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1 IntroductionRandom recurrence equations have been used in numerous �elds of applied probability. We re-fer for instance to Kesten (1973), Vervaat (1979) and Embrechts and Goldie (1994). Stochasticmodels in �nance are an important �eld of application for random recurrence equations. Overthe last years a variety of these models have been suggested as appropriate models for �nancialtime series (see e.g. Priestley (1988), Tong (1990), Taylor (1995)). Due to the random recurrencestructure, many of these models possess the property that their conditional variance depends onthe past information (conditional heteroskedasticity). Empirical work has con�rmed that suchmodels �t quite many types of �nancial data. The most known examples of volatility models in�nance with random recurrence structure are autoregressive conditionally heteroskedastic pro-cesses (ARCH). These models were introduced by Engle (1982). They serve as special exchangerate or asset price models and are very popular in econometrics. In a series of papers, the ARCHmodels have been analyzed and generalized, see for instance the survey article by Bollerslev,Chou and Kroner (1992) and the statistical review paper by Shephard (1996).The class of autoregressive (AR) models with ARCH errors proposed by Weiss (1984) are anatural extension of ARCH processes. These models are also called SETAR-ARCH models (self-exciting autoregressive). They are de�ned by the random recurrence equationXn = f(Xn�1; :::;Xn�k) + �n "n; n � k ; (1.1)where f is a linear function in its arguments, the innovations ("n)n2N are i.i.d. symmetric randomvariables with mean zero and �n is given by�2n = �0 + pXj=1 �jX2n�j ; �0 > 0; �1; :::; �p �; �p > 0; (1.2)for some p � 1. These models combine the advantages of AR models which target more onthe conditional mean of Xn given the past and ARCH models which concentrate on the con-ditional variance of Xn (given the past). Autoregressive models with ARCH errors capture thestructure of �nancial data quite well, i.e. the tendency of volatility clustering and the fact thatunconditional price and return distributions tend to have fatter tails than the normal distribu-tion. Statistical and/or probabilistic properties of such models have been investigated by Weiss(1984), Diebolt and Gu�egan (1990), Maercker (1997) and Borkovec and Kl�uppelberg (1998).In the present paper we study the extremal behavior of AR processes with ARCH errors. Wefocus on the AR(1) process with ARCH(1) errors, i.e. f(Xn�1; :::;Xn�k) = �Xn�1 for some2



� 2 R and �n is given in (1.2) with p = 1. This Markovian model is analytically tractable andserves as a prototype for the larger class of models (1.1). Furthermore, in the special case � = 0we get just the ARCH(1) model of Engle (1982) and hence our results for the extremes will bean extension of the results in de Haan, Resnick, Rootz�en and de Vries (1989).Extremal behavior of a Markov process (Xn)n2N is for instance manifested in the asymptoticbehavior of the maxima Mn = max1�k�nXk ; n � 1 :The limit behavior of Mn is a well-studied problem in extreme value theory. Two review paperon this and related problems are Rootz�en (1988) and Perfekt (1994). For a general overviewof extremes of Markov processes, see also Leadbetter, Lindgren and Rootz�en (1983) and thereferences therein. Loosly speaking, under quite general mixing conditions, one can show thatfor n and x large P (Mn � x) � F n�(x) ; (1.3)where F is the stationary distribution function of (Xn)n2N and � 2 (0; 1) is a constant calledextremal index. A natural interpretation of � is that of the reciprocal of mean cluster size (seee.g. Embrechts, Kl�uppelberg and Mikosch (1997, Chapter 6) and the references therein). Thepractical implication of (1.3) is that dependence in data does often not invalidate the applicationof classical extreme value theory. There are many methods for determing the extremal index.However, most are very technical and often useless in practice. An alternative is then to estimate� from the data.For the AR(1) process with ARCH(1) errors we derive an explicit formula for the extremal index.We furthermore investigate the point process of exceedances of a high threshold u of (Xn)n2Nwhich characterizes the extremal behavior of the process in detail. This point process convergesin distribution to a compound Poisson process with a well-speci�ed intensity and a well-speci�eddistribution of the size of the jumps.The paper is organized as follows: in section 2 we present the model and introduce the re-quired assumptions on the innovations ("n)n2N . The conditions are the same as in Borkovecand Kl�uppelberg (1998), namely the so-called general conditions and the technical conditions(D:1)�(D:3). The general conditions guarantee the existence of a stationary version of (Xn)n2Nwhereas (D:1) � (D:3) allow us to describe the tail behavior of the stationary distribution. Wepresent furthermore some results on the AR(1) process with ARCH(1) errors (Xn)n2N and on the3



