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Abstract. Random ordinary differential equations (RODEs) represent an alternative way to formulate many stochastic
ordinary differential equations (SODEs). RODEs allow us to rewrite SODEs in terms most scientists are familiar with,
namely as a special type of ODEs. For the numerical solution of RODEs, different approaches have been proposed, such as
averaged methods or K-RODE-Taylor schemes. K-RODE-Taylor schemes allow for higher-order discretisations at the prize
of more complex, recursive formulations.

In this contribution we derive the K-RODE-Taylor schemes of order K = 3 and K = 4 for the specific RODE formulation
of the Kanai-Tajimi earthquake model. Finally, we briefly discuss ways to compute approximations of the multiple integrals
that appear in the corresponding formulas.

1. Introduction. Many interesting application scenarios in scientific computing nowadays involve
random input. In the context of time-dependent problems, these problems have been treated in thems of
stochastic ordinary differential equations (SODEs). An alternative (yet less prominent) way to describe
these scenarios are random ordinary differential equations, which closely resemble regular ODEs (cf. [1]).
The general form of a RODE initial value problem reads

dz

i F,(t,z) = f(w(t),z), z(to) = wo, (1.1)
for almost all w € Q. Here, w(t) represents a realisation in time of a stochastic process. The more
common SODEs have the form

dXt = a(Xt,t)dt + b(Xt,t)th (12)

The functions a(X;,t) and b(X¢,t) are commonly referred to as the drift and the diffusion terms respec-
tively, and W is a usual Wiener process. The solution of (1.2) is given by

t t
X = Xo + / a(Xs, s)ds —|—/ b(Xs, s)dWs, (1.3)

t() t()

with initial value X;, = Xo. While the first integral in (1.3) is well defined, the second one requires us
to integrate with respect to the Wiener process and has to be treated in a special way. This is the main
downside of SODEs.

However, many SODEs can be formulated as RODEs and vice versa by means of the Doss-Sussmann
/ Imkeller-Schmalfuss (DSIS) correspondence [5, 10, 4]. Different numerical schemes have been devel-
oped for RODESs, most notably averaged methods and K-RODE-Taylor schemes [3, 8]. We focus on the
higher-order K-RODE-Taylor schemes and apply them to a specific model, the Kanai-Tajimi (KT) earth-
quake model. The KT model approximates the stochastic motion of the earth’s crust during earthquake
excitations.

In this paper we derive in detail the K-RODE-Taylor schemes of orders K = 3 and K = 4 for
the KT earthquake model explicitly. Since K-RODE-Taylor schemes are recursive, it is cumbersome to
write down their explicit form for a given RODE. But once this is done one can simplify and optimize
the computations of the individual terms, as we will see’. The resulting schemes have been used for
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L Alternatively, one could think of programming a K-RODE-Taylor scheme recursively for any K and a given RODE
without explicitly calculating its final form, which lifts the effort of carrying out the calculations we performed, but it would
not allow further optimizations or simplifications.
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different publications concerning different implementation and performance aspects of the schemes, but
their non-trivial derivation has not been described in detail. Furthermore, two ways to compute the
resulting multiple time integrals over the Ornstein-Uhlenbeck (OU) process are briefly discussed. Thus,
we have a reference covering all implementation aspects of the K-RODE-Taylor schemes of order 3 and
4.

The remainder of this paper is organized as follows: In Sec. 2 we briefly present the Kanai-Tajimi
earthquake model and its RODE form, before reviewing the general form of the K-RODE-Taylor schemes
in Sec. 3. We derive the K-RODE-Taylor scheme of orders K = 3 and K = 4 applied to the Kanai-
Tajimi RODE model in Sec. 4 and 5, respectively. Section 6 describes two alternative ways to modify
and approximate the multiple time integrals over the OU process, and we conclude this contribution in
Sec. 7.

2. The Kanai-Tajimi Earthquake Model. We will apply the K-RODE-Taylor schemes of orders
3 and 4 to a variant of the Kanai-Tajimi earthquake model, which models earthquake-induced ground
excitations properly for high frequency ranges [6, 7, 11].

