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Abstract The quark-gluon plasma produced in heavy-ion collisions at RHIC and LHC is
a hot and dense state of strongly correlated matter. It behaves like an almost-perfect fluid
featuring a small ratio of shear viscosity to entropy density. In this thesis we calculate within
a two-flavor Nambu—Jona-Lasinio model the shear viscosity as function of temperature and
chemical potential. A new Kubo formula is developed, incorporating the full Dirac structure
of the quark spectral function and avoiding commonly used on-shell approximations. Mesonic
fluctuations occurring at Fock level provide the dominant dissipative process. The resulting
parameter-free ratio is an overall decreasing function of temperature and chemical potential.
In combination with hard-thermal-loop results we find this ratio to feature a minimum slightly
above the AdS/CFT benchmark.

Zusammenfassung Das am RHIC und LHC in Schwerionenkollisionen erzeugte Quark-
Gluon-Plasma ist ein heifler und dichter Zustand stark korrelierter Materie. Es verhalt sich
wie eine beinahe perfekte Fliissigkeit, die ein kleines Verhaltnis von Scherviskositét zu Entropie-
dichte aufweist. In dieser Arbeit berechnen wir ihm Rahmen des Nambu—Jona-Lasinio Models
mit Up- und Down-Quarks die Scherviskositéat als Funktion der Temperatur und des chemis-
chen Potentials. Es wird eine neue Kubo-Formel entwickelt, welche die exakte Dirac-Struktur der
Spektralfunktion von Quarks einbezieht, wobei haufig verwandte on-shell Ndherungen vermieden
werden. Die auf Fock-Niveau auftretenden mesonischen Fluktuationen stellen den dominanten
dissipativen Prozess dar. Das sich ergebende parameterfreie Verhéltnis ist eine fallende Funk-
tion der Temperatur und des chemischen Potentials. In Verbindung mit Ergebnissen aus Hard-
thermal-loop Rechnungen erhalten wir ein Verhéltnis mit einem Minimum, das geringfiigig iiber
dem AdS/CFT Vergleichswert liegt.
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1. Motivation

“Before the Standard Model we could not go back further than 200,000 years after
the Big Bang. Today, especially since QCD simplifies at high energy, we can
extrapolate to very early times, where nucleons melt and quarks and gluons are
liberated to form a quark-gluon plasma.” [Gro03]

David Gross, Nobel Lecture 2004

The world we are experiencing on a daily basis is dominated by electromagnetism and gravity.
In our low-temperature world at 1" =~ 300 K the strong force which is described by Quantum
Chromodynamics (QCD) is restricted to microscopic scales due to the phenomenon of confine-
ment: quarks and gluons cannot be observed freely but they form hadrons such as nucleons
and mesons. Nature realizes a deconfined state of QCD matter only under extreme conditions
present in the early universe with 7' > 0.2 GeV ~ 2 - 10'2 K, or perhaps in the center of (cold)
compact stars. Since the year 2000 the creation of such an extreme state of hot matter has be-
come possible also on Earth using collider experiments with gold, copper or lead ions. They have
been carried out first at the Relativistic Heavy Ion Collider (RHIC) of the Brookhaven National
Laboratory (BNL). Nowadays, collisions at even higher center-of-mass energies are pursued at
the Large Hadron Collider (LHC) of the European Organization for Nuclear Research (CERN).
In such ultra-relativistic heavy-ion collisions a quark-gluon plasma is produced. It is under-
stood to be a highly correlated system behaving like an almost-perfect fluid with small viscosities.
It is remarkable that the measurement of particle-flow patterns in comparison to results from
hydrodynamic simulations allow the extraction of the shear viscosity to entropy ratio n/s. This
ratio has been found to be close to the benchmark 1/47 calculated from principles based on the
AdS/CFT correspondence. In particular, for the quark-gluon plasma it is smaller than for any
other fluid studied so far, sketched in Fig. The AdS/CFT benchmark refers to a perfect fluid
with infinitely strong correlations. Small values of the shear viscosity indicate indeed a highly
correlated system of quarks and gluons. In this thesis we aim to calculate the shear viscosity
n(T, 1) as function of temperature and quark chemical potential within the two-flavor Nambu—
Jona-Lasinio (NJL) model. Such a T- dependent viscosity can serve as input for hydrodynamic
simulations and can therefore help improving the understanding of the quark-gluon plasma.
The outline of this thesis is as follows: In Chapter [2| we review the basics of our work
starting with symmetries of QCD and the AdS/CFT correspondence. We examine also the
synergy between experimental flow-results and hydrodynamic simulations. The Kubo formalism
which allows the derivation of the shear viscosity from a microscopic quantum field theory is
briefly reviewed, too. In Chapter (3| we introduce the NJL model and discuss its large-N,
properties. It is shown how standard results such as the gap equation and the Bethe-Salpeter
equation describing mesonic (soft) modes can be derived within this formalism. The general
Kubo formalism for the shear viscosity becomes more specific when applying it to the NJL model
as it is done in the first part of Chapter |4l In its second part we investigate essential features of
the shear viscosity in a parameter study assuming that the shear viscosity is represented by one
single momentum-dependent spectral width. We introduce a suitable numerical approximation
scheme and investigate how the three-momentum cutoff and the thermal constituent-quark affect
the shear viscosity. The kinetic approach is reviewed and parallels and differences with respect to
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Figure 1.1.: Ratio n/s as function of temperature in the vicinity of the respective criti-
cal/crossover temperatures T; for different hydrodynamic systems. The value corresponding
to the quark-gluon plasma produced in ultra-relativistic heavy-ion collisions has been found
to be very small and close to the AdS/CFT benchmark 1/47. Figure taken from [L707].

the Kubo formalism are discussed. In Chapter [5|we consider mesonic fluctuations contributing
to the self-energy of both on-shell and off-shell constituent quarks. These fluctuations provide
the dominant dissipative process contributing to the shear viscosity of the hot and dense plasma
we are investigating. Furthermore, we compare our findings to well-known results from chiral
(cloudy) bag models and show that they are consistent with our more general field-theoretical
calculation. Chapter [6]starts with the discussion how the entropy density can be derived within
the large- N, NJL model. Then we generalize the Kubo formalism used for the parameter study
in order to incorporate the full Dirac structure of the quark-self energy calculated from mesonic
fluctuations. Our results for the shear viscosity and the ratio n/s are shown as functions of
temperature and quark chemical potential. We also compare them to lattice results and other
approaches. Finally, we summarize our most important findings in Chapter [7] The closing
Appendix [A] contains some technical details and general reviews for techniques we have used
in this thesis.



2. Quantum Chromodynamics and the
Quark-Gluon Plasma

“It is wrong to think that the task of physics is to find out how nature is.
Physics concerns what we can say about nature...” [McE01]

Niels Bohr

In this introductory chapter we review the three topics which form the basis of this work. First,
the symmetry patterns and main features of Quantum Chromodynamics (QCD) are discussed.
We introduce the large- N, extension of QCD and investigate how it affects its structure. Second,
heavy-ion collisions are reviewed and it is illustrated how hydrodynamic simulations are used to
extract the ratio n/s (shear viscosity to entropy density) from anisotropic-flow measurements.
The main goal of this work is to calculate the temperature dependence of this ratio using the
Nambu—Jona-Lasinio (NJL) model. Therefore, third, we introduce the Kubo formalism which
provides a microscopic description of dissipative parameters such as shear viscosity. We discuss
how the Kubo formula can be derived from linear response theory and pinpoint its complexity
arising from a diagrammatical treatment.

2.1. Quantum Chromodynamics — a symmetry-guided overview

2.1.1. QCD Lagrangian and its main features

The strong interaction of quarks and gluons is described by Quantum Chromodynamics given

in terms of the Lagrangian'

Laep = (D ) 1 — S Tr (G @) (2.1)

gauged by the color symmetry SU(3). with the physical number of colors N. = 3. The fermion
field ¢ = (¢¥1,...,¢ Nf)T collects the Ny = 6 quark flavors with their additional color structure
v = (Y5, 98, ¥P)T. The mass matrix is diagonal in flavor space, m = diag(my, ..., my,), and
trivial in color space due to the gauge symmetry. In the isospin limit all quarks feature the
same mass, 1 = mo Ln,xn;. In the chiral limit these current-quark masses are sent to zero:
mg — 0. Whereas the chiral limit is a good approximation for Ny = 2 flavors only, the isospin
limit is sometimes used also for the three-flavor case.
In the QCD Lagrangian the covariant derivative is denoted by

D, = 8, — igqep ALT® (2.2)

with gqep the fundamental coupling strength of QCD, Aj, denoting the eight gluon (vector
boson) fields, and T% the (infinitesimal) generators of the gauge group®. The gluonic field-

'For reviewing QCD we refer to standard textbooks, e.g. [PS95] [Wei99, [ESW03], and partly to [Lani0].
2Some group-theoretic details about the Lie group SU(N) are discussed and summarized in the Appendix



2. Quantum Chromodynamics and the Quark-Gluon Plasma

QCD Lagrangian QCD vacuum
global flavor symmetry || full QCD | isospin limit | chiral limit (Pah) #0
SU(Ns)L x SU(Ny)r X X v X
SU(Ny)v X v v v
U(l)y v v v v
U(1)a X X classical X

Table 2.1.: Summary of global flavor symmetries of the QCD Lagrangian (2.1)) and the vacuum
state. x denotes an absent symmetry and v/ denotes a present symmetry, cf. the discussion
in the text.

strength tensor is
-
G = GZVTG = i9qcD (D, D],

G4, = 0, A5 — 9,A% + gqep f*° AL AC

py

(2.3)

where the gauge fields are assumed to be smooth functions on Minkowski space, A, € C2[M].
The non-Abelian structure of QCD is encoded in the non-vanishing structure constants fup. # 0.
They are cyclic and totally antisymmetric and lead to three-gluon and four-gluon vertices. Apart
from the gauge symmetry QCD is also invariant under Poincaré transformations and features
the discrete C x P x T symmetries.

In flavor space there are (under certain approximations) additional global symmetries: at the
classical level and in the chiral limit the QCD Lagrangian is invariant under

U(N¢)r, x U(Ng)r = SU(NVg)p, x SU(Ng)r x U(1)r, x U(1)R - (2.4)

As we discuss later in more detail (cf. Eq. and the related instanton discussion), the
axialvector symmetry is anomalously broken: U(1)r, x U(1)g — U(1)y. This can be under-
stood from the non-trivial transformation behavior of the path-integral measure [ DyD1) under
1+ exp(—iysa)y [Fuj79]. It explains the rather large 7’-meson mass of 958 MeV.

In this work, the chiral symmetry SU(N¢)1, x SU(N¢)r and its breaking mechanisms are of
fundamental importance. We introduce left- and right-handed quark fields by

—_

YL/R = 3 1Fv)¢, (2.5)

which allow us to rewrite the QCD Lagrangian (2.1 as

Lacp = ¥ (i) ¥r, + ¢r (1) Yr — (YL + Yriier,) — %Tf (GwG"). (2.6)

It is obvious that in the chiral limit left- and right-handed quark fields can be transformed
independently. A finite mass term breaks this symmetry, because it mixes 1, and ¥r. However,
in the isospin limit the chiral symmetry is broken explicitly to the remnant SU(Nt)y symmetry
where left- and right-handed fields transform only simultaneously via ¢ — exp (—ia,Ty) 9.

In Table all global flavor symmetries are summarized. On the level of the Lagrangian,
symmetries are broken explicitly, whereas the vacuum state breaks symmetries spontaneously.
Having in the chiral limit also the anomalous breaking of U(1)s symmetry (denoted by “classi-
cal”), QCD features all possible symmetry-breaking mechanisms present in a relativistic quan-
tum field theory. We also mention the possibility to add both a P and C x P (and therefore

10



2.1. Quantum Chromodynamics — a symmetry-guided overview

also 7)) violating f-term to the QCD Lagrangian ([2.1)):

0 ~
Lo = ~ GG 7
with GH = %e’“’o‘ﬁ Gop denoting the dual gluonic field-strength tensor and # € C some free
parameter. Despite the fact that Ly is a total derivative (cf. again Eq. (3.62)) and the re-
lated instanton discussion), it gives rise to an electric dipole moment of the neutron (nEDM)
[CDVVWT79, Dar00]:

0. 04|9\

=2.7-107°|9le MeV! =5.4-1071%9|ecm , (2.8)
Am2my m7r

‘dn‘ N gaiNN—T—
where my = 939 MeV is the neutron (nucleon) mass and g,ny = 13.2 + 0.1 denotes the pion-
nucleon coupling constant. All experimental searches so far are consistent with a vanishing
nEDM and one can state an upper limit at |d,| < 2.9 - 10726 ecm (with 90% confidence level)
[BT06]. Therefore, the QCD f-term is small, |§] < 10710, leading to the so-called strong CP
problem which is discussed elsewhere [Wil78| [CLO6]. In most applications and investigations of
QCD the #-term is set to zero.

Apart from the current-quark masses there is no scale introduced by the QCD Lagrangian.
Therefore, on the classical level, QCD is scale invariant in its chiral limit. This scale invariance
is only one of the aspects of conformal symmetry which is anomalously broken by quantum
effects leading to a non-vanishing beta function?:

aa
Blag) = u22) Zﬁn al M (p (2.9)
with p being the renormalization scale and ag denoting the reduced strong fine-structure con-
stant: ) )
Qg 9Qcp\H
=5 =T 0 2.10
O = 4r 1672 (2.10)

In the SU(NV,) case, the coefficients read in the MS renormalization scheme [VRVLIT, [Cza05]:

11 2
= —Ne—-Ne,
Bo 3 3 Ve
34 10 N2 -1
= N2_- NNy — —¢ N,
ﬁl 3 3 f Nc f
2857 (N2 —1)2 205 1415 11N2-1 79
= IN3 e N - SE(N2 )N — ——N2Np + ——S " N24+ —~N_NZ?.
P2 = =5 N ANzt 36 (Ne — 1) i et T g TN, T gy el
(2.11)
At leading order this leads to*:
ag Qg
Blas) = —hog - = as(p) = (o) (2.12)

-
1+ fo as(pp) In (%)

For 5y > 0, i.e. for Ny < 11N./2 = 17, the beta function is negative and asymptotic freedom is
realized meaning that gqcp features small values at high energy scales allowing for a perturbative
treatment. This is fulfilled for the physical values, N, = 3 and Ny = 6, but also in the large- N,

3Note that there are several equivalent definitions of the beta function using different variables, e.g.

B(as) = 4mB(as) or B(gaep) = 22— (o).

9QCD
4Later in Section E we use the beta function to introduce the large-N. scaling in the NJL model.

11



2. Quantum Chromodynamics and the Quark-Gluon Plasma

limit. It is known that only non-Abelian Yang-Mills Lagrangians can feature asymptotic freedom
[WGT3, ICGT3, [Pol73|, [Gro05]. In 2004 Gross, Politzer, and Wilczek were awarded the Nobel
Prize in Physics “for the discovery of asymptotic freedom in the theory of the strong interaction”.

From the anomalous breaking of conformal symmetry expressed by the beta function an
intrinsic energy scale emerges: Aqcp. It is defined from the pole ag'(Agep) = 0. From
Eq. (2.12)) one finds at leading order:

27
Aqcp = po exp ( ﬁoas(ﬂo)) . (2.13)
For four active quark flavors at the renormalization scale ug = 2 GeV and as(po) ~ 1/3 it
evaluates to Aqcp ~ 0.2 GeV. The fact that the coupling ag appears in Eq. in the
exponent’s denominator expresses the non-perturbative nature of Aqcp. This scale separates
the perturbative from the non-perturbative sector of QCD. It also separates the light hadrons
(e.g. pions) from the more energetic states (e.g. nucleons) of the physical spectrum.

For low energies the strong coupling becomes large indicating the phenomenon if confinement.
We emphasize that the beta function is derived using Feynman diagrams which is a perturbative
technique, therefore conclusions about large «g are beyond the applicability of this approach.
Confinement is still not fully understood and there are several aspects of confinement which can
be approached in different ways. One possible approach is provided from a closed Wilson line
in imaginary time, the Polyakov loop:

L(z) = Pexp <1 /06 dr A4(m,r)> , (2.14)

where P denotes the path-ordering symbol, 8 = 1/T is the inverse temperature and Ay is
the fourth component of the gluon field field A, = A}T“. Introducing also the renormalized

Polyakov loop,
1

d(x) N,

Tre L(zx) , (2.15)

one can show that [MS81]:
(@(x)01(y)) 5 = e PFur@Y), (2.16)

where Fyg(x—y) denotes the free energy of two static color sources g and g with spatial separation
r = x —y. Sending one color source to infinity, correlations between the two sources vanish and
the thermal expectation value (-)3 in Eq. factorizes. This allows to relate the (thermal
expectation value of the renormalized) Polyakov loop to the free energy of a single quark:

(@) = o 270 (2.17)

It can be seen that for a divergent free energy of a single quark one has (®)3 = 0. This is
interpreted as confinement. In the deconfined phase one has (®)s ~ 1. We note that strictly
speaking this is only true in the pure gauge case without quarks, but the Polyakov loop is used
as an order parameter for the deconfinement transition also in the matter case. Additionally,
the Polyakov loop does not describe confinement in a sense that quarks are spatially clustered.
It only ensures the suppression of colored configurations, denoted as statistical confinement.

Calculating the potential between two static color sources ¢ and ¢ using lattice QCD provides
a more fundamental indication for confinement [BT00]. The lattice potential can be fitted by

Vr)= —S + or + const. (2.18)

12



2.1. Quantum Chromodynamics — a symmetry-guided overview

The string tension is calculated to be /o ~ 450 MeV, cf. the review [Bal0l] for instance.
For large distances the linear part of the potential dominates and indicates confinement in
the closer meaning: when separating two color sources too much, the spontaneous creation of
a quark-antiquark pair becomes energetically favored, hence the spatial distance between two
color sources is bounded from above. However, we mention that confinement is still not fully
understood and subject of intense investigations.

2.1.2. PCAC and low-energy theorems of QCD

Modeling QCD by substituting its Lagrangian by some simpler Lagrangian modeling its sym-
metry pattern is a very fruitful and commonly used strategy to tackle, in particular, non-
perturbative aspects of the strong interaction. In the low-temperature region one can use ef-
fective theories such as chiral perturbation theory (yPT), a systematic approach based on the
chiral effective field theory guided by the (approximate) chiral symmetry of QCD, cf. [Sch02] for
a reviewing introduction. Instead of an effective field theory, we will use in this work a model
approach to QCD: the Nambu-Jona-Lasinio (NJL) model that will be introduced in detail in
Chapter 3] However, when modeling QCD, one needs to guarantee low-energy theorems to be
satisfied, such as the Gell-Mann-Oakes-Renner (GOR) relation and the Goldberger-Treiman
(GT) relation |[LK96l [TWOI1l [CLO6]. They are based on the partially conserved azial current
(PCAC) hypothesis and can be derived using only basic current-algebra techniques. Later in
this thesis, we will discuss these relations again in Section [3.6] when demonstrating their validity
within the NJL model.
From the QCD Lagrangian the vector and axialvector current are defined as (N; = 3)

. A
Vi) = Bl ()
\ (2.19)
Ap(x) = Py s ()
where A\, = 2T, denote the Gell-Mann matrices, a = 1,...,8. From these currents the (con-

served) vector and axialvector charges follow:

QY = [ @) = [@rvi@) o).
\ (2.20)
Q) = [ @athie) = [ Eavi@ps o).

We use for any Dirac structures I'1, I’y and flavor structures Fy, F5 the following identity,
1 1
[0 Fy, TokFy) = §{F17F2}[F1,F2] + §[F1,F2]{F1,F2} ) (2.21)
leading to the general equal-time commutator (zg = yo = t) [Sch02]:

[T (2)T1 Fiap(x), T ()T Forp(y)] = 5O (z —y) (¢T($)F1F2F1F2¢(y) - ¢T(y)F2F1F2F1¢(9C)> .
(2.22)
From this a straightforward calculation yields:

[QY, b (@)\th(x)] = i fanctd () Acth ()

Q2 SahsAp(a)] = ~0(a) (30 + dusehe ) 0l

(2.23)

where we have used the fundamental representation of the Lie algebra SU(3), hence £(F) = 2/3

13



2. Quantum Chromodynamics and the Quark-Gluon Plasma

in the three-flavor case. For details we refer to the Appendix
The pion decay constant f is introduced by the following matrix elements which describes
the vacuum annihilation of a pion through the axialvector current’:

(0] AL () |my(p)) = ip" frbape™ ", (2.24)

where the right-hand side is just a parametrization of the left-hand side due to its Lorentz
structure. This definition refers to the vacuum case, i.e. 7' = 0 and ¢ = 0. In order to avoid
a parity doubling of the mesonic octet (Nf = 3) in the low-energy spectrum, one chooses the
Nambu-Goldstone realization of chiral symmetry, i.e. Q2|0) # 0, cf. the discussion of the NJL
phase diagram in Chapter [3.4] One finds

(01Qa (t = 0)lmy(p)) = /d‘gﬂf (0142 (2) my(p)) = 1Ep frdan(27)°57 (p) | (2.25)

meaning that Q2|0) contains one-pion states (with zero momenta). The PCAC hypothesis
states that the spectrum of QaA acting on the vacuum, is dominated by one-pion states forming
a complete set:

3
| 35, e ) = 1. (2.26)

We note for clarity, that QaA\()) actually contains all states with the corresponding quantum
numbers, e.g. three-particle states

d3p d3q A3k

/ mha(m ® my(q) ® me(k))(ma(p) ® mp(q) @ (k)| - (2.27)
From the PCAC hypothesis two important low-energy theorems can be deduced: the Gell-
Mann-Oakes-Renner (GOR) relation and the Goldberger-Treiman (GT) relation. We focus
on the GOR relation which will be derived in the following. Taking only the explicit chiral
symmetry breaking through the mass term 7 = diag(my, mq, ms) into account we have:

. . A
0, A (z) = 11/1(:1:){d1ag(mu, mq, Ms), ?1}1/1(95) =
A\ (2.28)
-\
= (mu + ma)(a)ins (@)
Commuting with Q{* and sandwiching between vacuum states we find

. - A

(0/[Q1, 9, AT]10) = (my +ma)i([Q7, @/)(ZE)%?W(@]) =

i 7 (2.29)
= —§(mu + mgq)(uu + dd) ,

where we have used Eq. (2.23) for a = b = 1, so di1zs = 1/v/3 and A\g = 1/+/3diag(1,1, —2).

Therefore, we get

(OI[QF Pla)rsAi(x)]0) = — ((au) + (dd)) - (2.30)

We mention that this equation can be used for defining the chiral condensate (i%), but at
this stage we postpone a more detailed discussion to Section [3.4] Inserting now the PCAC
hypothesis, i.e. a full set of one-pion states, into both terms of the commutator of Eq. (2.29)),

SFrom the decay 7~ — u~ 7(7y) its experimental value is determined to fr = 91.92 + 0.02 & 0.14 MeV. The
first (smaller) error is due to uncertainties of |V,,q| = 0.97425(22) whereas the second (larger) error is due to
higher-order corrections [O™14].
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2.1. Quantum Chromodynamics — a symmetry-guided overview

its left-hand side reads:

[ Q10 ma0) fra (910, 4410) ~ ©IB,AL 7)) (raPIQR0) ) = 22 2 E,
iEp f201a(2m)363) (D) m2 frb1a M2 frdta  —iBp fr81a(2m)36() (D)

(2.31)
where we have used i0,p" = m?2. Integrating also the right-hand side of Eq. over all
three-momenta, only the Lorentz-covariant normalization [ d3p = 2E,(27)3 is introduced. We
arrive at the GOR relation:

m2 2 = 2 (ma ma) () + {dd)) ~ —mo(dus) (232)

This relation expresses a simple connection between quantities from explicit (mg) and sponta-
neous (my, (1)) symmetry breaking. As we have seen, its derivation is based only on funda-
mental QCD symmetries and their breaking patters.

2.1.3. Large-NN. extension of QCD and key aspects of AdS/CFT correspondence

The main difference between QED (Quantum Electrodynamics) and QCD is the gauge group
which is Abelian for QED but non-Abelian for QCD. As we have reviewed above, this structure
leads to specific features like asymptotic freedom and confinement. Especially the lack of a gen-
eral perturbative technique applicable not only to the high-energy region of QCD is challenging
and makes QCD far more complex.

In December 1973 G. 't Hooft came up with a new topological classification of (QCD) Feynman
diagrams when describing interacting quarks: planar diagrams dominate for N — oo in a U(V;)
or SU(NV,) gauge group [tH74a]. In QCD, of course, the number of colors is fixed from experiment
and not a free parameter. The textbook method to do so is considering the R-ratio from e*e™
collisions [EJ91]:

_ Ny 2 2
otot(€Te” = 7 — hadrons) 9 4m 2m; Qs )
R(s) = =N 1— 1 (1 Y o ),
(5) orot(eTe™ = y* — ptp) ¢ = s s + S + At +0(e;)

(2.33)
where /s denotes the center-of-mass energy. We note that in the actual measurement the total
hadronic cross section includes QED corrections from bremsstrahlung and vacuum-polarization

effects which changes the details of how to compare the experimental data to R(s) from a pure
QCD calculation. However, when exploring the large-IN. generalization of QCD, one realizes
from Eq. that the strong coupling constant becomes small, gocp — 0, but the t Hooft
coupling A\ becomes a (scale dependent) constant:

4872
111n (5%)

This is the relevant coupling in a SU(NV.) Yang-Mills theory in its large-N. limit. As pointed

M) = ghop (1) Ne = dma (1) Ne — as Ne — 00 . (2.34)

out by Witten, the expansion parameter 1/N. is non-obvious and there is no a priori reason
why one should perform such an analysis:

“The hope is that it may be possible to solve the theory [QCD] in the large N limit,
and that the N = 3 theory may be qualitatively and quantitatively close to the large
N limit.” [Wit79]

For instance, asymptotic freedom as one of the main features of QCD is not qualitatively affected

15



2. Quantum Chromodynamics and the Quark-Gluon Plasma

by a large-N. expansion. The leading-order condition By > 0 is always fulfilled in this limit,
independent of the number of quark flavors, cf. the coefficients in Eq. .

QCD is not an isolated theory but it is part of the Standard Model with the gauge group
SU(3)c ® SU(2)r, ® U(1)y. In a naive large- N, expansion one would simply substitute by

SU(Ne)e ® SU2)L, @ U(1)y . (2.35)

Ensuring the renormalizability of the large-IN. extended Standard Model it is necessary to have
all chiral anomalies canceled. As investigated in [CY97] there are triangle diagrams which do
not vanish trivially:

Uy, UM)ySU@), UQ)ySUNe - (2:36)

Forcing these diagrams to vanish sets non-linear constraints on the U(1)y hypercharges which
are solved and discussed in [GM89, MRW90), (GM90]. In conclusion the electroweak charges (in
units of the elementary charge e) of the first quark and lepton generation are given by

1+N, 1—N,
+ ,—1,0) . (2.37)

(Qdev%;qy):( 5N, ' 2N,

We always have ¢, = gq + 1 but their actual value varies with the number of colors. For N, = 3
one finds the standard values ¢, = 2/3 and ¢qg = —1/3. In contrast, the lepton charges are not
affected by N and keep their standard values. When increasing the number of colors one has to
distinguish between an odd and even number series. Usually the large-N. series is interpreted
as (Ng),, =2n+1 € (3,5,7,9,...) with n € IN, where the proton consists of n + 1 up-quarks
and n down-quarks ensuring the physical proton and neutron charge:

14 Ne , 1-Ne  2n41+4Ne

1) -
(n+1) oN. "' Tan, 2N,

1. (2.38)
The neutron consists of n up-quarks and n+ 1 down-quarks which reproduces its neutral electric

charge as well:
14+ N, 1-N. 2n+1-N,
n- =

1) .
2N, +(n+1) 9N, 2N,

In the picture of valence quarks, the leading-order Fock state contains (n + 1) +n = N, quarks,
therefore both proton and neutron are ensured to be color neutral. This is true for an odd number
of colors. Allowing also an even number of quarks, (N.), = 2n € (2,4,6,8,10,...) with n € IN,
leads to a totally different world since nucleons become bosons. In the literature especially

=0. (2.39)

the two-color case is studied intensely. Its thermodynamics is described by model approaches
[RW04] or effective field theories [KST99, IKSTT00], which can interpret but also induce lattice
studies [SSS01, NFHO04, [LP13]. Excluding the possibility of parity-breaking phases, two-color
QCD is special for lattice calculations because the prohibitive sign problem is not present there
[Fuk07]. In a two-color world, nucleons are just diquarks and the proton consists of one single
up- and one single down-quark.%

Within the last few decades one highlighted aspect of SU(V.) Yang-Mills theories is their (con-

5We would like to mention one further possible large- N, extensions of the Standard Model. From the observation
that R(s) ~ Nc one can criticize that in the naive extension the hadronic processes are favored but
leptonic ones are suppressed. As it is suggested in [Erd98|, one can introduce a new global symmetry group
SU (N./3), to the Standard Model acting only on leptons which belong to the fundamental representation of
this group:
SU(Nec)e ® SU(N:/3), ® SU2)L ® U(1)y .

Also this formalism uses the physical constraints from anomaly cancellation to fix the quark and lepton charges.
Apart from the advantage of the leptonic sector featuring the same weight for large values of N;, the resulting
quark charges do not change with the number of colors.
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2.1. Quantum Chromodynamics — a symmetry-guided overview

jectured) duality” with string theories. The fact that planar diagrams provide the leading-order
contribution to large- N, QCD has its analogy in string theory: there, diagrams are organized in
a loop expansion where the genus y, counting the holes in diagrams, is the relevant topological
parameter. Assuming a small string length [, the scattering of e.g. two closed strings is orga-
nized in an expansion in [¥. This basic analogy was already pointed out 1974 by ’t Hooft and in
the meantime several non-trivial dualities have been found. In the following we refer mostly to
the review [BAAT12] and highlight the correspondence between string theory on anti-de Sitter
( AdS) space and some conformal field theory (CFT). This turned out to be relevant within
the context of heavy-ion collisions where QCD processes are dominant.® The strong form of
AdS/CFT correspondence reads:

There is an exact duality between type IIB string theory on AdSs x S° and four-
dimensional maximally (N = 4) superconformal Yang-Mills theory.

Symmetry dictates that the considered Yang-Mills theory must feature additionally supercon-
formal symmetry, i.e. it must be supersymmetric and conformal®. Besides the simple scale
invariance, there are also special conformal transformations which extend the Poincaré group
in total by five generators from SO(1,3) to SO(2,4). As a submanifold of this supergroup, the
five-dimensional anti-de Sitter space is described by the metric

T2 R2
ds? = o (—dt* + dz?) + ﬁdﬁ . (2.40)
——
4 dimensions 1 dimension

The constant curvature radius R of AdSs sets an intrinsic length scale for the bulk described by
the coordinate r. The conformal boundary of AdSs is reached at r = oo, where flat Minkowski
space in 4 + 1 dimensions is located. Copies of the sphere S° are affixed at each spacetime
point ensuring to provide a ten-dimensional spacetime where string theory can live. It is known
that the symmetry group of AdSs x S° is the same as the superconformal group in 3 + 1
spacetime dimensions [HLS75]. One can relate the closed string coupling g to the (running)
coupling constant of the Yang-Mills theory by g%M = 4mg, cf. [BBS06] or any other standard
string-theory textbook. In addition, one has

4
% = 4mgN, = g3 Ne = A, (2.41)
with o/ denoting the Regge slope. Historically, when string theory was actually constructed to
explain the strong force, it was defined empirically from the hadron spectrum [ZSV04] [APQ9]:
as it has been observed, both the squared meson and baryons masses, M2, can be described
easily by the Regge trajectory

J=dM?*, (2.42)

where J denotes the hadron spin. At least for mesons this simple form can be explained intu-
itively!? by a fast rotating relativistic string: M? = 27wo.J with \/o being the string tension.
By comparison the so-called QCD string is given by o = (2ra’)~!. Empirically, for the hadron
case, the numerical value of the Regge slope is o/ = O(1 GeV~2). However, the Regge slope in
the context of AdS/CFT correspondence serves as some free model parameter.

"Two theories are called dual if the functional structures of the external sources s in the corresponding partition
functions Z[s] = [ ([Ty.; PX) e %) coincide.

80f course, in heavy-ion collisions there are QED processes like photoproduction as well.

9We mention that in two dimensions the conformal transformations are given by the biholomorphic functions
which is of crucial importance for the two-dimensional world sheet in string theory.

10We mention that quantum effects alter this form, introducing a non-vanishing intercept and a positive curvature.
[ZSV04]
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2. Quantum Chromodynamics and the Quark-Gluon Plasma

Quantum Field Theory String Theory
Ak perturbative full theory with large string fluctuations
A > 1 ('t Hooft limit) non-perturbative supergravity with small string fluctuations

Table 2.2.: Limits of the 't Hooft coupling A and its impact on QFT and string theory

Having a look back to the SU(N,) Yang-Mills quantum field theory, we realize that only for a
small 't Hooft coupling a perturbative treatment is possible. In this regime the curvature R in
AdSs5 space needs to be also small as it can be seen from Eq. . This means that string
fluctuations (measured by the string length) become of similar size as the length scale of the
bulk space: I &~ R. Under this condition a perturbative treatment of string theory, i.e. an
expansion in /¥ as mentioned before, is not possible anymore. Therefore, it is not possible to
have a perturbatively accessible quantum field theory and corresponding string theory at the
same time. We summarize this discussion in table As a consequence, the strong form of
AdS/CFT correspondence is hard to prove. However, in the so-called ’t Hooft limit, where the
't Hooft coupling becomes large, A > 1, one has the weak form of AdS/CFT correspondence:

The large-\, large-N, limit of four-dimensional maximally (N = 4) superconformal
Yang-Mills theory is dual to classical type IIB supergravity on AdSs x S°.

This duality is just one, out of several examples, that were proven by Maldacena in his celebrated
paper [Mal99).