related process (Zn)n2N = (ln(X2n))n2N . It turns out that the process (Zn)n2N is crucial for thestudy of the extremal behavior of (Xn)n2N . We show in Lemma 2.3 that (Zn)n2N behaves abovea high threshold asymptotically as a random walk with negative drift which can be completelyspeci�ed. Theorem 2.1 collects some known results on the AR(1) process with ARCH(1) errors(Xn)n2N which were proved in Borkovec and Kl�uppelberg (1998). In particular, the stationarydistribution of (Xn)n2N has a Pareto-like tail. Section 3 contains the main results (Theorem 3.1)concerning the extremal behavior of (Xn)n2N . We interprete these results and present somesimulations. We conclude the paper in section 4 with the proof of Theorem 3.1.2 PreliminariesWe consider an autoregressive model of order 1 with autoregressive conditional heteroskedasticerrors of order 1 (AR(1) model with ARCH(1) errors) which is de�ned by the stochastic di�erenceequation Xn = �Xn�1 +q� + �X2n�1"n ; n 2 N ; (2.1)where ("n)n2N are i.i.d. random variables, � 2 R; �; � > 0 and the parameters � and � satisfyin addition the inequality E(ln j�+p� "j) < 0 : (2.2)This condition is required to guarantee the existence and uniqueness of a stationary distribution.Let " be a generic random variable with the same distribution as "n. Throughout this paper, weassume the same conditions for " as in Borkovec and Kl�uppelberg (1998). These are the so-calledgeneral conditions:" is symmetric with continuous Lebesgue density p(x) ;" has full support R ; (2.3)the second moment of " exists :and the technical conditions (D:1)� (D:3):(D.1) p(x) � p(x0) for any 0 � x < x0 .
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(D.2) For any c � 0 there exists a constant q = q(c) 2 (0; 1) and functions f+(c; �); f�(c; �) withf+(c; x); f�(c; x)! 1 as x!1 such that for any x > 0 and t > xqp(x+ c+ �tp� + �t2 ) � p( x+ �tp� + �t2 ) f+(c; x) ;p(x+ c� �tp� + �t2 ) � p( x� �tp� + �t2 ) f�(c; x) :(D.3) There exists a constant � > 0 such thatp(x) = o(x�(N+1+�+3q)=(1�q)) ; as x!1 ;where N := inffu � 0 ; E(jp�"ju) > 2g and q is the constant in (D:2).There exists a wide class of distributions which satisfy these assumptions. Examples are thenormal distribution, the Laplace distribution or the Students distribution. Conditions (D:1) �(D:3) are necessary for determing the tail of the stationary distribution. For further detailsconcerning the conditions and examples we refer to Borkovec and Kl�uppelberg (1998). Notethat the process (Xn)n2N is evidently a homogeneous Markov chain with state space R equippedwith the Borel �-algebra. The transition kernel density is given byP (X1 2 dy jX0 = x) = 1p� + �x2 p( y � �xp� + �x2 )dy ; (2.4)The next theorem collects some results on (Xn)n2N from Borkovec and Kl�uppelberg (1998).Theorem 2.1 Consider the process (Xn)n2N in (2.1) with ("n)n2N satisfying the general con-ditions (2.3) and with parameters � and � satisfying (2.2). Then the following assertions hold:(a) Let � be the normalized Lebesgue-measure �(�) := �(� \ [�M;M ])=�([�M;M ]). Then(Xn)n2N is an aperiodic positive �-recurrent Harris chain with regeneration set [�M;M ]for M large enough. In particular, there exists a constant C 2 (0; 1) such that for anyBorel-measurable set B and x 2 [�M;M ]P (X1 2 B jX0 = x) � C �(B) : (2.5)(b) (Xn)n2N is geometric ergodic. In particular, (Xn)n2N has a unique stationary distributionand satis�es the strong mixing condition with geometric rate of convergence. The stationarydf is continuous and symmetric. 5



(c) Let F (x) = P (X > x); x � 0; be the right tail of the stationary df and the conditions(D:1) � (D:3) are in addition ful�lled. ThenF (x) � c x�� ; x!1 ; (2.6)where c = 12� E �����jXj +p� + �X2"���� � ���(�+p�")jXj�����E �j�+p�"j� ln j�+p�"j� (2.7)and � is given as the unique positive solution toE(j� +p�"j�) = 1 : (2.8)Furthermore, the unique positive solution � is less than 2 two if and only if �2+�E("2) > 1.Remark 2.2 (a) Note that E(j�+p�"j�) is a function of �; � and �. It can be shown that for" � N(0; 1) and �xed �, the exponent � is decreasing in j�j. This means that the distributionof X gets heavier tails when j�j increases. In particular, the AR(1) process with ARCH(1)errors has for � 6= 0 heavier tails than the ARCH(1) process (see also Table 3 in Borkovec andKl�uppelberg (1998)).(b) Theorem 2.1 is crucial for investigating the extremal behavior of (Xn)n2N . The strong mixingproperty includes automatically that the sequence (Xn)n2N satis�es the conditions D(un) and�(un). The conditionD(un) is a frequently used mixing condition due to Leadbetter et al. (1983)whereas the slightly stronger condition �(un) was introduced by Hsing (1984). Loosly speaking,D(un) and �(un) give the \degree of independence" of extremes situated far apart from eachother. This property together with (2.6) implies that the maximum of the process (Xn)n2Nbelongs to the domain of attraction of a Fr�echet distribution. We will specify the normalizingconstants of the maxima and the limit distribution in section 3. 2In order to study the extremal behavior of (Xn)n2N and (X2n)n2N we de�ne the auxiliary process(Zn)n2N := (ln(X2n))n2N which is again a regenerative, strongly mixing process. Since (Xn)n2Nfollows (2.1) the process (Zn)n2N satis�es the stochastic di�erence equationZn = Zn�1 + ln�(�+p� e�Zn�1 + � "n)2� ; n 2 N ; (2.9)where ("n)n2N are i.i.d. random variables that satisfy the general conditions and (D:1)� (D:3),the constants are the same as in our old process (Xn)n2N and Z0 equals ln(X20 ) a.s.. Note that6



