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Zusammenfassung

In dieser Arbeit werden mathematische Analysen verschiedener bestimmter Systeme von gewohnlichen
und evolutiondren partiellen Differentialgleichungen durchgefiihrt, die sich auf eine zu Grunde liegende
formale Gradientenflussstruktur stiitzen.

Zunichst werden Varianten des Keller-Segel-Modells fiir Chemotaxis untersucht und die Existenz
schwacher Losungen durch Approximation mittels des minimizing movement scheme bewiesen. In
besonderen Fillen kann die exponentiell schnelle Konvergenz jener schwacher Losungen zum
eindeutigen Gleichgewichtszustand des Systems gezeigt werden. Eine &dhnliche Methode findet
Anwendung bei der Untersuchung des Langzeitverhaltens schwacher Losungen des Poisson-Nernst-
Planck-Systems, eines Modells fiir den Transport geladener Teilchen.

Weiter wird ein Multikomponentensystem aus nichtlokalen Interaktionsgleichungen analysiert.
Wir erhalten eine hinreichende Bedingung fiir die Konvexitit des zu Grunde liegenden
Interaktionsenergiefunktionals entlang von Geodédten beziiglich einer Wasserstein-artigen Metrik im
Raum der endlichen Vektormafle. Im nicht-konvexen Fall werden qualitative Eigenschaften der Losung
wie z.B. die gleichmé&Bige Beschrénktheit des Tragers oder die Stabilitit stationdrer Zustande, hergeleitet.

Ein weiterer Teil der Arbeit beschéftigt sich mit mehrkomponentigen, degenerierten
Diffusionssystemen mit nichtlinearer, matrixwertiger Mobilitdit. Wir zeigen die variationelle Struktur
solcher Systeme auf, indem wir eine neue Metrik zwischen vektorwertigen, messbaren Funktionen
definieren, beziiglich derer das System eine formale Gradientenstruktur besitzt. Wir untersuchen die
topologischen Eigenschaften dieser Metrik und die geodétische Konvexitdt von Funktionalen. Mit Hilfe
des minimizing movement scheme beweisen wir die Existenz schwacher Losungen fiir bestimmte Klassen
von Systemen zweiter sowie vierter Ordnung.

Des weiteren betrachten wir ein System aus gewohnlichen Differentialgleichungen, das ein Netzwerk
aus schnellen und langsamen chemischen Reaktionen modelliert, und untersuchen das
Konvergenzverhalten im Limes unendlich grofser Geschwindigkeiten der schnellen Reaktionen. Mittels
der verallgemeinerten Gradientenstruktur des Systems konnen wir eine dimensionsreduzierende
evolutiondre Konvergenz des Systems gegen ein Limes-Gradientensystem und dessen
Evolutionsgleichungen herleiten.






Abstract

In this thesis, we perform mathematical analyses for several specific systems of ordinary and evolution-
ary partial differential equations using an underlying formal gradient flow structure.

We first investigate variants of the Keller-Segel model for chemotaxis and prove the existence of weak
solutions by approximation via the minimizing movement scheme. In a specialized setting, those weak
solutions are shown to converge at exponential rate to the unique equilibrium of the system. A similar
strategy is used to study the long-time behaviour of weak solutions to the Poisson-Nernst-Planck system
modelling ion transport.

Second, we investigate a multi-species system of nonlocal interaction equations and find a sufficient
criterion for convexity along geodesics of the underlying interaction energy functional with respect to a
metric of Wasserstein type on the space of vector-valued finite measures. Moreover, we obtain — in the
non-convex scenario — results on the qualitative behaviour of the solution such as confinement of the
support or stability of steady states.

In the third part, we consider multi-species systems of degenerate diffusion equations with a nonlin-
ear mobility matrix function and prove that it arises as formal gradient flow with respect to a novel
transportation distance between vector-valued measurable functions. We investigate the topological
properties of this new distance and study the geodesic convexity of functionals. Using the minimiz-
ing movement scheme, the existence of weak solutions to specific classes of second- and fourth-order
systems of this kind is shown.

Furthermore, we consider a system of ordinary differential equations modelling a network of slow
and fast chemical reactions and investigate the limit behaviour as the fast reaction rates tend to infinity.
Using the generalized gradient structure of the system of equations, we obtain a notion of dimension-
reducing evolutionary convergence to a limit gradient system, thereby deriving its governing equations.
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Part 1

Introduction and Overview






CHAPTER 1.1

Introduction and main results

During the last decades, both entropy as well as variational methods have been proved to be extremely
useful for the analysis of nonlinear evolution equations. They can not only be used for proving the exis-
tence of (generalized) solutions, but the study of Lyapunov functionals also sometimes makes it possible
to extract specific information on the qualitative behaviour of solutions, e.g. the speed of convergence to
equilibrium. One class of evolution equations exhibiting a variational structure consists of those associ-
ated to gradient systems or gradient flows. Heuristically, a gradient flow follows the direction of steepest
descent in the landscape of an energy (also called entropy) functional, with respect to the curved structure
of the underlying (often non-flat) metric space.

Since the seminal paper by Jordan, Kinderlehrer and Otto [105] on the variational structure of the
Fokker-Planck equation, various evolutionary partial differential equations have been interpreted as gra-
dient flows on the space of probability measures Z?(R%), endowed with the so-called L?-Wasserstein
distance (which is a central object in optimal transportation theory [179]). Apart from the application
to nonlinear diffusion equations [57, 154, 1, 49, 68] such as the porous medium equation, aggregation
equations [54, 55, 47] and equations of fourth order [86, 88, 132, 125] have been considered, also in a
spatially discrete framework [130, 78, 89, 79].

The interpretation as a gradient flow on the space of probability measures can be of use for the
analysis of nonlinear evolution equations in several ways. For instance, Jordan, Kinderlehrer and Otto
[105] proved the existence of nonnegative weak solutions to the Fokker-Planck equation using the so-called
minimizing movement scheme (for details, see Chapter 1.2 below). As a byproduct of the construction of
a continuous flow in the space Z(IR¥), the nonnegativity of solutions is automatically obtained, thus
leading to a sensible solution from the modelling point of view. Therefore, the minimizing movement
scheme might allow one to construct physically or biologically sensible solutions also to higher-order
equations or to coupled systems when comparison principles are not at hand in general. The application
of this variational method for proving existence requires relatively little on the corresponding energy
functional, since boundedness from below, lower semicontinuity with respect to a suitable topology and a
suitable version of coercivity usually suffices to prove the existence of minimizers of the associated Yosida
penalization (as needed for the scheme) with the classical direct method from the calculus of variations.
An existence analysis via this approach has been made e.g. by Gianazza, Savaré and Toscani for the
quantum drift-diffusion equation [88] and has later been generalized by Matthes, McCann and Savaré to
a more general class of fourth-order equations [132] comprising e.g. the thin film equation.

Apart from the space of probability measures 2(R?) equipped with the L2-Wasserstein distance,
one can also consider gradient flows on abstract metric spaces. A thorough investigation in this more
general framework has been made by Ambrosio, Gigli and Savaré in their monograph [4]. On grounds
of their theory and the results by Dolbeault, Nazaret and Savaré [74] and Lisini and Marigonda [124] on
the construction of generalized Wasserstein distances, the existence of weak solutions to a class of non-
linear fourth-order equations (e.g., the Cahn-Hilliard and nonlinear versions of the thin film equation)
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Chapter I.1. Introduction and main results

has been proved by Lisini, Matthes and Savaré [125] using the formal gradient flow structure of the equa-
tion with respect to these generalized Wasserstein distances. More recently, also systems of evolution
equations came into consideration in the context of gradient flows. There, much attention was devoted
to the Keller-Segel system for chemotaxis and its various conceivable variants. For the parabolic-elliptic
Keller-Segel model, which can be reduced to a single scalar nonlocal equation possessing a formal gra-
dient flow structure on the space Z(IR¥), an existence analysis with the minimizing movement scheme
has been performed by Blanchet, Calvez and Carrillo [23]. The variational structure of the parabolic-
parabolic Keller-Segel system (which is a genuine, coupled system of two equations) is different: it can
formally be written as a gradient flow with respect to a compound metric on the hybrid product space
2(R%) x L2(R%). Tt was proved by Blanchet and Laurencot [28] in higher spatial dimensions for Keller-
Segel-type systems comprising nonlinear diffusion with a critical diffusion exponent and by Blanchet et
al. [25] on the plane in the (most delicate) case of linear diffusion that an approximation via the minimiz-
ing movement scheme leads to the existence of nonnegative weak solutions. In comparison with the vast
literature on the existence of solutions to systems of Keller-Segel type, the interpretation as a gradient
system permits to consider broader parameter ranges as well as more general initial data than for the use
of non-variational methods, usually arriving at a weaker — but still biologically reasonable — notion of
solution. In a similar hybrid product space, the existence of solutions to a system modelling the Janossy
effect in liquid crystals has been shown by Kinderlehrer and Kowalczyk [111] with essentially the same
method. Obviously, it is not limited to hybrid product spaces: in the product Z(R%) x Z(R¥) of two
Wasserstein spaces, one can e.g. consider the Poisson-Nernst-Planck system [112] modelling ion trans-
port or a thin film approximation of the Muskat problem [118] which both allow for the construction
of weak solutions via the minimizing movement scheme, employing the formal gradient structure with
respect to a certain energy functional.

In the framework of abstract metric spaces, Ambrosio, Gigli and Savaré [4] are mostly concerned
with gradient flows of functionals which are A-convex along geodesics in the respective metric space
for some A € R. Convexity along geodesics is a suitable notion of convexity in non-Euclidean spaces,
taking the curvature of the underlying space into account. In the special framework of the space of
probability measures, McCann [133] studied internal (as e.g. Boltzmann's entropy), potential and interac-
tion energy functionals to obtain criteria for the A-convexity along (even generalized — see Chapter 1.2
below) geodesics in Z2(R?) with the approach of displacement interpolation. Using the A-convexity along
geodesics, Ambrosio, Gigli and Savaré [4] construct a discrete approximative gradient flow via the min-
imizing movement scheme which converges in the limit of vanishing step size to a continuous gradient
flow. They also obtain optimal error estimates for the approximative discrete flow in comparison with the
sought-for continuous gradient flow. The notion of A-convexity along geodesics leads us to the second
main benefit of the interpretation as a gradient system: A-convexity of the energy functional implies the
A-contractivity of the flow; thus, solutions are unique and converge at an exponential rate to the unique
equilibrium of the system coinciding with the unique minimizer of the underlying energy functional, if
the modulus of convexity A is strictly positive. In his preceding seminal article on the porous medium
equation, Otto [154] was able to quantify the self-similar convergence of solutions to the porous medium
equation against the so-called Barenblatt(-Pattle) profile. In a nutshell, the transformation of the equation
to self-similar variables leads to a system which has a gradient structure in the Wasserstein space % (RR%)
with respect to a A-convex functional with positive A. The derivation of the corresponding contractivity
estimate for the flow of the transformed equation made it possible to obtain an explicit exponential rate
of convergence to the Barenblatt profile which has not been known before. This seminal result initiated
many studies of the long-time behaviour of solutions to certain evolution equations. For instance, Otto’s
result has been generalized first to a more general class of nonlinear diffusion equations by Carrillo, di
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Francesco and Toscani [49] and later by Agueh [1] to porous medium equations with a p-Laplacian. For
more general second-order evolution equations that are gradient flows in the Wasserstein space % (RR%)
of a geodesically A-convex functional consisting of an internal, a potential and an interaction energy part,
the respective contraction estimates have been shown by Carrillo, McCann and Villani [55] on grounds
of Otto’s method. For purely nonlocal interaction equations with a non-smooth interaction potential, the
qualitative behaviour of the gradient flow semigroup has been studied by Carrillo et al. in [47]
Energy-dissipation methods involving the Wasserstein gradient structure were also applied to in-
vestigate the long-time behaviour of higher-order equations. In the aforementioned article by Gianazza,
Savaré and Toscani [88] on the quantum drift-diffusion equation, which can be seen as a Wasserstein
gradient flow of the so-called Fisher information functional, the authors demonstrate the exponential
convergence to equilibrium for certain confinement potentials. There, it is made use of a link of the
fourth-order quantum drift diffusion equation to the second-order Fokker-Planck equation: the Fisher
information functional coincides with the squared Wasserstein subdifferential (as later established in [4])
of the geodesically convex functional inducing the Fokker-Planck equation as Wasserstein gradient flow.
Later, by Matthes, McCann and Savaré [132], their result was generalized to a wider class of fourth-
order equations. Moreover, the so-called flow interchange technique (which has previously been applied
in concrete examples, see e.g. [88]) was firstly formalized in a more abstract setting. More recently,
Blanchet, Carlen and Carrillo [24] used the gradient structure of the parabolic-elliptic Keller-Segel sys-
tem with critical mass to study the basins of attraction of steady states. The long-time asymptotics in the
parabolic-parabolic case, however, have not been investigated by variational methods yet.

Aim of the thesis. The goal of this thesis is to analyse specific coupled systems with a formal gradient
structure, for example as an extension of the theory for certain classes of scalar equations to the case of
genuine systems. We shall use methods from the theory of gradient flows to prove the existence of solu-
tions to the problems at hand as well as to investigate their qualitative behaviour, e.g. in the long-time
limit. Moreover, the thesis aims at finding new properties of these multi-species systems not known for
the corresponding scalar equations and at detecting the possible limitations due to the inherent more
complex character of systems.

In the following, we give a brief and descriptive overview on the main results of this thesis.
A Keller-Segel-type models. In Part II, we consider several variants of the Keller-Segel model for chemo-
taxis of the following form:
oru(t, x) = KyAu™(t,x) + div (u(t, x)D [W(x) + x¢(v(t, x))]) (bacterial density),
9ro(t, x) = KyAv(t, x) — xo(t, x) — xu(t,x)¢' (v(t, x)) (signal strength),

where t > 0 and x € R? which formally possesses a gradient structure on the (hybrid) product
space Z(RY) x L2(IRY) with respect to the energy functional

m—1

Jri K 4 uw + % Do) + o2 +xu¢(v)) dx ifm>1,
[ (Kuulogu +uW + & |Do|* + 522 —|—Xu(p(v)) dx ifm=1.

E(u,v) = (L11)

In this variant of the Keller-Segel model, the central objects are the exponent m > 1 of nonlinear
diffusion and the (possibly nonlinear) chemotactic sensitivity function ¢.
We obtain the following main results:
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e For d > 3, linear sensitivity ¢ and supercritical diffusion exponent m > 2 — %, weak solu-
tions can be constructed by approximation via the minimizing movement scheme in the space
P2(RY) x L2(RY).

e For d = 3, m = 2 and decreasing and convex sensitivity ¢, a similar existence result is obtained.
Moreover, if the equations above are weakly coupled (x > 0 is small), we demonstrate the
exponential convergence to the unique stationary state of the system of the weak solution
constructed beforehand by the study of a suitable Lyapunov functional. Results of this kind
for parabolic-parabolic Keller-Segel-type systems are — even in the regime of small coupling
— new in the literature.

e In one spatial dimension d = 1, analogous results as above can be found even allowing for
linear diffusion m = 1.

Poisson-Nernst-Planck-type systems. The remainder of Part II is concerned with a variant of the
Poisson-Nernst-Planck system modelling the transport of charged particles (e.g. ions) in an electrically
neutral medium:
oru(t, x) = div(u(t, x)D[2u(t, x) + U(x) + eyp(t, x)]) (positively charged particles),
9:v(t, x) = div(v(t, x)D[20(t, x) + V(x) — ep(t, x)]) (negatively charged particles),
coupled by Poisson’s equation
—AYp=u—v (electric potential),

considered in three spatial dimensions. Above, the functions U,V € C?(IR®) are assumed to be
quadratically growing Ag-convex confinement potentials, with Ay > 0, and & > 0 is a parameter reflect-
ing the relative permittivity of the surrounding medium. This two-species model has (similarly to
the Keller-Segel model) a formal gradient flow structure, now, in contrast to before, in the non-hybrid
product space Z(R%) x #(R?). The free energy functional £ here is

£(u,0) Jra(? + 0 +ull + oV + §Dy|?)dx  if (u,0) € L2(R?) x L2(R3),
u,v) =
+o00 otherwise.
Our main results are twofold and can be obtained via similar strategies as for the Keller-Segel
system:
o We show that the system above possesses a unique steady state.

e On grounds of an existence result from [112], we find the exponential convergence to this
unique equilibrium in the case of small coupling 0 < ¢ < 1.

Systems of nonlocal interaction equations. Part III is devoted to an n-component system of nonlocal
interaction equations of the form

drpy = div[mapy V(Wip s iy + Wag s pia + .+ Wy i),

Orpp = div[moppsV (Woy % g + Wap % pip + ... + Way  1y)],

Otin = diV[mnVnV(Wnl ki + Wi g + ..o+ Wi [”Vl)]'

This system arises as an abstract force balance for particle densities (y1, ..., }in) subject to nonlocal
attractive or repulsive forces generated by the densities of all species via the (by assumption regular)
potentials W;;. It is — as a completely natural generalization of the scalar interaction equation —
governed by the interaction potential W : R — R"™" and possesses a formal gradient structure
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on a suitable subspace & of the space of finite n-vector-valued measures on R? endowed with an
n-product distance of Wasserstein type compounds, w.r.t. the energy

1 n o n .
00 3 L0 f o Wt =9) ) s ).
Having certain symmetry, convexity and growth properties of W at hand, our main results are
summarized as follows:

e We derive, by adapting McCann’s method [133], a sufficient condition for convexity along
generalized geodesics on & of the interaction energy functional £ — including McCann'’s
criterion for convexity [133] — and conclude the existence and uniqueness of solutions to the
system of nonlocal equations above using the abstract theory from [4]. This criterion is novel
in the literature; and it does not emerge from an obvious generalization of the scalar theory.

o In one spatial dimension, we derive a criterion under which the support of the solution stays
confined to a compact interval even if £ is not uniformly convex along geodesics.

e We investigate, also in the non-convex case, the long-time behaviour of solutions to find that
the w-limit set of the dynamical system associated to the partial differential equation above
contains only steady states.

e We study the linear and nonlinear stability of stationary states (generalizing a method used by
Fellner and Raoul [82]). By analysing the spectrum of the linearization, we exclude the linear
asymptotic stability for non-discrete steady states. On the other hand, we derive a sufficient
criterion for the local nonlinear asymptotic stability of discrete stationary states.

D Degenerate diffusion systems with nonlinear mobility. In Part IV, we present a new variational
structure for the following system of n € IN degenerate diffusion equations in one spatial dimension:

Iipu(t, x) = x [M(p(t,x))0xE" (u(t,x))] ,

where we assume that the sought-for n-vector-valued function y : (0,00) x R — S possesses values
in a prescribed convex and compact set S C R". A central position in the above system is occupied
by the mobility matrix function M : S — R"*" which is assumed to be (in a suitable sense for matrices)
positive and concave and to take into account degeneracy effects on the boundary of the value space
S. This system has already been studied in the scalar case n = 1: It is known to have a gradient
flow structure with respect to a modified Wasserstein distance (defined by Dolbeault et al. [74]
and Lisini and Marigonda [124]) as a generalization of the dynamical formulation for the quadratic
Wasserstein distance found by Benamou and Brenier [11]. In this thesis, we extend this theory to the
case of genuine systems n > 1:

e We give a rigorous construction of a (pseudo-)distance Wy on the space . (R; S) of n-vector-
valued measurable functions with values in S which formally reads

1
W (o, 11)* =inf{/0 /thTM(;u)’lwt dxdt:
ot = —Ooxw; in the sense of distributions on [0,1] X R, u|i=o = po, plt=1 = m},

for po, u1 € #(R;S). We study the topological properties of this distance and discuss criteria
that guarantee the finiteness of Wy.

e As an application of the Eulerian calculus by Daneri and Savaré [64] in the abstract form of
Liero and Mielke [123], we find a sufficient condition for A-convexity on geodesics in the space
A (R;S) of internal energy functionals (i) = [ f(p)dx, comprising the generalized McCann
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condition found by Carrillo et al. [53] in the scalar case n = 1. As a byproduct, the multi-
component diffusion equation d;i = dyxp is seen to correspond to a 0-contractive gradient
flow w.r.t. this new distance Wy assuming that the mobility is induced by a energy functional
H(u) = [g h(p) dx in the following sense:

M(z) = (V2h(z))"! for all z in the interior of S.

However, as already evident in the scalar case [53], A-convexity on geodesics is a very rare
property. Nevertheless, we present some nontrivial examples which arise as perturbations of
the heat entropy H above.

e Even in the non-convex case, we can — under certain assumptions on M and £ — construct
weak solutions to the system above again by using the variational minimizing movement
scheme. Specifically, we require the mobility matrix to be decoupled in such a way that the
distance Wy is a product distance of n factors each corresponding to a distance for scalar
densities (as studied in [74, 124]). Nonetheless, we are able to consider second- as well as
fourth-order systems with our strategy.

E Networks of slow and fast chemical reactions. In the last main part (Part V) of the thesis, we
move to a more general framework of gradient systems and specifically consider a system of I € IN
ordinary differential equations modelling a network of chemical reactions with mass-action kinetics:

R
Ce(t) = — ;kl (ce()” —ce()P) (a" = B7),

where o', B € ]N(I) are the stoichiometric vectors of the system of chemical reactions. The main
feature of this system is reflected by the dependency of the reaction rates ki on the (small) parameter
¢ > 0. The R reactions can be divided into two classes: the first Rg reactions are assumed to be slow
in the sense that kf is of order 1 as € ™\, 0 and the subsequent R; reactions are fast; k, € O (%)

Those systems of chemical reactions with a mass-action law are generalized gradient systems in the
sense of Mielke [134]: with the energy functional

I
E(c) ==Y (cilog(c;) —ci+1)  force[0,00),
i=1

there exists a dissipation potential ¥, such that, along the solution c; : [0,00) — R! to the system of
ordinary differential equations above, the following energy dissipation balance holds:

e ) + [ (¥elete) + ¥: (g -DEe(ce))) dt = £(e(0)).

Our main interest lies in the behaviour in the limit € \ 0:

e Using the gradient structure in combination with the analysis of suitable Lyapunov functions,
we obtain the convergence of solutions to the system above in the limit € ™\, 0 to solutions to a
limit system of lower dimension. Our result includes a related theorem by Bothe [30].

o The limit system is found in a more natural way than in [30] by analysing the I'-limit behaviour
of & and Y. as ¢ N\, 0. We recover the notion of evolutionary I'-convergence — developed
originally by Sandier and Serfaty [160] — in the sense of Mielke [138] of the family of gradient
systems associated to the evolution equation.

In advance of the detailed exposition of our work, we begin with a short summary on the theory of
gradient flows and gradient systems for the sake of motivation and preparation.
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CHAPTER 1.2

A synopsis on the theory of gradient systems

In this chapter, we give a (non-exhaustive) overview on the theory of gradient flows and generalized
gradient systems as a preparation for the novel studies in this thesis.

In finitely many dimensions, the dynamics of gradient flows are almost trivial. Indeed, for suffi-
ciently smooth F : RY — R, solutions to the ordinary differential equation

i(t) = —VE(u(t)) 12.1)

associated to the gradient flow of F on R? either converge to a critical point of F or diverge as t — co. In
particular, periodic solutions cannot exist — which is also true in the general case. The flow of equation
(I.2.1) can moreover be characterized by a variational principle, the so-called evolution variational estimate
(with parameter « € R)

f—|u(t)—v|2—|—g|u(t)—v|2 < F(v) — F(u(t)) forallv € R and t > 0, (1.2.2)

since the following is true: u : (0,00) — RRY satisfies (1.2.2) if and only if u is a solution to (I.2.1) and F
is k-convex, i.e. z — F(z) — 5|z|? is convex. Furthermore, the following energy dissipation balance holds
along the gradient flow:

F(u(T)) + % /OT lu(t)|* dt + % /OT |VF(u(t))]>dt = F(u(0)) forall T >0, (1.2.3)

having the chain rule L F(u(t)) = (VF(u(t)),1(t)) in mind.

In non-Euclidean settings — e.g. in a metric space with non-zero curvature — the relation (1.2.1)
can possibly not be given any sense. However, one can generalize (1.2.2)&(1.2.3) in a suitable way to the
metric setting (see Section 1.2.1 below).

I.2.1. Gradient flows in abstract metric spaces

We begin with a summary on relevant definitions and facts about gradient flows in complete met-
ric spaces (X,d) (consult the monograph by Ambrosio, Gigli and Savaré [4] for more details). Let a
functional A : X — (—o0,+0] =: Re be given. The proper domain Dom(A) is defined as the set
Dom(A) := {w € X: A(w) < oo} where A is finite on. We shall always assume that A is proper, i.e.
Dom(A) # @. A functional A is called (sequentially) lower semicontinuous if wy — w in (X, d) as k — oo
implies A(w) < h]{i glf.A(wk). Given T > 0 and w € X, we define the Yosida penalization for A as the

functional
Ac(@): X = Re,  Ac(w]@) = %dw,w + A(w).

This functional plays a pivotal role in the construction of gradient flows by approximation with minimizing
movements, see below. There, minimizers of A.(-|w) are involved, motivating the following definition:
A functional A is called coercive if there exist T, > 0 and w, € X such that A, (-|w,) is bounded from
below on X. Obviously, if A is bounded from below itself, it also is coercive.
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Chapter 1.2. A synopsis on the theory of gradient systems

In this purely metric framework, a notion of convexity is defined via the interpolation along curves
in X.
DErINITION 1.1 (Convexity along (geodesic) curves [133], [4, §2.4]).

(a) A functional A is called A-convex along a curve 7y : [0,1] — X for some A € R if for all s € [0,1], the
following holds:

A
Alrs) = (1 =5)A(70) +5A(11) — 5s(1 ~ s)d* (70, 1)-
(b) A curve vy : [0,1] — X is called constant-speed geodesic if for all s, t € [0,1]:

d(vs,7t) = d(vo,71)[s — .

(c) A functional A is called geodesically A-convex for some A € R if for each wy, w1 € Dom(.A), there exists a
constant-speed geodesic y with vy = wy and y1 = wy such that A is A-convex along .

For geodesically A-convex functionals, the following notion of gradient flow has been developed in [4]:

DEFINTTION 1.2 (k-flow). Let A : X — R be a lower semicontinuous functional on the metric space (X, d) and
let k € R. A continuous semigroup S* on (X, d) is called x-flow (or k-contractive (gradient) flow) of A for
some x € R, if the following holds:

(@) S (u) € Dom(A) forall s > 0 and all u € X.
(b) The map s — A (Sg“(u)) is nonincreasing in s > 0 for each fixed u € X.
(c) The evolution variational estimate (with parameter «)
1d7
2 ds
holds for arbitrary w,w € Dom(A), and for all s > 0, where % denotes the right-sided derivative with
respect to s.

a2 (S (w), @) + (S (w), @) + A(S{ (w)) < A(®), (12.4)

Notice that x-flows are x-contractive [64]: For all w,w € A and all s > 0, it holds that
d(s(w), SH@)) < e ™ d(w, D). (1.2.5)
Especially, x-flows are unique. The relation between geodesic A-convexity and the existence of a x-flow
for a lower semicontinuous functional .A can be characterized as follows:
TreoRreM 1.3 (Convexity and gradient flows [4, Thm. 4.0.4], [64]). Let A : X — R be lower semicontinuous

and coercive. The following statements hold for each x € R:

(a) If A is bounded from below and there exists a k-flow SA of A, then A is geodesically x-convex.
(b) Assume that the following condition (C) is satisfied:

For each w, wy, w1 € Dom(.A), there exists a curve y connecting wy and wy such that the functional

C
w — A (w|w) is (1 + K) -convex along 7y for every T € <0, Kl), with k_ := max (0, —«). ©

Then, if A is geodesically k-convex, then there exists a k-flow of A. Moreover, for each wy € Dom(A), the
curve w(s) = S{(wp) for s > 0 is a curve of maximal slope: w is locally L2-absolutely continuous with
respect to the distance d (write w € ACZ ([0,00); (X, d))), and the energy dissipation balance holds for all
T > 0:

A(wy) = A(w(T)) + % /OT @' [2(s) ds + % /OT DA (w(s)) ds, (1.2.6)
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Chapter 1.2. A synopsis on the theory of gradient systems

where

d(w(s), w(t)) 127)

is the metric derivative along w, and

|0.A|(v) := lim sup max (0, A(v) — A(©)) (1.2.8)

50 d(v,9)
is the local slope of A at v € Dom(.A).

The special case ¥ > 0 deserves to be explained in more detail. First, there exists exactly one
minimizer W, of A, for which the following holds at each w € Dom(.A) [4, Lemma 2.4.13]:

K 1

Edz(wr Wmin) < A(w) — A(Wmin) < %|a~’4|2(w) (1.2.9)
This estimate is of particular interest since it e.g. provides a notion of uniform coercivity of the functional
A. Moreover, using the x-contractivity of the flow S4, one immediately deduces the convergence to wmin

at exponential rate «:
(S (w), winin) < € d(w, Winin).

Hence, the dynamics of the gradient flow S# can be characterized completely in the case of strictly
positive modulus of convexity x. The case ¥ < 0 is more involved.

The additional convexity condition (C) does not only involve the behaviour of the functional A, but
is also a structural condition on the metric space (X, d). For example, if (X, d) is a Hilbert space (with
the distance induced by the inner product) and A is x-convex along geodesics (which are straight line
segments in flat spaces), condition (C) is fulfilled. Indeed, for all @, wy, w1 € X and all s € [0,1], one has

1 o1 .1 5
— < — — — — — - — —
A((1 = s)wg + sun|w) < 21‘(1 s)|lwo — w||* + 2Ts||wl w|| sz(l s)|lwo — wr|

+ (1 —s)A(wy) + sA(wq)

K
— 55(1=5)][wo — i

= (1 5) Ac(wo]@) + sA<(@1|) — 1 (i 4 K> s(1 = 8)[|wo — wy |2

even for all T > 0. In contrast, on the space of probability measures Z(RY) endowed with the L*-
Wasserstein distance (see Section 1.2.2 below), (C) is not satisfied. There, a stronger version of convexity
than that in Definition I.1 is needed to conclude the existence of gradient flows.

ExamrLE 14 (Dirichlet energy). Consider the Hilbert space X := L*(R%) and let x > 0. The functional
A : X — Re defined by

1 2 1 2 ; 1,2 d
Alw) = {2HDW|L2 pal e (12.10)

+o00 otherwise,

is bounded from below, lower semicontinuous and x-convex (along geodesics) in X. Its associated x-flow S* (given
by Theorem 1.3(b)) is a solution to the diffusion equation with decay:

35S (w) = ASE (w) — kS (w).
For x = 0, A is called Dirichlet energy.
The cornerstone of the proof for Theorem 1.3(b) it the so-called Moreau-Yosida approximation of A by
w — inf w X,
W — al}réX.AT(w\w) on
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which allows one to construct a discrete approximation of the sought-for gradient flow by the minimizing

movement scheme (dating back to de Giorgi [65]): Given a step size T > 0 and an initial datum wy € X,

define a sequence (w?),cN recursively by

0=, w" € argmin A (w|w?™ 1) (n € N). (1.2.11)
weX

w

The discrete solution wy : [0,00) — X can be constructed as the piecewise constant interpolation along
(W) nen, that is

we(0) :=wy, we(t):=wl forte ((n—1)t,nt] and n € N. (1.2.12)

The minimizing movement scheme is well-posed also for more general functionals which are not -
convex for any x € IR. Moreover, useful estimates on the behaviour of the associated discrete solution
might be derived using the following Theorem.

TreoRreM L5 (Flow interchange lemma [132, Thm. 3.2]). Let B be a proper, lower semicontinuous and geodesi-
cally A-convex functional on (X, d) and assume that there exists a A-flow SB. Let furthermore A be another proper,
lower semicontinuous functional on (X, d) such that Dom(.A) C Dom(B). Assume that, for arbitrary T > 0 and
w € X, the functional A+ (-|w) possesses a minimizer w on X.

Then, the following holds:

B(w) + P A(w) + 5 d(w, @) < B(@).

There, DB A(w) denotes the dissipation of the functional A along the A-flow SP of the functional B, i.e.

A(w) = ASE ()

DB A(w) := lim sup p

AN

Often, the behaviour of the discrete solution in the continuous-time limit of vanishing step size
T "\, 0 shall be investigated. The following theorem provides an extension of the classical Aubin-Lions
compactness lemma to this metric framework.

THEOREM 1.6 (Extension of the Aubin-Lions lemma [159, Thm. 2]). Let Y be a Banach space and let

A Y — [0,00] be lower semicontinuous and have relatively compact sublevels in Y. Let furthermore

W: Y xY — [0,00] be lower semicontinuous and such that W(u, 1) = 0 for u, i € Dom(.A) implies u = ii.
If for a sequence (U )ren of measurable functions Uy : (0,T) — Y, one has

T
sup | A(Ui(t))dt < oo and (1.2.13)
keN /0
T—h
lim sup W (U (t+h), Ux(t))dt =0, (L.2.14)

N0 keN /0
then there exists a subsequence that converges in measure w.r.t. t € (0,T) toa limit U: (0,T) — Y.
I.2.2. Gradient flows in spaces of measures

This section is mostly devoted to the theory of gradient flows in the space of probability measures on
R?. We begin with some measure theory (see [4, Ch. 5] for more details).

By 2(R%), we denote the space of probability measures on R?. The subspace %, (R%) (also denoted
by 2, for brevity) is meant to be the space of those measures u € 2(RR?) with finite second moment

ma(u) = [ I du(x).
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A sequence (py)yen in Z(R?) is said to converge narrowly (or weakly*) to some limit probability measure
u € Z(RY) if for all continuous and bounded maps ¢ : R? — R, one has
lim [ ¢(x) dyn(x) = /R () du(x). (1.2.15)

n—oo JRd

Actually, on the space R?, it suffices to verify property (1.2.15) for ¢ € C*(RR?), showing that narrow and
distributional convergence are equivalent in this case. An important condition for relative compactness
with respect to the narrow topology is given by Prokhorov’s theorem [4, Thm. 5.1.3]. We state an
equivalent condition here.

TaeOREM L7 (Prokhorov [4, Rem. 5.1.5]). Let (4y)uen be a sequence in &2 (IRY). If there exists a function
¥ : RY — [0, 00] with compact sublevels and

sup [ () djun(x) < oo,
neN /R
then there exists a subsequence (pn, )rew and a limit y € P(RY) such that py, converges to p narrowly as

k — oo.

Examrre 1.8 (Bounded second moments). Clearly, Theorem 1.7 admits the choice (x) = |x|2. Hence, if for
a sequence (Uy)yeN in Py the sequence of second moments (wip(py))neN is bounded, (pn)yen is relatively
compact in the narrow topology.

In many applications, one also likes to consider unbounded functions ¢ in (1.2.15). The following
theorem provides a criterion to do so:

TrHEOREM 1.9 (Unbounded integrands [4, Lemma 5.1.7]). Let a narrowly convergent sequence p, — y in
P (RY), a continuous function f : R — R and a lower semicontinuous function ¢ : RY — Re be given. The
following statements hold:

(a) If |f] is uniformly integrable with respect to the set {y, : n € IN}, that is

lim su / x)|duy,(x) =0,
R*“nengl {x:|f(x)|=R} f )] dpin(x)

then
lim %) djtn (x / F(x) dp(x (1.2.16)
n—oo

(b) If g— := max (0, —g) is uniformly integmble w.r.t. {py : n € N}, then
hmmf/ x)dpn(x) > /Rd g(x)dpu(x).

(c) The property (1.2.16) holds for every continuous f with (at most) quadratic growth, i.e. |f(x)| < Alx|>+ B
for suitable A, B € R, if and only if the map ¢(x) = |x|* is uniformly integrable w.rt. {y, : n € N}.

REMARK [.10 (Semicontinuity and uniform integrability of second moments). If u,, — u narrowly and the
sequence of second moments converges as wip () — my (i), then one concludes with the help of Vitali’s theorem
that ¥(x) = |x|? is uniformly integrable w.r.t. {u, : n € N}. Hence, Theorem 1.9(c) is applicable. By Theorem
1.9(a), we have that w; is lower semicontinuous with respect to narrow convergence.

In this thesis, we sometimes consider absolutely continuous measures (with respect to the Lebesgue
measure on RY) only. For the sake of presentation, we will — by a slight abuse of notation — often
identify an absolutely continuous measure with its corresponding Lebesgue density.

23



Chapter 1.2. A synopsis on the theory of gradient systems

1.2.2.1. The Wasserstein distance

The space &2, of probability measures on R? with finite second moment m; has a metric structure with
is related to optimal transportation (see [179] for more details on this topic): it can be endowed with the
so-called L2-Wasserstein distance W, defined as

1/2
Wo(po, u1) == [inf{/]Rdx]Rd |x —y|2d'y(x,y) : v € T'(po, yl)H , (L2.17)

where T'(p, 1) is the set of all transport plans or couplings, e.g. v € I'(uo, u1) is a probability measure
on the product space RY x R¥ with g and y; as first and second marginal, respectively. Note that the
infimum above is always attained [179, Ch. 2]. We summarize some elementary properties of relevance:

ProrosITION 1.11 (Properties of Wy). The following statements hold:

(a) The metric space (%2, W) is complete.

(b) Wy is lower semicontinuous with respect to narrow convergence in both arguments.

(c) A sequence (jin)neN in P converges to u € Py w.r.t. Wy if and only if u, — p narrowly and the sequence
of second moments converges, my(ptn) — ma ().

(d) One has Wo(p, 80)% = my (i), where &y is the Dirac measure concentrated at the origin 0 € R%.

Often, one deals with absolutely continuous measures. If yg € % is absolutely continuous, the
quadratic Wasserstein distance to an arbitrary measure y; € &, is given by

. 1/2
Wa (o, 1) = [inf { /]Rd |t(x) — x[2po(x) dx : ¢ R? — R is measurable and tapo = yl}} .

Above, tyug is the push-forward or image measure of pgy via the Borel measurable map t. As before, the
infimum is (uniquely) attained by an optimal transport map which can be expressed as the (weak) gradient
of a convex function [179, Thm. 2.12].

In analogy, one can also define LP-Wasserstein (pseudo-)distances W, on & (R%) for values of
p € [1,00] other than p = 2:

1/p
W, (po, 1) = |inf / lx —ylPdy(x,y) : v €T(po p1) for p € [1,00),
R4 x R4

We (o, 1) = inf { % = yll o (raxrosaq) 7 € Tlitos ) §

with the convention that the distance can attain the value +co when considering arbitrary elements of
2(R%) disregarding finiteness of moments.
Observe that the Wasserstein distances W, can also be considered on the space of finite Borel mea-
sures with fixed mass m € (0,00) yielding the same metric, up to the p-dependent scaling factor m!/?.
In one spatial dimension d = 1, the Wasserstein distances can be expressed via the so-called inverse
distribution functions [179, Ch. 7]: Denoting by F, : R — [0,1] the cumulative distribution function, i.e.
Fu(x) = p((—o0,x]) for x € R, the inverse distribution function uy, : [0,1] — R is defined as

uy(z) =inf{x € R: F,(x) >z} ateachze€ [0,1].

Observe that cumulative distribution functions and inverse distribution functions are increasing and
cadlag. The LP-Wasserstein distance between two measures i, i1 € Z(R) is equal to the LP-distance of
their corresponding inverse distribution functions:

Wy (o, 1) = [[uyy — ”m”LP([o,l])-
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We conclude our introduction to the Wasserstein distance with the following dynamical characteriza-
tion of the L2-Wasserstein distance on 7, found by Benamou and Brenier [11]:

1
W (po, #1)2 =inf {/0 /le |Ut‘2d}1t dt: (1.2.18)
oty = —div(psve) in the sense of distributions on [0, 1] X RY, Hli=0 = po, t]i=1 = ],tl} .

There, jp and y; are linked by the dynamical transport induced by the curve (¢, v;) which is a solution
to the continuity equation dspy = —div(pvt). The formulation (1.2.18) gave rise to several generalizations
of the Wasserstein distances, e.g. introducing nonlinear mobility functions (see Section 1.2.2.3 below).

1.2.2.2. Geodesic convexity and gradient flows

This paragraph is concerned with geodesic A-convexity of functionals defined on (%, W;) and their
associated A-contractive gradient flows. As mentioned above, A-convexity along geodesics in &, does
not yield the existence of a A-flow immediately via Theorem 1.3 since the additional convexity condition
(C) is not satisfied in (9%, W») in multiple spatial dimensions d > 2 [4, Ch. 9]. However, this problem
can be circumvented using a stronger version of geodesic convexity.

We first introduce the following notation on projections: Given a set of coordinates y',...,yX € R,
K € N and an ordered subset K C {1,...,K}, the projection 7* is defined as

P RK R, (g, e (e

DerINITION 1.12 (Convexity along generalized geodesics). Given A € R, we say that A : &) — Reo is A-
convex along generalized geodesics in (22,, W), if for any triple u', u?, u® € 9,, there exists a Borel measure
pon RY x R x RY such that:

e Forallk € {1,2,3}: uf = hup.
e For k € {2,3}, the measure 7t(VK) yyu is optimal in T (", u¥), i.e. it realizes the minimum in

-f/ U k2 (! xK)|y eT l’k}'
inf{ [ = P ar( )y € T )

e Defining for s € [0,1] the generalized geodesic s connecting u? and y> (with base point u') by

Hs i= [(1 — )% + snﬂ# i,

one has for all s € [0,1]:
Al < (1= 9)AGR) +5AG8) = Fs(=s) [ 2= @R a2 )

The notion of A-convexity along generalized geodesics is obviously stronger than A-convexity along
geodesics as introduced in Definition 1.1 above: just choose u! = u® — the generalized geodesic s
connecting % and #3 then coincides with the actual geodesic curve connecting ? and u3. The main
benefit we get from this stronger notion is

ProrosrITION 1.13 (Existence of gradient flows [4, Lemma 9.2.7]). Let A : &% — R be lower semicontinu-
ous, coercive and k-convex along generalized geodesics for some x € R. Then, condition (C) from Theorem 1.3(b)
is satisfied and the conclusion from Theorem 1.3(b) holds.

The main classes of A-convex functionals along generalized geodesics on (2%, W) are given by
McCann'’s criteria [133] which we summarize in the following (see also [4, Ch. 9] or [179, Ch. 5] for more
details):

TaEOREM 1.14 (Criteria for geodesic convexity on (2, Wy)). The following statements are tre:
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(a) (Internal energy functionals) Let i € C%([0,0)) with h(0) = 0 be given such that lim\iéﬁz’“h(z) > —o0
z

for some a > #2 and the map r — r*h(r=%) is convex and nonincreasing on (0,00). Then, the functional A
on &Py defined by

Al {fle h(w(x))dx if p =w- L7 is absolutely continuous,
1) =

+o00 otherwise,

is 0-convex along generalized geodesics in (S5, W»).
(b) (Potential energy functionals) Let a function V € CO(IRY) be given and assume that V is A-convex for some
A € R. Then, the functional A on &7, defined by

A(p) = {fw A .Ll(IRd; )
+o00 otherwise,

is A-convex along generalized geodesics in (2, W).
(c) (Interaction energy functionals) Let a function W € C°(R?) be given and assume that W is A-convex for
some A € R. Then, the functional A on &, defined by

%fRdW*ydy if Wxu € LY(RY, dy),
400 otherwise,

A(p) = {

is min (0, A )-convex along generalized geodesics in (%2, Wy).
For fixed, but arbitrary E € R?, the functional AF on 9, defined as

+oo  otherwise,

AE(V) — {.A(“M) lf f]Rd Xdy(x) =E,

i.e. as the restriction of A to the subspace of those measures in &%, having mean E, is A-convex along generalized
geodesics in (P, Wa).

In our forthcoming analysis of evolution equations, we consider the following specific choices for
internal energy functionals meeting the assumptions from Theorem I.14(a):

ExaMpLE 1.15 (Boltzmann and Rényi entropy).

(a) Choosing h(z) = zlogz in Theorem 1.14(a) above leads to Boltzmann’s entropy

A(u) = /]Rdulogudx,

which induces the heat or diffusion equation o;u = Au as its gradient flow [105].

(b) Given m > 1, choosing h(z) = —L=2" in Theorem 1.14(a) above leads to the Rényi entropy

m—1
A(u)*i/ u™ dx
C om—1 Jra ’

which induces the porous medium equation o;u = Au™ as its gradient flow [154].
Observe that since h is of superlinear growth as z — oo in both cases, A is lower semicontinuous on (%, W»)

[3].

Formally, the corresponding evolution equation for a functional A on (%%, W;) can be written as

215t () = div (S)D (G2 (57w ) ),

ow
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where % stands for the usual first variation of the functional A on L?(R?). It is this formal gradient
structure which serves as an indicator for the well-posedness of evolution systems, even if A is not
convex along generalized geodesics.

1.2.2.3. Transportation distances induced by nonlinear mobilities

In this section, we sketch a possible generalization of the Benamou-Brenier formula (1.2.18) for the L2-
Wasserstein distance. Specifically, as Dolbeault, Nazaret and Savaré [74] and Lisini and Marigonda [124]
have demonstrated, one may replace the linear mobility function m(z) = z occurring in (1.2.18) by a
nonlinear function m : S — R on a closed interval S C R to define the (pseudo-)distance

Wi ( )z—inf{/l/ s dxdt :
mlHo, Y1)” = 0 IRdm(yt) :

ity = —div(w;) in the sense of distributions on [0,1] x R?, p|;—o = po, t|s=1 = Hl}

on the space .7 (IR%; S) of locally integrable functions u with values in S. The main assumptions on the
nonlinear mobility m € C?(int(S)) are

e Positivity: m(z) > 0 for all z € int(S);

e Concavity: m"(z) < 0 for all z € int(S);

e Degeneracy: m(z) = 0 on 9S.

Formally, Wy, induces a variational structure for evolution equations of the form

ot = div (m(y)D (ii(y))) ; (L.2.19)

as their solutions ji(t, -) may be viewed as curves of steepest descent in the energy landscape of A with
respect to a formal Riemannian structure on .# (]Rd ;S). In the article by Lisini, Matthes and Savaré [125],
this formal variational structure is the starting point for an existence proof of solutions to a class of
fourth-order equations of this type generalizing the Cahn-Hilliard and thin film equations to the case of
nonlinear mobility.

The distance Wy, has similar topological properties as the L2-Wasserstein distance, e.g.,

e it is lower semicontinuous with respect to weakx-convergence of the absolutely continuous signed
Radon measures i, - £ associated to the sequence of densities (j,),en in .# (R%; S);

e it is convex in both arguments w.r.t. the usual linear interpolation;

o Wp-bounded sets are weakx-relatively compact.

In contrast to this rather straightforward generalization, the issue of geodesic convexity w.r.t. those
generalized Wasserstein distances is more delicate for nonlinear mobilities m. A generalized McCann
condition for internal energy functionals of the form A(y) = [rs f(p)dx has been found by Carrillo,
Lisini, Savaré and Slepcev [53]:

THEOREM 1.16 (Generalized McCann condition [53]). Let f : S — IR be smooth and define a functional
A+t (R S) — Reo via A(j) = [ga f(1) dx. Assume that A is proper, bounded from below, lower semicon-
tinuous with respect to the distance W, and that the following d-dimensional generalized McCann condition
for the mobility m holds:

"(z)m(z)? > (1 - ;) H(z) >0 forallz € int(S), where H' (z) = f"(z)m(z)m’(z). (1.2.20)

Then, A is 0-convex along geodesics in (.4 (R;S), W) and generates a 0-flow S4.
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ExampLE 1.17 (Heat equation). Choosing f such that f”( z) = m(z )’1 for all z € int(S) yields (1.2.20)
since H(r) = m(r) > 0. Hence, the functional Aneat(it) = [ga f(1)dx is 0-convex along geodesics in
(A (RY;S), W) and its associated O-flow is a solution to the heat equatzon.

In contrast to that, potential (and similarly also interaction) energy functionals of the form [, #V dx
are — even for V € C®(IRY) — never A-convex along geodesics, unless m is linear [53]. However, in
combination with the energy inducing the heat flow Ape,; from Example 1.17, one can prove that, given
v > 0, the functional A, defined as

A(p) = vArea) + [V dx

generates a A-flow in (.Z(R%;S), W) with A = —& for a constant C > 0 depending on the confinement
potential V and on the spatial dimension d [125].

I.2.3. Generalized gradient systems

Gradient structures as introduced above can also be seen in the purely Riemannian framework (see, e.g.,
[134]). Consider the abstract evolution equation

i = —F(u), (1.2.21)

where u is an element of the so-called state space X with dual X*. Equation (1.2.21) is said to have gradient
structure if there exists a driving entropy functional £ : X — Re and, for each fixed u € X, a symmetric,
positive semidefinite operator G(u) : T, X — T;X mapping the tangent space of X at u to its cotangent
space, such that

u=-Fu) & —-Guu=DEwu) < u=-Vg€(u). (I.2.22)

The (formal) “gradient” operator Vg is calculated by means of the so-called Omnsager operator
K(u) = G(u)~! (in reference to Onsager’s principle [152]) yielding the rate equation

1= —K(u)DE(u).

The triple (X, £, G) (or, equivalently, (X, £,K)) is called (classical) gradient system. Note that if a suitable
version of the chain rule

d .
aé’(u) = (DE(u), 1)

is available, the rate equation (1.2.22) is equivalent to the energy dissipation balance

2/ Y, i) di + = / (DE (1), K(u)DE (u)) dt = &(u(0)), (1.2.23)

at each T > 0. Actually, this formulation is formally equivalent to the metric energy dissipation balance
(1.2.6) from Section 1.2.1.

ExamrLE .18 (Gradient flows in (2;(IRY), W,) and L?(IR%)). Consider the case X = L*(R?). A seemingly
trivial example for an Onsager operator is given by

K(u) =id forallu € X.
The associated evolution equation is that of a gradient flow with respect to the metric induced by the L>(R?) norm:
u=-D,E(u).
Defining on X = 2,(R?) the mapping
K(u)¢ = —div(uDxg) for ¢ e T;X
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leads to a formal gradient flow equation w.r.t. the L2-Wasserstein distance (see Section 1.2.2.2),
i = div(uDyD,E (u)).

In view of Examples 1.4&1.15, a specific evolution equation (there, the heat equation) can possess several truely
different gradient structures.

The operator G can be viewed as a metric tensor inducing the (pseudo-)distance dg : X x X — [0, 0],
defined by the following analog of the Benamou-Brenier formula (1.2.18) for the quadratic Wasserstein
distance [123]:

dg (o) = [in{ [ (G(7077) as:

1/2
7 € CH01X), |15 =15 € [0,1], 70 = o, 11 = 1}] .

A sulfficient criterion for A-convexity along geodesics in the space (X, dg) has been established by Liero
and Mielke in [123] (see also [135]):

THEOREM 1.19 (Abstract convexity condition). Assume that the rate equation (1.2.22) corresponding to the
gradient system (X, E, G) possesses a local-in-time continuous semiflow S and assume that & is proper, lower
semicontinuous w.r.t. dg and bounded from below. If for given A € R, all u € X and all § € T;;X, one has

(& DF(K(1)8) — 5 (& DK (1) [F(o)E) > A (& K(0)E)

then S satisfies the evolution variational estimate (1.2.4) for £ and hence defines a A-flow on (X, dg). Further, £ is
A-convex along geodesics in (X, dg).

The proof of this theorem in [123] is based on the Eulerian calculus developed by Otto and West-
dickenberg [155] and Daneri and Savaré [64]. Natural applications of Theorem 1.19 involve metrics of
transportation type such as the L2-Wasserstein distance W, or their generalizations with nonlinear mo-
bility Wy, from Section 1.2.2.3.

As a further generalization, one may consider an energy dissipation identity of the form (1.2.23)
where the dissipation density does not necessarily consist of quadratic terms anymore:

£(u(T)) + /OT (F(u;0) + ¥ (1; ~DE(u))} dt = E(u(0)). (EDB)

Above, ¥ : TX — [0,00] and ¥* : T*X — [0, 00| are called primal and dual dissipation potentials, and are
defined as Legendre duals, i.e.,
Y(z;v) ;== sup {({,v) —¥"(z;¢)} forveT.X,
¢eT:X
assuming that ¥* is convex and lower semicontinuous and that ¥(z;0) = 0 holds. For more details on
convex analysis, we refer to the monograph by Ekeland and Témam [77].

There are various models which can be interpreted as (generalized) gradient systems, see, for in-
stance, [134, 135, 136, 91, 140, 139], or — as an overview — the article [138]. Note that one may also
consider non-autonomous problems by allowing for an explicit dependency of £ on the time t. For sim-
plicity, we consider the autonomous case here. According to [138, Thm. 3.2] (again assuming that the
chain rule holds), (EDB) is equivalent to the upper energy dissipation estimate

T
E(u(T))+/O {¥(w; ) + ¥ (w;~DE(w)) } dt < E(u(0)). (UEDE)
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By means of the so-called Young-Fenchel estimate
¥(z;0) +¥"(z;8) > (C,v), (L.2.24)

which holds for all z € X, ¢ € T;X and v € T,X by definition of the Legendre transform, one arrives at
the following equivalent formulations for (EDB):

W(u(t);u(t)) + ¥ (u(t); —DE(u(t))) = — (DE(u(t)), u(t)) (power balance);
0 € a0 ¥ (u(t);u(t)) + DE(u(t)) (force balance);
u(t) € 0¥ (u(t); —DE(u(t))) (rate equation).

There, d denotes the convex subdifferential: recall that the convex subdifferential of a proper, convex, lower
semicontinuous function f : Y — R at y € Y is given by

of ) ={n €Y If) = flv) = (ny —y) W €Y}
We call the triple (X, €, YY) (or, equivalently, (X, E,Y*)) generalized gradient system.

In this thesis, we are primarily interested in convergence of families of generalized gradient systems
(X, &, ¥e)e>0 in the (possibly singular) limit e \, 0. For this purpose, a notion of evolutionary conver-
gence for generalized gradient systems was defined by Mielke in [138], originally developed by Sandier
and Serfaty in the seminal paper [160] where their notion of variational convergence was applied to the
Ginzburg-Landau functional.

We first recall a notion of variational convergence for static functionals (for a detailed exposition,
consult the monographs by Attouch [8] or Braides [33]):

DEerINITION 1.20 (Gamma- and Mosco-convergence). Let (®¢),~q be a family of functionals ¢ : Y — R,
where Y is a Banach space, and let @ : Y — Re.
(@) (D¢)eso is said to T-converge to ® with respect to the strong [respectively, weak] convergence in Y (write
D, Lo [®; - D) as e N\ 0, if the following conditions are satisfied:
(i) (Liminf estimate) If u; — u [u; — ul, then lirsn\iglfd%(ug) > O(u).
(i) (Recovery sequences) For all u € Y, there exists a sequence (ilg)e~o with il — u [l — u] and

lim sup P (1) < P(u).
e\.0

(b) (Pg)eo is said to converge in the sense of Mosco to @ as ¢ \, 0 (write O M D), if both P, L & and
o, - @,
Clearly, if Y is finite-dimensional, Gamma- and Mosco-convergence are equivalent. We will make
use of the following notion of evolutionary I'-convergence:
DEeFINTTION 1.21 (Evolutionary I'-convergence [138]). Let a family of gradient systems (X, E, ¥¢)e0 be given.
We say that (X, &, ¥e)eso (strongly) E-converges to a limit gradient system (X,E,¥) as € \, 0 and write
(X, &, ¥e) £ (X, &,Y), if, given a sequence of solutions u. : [0,T] — X to (X, &, ¥e) with ue(0) — u° as
e \, 0, there exists a limit solution u : [0,T] — X to (X,&,Y) with u(0) = u® and a subsequence e, \, 0
(k — o) such that forall t € (0, T]:

ue, (t) — u(t) and &, (ue (t)) — E(u(t)) ask — oo.