For this thesis applications based on the weak form of AdS/CFT duality are relevant: as we
will explain in detail in Sectionthe ratio n7/s is of crucial importance for the study of heavy-ion
collisions, where 7 denotes the shear viscosity and s the entropy density. The Kubo formalism
(cf. Section provides one possible approach to transport coefficients like shear viscosity.
Within a strongly coupled quantum field theory, its exact evaluation is almost impossible and
one usually applies (more or less rough) approximation schemes. However, it is also possible
to tackle this task using AdS/CFT correspondence which has been done first by Kovtun, Son
and Starinets in the acclaimed paper [KSS05]. We note that a thermal medium (in particular
the temperature 7T') is introduced to a quantum field theory usually by using the Matsubara
formalism as it is known from standard textbooks [LB00, [IKGO6]. The dual description of a
thermal medium in anti-de Sitter space is a Schwarzschild black hole (SBH) which is described
by the metric!!

2 2 3.2
% (—f(r)dt2 + dacQ) + i;(i)

R
In the limit » — 7o (approaching the black-hole horizon from flat space, i.e. r > rg and

)

. with f(r) =1 — (7>4 . (2.43)

r

ds® =

0 < f(r) < 1), the metric becomes singular which indicates the presence of a black hole!?. As it
is shown in [PSS01], the shear viscosity of a strongly-coupled supersymmetric Yang-Mills plasma

reads
T

8

"1t is interesting to note that the scale factor f(r) affects not only the bulk but also the time coordinate in the
conformal boundary of AdSs space. This can be interpreted as analogy to the Matsubara formalism where
also the temporal axis becomes affected by compactifying onto [0,1/7] implying the discrete spectrum of
Matsubara frequencies.

12Gince its horizon is translationally invariant one sometimes denotes it as black brane.

n(T) N2T3 . (2.44)
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2.1. Quantum Chromodynamics — a symmetry-guided overview

This result has been derived using AdS/CFT correspondence and the definition of 1 as Kubo
correlator'3, calculating the absorption cross section of a graviton by a black brane in AdSs
where the temperature T is the Hawking temperature of the metric ([2.43)):

70

The zero-temperature case is reached for ro — 0, i.e. when pushing the black brane infinitely far
away from the conformal boundary. Combining the result for n(7") with the Bekenstein-Hawking
entropy (density) |[GKP96, Kov12],

2 23
s(T) = ?NCT , (2.46)
one arrives at the famous ratio ]
n

This constant result is exact in AdS5 x .S° quantum gravity, therefore, by applying the AdS/CFT
correspondence, also for large- N superconformal SU(N,) Yang-Mills theory in the 't Hooft limit.
For many reasons, QCD is far away from the considered Yang-Mills theory: of course, there
are actually only three colors and QCD does not feature supersymmetry. FEven in the chiral
limit where no length scale is present in the Lagrangian , conformal symmetry is broken
anomalously leading to #(as) # 0 and the intrinsic energy scale Aqcp. However, as it has been
also derived by Kovtun, Son and Starinets, the first-order correction to the ratio n/s in inverse
powers of the 't Hooft coupling is positive:
n 1 135¢(3)

h_ 2 29%0) g 2.4
s 4w 8(2))3/2 =0 (2.48)

From this observation the viscosity bound conjecture (KSS conjecture) has been drawn:

“Most quantum field theories do not have simple gravity duals. Is our result relevant
in a broader setting? We speculate that the ratio /s has a lower bound n/s > 1/4x
for all relativistic quantum field theories at finite temperature and zero chemical
potential. The inequality is saturated by theories with gravity duals.” [KSS05]

In fact, so far all experimentally accessible physical systems do respect this AdS/CFT bound.
The more strongly the system is coupled the smaller one expects its corresponding ratio n/s. As
we will discuss in detail in the next Section the quark-gluon plasma produced in heavy-ion
collisions features a remarkably small value of 7/s. However, it is known that one can construct
theories and models where this ratio is undershot, e.g. because the viscosity can be independent
of the particle multiplicity but the entropy density is not [Coh07]. In an anisotropic plasma the
KSS bound can be violated as well [Mam12| RS12].

In this thesis we are calculating the ratio n/s for the NJL model. Its non-perturbative nature
can be explored applying a large-N. expansion which is used as book-keeping method only
and for any numerical result we always use the physical value N, = 3. Although the NJL
model is far away from being a quantum field theory possessing a quantum-gravity dual, it
is, however, instructive to compare our results to the benchmark 7/s = 1/47 from AdS/CFT
correspondence.

3We emphasize that this is the same footing our own analysis for n(7T, u) within the NJL model is based on.
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2. Quantum Chromodynamics and the Quark-Gluon Plasma

2.2. Heavy-ion collisions and the quark-gluon plasma

In heavy-ion collisions matter can be studied under extreme conditions. There are two main
facilities where gold, copper or lead ions are accelerated to ultra-relativistic velocities before
they are collided: the Relativistic Heavy Ion Collider at the Brookhaven National Laboratory
(RHIC@BNL) and the Large Hadron Collider at the European Organization for Nuclear Re-
search (LHCQCERN). It is established that in both facilities a quark-gluon plasma (QGP)
has been created as a strongly coupled system that behaves like an almost-perfect fluid with
n/s < 5/4m, e.g. [Sonl3| and references therein. Until the shutdown of the LHC on 14 February
2013 there have been two runs with lead-lead collisions and one run with proton-lead collisions. It
is already clear that the QGP produced at the LHC differs to some extend from the plasma pro-
duced at RHIC where the center-of-mass energy has been a few hundred GeV, whereas at LHC
the TeV scale has been reached, cf. Table In spring 2015 its upgrade is expected to be fin-
ished allowing then for collisions with /syn = 5.1 TeV. In this section we will describe the basic
ideas of heavy-ion collisions and explain in detail how the plasma created at the LHC motivates
this thesis asking for a better understanding of the temperature dependence of shear viscosity.
In this section we refer mostly to the (review) articles [Ven10l [HSS12 [Snelll [O1I11) [Son13] and
the standard textbook [YHMOS].

2.2.1. Experimental facilities and a standard model of heavy-ion collisions

A sketch of a heavy-ion collision is shown in Fig. where the beam line is oriented along the
z-axis. In the heavy-ion program of LHC, the heaviest known stable isotope, Pb?*®, has been
used which is a double-magic nucleus with spherical symmetry. Each collision event differs by
its centrality class ¢ which can be calculated from the impact parameter b = bé,:

b2

€= m(2RA)2’

(2.49)

where R4 ~ 1.3 fm - /A is the radius of the nucleus. The lower the centrality class the more
central is the collision. If there is no full geometric overlap between the two nuclei the collision
is called peripheral. Nucleons that are not participating in the collision are called spectators:
Nspee = N — Npart. In a central collision one has N ~ Npary = 24 ~ 400 participants. The
impact parameter b is not directly observable and cannot be used for determining the centrality
class. Instead, one measures the multiplicity of charged particles in an event, d Neyt/dNep,, and
averages over many events. A typical result is shown in Fig. from the first elliptic-flow
measurement at the LHC. Using the Glauber model, cf. [MRSS07] for a review, the final-state
observable Ny, can be related to the impact parameter, b, and the number of participating

active period SNN beam velocity

RHIC@BNL || 2000 to present | 200 GeV | ¢ — 13,200 m s~ !
LHCQCERN 2009 to 2013 2.76 TeV c—T70ms !

LHCQCERN || starting in 2015 | 5.1 TeV c—20ms!

Table 2.3.: Comparison of beam energies at RHIC and LHC for Au-Au and Pb-Pb collisions,
respectively. The center-of-mass energy /sy refers to the energy of each nucleon pair.
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2.2. Heavy-ion collisions and the quark-gluon plasma

nucleons, Npare. This is based on the assumption that the underlying centrality classes and the
impact parameter b are monotonically related to the particle multiplicity. The Glauber model
parameterizes the density distribution of nuclei using a Woods-Saxon distribution:

B p
p(r) = ; HXP‘ET RA) : (2.50)

where we restrict to the case of spherical nuclei with three model parameters pg, R4, a, which
have been determined from low-energy electron scattering experiments. In a Glauber Monte
Carlo (GMC) simulation, nucleons are randomly distributed within the ion according to this
distribution. A collision between two nucleons takes place if their distance satisfies the sim-

ple geometric condition d < 4/ mel/ﬂ' where amel denotes the inelastic proton-proton cross

section, cf. Fig. for its dependence on the center-of-mass energy /s. It is empirically
know that the multiplicity of soft particles scales with the number of participating nucleons,
Nup =~ %Nsoft ~ Npart, but the multiplicity of hard particles scales with the number of nucleon-
nucleon collisions, Nparqg ~ Neon. From a simple geometric picture, Ny depends on the volume
of the interaction volume and its length in beam direction, [, ~ N hence Neon ~ N, 4/3

part» part*
Considering for instance a central Au-Au collision at \/syn = 0.2 GeV at RHIC [AT06] one has

Npart = 400 but Ngop ~ 0. 4N§4r3t ~ 1200 with the cross section 011:;1121 S=0.2 TV = 42 mb. The

same collision at LHC energies would lead to an increase of N.o by roughly 50% because the

cross section increases to amel‘ S0.76 ToV = 64 mb, resulting N, = 2000.

Directly after the collision, a pre-equilibrium phase is created that starts to expand primarily
one-dimensionally in the beam-line direction. At this stage, perturbative QCD techniques are
applicable in principle. The color-glass condensate (CGC) model has been settled to describe
this initial state successfully, cf. [ILMOI, FILMO02] and |[GLTMVI0] for a review. The CGC model
is based on the assumption that the multiplicity of partons within the relativistic heavy ion is
huge. This means that every single parton carries only a small fraction of the total ion energy.
Since gluons dominate the parton-distribution functions at small Bjorken-z, the two colliding
ions at ultra-relativistic energies can be described as a dense condensate of gauge color sources
interacting perturbatively with each other.

As it is sketched in the Bjorken spacetime picture shown in Fig. the thermalization
converts the pre-equilibrium state after 79 &= 1 fm into the quark-gluon plasma where local

Probability

Raallea,
1500

Multiplicity

PRy [
2000 2500

1000 3000

Figure 2.1.: Schematic heavy-ion collision  Figure 2.2.: Per-event charged particle mul-
with spectators and interaction volume in tiplicity Nej,l dNeyt/dNg, averaged over
almond shape. Figure taken from [Snell]. 4.5 - 10* Pb-Pb collisions at ALICE. Figure

taken from |AT10].
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Figure 2.3.: Proton-proton cross sections as function of the center-of-mass energy. ngzl is the
difference between the total and elastic cross section. For low energies Coulomb repulsion
suppresses the cross section, at high energies it scales approximatively as o ~ log? s. Figure

taken from |OT14].

thermal equilibrium' is reached. As discussed in the next Section the QGP can be
described using viscous relativistic hydrodynamics. The QGP expands three-dimensionally and
evolves towards hadronization where first chemical freeze-out and then thermal freeze-out takes
place, 7. < 7. For 7 > 7, the numbers of each particle species (pions, nucleons, kaons, etc.) stay
constant but the particles are still in local thermal equilibrium and their kinetic distributions are
coupled. After the thermal freeze-out, 7 > 7¢, the kinetic equilibrium is no longer maintained
and the hadrons will be finally detected with some momentum and angular distribution.

In the detector one can measure the momentum-distribution of the particles for each hadron
species. It can be expanded in a Fourier series introducing the flow coefficients v,,:

B3N 1 d3N s
E ~ o 1+2 —- v 2.51
where E is the particle energy, ¢ the azimuthal angle, pr = [py| the transverse momentum,

p* = (po, P, P2), and Y denotes the rapidity of the observed particle. It is defined as

Tnftr:

Y:
2 nE—pz

~— lntang =nps , (2.52)
and simplifies in the (ultra) relativistic case to the pseudorapidity: lim|psm Y = nps, where
0 denotes the detection angle measured with respect to the beam line. Hence, particles with
vanishing pseudorapidity have escaped the interaction volume perpendicularly to the beam line,
whereas particles with large pseudorapidity can be found in the forward and backward detec-
tors'®. In Eq. we have denoted the reaction-plane angle by Wgrp as it is shown in Fig. 2.1

14 A system is said to be in local thermal equilibrium if it is possible to divide the entire system into smaller cells
where thermodynamic quantities like temperature, entropy and pressure can be defined. These quantities may
differ for different cells, but they are approximately constant within one cell. In order to define first-order
dissipative parameters as shear or bulk viscosity the system needs to be in local equilibrium.

5For the four detectors at RHIC (BRAHMS, PHENIX, PHOBOS and STAR) the pseudorapidity range that can
be covered is roughly |nps| < 5, the same is true for ATLAS and CMS at CERN. ALICE, in contrast, is more
restricted. There, only |nps| < 1 is used for flow-related measurement.
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Figure 2.4.: Bjorken spacetime picture of a heavy-ion collision. Figure taken from [YHMOS].

This angle varies from event to event and is not directly observable. As a consequence, the
Fourier coefficients, v, cannot be measured directly:

un(pr,Y) = {cos [n(p — Urp)]) , (2.53)

where the brackets (-) denote the particle average summed over all events. Assuming the simplest
geometry, i.e. Urp = 0, the first two flow coefficients read:

)
v; = (cos ) = ,
(pr)
vy = (cos2g) = P2~ @)

(P7)

One calls v; the directed flow and v the elliptic flow. In general, the collective expansion of the
QGP has been denoted as flow. For our purposes v9 is most important because the ratio /s can
be extracted from its measurement as we will discuss in the next Section The elliptic flow
measures the anisotropy in the momentum distribution in the transverse plane. In non-central
collisions, this anisotropy can be explained from the almond shape of the interaction volume.
The initial spatial anisotropies,

(r" cos (nep))

e (2.55)

€n =
are transfered into the anisotropies in the momentum distribution. The elliptic flow vy is mainly
induced by the eccentricity ez, but in general there are also influences from €, ., to v,. Also
non-flow effects like jets, i.e. effects which are not due the collective expansion of the QGP, or
initial fluctuations affect the flow coefficients v,,, cf. for instance [OPV09, [GGLO12].

As we have mentioned, the coefficients v,, cannot be measured directly. An indirect approach
is given from pair-particle (2k) correlations, cf. [BDOOI) IMS03] or [Snell] for a more general
review. One introduces two-particle (k = 1) or four-particle (k = 2) cumulants via

en{2} = (P17 |

cn{d} = <<ein(¢1+ap2*503*<ﬂ4)>> _ 202{2} 7 (2.56)
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where the double brackets ((-)) denote an average first over all particles in one event, and then
over all events. The cumulants ¢, {2k} are observables, because only differences of azimuthal
angles appear and the reaction plane angle drops out:

Apij = @i — ¢j = (pi — Yrp) — (j — YrP) - (2.57)
Note that because of the reflection symmetry with respect to the reaction plane one has'6
vn = (cosn(p — Wgp)) = (e(FTre)) (2.58)

and no sine term contributes. One finds therefore

c2{2} = (v} + b2)

2.59
co{4} = (V] 4 64 + 403y + 263) — 2(v3 + 62)% , (2:59)

with non-flow contributions d2 and d4. Here, since for v, the particle average within one event
has been carried out already, the brackets (-) denote the average over all events.

As we have seen, in general, the cumulants contain both flow and non-flow contributions.
It is shown in [BDOOI] that the lowest-order estimates for the Fourier coefficients, v,{2k},
can be calculated from the measured cumulants ¢,{2k} when ignoring all non-flow effects:

v {2} = v/en{2} and v, {4} = /—c,{4}. From this the estimates for the elliptic flow are calcu-
lated from c2{2k} when setting all non-flow contributions to zero, dor, = 0. From Eq. (2.59) we

find:
v2{2} =/ (v3)

vo{4} = {/2(v3)% — (v3) -

The conclusion is that, instead of v,, actually the all-event average over (v7) is measured. As
we will see in the next Section [2.2.2] experimental results for the elliptic flow are usually derived

(2.60)

2
n

from measuring two or four-particle correlations.

2.2.2. Hydrodynamic description of the quark-gluon plasma

The quark-gluon plasma (QGP) produced at RHIC and LHC can be described as an almost-
perfect fluid. Hydrodynamics is commonly used to describe physical systems consisting of N =
1023 particles. In heavy-ion collisions the typical number of produced particles is only 10* — 10°
assuming a central collision where the number of participants is Npar¢ ~ 400. Nevertheless,
one uses relativistic, dissipative hydrodynamics to simulate the (elliptic) flow, cf. for instance
[DTO08] and references therein. These simulations turn out to work successfully. Comparing the
simulated and measured elliptic flow of charged hadrons one can extract some (constant) ratio
n/s. This ratio has been found to be small, n/s < 5/47 [Sonl3|, as we will describe in the
following. The energy-momentum tensor of a perfect fluid reads

TH = (e + P)ut'u” — Pgh" , (2.61)

with € being the energy density, P the pressure, and u* denoting the four velocity

_dat

wo &0 2.62
ut =, (2.62)

16We emphasize that in contrast to the double brackets for ¢,{2k}, for the Fourier coefficients v, no average over
all events is carried out.
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Figure 2.5.: Elliptic flow vy as function of transverse momentum from hydrodynamic simulations
with different initial conditions from the Glauber model (left) and the color-glass condensate
model (right), see the discussion in the text. Both figures have been taken from [LROS]|.

where 7 is the proper time. It is normalized to u,u* = 1. The quark-gluon plasma described by
hydrodynamics is assumed to be in local equilibrium. All thermodynamic quantities are actually
fields, i.e. functions defined on the Minkowski space. Dissipative effects are described by the
dissipative tensor T that extends the energy-momentum tensor to

T = (e + P)utu” — Pg""" + 71 . (2.63)

The parameterization of 7% is based on the assumptions that only first-order derivatives of the
four velocity are relevant. Using the definitions A* = g" — u#u” = AY* and & = A", one
finds the general parameterization [YHMOS| [Wei72]:

o= [0 u 4+ O — %AW (D1 - u)| + CAM (DL ) (2.64)

where its traceless part is described by the shear viscosity n. The non-traceless part is param-
eterized by the bulk viscosity ¢ which is assumed to be small compared to the shear viscosity.
This is because the bulk viscosity vanishes in conformal theories since it describes dissipative
effects arising just from a rescaling of the system. Therefore, in the QGP the bulk viscosity is
expected to be much smaller than the shear viscosity since high-T" QCD is almost conformal.
This argument is also supported by lattice-QCD calculations [Mey08].

Shear and bulk viscosity as introduced in Eq. are constant or temperature-dependent

1/ oxtract Glauber model | CGC model
non-flow corrected (est.) 0.08 0.16
event-plane 1074 0.08

Table 2.4.: Resulting constant ratios n/s from Fig. ﬁ using different models for the initial
conditions in the hydrodynamic simulation and methods to extract the elliptic-flow coefficient
from experimental data. Note that 0.08 = 1/47 refers to the AdS/CFT benchmark.
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Figure 2.6.: Comparison between experimental results for the elliptic flow va(p) and hydrody-
namic simulations using non-constant parameterizations of 7/s(T) as shown in Fig. See
the discussion in the text. Figure taken from [NDH™11]. We focus on the panels (d) to (f)
and do not discuss the particle production presented in the figure as well. For panel (f) no
LHC data is available so far, the 2015 upgrade will provide /syny = 5.1 TeV rather than

A/SNN = 5.5 TeV.

parameters when performing hydrodynamic simulations. As we will see in Section the Kubo
formalism can be used to calculate the viscosity coefficients within a quantum field theory. The
Kubo formula for the shear viscosity is usually written in terms of the traceless part of the
energy-momentum tensor, the so-called viscous-stress tensor. It is defined by

1

. (2.65)

7TMV = <AupAyg - A,ul/Ap0'> Tpa ,

from where it is easily seen that 7}, = 0 as a consequence of Af, = 3 and AWAZ = Ayg-

In the Bjorken spacetime picture, relativistic hydrodynamics can be applied for 7 > 79 &~ 1 fm,
cf. Fig. Initial conditions for energy and entropy density, € and s, respectively, need to be
calculated externally. There exist two main approaches: the Glauber model [MRSS07] and
the color-glass-condensate model [ILMO1), [FILMO02, [GITMV10]. Apart from initial conditions,
also the equation of state, i.e. the relationship between energy density and pressure, needs to be
specified. In many applications one uses just the extreme case of an ideal gas, € = 3P, neglecting
interaction corrections. Incorporating energy-momentum conservation, d,7"", and the second
law of thermodynamics, 9,(su*) > 0, hydrodynamic simulations can be performed providing
direct results for the flow coefficients v,, defined in Eq. , cf. for instance [LRO8, [SJGI11]. In
Fig. the comparison between hydrodynamic simulations and elliptic-flow data from the STAR
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Figure 2.7.: Parameterized temperature dependence of the ratio n/s for hydrodynamical simu-
lations presented in Fig. See the discussion in the text. Figure taken from [NDHT11].

experiment are shown. For the left panel initial conditions from the Glauber model have been
used, in the right panel the CGC model has been used resulting in different curves for vy (pr).
In addition, there are experimental uncertainties from the extraction method: the event-plane
method systematically results in smaller values for the elliptic low compared to the estimates
where non-flow effects have been corrected. In conclusion, the extraction of a constant ratio 7/s
suffers from large uncertainties as summarized in Table 2.4, However, the main observation of
a small ratio n/s = O(1/4r) is valid within these uncertainties.

As we have already discussed, the shear viscosity is not a constant but depends on temperature
and density (quark chemical potential). In Fig. [2.6|we show curves from [NDH"11], where results
from hydrodynamic simulations for va{4}(pr) from four-particle correlations are compared to
data from the STAR [Tan08] and ALICE |AT10] experiment in panel (d) and (e), respectively.
There are four different parameterizations used for 1n/s(7") shown in Fig. a constant and
decreasing ratio in the low-7" hadronic sector, LH and HH, respectively, combined with a constant
and rising ratio in the high-T" quark sector, LQ and HQ, respectively. These parameterizations
have been motivated by the fact that the ratio n/s(T") of a hadron gas decreases with increasing
temperature, cf. for instance our calculation of the shear viscosity of a hot pion gas [LKW12],
and references therein. In contrast, results from hard thermal loop calculations suggest a rising
ratio /s(7T') in the high-T region, cf. [AMY00, [AMY03] and the discussion of our final results in
Section From Fig. d) it can be seen that only the non-constant parameterizations of n/s
describe the STAR data points correctly. Switching between the LQ and HQ parameterization
does not affect the hydrodynamic results dramatically. It can be concluded that at RHIC
energies, \/sNn = 200 GeV, the hydrodynamic simulations are almost insensitive to details of
the high-T" region. This changes when approaching LHC energies as seen in panels (e) and (f)
with \/sxn = 2.76 TeV and /syn = 5.5 TeV, respectively. The ALICE data points indicate that
parameterizations with a non-constant ratio /s in the high-T region is favored. In contrast to
panel (d), the sensitivity of the results from hydrodynamic simulations to switching between the
LH and HH parameterization is much less pronounced, especially in the low-p region. However,
the overall conclusion of this discussion is the necessity for a field-theoretical calculation of
n/s(T) instead of using simple parameterizations. The main goal of this thesis is the derivation
of thermal dependences of the ratio n/s calculated within a large-N. NJL model.
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2. Quantum Chromodynamics and the Quark-Gluon Plasma
2.3. Kubo formalism

2.3.1. Transport coefficients from linear-response theory

For physical systems that are not in thermodynamic equilibrium there exist two main microscopic
approaches: kinetic theory and Kubo formalism. The first approach is based on the Boltzmann
equation which describes the (time) evolution of particle distribution functions. In the literature
one usually applies this formalism using certain approximation schemes where the relaxation-
time ansatz is the most common one. In Section we will briefly introduce its main concepts
and discuss how this approximation compares to the Kubo formalism. In this formalism the
macroscopic coefficients of dissipative processes can be calculated within a given quantum-field
theory from retarded correlators. Later, in Chapter 4] we will evaluate these correlators within
the Nambu—Jona-Lasinio (NJL) model investigating their functional and numerical properties.
However in this section we first review how the Kubo formalism can be deduced from Zubarev’s
statistical operator [Zub74, [HST84]. Our treatment is based on [Lanl0, LKW12] where we have
already discussed this formalism in more detail. We start with introducing the four vector

F* = Bgut, (2.66)
where s denotes the inverse proper temperature,

B = (2.67)

NI

1
Ts

with the Lorentz factor v = (1 — 112) _1/2, and u* being the four-velocity . In the reference
frame of the heat bath, v = 0, the proper temperature is just the standard temperature. In
a comoving frame one has Tg > T. We emphasize that, by construction, F* transforms under
Lorentz transformations indeed as a four-vector. Now we can introduce the statistical operator
in Schrodinger picture (i.e. p = 0),
1

p(t) = é exp [ — A(t) + B(t)] , (2.68)
with @ = Tr exp [ — A + B] ensuring that the statistical operator is normalized by Tr p(t) = 1.
We have decomposed the operator into the equilibrium part, A, and some part describing the
deviation from equilibrium, B:

A(t) = /d?’a: Fr(t,z)Tou(t, ) ,
; (2.69)
B(t) = /d3a:/ dt' T, (¥, 2)O" F¥ (t, z) .

We note that both these terms are Lorentz scalars and one realizes that A(t) = SH describing
the standard equilibrium part of the system, with H denotes its Hamiltonian. In the operator
B(t) the tensor 0* F¥ describes deviations from thermodynamic equilibrium. We call this tensor
dissipative force and assume that it is small enough, allowing for an expansion'” of the statistical

"For non-commutating operators A and B we use the Baker-Campbell-Hausdorff formula,

1
e ATE — o4 (1 +/ dée?*Be ¢ + 0(32)) ,
0

and apply it to both the numerator and denominator of p.
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2.3. Kubo formalism
operator for (A) > (B):

p= (1 + /1 d¢ e Be 48 — (B>0> 00 (2.70)

0
where (-) =Tr(p-) and (-)o = Tr(pp - ) denote the thermal expectation value with respect to
the full statistical operator p and equilibrium statistical operator py = p|p—q, respectively. As

the detailed calculations in [HST84] and [Lanl0] show, one can extract the Kubo formula for
the shear viscosity from the linear response of the energy-momentum tensor to the dissipative

5 00
10 J;

force:

n(w;t, x) = at’ e /d?’ac' (&), 7 (t, ), (2.71)

where the viscous-stress tensor 7, denotes the traceless part of the energy momentum tensor,
defined in Eq. (2.65). We have introduced the correlator (-, -) in the integrand of Eq. (2.71) by

8
(X(1),Y (1) = ;/0 de (X () [e Y (")t — (Y (t))o])o , (2.72)

where its structure is induced by the expanded statistical operator in Eq. (2.70). We note that
due to the conjugation operation known from the Heisenberg picture of operators one has in the
Matsubara formalism with imaginary time:

e PHX(1)ePH = X (t +1p) . (2.73)

This implies (X (£)Y (¢ +18))o = (Y (¢') X (¢))o and shows that this correlator is symmetric in its
arguments:
(X(1), Y () = (Y (), X(2)) - (2.74)

One can prove this identity by a small and straightforward calculation.

2.3.2. Ladder-diagram resummation in the Kubo formalism

The Kubo formula for the shear viscosity results from linear-response theory and needs
to be evaluated for a given Lagrangian. We have done this in a toy model (A¢* theory) and
for a hot pion gas within the framework of chiral perturbation theory [Lanl0, LKW12]. The
so-called skeleton expansion was used, i.e. we have expanded the four-point correlator n(w;t, )
in Feynman diagrams including full propagators only. It has been known that

“... diagrammatic evaluation of transport coefficients is a remarkably inefficient ap-
proach. An infinite set of rather complicated diagrams must be summed, merely to
obtain the leading weak coupling behavior.” [JY96]

In this section we report how the divergent infrared behavior of the shear viscosity leads to
the necessity of ladder-diagram resummation, even when dealing with a simple toy model like
A¢* theory. This formalism is described in great detail in [Jeo95] and its connection to the
kinetic approach for evaluating transport coefficients is investigated in [JY96]. Already at this
stage we emphasize the main point of this analysis relevant for our purposes: ladder-diagram
resummation is necessary when evaluating the shear viscosity in some weak-coupling limit. In
the case of the NJL model (cf. Section the corresponding ladder-diagrams are subleading in
a large- N, expansion. In addition, an explicit numerical check of the non-perturbative nature of
the NJL model is performed in Section Compare this also to the discussion in Section 4.3
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2. Quantum Chromodynamics and the Quark-Gluon Plasma

(a) One-loop diagram (b) One-rung ladder diagram

Figure 2.8.: Skeleton diagrams for the diagrammatic evaluation of shear viscosity in a weakly
coupled \¢* theory. The dashed double lines denote fully dressed Bose propagators.

We follow now the arguments of Jeon and Yaffe and consider the toy model

L= 5 (06) (09) — gmidd? — 26" (2.75)

Assuming a weak coupling A < 1, the naive expectation for the leading-order contribution to
the shear viscosity would be described by a one-loop skeleton diagram shown in Fig. (a)
[HST84, [Jeo93|. Doing so, one finds

1 1

o~ 2.
P (2.76)

77 ~
where I' denotes the spectral width of the fully dressed boson. This shows that 1 becomes
large when the coupling parameter is small, leading to a divergent viscosity in the limit of a
free quantum gas. There, the mean free time, 7 ~ 1/I", diverges. The divergence originates
from pinched poles arising from the fully dressed boson propagator, pg = +FE =+ il', where
E = \/p? +m? denotes the on-shell energy of the dressed boson. There are always two poles
separated from each other by 2il" in the positive and negative imaginary half plane, respectively.
It is convenient to express the (dressed) propagators in spectral representation'®, so it becomes
apparent from the frequency integral'® that in the weak-coupling limit this pole structure leads
to the scaling n ~ 1/T.

Still following the arguments by Jeon and Yaffe we now consider also ladder diagrams with
n additional rungs compared to the one-loop diagram, cf. Fig b) where the case n = 1 is
shown. Naively, this skeleton diagram is suppressed because of the appearance of two additional
coupling constants A2. In fact, when evaluating the shear viscosity, things are more involved.
It turns out that only the imaginary part of the skeleton diagrams actually contributes to the
shear viscosity which means that one has to cut the diagrams. For the ladder-diagram of order
n this means that there are n factors of the mean-free time 7 ~ 1/I", because such a cut diagram
can be interpreted as a n-particle exchange 2 — 2 scattering process [Jeo95]. At leading order
one has I' ~ A2, and one can conclude that all ladder diagrams contribute at the same order as
the one-loop skeleton diagram shown in Fig [2.§|a):
(A2)" -7~ A2 % ~1. (2.77)
As a consequence, an infinite set of ladder diagrams must be summed in order to arrive at the
full leading-order result of the weakly-coupled toy model. Without going into technical details

¥Details of the spectral representation are discussed in the Appendix
9Tn practice, this integration is carried out using residual calculus, so the integral transforms to a sum over
residues which is then expanded in the weak-coupling limit.
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2.3. Kubo formalism

of how such a resummation can be performed, we want to state Jeon’s’ final result [Jeo95|:

3 m
n=a [1 +O(VN) +0(3)|, (2.78)

with aresum = 3040 a purely numerical dimensionless number. Ignoring the resummation does
not change the functional shape of n(7T'), but its coefficient is underestimated by roughly a factor
of four: aj_jp0p = 733.

As also highlighted by Jeon and Yaffe, the importance of the resummed ladder diagrams
becomes even more evident when realizing that the resummed expression for the shear viscosity
just coincides with the result from kinetic theory. We will discuss this approach using the
Boltzmann equation later in more detail in Section [4.3] The central assumption when applying
kinetic theory for the description of (relativistic) fluids is that the collision time is much smaller
than to the mean free time between two collisions. This condition is fulfilled in a weakly coupled
theory. The non-perturbative NJL model does not meet this condition, cf. Section This
makes us omitting ladder-diagram resummation in our calculations.

We conclude this section with giving a brief analogy between shear viscosity and the electrical
resistance of a circuit. Consider a physical system where several dissipative processes operate,
e.g. by having different coupling constants or different types of Yukawa interactions. Each
process induces a spectral width, I';, which defines a corresponding shear viscosity n; ~ 1/,
where we work again in the weak-coupling limit. The full spectral width I' =1y + T's + ... can
be written as simple sum of the individual widths, assuming the processes to be independent.
From this, the full shear viscosity which is related to the entire fluid calculates as

=t )T (2.79)

From this one can see that the shear viscosity behaves as the resistances in a parallel circuit and
the individual spectral widths can be interpreted as electric current. With N equal but indepen-
dent dissipative processes the resulting shear viscosity becomes n = ny/N, i.e. it decreases with
increasing multiplicity. This scaling property is useful for constructing field-theoretical models
which violate the AdS/CFT benchmark as discussed previously in Section [2.1.3]
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3. The Nambu—Jona-Lasinio model

“Nowadays, the principle of spontaneous symmetry breaking is the key concept in
understanding why the world is so complex as it is, in spite of the many symmetry
properties in the basic laws that are supposed to govern it. The basic laws are very

simple, yet this world is not boring; that is, I think, an ideal combination.” [Nam08]

Yoichiro Nambu, Nobel Presentation Ceremony 2008

Originally, the Nambu—Jona-Lasinio (NJL) model has been introduced in 1961 by Y. Nambu and
G. Jona-Lasinio in order to explain the nucleon mass [NJL61al INJLG1D]. The title “Dynamical
model of elementary particles based on an analogy with superconductivity” already displays
a mechanism for mass generation: in analogy to the Bardeen-Cooper-Schrieffer (BCS) theory
of superconductivity, non-perturbative self-energy processes lead to a finite mass described by
so-called gap equations. Nambu was awarded the Nobel Prize 2008 “for the discovery of the
mechanism of spontaneous broken symmetry in subatomic physics”. The former and recent
success of the NJL. model is based on the appearance of spontaneous chiral symmetry breaking
in this model.