the process (Zn)n2N is independent of the sign of the parameter � since "n is symmetric. Hencewe may w.l.o.g. in the following assume that � � 0. We will see that (Zn)n2N can be boundedby two random walks (Sl;an )n2N and (Su;an )n2N from below and above, respectively. This result isessential for the study of the extremal behavior of (Xn)n2N . Via results for (Zn)n2N , we prove forinstance that the regenerative process (Xn)n2N has �nite mean recurrence times which allow usto consider only the extremal behavior of the stationary process (Xn)n2N . The process (Zn)n2Nwill be also important in the proof of Lemma 4.1. For the construction of the two random walks(Sl;an )n2N and (Su;an )n2N we need some more de�nitions. With the same notation as before, letAa := f! j ��p� e�a + ��p� e�a=2 � "(!) � ��p� e�a + �+p� e�a=2 g ; (2.10)p(a; �; �; �; ") := ln�(� +p� e�a + � ")2� ;q(a; �; �; �; ") := ln�1� 2�p�e�a=2"(�+p� e�a + � ")2 1f"<0g� ; (2.11)r(a; �; �; �; ") := ln�1� �"2e�a(�+p� e�a + � ")2 1f"<0g� :Note that q(a; �; �; �; "); r(a; �; �; �; ") ! 0 a.s. for a!1. Now de�neSl;an := nXj=1 Uaj and Su;an := nXj=1 V aj ; n 2 N ; (2.12)where Uaj := �1 � 1Aa + �p(a; �; �; �; "j ) + r(a; �; �; �; "j )� � 1Aca\f"j<0g+ ln(�+p�"j)2 � 1f"j�0g (2.13)and V aj := p(a; �; �; �; "j ) + q(a; �; �; �; "j ) (2.14)for some a � 0. The following lemma shows that the random walks de�ned in (2.12)-(2.14) arereally upper and lower bounds for (Zn)n2N above a high level.Lemma 2.3 Let a be large enough, Na := inffj � 1 jZj � ag and Z0 > a. ThenZ0 + Sl;ak � Zk � Z0 + Su;ak for any k � Na a.s. (2.15)7



Proof. We prove only the lower bound. The proof of the upper bound is similar but easier. Letx � a be arbitrary. If " � 0 it is obvious that(� +p� e�x + � ")2 � (�+p� ")2 : (2.16)Consider now " < 0, then(�+p� e�x + � ")2 � (�+p� e�a + � ")2= 2�(�")�p� e�a + ��p� e�x + ��� �(e�a � e�x) "2� �� e�a "2 : (2.17)Note that we have a non-trivial lower bound of (�+p� e�x + � ")2 if and only if(�+p� e�a + � ")2 � � e�a "2 > 0 : (2.18)It is straightforward that (2.18) is equivalent to" > ��p� e�a + �+p� e�a=2 or " < ��p� e�a + ��p� e�a=2 : (2.19)From (2.16), (2.17) and (2.19), we obtain��+p� e�x + � "(!)�2 � 8>>><>>>: (�+p� "(!))2 ; ! 2 f" � 0g(�+p� e�a + � "(!))2 � � e�a "(!)2 ; ! 2 Aca \ f" < 0g0 ; ! 2 Aa (2.20)Now take logarithms and use the additive structure (2.9) of (Zn)n2N . 2Remark 2.4 (a) If a is large enough then Su;an and Sl;an are random walks with negative drift.Proof. Note thatE(V a1 ) = E (p(a; �; �; �; "1) + q(a; �; �; �; "1))= E �ln�(�+p� e�a + � "1)2 + 2�p� e�a=2 (�"1) 1f"1<0g��! E(ln(�+p�"1)2) < 0 ; as a!1 ;where we used the dominated convergence theorem and (2.2) in the last step. Hence for a largeenough the statement follows. 2(b) Let (Sn)n2N := �Pnj=1 ln�(�+p�"j)2��n2N . For a " 1 we haveSl;ak P! Sk and Su;ak a:s:! Sk ; (2.21)8



for any k 2 N, i.e. both random walks converge at least in probability to the same random walk.Furthermore, supk�1 Sl;ak d! supk�1 Sk and supk�1 Su;ak a:s:! supk�1 Sk : (2.22)Proof. The a.s. convergence of (Su;an )n2N and supk�1 Su;ak is straightforward since p; q and rconverge a.s.. Consider therefore the lower random walk (Sl;an )n2N . Note that for a " 1P (Aa)! 0and hence 1Aca\f"<0g P! 1f"<0g and 1Aa\f"<0g P! 0 : (2.23)Furthermore, p(a; �; �; �; "1) + r(a; �; �; �; "1) a:s:! ln�(�+p�"1)2� ; (2.24)and therefore (2.21) holds. Finally we note thatEmax(0; Ua1 ) = Emax�0;�p(a; �; �; �; "1) + r(a; �; �; �; "1)� 1Aca\f"1<0g�+Emax�0; ln(�+p�"1)2 1f"1�0g�! Emax(0; ln(�+p�"1)2); as a!1 ; (2.25)where we used (2.23), (2.24) and the dominated convergence theorem. By Borovkov (1976),Theorem 22, p.53, (2.21) and (2.25) we derive thatsupk�1 Sl;ak d! supk�1 Sk : 2Lemma 2.3 characterizes the behavior of the process (Zn)n2N above a high treshold a andhence also the behavior of (X2n)n2N . This is the key to what follows: the process (Sn)n2N willdetermine completely the extremal behavior of (X2n). Recall from Theorem 2.1 that (Xn)n2Nis Harris recurrent with regeneration set [�ea=2; ea=2] for a large enough. Thus there exists inparticular a renewal point process T0; T1; T2; ::: which describes the regenerative structure of(Xn)n2N . 9
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Figure 1: Simulated sample path of (Zn)n2Nwith parameters � = 0:6; � = 1; � = 0:4 and starting point Z0 = 50(solid line) and the corresponding random walks (Sl;an )n2Nand (Su;an )n2Nwith a = 20 (dotted lines), respectively.Note that the random walks are hardly distinguishable from each other and (Zn)n2N for n � 47. Hence theyare extremely good bounds above the level a = 20. If the process falls far below the level 20 they are still veryclose, but are no longer bounds for (Zn)n2N. The picture also con�rms our statement that the random walks havenegative drift and converge to the same limit.Corollary 2.5 The renewal point process (Tn)n2N0 which describes the regenerative structureof (Xn)n2N is aperiodic and has �nite mean recurrence times C0 = T0 and C1 = T1 � T0.Proof. The renewal process can be constructed in the following way (see e.g. Asmussen (1989),Section VI.3 for some background on regenerative processes):De�ne �1 := inffk � 1 jXk 2 [�ea=2; ea=2]g = inffk � 1 jZk � ag = Naand �i+1 := inffk > �i jZk � ag for i = 1; 2; 3; : : :. Since (Zn)n2N is above the level a dominatedby the random walk with negative drift (Su;an )n2N andsupx2(�1;a]E(max(0; Z1) jZ0 = x) <1 ; (2.26)it follows that �1; �2; �3; ::: are well de�ned and have �nite expectations. Now let M1 := inffi �1 j I�i = 1g and Mj+1 := inffi > Mj j I�i = 1g for j = 1; 2; 3; ::: with P (I1 = 1) = 1 � P (I1 =0) = C and independent of (Xn)n2N where C is the constant in (2.7). Note thatP (Mj �Mj�1 = i) = C(1� C)i�1 for i; j = 1; 2; ::: and M0 = 0 : (2.27)10



