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Abstract

This cumulative thesis concerns numerical techniques for incompressible multi-phase flow. Strategies
for accurate and robust simulations are suggested. In particular, a conservative sharp interface method
is for incompressible flows with viscous and surface tension effects, a curvature boundary condition is
for a moving contact line and an efficient formulation of the scale-separation approach for multi-scale

modeling of interfacial flow.

In incompressible multi-phase flow, surface tension forces and viscosity forces play important
roles. To treat these two forces sharply at the phase interface, I develop a conservative sharp-interface
method based on Ref. [37] by employing a weakly compressible model. The method is simple, mass
conserving and capable of handling flows with large density and viscosity ratios and high surface
tension. Since the viscosity jump at the material interface is directly imposed by an interface-flux term,
momentum conservation is ensured regardless of capillary effects. Furthermore, a subcell-resolution
method for volume-fraction evaluation is developed to achieve accurate interface reconstruction. A
number of two and three dimensional numerical examples, are considered to demonstrate that the
present method is able to simulate a wide range of flow problems with good robustness and high

accuracy.

When the interface of two immiscible fluids meets a solid wall, a fundamental difficulty in the
numerical treatment of the contact line arises with the conventional no-slip boundary condition, as it
leads to inconsistent, grid-dependent results. In this thesis, we present a curvature boundary condition
to circumvent the difficulties of previous approaches on explicitly imposing the contact angle and with
respect to mass-loss artifacts near the wall boundary. While employing the asymptotic theory of Cox
for imposing an effective curvature directly at the wall surface, the present method avoids a mismatch

between the exact and the numerical contact angles. Simulations on drop spreading and multi-phase
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flow in a channel show that the present method achieves grid-convergent results and ensures mass
conservation, and delivers good agreement with theoretical, numerical and experimental data.
Another difficulty encountered with multi-phase method is multi-scale problem, especially in the
drop breakup or splash, where the involving length scales can span at least several orders. To separate
the scales and then treat them differently, we propose an efficient formulation of the scale-separation
approach which has been developed by Han et al. [24] based on the level-set technique. Instead of
shifting the entire level-set field twice as in the original method, the improved method identifies the
non-resolved interface structures from two auxiliary level-sets close to the interface. Non-resolved
structures are separated from the interface by a localized re-distancing method, which increases the
computational efficiency considerably compared to the original global reinitialization procedure.
Several tests for two-phase flow problems, involving simple and complex interface structures, are
carried out to show that the present method maintains sharper interface structures than the original

method, and achieves effective scale-separation.



Kurzfassung

Diese kumulative Dissertation betrifft numerische Verfahren fiir inkompressible Mehrphasenstro-
mungen. Strategien fiir die genaue und robuste Simulationen werden vorgeschlagen. Insgesamt werden
ein konservatives scharfes Schnittstellenverfahren fiir inkompressible Stromungen mit viskosen und
Oberflachenspannungseffekte, eine Kriimmungsbegrenzungsbedingung fiir eine bewegete Kontak-
tlinie und eine effiziente Formulierung des Skalentrennungs Ansatz fiir die mehrskalige Modellierung

des Grenzflachenstroms présentiert.

In inkompressiblen Mehrphasenstromung, spielen Oberflachenspannungskéfte und Viskositit-
skréfte eine wichtige Rolle. Um diese beiden Krifte scharf an der Phasengrenzfliche zu behandeln,
wird eine konservative scharfe Interface-Methode basiered auf Referenz [37] unter eine schwach
komprimierbaren Modell entwickelt. Das Verfahren ist einfach, Masse erhaltend und in der Lage
Strome mit hohen Dichte und Viskositiits Verhiltnissen und hohen Oberflachenspannungen zu handeln.
Da der Viskositidtsprung an der Materialschnittstelle direkt {iber einen schnittstellefluss augeprast
wird, wird die Impulserhaltung gewihrleistet trotz der Kapillarwirkung. Des Weiterhin wird ein
Subzellenauflosungsverfahren fiir die Volumenfraktionauswertung entwickelt, um eine genaue Rekon-
struktion der Schnittstelle zu erreichen. Eine Reihe von zwei- und dreidimensionalen numerischen
Beispielen werden prisentiert, dass die vorliegende Methode in der Lage ist, um einen weiten Bere-
ich von Stromungsproblemen mit guter Robustheit und hohe Genauigkeit zu simulieren. Wenn
die Grenzfldche von zwei unmischbaren Fliissigkeiten auf eine feste Wand trifft, ergibt sich eine
grundlegende Schwierigkeit bei der numerischen Behandlung der Kontaktlinie mit der herkdmmlichen
haftbedingung. Es fiihrt zu inkonsistenten, Gitter abhéngigen Ergebnissen. In dieser Dissertation,
stellen wir eine Kriimmungs Randbedingung, die Schwierigkeiten fritherer Ansétze auf ausdriicklich