Nowadays, QCD as part of the Standard Model is accepted as the fundamental theory of
the strong interaction. In this context the NJL model is reinterpreted as a dynamical model of
quarks and their composites: mesons [KLVW90a, KLVW90b|] and baryons [IBY93, Ish98]. For
reviews of the NJL model we refer to the literature [VW9I, Kle92, [HK94, Bub05]. The NJL
model is a purely fermionic theory where all gluonic degrees of freedom have been integrated
out. Nevertheless, as we will discuss in detail and employ intensely, the color symmetry of QCD
affects the structure of the NJL model by scaling properties of the coupling constants. In fact
the original local color gauge symmetry of QCD is replaced by a global color symmetry in the
NJL model.

3.1. General N;, N.-NJL Lagrangian in the chiral limit

To construct the NJL Lagrangian as a model for QCD we start with its fundamental color
currents Jj; = Yy, T%), where T% (a = 1,...,N2 — 1) are the generators® of SU(N,). In the
NJL model the gluonic degrees of freedom are integrated out. The interaction between quarks
becomes local:

Lee = —Ge(Py,T)? (3.1)

with some dimensionful, effective coupling strength G, containing all the gluon dynamics. The
first step towards the NJL Lagrangian is a general channel analysis of color-color currents. As
usual we assume the quarks to be realized in the fundamental representation F. There are two
different product representations:

FoF=1®A, and FRF=r&T1,, (3.2)

2°In Appendix we briefly review the most important properties of the Lie group SU(N).

33



3. The Nambu—Jona-Lasinio model

where the physical case reads
33=1®8, and 3®3=65®3, . (3.3)

It is well-known that the gluon-exchange interaction in the color-singlet channel is attractive,
whereas it is repulsive in the octet channel. In the following we discuss general N -structure of
the relevant interactions. The quark-antiquark current decomposes as

FoF=] |® p(Ne—1) = - & (Ne=1){ — : (3.4)

with dimensions dim(1) = 1 and dim(A) = N2 — 1. From the Young tableau of the adjoint
representation it follows that this representation is always real: A = A. The decomposition of
the quark-quark current reads

F®F-D®D—E@H , (3.5)
with dimensions dim(rg) = w and dim(r,) = W Directly from the Young tableaux
we find criteria for Casimir operators to be fulfilled in our general treatment:

1. The totally antisymmetric representation is the anti-fundamental one for the physical case
N =3, i.e. Ta|y_g=F.

2. The totally antisymmetric representation is the trivial one for N. = 2, i.e. Ta|y _o = 1.

3. The totally symmetric representation is the adjoint one for N, = 2, i.e. 1] No—2 = A.

These properties provide a consistency check for the representation-dependent Casimir operators
Cs(r) summarized in Table

Apart from the two SU(N,) representations in Eq. there is a third one, generated by two
antiquarks: F @ F. We expect for its decomposition in irreducible terms just Ts @ r,. Indeed, we
find in terms of Young tableaux:

=3
&
3]
Il

(N.—1) & (Ne —2) =1, BT . (3.6)

We also verify their dimensions using the so-called hook-length formula:?!

N PetDE N (N 4 1)

dim W=D | = oy - 2

= dim(rg) , (3.7)

21This and more details about Young tableaux can be found in standard textbooks, e.g. [FHO91).
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r 1 F F I' Ty A

Young tableau . [ ] | N=-14 — [ 1] H N-1

n = dim(r) 1 N N N(J\;Jrl) N(]\2f—1) N2
1 L N+2 N—2
C(r) 0 5 3 EL - N
Cy(r) 0 N22N1 N221§1 (N+23\([N—1) (N+1J)\([N_2) N
Co(0)ly—s 0 i 7 2 0 2
Co(r)| ys 0 % % 1370 % 3

Table 3.1.: Relevant irreducible representations of SU(/V) with their dimensions and Casimir
operators. For the values of Ca(rs) and Cy(T,) discussed in the text we refer to [Kob73|, the
rest can be found or easily calculated from standard textbooks.

and also for Tg:

-1 _ dim(T,) . (3.8)

In order to derive the general matrix elements of color-color currents we need to prepare all
Casimir operators. Co(1), C2(F), Co(F) and Cs(A) can be found in standard textbooks, e.g.
[Gre05, [FH91]. For the Casimirs of the totally (anti)symmetric representations we start with a
more general result from [Kob73| where the Casimir operators of order p of U(N.) and SU(N,)
groups are discussed. It is found that

(Ne — a)P~ (N + ah)P=1 — (—hyr~!
NZ(N. + ah — «) ’

C®(h) = h(N. — a)(Ne + vh) (3.9)
where C' displays that this result refers to the SU(N,) case. The symmetric and antisymmetric

representations are denoted by a = +1 and a = —1, respectively. For our purpose we need the
second-order Casimir, p = 2, with 2Cy = C_'((f) . For h =1 we find

(Ne—a)(Ne+a)+1  N.—1

C? (1) = (N, — a) (N + a) RE N

(3.10)

which is indeed independent of o € {—1,1}. We identify here twice the quadratic Casimir of
the fundamental and anti-fundamental representation. It remains true for a general p that the
Casimir evaluated at h = 1 is independent of a. For h = 2 the expressions for the symmetric
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and antisymmetric representation are found:

é§2)(2) _ 2(N, + ?\)](NC -1) —20y(y) |
) 2Ny +1)(Ne — 2) (3.11)
CcP(2) = 2 e = 20s(ra) -

Let now C2(1,2) denote the quadratic Casimir operator of an irreducible component in a product
representation ry ® ro with Casimirs Cy(1) and C3(2), respectively. With n = dim(r) and

Toy(i)Ta(i) = Co(i) Lnxn s (Ta(d) + Ta(5))* = Caliy §) Lo » (3.12)

we find
(T(1) Ta(@) = 3 (C2(1,2) — Co(1) — C(2)). (3.13)

Using the Casimirs listed in Table the matrix elements for the color-color currents are
summarized in Table [3.2] for an arbitrary number of colors N, > 1. As an example we derive for
the color-singlet case:

2 _
Ch(1) = Co(2) = Co(F) = NSN L (3.14)
and Cy(1,2) = Co(1) = 0. We therefore find
2 _
(1) = (T,(1) - Ty(2)) = NSNC 1 % (;, _NC> , (3.15)

which is half the matrix element given in Table We conclude from this table that in the
large- N, limit the attractive color-singlet channel, 1, becomes dominant, whereas the repulsive
adjoint channel, A, becomes negligible. The T, channel is attractive as well, but bounded in its
strength. Only the rg channel stays repulsive for all N, > 1. In the whole thesis we will therefore
consider, on the level of the Lagrangian, quark-antiquark currents in the color-singlet channel
only. This approach becomes exact if N, — oo.

The next steps for constructing the NJL Lagrangian are based on the set A of Noether currents
induced by the (classical) symmetry pattern of QCD in its chiral limit:

CxP xT xSUN:) x SU(Ng)L, x SUNp)r x U(1)y x U(1)4 - (3.16)

Besides the discrete C x P x T symmetries there remains a SU(N;) color symmetry which
becomes global after integrating out all gluonic degrees of freedom resulting in effective four-

channel 1 A I's Ty
1 1 1 1
matrix element ﬁc N ﬁc 1-— ﬁc — (1 + Nc)
range for N, > 1 (—00,0] (0,1] [0,1) [—2,—1)
physical value N, = 3 —% % % —%
large- N, limit —N, 0 1 -1

Table 3.2.: Matrix elements for SU(N,) color-color currents in their four different channels
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3.1. General Nt, N.-NJL Lagrangian in the chiral limit

fermion vertices. The most general four-fermion vertex which is the square of some bilinear
Y. It can be built from six different combinations of vector and axialvector currents [BJMST,
BJMS8S, KLVW90a]:

A={V2+ A2 VP 4+ A2 V2+ A2 V2 + A% (3.17)

where the indices refer to flavor and color space, e.g. A% = (w)\ 1%751#)2. These local NJL
interactions do not distinguish any more between direct and exchange terms present in QCD.
In order to model both types of interaction terms one applies the Fierz transformation to this
effective vertex as we discuss in the following.

Let F 6 Dirac ® Flavor ® Color describe a general QCD current, e.g. the current A from
Eq. (3.17)) corresponds to I' = )\C)\f’y,,f% Then the Fierz transformation F of the (direct) vertex
(qu/J) is defined as crossing operation that exchanges the outgoing quarks:

F(drtbatbarre Y ThTh) == bybutbatie > ThTh, =
b F (3.18)
— — dybatbare Y TR

k,m

In the second equation we just have rewritten the vertex in the original basis introducing the
Fierz coefficients c¥,. For our purpose we need these coefficients in Dirac space (in particular in
four dimensions) and in SU(N) related to flavor and color space. Assuming a basis {I'*} k=1, N2
with the normalization tr(I*T'!) = N&*, multiplication of the last equation in (3.18)) with T I,
leads to 1
k Eplpkl

of =15t (P rir r) (3.19)
From this it is evident that the transformation matrix is symmetric: cf = ci/,. Furthermore, by
its definition the Fierz transformation is an involution, i.e. F? = id. Usually one defines the
Fierz-invariant vertex as

Fr, - %(54 L F(Ly) (3.20)

which ensures that an already Fierz-invariant Lagrangian is not modified when applying a Fierz
transformation F.

We need to discuss in more detail the four-dimensional Dirac space: A basis {Fk}k:17,,.716 of
Dirac structures satisfying tr (FkI‘l) = 46F is given by

{T*} e = {1, 75,70, 17, 19095, %75, 10%, 0} (3.21)

where o contains six tensor terms and is defined as usual o#* = I[y*,+*] [PS95]. The Fierz
coefficients in Dirac space can be summarized in

(1)ij(L)wt 1/4 -1/4 1/4 -1/4 1/8 (D)ar(1);
(175 )5 (175 )kt -1/4 1/4 1/4 -1/4 -1/8 (175 )it (175 ) kj
(V)i (V) = 1 1 -1/2 -1/2 0 (V)i (V) kj :
(V95 )i5 (Vuv5 )kt -1 -1 —1/2 -1/2 0 (Y*5)it (VY5 ) kj
(01 (O )k 3 -3 0 0 —1/2 (") it(o )k

(3.22)
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3. The Nambu—Jona-Lasinio model

where vector, axialvector and tensor contributions have been rearranged for convenience??. We
proceed with discussing in more detail the Fierz transformation in SU(NV) space also: Let A,
a=1,...,N? —1, denote the infinitesimal generators of SU(N) in its fundamental representa-
tion. With the definition T, = \/N/2 A, the set {T*}, = {1,T,} is a basis of SU(N) satisfying
tr(I*TY) = N6, cf. Table in the Appendix. In this basis the Fierz coefficients read

Wi\ /N 1/N 1) (1) (3.23)
(TyTw |\ W2=1)/N —1N |\ TaTw | '

As in Dirac space also for SU(N) the determinant of the Fierz transformation is —1, independent
of N. Using the generators )\, instead of T} yields the commonly used Fierz coefficients:

(1) (1) gt /N 1/2 (1)a(1)x; (3.24)
il

ij

()i (Aol 2N2=1)/N? 1N |\ OO
We want to remark the following: The set A of currents in Eq. has been found restricting
the four-fermion vertex to be the square of some bilinear. Mathematically we could also allow
for a four vertex which is just the product of two bilinears, ¥T*1 and ¢T'). This most general
form violates Lorentz invariance and is therefore not suited to describe physics in terms of a
relativistic quantum field theory. However, in this general case the Fierz crossing operation is
described by the coefficients ¢k :

f(zﬁbwaz/?dwc%jrﬁfarilc) :—&bwa&dwcgrffcréa:—wbwmdwc > Cunlhalde - (3.25)

k,l,m,n

For a basis {T'* }e=1,.. N2, again with the normalization tr(I*TY) = N&*, these coefficients read

k= mtr(rmrkrnrl) . (3.26)

For | = k and n = m they reduce to the physical Fierz coefficient c¥, used in the NJL model.

%2Note that we have shortened the resulting 16 x 16 matrix (with determinant —1) by summing over the Dirac
indices, e.g. (7v*)i;j (Vu)ri- Actually, this entry is again a vector:

(") (70)
82;83 = iﬂ4x4(]l)il(]l)kj + i]14x4(i’75)il(i’75)kj+
(v*)(v3) (D
1 -1 -1 -1 (v*)(v0) + (*75) (v0v5)
T e () + (Y s) (ys) N
a4 -1 -1 1 -1 (V) (12) + (v*95) (7275)
-1 -1 -1 1 (V) (3) + (¥*y5) (1375) D)
(@) (o01)
1 -1 -1 1 1 1 (6"*)(002)
-1 1 1 -1 -1 1 (6%)(003)
+ 1 -1 1 -1 1 -1 (012)(012)
1 1 -1 1 -1 -1 (6"%)(o13)
@) /iy

The sum over these vector components gives rise to the coefficient line (1,1, —-1/2,—-1/2,0) in Eq. (3.22).
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3.1. General Nt, N.-NJL Lagrangian in the chiral limit

Applying the Fierz transformation to the currents A in Eq. (3.17)) lead to the following four-
fermion vertex, where due to the previous large-N. discussion only the color-singlet channel is
considered explicitly:

NZ—-1 N2
Gi < _ ~ a2 ) i
"Ly = Tl Z [(¢Aiw)2 + (7/»\@'175@0)2] - Iz [(%ZJ)\HMZJ)2 + (?ﬁ)\ﬂu%w)ﬂ
- =0 (3.27)
- %(QE)\O')/,ﬂﬂ)Q — %(J)Aoyuf%w)Q + Ecolor adjoint )

The Fierz transformation in Dirac space induces the relative sign between the G and
G5 terms. The previously used symmetry arguments imply that these two coupling constants
are not independent: (G; = 2G2. Since the chiral symmetry holds approximatively only, this
restriction is eased resulting in two independent couplings whose ratio G1/G2 is close to 2.
The Fierz transformation in flavor space gives rise to flavor-singlet vector and axialvector terms
which are separated with independent coupling G5 and G4. In contrast, corresponding terms for
the scalar and pseudoscalar channel do not feature the designated symmetry separately, hence
these terms are already covered by the G term.

Inspecting the four-fermion vertex £4 one observes an unwanted U(1)s symmetry. On the
level of QCD this symmetry is broken by quantum effects (the axial anomaly). Following the
general arguments [KKMTI1L [tH76], there is a unique structure which removes the axial symmetry
but preserves the chiral symmetry, namely a totally antisymmetric flavor term:

Long ~ di‘jt [Di(1 + 75)85] + df]%t [i(1 = 5)25] (3.28)

where the determinant refers to flavor space only. For Ny flavors this generates a 2Ng-vertex
which has N¢! —1 possible crossing terms for the Fierz transformation, cf. Fig.[3.1} By construc-
tion the 't Hooft interaction is antisymmetric in flavor space. Hence the Fierz transformation
has to be performed only in Dirac and color space. The generalized Fierz transformation for an
fermionic 2 N¢-vertex is straightforward:

N¢ Ny
F (H @aiwbif";ibi> = Z sgn(ﬂ)H@ai@bbﬂ(i)F’;ibﬁ(i). (3.29)

i=1 reS(Np)/{id}  i=1

From this the Fierz-invariant vertex is defined as

1
FLon, = M(EQNf + F(Lany)) - (3.30)

Figure 3.1.: 't Hooft determinant as effective 2/N¢-vertex
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3. The Nambu—Jona-Lasinio model

We briefly summarize our general discussion: based on the (approximate) symmetry patterns
of QCD the NJL model introduces first the most general four-fermion interaction (square of
bilinears) which is consistent with these symmetries. In this vertex all gluonic degrees of freedom
have been integrated out. Therefore one applies the Fierz transformation (in Dirac, flavor and
color space) in order to include both, direct and exchange terms. Inspecting the N.-dependences
of matrix elements in different channels, the color-singlet channel turns out to be the dominant
one in the large-N. limit. The so constructed four-vertex features an unwanted axial symmetry
in the flavor sector, hence the 't Hooft determinant, a 2Nj-vertex, is introduced in order to
remove this symmetry. In total we have:

LNgL = Liin + T Ling = Lign + 7L+ T Lo, . (3.31)

For Nt = 2 the 't Hooft interaction is also a four-vertex. In this case, the NJL Lagrangian can
be rearranged to recover the original historical Lagrangian shown in Eq. .

We complete this section with a very brief look at coupled channels in Dirac space. Later,
when discussing the Bethe-Salpeter equation in order to describe mesonic modes within the NJL
model, we need to calculate scattering kernels for different Dirac channels, cf. Eq. (3.91). The
scattering matrix 7 contains a pure Dirac part, Dy (T, TV), additionally to the structure in flavor
and (trivial) color space:

T = —TyDu(T, Ty - (3.32)

As summarized in Table Dy involves also coupled channels. Since we restrict ourselves
to the two-flavor NJL model with scalar and pseudoscalar interaction only, the corresponding
submatrix is diagonal in v'. For instance, introducing also vector and axialvector interactions,
this implies a coupled P-A channel. Tensor interactions described by o” are not introduced
into the NJL model by applying the Fierz transformation to the underlying color-color vector
current as seen from Eq. . However, their presence would lead to coupled-channel effects
with the vector and axialvector currents.

S P V A T
S|v X X X
Plx v x Vv x
Viv x v x V
Al x v x v V
T | x x v v V

Table 3.3.: Coupled-channel analysis in Dirac space: the v’ denotes the presence of couplings
between scalar (S), pseudoscalar (P), vector (V), axialvector (A), or tensor (T) channel, the
X denotes that no coupling appears.
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3.2. The two-flavor NJL model

3.2. The two-flavor NJL model

The NJL Lagrangian for two flavors contains scalar-interaction and vector-interaction terms only
but no anomalous terms from a tensor interaction, o#”o,,,, as it can be seen from Eq. (3.22)):

G Gy < Gr
E?rft = 4S Z [(sz¢) (1/}1757—1 - TV Z wp)//ﬂ—z ?ﬁ(¢757p7i¢)2] (3.33)
1=0 =0

In the special case of the color current-current interaction (3.1)), the Fierz transformed interaction
has only one free coupling parameter: Gg = 2Gy = 2G 5. Instead of the full vector interaction,
a reduced vector interaction is frequently used [Fuk08b, [Fuk08al [ZK09]:

Bv =Y (). (334

This simplification can be justified a posteriori since it has only small impact on the results.
However, as it is demonstrated in [FukO8bl BHW13] the (full) vector interaction has crucial
impacts on the NJL thermodynamics and the resulting phase diagram: both the existence and
location of a critical end point (CEP) of the chiral transition are strongly sensitive to the value
of Gv. Some more details will be discussed later in Section

In the following we use the two-flavors NJL Lagrangian with scalar and pseudoscalar inter-
action terms only, but with the additional 't Hooft determinant which removes the unwanted
U(1)a symmetry from the Lagrangian. In Euclidean spacetime it reads

L =¥ (—idg + mo) Y — = [(WZ}) + (YiysT)?] (3.35)

with the Euclidean ~ matrices v = g, for p € {1,2,3,4} in Weyl (chiral) representation:

0 1 : 0 o ~1 0
_ A0 _ 1 __ ? 3 _
Yo =7 —(1 0>, v—(ai 0>, Y4 = 170, 75—( 0 ]1>' (3.36)

One has {7, 7} = —26" and the slash notation defined by
by = VRay = Ya0s +7 - @ . (3.37)
The Dirac part can be rewritten in Minkowski space,

(=idg +mo) ¥ = — (i1a0s + iy - V —mog) ¢ =

. y . (3.38)
— (/%80 + 1v'0; — mo) ¥ = — (id —mo) ¥,
where we have used 04 = —idy and
9 T P T
= — v |

- (2.9) w-(2v)" oo

The two-flavor NJL Lagrangian reads in Minkowski space:
ENJL = (1(? mo) v+ = [(WZJ) (7,51757'@2] . (3.40)

This is the original version of the NJL Lagrangian as stated in [NJL61a]. In fact, it matches the
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3. The Nambu—Jona-Lasinio model

form of the general NJL vertex we concluded in Eq. (3.31)) including the 't Hoof determinant:

% () + (Pirs79)*] =
a8 G ) ) (3.41)
= Z [(@r9)? + (Pinsmav))?] + 5 |det(W5(1+75)0) + det(v; (1 = 15)n)

where on introduces additionally to the three flavor matrices also 79 = 1. In the second line one
sums for 72 over the three components i = 1,2,3 only. To be very precise, we write down at
this point the two-flavor 't Hooft determinant explicitly for ¢ = (u,d)T:

det(y(1 £ 75)9) = (1l £ y5)ud(l £ 75)d — d(1 £ y5)ua(l £ v5)d =

audd + (wysudd + wudysd) — duiid F (dysutid + dutiysd)+ (3.42)
+ Gysudysd — dysutiysd .

Therefore one finds for the sum of the two determinants
det(¢(1 4 45)1) + det(¥(1 — v5)¢) = 2(audd — addu) + 2(uysudysd — dysutiysd) ,  (3.43)

and a direct comparison of the coefficients of 1 and 75 confirm the identity (3.41). Apart from
the discrete symmetries C, P and 7, the symmetry group of the two-flavor NJL model ([3.40))
reads in the chiral limit, mg = 0,

SU(Q)L X SU(?)R X U(l)\/ s (3.44)

where the first two terms denote the chiral symmetry. In the NJL model the axial symmetry,
U(1)a, which is anomalous in QCD, is broken explicitly by the 't Hooft determinant (3.28)).
However, the primary four-fermion vertex,

N2-1

f
> @T)? + (insTiv)?] | (3.45)
7=0

is U(1)a symmetric, which can be shown using 5% = cos(2a) + i7s sin(2a):

[((DT)? + (s Ty)?] = [(T5e2 )2 + (Pinse™ POTyp)?] =

= [¢T;(cos(2a) + iy5 sin(2a))¢)]2 + [¢Tj (is cos(2ar) — sin(2a))1p]2 = (3.46)
[(DT54)? + (binsTj)] .
As already stated in the introduction to this chapter, the feature of spontaneous symmetry
breaking is the central property of the NJL model. It appears when the coupling parameter G

of the two-flavor NJL model (3.40) is sufficiently large. Linearizing the interaction term in the
Lagrangian introduces a dynamical quark mass. In Minkowski space one has:

L2 =4 (i —mo) ¥ + G[(P9) (W) + (VirsTy) (PinsTy) | - (3.47)

=0
Only the scalar condensate (1)) # 0 can have a non-vanishing vacuum expectation value, the
pseudoscalar condensate (1/iv571) = 0 must vanish due to the parity symmetry of the (QCD)

vacuum. This argument remains true even in an isotropic medium with T, # 0. Only for
scenarios where isospin-symmetry breaking takes place, ur = py — pg # 0, a non-vanishing pion
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3.2. The two-flavor NJL model

condensate can form. Anisotropic-medium effects could also induce a non-vanishing pseudoscalar
condensate. In this thesis we do not consider such possibilities.

From the linearized Lagrangian (3.47) the effective constituent-quark mass can be extracted:

m = mg — G{Y1) . (3.48)

This equation is the so-called gap equation (for two flavors), a terminology adapted from the
BCS theory of superconductivity. In the chiral limit the constituent-quark mass is just the chiral
condensate?®?

(Y1) = () + (dd) + ... = —iN;p tr G5 (0) , (3.49)

where the trace over the closed quark propagator refers to momentum space and also to Dirac
and color space®?. It is defined as

G (0) = —i lim (QT(2)d(y)|Q) (3.50)

y—xt
with the time-ordering symbol 7 and the non-perturbative vacuum [€2). The momentum integral
for (3.49) needs to be regularized which is usually done by a three-momentum cutoff or some
Euclidean covariant cutoff. The cutoff A ~ 4nf; ~ 1 GeV should be of the order of the
chiral scale. We carry out the convergent py integral using residue calculus. Besides the chiral

condensate (1)) we have also introduced the condensates individually for each quark flavor (Gq),
which are defined in the isospin limit as (1)) = N;(gq). Therefore we have

<qq>=—itr/(d4§’4pni+i€= /dpo/ SrETETh

Res —N, / AvVm2 + A2 — m? Arsinh A
VP +m? m2 2772

(3.51)

The chiral condensate is always negative and diverges quadratically when the cutoff A becomes
large. Therefore, one can conclude from (3.48)) that m > mg and arrives at the self-consistent
gap equation which needs to be solved for the dynamical constituent-quark mass m:

m=—mo _ GW];]C <A\/m — m? Arsinh (i)) . (3.52)

m

For mg # 0 there is always a solution with some m > myg. In the chiral limit, mg = 0, the right
hand side is bounded from above, therefore

GN.\?

T2

1<

, (3.53)

which defines a critical coupling strength G, and the corresponding dimensionless coupling g,
and the critical NJL fine structure constant o,:

7T2

Gcr = NCAQ

= g2 =GN’ and ag = Zj; . (3.54)

23 At this stage we just want to note that there is some ambiguity in the usage of chiral condensate. Additionally
to the one defined by (1)), one can introduce a subtracted version denoted by (:41):) as we will do later in
Eq. . By construction this subtracted condensate vanishes in the limit m — myg, independent of T" and
. We refer to the more detailed discussion in Section

24The factor Nt arises since the condensates (@u), (dd), ... coincide in the isospin limit. However, for Ny > 2 the
functional structure of the gap equation changes due to the 't Hooft interaction, therefore, this relation
between m and (1/_)1/1) is only true for N, = 2 and can not be generalized.
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(a) Constituent-quark mass as solution of the vacuum  (b) One-flavor chiral condensate (gq) for different val-
gap equation for different values of the current-quark ues of the current-quark mass mgo
mass mo

Figure 3.2.: Spontaneous chiral symmetry breaking: constituent-quark masses and chiral con-
densate as function of the NJL four-vertex coupling G with the NJL cutoff A = 651 MeV

Whereas the coupling parameter in the NJL model has the dimension length)?, or mass dimen-
sion [G] = —2, the rescaled coupling g = GA? is just a number. In the large-N, limit the critical
coupling G¢; ~ 1/N, becomes small, hence spontaneous chiral symmetry is present also for very
small numerical values of the four-fermion coupling G. It is interesting to observe the same
behavior of G¢; ~ 1/A? for large values of the cutoff, meaning that the chosen regularization
scheme affects the feature of spontaneous chiral symmetry breaking within the NJL model.

Solutions of the vacuum gap equation are shown in Fig. [3.2(a). It can be seen that
spontaneous chiral symmetry breaking can happen in the chiral limit only for G > G, whereas
for some finite mg > 0 a solution m > mg can be found also for arbitrarily small values of G.
With the constituent-quark masses one calculates the (one-flavor) chiral condensate (ggq) (3.51))
as shown in Fig. [3.2b) for different values of the current-quark mass my.

3.3. Large-NN. analysis for the NJL model

3.3.1. Topology of connected QCD vertices

All interaction terms in the NJL model are vertices with N external fermion pairs, denoted
by the local interaction kernels Kopn. These vertices originate from QCD after integrating out
all gluonic degrees of freedom. Given such a vertex, the building blocks for its internal non-
perturbative structure are four-gluon vertices (V}), three-gluon vertices (V3), and quark-gluon
vertices (V). Since the effective 2N-vertex contains connected diagrams only we have?® V, > N.
By “connected” we mean that it is possible to get from an arbitrary external leg to any other
external leg just following internal lines and vertices. Assuming that this would not be possible
for some internal QCD process, then the vertex can be factorized into (at least) two vertices

with fewer external legs:
Kon = Kon, ® Ko, (3.55)

with N = Nj+ N>. This means that the assumed disconnected QCD process does not contribute
to the genuine 2N-vertex. We illustrate this general statement by two examples: For the four-

%To be precise, for this statement one has to exclude the free propagator, N = 1, without any radiation or
interaction.
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Wl
% H099%

AR

a) general QCD vertex (b) four-gluon vertex (c) three-gluon vertex (d) quark-gluon vertex

Figure 3.3.: Sketch of a general QCD vertex (a), here with 2N = 8 external quarks and B =5
external gluons. Its internal structure in terms of QCD vertices (b)-(d), counted by Vy, V3, B
and the number of loops, L, is topologically restricted by (3.56)).

vertex a disconnected process would imply K4 = K3 ® K9 meaning that this contribution to
the four-fermion interaction can be described by two independent full quark propagators. It is
obvious that this type of non-interacting (skeleton) diagrams does not contribute to the genuine
four-fermion vertex. We can carry out a similar argument also for the six-fermion vertex in the
three-flavor case: Assuming a non-connected process inside the 't Hooft vertex leads to either
Ksg=Ko® Ko ® Ko or Kg = K4 ® Ko. The first case describes three independent but dressed
quark propagators and the second one describes a four-fermion vertex which is “observed” by a
full quark propagator. In both cases the disconnected process does not contribute to a genuine
six-fermion vertex.
The connected topology of the 2N-vertices leads to the following identity:

B
Vi+ - (V3+V) L+N—1+§, (3.56)

where L denotes the number of (momentum) loops in the internal process and B the number of
external gluons (gauge bosons) which we state for completeness, cf. Fig. a). A formal proof
of this equation can be done by induction over N and B. The left-hand side the topological
constraint in Eq. contains QCD dynamics and introduces a N, counting to the NJL model.
Since the four-gluon vertex is proportional to géCD but the three-gluon and quark-gluon vertex
scale linearly with the QCD coupling, the considered 2NN vertex scales as

) Vi Va4V, Nl =

Kon ~ (Q(QQCD “9QcD c
2[Vat+1(Va+Vy)
_ gQ[C;; Vol (3.57)

~ NI (N1

where we have set B = 0 in the NJL model and have used the N¢-scaling of the strong coupling
constant, ag ~ géCD ~ 1/N, as it can be seen from the QCD beta function. We denote the
number of closed color loops (color traces) by I < L, each giving rise to an additional factor of
N, in the scaling. Since QCD is a non-Abelian gauge theory where gauge bosons can couple
to themselves, there is for any combination of external legs a tree-level diagram without any
loop, i.e. I = L = 0. We emphasize that this statement is wrong in an Abelian gauge theory:
in QED, the leading-order contribution to photon-photon scattering, vy — <7, is given by
an electron-loop diagram of order aéED and due to the absence of a multi-photon vertex no
tree-level diagram contributes.
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3. The Nambu—Jona-Lasinio model

examples of leading-order diagrams (L =) ‘

L=0,1=0 L=1,1=1 L=11=1

examples of subleading diagrams (L > [) ‘

L=1,1=0

Table 3.4.: Examples of QCD processes contributing to the effective NJL four-fermion vertex
K4 =G ~ 1/N, at leading order (upper panel with L = [) and at subleading orders (lower
panel with L > [).

We conclude that the leading-order and simplest (i.e. tree level) contribution to a 2N-vertex in
the NJL model scales as:
1

C C

Kon ~

We emphasize that this is a non-perturbative result since in addition to tree-level diagrams all
QCD processes at all orders in ag with L = [, i.e. all planar diagrams without closed internal
Fermi lines [tH74al, tH74bl Wit79], contribute to the effective NJL vertices. In Table We show
a few examples of leading-order and subleading-order diagrams contributing to the four-fermion
vertex G.

The large- N, scaling of Koy is of crucial importance for our treatment of the NJL model. We
will use this scaling of the coupling as a bookkeeping method to organize the non-perturbative
NJL model in a systematic way. However, despite applying a large-N. counting method we
do not use simple perturbation theory in a small coupling G ~ 1/N.. As we will develop in
the following, already at next-to-leading order to the vacuum partition function in 1/N,, a
resummation of all orders in the coupling G must be performed.

We conclude this discussion by commenting briefly on a conceptual difference between the
NJL model and QCD as underlying theory. The large- N, scaling we have just presented applies
to any Kopn vertex in the NJL model including the ’t Hooft determinant Kg in the three-flavor
case. The determinant is added to the NJL Lagrangian in order to remove the unwanted
U(1)a-symmetry: in the NJL model this symmetry is broken explicitly, whereas in QCD it is
broken anomalously. The instanton vacuum in QCD is not described by the non-perturbative
but still diagrammatic treatment of the internal structure of NJL vertices. In the following we
review briefly how instantons give rise to anomalous symmetry breaking and why such effects
cannot be treated using perturbative approaches.
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3.3. Large-N, analysis for the NJL model

Linearly divergent triangle diagrams which express a non-trivial transformation of the path-
integral measure under the U(1)a-symmetry show that quantization of the QCD Lagrangian
breaks the classical U(1)s-symmetry [AdI69, Fuj79]. This phenomenon can be explained by
instantons in the QCD vacuum characterized by the topological quantum number g € IN (winding
number) [CLOG]:

2
q= Z‘gfg / d*z Ge,GHe (3.59)

with the dual gluonic field-strength tensor

~ 1
GHa = 5eﬂ”aﬂGgg . (3.60)

Having a pure Yang-Mills theory in mind, any instanton solution is either self-dual or anti-self-
dual: G = £G. One therefore derives:

_ 2
exp /d4x£ = exp :i:l/d4x GwG" ) =exp :|:827T 7] . (3.61)
4 9qQcep

From this expression it can be seen that instantons are purely non-perturbative in terms of an
expansion in a small coupling parameter ggcp. However, they introduce a mechanism which
violates the axial-charge conservation [tH76], which can be understood when comparing with
the divergence of the axialvector current j£' = @Z_ry“%w, which is non-zero even in the chiral
limit[CLO6]:

2Ntgdcp
- 32n2
The corresponding change in the axialvector charge is directly related to the winding number ¢,
which is therefore also denoted as topological charge of the instanton®®:

Dl = Ga,Gre (3.62)

AQs = / d*z 9,5t = —2Nyq . (3.63)

From this we see that an instanton in the QCD vacuum can change the axialvector charge
from +1 to —1 for each flavor and each topological-charge unit. This shows the violation of
the axial-charge conservation and the anomalous breaking of the classical U(1)a-symmetry of

QCD.