From Asmussen (1989), p.151 and (2.5), the renewal process (Tn)n�0 is now given byTn := �Mn+1 + 1 ; n � 0 ;and hence, by (2.27)E(C0) = E(T0) � E(�M1+1) � constE(M1 + 1) <1 :Similar calculation shows that E(C1) < 1 as well. Since the transition density of (Zn)n2N ispositive and continuous it follows �nally that C1 is aperiodic. 2As a consequence of Corollary 2.5 we may suppose in the following that the process (Xn)n2Nis stationary. One can show by a coupling argument that for any probability measure � and anysequence (un)n2N���P �� max1�k�nXk � un�� P �� max1�k�nXk � un����! 0; as n!1 ;where P � denotes the probability law for (Xn)n2N when X0 starts with distribution � and �is the stationary distribution. For the coupling argument one needs explicitly that the process(Xn)n2N is regenerative and that the embedded renewal process is aperiodic and has �nite meanrecurrence time. We refer to Lindvall (1992, Chapter II and III) for further details.3 Extremal behavior of the AR(1) process with ARCH(1) errorsIn this section we present the main results concerning the extremal behavior of the AR(1) processwith ARCH(1) errors and the accompanying squared process. Let ( bXn)n2N be the associatedindependent process of (Xn)n2N , i.e. bX1; bX2; ::: are i.i.d. random variables with the stationarydistribution function of (Xn)n2N . From (2.6) and classical extreme value theory we obtainlimn!1P (n�1=� max1�k�n bXk � x) = exp(�c x��) ; x � 0 ; (3.1)hence the maximum of the associated independent process ( bXn)n2N belongs to the domain ofattraction of a Fr�echet distribution. In the dependent case we prove a similar result. The limitdistribution is still a Fr�echet distribution but a constant � occurs in the exponent. � is calledthe extremal index of the process (Xn)n2N and is a measure of local dependence amongst theexceedances over a high threshold by the process (Xn)n2N . It has a natural interpretation as11



the reciprocal of the mean cluster size. In order to describe the extremes in more detail, we alsoconsider the point process (Nn)n2N of exceedances of an appropriately chosen high threshold ungiven by Nn(�) := #fk=n 2 � jXk > un ; k 2 f1; :::; ng g (3.2)and show that this point process converges to a compound Poisson process N. We derive theintensity and the distribution of the jumps which we denote by (�k)k2N . Note that in the extremevalue theory for strong mixing processes the jumps equal the lengths of clusters of exceedances.For further background we refer to Leadbetter et al. (1983), Rootz�en (1988) or Embrechtset al. (1997, Section 8.1). For the ARCH(1) process it was convenient to investigate �rst thesquared process. This is not the case for our model since we have a completely di�erent structuredue to the autoregressive part of (Xn)n2N . Nevertheless, only for the squared process (X2n)n2Na comparison with results in the ARCH(1) case (see de Haan et al. (1989)) is possible. Thefollowing theorem collects our results.Theorem 3.1 (a) Suppose (Xn)n2N is given by equation (2.1) with ("n)n2N satisfying the gen-eral conditions (2.3) and (D:1) � (D:3) with parameters � and � satisfying (2.2) and X0 � �.Then limn!1P �(n�1=� max1�j�nXj � x) = exp(�c�x��) ; x � 0 ; (3.3)where P � denotes the law for (Xn)n2N when X0 starts with the distribution �, � solves theequation E(j� + �"j�) = 1, c is de�ned by (2.7) and� = � Z 11 P (supk�1 kYi=1(�+p�"i) � y�1)y���1dy :For x 2 R, let Nn be the point process of exceedances of the threshold un = n1=�x by X1; :::;Xngiven by (3.2). Then Nn d! N; n!1 ;where N is a compound Poisson process with intensity c�x�� and cluster probabilities�k = �k � �k+1� ; k 2 N ; (3.4)where �k = � Z 11 P (#fj � 1 j jYi=1(�+p�"i) > y�1g = k � 1)y���1dy ; k 2 N :12