zur Einfiihrung des Kontaktwinkels und in Bezug auf Massenverlust Artefakte in der nédhe der Wand
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Grenze umzugehen. Das vorliegende Verfahren vermeidet eine Diskrepanz zwischen dem exakten und
dem numerischen Kontaktwinkel. Simulationen Tropfenverteilung und Kanalmehrphasenstromung
zeigen, dass das vorliegende Verfahren netzkonvergente Ergebnisse erreicht und die Massenerhal-
tung gewihrleistet. Es liefert eine gute Ubereinstimmung mit den theoretischen, numerischen und
experimentellen vergleichdaten. Eine weitere Schwierigkeit die bei Mehrphasenferfahren auftritt ist
das Multiskalenproblem. Um die Waage zu trennen und sie dann anders zu behandeln, schlagen wir
eine effiziente Formulierung des Scale-Trennung Ansatzes von Han et al. [24] auf der Grundlage der
Level-Set-Technik. Anstatt das gesamte Level-Set-Feld doppelt zu verschieben, wie identifiziert das
verbesserte Verfahren die nicht aufgeloste Schnittstellenstrukturen von zwei zusitzliche Level sets
nahe der Schnittstelle. Nichtaufgeloster Strukturen werden von der Grenzflache durch eine lokales
Neudistanzierungsverfahren getrennt, was die Recheneffizienz deutlich gegeniiber dem urspriinglichen
globalen Reinitialisierungverfahren erhoht. Mehrere Tests fiir Zweiphasenstromungsprobleme, ein-
facher und komplexer Schnittstellenstrukturen, werden um zu zeigen durchgefiihrt, dass das vor-
liegende Verfahren schirfere Grenzfliche Strukturen aufrechterhilt als das urspriingliche Verfahren

und wirksame Skalen-Trennung erzielt.
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Chapter 1

Introduction

1.1 Multi-phase flow problem

Multi-phase flow research is an important topic, which has directed towards the understanding of
the phenomena occurring in a wide range of industrial applications. Examples include jet coating,
ink jet printing, lab-on-a-chip devices, and liquid phase sintering. Fig. 1.1 shows a typical process
of jet coating, where a jet exits the nozzle orifice, breaks into a small droplet, and then it impacts a
solid surface and spreads to thin coat. This process involves some fundamental challenges in the

simulation, such as filament breakup, droplet generation and moving contact line

Oscillation and Contraction Impacting Spreading

Fig. 1.1 The process of jet coating, taken from Bolleddula [3].

In the breakup of a liquid filament, Surface-tension forces and viscous forces play important
roles, where the interface evolution is governed by the competition between these two forces [87].

The relative importance of surface tension and viscosity can be expressed through the Ohnesorge
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number Oh = [1\/pOR, where [, p, and o are the viscosity, density, and surface tension of the liquid,
respectively, and R denotes the radius of the filament. Whether the filament condenses into the main
drop, or breaks up into satellite drops can be predicted from the aspect ratio and Ohnesorge number
[8, 32]. Fig. 1.2 shows examples of typical liquid filaments with a range of different aspect ratios. In
each case, the evolution of the filaments is illustrated with a serial of images. The shortest filaments
always condensed into single drops for all values of Oh, while for the highest values of Oh, the
filaments never broke up regardless of their aspect ratio. Therefore, accurate treatments of surface
tension forces and viscous forces, especially at the phase interface, are required to capture these subtle

behaviors.
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Fig. 1.2 Breakup of liquid filaments, taken from Castrejon-Pita et al. [8].