Notice that in order to obtain evolutionary I'-convergence, it does in general not suffice that & — &£

and ¥, M Y. For (X, &, ¥e) L} (X,E,¥), certain additional compatibility conditions between the energy
and dissipation functionals have to be fulfilled (depending on the specific problem at hand) [138].
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CHAPTER 1I.1

Introduction to Part II

This part of the thesis is based on the author’s articles [185, 187, 188] and the joint work [189] with Daniel
Matthes.

I1.1.1. Keller-Segel models

It is mostly devoted to the mathematical analysis of the following variant of the Keller-Segel model for
chemotaxis: for x € R? and ¢ € [0, 00), we consider

dru(t,x) = KyAu™(t,x) + div (u(t, x)D [W(x) + x¢(v(t, x))]),

atU(f,x) = KyAv(t, x) —xo(t,x) — Oéu(f,X)(P/(U(t, x)) (II.1.1)

Above, K, K, and « are nonnegative parameters, m > 1 is the diffusion exponent. The map W : RY - R
is a confining potential with additional properties to be specified below. We always assume that the
nonlinearity ¢ € C2(R) is convex and strictly decreasing. Formally, if x € R and a € R have the same
sign, system (IL.1.1) possesses a gradient flow structure with respect to the compound Wasserstein-2
distance

d((u,0), (i1, 7)) == \/Wz(u, 2+ %Hv ~ 32, (IL1.2)

on the metric space X = %,(IRY) x L?>(R?). The associated energy functional £ : X — Re, reads

(I.1.3)

E(u,0) = Jra Ifé‘qu +uW + Kﬂ( IDo|* + &2 +Xu¢(v)> dx ifm>1,
I Sy (Kuttlogu+uW + X [Dof* + §0? + xug(v)) dx ifm =1,

with the convention that £(u,v) := +oo if one of the integrals on the r.h.s. in (IL.1.3) is not well-defined,
e.g. if u is not absolutely continuous. Without loss of generality, we set K, = 1 and x = a # 0 in the
following.

II.1.1.1. Modelling background

Systems of the form (II.1.1) arise as spatial models for population dynamics, in particular for microbial
growth and movement. The first model of this kind — with the linear sensitivity function ¢(w) = —w
— has been set up by Keller and Segel [110] as description of slime mould aggregation. There, the indi-
viduals of a population respond to gradients of chemical substances (chemotaxis). Chemotactic processes
occur in many (and highly different) biological systems; for the biological details, we refer to the book
by Eisenbach [76]. For example, many bacteria like Escherichia coli possess flagella driven by small mo-
tors which respond to gradients of signalling molecules in the environment. Chemotaxis also plays an
important role in embryonal development, e.g. in the development of blood vessels (angiogenesis), which
is also a crucial step in tumour growth. Starting from the classical Keller-Segel model, many different
model extensions are conceivable. A broad range of those is summarized in the review articles by Hillen
and Painter [96] and Horstmann [100]. Details on the modelling aspects can be found e.g. in the books
by Murray [148] and Perthame [156].
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In the model (II.1.1) under consideration here, u is the time-dependent spatial density of the cells,
and v is the time-dependent concentration of the signalling substance which either attracts or repels the
cells: depending on the sign of x, the microorganisms move towards regions with higher concentration
of the signalling substance and produce it (x > 0) or to regions with lower concentration and degrade
it (x < 0). Two special aspects are included in this particular model: nonlinear diffusion, i.e., the
use of a non-constant, u-dependent mobility coefficent for the diffusive motion of the bacteria, and
signal-dependent chemotactic sensitivity, i.e. the use of the — in general nonlinear — response ¢(v).
Biological populations might often be described more accurately by diffusion of porous medium type
than by Fick’s laws since a population-dependent, increasing diffusion coefficient prevents overcrowding
effects (see e.g. [96]). Our second extension of the classical model is motivated by the fact that the
conversion of an external signal into a reaction of the considered microorganism (signal transduction)
often occurs by binding and dissociation of molecules to certain receptors. The movement of the cell is
then caused rather by gradients in the number of receptors occupied by signalling molecules than by
concentration gradients of signalling molecules themselves. For growing concentrations, the number of
bound receptors may exhibit a saturation, such that the gradient vanishes. In [96, 163, 117], this was
included into the model by the chemotactic sensitivity function

1
"(w) = -+ f > 0.
¢ (w) e orw >0
In our model, three paradigmatic examples arise for w > 0:
p(w) = —w (classical Keller-Segel model),

p(w) = —log(1+ w) (weak saturation effect),

1
Pp(w) = Trw

For the dynamics of the signalling substance, we assume linear diffusion according to Fick’s laws and

(strong saturation effect).

degradation with a constant, exponential rate k. The term —x¢’(v) models the production or degradation
of signalling substance by the microorganisms; here it is taken into account that the cells might be the
less active in producing additional substance the higher its local concentration already is (in agreement
with the models presented in [100, Sect. 6]). Finally, an external background potential W is included in
order to generate a spatial confinement of the bacterial population.

I1.1.1.2. Main results

More specifically, we are concerned with three versions of the model (II.1.1) in Chapters 1.2 and IL.3.
In Chapter I1.2, we first study a system in at least three spatial dimensions with supercritical diffusion
exponent m and linear sensitivity ¢ (see also [185]):

AssumrTION II.1 (Model with linear sensitivity). We required > 3, m > 2 — % and ¢(w) = —w. Moreover,
W € C2(R?) shall be bounded from below and grow at most quadratically, that is W(x) < Al|x|*> + B for all
x € RY and suitable A, B > 0; and we assume that AW € L°°(1Rd). Finally, we set K,, = 1 and x = 0O for the sake
of readability.

In Section I1.2.1, we prove the existence of weak solutions to (IL.1.1) in the setting of Assumption IL.1.
Our main result is the following

THEOREM II.2 (Existence of weak solutions to (I1.1.1)). Consider (11.1.1) together with the initial condition

(u(0,),v(0,-)) = (up,v0)  onR%, (I1.1.4)
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and assume that Assumption IL1 holds. Let (ug,vg) € (P, N L™)(R?) x WY2(R?). Define for each T > 0 a
function (u,vr) via the scheme (1.2.11) and (1.2.12). Then, there is a sequence (Ty)xeN With T \, 0 such that
(11, vy, ) converges to a weak solution (u,v) : [0,00) x R? — [0,00] x R to (IL.1.1) in the following sense: For
each T > 0:

ur, (t,-) — u(t,-) narrowly in 2(R?), pointwise with respect to t € [0, T],
vr (t,-) — o(t,-) in L2(R), uniformly with respect to t € [0, T).
Furthermore,
du = Au™ + div(uD[W — xv]) in the sense of distributions on (0,00) x R,
010 = Av+ xu almost everywhere in (0, 00) X RY,

and (I1.1.4) is attained for almost all x € R?.
Moreover, for all T > 0, one has

u € CY2([0, T); 22(RY)) N L™ ([0, T]; L™ (R?)) N L*([0, T); L*(R?)),
v e CY2([0, T]; L2(RY)) N L ([0, T); W2 (IRY)) N L2(]0, T]; W¥*(R%)) n W2([0, T]; L2(R?)),
u"'? e L2([0, T]; WY (RY)).

In the special case x > 0, additionally v(t,-) > 0 holds a.e. on R? for all t > 0, given a nonnegative initial datum,
viz. vy > 0 a.e. on RY.

The remaining part of Chapter I1.2 is then devoted to the analysis of a more specific system with
nonlinear sensitivity ¢ (see also [189]). There, the central point is the analysis of the long-time behaviour
of solutions. The existence proof for solutions will be omitted in this case since the method of Section
11.2.1 applies mutatis mutandis and an analogous statement to Theorem II.2 holds (see [189]). More in
detail, we require:

AssuMPTION I1.3 (Model with nonlinear sensitivity). We assume that d =3, m =2, x > 0and x > 0. The
nonlinearity ¢ € C2(IR) is convex and decreasing, with

0< —¢(w)<¢' <oco and 0<¢"(w)<¢’ <o  forallw€R,

and some constants ¢’ > 0 and ¢” > 0. Furthermore, the confinement potentiall W € C?(R3) shall be Ao-
uniformly convex (that is, D*W(x) > Aol in the sense of symmetric matrices, at each x € R3) for some Ag > 0
and its partial derivatives of second order shall be uniformly bounded. For convenience, we set K;, = %

Assuming a small coupling strength x > 0 (which will be denoted by & in the following to emphasize
the smallness), we obtain the following result on exponential convergence to equilibrium:

THEOREM 1.4 (Exponential convergence of solutions to (I1.1.1)). Comnsider (I1.1.1) together with an initial
datum (ug,vg) and assume that Assumption I1.3 holds.

There are constants € > 0 and L > 0 such that for all 6,6 > 0, there exists C55 > 0 such that the
following is true for every x = e € (0,%) and initial conditions (ug,vg) € (P2(R?) N L2(R?)) x WV2(IR®) with
v € L¥5(IR3):

A weak solution (u,v) to (IL.1.1) obtained as a limit of the scheme (1.2.11) (see Theorem 11.22 below) converges
to the nonnegative unique stationary solution (Ue,ve) € (P2(R3) N WI2(R3)) x (C2(R?) N L®(R3)) of
(I1.1.1) exponentially fast with rate A, := min(Ag,x) — Le > 0 in the following sense:

Wa(u(t, ), thoo) + [|u(t, -) = tieoll 2 + [[0(E, ) = Vool w12

/ (IL1.5)
< Cyer (14 [lvoll 6/5) 1 (€ (10, v0) — & (oo, Vo) + 1)170 g At forall t > 0.

35



Chapter II.1. Introduction to Part II

In Chapter I1.3, we perform a similar analysis for a version of (IL.1.1) in space dimension d = 1 (see
also [187]):

AssuMPTION IL5 (One-dimensional model: requirements for existence). Let d =1, m = 1, K, = 1 and
¢(w) = —w and assume that the confinement potential W € C%(R) is bounded from below and has a globally
bounded second derivative.

These assumptions guarantee the existence of weak solutions, again by the method presented in
Chapter I1.2:

THEOREM II.6 (Existence of weak solutions to (II.1.1) in one dimension). Consider (11.1.1) under Assumption
11.5, together with an initial condition (1o, v9) € Z5(R) x WY2(R) with [ uglogugdx < oo. Define, for each
T > 0, a discrete solution by means of (1.2.11)&(1.2.12). Then, there exists a vanishing sequence T, \, 0 (k — o0)
such that (u, vy, ) converges to a weak solution (u,v) to (IL1.1) in the sense that the differential equation for u
holds in the sense of distributions, whereas the equation for v holds almost everywhere in [0, c0) x R. Specifically,
one has for all T > 0:

ug — u narrowly in Z(R), pointwise with respect to t € [0, T],
07, — v in L*(R), uniformly with respect to t € [0,T],
u € C2([0, T]; (22(R), W2)) N L'([0, T]; L(IR)) N L*([0, T]; L*(R)),
Vi € L*([0, T; W(R)), ulogu € L*([0, T]; L'(R)),
v e C([0,T] x R) nW'2([0, T); L*(R)) N L™([0, T|; W'(R)) N L([0, T]; W>*(RR)).
Again, for the analysis of the long-time behaviour, we need the stronger

AssuMPTION IL.7 (One-dimensional model: requirements for convergence). In addition to Assumption IL.5,
assume x > 0, x > 0 and uniform convexity of W, i.e. Wxx(x) > Ag for all x € R, with some Ay > 0.

In analogy to Theorem I1.4, our result reads:

THeEOREM I1.8 (Long-time behaviour of (II.1.1) in one dimension). Consider (11.1.1) under Assumption II.7,
together with an initial condition (19, v9) € P5(R) x WV2(R) with [ uglogugdx < co. There exist € > 0,
C > 0and L > 0 such that for all x = € € (0,€), the following statements hold:

(a) The system (I1.1.1) possesses a unique stationary state (oo, vo0) € (P2 N L®)(R) x W?2(R) satisfying
Uoo = Ugexp(—W + €voo), with Ue > 0 such that ||ucl|;1 =1,
O0xxUVoo = KUoo — Ellco.

(b) One has A, := min(x, Ag) — eL > 0 and for all t > 0, the weak solution (u,v) to (IL.1.1) from Theorem I1.6
admits the estimate

[[1(t, ) — tool 1 + Wa(u(t, ), tieo) +sup [v(t, 1) — Veo| + [[0(t,+) — Vool 1.2
*eR (I1.1.6)
< C(& (o, v0) — & (thoo, Vo)) 1/ 20!,

ie. (u(t,-),v(t, -)) converges exponentially fast with rate A to the equilibrium (Ueo, Voo) as t — oo.

I1.1.1.3. Related studies

Systems of Keller-Segel type have been a very popular object of investigation during the last decades.
The rapidly growing mathematical literature about the Keller-Segel model and its manifold variants is

36



Chapter II.1. Introduction to Part II

devoted primarily to the dichotomy global existence versus finite-time blow-up of (weak, possibly measure-
valued) solutions, but the long-time behaviour of global solutions — and their self-similarity — has been
intensively investigated as well.

Relatively much attention has been drawn to the parabolic-elliptic (Patlak-)Keller-Segel model and
its variants, where the dynamics for the signalling substance are assumed to be in equilibrium and
which thus can be reduced to a single nonlocal scalar equation for the bacterial density (see, for instance,
[104, 114, 127, 37, 128, 40, 73, 41])

Global existence and blow-up in the classical parabolic-parabolic Keller-Segel model, which is (IL.1.1)
with ¢(w) = —w, W = 0 and linear diffusion m = 1, has been thoroughly studied by Calvez and Corrias
[39] in space dimension d = 2, and by Corrias and Perthame [62] in higher space dimensions d > 2, see
also [18, 115, 144, 150, 165, 170, 69, 182, 40]. Recently, in [45], uniqueness and long-time behaviour of
solutions to the parabolic-parabolic Keller-Segel system was studied by means of a perturbation of the
parabolic-elliptic framework.

Variants with nonlinear diffusion and drift have been studied for instance by Sugiyama [168, 169]
and by Ishida and Yokota [102, 103]. The results from [168] already indicate that in the model (I1.1.1)
under consideration, blow-up never occurs, in accordance with Theorems II.2 and IL.6.

The one-dimensional model on bounded spatial domains has been explicitly investigated by Osaki
and Yagi [153] and Hillen and Potapov [97] leading to similar results as proved in Chapter IL.3.

The fully parabolic model (II.1.1) with a genuinely nonlinear response function ¢ has not been rigor-
ously analysed so far, with the following exception: in her thesis [157], Post proves existence and unique-
ness of solutions to a similar system with linear diffusion and vanishing confinement on a bounded
domain by nonvariational methods and obtains convergence to the (spatially homogeneous) stationary
solution from compactness arguments. Variants of the classical parabolic-parabolic or parabolic-elliptic
Keller-Segel models with a nonlinear chemotactic sensitivity coefficient have also been studied e.g. in
[149, 181].

Despite the fact that entropy methods are one of the key tools for the analysis of Keller-Segel-type
systems, the use of genuine variational methods is relatively recent in that context.

For the parabolic-elliptic Keller-Segel model, the variational framework was established by Blanchet,
Calvez and Carrillo [23], who represented the evolution as a gradient flow of an appropriate potential
with respect to the Wasserstein distance and constructed a numerical scheme on these grounds. Later,
the gradient flow structure has been used for a detailed analysis of the basin of attraction in the critical
mass case by Blanchet, Carlen and Carrillo [48] (see also e.g. [26, 38, 126]).

The parabolic-parabolic Keller-Segel model was harder to fit into the framework, since the two equa-
tions are formal gradient flows with respect to different metrics: W, and L?. The first rigorous analytical
result on grounds of this structure was given by Blanchet and Laurengot in [28] (see also [143]), where
they constructed weak solutions for the system with critical exponents of nonlinear diffusion. In the
recent work [25] by Blanchet et al., a similar strategy was used to re-prove the result in [39] about the
global existence of weak solutions to the classical Keller-Segel system in two spatial dimensions.

I1.1.2. Poisson-Nernst-Planck models

The last chapter of Part II is based on the author’s article [188] and concerned with the long-time be-
haviour of a certain Possion-Nernst-Planck-type system, namely
oru(t, x) = div(u(t, x)D[2u(t, x) + U(x) + ep(t, x)]),

atv(t, X) = diV(U(t, x)D[Zv(t, x) + V(x) _ €lp(t, x)]), (I1.1.7)
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coupled by Poisson’s equation
—AYp =u—no. (I.1.8)
We consider system (I1.1.7) on the whole space R?, so
Pp=Gx*(u—0),

with Newton'’s potential

G(x) for x # 0.

B 47t|x|
We furthermore assume that e > 0 is a fixed parameter and the confinement potentials U, V € C?(IR?) are
subject to the conditions of W in Assumption IL.3 (uniform convexity and bounded second derivative).
Similarly to the Keller-Segel-type systems considered in Chapters I1.2 and IL.3, system (IL.1.7) possesses a
formal gradient flow structure: here, the underlying metric space is a product of two Wasserstein spaces,
that is

X = 25(R?) x 2,(R3) endowed with the distance d((u,v), (i, 7)) := \/Wz(u, )%+ Ws(v,0)?,

and the free energy £ : X — R is given by

E(u,v) := Jra (W2 + 0 +ull + 0V + §|Dy|?) dx  if (u,0) € L2(R3) x L2(R?),
e otherwise.

System (II.1.7) may arise as a model for the dynamics of a system consisting of positively and negatively
charged particles (e.g. ions) inside some electrically neutral surrounding medium (e.g. air, water). For
further details on the mathematical modelling of those phenomena, we refer to the monographs [131,
106]. Here, both species are confined by means of external potentials U and V and are assumed to diffuse
nonlinearly with a diffusive mobility depending linearily on the concentrations u and v, respectively. We
assume the Poisson coupling via equation (I1.1.8) to be suitably weak (¢ < 1), i.e. the drift induced by
the electromagnetic force to be small. The quantity ¢! >> 1 corresponds to a large relative permittivity
(dielectric constant) of the surrounding medium.

In Chapter 11.4, we employ a similar strategy as for the Keller-Segel-type systems (Chapters I1.2&11.3)
to study the long-time behaviour of solutions. First, we characterize the set of equilibria:

TueoreM I1.9 (Existence and uniqueness of stationary states). For every € > 0, there exists a unique mini-
mizer (o, Vo) € (WV2(IR?) x WL2(R3)) of € on X. (tieo, Veo) is a stationary solution to (I1.1.7) and satisfies

Uoo = %[Cu — U — e 4, (I1.1.9)
1
v = 5[Co— V + ey, (IL.1.10)

Poo := G * (Uhoo — Voo),
where Cy,, Cy € R are such that ||uel||;1 = 1 = ||veo|| 15 [-]+ denoting the positive part. For every a € (0,1),
lhoo, Voo € CU%(IR3) with compact support and p € L*(IR3) N C>*(IR3).
Second, we prove for sufficiently small coupling strength ¢ > 0 the exponential convergence to
(Moo, Voo ):

TreoreM 11.10 (Exponential convergence to equilibrium). There are constants € > 0 and L > 0 such that for
all 5 > 0, there exists C5 > 0 such that the following is true for every € € (0,€) and arbitrary initial conditions
(10,v0) € XN (L2(R?) x L2(IR3)): A weak solution (u,v) to (IL.1.7), obtained as a limit of the scheme (1.2.11)
(see Theorem 11.46 below) converges to (Us, Vo) exponentially fast with rate Ag := Ao — Le > 0 in the following
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sense:
Wa(u(t, -), ttoo) + Wa(v(t, ), veo) + ([t -) = ol p2 + [[0(t, ) = Vo[ 12

II.1.11
< Cs (E(ug,v0) — E (Moo, Veo) + 1)1+‘S e forall t > 0. ( )

A similar system has been considered by Biler, Dolbeault and Markowich [20]. There, a time-dependent
coupling ¢(t) was introduced, with the crucial assumption that ¢(t) — 0 as t — oo, i.e. asymptotical
damping of the electrostatic potential. Under relatively general requirements on spatial dimension, ex-
ternal potential and diffusive nonlinearity, convergence to equilibrium as t — oo is proved for sufficiently
regular solutions. Here, we do not require asymptotical damping of the Poisson coupling, that is, the
system at hand still constitutes a coupled system even in the large-time limit ¢ — oo. To the best of
our knowledge, our rigorous result on exponential convergence of weak solutions is novel in the case of
genuinely nonlinear diffusion on multiple space dimensions, even in the small coupling regime &£ < 1.
Partial results have been obtained in one spatial dimension [70] or for space-dependent diffusion [10]
only.

In contrast to that, the case of linear diffusion has already been treated almost exhaustively. In the
articles [5, 19, 6] preceding [20], it was shown that the rate of exponential convergence to equilibrium of
the system without coupling, for uniformly convex potentials, is (almost) retained for coupled systems.
There, the strategy of proof is mainly based on applications of generalized Sobolev inequalities the derivation
of which require the use of a Holley-Stroock-type perturbation lemma [98]. Seemingly, such a strategy
might not be applicable in the setting of nonlinear diffusion. On the other hand, systems of the form
above possess (at least formally) a gradient flow structure (w.r.t. e.g. the L2-Wasserstein distance) which
also is of use for the analysis of the system — and, in contrast, does not at all require linear diffusion.
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CHAPTER 11.2

Systems of Keller-Segel type with porous medium diffusion

I1.2.1. Existence of weak solutions

This section is devoted to the proof of Theorem II1.2 (cf. [185, 189]). Our strategy will be as follows: At
first, we prove some properties of the energy functional £ which usually are at the basis of variational
methods: boundedness from below, coercivity and lower semicontinuity in an appropriate sense. With
these properties at hand, we are able to construct a discrete solution via the minimizing movement
scheme. Together with classical estimates directly derived from the minimizing movement scheme, we
set up a discrete weak formulation satisfied by the piecewise constant (in time) discrete solution. Due to
the nonlinearity of the problem, additional compactness estimates are necessary for the passage to the
limit of vanishing step size. Here, those will be derived by energy-dissipation methods: perturbation of
the subsequent minimizers from the minimizing movement scheme along the heat flow yields a higher
order of spatial regularity of the discrete solution. To conclude the proof, we pass to the continuous-time
limit in a strong sense and verify the (time-continuous) weak formulation of (IL.1.1) for the limit curve.

I1.2.1.1. Properties of the energy functional £

Recall our definition for the driving energy &£: For every (u,v) € (%2, N L™)(R%) x WY2(IRY), we set

E(u,v) ::/

u'™ 1 2
<+uW—|— |Do| —)(uU) dx,
JRA 2

m—1
and &(u,v) = +oo otherwise. We first prove several elementary properties of £:

ProrosiTioN I1.11 (Domain of € and boundedness from below). If (u,v) € (22, N L™)(R?) x WI2(RY),
then £(u,v) < oco. Moreover,

E(u,0) > Collue]| P +inf W — Celu] 7, (I1.2.1)
Do, < Co (S(u,v) +|inf W[ + ||u||%§,}‘9)), (11.2.2)

where Cy, Cy and Cy are positive constants and 0 € (0,1) is such that 2(1 — 0) < m. In particular, £ is bounded
from below.

ProoF. Since W(x) < Alx|?>+ B for some A, B > 0 and the second moment m;(u) is finite, one obviously
has

/]Rd uWdx < Amy(u) + B < oo.

For the coupling term, we observe that m > 2 — % > dz—J"flz and by the Holder, Gagliardo-Nirenberg-

Sobolev and the LP-interpolation (cf. [80, Thm. B.2.h]) inequalities that

ol < llull 2 ol 22 < ClIDol|palluflfi lull [’ < oo, (I1.2.3)
Ld+2 La-2
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d+2 1
where 0 := % € (0,1). Hence, & is well-defined and finite. The estimate (IL.2.1) follows by a similar

T m

estimate using Young’s inequality in addition to (I1.2.3):

[P . 1 . 2(1-9
E(u,0) = T 4 inf W + 2 [Dolff = [xl[uoll = Colullf +inf W — Cellul[F .

From that, boundedness from below of £ follows because m > 2 — % implies m —2(1 —6) > 0 and the
map [0,00) > y — Cy — Cy¥ is bounded from below for C; > 0 and I > k > 0. We obtain (I1.2.2) by
using the Holder, Gagliardo-Nirenberg-Sobolev and Young inequalities:

IDol72 < 2(&(u,v) + |inf W] + [x]]|uo]| 1)
. Clxl)? o), 1
<2(6(wv) + |infw] + EH 1 200 4 Loz,
Obviously, the second estimate (I1.2.2) follows. O
In preparation for the application of variational principles, we show the following lower semiconti-
nuity property of &:

ProrosiTioN I1.12 (Weak lower semicontinuity of £). Let a sequence (un,vy)nen in P2(RY) x L*(R?)
with uniformly bounded second moments wy(u,) be given. Assume furthermore that (un),cN converges to
u € 2,(R) narrowly in the space of probability measures 2(R%) and that (vy),eN converges weakly in
L*(R%) to v € L*(R?) as n — oo. Then,

E(u,v) < linmglfé’(un, Up).

Proor. If liminf&(uy,v,) = +oo, there is nothing to prove. For liminf&(u,,v,) < 400, we restrict
n—o00 n—oo

(tn, n)neN without loss of generality to the subsequence (non-relabelled) converging to 1i£n inf & (Un,n),

so that £(uy, v,) is uniformly bounded by a positive constant C. Let C; > 0 with my(u,) < C; for all

n € IN. Elementary properties of weak convergence ensure the existence of a positive constant C; such
that ||v,| ;2 < Cp. To simplify the notation, define ¢ : [0,00) — RR,

8(y) := Cuy™ — 2179, (I1.2.4)

which is bounded from below thanks to 7 > 2(1 — ). We now claim that (1) ,en is bounded in L™ (R?).

Suppose not, then there exists a subsequence (i, );cn such that ||uy,||pn — oo as I — co. It is immediate

that g(||up,|[pn) — oo, which contradicts g(||un|/rn) < C —infW obtained from the uniform bound on

E. So there exists C3 > 0 such that ||u,||pn < Cs for all n € N. By the Banach-Alaoglu theorem

[75, Theorem V.4.7.], we are able to extract a subsequence such that u, converges weakly to u in L™ (R%).
Using (11.2.2), we obtain the uniform estimate

- 1/2
IDv, |12 < Co (c+ |inf W| + C2¢ 9>) = Cy.

By the above estimate and the bound on [|v,|;2, (v4)uen is bounded in W?(RR?). Again, by the Banach-
Alaoglu theorem, there exists a subsequence of (v, ),en such that v, converges weakly to v in W2 (IR¥)
as n — oo. Due to lower semicontinuity of norms and (at most) quadratic growth of W (see Theorem
1.9), it only remains to consider the coupling term in £.

We prove nlgxc}o Jga(unvy — uv)dx = 0 by a truncation argument as in [28]. Let fr € CZ(R?) for
R > 0 with

0<pr<1,
ﬁR(X) =1 Vx € ]BR(O),
Br(x) =0  Vx ¢ Bar(0),
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and choose p € (1,m) N (4,

to u in L"(R?), u, converges weakly to u in LP(IRY), possibly by extracting a subsequence. Note that
o1 € (2 7).
For fixed R > 0, the Rellich-Kondrachov compactness theorem [80, Thm. 5.7.1] yields for all

gel, d%dz) the strong convergence of Brvy to Brv in L7(IRY) on a subsequence, in particular for g = .

p—1
It follows that

2) # @. Since uy, is uniformly bounded in L!(IRY) and converges weakly

n—oo
— 0.

/IR”’ BrO(uy —u)dx| + ’/md Brun(vy —v)dx

An analogous application of the Holder and Gagliardo-Nirenberg-Sobolev inequalities as in (I1.2.3) leads

to the estimate

0
< clpenlalnl? ( [, wex)
R

— X 2 o
< clpenlalnlf? ( [, , o R ds)
R

’/Rd(l — BR)itnon dx

<R ¥ccyc30cy,

in combination with the uniform bounds on my (i), ||ty||p» and ||Dvy||;2. By the same argument and
weak lower semicontinuity of norms,

‘/}Rd(l — Br)uvdx
We apply the triangular inequality:

’/d(unvn —uv) dx
R

< R ¥ccyclioct.

< ‘/RdﬁRU(un_”)dx

+ ‘/Rd Brun(vy —v)dx

+ ‘/W(l — Br)unvy dx

+ ‘/}Rd(l — Br)uvdx

This leads us to

<2R"¥ccyciocy,

n—oo

0 < limsup ‘/ d(unvn —uv)dx
R

for all R > 0. Passing to the limit R — oo yields the claim. O

ReEMARK I1.13 (Non-convexity of £). Unfortunately, for x # 0, the functional & is not A-convex along geodesics
(for any A € R) with respect to the distance d because of the coupling term as the following formal calculation
indicates.

Denote by & the coupling functional

E(u,v) = /dxuvdx
R

and let A < 0. We show that there exist u € (%, N L™)(R?), v,w € W?(R?) and a Borel-measurable function
t: RY — RY such that
d2
ds?

Using the density transformation theorem, one obtains

E([(1 —s)id +st] gu, (1 — s)v + sw) — A d*((u,v), (tgu, w)) < 0.
s=0

Ec([(1—s)id +st]gu, (1 —s)v + sw)
= /w xu(y)[(1=s)o((1=s)y +st(y)) +sw((1=s)y +st(y))] dy.
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A straightforward calculation yields

di; Ec([(1 —s)id +st] gu, (1 — s)v + sw) — Ad?((u,v), (tsu, w))
s=0
< o W) (EHy) —y) - (XD*(y) = A)(t(y) —y) dy
+ [ 220) (D@ =) (1) - () =) dy = [ AG(y) —w(y))*dy.
Choose t(y) := 2y and u := ‘El(((;];‘. Furthermore, let v,w € C®(IRY) such that v = w on R and v(y) = Az—;(1|y|2

fory € B1(0). Then, the desired result follows:

%:2 Ec([(1 —s)id +st] gu, (1 — s)v + sw) — Ad>((u,v), (tsu, w))
s=0
1 A-1_ 2, 0(0B(0))
< Joro B0 (’f e A) Wy =g @ty <

where o denotes the (hyper-)surface measure in RY.

I1.2.1.2. Time discretization

Recall the discretization scheme from (I.2.11). We introduce the step size T > 0 and define the associated
Yosida penalization &£; of the energy by

Eu,0|,) = zdeZ((u, o), (7,7)) + €(u,0) (I12.5)
for all (u,v),(#,9) € X. Set (u2,0%) := (up,vp) and define the sequence (u?,v"),cn inductively by
choosing

(u,v") € argmin & (u,v|u !, o1,
(u,0)eX

ProrosITION II.14 (Well-posedness of minimizing movement scheme). For every (i, 0) € X, there exists at
least one minimizer (u,v) € X of E(+| i1, D) that satisfies u € L"™(RY) and v € W2 (RY).

Proor. The proof is an application of the direct method from the calculus of variations to the functional
ST('| ﬁr 5)

First, observe thanks to Proposition II.11 that on any given sublevel S of E.(-|i,7), both Wy (u, if)
and ||v — 7|2 are uniformly bounded. The first bound implies that also the second moment my (1) is
uniformly bounded, and thus the u-components in S belong to a subset of %,(R?) that is relatively
compact in the narrow topology by Prokhorov’s theorem (see Theorem 1.7). The other bound implies via
Alaoglu’s theorem that the v-components belong to a weakly relatively compact subset of L?(IR%). Hence,
the existence of a minimizer follows by lower semicontinuity of £, cf. Proposition I1.12. The additional
regularity is a consequence of the fact that the proper domain of £ is a subset of L™ (R?) x W2(R%). [

Given the sequence (ul,v%),cnN, define the discrete solution (ur,v¢) : [0,00) — X as in (1.2.12) by
piecewise constant interpolation:

(ur,v)(t) := (ull, o) fort € ((n—1)t,nt)and n > 1.

We start by recalling a collection of estimates on (ur,v¢) that follow immediately from the construc-
tion by minimizing movements.

ProrosiTiON 11.15 (Classical estimates). The following holds for T > 0:
E(u,0") < Ew Lol < E(up,vp) <0 Vn €N, (IL.2.6)
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Y d2((u, o), (1,01 < 27(E(ug, vo) —inf &), (I1.2.7)
n=1

d((ur(s), ve(s)), (uc(t), 0 (t))) < [2(E(up,v0) — inf &) max(t, |t —s|)]"* foralls,t €[0,T], (11.2.8)
the infimum inf € of € on X being finite.

Proor. We include the proof for the sake of completeness. It can also be found e.g. in [4, Ch. 3]. By the
minimizing property, one has

1 1 o 1 -

S d* (w2, 0%), (up ™!, o7 1) < E(ur ! o7,

Clearly, (I1.2.6) and after summation over n > 1, (I1.2.7) follows. For all 0 < s <t < T, there exist m < n
such that

E(ul, %) +

d((ur(s),02()), (ur(t),02(1))) < Y- d((uf, o), (g, oFH)).

Using Holder’s inequality yields the desired result:

T a0k, ob), (s, o) < (21 T>m ()f o) (47 50) )m

k=m k=m T

< (21(&(ug, vg) — inf E) (n — m))"/?

< [2(&(ug,v9) — inf &) max(, |t — s|)]*2.

11.2.1.2.1. Additional regularity

Due to the nonlinearity of the PDE system (I.1.1), further compactness arguments are needed to enable
passage to the continuous-time limit T N\, 0. Therefore, regularity estimates on the discrete solution are
proved. Here, we follow the method by Blanchet and Laurengot in [28, 22].

ProrosiTioN I1.16 (Further regularity of the minimizers). Let (i,7) € (22 N L™)(R?) x W2(R?) and let
(u,v) be a minimizer of E¢(- | i, 7). Then, u € L*(R%), u™/? € WL2(R?) and v € W>?(R?) as:

D22, + || Ao, + [[ul%,

Ay (11.2.9)
< Co (3 (4@ ~ M) + F(@) — 7o) + [ull 55+ [8W s )

—(2-2
where A := %, Co > 0 and denoting H(u) := [pq ulogudx and F(v) := %HDUH%Z

Proor. The idea of proof used here is based on the flow interchange lemma (Theorem 1.5) and is to
calculate the dissipation of £ along the gradient flow of an auxiliary functional, namely the diffusion
flow. Therefore, we recall from Example 1.15 that Boltzmann’s entropy H is 0-convex along generalized
geodesics in 2% (R?) and its gradient flow S is the diffusion flow satisfying

9sSM (1) = ASH (u).
Moreover, with the evolution variational estimate (I1.2.4), we deduce by integration over time using
that 7 is a Lyapunov functional along S*:
1 s

5 (wg(sy(u),ﬁ) — W3(u, ﬁ)) < /O (H() — H(SH(u))) do < s[H (&) — H(SH (u))]. (I1.2.10)
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Analogous to that, the Dirichlet energy F is geodesically 0-convex on L?(R?) and its gradient flow
S¥ is also associated to the diffusion equation (see Example 1.4).

The application of the evolution variational estimate (I.2.4) then shows
1 ~ ~ 'S
5 (157 @ =9 — o= ) < [ (F@) = F(sT(0)do <s[F(@) - FL @) @21

Well-known results of parabolic theory ensure that (S¥(u),S7 (v)) € XN (L™(R?) x W2(RY)) if
(u,v) € XN (L"™(R?) x WL2(R?)). For the sake of clarity, we introduce the notation
(Us, Vs) := (ST (u),S7 (v)) and calculate for s > 0:

e, v = Lo ([ W | s+ (a9, = ] AV, ) dx
ds RI\ ™M —
(I1.2.12)
— _4 m/2|? _ 2,272
= Jo = DU! + UsAW — (AVs + xUs)” + x°US | dx,

where the last step follows by integration by parts and elementary calculations. We first provide an
auxiliary estimate on the L2 norm of u. By the Holder and LP-interpolation inequality, we get

2 2 .2 . < 2 A (1=A) 17 m/2)12/m
S e A A WP T T A [l
where A is defined as above; note that wﬂ% € (1,m). Using the Gagliardo-Nirenberg-Sobolev
inequality together with Young’s inequality, one obtains (recalling ||Us||;1 = 1)
2 1-A) 2
U2 < DU, + Kol 7, (1.213)

with a suitable constant Ky > 0. Exploiting the monotonicity of the L™ norm along S* and using
AW € L®(R%), we infer from (I1.2.12)&(I1.2.13) that

%s(us,vs) < 2 lou 2|}, — 1AV + 2 2+ Kol T+ AW (I12.14)
As a concluding step, the minimizing property
0 < &E(Us, Vs | 11,0) — Ex(u,v| 11, 0)
yields together with (I1.2.10)&(11.2.11) and (I11.2.14):

R
s Jo s

< Kl T 4 1AW s + () — 1)+ F )~ F ),

2
4 lAv, +Xus||§2) dor

where K; > 0 is a constant. Passage to the liminf as s ™\, 0 yields

1

~ —~ 1-A) 1
D2 B+ 180+ gl < Ko (1 () = H(w) + FE) = (o)) + el =7 + [aW]1s ),

using lower semicontinuity of norms and continuity of the entropies H and F along their respective
gradient flows. The final estimate (I1.2.9) then follows from (I1.2.13) applied for s = 0, in combination
with the triangular and Young inequalities. O

11.2.1.2.2. Discrete weak formulation

In this paragraph, an approximate weak formulation satisfied by the discrete solution (u:,v;) will be
derived with the now classical JKO method [105]; see also e.g. [179, Sect. 8.4]. The main idea is as follows:
To calculate the first variation of the functional £ (- | u~1,v"~1), let 7,y € C°(R%) and ¢ := Dy. Define
by X the smooth flow associated with ¢, i.e. the flow of the ODE %Xs(x) = §(X*°(x)) with initial
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condition X(x) = x for x € R? and s > 0. There exists an optimal transport map ¢ : RY — R?
with gsu~! = u®, see for instance [179, Thm. 232]. A perturbation of the minimizer (u,v?) of
Er(-|ut~1,0771) along X and the direction 1, respectively, yields the estimate

0 < E(Xpuif, o + sy |, oY) — Ec(uf, o [uf !, 0f 1)
1
21’

1
e (X — a2 f) + [ W LK) — ) i

- _ 1 _
(WaXgudt ut ™) = WAL i) ) 4 o (ot s — o1 — o — o2 1|22
(I1.2.15)

1
+ 5 (I + s — Do)~ x [ (o) + 57) — wtel) di.

We consider the parts on the r.h.s. of (I.2.15) separately. By the definition of W,

* (Waeew ) WGt ) < 4 [ (106 0 ) ) — 2 = () — o) it x) d

= » (Xs o (p)(;f) — (P<x) . ((Xs o (p)(x) + q)(x) _2x) uﬁfl(x) dx
= R? 28(p(x)) - (@(x) — x)uf " (x) dx.

Straightforward, one obtains:
vl +s'y—v”1 — ||o% —0”1 A 2(0" — 0" 1)y dx.
RS TT

Let for y € RY and s > 0 be Zs(y) := detDX*(y) > 0 the volume distortion due to X. Note that Zy(y) = 1
and % ls=0Zs(y) = divg(y) (see [132, eq. (2.30)] for a proof). By the definition of the push-forward and
the density transformation theorem, we get:

1 s . n|m nym \ _ 1 ug(x)m s\0 n mq:
S et — ) = [ e S (0= 2o e =2 —(m 1) [t (x) v (x) i

By straightforward calculation,

%/]Rdw(x)((xs#uﬁ)(x)—u?(x))dx= 1/]Rd(W(XS(x))—W(x))u?( 5\0/ DW - ¢u" dx,

1 N0
< (ID(2 +s7) [ = Do2%,) 22 [ Dy-Dotdx.

Moreover, taking into account the L? regularity of u obtained from Proposition I1.16, we get

[ (O @2 57) — ko) dx = < [ () (@06 + 57X (1) - o2 (x)

A [ (74 Dol -g)uttd.

We therefore have
1
0= = [ Elo() - (p(v) — vt W e+ - [ (@ — o ydv— [ ul(x)dive(x) dx
R T /R Re (IL.2.16)
+/]RdDW'éuﬁdx+/]RdD'y-Dv¥dx—x/]Rd (v + Do - &) ul dx.

With the Taylor expansion 7(x) = 17(¢(x)) + (x — ¢(x)) - Dy(@(x)) + 3(x — ¢(x)) - D2y (x.) (x — p(x))
and the definition of the push-forward gsu*~! = u”, the first term in (I.2.16) can be rewritten as

1
* [ 00 - (o) — Xt Ny dr < 2 [ et dr oyl oWt ).
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As the same calculations can be carried out with —¢ and —+ in place of ¢ and <, we conclude from
(IL.2.16):

— ol W 1)
<2 [0 - (o) — o+ o [t — ot yde— [ ut()dive(x) dx

(11.2.17)
+/ DW'CM.’Z—dX‘F/ D7~Dv¥dx—)(/]Rd(7+Dv¥'§)u¥dx

||€"Hc1W2(uT, .

Con51der now a nonnegative time-dependent test function ¢ € C((0,00)) N C([0, c0)). We multiply
the chain of estimates (I1.2.17) with 7¢(n7) and sum over n > 1 to obtain

= Tllillcollll c2 (€ (uo, vo) — inf€)

<t L [ @) +oxone) LRI
=0 (I1.2.18)
+7 Z/ (u)" Ay + u’DW - Dy + Dy - Dot — x (v + DoZ - D) u] (x) dx
n>0

< tl[¢llcollnllc2 (€ (uo, vo) — inf £),

where we have used (I11.2.7) and

Y p(n) (i (x) —uyH(x)) = Y wd(x) (p(n7) = p((n +1)7)),

n>1 n>0
; P(nT)(vh(x) = oF 1 (x)) = ;002(95)(1#’(”7) —9P((n+1)7)).

For sign-changing test functions ¢ € C((0,00)) NC([0, o)), we decompose ¥ in its positive and negative
part ¢4 and ¢_, viz. ¢ = ¢4 — p_, and subtract the respective estimates (I1.2.18) for ¢+ and ¢_,
respectively, to also arrive at (I.2.18) for arbitrary ¢. Introducing the notation
s
— s >
Pr(s) =9 QTJ T) fors >0,

we express (IL2.18) in terms of the discrete solution (u+,v) to deduce:

LemMma IL17 (Discrete weak formulation). For all n € N and all test functions 1,y € C*(R?) and
P eCe ((O, 00)) N C([0,00)), the following discrete weak formulation holds:

i (t, ) + (%) T(t,x))‘bf(t)’ff(t”) dxdt

]Rd

+ /0 W%(ﬂ[—ufu,x)wu)+ur<t,x>Dw<x>~Dn<x>+Dw<x>-DvT<t,x> i219)

— X (7(x) + Do (t,x) - Dyy(x)) u(t, x)} dx dt’

< Tll#llcollnllca (€ (uo, vo) —inf E).
In the special case x > 0, one has v > 0 a.e. on RY for each n € N, given that vy > 0 a.e. on RY.

ProoF. It remains to prove the additional assertion on nonnegativity of the v component, if x > 0 and
vg > 0 a.e. on RY. We proceed by induction and assume that Uﬁ’l > 0 a.e. on R? for some fixed, but
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arbitrary n € IN. Putting ¢ = 0 in (I1.2.17), it immediately follows that v¥ is a solution to

n n—1
Ur — U7

- — A" — xu" =0 in the sense of distributions on R¥.

Since thanks to the additional regularity from Proposition 11.16, the left-hand side above is an element of
L?(R?), we conclude that

1 1
—Av! + ?z;g = ;02_1 + xul a.e. on RY.
Consequently,
1
vy = Gy * (Tvﬁl “‘X”?) /

where the nonnegative kernel G; is the so-called Yukawa potential [121, Thm. 6.23]

) 2
_ Y kT
G% (x) /0 (47ts) exp < P ds. (I1.2.20)
Since both kernel and right-hand side of the elliptic equation above are nonnegative, the claim follows.
O

I1.2.1.3. Compactness estimates and passage to continuous time

The proof of Theorem II.2 will be finished by passing to the continuous-time limit T — 0. Therefore we
need, in addition to Proposition II.15, several estimates on the discrete solution. As a preparation, we
prove a classical estimate on Boltzmann'’s entropy H which is included here for the sake of completeness.

LemMma 1118 (Estimate on Boltzmann’s entropy). For all u € (%2 N L™)(IRY), one has for some constant
C>0:

()| < C (Jlullf + (ma(u) + 1)%) < co. (IL.2.21)

ProOEF. Define « := {%1 > 1 and note that (see e.g. [105])
rlogr < Cor™ forallr > 1, (I1.2.22)
rlog% < Cor'/® for all r € (0,1], (I1.2.23)

for some constant Cy > 0. By splitting up the Boltzmann entropy, one sees

1
< log u d / log — dx. 1.2.24
\H(u)|_/{u21}u ogudx+ {u<1}u og dx ( )
From (I1.2.22), we conclude that

ulogudx < Col|lul|¥u. 11.2.25
J o, 0B < Collul (1.2.25)

Second, with (I1.2.23) and Holder’s inequality, one gets

a—1

1 =
1 2 e 1 = ¢
/{u<1} ulog —dx < Cy (/Rd u(x) (x> +1) dx> (/Rd <|x|2+1> dx) : (I1.2.26)

where the last integral is finite since d — 1 — 2. = 1-d< —1. Combining (11.2.24), (I1.2.25) and

a—1

(I1.2.26) yields the assertion. O

49



Chapter I1.2. Systems of Keller-Segel type with porous medium diffusion

11.2.1.3.1. Compactness estimates

Proros1TION 11.19 (Additional a priori estimates). Let (ur,vc) be the discrete solution obtained by the mini-
mizing movement scheme (1.2.11)&(1.2.12) for T > 0. Then the following holds for T > 0:

ma () < 2ma(ug) + ATE (g, 09) < 00 ¥ < m , (11227)

|uf||pm < C3 <o ¥n>0, (I1.2.28)

[vg[wiz < Cs < oo ¥n >0, (11.2.29)

[ e 2t < G < o, 1230
/OT [ur(B)[|72 dt < C7 < oo, (11.2.31)

[ loet) Bzt < €5 < o 1232

Proor. By the triangular and Holder inequalities,

Vema(u) = fma (o) < Y- Walul, w1
k=1

" 172 , 1/2
< (Z 1> (Z W3 (uk, u§_1)> < (2tn(&(ug, v9) — inf E))V/2.
k=1

k=1
Using Young’s inequality and nt < T yields (I1.2.27):

my(uf) < 2myp(ug) +4nt€(ug,vo) < 2my(ug) +4T(E (1, v9) —infE).
By an analogous argument, one obtains
lo2 172 < 2lloll72 +4T (€ (uo, v0) — inf E).

From the energy estimate (I1.2.6) and the second part of Proposition I.11, we can deduce similarly
to the proof of Proposition II.14 that there exists C3 > 0 independent of T such that (I1.2.28) holds.
Furthermore, using in addition the third part of Proposition II.11, one obtains

. 2(1-6
IDo |2, < Co (&(uo,w0) + | infW| + 31,
and consequently (I1.2.29):
1/2
lotllwrz = (Il + Do %) < Cs < co.

The proofs of (11.2.30)-(I1.2.32) involve the application of Proposition II.16 and are similar. We give
the proof of (I1.2.30) as an example. The following estimate holds due to Proposition I1.16 for n = L%J +1:

T n
k
/0 IDu(1)"/2(|7, dt < Y 7| D (k)" 2|17
k=1

n 1 _ _ (1-A) ;1

<Y Cor | % (M) M) + F @)~ F@h)) + kT AW
k=1 T
n B B 1—A)

< Y |Co (o) = elo) + () = F)) + etV ol aWie |,
k=1
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where we have used (I1.2.28) in the last step. Subsequently, we apply the estimates (I1.2.21) and
(11.2.27)—(11.2.29) to deduce a T-uniform bound on fOT | D (t)™/2 Hz dt.
With the identity [|u:(#)"/2||2, = [Juc(t)||}\s and (11.2.28), (11.2.30) follows. O

11.2.1.3.2. Passage to the continuous-time limit

We can now prove a first convergence result:

Proros1TION I1.20 (Continuous-time limit of discrete solutions). Let (Ty)xenN be a vanishing sequence of step
sizes, i.e. Ty \, 0 as k — oo, and let (U, v )i>0 be the corresponding sequence of discrete solutions obtained by
the minimizing movement scheme.
Then for each T > 0, there exist a subsequence (non-relabelled) and limit curves u € C'/2([0, T]; 25(R%))
and v € CV2([0, T]; L>(R%)) such that the following holds for k — oo:
(a) For fixed t € [0, T], ur, — u narrowly in 2 (R%),
(b) vy, — © uniformly with respect to t € [0, T] in L>(RY),
(© (uz,)™? — u™/2 weakly in L2(]0, T]; WY2(R?)),
(d) ug — u weakly in L2([0, T]; L?>(RY)),
(e) vy, — v weakly in L?([0, T]; W*2(IRY)),
(f) g, — u strongly in L™ ([0, T]; L™ (Q)) for all bounded domains Q C R?,
(g) vy, — v strongly in L2([0, T]; W2(Q)) for all bounded domains Q C RY.

If x > 0and vy > 0 a.e. on R?, we have v(t,-) > 0 a.e. on RY, at each t > 0.

Proor. The claims (a)&(b) are consequences of the a priori estimate (I1.2.27) and Prokhorov’s theorem
as well as (I1.2.29) and the Banach-Alaoglu theorem, respectively. The claimed -Holder continuity of
the limit curve (u,v) is obtained via estimate (IL.2.8) and a refined version of the Arzela-Ascoli theorem
[4, Thm. 3.3.1]. The claims (c)—(e) are obtained from the Banach-Alaoglu theorem and the estimates
(I1.2.30)—(I1.2.32), respectively. In the special case y > 0, nonnegativity of v(t, -) is inherited from the ini-
tial datum since the (v?),eny are nonnegative thanks to Lemma IL17 and the set
L2 (R?) := {p € L2(R?) : p > 0a.e. on R¥} is a convex and closed subset of L?(R?).

To prove (f), we let QO C R? be an arbitrary bounded domain and seek to apply Theorem 1.6. Define
the Banach space Y := L"(Q}), the Ls.c. functional A(u) := Hu’”/2||le ) and the distance W on Y via

W(u,it) = inf {Wa(0,p) = p,p € P2(R), ma(p), ma(p) < 2ma (o) +4TE (o, %0), pla = u, pla = it}

Thanks to the topological properties of the L2-Wasserstein distance Wy, it is immediate that, if the
admissible set in the infimum above is nonempty, the infimum above is attained. Furthermore, W
satisfies the requirements of Theorem I.6.

We show that for every b € R the set {u € Y : A(u) < b} is relatively compact in Y. By the Rellich-
Kondrachov compactness theorem, W'?(Q) is compactly embedded in L*(Q). So, for every sequence
(u))jew in {u € Y : A(u) < b}, there exists a (non-relabelled) subsequence and ¢ € L?(Q) such that
[ur/? — o] 12(q) — 0 as | — co. On a further subsequence, one has convergence almost everywhere of

u; to /™. With the identity ||”l||;”,n = |lu} /2|| lﬁoo ||U||LZ(Q) = ||(72/m||z1m(0), we conclude that
llu; — (72/’”||Lm(0) — 0asl — oo, ie. the relative compactness of {ueY: A(u) <b}inY.

Consider the sequence (Uy)ken defined by Uy := (5] [0,c0)x0)ken- The first assumption (1.2.13) of
Theorem 1.6 is an immediate consequence of (II.2.30) as

T
sup | A(ug(t))dt = sup | ||urk( ym/ ||W]2(Q dt < Cg < o0.
k>0 70 k>0
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In order to show the second assumption (1.2.14) of Theorem L6, we distinguish two cases. Let without
loss of generality 0 < i < 1 and notice that by construction of W and estimate (I11.2.27):

W(Uk(t + I’l), Uk(t)) < Wz(urk(t + h),urk(t)).

Case1: 0 < h < 1.
Then we obtain by using Holder’s inequality and the distance estimate (I1.2.7):

1/2 1/2
T % %] %]
Wit (4 R) g (0) db = ) BW () < |37 WA, ) G
0 n=1 n=1 n=1

< /2T +1)(€ (1, 00) — inf &) < \/21(E (g, vo) — inf £)(T + 1),

Case2: . < h< 1.
Here, we apply the Holder-type estimate (I1.2.8):
T—h

Witz (£ 4 1), 1z, (1)) At < 1/ 20(E (o, 00) — inf €)(T — h) < 1/2h(E (g, vg) — inf E)(T +1).

Obviously, by combination of the two cases, (1.2.14) follows:

T—h R hN\0
0 sup [ Walutg (1), (1) d < \/2h(E (o, w0) — inf )(T +1) Do,

Hence, the application of Theorem 1.6 yields the existence of a subsequence on which
ug (t,-) — u(t,-) strongly in L™(Q)), in measure w.r.t. £ € (0,T) as k — co. By the estimate on the
L™ norm (I1.2.28) in combination with the Radon-Riesz and and the dominated convergence theorems,
we conclude that u; — u strongly in L™ ([0, T] x Q).

The proof of (g) is similar: We apply Theorem 1.6 with Y := W2(Q), A(v) = HUH%/\/ZJ(Q) and
W(0,0) = |[v—9|;2(q)- Analogous arguments show that the assumptions (1.2.13)&(1.2.14) are sat-
isfied for (Ui)rew defined by Uy := (vg|jge)x)ken: We obtain the existence of a subsequence on
which o4 (t,-) — o(t,-) strongly in W'2(?), in measure w.rt. t € (0,T). By the uniform estimate
(IL.2.29), the dominated convergence and Radon-Riesz theorems, one has strong convergence of v to v
in L2([0, T]; W?(Q)). By a diagonal argument, setting Q) := Bg(0) and letting R " co, we deduce that
(f)&(g) are true simultaneously for every bounded domain, extracting a further subsequence. Moreover,
we may assume that (i, 07, ) converges to (1,v) pointwise almost everywhere in [0, T] x R%. O

To complete the proof of Theorem IL.2, it remains to verify that (u,v) is a solution to (IL.1.1) in the
sense of distributions. To this end, we show that the discrete weak formulation (I1.2.19) converges to the
continuous-time weak formulation of system (I.1.1), using the convergence and integrability properties
of the test functions 7, v and ¥ and those of u and vy from Proposition I1.20. In particular, one has
uniform convergence of i, to i and le (Y5 (- + 1) — ) to 9P on (0, 00). Since the integrand in (I1.2.19)
is of compact support, the strong convergence results in Proposition I1.20(f)&(g) are applicable. Hence,
it follows that

0= lim </Ooo /]Rd (17(x) g (t, x) + y(x)vg (8 x)) Yo (t) — P (F + )

Tk

dx dt

k—o0

+/Ooo ﬁd wrk(t){—ufk(t,x)mq(x)+uTk(t,x)DW(x) .Drj(x) + Dy(x) - Do, (£, x)

— X (7(x) + Dog (t, x) - Dyy(x)) urk(t,x)] dx dt>
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- /0°° /IRd(—ath(t))(q(x)u(t,x)+7(x)v(t,x>) dx dt
+/Ooo/lelP(t>[_“(t'x)mA’7(x)+”(t'x>DW(x>‘Dﬂ(x)+D7(x)-Dv(t,x)

—x (7(x) +Do(t,x) - Dy(x)) u(t, x)| dx dt,
which finishes the proof of Theorem II.2. O

I1.2.2. Convergence to equilibrium

This section is concerned with the proof of Theorem 11.4, as a revised form of the joint article [189] with
Daniel Matthes. In the following, we always require Assumption IL.3.

I1.2.2.1. Preliminaries

We first summarize some preliminary results which are of particular importance for the forthcoming
analysis of the long-time behaviour. They can be derived with the methods from Section 11.2.1, see [189]
for more details.