The SODE form of the Kanai-Tajimi model for the ground acceleration i4(t) is

iig = @g + &= —2(wedy — Wiz,
where z, denotes the solution of a stochastic oscillator driven by zero-mean Gaussian white noise &;
ig + 2gwgig + wizg = =&,  x4(0) =d4(0) =0. (2.1)

(g and wy represent parameters to adapt the model to local geological site conditions. Using the definition
of the OU process (cf. [2]) and the Doss-Sussmann/Imkeller-Schmalfuss correspondence (cf. [5, 10, 4])
one can formulate the SODE (2.1) as a first-order system of RODEs

21 — 7(22 + Ot)
< 2 ) N < —2(Qywgy (22 + Oy) +w§zl + Oy > ’ (2.2)

with initial condition z(0) = 29 € R?. The exact update formula of the OU process is given by
Opyn =0 - pux +0ox -m (2.3)

for a timestep h > 0 and parameters py = e "7 and ox = (Z(1 — %))z, The constants ¢ and 7 are
called relazation time and diffusion constant respectively, and are problem dependent. (In the following
we choose 7 = ¢ =1.) Also, n; ~ N(0,1) is a normally distributed random variable.

3. Recursive Definition of the K-RODE-Taylor Schemes. The basic idea of the K-RODE-
Taylor schemes is to derive higher-order schemes via Taylor expansions of the r.h.s. function f of Eq. (1.1),
analogous to Runge-Kutta methods for deterministic ODEs. This is achieved by expanding f in the
smooth variables X; and w, but not in time, where f is not smooth due to the dependence on the
stochastic process. The resulting schemes are described in detailed in [8], and require a special notation,
to which we now turn our attention.

Since we will use two-dimensional Taylor-like expansions of f (with respect to w and z), we use
multi-indices a = (a1, az) € NZ. Their magnitude is represented by |a| := a1 +ag and can be generalised
by a weight 6 € (0, 1] such that |a|p := 8y + a2. In addition, for each K € Ry with K > |alp, we define
||l == K — |alp. Additionally, the factorial of the multi-index is given by a! := a;laz! and we denote
the partial derivatives w.r.t. the multi-index as fq := (01)* (92)*2 f. The order of the scheme is denoted
K € R, and with it we can define the sets of multi-indices

Ax ={a=(a1,0) N : |alp =0a; +as < K}.
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The explicit update formula of the K-RODE-Taylor scheme for the approximated solution y*" then
reads

h
Yl = g SN (bt y 5N, (3.1)
Ax

where h € (0,1] is the stepsize and

K)(f 4 i e [ (101 7 v\
NG+ hodg) = @) [ (Bwn™ (20007 9) " as, (3.22)
. t
Ay (E,g) =Y N (E + bl ), (3.2b)

AL

with Aw, 1= w(s) — w(f), As = s — t for an arbitrary time £ € [to, T).

The recursive structure of the scheme (3.1) is visible in Egs. (3.2a)—(3.2b), since Aygjlé{) is of order
la|ff = K — |alyp < K. The value of the weight ¢ is chosen as the supremum of the Holder coefficients of
the sample paths of the underlying stochastic process (see [8] for details). The recursivity of the K-RODE-
Taylor schemes makes the derivation and implementation of the scheme a nontrivial task. However, the
particular form of our RODE (2.2) allows for an explicit form of the scheme for moderate K, which we
derive in the next two sections.

4. The 3-RODE-Taylor Scheme. In this section, we formulate the K-RODE-Taylor scheme of
order K = 3 for the Kanai-Tajimi earthquake model in the RODE form (2.2). Since the sample paths of
the Ornstein-Uhlenbeck process are Holder continous of order < 1/2, we have 8 = 1/2, which results in
the index set

As = {(o1,02) €N, a1 + 205 < 6}. (4.1)

So, A3 = {(0,0),(0,1),(0,2),(1,0),(1,1),(1,2),(2,0),(2,1),(3,0),(3,1),(4,0),(5,0)}. The scheme has
the form

h
ygﬁl = yr(zg)ﬁh + Z NéS) (thrlv tnv yr(lB),h>, (42>
As

where the “step vectors” No([o’) are computed with AO; := O — O, and As := s — ¢, as

1 tn+1 o (la‘§3)2) Q2
N(Ezg)(thrlvtmyS’)’h) = afa(Otmy(tn))/ (AOS) ' (AyAs ! (tnvyi’h) dsa (4'3)
! tn
using
{7y 3,h (L) K,h
AyAs (t"’yn’ )) = Z Na (t" + Asﬂtn’yn7 ) (44)
lali/2<L

Here, L := K — |a|gp < K, i.e., we sum over a set smaller or equal to Ag (which is equivalent to say that
we use a method of lower order L).