3.3.2. Generating functional of the NJL model

Next we follow [MBWI10] and construct a thermal two-particle irreducible (2PI) generating
functional ® from which we can derive 2N-point functions relevant for both the quark and
meson sector. We switch from Minkowski to Matsubara space (cf. Appendix and denote
the full thermal quark propagator by Gg. The bookkeeping is done in terms of the N.-scaling
since the potential ® is fully non-perturbative:

=Y o®  where &® ~ N!7F. (3.64)
k=0

From this, using functional calculus, the quark self-energy and the interaction kernel, i.e. the

26The trivial solution of the Yang-Mills equation feature ¢ = 0 and in most applications the single-charged
instanton solution with ¢ = 1 is relevant, in particular for the discussion in [tHT76].
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3. The Nambu—Jona-Lasinio model

four vertex, can be calculated when differentiating with respect to full quark propagators”

sy _ 59" g oo
5GE (6GE) (3GE)

(3.65)

Only closed (vacuum) diagrams are summed in the potential ®, therefore the number of fermion
loops, I, and the number of NJL vertices, n, are restricted by [ < L = n+ 1, where L denotes as
before the number of loops w.r.t. to the momentum integration. This shows that the leading-
order term in the potential is ®(©) which scales with N;™- N} < N!. At this order there is only
one (Hartree) diagram contributing to the potential:

@@:<:><:> (3.66)

In order to distinguish between Hartree and Fock contributions to the four-quark coupling G we
have introduced the tiny wavy line indicating which quark loop refers to a color trace. Due to
the restriction [ = n + 1 any new pair of vertex and fermion loop leads already to a two-particle
reducible diagrams which imply disconnected contributions to K(©). Therefore, the leading-order
potential is given by a single vacuum diagram. It scales as ®©) ~ N.

At next-to-leading order with [ = n there are already infinitely many diagrams:

@m&@m

Including the global symmetry factor of 1/2 the diagrammatic expression at leading order reads

30 _C
2

The generating functional ®© does not carry a channel index M, since only I' = 1 leads to a

d3q

2
B(q7 Vn)) . (3.68)

non-vanishing diagram. In the pseudoscalar channel the traceless 5 matrix leads to a vanishing
diagram.

For ®1) one needs to specify additionally the channel, where T'yy € {1,iy5} describes the
scalar and pseudoscalar case, respectively:

Z / 2 Z LG (p, w) =

; (3.69)
2T,§/(2W§3 In[1 — Gy (p, wn)] |

2"Note the dimension of the functional derivative:

Lfl(:cf)n.f(.?fk(xk)} = [/]

k
- Z ([fs] + dim(z;) [4]) ,

where dim(z) = n if € K" is a vector in a n-dimensional vector space over K € {R,C}. From this the
correct mass dimensions are ensured: [£*)] =1 and [K®] = —2 with [®] = 4.
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3.3. Large-N, analysis for the NJL model

where IIy; denotes the quark-antiquark loop (polarization tensor)

d3
i (p, wy) = TZ/ Tr [TmG (g, vim) TnGE (g — Py vim — wn)] - (3.70)
meZ

From the generating functional we can derive all self-energy insertions and kernels which are
present up to the considered order in 1/N.. Diagrammatically the functional derivative §/ 6Gg
means to cut one closed quark line in the diagram:

(0)
ST S (g, mm)
6GE
nez
5o
El(vl[)(p7 vp) = SOF = e W -T Z / (g, wi) Tr [Ty GF(q Py Vm — wn)]
B

(3.71)
where we have introduced in El(vl[) a bosonic propagator arising from the functional derivative of

In[1 — GIyi(q,wy)] in the integrand of ®M):

G

1= Gl (g.om) (3.72)

DM(‘me) =

In the next section when discussing the Bethe-Salpeter equation we will notice that this bosonic
propagator is nothing but the renormalized full meson propagator, cf. Eq. . The propaga-
tors for the pion and the sigma boson are denoted as D, and D,, arising from the pseudoscalar
and scalar channel, respectively.

From the partition function also the four-fermion interaction kernel K can be derived by
applying once more the functional derivative with respect to GE:

0
©) _ §532(0)

K —_—
F
oGy

= =G,
(3.73)

o5

6GE

KV (p,vy) = <+ ONT?) = ~TnDai(p,wn)Tni + O(NT?)

Note that there are higher-order corrections to the meson kernel KIS/}) which arise from differen-
tiating in the integrand once again Dy; with respect to Gg. Diagrammatically this means that
the second functional derivative cuts a quark line of a loop that is different from the first one.
Therefore, two different topologies arise when applying 62/ 5GF to (I>( ).

Having performed all functional derivatives we know all building blocks at next-to-leading order
in a 1/N¢-expansion relevant to construct the gap equation (quark 2-point function) and Bethe-
Salpeter equation (quark 4-point function). This means that applying a large- N analysis to the
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3. The Nambu—Jona-Lasinio model

NJL generating functional one rediscovers standard approaches used in many-particle physics
as described in standard textbooks, e.g. [Mat76, FW03], and in particular in the NJL model
itself [KLVW90al KLVW90b]. At leading order in large- N, we find the gap equation,

o) —m o, < > (3.75)

and at next-to-leading order the Bethe-Salpeter equation,

o0y s - >.< . >QI< .

These two equations represent the first two Dyson-Schwinger equations which can be derived
from the generating functional ®. Due to their non-perturbative nature, both the gap equation
and Bethe-Salpeter equation (BSE) are self-consistent equations including full constituent-quark
and meson propagators. The resummation of quark-antiquark loops leads to mesonic modes
and the solutions of this self-consistent equation can be interpreted as renormalized meson
propagators. We note that the BSE is considered in the so-called random-phase approximation
(RPA) which means that only “resonant” quark-antiquark loops are coherently resummed to all
orders. In principle there are also the ¢t-channel and u-channel contributions to the BSE at order
1/N., but the mesonic fluctuation El(vl[) includes only mesonic modes from the quark-antiquark
s-channel. For self-consistency reasons we therefore truncate the BSE also to this channel.

The mesonic fluctuations described by 21(\/1{) in Eq. contribute at next-to-leading order
to the gap equation (3.75)):

o, < > N ~ (3.77)

The fluctuation term leads to a coupling between the quark and the meson sector and spoils the
analytical approach to simultaneously exact solutions of both equations. In principle, this term
also introduces a momentum-dependent quark mass as it is derived from QCD Dyson-Schwinger
calculations. We discuss the two equations separately and neglect the coupling between them. In
particular no momentum dependence of the constituent-quark mass is taken into account. One
can justify this by arguing that the mesonic fluctuations act only as Fock exchange corrections
of order O(N; 1) to the actual Hartree gap equation.

The NJL model incorporates the mesonic modes by introducing additional effective Yukawa
terms in the Lagrangian[Kle92, [Bub05]. For example, the coupling of the pion to the quark is
described by

7% f7r n
‘Cﬂ'qq = _gﬂqq¢1757'1/1 -+ mqq 1/1’7#’}/57'1/) ot (3.78)

where we have introduced two couplings arising as residua of the pion propagator D, cf. the
detailed discussion in Section In this thesis we consider the case of vanishing axialvector
coupling frqq = 0 only. The corresponding Yukawa coupling of the sigma boson is:

Logq = ~9oqa¥Y , (3.79)

where the coupling ¢,qq is also derived as wave-function renormalization constant from the
corresponding mesonic propagator. In the chiral limit, the two quark-meson couplings coincide,
Joqq = Yrqq- This is approximatively fulfilled also for high temperatures 7' 2 200 MeV.
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3.4. Gap equation and thermal constituent-quark masses
3.4. Gap equation and thermal constituent-quark masses

In the NJL model the (thermal) constituent-quark masses are generated dynamically by sponta-
neous chiral symmetry breaking. This is described by the gap equation which we truncate
to its Hartree level for the time being. The mesonic Fock terms present in Eq. are not
considered in this approximation. In the two-flavor case the gap equation reads m = mg— G (1)v))
which results from linearizing the NJL Lagrangian in Eq. (3.48). In order to describe not only the
vacuum constituent-quark mass but also thermal quark masses we use the Matsubara formalism
and switch from Minkowski to Matsubara space (cf. Appendix :

i/(gp TZ/dp I(p.pn) - (3.80)
The thermal chiral condensate is therefore given by
(qq) = trTZ/ o Vn,j;;; 1;:2m =
= —4N, TZ/ 5,51 B2 +E2 = (3.81)
- e M, ngm (1 (By) i ()

where we used the fermionic Matsubara frequencies v, = (2n + 1)7T — iu. We have introduced
E, = /p?>+m? and nfg denoting the Fermi distribution function describing thermal quarks
and antiquarks, respectively:

1
+
ny(by) = . 3.82
F(B) = e (3.82)
The thermal gap equation reads
2GN.m [ p?
_ A\ — — —
m =mg — 2G{(qq) = mo + —a dp I (1 —ngf(Ep) —ng (Ep)) (3.83)
0 i
350 - 350 - :
d =0 e e ] SR
3005 ------ Z =100 MeV SOO:T =100 MeV
2500 NN\ e =200 MeV ] 250
L\ U H=30MV > 200
= 150 | 12 150[ T = 200 MeV
1S F E e,
100 1 100
50/ S ] 50/ T = 350 Mev
%% 100 200 300 400 500 0 100 200 300 400 500
T[MeV] u[MeV]

(a) T-dependence of quark mass for different values of (b) u-dependence of quark mass for different values of

the quark chemical potential p

the temperature T'

Figure 3.4.: Thermal constituent-quark masses m(T, ) from self-consistent solutions of the
leading-order gap equation (3.75) (Hartree level)
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3. The Nambu—Jona-Lasinio model

Comparing this result to that in Minkowski space in Eq. one rediscovers the vacuum
result when sending first ¢ — 0 and then 7" — 0. This is because nf; (E) — 0 for T — 0 only
if £ > p. The cutoff A is introduced to regularize the divergent part of the chiral condensate
(qq) in Eq. (3.81). Note that the thermal distribution functions could be integrated also for
p > A, but there is no physical contributions to the condensate for large momenta. However,
the condensate itself is not a physical observable. It is usually grouped together with the NJL
coupling G which is sometimes denoted as 0 = G(Gq). For large momenta the NJL coupling
vanishes and the quarks are non-interacting: G(p > A) = 0.

The results for the constituent-quark mass as function of temperature and quark chemical
potential are shown in Fig. The NJL parameters (mg, G, A) are chosen in such a way that
in the vacuum the constituent-quark mass m, the pion mass m, and the pion decay constant
fr reproduce physical values. The mesonic sector is only discussed in the next section. We
summarize our NJL parameter set in Table

Using these parameters we find a monotonically decreasing constituent-quark mass as func-
tion of T" and p. Defining the coordinates (T, u) where the quark mass drops to half its vac-
uum value, m(7T, u) = %m((), 0), we construct the phase diagram of the two-flavor NJL model
shown in Fig. defining the chiral crossover /transition line T\ (u). For large quark chemical
potentials there is a first-order transition line which ends in a critical endpoint localized at
(T, p)cep = (43 MeV,330 MeV). For p < pcpp there is no actual phase transition anymore,
but only a smooth crossover transition. For high temperatures the quark condensate melts
down to small values, hence chiral symmetry is said to be in the Wigner-Weyl realization where
Q*]0) = 0. In contrast, close to the vacuum at low T and p chiral symmetry is spontaneously
broken and said to be in the Nambu-Goldstone realization where Q2|0 rangle # 0. Here Q4
denotes the axial charge operator arising from Aj, = 1/_17“75T“1/1, where T are the generators
of the SU(N¢) flavor group. We note that not only the chiral condensate can break chiral sym-
metry but also diquark condensates, (1)), which can be realized at high densities, i.e. high
quark chemical potentials. Such a scenario is not considered in this work. As we will discuss in
detail in Section the respective degrees of freedom feature large masses and do not give a
significant contribution to the shear viscosity.

We conclude this discussion with a more detailed look at the chiral condensate which can also
be defined in a subtracted version (in Matsubara space):

(i) = —N; (tr G5(0) — tr G5(0)] (3.84)

m»—>m0) ’
where GE(O) denotes the closed fermion propagator in position space, cf. Eq. (3.50). As in
Minkowski space the trace covers momentum, Dirac, and color space. In the chiral limit both
the subtracted and the non-subtracted chiral condensate coincide. One finds in general

o [y)] > dim () =0, (3.85)
Input I Output [MeV]
mo G A m M e <1Z}¢>1/3 <QQ>1/3
5.50 MeV | 10.08 GeV~2 | 651 MeV 325 140 924 —316 —251

Table 3.5.: Summary of our model parameters and vacuum results in the NJL quark and meson
sector discussed in the next section. The input parameter set is taken from [RO6]
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300 —

250 7 Wigner-Weyl Phase 7
[ (yy)~0 ]
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0 - Nambu-GoldstonePhase ™, CEP ]
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Figure 3.5.: Phase diagram of the two-flavor NJL model. The dotted line denotes the crossover
temperature as function of the quark chemical potential separating the Nambu-Goldstone
phase where chiral symmetry is spontaneously and the Wigner-Weyl phase where chiral sym-
metry is restored. The small solid line of first-order phase transitions ends at a critical end
point (CEP) which is located at unphysically low temperatures which is known to be a short-
coming of the NJL model we use in this work.

compare also Fig. (b) For a finite but small current-quark mass, mg # 0, the subtracted
chiral condensate can still be interpreted as an order parameter for spontaneous chiral symmetry
breaking despite the fact that in this case chiral symmetry is only an approximate symmetry of
the NJL Lagrangian. We have denoted the subtracted chiral condensate by two colons because
this condensate refers to the normal-ordered product of quark and antiquark fields. Denoting
the perturbative (QCD) vacuum by |0) we get from Wick’s Theorem [PS95]:

T = 2 i+ +(0T9|0) (3.86)

where T stands for the time-ordering symbol and : : for the normal-ordering symbol. Sand-
wiching this identify between the perturbative vacuum we find (0] : ¢ : |0) = 0. Only in the
non-perturbative vacuum |{2) a non-vanishing condensate can form:

(Py:) = —Tr (Qf :99: |Q) =

= —Netr ((Q|TqqlQ) — (0|T4ql0)) , (387

which coincides with the definition of the subtracted condensate in Eq. (3.84). In Feynman
diagrams only time-ordered correlators are encoded, hence we identify the (non-subtracted)
chiral condensate that enters into the gap equation (3.83)):

(p) = =Ny tr (2| Tqq|) = —Nr tr G5(0) . (3.88)
As a last comment in this section we consider the decomposition of the constituent-quark mass,

m  formg — 0

mg forT —o00 ’ (3.89)

m—mo+m0+m—>{
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3. The Nambu—Jona-Lasinio model

in free, perturbative and non-perturbative contributions, respectively. Then we have in the
chiral limit:

m=m=0 <& ()= {YPp:)=0. (3.90)

Due to conservation of chirality (helicity) at all (QCD) vertices a non-zero quark mass cannot
be generated perturbatively in the chiral limit.

3.5. Bethe-Salpeter equation and thermal meson masses

3.5.1. Meson masses and mesonic spectral functions

The mesonic (soft) modes are described by the Bethe-Salpeter equation : a resummation
of ring diagrams made of quark-antiquark loops introduce the next-to-leading order Dyson-
Schwinger equation in a large- N, expansion. The general structure of the quark-antiquark loop
(polarization tensor) for both Dirac channels, I" € {1,iv57,}, reads:

d
() = 4 $ = 0 [5G 0. G g~ i — )]
meZ

(3.91)
where the trace refers to all color, flavor and Dirac indices. In the calculation one has to take

care of several minus signs: the fermion loop gives a global minus sign, in the pseudoscalar
channel one has i = —1 and additionally {ys,v,} = 0 and {7;,7;} = —28;; for the Euclidean
gamma matrices. One finds for the scalar and pseudoscalar channels:

d*q Fm® + v (Vm — wn) + 4 (g — P)
s/p S/P ¢ T mm —n) 199" P)
1%/7 (p,wy) = ANe|N¥/ ‘TZ/ )? [V?nJrquH(Vm—wn)“rEZ)] N

meZ
1
= 2N |NS/P|T / [ - + 3.92
mXG:Z 1/2 —I—E2 ( 7wn)2 +EZ ( )
1

+ 2N |NS/P|NS/PT / ,
%:Z 3 [V2, + E2)[(vm — wn)? + EX]
where we have introduced the notations
El=q¢*+m? Ei=(q—p)?+m®, and Ey=E;+FEr, N'=—(w:+p’) . (3.93)

In addition we use the prefactors N¥ = —(w2 + p?), NS = N¥ —4m?2, and N5 = —N;, NP = 2.
Despite the fact that the integrals are divergent and need to be regularized we can formally shift
the integration q — g — p and vy, — v, + w, which suggests to define

L =T Z / 3,7 +q2+m2 = W m( — g (Bp) —np(Ep) - (3.94)

The gap equation (in the two-flavor case) also involves the integral I, cf. Eq. (3.83):
m = mg — 2G(qq) = mo + 8GN mI; . (3.95)
Finally the polarization tensor becomes

15/P (p, wy) = ANG|NS/P|I; + 2N | NS/P|INS/P Lo (p, w) | (3.96)
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where the momentum-dependent part can be expressed using Fy = FE, £ En:

1 j—

d3
I(p,wn) =T / (2m)2 V2, + E2|[(vm —wn)? + ER]

meZ

_/ d’¢ 1 [ 2B,
(2m)% 4B EA (w2 + E2

| (ien = By) (15 (By) + 1 (Ba)) = (n + By) (n(By) + 0 (Ba)) | (3:97)
w2 + E3

N (iwn + E-) (nt (Eq) — nfh (Ea)) — (iwn — E-) (ng (Bq) — ng (Ea))
w2 + E?

The Bethe-Salpeter equation (3.76|) is given in a self-consistent form, Dy = G + GIIDy;. Its
solution has been already used in the derivation of the mesonic insertion El(vl[) where this
expression arose naturally from the derivative of a logarithm. We identify this term as the result
of a geometric sum of coherent quark-antiquark loops:

> G
Du(p,wn) = G+GIDy = GA+TG+ (MG’ +...) =G Y _(IG)" = ————— . (3.98)
o 1 - GII(p, wp)

Poles in the meson propagator can appear only in Minkowskian metric, therefore we perform at
this stage the analytical continuation iw, +— w +ie. Due to the fact that the polarization tensor
is complex (when describing a resonance instead of a bounds state), we define the meson mass
by the real pole position®®:

_ . !
Re Dy'(0,—iw)|,_,, = 0. (3.99)
If we concentrate now on the pseudoscalar (pionic) channel, we introduce s = —NT¥ = w2+p? >0
and find with Eq. (3.98):
G
Dy (p,wn) = (3.100)

T+ AGN (W] + p?)La(p,wn) |
from which the pion mass can be calculated by solving

mo 1
~ m 4GN. Re I5(0, —im;)

(3.101)

If one considers the scalar channel instead , IIS with NS = NP — 4m? in (3.92), the mass of the
sigma boson can be extracted:
2/ — 2 2 2 2

m(0) =mi =m; +4m* — ~m; for large T . (3.102)
We mention that there is in principle a momentum dependence of the pion mass, m,(p), due to
the thermal environment and the implied loss of Lorentz invariance. Evaluating the pion mass
in the rest frame, which is the frame of the heat bath, offers a consistent definition of a thermal
pion mass. At least, this prescription approximates the interpretation of (pole) masses which
are Lorentz-invariant quantities. In the reference frame of the heat bath, p = 0, we have

Ea =E,, implying E; =2E,, E_=0, (3.103)

Z8 A further common strategy is to define the meson mass as maximizer of the spectral width. See also the
discussion related to Fig. where we compare these two approaches.
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Figure 3.6.: Thermal masses of pions (lower solid line) and sigma boson (upper solid line). For
high T the spontaneously broken chiral symmetry is restored and sigma and pion mass de-
generate. We compare also to twice the constituent-quark mass (dashed line) which becomes
small for high T. For temperatures above the Mott temperature, T > Tyt ~ 212 MeV, the
pion becomes unstable and an on-shell decay channel into two constituent quarks opens.

leading to some significant simplifications for the polarization tensor in Eq. (3.96)). Due to the
now spherically symmetric integrand the angular integration is trivial and we arrive in Minkowski
space at

: LN 1= nf(By) — np(Ey)

2

is not hit and the mass
w describes a bound state. The resulting thermal meson masses are shown in Fig. for small
temperatures the (pseudo-)Goldstone-boson nature of the pion is indicated by a constantly small
but non-vanishing mass. For high temperatures the pion looses its boundstate nature because an

For all pairs (T, 1), this integral is real as long as the pole at 4Eq2 =w

unphysical on-shell decay channel into a constituent quark-antiquark pair opens which defines
the Mott temperature by my(Tn) = 2m(Ty). In this temperature region the pion mass is rising
rapidly due to the restoration of (approximate) chiral symmetry. The pion becomes degenerate
with the sigma boson which is not a Goldstone boson and features its minimal mass in the
vicinity of the Mott temperature. For a non-vanishing quark chemical potential the temperature
dependence of the meson masses remains qualitatively the same, but the Mott temperature is
shifted to smaller values.

For resonances the integral I5(0,iw) is interpreted as principal value integral with additional
imaginary part using Eq. (A.28]). The poles are located at

q=qo=1\/— —m?2. (3.105)
From this we evaluate the imaginary part of the polarization function:

Ly sinh (57) _ _
Im Ir(—iw) = S cosh (2) + cosh () ©(w—2m)O (A —qo). (3.106)

The first ©-function accounts for the threshold of an on-shell decay of mesons into quark and
antiquark. The second ©-term is a pure cutoff effect and is irrelevant for energies below twice
the cutoff, w < 2¢/A2 + m? which always exceeds 1.3 GeV in the NJL model.
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Figure 3.7.: Mesonic spectral function p for the pion (solid line) and sigma boson (dashed line).
The two vertical solid lines are delta-function peaks located at the real poles determined from
the condition ((3.101)).

In order to discuss in more detail the underlying physics of the (rescaled) meson propagators

(3.98), we derive in a first step the corresponding spectral function p(w). For propagators in
Minkowski space it is defined by

p(w,p)
GR/A(pOap) /_Oo dw 0 Wi’ (3 07)

with the “inverse” relation
Im Ggrya(po, ) = Frp(po, ) - (3.108)

For example, the spectral function of a free bosonic propagator reads pOB (p?) = Z6(p? — m%),
if one takes the Feynman pole prescription (+i€) into account. Thereby mp denotes the mass
of the boson and Z denotes its wave-function renormalization constant which defines in the
context of mesons the quark-meson coupling as we will discuss in the next section. A negative
spectral function arises if one considers instead the prescription (—ie). Physical spectral functions
satisfying causality constraints are positive. Then the advanced propagation of particles and
retarded propagation of antiparticles is ensured. More details of the spectral function and the
convention we use in this thesis can be found in Appendix

For an interacting theory, the spectral function contains generally contributions from the one-
particle state, bound states and a continuum of two- and more-particle states. We find for the
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3. The Nambu—Jona-Lasinio model

rescaled pion propagator D, (0, —iw) from Eq. (3.100]):

2 2 .
pr(W) = grqq 6 (w?> —m2) + = 4G"New Im212(0’ —iw) -
T (™0 4GNw? Re I5(0, —iw))? + (AGNew? Im I (0, —iw))

(3.109)
The spectral function for different pairs of (T, ) is shown in Fig. For small temperatures
the isolated delta peak at w = m, displays the pion as (approximate) Goldstone boson of

the spontaneous breakdown of chiral symmetry. The continuous part of p starts just for w >
2m(T, p). The spectral function of the sigma boson peaks close to this threshold and exceeds
significantly the spectral function of the pion. At the Mott temperature, the discrete and
continuous spectrum are no longer separated and the pion propagator, D, has no longer a pole
at a purely real value of m, (cf. the mass definition in Eq. ) At even higher values of T" or
1, the spectral functions show a maximum structure which can also be used to define the thermal
meson masses. However, we also show in this region the real-pole positions indicated again by
the solid vertical lines. As also seen in Fig. (b), they degenerate in the high-temperature
limit.

3.5.2. Quark-meson coupling beyond the pole-mass approximation

The solution of the Bethe-Salpeter equation (3.100) in the pseudoscalar channel describes a
rescaled pion propagator. In Minkowski metric it reads

G
"0 —4GN, (w? — p?) Ir(p, —iw)

Dy (w,p) = (3.110)
where the pion mass is just determined by the solutions of Eq. (3.101). The fact that Iy is
energy and momentum dependent implies that the standard pole-mass approximation,

2
o gﬂqqpok
Dﬂ'(w7p) - CU2 _p2 . m2 +1€ 9 (3111)
s

with a momentum-independent constant grqqpole does not reproduce the (w,p) dependence of
the full meson propagators. The full quark-pion coupling can be obtained from

grqq(w, p)? = (w? — p* — mZ(p)) Dx(w,p) , (3.112)
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Figure 3.8.: Momentum dependence of the pion mass at different temperatures
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Figure 3.9.: Corrections to the quark-pion coupling in a 50% range around the pole position

with a momentum-dependent pion mass defined by

Re D Y (m,(p),p) =0 . (3.113)

Here we must not evaluate the pion mass just using the conditional equation but we
need to incorporate the full momentum dependence coming from Eq. . The results for
the momentum dependent pion mass are shown in Fig. [3.8} for small and large temperatures the
pion becomes more massive when it carries additional momentum. This qualitative behavior of
mx(p) is consistent with the fact that the constituent quark mass m(p) decreases as function
of momentum meaning that at high momenta chiral symmetry is restored where pions can no
longer be interpreted as Goldstone bosons of spontaneous chiral symmetry breaking.

Usually, the quark-pion coupling is defined as residue of the full pion propagator at vanishing
momentum [HKS87]:

o2 = 1 d(Dx(0, —iw)) ! (3.114)
mqq Res D, dw? w2=m2 ) '
In pole-mass approximation one finds immediately
- ! (3.115)
Yrqq,pole \/4NC.[2 (0, —imy) . .
Taking the remaining energy dependence of I5(0, —iw) into account, we find
_ 1 1 dI>(0, —iw)
gﬂ'c?q(w70):27 1+m3rl 0. i dw?
gwqq,pole 2( ’_lmﬂ') w w2=m2
(3.116)

dr- —1i
mgr 2(0, —iw)

= 4NC (IQ(O, —lmﬂ) + dew?

w2=m72,>

Taking the derivative of the principal-value integral leads to some highly singular expres-
sion near to pole ¢ = +¢qp. Exactly at threshold of an on-shell decay of the pion into two quarks
(with zero momenta) the derivative of Iy becomes divergent. In order to remove the second-order
pole in the derivative, we integrate by parts. The surface term vanishes for all T' and p when the
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3. The Nambu—Jona-Lasinio model
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Figure 3.10.: Temperature dependence of the quark-meson coupling for different scenarios: full
residue of the pion propagator but set p = 0 (solid line, Eq. ) in comparison to the
pole-mass approximation (dashed line, Eq. ) and in the chiral limit (dotted line). The
qualitative dependence on g is much less pronounced than its pure temperature dependence.

cutoff A — oco. The remaining expression needs to be treated again as principal-value integral:

1 A
=535 | ey

272 J, (4E7 — w?)?* E,

A 2
“5a |, st [ (1 ) (e -

dIQ(O, —iw)
dw?

2—m2
w?=mz

+f67q2[n+(E)(1—n+(E))+n_(E)(1—71_(E))]
Eg r (g F g F g FA\a

(3.117)
The pole structure of this result is the same as found for 15 in Eq. . As we discuss in detail
for a set of prototype functions in App. [A.4] the integration by parts yields a principal-value
integral which diverges for the pole approaching the interval of integration [0, A].

In Fig. we compare the two approaches for calculating the quark-pion coupling. When
staying in a 50% interval around the real pion pole, 0.5m, < w < 1.5m,, we find that the
usual treatment is a good approximation. It is interesting to note that at small (i.e. vanish-
ing) momenta at T = 150 MeV the approximate quark-pion coupling overestimates the actual
coupling when evaluating at energies smaller than the pion mass. For high momenta but at
the same temperature the coupling is underestimated by up to 6% which is still a reasonable
approximation. Sizable deviations occur only at very high temperatures and unreasonably far
away from the actual pole mass . However, apart from such extreme values, we conclude that the
pole-approximation of the quark-pion coupling is acceptable and corrections beyond Eq.
are within a few percent. Therefore, we do not take any momentum dependence into account
apart from the correction in Eq. . This leads to a simplified treatment of the mesonic
fluctuations in Chapter 5| since the quark-meson coupling is just a constant and therefore not
affected by the momentum integration.

In Fig. we show the results for the quark-meson coupling as function of the temperature
for three different cases: the solid line refers to the calculation of the full residue, where also
the derivative of Iy is taken into account. We compare this to the cases where the pion mass
is fixed either by the the physical quark masses or in the chiral limit: the solid line features a
jump starting from a vanishing coupling constant. Fixing the pion mass first leads to continu-
ous coupling constants with a kink (for physical quark masses) or a very smooth temperature
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dependence (in the chiral limit). Our results including the derivative terms agree well with the
steep decrease of grqq for T' approaching the Mott temperature [HK87]. For all three scenar-
ios the low-temperature behavior is almost the same: below 7' = 100 MeV, the quark-meson
coupling is constant, with slightly different values. This behavior is in agreement with earlier
results from chiral effective field theory [EK94], where perturbative calculations show that for
small temperatures ¢rqq is independent of 7" up to quadratic order O(T?).

In summary we have found that the momentum-dependence of the quark-meson coupling is
not crucial and can be neglected, allowing for an efficient numerical treatment. The remaining
energy-dependence of I5 is important and affects the quark-meson coupling qualitatively as
compared to the pole-mass approximation. In the chiral limit the two approaches coincide, as
seen from Eq. . In the Nambu-Goldstone phase the pion becomes massless and one finds:

2
T (3.118)

Gmm

450 gﬂqq gwqq,pole

m mo

Inserting the pion mass (3.101)) into the right-hand side and inspecting Eqs. (3.115)) and (3.116]),

one can prove this identity immediately.

3.6. Pion decay constant and low-energy theorems

In this section we demonstrate that important low-energy theorems known from QCD as the
Gell-Mann-Oakes-Renner (GOR) and the Goldberger-Treiman (GT) relations [LK96l [CLOG]
are fulfilled in the NJL model. In Section [2.1.2] these relations have been derived directly from
QCD, see the GOR relation in Eq. . The pion decay constant is defined by the transition
amplitude, Eq. , where the pion is annihilated through the axialvector current into the
vacuum. Diagrammatically we find in the vacuum, i.e. for T =0 and p = 0:

q
' Al _igﬂqq'YS)\b
DH fr Oy = o —
q+p

(3.119)

d4 Aa .
- - [ S [ 6ia) (Signars) Gl +9)] =

g [ (g m) s (g m)
= dabNe gwqq/ 2m)t (@2 —mD)][(g+p)2—m2]

where the color and flavor traces result in a global factor of N, and the Kronecker delta due to
tr(AqAp) = 2045 for the fundamental representation (cf. Table[A.1]in the Appendix). The remain-
ing trace in the integrand simplifies since for both terms, m® and m?2, an odd number of Dirac ma-
trices occur, so only the linear term in m contributes: Tr [7“75 (mfyg, (p+q)+ mg'yg,))] = 4dmp*.
From this we find

dq 1
2m)* [(¢* = m?)] [(¢ + p)* — m?]

where the remaining integral is just the Minkowski version of I5(q,wy,) defined in Eq. (3.97).
For the thermal pion-decay constant we find

ip! frdap = 6apNe igwqq : 4mpu/ s (3.120)

Jr(Pywn) = 4mNcGrqql2(p, wn) - (3.121)
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3. The Nambu—Jona-Lasinio model

From this both low-energy theorems follow, starting with the GT relation:
frgraq = AMNegagqla = m + O(mo) | (3.122)

where we have expanded the quark-pion coupling (3.116)) around the chiral limit mg = 0 up to
first order in O(mg) = O(m2) and evaluated at p = 0 and w,, — —im,. Also the GOR relation

follows immediately from Eqgs. (3.101)) and (3.120]):

mo 1

mg AN Iaga qm
m 4GN.Iy '

G

m2f2 = - 16m*NZg2 13 = mg - (3.123)
Expanding again the quark-pion coupling around the chiral limit, gfrqq = (4N 1)~ + O(my)
and inspecting the gap equation (3.83) up to the same order, m = —G () + O(my), the GOR

relation is found to be valid in the NJL model as well:
m2f2 = —mo(Py) + O(mg) . (3.124)

In conclusion the important low-energies theorems of QCD hold in the NJL model as they
should. Since this model is based on the symmetry patterns of QCD, proving their validity is a
crucial crosscheck for physical consistency.

3.7. Attractive diquark channels

The general discussion of QCD color-color currents, cf. Table [3.2] has shown that both the
color-singlet channel and the totally-antisymmetry channel contribute for the physical number
of colors, N. = 3, with similar importance. The first one refers to quark-antiquark correlations
with channel weight —8/3, whereas the 7, channel refers to quark-quark correlations with channel
weight —4/3. Diquarks are colored objects, therefore, due to color confinement, they do not exist
in the physical spectrum. Within the NJL model that does not describe confinement, diquarks
should be considered as possible degrees of freedom in addition to the mesonic modes.

In Section we have introduced the Fierz transformation which also generates quark-quark
interactions [VW9I]:

Log =Y HpETPICPT) (T CTP)y) =
. . - 3.125
=Hg Y [(diysthAaCPT) (¥TCinstAat) +...] ..., (3.125)

fa,ca

where in the first set of dots the pseudoscalar interaction (without the iys term) is included®®,
and the second set of dots contains vector and axialvector contributions and those from the
totally symmetric channel rs. We have denoted the charge-conjugation operator by C' = iy
with €1 = ¢T = —C. In T'®) Dirac, flavor and color structures are encoded, thus for the
quark-antiquark interactions, in principle, also color-adjoint (color-octet) terms might appear.
Masses of such objects appear to be larger than 2 GeV ~ 3A and are therefore suppressed
compared to the typical scales in our NJL model [Tha06]. Also from the viewpoint of large- N,
analysis such objects are suppressed since the color-adjoint channel is repulsive and becomes
weak for N. — oo. The totally symmetric channel rg is repulsive for all values of N, and its
strength is bounded from above, therefore it is not considered in our calculations.