On the metric space X = ,(IR?) x L2(IR?), the energy € : X — R reads as

£(u,0) Js (%MZ +uW + 1 Do + 502 + Ewp(v)) dx if (u,0) € LA(R3) x W2(RR?),
u,’v =
~+o00 otherwise .

ProrosiTION I1.21 (Properties of the entropy functional £). The functional £ defined above has the following
properties:
(a) There exist Cy, C1 > 0 such that

E(,0) > Co [|[ul}2 +ma(u) + [[o]3p2 — C1] (112.33)

In particular, £ is bounded from below.

(b) & is weakly lower semicontinuous in the following sense: For every sequence (U, Un)neN in X, where (in)peN
converges narrowly to some u € P(R3) and where (vy),eN converges weakly in L?(IR®) to some v €
L%(IR®), one has

E(u,v) < linmg}fé’(un, Up).

(c) For sufficiently small ¢ > 0, £ is A'-geodesically convex for some A’ > 0 with respect to the distance induced

by the norm || (i, 9) | 22 == /I]|7, + 12]3.

Proor. For part (a), we observe that due to Ag-convexity of W, one has
W(x) = Wtmin) 2 "2 = 22 il
where Xpin € R? is the unique minimizer of W. Moreover, with convexity of ¢, we deduce
/R3 up(0) dx > ¢(0) +¢'(0)||uvl| 1 > ¢(0) + C¢' (0) [ Do 2l }5°,

using that [|u([;1gs) = 1 and the following chain of estimates:

[wollp < llullersllolls < ClDo|l g2 a4 [lu 5> (I1.2.34)
All in all, we arrive at
1 A A
E(u,0) = 3 lullf2 + Zrma() = 2 [¥minl* + W (¥imin)
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1 K
+ EHDvHiz + El\v\liz —e|¢p(0)| — Clg' (0)[|[Do]| 12 |ul|}4>.

From this, the desired estimate follows by means of Young's inequality.

Part (b) follows similarly to Proposition I1.12. Note that the additional assumption of boundedness
of (my(un))nenN is not needed here — this is a consequence of the stronger assumption on W (see
Assumption I1.3) and the resulting coercivity estimate (I1.2.33).

To prove (c), consider a geodesic (us, vs)sc[o,1) With respect to the flat metric induced by | - [/ 2,2, that
is us = (1 —s)ug + suy and vs = (1 — s)vg + sv; for given ug, u1 € (P, N L?)(R3) and vy, v; € WI2(IR3).
It then follows that

ey 00) = [ (11 = 10)* + D(o1 = 20) [+ (o1 — 00)?

ds2
+ 2e¢’ (vs) (11 — up) (01 — Vo) + eus” (vs) (v1 — vg)?) dx

> [ (M) A (M) g with A= (S @)
R3 \ 01 — g V1 — g e’ (vs) K

where we have used that ¢ is convex. Thus, £ is A’-convex with respect to the flat distance above
if A, > A1 for all s € [0,1]. Recalling that 0 < —¢'(vs) < ¢’ by Assumption IL3, it follows from
elementary linear algebra that szaz < « is sufficient to find a suitable A’ > 0 with A; > A'1. O

By essentially the same argumentation as in the previous section, one constructs a time-discrete
solution via the minimizing movement scheme (1.2.11) and passes to the continuous-time limit:

TreoRreM I1.22 (Minimizing movement and existence of weak solutions [189]). For every T > 0 and every
(i,0) € X, there exists at least one minimizer (u,v) € X of (- | i, 7). One additionally has u € WV2(IR®) and
veE W2'2(1R3). If moreover v > 0 a.e. on R3, then also v > 0 a.e. on R5.

For given initial data (ug,vg) € XN (L?(R3) x WV2(IR3)), there exists a null sequence (Ti)ren stch that
the corresponding sequence (i, vy, ke Of discrete solutions converges to a solution (u,v) to (IL.1.1) in the sense
of distributions on (0,0) x R3, attaining the initial condition (u(0,-),v(0,-)) = (uo,vo). Specifically, one has
for each T > 0:

g (t,-) — u(t,-) narrowly in 2(R?), pointwise with respect to t € [0, T],

vy (t,-) = v(t,-) in L?(R®), uniformly with respect to t € [0, T],
(u,0) € C2([0, T; (X, d)).
If moreover vy > 0 a.e. on R3, then also v(t,-) > 0 a.e. on R® for each t > 0.

I1.2.2.2. The stationary solution

We provide the characterization of a stationary state of system (II.1.1) and prove some relevant properties.

11.2.2.2.1. Existence and uniqueness
At first, we show existence and uniqueness.

ProrositioN 11.23. For each sufficiently small ¢ > 0, there exists a unique minimizer (Ueo, Voo) € X of &, for
which the following holds:
(oo, Voo ) is an element of W2 (R3) x W22 (R3), a stationary solution to (IL1.1) and a solution to the Euler-
Lagrange system
AVeo — KVoo = €llod’ (Veo), (I1.2.35)
Uoo = [Ue — W — €¢(V0)] +, (I1.2.36)
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where Ug € R is chosen such that ||ue|| ;1 = 1, and [-]4 denotes the positive part.
Moreover, us € CU'(R3) with compact support, vee € CO(IR®) is strictly positive and there exists V > 0
independent of & > 0 such that ||veo || o3y < V.

Proor. We prove that £ possesses a unique minimizer (Ue, Vo). Let therefore be given a minimiz-
ing sequence (uy,vy)peN such that y}iigof(un,vn) = inf€ > —oo. As the sequence (&(un,Vn))neN
is bounded, we can, using the coercivity estimate (I1.2.33) from Proposition I1.21(a), extract a (non-
relabelled) subsequence, on which (u),cn converges weakly in L?(R3) and narrowly in 2 (RR3?) to
some Ue € P>(R3) N L2(IR?), and (v,),en converges weakly in W12(IR?) to some ve € WV2(IR?), as
n — co. By weak lower semicontinuity, see Proposition I1.21(b), (#c, Vo) is indeed a minimizer of £ on
X.

Since (Ueo, Vo) € argmin Ex (- | oo, Vo) for arbitrary T > 0, Proposition I1.22 yields that (i, Ve0) is an
element of W'2(IR%) x W22(IR?), and because of the continuous embedding of W??(R3) into C°(R3), it
follows that ||V ||L» < V for some V > 0.

Uniqueness of the minimizer is, by [179, Thm. 5.32], a consequence of A’-geodesic convexity of £
with respect to the distance induced by || - ||;2,;2 for some A’ > 0 as proved in Proposition IL.21(c).

We show that there is a set of Euler-Lagrange equations characterizing (ueo, V). The following
variational inequality holds thanks to the minimizing property of (Uco, Veo):

4+

0< =

i E(Ueo + S, Voo + ST)

5=0 (I1.2.37)
— /1123(u°o + W+ ep(ve) )i dx + /]R3(—Avoo + KUoo + Elloo’ (Vo) )T dx,

for arbitrary maps I, 0 such that ue + 1 > 0 on R® and [p; #dx = 0.

First, we consider the second component and thus set # = 0 in (I1.2.37). As there are no constraints
ON Ve, it is allowed to replace v by —o in (I1.2.37), yielding equality and hence, (I1.2.35).

Second, we consider the first component and set ¥ = 0 in (IL2.37). For arbitrary ¢ such that
Jredx <1and ¢+ 1e > 0 on R3, we put

- 1 1 :
Uy = Elp — plleo /]R3 Pdx,

and observe that ue + 11y > 0 on R? and [ iy dx = 0, since uo has mass equal to 1. By straightforward
calculation, we obtain

0< /3(uoo + W+ e(veo) — Ue)pdy, (11.2.38)
R
for all ¢ as above and the constant

U, := /S(ng0 + Wil + €lloop (Vo)) dx € R.
R

Fix x € R3. If 1 (x) > 0, choosing ¢ supported on a small neighbourhood of x and replacing by —
in (I1.2.38) eventually yields

oo () = Uy — W(x) — 69(00s(1)).
If us (x) = 0, we obtain

U, — W(x) — ep(om(x)) <0.
Hence, for all x € R3,

too(x) = [Ue = W(x) — e (00 (%)) ]+
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The claimed Lipschitz continuity of u« is easy to see from this representation. To prove strict positivity
of v, we make use of the Yukawa potential (see (I1.2.20)) once more: (I1.2.35) yields

Voo = —€Gy * (Uood' (Veo))-

Since there exist sets with positive volume on which u, is strictly positive, it follows that v (x) > 0 for
all x € R3 (recall that G, > 0 and ¢’ < 0). O

11.2.2.2.2. Structure of the Yukawa potential

As a preparation to prove some crucial regularity estimates on the stationary solution (e, Voo ), several
properties of solutions to the elliptic partial differential equation —Ah 4 xh = f are needed.

Therefore, we again introduce for x > 0 the Yukawa potential (also called screened Coulomb or Bessel
potential) G, which has the following explicit representation on IR>:

Gy (x) : exp(—v/x|x|) forall x € R®\ {0}. (I1.2.39)

- 47t|x|
Additionally, we define for o > 0 the kernel Y, by

1
Yg = 7G
g

1.

In subsequent parts of this work, we will need the iterates YX for k € N defined inductively by
Y=Y, Y=Yy, xYE

The relevant properties of G and Y, are summarized in Lemma I1.24 below.

LemmMma 11.24 (Yukawa potential). The following statements hold for all k > 0, 0 > 0 and k € IN:
(a) Gy and Y are the fundamental solutions to —Ah +kh = f and —cAh +h = f on R3, respectively.
(b) Let p > 1. If f € LP(R3), then Gy  f € W*P(R®) and

k|G * fllr + VEID(Gx % f)llr + D (G * f)llr < Cpll fllLr, (I1.2.40)

for some p-dependent constant C,, > 0. (Note that this fact is not obvious as D*(Gy) & L1.)
(c) Forall x € R3\ {0},

Y (x) = / Hy(x)e™ " dt,
Jo
where H; is the heat kernel on R3 at time t > 0, i.e.

HL(§) = 92, (7Y%), with Hi(Q) = (4m) 2 exp (— 712P)-

Additionally, one has

0 rkflefr
Y — /O Hor 'y o (I1.2.41)
Moreover, Y. € WY1(R®) for each q € [1,3), and there are universal constants Y, such that
3 14
k -Q —n_ - =
IDYe || a(r3) < Yq(ok) where Q:=2 2 € [2, 5> . (I1.2.42)

Proor. (a) The proof of the first assertion can be found in [121, Thm. 6.23]. From that, the second one
follows by elementary calculations.
(b) According to [167, Ch. V, §3.3, Thm. 3], one has for p > 1:

1G1* fllwzr < Cpllfllre- (I1.2.43)
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(©

To prove assertion (b), we use a rescaling of the equation —Ah + xh = f by X := \/xx. Consequently,
h(X) = (Gkx f) (%) is a solution to —Azh +h = £,i.e. h(X) = (Gl * %) (X). By the transformation
theorem, we obtain
1
-\ 3_
d¥ ) =27 f|lwr,

P >l
(Gl*f;) @/ da?)p
N

3
= K2 G fllLe,

D (61 L) (®)] %) =kt HDu(Gy

P 3
(fu|p2 (L) 0 a2)" =t 102G« Pl
which yields (I1.2.40) after insertion in (I1.2.43) and simplification.

The first statement is a straightforward consequence of the integral-type representation of Gy in
(I.2.20). To prove the first claim of the second statement, we proceed by induction. For k = 1,
equation (I1.2.41) is just the definition of Y,. Now assume that (II.2.41) holds for some k € IN. Using
the semigroup property Hy, 1+, = Hy, * H, of the heat kernel, we find that

o oo k] —y, dridr
Y:;-Jrl :/0 /0 HU’V] *ngze rlré le rZW

0o oo drq dr
_ - k—1 14
= /0 /O Ho(ry41y)e (VIHZ)”Z T(k)

Now perform a change of variables
ri=11+71, S:=1,

which is of determinant 1 and leads to

0 g4 dr 100 e Trkdr
k+1 _ —r k-1 _
Y, _/0 Hge (/0 s ds) 0 /0 H,, kT

which is (I1.2.41) with k 4 1 in place of k, using that kI'(k) = T'(k +1).
For (I1.2.42), first observe that r +— r¥~1e~" /T (k) defines a probability density on (0,c0). We can
thus apply Jensen’s inequality to obtain

o0 k—1,—r
- g v e "dr
IDYENE < [ IDHer s 5™

The L7-norm of DH,;, is easily evaluated using its definition,

(I1.2.44)

1/q
D = (o) [, ekt (r) )

1/q
= (0 2 [0 VD@ (0247 ) = (o) @ DH s

By definition of the I" function, we thus obtain from (I1.2.44) that (notice that Qg = 29 — % € (0,1))

T(k— o\l
IDYE[|Ls < [[DHy 14 (WU Qq) .
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For further estimation, observe that the sequence (a;)ren With a; = k91 (k( ()2’7) is monotonically

decreasing (to zero). Indeed,

a1 _ (k+ Dk (k— Q)T (k—Qq)T(k) _ (. 1\, Qg
Zl a kQ4 kT (k)T (k — Qq) B (H E) ( B 7)

is always less than 1 since ¢ +— (1 + &)~ is convex:

1\ % 1
(1_k) 21+ 2(=Qq).

Therefore, a; < a7 for all k € N, and so (I1.2.42) follows with Y, := (I'(1 — Qq))'/4||DHy | 4.

O

In addition to the properties above, we also need Holder estimates for the kernel G, providing a

kind of elliptic regularity which is known for Poisson’s kernel Gg (see [90, 121]). As a preparation, we
calculate the derivatives of Gy in R3\{0}. For all i,j,k € {1,2,3}, one has

3,Gu(x) = — = SPVERD (),

4t [xF
1 [k 3k NI
HOGrlx) = g P (Vi) <|x|3+ ) o~ (3 ) )
1 —VExg [( k| 3V Ve 1
P0G = =g VA (5 + i+ ) o~ (3 )
1 [/ 3k 12k 15\ XXXk
~gorve | (3 R )

2k K 3vk 3
+6;j ( + ) +<+—|—> (5'kx-+5‘kx-],
) Tl T ARE T e ) O o
where §;; denotes Kronecker’s delta.

We prove the following

Lemma I1.25 (Holder estimate for second derivative). Let f € C%*(IR3) for some a € (0,1) and assume that
it is of compact support. Then, there exists C > 0 such that for all i,j € {1,2,3} the following estimate holds:

[ala](GK *f)]co,a < C[f]cﬂ,a-
Here,

x J—
[8lcoa(rsy == sup |g()_g|(y)|
X,yE]R3,x7$y X—y

denotes the Holder seminorm of g : R3 — RR.

Proor. This result is an extension of the respective result for Poisson’s equation (corresponding to x = 0)
proved by Lieb and Loss [121, Thm. 10.3]. Their method of proof is adapted here. In the following, C,C
denote generic nonnegative constants.

The following holds for arbitrary test functions ¢ € C®(R3):

~ [ @@ @:(Gex N dr = [ F) [ (09) (1)25 Gl —y) dx d,

which can be rewritten by the dominated convergence theorem and integration by parts as

[ S W) [ @) (x)25,Gx(x — y) dx dy
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=i [ 1) [y, 0025 Grlx —y) dx dy

=tim [ R0 [ < [ 900G y)ey () o

_ /}R - (x)0x,0x, G (x —y) dx | dy,

where e; is the j canonical unit vector in R? and vy5(x) = % is the unit outward normal vector in x
on the sphere dB;(y). The first part can be simplified explicitly by the transformation z := *¥:

ot
_ /aIB(S(y) l/)(x)axiGK(x — y)e] . Vy,J(X) dU(X)
= % /BIBl(O) ¥(6z + y) exp(—/x6) (v/x6 + 1)ziz;do(2),

which converges as § — 0 to IIJ(]/)%. For the second part, we split the domain of integration IR*\B;(y)
into two parts:

x)0x,0x, G (x —y) dx
Sy #2505 Gl =)

~ JRA\By ()

We use integration by parts to insert convenient additional terms:

0x;0x.Gx(x —y)d
S #5525 Gl =) et |

$(x)5,95,Gx(x — y) dx + /{ Lo ypogy P29 Grx = y) dx

$(x)x,95,Gx (x — y) dx =

{12x—y| 25}
= 0x,0x.Gi(x —y)d 0x,0x,Gy(x —y)d
gy P2 Galx =y [ ()22 Gl —y)
— 0x,0x,Gx(x —y)d
oo yioay P35 Gl = y)

+ /D]Bl(y) ¥(y)9x, G (x —y)e; - vy1(x) do(x) — /zﬂB,;(y) P(y)0x; Gr(x — y)e; - vy 5(x) do(x).

Now we calculate again explicitly and obtain in the limit 6 \ 0:

Lo g P95 Gl = y)er vy () do ) — |

0y P95 G =) ty5(x) dor ()

0 ylexp(—VR) (VR +1) ~ 119(y).

In summary, one gets

~ [ B @) @Gy x ) () dx

= [, 9 [éaﬁﬂx) XP(—VRVEH+ [ ()32 Gelx —y) dy
whim [ ) - )20 Galx ) a ax.

From a-Holder continuity of f, we conclude that, independently of 4,

s oyl () | F(3) = F0)]0nds Gulx — y)| < Clx = y1*2,
which is integrable as & — 3 +2 > —1.
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So, using again the dominated convergence theorem, we have
1
(0,0/0)(x) = 551']- exp(—vx)(Vr+1)
+ /]113\131(@ f(¥)0x,0x,Gi(x —y) dy + o, ) [f (x) = f(¥)]9x,0x;Gx(x —y) dy (I1.2.45)
in the sense of distributions. In view of [121, Thm. 6.10], it remains to prove the (Holder) continuity of

the right-hand side in (I1.2.45). Obviously, the first term in (I1.2.45) is Holder continuous. For the second
term in (I1.2.45), we obtain for all x,z € R3, x # z:

0y.0y,Gr(x —y)dy —
/]R3\]Bl(x)f(y) b (x ]/) 4 /1113\]131(2)

f(y)92,02,Gr(z —y) dy

4

(z—a) — f(x —)]04,04;Gx(a) da

J1B1(0) 4
by the transformation a := x — y in the first and a4 := z — y in the second integral. From a-Holder
continuity of f, we get the estimate

/Bl<o> [f(z = a) = f(x — 2)]04,05,Gx(a) da

<Clx— / 9092, Gx (a) da,
< Clx —z| ]RB\IBl(x)|al aj x(a) dal

where the integral on the rh.s. is finite because d,,d4;G«(a) behaves as r~Lexp(—r) for r — oo, which is
integrable.
The same transformation yields for the third term in (IL.2.45):

/Bl(x) [f (%) = f()]0x,0x;Gx(x — y) dy — / [£(2) = f(9)]9:,0:,Gx(z — y) dy

By (z)

(2) ~ flz —a) — f(x) + f(x — )]0, 00, Gx(a) .

Bl(o)[f
We now proceed as in [121] and write B1(0) = A U B with

A:={a:0<|a| <4|x—z|},
B:={a:4|x—z| <|a| <1},

where B = @ for |x — z| > 1, and calculate, using that 02,00,Gr ()] < Cla|=3:

[ 1F(@) = fz =) = () + f(x — 0))0005, Gu(a) da| < [ 2CIal**dla = Clx =2/,

It remains to consider the case |x —z| < 411' One has, with the unit normal vector field v on 9B, that

J,72) = F()12000 Grla) da| = | [ [(2) = £(x)]05,Ge(a)e; - v(@) do(a) |,

and by similar arguments as above,

1)~ £(x)]ay Gx()e; - v(a) do(a)

= %5ij|f(z) — f@)|lexp(= Vi) (Vi +1) — exp(—4v/k|x — z[) (4Vk|x — z[ + 1)].

Note that the real-valued map [0,00) > r — exp(—+/kr)(y/xr + 1) is monotonically decreasing. This
yields

< Clz —x|*.

JJF(2) = F(x)1245 Ge(a) o
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By the transformations b := x — a — z for the first and b := —a for the second term, we get

[ =) = f(z = 0)}25,24/Gx(a)

_ ‘ /B f(z+ b)3y,3p, G (b) db — /D f(b+2)3,3 Gu(b — x+2) b, (I1.2.46)

with D:={b: 4|x —z| < |[b—x+z| < 1}.
Note that

/ah.ab.GK(b)db:/ 93, Gx (b — x + z) db.
B p "7

This enables us to rewrite (11.2.46) as follows:

/Bf(z+b)abi8b/.GK(b)db—/Df(b—i-z)abiabjGK(b—x+z)db

_ ‘ /B [f(z+b) — £(2)13y,35, G (b) db — /D [f(z+b) — £(2)3,9 Ge(b — x+2) b . (I1.2.47)

We consider (I1.2.47) separately on the sets BN D, B\D and D\B.
Note that, by the triangular inequality, BN D C {b: 3|x —z| < |b| < 1+ |x —z|} and by Taylor’s
theorem

3
for some b* = b— B(x —z) with B € (0,1). Therefore, one has by the triangular inequality that
|b*| > |b| — Blx —z| > (1 — §)|b| > 2|b| on BN D and consequently
(96,98, G ) (b) — (99,95, Gic) (b — x +2)| < CIb™|~*|x — 2| < CJb|*|x —2|.
This allows us to estimate
/ [f(z+1b) — f(2)] [abiabjc,((b) - BbiabjGK(b —x+ z)} db’
BND
1+|x—z|

< Clx —z| prAtet2 gy
3|x—z|

Clx — z| 1 1 C
< 4= _ [ _ _ 14 < _ lx'
< o (@l —z) T = A lr -z < s fx -2

For the remaining terms, we split up as in [121]:
B\D C EUG,
D\BC E'UG,
where
E:={b: 4|x —z| < |b| <5|x —z|},
G:={b:1—|x—z| <|b] <1},
E:={b:4x—z| <|b—x+z| <5]x—z|},
Gi={b:1—|x—z|<|b—x+z| <1}
Consider at first the real-valued map [0,1] 2 s +— (1 —s)P for arbitrary > 0. Obviously, it

is continuously differentiable and therefore a-Holder continuous because its domain of definition is
compact. Hence, the following holds for all 0 < s < %:
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1—(1-s)P=(1-0F—(1-5)F<Cs" (I1.2.48)

Now, we estimate the integral on B\D, where we use again the estimate [9,,04,G« ()| < Cla|=3:

5|x—z|

/B\D[f(Z +b) - f(z)]abiabfGK(b) db' =€ (szl P dr /11|xz e d1’>
C

= S (sle 2t (-2 1 - (1 x 2] < SE Ol 2,

where we have used (I1.2.48) for B := a in the last step.

For the remaining integral on D\B, we consider the domains E’ and G’ separately and note at
first that, using the triangular inequality, E’ C {0 < |b| < 6|x — z|}. Subsequently, this yields that
|b—x+2z|73 < (4)]x — z|)73 < C|b| 73 on E. Hence, by the estimate 02,00,Gx ()] < Cla|~3, the following

holds:
L

On G/, one has [b — x +z| > 1 — |x —z| > 3. Consequently, it holds that

6]x—z| ~
z4+b) — f(2)]95.05Gx(b—x+2z)| db < C 324y = Clx — z|~
i 0j
0

/ ’Lf(z—l—b) —f(z)]ab.Bb.GK(b—x+z)' db<C <3> / 2 dr
Iel ) 4 1—|x—z|
=C [1 (- |x— z|)3+“] < Clx —z|*,
where we have used (I1.2.48) for B := 3 + « in the last step. Together,
/D\B[f(z +b) — £(2))95,9, (b — x +2)db| < Clx — 2%,
and the assertion is proved. O

11.2.2.2.3. Properties of the steady state
Now, we are in position to prove several estimates on the stationary solution (#eo, Voo ):

ProrosiTIoN I1.26 (Estimates on the stationary solution). The following uniform estimates hold for all x € R3:

(a) ue(x) < Uy — eV’ (0), where Uy € R is chosen in such a way that [ps[Uy — W] dx = 1and V > 0is
the constant from Proposition I1.23.

(b) |Dve(x)| < Ce for some constant C > 0.

(c) —C'el < D?veo(x) < C'ell in the sense of symmetric matrices, for some constant C' > 0.

ProoE. (a) We first prove that U, < Uy + e¢(0), which in turn follows if

/W [Up + e4(0) — W — ep(veo)] 4 dx > 1.
One has
[ o+ e9(0) = W= eg(oa)lrdx = [ Uy~ W+ e(g(0) ~ 9(ve))] dlx

{to—W=0} (I1.2.49)

i /{0>U0*WZ€(¢(%0)*¢(0))} (Uo =W +e(¢(0) = p(ve))] dx.

From ¢(0) — ¢(ve) > 0 (recall that ve, is strictly positive and ¢ is decreasing) and the definition
of Uy, we deduce that the first term on the rh.s. of (I1.2.49) is larger or equal to 1. The second

term on the rh.s. of (I1.2.49) is nonnegative because the integrand is nonnegative on the domain of
integration.
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(0

Now, if e (x) > 0 for some x € R3, we also have thanks to convexity of ¢:
oo (x) < Ue — W(x) — 9(0) — £00o (x)¢'(0) < Up + e¢p(0) — e (0) — eV¢'(0),

from which the desired estimate follows.
Define

forR® =R, fo(x) = e[Ue = W(x) — ep(0(x))]+¢' (0(x)).

Then, f, € L*(IR®) with compact support supp(f,) C Br(0) where R > 0 can be chosen indepen-
dently of € € (0,1). Moreover, by Lemma I1.24(a), (100, Vo) is the solution to the integral equation

0= _(GK*fU)/

with the Yukawa potential G, defined in (I1.2.39). Since W?#(IR%) is continuously embedded in
C!(R3) [183, Appendix, sec. (45) et seq.] and f, € L*(IR?), we deduce from Lemma I1.24(b) that

lollcr < Cllfoll s,
for some constant C > 0. Hence, we obtain (b) by using (a):
IDveo| 1 < Cll fows 14 < Ce(Uo — €V'(0))]¢'(0)|[Br(0)['/* =: Ce.
First, consider x € R3\Bg,1(0), where R > 0 is such that supp(fy,, ) C Bg(0). Smoothness of G, on
R3\{0} yields for all i,j € {1,2,3}:

\aiajvoo(x)\ = ‘/]BR(O)(aXiaijK(x —y))fvoo(y) dy’

7

_ ‘ /B " (9i9iGx (2)) for (x —2) dz

where the last equality follows by the transformation z := x — y. Since Bg(x) C IR*\ B;(0) and

Clr) exp(=v/x|z[) _ C'(x)

d: <
199G ()] < 47t|z| = 4

for |z| > 1,

we obtain the estimate
1
910000 (x)| < ZR3C! (1) | fons [l 1> < 0.

Consider now the case |x| < R+ 1 and set y := (R +2)e; # x. By the triangular inequality, we
have for « € (0,1) that
0i0000 () — 9:9j0e0 (y) |

| —y[*

By the arguments above, f,,, is a-Holder continuous for some a € (0,1) since i is Lipschitz contin-
uous and of compact support. By Lemma II.25, we know that there exists C > 0 such that

[0:0j0c0] cox < C[foro] coe-
Hence, since |x — y| < 2R + 3, one has
1010000 (x)] < 99000 (y)] + C(2R +3)*[foro ] coa-

0;9j0e0 (x)| < 019000 (y)| + lx —yl*.

Combining both cases yields
10900 (x)] < 90000 (R +2)e1)| + C(2R +3)*[fo ] coa
< Coll fow [l + Call fors oo,
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for some Cy,C; > 0 and all x € R5. Using (a) and (b), it is straightforward to conclude that there
exists C; > 0 with

(IIDfos Lo + [ fow 1) < Coe.
All in all, we proved the existence of C3 > 0 such that for all x € R3 and all 4, je{1,2,3}:
|0;0jve0 (x)| < Cae.

Obviously, this estimate yields the assertion (for a different constant C’ > 0).
O

The strategy of proof of Theorem I1.4 now is as follows: We first decompose the energy £ into a
decoupled, uniformly geodesically convex part £ and into a remaining part £, which has no useful con-
vexity properties, but can nevertheless be controlled. The convex part £ serves as an auxiliary functional
for the flow interchange lemma (Theorem 1.5). On a smooth and very formal level, the decomposition
& = L+ ¢eL, (see formula (11.2.52) below) leads us to

d 2 € ) £ 2 € € 2
dtc VL-VE=|VL|*+eVL-VL, (1 2) VL] ZHVE*H > 2A¢ (1 2) L 2||V£*|| ,

using Young’s inequality and the A.-convexity along geodesics of £, see Proposition 11.28 below. Thus,
we are almost in the situation to apply Gronwall’s lemma to £, apart from the last term involving the
formal gradient of the nonconvex part £, which has to be controlled in a suitable manner depending on
the problem at hand (cf. also Chapters I1.3 and IL.4).

We seek to eventually arrive at an exponential estimate for £ along the discrete solution curves
constructed via the minimizing movement scheme. The dissipation of the driving energy £ along the
gradient flow associated to the auxiliary energy L first gives us an estimate guaranteeing boundedness
of L for large times. There, one of the key observations is that the gradient of the v-component along the
discrete solution is uniformly bounded in a certain function space. Subsequently, the boundedness of £
allows us to prove a revised dissipation estimate which then yields the desired exponential estimate for
sufficiently large times. The proof of Theorem II.4 is completed by passage to the continuous-time limit.

Since our claim only concerns the solutions (u,v) to (IL1.1) that are constructed by the minimizing
movement scheme, we assume in the following that we are given a family of time-discrete approxi-
mations (u%,0"),cn that converge to the weak solution (u,v) as indicated in Theorem I1.22 as T \ 0.
Therefore, we may assume without loss of generality that T > 0 is sufficiently small.

Throughout this section, we shall use the abbreviation [a] := 1 log(1 + at), where a > 0. Note that,
for every T > 0 and a family of indices m; € IN given such that m.t > T with a fixed T > 0, one has

(1+at) " <e [T | =0T a5 7 | 0. (I1.2.50)

In order to keep track of the dependencies of certain quantities on &, we are going to define several
positive numbers ¢; such that the estimates in a certain proof are uniform with respect to e € (0,¢;).
When we want to emphasize that a quantity is independent of & € (0,¢;) — and also of T and the initial
condition (ug, vg) — we call it a system constant. System constants are expressible in terms of Ay, «, ¢ and
truely universal constants. For brevity, we write Ex 1= £ (Ulco, Voo ).

I1.2.2.3. Decomposition of the energy

The key element in the proof of Theorem I1.4 is a decomposition of the energy functional. Introduce the
perturbed potential W, by

We(x) := W(x) + €@ (Voo (X)). (IL.2.51)
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Recall that (uoo, Uso) is the minimizer of £ on X, and define

Luwyi= [ | (%(uz )+ Welu — 1)) d,

£o(o) = [ %(|D(v — 900) P+ (0 — 90)?) d,
Lo(,0) = [ (up(0) = 9(0w)] = g (000)0 — v0s]) .

Finally, let £(u,v) := L, (u) + Ly(v) denote the auxiliary entropy.
LemmMma I1.27. The following decomposition holds:
E(u,v) — Eo = L(u,v) + L4 (1,v). (I1.2.52)

Proor. By the properties of ¢ and the fact that u has compact support, L. is well-defined on all of X,
while £, and L, are finite precisely on (£, N L?)(IR%) and W'?(IR3), respectively. Thus, both sides in
(IL.2.52) are finite on the same subset of X. Now, for every such pair (1, v), we have on the one hand that

Ly(u) = /]R3 (%uz +ulW + £u<p(voo)) dx — /IR3 (%ué + U W + suoo<p(voo)) dx, (I.2.53)

and on the other hand that
_ LTSN B 1 2, K o _
Ly(v) = /11{3 <2|Dv| + 5? )dx—i—/]R3 (2\Dvoo| + 2voo> dx /11{3(Dv Do + K00s ) dx.
Integration by parts in the last integral yields, recalling the defining equation (I1.2.35) for v, that
o B o /
- /]Rs(Dv ‘Dvoo + K0V ) dx = /]Rs(Av‘” KUoo)v dx = 8/]R3 oo’ (Voo )v dx.

Similarly, integration by parts in the middle integral leads to

1 2 K o o € /
/}Rs (§|Dvoo| + Evoo) dx=—5 | et (Veo)Veo dr.

2 JR3
And so,
_ 12, K2 [ (1 2, K 2 / / _
Ly(v) = ./11{3 (2|Dv| +50 )dx ./]R3 (2|Dvoo| + zvoo) dx +e - Uoo' (Vo) (V — Vo) dx.  (I1.2.54)
Combining (I1.2.53) and (I1.2.54) with the definition of £, yields (I1.2.52). O

We summarize some useful properties of the auxiliary entropy £ in the following.

ProrosiTioN I1.28 (Properties of L£). There are constants K, L > 0 and some ey > 0 such that the following is
true for every e € (0,€p):

(a) W, € C?(R3) is Ae-convex with A¢ := Ag — Le > 0.

(b) Ly is Ae-convex along generalized geodesics in (225 (R3), Wy), and for every u € (2, N W'2)(IR®), one has

Sl el < Lau) < 5 i WID0+ W) P (I1.2.55)
(c) Ly is k-convex in L?(R3), and for every v € W??(IR3), one has
gHU — Voo|22 < Lo(0) < % /]R3 (A(v — ve0) — (0 — vc,o))2 dx. (I1.2.56)
(d) For every (u,v) € X,
L(u,v) < (1+Ke)(E(u,v) — Exo). (I1.2.57)

PrOOE. (a) Since Wy = W + £¢(vo0 ), the chain rule yields
D?W, = D?W + ¢ (000 ) Do @ DUoo + £¢' (Vo0 ) D* Ve
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Using our assumptions on ¢ and by Proposition I1.26, there are some L > 0 and some ¢ such that
¢" (V0) DVeo @ DUoo + ¢/ (Vo) D?ve0 > —L1

holds uniformly with respect to e € (0,¢g). And thus also D?W, > A1, with the indicated definition
of Ae.
(b) Since W, is A¢-convex, also L, is geodesically A.-convex with respect to W; because it is the sum of
a geodesically 0-convex functional and a geodesically A,-convex functional, see Theorem 1.14.
The Wasserstein subdifferential of £, has been calculated in [4, Lemma 10.4.1]. Together with
(I.2.9), this shows the second inequality in (I1.2.55). Concerning the first inequality, observe that

L,(u) = %/]R3(u—uoo)zdx—l—/]Rs(Wg—l—uoo)(u—uoo)dx.

It thus suffices to prove nonnegativity of the second integral term for all u € %, (R3). First, as u and
lieo have equal mass, and by the definition of uc,

O:/ (um—u)dx:/ uoodx—/ udx,
R3 {Ue—W,>0} RR3

and consequently

/ (U —Ueo) dx = — / udx. (I1.2.58)
J{u.—w,>0} J{u.—w.<o}
Also, by definition of uc,

/ (Wg+uoo)(u_uoo)dx:/ Ue (1 — Uoo) dx + Wen dx.

RR3 {U.—W, >0} {U.—W, <0}
Combining this with (I1.2.58) yields
/ Ue(u — teo) dx + Weudx = / (We — Up)udx >0,
{U.~W,>0} {U.~W, <0} {U:—W, <0}

as the integrand is nonnegative on the domain of integration.
(c) This is an immediate consequence of (1.2.9) for the L? subdifferential of L.
(d) Since ¢ is convex, we have

$(0) = P(ve0) = ¢ (ve0) [0 — Vo] 2 0,

and so we can estimate £, from below as follows:

L) = [ (1= ue)[p(o) = plow)|dx+ [ (9(0) = p(ow) = ¢/ (00 [0 — v0c]) dx

/(0)2
> —%. ]Ra(u—uoo)zdx— @/}W(U—vm)zdx
> uw) - Y r o),

K
using the properties (b) and (c) above. By (I1.2.52), we conclude

(1 - K/€)£(M,U) — 5(14’0) — s with K/ = max (1, (P/(To)z)/

which clearly implies (I.2.57) for all € € (0,¢g), possibly after diminishing .
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I1.2.2.4. Dissipation
We can now formulate the main a priori estimate for the time-discrete solution.

ProrosiTioN 11.29. Given (i,v) € X with £(u,0) < oo, let (u,v) € X be a minimizer of the functional
E( - |u,v) introduced in (1L.2.5). Then

Ly(u)+1Dy(u,v) < Ly(1h) and Ly(v) + tDy(u,v) < L4(0), (I1.2.59)
where the dissipation terms are given by
Dy(u,0) = (1~ %)/ u[D(u + W) 2 dx — 7/ u|D(¢(0) — ¢(veo )y dx, (11.2.60)
€ 2
Dy(u,v) = (1 — E) /1R3 (A(v = Vo) — k(0 — Vo)) Zdx — f/ — oo (Vo) )~ dux. (I1.2.61)

Proor. Naturally, these estimates are derived with the flow interchange lemma (Theorem 1.5). For given
v > 0, introduce the regularized functional £}, = £, + vH, where

H(u) = /11.%3 ulogudx.

Recall from Lemma I1.18 that H is finite on (27, N L?)(IR®). Moreover, L}, is A,-convex along generalized
geodesics in Wy by Theorem 1.14. We claim that the A.-flow associated to L}, satisfies the evolution
equation

U = vAU + %AUZ + div(UDW,). (I1.2.62)

Since v > 0, this equation is strictly parabolic. Therefore, for every initial condition Uy € (%, N L?)(R3),
there exists a smooth and positive solution I : (0,00) x R® — R such that U(s,-) — Uy both in W,
and in Lz(]R3 ) as s \, 0. By [4, Theorem 11.2.8], the solution operator to (I.2.62) can be identified with
the A¢-flow of L£},. Now, let U be the smooth solution to (I1.2.62) with initial condition ¢4y = u. By
smoothness of U, the equation (I1.2.62) is satisfied in the classical sense at every time s > 0, and the
following integration by parts is justified:

—%E(L{, v) = — /]R3 (U + We + e(¢p(v) — p(veo))]div[UD(U + We) + vDU] dx

/}RB UDWU + We)Pdx +e /IRS UD($(0) — p(ve0)) - DU + We) dx

-I—v/IRSD[Z/H—W—i—&p(v)] - DU dx.

For the last integral, one has by integration by parts, the chain rule and Young’s inequality:
/RS D[U + W +ep(v)] - DU dx = |[DU|2, + / (—~UAW + e/ (0)DU - Do) dx
> —[[AW]|r~ — € 257 032
Rewriting the middle integral with Young’s inequality, we arrive at
d
~EWU0) > (1 - ;) / UDU + W,)|2dx — < / UD( $(00))|* dx = vC (14 [[0]312),

for some C > 0. We pass to the limit s \, 0. Recall that &/ converges (strongly) to its initial datum
Uy = u in L2(IR®), and observe that the expressions on the right-hand side are lower semicontinuous
with respect to that convergence. In fact, this is clear except perhaps for the first integral, which however
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can be rewritten, using integration by parts, in the form
[ uID@ + WP dx = 4 [ owPRdn— [ eawax+ [ uvw s,
R3 9 JRr? R R

in which the lower semicontinuity is obvious since AW, € L®(R3). Applying now Theorem L5, we arrive
at

LY(u) + (1—e) /IRs u|D(u + We) P dx — ;/}RS u|D(9(0) — P(ve)) P dx < LL(@) +vC(1+ [[0]|402).

Finally, passage to the limit v \, 0 yields the dissipation (II.2.60).
The dissipation (I1.2.61) is easier to obtain. It is immediate that the x-flow in L?(RR3) of £, satisfies
the linear parabolic equation

OV =AYV — V) —K(V — Vo). (I1.2.63)

Solutions V to (I1.2.63) exist for arbitrary initial conditions Vy € L?(IR?), and they have at least the spatial
regularity of v.. Hence, with V) := v, we have, also recalling the defining equation (I1.2.35) for v,

—%S(u,])) - /w [A(Y = 00) — K(V — Do) — (g (V) — tteo (060))] [A(V = 000) — (Y — 00)] dx.

Another application of Young’s inequality yields

— 8w = (1= 5) [ 1AV o) —x(V = o) dx = 5 [ (0g'() ~ i (02

We pass to the limit s \, 0, so that V converges to v in L?(R3). The first integral is obviously lower
semicontinuous. Concerning the second integral, note that the integrand converges pointwise a.e. on

R® on a subsequence, and that it is pointwise a.e. bounded by the integrable function ZEZ(L{Z + u).

Hence, we can pass to the limit using the dominated convergence theorem. Now another application of

Theorem 1.5 yields the desired result. O
Below, we will need two further estimates for the dissipation terms from (I1.2.60)&(I1.2.61).

Lemma I1.30 (Estimate in L3(IR®)). There is a constant 0 > 0 such that for every e € (0,eq) and every
u € (P, NWL2)(IR®), the following holds:

||u|\‘£3 < 6<1+/3u!D(u+We)|2dx>. (IL.2.64)
R
Proor. Integrating by parts, it is easily seen that
4 3
= / \Du3/2‘2dx +/ u|DW,|? dx = / u|D(u 4+ We)|? dx + / u? AW, dx.
9 JR3 R3 R3 JR3
By Proposition 11.26 on the regularity of # and v, there exists a constant C such that

AWe = AW + €/ (Vo0 ) AVoo + £¢" (V00) | DV | < C on R3

for all sufficiently small e. Moreover,

1 2 2 1 2
_ < D W,
2/]1{3” dx_/IR3uoodx+AE/]R3u| (u+ We) |~ dx

by (IL.2.55). Invoking again Proposition I1.26, it follows that there exists an e-uniform constant C’ such
that

D22, < c’<1 + [ ulDGu+ We)zdx)
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holds for all u € 22, (IR3). On the other hand, Holder’s and Sobolev’s inequalities provide
lulls < 232 ullr* < C”|IDu2|172,
where we have used that u is of unit mass. Together, this yields (I.2.64). O

Lemma I1.31 (Estimate in W22(IR3)). For every v € W??(RR3),
: 2
min(1, 2k, 1?)[|0 — Veo[322 < /1{3 (A(v — veo) — k(v — Vo))~ dix. (I1.2.65)
PROOF. Set U := v — vy for brevity. Integration by parts yields
/ (A5 — k5)2 dx = / (A5)? dx — 2k / GATdx + K2 / # dx
JR? RR3 R3 R3
- / D252 dx + z;c/ Do dx + Kz/ # dx,
RR3 R3 R3
which clearly implies (I1.2.65). O

I1.2.2.5. Control of the v component

For our estimates below, we need some preliminaries concerning solutions to the time-discrete heat
equation. Here, we use the iterates YX defined in (I1.2.41) to write a semi-explicit representation of the
components v? for a particular choice of ¢.

Lemma I1.32 (Semi-explicit representation). For every n € IN,

n
vl = (14+x1)""Ylxvg+T 2 (14 xT) 7"y 5 frtlom (I1.2.66)
m=1
where we have set
T
fi‘ = —eulé(p’(vﬁ), =g e

Proor. We proceed by induction on 7. By the flow interchange lemma (Theorem 1.5), using the auxiliary
functional (#,v) +— [ps yodx for an arbitrary test function v € C°(IR3), one sees as in the proof of
(I.2.61) that v" is the — unique in L?(R3) — distributional solution to

0" — oAV = (14 x7) Yo 4 7(1 +x7) 7L
Hence it can be written as
vt =(1+ KT)_lYg * v?‘l +7(1+ KT)_lYg * .

For n = 1, this is (I1.2.66) because v; = vy. Now, if n > 1, and (I1.2.66) holds with n — 1 in place of #,
then
n—1

o= (1+K0) Yo (Y L xog) +7 Y (14 x7) DY g (Y0 5 f717M) 4 (1 +x7) 1Y * f1
m=1
Using that Y, * (Y % f) = YE*1 « £, we obtain (I1.2.66). O

We are now able to prove the main result of this section.

ProrosiTioN 11.33 (Control of the gradient). Provided that vy € L%5(IR3), then Do’ € L%/5(IR®) for every
n € IN, and the following estimate holds:

1DV 65 < allvoll porse™ M (n) 72 + My, (I1.2.67)
with the system constants
o o)
a:=(1+x)Y;, and M :=¢Ys5(1 —|—K)3/4/ (14 x)5s~3/4ds. (I1.2.68)
0
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Proor. From the representation formula (I1.2.66) it follows that

n
1DV lers < (14 xT) " IDYG | allooll pors + 7 3 (1+x7) " IDYG [ s [ 27711

m=1
Now apply estimate (I1.2.42), once with g := 1 and Q := 1/2 to the first term, and once with g := 6/5
and Q := 3/4 to the second term on the right-hand side. Further, since u¥ is of unit mass, one has

1fEll L oy = ellwsd’ (08 |l oy < &9

This yields

o n
D02 165 < Yal[vol| pors (14 xT) " (on) "2 + 6@/ Yo 5T Y (14 x7) " (0m) /4. (I1.2.69)

m=1

The sum in (I1.2.69) is bounded uniformly in n and T because

o0 [ee]
T Z (1+ K'L')*m(am)*g’/4 < (14 KT)3/4/ e lKlety=3/4 g4
m=1 0
Without loss of generality, we assume that T < 1. By the monotone convergence e~ [¥lf | ¢~ as T | 0,
we can estimate the sum in (I1.2.69) as

T Y (14wr) " (om) < (1 JrK>3/4/ (14 x)~t3/4dt,
0

m=1
and the r.h.s. is finite. Thus (I1.2.69) implies (I1.2.67), with the given constants. O
In view of (I1.2.50), we can draw the following conclusion from (I1.2.67), with &1 := min(¢eg, 1), where
g9 > 0 was implicitly characterized in Proposition II.28.

ProrosiTioN 11.34 (Asymptotic boundedness of the gradient). Assume that vy € L%3(R3), and define for
fixed, but arbitrary &' > 0

144
+ allooll /s ). (11.2.70)

T} := max (1, . log My

with the system constants a and My from (I1.2.68). Then, there exists T > 0 such that for every ¢ € (0,¢1), for
every T € (0, 7|, and for every n € N such that nt > Ty, one has
||DZ)¥||L6/5 S 2M1. (11271)

Proor. For e <1 and nt > T; > 1, we obtain from (I.2.67) that
1 _
D2 < allolorsexp (1 log(1 + x0)Ty ) 171/%-4 b

. (11.2.72)
< aloulsexp (~ log(1 + x0T ) + My

We distinguish cases and first consider a||vg|| ;65 < Mjexp (ﬁ), so that T} = 1. The convergence

Llog(1+xT) / 1as T \, 0 yields the existence of T > 0 such that L log(1+x7) > 11y forall T € (0, 7.
Hence, using (11.2.72), we deduce

K 1
|IDVY || 165 < My + My exp <1+(5, — ;log(l +KT)) < 2Mj,

for all T € (0, T]. For the converse case a||vg||;6/5 > Mj exp (ﬁ) > M, we directly insert the definition
of Ty into (I1.2.72), again for T € (0, 7T]:
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1 1+, alo
DV || 65 < My +allvg|| 6/5 exp (—Tlog(l +KT) p log | ](\J/plLe/s)

Kk 1+06 . allvgllies
§M1+a|vo||L6/5exp(—1+5, » log |]\/l|1L65 — oMy,

I1.2.2.6. Bounds on the auxiliary entropy

We are now in position to prove the main estimate leading towards boundedness and exponential decay
of the auxiliary entropy £ along the discrete solution.

LemMA 11.35. There are system constants L', M’ and an e; € (0,¢1) such that for every ¢ € (0,¢2), for every
T € (0,7, and for every n with nt > Ty, we have that

(1+2AL0) L(u, o) < L, o) + reM (IL.2.73)
with AL := min(x, Ag) — L'e.
Proor. For clarity, we simply write u and v in place of u? and v}, respectively, and we introduce
U := U — Ueo. Since nt > Tj by hypothesis, Proposition I1.34 implies that

D3]] 6/5 < [ID0| o/5 + [[Does|| o5 < 2My + sup [|Dos o5 =: Z < oo.
O<e<ey

Now, since
ID(¢(v) — ¢(ve0))|* < 2¢' (0)2|DBI? + 2(¢' (v) — ¢/ (v10))?|Dveo |2 < [ DT + p22,

with the system constants

wi=2¢", Bi=2¢" sup [Dve|e, (I1.2.74)

0<e<e
we conclude that
/IR3 u|D(¢(v) —¢(voo))|2dx < oc/IR3 u\Dz?\zdx%—,B/le uo® dx
< aflull51DBI[3s + Bllull 1 19]1F-
< |lullfs + «*/3D5]34% + B|5) 7 (11.2.75)
< llullfs + a3 (S118135 D2 A) ™ + BSalal e
a4/358/372/3 4 s,

min(1, 2x, x2)

< 9(1—!—/ u|D(u+Wg)|2dx> + / (Az?—m?)zdx,
R3 JR3
where 0 is the constant from (I1.2.64), and Sq, S are Sobolev constants. Next, observe that
(' (0) — ttoo' (ve0))? < 2(1t — theo)*¢ (1) + 2% (¢ (0) — ¢ (Ve0))? < Wt — o)? + B|hco | 77,
with the same constants as in (II.2.74). Therefore, using (I11.2.55), (11.2.56) and Proposition I1.26(a),
/]R3(M<P'(v) — oo’ (ve0))? dx < @l — tteo |7, + B(Uo — €V9'(0))?[|7]| 7
% _ ! 2
<2aly(u)+ p (Up —eVe'(0))°Ly(0).
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Altogether, we have shown that there is a system constant M’ such that (recall the dissipation terms
Dy (u,v) and Dy(u,v) from (11.2.60)&(11.2.61))

Dy(u,v) + Dy(u,v) > (1— Me) /IR3 u|D(u 4+ We)|?dx + (1 — M'e) /]R3 (AT — Kﬁ)2dx
—MeL,(u) — M'eLy(v) — Me
for all ¢ € (0,¢1). Provided that M'e < 1, we can apply (I1.2.55) and (I1.2.56) to estimate further:
Dy (u,v) + Dy(u,v) > (2A:(1 — M'e) — M'e) Ly (u) + (2x(1 — M'e) — M'e) L, (v) — M.

(11.2.76)

Finally, we can choose ¢, € (0,¢1) so small that the coefficients of £, and £, above are nonnegative for
every ¢ € (0,¢7), and thus we arrive at the final estimate

Dy(u,v) + Dy(u,v) > 2(min(x, Ae) — L'e) L(u,v) —eM’,
with a suitable choice of L. Now estimate (I1.2.59) implies (I1.2.73) with A, given as above. O

Diminishing &, such that the constant 1 + Kep in (IL2.57) is less or equal to two, we derive the
following explicit estimate:

ProrosITION I1.36. Assume that vy € L%/3(R3), and let Ty be defined as in (11.2.70). Then, for every e € (0,¢3),
for every T € (0,T|, and for every n > 7, with 7l := [%—‘ , the following estimate holds:

M'e
2A;

L(u, o) < 2(E(ug,v0) — Eoo) (1 4+2ALT) =1 1 22 (1 — (14 2AL7)~(1=1), (11.2.77)

Proor. We proceed by induction on n > #n. For n = 7, (I.2.77) is a consequence of (I1.2.57) and the
energy estimate & (u,v?) < &(up,v9). Now assume (I1.2.77) for some n > 7, and apply the iterative
estimate (11.2.73):
Loy < (1 —2A0) 1L, o) + (14 2AL7) 1tM'e
< 2(&(ug,v0) — Eoo) (1 + 2AL7) = ((n1) =)
M'e
2A!L

Elementary calculations show that the last expression above is equal to the right-hand side of (I1.2.77)

+ (28— (1 2AL) ~(FD=) (1 2ALT) T M,

with n + 1 in place of #. O
As before, we deduce a uniform estimate for large times:

ProrosITION I1.37 (Asymptotic boundedness of L£). With the assumptions from Proposition 11.34, define for
fixed, but arbitrary 6 > 0 the quantities

M 1426 2(E(ug,v0) — Ex0) (14 2A0T)
= Ty :=T; I .
Mo = S min(e Ag) — Dey)’ 27— Tirmax (O’ 2A; 08 M,
Then, there exists T € (0,T] such that for every € € (0,¢3), T € (0,7'] and all n € N with nt > Ty, one has

L(uz,v7) < 2My. (I1.2.78)

Proor. We proceed similarly to the proof of Proposition I1.34. First, using (11.2.77) and nt < Ty + T, we
get for nt > T; that

L(ul, o) < My +2(E(up,v9) — Eo) €XP ((T2 — Tl)% log(1+ 2/\2'()) (1+2AL7)
: (I1.2.79)
< M, +2(5(u0, Uo) - 500)(1 + 2)\07) exp ((Tz — Tl); log(l + ZAQT)) ,
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where we used in the last step that A, < Ag. Consider the case 2(& (up, v9) — £x) (1 +2A9T) < My, where
T, = Tj. Trivially, (I1.2.78) then follows from (I1.2.79).

For the remaining case, we use one more time that % log(1+s) / 1ass \,0: there exists s > 0 such
that 1log(1+s) > 75 for all s € (0,5]. Defining 7' := min(T, 53, yields 110g(142AT) > 135 for all
T (0,7).

We conclude with (I11.2.79):

L(uz,07)

< My +2(E(up,v9) — E0) (1 + 2A0T) exp (—(1 +20)log [2(5(110, %) ~ &e) (1 + 2AOT)} ! )

M, 1+26
=2M,.

O
We have thus proved that, for t > T, the auxiliary entropy £ is bounded by a system constant. Next,
we prove that £ is not only bounded, but actually convergent to zero exponentially fast.

I1.2.2.7. Exponential decay for large times

LeMMA I1.38. There is a constant L > L' and some €3 € (0,€2) such that for every ¢ € (0,e3), for every
sufficiently small T > 0, and for every n such that nt > Ty, we have

(L+2AT)L(ul, o) < L(ul~1, 00T, (I1.2.80)
with A := min(Ag, x) — L.

Proor. We proceed like in the proof of Lemma II.35, with the following modifications. By Proposition
11.37, we know that

Lu(uz) < L(uz,vk) < 2My.
Using the first inequality in (I1.2.55), we can estimate the L2-norm of u by a system constant:

[ull 2 < l[tteollp2 + |4 = o2 < sup |[tteol[ 12 +20/ My =: Z.

O<e<ey

This allows us to replace the chain of estimates (I1.2.75) by a simpler one:

' 2 ~ ~
/]R3 u[D(p(0) = ¢(veo)) [ dx < [|uef 2 (2| DB T4 + BIIB]s).
with the constants from (I1.2.74). Using the Sobolev inequalities
1Dl < S[ollwzz - and  [[0]]ps < S[[D]w2

in combination with (I1.2.65) and (I1.2.56), respectively, we arrive at

o 2
[ D(9(0) — plow)) [ x < 525

min(1, 2k, x2)
This eventually leads to the dissipation estimate (I.2.76) again, with a different constant M’, but without
the constant term —eM'. By means of (I1.2.59), this implies (IL.2.80) for appropriate choices of L” and
£3. O
By iteration of (I1.2.80), starting from (I1.2.78), one immediately obtains

[ (85— w97+ 2p75° L(0)

min(1,x

CoroLLARY I1.39. For all sufficiently small T and every n such that nt > T, we have
L(u,0") < 2Mpe 20N (1T=Ta) (I1.2.81)
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I1.2.2.8. Passage to continuous time

To complete the proof of Theorem I1.4, we consider the limit T ™\, 0 of the estimates obtained above. This
means that we consider a vanishing sequence (T;)ren such that the corresponding sequence of discrete
solutions (i, vy )keNn converges in the sense of Theorem I1.22 to a weak solution (u,v) to (IL1.1). The
lower semicontinuity properties of £ allow us to conclude that

L(t) == L(u(t,-),0(t,-)) < lilfninfﬁ(uTk(t, ), vg.(t,-)) forevery t > 0.