Now we evaluate the sum in (4.2) for every pair (ay,as). However, since our function f is linear in
both O; and z, any derivative of order 2 or higher vanishes, as well as the pair (1, 1) (since f is additive in
z and Oy), so the only index pairs we need to evaluate are {(0,0), (0,1),(1,0)}. Omitting the arguments
of f and its partial derivatives for the sake of simplicity, we have:
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e For (0,0),

tnt1 3 0
(el )
N((g’y)o)(tnﬂ,tn,yﬁ’ )= f(o 0)/ (AO,)° - (A ! (tmyg’h)> ds =hf.
e For (1,0),

NO (tnir, to, y2h) = " aos= 25 [0, - 0,4
(1,0)\In+1; n> Yn ) = f(l,O) sds = == ( s tn) S
aOt tn

n

e For (0,1),

N 3,hy _ et el s
(0, 1)( n+latnayn ) - f(O,l) Yns (tnayn )dS,
t

n

tnt1
= f(O,l) / <Z Na(¢2)(tn + Asatnayz7h)> dS,

where we evaluate f 1) = 0.f(z) as the Jacobian matrix of f (since z € R?). From the last term
(0,1), we obtain the sum over one order lower, Ay, which requires again the evaluation of the pairs
{(0,0),(1,0),(0,1)}, and so on, until the lowest order is achieved (namely, K = 0 where all contributions
are zero due to empty sums in definition (4.4)). For the sake of clarity, let us write the last term explicitly
(without writing the dependencies on t,, and yy,),

tnt1
N(<§7>1) = fo / (Z Ng)(As)) ds
tn, A2
) @)
= fou / (N(O by (A5) + NG (As) + NG 1)(As)) ds

= fo. 1) Ny (Bs) + N (As) + fo, 1)/ ( Ng1>(Av)> dv) ds
t’ﬂ A

n+1
n+1 (
tn+1 s v v
JFf(l 0) AO dv + f(o, 1)/ (f/ Jrf(l,o)/ AOwdw) dv) ds
tn tn tn tn

n+1 S v
/ (f(l 0) ondv + fo,1) / ((U —ta)f + fa 0 AOwdw) dv) ds

tn n tn

= fo, 1) ( (o) (D) + N (1 0)(As)+ Fo.n) / N(<&>O)(Av)+zv(<1{{))(m)) dv> ds
= fo, 1) (
fo,

= fo, 1)f +

n+1 S h3 tnt1ps pou
= f(O,l)f7 + f(071)f(1,0) /t /t AOUdUdS + f(2071)f€ + f(2071)f(1,0) /t /t /t AOwdwdvds.

Note that inserting the different terms recursively requires to keep the dependency on As (which is

indicated by stating only the first argument As of Nf)). This results in a rapidly increasing number of
integrals with respect to s that have to be computed.
Finally, the scheme (3.1) takes the following form:

tnt1 h2 tnilps
97(321 =yOh 4 hf+ fa,0) / AOds + f(O,l)f? + fo.1)f(1,0) / AO,dvds (4.5)
t

in n tn

tni1ps pu
+ f(20,1)fg + f(20,1)f(1,0) / / / AO, dwdvds,
tn Jtndtn
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again, with

B —(224+ Oy)
f(Oh Z) B <2ngg(22 +2Ot) ijgzl + Ot> ’ (46)
f(l,O)(Otvz) = <_2<-g_w2 + 1) ’ (47>
0 -1
f(O,l)(Otaz) = (wg —2ngg) . (4-8)

5. The 4-RODE-Taylor Scheme. The derivation of the 4-RODE-Taylor scheme for the KT model
is similar to the one for K = 3. Additional terms with higher multiplicity in the integrals will appear

due to the recursivity of N(((i)l), but only due to that term.
For K =4, we have

A4:{(041,a2) e N, oy + 2as <8}, (5_1)

but the linearity of f limits this set again to {(0,0), (0,1),(1,0)} for evaluations. Thus, we have:
e For (0,0),