The behavior of drops impacting on a solid surface can be characterized into three main modes:
deposition, bouncing and splashing [3]. The experiments of Rioboo et al. revealed the possible
outcomes of drop impact on a dry wall, including three main modes and three otherwise transition
modes [59], as shown in Fig. 1.3. These various modes come from the interactions of initial drop speed,
ambient pressure, wall surface roughness, drop viscosity and surface tension. The hydrodynamics
of this problem has been widely studied, both experimentally [52] and theoretically [4]. One of
challenges in these phenomena is the treatment of moving contact line and dynamic contact angle.
Several theoretical models [13, 63] and empirical models [18, 67] have been proposed and compared
well with experiment. However, a fundamental difficulty in the numerical treatment of the contact line

arises when confronted with the conventional no-slip boundary condition, as it leads to inconsistent,
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grid-dependent results [21, 72]. Hence, a special treatment of interface at the vicinity of moving

contact line is needed to tackle this problem.

o - 0 =1

a) Spreading

¢) Rebound

Fig. 1.3 Morphology of drop impact on a solid surface, taken from Rioboo et al. [59].

Another issue associated with drop generation, such as filament breakup (e.g. Fig. 1.2c) and
drop splash (e.g. Fig. 1.3c), is the multi-scale problem. One need to resolve length scales that can
span at least several orders, which poses a great computational challenge. Adaptive mesh refinement
[45] and multi-resolution methods [23, 26], even with local time stepping, do not sufficiently reduce
computational cost to enable accurate routine simulations of complex interfacial flows. A promising
approach is to separate them from the current spatial resolution and treat them differently, e.g.
structures smaller than the given grid size (referred to as unresolved structures) can be separated and
converted into Lagrangian particles. Therefore, the scheme associated with scale separation should be

built to identify and separate unresolved interface structures.

1.2 Phase-interface representation

The representation and evolution of the phase-interface is essential to the numerical simulation of
multi-phase flow involving immiscible phase-interfaces. Existing interface representation techniques
can essentially be divided into two classes, namely interface-tracking methods and interface-capturing

methods.
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In interface-tracking, interfaces are represented explicitly, e.g. front tracking methods [82, 83]
and marker methods [64, 81]. These methods can efficiently locate the interface position by interface
markers or track the moving boundary by adjusting the position of the nodes on the interface. However,
they encounter difficulties for large interface deformations and topology changes, and require a special
treatment of the interface marker distribution when the interface is stretched.

In interface-capturing, there is no explicit representation of the interface, but the location of the
interface is represented implicitly by a scalar field, e.g. volume of fluid method (VOF) [31], phase
field (PF) method [39] and level-set method [55]. Compared to the interface-tracking methods these
methods handle topological changes such as merging and breaking natrually. All such changes can be
captured by a continuous evolution of the scalar function defining the interface implicitly.

In VOF method, a volume of fluid function gives the volume fraction of each fluid in every
computational cell. The cells that are intersected by the interface will have a volume fraction between
zero and one. The main advantage of VOF methods is the exact conservation of mass when computing
incompressible flow. One main drawback of VOF methods is the smearing of the interface by the
numerical diffusion, which is due to the use of total-variation-diminishing (TVD) schemes [25] to
preserve the volume-fraction boundedness (for the step-profile of volume fraction at the interface).
Furthermore, computations of accurate normal and curvature approximations are not straightforward.

The PF method is based on fluid free energy, where a conserved order parameter or phase-field is
introduced to characterize the two different phases. This order parameter changes rapidly but smoothly
in the thin interfacial region and is mostly uniform in the bulk phases. Analog to the VOF method,
the interfacial location is defined between the contour levels of this order parameter. The interface
is updated by the Cahn—Hilliard equation [7]. This equation involving fourth-order derivatives with
respect to the order parameter, makes its numerical treatment more complex as compared to the
Navier—Stokes (NS) equation which involves only second-order derivatives. Another issue with the
PF method is the resolution of the interface thickness, which usually spans several grid cells.