In particular, �1 = �.(b) Let (Xn)n2N be the AR(1)-process with ARCH(1)-errors in (a) and (X2n)n2N the squaredprocess. Then limn!1P �(n�2=� max1�j�nX2j � x) = exp(�2c�(2)x��=2) ; x � 0 ; (3.5)where �; c are the same constants as in (a) and�(2) = �2 Z 11 P (supk�1 kYi=1(�+p�"i)2 � y�1)y��2�1dy :For x 2 R, let N (2)n be the point process of exceedances of the threshold un = n2=�x by X21 ; :::;X2n.Then N (2)n d! N (2); n!1 ;where N (2) is a compound Poisson process with intensity 2c�(2)x��=2 and cluster probabilities�(2)k = �(2)k � �(2)k+1�(2) ; k 2 N ; (3.6)where �(2)k = �2 Z 11 P (#fj � 1 j jYi=1(�+p�"i)2 > y�1g = k � 1)y��2�1dy ; k 2 N :In particular, �(2)1 = �(2).Remark 3.2 (a) Theorem 3.1 is a generalization of the result of de Haan et al. (1989) in theARCH(1) case (i.e. � = 0). They use a di�erent approach which does not extend to the generalcase because of the autoregressive part of (Xn)n2N .(b) Note that for the squared process one can describe the extremal index and the clusterprobabilities by the random walk (Sn)n2N , namely�(2)k = �2 Z 10 P (#fj � 1 jSj > �xg = k � 1) e��2 x dx ; k 2 N :The description of the extremal behavior of (X2n)n2N by the random walk (Sn)n2N is to beexpected since by Lemma 2.3 and Remark 2.4 the process (Zn)n2N = (ln(X2n))n2N behavesabove a high threshold asymptotically like (Sn)n2N . Unfortunately, this link fails for (Xn)n2N .Another possibility for proving statement (b) is to follow the work of Hooghiemstra and Meester13



(1995) using the regenerative structure of (Zn)n2N , Lemma 2.3, Corollary 2.5 and Remark 2.4(b).(c) Analogous to de Haan et al. (1989) we may construct \estimators" for the extremal indices�(2) and �(2)k of (X2n)n2N , respectively, byb�(2) = 1N NXi=1 1fsup1�j�m S(i)j ��E(i)� gand b�(2)k = 1N NXi=1 1fPmj=1 1fS(i)j >�E(i)� g=k�1g ; for k 2 N ;where N denotes the number of simulated sample paths of (Sn)n2N , E(i)� are i.i.d. exponentialrandom variables with intensity � andm is chosen large enough. These estimators can be studiedas in the case � = 0 and " � N(0; 1) in de Haan et al. (1989). In particular,�(2) � b�(2)(�(2)(1� �(2))=N)1=2is approximately N(0; 1) distributed. Because of Remark 3.2(b) this approach is not possible for(Xn)n2N . We choose as \estimators" for � and �k for (Xn)n2Nb� = 1N NXi=1 1fsup1�j�mQjl=1(�+p� "l)�1=P (i)� g (3.7)and b�k = 1N NXi=1 1fPmj=1 1fQjl=1(�+p� "l)>1=P (i)� g=k�1g ; for k 2 N ; (3.8)where N denotes the number of simulated paths of (Qnl=1(�+p� "l))n2N , P (i)� are i.i.d. Pareto-distributed random variables with intensity �, i.e. with distribution function G(x) = 1 � x��,x � 0, and m is large enough. These are suggestive estimators since Qnl=1(� +p� "l) ! 0 a.s.as n!1 because of assumption (2.2).(d) Note that the extremal index � of (Xn)n2N is not symmetric in the parameter � (see Ta-ble 1). This observation is intuitively obvious since for � > 0 the clustering is stronger by theautoregressive part than for � < 0.
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Figure 2: Estimated extremal index of a simulated sample path of (Xn)0�n�10000 with parameters � = 0:8; � =1; � = 0:6 and " � N(0; 1) using the blocks method for the data (see Embrechts et al. (1997), Section 8.1). Thelength of a block is chosen as 60. The solid line is the numerically computed extremal index using (3.7), see alsoTable 1.� � 0.2 0.4 0.6 0.8 1.0 1.2 1.5 2.0 2.5 3.0 3.5�1:2 - 0.001 0.001 0.003 0.004 0.001 0.000 - - - -�1 0.15 0.19 0.19 0.16 0.13 0.09 0.05 0.01 - - -�0:8 0.56 0.47 0.41 0.34 0.26 0.21 0.13 0.05 0.01 - -�0:6 0.86 0.71 0.61 0.50 0.41 0.33 0.22 0.10 0.03 0.00 -�0:4 0.96 0.85 0.71 0.60 0.50 0.40 0.30 0.14 0.06 0.01 -�0:2 0.98 0.89 0.77 0.65 0.56 0.47 0.33 0.18 0.07 0.02 0.000 0.98 0.89 0.78 0.65 0.55 0.45 0.33 0.18 0.08 0.02 0.000:2 0.94 0.82 0.72 0.61 0.52 0.43 0.32 0.18 0.07 0.02 0.000:4 0.85 0.72 0.63 0.53 0.45 0.37 0.28 0.13 0.06 0.01 -0:6 0.68 0.55 0.48 0.41 0.35 0.29 0.21 0.10 0.03 0.00 -0:8 0.39 0.34 0.32 0.27 0.22 0.19 0.12 0.05 0.01 - -1:0 0.09 0.14 0.13 0.13 0.11 0.08 0.04 0.01 - - -1:2 - 0.000 0.001 0.003 0.004 0.001 0.000 - - - -Table 1: \Estimated" extremal index � of (Xn)n2N in the case " � N(0; 1). We chose N = m = 2000. Note thatthe extremal index decreases as j�j increases and that we have no symmetry in �.15



