]
§=0

T n—1
/ exp(—012D (Dy (-, T) 1.1, v))dv ~ 001y exp ( - 0.005alcd(1)A(vi)>. (5.5)
0 i=0

Remark 5.9. At first sight it is surprising that in the case of a fractional Poisson market
prices decrease with d(1) and d(2), since in the Gaussian case the contrary is the case (cf. Fink,
Klippelberg and Zahle [17]). The reason behind this is the following: in a fractional Poisson
market, short and default rate increase with the shocks of the driving Poisson subordinators
and decrease between these exponentially. An increase in d(1) and d(2) means an increase in the
(positive) correlation between these shocks. Therefore short and default rate are more likely to
go up, which leads the bond price to drop.

In the Gaussian case, the driving processes are not increasing and an increase in d(1) and
d(2) does no longer affect short and default rate as above, since there is now also a (positive)

correlation between decreases of the driving processes.

21



Acknowledgment

This work was completed while the author visited the Oxford-Man Institute of Quantitative

Finance. He gratefully acknowledges the pleasant hospitality. Furthermore the author wants to

thank Christian Bender and an anonymous referee for their useful comments which led to a real

improvement of the paper.

References

1]

2]

[11]

[12]

D. Applebaum. Lévy Processes and Stochastic Calculus. Cambridge University Press,
Cambridge, 2004.

A. Benassi, S. Cohen, and J. Istas. Identification and properties of real harmonizable
fractional Lévy motions. Bernoulli, 8(1):97-115, 2002.

C. Bender and R. J. Elliott. On the Clark-Ocone Theorem for fractional Brownian motion
with Hurst parameter bigger than a half. Stochastics Stochastics Rep., 75(6):391-905, 2003.

C. Bender and T. Marquardt. Stochastic Calculus for Convoluted Lévy Processes. Bernoulli,
14(2):499-518, 2008.

C. Bender and T. Marquardt. Integrating volatility clustering into exponential Lévy models.
J. Appl. Probab., 46(3):609-628, 2009.

F. Biagini, H. Fink, and C. Klippelberg. A fractional credit model with long
range dependent default rate. Submitted for publication. Available at http://www-

m4.ma.tum.de/forschung/preprints-veroeffentlichungen, 2010.

F. Biagini, S. Fuschini, and C. Kliippelberg. Credit contagion in a long range dependent
macroeconomic factor model. In G. Di Nunno and B. @ksendal, editors, Advanced Mathe-

matical Methods in Finance, pages 105-132. Springer, Heidelberg, 2011.

T. R. Bielecki and M. Rutkowski. Credit Risk: Modeling, Valuation and Hedging. Springer,
Berlin, 2002.

R. M. Blumenthal and R. K. Getoor. Sample functions of stochastic processes with sta-
tionary independent increments. J. Math. and Mech., 10:493-516, 1961.

B. Buchmann and C. Kliippelberg. Fractional integral equations and state space transforms.
Bernoulli, 12(3):431-456, 2006.

D. Duffie. Credit risk modeling with affine processes. Stanford University and Scuola

Normale Superiore, Pisa, 2004.

D. Duffie, D. Filipovic, and W. Schachermayer. Affine processes and applications in finance.
Ann. Appl. Prob., 13:984-1053, 2003.

22



[13]

[14]

[15]

[16]

22]

23]

T. E. Duncan. Prediction for some processes related to a fractional Brownian motion.
Statistics € Probability Letters, 76:128-134, 2006.

R. J. Elliott and J. van der Hoek. A general fractional white noise theory and applications
to finance. Mathematical Finance, 13:301-330, 2003.

D. Filipovic. Term-Structure Models. Springer, New York, 2003.

H. Fink and C. Kliippelberg. Fractional Lévy driven Ornstein-Uhlenbeck processes and
stochastic differential equations. Bernoulli, 17(1):484-506, 2011.

H. Fink, C. Kliippelberg, and M. Zéhle. Conditional characteristic functions of fractional
Brownian motion and related processes. Accepted by J. Appl. Probab., 2012.

H. Fink and C. Scherr. Credit risk with long memory. Submitted for publication, 2012.

R. Frey and J. Backhaus. Pricing and hedging of portfolio credit derivatives with interacting
default intensities. International Journal of Theoretical and Applied Finance, 11(6):611—
634, 2008.

M. Henry and P. Zaffaroni. The long-range dependence paradigm for macroeconomics and
finance. In P. Doukhan, G. Oppenheim, and M. Taqqu, editors, Long-Range Dependence.
Birkhauser, Boston, 2003.

N. Tkeda and S. Watanabe. Stochastic Differential Equations and Diffusion Processes.
North-Holland Publ. Co., Amsterdam, 2nd edition, 1989.

C. Jost. Transformation formulas for fractional Brownian motion. Stochastic Processes and

their Applications, 116:1341-1357, 2006.

C. Kliippelberg and M. Matsui. Generalized fractional Lévy processes with fractional brow-
nian motion limit. Submitted for publication. Available at www-m4.ma.tum.de/Papers,
2010.

M. B. Marcus and J. Rosinski. Continuity and boundedness of infinitely divisible processes:

a Poisson point process approach. J. Theor. Probab., 4:109-160, 2005.

T. Marquardt. Fractional Lévy processes with an application to long memory moving
average processes. Bernoulli, 12(6):1009-1126, 2006.

T. Marquardt. Multivariate FICARMA processes. J. Mult. Anal., 98:1705-1725, 2007.

I. Monroe. On the ~-variation of processes with stationary independent increments. Ann.
Math. Statist., 43:1213-1220, 1972.

A. Ohashi. Fractional term structure models: no arbitrage and consistency. Ann. Appl.

Prob., 19(4):1533-1580, 2009.

23



[29]

[30]

31]

[35]

[36]

[39]

[40]

V. Pipiras and M. S. Taqqu. Integration questions related to fractional Brownian motion.
Prob. Theory Rel. Fields, 118:251-291, 2000.

V. Pipiras and M. S. Taqqu. Are classes of deterministic integrals for fractional Brownian

motion on an interval complete? Bernoulli, 7:878-897, 2001.

B. S. Rajput and J. Rosinski. Spectral representations of infinitely divisible processes. J.
Theor. Probab., 82(3):453-487, 1989.

F. Russo and P. Vallois. Elements of stochastic calculus via regularisation. Lecture Notes
in Math., 1899:147-186, 2007.

S. G. Samko, A. A. Kilbas, and O. I. Marichev. Fractional Integrals and Derivatives. Theory
and Applications. Gordon and Breach Science Publishers, Yverdon, 1993.

G. Samorodnitsky and M. S. Taqqu. Stable Non-Gaussian Random Processes. Chapman
& Hall, New York, 1994.

K.-1. Sato. Lévy Processes and Infinitely Divisible Distributions. Cambridge University
Press, Cambridge, 1999.

K.-I. Sato. Additive processes and stochastic integrals. Illinois Journal of Mathematics,
50:825-851, 2006.

H. J. Tikanméki and Y. Mishura. Fractional Lévy processes as a result of compact interval

integral transformation. Stochastic Analysis and Applications, 29:1081-1101, 2011.

L. C. Young. An inequality of the Holder type, connected with Stieltjes integration. Acta
Math., 67:251-282, 1936.

M. Zahle. Integration with respect to fractal functions and stochastic calculus I. Prob.
Theory Rel. Fields, 111:333-374, 1998.

M. Zéahle. Integration with respect to fractal functions and stochastic calculus II. Math.
Nachr., 225:145-183, 2001.

24