@) any 1 fn 1l am )’
Nooy (tnt1stns ™) = 51 (0.0) / (AO,)" - (Ayas " (s )> ds = hf.
: t

n

e For (1,0),

N((i)o)(tnﬂ,tmyf?h) = f(1,o)/

tn t

tnt1 af tnt1
AQO ds = —— — .
O,ds 50 /tn (Os — Oy,)ds

Calculating the remaining term N, ((3 )1) results in

tn41
N (z N55><As>) s
tn e
tnt1
= fo) /t (N(<§}O)(As) + Ny (As) + N{j}l)(As)) ds

(Z NéQ)(Av)> dv) ds

tnt1
= f(o,l) /
t Az

n

h2
= f(o,1)f7 + f(o,l)f(l,o)/
tn

(N((g,)o)(AS) + N((i)o)(AS) + f(0.1) /

n

tnt1 s

AO,dvds
tn

tni1 s
+fou [ (f<o,1> (@) + NGy 80) + N, (a0) dv) ds
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h? tnt1ps
= f(O,l)f_ + f(0,1)f(1,0)/ / AO,dvds

tnt1 tnt1
+ f0.1) /o, 1)f/ // dwdvds + fio,1)f0,1) /1, 0)/ // AO,,dwdvds
tn tn
bl
+ f(0,1)/ (f(o,1)/ (f(0,1)/ (Z Nél)(Aw)> dw) dv) ds
tn tn tn Ay

tn,+1 S

h2 h3 tnt1 s o
= f(O,l)f? + fo.0fa,0) / AQO,dvds + f(20,1)f€ + f(20,1)f(1,0) / / AO,,dwdvds
tn Jtn tn

tna1 S v w w
+ f(o,l)/ (f(o,l)/ (f(o,1)/ (f/ dz + fl,o/ Aozdx) dw) dv) ds
tn tn tn t tn

n

h? tnt1ps ) h3 ) tni1ps v
= fonfe + fonfao / / AOududs + ffy 1y f =+ Fay o / / / AO, duwduds

tnt1
+f(01)f24+f01 10/ //t . AO,drdwduvds .

Therefore, the overall 4-RODE-Taylor scheme for the KT model has the form
(4),h (4),h frts h? mee
W =0 g+ S [ A0S+ o+ funu / | a0uwds 52

tn1
+ f 0,1) f + f(o /.0 / / AO,dwdvds

n+1 S w
+ f?o,mfﬂ + f(go,l)f(Lo)/t /t/t/t AO dxdwdvds

with f, f(l,O)a and f(071) defined via (46)*(48)

6. Integration of the OU process terms. The final step is to calculate the (multiple) integrals of
the OU process in (4.5) and (5.2). We restrict our discussion to the case of order K = 3 which is complex
enough to observe higher multiplicity of the integrals but moderate enough to keep the notation compact.
We first follow a direct approach to compute the multiple integrals by reformulating the problem using
properties of the underlying OU process. Then, a more general approach is briefly discussed which allows
to transform the relevant multiple integrals into one-dimensional counterparts.

6.1. Direct Approach for Integrating OU terms. From the theory of stochastic processes [2],
we know that the OU process O, is the solution of the following stochastic ordinary differential equation
(known as the Langevin equation):

1
dO; = —=04h + ¢/2dW;. (6.1)
T
The solution of the OU process at a time ¢ + h for some h > 0 is then given by Eq. (2.3). Furthermore,

the integral of the OU  process (whlch we will denote Ot) can also be written down explicitly. It is defined
through the relation Ot+h = Ot + O + h, and its explicit expression is given by

’iQ 1/2 K
~ ~ XY
Ot+AtOt+OtT(1H)+<‘732f U)EY) ng +

6.2
3 X, (62)
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where y1:= e M7 0% = er?[At/T —2(1 — ) + (1/2)(1 — p?)] and kxy := (c72/2)(1 — p)?. With the use
of Eq. (6.2) it is possible to evaluate the first integrals in our numerical scheme (4.5). For instance

trnt1 tnt1 - ~ ~
/ AOSdS = / (OS - Otn)ds = AOtn+1 - hOtn = Otn+1 - Otn - hOtn,
tn tn
K,2 1/2 K
Otn[T(lﬂ)h]+<O’% )§Y> no + Ynl.
Ox ox