Note that due to the appearance of the charge-conjugation operator C' the behavior of the diquark currents
under parity transformations is opposite to the naively expected ones.
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3.7. Attractive diquark channels

In contrast to the quark-antiquark channel, the Pauli principle constrains the quark-quark chan-
nels: the requirement of a totally antisymmetric wavefunction for the considered two-quark sys-
tem implies that the totally anti-symmetric color channel T, must also have an anti-symmetric
flavor part. In the totally symmetric color channel rg only the symmetric flavor part of the
flavor space is relevant. In conclusion, for diquarks the flavor and color spaces are no longer
independent but are entangled via the Pauli principle?’. Every single Gell-Mann matrix (cf.
Appendix is either symmetric, /\iT = \;, or antisymmetric, )\;F = —)\;, no mixed symmetries
appear. In Section [3.1] we have already derived the number of symmetric and antisymmetric
generators of SU(V,):

NC NC 1 . — NC NC - ].
dim(rs) = (2+) , dim(ry) = (2) . (3.126)
In general we find
pa N.—1 Ne+1
Z AapAde = CTZ Nad Nep — TN Z Aad Aep » (3.127)
i=1 ¢ ¢ ta
which evaluates for SU(3) to:
5. . 9 4
Z AapAde = 3 Z Nad Nep — 3 Z Aad Aep - (3.128)
i=1 T Ta

From a Fierz-transformed color-color current in Eq. (3.1)), the couplings Gg and Hg are fixed:

NZ-1 Ne+1
Gs=—<5—-G., Hs=-—"—-0G.,. 3.129
S NC2 c S 2Nc c ( )
From this, also their ratio is fixed,
H N, 1
S—_ ¢ - as (N.— 00). (3.130)

Gy 2(N.—1) "2
We reproduce the well-known values for the physical case N, = 3:

8 2 Hs 3
Gs = =G Hs = -G = — = 3.131
s=3GCe, Hs=3Ge Gs 1 ( )
In the literature the chosen values are around this Fierz-induced value for the ratio Hg/Gg. For
instance, in [VWO91] one finds

1
Hg =2Gv — 3 (0Gv + dGA) =0.97Gg , (3.132)
with the values for Gy, dGv, G used in the reference. For our calculation we chose an even

larger value Hg = 1.2Gg as discussed below.

The Bethe-Salpeter equation for diquarks is derived analogously to the quark-antiquark chan-
nel via iterations of quark-quark loops in an infinite ladder. This is again just the random-phase
approximation and follows from a large-N. expansion at next-to-leading order. The diquark

30Tn the literature the phase where diquark condensates are dominant is called “color-flavor locked” (CFL) phase
in order to express this entanglement.
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Figure 3.11.: Vacuum value of the scalar diquark mass for different ratios if the coupling Hg/Gsg
for fixed Gg. With the vertical lines we denote specific ratios as they can be derived in the
large-N, limit or assuming a fully Fierz-invariant NJL Lagrangian (cf. the discussion in the
text).

loop reads (cf. the quark-antiquark loop Eq. (3.91)) for the mesonic case):
arald F T
H (wnap =T Z / 27T F cG (q, Vm)FjC (Gﬂ (p —q,Vp — Vm)) :| ) (3'133)

where the trace covers color, flavor and Dirac space. The color and flavor structures are already
fixed by the Pauli principle to be antisymmetric. The underlying Lagrangian (3.125) offers only
two channels, T¥ = iA%¢¢ and TS = v5A*t°. We mention again that the presence of 75 leads in
context of diquark to scalar currents.
Using [C, 5] = 0 and [C,~,] = 0, one derives in the scalar channel for the Dirac part of the
loop:
I3 (p, wn) = trp [15G5(q, vim)15GE (@ — P, Vi — )], (3.134)
where the trace to Dirac space only. Note the relative minus sign in the second quark propagator:

p — q — q — p. This is exactly the same structure as in the mesonic case. The only difference
are additional non-trivial factors from color and flavor space:

tr(ACAD) = Gap (r) dim(r) . (3.135)

We need to sum over all antisymmetric generators in color space,

e 1. .2 N(Ne —1)
tro, (t°4°) = Zg F) dim(F Zdnm(ra).ﬁc.chf, (3.136)

and flavor space,
trp, (AaAa) = Ne(Ny — 1) . (3.137)

For Ny = 2 this is just the same numerical factor trp, = 2 as in the mesonic sector, but
the underlying physics is quite different! In color space the trivial factor N, is substituted by
Eq. . We mention that for the two-flavor case with N, = 5 the numerical factors in the
quark-quark and quark-antiquark channels coincide.

Solving the Bethe-Salpeter equation for the scalar and pseudoscalar diquark channels yields
the vacuum diquark masses as shown in Fig. [3.11] They depend strongly on the coupling Hg
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Figure 3.12.: Temperature dependence of diquark masses in the scalar (07) and pseudoscalar
(07) channel for g =0 and p = 200 MeV

and become smaller when the coupling increases. The empirical value for the diquark coupling
suggests a diquark mass of mp+ = 400 MeV, which is shifted to even higher values when
assuming a fully Fierz-invariant NJL Lagrangian or when taking the value from the large-
N, limit. For calculating the thermal dependences of the diquark masses we have chosen the
coupling to be Hg = 1.2Gs. Results for the thermal diquark masses as shown in Fig.
Since both the mesonic and diquark spectrum is determined from a Bethe-Salpeter equation
with similar kernels, also their thermal dependence is comparable, cf. Fig. But there are
also differences: in the mesonic spectrum the pseudoscalar meson (pion) is lighter than the
scalar (sigma) meson. As already stated before, in the diquark spectrum this order is reversed
and the scalar diquark (07) is lighter than the pseudoscalar diquark (07). For our purposes
the temperature range 7' > 200 MeV is most important. There, the diquark masses are much
larger than the meson masses as pointed out again in Table We conclude that diquarks
do not provide sizable fluctuations contributing to the shear viscosity in the end. Our results
for mp and the values in [VW91] are smaller than those from QCD Dyson-Schwinger equations
(in rainbow-ladder truncation), where the diquark masses are at least 800 MeV [Mar02] or even
1.4 GeV [WLC™13]. Also (quenched) lattice simulations provide large diquark masses above
690 MeV [HKLWOS].

T [MeV] || my [GeV] | my [GeV] | mp+ [GeV]

200 0.17 0.30 0.53
240 0.26 0.28 1.87

Table 3.6.: Comparison of the meson masses to the lightest (scalar) diquark with J© = 01 at
vanishing quark chemical potential
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4. Microscopic theory of the shear viscosity

“Ich behaupte aber, daf in jeder besonderen Naturlehre nur so viel eigentliche
Wissenschaft angetroffen werden kénne, als darin Mathematik anzutreffen ist.”
[Kan80)]

Immanuel Kant

In this chapter we present the Kubo formalism for the shear viscosity in the NJL model. Starting
from the general result discussed in Section we derive that the (static) shear viscosity n can
be interpreted as the slope of some retarded correlator in its low-frequency limit. The large- N,
counting scheme is applied to the Kubo formalism in order to find leading-order contributions
to 1. The main purpose of this chapter is the investigation of inherent physical and numerical
properties encoded in the structure of the Kubo formula for . We introduce a convenient
numerical approximation scheme and discuss the very strong cutoff dependence of the shear
viscosity. Purely parametrically we also investigate how the shape of the (momentum dependent)
spectral width I'(p) influences the overall thermal behavior of n[I'(p)]. This is done in order to
explore the inherent thermal effects on n before calculating a physical quark spectral width in
Chapter [5| Selected results of the present chapter have been published previously in [LW13].

4.1. Shear viscosity from Kubo formalism

In the Kubo formalism transport coefficients are related to four-point functions of the energy-
momentum tensor in Matsubara space. Using the NJL model as representative of a “typical”
fermionic theory, we refer back to the Kubo formula for the shear viscosity in Eq. . In
general the shear viscosity is a field but for calculations it is evaluated at the origin of Minkowski
space, x = (t,x) = (0,0), assuming an infinite homogeneous medium close to thermal equilib-

ﬂ o0
:1—00

rium:

n(w) dt et / &3z (7 (t, ), 77(0,0)), (4.1)

where the viscous-stress tensor 7, denotes the traceless part of the energy momentum tensor,
defined in Eq. (2.65). The correlator in the integrand of the Kubo formula has been defined in
Eq. expressing the linear response of the energy-momentum tensor to the dissipative force,
cf. the general discussion in Section In the literature one finds alternative representations
of the Kubo formula , e.g.

nw) = 8 /0 " at et [ % (@at.2), Tur(0,0) =

:ﬁ =
15 Jo

(4.2)
dt et / &3z (T, (t,x), T"(0,0)) |

where in the first line only one component of the energy-momentum tensor contributes whereas
in the second line summation takes place. The factor 15 is due the integration in an isotropic
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4. Microscopic theory of the shear viscosity
medium (7, j € {1,2,3} with ¢ # j):

/dQ x? l‘? f(@?) = %5 /dQ at f(2?) . (4.3)

With 7, = %T w " one can see that all three representations of the shear viscosity 7(w)

coincide.
Since the energy-momentum tensor T#” and therefore also the viscous-stress tensor 7##¥ are

real quantities®!, so that:

nw*=n-w)e€C = n=Ilmnw) eR. (4.4)

w—0

Taking the low-frequency limit of the shear viscosity (field) n(w; x) introduces the so-called static
shear viscosity n which is indeed a (positive) real number. When talking from now on about
shear viscosity we will always refer to the static n. We will now rewrite n(w) in more suitable
form and introduce the retarded correlator

o0
HR(UJ) = —i/d3x/ dt elwt <[T21(t,m),T21(0,0)]>0 N (45)
0
where the term “retarded” is due to the fact that the first argument in the commutator, 75 (t, -),
is evaluated only at later times ¢ € (0, 00) compared to the second argument, 751 (0, -). Putting

the equilibrium fluctuations of the energy-momentum tensor to zero, (T}, (z))o = 0, we can
calculate

n(w) = B /0 T at ot / B (Ton(t, ), Ty (0)) =
[es) . B
= /0 dt et / d3z /0 d¢ (Toy (t, ) e S5 Ty (0) )y =
o 8
:/0 dt e‘“t/dgx/O dé (Tpy (t —i&,2)T21(0))o =
= i/dgl'/o de ei“’t <(K21(t — i,B,a:) — Kgl(t, $))T21(0)>0 .

(4.6)

In the last line we have used d¢ = idy for y = t — i£ and have introduced a “potential” for the
energy-momentum tensor by

Ko (t, ) = / At Ty (t, @) | (4.7)

where we can impose without loss of generality that K, (co,x) = 0. Using this boundary
condition we now integrate by parts and arrive at

n(w) = L / RN / At e (T (t — 18, @) — Ton (¢, @) Toa (0))o +
°i" 0 (4.8)
+ ; /d3{L‘ <i(K21(—iﬂ,w) — K21(0,$))T21(0)>0 .

Using the identity
(XY (' +18))o = (Y (") X ())o , (4.9)

31To be more precise they are quantum operators, but each component is a real-valued function which can be
seen by checking T};, = T}, directly from its field-theoretical definition in Eq. (4.14).
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we get for the first line of Eq. (4.8):

/dgac /oo de eiwt<i(T21(t — iﬁ, :I:) — T21 (t, :B))T21(0)>0 =
0 - (4.10)
= / E /0 At ! ([Tor (1, @), Ton (0)])o = TR (w)

For the second line of Eq. (4.8) we use again K, (0o, x) = 0 and calculate in a similar way:

/d3$<1(K21(15, :]3) — K21 (O,ZIZ))T21 (O)>0 =

(4.11)
= i/dgﬂc ([T21(0), K21(0,2)])o = —I1(0) .
In the end we arrive at the following simple expression for the shear viscosity:
n=lim n(w) = lim — (R w) — 1%0)) . (4.12)

w—0 w—0 w

Since we pulled out a prefactor i/w, also the retarded correlator IT® inherits the same property
as n(w) when applying the complex conjugation: ITR(w)* = IT®(—w). This implies an even
real part and an odd imaginary part of the retarded correlator. We arrive at the following
representation of the shear viscosity:

_. 4 r __ 4 R
n—lde (w) =" W Im IT™(w) . (4.13)

w=0

Using now the NJL Lagrangian L£nj1, = Lkin + Lint in Eq. (3.31)), the imaginary part of the
retarded correlator IT®(w) involves the kinetic term Ly, only. Apart from the cutoff dependence,
G(p) = GO(A — p), all NJL couplings are independent of the momentum. We find:

OLNJL .
T;w = 8(8“1/)) 81/1/} - guV[’NJL = 1¢7uauw - guV»CNJL . (4‘14)

The relevant parts for the shear viscosity are off-diagonal elements only, hence the second term
which carries the interaction does not contribute to 7, c¢f. Eq. (4.2). In order to evaluate the
retarded correlator IT?(w) defined in Eq. (4.5)) we switch to Matsubara space and calculate first

A
I(wy) = /d3x/0 dr elw"T/<7'T(T21(7’,T)T21(0))>0, (4.15)

where we applied a Wick rotation, 7 = it, and introduced the time-ordering symbol in imaginary
time, 7. Note that while the underlying degrees of freedom are quarks, the relevant Matsubara
frequencies are w, = 27mn, since the fermions under the integral sign group together to form
quantities with bosonic character: v (-)1. The global sign of I1(w,) is fixed by our sign convention
for analytical continuations: I(wn)l,, .\ _i(4e) = —IT?(w), cf. Eq. in the Appendix.
The correlator II(w,,) is governed by non-perturbative physics resulting from the underlying
interactions of the NJL model. We now apply a large-N. expansion and organize this correlator
in ring diagrams, ladder diagrams and higher-order terms:

M(wn) = ~, vy =O(N)+ONY)+..., (4.16)
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4. Microscopic theory of the shear viscosity

where the v, matrices appear due to the evaluation of Th; = i1)y20,1, cf. Egs. and
(4.15). Knowing the N-scaling of the NJL vertex G ~ 1/N,, one finds at leading order O(N})
a one-loop diagram contributing to the skeleton expansion of the four-point correlator IT(wy,).
The NJL Lagrangian in its simplest form in Eq. takes only scalar and pseudoscalar but no
vector or axialvector interactions into account: I'" € {1,ivy5}. Iterating these interaction kernels
in ring diagrams at leading order in 1/N, to II(w,) does not affect the correlator:

I' T I' T

where n = 1,2,... in the diagram denotes the number of rings with interaction kernels I' on
both sides. Such ring diagrams are indeed vanishing, because the trace (in momentum and
Dirac space) in the first ring vanishes due to the orthogonal operator structure involving the
combination of v and I':

72 Gﬁ(pa VTL) FGB(pv Vn)] =

(4.18)
°p 1 2
=T Z / 2r)? (2 +p?+ m2)2Tr [12T'm” + 7opT'p + YopT'm + 72Tpm] =0,
where we have used the notation p = v, 74 — p - v and the full Matsubara propagator
F B p+m
Gs(p,vn) = Zrpiymt’ (4.19)

with frequencies v,, = (2n+1)7T —iy, cf. Appendix[A.2] Exchange (ladder diagram) corrections
to the chain in Eq. are non-vanishing but of subleading order in 1/N., because each rank
in the ladder gives rise to a suppression factor G?N, ~ 1/N.. Note that adding one rank
introduces two additional momentum integrations but only one additional color trace.

The shear viscosity in the NJL model has been derived previously in Refs. [FIOL [FIO08al,
FIO08b] using the Kubo formula, but setting the current-quark mass to zero: mg = 0. We
point out that this result can in fact be derived without assuming to work in the chiral limit: to
ensure the absence of iterated ring-diagram contributions it is indeed not necessary to assume
this limit when taking only scalar and pseudoscalar interactions in the NJL Lagrangian into
account. Iterated ring diagrams involving these interactions vanish naturally. Note that even
in the chiral limit and the Nambu-Goldstone phase, the second term of the trace in Eq. ,
Tr [ygpfp] would survive in the presence of vector interactions.

From the large-N. analysis of the Kubo formula for the shear viscosity 1 we conclude that
for all purely fermionic theories £ = Lyn + Lint where all interactions are independent of
the momentum and the coupling of the 2/N-vertex scales as Koy ~ N¢ N-1)
contribution to the shear viscosity reads in Matsubara space:

T(wn) = w<> by +O(ND). (4.20)

We now proceed with the analytical evaluation of this leading-order contribution:

, the dominant

d3
M(w,) =T Z/ E P2 Tr [12GR (P wn + vm) 2G5 (P, vm)| = / 2n)? P2 S(p,wn), (4.21)

meZ

70



4.1. Shear viscosity from Kubo formalism

=

Figure 4.1.: Contour C and the four integration paths relevant for the evaluation of S(p,w;). The
poles located at the imaginary axes, z = iv,, are the Matsubara poles coming from the Fermi
distribution function n; (z), whereas the two branch cuts come from the fermion propagators

describing thermal constituent quarks.

where we have denoted the integrand by S(p,wy) as it is suggested in [FIO|]. The trace refers
to color, flavor, and Dirac space. We use residual calculus and interpret the sum m € Z as sum
over residua of the Fermi distribution function,

Res n;(z)|zziy =-T. (4.22)

With the circle C in the complex plane centered at the origin with radius R — oo, we have
therefore3?:

1 . .
S(p,wn) = ~5m dz ng (2)Tr thg(—lz + wn)ngg(—lz)] =
C
1 > F . F . F . F .
= 5= - de nf: (e) Tr [’ngﬁ(—IE + wn)72Gp(—ie + 0) — 712G z(—ie + wn)y2G(—ie — §)

+72Gh(—ie + 0) 72 G (—wn — i€) — 712G (—ie — 0)12 Gl (—wn — i€)] .
(4.23)
Apart from the Matsubara poles v,, the contour integral in the first line faces two branch cuts
at z = € — iw, # iy, and z = € # iy, as it can seen from the spectral representation

[e.o]

Gﬁ(p,wn):/ ae 2ep) (4.24)

oo € —lwp

The contour integral separates into four contributions above and below the two branch cuts,
denoted by the infinitesimal +§ — 0, respectively. The relative minus sign in Eq. is due
to the directions of e-integration as it is sketched in Fig Note that, actually, the second line
therein has the prefactor n;f (e — iwy,) but this equals due to the bosonic Matsubara frequencies

wp, = 20T just ny (€). Directly from its definition ([{-24) we get

lim [Ga(p, i + 8) — Giglp, —iw — )] = 271 ple, ), (4.25)
_>.

32In the following derivation we suppress the three-momentum in the notation writing Gg() instead of Gg (p,-)-
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4. Microscopic theory of the shear viscosity

leading to

o)

S(p,wn) = / de nft (€) Tr [v2p(€)72 (G’g(wn —ie) + Gg(fwn —ie))] . (4.26)

—0o0

For the shear viscosity 7 we need the imaginary part of the retarded correlator IT?(w), therefore
we perform at this stage for S(p,w,) the analytical continuation to Minkowski space, w,
—iw + 9, and find when taking its imaginary part and sending § — O:

o0

Im S(p, —iw) = — / de 1 () T [n2p(e)ya Im (GE(—i(w 4+ €) + 8) + GE(i(w — ¢) — 6))] =

—0o0

= /OO de ng (€) Tr [y2p(e)72 (p(e +w) — ple — w))] ,

— 00

(4.27)

where we have used the relation (cf. Eq. (3.108))
lim ImGg(p, —iw £9) = — lim Im GR/A(oJ,p) = +7p(w,p) . (4.28)

6—0 6—0

Shifting for the second term in the integrand the e-integration my ¢ — € + w we find as final
answer in Minkowski space:
o0
Im S(p, —iw) = —7r/ de (nf (€) — nf (e + w)) Tr [y2p(€)y2p(e + w)] - (4.29)

—00

In order to calculate finally the shear viscosity we combine Eqs. (4.13)) and (4.21) and get

T [ d®p - (4.30)
= T/ de/ (2n)3 p; ni(€)(1 —ni(€)) Tr [v2 p(e, p) 72 p(e, P)]

dBp 5, d
= — 7]: _'
n /(%)31% 3, m S, —iw)

where the combination of Fermi distribution functions arises from their derivatives:

+
dnge(d = BrE(e)(nE(e) — 1) < 0. (4.31)
This is the main result for the shear viscosity in the NJL model from Kubo formalism. In the
subsequent Section [4.2] we will study the shear viscosity assuming a quark self-energy that can
be described by a parameterized spectral width I'. Later, in Section [6.2] we will extend this
discussion and evaluate the master formula (4.30) with full results for the quark self-energy
calculated from the NJL model.

We would like to emphasize two properties of the shear viscosity 7. First, though the integrand
of 1 contains only matter contributions from quark distribution function n; , the shear viscosity
is invariant under p — —p. This follows from the fact that the e-integration ranges over both
positive and negative energies. One also uses nj(—€)(1 — nf(—€)) = np(€)(1 — ng(€)) and
that fact that Tr[y2 p(e, p) 72 p(€, p)] is an even function in €, cf. Appendix The second
comment refers to the off-shell structure of the Kubo formula. The € and p-integrations are
carried out independently, therefore one has to provide the full spectral function without using
on-shell restrictions. In Section we will discuss in detail the differences between the on-
and off-shell treatments of the master formula . For the proceeding parameter study, the
spectral width I'(p) is a function of momentum p = |p| only, i.e. there we restrict to the on-shell
approximation of the Kubo formula only.
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4.2. Parameter study of the shear viscosity

4.2. Parameter study of the shear viscosity

In this section we discuss the shear viscosity n[I'] of the NJL model at leading-order in a large-
N, expansion systematically. Working first with the unphysical assumption of a momentum-
independent spectral width we are able to derive analytical results and some convergence crite-
rion for n[I']. Based on this rough assumption we introduce a numerical scheme which allows us
to treat more efficiently also the physical cases where the spectral width depends on the quark
momentum. Not surprisingly, we find a very strong cutoff dependence of the final results for 7
that, however, ensures physical results. The non-perturbative structure of the NJL model im-
plies that ladder-diagram resummation does not affect the resulting shear viscosity drastically.
Finally, since we are actually interested in the thermal dependence of the shear viscosity, effects
induced by the thermal quark mass are investigated.

We work in a quasi-particle approximation and assume that the quark self-energy can be
expressed by a single parameter, the spectral width I'(p). We use the following ansatz [FIO]

FIO0Ra):
1

T p—m=isgn(po)l(p)

where we formally substituted the pole description € — I' in Eq. (A.32)). Note that for positive
energies, pg > 0, the retarded propagator GR is just the Feynman propagator. The thermal

Grya(po, P) (4.32)

environment affects parametrically not only the spectral width I'(p; T, i), but also, via the gap
equation (3.83)), the quark mass m(T, ). From this ansatz the spectral function is derived using

the “inverse relation” Eq. (3.108)):

1 sgn(po)T'(p p? +2mp +m? + 12
p(po,p) = ——Im Gr(po,p) = (#o)Tip) P y ) R (4.33)
m ™ (pP+m?+T(p)?)” —4m?p

where p? = pg — p? and the denominator is denoted for convenience by
X(p) = (P> +m> +T(p)?)* — 4m*p? = (p* — m? + T(p)?)” + 4m?T(p)? . (4.34)

For the shear viscosity (4.30) one easily carries out the color and flavor traces in Eq. (4.30),
resulting in trivial prefactors N. and Ng, respectively. The trace in Dirac space gives

2
Tr[y2p20] = ;)((%)2 Tr [v2(p® + 2mp + m® + T(p)*)y2(p* + 2mp + m* + T (p)*)] =
2
= % Tr [45(X (p) + 4p*m?) + 4m>yopyap| = (4.35)
§ 32m2p2r?
:7%[8”12173_)((17)] M as X =0,

where we have used Tr[y2pyop| = 4p? + 8p§. The discussion in Section will show that the
shear viscosity is dominated by regions where the denominator X (p) becomes small. Therefore
we have taken for Tr[yspvy2p] only the dominant term ~ X (p)~2 into account and dropped the
term ~ X (p)~!. For an isotropic medium the spectral width I'(p) does not depend on any angle.
The angular part of the d®p integration can be readily carried out using

4 4
/dQ p%pjz» = ]19—; , forizyj, (4.36)

where again the factor 15 appears as we have discussed already at the beginning of this section
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4. Microscopic theory of the shear viscosity

in Eq. (4.2). The shear viscosity becomes:

168N, Nf/ de/ dpp m? T(p)? ng (e)(1 — ny (€))

n[C(p)] = 1573 — p2 —m2+T(p)2)2 + 4m2I(p)2)>

(4.37)

This is a main result for the shear viscosity from Kubo formalism assuming the parameterization
of the dressed quark propagator as given in Eq. . The advantage of this parameterization
is that only a single (momentum dependent) spectral width, I'(p), describes the shear viscosity.
In the following we study the result in detail in order to explore the qualitative and
quantitative behavior of the shear viscosity, e.g. for different parameterizations of I'(p).

4.2.1. Analytical results for a constant spectral width

To start with we assume a spectral width ' = const., independent of the momentum and any
thermal parameters. This allows for an analytical result for the momentum integral in Eq. (4.37)),
therefore one is left with the one-dimensional numerical e-integration only. We use

/oo PP r VAL B -4
dp "
0

2 2 2 2
TR 5 i (242 4 3B2)V/A% + B2 + 24(4% 1 28%)]
(4.38)

where we identifies A = €2 —m?+T?2 and B = 2mI'. One can derive this result by extending the
integration range to p € R (the integrand is an even function of p) and using residual calculus.
Having performed the p-integration analytically by hand improves the computation time for one
value of 1 by roughly one order of magnitude. Furthermore, it helps finding an appropriate
approximation scheme for the whole (e, p)-integration when the spectral width is momentum
dependent.

In Fig. we show the results for n[['; T, 4] assuming a constant spectral width and using a
constant quark mass of m = 100 for convenience. For I' — 0 the shear viscosity diverges, as it is
expected from general considerations. This limit describes a system of free quarks for which the
mean free path is infinite. With increasing temperature and quark chemical potential, the shear
viscosity increases, but the dependence on temperature is more pronounced. Compare these
figures to those in Ref. [FIO|, where n[I'] has been evaluated numerically without a momentum-
space cutoff, equivalent to our analytical approach based on Eq. , ie. p € (0,00) which
is actually unphysical in the NJL model, since the model becomes non-interacting for too high
momenta leading to I' — 0 implying a divergent shear viscosity. However, inspecting the detailed
behavior of the integrand in Eq. , a convergence criterion for the shear viscosity in the
absence of a momentum-space cutoff can be derived:

In order for the shear viscosity n[I'] as functional of I'(p) to be convergent, the
asymptotic I'(p) should not converge too rapidly to zero:

nL(p)] <oco & p2e P2 co(l(p), (4.39)

where o(-) denotes the little Landau symbol®3. Possible parameterizations of I'(p) satisfying this

33The notation f € o(g) is used to express accurately that “f is growing less fast than ¢”, meaning that
f(x)/g(x) — 0 for x — co. More intuitively, this also means that “g grows much faster than f”.
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Figure 4.2.: Shear viscosity n as function of a constant spectral width I', temperature 7" and
quark chemical potential u. In this analytical calculation no momentum cutoff was used.

constraint are:
constant :  T'const = 100 MeV

exponential : exp(p) = Leonst e~ PP/8

- Bp (4.40)
const 1 + (,BP)Q )

divergent : T'4iv(p) = Iconst VOP -

Note that all these parameterizations lead to a finite shear viscosity and no mathematical reg-

Lorentzian : T (p) =

ularization must be applied. A Gaussian shape, I' ~ exp (—ﬁ2p2), for instance does not satisfy
the convergence criterion . The particular shapes of the prototype widths have
been chosen because of their different behavior at small and large momenta: vanishing or non-
vanishing I'(p = 0), convergent or divergent I'(p) for p — oo. These prototypes represent
physical spectral widths in several theories [Lan10, LKW12]: T'(p) in ¢* theory, for instance, is
a monotonic function and converges to zero for large momenta. This can be described by the
Lorentz parameterization for large momenta: limj, oo I'Lor(p) ~ T'/p. In contrast, the spectral
width of an interacting pion gas diverges for p — co.

4.2.2. Numerical approach to momentum-dependent spectral widths

The numerical treatment of n[I'(p)] in Eq. (4.37) with a momentum-dependent spectral width
is based on the observation that its integrand ranges typically over something like ten orders of
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(a) Typical integrand for Eq. (4.37). The seven dif- (b) Convergence plot of the numerical approxima-
ferent curves refer to the denoted momenta p, where tion scheme for n[I'] shown for a constant spectral
p = 200 MeV belongs to the curve with the leftmost width compared to its analytical result that is re-
maximum. produced exactly only for x — oo.

Figure 4.3.: Details on the numerical approximation scheme: due to the sharp peak structure of
the integrand as shown in panel (a), the e-integration in Eq. (4.37) is restricted to |e| < ze*,
where x = 1.3 provides an accuracy of 10~ as it is shown in panel (b). See also the discussion
in the text.

magnitude as it is shown in Fig[4.3|(a). We have extended the values of p and e to unphysically
high values in order to clearly display the underlying systematics. For every momentum p there
is a maximum of the integrand, located at

e (p) = VP2 +m(T, )2 —T(p; T, u)2 —> p for large momenta p . (4.41)

For all physical momenta, i.e. empirically for p < 2 — 3 GeV which is a bound far above
the NJL-cutoff scale (A < 1 GeV), the integrand is most sizable within the vicinity of €*(p).
Adaptive methods for numerical integration run into serious trouble when facing a sharp peak
structure as present for the Kubo formula for n[I'(p)]: either the step size becomes too tiny for
fast convergence (or convergence at all), or the most important contribution in the vicinity of
the peak is not sampled by a too coarse step size. We overcome this numerical issue by cutting
the e-integration “by hand” and allow only for |e(p)| < ze*(p) for some =z 2 1. As it is found
from Fig. [4.3(b) the choice x = 1.3 is sufficient to reproduce the analytical result for a constant
spectral width up to a relative error of 107%. It can be seen how in the vicinity of the maximizer
€ &~ €*(p), i.e. x ~ 1, the dominant contributions to the shear viscosity are integrated. We report
that for all momentum-dependent parameterizations I'(p) defined in Eq. the integrands
look qualitatively the same as for a constant spectral width which has been used in Fig.
Therefore we expect the described numerical scheme to work well also in these and more physical
cases as we will calculate in Chapter

4.2.3. Cutoff dependence

Generally, the shear viscosity increases when the spectral width decreases, cf. Fig (a). This
behavior is also visible in Fig. [4.4(a) when comparing the prototype parameterizations of I'(p):
the “more divergent” the spectral width as p — oo, the smaller the corresponding shear viscosity:

MLor > Nexp = Mconst > Ndiv » (4.42)
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Figure 4.4.: Shear viscosity 7 as function of temperature at vanishing quark chemical potential,
for different schematic parameterizations of the spectral width I'(p). Sequence of curves
and qualitative change from scenarios without (a) and with (b) momentum cutoff A = 651 MeV
are discussed in the text.
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(a) Absolute cutoff dependence; the vertical dashed line (b) Relative cutoff dependence around A = 651 MeV
represents the position of the physical NJL cutoff

Figure 4.5.: Absolute (a) and relative (b) cutoff dependence of the shear viscosity, demonstrating
the suppression of high-momentum contributions when the standard (physical) NJL cutoff is
used. The plots are drawn at p = 0 and for constant spectral width I' = 100 MeV.

using notations as in Eq. . This sequence is implied by the corresponding (inverse) order
for the spectral widths. These arguments hold also for non-vanishing quark chemical potentials.
Assuming the spectral width itself to be independent of the chemical potential, the shear viscosity
increases for increasing p, but the qualitative shape of n(T") does not change. We note that the
results in Fig. have been derived using a constant constituent quark mass, m = 325 MeV
being its “physical” vacuum value.

The integrand of n[['(p)], Eq. , is sizable for unphysically large momenta, so we expect
a strong cutoff dependence. In the NJL model the quasiparticle interactions are restricted to
quark momenta p < A = 651 MeV. Quarks with momenta p > A do not interact and have
infinite mean free paths. Restricting the momentum integration to the interval p < A, we find
a shear viscosity as shown in Fig. [4.4(b). Excluding p > A reduces the shear viscosity by one
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4. Microscopic theory of the shear viscosity

order of magnitude at low temperatures and even by two orders of magnitude at high T'. As
expected, this expresses a very strong cutoff dependence. In addition to these quantitative
differences, the qualitative behavior of the shear viscosity also changes strongly and flattens for
high temperatures.

This strong cutoff dependence is investigated in more detail in Fig. the contributions taken
into account (compared to the analytical result for n) depend strongly on temperature and just
weakly on the quark chemical potential. At T" = 200 MeV the momentum cutoff excludes about
90% of the full integral extended to infinity, see Fig. 4.5(a). As shown in Fig. 4.5(b), varying
the cutoff by up to +20% implies for n a change of up to 100%.

To assess the order of magnitude of the NJL shear viscosity, a comparison with n(7") for other
systems is instructive. For example, an interacting pion gas treated within the framework of
chiral perturbation theory [LKW12] has a typical shear viscosity of order n(T) ~ 40 MeV /fm? ~
1.6 - 1073 GeV? at T ~ 100 MeV. This is a similar order of magnitude as the results shown in
Fig. [4.4(b) when applying the NJL cutoff A = 651 MeV. We recall that this cutoff is fixed by
reproducing physical observables such as the pion decay constant in vacuum and not adjusting
the overall scale of shear viscosity. In contrast, a physically meaningful order of magnitude for
7n follows naturally when incorporating the NJL cutoff.