The level-set method is one of non-smeared interface-capture methods. A signed-distance function
(level-set function) specifies the distance of a discretization point to a nearby interface. Hence the
interface is defined sharply by the zero-level-set of this function. From the level-set function the

curvature of the interface and the surface tension can be calculated with high accuracy. However, a
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main drawback of the level-set method is lack of discrete conservation. Various attempts are applied
to improve the mass conservation in the level-set method. For example, Sussman et al. constrain
the interface during the reinitialization procedure to conserve the volume bounded by the zero-level-
set [75]. However, the mass enclosed by the zero level-set is not conserved in the advection step.
Several hybrid methods have also been developed with the aim of improving the mass conservation,
such as the particle level-set method [16, 85], and the coupled level-set and volume of fluid method
(CLSVOF) [46, 77]. While these approaches increase the computational complexity, and compromise
the simplicity of the pure level-set method, especially in three dimensions. A conservative level-set
based sharp-interface method was introduced by Hu et al. [37], where the underlying conservative
scheme on a Cartesian grid is modified for computational cells that are cut by the interface. To ensure
numerical stability for small cells, a conservative mixing procedure is proposed to redistribute the flux
to neighbour cells, which avoids an unstructured mesh near the interface. This method is simple for
implementation and extension to higher dimensions, which is hence used and further developed in

this thesis.

1.3 Objective

After choosing the representation of the phase-interface, it is followed by the corresponding methods
to handle the specific phenomena at the interface, such as computations of the velocity and the pressure
at the phase-interface (referred to a interface interaction), the treatment of moving contact line and the
scheme of scale separation.

In general, there are two established approaches for modeling interface interactions, the diffuse-
interface method (DIM) and the sharp-interface method (SIM). With the diffuse-interface method
the interface is represented by an artificial region with limited thickness, where the transition from
one phase to the other is smooth. While the diffuse-interface methods are conceptually simple,
the artificial mixing region may generate nonphysical artifacts, such as parasitic flows near a static
interface by surface tension and wrongly predicted instability growth rates of viscous interfacial flow.
With the sharp-interface method, the interface as well as the interface interactions are all localized

at the infinitely thin interface. Various SIMs have been proposed, as reviewed in Paper I, but they
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have more or less deficiencies and limitations, such as complexity, no mass conservation and difficult
extension to three dimensions. Therefore, we develop a conservative sharp-interface method (CSIM)
based on [37] for incompressible multi-phase flows by employing a weakly compressible model. The
viscosity jump at the material interface is directly imposed by an interface-flux term, and the pressure
jump due to surface tension is imposed consistently after solving the constrained Riemann problem.

Moreover, the extension to three dimensions is straightforward.

When the interface of two immiscible fluids meets a solid wall, a difficulty associated with contact
line appears in simulations, i.e. the consistency with the conventional no-slip boundary condition.
Various approaches have been proposed to alleviate this problem, as summarized in Paper II. The
efficient approaches are to model the microscopic region near the contact line based on hydrodynamic
theories and to resolve only the macroscopic region away from the contact line. Grid-independent
results have been obtained by using Cox’s theory [13] to built the relationship between microscopic
angle to the macroscopic angle. However, a complex, implicit integral function should be solved
in Cox’s theory, which is either replaced by a simplified form or obtained numerically. Moreover,
imposing the contact angle explicitly can spuriously displace the zero level-set and the location of
contact line, and thus induce large mass-conservation errors. To overcome these problems, we impose
a curvature boundary condition for predicting moving contact line, where the effective curvature is

formulated explicitly based on the asymptotic theories of Cox.

Small scales and non-resolved interface segments are generated during filament breakup or drop
splash. To avoid resolving the entire range of length scales, an effective approach is to separate them
from well-resolved field and treated them individually. To author’s knowledge, only two approaches
have been proposed: one is based on the refined level-set grid method [29], the other is the constrained
stimulus—response procedure [24]. As pointed out in Paper 111, the first one has low efficiency, because
it requires a two-grid system to check non-resolved cells. The second method separate resolved and
non-resolved interface segments upon different responds when they are subjected to small shifts of
the level-set field. Though this procedure is effective, shifting the level-set and re-initialization twice
in the entire field are quite time consuming, especially when the non-resolved interface structures

compose only very small portion of the entire interface. To speed up the procedure of scale separation,
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we propose an efficient multi-scale model to avoid shifts of the level-set and additional re-initialization
operations.