Recalling (II.2.50), we conclude from (I1.2.81) that

L(t) < 2Mae 2M(=T) forall t > T, (I1.2.82)
Moreover, from (I1.2.57) and the energy estimate, we obtain
L(t) <2(E(ug,v0) — ) forall t > 0. (11.2.83)
We prove that
L(t) < C(1+ ool 1ors) 210V (1 4 E (g, vg) — Eao)21H0)e=20t for all t > 0. (I1.2.84)

From this, claim (IL.1.5) in Theorem 1.4 follows with A, := A” and Cs5 := /C. We distinguish cases
and first consider 2(€(up, vg) — £x0)(1 4+ 2A0T) < My. There, T, = T, so combining (I1.2.82)&(I1.2.83)
yields for all t > 0:

L(t) < max(2(&(up,vo) — Ex),2Mp) exp(2ALTy) exp(—2ALt).
In the other case, we get
L(t) < max(2(&(up,vo) — Exo),2Mp) exp(2AL Ty) exp(—2ALt),

from which the following estimate can be obtained using the definition of T, and A} < AJ:

A//
o = = (14-29)
£(t) < max(2(& (1o, 00) — ), 2My) exp(2ALT) <2(5 (o, 0) = £ ) (1 2)‘0T)> MU exp(—2a)
2
nopy (2(E (0, 00) — Eeo) (1+200T) \ 2 /
< max(2(E(up,vg) — Eeo),2Mp) exp(2A¢ Ty ) v exp(—2A¢t),
2

2(&(ug,v0) —E€o0) (142A07)
M,

since > 1 in this case. From the combination of both cases, we infer

2(5(1/[0, ’00) — Eoo)(l + 2)\0?)
M,

1+26
L(t) < 2max(E(ug, vy) — Eeo, Ma) exp(2A] Ty) max (1, ) exp(—2A/'t).

The definition of T; and the fact that A} < «k yield

2(1+4") ,
exp(2AT;) < exp(2xT;) < max (exp(ZK), (W) ) < Cy (14 ||vo| gors )20+,
1
Likewise,
Z(S(uo, Uo) — goo)(l +2A0T
M
Putting everything together, (I1.2.84) follows and the proof of Theorem II.4 is complete. O

1426
2max (& (up, v9) — Eco, Ma) max <1/ )> < C5(& (119, vg) — Eo +1)2(179),
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CHAPTER 113

The classical Keller-Segel model in one spatial dimension

In this chapter, we use the methods applied in Chapter 1.2 to investigate system (I.1.1) in one spatial
dimension. Our main result is that the one-dimensionality allows one to consider arbitrary diffusion
exponents m > 1. We shall treat here the most involved case of linear diffusion (m = 1) corresponding
to the classical Keller-Segel model. An abridged version of the results in this chapter is contained in the
note [187]. Since the overall strategy of proof in this chapter is the same as in the previous one, we skip
most of the technical details and only highlight the important differences.

11.3.1. Existence of weak solutions

This section is concerned with a motivation for the proof of Theorem IL.6. The crucial step here is
to verify that the discrete solution (ur,vr) is well-defined and regular enough to allow for passage
to the continuous-time limit 7 ™\, 0 in a strong sense. Once obtained, we can proceed as in Chapter
I1.2 establishing an approximate weak formulation which turns into the weak formulation of the time-
continuous equation as T \, 0. One major obstacle to overcome is the unboundedness from below of the
energy functional £ as defined in (IL.1.3).

We first prove the following

Proros1TION 1140 (Minimizing movement scheme). For each T € (0,1) and (11,) € X, the functional
~ 1 ~
Ec(+|u,v) := Zdz(-, (n,0)) + &

possesses a minimizer (u,0) € P>(R) x WVA(R) with [, ulogudx < co. Moreover, there exist constants
Ko, Ky, Ky > 0 such that if in addition T € W*(R) and [ ilogiidx < oo, then
| (Vix|f2 + Tlloxl 72
o , . , (IL3.1)
< Ko [ (ulogu— o) dx + Ky ([0lna = [3l12) + Kat(0lByna +1;
hence, v € W??(R), v/u € W'2(R) and u € L®(R).

Proor. First, in one spatial dimension, there exists Cy > 0 such that ||v|[i~ < HUHCO’% < Collv|lyrz-
Moreover, for some C; > 0, one has

/ ulogudx > —Cy(my(u) +1)2.
R
From this, we easily see that for all (1,v) € 2,(R) x W'?(RR) with [ ulogu dx < oo, we have

1
[ wlogudx+ W+ os 2 — [xICollollwiz < E(1,0) < o,

where W € R is a lower bound for W. Using the triangle inequality for d and Young’s inequality, we
deduce coercivity of E-(-|u, v):

1 1
E(u,v|it,0) > ZHZ)”‘Z’VLZ + Zmz(u) - C. (IL3.2)
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Chapter I1.3. The classical Keller-Segel model in one spatial dimension

Thus, by the Banach-Alaoglu, Arzela-Ascoli and Prokhorov theorems, a minimizing sequence (i, Un ) neN
for £;(-|i,7) converges — at least on a subsequence — to some limit (1,v) € %(R) x W?(R) with
Jgrulogudx < co: v, — vin W'#(R), v, — v locally uniformly in R and 1, — u narrowly in 2(R).
With respect to these convergences E¢(-|i, ) is lower semicontinuous, which is clear except for the term
Jg nvn dx. We employ a truncation argument similar as in the proof of Proposition I1.12 to prove the
lower semicontinuity of this remaining term, and consequently obtain the minimizing property for (1, v).
It remains to prove the additional regularity estimate (I1.3.1). We investigate the dissipation of £ along
the (auxiliary) O-flow (U, V)s>0 w.r.t. d generated by the geodesically 0-convex functional

A(u,v) ::/R[ulogu—i-;v + v dx

on X. Elementary calculations yield, since we have Us = Uyxx, Vs = Vyx — kV:

d — 1 5 2
75(1/{’]/) < / 74( U)% + ||WxxHL°° - ’(Vxx - KV)Z + ’quz + Kivz dx.
ds R 2 2 2

Using the one-dimensional Sobolev inequality

llls < Cllnllyis 113, (I1.3.3)
we eventually arrive at
d 1
+LEUY) < —2[|(VU)x |3 - 5 Ve — V|12, + 5 ||zz\|L2 + C,. (IL3.4)

Finally, we use the flow interchange lemma (Theorem L5) to obtain .A(u, v) + TDAE (u,v) < A(u,v),
which yields (I1.3.1) in combination with (I1.3.4) and lower semicontinuity as s \, 0. O

In this specific setting, £ is unbounded from below. Hence, the classical estimates from Proposition
I1.15 do not provide any information at first sight. However, thanks to the coercivity of £; from (I1.3.2)
the following estimate — considering a finite time horizon — can be deduced:

ProrosiTIoN 1141 (Total square distance estimate). Let (g, vp) € X with [ uglogugdx < oo and vy €
W12(R) and a time horizon T > 0 be given. There exists a constant C > 0 depending on ug,vg and T such that
forall T € (0, %), the following holds with N := EJ and the sequence of minimizing movements (u2, v"),eN:

N
Yo @2 ((ut, o), (ut o)) < Ct. (I1.3.5)

Proor. Our method of proof is inspired from [4, Sect. 3.2]. Using the minimizing property of (u?,v%),
one has

Z d2((u, o), (=1, 01 < 27(E (ug, vo) — E (U, o). (11.3.6)

Additionally, for . := 4, the following is true:

E@l,oN) > inf & (u,0|ug,v9) — ((ul, 0Ny, (up, v0)), (IL3.7)

(u,0)ex

and the infimum is finite thanks to Proposition I1.40. It thus remains to provide an appropriate upper
bound for d?((ul,vN), (up,vp)). Writing as a telescopic sum, we obtain

*dz(( N, o), (uo, v9))

N 1
= Y | @, 0b), (mo,00) — 5 (@2((, o), (0, 00)) +d2<<u¢-1,vz—1>,(uo,vo»)]
n=1
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Chapter I1.3. The classical Keller-Segel model in one spatial dimension

IA
ngks

a((e2, %), (0, 00)) [A((ae, 02), (0, 0)) — (™, 027, (10, 20))]

3
Il
—_

d((ut, v7), (1o, v0))d((uy ™", 03 ™h), (uff, o).

IA
et

~

We use Young’s inequality and the estimates (11.3.6)&(11.3.7):

1 7. &1 I 1 Y
S, oY), (g, 00)) < 5 Y- a2k ok ), (al 0) - Y (o), (o, 00)
n=1 * n=1
T T Lo N_N Leh o
< =&(ug,v9) — = inf & (u,v]|ug,v9) + =d(u,vy), (ug,v9)) + — Z Td“((ul,v?), (ug, vg)).
2 2 (up)ex 4 Tx 21

Rearranging and recalling that 7, = %, we obtain with the binomial formula that

3 3 . 16 ¥
&*((ug, of), (uo, v9)) < 5& (o, v0) — 5 (u,lzf}fex&*(u’v | 10, v0) + - n;lfdz((u?, vz), (1o, v9)).-

Since T < % < 13—6, we are in position to apply a discrete Gronwall-type lemma [4, Lemma 3.2.4] which

yields
~ 1 ~
d2((ul, o), (ug,v9)) < Cexp <3 —i6T(N - 1)T> < Cexp (16T),
for a constant C > 0 depending on 1y, vg. Thus, the asserted estimate (I1.3.5) follows from (I1.3.6). O

We can now proceed as in Chapter II.2 and arrive at a weak solution (u,v) to (IL.1.1) with the
properties

v e L*([0, T]; L*(R)), vy € L®([0, T]; L*(R)), v € L?([0, T]; L*(R)),

for each T > 0. We immediately deduce that v € L®([0,T] x R). We now show that v is continu-
ous in both arguments. In fact, for all bounded intervals I C R, v belongs to the anisotropic Sobolev

1
space WVP([0,T] x I) with P = ( 2 ?) , the spectral radius of which is less than 1. Since in this case
12

WP ([0, T] x I) € C°([0, T] x I), the claim follows (for details on anisotropic spaces, see e.g. [17, 116]).

I1.3.2. Convergence to equilibrium

This section is devoted to a sketch of the proof for Theorem II.8. Again, the overall strategy is as in
Chapter I1.2, but the analysis simplifies on a broader range here thanks to the spatial one-dimensionality.

It is easily shown (see Section II.2.2.1) that the additional assumption of Ag-convexity of the confine-
ment W yields boundedness from below of the energy €. We obtain (te, v ) € (22 N L®)(R) x W?2(R)
as a minimizer of £ similarly to the proof of Proposition II.23. Again, uniqueness is proved by showing
strict convexity of £ as a functional on L?(R) x L?(R), which requires a small coupling strength € > 0.
Note that 1, € L*(R) is crucial here.

Using the properties of (ie, Vo), We Observe that the energy can be decomposed as follows into a
convex part L (see Proposition I1.42 below) and a non-convex, but controllable part e£:

E(u,v) — E(Ueo, Vo) = L(u,v) + €L (u,v), (I11.3.8)
where L(u,v) = L,(u) + Lo(v),
L,(u) := /]R [ulogu — teo log theo + We(U — Uoo)] dx, with W := W — €0,
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Chapter I1.3. The classical Keller-Segel model in one spatial dimension

£a(0) 1= 5|0 = vl + S o —vwl £u(w0)i= = [ (1 o) (0 - ve) .

Proros1TiON 11.42 (Properties of £). Let € be sufficiently small. Then, the following statements hold:
(a) There exists M1 > 0 such that the perturbed potential W, is A¢-convex, where A := Ag — Mie > 0.
(b) The functional L, is Ae-convex along generalized geodesics in (%,(R), Wy) and

Ae

WA, ) < Lulu) < i/ u((log u + We)y)? dx.

(c) The functional L, is geodesically k-convex on L*(R) and
K 1
0= ellz < Lo(0) < 2 [[(0 = e0)x = k(0 = eo) [ 72
L L

(d) There exists Mp > 0 such that L(u,v) < (14 Mpe)(E(u,v) — E(heo, Vo).

In one spatial dimension, the proof of part (a) simplifies dramatically compared to Section 11.2.2,
since

(Ws>xx = Wyx — S(Uoo)xx = Wiy — S(Kvoo - 31100) > Ay — £K||UOO||L°° > Ag — Sé(g(uoo/ Uoo) + 1),

for some constant C > 0. The proof of part (d) is mainly a consequence of the (generalized) Csiszir-
Kullback inequality

e = ool < CLulw),
since £, coincides with the relative entropy
Lo(1; tloo) = / (h(u) — h(too) — H (too) (1 — Uoo)) dx,
R
for the admissible choice h(z) := zlogz (cf. [51]).
The following estimate — valid in one spatial dimension only — will be needed for the analysis
below.

ProrosiTioN 1143 (Estimate in L?(RR)). There exists a constant C' > 0 such that for all u € 2,(R) NW12(R),
one has

1t — |22 < c’/ w((log 1t + We)y)? dx. (I.3.9)
R
Proor. Define for brevity
Flu) = /m u((log u + We))? dx.
Thanks to A.-convexity of £, and (1.2.9), we have
L(u) < 5 F(u), (113.10)

and ue satisfies log e + W = const. on IR. With Taylor’s theorem and the fact that u and u. have the
same mass, we conclude that

La(u / U — )2 dx, (11.3.11)
~2 i

where u, (x) is between u(x) and ue(x).
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Chapter I1.3. The classical Keller-Segel model in one spatial dimension

Using integration by parts, one obtains that

/ u(logu)2dx = F(u) — / u [2(logu)x(W€)x + (Wg)ﬂ dx
R R (I1.3.12)
< F(u) - 2/]Rux(Wg)xdx = F(u) +2/Ru(wg)xx dx < F(u) + 2] (We) el
With the Sobolev inequality (I1.3.3), we get
[ = o7 < 20VullFs + 2] Vitoo 74 < 2C(I[(Vit)xl 2 + [[(Vitoo)x 1 12),
which can be estimated with (I1.3.12) as
[t — teo||72 < C\/F(u) + Co, (IL3.13)

for a fixed constant Cy > 0. We define C; := max(1, Cy) and distiguish cases.
Case 1: F(u) > Cy.
Then, estimate (I1.3.13) immediately yields the claim:

l|u — uoo||%2 < (CH+1)F(u).
Case 2: F(u) < (.

In one spatial dimension, we are allowed to estimate as follows:

lu|lLe < 5||u||w1,1 =C <1+/ |uxu1/2u1/2dx>
R

le 1/2
1+</xdx> ]
R U

With the help of (I.3.12), recalling that F (1) < C1, we conclude that

<C

lulles < € [14 (F @) + 2] (Wouai=)?] < G, (113.14)

for some fixed constant C; > 0. Since F(ue) = 0 < Cy, one has |[uc||1~ < Cp as well. The claim now
follows by combining (I1.3.10), (IL.3.11) and (11.3.14):

1 1 1

—F > / — (U — U 2 d — (U — U 2 d

Ae (1/{) T Hu<ueo} Ux (M " ) x {u>ue} Usx (u ! ) *
>/ i(u—uoo)2013c+ 1(u—um)zdx> i||u—uc,o||22.
T JHu<uew} Uoo J{u>ue>0} U ) L

O
As a conclusion to this section, we now prove the central estimate leading to Theorem II.8:

ProrosITION I1.44 (Exponential estimate for £). Let (u?,v%),en be a family of time-discrete approximations
obtained by (1.2.11) which converges to a weak solution (1,v) as T \, 0 in the sense stated in Theorem II.6. Then,
there exist € > 0 and L > 0 such that for all € € (0,€) and n € IN, one has

L(u?,0") < (14 Mae)(E(u°,0°) — E(theo, Vo)) (1 +2A:T) 7", (IL.3.15)
with A¢ := min(Ag,x) — Le > 0.

Once proved, this result yields exponential convergence of L£(u(t,-),v(t,)) to zero for t — oo after
passage to the continuous-time limit T \ 0. From this, Theorem IL.8 clearly follows.
Proor. We investigate the dissipation of £ along the (auxiliary) min(Ae, «)-flow (U, V)s>0 of the geodesi-
cally min(Ag, x)-convex functional £ on X, which is associated to the evolution system

Us = (U +U(We)x)x, Vs =V —0c0)xx — k(V — V),
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Chapter I1.3. The classical Keller-Segel model in one spatial dimension

together with the initial conditions (¢4(0,-),V(0,-)) = (u?,v%). First, by elementary calculations, we
obtain using the decomposition (I1.3.8):

d £ ' e [
— < [ Z — € 2 7/ — Ve 2
LEUY) < (2 1) ./]RZ/I((logU+W)x) dx+5 | UV —ve)idr

£

5 =) IV = 00)r = 5V = 00) [

The third term can be controlled by the first one using (I1.3.9), whereas the second term is controllable by
the fourth term using the inequality ||7p3[/;1 < Cll7]/11 |13 ., which is valid in one spatial dimension.
Taking into account the properties of £ from Proposition 11.42, we end up with

I
+ E||L{—uoo||iz + (

—%5(@1,1}) > 2(1 — eM) min(Ae, ) LU, V), (113.16)

for some constant M > 0 if ¢ is sufficiently small. The application of the flow interchange lemma
(Theorem 1.5) eventually yields with (I1.3.16):

[1427(1 — eM) min(Ae, x)] £(u?, o) < L(u? L, o071,
By iteration of this estimate and Proposition 11.42(d), the desired estimate (I1.3.15) follows. O
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CHAPTER 114

A system of Poisson-Nernst-Planck type with quadratic diffusion

The results in this chapter are contained in the article [188]. The methods of proof to deduce the ex-
ponential convergence to equilibrium are strongly related to those of Section I1.2.2 (see also [189]) and
require the existence of a weak solution constructed via the minimizing movement scheme. Using sim-
ilar methods as those in Chapter 1I.2, Kinderlehrer, Monsaingeon and Xu proved the existence of such
weak solutions in [112]. We recall their main results in the following section.

11.4.1. Preliminaries

In this section, we restate the results proved by Kinderlehrer ef al. in [112] adapted to our specific setting.
First, recall that the state space here is X = 2,(R3) x 2,(IR®) endowed with the canonical product
distance

d((1,0), (,9)) := \/ Wa(u, 1) + Wa(0,9)?,

and the free energy is defined as

£(u,0) {ng(u2+vz+uU+vV+§|D1/J|2)dx if (u,0) € L2(R3) x L2(IR3),
u,v) =

+o0 otherwise.

ProrositioN 1145 (Minimizing movement scheme [112, Prop. 3.3]). Let T > 0 and an initial datum
(19,v0) € XN (L*(R3) x L2(IR®)) be given. Then, the sequence (u, o) e defined by the minimizing move-
ment scheme (1.2.11) is well-defined with (u,v?) € XN (W2(IR3) x WL2(R3)) for all n € IN. By definition,
the sequence (€ (uZ,v)),cN is nonincreasing.

The following main result of [112] about the existence of nonnegative solutions to (IL.1.7) is at the
basis of our subsequent analysis:

TueoreM I1.46 (Existence of solutions [112, Thm. 2]). Let ¢ > 0 and U, V as mentioned above. Define, for ini-
tial conditions (ug,vp) € XN (L2(R?) x L?(R3)) and each T > 0 a discrete solution (1, v:) by (12.11)&(1.2.12).
Then, there exists a sequence T, \, 0 and a map (u,v) : [0,00) x R® — [0,00]? such that for each t > 0,
g, (t,-) = u(t,-) and v (t,-) — o(t,-), both narrowly in P5(R3) as k — co. Moreover, (u,v) is a solution to
(IL.1.7) in the sense of distributions, it attains the initial condition and one has for each T > 0:

u,v € CY2([0, T]; (2,(R%), W) N L*([0, T]; L*(R%)) N L2([0, T]; W2(R3)),
E(u(T,-),o(T,-)) < &(uo, vo).

I1.4.2. The equilibrium state

In this section, we prove Theorem IL.9.
Proor. Existence: Trivially, £ is bounded from below. Hence, there exists a minimizing sequence

(ug, vp)ken in X N (L2(R3) x L2(R3)) with klim E(ug,vg) = ( ir;f &(u,v). Thus, we have for some
—00 u,v)eX
C > 0 that |lugll;z2 < C, |logll;z < C for all k € IN. Moreover, using the Ap-convexity of U and
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V on RR?, one obtains supmy(u;) < oo and supmy(vr) < co with the help of the elementary esti-

keN keN
mates U(x) — U(xL ) > 20|x[2 — %]xgﬁn]z and V(x) — V(xV ) > do|x2 - %|x¥lin|2 (with the unique
minimizers x!.  xV. of U and V on R3, respectively). We infer with the Prokhorov and Banach-Alaoglu

theorems that there exists a subsequence (non-relabelled) and a limit (e, Vo) € XN (L2(IR?) x L?(RR?))
such that u; — e and vy — v both narrowly as probability measures and weakly in L?(IR3), as k — co.
With respect to these convergences, £ is lower semicontinuous. In fact, this is obvious for the quadratic
and linear terms in & since U and V grow quadratically. For the last term containing the Dirichlet energy
3||Dy ||%2, we refer to [112, Prop. 6.1] for a result on lower semicontinuity w.r.t. weak L' (R3) convergence.
Hence, it follows that (¢, veo) is indeed a minimizer of £ on X and hence also a steady state of (I1.1.7).
Uniqueness: We claim that £ is uniformly convex with respect to the flat distance induced by the product
norm || - || 2,2, which implies the uniqueness of minimizers.

For all (u,v), (u',v") € XN (L*(R®) x L?(R3)) and all s € [0, 1], we have, thanks to

/]R3 ID(G s w)[>dx = /le(G*w)de = /]R3 /}RS w(x)G(x —y)w(y)dxdy Vw € XNL3(R?) (114.1)

that
dZ

== E(u+s(u' —u),v+s(v —0))

5=0

= oo [Z(u’ —u)?2 4200 =) +e(( —u) — (v —0))G* (1 —u) — (v — v))} dx

>2||(w —u, v — U)H%zxLz/

so & is 2-convex w.r.t. the distance induced by || - |2, 2-
Euler-Lagrange equations: Since (Ueo, Voo) is the minimizer of £, the following variational inequality
holds:

+
0< &

I E (oo + SU, Voo + ST)

=0 (I14.2)
= /3 [Rueo + U + €G * (Ueo — Veo)] L~ldx+/3 2000 — V — €G * (loo — Vo) U dx,
R R

for all 7,7 such that both e + # > 0 and ve + 7 > 0 on R3, and Jretidx = 0 = [ps 0dx. In order to
prove (I1.1.9), we set 7 = 0. Let ¢ : R3 — R be such that fR3 ¢dx <1land ¢+ ue > 0on R3. The choice
- 1 1
Uy = Ecp— Eum/W(pdx
is admissible for # in (I1.4.2), hence (recall the notation (e := G * (Ueo — Vo))
0< / (oo + U + s — C)pdlx, (11.4.3)
R
with
Cy = /3(214%0 + Ulleo + €Ul Poo) dx € R.
R

If 1o (x) > 0 for some x € IR3, we are able to choose ¢ supported on a small neighbourhood of x and to
replace by —¢ in (IL.4.3) and obtain
2ueo(x) + U(x) + ePeo(x) = Cy.

If us(x) = 0 for some x, one has U(x) — efoo(x) — C, > 0, and hence (I1.1.9) is true in both cases. The
equation for ve (I1.1.10) can be derived in analogy.
Properties: First, since (i, veo) are admissible as starting condition (u2,9?) (for arbitrary T > 0) in the
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scheme (1.2.11), we obtain thanks to the minimizing property and Proposition I1.45 that
(oo, Vo) € WI2(R3) x WH2(IR?). We now show that o, € L®(IR3). To this end, let x € R3 and
observe at first that
1/2
/1131(3() |”°°(Ti —;r(y” dy < [Jtteo — Veol| 2 </IB1(X) E _1y|2 d?/) =27 tteo — Voo |12,
independent of x, by Holder’s inequality and the transformation theorem. Furthermore, since |x —y| > 1
if y ¢ By (x) and [[ues| 1 = 1 = [[ows 11, we get

/ Mdyg |thoo — Veol| 1 SUP |x—y|_1§2-
R3\B; (x) |x — | y¢By(x)

Putting both parts together, we see that sup |(eo(x)| < 0. In view of (IL1.9)&(I1.1.10), ¢ € L®(RR?)
xeR3
implies that e and ve have compact support since U and V grow quadratically as |x| — oo. By classical

results on solutions to Poisson’s equation [121, Thm. 10.2], we then infer that ¢o € C**(IR®) for all
a € (0,1), since by the Gagliardo-Nirenberg-Sobolev inequality, one has (te, vs) € LO(IR?) x LO(R3).
Hence, using (I11.1.9)&(11.1.10) again, we conclude that #« and ve also are Holder continuous. By elliptic
regularity for Poisson’s kernel [121, Thm. 10.3], it follows that ¢ € C>*(IR?). O

I1.4.3. Auxiliary entropy and dissipation

In this section, we define a suitable geodesically convex auxiliary entropy £ and derive the dissipation
of the driving energy & along the gradient flow S* of L.

Let £ : X — R be defined via
Jgs [12 — 1k 4 0% = 0% + (1 — tieo)U + (0 — Vo) V + €(1 — thoo) Yoo — €(0 — Voo) Yoo ] dx
L(u,0) := if (u,v) € L2(R3?) x L*(R3),
+oo otherwise.

Obviously, L is proper and lower semicontinuous on (X, d).

ProrosITION 1147 (Properties of L£). There exists g > 0 such that for all e € (0, ¢q), the following statements
hold:

(a) There exists L > 0 such that L is geodesically A¢-convex w.r.t. d, where Ag := Ag — Le > 0.
(b) The following holds for all (u,v) € XN (W2(IR?) x WL2(R3)):

it = weo]|72 + |0 = vool|72 < L(u,0)

) ) (IL.4.4)
< Ny oo - [e0] .
S /IR3 {u|D(2u+U+£lp )|©+2DQ2v+V — ehoo) | } dx
(c) There exists a constant K > 0 independent of € such that for all (u,v) € X:
L(u,v) < E(u,v) — E(Uoo, Vo) + Ke. (IL4.5)

Proor. (a) In view of Theorem 1.14, as £ is decoupled in its arguments u and v, it suffices to prove
that there exists C > 0 such that |D?*wo|[r= < C for all sufficiently small ¢ > 0. Let R > 0
such that supp ue Usuppve C Bgr(0). Since o € C?*(R3) thanks to Theorem IL9, we have
sup {|8xi8xj1/}oo(x)\ DX € IBR+1(O)} < oo for each pair (i,j) € {1,2,3}2. Consider now x & Br1(0).
One obtains for z # 0 that

1 3ZiZ]‘
2:,6) = gz (o )
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where (Sij denotes Kronecker’s delta. So, using a linear transformation,
1
|0x;0x; Yoo (x) | = ‘/ 92,02, G (2) (oo (X — 2) — Vo (x — 2)) dz| < 2R%[|tico — Voo 1,
Br(x) 3

since for all z € Bg(x), one has |z| > 1 by definition of x. Hence, the desired uniform estimate on
D?Y is proved.

(b) The upper estimate is a straightforward consequence of A.-convexity of £ and the structure of its
Wasserstein subdifferential w.r.t. u and v, respectively (see e.g. [4, Lemma 10.4.1]), in combination
with (1.2.9). For the lower estimate, we observe that

L(u,v) = /]R3 {(u - u(x,)2 + (v— voo)z + (U — thoo) (o + U + €Po0) + (0 — Voo) (2000 + V — 81/)00)} dx.

We prove that [ps (4 — tieo) (2ueo + U + €poo) dx > 0. Since the term above involving the v component
can be treated in the same way, the claim then follows. Using (I1.1.9), we obtain

U— Ueo 2u00+u+soodx:/ U— U )Cpy dx + u(U + ey ) dx
[y =) puydv= [ ) Cude [ (U epe)
=C U— Ueo ) dx + u(U + e — Cy)dx > 0,

u IRs( ) (Cotlepmo) ( P u)dx >

since # and 1« have equal mass (hence the first term is equal to zero) and the integrand of the second
integral is nonnegative on the domain of integration.
(c) One has for all (1,v) € XN (L?(R3) x L2(R3)):
1

1 1
H£0,0) = E(0,0) + Elue,0)) = [ (=) = (0 = 0o = 51D + 5[Dp |

1 1
S /IR?’ lpoo(u — 00— Euoo + Evoo)dx S 3||IPOO||L°° g K,

thanks to (IL.4.1) and Theorem IL9.
O
According to Example 1.15, the A.-contractive flow S* =: (U, V) is characterized by

U = div [UD(2U + U + e¥o) ], 9V =div[VD2V +V — eips)] - (11.4.6)
Now, we derive the central a priori estimate on the discrete solution:

ProrosITIoN 1148 (Dissipation of £ along S¥). Let T > 0 and let (u",v"),cN be the sequence defined via the
minimizing movement scheme (1.2.11). Then, for all n € IN:

L(u?,0") +1D(ul, ") < Lot h, (IL.4.7)
the dissipation being given by

D(u,0) = (1-3) [, (MID@u~+U+epe) P +0[D(20 + V — &) )
£

2
— 5 [+ )D(p — ) P ax.

(I1.4.8)

Proor. To justify the calculations below, we regularize the flow given by (IL.4.6). Define, for v > 0 and
(u,0) € XN (L*(R3) x L?(R®)) the regularized functional

Ly(u,v) := L(u,v) +vH(u) +vH(v), with Boltzmann’s entropy H(w) := /3 wlogwdx,
R

which is finite on %, (IR®) N L?(IR®) (cf. Lemma I1.18). Furthermore, by Example 1.15, H is O-convex along
generalized geodesics in £ (R?), so L, is geodesically A,-convex w.r.t. d and the associated evolution
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equation to its A¢-flow (U, V) is the strictly parabolic, decoupled system
osU = vAU + div [UD(2U + U + e¢oo)], 9V =vAY +div VD2V + V — eoo)] - (I1.4.9)

Let (u,v) € XN (W'2(R3) x W2(R3)). At least for small s > 0, system (I1.4.9) has a smooth and
nonnegative solution (U, V) such that (U(s,-), V(s,-)) — (u,v) both strongly in L2(R?) x L?(R?) and d,
as well as weakly in WI2(IR%) x W12(IR3), for s \, 0. Moreover, this flow operator can be identified with
the A.-flow associated to £, (see e.g. [4, Thm. 11.2.8]). Then, writing ¥ := G % ({ — V) for brevity:

~ Sy = - [ 20+ U+ ¥)div [vDU +UDU + U + )] d
- /IR3 2V + V — e¥]div [vDV + VD2V + V — efp)] dx.
We first focus on the viscosity terms and obtain, using that (4, V) € X:
- /}RS (12U + U + e¥]AU + [2V + V — e¥]AV) dx
- /IR3 (2|DUP +2|DV2 — UAU — VAV — e(U — V)AY) dx
= 2|[DU|2, +2|[DV|]%, — /RB(uAu +VAV)dx + €U = V|2, > [ AU~ — [ AV 1.
The remaining terms can be rewritten as
- /1R3 2L+ U + e¥]div [UD(2U + U + etpoo)] dx — /IR3 2V +V — e¥]div [VD(2V + V — et )] dx
_ /]RSL"D(Z“ U+ epoo) [P+ /]Rs VD@V + V — epeo) 2 dx
+£/]R32/{D(ZZ/{+U+£1,DOO) -D(‘T’—gboo)dx—s/]RBVD(ZV—i-V—apoo) D(Y — o) dx

> (1 - %) /RS (UIDQU + U + epeo) 2+ VD2V + V — etpeo) |2) dx — % /w(u +V)|D(Y — ¢o) P dx,

using Young's inequality in the final step. All in all, we arrive at

~ L E@,V) = DUV ~v([|AU|l + AV ).
Observing that the terms appearing in D are lower semicontinuous w.r.t. the convergence of
(U,V) — (u,v) above, we obtain after passage to the limits s \, 0 and v \, 0 that D*&(u,v) > D(u,v).
The application of the flow interchange lemma (Theorem 1.5) completes the proof of (11.4.7). O
The remaining task is to establish appropriate bounds on the dissipation D(u?,v%) in terms of
L(uZ,v%) in order to apply a discrete Gronwall lemma and to conclude exponential convergence. Note
that, in view of (1.2.9), it will be enough to control the second part of D(uZ,v%).

I1.4.4. Convergence to equilibrium

In this section, we complete the proof of Theorem IL.10. Our strategy is as follows: First, we derive a
uniform bound (independent of ¢ and the initial condition) on the auxiliary entropy L for sufficiently
large times. This brings us into position to prove a refined estimate on the dissipation D strong enough
to infer exponential convergence of L to zero. In the following, for T > 0, we denote by (uf,v%),eN a
sequence given by the minimizing movement scheme (1.2.11).

I1.4.4.1. Boundedness of auxiliary entropy

We first need an additional estimate for the dissipation terms in (I1.4.8) (compare with Lemma I1.30):
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LeEmMA I1.49. There exists a constant 6 > 0 such that the following holds for all ¢ € (0,€9) and all
(u,0) € XN (W2 (R3) x WI2(R3)):

lul4, <6 (1 + /]RS u[D(2u + U+e1,boo)|2dx> ,
‘ (I1.4.10)
||v||‘i3 <0 (1 + ./]R3 vD2v+V — 517[)00)‘2 dx) ,
with the convention that the respective right-hand side is set equal to +oo if u|D(2u + U + e )|? 0r
v|D(20 + V — etpo ) |2 is not integrable.

Proor. We shall prove the statement for u; the other one can be shown analogously. We assume that the
rh.s. is finite. Expanding the square and integrating by parts, one has

1
/3 UDQ2u + U + o) > dx = /3 (96|Du3/22 ~2u2A(U + etpeo) + u|D(U+s¢oo)|2) dx.
R R
Since AU and A = Ve — Ueo are essentially bounded, we obtain
16
SIDw 22 < [ ulD(u+ U +eyee) 2 dx + Cllu

for some constant C > 0. By the triangle and Young inequalities, ||u|\%2 < 2||uoo||%2 +2||lu— uooH%z. For
small € > 0, we can use (I.4.4) and arrive at

16 C
?||Du3/2||22 < /R3 (1 + A) uD(2u + U + epoo) |* dx + 2C || tieo || 2,
€

On the other hand, with the LP-interpolation and Gagliardo-Nirenberg-Sobolev inequalities, we have
(recall ||u||;1 =1):

lall s < Ml 36*ullp® = /21562 < €' IDu2 1352

Raising to the fourth power, we end up with (11.4.10). O

We now derive a uniform bound on £ for large times.

ProrosiTioN IL.50 (Boundedness of £). (a) There exist ¢1 € (0,&9), L' > 0 and M > 0 such that for all
e€ (0,e1),allt>0andall n € N:

(14 2AL0)L(u, o) < L1, 0" + 1eM, (IL.4.11)
where A, :== Ay — L'e > 0.
(b) Define, with the quantities from (a) and fixed, but arbitrary § > 0:

Mgl 1426 S(MO,UQ) —g(uoo,voo) +K€1
M= To := m 1 >

2o — Ley) = 0 md Toi=max (O’ 20 08 M 20,

where K > 0 is the constant from (I11.4.5). Then, there exists T > 0 such that for all ¢ € (0,€1), T € (0,7] and

n € N with nt > Ty, one has

L(u}, ) <2M'. (I1.4.12)

ProOOF. (a) We first estimate the last term appearing in D(u, v) from (I1.4.8). By Holder’s inequality, for
(u,0) € XN (WH2(R?) x WL2(R3)):

[+ 0D dx < (lulzz + ol DY . (114.13)
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The term involving the gradient of i can be treated with the Hardy-Littlewood-Sobolev inequality
(see e.g. [121, Thm. 4.3], [112, Lemma 3.1]) which is applicable for Poisson’s kernel G:

IDy||7s < Cllu— 0|72 < 2C|[ul|?, + 2C|o||%,, (I14.14)

for some constant C > 0. Combining (I1.4.13)&(I.4.14) and using ||ul|;1 = 1 = ||v||;1 again, the
LP-interpolation inequality yields for some B, ' € (0,1):

2 2 2
[+ 0) D@ = pe)Pdx <2 [ (u+0)[DyPdx+2 [ (u+0)[Dysf>dr
2p' 2p 2p 2p
< 4C(lullf Il + 1l ol + o 1wl + Iolfsl1ol3) +2 [ |+ o) Dyes P

< C'(Julls + llollfs +1),

for some C’' > 0, by Young’s inequality and thanks to finiteness of || Difes ||12. Now, we apply (I1.4.10)
and obtain

D(u,0) > (1- 5(1+C")) /3 (u|D(2u + U + epoo) [ + 0|D(20 + V — epeo) [2) dix — eM,
R
for suitable C"” > 0 and M > 0. For ¢ < ﬁ, we further conclude by (I1.4.4) that
D(u,v) > 2A, (1 - 3(1 + c”)) L(u,v) — eM.

Insertion into (I1.4.7) yields (a).
(b) We first prove the following explicit estimate for all T > 0 and n € IN U {0} by induction on n:

L, 0") < (& (g, v0) — & (tteo, Vo) + Keq) (14 2407) " + é‘”; (1= (142000)"). (IL.4.15)

Indeed, the claim holds for n = 0 thanks to (I.4.5). If it holds for an arbitrary n € IN U {0}, we obtain
with (IL4.11):

L™ oMY < (14 2A0) 7 1L(ul, o) + (1 4+ 2AL1) " treM
< (14 2AL0) =D (E (g, v9) — € (oo, Veo) + Ke1)

M
+ 2—; (14+2M000) 11 = (14 2A0) ") + (1 + 2A%7) " LreM
€
= (& (1, v0) — € (oo, Vo) + Keq ) (1 +2AL7) =+ 4 %(1 — (142AL7)~ (1),
s

Let now 7 > 0 and n € IN with nt > Ty. Thanks to (IL.4.15), for each 6 > 0,

L@, 0") < 28 4 (£ (1, 00) — € (oo, eo) + Ke1) exp (—E log(1 + zA;T))
2A; T

< (E(ug,v9) — E(Uhoo, Vo) + Ke) €xp (—iolog(l +2Agr)) + M.

Obviously, we obtain (I1.4.12) in the case &(ug, v9) — £ (oo, Veo) + Keg < M'. Consider the converse

case. Since lim log(1+s) _ 1, there exists s > 0 such that w > Hlﬁ for all s € (0,5]. Henceforth,

s—0 s
log(1+2A;7)

e 2 14—% for all T € (0,7], and we arrive at the desired estimate by

defining T := % yields
definition of Tj:

L0, oMY < M + (€ (ttg, v0) — & (oo, ves) + Ke) exp (- log £ (140:%0) = & (theo, Veo) + Ksl) _ oM.

M
O
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I1.4.4.2. Exponential convergence to equilibrium

We are now able to prove — for sufficiently large times — a refined version of Proposition I1.50(a):

ProrosiTioN 1151 (Exponential estimate for £). There exist constants € € (0,e1) and L > 0 such that for

arbitrary & > 0, there exists T > 0 such that for all ¢ € (0,€), T € (0,7 and n € N with nt > Ty, we have
(1+2AT)L(ul, o) < L1 o), (I1.4.16)

with Ag :== Ag — Le > 0 and Ty as in Proposition I1.50(b).

Proor. We write (u,v) instead of (u?,v?) for the sake of clarity and consider the last term in D(u,v)

once more. Using as in the proof of Proposition I1.50(a) the Holder, Hardy-Littlewood-Sobolev and
LP-interpolation inequalities (cf. (I1.4.13)&(I1.4.14)), we get for some C,C’ > 0 and B € (0,1):

Joo (40D = o) Pdx = [ (1= tes) + (0= 000) + (1o + ) D(p = tho) [ dx

< (1 = t00) = (0 = v0) 72 ([l = w0 |1 = o]l # + [0 = Dol [0 = 0ol + [0 + Vool 272)

< C-2L(u,v)-C'(1+ L(u,v)) <2CC'(1+2M")L(u,v),
with Young’s inequality, (I1.4.4) and (I1.4.12). Now, (11.4.16) follows thanks to (IL.4.7), for sufficiently small
e>0. O

Finally, we prove Theorem II.10.

Proor. Consider a vanishing sequence (T;)ren such that the corresponding sequence of discrete solu-
tions (uTk, UTk) keN converges to a weak solution to (II.1.7), in the sense of Theorem I1.46. Lower semicon-
tinuity yields L(u(t,-),v(t,-)) < h}{rlglfﬁ(urk(t, -),vg.(t,-)) for all t > 0. By (IL4.5) and the monotonicity

of £ from Proposition I1.45, one obtains after passage to k — oo that
L(u(t,-),v(t,-)) < E(uo,v0) — E(Ueo, Vo) + Keg  VE> 0. (11.4.17)

Iterating the estimate (I1.4.16), assuming without loss of generality that k € IN is sufficiently large, we
get in the limit k — oo that

L(u(t,),v(t,)) <2M exp(—2A(t — Tp))  Vt>T. (11.4.18)

Actually, (I1.4.17)&(11.4.18) imply that L(u(t,-),v(t,-)) < Aexp(—2A¢t) for all + > 0, with some constant
A > 0, the particular structure of which remaining to be identified.

Consider the case & (ug, vg) — € (oo, Vo) + Ke1 < M'. Then Ty = 0, so (I1.4.18) holds for all t > 0.

In the other case, (11.4.17)&(11.4.18) yield

L(u(t,-),v(t,-)) < max(E(ug,v9) — € (teo, Veo) + Ke1, 2M') exp(2A¢ Tp) exp(—2A¢t) vVt > 0.
We insert the definition of Ty and use that A, < A to find
L(u(t,-),v(t,-)) <max ((£(ug,v9) — & (Ueo, Vo) + Keq),2M')

B 1426
‘ (S(MO, vo) 5]&!/00, Ueo) + K£1> exp(—2A¢t).

Combining both cases yields
L(u(t,-),o(t,)) < max(E(ug,vg) — € (oo, Veo) + Keq,2M")

. max (1/ E(ug,vp) — 5]&!,00, Uoo) 4 Keq

1426
) exp(—2At).
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Thus, we can find 6,5 > (0 such that
L(u(t,-),v(t,-) < Cs(E(ug,v0) — & (theo, Vo) + 1)201F) exp(—2A¢t) YVt >0,

and the desired exponential estimate (I1.1.11) follows by means of (I1.4.5) and (1.2.9).
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Part 111

Multi-species systems of nonlocal interaction
equations






CHAPTER III.1

Introduction to Part II1

In this part of the thesis (as an extended version of the article [186]), we analyse the following system of
n € IN nonlocal interaction evolution equations

Op1 = div[myp V(Wig * g + Wi x pip + ...+ Wiy % )],

at‘u2 = diV[ﬂig‘qu(Wﬂ * Up + Wy * Mo+ ...+ W, * Vn)]/
(I1.1.1)

Ottty = Aiv[mupy V (Wit * i1 + Wi * po + ... + Wap * )]
The sought-for n-vector-valued solution p(t) = (u1(t),..., un(t)) describes the distribution or concen-
tration of n different populations or agents on R at time ¢ > 0, d € IN denoting the spatial dimension.
Apart from the constant mobility magnitudes my,...,m, > 0, system (IIl.1.1) is mainly governed by the
matrix-valued interaction potential W : RY — R"*" satisfying the following requirements:

(W1) W(z) is a symmetric matrix for each z € RY.
(W2) Wj; € CY(R%R) forall i,j € {1,...,n}.
(W3) ( ) = W(—z) for all z € R,

(W4) There exists a matrix W € R"*" such that for each i,j € {1,...,n} and all z € R%:

[Wij(2)] < Wi (14 |z]?).
(W5) There exists a symmetric matrix ¥ € R"" such that, for each i,j € {1,...,n}, Wi is

K;j-(semi-)convex, i.e. the map z — W;;(z) — %Kij|Z|2 is convex.

System (II1.1.1) possesses a formal gradient flow structure: On the subspace & of those n-vector Borel
measures on R? with fixed total masses y]-(]Rd) = p; > 0, fixed (joint, weighted) center of mass

n

1 _ d
Z%/]Rdxdyj(x)—EGJR,

=1 ™
and finite second moments my (j¢;) := [ga |x|? dpj(x), the multi-component interaction energy functional
Z Z / d / L Wij(x —y) dpi(x) dpj(y) (II.1.2)
1 1j=1 R

induces (III.1.1) as its gradient flow w.r.t. the following compound metric of Wasserstein-type distances
for each of the components of the vector measures %, u! € 2:

n

1/2
1.
W (') = L; w1 { Jo el =y (50) ‘ 7j € T(j, ﬂb” : (I.1.3)

where F(y?, ]4]1) is the subset of finite Borel measures on RY x R? with marginals ‘Z/l? and ;4]1..

It easily follows from the properties of the usual Wasserstein distance for probability measures with
finite second moment that W 5 defines a distance on the (geodesic) space & (see for instance [179, 4] for
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more details on optimal transport and gradient flows). Note that (W1)-(W5) imply (at least formally)
that & is a positively invariant set along the flow of the evolution (III.1.1). In this part of the thesis, we
give a rigorous proof for these formal arguments.

II1.1.1. Main results

We obtain in the case of genuine irreducible systems (see Definition III.6 below) a novel sufficient con-
dition on the model parameters such that the interaction energy functional £ becomes A-convex along
generalized geodesics on & with respect to the distance W 4 for some A € R, see Definition IIL.1 be-
low. Note that A-convexity along generalized geodesics implies A-convexity along geodesics in the usual
sense, that is, for every pair u°, u! € &, there exists a constant-speed geodesic curve (y° )seloq) in &
connecting 11° and p! for which

E(®) < (1—35)E°) +sE(ut) — %s(l — AW, 12, Vselo1]. (I11.1.4)

For convexity along generalized geodesics, an inequality of the form (II1.1.4) is required for a wider class
of curves joining #° and p!.

We call the energy uniformly geodesically convex if it is A-convex along generalized geodesics, for
some A > 0. Define, for each i € {1,...,n}, the numbers 7; := I}’;gl kijm;. We prove in Section III.2.1 the

A-convexity along generalized geodesics of £ for all

n
A< ieﬁljf}n} pi min(0, mx;; — ;) + ;]; P (’71‘ + Winmi;ﬂ ~ (II1.1.5)
Even if some of the Wij; are not uniformly convex (i.e. kij < 0), we might still obtain a convexity modulus
A > 0, if attraction dominates repulsion as required in (III.1.5). Using this new condition, we are in
position to invoke the theory on (A-contractive) gradient flows in metric spaces by Ambrosio, Gigli and
Savaré ([4]; see Section 1.2.1 in the introduction) to obtain (cf. Section II1.2.2) the existence of a gradient
flow solution y € ACZ ([0,00); (2, W 2)) to (IIL.1.1) with initial datum p° € 2. Moreover, uniqueness of
solutions follows from the contraction estimate for all t > 0: W (u(t),v(t)) < e MW 5 (u0,10). If the
modulus of geodesic convexity is strictly positive, the measure

-1
n .
1 = (p1,...,pn) o, with x*:=E [2 :1]1 €RY,
="

is the unique minimizer — the ground state — of £ and the unique stationary state of (IIL.1.1) on &. It is
globally asymptotically stable since gradient flow solutions y(t) converge exponentially fast in (£, W »)
with rate A to #®. In contrast, if £ is geodesically A-convex with only A < 0, the dynamics of system
(II1.1.1) are more involved.
There, we restrict to one spatial dimension (d = 1) and rewrite the system in terms of inverse distri-
bution functions: Given the (scaled) cumulative distribution functions
R = [ ; dui(ty) €01, (I1L.1.6)
— M1

let u; be their corresponding pseudo-inverse, i.e.
u;(t,z) =inf{x e R: F(t,x) >z} (forze[0,1)). (IIL.1.7)
Then, system (III.1.1) transforms into (cf. Section II1.3)

ou;(t,z) = m; Zp]/ Hup(t8) —ui(tz))dg (i=1,...,n). (I11.1.8)
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In terms of system (IIL.1.8), if p € ACIZOC([O,OO); (#,Wy)), one has u € ACIZOC([O,oo);LZ([O,l];lR”)) and
forall t > Oand all i € {1,...,n}, u;(t,-) is a non-decreasing cadlag function on (0,1). Chapter II1.3
is concerned with the analysis of the qualitative behaviour of the solution y to (II.1.1) by means of
investigation of the corresponding solution u to (II.1.8). Our main result is a confinement property of
the solution: For admissible interaction potentials satisfying (W1)—(W5) only, we prove (cf. Proposition

I11.14) that
supp ui(t) C [=K(T, u°),K(T,u")] Vteo,T] Vie{l,...,n}, (II1.1.9)

for some finite constant K > 0 depending on the (compactly supported) initial datum u° and the (finite)
time horizon T > 0. Due to repulsion effects in this general setting, K(T, u’) — oo may occur as T — co.
We propose a confining condition on the interaction potential W (cf. Definition II1.15) such that the
property above extends to T = oo (cf. Theorem III.17): In a nutshell, we require W to behave — outside
a compact set — like a potential inducing a uniformly geodesically convex energy functional &, in the
sense of our criterion (II1.1.5). Note that we do not require all Wj; to be uniformly convex far away from
the origin.

Thus, in many cases, mass cannot escape to infinity. In contrast, is it possible to have concentration
in finite time, i.e., can it occur that absolutely continuous solutions collapse to measures with nonvan-
ishing singular part in finite time? The answer is negative for Lipschitz continuous Wi’]- and absolutely
continuous initial data with continuous and bounded Lebesgue density (cf. Proposition III.18).

Section IIL.3.3 is devoted to the study of the long-time behaviour of the solution to (III.1.1). We first
prove (cf. Theorem II1.19) that if the solution is a priori confined to a compact set, the w-limit set of the
system only contains steady states of (IIL.1.1). More specifically, assume that (II.1.9) is true for some
K> 0and T = co and assume that all Wi/j are Lipschitz continuous on the interval [—2K, 2K]. Then,

lim <§t£(y(t))> = 0. (I11.1.10)

Moreover, for each sequence t; — oo, there exists a subsequence and a steady state 7 € & of (II.1.1)
such that on the subsequence

]}i_)n(;lowl("l/ll‘(tk),ﬁi) =0 Vie {1,...,1’1}.

There, W; denotes the L!-Wasserstein distance between finite measures. However, this large-time limit
71 is not unique since it depends both on the chosen sequence (t)xen and the extracted subsequence.

Even if the interaction potential does neither yield uniform geodesic convexity of the energy nor
is confining, we may observe a J-separation phenomenon: If the initial datum has compact support and
the model parameters admit 27:1 kijpj > 0 for all i, the diameter of the support of the solution shrinks
exponentially fast over time (cf. Proposition II1.21). Still, the solution does in general not converge to a
fixed steady state. However, in the uniformly geodesically convex regime (A > 0 in (II.1.5)), we obtain
convergence even w.r.t. the stronger topology of the L*-Wasserstein distance We,,

tlim Woo(pi(t),u°) =0 Vie{l,...,n},

for initial data with compact support. In contrast to convergence w.r.t. W4 (cf. Corollary II1.12), we do
not obtain a specific rate of convergence.

The last chapter of this part (Chapter III.4) is concerned with the existence and stability of steady
states for (IIL.1.1) in one spatial dimension d = 1 for sufficiently regular interaction potentials W. First,
we show that if W is analytic, only discrete steady states 7 of the form
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N;
m=Y plo,  (i=1...n)
k=1 !

can exist. Concerning the local nonlinear stability of those discrete steady states, we give a sufficient con-
dition in Section II1.4.2, see Theorem I11.29. In a nutshell, if one requires the stability in certain subspaces
of the phase space in the linearized system at 71, local nonlinear stability follows. As a preparation, we
investigate the linearized system in Section III.4.1. There, we also disprove the linear asymptotic stability
of non-discrete steady states by studying the spectrum of the associated linear operator (Theorem III.25).

II1.1.2. Modelling background and relation to the literature
System (III.1.1) is a natural generalization of the scalar nonlocal evolution equation
oy = divimuV (W x )], (II1.1.11)

to multiple components. For the corresponding interaction energy functional

E(p) = %/Rd(W* ) du, (II11.12)

McCann provided in his seminal paper [133] a criterion for geodesic A-convexity with respect to the
L2-Wasserstein distance (see Theorem 1.14). In a nutshell, if W is x-convex in the Euclidean sense on R?
for some k € IR, then £ is geodesically min(0, k)-convex on the space of probability measures endowed
with the L2-Wasserstein distance. On the subspace of those measures having fixed center of mass, £ is
geodesically x-convex (i.e. the uniform convexity ¥ > 0 is retained in the metric framework). It was
proved by Ambrosio, Gigli and Savaré in [4] that geodesic convexity essentially leads to existence and
uniqueness of weak solutions for the associated gradient flow evolution equation and to contractivity
of the associated flow map — cf. Section 1.2.1. An immediate consequence of A-geodesic convexity of
functionals — for strictly positive A € R — is existence and uniqueness of minimizers (for recent results
without using convexity, see e.g. [46, 42]).

Model equations of the form (IIL.1.11) have arised in the study of population dynamics in many
cases (e.g. [24, 27, 34, 50, 60, 109, 113, 129, 145, 174, 175]) often derived as the infinite-particle limit of a
individual-based model (e.g. [29, 94, 146]):

o In the parabolic-elliptic (Patlak-)Keller-Segel model for chemotaxis in two spatial dimensions, the

interaction potential is given by (the negative of) the Newtonian potential, i.e. W(z) = 5 log(|z),

which is singular at z = 0 and attractive.
e Typical mathematical models of swarming processes include so-called attractive-repulsive poten-

_ 2 2|

tials of the form W(z) = —Cue” @ + Cre” I, a special case of which is the attractive Morse potential
_lz2 _l22
W(z) = —e ?l. Also, Gaussian-type attractive-repulsive potentials W(z) = —Cze” = + Cre”

are conceivable.

Nonlocal interaction potentials also appear in several models of physical applications such as models for
granular media [12, 54, 55, 120, 176, 58], opinion formation [177] or interactions between particles (e.g.
in crystals [172] or fluids [184]) with a broad range of reasonable interaction potentials. One can e.g.
consider

e convex and C!-regular potentials, e.g. W(z) = |z|7 for g > 1;
e non-convex, but regular potentials such as the double-well potential W(z) = |z|* — |z|?;
e non-convex and singular potentials, e.g. the Lennard-Jones potential.

In the case of a radially symmetric potential W(z) = w(|z]), the effect of the interaction potential is
reflected by the sign of w': If w' is positive, the individuals of the population attract each other, whereas
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in the case of negative w’ the dynamics are repulsive. The force generated by the potential W points
towards or away from the origin for positive or negative w’, respectively. Radially symmetric potentials
describe interactions only depending on the distance of the particles. With the sum of convolutions
appearing in the flux on the rh.s. of system (III.1.1), we take into account that every species generates a
— probably long-range — force on every other species.

Naturally, aggregation processes modelled by nonlocal interaction potentials are often combined
with diffusive processes yielding (nonlinear) drift-diffusion equations as mathematical models. The
question of global existence of solutions to equations of these forms has been addressed in various
publications. Using the theory of gradient flows, global existence of measure-valued solutions was
proved in [47, 52], also for non-smooth potentials, in generalization of [54, 55]. Methods from optimal
transportation theory were useful for proving uniqueness, see e.g. [56, 63]. Well-posedness in the
measure-valued sense was also studied in [43], and for a similar system as (II.1.1) in [66] for two species
(see below).

A second field of study is the analysis of the qualitative behaviour of solutions to equations like
(II.1.11), such as the speed of propagation, finite- and infinite-time blow-up of solutions and possible
attractors, also with focus on self-similarity of solutions. It is not surprising that (IIL.1.11) exhibits blow-
ups if the potential is sufficiently attractive. The aforementioned properties were investigated e.g. in
[9, 13, 14, 15, 16, 21, 48, 119, 171]. One specific object of study is equation (II.1.11) considered in one
spatial dimension. For instance, in [158, 82, 83] by Raoul and Fellner, rewriting in terms of inverse
distribution functions allowed for the characterization of the long-time behaviour and the set of possible
steady states of (II.1.11). One-dimensional models with nonlinear diffusion have been studied e.g. by
Burger and Di Francesco in [35].