4.2.4. Perturbative aspects and ladder-diagram resummation

As we have already mentioned the shear viscosity 7 diverges for non-interacting systems, i.e. for
a vanishing spectral width, corresponding to infinite mean free path. Close to this limit 7 can
be expanded in a Laurent series (as realized for example analytically in ChPT and A¢* theory
[LKW12]):

A
n[T) = Tl +Ag+ AT+ AT 4 (4.43)

For small I', the combination 7 - I' is just the residue A_;. What does “small” mean in this
context? In contrast to the perturbative A¢* theory where I' ~ A2, the NJL model is generically
non-perturbative in its coupling, even though the scaling G ~ 1/N, applies. The spectral width
is therefore not expected to be sufficiently small in order to permit an expansion as in Eq. .
Fig. shows results of the fully non-perturbative calculation of n-I" as a function of the inverse
width, conveniently written as x = m,/T", at different 7" and p in comparison with the residue

0.012
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Figure 4.6.: Scaling of - I' for different T" and p as function of the inverse width expressed in
units of the pion mass m; . Solid horizontal lines correspond to the residues A_; of n[I'] in
Eq. (4.43). A constituent quark mass m = 100 MeV has been used for convenience.
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A_1. As it can be seen from the figure, corrections to the leading term of the Laurent series
are small for x > 1.5 (demanding 10% accuracy or better). From these considerations we
conclude that a perturbative approach is justified only for spectral widths I' < , m, = 140 MeV.

The discussion of a perturbative treatment of n[I’(p)] is closely related to the resummation
of ladder diagrams: if in the large-N. limit the spectral width decreases, i.e. I' ~ 1/N, as
suggested by hot-QCD calculations [Def05] where the coupling as ~ 1/N. becomes small, then
the perturbative regime is reached in this limit and the Laurent series expansion in can be
restricted to its leading-order term. As seen from Eq. , for a constant but small spectral
width I' — 0 the residue A_; can be identified with the remaining e-integral:

nll(p)] —

2N.N; / 4 (€= m?) g (91— ni () (4.44)
le[>m

1572T mT (Ve —m?)

In contrast to the non-perturbative result in Eq. (4.37) the e-integration excludes the region
le] < m. This is due to the delta functions appearing in the limit of small I". The momentum

2 — m?) is readily carried out. Compare this

integration of the integrand involving d(e? — p
expression with the results from a perturbative treatment in [HK11]. Because in the limit I' — 0
only the residue term of n[I'(p)] is relevant, ladder diagrams now become sizable corrections and
contribute also at leading order. Furthermore, the shear viscosity now scales as 7 ~ N2 and no
longer linearly with N, as Eqs. and do for N¢-independent spectral function p and
width I', respectively.

We conclude that ladder diagram resummation is necessary in the perturbative regime of
nl(p)] in Eq. [£.37), i.e. when the spectral width is small, I' < m,. In the NJL model
with its genuine non-perturbative structure, the physical spectral width is large and outside
the perturbative regime. This will be demonstrated by an explicit calculation in Chapter
Therefore, contributions from ladder diagram resummation are subleading corrections, while
the shear viscosity functional is valid also for large spectral width when including all
orders of the Laurent series expansion (4.43]).

4.2.5. Effects of thermal quark masses on the shear viscosity

In this parameter study the constituent-quark mass has so far been treated as a constant. We
now proceed to incorporate its explicit 7' and u dependence as we have calculated it from the
Hartree-Fock gap equation with the results shown in Fig. In Fig. H(a) we show the
shear viscosity 7 for varying constituent-quark mass m where the mass is treated as a parameter
and assuming a constant spectral width I'copse = 100 MeV. For m — 0 the shear viscosity
becomes divergent, again due to pinched poles appearing in Eq. in this limit. In fact,
the origin of this divergence is the same as for I' — 0, since m and I' are formally (almost)
interchangeable in the integrand of Eq. (4.37)). For large constituent quark masses, two effects
occur: first, the maximizer €*(p) ~ m moves to larger values, and second, the integrand
of Eq. scales as m~%. Both features result in a decreasing function n(m).

Taking the full thermal dependence of the constituent-quark mass into account has an essential
influence on the shear viscosity, see Fig. [4.7(b): for small T, a constant mass m = 325 MeV
approximates the thermal constituent quark mass. In contrast, at large T', with a melting chiral
condensate, the dropping dynamical quark mass implies a strongly increasing shear viscosity,
qualitatively different from the case with constant quark mass.?* From this study one can
conclude that besides the NJL cutoff the thermally generated constituent-quark mass dominates
both the qualitative and quantitative result for the shear viscosity n(T).

34We have chosen to compare thermal and non-thermal results for constant and exponential parameterizations
of the spectral width. For I'Lor and I'aiy the results are qualitatively similar.
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4. Microscopic theory of the shear viscosity
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(a) Parametric dependence on the dynamical con- (b) Shear viscosity with thermal quark mass m(T') at
stituent quark mass m for a constant spectral width  vanishing quark chemical potential compared to a con-
I' =100 MeV stant (vacuum) quark mass

Figure 4.7.: Dependence of the shear viscosity on the constituent-quark mass: (a) parametric
dependence on m assuming a constant spectral width I' = 100 MeV; (b) temperature de-
pendence of the shear viscosity including the full thermal constituent-quark masses m(7T, u)
(upper lines, i.e. without dots) compared to a constant quark mass m = 325 MeV (lower
lines, i.e. with dots). The results can be understood from Fig.

4.3. Kinetic theory

So far we have intensely discussed and applied the Kubo formalism for evaluating the shear
viscosity. There is an alternative approach, the kinetic theory using the Boltzmann equation,
which is widely used when investigating transport coefficients. It can be used for the description
of the dynamics of a fluid composed of quasiparticles which is not too far from equilibrium. In
this section we illustrate the derivation of the general expression for the shear viscosity within
this formalism and compare it to the results from Kubo formalism derived in Section We
start with the Boltzmann equation, cf. for instance [HK85, [CEM13]:
8—f: ‘8—f—F‘a—f—i—8—f . (4.45)
ot ox Jop Ot
————

diffusion  gxternal

collisions

Its principal shape does not differ for fermionic and bosonic systems, so f(x,p) denotes one of
the corresponding distribution functions. It describes the phase space (probability) density of
the quasiparticles that the fluid consists of. At equilibrium one has the distribution functions

1
E-putp) 41’

fi (@, p) = nﬁ/B(uup“) = 5 (4.46)
with the quasiparticle four momentum p* = (FE, p) and the four velocity of the fluid u#(x) as it
has been already defined in Eq. . The first term in the Boltzmann equation describes
diffusion processes, i.e. the spatial variation of the non-equilibrium distribution function f,
whereas the second term describes external forces, e.g. a gravitational field or electromagnetism
effects. The collision term is usually®® treated in the so-called relazation-time approximation,

35We mention that there are several approximation schemes on can apply to the Boltzmann equation. Apart from
the relaxation-time approximation which uses an ansatz for the collision term, one could also apply variational
methods like the Chapman-Enskog approximation, cf. [PPSG12] [WP12] and the references therein.
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i.e. one makes the ansatz [SR09|:

of _ o

4.4
ot T (4.47)

collisions

One thereby assumes that the system’s deviation from equilibrium, § f = f — fy, is small com-
pared to the relaxation time 7, which is equivalent to (4) > (B) in linear response theory, cf.
Eq. . We recall that the operator A = SH denotes the equilibrium part of the thermody-
namic system (with Hamiltonian H) and the operator B describes deviations from it.

Usually, 7 is determined by calculating cross sections from totally elastic 2 — 2 scattering
processes as it is done for instance in [SR10]. The relativistic generalization of Eq. reads
at leading order in § f:

(p-9)fo= —géf : (4.48)

Defining the energy-momentum tensor directly from the Lagrangian as it was done before in
Eq. (4.14)) is not useful for the hydrodynamic description. Instead, one defines its thermal average
(with respect to the equilibrium state) as a three-momentum integral over the distribution

functions®°:

d3 oV
TW:/(%};S (). (4.49)

From this, using the relaxation-time ansatz, the linear perturbation of the energy-momentum
tensor in § f can be derived as:

3 oV
W STH — _/ ((217(1))3 pE]Z (p-0) (ngr + ff(;) , (4.50)
with 7 denoting the mean life time of the anti-quasiparticle. We identify this linear correction to
the energy-momentum tensor with the dissipative tensor 7#* introduced in the Kubo formalism
in Eq. . Again, only first-order derivatives in the dissipative force have been taken into
account.

In the following we derive expressions for the time evolution of the thermal parameters 7" and
w. For this we need the following two Maxwell relations,

O _on L, 05 _oF s
where the first one can be derived from the enthalpy differential
dH =TdS+VdP + pudN (4.52)
and the second relation from the free-energy differential
dFF = —-SdT — PdV + pudN . (4.53)

Starting from the internal energy E(S,V,N) we derive using Eqgs. (4.51) the thermodynamic
relation for the energy density:

dE =TdS — PdV + pdN

dE oS ON oP oP (4.54)

36The integrand’s shape of T"" can be considered as combination of a Lorentz-covariant integral measure, d*p/E,
the most general second-rank tensor made out of four-momenta, p*p”, followed by the phase space density
functions, f*.

€
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4. Microscopic theory of the shear viscosity

From this we see that the energy density can be considered as a function of temperature and
quark chemical potential only, €(7T, i), since the pressure is P(T,u). Using again the first
Maxwell relation we find the analogous statement for the particle density,

ON 0P

which implies n(7T, ). Inverting both functions, € and n, temperature and chemical potential
are determined when knowing the energy and particle density: T'(e,n) and u(e,n). Therefore
the total time derivative of the pressure can be expressed in two equivalent ways:

dP(T,) OPOT _OPOu \ OPde  OPIn  dP(e,n)

_OPOT  0POu 1 0P0c  0POn _ dP(en) s,
at OT ot " op ot e ot om ot dt (4.56)

Having an explicit expression for the right-hand side of this identity, the time evolution of T
and p can be extracted. This can be achieved using energy density conservation:

0= u,0,T" =
= uy (Oue + 0, P) u'u” + u, (e + P) [(Oput) v + uH0,u”)] — u, 0" P = (4.57)
=(u-0)e+(e+P)I-u,

where we have used the hydrodynamic parameterization of T"” in Eq. (2.61)). Note that
u,utd,u” = 0 as a consequence of the normalization u - u = 1. From this one has

Oe oP oP
m_—(e—kP)V‘u——(TaT ,ualu>V'U, (4.58)

where we have used Eq. (4.54). In a similar way using number density conservation one finds
0 opr
D wWWeou=-2V.u, (4.59)
ot ou

where Eq. (4.55) has been used. The last two identities determine the right-hand side of
Eq. (4.56]) which is now written as

dP(e,n) _ {81) <T8P 8P> BPE’P] v (4.60)

& 2c \"or TP ) T an o

We are interested in the time-evolution of the thermal parameters T" and p. Comparing their
coefficients in the left-hand side of Eq. (4.56)) and Eq. (4.60) one finds:

ot Oe 161
o __[ 0P 0P| (461
ot~ Mo Tan| V"

The linear response of the energy-momentum tensor to the non-equilibrium state can then be
evaluated and parameterized as®”

6T = gW¥ 4 (59 pu” (4.62)

3TNote that all entries containing a temporal coordinate simply vanish: T#° = 0. Of course, this is also true in
the Kubo formalism.
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4.3. Kinetic theory
again with a traceless tensor W% defined by
ij _a..d i 2 k
WY = o;u! + 8ju - géwaku , (4.63)

which should be compared to viscous hydrodynamics when parameterizing the dissipative tensor
in Eq. (2.64). The final result for the shear viscosity reads [SR09|:

3
e ﬂ/diiﬁg o (U )+ 7 (1 57)] =

dp pt
15 (27)3 2E2

(4.64)

[Tfe U= fo) +7fe (L£15)],

where the + refers to the bosonic and fermionic case, respectively.

Let us finally compare the kinetic result for the shear viscosity with the functional n[I'] from
Kubo formalism. As discussed in detail in Section [2.3.2] an infinite set of ladder diagrams
must be resummed in order to get the full leading-order result for the shear viscosity in the
weak-coupling limit. It was proven by Jeon that doing so the Kubo formalism is equivalent to
kinetic theory [Jeo95]. Inspecting the results of this section we realize that using the Boltzmann
equation in relaxation-time approximation one finds n ~ 7 ~ 1/I'; which is indeed the same
scaling as one finds from Kubo formalism at leading order in a weak-coupling expansion. The
mathematical assumptions in both approaches, 0f < 1 and (B) < (A), just display the same
physical picture that the considered system is close to equilibrium meaning that the relaxation
time (or mean free time) is large. However, our result for n[I'] within the NJL model, Eq. ,
shows a more complex structure beyond the weak-coupling assumption. As we have discussed
in Section the spectral width I is far from being small, therefore the residual term A_; /I’
in Eq. is sub-dominant. Therefore ladder-diagram resummation within the NJL model is
expected not to affect the numerical results for the shear viscosity as drastically as in weakly-
coupled toy models or theories.
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5. Mesonic fluctuations in the quark sector

“Quantum theory provides us with a striking illustration of the fact
that we can fully understand a connection
though we can only speak of it in images and parables.” [Hei71]

Werner Heisenberg

In Section we have discussed how a large-N. analysis of the NJL model can reproduce
standard techniques of many-body physics. The gap equation emerges at next-to-leading order,
describing thermal constituent-quarks with dynamically generated masses, joined by and the
Bethe-Salpeter equation (BSE) describing thermal mesons:

GAP: — e = — + ; - ﬁk (5.1)

The last diagram in the gap equation is of order O(N; ') and plays the role of the Fock term
with respect to the leading-order gap equation at Hartree level. However, this term is necessary
for a self-consistent treatment of both the quark and meson sector in a large- N, NJL model. The
Fock term introduces mesonic fluctuations into the quark sector and leads to a coupling between
gap equation and the BSE. Therefore, the two equations have to be solved simultaneously which
is not possible analytically. If we would be interested in thermodynamic properties of quarks
and mesons only, a numerical approach would be sufficient. As we show in the first part of this
chapter, producing discrete numerical data for the thermal quark self-energy is an insufficient
starting point to derive its analytical continuation. This strategy is ill-defined and any predictive
power for the shear viscosity is lost. Therefore, instead of solving numerically the two coupled
equations and we first assume their decoupling and then use the solutions of the
Hartree gap equation and the Bethe-Salpeter equation as input for the mesonic fluctuations.

5.1. Ambiguous analytical continuation from discrete data

Here we present a cautionary example of a discrete data set for which we try to find some
analytical continuation for. It turns out that different ansatzes lead to dramatically different
analytical properties of the final result. Therefore, no physical conclusion can be drawn solely on
basis of this discrete data set. We consider the following model for some generic physical quantity
Q(p) in arbitrary units as function of momentum (with 5 denoting the inverse temperature as
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5. Mesonic fluctuations in the quark sector

usual):

6
_ ai —(Bp)*
Qp) = 5 +7 () + éake , (5.3)
with 1 = 2ag = a; = a3 = a4 = a5 = 2.5ag, and B = (150 MeV)~! which is arbitrary and
chosen for convenience. We assume that we have access to just a discrete set of sample points
pn € {0,10,20,...,350} MeV, because, for instance, the underlying mathematical structure
allows only for a numerical evaluation of Q.

The task now is to find an analytical function which describes the values of Q(p) evaluated
at the discrete values p,, without knowing the analytical form of Q(p). For this, one might use
different ansatzes, for instance the two following one:

Qi(p) = % I R O L
p
| (5.4)
Q2(p) = 1 —ioﬁp + dye PP 4 alge*d‘*(ﬁp)3 + Clg,eﬂlﬁ(ﬁp)5 )

with unknown coefficients ¢; and d;. Performing a least-squares fit leads to regression parameters
given in Table We realize that the comparison to the true coefficients defined by Q(p) is
rather unsatisfactory, but finally, both regressions meet the data set very well with an averaged
relative error of 0.495% and 0.598%, relatively. In a graphical representation one can hardly
see differences between the two regressions, compare Fig. The difference between the two
regressions is always less than 0.5% and the deviation from the true values of Q(p) is in the
worst case just 1.5%.

In Fig. we show in addition, which momentum ranges contribute to the cumulated rel-
ative error between regression and the true data Q(p). We conclude first that for momenta
p < 200 MeV both regressions work better than for higher momenta. Second, there is actu-
ally no significant difference between the two regressions. Nevertheless, considering now their
analytical continuations via p, — —ip, we find two dramatically different results:

ImQ1(—ip) =0, Im Q2(—ip) #0. (5.5)

Since the first ansatz, Q1(p), is an even function in p, its analytical continuation does not
produce any imaginary part. In contrast, the ansatz Q2(p) contains also an odd part which
implies Q2(—ip) ¢ R.

In the Kubo formalism for transport coefficients imaginary parts of the quark self-energy
govern the physics and are the crucial quantities to be derived. In a perturbative model one
could simply expand the two-point function in Feynman diagrams deriving the self-energy. As
discussed in the previous chapters, in the NJL model we apply a large- N, expansion and describe

coefficient Q1 co Co c3 c4 cs Ce cr
fit value | 1.94 0.81 1.58 220 0.85 0.93 1.17
true value 1 1 1 1 1 0.4 1

coefficient QQ do d1 d2 d3 d4 d5 dﬁ
fit value | —0.45 2.04 0.66 2.69 1.06 1.64 0.98
true value 0.5 0 ~ 1 1 1 1

Table 5.1.: Fit results for the model @)1 and ()2 in comparison to their true analytical values.
The tilde ~ indicates that the fit parameter ds cannot be determined from Q(p).
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Figure 5.1.: Comparison between two least-  Figure 5.2.: Cumulated relative error for the
squares fit (regressions) to the discrete data two regressions @Q1(p) and Qa(p). As in
set generated by Q(p). Graphically, there Fig. there is no qualitative nor a big
is no obvious difference between the two re- quantitative difference in the accuracy of the
gressions, but their analytical properties dif- two regressions.
fer dramatically, see the discussion in the
text.

the quark-propagator by the self-consistent gap equation . From this the thermal spectral
width can be extracted. We conclude that striving for just numerical solutions of this thermal
self-energy leads to tremendous ambiguities for the transport coefficients, in particular for the
shear viscosity which is governed by Im Xg(p). Our strategy is therefore to extract the imaginary
part of the quark self-energy from mesonic fluctuations using thermal constituent-quark masses
from the Hartree gap equation. This is a well-controlled procedure although it misses higher-
order self-consistency corrections.

5.2. Quark self-energy from mesonic fluctuations

5.2.1. On-shell contributions

We now focus on the mesonic fluctuations which are described by the Fock term in the gap
equation (5.1)). They introduce a non-vanishing imaginary part of the quark self-energy at
next-to-leading order in a large-NN. analysis. The Matsubara frequencies for a thermal con-
stituent quark are v, = (2n + 1)7T — iu. Note that the frequencies for an antiquark read
Un = (2n+ 1)7T +ip = v}. There are N? — 1 contributing diagrams from the pseudoscalar
channel (pions, I = iy57,) and one diagram from the scalar channel (sigma boson, I'S = 1):

S/P ( \}\
¥ (pvn) = .

’ (5.6)

d3q
= gl%/quT Z / (27_‘_)3 FS/PGg(qv Vm)PS/PGﬁB(p —q,Vn — Vm) )
meZ

with the thermal quark and meson propagators, Gg and GﬁB, respectively, given in Appendix
Due to its Dirac structure, there are three contributions to the thermal self-energy parameterized
in the following form:

EZ/P (p,vn) =+tm¥o —p-vE3+vpya3a, (5.7)
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5. Mesonic fluctuations in the quark sector

with three dimensionless functions 3;, for ¢ = 0,3,4. The minus and plus sign in front of X
refers to the sigma boson and pion cases, respectively. They are given by

1
E (p7 Vn _gM T / )
a mze:Z 3u2 + E2 (Vn — vm)? + E}
d3q pP-q 1 1
)Y (p,l/ - gM T / 9 5.8
n qq n;Z p2 V72n —|—E]% (Vn _ Vm)Q —|—E5 ( )

d3 q Vm 1 1
by (p,l/ - gM T / )
" 4 % 3up V2 + EJ% (Vn — vm)? + E}

with the energies E? =g>+m? and E} = (¢ — p)® + m3;. As always, the Matsubara sums can
be carried out leading to some finite result with a combination of Bose and Fermi distribution
functions. Technical details are shown in the Appendix, cf. Eqgs. (A.24) and (A.25)). We arrive
at

Z3
E? +v2 E2+ ) v (B2 +v2)(E2 + 1)
(5.9)
with Fy = Ej £ Fy. The quark-meson coupling, gnqq, can be pulled out of the integral since
no momentum dependence is taken into account. This approximation has been discussed and
justified in Section We have introduced Fo 3 as>8

d3q 1 VA E_Zy
Yo3(p,vn) = gl%/qu/wfo’g {QEbEf (

_p-q_m§4+p2+q2—E§ (5.10)
p? 2p?

and have denoted the combinations of Bose and Fermi distributions as Z;(Ey, Ey):

—_

Z1 =1+ ng(Ey) — 5 (ng (By) +ng (Ey))

[\)

Zy = n(By) + 5 (nf (By) + i (Ey)) > 0, (5.11)

Z3 = nf(Ey) — ng (Bf) > 0.
The Bose and Fermi distributions read

ns(E) = g i (E) = n(E F ) = (5.12)

—-1’ eBEFH) 417

where the + signs denote quark and antiquark distribution functions, respectively. When car-
rying out the Matsubara sum also for the v4 part of the self-energy, we get:

d3q
Ya(p,vn) = 91%4qq/(27r)3

In the next Section we will discuss the vacuum limits of the self-energy contributions X;,
for the time being we focus on the calculation of their imaginary parts. They are crucial for
evaluating the shear viscosity in Chapter[6] We start with investigating the new pole structure of
the thermal quark-propagator at Fock level. Poles can only appear in Minkowski space, therefore

1 Z Z 1 (B2-E}+v))Z
( ! 2) By = B} + 1) 2s . (5.13)

2B, \ E2 + 12 TR 2 ) o, (B2 +v2)(E% +12)

we perform the analytical continuation via v, — —ipg. The mesonic fluctuations implies the

38Later when calculating imaginary parts of ¥;, we will introduce also F4 in Eq. (5.35)).
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constituent-quark propagator:>?

1 :p070(1+24)—P"Y(1+23)+m(1¥20)
Pp—m+ EZ/P(p, —ipp) P51+ 24)? — p(1 + 33)2 — m2(1 F X)?

(5.14)

All ¥; are evaluated in Minkowski space, e.g. the analytical continuation has been carried out:
(p,vn) — (P, —ipo + €). We find at linear order in ¥; the following pole condition:

2 2 2 s/p 2 2 ! irs/P 2
pg=p°+m°+Q =p° 4 (m+om) :(w— 5 , (5.15)
with the fermionic-pole correction
Q5P = p? (255 — 254) + m? (F250 — 254).. (5.16)

We have denoted the leading-order quark energy by w = /p% + m?2, and have introduced the
(thermal) mass-shift, m, and the resulting spectral width, 'S/P. Neglecting again quadratic
terms of the self-energy contributions ¥;, we find

smS” = L Re Q¥/7
2m (5.17)

S/ = —Z1m Q% .
w

Note that we have written the spectral width [ with a tilde since it differs from the spectral
width I' we have used for the parameter study in Section in Eq. . There we have
assumed simplified quark self-energies with >3 = 0 and ¥4 = 0, ignoring the full Dirac structure
of the quark propagator. Matching in this limit the pole structure in Eq. with the ansatz
for the quark propagator in Eq. , one finds:

1
S/F = —5—m (F%0) - (5.18)

On the other hand one finds in this limit:

- 1 2m?
BS/P = 2 tm 097 = - T (55 = 2T (5.19)

w
As we will see later in Section the shear viscosity is not just a function of one spectral
width as defined in Eq. . The Dirac structure of the quark propagator induces a shear
viscosity that indeed depends on the three imaginary parts of the self-energy contributions 3;
and not only on a single spectral width. All details of the Kubo formalism including the full
Dirac structure are discussed in Section [6.21

The non-vanishing imaginary parts of ¥; are induced by their pole structure:

lim Im _Z = Zré(2® — p§) = i (0(x — po) + (x + po)) - (5.20)

21,2
e—0 T2 VR ipote 2po

This means for the Z; term: Ey + Ej & pg = 0, where only the minus sign can be realized.
For the Z3 term, Ey — Ej £ pg = 0, both signs can be realized for the time being. We will see
that only the plus-sign case contributes to the (on-shell) imaginary parts, so there is just one
contribution from Z5. Later, the Zs term is considered separately. We start with the first two

39The denominator of the quark propagator actually reads p—m-— Y& (po, p). Following our sign convention, cf.
Eq. (A.27)) in the Appendix, the thermal self-energy enters with the opposite sign.
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Figure 5.3.: Range of integration for E; € [Emin, Fmax] as function of momentum p = |p| for
different temperatures 7" = 1.05 Ty (dashed lines) and 7' = 1.25 Ty; (dotted lines). The solid
line denotes the orbit of the minimal Ey when varying temperature, cf. Eq. (5.27).

terms Z € {Z1, Zy}. Using the identify (5.20) we find the following structure when evaluating
Y0,3(p, vn) from Eq. (5.9)) after analytical continuation has been carried out:

B3¢ 77 1 B3¢ nZ
[ g 08— () = [ (5T 6 — (1) =

_ ! ® dgq® wZ ) y

=2m /1 d§/0 (2m)3 2p0Ef6(Eb (&) — (%)) = (5.21)
< dEy 77 e

%/m @) dpolp] O )

where £ = cosf. In order to carry out the integral over the delta function we have used

= 2|pllql , (5.22)

L2
Ef=m{i+(p—q?=my+p’+q -2pllg¢ = ‘agb

and converted the momentum integral to an energy integral using |g|dg = E¢dEy. The ill-
conditioned © term can be removed by the following consideration: from Eq. (5.22)) it is clear
that |£] < 1 is fulfilled if and only if

2_ 2 _ .2 9
Ef —my;—p q <1
2|pl|q| (5.23)
2
& F(Ef,p) = 4p2(EJ2c — m2) — [Eg — m%w —p?+m?— EJ%] >0.

—-1<

For a given value of the absolute momentum the roots of F'(-,p) read for the plus-sign case
0 = Ef + Ep + po, and therefore EZ = (Ef + po)*:

1
Emax,min = m (m12\/[ - 2m2) V m? + p2 + |p|mM\/mf/[ — 4m2:| (524)

The range if integration, Ef € [Emin, Fmax], depends therefore linearly on the external quark

momentum:

| OM Jm2, — 4m? . (5.25)
m

Emax - Emin =

In the limit of a vanishing external quark momentum the range of integration collapses to one
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single point:
2
m
Emax,min’|p|:0 — ﬁ

-—m>m. (5.26)

We emphasize that the whole discussion is only valid for temperatures above the Mott tempera-
tures Ty, where the pion mass is at least twice the constituent-quark mass. This constraint can
be seen explicitly from Eq. . We have already introduced the Mott temperature when dis-
cussing thermal quark and meson masses in Section where Ty =~ 212 MeV have been found
in the case of vanishing quark chemical potential. Note that this discussion remains valid also
in the chiral limit, where the current-quark mass is set to zero, mg = 0. In this case, the pion
mass vanishes in the Nambu-Goldstone phase at low temperatures but it is finite when chiral
symmetry is restored for large temperatures, cf. the NJL phase diagram shown in Fig. 3.5

Fig. shows the momentum-dependent phase space for E; for different temperatures in-
cluding all thermal effects for quarks, m(T, ), and mesons, my(7, ). Due to the large meson
mass at high 7', the curves Fyax min are shifted to higher energies and momenta when increasing
the temperature. The minimal value of Eyin(p) is always m (in agreement with E¢ > m) and

mm
Pminimizer = %W . (527)

The upper boundary of the range of integration is a monotonic function of momentum and

is reached at

reaches its minimal value at p = 0.

We conclude that under the condition my; > 2m, i.e. for T > Ty, the phase space is always
non-empty and compact: ) # [Emin, Fmax] € [m, 00). This fact implies that the shear viscosity
n will evaluate to some finite result in this temperature region. However, we have also derived
the following substitution rule

o0 Emax
/ ((355”3(.)@(1 —¢?) :/ (‘;f{3(.) , (5.28)

m Emin

which leads finally to a well-conditioned one-dimensional numerical integral.

For the sake of completeness, we also mention the minus-sign case, i.e. 0 = E, + Ef — po. If
we plug in EZ = (Ef — pg)? into the condition then the phase space simply vanishes for
any incoming quark momentum, since the range of integration would be restricted to negative
energies in the fermion loop:

/
min

= _Emax’ El

max

= — Fin - (5.29)

We can therefore conclude that only the plus-sign case, Ey, = Ef + po, allows for an on-shell
condition for the mesonic fluctuation. Knowing this we can now continue with the third term,

Z37 in Eq "

1; I il/nZ3
1m lm =
=0 [(By + Ep)? + vill(Br — Bp)® + V2] [y, o pic

= ponZ36 ([(Ey + Eb)* — ppl[(Ef — Eb)* — pp]) =

PoTL:
= P O([(By + B~ pi][ — By — po]) = (5:50)
=4E B,
7'('23

— 17, (Ef — (Bf +po)?) .

Note that due to the iy, factor in the first line, the py terms cancel in the final result. As done
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Figure 5.4.: Summed spectral width I as function of momentum p = |p| for different tempera-
tures T" and for vanishing quark chemical potential (left) and p = 200 MeV (right)

in the calculation (5.21)) the momentum integral can be performed:

d3q w43 2 2\ & dEf T3 9
/ (QW)SE(s(Eb — (Ef +po)°) = 27T/m (27T)3M@(1 —&9). (5.31)

Combining all contributions, we find for the imaginary parts of ¥ and Xs:

Emax dF 7 ((Ef—EyZy Z3
Im X 3(p, —ipo) = 27mg? / ! < / _|_>:
073( 0) quq B (27T)3 0,3 4|p| 0 9
2 E
quq max Z3
= — dE s F Zo— — | = 5.32
167T|p| Emin f o < ’ 2 ( )
gl%d Emax
= a4 dE f()g np Eb +ng (£ s
].67T|p| o f » [ ( ) F( f)}

using K, = Ef + po from the on-shell condition. It now remains to calculate the imaginary part
of ¥4 as well. Due to the identical pole structure, this result can be easily obtained by simply
adjusting the prefactors and imitating the calculation as it has been done for ¥y 3. One gets:

Emax E:Zy, (E}—FE?—p})Zs
. o 42 b F— Do
Im ¥4(p, —ipo) = 27Tgl%4qq/ ( — =
’ o (2m)34p Do 4p?

@) : s

gl%/qu Emax dE Ef [ (E ) + _<E >]

- nB b n )
167p| Frin ! Po PR

using again the on-shell condition resulting in Eg — E% — p(z) =2poEy.
In summary, the imaginary parts of the three Dirac components of the quark-self energy

S4(p, va) in Eq. (57) read

2 E,
. g max _
Im $o34(p, —ipo) = ———odd dEs Fosa [ns(Ey) + ng (Ef)], (5.34)
167T|p| Emin
with Fp 3 defined in Eq. (5.10)) and

E
Fa=-=L. (5.35)

bo

With these results we are now able to determine the spectral width I'S/P as defined in Eq. (5.17)):
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5.2. Quark self-energy from mesonic fluctuations
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Figure 5.5.: The (negative) imaginary part of the self-energy contributions 3;, j = 0, 3,4 from
mesonic fluctuations. They have been defined in Eq. (5.7). See also the discussion in the text.

~q/p 1 S/p gl%/[ m721_ Emax
T5/P(p, —ipg) = ——Im QS/P = 10T dE; [np(Ey) + ng (Ey)] =
Po 167polp| JE, .. (5.36)
_ gl%/[qqmgr TLE (Emax) np (Emin + pO)
167Tp0|p’ nE (Ernin) nB (Emax + pO)

Both scalar and pseudoscalar channels are described by the same functional structure and, in
particular, with the same prefactor m2. The different meson masses affect only the numerical
value of the boundaries, Ei,/max, defined in Eq. (5.24). This remarkable feature is due to

2

(m3; —4m?) = m2  for the o-case ,

2 _ 2(_ _

2

P2 (Fs — Fa) + m*(+Fo — Fa) = sm3 = tm2 for the m-case ,

where we have used the relation between pion and sigma-meson mass. In Fig. we
show the momentum dependence of the summed spectral width [ =3r? —i—fs, at different values
for temperature and quark chemical potential. We recall that T denotes the imaginary part of
the pole condition of the quark propagator including mesonic fluctuations at order 1/N., cf.
Eq. and the related discussion. This effectively combined spectral width turns out to be
at the order of 1 GeV, which is huge compared to typical NJL-model scales as its low-energy
spectrum represented by m>*¢ = 140 MeV, the constituent-quark mass scale m"*® = 325 MeV,
or its ultraviolet cutoff A = 651 MeV. However, as already mentioned, this unphysically large
width does not affect the shear viscosity directly. As we will describe in Section the shear
viscosity actually depends on the three independent imaginary parts of ¥; (j = 0,3,4) rather
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5. Mesonic fluctuations in the quark sector

than on the pole’s imaginary part I. They are shown in Fig. again for different values
of temperature and chemical potential. From Eq. these quantities have been defined to
be dimensionless, hence a comparison with T is possible only when introducing some mass
scale?. In comparison to f, the overall scale of all Im ¥; is much smaller but also qualitative
differences occur: Only —Im ¥y stays positive and can be interpreted as spectral width by itself.
In contrast, Im 33 and Im Sigmay can be negative as well, depending on the triple (p, T, u).
We have chosen to show the imaginary parts for the pion case, since results for the sigma boson
are both qualitatively and quantitatively (almost) the same. These imaginary part determine
the shear viscosity in a non-trivial way (cf. Eq. ) as it will be discussed in Section
For the numerical results of Im ¥; for j = 0,3,4 we have performed the remaining energy
integration, dEy in Eq. , which allows to express all imaginary parts as analytical functions.
Starting with Im X, we have due to Fy = 1 the same integral as carried out before for rS/P,

gl%/qu Tln nl*: (Emin) np (Emax + pO)

167‘(”])’ TLE (Emax) ne (Emin + pO) .