This work focus on tackling above challenges in numerical simulation of incompressible multi-
phase flow, specifically, the treatments of surface tension and viscosity, moving contact line and
scale separation. The new methods should have lower computational cost and higher accuracy than
those currently available proposed strategies. Accurate simulations can contribute to understanding
of the phenomena occurring in multi-phase flow, and hence to the improvement of flow control in
engineering.

The following chapter gives an introduction to the present CSIM as well as the level-set method
for phase-interface representation. Chapter 3 first gives a short literature review and then summaries
the present methods on each problem, including a CSIM for incompressible multi-phase flow, a
curvature boundary condition for moving contact line and efficient implementation of scale separation

for multi-scale modeling. Finally, Chapter 4 makes a conclusion on the state of proposed methods.






Chapter 2

Conservative sharp-interface method

The CSIM is formulated following a standard finite volume approach, in which the underlying finite-
volume scheme operating on a Cartesian grid is modified by considering computational cells being
cut by the interface. The level-set approach is the method of choice here to capture the interface, since
it allows for an easy and straightforward calculation of the geometrical properties of the interfaces,
and it handles topology changes of the interface automatically. A main drawback of the level-set
method is the lack of discrete conservation properties, which has been overcome by combining with
the finite volume approach [37]. An essential key of this method is to handle the cut cells, such as
interface flux in cut cells, curvature in cut cells, small and empty cut cells, volume fraction of cut cells

and non-resolved cut cells.

2.1 Governing flow Equations

In multi-phase problems, the flow field of each phase is updated separately with the standard finite
volume approach. For incompressible flows, a weakly compressible model is employed, where an
explicit link between pressure and density is established other than solving for the Poisson equation
for the pressure. Weighted essentially non-oscillatory scheme (WENO) [41] is applied to flux

reconstruction, and TVD Runge-Kutta scheme [68] is used for time integration.
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2.1.1 Finite volume method for multi-phase flow

For the weakly compressible model the governing equations can be written as

9
7?+V-F:V~Fv+as, @.1)

where U is the density of mass and momentum; F represents the convective fluxes, and F,, the viscous
fluxes. Note that the right-hand side of Eq. (2.1) vanishes when it represents the continuity equation.
The surface-tension force is given by

a, = 0kON (2.2)

where o, K, N are surface tension, curvature and normal direction of the interface, respectively. 0, is

the Dirac delta distribution
d(x)dx=1, (2.3)

defined in the normal direction of the interface.

The flow domain Q is divided by a time-dependent interface I into two sub-domains Q! and Q2,
which denote the regions occupied by fluidl and fluid2, as shown in Fig. 2.1. We solve Eq. (2.1)
for each fluid in respective its sub-domain Q™ (m = 1,2), as in Hu et al. [37], on a two-dimensional
collocated Cartesian grid with spacing Ax and Ay. Integrating Eq. (2.1) over a computational cell and

applying the Gauss’s theorem yields

n+1 U n+1
/ dt/ dxdy——i—/ dt/ dxdyF -n
n A,'.j ﬂ Qm ax n 8(A,-.j ngm)
n+1 n+1
:/ dt/ dxdva-n+/ dt/ dxdyF;-n,
n 8(A,~,j N Qm) n AFM

where A; j = AxAy is the cell volume; A; ; (1™ can be represented as o; ;A; j, where @; ; is the time

(2.4)

dependent volume fraction of fluid m and satisfies 1 > & > 0. d(A; ;™) denotes the faces of cell
i, j wetted by fluid m, including the interface segment contained in the cell, and F; is an additional

flux at the interface due to surface tension. The surface of d(A; ;™) with normal direction n
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Fig. 2.1 Schematic of discretization for a cut cell (i, j) on a collocated grid: the red dot indicates the
cell center, the red line indicates the interface, the green dash line indicates the cell face, ¢; ; denotes
the volume fraction occupied by fluid1 in cut cell (i, j), A denotes the cell-face aperture, N is the
normal direction of the interface and AI'; ; the segment of the interface.