Since the integral is given in terms of the OU process itself, it can be integrated again, but with the

additional difficulty that p depends on At. Thus, the expressions for the second and third integrals are

complicated. Therefore, if one does not have a closed expression for the integrals of the stochastic process

involved in the differential equation, one can always calculate the integrals numerically, taking care that

the order of precision of the integration method is at least as high as that of the K-RODE Taylor scheme.
The double integral reduces to

tnt1ps tny1 , . tnt1 . h2
/ AO,dvds = / (os — Oy, — (s— tn)OtS) ds = / AOuds = O,
tn Jtn tn tn
Finally, for the triple integral, we have
tnt1ps v tnt1 S - h3
/ / AO,dwdvds = / AO,dvds — —O,,.
tn Jtadty tn  Jtn 6

Thus, with the help of the explicit expressions for O; and 6t we have simplified our scheme (4.5) from

calculating three integrals of AO; (one simple, one double, and one triple) to only two integrals of Aét
(one simple and one double). Let us write it once again:

- h? tng1 h2
97(3’1}1 =y7(13)’h +hf+ fu (AOtn+1 - hOtn) + f(o,1)f7 + fo.1)f1,0) (/ AO;ds — ?Otn) (6.3)
tn

h3 ) tng1 ps 73
+ Ef(oﬂ)f + f(O,l)f(l,O) (/ / AOvd’UdS - EOtn> ,
tn tn

Following [8], we can further simplify the double integral using integration by parts, namely

tnt1 S . tni1 tna1 . tnt1 S ~
/ / AO,dvds :/ ds/ AQO,ds —/ / AQO,dvds,
tn tn tn tn tn tn

tnt1 tng1 h U .
- h/ AO.ds — / AO,(s — tn)ds = h/ (1 - —) A0, +udu,
t t 0 h

m kS » m » m »
=~ héz <1 — E) AOthrkg = héz AOthrkg - 52 Z k- AOthrkg,
k=1 k=1 k=1
=:1; =:I3
= hI, — I,

with § = h/m and m sufficiently large so that the desired order is obtained. Note that we used a simple
Riemann sum to appoximate the integrals. A higher order method—for instance, Simpson’s rule—would
not attain its order, since the integrands do not have the required smoothness. Thus, using a higher order
method would not bring any advantages.
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Now we have all the ingredients to directly implement the numerical scheme, given in its final form
as

~ h? h?
yf{?ih =y L hf + fa0 (AOtn+1 - hOtn) + f(m)fg + fo,1)f(1,0) (11 - 7Otn) (6.4)
hS 9 5 h3
+ Ff(o,l)f + fio,1)f(1,0) (hh — I - FOtn) :

6.2. Reduction of Multiple Integrals: General Approach. In this section we briefly describe
a general approach to transform the multiple integrals into a one-dimensional one that is then going to
be approximated by a quadrature rule.

As described in [5] and [9], multiple integrals can be simplified in the following way:

tn+1 Tdq Td—1 T tn,+1 1
e f()dzdzy -+ -dzg = —(tpg1 — 2)%f (2)dz. (6.5)
tn tn Jtn t d!

tn

n

Using this method for the multiple time integrals over the difference of the OU process (i.e. AO, etc. as

integrand f), we can directly apply low-order numerical quadrature rules such as Riemann sums?,

M M

tn41 1 1 1 .

/t (b1 = 2)?A0.dz ~ §) Si(tns = Z)I00., = 6> 5 (h = §0)4(Or, 1i5 — Or,) , (6.6)
n j=1 j=1

where h = tp41 — tn, 6 = h/M, and z; := t,, + jo. Note, again, that due to a lack of smoothness
in time, higher-order quadrature rules would not attain their order and thus present no advantages.
Furthermore, M has to be chosen such that the quadrature approximation error is of the same order as
the K-RODE-Taylor scheme itself. The general approach consists then in reducing the multiple integrals

to one-dimensional integrals that can be approximated numerically with low-order quadrature rules.

7. Conclusion. We have shown how to apply high-order K-RODE-Taylor schemes to approximate
a given RODE, namely the Kanai-Tajimi earthquake model. Since the schemes are recurvise it is difficult
to write them down explicitly, even for simple RODEs. We described the necessary steps to do this for
K = 3 and K = 4, and we made use of our knowledge of the OU process to simplify several multiple
integrals. These can be rewritten as one-dimensional integrals which are easy to compute. This can
justify the extra effort of deducing closed expressions for the recursive schemes, especially if performance
is an issue.
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