j�j � 0.2 0.4 0.6 0.8 1.0 1.2 1.5 2.0 2.5 3.0 3.50 0.95 0.80 0.65 0.52 0.41 0.31 0.22 0.11 0.04 0.01 0.000:2 0.94 0.77 0.62 0.49 0.38 0.31 0.22 0.10 0.04 0.01 0.000:4 0.84 0.67 0.55 0.43 0.35 0.26 0.19 0.08 0.03 0.01 -0:6 0.67 0.52 0.41 0.34 0.25 0.18 0.14 0.06 0.02 0.00 -0:8 0.38 0.31 0.26 0.20 0.16 0.13 0.08 0.03 0.00 - -1:0 0.09 0.12 0.11 0.10 0.07 0.05 0.03 0.01 - - -1:2 - 0.000 0.001 0.001 0.000 0.000 0.000 - - - -Table 2: \Estimated" extremal index �(2) of (X2n)n2Ndependent on j�j and � in the case " � N(0; 1). We choseN = m = 2000. Note that the extremal index decreases as j�j increases.
j�j � � �1 �2 �3 �4 �5 �60 0.2 0.954 0.959 0.037 0.004 0.000 0.000 0.0000 0.6 0.651 0.682 0.186 0.092 0.018 0.010 0.0080 1 0.406 0.455 0.233 0.135 0.054 0.044 0.0230.4 0.2 0.844 0.853 0.122 0.018 0.004 0.002 0.0010.4 0.6 0.553 0.610 0.201 0.095 0.054 0.015 0.0080.4 1 0.342 0.431 0.216 0.107 0.066 0.045 0.0230.8 0.2 0.378 0.445 0.184 0.159 0.071 0.057 0.0110.8 0.6 0.255 0.328 0.202 0.145 0.088 0.012 0.0450.8 1 0.152 0.237 0.178 0.099 0.092 0.053 0.010Table 3: \Estimated" extremal index �(2) and cluster probabilities (�k)1�k�6 of (X2n)n2Ndependent on � and �in the case " � N(0; 1). We chose N = m = 2000.
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� � � �1 �2 �3 �4 �5 �60 0.2 0.974 0.973 0.027 0.000 0.000 0.000 0.0000 0.6 0.781 0.799 0.147 0.036 0.012 0.005 0.0010 1 0.549 0.607 0.188 0.107 0.036 0.034 0.017-0.4 0.2 0.962 0.962 0.037 0.001 0.000 0.000 0.0000.4 0.2 0.853 0.867 0.103 0.026 0.002 0.002 0.000-0.4 0.6 0.715 0.747 0.168 0.048 0.026 0.006 0.0020.4 0.6 0.624 0.676 0.182 0.066 0.040 0.019 0.012-0.4 1 0.497 0.540 0.210 0.115 0.075 0.040 0.0040.4 1 0.445 0.533 0.185 0.080 0.109 0.032 0.017-0.8 0.2 0.572 0.626 0.185 0.111 0.026 0.033 0.0010.8 0.2 0.386 0.470 0.172 0.148 0.062 0.068 0.006-0.8 0.6 0.414 0.520 0.159 0.134 0.072 0.043 0.0160.8 0.6 0.314 0.443 0.156 0.110 0.087 0.073 0.041-0.8 1 0.273 0.429 0.137 0.126 0.106 0.016 0.0120.8 1 0.224 0.346 0.132 0.114 0.129 0.045 0.004Table 4: \Estimated" extremal index � and cluster probabilities (�k)1�k�6 of (Xn)n2Ndependent on � and � inthe case " � N(0; 1). We chose N = m = 2000. Note that the extremal index for � > 0 is much larger than for� < 0.
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Figure 3: Simulated sample path of (Xn)n2Nwith parameters � = 0:8; � = 1; � = 0:2 (top, left), of (X2n)n2Nwiththe same parameters (top, right), of (Xn)n2Nwith parameters � = �0:8; � = 1; � = 0:2 (middle, left), of (X2n)n2Nwith the same parameters (middle, right), of (Xn)n2Nwith parameters � = 0; � = 1; � = 0:2 (bottom, left) andof (X2n)n2Nwith the same parameters (bottom,right) in the case " � N(0; 1). All simulations are based on thesame simulated noise sequence ("n)n2N. 18



4 The proof of Theorem 3.1The proof of Theorem 3.1 will be an application of results in Perfekt (1994) (see also theAppendix). In order to apply these results we need to check the assumptions in Theorem A1.1and A1.2. The next lemma provides a technical property for the squared AR(1) process withARCH(1) errors (X2n)n2N . It is the most restrictive assumption in Perfekt (1994).Lemma 4.1 Let (pn)n2N be an increasing sequence such thatpnn ! 0 and n
(ppn)pn ! 0 as n!1 ; (4.1)where 
 is the mixing function of (Xn)n2N. Then for un = n2=�xlimp!1 lim supn!1 P ( maxp�j�pnX2j > un jX20 > un) = 0 : (4.2)Remark 4.2 (a) The strong mixing condition is a property of the underlying ���eld of aprocess. Hence 
 is also the mixing function of (X2n)n2N and (Zn)n2N and we may work in allthese cases with the same sequence (pn)n2N .(b) In the case of a strong mixing process, conditions (4.1) are su�cient to guarantee that(pn)n2N is a �(un)-separating sequence. The notion of a �(un)�separating sequence was �rstintroduced by O'Brian (1989) and describes somehow the interval length needed to accomplishasymptotic independence of extremal events over a high level un in separate intervals. For ade�nition see also Perfekt (1994). Note that (pn)n2N is in the case of a strong mixing processindependent of (un).Proof. Note thatP ( maxp�j�pnX2j > un jX20 > un) = P (Na < p; maxp�j�pnX2j > un jX20 > un)+ P (p � Na < pn; maxp�j�pnX2j > un jX20 > un)+ P (Na � pn; maxp�j�pnX2j > un jX20 > un)=: I1 + I2 + I3 ; (4.3)where Na = inffj � 1 jZj � ag = inffj � 1 jX2j � eag as in Lemma 2.3. In order to get upperbounds of I1; I2 and I3 we show �rst that there exist constants C > 0 and N 2 N such that forany n > N; x 2 [e�n; ea] and k 2 NnP (X2k > un jX20 = x) � C : (4.4)19