Genuine systems of the specific form (III.1.1) have been investigated only in the case of two species
as a physical model for two-component mixtures [178], fluids [184] or particle interactions [87]. From a
more mathematical point of view, they were analysed by Di Francesco and Fagioli first in [66], where the
results from [47] were generalized to the case of two components using gradient flow methods. In their
recent work [67], existence and stability of steady states were studied for the two-species system, leading
to similar results as presented in Chapter III.4 for an arbitrary number of species. In [66], also the case
of non-symmetric interaction was studied. Here, we only focus on the case of regular and symmetric
interaction potentials, see assumptions (W1)—(W5), but allow for an arbitrary number of species. Besides,
our condition for uniform geodesic convexity for genuine systems of the form (III.1.1) is novel.
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CHAPTER II1.2

Geodesic convexity and existence of gradient flow solutions

In this chapter, we derive a sufficient condition for A-convexity along generalized geodesics of the in-
teraction energy & (cf. formula (II1.1.2)) and conclude existence and uniqueness of solutions to (IIL.1.1).
Throughout this part, the assumptions (W1)—(W5) above shall be fulfilled.

We begin with our definition of convexity along generalized geodesics, which is a straightforward
generalization of the respective definition in the scalar case (see Definition 1.12) to our vector-valued
setting:

DeriNITION IIL1 (A-convexity along generalized geodesics). Given A € R, we say that a functional
A: P — R is Ad-convex along generalized geodesics on (2, W ), if for any triple ', u?,u3 € 2,
there exists a n-vector-valued Borel measure p on R x R? x R? such that:
e Forallje{l,...,n}andall k € {1,2,3}: ‘u;-‘ = .
e Fork € {2,3} and all j € {1,...,n}, the measure n(l'k)#p,j is optimal in F(y},y;‘), i.e. it realizes the
minimum in

- 1_ k2 1 .k 1k
mf{/]Rdled'x —x¥ dfyj(x,x)'yjel“(y]-,yj)}.

e Defining for s € [0,1] and all j € {1,...,n} the generalized geodesic ys connecting y? and u> (with
base point ') by

Mo j = [(1 — s)7t2 + snﬂ# K,

one has for all s € [0,1]:
A "1
_ 2 3y _ Mo 2 3_ .22 1.2 .3
Aps) < (1—s)A(p) +sA(p’) 2s(l s)jE:l m /]Rdx]Rdx]Rd |x° — x| dp(x, x5, x7). (I11.2.1)

The following sufficient criterion is useful in verifying convexity along generalized geodesics as it
allows to consider absolutely continuous measures and transport maps.

THeEOREM III1.2 (Sufficient criterion for convexity along generalized geodesics [4, Prop. 9.2.10]). Let

A P — Re be lower semicontinuous and such that for all u € 2, there exists a sequence (u*)rcn on the

subspace 2 of absolutely continuous measures in & with klgrolo W (4, u) = 0and khﬂrrolo A = A(p).

Assume moreover that for each y € &3 and t1, .. ot 1, B RT — RY such that t —?j € LZ(]R; dyj)

for all j € {1,...,n}, the following estimate holds along the interpolating curve (p°)scpoq) defined as

p = [((1—s)tj+stj] 4p; foralls € [0,1] and j € {1,...,n}:

noq . _
—~ /}Rd Iti(x) — F(x) 2 dp;(x) forall s € [0,1]. (12.2)

AGE) £ (1) A +54G8) = 5519 )
£

Then, A is A-convex along generalized geodesics on (2, W ).
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II1.2.1. Geodesic convexity of the multi-component interaction energy
We first prove some basic properties of the interaction energy £.

Lemma II1.3 (Proper domain and lower semicontinuity). The following statements hold:
(a) Forall y € &, one has |E(p)| < oo.

(b) & is continuous on the metric space (2, W ).

(c) Let p € C®(IRY) be defined via

1
p(x) :=Zexp (|x|2—1> 1]B1(O)(x)/

where Z > 0 is such that ||p||;1 = 1, and put pe(x) := e9p (%) for € > 0. Then, for each y € 2, the
sequence (y)yen with y;‘ =k pjfork €N, j € {1,...,n}, belongs to 2 and klim W (4, 1) = 0.

Proor. The key observation for parts (a) and (b) is the sub-quadratic growth of £ as a consequence of
condition (W4): there exists a constant C > 0 such that for all u € &, one has

gw<cy) /'d(1 +x[?) dp(x). (I11.2.3)
j=17R

Clearly, (a) follows. If (4¥)icn is a sequence converging to u in (%, W), in particular their second
moments converge componentwise. Hence, the integrand on the rh.s. in (II.2.3) is uniformly inte-
grable which yields (b) as in [4, Lemma 5.1.7], using the continuity of W. For part (c), we observe for
je{1,...,n} that y;? is an absolutely continuous measure on R? with Lebesgue density

X /]de%(x —y) duj(y).

Clearly, y;-‘(]Rd ) = pj- Moreover, the center of mass E is unchanged by convolution with p1 since for all

je{l,...,n} and all k € N:
/]Rdxdy;‘(x) = /]Rdxd‘u]-(x).

Indeed, by transformation and Fubini’s theorem,

/xdu] //Rdzwpl()du]( dZ—/ ydu]y)ﬂ?]/ 201 (z) dz

The last integral above vanishes since p is an even function. Along the same lines, one proves convergence
of the second moments:

ma(uf) = [ [ 1+ yPoy(2)dpy(y) oz
T
—wma() 4 py [ lePoy @z +2 ([ zy@az) ([ van).
Since the last term vanishes again, we see

1 k—o0
ma () = ma(py) + 5 [ 1xPo(x) dr = (i)

It remains to prove narrow convergence of y;f to pj. Fix f : R? — R continuous and bounded. Using
Fubini’s theorem again, we get, since p is even,

[ raus= [ fau= [ (o) «f = dn;
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Since f is continuous, p 1 f converges to f pointwise on R? (see, for instance, [80, App. C]). Clearly,
p1* f is k-uniformly bounded. The dominated convergence theorem now yields

k—o0
/ (Pl *f—f) du; — 0,
proving the claim. O

Lemma I11.4 (Growth control on the gradient). There exists a matrix C € R"*" such that for all z € R and
alli,je{1,...,n}:

IVWii(z)| < Cij(|z| +1). (I1.2.4)

Proor. We give a short proof for the sake of completeness. From (W2) and (W5), it easily follows for all
x,y € RY that

i
Wii(y) — Wij(x) — %W — x> > VW;(x)"(y — x).
Putting
AW, — w1 iAW > g,
_ J 1AW = iEAWG > and y:=x+aVW;(x),
1 otherwise,
we get, using (W4) and Young’s inequality:
— 1 —
a| VW;i(x)[> < Wi (24 3|x]?) + 5“2(4sz — x;7) [ VW (x)]2.
Consequently, in both cases, we have

J— 1/2
[VWy(x)] < (267 Wii(2+3]x1))

which implies an estimate of the form (II.2.4) via the elementary estimate v/a +b < v/a + /b holding
fora,b > 0. O

RemARK IIL5 (Invariants). Along the flow of system (IIL.1.1), the set & is positively invariant. We give a formal
indication of this fact: Let an initial datum u® € 2 be given. Since (I11.1.1) is in divergence form, we immediately
obtain the conservation of mass:

d
E/Rd dp;(t,x) = 0.

Furthermore, by formal integration by parts, one has

Cclitiémz(]/li(t)) = —§2mi/ (ZV i (t ) (x) dp;(t, x),

from which it is possible to derive using the Young and Jensen inequalities and Lemma II1.4 the estimate
d n n
57 (i) < A) ma(uit) + B,
i=1 i=1
for suitable A, B € R. Gronwall’s lemma now yields finiteness of second moments at a fixed time t > 0. Finally,
iii/ xdpy(t, x) 22//v y) du;(t,y) dyui(t, x).
dt & m; I i 2L fa B\t Y) A
= =
Using assumptions (W1) and (W3) in combination with Fubini’s theorem, we observe that the r.h.s. above is in
fact equal to 0.

101



Chapter III.2. Geodesic convexity and existence of gradient flow solutions

DerINITION IIL6 (Irreducible systems). We call a system of the form (IIL.1.1) irreducible, if the graph
G = (Vg,Eg) with nodes Vg = {1,...,n} and edges Eg = {(i,j) € Vo x Vg : VW;; # Oon R%} is
connected. That is, irreducible systems cannot be split up into independent subsystems.

The main result of this section is concerned with the geodesic convexity of the interaction energy £:

Tueorem 1117 (Criterion for geodesic convexity). Let n > 1 and let (IIL.1.1) be irreducible. Define for
i€ {1,...,n} the quantity n; = m;n kijm; € R. Then, £ is A-convex along generalized geodesics on & w.r.t.
il

Wy forall A < Ay with

. . 1 ¢ m;
Ao = min [Pi min(0, m;x;; —1;) + 5]; pj <’7j + ’7im;>] ~ (II1.2.5)

Proor. Thanks to the properties from Lemma III.3, we are allowed to use Theorem IIL.2. Let therefore
€ P2 and let £y, .. ot ..t RT — R? such that t; —?j € L2(R; dyj) forallj e {1,...,n}. With
the notation from Theorem III.2, we have, using condition (W5):

0 =3 13 [ o W)~ ) +sl60) — 1) — ()~ F)) () ()

i(0) = 5()) P dpej(x) dp ().

—
—_
|
195)
N—
on
—
=
o
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_|_
wn
on
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=
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N—
|
|
w0
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—_
|
[95)
N—
N =
1=
H'M:
7
I~
7
=%
2
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=
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=
S
<
N—
|
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!

(II1.2.6)
220 ) o [ 100 ) P dp()

We first split up the Lh.s. of (IIL2.6) into its diagonal and off-diagonal part and perform an estimate on
the latter introducing the numbers 7; = m;n Kijmj:
Fall

; L1 Lo oo Rilti (0 = 0) = () = Fiy) 2 dpy ) ()

l

> §2]§ e s 530 =B = (60) = ) o) i)

b2 T [ [l (50 = B0) = (1) — ) P () ).

Expanding the squares yields

f)Z:]; e e 50 =B = (10) = o) e o) i)

# 3L oo g 1050 09 = ((9) ) Pl 2) )

ZZ( pz’71 (x) — ( )|2d;4] +/ P]77, ?i(x)|2d]1i(3€)> (11.2.7)
T

i j#i RY 1

—Z(; feo E(x))du;-(x)) (L m<ti<x>—a<x>>dui<x>)

1
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2

+2K”</ pilti(x) — F(x)|? dpi(x ) Dc,,/ i(x) = i(x)) dpi(x)

Now, the special structure of &7 comes into play: since the weighted center of mass E is fixed on &, one
has

E= ]; Wll] /]Rd xd(tjpp;) = ]; Wll] /]Rd xd(tupj),
and consequently
= 1
T ey ) =T ) = = [ 50009 =) ).

We exploit this fact in order to simplify the second term on the r.h.s. of formula (II1.2.7) above:
~ 1 2 7i
hs. = / ti(x) —t; d| —u Z(l_“)
ths ;{ [t =R d () ) 17 (L,
~ 1 .
+ [l ~ TP <plu) SIACEE

1 2
+E I[{d|tl( )_t( )= dpi(x Ep] (77]+’71 >}_3Zi:si-
We analyse each S; separately.
If 2L —x;; > 0, the first term in S; is nonnegative, so
1 ~
Si>— /w [ti(x) = £(x)[* dpy(x) [Pi(mz"(u i) ZP] (77] + i )] :
If It — x; < 0, the sum of the first two terms in S; is nonnegative thanks to Jensen’s inequality. Hence,
1 2
Siz o f @) — B P dux Zzﬂ] 11]+171 :
Defining Ag as in (II1.2.5) clearly leads to (II1.2.6), completing the proof. O

ReMARK II1.8 (Non-irreducible systems). If system (I11.1.1) is not irreducible, there exists an I-integer partition
(I € N)of n € N into ny +np+ ...+ n; = n such that (II1.1.1) decomposes into I independent irreducible
subsystems having the same structure as (111.1.1), but with n replaced by ny, ..., nj, respectively. The modulus of
geodesic convexity of the interaction energy &€ can now be computed as the minimum of the respective convexity
moduli of each subsystem: if ny > 1 for some k € {1,...,1}, formula (II1.2.5) applies; if ny = 1, McCann’s
criterion [133] applies (and yields convexity modulus mxp for the respective m,«, p of the k™ subsystem in our
framework).

ReMARK II1.9 (Necessary condition for Ag > 0). If Ag > 0 in (II1.2.5), then foralli € {1,...,n}:
n
Z Kijpj > 0.
j=1
This condition is not sufficient (cf. Example I111.10 below).

Proor. Fixi € {1,...,n}. The following holds:

1 1 m
mi ) Kijpj = pimitii + ) mikipj = pi(miki — 1) + pigi + 5 ) pjkjii + 5 ) Pk~
j J#i J#i J#i
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where we used the symmetry of x. Now, we estimate using the definition of #;, 17j:

m; Y _ip; > pimin(0, mix; — 1;) 2% ZP]U] zpm Lt ;;o,m]
] ] 1

. 1 m;
= p;min(0, m;x;; — 1;) + 5 ;Pj (17]' + 171'm;> > Ag > 0.

We conclude this section with several examples for our convexity condition (IIL.2.5).

Exampre II1.10. Set, for simplicity, m; = 1 and p; =1 forall j € {1,...,n}. Then, (IIL.2.5) simplifies to

(n>1),

1 n
Ag= min |min(0,x; —#;) + = i+
07 el [ (0, xii —111) 2]; 1]

with n; = 1‘}’1?2’1 kij. In the even more specific setting of two species (n = 2), one has 171 = K12 = 1j2 and

Ao = min{xy1, K12, k22 } + K12 (n=2).

Given the matrix x from (W5), we obtain the following moduli for geodesic convexity Ag , respectively:

2 1 -1 2
(1 2>:>/\0 , K (2 _1>:>)\0 ,

-1 1 2 -1
e = = :—2
K (1 _1>:>)L0 0, K <_1 2>:>)L0 ,
-1 -1 a b_5
k=]1-1 -1 b :>A0:T (fora>b>—1).
a b -1

II1.2.2. Existence and uniqueness of gradient flow solutions

With the results of Lemma II1.3 and Theorem II.7 at hand, the following statement follows thanks to
[4, Ch. 11] (see Section 1.2.2):

Tueorem II1.11 (Existence and uniqueness). Consider (I11.1.1) together with an initial datum y° € 2. Then,
there exists a gradient flow solution p € ACIOC([ 00); (P, W »)) to this initial-value problem: System (I11.1.1)
holds in the sense of distributions and one has u(0) = u®. Moreover, with Ay from (IIL.2.5), the evolution
variational estimate holds for almost every t > O and all v € &:

L LW ()12 + 2W (1), 07 < £0v) — E(u))

Given another initial datum v° € & and the respective gradient flow solution v € ACE ([0,00); (22, W »)), the
following contraction estimate holds for all t > 0:

W (u(t),v(t)) < e MW (°,10°%), (I11.2.8)
which implies in particular the uniqueness of solutions.
CoroLLARy II1.12 (The uniformly convex case). If (II1.2.5) yields Ay > O, the measure
n . -1
1 = (pr,. .., pun) oy, with  x®°:=E |J; :1]]] cRY,
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is the unique minimizer of £ and the unique stationary state of (I1IL.1.1) on 2. It is globally asymptotically stable:
the solution from Theorem I11.11 converges exponentially fast in (22, W 5 ) at rate Ag to u®.

As for scalar equations of the form (II1.1.11), system (II.1.1) can be viewed as a continuum limit of
a multi-particle system. To this end, we introduce the concept of particle solutions as a conclusion to this
chapter.

ReMARK 11113 (Particle solutions). Assume that the initial datum is discrete, i.e. each component Y is a finite
linear combination of Dirac measures:

Zpké 0k (i=1,...,n).

There, the N; € IN particles of species i have mass pi > 0 and are at initial position x?’k eRY fork=1,...,N;
respectively. Let N := Z N; and let a family x = (x k) (k=1,...,N;i=1,...,n) of L>absolutely continuous

k

curves x¥ . [0,00) — ]Rd be given, such that the following initial-value problem for a system of N ordinar
i 8 8 p Y Y

differential equations on R is globally solved:
N
d g .
I Ay =-m Yy péVWij(xf-‘(t) - xj-(t)), KOy =" (k=1,...,N;i=1,...,n). (I29)
j=11=1

Then it is easy to verify that the particle solution
Ni
H=Y oy (=1...n) (I12.10)
k=1 '

is the unique gradient flow solution to system (IIL.1.1) with initial datum u° given above. However, it is a non-
trivial question if such x exist, since (W1)-(W5) do not imply global Lipschitz continuity of the r.h.s. in (IIL2.9).
Nevertheless, (I11.2.9) admits L2-absolutely continuous solutions since this system possesses an underlying (dis-
crete) gradient flow structure: Define the finite-dimensional space

T d N S = Loy ok
Pg=sxe[[[]R =R :p;=) pi(i=1,..., ZEZPW ,
k=1 =1

i=1k=1 k=1
endowed with the (weighted Euclidean) distance
1/2

i 1 % ki k kg2
o & Pil =il
Sme I

and define the discrete interaction energy £q on %4 as

igzg;w, -

Applying the same method of proof as for Theorem 1II.7 mutatis mutandis for the discrete framework, one can
show that £y is Ag-geodesically convex on (P4, d) with the same modulus of convexity Ay as in the con-
tinuous case (II1.2.5). We can again invoke [4] to obtain the existence and uniqueness of a solution curve

x € ACZ ([0,00); (P4,4d)) to the particle system (I11.2.9). Conversely, thanks to the uniqueness of solutions
to both (111.1.1) and (I11.2.9), a gradient flow solution y to (111.1.1) of the form (111.2.10) can be represented by a
solution x to (I11.2.9).
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CHAPTER I1I1.3

Confinement and qualitative behaviour of solutions

In this chapter, we analyse the qualitative behaviour of the solution from Theorem III.11 in the general
scenario, i.e. the criterion for geodesic convexity may only yield Ag < 0. In this case, the contraction
estimate (II1.2.8) does not allow for conclusions on the long-time behaviour of the solution.

From now on, consider (IIl.1.1) in one spatial dimension d = 1; and let u# be the solution to (IIL.1.1)
with initial datum u® € £, as given in Theorem IIL.11. First, we rewrite system (II.1.1) in terms of the
inverse distribution functions u = (uy, ..., u,); recall their definition from (I11.1.6)&(I11.1.7).

For all z € (0,1), one has z = F;(t,u;(t,z)). Differentiation w.r.t. ¢ yields

0= atFi(t, ui(t,z)) + axFi(t, u,-(t,z))atui(t,z)

u;(t,z)
[ y<2mmz ) (W ), y)) Y-+t (6,2)r(4,2)

[ee] pl

=azwu (02)) f, Wh(t2) =) g 1.9) it (0, 2) a1, 2).
Rearranging yields with the help of (W3) and the transformation ¢ := F;(t,y):

oui(t,z) = m; Zp]/ Hup(t8) —ui(tz))de (i=1,...,n). (I11.3.1)

It is a consequence of Theorem III.11 that given a gradient flow solution u to (II.1.1), the corresponding
curve of pseudo-inverse distribution functions u € ACZ ([0,00); L2([0,1];IR")) solves (II.3.1). Further-
more, since j(t) € & for all t > 0, u;(t, ) is a non-decreasing cadlag function on (0,1). Conservation of
the weighted center of mass E over time is reflected in terms of u by the identity

n : 1
_yv P / 4 >
E= ; m o uj(t,z)dz  Vt>0. (I11.3.2)

The concept of inverse distribution functions substantially simplifies the analysis of solutions to (IIL.1.1)
since there does not appear any spatial derivative on the right-hand side of (IIL.3.1) anymore. However,
this approach can be employed in one spatial dimension d = 1 only.

II1.3.1. The purely quadratic case

This paragraph is devoted to another specific example for system (II.1.1), namely the case where all
entries in W are purely quadratic functions, i.e. W;j(z) = %Kijzz. There, it is possible to solve system
(IIL.3.1) analytically: we obtain by elementary calculations — involving the usage of (II1.3.2) — that

. 1
oru;(t,z) <2K11p1> (t,z) + m; K,1E+Zm1 (Kl] Kiij:) /0 pjui(t,&)dg. (1I1.3.3)
i)

j#i
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Chapter II1.3. Confinement and qualitative behaviour of solutions

Define v;(t) := fol u;(t,z) dz and integrate (IIL.3.3) w.r.t. z € (0,1):
d 2 m;

avi(t) = —m; ZKUPJ v;(t) + miK;E + gmlp] Kij — Kiiﬁj Z)j(t). (I11.3.4)
] jF#i

Consequently, with the definitions

& m; C
Aji = —mi Y_Kiipj,  Ajj = m;p; (Kij - Kz‘iml) (i#7)), bi:=mix;,
j=1 i
fori,j € {1,...,n}, the following holds for v = (vy,...,v,):
%v(t) = Av(t) + Eb, or(u(t,z) —o(t)) = diag(A)(u(t, z) — v(t)). (I11.3.5)
There, diag(A) is meant to be the diagonal matrix with the same diagonal as A. The linear systems in
(II.3.5) can easily be solved; we eventually obtain:

u(t,z) = exp(diag(A)t) (u(O,z) - /0 L 0(0,0) dé‘) +exp(Af) /O ' u(0,2) e

n 1 9. ¢
+ (};/0 ZuﬂO,cj)dé)/oexp(A(t—s))bds forallz € (0,1).

We expect exponential convergence of u to the spatially constant equilibrium (x*,...,x®) € R" ast — oo
if both A and diag(A) possess eigenvalues with negative real parts only. Clearly, our result on geodesic
convexity (cf. Section IIL.2) shows that if Ag > 0 in (II.2.5), these conditions are bound to hold. The
necessary condition from Remark II1.9 implies that diag(A) is negative definite.

The specific case of two species (1 = 2) deserves a closer look. Thanks to the invariant (II1.3.2), the
two equations for u; and u; in (IIL.3.1) can be separated completely:

Oty (t,z) = —my(k11p1 + k12p2)ur(t, z) + pr(mixiy — maxin)o1(t) + mymokioE,
Otz (t,z) = —ma(k12p1 + Ko2p2)ua(t, z) + pa(makan — mixi)va(t) + mymokyoE,
d .
avi(t) = —v;(t)(mypa + map1)x12 + mymak1pE - (for both i € {1,2}).
Comparison with our criterion for geodesic convexity (III.2.5) shows that the solution to the system above
— for generic initial data — is unbounded in time if Ay < 0 in (II.2.5). For example, if m; =1 = my
and p; = 1 = py, one easily sees that k1o > 0, k11 +x12 > 0 and xp + k12 > 0 are necessary for a
bounded solution. These conditions are equivalent to Ag > 0 in the case of an irreducible system of two
components.

II1.3.2. Speed of propagation and confinement

In this section, we investigate the rate of propagation of the solution to (IIL.1.1) in space over time,
given an initial datum with compact support. We first obtain — for arbitrary potentials satisfying
(W1)-(W5) — boundedness of the support of p(t) for fixed time ¢t > 0, and second — under more
restrictive requirements on the potential W — t-uniform boundedness of supp (t).

Prorosrrion I11.14 (Finite speed of propagation). Let an initial datum p° with compact support and T > 0 be
given. Then, there exists a constant K = K(T, yo) > 0 such that for all t € [0, T,

supp u(t) C [-K,K].
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Chapter II1.3. Confinement and qualitative behaviour of solutions

Proor. Fort € [0,T] and i € {1,...,n}, denote
ui(t,17) := 11{nu i(t,1—¢) e RU{+oo} and u;(t,07):= l%ui(t,e) € RU{—o0}.
€

The assertion will follow from finiteness of those limits. Let ¢ > 0. Then,

(1,1~ %) < 2Jui(t |zmzp]/ W (8,8) = i (8,1~ €))] .
Lemma II1.4, Holder’s and Young's inequality eventually lead to
2lui(t \zmp]/ W —ui(t,1-¢))|d¢
n
<2jut.1 -0l L Cymy ( /O (1,01 42+ (e, 1= 0] +1) (136
2
- = 2 = =t 2
ZCijmip]-—l—l u;(t,1—¢e)" + ECijmipj +2m]ax (C m? imip; Z/o %uj(t,é) d¢.
j=1 j=1 j=1 j

With the transformation ¢ := F;(t, x), we observe that the sum in the last term on the right-hand side
of (I.3.6) can be expressed in terms of the second moments my(y;(t)) and of W5 (u(t), dpe), where
e=(1,1,...,)T e R™

/ (a8 = i,jljmzwj(t)) — W2, (1 (1), b00).
=

Since u € AC%([0, T); (Q,Wgz)), there exists ¢ € L*([0, T]) such that

t

Wor(ut) 1) < [ ps)ds  vie[oT]

We obtain

n 1 p. t 2
Z/O :fj“f(tré)zdé < 2W (u(t), 1°) + 2W, (1°, doe) <2 </0 4)(5)615) +2W5, (1", doe)

n
1
<2TH§0||L2 [0,7]) +2Z%m2(ﬂ?)/
j=1 ™

which is a constant depending on T and p. Inserting into (I11.3.6), we observe
0 (ui(t,1 —¢)?) < Aui(t,1—¢)> 4+ B(T, u%),

for suitable constants A, B > 0. We apply Gronwall’s lemma, let ¢ \, 0 and use that — since u° has
compact support by assumption — the limit u;(0,17) exists in R:

wi(t,17)2 < ui(O,l_)2+% exp(AT) VYt e [0,T].

Thus, u;(t,17) is a finite value, at each t € [0, T|. Along the same lines, it can be shown that

wi(t,07)2 < ui(0,0+)2+% exp(AT) Vte[0,T],

hence u;(t,0") is finite as well. Since by definition supp u;(t) C [u;(t,0"),u;(t,17)], the assertion is
proved. O
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Chapter II1.3. Confinement and qualitative behaviour of solutions

The statement of Proposition II1.14 shows that at fixed t > 0, the limits

ui(t,17) := ll{% u;(t,1—¢) and u;(t,07) := ll{% u;(t,e)

exist (in R), if they exist at t = 0. In order to prove uniform confinement of the solution, we show ¢-
uniform boundedness of those limits. We first introduce a requirement on the potential by the following

DErINtTION II1.15 (Confining potentials). We call an interaction potential W satisfying (W1)—(W5) confining
if there exists R > 0 such that:
(i) System (II1.1.1) is irreducible at large distance from the origin, that is, the graph G' = (Vg1, Eg/) with
nodes Vgr = {1,...,n} and edges Eq: = {(i,]) € Vg x Vg : Wi’j # 0 on (R, o)} is connected.
(ii) There exists a matrix C € R™*" such that for each i,j € {1,...,n}, the map Wl-]- is Cij—(semi—)convex on the
interval (R, c0) and the following holds:
Ifn=1,then C > 0. Ifn > 1, with 1j; := r??glcijpjfor allie{1,...,n},

n
= ie?llf.ljn} pi min(0, m;Cy; — 17;) + ;]; p; (ﬁ] + 171:;;)1 > 0. (I1.3.7)
RemMark I11.16 (Geodesic convexity and confinement). In the scalar case n = 1, uniform geodesic convexity
of the interaction energy £ is equivalent to x-convexity of W with x > 0 [133]. So, the potential is confining.
Also for genuine systems, if Ag > 0 in (IIL2.5), the definition C := « yields Ag = Ag > 0. Hence, our criterion
for uniform geodesic convexity of £ necessarily implies that W is a confining potential. Naturally, if the system
is not irreducible at large distance from the origin, the independent irreducible subsystems should be considered
separately.

TueoreM I11.17 (Confinement). Assume that W is confining and let y° have compact support. Then, there exists
a constant K = K(u°) > 0 independent of t such that for all t > 0:

supp u(t) C [-K,K]. (I11.3.8)

Proor. We prove the assertion in the case of genuine systems n > 1.
Step 1: L? estimate.
Let ¢ > 0 be sufficiently small such that replacing C;; by ij := Cjj — e in (IIL3.7) still yields a number

A§ > 0, possibly with A§ < Ag. From the Cjj-convexity of Wj; on (R,0) and with the help of Young's
inequality, we get for all z > R:

1 1
Wij(Z) > Wi]‘(R) + Wi,j(R) (Z — R) + EC,-]-(Z — R)2 > EijZ2 _ Dij/

for appropriate constants D;; > 0. Thanks to (W2)&(W3), enlarging the constants, there exists D > 0
such that for all i,j € {1,...,n} and forall z € R:

1
Wij(z) > ch] 2_D. (111.3.9)

We now use the monotonicity of the energy £ along the (gradient flow) solution to obtain with (II1.3.9)
forall t > 0:

n n n 2
266 2 26 (u(t) = 3 X [ [ €5 =) diglx) dpsty) - D (;pj) .
=
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Chapter II1.3. Confinement and qualitative behaviour of solutions

The first term on the r.h.s. has precisely the same structure as the Lh.s. in (II1.2.6) for ; = t; = 0 and
t= E = id. Arguing exactly as in the proof of Theorem III.7, we obtain

n 2
" ma(py(1)) ~ D (Z p]-) .
j j=1

All in all, we have proved uniform boundedness of the second moments: there exists C; > 0 such that
forallt >0andalli€ {1,...,n}, one has my(;(t)) < Ca.
Step 2: L™ estimate.

1=

28 (") > Af

j=1

We first prove an upper bound. For each t > 0, we consider those indices i € {1,...,n}, where

u;(t,17) > max u;(t,17)—R.
(17) 2 max (117

A

That is, for all ¢ € [0,1) and all j € {1,...,n}: u;(t,17) > wi(t,{) — R. We thus have, for each
j€{1,...,n}, apartition of [0,1) into two sets A]1 and A]z, where
Al ={2e[0,1): uj(t,&) —u;(t,17) < =R},  Ab:={2e€[0,1): |u;(t,&) —u;(t,17)| < R}.

Since WI-’]- is continuous thanks to (W2), it is bounded on the interval [—R, R]. The Cij-convexity of W on
(—o0, —R) yields

Wl-/]-(Z) — Ci]‘Z < Wi,j(_R) — Cij(—R) Vz < —R,
which can be rewritten as follows using (W3):
Wi’]'(z) < Ci]‘Z + Ci]‘R — Wi/j(R) Vz < —R.

Hence, we obtain
n
(1) < Y- [ miCypy(uy(8,8) — wi(t,17)) dg + Co,
j=1""1
for some constant Cyp > 0. Then, with the help of Holder’s and Young’s inequality,

'Z;/Aj m;Cijpj(ui(t, &) —ui(t,17)) dg
j= 1

n 1
= N3 Copy | ) 00 1) a6 = [ 0(08) it 1)

n n 1 n
< —m; Y Cijpju;i(t,17)+C" Y /O piui(t,€)*dZ + Cp = —m; y_ Cijpjui(£,17) + C" Y ma(u;(t)) + Cy,
j=1 j=1" j=1 =1

for some constants C’,C; > 0. We now employ step 1 and observe that, as in Remark IIL.9, we have
2}1:1 Cz]P] >Ag > 0:
Aui(t,17) < —midoui(t,17) +C”,

for C"” > 0. Gronwall’s lemma yields — thanks to u;(0,17) < co — the existence of a constant K > 0

such that max uj(t,l’) < Kforallt>0.
je{1,..n}
In analogy, we now consider those i € {1,...,n} such that

ui(t,07) < min u;(t,07) +R,
jef{1,..n}
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yielding for each j € {1,...,n} a partition [0,1) = B{ U Bé with
Bl :={Z€[0,1): uj(t,§) —u;j(t,0") >R},  Bh:={Z€[0,1): |uj(t,&) —u;(t,07)] < R}.
Similarly to step 1, using the symmetry property (W3), we get

n n -
—atu,‘(t, 0+) < —m; Z Ci]'pj(—ui(t, 0+)) +C’ Z mz(y](t)) +C < —mi)Lo(—ui(t, 0+)) +C”,
j=1 j=1
allowing us to proceed as before.
Putting the bounds together finishes the proof: sup E{nax ) lluj(t, )L o1)) < K- O
>0 j€{l,..n !

We thus know, given a confining potential, that the solution lives on a fixed compact interval. It is
now a natural question to ask if, for absolutely continuous initial data, partial or total collapse of the
support can occur in finite time. This question is addressed in the following

ProrosiTioN II1.18 (Exclusion of finite-time blow-up). Let i € {1,...,n} be fixed, but arbitrary. Assume
. . . . 0 . .
that for all j € {1,...,n} the maps Wi/j are Lipschitz continuous. Suppose moreover that supp y; is a (possibly
unbounded) interval and pY is absolutely continuous w.r.t. the Lebesgue measure. Assume that its Lebesgue density
is continuous on the interior of supp ¥ and globally bounded. Then, y;(t) is absolutely continuous for all t > 0.

Proor. Our method of proof is an adaptation of the proof of [35, Thm. 2.9] to the situation at hand. We
show that for all + > 0, there exists y(t) > 0 such that forall z € (0,1) and all h > O withz +h < 1:
1
ﬁ(ui(t,z +h) —u(t,z)) > q(t) > 0. (I11.3.10)
That is, u;(t, -) is strictly increasing at each t > 0. The assumptions on the initial datum above ensure that
(IT1.3.10) is true at t = 0 with some y(0) > 0. If (II1.3.10) holds at a given t;, the cumulative distribution
function F;(t, -) is Lipschitz continuous, which implies absolute continuity of y;(tg).

From (II1.3.1), we get

n 1
On(ui(t,z + 1)~ w(t,2)) = Yy [ [Wi(8) = it + 1) = WG (18) = (e, 2))] .
=1
Denote by L;; > 0 the Lipschitz constant of Wl’] From the monotonicity u;(t,z +h) —u;(t,z) > 0, it
follows that

or(ui(t,z+h) —u;(t,z)) > —m; iLiij(”i(t/Z"'h) —u;(t,z)).
=

~ n ~
We subsequently obtain for C; := m; Y L;;p; that o[(u;(t,z +h) — u;(t,z))e%*] > 0, and hence
j=1

%(ui(t,z —l—h) - ”i(trz)) 2

Letting 7(t) := e~Cit(0), (II.3.10) follows. O
Naturally, the above result does not extend to t — oo since e.g. in the uniformly geodesically convex

e~ O (ui(0,2 + h) — i(0,2)) = ¢~ Gty (0) > 0.

= =

case, the solution collapses to a Dirac measure in the limit f — oo.

II1.3.3. Long-time behaviour
We now analyse the long-time behaviour of the solution to (III.1.1) in the non-uniformly convex case.

TueOREM II1.19 (Long-time behaviour). Assume that the solution u to (II1.1.1) is uniformly confined, i.e.
there exists K > 0 such that supp p;(t) C [—K,K] holds for all t > 0 and all i € {1,...,n} as in (II1.3.8).
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Moreover, suppose that the maps Wi/j are Lipschitz continuous on the interval [—2K,2K] for all i,j € {1,...,n}.
Set, for t >0, E' := E(u(t)). The following holds:
(a) There exists £%° € R such that

tlim Et=¢£", (I11.3.11)
and

lim igf =0 (I11.3.12)

Jim (=€) =0. 3.

(b) For each sequence (ty)ren in (0, 00) with t; — oo as k — oo, there exists a subsequence (ty, )jcn and a steady
state i € & of (11.1.1) such that foralli € {1,...,n}:

llir?o Wi (ui(ty,), ;) = 0. (I11.3.13)
Thus, the w-limit set of the dynamical system associated to (II1.1.1) can only contain steady states of (I111.1.1).

Proor. We proceed similarly to the proof of [158, Prop. 1] and observe that along the solution y, the
dissipation of £ reads

2
d n
dté’t:_izlmz/ (Z *;4] > du;(t)

, (IIL.3.14)
n 1 n 1 ,
- —gmipi/o (}; i [ Wiui(t,2) —uj(t,g))dg> dz,

which is nonpositive. By (II1.3.8), all u; are bounded in time and space by the constant K. Since Wl.’]. is
Lipschitz continuous, it is differentiable almost everywhere on [—2K, 2K]. So, another differentiation of
the dissipation w.r.t. t shows

n 1 n 1
@515 _Zlgﬂ’li}?i/o (;/0 ij,»’j(ui(t,z) —w(t,g))dg)
(Zm [ Wi (e,2) ~ w0,)
-[}:mmk /O W (et ) — ui(t,)) g — Zm,pk / Wh (e (8,0) — »<t,¢)>d§] dC) dz
k=1

By elementary estimates, using in particular that |Wi’]( (z)| < Ljj a.e. on [-2K, 2K] by Lipschitz continuity,
we find

2

d
sup @St

t>0

<G, (I1.3.15)

for some C, > 0. Furthermore, it is easy to conclude from (W2) and (II1.3.8) that

t>
t1r>1(f) &> —q, (IIL.3.16)

for another constant Cy > 0. Putting (I11.3.14) and (II1.3.16) together yields the existence of £* € R such
that (II1.3.11) holds. We now use (I11.3.15) to prove (II1.3.12): Define for ¢ > C%\/ EV — % > 0 the quantity

T(t) := C%V EY2 — £ > 0. Since &' is nonincreasing, we also have 7(t) < . Moreover,
tog2
1 (£ — g) / / igado'ds
t—T(t

= (£ — ) —

Fla =0)
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from which with (I11.3.15) and (II1.3.11) the desired result (I11.3.12) follows:

d t t

S8 S e @ e+ [ [ Gded

dt *T(t)( )+T(t)( )+ s 7
< T(Z)(5”2—5°°)+Tgﬂczr<) (2C, + 1)V EV2 —g= =% ¢

For part (b), let a sequence of time points t; — oo be given. The family u;(t,-) (k € N; i € {1,...,n})
of nondecreasing functions is uniformly bounded in L*([0,1]) (by the constant K) — hence bounded
in the space BV([0,1]). Thus, there exist a subsequence (f,);en and nondecreasing maps i, . . ., Uy
with [[%[| g (po,1) < K for all i € {1,...,n}, such that u;(t,-) converges to %; in L'([0,1]) and almost
everywhere on [0,1], as I — oo (for details, see e.g. [3]). The corresponding measure 7 belongs to &
thanks to the dominated convergence theorem. It remains to show that 7 is a steady state of system
(II1.1.1). Define the number
2

i_Zlmipi/ <Zp1/ 1] i(z) — ”J(g))d’:> dz.

Elementary calculations — involving Lemma I11.4 and the elementary identity a> — b*> = (a — b)(a + b)
— show

jt gl — ‘ <C i / / ‘ (ui(ty, z) — uj(ty, €)) —Wi/j(ﬂi( z) —Uj (6))‘ d¢dz,

for a suitable constant Cy > 0. The Lipschitz continuity of the Wl-’j on [—2K, 2K], the triangle inequality
and (II1.3.13) then imply

d t n n — — l~>oo
’th b w’ < Co Zi Z; Lij (it ) = will g1 jo,07) + it ) = Willagoay)) — O
i=1j=
Hence, because of (I11.3.12), w = 0. Specifically, this means that for each i € {1,...,n} and almost every
x € supp ¥;, the following holds:

Z / y) df;(y) = 0.
So, # is a t-independent solution to (III.l.l) and the proof is complete. O

REMARK II1.20. The result of Theorem II1.19 does neither yield the uniqueness of steady states of (I1IL.1.1) nor
convergence of the entire curve y to some specific object as t — oo. Due to the non-strict convexity of £, the w-
limit set might contain more than one element. Still, as it is also the case for a finite-dimensional gradient system,
every w-limit point is an equilibrium. Our result may be viewed as an extension of the well-known LaSalle
invariance principle from the theory of ordinary differential equations: The existence of the Lyapunov functional
& and certain compactness properties (here, the confinement of the solution) guarantee convergence of the solution
orbit to the set with vanishing energy dissipation.

If there only exists the trivial steady state u* from Corollary 1I1.12 in the set of those elements of &7 with
support contained in [—K, K], then Theorem I11.19 implies

tlim Wi(pi(t),u?) =0 Vie{l,...,n},

without obtaining any specific rate of convergence.
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If the potential is not confining, convergence may not occur. However, we might observe a 4-separation
phenomenon: the support of each component y; collapses to a single (but not necessarily steady) point
ast — oo.

ProposiTION 1121 (6-separation). Let i € {1,...,n} be fixed, but arbitrary. Assume that the support of 1) is
n
compact and that S; == }_ x;jp; > 0 holds. Then,
j=1

diam supp p;(t) < e~ ™% diam supp p?.
That is, the support of u; contracts at exponential speed.

ProoF. Recall that the diameter of the support here is given by diam supp p;(t) = u;(t,17) — u;(t,07).
We have

01 (i(t,17) zmp] [ uy6,2) = w6, 17)) = W Ga(0,8) — i1,0)] g

< Y /1 (5(8,8) ~ (6, 1)) = (5(8,8) ~ ws(6,07))] 0 = —miSy(as(6,1°) (1,07,

the second-to-last step being a consequence of x;;-convexity (W5). Applying Gronwall’s lemma completes
the proof. O

In the regime where Proposition II1.21 is applicable for all i € {1,...,n}, system (II.1.1) behaves
asymptotically as t — oo like the particle system (IIL.2.9) in the case of only one (heavy) particle for
each component (N; = 1 for all 7). Obviously, by Remark IIL.9, the condition S; > 0 above is met in the
scenario with uniformly geodesically convex energy. This enables us to improve the convergence result
from Section II1.2.2 in one spatial dimension for compactly supported initial data:

ProrosiTION III1.22 (The uniformly convex case in one spatial dimension). Assume that the criterion for
geodesic convexity (I11.2.5) yields Ag > 0 and suppose that u° has compact support. Then, for eachi € {1,...,n},

Jim W (1), 1) = 0.
In view of Corollary II1.12, we obtain convergence w.r.t. the stronger topology of the L*-Wasserstein
distance, but lose the exponential rate of convergence.
Prook. Fixi e {1,...,n}. Since Ay > 0 and supp y? is compact, we know from Corollary III.12, Theorem
1117 and Proposition I1.21 that [[u;(t,-) — x*([;2(01)) — 0 as t — oo, [[u;(t,-)[|L=(po,1) < K forall £ > 0
and u;(t,17) —u;(t,07) — 0 as t — co. Obviously, if tlim u;(t,17) = x* holds, the desired result follows
—00
immediately from
i (8, ) = %[l oo,y = max(fui(t,17) = x|, Jui(t,07) — x%]),
since then also tlim u;(t,07) = x® holds. So, assume that u;(t,17) does not converge to x* as t — oo.
—00
Then, there exists € > 0 and a sequence t;, — oo such that
|ui (b, 17) —x®| >e  VkeN. (I11.3.17)
Thanks to the observations above, there exist a subsequence (t;,);cn and w € R such that

lim (u;(t,,17) —x*) = w, and lim u;(t,z) = x* fora.e. z € (0,1).
|—o00 l—o0

Immediately, it follows that llim ui(ty,07) = x*° + w and consequently w = 0 by monotonicity of

Ilim ui(ty,,-). But w = 0 is a contradiction to (I11.3.17). O
—00
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CHAPTER II1.4

Steady states and stability

In this chapter, we study the (non-)linear stability of stationary states of system (IIL.1.1) in one spatial
dimension d = 1. Specifically, we identify the class of discrete distributions as candidates for stable steady
states. This is a reasonable focus since non-discrete steady states might not exist (see Proposition III.23)
or are not linearly asymptotically stable (see Theorem III1.25) if the potential W is sufficiently regular.

One can narrow down the set of possible steady states to the class of discrete distributions if W is
analytic:

ProrosiTioN II1.23 (Analyticity implies singularity of steady states). Let i € {1,...,n} be fixed, but arbi-
trary, and suppose that the following assumptions are satisfied:

(i) Forallj € {1,...,n}, the map Wj; is analytic.

(ii) There exist R > 0and S € {—1,1} such that for almost every z > R:

n
sgn (Z Wé-(z)) =S, and sgn (W{j(z)) €{0,S} forallje{1,...,n}.
j=1
Let 1 € 2 be a compactly supported steady state of (IIL.1.1). Then, the i™ component 1, is a finite linear

combination of Dirac measures.

Remark 1I1.24. Assumption (ii) in Proposition I111.23 is e.g. satisfied if W is confining, cf. Definition II1.15, and
n
the Cjj from there satisfy }. C;; > 0and C;; > 0 for all j.
j=1

Proor. For all x € supp ;:

Z / y) di;(y) = 0. (IIT.4.1)

We proceed similarly to [158, Prop. 2] and assume that 7; is not a finite linear combination of Dirac
measures. Then, supp Ji; possesses an accumulation point since it is compact and contains an infinite set
of points. Since W;; is analytic for all j € {1,...,n}, the left-hand side in (Il1.4.1) is analytic in x. By the
principle of permanence for analytic functions, (II1.4.1) then holds on the whole space R. Let C > 0 with
supp i, C [—C,C] for all k and fix some X > C + R. By the linear transformation f(y) := X — y, we obtain
from (IIL.4.1):

o=/[x 2 d(t47) (2).

C,x+C] j=

Since supp (t471;,) C [X¥ — C, X+ C] C (R, o) for all k by construction, and due to assumption (ii), this is a
contradiction. Hence, the assertion is proved. O
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II1.4.1. Linear stability

In most cases, Proposition III.23 is not applicable since analyticity of W is a very strong restriction. If W
is less regular, non-discrete steady states might exist — but their linear asymptotic stability (in a suitable
space) can be excluded:

Tueorem I11.25 (Non-discrete steady states are not linearly asymptotically stable). Let W € C?(IR; R"*")
and let 71 be a steady state of (IIL.1.1) for which there exists an index i € {1,...,n} such that supp Ji; possesses
an accumulation point. Assume that K € (0, 0] is such that supp#i; C (=K, K) forall j € {1,...,n} and that

the entries in W' are a-Holder continuous and bounded for some a € [0,1) on the interval (—2K,2K). Then, H is
not linearly asymptotically stable in the following sense:
The linear operator A : L([0,1];R") — L}([0,1];R"), defined on the Banach space

Ly([0,1];R™) := {v e LY([0,1;R"): 0 = i 01 ﬁv]-(z) dz} c LY([0,1];R™),
j=
via
me] / W/ (;(8) — :(2)) (vj(8) — vi(2)) d& forz € (0,1), (IL.4.2)
and all i € {1,...,n}, where @ = (i, ...,1y,) is the associated vector of inverse distribution functions for Ji, is
continuous and 0 belongs to the spectrum of A.

ReMARK II1.26 (Formal linearization). We give a motivation for the particular choice of A above. A perturbation
u; = u; + sv; for some v : [0,1] — R" and small |s| is admissible if u; is increasing and cadlag and condition
(II1.3.2) on the center of mass holds, which transforms into

n 1 .
Z/ &Uj(z) dz =0.
j=1 0 M

Moreover, the linearization of equation (IIL.3.1) at % (evaluated at z € (0,1)) is given by

= Yoy [ WO — @) () — 02) d = (40)(2),

foreachi € {1,...,n}. In the following proof of Theorem II1.25, it is convenient to use the topology induced by
the norm in L1([0, 1]; R").

Proor. It is straightforward to prove that L{([0,1];IR") is a closed subspace of the Banach space
L'([0,1];R"), thus also complete. We first show that A is well-defined, ie. Av € L}([0,1;R") for
each v € L}([0,1];R"). We calculate:

AL = [ — U i(C) —vi(z z
L [, Ao —Zzpp]/ [ W@~ () 04(6) — wi(z)) g e

i=1j=
Using the symmetry of W” and the fact that the Wl-’]-’ are even maps, we obtain by interchanging the

names for 7 and j:

n

% ey [ [ W@ (2 (@) —vi(z)) g
j=1

i=1
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n 1
=Y Yo [ [ W)~ 5(0)(@i(0) — vy(2)) dE d.
Interchanging the variable names of § and z, one has with Fubini’s theorem that

Zzpzp] I [ W) - 100 @(0) — oy(z)) dg e

i=1j=1

n n

nooel
“( u;i(z))(vi(z) —v; z:—E bi v)i(z)dz.
_Zzplpj//w ¢) — u;( ))( z() ](‘:))dgd i_l/o mi(A )1( )d

i=1j=1

Hence,

;/01 %(Av)i(z) dz =0,

and so Av € L}([0,1];R"). It remains to verify the continuity of A in L'([0,1];R"). For each
v € L}([0,1];R"), one gets:

\|Av||L1<szzp]/ [ W @3() ~ (=)l @) ~ vi(2) g .

i=1j=1

Since [#;(¢) — u;(z)| < 2K by definition of K, we are able to use the boundedness of WZ-’].’ and the triangle
inequality to estimate further:

n n
4ol < C Y Y- (ol + leils) = 24Cloll,
i=1j=1
for some constant C > 0, showing the (Lipschitz) continuity of A.
For the proof of 0 € spec(A), we employ a similar strategy as in [158] and construct a family of
approximate eigenvectors of A for 0, that is, (v¥)e~0 in L}([0,1]; R") with
€
inf ||AU HLl
>0 [vf]|pa

=0. (I1.4.3)

Let ¥ € (—K,K) be the accumulation point of supp7;. There exists a monotone sequence (xj)ieN in
supp #; such that either x; | X or x; T X as k — oco. By definition of the support, one therefore either has

T+e T
/Y di; >0 or ,/y_gdﬁi>0’ forall e > 0.
We define, for each &€ > 0, an interval Z, := [z{,z]) C [0,1) as follows: In the first case above, set
=inf{z € [0,1] : u;(z) > X},
zi:=sup{z € [0,1]: u;(z) <X+e};
and in the second case, set
=inf{z € [0,1] : W;(z) > X —¢},
zi ==sup{z € [0,1] : u;(z) < x}.
Note that in both cases, one has |#;(z) —¥| < e for all z € Z,. We now introduce a suitable approximation

of u;: define uf by

£(2) u;(z) ifz ¢ Z,
Z) =
zilzg fZS ﬂi(g) d¢ ifz € Z,
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replacing the values of #; by its mean value on the interval Z,. Notice that u{ is increasing and cadlag.
The associated displacement v is given by

) . _ B 0 if z % ZEI
v; (z) =u; (Z) - uz(Z) = ﬁ fzg ﬁi(C) dg _ﬁi(z) if z € Z.

One easily sees that fol v%(z) dz = 0. For all other components j € {1,...n} \ {i}, we put vi = 0. Clearly,
vf = (v5,...,05) € LL([0,1];R"). To prove the assertion (II1.4.3), we deduce that there exists a constant
C > 0 such that for all € > 0, one has ||Av®||;1 < Ce*||v°||}1.

Beforehand, we note that

2 / pW! (% — T(€)) dE = 0. (IIL.4.4)
Indeed, since 7 is a steady state, one has for all x € supp i; that
2 / pWi(x = (@) dg =0,

especially for x = x; and x = x. By dlfferentlablhty, (I11.4.4) follows.
We can now estimate Av¢ in L1(]0,1];R"):

1| 1
14| = ka”f/o Wi (1(8) = 11k(2)) (95(&) vi(z))d§| dz
j=1
1 gt
mkpi./o Wi (1 (8) — (2 dé‘ dz+/ Zm,p]/ Wi (@;(8) — (z)) 4| 0 (2)] dz,

using the triangle inequality and % i =0 for j # i in the last step. We consider both parts of the r.h.s.
above separately. First, thanks to fol v$(¢)d¢ = 0, one has

s [ @) - mta))es(@) i 0z

_k_zl/ol

Denoting by Hj; > 0 the Holder constant of Wi/j/ on (—2K,2K), we estimate:

| (WGE) — (2)) = Wi = (2] (0 0 i

s [ @)~ ata)) — Wi - (e i) |

1

< z mepib [ [~ T(@)1 o5 0)] g d=.

k=1 070

Using that |x¥ — u;()| < € for { € Z, one arrives at:
n 1 1 _ B n
Y mipiHy [ [ E=T(@)I05(@)] gz < pi Y meHiie o] .
k=1 0 /0 k=1
The remaining term to be estimated can be rewritten using (I11.4.4):

/

|vj(z)| dz

: 1 1"(— —
Lompy |, Wjm(@) — (=) o
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05(2)] dz.

“mf, |2

By the same arguments as above, we get:

1
0

) [0 2~ Wi e) )] e

n 1 n
ZP]'/O |:W1/]/( (&) —mi(z)) — Wi ((¢) —f)] dg| [vf(z)|dz < m; ) Hyjpje*||of | 1.

j=1 j=1
All in all, we have proved that
n
[AV |1 < ¥l|vfll 1 Y Hij(mipj + mpi),
j=1
and the claim follows since [|vf|| ;1 = [|0°[| 1. O

Thus, under reasonable conditions, non-discrete steady states are not asymptotically stable in the
linear sense of Theorem II1.25.

II1.4.2. Local nonlinear stability

In this section, we investigate the complementary case to Section IIL.4.1. Specifically, we derive sufficient
conditions under which discrete steady states are locally asymptotically stable in the nonlinear sense.
Before we actually state our main result, we sketch the strategy.

In a nutshell, a strictly stable spectrum of the linearization A (see formula (II1.4.2)) considered on a
specific subclass of perturbations u = # +v (with v € L}([0,1];IR") as in the previous section) implies
the local nonlinear stability (in the topology induced by the Wo, distance) in the whole state space. Those
specific perturbations of the steady state 7 are divided into two classes: First, so-called shifts, where the
positions of the Dirac measures in i are altered; second, so-called reallocations, where some Dirac mea-
sures are “fattened”, keeping the average value conserved. A similar phenomenon has been observed
for the scalar case n = 1 in [82, 83]. We shall assume n > 1 here.

Throughout this section, we consider a discrete steady state 3 of the form
Zpka ¢ (i=1..m),

with N; € N (without restriction ordered) positions x} < x? < ... < x " and masses p},..., pl ! satisfying

Z,I:I;'l pf‘ = p;, for each i € {1,...,n}. Recall that the components are related via the center-of-mass
condition

;TA

N;
Z Xi
The inverse distribution function %; : [0,1) — R correspondmg to 7, is the step function

Ni 0
kZl Xflz!‘c(z), with 7K .= [2: Pi Z)
-1 E

=N

||
IpT-

Notice that the length of ZF is given by |Z¥| = %
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I11.4.2.1. Shifts

DerINITION 111.27 (Shift). An element v € LY([0,1];R") is called shift if, for each i € {1,...,n}, v; is of the
form

N;
vi(z) = Y vi1y(2),
k=1 ’
. N; o
with v},...,v;" € R satisfying
N; k. .k
i Pi% _
i—1k=1 i

The space of all shifts is denoted by .7 .

The space of shifts .7 has some useful properties:
e it is an N-dimensional subspace of Lé([O, 1;R"), with N := Y | Nj;
e it is positively invariant under the linearization operator A defined in (IIL.4.2), i.e. A C .&7.