Im Xy (p, —ipp) = (5.38)

The Dirac parts X3 and ¥4 contain some energy-dependent prefactor, F3 and Fy, respectively,
leading to some more complex final result. We introduce the auxiliary function

H(E) = (E + po) Inng (E) — T Lip (nB(Elero)) — T'Lig <1 -~ ntE)) : (5.39)
F

It follows that:

2 2
Im S (p, —ip) — (1 + o0l ) Im S + TS gy )| e

2|.Z)|2 ].67T|p|3 min
&, (5.40)
Im 24(1)’ _ipﬂ) =Im ¢ + W;;Tpo (E) gz: ‘

These results for Im 3 3 4 will be used for the evaluation of the shear viscosity (6.26) in Chap-
ter [6] Due to their analytical structure, they can be handled easily, therefore, numerical issues
arise solely from the peak structure of the underlying Kubo formula.

5.2.2. Off-shell contributions

So far we have treated the external quark in the Fock diagram EZ/ P(p, —ipp) in Eq. as an
on-shell particle, i.e. when determining the imaginary parts of ¥ 3 4(p, —ipg) we have used the
dispersion relation pg = p? + m?. Inspecting the general Kubo formula for the shear viscosity
derived in Eq. , we recall that the spectral function p(po,p) in its integrand is generally
defined off-shell. Using on-shell expressions for Im ¥ 3 4(p, —ipo) is a convenient but unnecessary
approximation. In the following we will derive analytical results for the off-shell imaginary parts
of the quark self-energy from mesonic fluctuations. We return to g3 given in Eq. and
decompose into partial fractions for convenience:

d*q  Foz [1—np(Ef)+np(Ep)
> Ly 2 ; F
0,3(p7 lp(]) quq/ (27’(‘)3 4EbEf Ef+Eb+pO +
ns(By) +ng (By) | ne(Ep) +ng(By) | 1+n5(Ey) —ng (Ey)
Ef—Eb+p0+i€ Ef—Eb—po—ie Ef+Eb—p0—iE

(5.41)

40As it can be seen in Eq. (5.7), 3o is multiplied by m. Hence, it is natural to use the thermal constituent-quark
mass to set the scale as it is done in Fig.
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5.2. Quark self-energy from mesonic fluctuations

As in the on-shell discussion, taking its imaginary part probes the pole position of the par-
tial fractions introducing four cases £Ej, = Ey & pg. The fraction in the first line introduces
Ey = —E¢ — pg < 0 which can be excluded immediately. The remaining three cases are denoted

as follows:
Case 1. By =FE;+po,

Case II: B, = Ef —po, (5.42)
Case III: Ey =po — Ey .

Carrying out the d3¢ integral introduces again the restriction |¢| < 1 with & = cosf denoting
the polar angle, c.f. Eq. (5.23):

Ey(|p|,po)? — m¥; — p* — ¢*
2|pl|q|
2
& F(Ef,|pl,po) = 4p*(EF — m®) — [Ey(Ipl, po)? — m3y — p*> + m® — E7]” >0,

-1

<1

(5.43)

but in the off-shell case |p| > 0 and py > m are independent of each other. In the following we
evaluate the three-dimensional integral ([5.41]) ensuring |£| < 1 by applying the three cases for
the relation between quark and meson energy. We start with

Case I. This is the only case that can be realized on-shell: Ej, = E; + pg. The following two
conditions have to be fulfilled: (i) Ey > m and (ii) £y > mm — po, which can be summarized in
E¢ > max(m, ma — po). Evaluating the condition |{] < 1 we find

F(Ef,|pl,po) >0 &  —4s(E;—E_)(E;—E4) >0, (5.44)

where we have introduced s = pg — p? and

Be= -2 o B P = ], (545)

These roots of F(Ey,-,-) are generalizations of Epyaxmin introduced in Eq. (5.24). One finds
indeed

Ey

= Enax,min - 5.46
s=pR—P2=m2>0 max,min ( )

Note that in contrast to m < Enin < Enax, the off-shell roots are not ordered that simply.

Dependent on s > 0 or s < 0 one has £_ < E; or £ < E_, respectively. In addition, it might
happen that one or even both roots are negative as we will see.

First, we consider the case s < 0 which leads to a convex-up parabola F(Ey, -, -) with possible
integration ranges Fy < Ky and Ey > E_. In general one has to distinguish additionally the
two cases m < my; and m > my, but right now we find for both cases

Ey <—my—po<0, E_>max(m,my_p,) - (5.47)

For Case I with s < 0 we have the range of integration E; > E_ as sketched in Fig. (a).

Now consider the case s > 0 with a concave-down parabola F'(Ey, -, ). The possible integration
range is E_ < Er < E+. This time, the roots are not automatically real numbers, but for
(m—mm)? < s < (m+my)? they become purely imaginary and have to be excluded. The first
option py < \/(m — ma1)? + p? leads to

m < my: E >E,>maxm,me R
~+ - ( o) (5.48)
m>my: E_<BEy<-—-m-—pyg<O0.
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5. Mesonic fluctuations in the quark sector

0 max(m, my — pg) = E

(a) Case I with s <0 (b) Case I with s > 0 and the further restrictions
m < my and po < y/(m — myn)? + p?

(c) Case II with s < 0 (d) Case II with s > 0 and the further restrictions
m > mm and po < v/(m —mwm)? + p?

m Po — My

(e) Case III with s > 0 and the further restriction

po > +/(m +mm)? + p?

Figure 5.6.: Summary of integration ranges (gray boxes) for the off-shell imaginary parts of
Y0,3,4(p, —ipo). On-shell only the case (b) can be realized. See the discussion in the text.

Therefore, the case m > my cannot be realized and only for m < my the full range of integration
is accessible. We summarize this case in Fig. [5.6(b). Having s > 0 there is the second option
po > \/(m + mp)? + p? for which one has for both cases m < my; and m > my:

Ey<-—m, E_>my—po. (5.49)

We conclude my — pg < E_< E+ < —m < 0, hence this option is excluded and the discussion
of Case I is completed.
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5.2. Quark self-energy from mesonic fluctuations

Case II. Evaluating the condition |£| < 1 using Ey = E¢ — po leads to
F(Ef,p,po) >0 —4s(Ef+E_)(E;+Ey) >0, (5.50)

hence —FE, are the roots of F(Ey,-,-). We follow the same systematic path as before:

Consider first the case s < 0 implying again a convex-up parabola with E_> E+. This means
—FE_ < —FE,, providing two possible integration ranges Ey < —E_ and Ey > —FE. One finds:

m < my - —E+>mM+po, —fEVL<—mM+p0<mM+p0, (551)
m > my —E+>mM+p0, —E_<—m—|—po<—mM+po<mM+p0. .

In conclusion we find the range of integration as shown in Fig. [5.6{c), again without any restric-
tion on the quark and meson masses.

Now consider s > 0. This time the possible range of integration is —E‘+ <Ep< —E_. For
the option py < /(m — my1)? + p? we find

m <mpy : —E+<—E_<—mM+po<mM+P0; (5.52)
m>my —E,>—E'+>mM—|—p0. '

Using the constraint Ky > m + po the case m < myy is excluded and only m > my is possible.
The option py > v/(m + ma1)? + p2, for both cases m < my and m > myy, leads to:

~Ey < —E_ < —my+po < mu +po (5.53)

which excludes this case because E; > max(m, myi+po) must be ensured. This case is illustrated
in Fig. [5.6(d).

Case III. The final case, Ey = po — Ey, leads to the two conditions (i) £y > m and (ii)
Ey < po — mm. From this we get pgp > m + my. It is important to realize that Ej, in this
case is just the negative of the condition used in Case 1. Therefore, all contributions present for
Case I cannot be realized for Case III. It remains to check the case s > 0 in combination with
po > +/(m +my)? + p?. We have ~FE, < E; < —FE_ as possible integration range and find (cf.
the related discussion for Case I):

—E+ >m, —E_<py—mum, (5.54)
which is valid for both m < my; and m > my;. In conclusion, there is only one contribution to
the imaginary part for Case III as shown in Fig. [5.6(e).

Combining now all three cases, the off-shell imaginary part of ¥ (p, —ipp) can be calculated
immediately. The rather lengthly result reads*!

2
off Im -
Tm 25" = 167TT;| {/IdEf [=nB(Es +p0) —ng (Eyp)] +
+/ dEy [nB(Ef — po) + ng (Ey)] + (5.55)
II

2

g
+/ dEf [1+nB(p0—Ef)—n;(Ef)] = Maq (JI+JII+JIII),
111 167|p|

“1The minus signs for Case I is due to the pole description+ie instead of —ie for Case II and Case III. For E}, we
have always inserted the corresponding relations to Ef and po as defined in Eq. (5.42).
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with
JI _ 0 . _ T IHL‘EL)
(Ipl = po) [ﬂ PO (B 1 po) (5.56)
No (E_) nB(E+ + pO) ‘
0(po — O(my — m)O(+/ (m — my)? 2 _po) T In -2 = ’
+0(po — [p)0(mar — m)0(+/( M)* +P* = po) np (E4) ng(E_ + po)
I = 6(Ip| — po) [M—POJFTIHRB(IE}:W
ng (—E4) ~ (5.57)

_l’_

ng (—E_) ng(—E4 — po)
O(po — |p)O(m — mam)0(+/ (m — my)? + p? — In £~ — = ,
+0(po — [P M)V ( M)* +p* = po) T n (—E4) ng(~E- — po)

- (E E_
T _ 00 — /i T 7 pP) T In ) et po) (5.58)
ng (E-) n(E+ + po)
Note that for J'! the condition 8(po — |p|) just follows from 6(py—+/(m + my)? + p?), therefore
this f-function can be omitted.

Next we present the off-shell result for the imaginary part of ¥4(p, —ipo), performing again a
partial-fraction decomposition of Eq. (5.13)):

. d3q 1 1 —ng(Ef) +ns(Ep))(Ey + po
i) = g [ L (L E(B + BB ),
(2m)3 dpo B Ey E¢+ Ey+po
(nB(Ep) + np (Ep))(po — By) | (n5(Bp) +ng (Ep))(po — By) | (1+ns(B) — g (Ey))(po — Ep)
: + . + ;
Ef—Eb+p0+16 Ef—Eb—p(]—lG Ef+Eb—p0—16

(5.59)

In comparison to Eq. (5.9)) there is the factor pg in the denominator and also combinations of

E} and pg in the numerators, but ¥4 features the very same pole structure as discussed before.

Therefore we find immediately:

2
IMm _
Im »off — 7Mdd /dE —E{) [-ng(E —na(E
m X = el U 1 (—Ef) [-nB(Ef 4+ po) — ng (Ef)] +

+/ dE; By [ng(Ef — po) + ni (Ey)] +
I

2
g
+/ dEf Ef [1 —l—nB(po — Ef) —nif(Ef)]} — _IMdaq (KI +KH —l—KIH).
111

~ 167|p]| po
(5.60)
Introducing the two auxiliary functions
2
G (E) = T° [” + Lis (1 - ef’(Eip(J)) + Lis (—efﬂEiM))] , (5.61)
3
we find:
1 ~ e ~ ~
K= 0091~ o) {50 = 1) — BT g (B-) = o (B + po) + G (B-) | +
ng(Ey +
+0(p0 — [PO(mas — m)B(y/(m —ma)? + 97 — po) {poT I “BEEER) (5.6
nB(E_ +p[))

+E.T Inng (BEy) — E_T Inng (E_) + (g+(E,) - g+(E+))} :
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5.2. Quark self-energy from mesonic fluctuations

1 ~ ~ _ L
K8 = 00pl — o) { 36 = ) + BoT i (~B) + T una(-E = o) +(-Bo) b +

+ (s — 1p)6(m — man)0(/ T = T2 T 2 — po) {pOT B —p)
ng(—E- — po)
+ELT nnf (—By) = BT nnf (<E-) + (67 (=EBy) - 97 (-E2)) }
(5.63)
KM = 0(po — /(m +m)? + p?) {—poT o BB+ p0) |
nB(E-+po) (5.64)

+E_T lnng(B_) — E,T Inng (E,) — (g+(E_) - gﬂi))} .

Note that the expression for K is just the negative of the second contribution to K.

Having derived results for Im ngf and Im EZH, the remaining integral for X3 can be performed
easily, since all building blocks have been prepared. The main observation is that F3 splits into
two parts: the first one is independent of E;, the second one introduces the same Ey dependence
present in the calculation for Yy:

m3; +p? —pt —m? —2Esp, for Case I,

2p°Fy = miy + p* + q* — B =
. ' mﬁ/[ +p*—pf—m*+ 2Erpy for Case II and Case III .

(5.65)
We find therefore
gu
Im Roff = 2199 /dE.FI— E —ng(E
m 5t = 208 a7 [-nn(Bs + ) — g (7)) +
+/ dE; F3"M [np(Ef — po) + nib (Ey)] + (5.66)
I

+/ dEy F3" [1 4 ng(po — Ey) — nf (Ep)] } :
IIT

Inspecting the definitions for J* in Eq. (5.55) and K* in Eq. (5.60)), we find the relation:

2 2 2 2 2
Im 3yt = AP PO T g ot POy woff (5.67)
2p P
where we recall )
£ IMaq 1, 10 11
2 (5.68)
Im yoff — _IMda (gl | Il pelily
4 167|p|po ( )

The resulting off-shell shear viscosity will be discussed in Section [6.3] It is interesting to note
that in contrast to the on-shell results in Eqgs. and , the off-shell imaginary parts
feature a vacuum contribution generated by Case III. For T, u — 0, all distribution functions
vanish but the 1-term in the integrand contributes, cf. Egs. , , and .

Apart from the vacuum limit it is instructive to check the on-shell limit which is included in
the off-shell results. The on-shell case is taken when setting s = p3 — p?> = m? > 0. Case II and
Case III cannot contribute and only Case I has to be investigated. As we have already discussed,
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5. Mesonic fluctuations in the quark sector

the boundaries E convert into their corresponding on-shell expressions, see Eq. ([5.46]). We find:

— n (Emin) nB(Emax + pO)
167T|p| Nnp (Emax) np (Emin + pO)

2
Im ngf _ quq 1

_ , 5.69
on—shell 167T|p’ ( )

on—shell

which is just Im ¥ given in Eq. (5.38). We have omitted the 6-functions, but note that the

usual on-shell condition my; > 2m follows automatically for s = p% —p?=m?

on—shell

0(mn — m)0(po — |p|)0(v/ (mm — m)? — po)

= O(mpt — m)O(m3y — 2mym + m? + p? — (p® + m?)) = (5.70)
= 0(myr — m)O(mat(my — 2m)) =

= H(MM - 2m) .

In order to check the on-shell limits for Im X34, we first note the identity

7.r2 2
H(E) = (E + po) Inng (E) — % <g+(E) — 3T > , (5.71)

where H(E) has been defined in Eq. (5.39) and G* in Eq. (5.61). Note that the constant 7272/3
is not relevant in the on-shell results, since there only the differences H(Fmax) — H(Emin) occurs.
We find:

'

on—shell

TLE (Emin) np (Emax + PD)
(Emax) np (Emin + pO)
+ (Emax + pO)T In nE (Emax) - (Emin +p0)T In n}«: (Emin> + g+(Emin) - g+<Emax> - (572)
16
- w Im Yo + T (H(Emax) — H(Bmin)) ,
IMaq

which is in agreement with the on-shell result for Im ¥4 given in Eq. (5.40)).

5.3. Vacuum fluctuations and the cloudy bag model

In order to investigate the vacuum limit of the thermal self-energy in Eq. (5.7]), we independently
calculate the quark self-energy in Minkowski space, i.e. at T'= 0 and pu = 0. With the incoming
quark four-momentum, p = (pg, p), we find

SS/P(p2) = ig? d'q ps/p_ L psp 1 _
PIZNa [ omi ™ g=m (q-pR-miy

=Fm Zgac(pQ) +¢Z\1/ac(p2) —
= Fm X" +p -y I3 — poyo Xy

(5.73)

We have decomposed the ¥1*¢ contribution into momentum and energy parts, X3¢ and X3¢,
respectively, since the thermal medium breaks Lorentz invariance and introduces three instead
of two contributions to the quark self energy. However, in the vacuum we expect Z})’ac(pz) =
Yy2¢(p?), though these two terms are divergent. We find:

d? 1 1 d3 E

yvac p2 — _192 / =g 7
0 (") Maa [ m)t @ — B3 (qo —po)? — Bf M) (2m)3 2B, Ef(ER — p)
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5.3. Vacuum fluctuations and the cloudy bag model

where the convergent ¢y integration is performed using residue calculus. The remaining three-
dimensional integral suffers from divergency and is understood to be regularized by the NJL
cutoff A. We emphasize that in the vacuum such a Lorentz-symmetry breaking regularization
scheme is usually not applied. Instead, dimensional regularization is used preserving the (clas-
sical) symmetries of the Lagrangian. To compare with the vacuum limit of the thermal results,
the Matsubara sum is replaced by carrying out the gy integration. The Lorentz covariance is
ensured for large cutoff values, A — oo, therefore it is justified to write X3¢ as function of
p? = p-p only. We also find:

44 1 1 43 F3 B
ywac(, 2y 5.2 =g / -
5 () lquq/ (2m)* f3p3 “F (g0 —po)? —Bp M) 2n)3 2B, Ef (BT~ 1)

vac(, 2\ _ _ i 2 d*¢ qo 1 1 2 d? 1
S = gk | (o R-F(-pl B e | e 2EEL —78)
(5.75)
Despite the fact that again both self-energy contributions are Lorentz covariant for large cutoff
values, they are different: X3¢ > ¥3¥%¢. Usually, one expects that this difference converges to
zero when the cutoff reaches large values. In contrast, we find also in this limit some finite
difference between the two Dirac parts:

873 Ef — FE
i Uk Y (5.76)

lim =
2EbEf(EJ2r —pg) 6

A—o0 quq

(EV&C EV&C) — llm /

The fact that the difference between the two Dirac terms does not converge to zero is a short-
coming of the regularization scheme we applied. Using the three-momentum cutoff instead of
a symmetry-conserving regularization scheme induces some remaining pieces also for A — oo.
However, since in the Matsubara formalism the Matsubara sum needs to be carried out, the
three-momentum cutoff is the only suitable procedure to compare Minkowski-space results to
thermal results in their vacuum limit. Indeed, the limits match the calculations in Minkowski
space:

lim Zl(pa Vn)

= Zzac(p()ap) ; for i = Oa 374 . (577)
T,u—0

vp—>—ipo

With the sign conventions from Egs. and (| one finds:

lim Eﬁ/ (p,vn) = 2P (p?) . (5.78)
Top—0 Un+——ipo
The vacuum mass shift is calculated by standard means??, e.g. [PS95]:
smS/Pvac E‘p»—m =TFm Egac(m2) -m EZaC(mZ) = gl%/[qqm( F Jo(m) — J4(m)) . (5.79)

For convenience, the two integrals J;(E) = quqE (E?) for i = 0,4 have been introduced as

3¢ 1 1
Jo(E) = 0
0(B) = /(277)3 AE,E; [Eb+Ef—E Eb+Ef+E] > (5.50)

J(E)_/ d?q 1 1 1
4 (2n)3 4EyE |Ey+ Ef — E Eb—i—Ef—i—E

42Note that the vacuum mass shift also follows from our more general analysis in the last section when interpreting
$ — m as setting p +— 0 in Q in Eq. (5.16) and evaluating m>/F as defined in Eq. (5.17).
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5. Mesonic fluctuations in the quark sector

from which one gets

>0. (5.81)

(J_J)(E)_/ ¢ 1 1 B 1
0T | 2n)34EE |Ey+ Ef—E  Ey+ Ef+ E

In conclusion, the mesonic fluctuations introduce corrections to the vacuum constituent-quark
mass by screening (pion case) and antiscreening effects (sigma-meson case):

0 < ém™" = 3gT2rqqm(J0(m) — Ja(m)) = 60.1 MeV ,

> (5.82)
0> 6m7¥ = —g; m(Jo(m) + Js(m)) = —21.1 MeV .

In total, the mesonic corrections to the constituent-quark mass m'2® = 325 MeV is only 12%.
This rather small correction is consistent with the treatment of the mesonic fluctuations as a
1/Nc-suppressed Fock term in the gap equation . Our results compare well to those from
[QK94], where this correction has been determined to be 16%, but using a slightly different NJL
parameter set and restricting the entire discussion to the vacuum case only. The qualitative
screening and antiscreening effects have been found as well.

Our full field-theoretical results for the vacuum mass shifts also allow to rederive well-known
results from the cloudy bag model, cf. for instance [HK78| [TTMS81] [Tho84, [HT96]. Corrections
to the hadron masses (in particular to the nucleon mass) are derived from a model where quarks
are moving freely inside the bag with radius R. The reflection of the free quarks on the bag
surface provides some naive model of confinement. However, the boundary condition of this
MIT bag model violates chiral symmetry since the helicity of a (massless) quark changes from
+1 to —1 when being reflected at the surface. One can overcome this issue and extend the MIT
bag model by including a pion cloud which surrounds the confined quark core. Only at the bag
surface interaction between the quarks and the pions can happen. This leads to the (chiral)
cloudy bag model which Lagrangian is given by [HT96, [TWO0I]

- _ 1. - ids - 1 1
Lo = (1690 = mip = B) O(R = 1) = 5ds+ Joysme -+ 5(9um)? = gmin? .
N
free quark with reflection term interaction term free pion
(5.83)

One has introduced dg being a delta-function peaking at the bag surface and the bag (energy)
constant B. Our aim is to compare the MIT result for the mass shift of the nucleon to our result
for the mass shift for the constituent-quark induced by the pion cloud , §m™"?¢. In the MIT
bag model one finds for the nucleon mass at second-order perturbation theory [TWO0I]

My = MY + My, (5.84)
with ) s
397 * - qtuin(9)
SMy = —qq/ dg— YN <0, 5.85
16m2MZ Jo w?(q) (5.85)

where w(q) denotes the nucleon energy and unn(g) is a momentum-dependent function induced
by the spherical geometry present in the (MIT) bag model. As always, in second-order pertur-
bation theory, the mass correction d My < 0 is negative, therefore the bare nucleon mass, Mlslo),
is slightly larger than the one including the pion cloud. Within the NJL model, in contrast, we
have found a screening effect of the pion cloud, 6m™"?¢ > 0, i.e. the (Hartree) constituent-quark
mass is slightly smaller than the one including the pion cloud. This qualitative difference be-
tween the NJL and MIT bag model can be explained by the fact that second-order perturbation
theory does not include the full field-theoretical interaction between quarks and pseudoscalar
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5.3. Vacuum fluctuations and the cloudy bag model

mesons, in particular, purely relativistic effects are not included in the MIT bag model. This

can be seen by expanding our results in its non-relativistic limit, i.e. expanding dm™"2¢ in 1/m:
2 2
9r m 1 q

Sm™Yee = T /d =+ -=+.--)- 5.86

sezmz | “T\E, T2 e T (5.86)

The first two terms in the integrand contribute with a positive sign to the screening effect found
in the NJL model. The third term, which is not dominant in the limit m — oo, weakens the
screening effect by some negative contribution. This term coincides with the nucleon mass shift
from the MIT bag model:

2
_ IMqq
8m2m?2

4
q

/dq 5 = OMN|uxn (k) 1, w(k) s By, Myrsm - (5.87)
25

In conclusion, the NJL results for the mass shift of the constituent quark includes in its non-
relativistic expansion the results from the MIT bag model. They are qualitatively different in
their sign of the mass shift, and the overall screening effect in the NJL model is explained by
the overcompensation of the non-relativistic effects by the leading-orders in an expansion in the
inverse constituent-quark mass.
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6. The ratio /s in the NJL model

“Who would have thought around 1900 that in fifty years time we would know so
much more and understand so much less.” [Lan63]

Albert Einstein

In this chapter we present our main results for the temperature dependence of the ratio 7/s. We
first discuss how the entropy density s can be derived within the NJL model applying again a
large- N, analysis. Results for n/s as function of temperature and quark chemical potential are
shown. The full thermal dependencies of all parameters such as constituent-quark and meson
masses but also the quark-meson coupling constant are incorporated. The on-shell results are
restricted to the temperature range above the Mott temperature, 7' > Ty;. This shortcoming
will be removed when relaxing the on-shell condition and allowing also for off-shell contributions
to the imaginary parts of the Dirac self energies.

6.1. Entropy density in a large-IN. expansion

All thermodynamic quantities can be derived from the NJL partition function Z which is de-
composed into free and interaction parts,

mZ=WZy+nZw=mnZ+» InZ, (6.1)
k=1

where the interaction part is again treated within a large-N. expansion. In Section we have
investigated the (2PI) generating functional ® which determines also the partition function:

In Z, = gV &%~V | (6.2)

The prefactor V' denotes the three-dimensional volume which drops out for intensive quantities
like entropy density s or pressure P. Note that In Z; ~ N.27* is only true for k < 1, because
for the non-interacting case In Zy, there is no Feynman-diagram representation [Helll]. It turns
out that the first two terms, In Zy and In Z7, scale linearly with N..

We first consider the non-interacting part of the partition function. In the limit N, — oo
the NJL model simply becomes a free Fermi theory because the four-fermion coupling becomes
small, G ~ 1/N, and one has [KG06]:

N.N:V

T2

an() =

/oAm dpp’ {ﬁE +1In (1 + e’ﬁ(lﬁﬂ +1n (1 * eiﬁ(EW))} - (69

with E being the quark energy. As we have mentioned, one finds the scaling In Zy ~ N.. Note
that for ensuring the Stefan Boltzmann limit of thermodynamic quantities at high temperatures
one has to apply the soft-cutoff scheme [Bral3|, denoted by fA’OO dp: the momentum integral
contains the thermal constituent-quark mass m(7T') for p € [0, A] but for p > A the NJL coupling
G drops to zero and the quarks feature the current-quark mass mg only.
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6. The ratio n/s in the NJL model

Thermodynamic quantities are deduced from the partition function by standard means, e.g. the
pressure or energy density are derived as

Y os _ 9°F 9P

P=rgy ad s=o0 =505 = o1

(6.4)

with F' denoting the free energy (4.53). In the massless limit (Stefan Boltzmann limit) one has
E = p and the momentum integral for In Zy can be carried out resulting in:

2N N;T?
ssp = lim sg = ——<— [u (Lig(—e_B“) - Li;;(—eﬂﬂ)) AT (Li4(—e_5“) n Li4(—e5“))} -
mo—0 ™
1 e
= "NNg ( —T3+Tu%).
3 ciVf < 15 + ,U)

(6.5)
Note that the divergence of In Zy coming from the first term in the integrand of Eq. , d3p BE,
contributes only to the pressure but does not affect the entropy density. This comes from the
fact that the temperature dependence is canceled before taking the derivative with respect to
T. In the first line of Eq. we have used the polylogarithm (polylog) function defined by

Lin(z) =Y =
k=1

It is connected to Riemann’s zeta function via Li,(1) = ¢((n) and Li,(—1) = (2'7" — 1) {(n).
We emphasize the interesting property that the rather complicated combinations of polylog

k
. (6.6)

T

functions sum up to a simple polynomial expression in g and 7T
2 1
Lig(—e~®) — Lig(—e%) = — + ~a®

6 6
6.7
mor? o, 1y, (6.7)

Li4(—e_x) + L14(—ex) = —% — ﬁx 24x

Results for the entropy density, s, compared to the Stefan-Boltzmann limit are shown in Fig. 6.1
where we have used again the thermal constituent-quark mass m. In the low-temperature region
the constituent-quark mass is large, m > T, leading to a suppression of s until 7' < 200 MeV.
With increasing temperature the chiral condensate (¢1)) is melting, therefore one approaches
the Stefan-Boltzmann limit for 7" — oo. If one uses the current-quark mass instead the resulting
entropy density is very close to the Stefan-Boltzmann limit and only for very small temperatures,
T < my, deviations from this massless limit are visible.

Taking also interactions of the constituent quarks into account, i.e. calculating the leading-
order term In Z; of the interaction part, one finds with:

Tr%%/(%r])g?)TrGg(P,un)] —

2GBV A 2m? _ 2
=20t | [ an P (= () - ()]

11121 = %

(6.8)

where we have carried out the Matsubara sum using the master formula listed in the
Appendix. As stated above, this term scales as In Z; ~ GN? ~ N., which is the same linear
dependence as the non-interacting partition function. All higher order corrections to the par-
tition function are suppressed in a large-N. expansion. We also mention that the soft cutoff
scheme introduced in Section [3.4] reduces for In Z; to the simple NJL cutoff because there is the
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6.1. Entropy density in a large-N, expansion
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Figure 6.1.: (Reduced) entropy density at leading order (left) and next-to-leading order (right)
in comparison to the Stefan-Boltzmann limit of a free fermion gas (dashed lines)

coupling G in the prefactor and one has G(p > A) = 0. Since one has

aaT (1-nf(E)—ng(E)) <0, (6.9)
the next-to-leading order correction to the entropy density turns out to be negative: s1 (7T, 1) < 0.
In combination with the non-interaction part derived from In Zj the total entropy density remains
positive: s = s9 — |s1| > 0. We show our next-to-leading NJL result for the entropy density in
Fig. Having a brief look to other field theories and models, we realize that it is a common
pattern that (attractive) interactions lead to a negative next-to-leading-order correction to the
entropy density [KGO0G6]:

21273 15\
117273 250
1 7d a? 5
SQCD(T) = 4dAT3 |:5 <1 + 4(12) - E (CA + 2SF>:| + ...

Also in chiral perturbation theory this pattern can be observed when expanding the entropy
density in inverse powers of f [GL89|:

T 3m2T
SXPT(T) = ﬁ |:4:T2h,5(ﬂmﬂ—) + Bmihg(,@mw)] - 167772]?2 hg(ﬁmﬂ.) [2T2h3(,6m71—) + mihl(ﬂmﬂ)] s
i (6.11)
where one introduces the positive function
00 2 #2721
I () = / PP il WL (6.12)
3 et —1

However, for our purposes the resulting entropy density we use for the numerical evaluation of
the ratio 7/s in the next sections finally calculates to

A o0
Ay /0 dpp? [~ Innf(B) — Inng (B) + B(E + p)ng (B) + B(E — p)ng (B)] .

(6.13)

s(T,p) =

™
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6. The ratio n/s in the NJL model

6.2. Kubo formalism for the Dirac self-energy

In Section we have discussed the shear viscosity n[I'(p)] assuming the parameterization of
the full quark propagator given in Eq. . As we have demonstrated in Chapter [5, the 1/N,
corrections from mesonic fluctuations to the quark propagator give rise to a richer Dirac structure
as assumed in the quasiparticle ansatz, cf. Egs. and . Three imaginary parts instead
of just one enter the Kubo formula given in Eq. (4.30) in terms of the spectral function p(e, p).
Its Dirac structure can be parameterized by three functions A, B, C, cf. Appendix where
we denote their denominator by D:

1
ple,p) = *E[WA +poyoB —p-vC]. (6.14)
These four functions depend on the (off-shell) energy e, the three-momentum, p, and the thermal
parameters 1" and p. They can be determined from the full quark propagator calculated within
the NJL model in Chapter
1 m(1+ S5 4+ poyo(1 + Z5°°) — p - (1 + Z5°°)

= = , 6.15
p_m_ Etot pg(l_i_EZot)Q _p2(1+2got)2 _mQ(l +E(t)ot)2 ( )

GRr(po,p)

where all mesonic contributions from different modes have been summed up taken their multi-

plicities into account:
NPt =3NT+ %7, for j=0,34. (6.16)

The quark self-energies from pionic and sigma fluctuations, Z;-r’a, have been defined in Eq. ([5.7)
and their imaginary parts are given in Eq. (5.34)). For the following calculation we now take
only the relevant imaginary parts into account, i.e. we define

Im E;Ot =p;, and Re E;-Ot =0. (6.17)

Not taking the real parts of the self-energy contributions into account is presumably a rather
rough approximation violating the Kramers-Kronig relations for E;Ot. Doing so, we ignore
the momentum-dependence of the constituent-quark mass which appears at Fock level only.
We therefore keep the constituent-quark masses at Hartree level. There, the imaginary part
would simply vanish, cf. the gap equation (5.1). Formally, this approximation is equivalent to
readjusting the NJL parameter set and introducing a new set (mg, G, A)"*" that will depend
on the thermal variables T and u, and on energy and momentum, py and p, respectively. In
conclusion, we use this approximation for simplicity and find for the full quark propagator :

(m 4 poyo —p - v) +i(mpo + povops — P - YP3) (6.18)
2(1—p3) — p*(1 = p3) — m2(1 — p3)] + 2i (P3ps — P*p3s — m3po)

Gr(po,p) = E

Introducing two auxiliary functions,

Ny =pi(1—p}) — p*(1 — p3) —m*(1 — p}) ,

(6.19)
No = pips — p*ps — m?po ,

we identify the four functions parameterizing the quark spectral function p = —%Im GR defined

in Eq. (6-14):

A:p0N1—2N2, BI/)4N1—2N2, C:p3N1—2N2, and D:N12+4N22. (620)
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6.2. Kubo formalism for the Dirac self-energy

The evaluation of the shear viscosity is now reduced to carrying out the Dirac trace present in
the integrand of Eq. (4.30)):

1
Tr[v2p72p] = =0 [Y2(mA + povoB — p -y C)y2(mA+ poyoB —p-~vC)| = (6.21)
6.21
4
= 33 [-mIAT £ pgB - P CY 4 297

The shear viscosity therefore reads:

4 4
n=g | de [@oni@-ni(0) | Bz 2PCP+ 55 (-mish — 226k + o) | (622
As we have discussed in Section this kind of integral features a sharp peak structure ap-
pearing when D = 0. Therefore, we have approximated this structure in Eq. by taking
only the dominant term ~ D~2 into account and dropping the term ~ D_;. Doing so, only the
functions C and D are relevant and we find our previous result for the shear viscosity assuming
the parameterization . We find indeed:

lim lim C?(e,p)

= 4m?T?
p3—0 ps—0 ’

po——I/m

(6.23)
lim lim D(e, p)

p3—0 ps—0

= X(P)|p—c2_pe
po——IL/m p=e-p

with X (p) has been defined in Eq. (4.34]). From this we conclude:

= (4.37) . (6.24)

po——T/m

lim lim 7
p3—0 p4—0

One rediscovers the previous results for the shear viscosity when setting some Dirac parts of the
quark self energy, p3 and p4, to zero, cf. Eq. (5.7). In this case one simply has

$S/P

3T =4r, (6.25)

with no additional Dirac structure.