Assume that (4.4) does not hold. Choose C; N > 0 arbitrary and � > 0 small. Because ofthe continuity of the transition probability (i.e. equicontinuity on compact sets), there existn > N; x 2 [e�n; ea]; k 2 N and � = �(�) > 0 such that for any y 2 (x� �; x+ �) \ [e�n; ea]nP (X2k > un jX20 = y) > C � � : (4.5)Let FX2 denote the stationary df of (X2n)n2N . By Theorem 2.1 we have thatlimn!1nFX2(un) = 2 c x��=2 ; (4.6)where c is given by the formula in (2.7) and � is the solution of (2.8). Furthermore, by (4.5) wehave nFX2(un) = Z(�1;1) nP (X2k > un jX20 = y)dFX2(y)� Z(x��;x+�)\[e�n;ea] nP (X2k > un jX20 = y)dFX2(y)> (C � �)P (X20 2 (x� �; x+ �) \ [e�n; ea])� (C � �)D ;where D := infz2[0;ea](FX2(z + �) � FX2(z)) > 0 because FX2 is continuous. Since C > 0 isarbitrary this is a contradiction to (4.6).Now we estimate (4.3).I1 � p�1Xl=1 P�Na = l; maxp�j�pnX2j > un ���X20 > un�� p�1Xl=1 pnXj=l+1P�Na = l; X2j > un ���X20 > un�= p�1Xl=1 pnXj=l+1E�1fNa=lg P (X2j > un jX2l ) ���X20 > un� (4.7)= p�1Xl=1 pnXj=l+1E�1fNa=lg 1fX2l �e�ng P (X2j > un jX2l ) ���X20 > un�+ p�1Xl=1 pnXj=l+1E�1fNa=lg 1fX2l <e�ng P (X2j > un jX2l ) ���X20 > un�=: J1 + J2 :Furthermore, by (4.4),J1 � p�1Xl=1 pnXj=l+1 1nE�1fNa=lg 1fX2l �e�ng nP (X2j > un jX2l ) ���X20 > un�20



� p�1Xl=1 pnXj=l+1 CnE�1fNa=lg 1fX2l �e�ng ���X20 > un�� pnXj=1 Cn P (Na < p jX20 > un) (4.8)� C pnn! 0 ; as n!1 ;since pn = o(n). Similarly, with Bl := fX21 > ea; :::;X2l�1 > eag for any l = 2; 3; 4; ::: and B1 = 
,we obtainJ2 � p�1Xl=1 pnXj=l+1E�1fNa=lg 1fX2l <e�ng ���X20 > un�= p�1Xl=1 pnXj=l+1E�1Bl P (X2l < e�n jX2l�1) ���X20 > un�= p�1Xl=1 pnXj=l+1E �1Bl P�(�Xl�1 +q� + �X2l�1 "l)2 < e�n ���X2l�1� ���X20 > un�= p�1Xl=1 pnXj=l+1E0@1Bl\fXl�1>0g P��e�n=2=Xl�1 � �q�=X2l�1 + � < "l < e�n=2=Xl�1 � �q�=X2l�1 + � � ���X20 > un1A+ p�1Xl=1 pnXj=l+1E0@1Bl\fXl�1<0g P�e�n=2=Xl�1 + �q�=X2l�1 + � < "l < �e�n=2=Xl�1 + �q�=X2l�1 + � � ���X20 > un1A= p�1Xl=1 pnXj=l+1E 1Bl\fXl�1>0g P��e�n=2�a=2 � �p� < "l < e�n=2�a=2 � �p� � ���X20 > un!+ p�1Xl=1 pnXj=l+1E 1Bl\fXl�1<0g P��e�n=2�a=2 + �p� < "l < e�n=2�a=2 + �p� � ���X20 > un!� 2 const p pn e�n=2�a=2! 0 ; as n!1 ;and therefore with (4.8) I1 ! 0 as n!1.Now we estimate lim supn!1 I3. Note �rst that by the Markov inequalityP� maxp�j�pn Su;aj > �z� � pnXj=p P�e�4 Su;aj > e��4 z�= pnXj=p P� jYm=1�(�+p�e�a + � "m)2 � 2�p�e�a=2"m1f"m<0g��=4 > e��4 z�21



� e�4 z pnXj=pE �(� +p� e�a + � "1)2 � 2�p�e�a=2"11f"1<0g��=4!j� e�4 z pnXj=p �j ; (4.9)where � < 1 such that E��(�+p� e�a + � "1)2 � 2�p�e�a=2"11f"1<0g��=4� � � for a largeenough. This is possible because of (2.2) which implies that E(j�+p� "1ju) < 1 for all u 2 (0; �)and the fact thatE��(�+p� exp(�a) + � "1)2 � 2�p�e�a=2"11f"1<0g��=4�! E�j�+p� "1j�=2� ; a!1by the dominated convergence theorem. Thus from Theorem 2.1, Lemma 2.3, (4.9) and a largeenough, lim supn!1 I3 � lim supn!1 P (Na � pn; maxp�j�pnZ0 + Su;aj > lnun jZ0 > lnun)� lim supn!1 P ( maxp�j�pn Z0 + Su;aj > lnun jZ0 > lnun)= lim supn!1 Z 10 P ( maxp�j�pn Su;aj > �z)�2 e��2 zdz (4.10)� 2 1Xj=p �j = 2 �p�11� � :Finally, note thatI2 � P (p � Na < pn; maxNa<j�pnX2j > un jX20 > un) + P (p � Na < pn; maxp�j�NaX2j > un jX20 > un)=: K1 + K2 :Similarly as for I1 and I3, respectively, we derive thatlim supn!1 K1 = 0 and lim supn!1 K2 = 2 �p�11� � :Now plugging all together and letting p!1 the statement follows. 2Corollary 4.3 Let (pn)n2N be the same sequence as in Lemma 4.1. Then (pn)n2N is also a�(un)�separating sequence for (Xn)n2N , where un = n1=�x and x 2 R arbitrary andlimp!1 lim supn!1 P ( maxp�j�pnXj > un jX0 > un) = 0 : (4.11)22