Indeed, if v € ., it is obvious that (Av); is constant on each interval ZZI.‘, for all i. Hence, Av € . as
well.
We now study the spectrum of the restricted operator A| ». Recall that, for v € ., we have

(Al #0)i( ZmIZpkW” (xf — x; )(v}‘—vf) forze zf (Le{l,...,N;}).
Introducing the new set of variables w Z’ U[ for{=1,...,N;,i =1,...,n, the relation above can be
rewitten as

p’(A|/v ZZmp;‘W“x—xZ w—ﬁ—zz mp]W”x—x)pl ]-,
pi j=lk= j=1k= pi

forz € Zf #¢=1,...,N;,i=1,...,n).
With the new indices r = Z;;ll N, + /¢ and s = Zi;ll N; + k, running from 1 to N, we obtain the
following matrix-vector form of the right-hand side above:

n

ZZ kW”x—xg w—i—ZZ[mp]W”x—x)pl] ; = —Muw,
(=1,.,N, i=1,..,

where M = D — R, with a diagonal matrix D € RN*N defined by

Drr:m,ZZW”x —x ;‘ (r=1,...,N),
j=1k=1

and R € RN*N with entries

Rrs_mIP]W"(x — X} )zl (r,s=1,...,N)
1
Due to the center-of-mass condition
n Nj
-y Piyt (111.4.5)
i=1i=1 "M
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one can eliminate one variable w! and eventually ends up with the linear map RN~! 3 @ — —M|y@, for
the restricion M|y € RON-DX(N-1) of M e RN*N to the (N — 1)-dimensional subspace

= {w € R" : (lll4.5) holds}. We arrive at the following sufficient condition for linear asymp-
totic stability of 7 with respect to shifts (i.e., constraining the spectrum of A|y to the left half-plane in
C):

(SS); 36 > 0: spec(M|y) C { € C: Re({) > 6} =: H.

I11.4.2.2. Reallocations

DerFINITION I11.28 (Reallocation). An element v € L}([0,1];R") is called reallocation if for all k € {1,...,N;}
andalli € {1,...,n}, one has

/Zf‘ v;i(z)dz = 0.
The space of all reallocations is denoted by %.
The following properties hold for the space Z#:

e it is an (infinite-dimensional) closed subspace of L} ([0, 1]; R");
e it is positively invariant under the linearization operator A defined in (I11.4.2), i.e. AZ C %.

Notice that for v € &%, one has

Zmle" x —u;( p]vl +Zmp]ZW" u ))/Zkvj(‘:)dgf

and the second term on the right-hand side vanishes by deﬁmtlon of Z. Hence, Av € % because of

/Zf(Av Zml ZW” x — X )p]/ vi(z)dz = 0.

k=1 4

%, We observe that

[ZmZZW” xk— xf ;‘] vi(z) forz e ZL.

We thus obtain the following sufficient condition on the linear asymptotic stability of 7 with respect to
2 to the left half—plane in C):

(

reallocations (i.e., constraining the spectrum of A

(SR), 36>0:Vie{l,...,n}Vle{l,...,Nj}: Zml Zw" X —xf)pk > .
Note that (SR)4 coincides with spec(D) € H;", where D is the diagonal matrix from Section 111.4.2.1.

I11.4.2.3. A result on nonlinear stability

We now are in position to formulate our main theorem about the local nonlinear stability of discrete
steady states:

THEOREM II1.29 (Local nonlinear asymptotic stability of discrete steady states). Let a discrete steady state
n e 2 of (I11.1.1) of the form

Zpkék (i=1...,n)
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be given. Assume that W € C2(R; R"™ ") and that all Wi/j/ are a-Holder continuous for some o € (0,1]. More-
over, assume that the conditions (SS); and (SR)z are satisfied for some § > 0. Then, Ji is locally nonlinearly
asymptotically stable in the following sense:

For each & € (0,0), there exist ¢ > 0 and C > 0 such that for all u° € 2 with Weo (19, 71;) < ¢ for each
ie{l,...,n}, onehas

Weo (pi(t), 11;) < Cexp(—dt)  forallt > 0andeachic {1,...,n}. (Il1.4.6)
In advance of the proof, we need to prove

LeEmMmA II1.30 (A version of Gronwall’s lemma). Assume that f : [0,00) — [0, c0) is continuous and satisfies
the following estimate for some C > 0,a > 0,k € No, « € (0,1] and all t > 0:

t
F(t) < CF0)(A+ e 4 C / (14 (£ —s)F)e %) £(s) 1% ds. (I11.4.7)
0
Then, for each ny € (0,1), there exist 6 > 0 and B > 0 such that, provided f(0) < ¢, one has
F(t) < Bem(=met v >, (I11.4.8)
Proor. Let ;7 € (0,1) fixed, but arbitrary. Rewriting (II1.4.7) yields
F(t) < F0)h(t)e~O-mat 4 C / t h(t —s)e~ (1-malt=s) g(5)1+a g,
0
where for o > 0:
k
k .
h(o) == C(1+c)e 1% < c (1 - (W) ) ifkeN, )
2C ifk=0
Consequently,

t
f(t) < Cif(0)e 7t 4 ¢y / e~ (1=malt=s) £(5)a+1 g, (IIL4.9)
0

for some constant C; > 0. Introduce the continuous function g : [0,00) — [0,00) by g(t) := f(t)e(=1),
Then, (I11.4.9) transforms into (note that g(0) = £(0)):

t
g(t) < Cif(0) +C /O g(s)¥lera1=m)s gs, (I11.4.10)

_ (a(l—1) — B 1
B.—( 2, ) and (5.—Bm1n<1,zcl).

It remains to show that the following implication holds:

Define

fO)<é =  g()<B Vi>0.

Notice that by construction, one has g(0) < B. Assume that the above implication is false. Then, by
continuity, there exists fp > 0 such that g(fp) = B and g(s) < B for all s € [0, ty). Then, (IIL.4.10) implies
that

a+1
OB st B <
(1—n)aa

£
g(to) < C16 + C; B / * emsaa(l-n) 45 < €15 + -

0
which is a contradiction. O

Now, we prove Theorem III.29.
Proor. We define the displacement v(t,z) = u(t,z) — u(z) and derive the claimed estimate (II1.4.6) for v
in the space L®([0,1];R"). We first obtain — for each i € {1,...,n} — by insertion into the differential

124



Chapter II1.4. Steady states and stability

equation (II1.3.1) for u:
n 1
0rvi(t,z) = Zimipj/o Wii(;(8) +vj(t,§) — i(z) — vi(t, z)) dE.
]:
Recalling that # is a steady state and using Taylor’s theorem, one gets

arv;(t,z) = zm,p] [ W@ +0,1,8) ~ (2) —wi(t,2)) — W 3(@) ~ )] g

= ]; mz‘Pj/O Wi (1;(8) — Ti(2) + 95, 6, 2)) (v(t, &) — vi(t,2)) dE,

for some intermediate value ¢;;(t,¢,z) between 0 and vj(t,&) — v;(t,z). Addition and subtraction of a
suitable linear term yields

Ai(02) = Yoy [} W) ) 00, 2) — i1 2) 2
L mivy

n 1

+ Y mip | (W) = @) + 05(8,8,2)) = WH(,0) = 7(2)] (o1, 2) = wu(t,2)) .
j=

Denote, for later reference,

Nilt,z,0(t,2)) zmp] [ W)~ m(e) + 85(1,6,2)) ~ WHE(@) ~ (2] (31, — wi2))

The map A is of the order O([[v(t,-)[|}4*) for fixed t > 0 since due to [8;;(t,¢,z)| < |vj(t,&) — v;(t,z)|
and a-Holder continuity of Wi’]-’ (with Holder constant H;; > 0), we have

n

1 n
Niltz,0(,2)| < Y mipiHy [ 1oj(8,8) = oilt, ) dz < ) mipyHi2* (ot )52 + it l1EE)
| =

j=1
Define for/ =1,...,N;,i=1,...,n:

of(t2) == vi(t,2)1,1(2) and wl(t) = /Z[ o (t,2) dz,

recalling that the Zf are those intervals where u; is constant. Using the notation and definitions from
Section II1.4.2.1, we obtain

n N
vl (t,z) = —Dpol(t,z) +m; Y ij{f(x;‘ — xf)w;‘ + Ni(t,z,0(t,z)) forze Z, (II1.4.11)
j=1k=1
d wi(t) = —D +ZR +/Nt (t,z))dz. (I11.4.12)
T W} rsw z,0(t,z 4.

The system (111.4.12) for w can be rewritten in the form

d N
o) = —S;Mrsws(t) +/Zf/\/}(t,z,v(t,z))dz (r=1,...,N).

As in Section II1.4.2.1, using that the weighted center of mass is conserved (cf. (II1.3.2)), one can eliminate
one of the variables w, and consider the system on the subspace U introduced above:

9 (t) = —M|yaw(t) + N (t0(t,-)), (I11.4.13)
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for w(t) € RN~! and a vector-valued nonlinearity N(to(t,-)) € RN-L, Writing M’ := M|y, for brevity,
the solution to (I11.4.13) reads

w(t) = exp(—M't)w(0) + /Ot exp(—M'(t —s))N (s, v(s,-)) ds. (I11.4.14)

In order to simplify the matrix exponential in (II1.4.14), we decompose M’ into its Jordan normal form
over the field C: there exist an invertible matrix T € C(N=D*(N=1) 3 nilpotent matrix B € C(N-D*(N-1)
(e, BN"1 = 0) and a diagonal matrix V € CWN-D*IN=1) with spec(V) = spec(M’), such that
M’ =T(V +B)T ! and VB = BV hold. One easily obtains that

N-2
exp(—M't) = Texp(—Vt)exp(—BH)T™! = Z (-1)t"Texp(—VH)BP T L.
b=0
Since spec(M’) C Hj thanks to condition (SS);, one consequently has (with the maximum norm || - [|e

(N=1)x(N—1)

for vectors and matrices in CN~! and C , respectively):

N-2
lexp(=M'0) oo < [ Tllwe™ Y- o IBIZ[IT oo < C(1+0N2)e?,
b=0

for some constant C > 0 and all ¢ > 0. Thus, we obtain the following upper bound for w(t) from
(I11.4.14):

[@(#)]leo < CI\@(O)I\oo(1+tN‘2)e_‘”+/OtC(1+(t s)N2)e N (s, 0(s, ) o ds.

We use this information to perform an estimate for the right-hand side of equation (IIL.4.11). Note that
due to condition (SR)s, one has D, > 4. For another constant C' > 0 and abbreviating

IN (& ot N lleo = [Nt - 0(E ) | Lo (011w We get:
010} (t,2) < —00{(t,2) + C'|[@(t) oo + Ni(t, 2, v(t,2))

IN

—5vf(t,2)+C'CII@(0)IIoo(1+tN2)e””+C'C/Ot(1+(f s)N2)e N (s, 0(s, ) [loo ds
+ IV (ot ) e

We apply Gronwall’s lemma (in its classical form) to this differential estimate to obtain:
A t ;
ol (t,z) < 0/ (0,z)e % + / C'Cl|@(0) ||t (1 4 sN=2)e =% ds
—|—CC/ / (1+ (s — )N"2)e =N (0, v(0, ) ||oo do ds
+ [N 005,) oot
With the notation ||v(¢, ) ||e := max ol (t, )l L=([0,1])» We obviously have for some constant Cy > 0 that
r=1,...,

16(0)[lo < Col[0(0, ) leo,
IV (s, 0(s,)) o < Collw(s, ) 1™,
IV (5,0(5,-))lleo < Collos, )l

and consequently, for another constant C > 0:
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~ t
[o(t, )l < ||v(0/~)\|ooe_‘”+C||v(0w)|\oo/0 e (14N 2)em ds

+C// e (14 (s — )N 2) o(o, )14 dods
+C [[e 9o, )+ s

The double integral on the right-hand side above can be rewritten using Fubini’s theorem:

/ / 8(t=90g=0=0) (1 4 (s — )N"2) [[o(o, -) |1 dor ds

-/ / S0 14 (s~ )82 o(o, ) |1 dsd
_/ (e, ) || Lee—o¢=0) /t(l_,_(s_g)N*Z)dsda
_/ o(c, ) ||Le —5(t—0) [( H’ﬁ(t_ )Nt do.

All in all, we can find a suitably large constant C > 0 such that for all t > 0:
t
[9(t, ) |leo < C|[0(0, ) ||oo(1 4+ tN~1)e ™0 +c/ (1+ (t—s)N"1)e =) ju(s, )| % ds. (I11.4.15)
JO

Applying Lemma II1.30 to estimate (II1.4.15), one obtains that for each b€ (0,6), there exist ¢ > 0 and
C > 0 such that [[0(0, )| ;e (jo,1];rn) < € implies

[o(t, )|l (o,1rmy < Ce™® V>0,
This concludes the proof of the asserted estimate (III.4.6). O
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CHAPTER 1IV1

Introduction to Part IV

Parts of the results presented in this part of the thesis have been published in a joint article with Daniel
Matthes [190]. We are concerned with the variational structure of the following system of coupled
nonlinear evolution equations in one spatial dimension:

Oep(t,x) = Ox [M(p(t,x))0xE (u(t,x))] att>0and x € R, IV.1.1)

for the n components p1, . .., iy of the sought-for function p : [0,00) x R — S.

Systems of that kind arise e.g. in reaction-diffusion models for chemical agents as well as for semi-
conductor dynamics [134, 123, 140, 91], or for population dynamics [59, 108, 107, 36] with or without
cross-diffusion.

We assume that p attains values in a convex compact set S C R" with nonempty interior int(S).
Above, M : S — R"*" is the mobility matrix, and &' is the first variation of the driving entropy or free
energy functional £ which is defined on .#(IR; S), the space of measurable functions on R with values in
S.

Formally, (IV.1.1) possesses a gradient flow structure: solutions (¢, -) are curves of steepest descent
in the potential landscape of £, with respect to the Riemannian structure induced on the “manifold”
A (R;S) by weighted H™!-norms || - ||, on “tangent vectors” ji:

Il = /]R 9 ¥TM(1)9, ¥ dx, (IV.1.2)
where the auxiliary function ¥ : R — IR" solves the elliptic problem
ji +0x (M(p)9,¥) = 0.

A cornerstone in the theory of optimal transportation is the Benamou-Brenier dynamical interpreta-
tion of the L2-Wasserstein distance [11], see formula (1.2.18) from Section 1.2.2. Dolbeault et al. [74] have
used that interpretation to define a new class of transportation metrics Wy, corresponding to nonlinear
mobilities m, recall Section 1.2.2.3.

We extend the approach of [74, 124] to densities y : R — S with values in a convex and compact set
S C R", and a mobility matrix M : S — R"*" in place of m. Our hypotheses on M are:

(M0) M : S — R™" ig continuous, and is smooth on int(S).

(M1) M(z) is symmetric and positive definite for each z € int(S).

(M2) D?M(z)[Z, ¢] is negative semidefinite for each z € int(S) and ¢ € R".
(M3) M(z)v =0if z € dS and v is a normal vector to 9S at z.

Conditions (M1)&(M2) are direct generalizations of positivity and concavity of the mobility function
m, and (MO) is a technical hypothesis. Condition (M3) is a natural requirement that is satisfied in all
of our examples, but is not substantial for the proofs. Its intepretation is that the values of solutions to
(IV.1.1) are confined to S.

Finally, we say that M is induced by a function h € C?(int(S)), if

M(z) = (V2h(z))™! forall z € int(S). (IV.1.3)
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This hypothesis allows one to formulate the multi-component heat equation d;y = Jdyyy in the form
(IV.1.1); with the functional £(u) = [ h(p(x)) dx.

Under conditions (M0)-(M3), we prove in Chapter IV.2 that the Benamou-Brenier formula with the
norms from (IV.1.2) defines a (pseudo-)metric Wy on the space .#(RR; S).

Specifically, the function Wy : .#(R;S) x #(R;S) — [0, o] is defined by

1 1/2
Wi (po, 1) = [inf {/O [ @ (M) Twdxde: (n,w) € G (o — yl)H , (IV.1.4)
where %1 (p9 — p1) denotes the set of all curves (y, w) = (pt, Wt )sco,1) satisfying the continuity equation
o+ dyw =0, (IV.1.5)

having yy and y; as initial and terminal values, respectively.

By a careful transfer of the proofs in [74, 124] to the multi-component setting, we obtain that Wy
inherits the essential topological properties known for the Wy, distances, like

e existence of constant-speed geodesics connecting densities of finite distance;

o lower semicontinuity with respect to weak* convergence;

o weakx-relative compactness of bounded sets.

We further discuss under which criteria Wy is finite.

In practice, the conditions (M0)-(M3) turn out to be quite restrictive, and their validity is fragile
under perturbations. A seemingly trivial family of examples is given by fully decoupled mobility matrices,
ie.

my (z1)
m;(z3)
M(z) = _ , (IV.1.6)
my(z,)

with n nonnegative and concave (scalar) mobility functions my : [ag, by] — R. Since the components do
not interact with each other through M, one has that

W (p, i)? = W, (1, 70)* + ++ + Wi, (s, Jin)%,

i.e., Wy is simply the canonical product of the metrics Wy, for each of the components. Surprisingly, it
turns out that fully decoupled matrices are ungeneric for property (M2) in the sense that any sufficiently
general, arbitrarily small perturbation of the components of M makes (M2) invalid. We shall show how
certain fully decoupled matrices can be “stabilized” with a suitably chosen special perturbation such that
the perturbed mobility matrix retains (M2).

Apart from the rigorous definition of Wy, we analyse the property of geodesic A-convexity with
respect to that distance (see Chapter IV.3). Generally spoken, geodesic convexity w.r.t. transportation
metrics is a very rare property [133]. Up to now, the only known A-convex functionals £ for the metrics
W with nonlinear mobilities m in space dimension d = 1 are the internal energies

E(p) = /]Rf(#(x)) dx, (IV.1.7)

provided that f satisfies the generalized McCann condition [53] (see 1.16) — which reduces to the usual
convexity of f in d =1 — and the regularized potential energies

V() = [ [ah(u()) +p(x)n(x)] d, (v1.8)
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where & : [0,00) — R is such that mh” =1, « > 0, and p : R — R is a smooth function of compact
support [125]. The respective gradient flow evolutions are given by

ot = 9xxP(1), and O} = aOxx + Oy (m(],t)axp),

respectively, where P'(z) = m(z)f"(z).

Both types of functionals (IV.1.7) and (IV.1.8) possess canonical generalizations to densities with
multiple components. In (IV.1.7), simply replace f by a smooth function f : S — R. To make sense of
(IV.1.8), assume that M is induced by h : S — R, see (IV.1.3), and use a potential p : R — RR" with n
components. We derive sufficient criteria for the geodesic A-convexity of these functionals with respect
to the new metric Wy. For that, we use the formalism from Section 1.2.3 developed by Liero and Mielke
[134, 123], which is based on the Eulerian calculus for transportation distances, see [64, 155].

Our own generalization of McCann’s condition for £ of the form (IV.1.7) is given in Proposition
IV.20, see formula (IV.3.9). Our examples for pairs of a (nondiagonal) mobility matrix M and a function
f that satisfy this condition are limited to perturbations of the heat equation. In contrast, if M is a fully
decoupled mobility, £ has to be decoupled in order to satisfy our generalized McCann condition.

Our condition assuring geodesic A-convexity for functionals of type (IV.1.8) is given in (IV.3.12). Even
for smooth p of compact support, it imposes an apparently very strong restriction on the function / in
M(z) = (VZh(z))~".

In Chapter IV.4, we discuss the primary application of the new metric Wy, namely the construction
of weak solutions to a class of drift-diffusion equations of the form (IV.1.1) by means of de Giorgi’s
minimizing movement scheme (1.2.11).

We emphasize that the global existence of solutions to (IV.1.9) is a nontrivial result of independent
interest. It does not follow immediately from classical parabolic theory: Indeed, since MV2f typically
lacks positivity (meaning that vTMV2fv > 0), the differential operator in (IV.1.9) is not elliptic in the
strong sense. The theory for parabolic equations with normally elliptic operators, see e.g. Amann [2],
provides existence of solutions only locally in time for sufficiently regular initial data; for extension of
those to global solutions, additional estimates would be needed which guarantee that the values of the
solution y stay away from the boundary of the admissible set S.

Specifically, we consider the initial value problem

O = Ox(M(p)VEf (1)0xp + M(p)dxry),  p(0) = p°, (IV.1.9)

where the mobility matrix M is fully decoupled as in (IV.1.6), S C R" is an n-cuboid, 7 € CP(R) is a
smooth potential, and f : S — R is uniformly convex, i.e., V% f(z) > Cf]l with C r >0, but does not
need to be the sum of functions of the components of y (thus giving rise to a coupling of the species via
£). Thus, the diffusion matrix MV2f will not be symmetric nor positive definite in general. Also, the
corresponding energy functional

) = [ f(r()dx+ [ u(x)Ty(x)dx

will not be geodesically A-convex.

Still, the minimizing movement scheme is well-posed. We prove that in the limit of vanishing time
step size, it produces a limit curve that is a weak solution to (IV.1.9), see Theorem IV.30. The overall
strategy of proof will be similar to that developed in Part II. In comparison to the classical results, we
obtain weaker solutions of lower regularity, but we can allow for more general initial data.
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The same methods apply mutatis mutandis to solutions to a class of fourth-order systems which
formally are Wys-gradient flows of the free energy

Ew) = [ f@xn ) dx,

with a suitable map f : R” x § — R. The associated evolution equation reads as

dipt = 0y (M(#) [Vﬁz (e, 1) e = 0x(Vipp f (ps ) pax) — 0x (Vi f (ﬂx,ﬂ))ux} ) (IV.1.10)

Whereas the first part of the right-hand side in equation (IV.1.10) is a term of second order as in equation
(IV.1.9), the two remaining terms are of higher order. More specifically, the middle term resembles a
multi-component version of the Cahn-Hilliard equation (as considered in, e.g., [125]). The last term takes
into account the possible coupling of the two arguments of the energy density f. However, we show that
under certain convexity and growth properties of f (similar to those required for the system of second
order), this issue is not decisive for the question of global existence of weak solutions (see Theorem IV.40).

We conclude this introductory section with some preliminary remarks.

We use V., for the gradient, V2 for the Hessian and D in combination with square brackets for
directional derivatives with respect to z. For instance, if M : S — R"*" and p : R — S, then we write
the chain rule as

9xM(p) = DM () [9x 1],
where the n x n-matrices DM(z)[¢] and D*M(z)(Z, ] are defined via
DM (z) (i := V:M;;(2)"¢,
D*M(2)[g, {lij = T VM ()¢,
for all ¢, Z € R"and all i,j € {1,...,n}. Note that even for symmetric matrices M, the third order-tensor
DM and the fourth-order tensor D?M are not totally symmetric in general, although DM(z)[¢] and
D2M(z)[Z, ] are symmetric 1 x 1 matrices, for every choice of ,{ € R”. Given a multilinear operator

or its tensor representative, the norm || - || denotes the operator norm. For a nonnegative measurable
function i : R — R", the functional

ma (i) i= [ eT(x) dx € [0, o9

is called the second moment of ji, where e := (1,1,...,1)T € R". Given an arbitrary set D C R (m € IN)
and a closed set A C R", .#(D; A) denotes the space of all measurable functions ji : D — A. We call a
sequence of measurable functions (jiy)ken in #(D; A) weakly*-convergent to a limit i € .#(D; A), if
for all p € C2(D;RR"), one has

lim/ i dx:/ o dx.
o [y PP N
Inequalities between vectors, multi-dimensional intervals (also referred to as n-cuboids)

[4°,q"] := ]’-’:1 [q?, q]l] for 4%, ' € R", q° < g', as well as integration of vector-valued functions are
understood component-wise.
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CHAPTER 1V.2

Distances generated by mobility matrices

This chapter is devoted to the study of transport distances between vector-valued densities on RR.
Throughout this chapter, let some convex and compact set S C R” with nonempty interior be fixed, and
recall that .#(IR; S) is the space of measurable functions on R with values in S; moreover, assume that
M: S — R" " is a mobility matrix that satisfies (M0)-(M3).

We begin by giving a rigorous interpretation of the objects occurring in the definition of Wy above.

IV.2.1. Action density
ProrosITION IV.1 (Properties of the density function). The action density ¢ : int(S) x R" — [0, o), defined
by

¢(z,p) = p'(M(z2))'p (IV.2.1)
has the following properties:
(a) ¢ is continuous and (jointly) convex.
(b) ¢ is nondegenerate: ¢(z,p) > 0 for all z € int(S) and p # 0.
(c) ¢ is 2-homogeneous in its second argument.

Proor. Since M is subject to (M0)-(M2), only convexity is not obvious. For the second directional
derivative of ¢ at (z, p) in directions (¢, 7r) for { € R", r € R", we obtain

D7, ,#(z p)[(G, 7), (5, )] = 7" Arc+ pTBr + p' Cp, (IV2.2)
with A, B,C € R"*" defined as
A:=2M(z)7},
B = —4M(z)"'DM(z)[gM(z) ",
C:= 2M(2)"'DM(2)[Z]M(z) " 'DM(2) [{IM(z) ! — M(z) ' D*M(z)[¢, {IM(z) .

We prove that the expression in (IV.2.2) is nonnegative for all admissible choices of (z, p) and (g, 7).
Since, by condition (M1), A is symmetric positive definite, there exists a symmetric positive definite
square root A'/2 € R"™" such that A1/2A'/2 = A. Further, B is symmetric. By elementary calculations,
we obtain

2
Dy #(e I(E ), (6 )] = |42 34128+ 1y (aC ~ BA By

2
- p"™(z) 'D*M(2)[, LIM(2) ',

1
A2+ S AT 2Bp

which is nonnegative due to condition (M2). O
Below, we need the action density to be defined up to the boundary. To this end, we replace ¢ by its
lower semicontinuous envelope ¢ : S x R" — [0, 00|, defined by

¢(z,p) ;= liminf ¢(z,p). (Iv.2.3)
(z.p)—(ZP)
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Thanks to continuity of ¢, we have ¢ = ¢ on int(S) x R".
ExaMPLE IV.2. Let M(z) = (V2he(z)) ! with he given by (see also (IV.2.7) below)

he(z) = z1logz1 + (1 —z1)log(1l — z1) + zplog zo + (1 — z2) log(1 — zp) + €z122(1 — z1) (1 — z2).
Then, for z = (z1,22) € [0,1)? and every p = (p1, p2) € R?, we have that

p'Vihe(z)p ifz € (0,1)%

Sl Fae{o1hne01),p=(0p)
o(zp) =1 A ifz2 € {0,1}, 21 € (0,1), p = (p1,0),

0 ifz € {(0,0),(1,0),(1,1),(0,1)} and p = 0,

+o00 otherwise.

The key step in the derivation is to observe that if z tends to a boundary point Z € 9S that is not a corner,
then precisely one of the two eigenvalues of V2h(z) converges to zero, and the eigenvector for the non-vanishing
eigenvalue is asymptotically parallel to dS at Z.

For y € #(R;S) and w € .# (R;R"), we define the action functional

D (p,w) := /]R ¢(p(x), w(x)) dx. (Iv.2.4)
Proposition IV.1 allows us to apply Theorem 2.1 in [74] to obtain:

ProrosITION IV.3 (Lower semicontinuity of the action functional). If (uy)ken and (wy)xen are weaklys-
convergent sequences to p € A (R;S) and w € .# (R;R"), respectively, then

li;n inf @ (py, wi) > ®(p, w).

IV.2.2. Examples

This section is concerned with specific examples of mobility matrices M : S — R"*" that satisfy con-
ditions (M0)-(M3) stated in the introduction. We will occasionally also consider the following stronger
version of (M2):

(M2’) The matrix D?M(z)[Z, {] € R"*" is negative definite for all z € int(S) and ¢ € R"\{0}.

All of our examples are of the form (IV.1.3), where M is induced by a convex function h.

IV.2.2.1. Fully decoupled mobilities
Consider concave functions my, ..., m, with m; : [Sf, S]r] — R, Sf < S]’., such that m]-(s) > 0 for
s € (Sf, S]’) and mj(Sf) = mj(S]T) =0, for each j € {1,...,n}. Define a mobility matrix M : S — R"*"
on the n-cuboid S := [S¢, 5] by
m; (z1)
M(z) = - . (IV.2.5)
my(z,)

Clearly, M is of the form (IV.1.3) when
h(z) = hi(z1) + - -+ hu(zn),
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and each h; : (Sf, S]r) — R is a second primitive of the respective m%' ie., mj(s)h;’ (s) = 1. It is immedi-
ately verified that M satisfies (M0)—(M3). Concerning property (M2), we remark that

FTDPM(2) (g, 21 = 21 ! (2)) (Ti67)2,
L

hence the sharper condition (M2’) is not satisfied, even if all m; are strictly concave functions. This is the
reason why the concavity (M2) is lost under generic perturbations of M. In the next example below, we
discuss a very special “perturbation” of a particular matrix of type (IV.2.5), for which (M2") is valid.

For obvious reasons, we call mobility matrices M of the form (IV.2.5) fully decoupled: the different
species do not influence the mobilities of each other. It is clear that each fully decoupled matrix M
induces a metric on .7 (IR; S), simply applying the theory from [74, 124] to each component separately.

IV.2.2.2. Perturbations of a fully decoupled mobility

Let us now specialize the previous example by choosing n = 2 components, S = [0,1]? and the map
ho: (0,1)> — R with

ho(z) = z1logzy + (1 — z1) log(1 — z1) + zalog zo + (1 — z2) log(1 — z2). (IV.2.6)
From (IV.1.3), we obtain the fully decoupled mobility matrix

Mo(z) = (V2ho(2)) ' = (‘fj ;2

where m(s) = s(1 —s). By the discussion above, (M0)-(M3) are satisfied, but (M2’) is not. It is
easily seen that for a general (smooth, compactly supported) function g : (0,1)> — R, the matrix
M, = (V2(hg 4 £g)) ! does not satisfy (M2) anymore, no matter how small & > 0 is.

Let us introduce a very special perturbation k. of hy:

he(z) = ho(z) + ez122(1 — 21) (1 — z2) = hy(z) + edqd. (Iv.2.7)

) , with d] = m(Z]‘),

We are going to show that M,(z) = (H¢(z)) ™!, with

1
1 _ 1 g1
He(z):=VZh(z) = [T | | +e ,2d,2 s , with d} =1-2z1, dy =1—2z,,
0 did, —2d;
satisfies (M0)—(M3), and in addition also (M2’), for all sufficiently small ¢ > 0. Thus, this special pertur-
bation makes the mobility matrix robust with respect to further (smaller) generic perturbations.
First, note that M,(z) is well-defined at z € (0,1)? if

detH(z) = 111172 — de+ &% (4dydy — (d1dh)?) (IV.2.8)

is positive. This is true simultaneously at all z € (0,1)? if ¢ > 0 is sufficiently small. It is further easily
seen that M, extends continuously to the boundary of S by setting M.(z) = Mjy(z) for z € 9S; just
observe that

Me(z) = ! My(z) — ed1d 2dy - dyd
T N —edydy [4— e(adydy — (dd)))] | 2\ 2dy ) |7

and that dqdy N\, 0 as z — 9S. This implies (M0) and (M3) for M,.
Next, since the entries of M, vary continuously with ¢, and since detM,(z) = (det H(z)) ™! never

vanishes for any z € (0,1)? and any sufficiently small ¢ > 0, it follows that M, inherits the positive
definiteness of M. Thus, also (M1) is verified.
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The proof of condition (M2’) is more involved. To begin with, observe that M¢(z) = (H¢(z))!
implies

D’M(2)[(,¢] = —He(2) 'D’He(2)[C, {|He(2) ! +2He(z) ' DHe(2) [ He(2) ' DHe(2) [g]He(2) .
Thus, for proving (M2"), it suffices to show that for all z € (0,1)? and all 8,{ € R"\ {0},
P i= (416" det i (2) D*H,(2)(2, ] ~ 2DHL(2) (=) DHL(2)[2] ) > 0,

where det H; is given in (IV.2.8), and

_ﬁg 0 ! / /
mu@m-( A )—%( %262 %@+%@)

0o - %gz Ao+ dsy Ao
1—3d1€2 0 >
351 4 20102
D*H,(z)[¢,¢] =2 | “ - e | 2 ,
(@)l ( 0 1;;2@% 201, 33
L0 —2d; —d.d,
H.(z2)" = detH:(z)Hs(z) ' = | 2 +e ! =2,

A tedious but straightforward calculation leads to the following explicit representation of P, with the
abbreviations {1 := dx(y, {5 := d1{>:

P =2(7% + 2¢(da02)?] BT +2[35 + 26(d1 1)) B3 + €[ 18] + efa(dal2)” + f3E' (dal2)] B
+e[fi3 +efa(di0n)? + f382(d11)] B3 + e[ fali (d181) + falo(dala) + 2f50102) B1B2s
where the functions f;, f; and f; are bounded uniformly with respect to z € (0,1)? and (small) & > 0:
f1 1= 2dy(8d1 — 3) + e(dp(—64d; +132d2 + 8) — 3942 — 2+ 18d,) — 8e2d3d3(1 — 4dy),
f1 = 2d1(8dy — 3) + e(dy (—64dy + 132d3 + 8) — 3943 — 2 + 18d,) — 82d3d3 (1 — 4dy),
fo = 4dydy — dy — dy — edydy(28d1dy — 10d; — 10d, + 3),
f = 4didy (1 + edy (1 — 2¢(1 — 2d,)d3)),
= 4d’1d§(1 +edy (1 —2¢(1 —2d4)d3)),
fa = —2didb (1 + de(dy — 1+ 2edpd2(1 - 2d))),
fa = —2didy (1 + 4e(dy — 1+ 2ed1d3(1 — 2d1))),
f5:=1+440d,dy — 6dy — 6dy — 32ed3d5 — 4e>d2d5(5 + 56d1d, — 1841 — 18ds).

From elementary calculations — applying the Cauchy-Schwarz and Young inequalities and collecting
terms — we conclude that

P > 23+ 2e(da02)?] BT + 23 + 2e(d121)%] B3

for arbitrary z € (0, 1)2, B,¢ € R", and all sufficiently small ¢ > 0. This implies positivity of P for g # 0
and ¢ # 0, and therefore proves (M2).

IV.2.2.3. Volume filling mobility

The following example describes the interaction of species that influence the mobilities of each other by
competing for limited volume. This example is related but not identical to the one considered in [123],
where in addition a microlocal conservation of mass was assumed.
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n
S:= {ZE [0,1]": 1—22]-20}
j=

as value space and the map / : int(S) — R by

n n n
=) zjlogzj+ (1 — sz> log (1— ) ]> :
= ‘

j=1 j=1

Define the n" standard simplex

The second-order partial derivatives of i amount to
-1
&h 1 u
v — 5. 1—
azi aZ] (Z) z; 51] + < Zgl Z[) ’

where J;; denotes Kronecker’s delta. By elementary calculations, we obtain the explicit form of the
inverse matrix:

Z1
M(z) = (V3h(z)) ' = —zz".

Property (MO0) obviously holds. To verify (M1), let 7 € IR” be given and observe that
n n n
,)/TZZTf)/ = 2 ZZiZj’)/i’)/j Z 2 Zizj ’)/l + ’)/] (Z ’)/] ]> (Z Zg) .
i=1j=1 z 1j=1 (=1
Therefore,

7™ 7—27] J ’YTZZT’Y>Z’Y] ](1_ZZF>

1

which is positive for all z € int(S) and 7 # 0. Condition (M2) is immediately obtained from

M(2)[¢,¢] = 208",

which is negative semidefinite, for arbitrary z € int(S) and ¢ € R”. Note that D?°M(z)[¢, {] has rank one,
hence the stronger condition (M2’) is not satisfied. Finally, let z € dS, and let v be a normal vector to 95
at z. We distinguish two cases. In the first, z lies on one of the coordinate hyperplanes. Then v; # 0 only
ifzj=0,forj=1,...,n, and so clearly M(z)v = 0. In the second case, we have z1 + - - - +z, = 1. Hence
the normal vector is (a multiple of) e = (1,..., 1)T, and therefore

M(z)e =z —z(z'e) = (1—22;)2—

This proves (M3).

IV.2.2.4. Radially symmetric mobility
On the n-dimensional closed unit ball S := B;(0), define /1 : S — R by

h(z) = log (1+\/1 |z|2) —/1—z|%
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One easily verifies that

1 22T

1
]1+ -0’
o S N s

which obviously is positive definite for z € B1(0). Now define M by (IV.1.3), i.e.,
-1
M(z) = (V2h(z))

:(1+m>1+[(1+\/1—|2|2) \/1—|Z|2‘<1+¢m>}IZ"A"Z|z
_ <1+m>1—zzT.

Conditions (M0) and (M1) obviously hold. Next, for arbitrary { € R" and z € int(S), we have that
DM(z)[¢] = —(1 = [2[*)"2(2T )1 — 2¢" - 2
D’M(2)[,¢] = —(1 |z 2(2"0)*1 — 208" — (1 |21*) 7 /%|g)”1.

VEh(z) = -

The last matrix is obviously negative definite for each z € B1(0) and ¢ # 0, which shows (M2’). Finally,
to verify (M3), let z € S with |z| = 1 be given, and observe that z itself is a normal vector to 95 at z. One

has
M(z)z = (1+ \/1-— |z|2> z—|zl’z2=z—-2z=0.

IV.2.3. Solutions to the continuity equation

Next, we investigate the structure of solutions to the (multi-component) continuity equation (IV.1.5).
Since the components of y and w are decoupled in (IV.1.5), most of the results below follow from a
“component-wise application” of the corresponding results in [74, 124].

DerFINITION 1V.4 (The class 67). Given T > 0, define € as the set of all curves (p, w) = (pr, We)se(o,1) With
the following properties:

(@) (pt)te(o,r) is @ weaklyx-continuous curve in .4 (R;S);
(b) (wt)seo,1) is a Borel-measurable family in ./ (R; R");

(c) ForeachR > 0andj € {1,...,n},
T R
// |wj|tdxdt<oo,-
0o J-R

(d) (u,w) is a distributional solution to (IV.1.5) on [0, T| x RR.
Furthermore, we denote by €1 (i — ji) the subset of those (y, w) € €1 with yli—o = i and pl—1 = ji.

The continuity property (a) above imposes no restriction on the curve (j, wt)icjo,r)- Indeed, by
componentwise application of Lemma 4.1 from [74], one deduces that every (ut, w;)c(o ] satisfying
(b)—(d) possesses a uniquely determined weakly*-continuous representative.

LemMA IV.5 (Time rescaling). Let o : [0, T'] — [0, T] be almost everywhere equal to a diffeomorphism. Then
(p,w) is a distributional solution of (IV.1.5) on [0,T] X R if and only if (i, w) := (poo, 0’ -wo0) isa
distributional solution of (IV.1.5) on [0, T'] x RR.

Proor. See [4, Lemma 8.1.3]. O
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LEMMA V.6 (Glueing lemma). Let (ji, @) € €T, (po — p1), (1, ) € r,(u1 — p2). Then the concatenation
(n,w) = (s, wt)te[o,T] with T = Ty + Ty, defined by

iy, Wy or t € 0, Tq],
) {(Z ) frrefoT]
(luth]’wt_Tl) fOT’ t 6 (TllTl + TZ]/
is an element of € (puo — pa).
Proor. This is a direct consequence of Lemma IV.5, see for instance [74]. O

DerFINITION IV.7. The energy Er of a curve (i, w) = (pt, Wt )refo,7) € €7 is defined by

T
Er(p,w) = /0 D (py, wy) dt.

ProrosiTION IV.8 (Compactness in 67, part I). Let (py, wy)xen be a sequence in €t such that for each fixed
R > 0, the family

R
{t+—>/R|wklj|tdx: keN, je {1,...,11}}

of maps from (0, T) to R is k-uniformly integrable. Then, there exists a subsequence (non-relabelled) and a limit
(u,w) € €r such that for k — oo:

()t — pr weaklyx in .4 (R;S) for every t € [0, T],
wy = w weaklyx in #((0,T) x R;R"),
ET(]/l, w) < 11}?1 inf ET(]/lk, Z()k).
Proor. Apply Lemma 4.5 in [74] componentwise. O

ProrosiTION IV.9 (Compactness in €7, part II). Let (uy, wy)ke be a sequence in 6t of uniformly bounded

energy,

sup Er (g, wy) < oo.
keN

Then the hypotheses of Proposition IV.8 are fulfilled.

Proor. To begin with, observe that thanks to continuity of M by (MO0), there exists a constant Cp; > 0
such that |[M(z)|| < Cum for all z € S. Hence ¢(z, p) > Cy,|p|?, for all (z,p) € S x R". For given R > 0,
we have that:

no TT (R 2
Z/ l:/ |wk,]~\t dx] dt

n T T
< Z/ ZR/ |wk,]-|%dxdt < ZRCM/ / ¢ (px, wi) dx dt < 2RCpv sup E7(pg, wy) < o0.
j=1"0 R 0 /R keN

This proves that the family [ fR |(wy)¢| dx is k-uniformly bounded in L?((0, T); R"). O

IV.2.4. Distance functional and its topological properties
In this section, we prove that the functional Wy defined as

W (po, 1) := [inf {E(p,w) : (1, ) € €1(po — p1)}]'? (Iv.29)
is a (pseudo-)metric on .#(R; S) and investigate topological properties of Wy;.
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We begin by showing that the infimum in (IV.2.9) is either equal to infinity, or is in fact a minimum.
In the latter case, any curve in % (yp — p1) that attains the minimal value can be considered as a constant
speed minimal geodesic joining yp and 1.

ProrosiTioN IV.10 (Minimizers and equivalent characterization). The following statements hold:

(a) If the infimum W occurring in Wy is finite, then it is attained by a curve (p,w) € 61(po — u1), for which
one has

® (s, wr) =W forae te(0,1).
Consequently,

W (s, pe) = |t — s|Wm(po, u1) forall s, t € [0,1].

(b) There are two equivalent characterizations of Wy for all T > 0,

W (o, 1) = [inf {TE7 (3, w) : (m,w) € Gr(po — p1)}"? (IV.2.10)
T
= inf {/0 (@ (s, wp)] V2 At (n,w) € Crpg — ]/11)}- (Iv.2.11)

Proor. The proof of (IV.2.11) is essentially the same as in [74, 4], using the rescaling lemma (Lemma
IV.5). The other characterization (IV.2.10) can also be obtained by this lemma using a linear rescaling of
time.

For the proof of statement (a), assume that Wy (o, 1) = W12 < o for W > 0. Then, there exists

a sequence (pg, Wi)keN In €1 (po — p1) with sup Eq(pg, wi) < oo. The application of the Propositions
keN
IV.9 and IV.8 yields a limit curve (u,w) € € (1o — p1) that is a minimizer of E; on €7 (y9 — p1) due to

weakx*-lower semicontinuity. With (IV.2.11), one deduces

1
Wl/zz‘/o (I)(]/lt,wt)l/Zdt,

and consequently, since (0,1) > t +— ®/2(p;,w;) and (0,1) > t +— 1 yield equality in Holder’s inequality,
@ (pt, wy) = W for almost every t € (0,1). O
We are now in position to prove that Wy is a distance.

ProrosITION IV.11 (W) is a pseudometric). Wiy is a (possibly co-valued) metric on the space # (R;S).

Proor. Symmetry. This is immediate from the 2-homogeneity of ¢ and the rescaling lemma (Lemma
IV.5).
Definiteness. W (1o, 1) = 0 if and only if Eq (¢, w) = 0 for some (y, w) € €1(po — p1). From positive
definiteness of M, this is the case if and only if w = 0 for some (y, w) € € (po — 1), hence if and only
if po = p1.
Triangle inequality. Let po, 1, po € A (R;S). If Wi (po, 1) or W (p1, pi2) is equal to +oo, there is noth-
ing to prove. If both are finite, we can use the second equivalent characterization of Wy (IV.2.11)
and the glueing lemma (Lemma IV6) to construct (y,w) € € (po — 1) for which one has that
W (po, #1) + Wm(p1, 12) fo pt,wi)/2dt. Again, invoking (IV.2.11), we obtain the triangle in-
equality. O
The following topological results are a consequence of the compactness results of Section IV.2.3, in
particular of Proposition IV.9.

ProrosiTioN 1V.12 (Topological properties). The following statements hold:

(a) W is lower semicontinuous in both components with respect to weaks convergence.
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(b) Let yy € #(R;S) be fixed, but arbitrary and let K C .#(R;S). If there exists C € R such that
W (po, i) < C forall u € K, then K is relatively compact in the weaks topology.

(c) Let uo € 4 (R;S) be fixed, but arbitrary and define X[uo] := {p € #(R;S) : Wm(po, u) < oo}. Then,
the metric space (X[po], Wm ) is complete.

(d) W3, is convex with respect to the linear structure of .4 (R;S): if uo, p1, fio, fir € #(R;S) and T € [0,1],
then

Wia((1 = T)po + Tfio, (1 = T)p1 + Thir) < (1= T)Wiy(pro, 1) + TWig (Flo, Fir)-

(e) Let T € C*(R) be nonnegative, with support in [—1,1] and ||T||;1x = 1, and define Te(x) := 1T (2) for
€ > 0. For all yoy, 1 € #(R;S), the following holds:

W (po * Te, pi1 % Te) < Win(po, 1),
1E%WM(VO s« Te, u1 % Te) = Wwm(po, 1)-

PrOOF. (a) Let (pgx, H1k)ken be weakly* convergent to (o, 1) as k — oo. Without loss of generality,

there exists Z > 0 such that sup Wm(pox, p#1x) < Z. From Proposition IV.10(a), we obtain a se-
keN

quence (pg, wi)ren With (i, wi) € G (pox — pa) such that Wiy (pog, k) = @((pi)e, (wi)i) < 22
for almost every t € [0,1] and all k € IN. Hence, the requirement of Proposition IV.9 is ful-
filled. The application of this proposition together with Proposition IV.8 now yields a limit curve

(n,w) € 61(po — p1) and
h]{gglfwifl(ﬂo,kzﬂl,k) = 111{2ng1(ka wi) > Eq (1, w) > Wiy (o, 1)

(b) If there exists C € R such that Wy (po, ) < C for all u € K, we can find by Proposition IV.10(a)
for each k € IN a curve ((r)t, (wi)t)ejo) in €1(po — px) such that @((pg)e, (wy)e) < C? for a.e.
t € [0,1] and all k € IN. The requirement of Proposition IV.9 is again fulfilled. Its application yields
in particular that (p); —  (on a subsequence) for all ¢ € [0,1] and some ( 1) eefo]-
(c) This proof is analogous to the proof of [74, Thm. 5.7] using (a) and (b) of this proposition.
(d) This is a consequence of convexity of the action density ¢.
(e) This statement can be obtained as in [74, Thm. 5.15].
O
Recall that Proposition IV.10 implies that any pair (i, j11) of densities at finite distance — that is,
W (o, 1) < co — can be connected by a constant speed minimal geodesic (1, w) € €1 (po — p1). We
shall not enter into the regularity theory for such geodesic curves, which is delicate already in the scalar
case [44]. However, it is easy to show that geodesics can be approximated by smooth solutions to the
continuity equation (IV.1.5). This will be useful for application of the Eulerian calculus in Section IV.3.1
later. To make the statement about smooth approximation precise, we denote the one-dimensional heat
kernel by G(,) : R4 x R — IR, it is given by
1 2

Gs(y) == s P (L) fory € Rands >0, (Iv.2.12)

and it satisfies 0;Gs = dxxGs. Below, convolution * with G; is again understood component-wise.

Proros1TIoN IV.13 (Smooth approximation of geodesics). Assume that the mobility M is induced by a func-
tionh: S — R. Let pg, u1 € A (R;S) be at finite distance Wy (o, 11) < oo, and assume that

lims [ () = (G x )] dv =0 fori € {0,1}. (IV.2.13)
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For a given minimizer (p,w) € €1(po — p1) of Ey and any & > 0, define the smooth approximation
(1, w’) € G1(ud — ul) by ul = Gg * ps and w = Gy * ws for each s € [0,1]. Then, for all § > 0,

W (pd, 19)? < By (1, w®) < Wi (po, p11)? (IV2.14)
and as 6 \, 0,
W (pd, i) O fori € {0,1}, and Wy (p, 1) — W (po, 1)- (IV.2.15)

Proor. Our arguments are similar to the proof of [4, Lemma 8.1.9]. The first inequality in (IV.2.14) is
obvious from the definition of Wy;. To prove the second inequality, recall that the action density function
¢ is convex. Hence, by Jensen’s inequality, we have for every s € [0, 1] the pointwise estimate

¢(ul, wd) = (G * ps, Gg * ws) < G * P(ps, Ws),

and therefore, using that G4 has unit mass,
1 1
E1(y5,w‘5) = / <I>(‘uf,w§)ds < / {/ G; *gb(ys,ws)dx] ds
0 0 |/R

= [ @) [, Gate)dz] ds = WaaGo )2

Next, we prove the first limit in (IV.2.15), for i = 0, by estimating W (19, #10) in terms of the energy
along a particular curve (i, @) € € (o — pi): define for t € [0,1]
fit == Gy * po, Wi 1= —00x(Goy * Ho).-

Notice that (j1, @) is indeed a smooth solution to the continuity equation, thanks to the properties of the
heat kernel G. For the energy of this particular curve, we obtain with the identities
9x(Vzh(Gat * o)) = VZR(Ggt * 10)0x (Gt * Ho) and (M(z)) ™' = V2h(z) that

3e(Gar % 10) T (M(Gay * 0)) ' 9x(Gay * po) (£, x)

Ey(ji, @) = &2 /[0 -

=5 /[0 xR V. h(Gg; * yO)Taxx(G(;t s« o) d(t, x)

=0 [ (G o) (1) = [ [h(p0) = h(Gys % o)) dx — 0

for 6 ™\, 0 because of (IV.2.13). The limit for i = 1 is obtained in the same way. The remaining limit in
(IV.2.15) follows from the above in combination with the triangle inequality: indeed,

0 < Wwt(po, 1) — Wwmt(p, 113) < W (o, 1) + W (313, 1)
yields Wi (15, #3) — Wi (po, 1) in the limit 5 \, 0. O

ReEMARK IV.14 (Compactly supported velocity). Combining the convolution by G with a smooth cut-off, one
can define approximations (u’,w®) of a given geodesic (1, w) in such a way that for fixed 5 > 0, the velocity fields
w? have compact support in R, uniformly in s € [0,1].

Under specialized conditions, an estimate of Wy in terms of the second moment m; is possible:

ProrositioN IV.15 (Distance and second moment). Consider a value space S C R" of the following form:
there exists S* € 9S such that z — S* > 0 (component-wise) for all z € S. Assume that the mobility M satisfies,
in addition to (M0)—(M3), the following Lipschitz-type condition w.r.t. z:

e"™M(z)e < LeT(z - §), forallz €, (Iv.2.16)
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some constant L > 0 and the vector e := (1,1,..., 1)T € R"™. Then, for all yg, u1 € #(R;S), one has
my (g — S°) < et (mz(m -shH+ WM(Mofﬂl)z) ~

PROOF. Since the assertion is trivial otherwise, assume that Wy (pig, 1) < oo and my (g — SY) < oo,
Given R > 0, let g € C(R) with g = id on [-R,R], fg = 0 on R\ [-3R,3R] and |03 (x)| < 1 for
all x € R. Observe that 6% increases to x — x2 as R /" oo. Let (u,w) € € (o — p1) be such that
@ (ur, wi) = W (o, p1)? for almost all ¢ € [0,1], by Proposition IV.10. Let s € [0, 1] be arbitrary. We first
obtain that

/ eT(us — S dx—/G (o — S")dx = — //BRe oxw; dx dt.

Using condition (M1), which yields the existence of a unique symmetric, positive definite square root
M(z)'/2 of M(z), we get

S S
—/O /Rel%eTaxwtdxdt:/o /]RZGRGEQeTM(yt)l/ZM(yt)*1/2wtdxdt

S
§/ /(GRG%)ZeTM(yt)edxdt+El(y,w),
0 JR

the last step being a consequence of the Cauchy-Schwarz and Young inequalities. Using the Lipschitz-
type condition (IV.2.16) and the bound on 6%, we end up with

S
[ ORe s =S dv— [ GreT(uo—SYdr <L [ [ R — ") drdt + Wan(pio, )%

Hence, by Gronwall’s lemma,

/ 0%e" (s — S') dx < el (w2 (o, m1) +/ 02e™ (1o — S°) dx)
R
from which the assertion follows by monotone convergence R , oo for s = 1. O

IV.2.5. Densities at finite distance

In this section, we derive sufficient conditions under which Wy (o, #1) is finite. Throughout this section,
the value space shall be a n-cuboid S = [S¢, S].

ProrosITION IV.16 (Bounds on Wy in terms of W»). Let a mobility M be given and assume that there exists a
fully decoupled mobility My as in (IV.2.5), where the scalar mobilities m; are uniformly concave, viz. m;’ <=9
for some & > 0, and that the following condition holds:

There exists K > 0 such that Ag(z) := KMp(z) ! — M(z) ™! € R"™ " is positive definite. (Iv.2.17)
Let po, u1 € 4 (R;S) with

/]R(yo—SZ)dx:m:/]R(yl—Sé)dx

for some m € [0,00)" and my(pg — S°), ma (g — SY) < o0. Then the following statements hold:
(a) Wwm(po, p1) is finite; in particular, one has

W2, (0, 111) < Clma(pug — S°) +ma (g — S°)] (IV2.18)

with a constant C > 0 depending on m.
(b) If, moreover, for almost every x € R, one has po(x), p1(x) < S' for S* € int(S), then

n

m(Ho, 1) Z 3(poj— S, 11— S)), (1V.2.19)
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with a constant C > 0 depending on m and S'.

Prook. For every (i, w) € 61(po — p1), one has due to condition (IV.2.17) that

Wiy (po, 1) < Eq(p,w <KZ/

Moreover, since the m; are uniformly concave, we have

my(1) > 2 (1~ SH(S] — ) =2 Wy ),

and hence

m(Horp1) KZ/ / m; (

This estimate allows us to consider each component separately, by the same procedure as in the proof of
[124, Thm. 3]. O

In the framework of perturbations of fully decoupled mobilities (cf. Section IV.2.2.2) for n = 2
components, we are able to give a sufficient criterion such that condition (IV.2.17) is true.

ProrosiTiON IV.17 (Estimate on M~ for two components). Assume that, for small ¢ > 0, the mobility M is
of the form

M(z) = Mo(z) +eMe(z), where My(z) := <m1(z1) 0 ) ’
0 my(z3)

with a fully decoupled mobility My. Assume that, in addition to (M0)—(M2), the following conditions are satisfied
for some C > 0:
‘Ms,ll (Z) |
my (z1)
[Me22(z)|
my(z7)
m; (z;)my(22)
detM(z)
Then, condition (IV.2.17) in Proposition IV.16 holds.

(M3’a) <C,

(M3'b) <G,

(M3'c) <C.

Proor. We use the tr-det criterion on Ag(z) and have that (omitting the argument for the sake of clarity)

m;m; M, 11+ M2

tr(A K 1 _— 1vV.2.2

r(Ag) >0 < >detM< € p——— )>0, ( 0)
2mimy + eM, ymy + eMoom; mymyp
A — K*-K : : : v.2.21
det(Ax) >0 detM detM >0 ( )
Using the assumptions on M, one easily verifies that (IV.2.21) holds if
2 M M
K > Zmum2 £ EMenmy + EMepm (IV.2.22)
detM

The middle terms in (IV.2.20) and (IV.2.22) are strictly bounded from above by 2C(1 + ¢C), where C is
the constant in (M3’a)-(M3’c). Hence, choosing K := 2C(1 + ¢C) yields the assertion. O
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Gradient flows and geodesic convexity

In this chapter, we formally establish criteria for geodesic A-convexity of entropy functionals £ appearing
in (IV.1.1) with respect to the distance Wys. In advance of the main results, we introduce our method of
proof by referring to abstract results in the literature adapted to the situation at hand.

IV.3.1. Preliminaries

We first briefly recall the abstract setting developed in [123, 134] from Section 1.2.3, which is a variant of
the famous “Otto calculus”. The goal is to give the metric space (.#(R;S), W) a partial Riemannian
structure.

A function y € #(R;S) is called regular if p is smooth and attains values in int(S) only. Regular
functions are dense in .#(IR;S) in the following sense: Let u € .#(IR;S) be arbitrary, with the only
restriction that its values y(x) do not lie in a convex subset of the boundary 95 for a.e. x € R. Then y can
be approximated by a sequence of regular functions with respect to Wys. This is achieved by standard
smoothing techniques; see Proposition 1V.13 above.