can be represented by two parts. One part is the combination of four segments (2D) of the cut cell
faces, which can be written as A; 15 jAy,A; j1128%,A;1/2,;Ay and A; ;1 pAx, where | > A > 0is
the time-dependent cell-face aperture. The second, denoted as AlL'; ; , is the segment of the interface
I" inside of cell (i, j). For simplicity, a typical discretization with explicit first-order forward time

difference (see Sec. 2.1.4 for the higher-order scheme) of Eq. (2.4) can be written in the following

form,
At s R R
o U = of UL+ Addy [X(AT;) + Xy (AT ;) + X, (AT )]

At . .

t 5 [A12,Fi10,) = Aiv1)2,Fiv12,]
At . .

Ay [Aijo1 /28012 = A oFi o] (2.5)
At . N

+ Ax [Aifl/z,ijifl/z,j _Ai+1/2,iji+1/2,j]
At

+ A7y [Ai,j—l/ZFvi,j—l/Z _Ai,j+1/2Fvi,j+1/2] )
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where At is the time step size. U; ; denotes cell-averaged density of conservative quantities of mass
and momentum of the considered fluid, and ¢; ;U; ; are the conservative quantities in the cut cell. Xis
the average inviscid momentum flux across the interface, and f(v denotes the momentum flux due
to viscous force. X, is the momentum flux due to the interfacial pressure jump induced by surface

tension. The detailed formulation of these interface fluxes (X, Xv, XS) is presented in Paper L.

For a small cut cell or an empty cell, i.e. & < 0.5, a stable fluid state may be unobtainable based
on the time step calculated according to the full grid size Courant-Friedrich-Lewy (CFL) condition.
A mix procedure is introduced to mix the conservative quantities with their neighbors [37]. The
exchanges of the conservative quantities are calculated according to the averaged values in mixing

operations. Then the conservative quantities for one fluid in the near interface cells are updated by
n+tl n+l *

o = (@ 'U) + M, (2.6)
where (ch;’ U; j> is the conservative quantities at time step n+ 1 before mixing, and the second
term on the right hand side represents the sum of all mixing operations on cell (i, j). Note that
conservation is maintained since the conservative quantities in a small cell obtained from a target

cell corresponds to a loss of its neighboring cell. The extension of Eq. (2.5) to three dimensions is

straightforward.

2.1.2 Equation of state

To close the governing equations, one should relate the pressure and density. If incompressibility is
strictly required, the Poisson equation is commonly solved, which is rather time-consuming. Here,
we employ a weakly compressible model for incompressible multi-phase flows with sacrificing little
incompressibility, where an explicit link pressure and density is established. Such model is widely
used, e.g. with smoothed particle hydrodynamics (SPH) [33, 47] and the lattice Boltzmann method
[11]. Moreover, the weakly compressible model has been applied recently for a systematic study of

the coarse-grained prediction for a range of turbulent and non-turbulent incompressible flows [66].
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In the present implementation, we use the Tait’s equation that enforces very low density variation

and is efficient to compute [12]. Tait’s equation has the form

sz[(%)Y— 11+ po

5 Polvil’
YM?

) 2.7

where po and pg are the density and pressure of fluids at the reference condition, respectively. ¥
is artificial specific heat ratio. For the liquid-gas system, typical adopted values are 7 = 7.15 and
Y, = 1.4, respectively. The parameter B governs the density fluctuation [Ap|/p with Ap = p — po. As
known that, the density variation in fluid flow is < M 2 where M is Mach number, which results in the

following relation,
ap| _ vl
p e

(2.8)

where v denotes an expected order of magnitude of the fluid velocity for the consider problem, c
is the artificial sound speed in the fluid, ¢; = 4/ %B. Typically, the density variation is allowed with
the order of 1%. The parameters y,B and py are chosen to ensure that the Mach number satisfies

_ bl
M="1~0.1.

2.1.3 Numerical flux reconstruction

The numerical fluxes, convective flux ¥ and diffusive flux F, in Eq. (2.5), are calculated separately.