Proof. Because of Remark 4.2(a) and (b), it is straightforward that (pn)n2N is a �(un)�separatingsequence for (Xn)n2N . Note furthermore thatP ( maxp�j�pnX2j > u2n jX20 > u2n) = P (maxp�j�pn X2j > u2n; X20 > u2n)P (X20 > u2n)� P (maxp�j�pn Xj > un; X0 > un)P (X0 > un) + P (X0 < �un) = 12P ( maxp�j�pnXj > un jX0 > un)and hence the statement follows using Lemma 4.1. 2Now we are �nally able to prove Theorem 3.1.Proof of Theorem 3.1. The proof is an application of Theorem A1.2. We prove onlystatement (a), statement (b) follows along the same lines using Theorem A1.1. As stated alreadywe may assume w.l.o.g. that (Xn)n2N is stationary. Let x 2 R be arbitrary. Note thatlimu!1 P (X0 > u+ 1�ux)P (X0 > u) = 8<: 1 ; 1 + 1�x � 0(1 + 1�x)�� ; 1 + 1�x > 0and limu!1P (X1u � x jX0 = u) = P (�+p� " � x) :By Corollary 4.3 and the strong mixing property of (Xn)n2N all assumptions of Theorem A1.2are ful�lled and we have that the extremal index � is given by� = Z 11 P (#fj � 1 j ( jYi=1(�+p� "i))Y0 > 1g = 0 jY0 = y)� y���1dy= Z 11 P (maxj�1 ( jYi=1(�+p� "i) � y�1)� y���1dy :The cluster probabilities can be determined in the same way and hence the statement follows.2
A1 AppendixThe theorem below gives the extremal properties of a fairly large class of stationary Markovchains. The original version can be found in Perfekt (1994, Theorem 3.2, p. 538). We present asimpli�ed version of Perfekt's result which can be directly applied to our situation.23



Theorem A1.1 Suppose (Xn)n2N is a stationary Markov chain which satis�es for some 
 2(�1;1) the following properties(i) limu"xF 1� F (u+ g(u)x)1� F (u) = (1� 
 x)1=
+ ; x 2 (�1;1);where F is the stationary df, xF := supfx ; F (x) < 1g, y+ := maxf0; yg andxF =1 and g(u) = �
 u if 
 < 0xF <1 and g(u) = 
(xF � u) if 
 > 0If 
 = 0, then the auxiliary function g is unique up to asymptotic equivalence and strictly positiveon (x0; xF ) for some x0 < xF .(ii) limu!xF P�(1� 
 (X1 � u)g(u) )�1=
+ � x jX0 = u� = H(x)for some df H on [0;1).Let furthermore (An)n2N be an i.i.d. sequence with marginal df H and let Y0 be a random variableindependent of (An)n2N. De�ne the tail chain (Yn)n2N by Yn = An Yn�1 for n � 1 and denoteby P � the law of (Yn)n2N when Y0 has distribution �. Assume �(dx) = x�2dx; x > 1 and let(un(�)) be a sequence which satis�eslimn!1n(1� F (un(�)))! � :(a) Assume D(un(�)) holds for each � > 0. If for some �0 there is a D(un(�0))-separatingsequence (pn)n2N such thatlimp!1 lim supn!1 P ( maxp�j�pnXj > un jX0 > un) = 0 (A.1)holds with un = un(�) then (Xn)n2N has extremal index � given by� = P �(#fn � 1 jYn > 1g = 0) :
24



(b) Suppose (Xn)n2N has extremal index � > 0 and, for some �1 > 0 satis�es �(un(��1))for each � > 0. Suppose further there is a �(un(�1))-separating sequence (pn)n2N such that(A.1) holds with un = un(�1). Then, for each � > 0, N��1n := #fk 2 f1; :::; ng j k=n 2 �; Xk >un(��1)g converges in distribution to a compound Poisson process N with intensity ���1 andjump probabilities �i given by�i = 1��P �(#fn � 1 jYn > 1g = i� 1)� P �(#fn � 1 jYn > 1g = i)� ; i 2 N :The next theorem is an extension of Theorem A1.1. In some cases it is easier to apply then thelast one.Theorem A1.2 (Extension of Theorem 3.2 of Perfekt (1994), p. 543) Suppose (Xn)n2N is astationary Markov chain which satis�eslimu"xF 1� F (u+ g(u)x)1� F (u) = (1� 
 x)1=
+ ; x 2 (�1;1);where F is the stationary df, xF := supfx ; F (x) < 1g =1, y+ := maxf0; yg andg(u) = �
 u for some 
 < 0 :Suppose furthermore that inffx ; F (x) > 0g = �1 and thatlimu!1P (X1u � x jX0 = u) = H(x) ;for some df H on (�1;1). Let (An)n2N be an i.i.d. sequence with distribution H and de�nethe tail chain through Yn = AnYn�1; n � 1, Y0 being independent of (An)n2N. Then, if (Xn)n2Nsatis�es the conditions in (a) and (b) of Theorem A1.1, the result of the theorem holds with theinitial distribution � given by �(dx) := j
j�1x1=
�1dx; for x > 1.AcknowledgementI wish to express my gratitude to Claudia Kl�uppelberg for her constant support and advice.I am also grateful to Alex McNeil for an Splus program which estimates the extremal index bythe blocks method.References[1] Asmussen, S. (1987) Applied Probability and Queues. Wiley, Chichester.25
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