At a regular p, regular tangent vectors to .#(IR;S) are defined by functions v : R — R" that can
be written in the form v = —9d,w for some w € C®(IR;R"): in accordance with the continuity equation
(IV.15), the associated infinitesimal curve p(.y : (—¢¢) — #(RR;S) is given by pus = pg + sv. Regular
tangent vectors are dense in the tangent space T,,.# (R;S), see Remark IV.14. Regular cotangent vectors
are equivalence classes — with respect to additive constants — of functions ¢ € C®(IR;R") such that 0,&
has compact support; these lie dense in the corresponding cotangent space Ty, .# (R;R"). The pairing
between v and ¢ is given by the scalar product in L?(R;IR"):

(&) = /IR &(x)To(x) dx.

The metric structure of (.# (IR;S), W) distinguishes an injective map K — the Onsager operator — from
cotangent to tangent vectors at regular points :

K(p) : Tl (R;S) — Tt (R;S),  K()E = —3x(M(1)9x8)- (Iv3.1)
With these notions, we write (IV.1.1) as an abstract evolution equation,
I = —F(p), (IV3.2)
with the nonlinear operator F: .Z(R;S) — T.#(R;S) given by
F(p) := —0x(M(u)3xE' (1)) = K(p)€' (1) (IV.3.3)

In the framework of [123, 134], the verification of geodesic A-convexity of £ with respect to the distance
W\ is based on the Eulerian calculus that has originally been developed in [155]; see also [64]. Theorem
IV.18 below summarizes the main result of that theory adapted to the framework of this part of the thesis.

We remark that certain hypotheses are implicitly imposed in order to justify the calculations that
lead to that result. The main one is that there is a dense subset .#, C .#(RR;S) of regular functions such
that (IV.3.2) possesses a smooth classical solution for each initial condition from .#), and the associated
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flow maps S' : .4y — #(RR;S) are continuous in the topology of (.# (RR;S), W), for each time t > 0.
It is then one of the consequences of Theorem IV.18 that S() actually extends in a unique way to a
continuous flow on all of .#(IR; S). Further, one needs to assume that the underlying entropy functional
E: M (R;S) — Ru is proper, lower semicontinuous and bounded from below.

The abstract criterion for A-convexity is the following (compare with Theorem 1.19).

Treorem V.18 (Condition for convexity [123, Thm. 3.6]). Let A € R and let €, F and K be defined as in
(IV.3.1)&(1IV3.3). If

(& DF()K(10)8) ~ 3 (& DK EGJE) > A (6 K(0)3) (V3.4

holds for all regular y € .4 (R;S) and & € C®(IR;R™) with 3¢ of compact support, then S©) satisfies the evo-
lution variational estimate (1.2.4) for £ and hence defines a A-flow on (.# (R;S), Wwm ). Further, £ is geodesically
A-convex w.r.t. Wyy.

IV.3.2. The multi-component heat equation

In this section, we apply the theory of Section IV.3.1 to the case of the multi-component heat equation,

Oty = Oxx}h, (IV.3.5)
which is (IV.3.2) for F(u) = —0xyp. In this case, the flow maps S' : #(R;S) — .#(R;S) are explicitly
known:

S' () = G+,

with the heat kernel G from (IV.2.12), for each t > 0 and arbitrary initial data ;40 € #(R;S). Moreover,
if 40 is a smooth function with values in int(S) only, then it follows by classical results that the map
(t,x) — (S'(u%))(x) is also smooth on [0,00) x R, and attains values in int(S) only. We are thus in the
framework described above and conclude the following with the help of Theorem IV.18.

ProrosiTION IV.19 (The heat flow as a gradient flow). Assume that M : S — R"*" satisfies (M0)—(M3),
and that M is induced by h as in (IV.1.3), i.e. M(z) = (V2h(z)) ! at every z € int(S), for a continuous function
h : S — R which is smooth on int(S). Suppose that for each o, 1 € A (R;S) with W (po, 1) < 0,
condition (IV.2.13) is satisfied. Then the flow map S\) for (IV.3.5) defined above is a O-flow on .# (R;S), and it is
the gradient flow of the functional H(u) := [ h(p) dx, which is geodesically O-convex w.r.t. Wyy.

Proor. To begin with, observe that with H defined as above,
M(p)axH' (#) = M() V2h(p)oxp = 19xpt,

which means that (IV.3.2) simplifies to (IV.3.5). We verify (IV.3.4) for A = 0: for a given smooth map
w : R — R”, the relevant derivative expressions amount to

DF(p)[w] = —0xxw,
DK (p)[w]¢ = —0x(DM(p) [w]0xC). (IV.3.6)
We substitute this into the left-hand side of (IV.3.4) and integrate by parts to obtain

(& DF () [K(1)2]) — 5 {6 DK(0)[E(1)12) = (€, dexe(M()2:8)) — 5 (& 9 (DM(p) esp:8))

- _% <axg,D2M(y)[axy, axy]8x§> + (0xx8, M(p)0xxC)

which is nonnegative because of (M1) and (M2). O
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IV.3.3. Internal energy functionals

We now study geodesic convexity of more general functionals of the form

) = [ Fu()dx, v37)

with a smooth function f : int(S) — R. For brevity, we call these functionals internal energies, regardless
of their actual interpretation in physics or other sciences. Our main result is Proposition IV.20 below,
which is a further generalization of the generalized McCann condition established by Carrillo et al. [53]
for scalar nonlinear mobilities (n = 1), see Theorem 1.16.

IV.3.3.1. A generalized McCann condition

The main result of this section is the following sufficient criterion for 0-contractivity of the flow generated
by the evolution equation

Oty = 0y (L(p)oxp), with L(z) = M(z)V3f(z), (IV.3.8)
which is (IV.1.1) for £ from (IV.3.7), i.e., the formal gradient flow of £ in Wy.

ProrositioN IV.20 (Multi-component McCann condition). Given a mobility matrix M that satisfies
(M0)-(M2) and a functional & of the form (IV.3.7), assume that for all z € int(S) and all v,{, B € R" (omitting
the arqument z from M = M(z) and from L = M(z)V2f(z)):
1
0<— o' D*M[Z, L] v+ BT LM
<-3 (G Llo+p LMB (IV3.9)
+ BT (LDM([¢] — DM[LZ])v + o DL[¢](DM[Z]v + M) — ' DL[DM[Z]v + M§] C.

Then, under the assumption of sufficient regularity of the associated flow generated by (IV.3.8), the functional £ is
geodesically 0-convex w.r.t. the distance Wy.

Proor. This is another application of Theorem IV.18. Let therefore y € .#(R;S) be regular and
¢, w e C®°(R;R"), 0x¢ with compact support. Observe that

F(p) = —0x(L(u)pa),
DF(p)[w] = —0x(DL(p) [w]pix) — 9x (L(p)wx),
and in addition, (IV.3.6) holds. Hence, integrating by parts, we obtain
(& DK (1)8) — 5 (&, DK(p) [F()]¢)
= = (Cx DL(1) [0x (M (p) ) [px) + (G, L(#)9x (M (1)) + (G, DL () [p]0x (M) ¢x))

— 5 G MO LG IG) — 5 (G DMO L0l — 5 (T DM [ L))

_ _% (&6 DPM() [p, L () 2] ) = (G DM [L () 2] )

— (Cx, DL(1) [DM (1) [px]Gx + M (1) Cuex]pc) + (Gx, L(1) (DM (1) [px] Sx + M(1)Gxx))

+ (Gox, DL () [p (DM (1) [12]8x + M(p)8xx)) -

Condition (IV.3.9) now implies pointwise nonnegativity (substitute v := &x(x), B := Cxx(X), { := px(x)
for x € R) and consequently (IV.3.4) for A = 0. O

RemaRk IV.21 (Diagonal mobility). In the case of a fully decoupled mobility matrix

~(my(zq) 0
M(z) = < 10 1 m2(22)>
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for n = 2 components, where in general %m}’ m; + (m})2 # 0, the generalized McCann condition (IV.3.9) is

equivalent to

of(z) 20, 02f(z) 20, diaf(z) =0,

since (IV.3.9) reads in this case
0> [;v%ﬁm’l’m - ﬁ%mi] o f + [;U%ﬁmgmz - ﬁ%m%] onf
+ [;U%Qézmlllml + %vgélézmé’mz —2B1fomim; — ZUlvzélsz/lm/z] d1f
+ [[U%(mi)z + v3(m))?] 012 + 201 f1{ammy + 205501 mhym; — 2081 {;mimy — 201/3251111/11112] d12f .

Imposing e.g. p =0,v1 =1, vp = 0and {1 = 1, one obtains

2

from which necessarily d12f(u) = 0 follows. Hence, the only possible choice is f(z) := y1(z1) + P2(z2) with
convex functions y, Pp. We solely recover the generalized McCann condition for n = 1 (cf. [53]) for each of the
two components separately if M is fully decoupled.

1 1
0> Emﬁ'm1311f+ —mim; + (mﬁ)z} (2012f,

IV.3.3.2. Perturbation results and examples

This paragraph is devoted to examples satisfying condition (IV.3.9) of Proposition IV.20. In particular, we
investigate suitable perturbations of the energies having the heat flow as gradient flow, cf. Proposition
IV.19. We first start with a more general result involving perturbations of compact support in int(S) and
continue with a specific example where the support of the perturbation extends to all of S.

PRrOPOSITION 1V.22 (Perturbations of compact support). Let a mobility M satisfy the conditions (M0)—(M3)
and the stronger condition (M2') and be induced by h as in (IV.1.3). For a,€ > 0 and g € C®(int(S)), define
f(z) := ah(z) +¢€g(z) and & according to (IV.3.7). Then, for € > 0 sufficiently small, the generalized McCann
condition (IV.3.9) is satisfied.

Proor. If z ¢ supp g, the conditions (M1) and (M2’) directly yield the claim. Furthermore, there exists a
constant §; > 0 such that for all z € supp g, one has

BTD*M(2)(¢, 218 < —oglBI*lCf,
—7™M(z)y < =&,
for all B,,¢ € R". Hence, by continuity, we obtain for the r.h.s. in (IV.3.9), recalling
L(z) = M(z)V2f(z) = ol +EV2g(2) :

- %Z)T D*M[Z, L] v+ BT LMB

+ 7 (LDMIZ] — DM[LZ])o + o' DL[Z] (DM[Jo + MB) — o' DL[DM[Z]o + Mp] £

« ~

> 50|2 [0l + adg| B* — Com(IZ [0 + B + 2011 B]),
with a constant Cgp > 0. Using Young's inequality, one immediately deduces that the r.h.s. is nonnega-
tive and thus (IV.3.9) is satisfied, provided that € < 3?;ng. O

We conclude this section with a specific example such that the support of the perturbation g extends
toall of S.
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ExamrLE IV.23 (Non-compactly supported perturbations). Let M be induced by h. from (IV.2.6)&(IV.2.7):
he(z) := 21 IOg(Zl) +(1—2) IOg(l —z1)+ 2 10g(Zz) +(1—2p) 10g(1 —2zp) + edqdy,

d] = Z](l — Z]'),

and € > 0 chosen so small that the conditions (M0)—-(M3) and the stronger condition (M2") are satisfied. Define
furthermore g : [0, 1]> — R by

forall 0 < my,my < %, and (my,0) = 0 = g(0,my). Consider now for € > 0 the map f(z) := h(z) +€g(d1,d2)
and the functional £ according to (IV.3.7). Then, for € > 0 sufficiently small, the generalized McCann condition
(IV.3.9) is satisfied.

Our idea of proof relies on the structure of M in this particular case (cf. Section 1V.2.2.2): There

2
exists a positive rational function rq : (0, ﬂ — (0, 00) with li{?o ri(my,m) =0 = li{?o r1(m, my) for all
m m

2
(my,mp) € (0,}1] , such that

SBTDPM(2) (£, 218 — M2y < —ra(di, ) (Z12BI2 + [P

2
Furthermore, there exists another rational function r; : (0, 411] — [0, 0) such that the following estimate
on the rh.s. in condition (IV.3.9) is possible:

- %UT D*M(Z, Ll v + BT LM B
+ BT (LDM([¢] — DM[LZ])v + o' DL[Z](DM[Z]v + M) — v DL[DM[Z]v + M§] ¢
> (r1(dy, do) — §(dv, do)ra(dr, d2)) (IZ2|BI* + |7 [%).

2
Since for all (my,my) € (O, ﬂ , one has

. P 1’2(771,1112) . ~ ~
1 = = =0=1
ﬁ1r\r1()g(m, mZ)rl(ﬁ, ) 0 ﬁ:glog(ml,m)

we find gy > 0 sufficiently small such that (IV.3.9) holds for all 0 < € < &.
IV.3.4. The potential energy

In this section, we study the geodesic A-convexity of the regularized potential energy functional

V(y) = /IR [wn(0) + p(x)Th] dx, (IV.3.10)

which has a density depending explicitly on the spatial variable x via the potential p. Here, Wyt and h
are as in Proposition IV.19 and a« > 0 as well as p € C®(R;R") are fixed. The flow associated to V is
generated by the following (regularized) nonlinear transport equation:

Oty = Oxxt + Ox (M (1) 9xp). (IV.3.11)
IV.3.4.1. Convexity
A sufficient condition on convexity of those energies is the following:

Proros1TION IV.24 (Convexity for the regularized potential energy functional). Let V be of the form (IV.3.10)
with h, « and p as mentioned above, let M = (V2h)~! be as in Proposition IV.19 and A € R be fixed. If for all
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z €int(S) and all v,{ € R", g, 4% € Bg(0) with R := ||p|| 2, the condition

0< —%UTDZM[Q ZJv — AvTMo
(IV.3.12)

— %UTDZM[; Mg']o + o' D*M[Z, Mo]gq! + o' DM[Mg*]v

is satisfied, then V is geodesically A-convex w.r.t. the distance Wy under the assumption of sufficient regularity
of the flow generated by (IV.3.11).

Proor. The method of proof is similar to that of Proposition IV.20. Here, one gets

F(p) = —adxxp — 0x(M(p)px),
DF () [w] = —adxyw — dx(DM(p)[w]px).

Consequently, performing essentially the same calculations as in the proofs of the Propositions IV.19 and
Iv.20,

3 (& DK F]E) + (& DEGK(0E) — A (& K(0)E)

— _% <§x,D2M(V)[VXr Vx]§X> -3 <€x' DZM(V)WX,M(V)F)XMO

2
(G M) Gax) + (G DPM(p) [, M()Expx ) + (&0 DM(0) M) Ex )
—A(Cx, M(p)8x) -

We use the fact that for all 7,4!,v € R" and all z € int(S), one has due to symmetry of the third-order
tensor D31

1" DM()[M(1)q'Jo = ~D*h(z)M(2)7, M(2)g', M(z)0] = 7" DM(z) M(z)o]q".
Hence, we obtain
(& DF(u)K(1)2) — 5 (& DK(0)[F(0]E) — A (& K(0)2)
= — 2 (20 DM [z, )G ) + ¢ (S M) Ex) = A (&0, M) )

— 5 (& DM, MOl ) + (B DM [, M(H)El e ) + (6 DM(0) M (o))

which is nonnegative due to condition (IV.3.12) and (M1) (substitute v := & (x), { := px(x), ¢* := px(x),
g% := pxx(x) for x € R) and hence implies (IV.3.4). O

IV.3.4.2. The case of fully decoupled mobility

In this paragraph, we consider the case of a fully decoupled mobility (cf. Section 1V.2.2.1)

m; (z7)
M(z) = :
my(z,)
on the n-cuboid S = [S¢, S’]. We shall assume that the scalar mobilities m; are such that
o m; € C*([s], S7));
e mj(s) >0 fors € (S],7) and m;(S}) = m;(5}) = 0;
. m]’/(s) <O0fors e [Sf, sl.
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Recall that M is of the special form (IV.1.3) M(z) = (V2h(z))~!, where

h; being a second primitive of m%

ProrosITION IV.25 (A-convexity of the potential energy). For a fully decoupled mobility M as mentioned
above, fix « > 0 and p € CP(R;R") and consider the reqularized potential energy functional V defined in
(IV.3.10).

(a) LetzZ € Sand u° € .4 (R;S) such that u° —z € H' (R;R") and such that u° attains values in int(S) only.
Then, the initial-value problem for (IV.3.11)
Oty = a0xxpt + 9x(M(p)9xp), 1(0,-) = ub, (IV.3.13)

possesses a unique local-in-time classical solution y : [0, T] — .# (R;S) with u —z € C°([0, T); H'(R; R")),
where T = T(u° p) > 0.

(b) There exists C = C(p) > 0 such that condition (IV.3.12) in Proposition 1V.24 is satisfied for all
A< —C(%+1).

Hence, Proposition 1V.24 is applicable and yields geodesic A-convexity of the potential energy V.

Proor. (a) Since in the case at hand, the system (IV.3.11) is decoupled, it suffices to prove the assertion
in the scalar case n = 1, where the mobility m is a scalar function satisfying the properties of Section
IV.3.4.2. Suppose that u° € .#(R;S) attains values in int(S) only, with S = [S,S"] C R being an
interval, and #° —z € H'(R) for some z € S. Using the transformation u := p —Z and writing
8 := py, we may instead consider the equation

Ot = Oyt + dx(m(u + 2)6), (Iv.3.14)

together with the initial condition u? := 1% —z € H'(R) with values in (S —%,5" —2) > 0.

Inspired from [95, Ch. 3], we write (IV.3.14) as an abstract semilinear evolution equation on
HY(R):

u(t) = —Au(t) + F(u(t)), (IV.3.15)
. 2
with A = —%, and
F(u) :=m'(u~+2)uy0 + m(u +z)0,.

We first prove some properties of the nonlinearity F.

Lemma IV.26 (Properties of F). (a) F maps bounded subsets of H'(IR) onto bounded subsets of L>(R),
because for all u € H'(R), one has

IF(u)llr2 < Collull g + Cu, (IV.3.16)

for some Cy,Cq > 0.
(b) F is locally Lipschitz continuous in the following sense: if u,v € HY(R) with ||u — u®|;n < & and
|0 — u|| g1 < & for some & > 0, then

[F(u) = F(o)ll 2 < Callu — g, (Iv.3.17)
for some Cy = Cp(5,u®) > 0.
Proor. (a) By the triangle inequality, we have
[F@)llr2 < l[mllci]Bllcolluxllr2 + [ [m(u +2) — m(2)]0x[| ;2 + [[m(2)6x[] 2
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<2|mllca |0l llull g2 + [[m(Z)6x 2,

from which the desired estimate follows since § has compact support.
(b) With u and v as required, one has

IF(u) = F@)2 < l0llcrllm(u +2) = m(o+2) |2 + | 0m’ (u + 2) [z = 0] | 2
+ [j6um’ (1 +2) = m' (0 4+ 2)][| 2 + 6 (02 — ud) [ (1 +2) = m' (0 + 2)] | .2
< 0llcrImllca [[l = ollp2 + lux = oxllz2 + (6 g + o = wll )l = 0l

Since H'(R) is continuously embedded into C°(R) and ||o — u%|| ;1 < &, the desired estimate
follows.
O
Let now ¢ > 0 fixed, but arbitrary and define

Ks = {u € C°([0, T, H'(R)) | u(t) = u’]}p <& Vte[0,T]},

where T > 0 is to be determined later. K; is a closed subset of the Banach space C°([0, T]; H' (R)).
Define a mapping B on K by

t
B(u)(t) := e At +/ e AU=)F(u(s))ds  for t € [0,T].
0
We prove the following statement:

LemmA IV.27 (B is a contraction). There exists T = T(6,u’) > 0 sufficiently small such that B maps K,
into itself and is a strict contraction.

Proor. We first prove that ||B(u)(t) — u®||;n < & for all t € [0, T], where T is sufficiently small. For
all s € (0, ), one has

e AU F(u(s)) = Gys * F(u(s)),

where G is the one-dimensional heat kernel from (IV.2.12). Note that for all o > 0, we have

IGollr = Ao, [19yGollp = A2, (IV.3.18)
for some constants A, A; > 0. Elementary kernel estimates yield
)
1Ge#1u® — 1| < > (IV.3.19)

for all t € [0, T], provided that T is sufficiently small. For the other part, we use Young's inequality
for convolutions to obtain

t t
Jy e MR A < [T [IG sl + 13Ges ] IEG() 2 ds
Using (IV.3.18) and (IV.3.16), together with the fact that ||u(s)|| ;1 < [|u®|| 1+ 6 (since u € Ky), yields
t
’/0 e A=) F(u(s)) ds 1 < (LA +2vEA) (Co|u]| g + Cod + C1) <
H

for all t € [0, T}, provided that T is sufficiently small. Putting (IV.3.19)&(IV.3.20) together yields the
claim. Along the same lines, it can be shown that B(u) € C°([0, T]; H'(R)); hence B(u) € K.

(IV.3.20)

N >,

For Lipschitz continuity, we proceed exactly as before using (IV.3.17) instead:

[B(u)(t) = B(0)(t)[|mn < Ca ,/(:(Ao +(t=s) 72 A0 Ju(t —s) —v(t = )| ds
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< C(AeT + ZﬁAl) Il — UH(:'O([O,T];HI)/

for all t € [0, T]. Hence, if T is sufficiently small, one has

[1B(u) = B(0)llcoqpo,ry;m1) < Lllu = 0llcoqpo, ;)
forsome 0 < L < 1. O
Now, by Banach’s fixed point theorem, B possesses exactly one fixed point u* in K which is, by
means of [95, Lemma 3.3.2], the desired unique smooth solution to (IV.3.15) on [0, T]. It remains to
prove that u*(t,x) € int(S) for all x € R and t € [0, T’], for some sufficiently small T' > 0.
Case 1: Z € int(S). Thanks to u° € H'(RR), there exists &y > 0 such that

dist(1®(x),dS) > & Vx € R.

Since u* € C°([0, T|; HY(R)) < C°([0,T];C°(R)), there exists T’ € (0,T] such that for all
t € [0, T'], one has [[u*(t,) — u®| o < %U. Hence, we obtain

dist(u (¢, x),5) > % Vi [0,T'], x € R,

which proves the claim.

Case 2: Z = S’. First, as in case 1, there exists T; € (0, T] such that u*(t,x) < S§" — St for all
x € Rand all t € [0, T{]. It remains to prove the lower bound u*(t,x) > 0. Let therefore R > 0 such
that supp (6) C [-R,R]. Since u is strictly positive and continuous, there exists § > 0 such that
u(x) > ¢ for all x € [~(R+1),R+1]. Hence, we can find T} € (0, T]] such that u*(t,x) > § for
all t € [0, T3] and all x € [—(R + 1), R + 1]. Moreover, thanks to the smoothness of u*, there exists
Co > 0 such that |[F(u*(s))(y)| < Co forall s € [0, T5] and all y € [-R, R].

It remains to consider the case |x| > R +1, t € [0, T}], where we explicitly analyse u* by means
of its fixed-point property B(u*) = u*, i.e.

u*(t,x) = /]R Gi(x —y)u’(y)dy + /Ot /]R Gi—s(x —y)F(u*(s))(y) dy ds. (IV.3.21)

For the second part on the right-hand side of formula (IV.3.21), we immediately obtain the esti-

mate
ot

R gt
| [ G nFe @) wdyds <G [ [ Gulx—y)dsay,
where we recall that |x — y| > 1. Since for fixed v > 0, the map
1

,02
20 (009) =R )= e (1)

o . 2 .
is strictly increasing for s < %, we obtain

/Ot/I;ths(x_]/)F(u*(s))(y) dyds < /_l; th(x_]/) d}/,

if t < % Hence, for all t < min (Tﬁ, %, %) =: T and all |x| > R + 1, formula (IV.3.21) yields

u(t,x) > /_l; (g - C0f> Gi(x —y)dy,

the right-hand side being nonnegative.
Case 3: z = S". Here, argue in analogy to case 2.
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(b) We proceed similarly to [125] and observe that for all z € int(S) and all v,{ € R", g',4%> € Br(0),
R := ||p||c2, one has

— %UTDZM[Q o — %UTDZM[Q Mg'o + oTD*M[Z, Mo]gq! + v DM[Mg?]v

1
=y [;m}/(z]‘)éf + 5my (z))my(z))qj¢; + m;(zf)mj(zj)qﬂ i

>y {_;Cm;’(zj)|mj(2j)2(q})2 +m}(zf)mf<zf)”lﬂ o

the last step being a consequence of Young’s inequality. Using the bounds on m;, g' and ¢, we
obtain
"o n | 2R
L |y 5 my 201 (22| my )57 2 1 ImflesR | FUEES 1] )
= =
[m;f 2R

Obviously, for all A < — max [|m;||R { e + 1} , (IV.3.12) holds.
J

156



CHAPTER 1V4

Existence of weak solutions

In this chapter, we prove the existence of weak solutions for a class of initial-value problems of the form
(IV.1.1). More specifically, we consider the case of a fully decoupled mobility M but allow for coupling
inside the energy £. Note that, by Remark IV.21, the functional £ will in general not be geodesically
A-convex.

IV.4.1. Setting and preliminaries
We again consider as value space an n-cuboid S = [S/,S"] C R" and leth: S — R, h(z) = Y1, hi(z;),
where forall j=1,...,n:
(HO) h; is a-Holder continuous on [Sf, S]r] for some & € (3,1] and smooth on (Sf, ij),'
(H1) h; is strictly convex;
: 1 _ i 1 .
(H2) s{r% hi(s) = +oo = 511/1151; hi(s);

(H3) 7 is concave and can be extended at the boundary {Sf, S]’} of S to a function in CZ([Sf, S]’])
j

Obviously, the induced fully decoupled mobility M as in Section 1V.3.4.2 satisfies the requirements
of that section, in particular also (M0)-(M3), if h satisfies (HO)—(H3).
Furthermore, let 7 € C°(R;R") and f : S — R such that

(F) f is smooth and uniformly convex, i.e. V2f(z) > C fl forall z € S and some Cy > 0.

We introduce a reference state z € S, i.e. a constant level relatively to which certain quantities (e.g. the
mass of an element in .#(IR; S)) will be measured. We distinguish two qualitatively different cases:

(A) Reference state z = S.
(B) Reference state z € int(S).

The respective case will be indicated with (A) and/or (B) in definitions and statements. Note that in case
(A), the function y — Z is nonnegative for each y € .#(R;S). We begin with a detailed exposition of the
relevant energy functionals.

DEerINITION IV.28 (Heat and driving entropy). Let z, f, h, 1 be as mentioned above. Define the heat entropy
functional H : #(R;S) — Reo by

M) = [ hep)
where
(A) hz = h(Z) — I’Z(Z),
(B) hz(z) := h(z) — h(z) — (z — 2)TV;h(2).
The driving entropy functional € : # (R;S) — R is defined by
£ = | RV = @) = (= 2)'Vof(@) +plyldx ifpeXs
+o0 otherwise,
where
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A) Xg:={p e a(R;S): |u—z|1=m:=||u° —zZ| 1 € (0,00), mp(p —Z) < oo}, where u° € 4 (R;S)
is the initial condition;
(B) Xz:={u e #(R;S): ||y —2z|2 < o}.

Note that in both cases, hz(Z) = 0 and hs is strictly convex with V2hz = V2h. In case (B), ks is
nonnegative.

ExamrLE IV.29. (a) The paradigmatic example for h satisfying (HO)-(H3) is given by
e = 46 5¢)10g(s — S) + (5] — ) log (] —5) — (5] — 5!) og(S] — S1) if s € (S, S!),
: 0 ifs € (81,57},
yielding

1
] ]

(b) An admissible choice for f is
f(z) = %ZTQZ +er(z),

where Q € R™ ™ is symmetric positive definite, r : S — R is smooth and ¢ > 0 is such that Q + eV?2r(z) is
positive definite for all z € S.

We summarize the main results of this section in the following

TreoreM IV.30 (Existence of weak solutions to (IV.1.9)). Consider the initial-value problem for the system of
degenerate diffusion equations with drift

Ottt = Ay (M(p)V2F(1)0xpt +M(u)dyy) fort > 0and x € R, (Iv.4.1)
1(0,x) =ux) forx €R, (Iv.4.2)
where the mobility M is fully decoupled on the value space S = [S',S"] C R" and of the form

M(z) = (V2h(z))™' € R™" with h : S — R satisfying (H0)-(H3). Assume that f : S — R satisfies (F)
and 1 € CP(R;R").
Suppose that 1° € .# (R;S) and either
(A) 40 —z € LY(R; R") and mp(u° —Z) < oo for z := S¢; or
(B) u° —z € L?(R;R") for some z € int(S).
Then, there exists a function p : [0,00) x R — S with

we CY2([0,T); (4 (R; S), Ww)),

p—z € L2([0, T|; L*(R; R")) N L2([0, T]; H' (R; R™)),

forall T > 0, satisfying (IV.4.1) in the sense of distributions and attaining the initial condition (IV.4.2). Addition-
ally, in case (A), the following holds for all t € [0, T):

() =2l = llp° =2, and wp(p(t) — ) < .
As usual, we first prove several elementary properties of H and £:

ProrosiTioN IV.31 (Properties of heat and driving entropy (A)&(B)). The following statements hold:
(a) 'H is finite on Xz.

(b) Forall py, u1 € Xz with Wy (o, p1) < oo, condition (IV.2.13) holds for hz in place of h.

(c) The Lipschitz-type condition (IV.2.16) holds.
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(d) There exist constants C, C > 0 such that for all u € Xz, the following holds:
Cllu =22, —1) < Eu) < C(llu 222 + 1)

In particular, £ is finite on Xz.
(e) If up —z — u —z weakly in L?(R;R"), then

E(pn) < lilgninfé’(yk).

Proor. (a) We distinguish both cases.
(A) Due to a-Holder continuity of h, there exists C > 0 such that for all z € S:

n

lhz(z)] < CY_ |z —Z]-|a.
j=1
By Holder’s inequality, we then deduce for u € Xz:

H ()| < C]i/]ij—zjﬁdx < c]i (/R(”f —zj)(x2+1)c1x>?‘Z ('/]R(x2+1)5&1 dx)lﬁ,

which is finite thanks to & > % and the definition of Xz.
(B) Obviously, since h is smooth in a neighbourhood of Z and bounded on the whole of S, there
exists C > 0 such that forall z € S:

hz(z) < Clz — Z|2,

which proves the claim.
(b) (A) Thanks to the properties of the heat kernel, G5 * u € Xz if 4 € Xz since mass is conserved
and the second moment grows linearly in time along the heat flow. Hence, by part (a),
H(pi) — H(Gg * p;) is 6-bounded which yields the claim.
(B) H(pi) — H(Gg * u;) < H(u;) < co by nonnegativity and part (a).
(c) This is obvious thanks to smoothness and concavity of the mj; take L = m]ax m;(S]Z)
(d) This follows from assumption (F) on f and Taylor’s theorem, € CZ®(R;RR") and the fact that
A (R;S) C L®(RR;R"). Note that in both cases, Xz C L?(R;R") holds.
(e) This is clear thanks to convexity and nonnegativity of f.

IV.4.2. The time-discrete approximative solution

We construct a time-discrete solution by means of the minimizing movement scheme and introduce the
Yosida penalized energy &, i.e.

~ 1 -
Evi M(R;S) X M(R;S) > Reo,  Ex (p| ) = - Wm(w, 1)* + £ (p),
where T € (0, 7] is a given step size; and T > 0.

ProrosiTioN IV.32 (Minimizing movement scheme (A)&(B)). Let T > 0 and u € Xz. Then, there exists a
minimizer u* € Xz of the functional & (- | ji) on .# (R; S). Moreover, one has

* 2 ~ *
Tl|oxp* |72 < gf[H(u) —H ()] +Cr, (IVA4.3)

where C = C(f,n) > 0. In particular, u* —z € H'(R; R").
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Proor. By Proposition IV.31(d), £ is bounded from below. Hence, &; (- | ji) is proper and bounded from
below. An infimizing sequence (yy)ien in Xz, viz.

lm Ex ([ i) = inf & (-] 1),

thus satisfies ||y, —Z||;2 < C (thanks to (F) in case (B); for case (A), this is trivial because of the uniform
L' and L* bounds on yy — z) and Wy (yx, 1) < C for some constant C > 0. Using Proposition IV.12(b)
and Alaoglu’s theorem yield the existence of a (non-relabelled) subsequence and a limit #* € Xz such
that i —Z — u* —Z weakly in L2(IR; R") and p - u* weakly+ in .#(RR;S), as k — oo. Note that in case
(A), finiteness of my(p* —z) is a consequence of the uniform bound

ma (e — Z) < eF(ma(fi —2) + C?) < oo,

using Proposition IV.15. The lower semicontinuity properties from the Propositions IV.12(a) and IV.31(e)
show that y* is indeed a minimizer of & (- | ji).

In order to obtain (IV.4.3), recall that the heat entropy H is geodesically 0-convex w.r.t. Wy, thanks
to Proposition IV.19. Application of the flow interchange lemma (Theorem 1.5) yields

™DME () < H(fE) — H(W). (IV4.4)

For the dissipation, we obtain (write s := S (u*) for brevity) for small s > 0:

_%E(VS) = - /R(sz(ﬂs) - V:f(z) + U)Taxx,us dx = /]R(axysTvgf(ys)axys + aquaxys) dx

>y

where we used (F), the Cauchy-Schwarz and the Young inequality. Note that since 7 € C®(IR;R"),
C = C(f,n) is finite. Passing to s \, 0 yields thanks to lower semicontinuity of the right-hand side

1 C C -
Cf|8x;45|2— E|ax’7|2_ 2f|ax.“5|2] dx = 7f||aL”SH%2 -G,

C ~
DHe(u) = w1 - €,

from which (IV.4.3) follows by insertion into (IV.4.4). O

The scheme (I.2.11) is well-posed and produces a sequence (1%)icn for each initial datum
10 = u® € Xz. We define the time-discrete solution pr : [0,00) — Xz by piecewise constant interpola-
tion as in (1.2.12). The following statements are an immediate consequence of the minimizing movement
scheme:

ProrositioN IV.33 (Classical estimates (A)&(B)). The following statements hold:
(a) Forall k € N, one has £(uX) < E(u) < co.

(B) Y Whi(ph, k) < 21(E(W°) —infE).
k=1
(c) Forall T > O0andall s, t € [0, T), one has

Wan(pe(s) (1)) < [2(E(%) — inf &) max(r, |t —s)] .

Proor. This is classical, see for instance [4, Ch. 3] (or Proposition II.15 from Part II). O
For clarity, we introduce the following notation for a given function ¢ : [0,00) — R: for each T > 0
and s > 0, let

¢p(s) = ¢ Q;J T) , where |r] :=max{n € Ng: n <r}.

LEmMaA IV.34 (Discrete weak formulation (A)&(B)). Let « > 0, fix test functions p € C&(R;R"),
P € C2((0,00)) NC°([0,0)) and set A = A(a) = —C (% +1) with C from Proposition IV.25(b). Then,
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the discrete solution pr obtained from the scheme (1.2.11) satisfies the following discrete weak formulation:

R [PT.“T pelt) - fT(t ) + P (t) [axPTM(VT>v§f(P‘T)aXVT + aXPTM(.“T)aXW]} dx dt
{ |1,b| - |T1’D|T(t+T) + |¢|T(t)[axV¥V§f(P‘T)axP‘T+ax’7TanﬂT]] dxdt (IV4.5)

+ 207|900 [E (H°) — inf &] ‘

Proor. Recall that for this choice of A, the regularized potential energy V defined in (IV.3.10) is geodesi-
cally A-convex w.r.t. Wy (cf. Proposition IV.25). Hence, we are in position to apply the flow interchange
lemma (Theorem 1.5) to obtain for all k € IN:

A _ _
V() +TDVE(py) + 5 Wia (e, i) < V(). (IV.4.6)
For the dissipation, one has (write ps := SY () for brevity) for small s > 0 that

_%S(VS) = - /]R[VZf(VS) — V2f(Z) + 1] [#0xxpts + 9x(M(pis)0xp)] dix

= “/ { e VEf (is)Oxpts + 0317 Oxpts + Oxp M (pts) VZ£ (s)9xpis + aXPTM(VS)BX’?} dx,

and consequently, passing to s \, 0:

T
DYE(E) 2 o [ [oxp V2F(E)2unk + ey 0upk + 050 M) VEF ()01 + 050" M(5)x | v

Inserting this into (IV.4.6) and repeating this calculation with —p in place of p yields
- T A -
[ [ne0e5) = he () + 0 V25 0p + 0y o] b+ S WA, )
< /R |07 115 — 1] + Taxp ™M) V2 (1) 9k + 7030 ™M) 0 | dx (VA7)

- T A -
< -« /R (1= (48 = ) + 70tk V2 () aupik + o upk] dx — TW (1, ).

Let ¢ € C%([0,00)) be nonnegative and have compact support in (0,00). We multiply the chain of in-
equalities (IV.4.7) with ¢((k — 1)T) and take the sum over all k € N, recalling Proposition IV.33(b) and
observing

> (( () — g D = 1 g [((k—1)7) — y(k7)],

keIN keIN

for an arbitrary map ¢ : R" — R?, d € IN. The resulting chain of inequalities can be expressed in terms
of the discrete solution yT as follows:

/ / { fr(tﬂ) wT(t)[aX‘uEVEf(VT)aXVT+ax7’]TaxV7@ dx dt

+ ATl o€ (1°) — inf €]

< /°°/ {PTVT pelt) - fr(t ) + P () [0xp "M (i) V2 (1) xpir + aXPTM(P‘T)aX’?]] dxdt (IV4.8)

/ / [ UJT(t 0 + P (1) [P pE VES () Oxpie + axWTaxVT]] dxdt
— At ¢l o [E(1°) —mfg]-
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For general ¢ € C®((0,00)) N CY([0,00)), decompose ¢ into its positive and negative part and subtract
the respective inequalities (IV.4.8) to obtain (IV.4.5). O

IV.4.3. Passage to the continuous-time limit

PRrOPOSITION V.35 (A priori estimates (A)). For given T > 0, there exist constants C; = C;(T) > 0 such that
for all T € (0,T|, the following holds:

(@) W (p(t), u%) < Cq forall t € [0,T].

®) e =zl Lo(o,m;12) < Co-

(c) my(pc(t) —2) < Csforallt €[0,T].

(@) [lpe = Zl 2 (o,ry;m1) < Cae

Proor. (a) Using Proposition IV.33(c) yields
Wt (pe(t), 1) < [2(E(0°) — inf €) max (7, 1)]'/? < Cy,
for0<t<Tand0<T<T.
(b) This is obvious thanks to the uniform bounds on y; —z in L' (R; R") and L®(R;R"), respectively.
(c) By part (a) and Proposition IV.15, one has
wo(pc(t) —2) <el(my(u® —2) +C?) forallt € [0,T].
(d) In view of (b), it remains to prove that |[dxpic|/;2(o,7);12) i T-uniformly bounded. Define
K .= EJ +1< g to obtain

K

T K
| a3t < Y- wlaskl3s < Y
k=1 k=1

2 (A — HGk) + Cr

, (IV.4.9)
Cr

where we used (IV.4.3) in the last step. In the proof of Proposition IV.31(a), we have seen that there
exist constants Cy, C; > 0 such that for all € Xz

[H ()| < Co + Ci(m +wma(u —2)).
Using (c) with T 4 T in place of T, we eventually end up with
T 2 " _
/0 [9xpie (£) |22 dt < C(T+7) + g (P +Co+ Ci(m+Ca)).
O

ProPOSITION V.36 (A priori estimates (B)). For given T > 0, there exist constants C; = C;(T) > 0 such that
forall T € (0,7, the following holds:

(@) Wi (pr(t),u%) < Cy forall t € [0, T).

(b) [[pe = Zll e (j0,7)22) < Co-

(@) e =2zl 2q0,77;61) < Ca

Notice that an analog to Proposition IV.35(c) is missing in case (B), since y+ — z does not have a sign.
Proor. Part (a) is the same as for Proposition IV.35. For part (b), thanks to Proposition IV.33(a), for all
t >0, one has &(pc(t)) = E(uk) < E(u0), with k = | £] + 1. Using Proposition IV.31(d) yields

luc(t) —z||;2 < Cp forallt > 0.

For (d), we again proceed as before to arrive at (IV.4.9). From there, the claim obviously follows by
nonnegativity of H. O
We now are in position to pass to the limit T \ 0, thereby completing the proof of Theorem IV.30.
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ProrosITION IV.37 (Continuous-time limit (A)&(B)). Let T > 0 be given, (T )xeN be a vanishing sequence of
step sizes, i.e. T \, 0as k — oo, and (yr, )k be the corresponding sequence of discrete solutions obtained by the
minimizing movement scheme. Then, there exists a (non-relabelled) subsequence and a limit curve y : [0, T] — Xz
such that as k — oo:

(a) For fixed t € [0, T), pr, (t) — p(t) weaklyx in .4 (R;S),

(b) py —Z — p —Z weakly in L2([0, T]; H'(R; R")),

(¢) po —Z — p —Z strongly in L2(0, T]; L .(R;R")),

with the properties

ue CY2([0,T); (A (R;S), Wnm)), (IV.4.10)
i —z e L*([0,T); L2(R; R™)) N L2([0, T]; H' (R; R™)). (IV4.11)

Moreover, the limit y is a weak solution to (IV.1.1) in the following sense: for all test functions p € C*(R;R")
and P € CX((0,00)) NCY([0,00)), one has

/0 ) /IR 00"+ P[0xp ™M) V2£ (1)3spt + 050 "M ()] | dxdt = 0. (IV.4.12)

RemARK IV.38 (Distributional formulation). If u satisfies the weak formulation (IV.4.12) above, then it is also a
solution to (IV.1.1) in the (pure) sense of distributions, since the space of all test functions ¢ € C°((0,00) x R;R")
of the form ¢(t,x) = ¢(t)p(x) with p € CX((0,00)) and p € CP(R;R") lies dense in CX((0,00) x R;R") (see
for instance [85, Thm. 4.3.1]).

Proor. We divide the proof into several steps.

Step 1: Weak convergence and limit properties.

Using the a priori estimates in Proposition IV.35/1V.36(a)&(b) together with Proposition IV.12 and
Alaoglu’s theorem, we deduce the weak convergences (a)&(b) and also the properties of the limit. Note
that in case (A), finiteness of my(u(t) —z) is a consequence of the uniform estimate from Proposition
IV.35(c). In both cases, 1/2-Holder continuity w.r.t. Wy can be obtained thanks to Proposition IV.33(c)
via a refined version of the Arzela-Ascoli theorem (cf. [4, Thm. 3.3.1]).

Step 2: Strong convergence.

In order to prove the strong convergence (c), we fix a bounded interval I C R and apply Theorem L6
with the admissible choices

Y:={uec.#(LS): u—zc L*(I;R")}, endowed with ||u]y := ||u = Zll2p).

which is isometric to a closed subset of L2(I;IR"),

) {|u—z|%{1(1) ifu—zec H (LR,

+00 otherwise,

which has relatively compact sublevels in Y due to the Rellich-Kondrachov compactness theorem, and
the pseudo-distance W defined by

W(u, i) = inf{WM(w,ﬁ) w,w e M (R;S), Wm(w, 1o), Wm(@, o) < C1, wlp =u, Wl = ﬁ},

where Cj is the constant from Proposition IV.35/IV.36(a). Thanks to the topological properties of Wy (cf.
Proposition IV.12), one easily sees that finiteness of the infimum above yields the existence of a minimizer,
and that the requirements of Theorem 1.6 are fulfilled. We verify the hypotheses (1.2.13)&(1.2.14) for the
sequence (Uy)rew defined by Uy := pig; [[g,00)x ¢ (1.2.13) is immediate because of the a priori estimate from
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Proposition IV.35/1V.36(d). For (1.2.14), we first notice by construction of W that

W(Uk(t + 1), Uy(t)) < Wi (e (E+ 1), pir (£)-

We claim that
T—h
sup [ Wan(jem, (t+ 1), i () df < max (1, VT + f) \/2(5@[0) —infE)(T +7)h, (IV4.13)
keN

for all i € (0,T), from which (1.2.14) follows. Indeed, for fixed k € IN and & € (0, 7], one has

"T—h {%J T

Wan g (1 ) g (1)t = 1 a3y p611) < (/2(E060) it )y 12 |

i=1
< \J2AE(H0) —infE)(T +T)h,

thanks to Holder’s inequality and Proposition IV.33(b). On the other hand, for i € (7, 7], we directly
get from Proposition IV.33(c):

T—h
/O Wit (p, (£ + 1), i, (1)t < (T — 1) /2(E(40) — inf €)h < (T +7)/2(E (40) — inf E ).

Hence, (IV.4.13) holds and the application of Theorem 1.6 yields the existence of a (non-relabelled) sub-

sequence which converges to (the spatial restriction to I of) y in measure w.r.t. t € (0, T). By the uniform
estimate in Proposition IV.35/1V.36(b) and the dominated convergence theorem, we conclude that

piy, —Z — p — Z strongly in L2([0, T] x I;R"),

proving claim (c) for a prescribed interval I. By a diagonal argument, setting Iz := [—R, R] and letting
R /" oo, we deduce that (c) is true simultaneously for every bounded interval I, extracting a further
subsequence. Moreover, we may assume that ji;, converges to y almost everywhere in [0, T] x R.

Step 3: Weak formulation.

Let p € C®(R;R") and ¢ € CP((0,00)) N C°([0,0)) be given and set ay := /T for k € N. By Lemma
IV.34, p+, satisfies the discrete weak formulation (IV.4.5) for each k, putting Ay = A(ax) according to

Lemma IV.34. Note that with this choice of a;, one has klim AT = 0.
—00
We first prove that

[ [t =T gy oo 92 g o, + 0| dxr vty
0 R Tk

is bounded w.r.t. k € IN. For the first part, since ¢ € C°((0,00)), there exists T’ > 0 such that

Oo |¢‘Tk(t)_|l/]|fk(t+rk) T -
/O /]ha(ka) dxdt’ gc/o /]R|hz(;4rk)\dxdt.

Tk

In case (A), we obtain

[ f st arar < 1[Gt Gt maun, () - 2)] at,

which is bounded thanks to Proposition IV.35(c). In case (B), we have

T T
/0 /]R |hE(VTk)| dxdt < C/O ”VTk(t) _Zuiz dt,

so Proposition IV.36(b) yields boundedness. For the second part in (IV.4.14), we use the inclusion
A (R;S) C L*(R;R") and the Cauchy-Schwarz inequality to obtain
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<) _ [T _ 1
J /]RwTk<t>[axu¥kV%f<m>axmk+aanaxurk]dxdt| <c| /I[{[c’|axurk|2+2|am2] drdt.

Thanks to 7 € C°(R;R") and Proposition IV.35/1V.36(d), this is bounded.
From the dominated convergence theorem, since i, converges to y pointwise a.e., it follows — using
A (R;S) C L*(R;R") again — that

o = () — g (¢
lim </0 /]R |:pTkalP k() lle( +Tk) +¢Tk(t)axpTM(#Tk)ax77:| dxdt>

k—o0 Tje

— [T oot T (IV4.15)
/0 /]R[ 0o’ i+ Poxp M(y)axﬂ dxdt.

We now prove

lim </Ooo/}Rlka(t)axpTM(ka)ng(ka)axka dxdt) = /Ooo/]RlpaxpTM(y)ng(y)axydxdt. (Iv.4.16)

k—o0

First, we show that

tim [ [ (90 (090" M) V£ (i) — 9250 ™M() V2 (1)) D, et = 0. (IV4.17)

k—o0

Using Holder’s inequality, the fact that ¢ and p have compact support and Proposition IV.35/1V.36(d)
reduces the problem to verifying

im [ [ [ (0250 (100 P2 1) — 9220 ™ () V27 )| vt = .

We can proceed using the dominated convergence theorem since the integrand converges pointwise

a.e. to zero and the following pointwise estimate holds:

2
wTk(t)axpTM(ka)vgf(VTk) - lPaxPTM(V)ng(V)‘ < Clsupp yLsuppp-

The rh.s. obviously is integrable on (0, ) x R. Second,

lim /()oo/RlpaxpTM(y)vgf(y)(axka ) dxdt =0, (IV.4.18)

k—o0

since Yax0 M (u)V2f (1) is bounded and has compact support in [0, T’] x R for some T’ > 0 and hence
is an element of L2([0,T'}; L*(IR;R")): this yields the claim together with the weak convergence of
Oxpy, — Oxp in L2([0, T']; L*(R;R"™)) using part (b) of this proposition. We have thus proved (IV.4.16).

Putting (IV.4.14)—(IV.4.16) together yields (IV.4.12). O

IV.4.4. Extension to systems of fourth order

In this section, we briefly sketch the possible extension of the methods used in this chapter to the case of
fourth-order systems of the form (IV.1.10). Most of the arguments coincide with those of the preceding
sections, so we omit the technical details where appropriate.

As in Section IV.4.1, we introduce a constant reference state z € S = [SK, S’], which either is the
corner S’ (case (A)) or an element of the interior (case (B)). The density f of the free energy & is assumed
to be a smooth function f : R"” x § — R subject to the following convexity and growth property:

(F’) There exist Ef > 0and C > 0 such that forall p € R", z € S and (71,{) € R" x R", the following
holds:
Cy(|ml? +1¢?) < DY, f(p.2)[(70,6), (75, 0)) < Cr| 7 + 15 1%).

Compared to assumption (F) from Section IV.4.1, further restrictions on the (joint) Hessian V%p 2) f

have to be imposed here because a sensible definition of f does not a priori confine the p argument —
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corresponding to the spatial derivative of y when evaluating £(y) — to a compact set. The driving
entropy £ and the auxiliary space Xz are now defined as follows:

DerINITION 1V.39 (Gradient-dependent driving entropy). Let z and f be as mentioned above. The driving
entropy functional € : #(R;S) — Re is defined by

() = {fm[f(ﬂx,u) = f(0,2) =y Vpf(0,2) — (p —2)TV:f(0,2)]dx ifpe Xz,

+o00 otherwise,

where

(A) X = {3 € M(R;S) ¢ |p—Z] s = m:= 10 —Zl|1 € (0,00), my(—Z) < o9, [l 12 < oo}, where
yo € #(IR;S) is the initial condition;

(B) Xg:={pu e #(R;S): ||u—z|p < oo}

Easily, one shows the following coercivity and growth estimate on £ for each y € Xz:
Cllu =2l < E(u) < Cllp — 22,

for some constants C,C > 0. Note that since we consider the whole space R as spatial domain and
therefore Poincaré’s inequality is not available, both u —z and py have to be controlled in L?(R;IR").
This is a further reason for the rather restrictive property (F’) (which e.g. excludes functions f which are
independent from z).

Our main result on the existence of solutions to system (IV.1.10) is of similar form as Theorem IV.30:

THEOREM IV.40 (Existence of weak solutions to (IV.1.10)). Consider the initial-value problem for the system of
degenerate diffusion equations of fourth order on (0,00) X R,

Bt = 33 (M) [ V2 f (s 1)1tz = 02 (Vi f (i 1)) = 0x(Vief G )iz ] ), (IV419)
n(0,) =u°, (IV.4.20)
where the mobility M is fully decoupled on the value space S = [S',S"] C R" and of the form
M(z) = (V2h(z))"! € R™" with h : S — R satisfying (HO)~(H3). Assume that f : R" x S — R satis-
fies (F").
Suppose that 1° € . (R;S) and either
(A) 10—z € LY(R; R"), mp(u® — 2) < o0 and 9,10 € L2(R;R") for z := S'; or

(B) u° —z € HY(R;R") for some z € int(S).
Then, there exists a function p : [0,00) x R — S with

pe CY2([0,T); (A4 (R;S), Wwm)),
u—z € L2([0, T|; H'(R;R")) N L*([0, T]; H*(R; R™)),

for all T > 0 satisfying (IV.4.19) in the sense of distributions and attaining the initial condition (IV.4.20). Addi-
tionally, in case (A), the following holds for all t € [0, T|:

() =2l = I1° =2, and ma(p(t) —2) < .
As above, the weak solution is constructed by approximation via the minimizing movement scheme:

ProrosiTioN IV.41 (Minimizing movement scheme (A)&(B)). Let T > 0 and u € Xz. Then, there exists a
minimizer u* € Xz of the functional - (- | ji) on .# (R; S). Moreover, one has

* 1 ~ *
Tme§S§WW%HW% (IV.4.21)

where the heat entropy H is defined as in Definition 1V.28. In particular, u* —z € H?>(IR; R").
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Proor. We sketch the proof of the additional regularity estimate (IV.4.21). As in the proof of Proposition
IV.32, we use the flow interchange lemma (Theorem L5) with the heat entropy H as auxiliary entropy.
Writing ps := SI(u*), we obtain for the dissipation of £ along S’ with integration by parts:

< )

/ aXVs szf Ox}hs, s )Ox s — aXVsTax[V%pf(aXVSrVS)aXXVs} - aXVsTax[V%zf(BXVSrP‘S)]BXVS> dx

= ./IR D(p/z)f(axﬂs/ ]/ls) [(axx]/ls/ ax,us); (axx,”s/ ax,”s)] dx > Qf“axxﬂs”%b

where we used (F’) in the last step. Estimate (IV.4.21) is now a straightforward consequence of the flow
interchange lemma (Theorem 1.5), letting s ™\, 0. O

With the results from Proposition IV.41 at hand, one is able to define the discrete solution y: as
usual as the piecewise constant interpolation of the successive minimizers (1) e from the minimizing
movement scheme and to set up a discrete weak formulation with the same method as in Section 1V.4.2.
Similarly to Section IV.4.3, the following a priori estimates for yr hold: for each fixed T > 0 and T > 0,
there exists a constant C > 0, such that

It remains to pass to the limit 7 ™\, 0 in a suitable sense:
Proros1TION IV.42 (Continuous-time limit (A)&(B)). Let T > 0 be given, (Ty)xeN be a vanishing sequence of
step sizes, i.e. T, \, 0as k — oo, and (y, )xeN be the corresponding sequence of discrete solutions obtained by the
minimizing movement scheme. Then, there exists a (non-relabelled) subsequence and a limit curve y : [0, T| — Xz
such that as k — oo:
(a) For fixed t € [0, T), pr, (t) = u(t) weaklyx in .4 (R;S),
(b) pr, —2z — p —z weakly in L*([0, T); H*(R; R")),
(¢) pg —Z — p —Z strongly in L2([0, T); HL (R; R")),
with the properties
e CY2([0,T]; (4 (R;S), Ww)), (IVA4.23)

u—z e L=([0,T); H'(R;R™)) N L2([0, T]; H*(R; R™)). (IV.4.24)
Moreover, the limit y is a weak solution to (IV.1.10) in the following sense: for all p € CP(R;R") and all
P € C2((0,00)) NCO([0, 0)), one has

/Ooo /]R (00" + 990 ™M(e) [V2f Gt )1tz — DV f (b W)bx) — Ox(Vief (i 1) ] ) dvdt = 0.