The more general result includes in some limit the shear viscosity discussed in Sec-
tion [6.22] The Kubo formula we use for evaluating the shear viscosity incorporates all three
contributions from the Dirac part. We also avoid the peak-structure approximation and take
both the D=2 and D~! terms into account®®. Our final result for the shear viscosity reads:

= 2513];{/ de/dpnp )L =n5:(6) Brrpy ( > —m®A%(e,p) — gpoz(e,p) + ppB* (€, p)
(6.26)
It is remarkable how the negative and positive terms in the integrand balance to yield the overall
positive shear viscosity nn > 0. The functions A, B, C, D are given in Eq. , combining in a
non-trivial way the imaginary parts of the quark self-energy induced from mesonic fluctuations
derived in Section and given in Egs. (5.38) and (5.40)).

43 As it is seen empirically, the sub-dominant term ~ D~! contributes only 5 — 10% but it stabilizes the rather
involved numerics when evaluating the shear viscosity.
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6. The ratio n/s in the NJL model

6.3. Results for the shear viscosity and the ratio 1/s

We are now prepared to combine our findings and calculate the shear viscosity using the on-
shell imaginary parts of ¥;, j = 0, 3,4, derived in Egs. (5.38) and (5.40|). They are used when
evaluating the Kubo formula numerically. The temperature dependence of the viscosity
itself is shown in Fig. [6.2(a). Due to the on-shell conditions we have used when calculating
Im X;, only the temperature range above the Mott temperature, T' > Ty, is accessible. One has
Tav(p = 0) = 212 MeV and Ty (g = 200 MeV) = 171 MeV. We observe an overall decreasing
function 7(T") and also decreasing values for an increasing quark chemical potential, n(u). As
discussed in Section [{.2] a small shear viscosity displays a strongly correlated system: the
larger the spectral width as a measure for the interaction strength, the lower the value of eta,
cf. Fig. [4.2(a),(b). Although the viscosity given in Eq. (6.26) incorporates three independent
imaginary parts, the effective spectral width I shown in F already suggests this qualitative
behavior. We conclude that the quark plasma described by the NJL model, where the shear
viscosity is induced by mesonic fluctuations occurring at order 1/N., becomes more strongly

correlated for both increasing temperature and chemical potential. The overall scale of the ratio
n/s is comparable to 1/4m, but for large enough temperatures it undershoots the AdS/CFT
benchmark. At vanishing chemical potential this happens at T ~ 275 MeV, at finite chemical
potential, u = 200 MeV, even earlier at T ~ 260 MeV.

We compare our results with those from lattice QCD, [NS06, Mey07], which are shown as
squares in Fig. [6.2(b). They have been derived within pure-gauge QCD and suggest a rising
ratio n/s(T) for T > 200 MeV. This behavior is not found in the NJL model. This qualitative
difference can be explained by comparing to the results from hard thermal loop (HTL) calculation
in QCD [AMY00,[AMY03]. Both Abelian and non-Abelian gauge theories feature at leading-log

I 1 14+ =0 ]
- _u
0.12 - = 1 F ,
I m= 200 ver 1 I p=200 Mev |
T R H= T 1/4r 1
0.10 - [ 1
L L [ ] [ NSO6, Mey07] i
7 10} ®  [CHPSI4] 1
0.08 - | e} [ PPSG12]
2 [ 2
O oosl s
= I
0.04
0.02 -
0.00 T S S S S S SO S SR | 0.0 ;‘ S T N ERTEN U S S S RO S MY \;
200 220 240 260 280 300 200 220 240 260 280 300
T[MeV] T[MeV]
(a) Shear viscosity (b) Shear viscosity to entropy density

Figure 6.2.: Temperature dependence of shear viscosity calculated from the NJL model in its
large- N expansion for vanishing quark chemical potential and p = 200 MeV. See the discus-
sion in the text.
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6.3. Results for the shear viscosity and the ratio n/s

order the behavior [KG06]:
_ #4117
1T ot (/e

hence /s ~ a3 ? at leading order. For increasing 7', the strong coupling becomes weak, ag — 0,

(6.27)

therefore the ratio 1/s(T") rises when restricting to the HTL results. This trend is also seen
(within uncertainties) in the lattice results already at rather small temperatures where HTL
calculations are not applicable since they are based on perturbative-QCD and resummation
techniques. However, the main reason for the rising behavior of the pure-gauge lattice results is
asymptotic freedom and the relaxing correlation between the gauge bosons. In contrast, the NJL-
model coupling G remains constant for increasing temperature. In addition, the magnitude of
mesonic fluctuations are growing in the considered temperature range 180 MeV < T < 300 MeV.
In consequence, we find decreasing functions 7 and 7/s. We also compare our results to those
from [PPSGI2], open circles in Fig. [6.2b): the shear viscosity from the fundamental Kubo
formula has been evaluated numerically by calculating the cross section oo from a parton
cascade model with elastic two-body collisions using only gluonic degrees of freedom. Their

results are described by
0.195

n

-—= . 6.28

S oot 1 ( )
For the numerical evaluation in Fig. (b) we have used oor = 9mb = 0.9 fm?. In comparison to
our NJL results we observe a decreasing but flatter ratio /s in this approach. The assumption
of a temperature-independent total cross section does not describe the high-T" behavior expected
from HTL calculations and observed on the lattice. We also show this linear rise by the solid

circles [CHPS14]. There, it is derived that this behavior can be described by

n

6.29
s IHTL (6.29)

a
GL2E)
al

with ¢ = 0.2 and v = 1.6 as their final fit for QCD. Note, that these fit parameters compare

14; ) i
r summed ratio
P I ratio from N/ HTL
I 1/ 4n
1or B [NSDB, Mey07] 7
»w 08f 1
g [
b .
06 1
o4l % I//;
02l . +{. :
0-071 L L """" el aialy *

20 250 300 350 400 450 500
T[MeV]
Figure 6.3.: Individual and summed ratios n/s(T") from the NJL model (low-T" region) and from

HTL calculations (high-T" region) at vanishing quark chemical potential. See the discussion
in the text.
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Figure 6.4.: Comparison between the on-shell and off-shell calculation of the shear viscosity at
vanishing quark chemical potential (left panel) and p = 200 MeV (right panel)

well to the general gauge-theory results in Eq. (6.27)). The analytical expression for the running
QCD coupling uses a quasi-particle approach also in the vicinity of the (chiral) phase transition
[Nes00]:

Ar 22 —1
as(Z(T)) = %22 11122 )

with By defined in Eq. (2.11)), the reduced temperature z = ¢I'/T. with T, ~ 155 MeV and some
fitted scale factor ¢ = 0.79 in the QCD case [CHPS14]. The ratio n/s from HTL calculations is
induced by dissipative processes in the gauge sector, where 1/s calculated from the NJL model

(6.30)

incorporates mesonic fluctuations in the quark sector. The sum of the two ratios** is shown
in Fig. [6.3] where a minimum structure emerges due to the change between quarks and gluons
as active degrees of freedom. It is located at Ty = 295 MeV, where 1/s(Tmin) = 0.29. In
comparison to the results from [CHPSI4], both the minimal value of 7/s and its location are
shifted to higher values: TgﬁD = 200 MeV and n/ s(TH%gD) = 0.17. The main reason for this
shift is the rather large critical/crossover temperature, 7. = 190 MeV, present in the two-flavor
NJL model. However, the expectation for the temperature dependence of the ratio /s as it
is incorporated for hydrodynamic simulations, cf. the discussion related to Fig. can be
satisfied. Now, the ratio stays above the AdS/CFT benchmark: n/s 2 3.5/4.

In Section we have calculated additionally off-shell results for p; = Im ¥;, 7 = 0, 3,4.
They define the off-shell shear viscosity in terms of Egs. (6.20). The more involved
numerical evaluation of the off-shell (T, 1) using the results in Egs. and are shown
in Fig. [6.4 The main difference between the on-shell and off-shell is found on the qualitative
level: there is no longer any restriction on the constituent-quark mass to provide a finite shear
viscosity. It is interesting to observe that the small-T" results smoothly extend the results fulfilling
the Mott-condition my; > 2m in the high-T region. At vanishing quark chemical potential the
quantitative difference is almost negligible. At pu = 200 MeV the difference is a simple factor
shifting the viscosity to higher values, but the overall behavior of n(7’, 1) is not changed.

We can explain this fact by going back to the parameter discussion in Section [.2] where
the peak-structure of the Kubo formula is examined in Fig. [£.3] We have seen that the main
contribution to n[I'(p)] is collected around the integrand’s pole position. Inspecting the Kubo
formula for 7 incorporating the full Dirac structure of the quark propagator, Eq. , a similar
structure is found: around the pole position where D — 0, the main contributions to the integral

“4Note that unlike the discussion at the very end of Section in this case the contributions to the total shear
viscosity come from different Kubo formulas for quarks and gluons. As we have discussed, different dissipative
processes contributing to the same Kubo formula, however, do not sum up that simply.
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are collected. From Egs. (6.19) and (6.20) one finds:

D=0 & N,No—0 = pi-p°—m?=0. (6.31)

The last implication leads to the on-shell condition for the constituent quark. We conclude that
the off-shell contributions are subleading effects due to the peak structure of the Kubo formula.
It is remarkable that off-shell contributions do not strongly affect the shear viscosity despite
the presence of additional imaginary parts. In the first instance one therefore expects the shear
viscosity to become smaller. However, the distribution of the imaginary parts p;, j = 0,3,4
in the integrand of 7 itself eventually leads to a rather small increase of the shear viscosity
compared to the on-shell results.
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7. Summary and Conclusion

“I am now convinced that theoretical physics is actually philosophy.” [Moo92]

Max Born

In this thesis we have investigated the shear viscosity of a hot and dense quark plasma described
by a large-N. NJL model in the two-flavor case. In this non-perturbative model gluons are not
treated as explicit, active degrees of freedom but they are hidden in effective NJL vertices that
inherit all symmetries and the large- N, scaling from QCD. We have used this scaling as book-
keeping method and have discussed the NJL model on this general footing. It has been reviewed
how standard approaches from many-body physics can be derived: the gap equation defining
thermal, dynamically generated constituent-quark masses, and the Bethe-Salpeter equation from
which mesonic (soft) modes emerge. Our investigations have shown that the dominant attrac-
tive interaction channel for the evaluation of the shear viscosity is given by the quark-antiquark
channel rather than the diquark channel, the latter being suppressed by its spectrum of large
masses.

Transport coefficients such as the shear viscosity 7 are defined in systems out of thermody-
namic equilibrium. In this thesis we have used the Kubo formalism which has been first reviewed
and then investigated in a detailed parameter study. Assuming that the constituent-quark propa-
gator can be described by a simple schematic parameterization of its spectral function, a suitable
numerical approximation scheme was defined for the evaluation of the Kubo formula for shear
viscosity. Its dependence on the shape of the spectral width and effects of thermal quark masses
were investigated. Most importantly we have found a strong dependence of the shear viscosity
on the NJL three-momentum cutoff which eventually ensures a meaningful scale of 77. Whereas
the three free NJL parameters (current-quark mass, NJL coupling strength and cutoff scale) are
fixed by reproducing physical values for observables (meson masses, pion decay constant and
chiral condensate), there is no model parameter left to adjust the overall scale of the shear vis-
cosity. Therefore, our final results are parameter-free predictions within the large- NV, two-flavor
NJL model. Going beyond the assumption of a simple one-width parameterization, a new Kubo
formula for the shear viscosity has been derived, incorporating the full Dirac structure of the
constituent-quark propagator.

In alarge- N, NJL model, the dominant dissipative process contributing to the shear viscosity is
given by mesonic fluctuations. They are represented by virtual quark-antiquark loops resummed
to all orders in the non-perturbative NJL coupling as it is described by the Bethe-Salpeter
equation and treated as 1/N. Fock contribution to the gap equation. We have calculated the
three Dirac self-energy contributions given by this Fock term using both on-shell and off-shell
conditions. Evaluating the new Kubo formula using these results we have found a decreasing
shear viscosity as function of both temperature and quark chemical potential. At vanishing
chemical potential, off-shell effects extend the on-shell results also to the low-temperature region
where the on-shell phase space is collapsing. Apart from this, off-shell effects have no further
quantitative or qualitative influence. However, at finite quark chemical potentials, off-shell effects
shift the shear viscosity to higher values but its overall qualitative behavior is not affected.

We have observed that the dimensionless ratio 7/s undershoots the AdS/CFT benchmark
1/4m at large enough temperatures. This statement is, however, true only as long as we stick to
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quark degrees of freedom. Combining our result for the shear viscosity with perturbative results
from hard-thermal-loop calculations in the high-T region, we find the ratio n/s to feature a
minimum structure well above the AdS/CFT benchmark. The combined results compare well
with those from lattice QCD setting the overall behavior and scale of the ratio n/s. However,
the crossover temperature in the two-flavor NJL model, T, ~ 190 MeV, is larger than the lattice
value, T. = 155 MeV. Therefore, the onset of the dominant on-shell contributions to the shear
viscosity is shifted to larger temperatures.

Since the mid 1970s mesonic fluctuations (the meson cloud) have been known as significant
contributions to the nucleon mass. In chiral (cloudy) bag models they induce a correction term
lowering the leading-order nucleon mass. In contrast, we have found a positive correction from
the pionic fluctuation to the self-energy of the constituent quark. This qualitatively different
behavior is understood by expanding our field-theoretical calculation in the non-relativistic limit
appropriate for comparison with the bag-model results. The sign flip is explained by an over-
compensation of the non-relativistic contributions by purely relativistic terms. The comparison
of our results with those from the well-known chiral bag models has served as an instructive and
important cross check of our calculations.

It has been known that using the Kubo formalism for calculating transport coefficients is a
rather inefficient approach since already at leading order in a weakly coupled theory resummation
techniques have to be applied. The NJL model is non-perturbative by construction, hence
our evaluation of the shear viscosity is such as well. We have concluded that ladder-diagram
resummation in the Kubo sector is only sub-dominant and therefore not necessary.

One of the main results of this thesis is in fact the derivation of a new Kubo formula that takes
the (non-perturbative) Dirac structure of the relativistic quark propagator fully into account. It
has been evaluated for both on-shell and off-shell quark spectral functions in a consistent way.

In summary, we have found within the two-flavor large-N. NJL model an overall decreasing
shear viscosity n(7T', 1) which undershoots the AdS/CFT benchmark at sufficiently large temper-
atures. The underlying dissipative process is given by mesonic fluctuations in the quark sector
arising as Fock term in the gap equation. Comparing on-shell and off-shell contributions to
the shear viscosity shows no significant difference on the final results which have been derived
without resumming ladder diagrams in the Kubo sector. Combining the NJL results for the
shear viscosity with results from hard-thermal-loop calculations leads to a minimum structure
of n/s located above the AdS/CFT benchmark. The correlated quark plasma described in this
thesis features a small shear viscosity characteristic of a perfect fluid.
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A. Appendix

“This book — I mean the universe — is written in
the mathematical language.” [Bur03)]

Galileo Galilei

A.1. Group-theoretic details of SU(INV)

Let G = SU(N) denote the Lie group and G = su(N) its Lie algebra with generators Ty,
a € {1,...,N? — 1}. They are traceless and Hermitian. We also define A\, = 27,. The Lie
bracket, [-,:]: G x G — G, provides the multiplication on the algebra in terms of the structure
constants, fape:

[Taa Tb] = ifabcTc s [)‘aa )‘b] = 2ifabc>\c . (Al)

Note that the commutator of two generators is skew Hermitian (and traceless), hence one can
write it as a linear combination of ¢)A.. In addition, the structure constants can be real numbers
only®: fue € R.

Since G is a matrix Lie group, there is also the usual matrix multiplication available. One
can decompose the product A, Ay into a Hermitian and an skew-Hermitian part,

1 1
Aa)\b - §[>\a7 )\b] + i{Aay )‘b} = Z.fatbc)\c + g(r)éab]lnxn + dabc)\c 5 (A2)

parameterized by the structure constants fup. (totally antisymmetric) and dg. (totally sym-
metric), and the representation dependent £(r). n denotes the dimension of the representation.
The anti-commutator of two generators is Hermitian, but in general not traceless. Note that
any Hermitian n x n matrix, A, can be decomposed into a Hermitian, traceless matrix and a

A= (A _ud nm> c Ay (A.3)
n n

We also introduce the two representation-dependent quantities, C(r) and Ch(r), called the
Dynkin index and quadratic Casimir operator, respectively.

diagonal matrix:

tr T, Ty =: C(r)oap , Tal, =: Co(r)Lyun - (A.4)

For SU(2) we have in fundamental representation the usual Pauli matrices®® \, = o, with
[0a, 0b] = 2i€ape0c (a,b,c =1,2,3). They are given by

0 1 0 —i 1 0
01::<1 O)’ 02::<i 01>, 03::<0 _1), o = (01,09,03) , (A.5)

and og := 1, with tr (0,0p) = 2045 (a,b=0,1,2,3). One has fupe = €qpe and dgpe = 0.

4>From this it follows immediately that the adjoint representation, A, is a real representation for all SU(N).
46The Pauli matrices describe both spin and isospin and are denoted by o, and 7., respectively.
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For SU(3) we have in fundamental representation the usual Gell-Mann matrices with [Ag, Ap] =
2ifopeAe (a,b,c=1,...,8). They are given by

01 0 0 —1 0 1 0 O
>\1:100,>\2:i()0,)\3_0—10,
0 0O 0O 0 O 0 0
0 0 1 0 0 —i 0 0 O
M=[lo0oo00], =00 0], x=[001 (A.6)
1 00 1 0 0 010
0 0 O 1 1 0 O 5 1 00
)\7: 0 0 —i s )\8:7 01 0 s )\0: g 010
0 i 0 3\ o0 -2 00 1
One has
1 V3
fi23 =1, f147:f165:f246:f257:f345:f376:57 f458:f678:77 (A7)
1
d118 = dogg = d338 = —2d448 = —2d558 = —2dges = —2d778 = —dggg = 7B
1 (A.8)
di46 = di57 = —dos7 = dase = d3aa = d3s5 = —d3ze6 = —d3r7 = 3

We summarize for all N € IN the most important properties of SU(IN) representations in the
following Table where we denote by n = dim(r) the dimension of the representation:

r n C Co 3

1 N2-1 2

F N 2 5N N
Al N?>-1| N N e
F N(N+1) N42 (N+2)(N-1) 2N
s 2 2 N N—1
F N(N-1) N—2 (N+1)(N-2) 2N
a 2 2 2 N+1

Table A.1.: Properties of the most important SU(V) representations

The Dynkin index and the quadratic Casimir operator are not independent quantities, but they
are constrained by
(N2 —1)C(r) = nCa(r) (A.9)

which follows immediately from their definitions (A.4]). One also calculates

€)= 1)

(A.10)

We remark the following: fu;. is totally antisymmetric, i.e. fope = foca = feab = — foae, Whereas
dape is totally symmetric, i.e. dope = dpeqg = deap = +dpae- In total, there are 54 and 58
non-vanishing entries in fup. and dgp, respectively.
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From Eq. (A.2)) it follows immediately that

4
{)\av Ab} = 2£(T)5ab]1nxn + 2dabCAc i N(Sab]lnxn + 2dabc)\c ) (All)

where the last identity is valid for the fundamental representation only. In this representation
one defines also A\ := /€ 1y« n, such that the following holds for all a,b € {0,1,...,N}:

tr AgAp = 204p - (A.12)
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A.2. Matsubara formalism

We summarize briefly the most important facts about the Matsubara formalism we have used
in this work. An introduction to this imaginary time formalism can be found in standard text-
books, e.g. [LB00, [KG06]. In Matsubara space the (imaginary) time coordinate is Wick rotated
and allows only for discrete frequencies: 7 = —it € [0,5] C R, where we denote the inverse
temperature by 5 = 1/T. Periodic (anti-periodic) boundary conditions for bosons (fermions)
at 7 = [ lead to a discrete but infinite set of Matsubara frequencies: with n € Z one finds
for bosons w,, = 2nwT — iu, whereas they read for fermions v, = (2n + 1)nT — iu. Carrying
the discrete sums over Matsubara frequencies leads to Bose and Fermi distributions which are
defined as

np(B ¥ i) = n(B) = o, ne(B T ) = nf(B) = (A.13)

T BEFH _ 1 EFp) 41

A.2.1. Review of propagators

The bosonic and fermionic propagators in Matsubara space are summarized and compared to
those in Euclidean and Minkowskian spacetime.

Propagators for bosons

Thermal (Matsubara) propagator

1
GB = A.14
ﬁ(p7 wn) wTQL +p2 + m2 ( )
Propagator in Euclidean spacetime
1 1
GR(p,ps1) = = : A15
E(p p4) p421 +p2 +m2 p12~] T m2 ( )
Propagator in Minkowski spacetime
1 1
GE (po,p) = = . A.16
M( ) pg—pQ—mQ p2—m2 ( )

The following is true: Gg(p, —p4) = GE(p,ps) and GB(p,ipy) = —GE(po, p). We have used

P4 =1po, Po = iwp, & Ppg= —Wp .

Propagators for fermions
Thermal (Matsubara) propagator:

1 UnYa—P-Y+m
GY(p,vn) = =2 . A.17
R TR IE B TR R AT (A7)

Propagator in Euclidean spacetime

—m . i

GE(p,ps) = — —
B(P,p4) p%+m2 p421+p2+m2
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A.2. Matsubara formalism

Propagator in Minkowskian spacetime

1 ptm  poyo—p-y+m
Gy = = = : A.19
M(povp) p_m p2—m2 pg_pz_mQ ( )
The following is true: Gg(p7 —p4) = GE(p,ps) and GE(p,ipo) = —GL;(po, p). We have used for
pve{0,1,2,3} and i,j € {1,2,3,4}:

pa=1ipo, po =ivn, 4 =1y, {1} = 29w, {7V, v} = —20;1 .

A.2.2. Master formulas

For the bosonic and fermionic Matsubara frequencies, w,, = 2n7T —ip and v, = (2n+1)7T —ip,
respectively. The frequencies for the antiparticles are denoted by w, = 2n7nT + iy = w};, and

Uy = (2n+ 1)7nT + ip = v}, respectively. One has:

1 1 /1 1 w— p W+ p
T ——=—|= = — th (| —— th A2
%w%—kcﬂ w <2+nB(w)> 4w (CO ( 2T > o < 2T >> (4.20)
1 1 /1 1 w— p W+ p
T —=—|=-- = — | tanh | — tanh A.21
Srm s aore) mm (e () ro (5))
The coth(-) and tanh(-) describe Bose and Fermi distributions:
Exp) _ _ +
coth ( ==~ ) =1+ 2n5(E F p) = 1+ 2n5(B) , (A.22)
Exp) _ _ -
tanh 7 ) = 1-2np(EFp)=1-2n5(E). (A.23)

These general building blocks are useful to carry out the Matsubara frequencies when calculating
the quark self-energy from mesonic fluctuations in Section For the evaluation of ¥ and 33

in Eq. (5.8) we have used:

1
T2 (v —v)? + Bl + B3]

nez
1 E,
E:(v?+ E? — E?)coth | =
[ (v + ¥ i) co <2T>+
7!

2B, E((By + Ep)? + v2[(By — Bp)2 + 07
1 Es— Er+
2 2 @2y f—H f
+Ey(v” + By — E¥) 5 (tanh( 5T ) —i—tanh( 5T ))} +
7

(B + Ep?+ u;]l[/(Eb “E)2 407 % <tanh <Ef2; M> ~ tanh <Ef2; >) = (A.24)

_ 1 [(Er B [ nn(B) — 5 (0 (By) + g (Bp)]
N 2EEy (Ef +Eb)2+1/2
(Ey — Ey) [nB(Ep) + 5 (nf (Ey) + ngp (Ey))]
(Ef — Eb)2 + 12
v [n;(Ef) — nE(Ef)]
(B + Ep)? +v2|[(Ey — Ep)* + 2]

+

_l’_
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For the evaluation of ¥4 in Eq. (5.8)) we have used:

Un
T =
7; (v —vn)? + B2 + EJ%]

v E,
Ey[(Ey + E2 + B2+ 1% coth | —2
2E[(Ey + Ef)? + v3[(Ep — Ey)? + 12 [( b frv ) co 5T +

1 Er— E
—2EbEf'§ (tanh( fQT M) +tanh( J;;#>>] +

By — B} + v 1 By —p Er+p\\ _
T 2A[(By+ B2+ 2)[(Ey — Ep)2+ 17 2 (tanh ( 2T ) — tanh ( 2T )) -
v 1+ TLB(E[;) — % (n;f(Ef) + nE(Ef)) n nB(Eb) + % (n;(Ef) + TLE(Ef))
- 2E, (Ef + Ep)? + v? (Ef — Ep)? + v2
(B - Ef 40 [ (By) — np (Ey)]
2[(Ef + Ey)? + v2[(Ey — Ep)? + 2]

(A.25)
For evaluating the Matsubara sums the following identity has been useful:

cosh(i”i;l zl—(jgsh(y) - % [tanh <x;y> + tanh (T)] : (A.26)
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A.3. Spectral representation of propagators

In this brief appendix we review the Kallén-Lehmann spectral representation for retarded and
advanced propagators in Minkowski and also Matsubara space. Thereby we fix first our sign
convention for the analytical continuation between these two spaces:

[lg <+ —[]rya for i[]n <> po+£ie. (A.27)

For evaluating integrals containing a first-order pole on the real axis, we interpret it as principal
value integral following the Sokhotski-Plemelj Theorem:

f(z) , f f(x)
de ————— = d A28

/]R x(a:—a):i:ie Fimfla) + Rmx—a’ ( )
where the principal value integral is defined by cutting out a symmetric interval around the pole
position Be(a) = {z € R: |z —a| < €}:

flx) _ f(z)
]fRdxH = lgr(l)/R\Be(a) dxm . (A.29)

If the integrand is regular on the real axes, f(a) = 0, then the principal value integral reduces to
the common integral. The validity of the relation ([A.28) is crucially related to the integration
range X = R > a, since one uses
I ¢ lim I ! 5(z — a) (A.30)
im ———=—limlm —————— =7d(x —a) . .
e—0 (. —a)? + €2 e—0  (z—a)+ie
If the pole lies outside the integration range, a ¢ X, then the delta function does not contribute
and again the principal value integral reduces to the common integral.

The spectral function p(w, p) which relates to the Minkowskian propagators is defined by the
integral identity

oo w,
Grya(po,p) = / dw M . (A.31)

Note that Gr(p) denotes just the Feynman propagator describing a retarded and advanced
propagation of particles and antiparticles, respectively. We determine the spectral function in
such a way that the resulting propagators for retarded and advanced fermions and bosons have
the expected form:

o 1 B 1
RIAT pE—p? —m? £isgn(po)e  p? —m? +isgn(py)e ’
(A.32)
GE . — DoYo — Py +m _ 1
R/A p2 — p? —m? £ isgn(po)e p—mEisgn(po)e
The free spectral functions pg(po, p) for bosons and fermions read with E = \/p? + m?:
po = sgu(po) 0 (p§ — E?) ,
F_DP0Yo—p-Y+m (A.33)
= ) —FE).
Po 200 (Ipol — E)
Using the principal-value integral one derives
lim Im Gg/a(p) = F7p(p) - (A.34)

e—0t
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The spectral function is related to the highly singular behavior of the imaginary part of Minkowski
propagators:

- = —amd(z) , (A.35)

where a,b, x € R has been assumed. Using this identity, our claim for ,0(])3 and pg follows.
In general, the following symmetry relations hold:

PP(—w) = —pP(w) ,
tr (300" (—w)) = +tr (Y0p" () ,
A.
tr (90" (=) = —tr (3 () A0
tr (p" (~w)) = —tr (p" ()
For the propagators in Matsubara space we define
Gp(p,wn) = /OO dwm : (A.37)

With this definition, the free spectral functions lead to the Matsubara propagators as we expect:

1 _ UpYa—DpY+m

= d G = . A.38
w%+p2+m2> an ﬁ(pal/nﬂp:pg I/%—l—p2+m2 ( )

For the analytical continuation to Minkowski space we find indeed the (negative) propagator,
including naturally the sgn(pp) term in the denominator:

B/F B/F
Gﬁ o potic > —GR/A . (A.39)
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A.4. Analytical properties of the quark-meson coupling

We study the analytical structure of principal-value integrals where external conditions (such as
temperature, quark chemical potential or meson energy) determine the position of the pole in the
complex integration plane. In particular we study the questions what happens if the pole enters
the interval of integration and the integration range starts or ends exactly at the pole position.
This rather technical question is related to the temperature dependence of the quark-meson
coupling having not fixed the meson mass in the first place (cf. the discussion in Section
particularly the comparison between Eq. and Eq. ) We have wondered about the
divergent derivative of Is compared to the convergent (but kinky) structure of I3; this appears
to be notable, since both integrals share the same pole structure and they are both interpreted
as principal-value integrals.

As prototype of principal-values integral we consider for some n € IN and a > 0 the following

set of functions: "

(n) () — T A4
fa (q) qg_(a_1)7 ( 0)
and its integral
1
Y = [aafo). (A.41)
0

For a < 1 or a > 2 the pole ¢ = va—1 € C lies offside the integration interval ¢ € [0, 1],
compare Fig. For a = 0 the pole is ¢ = =i; for increasing a it approaches the origin along
the imaginary axis. For 1 < a < 2 the pole is located in the integration interval and Fén) is
interpreted as principal-value integral. We find for n = 0 in the different regions:

\/11_7(1 (V1—a) fora<1,
F(§0) — 5 10g <2V —1- a) forl<a<?2, (A.42)

2\/7 log(Q‘/i1 a) fora > 2.

Having a closer look at the boundaries of the integration range, a = 1 and a = 2, one finds the

I . L n=0|n=1|n=2
a<1 .
lim, .- 00 00 1
lim, .1+ -1 00 1
l<a<?2 a>2
. : . 3 lim, ,o- —00 —00 —00
lim,_,o+ —00 —00 —00

Figure A.1.: Influence of _the external param- Table A.2.: Behavior of principal-value inte-
eter a on the pole position and the range

. . . n) grals when the integration starts in the pole
of integration (grey area) in Fy position
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following limits:

lim F9 =00, lim F=—-1 (A.43)
a—1— a—1*t
lim F® = —00, lim FY = —c0 (A.44)
a—2— a—1t

We now vary additionally n € {0,1,2,...} in order to smooth out the pole structure for ¢ — 0.
Our findings are summarized in Table The implication of this study to the physical behavior
of the meson masses and the quark-meson coupling is far reaching: the meson masses are
determined by Eq. that has a factor ¢? from the Jacobian. This refers to the case n = 2
and therefore their thermal dependencies feature just a kink. In contrast, the quark-meson
coupling in Eq. has been derived after once integrating by parts with respect to ¢,
leading to an expression referring to the case n = 0. Now, the integral becomes divergent when
the pole approaches the origin.
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-

Js
JI’JII,JHI
KI KII KIII
Kon

L(x)

+
np,ng
+
nrE, Ny

reduced strong fine-structure constant

strong fine-structure constant
axialvector current of SU(N)
inverse temperature

or beta function of QCD
inverse proper temperature
2k-particle cumulant

Fierz coefficients

non-flow contributions to ¢,
covariant derivative
projector

energy density

spatial anisotropies

shear viscosity

pion decay constant
Fierz-transformation operator
or free energy

closed string coupling
quark-pion coupling
quark-meson coupling
fundamental QCD coupling
NJL four-fermion vertex
off-shell auxiliary functions
gluonic field-strength tensor
propagators in Matsubara space

propagators in Minkowski space
NJL 2Nt vertex

on-shell auxiliary function
spectral width

or Lorentz structure

effective spectral width
axialvector current of U(1)
off-shell contributions to Im g
off-shell contributions to Im >4
local interaction kernel
Polyakov loop

't Hooft coupling
three-momentum cutoff
current-quark mass
constituent-quark mass
thermal meson mass, m, or m,
quark chemical potential

or renormalization scale

Bose distribution functions
Fermi distribution functions

N
Ni
Un
10)
1€2)
OS/P
P

P

o

0, P3, P4

S

S5/P (p?)
S/P

=" (p. vn)

Jo

Ta

A.5. List of symbols

number of colors

number of flavor

fermionic Matsubara frequencies
perturbative vacuum
non-perturbative vacuum
fermionic-pole correction
pressure

path-ordering symbol
viscous-stress (shear) tensor
polarization tensor

Boson field

2PI generating functional

or renormalized Polyakov loop
reaction-plane angle

chiral condensate

subtracted chiral condensate
quark-antiquark condensate
axialvector charge of U(1)
axialvector charge of SU(N)
vector charge of SU(N)
curvature radius in AdSs space
entropy density

non-equilibrium statistical operator
or spectral function
equilibrium statistical operator

imaginary parts of quark self-energies

entropy density

vacuum quark self-energy
thermal quark self-energy
string tension
infinitesimal generators
temperature

Mott temperature
energy-momentum tensor
proper time

or mean free time
dissipative tensor

four velocity

flow coefficients

elliptic flow

vector current of SU(N)
elliptic flow

bosonic Matsubara frequencies
bulk viscosity
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