Proor. The convergence properties above can be obtained by the same method as in Section IV.4.3. Con-
cerning the weak formulation, we prove the following: with gy := §7,0xp"M(ji,) and q := P30 M(p),

one has
]}1_{130/ / q% vng(axﬂ’rk/ﬂrk>axﬂrk - BX(V%pf(aJC.“Tkr.”Tk)aXXVTk) - ax(V%Zf(axka, Vrk>aXl4TkD dxdt
= / / ngf (Oxpt, p)Oxpt — ax(v%pf(aﬁi/ p)Oxxpt) — ax(vézf(ax%ﬂ))axﬂ}) dx dt. (IV4.25)

For the proof of (IV.4.25), we integrate by parts and rearrange terms to observe
/0 /]R [qz I:vng(axka’I’lTk)ax]’lTk - ax(vépf(axﬂrk/ M )Oxxpiz,) — BX(Vizf(axVTkrﬂTk)aXVTk}

—q" [Vi (Oxpt, 1)3xtt — 3x (Vi f (Oxpt, 1)xxth) — 0x (Vi f (Ox, u))ax#] } dx
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Chapter IV.4. Existence of weak solutions

= /0 /]R {qzvéf(ax.urk/}”rk)axﬂrk - qung(axy,y)ax‘u

+axq V%pf( xﬂTk/ﬂTk)axxﬂTk TVpr( xH, Y )axx,u
+0xq) szf( cH Hy ) Ox i, + Af pzf( xhrs P ) Oxx i

— 0" Vo f (Oupt, )t — 4" Vo f (xpt, 1)Dxpt | dx dt

= 7 [ [P @t ) a1 D), B, D)) = DRy @t )01, 329), @t B et
Inserting suitable terms, the claim (IV.4.25) can be shown by verifying
lim / / F @t pe) (ks ), ]
D%p,z)f(axl/lll’t)[(q’ 0xq), D [(Oxptg, Oxxpin,)] dxdt =0, (Iv.4.26)
tim [ [ DR, F@up, 10)(0,059), st D) — @t dazgt)] vl = 0. (IV4.27)

Beforehand, we prove that the operator norm HD%p of (0x, 1)[(q,0x9), ]|l is an element of L2([0, %) x R).
Indeed, using (F’), we have that

[eS) 0 —
| [ ID% o f @t )G, 9x), [Pt < [ [ Ch(lgl? + [oxql?) dx

Using the definition of 4 and Young’s inequality, one arrives at

/0 /Réj%(mu 19xq[2) dx dt

* [ =2
< [7 [ SHwlcollellczTouppyTuppp | 35up [IM(z) 2 +25up [DM(z) [ a2 | dr
0 /R z€S z€S
which is finite. The same arguments show that for all kK € IN, one has

| [ 1D f s 1) [0 9, ]| et

.
< /0 | S llcollpllcoLaupp Liuppp [3sug|M<z>||2+2sup||DM<z>||2|axm|2] dxdt.
. . zEe

Thanks to the strong convergence of dxjig, — 0yt in L?([0, T]; L2 (R;R") and Vitali’s convergence theo-
rem, the integrand on the right-hand side of the last expression above is uniformly integrable. Without
loss of generality, we may assume that yi;, — p and dypiy, — dyxp pointwise almost everywhere on
[0, T] x R (extracting further subsequences, if necessary). By continuity,

102, 2y @t 1) (a1 05k, ] = D2, oy f @t 1)[(,050), 1| = 0

pointwise almost everywhere on [0, T] x R as well. Using Vitali’s convergence theorem again, uniform
integrability yields that the above convergence also holds in L2([0, T]; L?(IR; R")). Thanks to the estimates
in (IV.4.22), one has || (9xpix, Oxxpin) || 120,12 (RiR xR7Y) < Hwll 20,12 (RR7)) < C for all k € IN; hence
Holder’s inequality allows us to conclude (IV.4.26). The second claim (IV.4.27) is a straightforward
consequence of the weak convergence dyjiy, — dxt and dyxpiq, — Oxxt in L2([0, T]; L2(IR; R™)). O
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Part V

Generalized gradient systems modelling
chemical reactions






CHAPTER V.1

Introduction to Part V

The results presented in this part of the thesis are joint work with Karoline Disser and Matthias Liero
[72].

We investigate the evolutionary limit of systems modelling slow and fast chemical reactions of mass-
action type. More specifically, we are concerned with the evolutionary I'-convergence (see Definition 1.21)
as € \, 0 of the family of generalized gradient systems (X, &, ¥,) associated to the system of ordinary
differential equations

R r
o= =Y (Kho(ce)e =K (c)ef ) (@ = B7) =0 —R(ce), (V.1.1)
r=1

on the state space X = [0,00)!, which is a closed subset of the Banach space R!. The vector c(t) € X
denotes the concentrations of the I € IN species or chemical agents at time ¢+ > 0 undergoing R < I
reactions obeying the mass-action law, where ki, > 0 and ki, > 0 are the forward and backward
reaction rates and &, " € ]N(I) are the vectors of the stoichiometric coefficients for the r! reaction. Here,
we use the monomial notation z% = [._; z;" forz € X and v € IN|.

It was shown in [134] (see also [136]) that systems of the form (V.1.1) fulfilling a detailed-balance
condition have a gradient structure. The condition of detailed balance for the reaction system means that
there exists a positive steady state ceq € (0, oo)I =: X such that

r

fw(z)cg:1 = k{,w(z)cgcr1 forallr € {1,...,R}and z € X. (V.1.2)

Obviously, this implies the steady-state condition R(z) = 0 in such a way that each term in the sum in
(V.1.1) is equal to zero. Each reaction is in equilibrium. For reaction rates ki, and ki, which do not
depend on the state z, condition (V.1.2) can be recast as a linear system for the unknowns logceq,; (for
i=1,...,I) — the so-called chemical potentials — which is then called the system of Wegscheider conditions,
see e.g. [162]. If the number R of reactions is smaller than the number I of species, these conditions can
usually be satisfied easily.

Using the steady state ceq, we define the driving entropy £ : X — R and the Onsager matrix

K(z) € ]Rg;sld on the state space X = [0,0) by

s(logs—1)+1 ifs>0,

I
E(z) =Y cooE(F-), with E(s) =
( ) l; eq,! (Ceq/,') ( ) {1 if — 0’

R r o B
K(z) := 2 ki (2)ceq A (i““ Zﬁ,> (" —B") @ (a"—B"),
r=1

s
with

0 ifa=0o0rb=0,

Aa,b) = ﬁ ifa,b>0,a#b,

a ifa=b>0
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Chapter V.1. Introduction to Part V

denoting the (nonnegative) logarithmic mean and ¥y ® v € RI! denoting the tensor product, that is,

(Y ®7)ij = 7i7j-
Using the detailed-balance condition (V.1.2) and the calculation rules for the logarithm, we immedi-
ately verify

¢e = —R(ce) <= ¢ =—K(ce)DE(cy). (V.1.3)
The stoichiometric subspace S C R! is spanned by the vectors 7" := a’ —p" € Z!, viz.
S = span{~!,...,7R}. The orthogonal complement S* = ker K gives the invariants of the evolution:
given { € St, the quantity {c, is conserved during the evolution.
The reactions are divided into two classes: slow reactions (r = 1,..., Rs) with rates of order O(1)
and fast reactions (r = Rs + 1, ..., R¢) with rates of order O (%), as € \, 0. Specifically, we require:

(R1) The vectors 7!, ...,7R are linearly independent.
(R2) The forward and backward reaction rates ki, and ki, are equal and do not depend on the state z,
but depend on a small model parameter ¢ > 0 in the following way:

ki := ki, = ki, >0 forallr=1,...,R;
ki € O(1) as e \ 0, with k" := li{%kz >0 forallr =1,...,Rg;
€

1
KRsts e 0 (S) ase \, 0, with A® := li{raskfﬁs >0 foralls=1,...,R;
€
Parameters corresponding to fast reactions (i.e. k., a”, 8", ") will be denoted with a tilde as follows: for
se{l,...,R¢}, leteg.
K = kRsts,

Introduce for r € {1,...,R} the auxiliary functions C" : X — R, C"(z) := zf' —z* and the associated
algebraic constraint set C; C X via

Ci={zeX: C'(z)=0forallr € {Rs+1,...,R}}.

Then, system (V.1.1) can be rewritten in the following form:

Rs Rf -
ee(t) = Y KCT(ce(t) " + Y RCRH(ce() 7, (V14)
r=1 s=1

Additionally, we impose the initial condition
ce(0) = € X, (V.1.5)

and assume:

(I) The family (c?),~¢ of initial conditions in X is convergent with limit in X: li{% d=ceX
£

In this framework, we may choose ceq; = 1 for all i € I, hence, the entropy (which does not depend
explicitly on the small parameter ¢ here) reads

I
E(z) = ) E(z).

i=1
According to Section 1.2.3, one can write down an energy dissipation balance of the form (EDB), where
the dual dissipation potential ¥} is quadratic (actually, the gradient system is a classical one, cf. (1.2.23)):
Yi(z;&) = 3¢"K(z)¢. Our main interest is concerned with the evolutionary I'-limit of the gradient
system (X, &, ¥,) in the sense given in Definition 1.21. Our main result, which is proved in Chapter V.2,
is summarized in the following.
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THEOREM V.1 (Evolutionary convergence). Assume that (R1)&(R2) and (I) hold and let X € X be given by
X:= T11nr01o x(T), where x : [0,00) — X is the solution to

T%zEAT&“&ﬁ»? (t>0),
s=1

x(0) = eX,
see Theorem V.12 below. The following statements hold:

(a) As € \, 0, the family of solutions (c¢)e~o to (V.1.4)&(V.1.5) converges locally uniformly in (0,00) to the
solution ¢ : (0,00) — X of the Cauchy problem

cu)::ﬁ-cuﬂiuunc)lch }<§:Hcr y) fort >0, (V.1.6)

Above, G € RIRt has columns 31,..., 3Rt and I(z) € RIXT js the diagonal matrix with diagonal entries
zfl,...,zfl,forz e X

(b) Denoting the T-limits (as € \, 0) of ¥} and Y by ¥* and ¥, the following energy dissipation balance holds
forallt > 0:

£() > £(3) +/ )) + ¥ (c(s); —~DE(c(s)))] ds. (V17)

The limit curve c is a solution to the differential-algebraic system

Rs R¢
=;mem¢+;gwws (t>0),

0=CR*s(c(t)) VE>0, Vse{l,...,R¢},

1

where wt, ..., Wk : (0,00) — R are continuous functions.

(c) On all intervals of the form [ty,t1] C (0,00), one has evolutionary T-convergence of gradient systems:
(X,E,%:) = (X,E,¥) ase \, 0.

ReMARK V.2 (The case tg = 0). At time ty = 0, an additional amount of energy is dissipated in the limit, namely
the quantity &(c°) — E(X). This phenomenon can be seen as an additional external force which brings the solution
instantaneously into the fast-reaction equilibrium, only acting at initial time.

ReMaRrk V.3 (Change of variables [72]). Instead of looking at the solution curves c. to (V.1.4) directly, one
can also perform a change of dependent variables via the transformation g = T~ 'c., where the I x I-matrix
I =(y! - yRAaR¥E oo a D) ds invertible, e.g. with {yR*1, ..., !} being a basis of S*. Consequently, one has

dealt) = {k26f<rgg<t>> ific{1,...R},

(V.1.8)
0 ifie {R+1,...,1}.

The transformed gradient structure (X, E,¥*) then reads

_ B - . 1 e
X:=T71X, £(g)=£(Tg), ¥i(g:0) = ;¢ K()E,
with the transformed Onsager matrix K(g) € R (for ¢ € X) defined as the diagonal matrix with diagonal
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entries

K(g);: = kéA((rg)ai/(rg)ﬁi) ifie{l,...,R},
0 ifi € {R+1,...,1I}.

Indeed, using (V.1.8) and the chain rule Dy&(g) = I'D.E(Tg), one easily verifies that

ge(t) = —]K(ge(t))Dgg(gs(t)-

Despite this remarkably simple structure of the transformed Onsager matrix K(g), an analysis of system (V.1.4)
via its gradient structure might be performed more conveniently on the original ¢ variables.

The notion of evolutionary I'-convergence can be used to analyse the behaviour of evolution systems
of the form 1,(t) = —F¢(uc(t)) — usually comprising nonlinear partial differential equations — in a
possibly singular limit ¢ ~\, 0 (for specific applications see, e.g., [160, 141, 166, 122, 7, 142, 71, 137]).
In contrast to this relatively new theory, the instantaneous limit of systems of chemical reactions with
mass-action law (with or without diffusion) has been studied quite extensively with classical methods
from the theory of ordinary and partial differential equations not relying on a possibly present gradient
structure. The purpose of this study is to demonstrate a connection of those two concepts. Specifically,
our Theorem V.1 includes a related result by Bothe [30]. In constrast to [30], we aim to mainly use the
gradient structure of the system. In the future, diffusion processes could be added to our system. In this
direction, only results for very specific reaction systems are available, see [32, 31, 61].

For the analysis of systems of the form (V.1.1), one particular tool is provided by so-called quasi steady
state assumptions, where one assumes that certain components of the system are in equilibrium [161, 164].
A mathematically rigorous theory is based on the theorem by Tikhonov [173] and Fenichel [84] providing
criteria on the reaction terms for a dimension-reducing convergence in the singular limit (see, for exam-
ple, [151, 92, 93]). With our method, however, also cases not covered by the Tikhonov-Fenichel theory
can be treated.

Our strategy of proof is as follows: In Section V.2.1, we perform an exhaustive analysis of the
dual and primal dissipation potentials ¥; and Y. and derive their limits in the sense of Mosco (see
Definition 1.20) as a preparation for passage to the limit € ™\, 0 in the energy dissipation balance (EDB).
Afterwards, in Section V.2.2, we study the solution curves c; to (V.1.4)&(V.1.5) to obtain suitable e-uniform
a priori estimates. A cornerstone is the e-uniform positivity of c, for small times (cf. Proposition V.15)
which yields suitable L*-estimates on the derivatives ¢, by the investigation of the evolution over time
of a quantity related to the dual dissipation potential ¥} (see Lemma V.16 and Proposition V.17). We
consequently are in position to pass to the limit € ™\, 0 (see Section V.2.3). First, we obtain convergence of
the family of curves (¢¢).~0 on a small time interval and find the limit energy dissipation balance (V.1.7).
Subsequently, we derive the differential equation (V.1.6) corresponding to (V.1.7). Finally, we show that
this local-in-time solution can be extended globally in time, completing the proof of Theorem V.1.
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Instantaneous limit of systems with slow and fast reactions

In this chapter, Theorem V.1 is proved. Our main tool for obtaining the necessary a priori estimates is the
energy dissipation balance (EDB) (see Section 1.2.3) associated to the gradient system (X, &, ¥).

V.2.1. Dissipation potentials

This section is devoted to the study of the dual and primal dissipation potentials and their limits in the
sense of Mosco as ¢ \ 0.
To simplify notation, we introduce for a given vector z € X the index sets

I = {r e{1,..., R} | A", 2F) £ 0},
J.o= {s € {1,..., R} | A(ZE, 2P £ o}.

DEFINITION V.4 (Dual dissipation potentials). For ¢ > 0, the dual dissipation potential ¥} : T*X — [0, o0]
will be denoted as follows:

Ye(z0) = Yee(z:0) + ¥ie(z:0),  with

1 r r
11}:8 ; = 7k£A “ ’ P Ty 2/
e(z:8) rEZ]Z SkeA (", 27) (8 ] V2

1~ ~s 28 -~
iu(z0) = L SRAGCE TR
s€ls
In this finite-dimensional framework, we can identify both the tangent and cotangent bundles TX and T*X with
X x R,

We give an explicit characterization of the primal dissipation potential using
DEerINITION V.5 (Infimal convolution). Given &1, P : Y — Reo 0n a Banach space Y, their infimal convolu-
inf
tion @ IZ D, is given by
inf
@1 A Pa(y) = inf{P1(y1) + Pa(y2)ly = y1 +y2}-

Recall the definition of the Legendre-Fenchel transform £: For a map ¢ : Y — R defined on a
reflexive Banach space Y, we set

LI®]:Y" =R, L[P|({):= su5(<€,y> —@(y)).
ye

LEmMA V.6 (Legendre transform and summation [8, Prop. 3.4]). If &, and &, are proper, convex and lower
semicontinuous and Dom(L[®P1]) — Dom(L[P;]) contains a neighbourhood of the origin, then

L[L[®1] + L[Do]] = By A . (V.2.2)
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Chapter V.2. Instantaneous limit of systems with slow and fast reactions

ProrosiTion V.7 (Primal dissipation potential). Let z € X be given. Then, the following holds for all v € RI:
¥se(20) 1= LY, (2 )] (0)
% Y v? if there exist v, € R (r € J) such that v = ¥, v,/ A(z*, 2P )k, (V.2.3)

= ref, ref;
+o00 otherwise.

Yie(zi0) = L[¥5(z )] (v)
3 ¥ 02 ifthereexist Us € R (s € J2) such that v = ¥ 275\/A(z&5,zgS ks, (V.2.4)

= SGTZ SETZ

+o0 otherwise.
Ye(z;0) = L[¥:(z)](0)

% Y 02+ % Y 92 if there exist v, Us E R (r € |5, s € TZ) such that

rej; s€]y
| S (V.2.5)
- 0= 0r/AEY, 2P )kiy" + ¥ T/ A(ZE, 2P kST,
res sez
400 otherwise.

Proor. We first prove (V.2.3). Obviously, L[¥s(z;-)](v) = 400 if
v & span{y" : r € ]} = span{y/A(z*,zF )kiy" : r € ], }.

Let therefore v = ¥ v,4/A(z*,zP")kio" with suitable v, € R, 7 € J,. Then, for all & € R”:

refy

Clo—¥ou(z8) = ) [vr A, 2P kgt — isz@“’,zﬁr)(éTvr)ﬂ

r€]z
1 2
=5 |vf - <”’ - A(Z“’,zﬁ@kfvr) '

2 refy
Since the 9" are linearly independent, the claim follows by observing that there exists a solution & € R/
to the linear system v, — /A (z*,zP" )kigTy" =0 (r € ;).
The proof of (V.2.4) goes along the same lines; combining (V.2.3)&(V.2.4) with formula (V.2.2) then yields
(V.2.5). O

We now derive the Mosco limits of the dissipation potentials ¥} and ¥, as € \ 0.

DEerINITION V.8 (Limit dissipation potentials). The limit dual and primal dissipation protentials are defined
as ¥* : T*X — [0,00] and ¥ : TX — [0, o0], via

¥ (z;8) = Y %ka(z“’,zﬁ’)[gTyr]z +x*(z8), (V.2.6)
rele
with
0  iff"qs=0forallscT,

(V.2.7)
+oo otherwise,

X (z:8) = {
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and
1Y 0} ifthereexist v, € R(r € J;) and ¥ € span{y° : s € |}
relz
¥(z0) = such thatv = Y v,/ A(z%, 2P )k"y" + 75, (V.2.8)
rel;
+oo otherwise.

For the sake of presentation, we introduce for a given family (z¢).~0 in X the following auxiliary
proper, convex and lower semicontinuous functionals on R':

e (6) = Ye(ze:0),
CDE(U) = TE(ZE; U).
LEMMA V.9 (Mosco limit of auxiliary functionals). Let ze — z as € \, 0 for some z € X. Then, the families
(@} )e=0 and (Pe)e~o converge in the sense of Mosco as e \, 0 to the limit functionals ¥*(z;-) : Rl — [0, 0]
and ¥(z;-) : RI — [0, 0], respectively.
Proor. We first prove the Mosco-convergence of (®;).~o to ¥*(z; ).
(i) Liminf estimate. Consider a convergent sequence ¢ — ¢ in R
Case 1: T4° = 0 for all s € ..
From the pointwise estimate
@7 (8) > ‘P:,s<zs? Ge),
it is easily seen that
hrgrilglfcb (&) > hm‘I’ (26 Ce) = Z k’ 2, 2P [Ty 2.

Case 2: There exists s, € J, such that &T7% # 0.
Then the quantity

Toy s B, T
KA 2 )@
diverges to o0 as € \, 0, thus showing that
lirsn\ig1fd>:(§£) = o0

(ii) Recovery sequences. Let & € R! be given. One easily verifies that the constant sequence Eg :=C_Cisa
recovery sequence.

The Mosco-convergence of (P¢)~o to the limit L[¥*(z;-)] is a consequence of [8, Thm. 3.7]. We first
determine the Legrendre transform of ¢ — x*(z; ¢):

L[x"(z)](v) = sup{¢To: ¢ € R, &7 = 0Vs € J:}
_Jo if v € span{7°: s € J.},
+o0o otherwise.
A similar calculation as in the proof of Proposition V.7 shows, with the help of (V.2.2), that
L[¥*(z;-)] = ¥(z;-) holds. O

ProrositioN V.10 (Mosco limit of dual and primal dissipation potentials). The families of dual and primal
dissipation potentials (¥} )e~o and (¥e)e>0 converge in the sense of Mosco as € \, 0 to their respective limits ¥*
and Y.
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Chapter V.2. Instantaneous limit of systems with slow and fast reactions

Proor. This is immediately obtained from Lemma V.9. O

V.2.2. A priori estimates

For fixed ¢ > 0, the dynamics of (V.1.4) are well-known (cf. e.g. [81, 99, 180, 30]). The following two
results are essentially contained in [30, Thm. 1] and are at the basis of our subsequent analysis.

THEOREM V.11 (Dynamics of (V.1.4)). Let € > 0 be fixed, but arbitrary. The following statements hold:

(a) For each initial condition ¢ € X, there exists a unique steady state ¢ € (c +S) N X of the dynamical system
induced by (V.1.4).

(b) The solution c; € C®([0,00);R) to the initial-value problem (V.1.4)&(V.1.5) exists globally in time, it is
unique and it satisfies c¢(t) € X for all t > 0.

(c) With ¢ from (a), the map

I ‘ I
E(5%): X =R, E(zc):= ZEE,'E () )+ ) [cei —zilog(Cei) — 1], (V.2.9)
‘ i=1

1

is a Lyapunov function for (V.1.4). Moreover, one has
lim c.(t) =¢ and lim E(ce(t);C) = 0.
t—oo t—o0
For later reference, we state an analogous theorem for the system governed by fast reactions only:

THEOREM V.12 (System of fast reactions). Consider the initial-value problem

R¢
1) = Y ASCRTS (x(1))7° T>0),
)= LACEEOF (r0) a0
x(0) =x" e X.
The following statements hold:

(a) For every x° € X, the dynamical system induced by (V.2.10) possesses a umique steady state
¥ e (2% +span{7',...,7%}) N X

(b) The solution x € C®([0,00);R) to (V.2.10) exists globally in time, it is unique and it satisfies x(t) € X for
allt > 0.

(c) With X from (a), the map E(-,X) defined in analogy to (V.2.9) from Theorem V.11 is a Lyapunov function for
the dynamical system induced by (V.2.10) and one has

lim x(7) =X and Tlirr.}oé'(x(r);f) =0.

T—00

Note that the differential equation in (V.2.10) can be obtained from (V.1.4) by the linear rescaling of
time T := te~! in the limit e \, 0. The new time scale T is referred to as fast time scale. Its introduction
allows for a closer investigation of the region t ~ 0. More details on asymptotic analysis in the context
of reaction kinetics can be found e.g. in [147, Ch. 6].

We define for z € X and { € R the total dissipation functional
Me(z;0) = ¥e(z0) + ¥i (2 —DE(2)).
With this, we can rewrite the evolution in (V.1.4) in the form as in (EDB):
T
E(ee(T)) + [ Meleelt);ée(t)) dt = E(cl0)), (v211)
ateach T > 0.
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Chapter V.2. Instantaneous limit of systems with slow and fast reactions

LEmMmaA V.13. Forall t > 0, one has
M (ce(£);¢6(t)) = 2¥e(ce(£); ¢ (1)). (V.2.12)

Proor. For brevity, we omit the argument ¢ in the following. By applying the rules for the logarithm, we
easily see that
lkr C(ce)® y l’lgs CRT(ce)?

Y (ce; —DE = - =,
S(CS (CS)) 2 EA(Car,Cﬂ ) ETCC 2 SA(CEZS,C:BS)

7€ ]ce

Thanks to (V.1.4), we observe that

= Y oA, E )k + Y GV A(E, E kT,

7’6]58 SETCs
with
K
vr — Wc (Cg) fOr r e ]CS’
A(c¥,ce )
i L Rs+s T
Vs = ———C (ce) forse€ .
A, cf)
Hence, we have Y,(ce, ¢:) = ¥ (ce; —DE(ce)). O

We will now derive suitable a priori estimates on (c¢)e~0 by means of (V.1.4)&(V.2.11):
ProPOSITION V.14 (A priori estimates). Let c¢ be the solution to (V.1.4)&(V.1.5). Then
C:= sup ||C£HL°°([O,00);]RI) < 0o, (V213)
e>0

thus the family of solutions (c¢)e>o to (V.1.4)&(V.1.5) is uniformly bounded by a constant independent of e.
Moreover, forall s € {1,...,R¢}:

sup \f kE(ICR*2 0 cell 12((0,00)) < 00 (V.2.14)

e>0
Hence, CRs*S o ¢, — 0in L2([0,00)) as e \, 0 for each s € {1,..., R¢}.

Proor. For the proof of (V.2.13), we combine (V.2.11) with the elementary estimate
E(s) > (vs—1)* fors >0
to obtain for arbitrary ¢t > 0:

2
+00 > sup £(c?) > sup £ (ce(t >sup2(\/c£, ) ,

e>0 e>0 e>0 =1

from which (V.2.13) obviously follows.
The second estimate (V.2.14) can also be obtained from (V.2.11), using that the uniform bound (V.2.13)
on c¢(t) implies A(ce(t)*,ce(t)?’) < C for some constant C independent of ¢, s and &:

T
too > sup&(c?) > sup [ Pe(celt), ée(t)) dt > Csup / Y RCRH(eo() (V.2.15)

0
e>0 e>0 e>0 jSs
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Chapter V.2. Instantaneous limit of systems with slow and fast reactions

Using that c¢(t) € X for all t > 0 thanks to Theorem V.11, we infer that Tcg(t) ={1,...,R¢} for all
and therefore

T
ksCRSJrs dt / kscRers
/> >
S€Jce (1)

Letting T — oo in (V.2.15) yields (V.2.14). Since kI — +o0 as ¢ \, 0, one has CXs*5 o ¢, — 0 in L2([0,0))
ase \,0foreachs e {1,...,R¢}. O

We now prove e-uniform positivity of the solution ¢, on a (possibly small) time interval. This lower
bound will allow us to prove a suitable uniform estimate on the derivatives of c,.

ProrositioN V.15 (Uniform positivity). There exist g > 0, T+ > 0 and 6 > 0 such that
cei(t) >0 forallie {1,...,1}, allt € [0,T4] and all € < ¢. (V.2.16)

Proor. Our method of proof is an adaptation of the respective proof in [30] (see also [180]) to the
situation at hand. First, we introduce a new family of dependent variables (x;)¢~o by the linear rescaling
of time T := te™!, i.e. x(T) := c¢(e7). It is easily shown that x, satisfies

Rs Ri
2e(T) = Y eklC (xe (7)Y + Y ekiCRFS (xe(1))F° (V.2.17)
r=1 s=1

for T > 0, together with x,(0) = c. Using (R2) and (I), we infer that x, — x in C([0, T]|; R!) as e \, 0 (for
fixed, but arbitrary T > 0), where x solves

ZASCRS“( (D)7, x(0) =
s=1

From Theorem V.12, we know that there exists ¥ € X such that x(7) — ¥ and £(x(7);¥) | 0 as T | co. By
continuity, there exist &g > 0, 7 > 0 and # > 0 such that

Xei(T) >n foralle <egp allT€[0,74]andallie {1,...,I};
E(xe(14);%) < %miinfi for all e < ¢.
Rewriting in terms of ¢, means
cei(t) >n foralle <ep, allt € [0,ery]andalli e {1,...,I};
E(ce(ety); @) < %miinfi for all £ < ¢.
Since &(c¢(-)) is nonincreasing, we also have:

d I
dtg(ce(t) x) < - g(xi) Cei = Z Z keC' (ce(t)) log(x;) 71 + ZkSCRS+S Zlog
i=1 i=lr= s=1

Using (V.2.13), we see that the first double sum above is bounded by a constant Ky > 0 independent of ¢
and t. The second part is equal to zero since for every s € {1,...,R¢}, one has

Z log(%;)7; = log(x7) = 0, (V.2.18)

because ¥ € X is a steady state of system (V.2.10), so CRs*5(¥) = 0 and hence ¥" = 1 holds for
each s € {1,...,R¢}. All in all, we have proved that L& (c(t);¥) < Ko for all + > 0 and all & > 0.

Consequently, this implies for T := % <411<0 minX; + so'r+> — after possibly diminishing ey further —
1
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Chapter V.2. Instantaneous limit of systems with slow and fast reactions

that E(ce(t);x) < %minfi forall t € [eTy, T;] and all € < ¢y. Inserting the definition of &(c¢(t);X), we
1
obtain for every i € {1,...,1} that

(t (t t
C””log<cm()> C”()—f—i<0 Vt € [ety, T4] Ve <.

X; X X

Cg%—ft) > ( for the constant { = min{p > 0: E(p) = 3} > 0, so
cei(t) > mlinfl forall t € [eT4, T4 ] and all € < gy. Putting ¢ := min(7,{ mlinfl) yields the claim. O

Elementary calculations then show

We want to establish an e-uniform bound on ¢, under the assumption of uniform positivity as in
(V.2.16). To this end, we perform a Bakry-Emery-type argument for the “fast” part of the dual dissipation
potential ¥; along solutions to (V.1.4). In view of Bothe’s proof [30], it seems to be convenient — at least
for R > 1 — not to use Y§, directly in order to avoid technicalities.

LeMMA V.16 (Dissipation estimate for auxiliary map). Assume that there exist e, > 0, T\, > 0 and &' > 0
such that

cei(t) >0 forallie {1,...,1}, allt €[0,T,] and all & < ¢j,. (V.2.19)
Define the map
Re .
D:[0,00) — [0,00), D(t) 1=} ekiCRT5(ce)ce (1) 7.
s=1

Then, there exist Cy, C1,Co > 0 such that for all t € [0, T!.] and all € < €g:
D(t) < ~L2D(1) + D12 + D). (V2.20)

PrOOF. We omit the argument ¢ for the sake of brevity. As a preparation, observe that for z € X,
ie{l,...,I} ands € {1,...,R¢}, one has

aZiZES = &Zasl
Zj
1 ~. 7 ~s 1 ~ ~5
9;,CRsT(2) = Z-( 2P W) = Z—j(ﬁ?CRSJrs(z) — 7525, (V.2.21)
Differentiation of D w.r.t.  eventually yields
Ry 87(/5 ~s
D ¥ 1% (2~ ¢ -2 e ( e + 3R R e ) b
s=1 Cei r=1 s'=1
We estimate terms by means of (V.2.13) and (V.2.19). First, it is easy to see that
Ri Rs 8ks s
Z Y Z c (285 — &) cg  CR5(ce) *kiCT (ce) v} < CooD < CopDV2,
i=1s=1r=1 “&i

Second, by insertion of appropriate terms, we have

X & Eks ~s R +s r r L& R r r r 75 Rs+s 2 —&s 15 RS
—2222 2CT T (e )k, C ZZZ2|7C ce) |kt \/skSC s (ce)?ce \/skscs
i=ls=1r= i=ls=1r=

1/2
2
< C2/2 (Z \/ kSCR +S 70‘5 ) = C2,2D1/2,
S

the last estimate being a consequence of Holder’s inequality.
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Similarly, we obtain
Re Ry e%s

Z Z Z 2‘35 B ~s —ﬁscRs-i-s (Ce)ZEICRﬁS/(Cstl

=1s=1¢'= 1681
_C Re C
~1,0 Z ks ﬂx CRs+5 )2 Z €k§,|CRS+S,(CS)| < %D?’/Z,
s'=1

again by Holder’s inequality. For the last term, we introduce for s € {1,..., R} the vectors w® € R! via
g Yy q Y- f €

Wi i=C, 1/271 and observe
Re Rf 7. R 2
_92 Z Zf Zf ek ~sCRs+s )ES’CRSJrs’(C )~§’ _ _g Zf S%SCRS+S(C )ws
4 1 € € ,)/Z e 1 € € s
i=1s=1g¢'= S=

Since the vectors 7, ..., 7R are linearly independent by assumption (R1), and thanks to (V.2.19), there
exists p > 0 independent of € and t such that

Re 2 Re )
Y ek CRTS(co)wl| >p Y [skgcRsH(cg)} .
s=1 s=1

By assumption (R2) and (V.2.19), we then obtain

2% R
Y ekiCRT (ce)wy

€ s=1

? G
S _7OD/
€

which completes the proof. O
We now are in position to prove the central estimate on (c¢)e~0:

ProrosiTioN V.17 (Estimate on ¢é). Assume that estimate (V.2.19) from Lemma V.16 is fulfilled. The following
statements hold:

sup |[|¢ell 1o, 1) < o (V2.22)
e€ (0]

||C€||L°°([TO,TH;]RT) < Cr, Ve<g, (V.2.23)
for fixed, but arbitrary Ty € (0, T,).

Proor. Forall i € {1,...,I} and all t € [0, T} ], the differential equation (V.1.4), estimate (V.2.19) and
Holder’s inequality yield

K
cei(t)] < Ko+ —-D(1)'/?,

with suitable e-uniform constants Ko, K; > 0. Since D(t) = 0 for some t € [0, T, ] necessarily implies
D(t) = 0, we infer from Lemma V.16 that

d 12 Lsin-1/27 Conypirz, G G _[ G, G 1/2 G
el I < _=0 =1 =2 _ =2
i (t) 2D(t) D(t) < 2z€D(t) + st( )+ 5 e T2 P ()| DYA(t) + X
for almost every t € [0, T",]. Hence, one obtains with Gronwall’s lemma:
t
0 (V.2.24)

C [t C [t 1/2 Co
+?/Oexp (ZE/SD(U) do Z(t s) | ds.
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Recall that, thanks to (V.2.14) and (V.2.19), we have for all ¢ € [0, T/, |:

t
/0 D(s) ds < Cel|CR" 0 cel[3a g0, < £C'sup £(cY). (V.2.25)

e>0
Young's inequality and (V.2.25) yield the existence of a constant C > 0 depending on T’, such that
C [t 1/2 Co Co
i) I L R G
= / D(0)1/2de — S2(t—s5) < — 2(t—5) +C,
forall 0 <s <t < T'. Inserting this into (V.2.24), we obtain for all t € [0, T, |

D(t)l/z <D(0 )1/2 exp(Ct) exp <—Ct> + % /Ot exp(C(t —s)) exp (— ig (t— s)> ds

2
<D(0 )1/2exp(CT+)exp< i ) + %e xp(CT, )e.

Hence, for some constants K, K3, K4 > 0:
K3 K
|Cei(t |<K2+exp< 4t>.

Clearly, this implies the desired e-uniform bounds on the L' and L*® norm, respectively. O

Note that the result of Proposition V.17 does not extend to the case Ty = 0. As a matter of fact, (V.1.4)
exhibits an initial layer as € “\, 0 resulting in an e-unbounded initial slope |¢¢(0)|. Despite that, we are
able to prove local uniform convergence of the curves ¢, in (0, T+ and find the one-sided limit of the
limit curve at t = 0 afterwards.

V.2.3. Convergence to the evolutionary limit

The a priori estimates from the previous section now allow us to pass to the limit e ™\, 0. First, we shall
do so for the family of curves (¢¢).~0 on the small time interval given by (V.2.16). Second, we consider
the evolutionary limit as € N\, 0 of the gradient systems (X, £, ¥;) introduced above to obtain an energy
dissipation balance and the corresponding rate equation in the limit. We then extend this local-in-time
solution to a global-in-time solution and pass to the limit as € ™\, 0 globally in time.

ProrosiTioN V.18 (Convergence of solutions for small times). Let a sequence g; ™\, 0 be given. If (R1)&(R2)
and (1) hold, there exist a subsequence (non-relabelled) and a curve ¢ : [0,Ty] — X such that the sequence
(ce, Jken Of solutions to (V.1.4)&(V.1.5) converges to c* as k — oo in the following sense:
ce, () —=ci(t) forall t € [0,T4],
ce,—c*  locally uniformly on (0, T+],
c'gk—\c'ti weakly in L2([To, T+];RY)  for each Ty > 0.

The limit curve c* is equal to an L'-absolutely continuous function everywhere except for the point t = 0 and
satisfies ¢*(t) € XN C¢ for all t € (0, T4 ] and ||Cﬁ||Loo([O,T+};]RI) < Cforallt € [0, T1]. Moreover,

limc?(t) =%,
t{‘%c() X

with X € X N C¢ from Theorem V.12(a), applied for x° := 0.

Proor. From the uniform estimates (V.2.13) and (V.2.16), we infer with the help of Proposition V.17 that

sup ||cellc1 (., )rr) i finite for fixed, but arbitrary Tp > 0. The compact embedding of CY([To, T+; RY)
e€(0,e0]

into C%2 ([To, T+]; RY) and a diagonal argument yield local uniform convergence in (0, T+] of (ce, )ken
to some ¢! € C((0,T+];R") and thus also pointwise convergence on [0, T defining c?(0) := ¢ (recall
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assumption (I)) on a suitable (non-relabelled) subsequence. Furthermore, one has weak convergence of
¢, —¢* in L2([To, T+]; R'). Consequently, on the finite intervals [Ty, T.], ¢, —¢* also in L!([Tp, T1];RT).
Weak lower semicontinuity of the L! norm then yields

HCﬁHLl [To, T ;R < llmlanCgHLl ([To, T+ ;R < s(up} HCEHLl (0,7, ;R < 00,
ec(0,g

thanks to estimate (V.2.22) from Proposition V.17. By monotone convergence as Ty \, 0, we conclude

that ¢ € Ll([O, T] ;R! ); hence, ¢t is a.e. equal to an Ll—absolutely continuous function and has the
additional properties mentioned above. In particular, the limit c*(0%) := }1{% c(t) exists. For all vectors

7 € (span{7!,...,7R¢})L and all t > 0, one has
t Rs

Jy LR eclseT’ ds

for some C > 0 thanks to (V.2.13), and hence after passage to ¢ N\, 0 and t ™\, 0 that chﬁ(OJr) =770,
Moreover, cf(07) € X N C¢ by uniform positivity (V.2.16) and Proposition V.14. By Theorem V.12(a), it
follows that c#(07) = ¥ thanks to the uniqueness of steady states of the differential equation (V.2.10) in
(O 4+ span{7!,...,7R}) NX. O

We now are in position to pass to the limit ¢ \, 0 in the energy dissipation balance (EDB) for
t e [0, T4].

1T (cel() — &) = \/Ot {Té(s) ds| = < [cas=ct

ProrosITiOoN V.19 (Convergence of the evolution for small times). Assume that (R1)&(R2) and (I) hold.
Then, the following holds for c* from Proposition V.18:

(a) Forallt € [0, T], one has

£() > E(x) = )+ / Y (ct(s); ¢t (s)) + ¥ (cH(s); —DE(ct(s)))] ds. (V2.26)
(b) There exists a continuous map w = (w',...,wR): (0,T4] — RR, such that for all t € (0, T4
Rs R¢
=)y Ker(cf () + Y W (). (V.2.27)
=1 s=1

(c) Define the matrices G € Rt and 1(z) € R/ for z € X via
Ges := 75, I(z)e; := zi_le,-,

lth

where e; denotes the 1™ canonical unit vector in R? for the appropriate d € IN, respectively. Then, for all

t e (0, T+}.'
() = {11 — G(G™I(c*(1))G) 'GT1(c } (Z KCr(c ) (V.2.28)

Proor. (a) Let Tp > 0 and t € [Ty, T+]. From the energy dissipation balance (EDB) for (V.1.4), we have
for e € (0, ¢p] that

£(cd) = E(ce(To)) = E(ce(t)) +/TZ [¥e(ce(s); ce(s)) + ¥e (ce(s); =DE(ce(s)))] ds.

Recall that ¢, — ¢* weakly in L!([Ty, T4 ]; R!) and ¢, — ¢ uniformly on [Ty, T;] as € \, 0 thanks to
Proposition V.18. In particular, since c.(t) € X and c?(t) € X for all t € [0, T4 ], also DE(c;) — DE(cf)
uniformly on [Ty, T+]. The convergence in the sense of Mosco of the (auxiliary) dissipation potentials
(cf. Lemma V.9, Proposition V.10) and Ioffe’s lower semicontinuity theorem [101, Thm. 1] (see also
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(0

[138, Prop. 3.4]) then yield as ¢ ™\ 0:
E(°) = E(¢H(To)) = E((1)) + T:[ ¥(cF(5); ¢ (5)) + ¥ (c(s); —DE(c(s))) | .

Monotone convergence as Tp \, 0 implies
£(°) > £(F) > E(ct(t) / (s)) + ¥* (ct(s); ~DE(cf(s)))] ds.

Since c#(t) € X for all t € [0, T4], the chain rule 3% d £(cf(s)) = DE(c(s))T¢t(s) holds. The Young-
Fenchel estimate (1.2.24) ¥(c?(s);¢f(s)) + ¥*(c(s); —=DE(cf(s))) > —DE(ct(s)) ¢t (s) yields equality
in the (second) estimate above and hence (V.2.26).

Having the chain rule at hand, (V.2.26) is equivalent to its corresponding rate equation

¢t () € 97F* (c*(t); —DE(c*(t))) for almost all t € (0, T+], (V.2.29)

together with the Cauchy condition 11{15 ct(t) =%

Since both parts in ¥*(c?(t);-) are finite at ¢ = 0 and the first part is continuous at & = 0 (recall
(V.2.6)), the convex subdifferential of their sum can be computed as the sum of the subdifferentials of
each part separately (see e.g. [77, Sect. 1.5.3]). We first determine the subdifferential of ¢ — x*(z,¢)
for fixed, but arbitrary z € X and find

P} X*(Zg) — span{’? RS TZ} if ‘;ZT'?S =0 fOI' all S € ];,
¢ ' @ otherwise.

We eventually obtain

259" (2:8) { ZJ KAz, 2P )&y v +span{7 : s € ,} if &3 =0 foralls € [,
¢ * z, = rel;

@ otherwise.

From (V.2.29), we know that 9z ¥~ (ct(t); —DE(c(t))) # @ for almost every t € (0, T4 ]. Together with

c(t) € X, this yields the existence of a continuous map w = (w!,...,w®f) : (0, T;] — RXf, such that

for almost all t € (0, T+ ], (V.2.27) holds.
We omit the argument ¢ for brevity. It remains to verify that

= —(G"1(c")G)1GT1(cf) (21&07 (cf) ) (V.2.30)

To this end, we introduce two more matrices: J(z) € R!*Rf and A(z) € RR*Rs for z € X, defined as
J(z)es := D,CRT3(2),
A(z)es := e,
fors € {1,...,R¢}. Recalling (V.2.21) and c? € C;, we observe that
J(c*) = —I(c*)GA(cH).
By differentiation of CRs*5(cf) = 0 wir.t. t, one has J(c?)T¢f = 0 and hence, using (V.2.27):

Rs
0=Y)" KC (eI (cH Ty +J(H)TGw.
r=1

The matrix J(c©)TG = —A(c*)GTI(c?)G is regular since it is a product of the two regular matrices
—A(c?) (which is diagonal with strictly positive diagonal entries; recall that ¢! € X) and GI(c*)G
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(because G is of full rank and I(c*) is also diagonal with positive diagonal entries). So, we are able
to express w in terms of ct as

Rs
w=—(J(cH'G) ()T (Z k’Cr(cﬁ)v’> ,
r=1

which yields (V.2.30) by elementary calculations.
O
We now prove that the limit c¢f : [0, T] — X can be extended in time by means of the differential
equation (V.2.28).

LEMMA V.20 (Extension of c¢?). Consider the initial-value problem

Rs
é(t) = []1 - G(GTI(c(t))G)’lGTI(c(t))} <Z er’(c(t))'yr> fort >0,
=1 (V.2.31)

There exists a unique solution c : [0, T) — X to (V.2.31), where T € (T, 0] denotes the maximal time of existence.

Proor. The unique local-in-time solution is given by cf : [0, T}] — R! above. Since the right-hand side of
the differential equation is locally Lipschitz continuous in X, cf can be uniquely extended to the desired
solution ¢ until strict positivity or finiteness of ¢ fails. The bounds c? (T4) € [6,C] imply that T is strictly
larger than T, . O

We now aim both for global-in-time existence of the solution ¢ to (V.2.31) (i.e. T = o) and for local
uniform convergence of (c¢)e~o to ¢ as € \, 0. We first prove

ProrositioN V.21 (Local uniform convergence on interval of existence). As e ™\, 0, cc — c¢ locally uniformly
in (0,T).

Proor. Assume that the assertion is false, i.e. there is T_ < T such that
T- =sup{T > T, : ¢, — c locally uniformly on (0, T]}. (V.2.32)

We now show that there exists T/, > T_ such that (V.2.19) holds, by a similar argument as in the proof
of Proposition V.15. This implies a contradiction since we can perform — with the help of Proposition
V.17 — the same proof as for the Propositions V.18 and V.19 to conclude local uniform convergence
ce — con (0, TH, since the extended solution c to (V.2.31) is unique.

We have, as in the proof of Proposition V.15, since c(t) € C; for all t € (0,T) that

d _
aE(cs(t);c(t’)) < Ky,
forall t' € (0, T+ T,)) , with a constant Ky > 0 independent of ¢ and t. Define

~ 1 1 - 1
t= min{~ min minci(s),(T—T),T} > 0.
8Ky sel0,T-] i 2 2

By the convergence c¢(T- —t) — c(T- —t) as & \, 0 and the continuity of £(-;c(T- — f)), one has

- |
_—F);e(T- =) < = mi inc;
Elce(T- = #);e(T- — 1)) < 25611[5}?4“?”1(5)'

for all € < g, with a suitably small &, > 0. We conclude that

min minc;(s) Vte [T —t T +1.
sel0,T-] i

Ece(t);e(T- — 1) <

1w
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From here, we can proceed as in the proof of Proposition V.15 to obtain (V.2.19) (and consequently the
assertion) for T, :=T_ 4+t > T_. O

ProPOSITION V.22 (Global existence). The solution ¢ to (V.2.31) exists globally in time, i.e. T = oo, and is
subject to |[c| o ([0,c0);r1) < C-

PrOOF. Assume that T < co. Due to Proposition V.21 and the uniform bound (V.2.13), ||c|| (o < C

Hence, blow-up at time T cannot occur. So, strict positivity of ¢ fails at time T. Let
J == {i € {1,...,1} : limc;(t) = 0}. Define the curve of chemical potentials x € C([0,T);R!) via
t/T

pui(t) :=1log (c;(t)) fori € {1,...,1} and observe that u(t) € (span{¥!,...,¥R})* since c(t) € C;, for all
t € (0, T). Clearly, lim y;(t) = —oo for i € J.
t /T

Let a sequence (t;)nen in (0,T) with lim t, = T be given. The bounded sequence ( (tn) )
11—00 “‘(t”)‘ nelN

in (span{7!,...,7R})* possesses (thanks to the Bolzano-Weierstraf theorem) an accumulation point
v € (span{y!,..., 7R} with [v| = 1, v; = 0 foralli ¢ J and v; < 0 for all i € J. In particular, there
exists j € ] such that v; < 0. For t € (0, T), one then first obtains

Rs
—%vTc(t) = Y KO ()T
r=1

Define, fori = 1,...,I, maps f; : X — R by fi(z) = Zf;l K'C"(z)v!. One easily verifies that (f1,..., fr) is

quasi-positive [30], that is, z; = 0 for some z € X and some i € {1,...,I} implies f;(z) > 0. Thus, denoting

the joint Lipschitz constant of all f; on [0, C]! by L > 0, one gets for eachi € {1,...,I} and z € [0,C]"
—fi(z) < —fi(z) + fi(z — zi&i) < |fi(z — ziej) — fi(2)| < Lz;.

Consequently (recall that v; < 0 for all 7):

d T T
_— > .
tl/ C(t) Lv C(t)

Gronwall’s lemma implies —c(t)Tv > —xTvexp(—Lt) > —¥'vexp(—LT), which is a strictly positive

constant. Hence, for all n € IN:

I
0 < —xTvexp(~LT) < —c(t)Tv = — Y- viexp(pi(ta)) = Y_(—vi) exp(ui(ta)) "= 0,

i=1 ie]

which is a contradiction. Therefore, the claim T = oo follows. O
Since c exists for all times, we immediately obtain with Proposition V.21 that cc — c as ¢ \, 0

uniformly on compact subsets of (0,c0). We can also re-prove Proposition V.19 on intervals [0, T| for
arbitrary time horizon T > 0 to complete the proof of Theorem V.1.
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Conclusion and outlook

We give some concluding remarks and sketch several open problems to be studied in the future.

Part 1I.

Part III.

In Part II, we have shown the applicability of variational methods to a variety of two-species
models. By approximation with minimizing movements, we have, on the one hand, been able
to prove the well-posedness of evolution equations with a formal gradient flow structure. On
the other hand, for systems with a suitably weak coupling, we developed a new method to
establish the exponential convergence to equilibrium of the before-constructed weak solutions.

Our strategy of proof to obtain the existence of weak solutions to our variant of the Keller-
Segel model can successfully be applied in many different parameter situations allowing for
even broader ranges as described in Part II. The same is true for the Poisson-Nernst-Planck
system, see [112] for an almost exhaustive existence analysis. However, at the moment, it
is unclear if our method for proving convergence to equilibrium can be transferred to more
general situations. Specifically, for the analysis of the Keller-Segel model, the choice m = 2 for
the exponent of nonlinear diffusion seems to be crucial. Apart from the possible existence of
more than one minimizer of the energy functional, the right energy-dissipation estimates are
currently not at hand. For example, one might require an analog to (IL.2.55) from Proposition
11.28, that is

1t — |, < C/Rd (™ — u™) dx,

to have available a complementary estimate to (I1.2.56) from Proposition I1.28, which estimates
|o — Voo Hiz from above and is unchanged since the L?-variational structure of the v-component
is conserved. Unfortunately, since uq will in general not be uniformly positive, the estimate
above does not hold for m # 2.

In contrast, our analysis of the long-time behaviour of the Poisson-Nernst-Planck model
may allow for a generalization to non-quadratic diffusion, since two Wasserstein spaces &%,
are more compatible than 9%, and L? when it comes to a change in the diffusion exponent. For
example, it could be a reasonable strategy to have conjugate diffusion exponents, i.e. m; > 1
and m, > 1 such that 1 = m%l + m% This variation of the model might also be conceivable
from a modelling point of view: one can take into account effects caused by the different
“size” of the particles (e.g. sodium and chloride ions) on the rate of diffusion through the
environment.

One may ask if there is a general principle for two-component systems behind our ma-
chinery to analyse the long-time asymptotics. The answer is probably affirmative, at least
under relatively specialized assumptions on the coupling between the species and on the
structural compatibility of both the underlying metric spaces and the proper domain of the
energy functional.

We have found in Part III a novel condition for A-convexity along generalized geodesics of a
multi-component version of the interaction energy in a cartesian product of Wasserstein-type
spaces. This condition provides a better insight into the behaviour of systems of interaction
equations, showing new effects which do not arise in the scalar case. In one spatial dimension,
we performed a thorough analysis of solutions to the associated multi-component interaction
equation. We successfully generalized results for the scalar interaction equation (from, e.g.,
[35, 82, 158]) to the case of genuine systems.

One apparent idea for generalization of the results obtained is to add diffusion to the
system. At least formally, the weighted center of mass is still invariant: for example, for the
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pure (scalar) diffusion equation

oty = div(uDf’(u)),

seen as the evolution equation associated to the gradient flow of £(u) = [pa f( (for
smooth f : R — R subject to McCann'’s criteria) w.r.t. the L2—Wasserste1n dlstance, one has

d // _ u(tx) 1" _
Fra xy(tx / f"(u)uDudx = /]RdD</0 f"(z)zdz | dx =0,

under the assumption that x — foﬂ £%) f"(z)zdz is integrable on R? [35]. Consequently, an
energy functional defined as a sum of a diffusion and an interaction part will still be Ayp-convex
along generalized geodesics where Ay € R is the modulus of convexity for the interaction
part of the functional. Hence, existence and uniqueness of solutions to the resulting diffusion-
interaction system can be deduced using the theory from [4]. Concerning the one-dimensional
case d = 1 and Ag < 0, the methods from [35] might also be generalized to systems with
diffusion in order to investigate the qualitative behaviour of solutions.

Easily, one sees that adding a general drift term to the system destroys the invariance of
the weighted center of mass. Including such a term might cause a loss of uniform convexity
along generalized geodesics (A > 0), but still, the resulting energy functional could be A-
convex along generalized geodesics for some A < 0 which is sufficent for proving existence
and uniqueness of solutions [4]. Hence, further studies should include an analysis of the
detailed qualitative behaviour of the gradient flow associated to

/ filni dx+2/ x) dpi(x) + 5 ZZ/[,/W Wij(x = y) dpi(x) dpj(y).

z 1j=1
In particular, it would be interesting to characterize the set of steady states and their stability
which might lead to a relatively complex analysis (as already in the scalar case [35, 82, 83]).

In Part IV, we have successfully endowed a certain class of degenerate diffusion systems with
a variational structure, generalizing the theory for transportation distances with nonlinear
mobility (cf. [74, 124]) to the vector-valued case. We have derived criteria for the geodesic
A-convexity of functionals with respect to our novel metric Wy, rigorously showing that the
heat flow is a Wy-gradient flow in certain situations. By approximation with minimizing
movements, we demonstrated the existence of weak solutions to a broad class of second- and
fourth-order systems, even if the underlying energy functional is not geodesically convex.

Observe that in principle, one can also consider multiple space dimensions (d > 1) with
the same assumptions on the mobility matrix function M: A pseudo-distance Wy on the
space .# (R";S) can be defined via

W (o, 11)*

1
- inf{/o /W tr (WtTM<.uf)7th> dxdt: opr = —div(Wy), pli=o = po, pli=1 = Vl} ,

where the flux W now is a n x d-matrix-valued curve. Consequently, one can also derive
a sufficient condition for geodesic convexity. Due to its presumable complexity, however, it
might be of limited use in practice.

Concerning our existence analysis via the minimizing movement scheme, it might be
possible to extend the results also to certain classes of gradient-dependent energy functionals
where the integrand f : R” X S — R is not uniformly convex. A promising ansatz is to
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replace f by
0x8(2)* +18(2) 2,

for a suitable bijective function g : R” — R". Indeed, one obtains via the direct method of the
calculus of variations that the associated Yosida penalization

1 N
Ec(u| ) = =W, 1) + [Ig(1) 17

admits minimizers.

In Part V, we gave an alternative proof for a result in [30] on the behaviour of systems of
ordinary differential equations modelling chemical reactions when some of the reaction rates
tend to infinity. Our main improvement is of methodical nature: using the generalized gradi-
ent structure of the system allowed us — without any heuristics on advance — to rigorously
establish the evolutionary convergence to a limit (gradient) system.

An appealing generalization of the presented results lies in the inclusion of diffusion to
the system leading to a coupled system of reaction-diffusion equations of the form

dtce = div(A(x)Dce) — Re(ce),

together with no-flux boundary conditions A(X)Dc(t,X)v(X) = 0 on the boundary oQ) of a
bounded domain Q) ¢ R? with smooth boundary. Above, A € ct (ﬁ; RIX! ) is a diagonal
matrix comprising the (possibly space-dependent) diffusion coefficients and R are reaction
terms of mass-action type (comprising slow and fast reactions) as in Part V. Following the
procedure in [134], one can assign a generalized gradient structure to the system above and
write down the corresponding energy-dissipation balance. Note that, apart from the diffusion
part of the system, the energy £ and the dual dissipation potential ¥ will turn out to be the
(wrt. x € Q) integrated quantities from Part V. The question of evolutionary convergence as
e \, 0 of those gradient systems is open; the necessary a priori estimates are at the moment
not available. It is a relatively straightforward consequence of the energy-dissipation balance
for € > 0 in combination with well-prepared initial conditions 11{% E(Y) = £(c) that

sup (||Cs|Lw([o,T],-L1) + max |[/Ceill 2o, m;0) ”CSHU([O,T];W”)) < oo,
>0 16{1,...,1}

assuming that c, is a nonnegative function. In order to deduce convergence, the Aubin-Lions
compactness lemma might be the appropriate tool — however, the uniform estimate above
does not guarantee its applicability.
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