In two dimensions they can be written as

p(v-n) 0
F= pu(v-m)+pny By, = —Teelly + Ty N = nyi+nyj; v = ui+vj;
, (2.9)
pv(v-n)+pny — Tyl + Tyyhy,

ooy (dou _20vN o _ o _ (9w _9v\. . _ (49v_20u
w=H39x 3dy)” Y =M dy dx oy = H 3dy 30x

where n is unit (outward) normal on the cell face, v is the fluid velocity and 7 the viscous stress.
Since the governing equations (2.4) are a system of conservation laws, the convective fluxes I

can be approximated using WENO methodology. Specifically, the Roe approximation is used for the
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characteristic decomposition at the cell faces, the Lax-Friedrichs formulation is used for the numerical
fluxes. To achieve very small numerical dissipation relative to original WENO scheme, Hu et al.
[38] proposed an adaptive central-upwind weighted essentially non-oscillatory scheme. Such scheme
adapts between central and upwind schemes smoothly by a new weighting relation based on blending
the smoothness indicators of the optimal higher order stencil and the lower order upwind stencils.

In order to construct the appropriate diffusive flux function, we need the values of 7, 7, and v at
the cell faces which are center between the grid points. First the higher order centered difference is
applied to calculate the u,,uy, vy, vy at the cell center with the neighboring grid points, and then using

the arithmetic average to define viscous stresses at the cell faces.

2.1.4 Temporal discretization

To advance the governing equations in time, a temporal discretization is needed. A common way
is to discretize with respect to the spatial variables, and then combine the semi-discretization with
standard time discretization methods. When the flow is truly transient, flow characters changes rapidly
over time. Explicit time discretization schemes are popular alternatives to solving these cases other
than the implicit method. Moreover, it is relatively easy to construct schemes of higher-order. To
improve the numerical stability, the total variation diminishing (TVD) Runge-Kutta method is chosen
for temporal discretization [68]. Such scheme guarantees that no spurious oscillations are produced as
a consequence of the higher-order accurate temporal discretization as long as no spurious oscillations
are produced.

There are certain limitations for the size of the time step, when an explicit method is used. When
the time step is too large, numerical instabilities occur. Defining a fixed time step in the beginning of a
numerical simulation bears the danger of either chosen a too small time step, which weighs heavy on
the computational resources. Or the time step is too large, resulting in a diverging solution. The most
efficient solution is to use adaptive time-stepping. Here the maximum values for the velocities, the
viscosity and the volume and surface forces are calculated at each time step. With this information,

the size of the next time step is determined. The time-step is set according to [77],

NAL2 n
At = CFL-min | 20 P"AY [P (3] (2.10)
|ut|+c" 8o
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where ¢” is the artificial sound speed at time step n. We set CFL= 0.6 for all our simulations.

2.2 Level-set method

The LS method is chosen to represent the phase-interface for its simple and strong capability of
handing large interface deformations and topological changes. The location of interface is represented
implicitly by the zero level-set, and a Hamilton-Jacobi equation is solved for updating the implicit
interface. The volume fraction, interface segment and cell-aperture in Eq. (2.5) can be reconstructed
from the level-set function. The interface curvature can be obtained directly from the level-set function

as well, except for the cut cell containing a contact line.

2.2.1 Level-set function

The level-set function, ¢, which describes the signed distance from the interface to each cell center, is
used to track the interface. The zero-level set, i.e. ¢ = 0, represents the interface I', and the phases

are distinguished by the change of the sign. That results in following properties,

>0 if X € Phasel,
p(X,t)=4=0 ifxerl, : (2.11)

<0 if X € Phase2,

The level-set field is advanced by [17]

o) _
5 T Ve =0, (2.12)

where u represents the velocity for the level-set obtained with the interface interaction model [35].
The spatial derivatives are approximated by an upwind method based on the sign of u. At each grid
point, define @, as a backward difference and ;" as a forward difference. If u; > 0, approximate @
with @;F. If u; < 0, approximate @, with @, . When u; = 0, the u;(¢,) term vanishes, and @, does not

need to be approximated.
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Practical experience suggests that level-set methods are sensitive to spatial accuracy [53], implying
that the high-order accurate WENO method is required to get a more accurate approximation for
¢, and @;. And a 2nd-order TVD Runge-Kutta scheme is preferred for temporal discretization to
obtain accurate numerical solutions.

When the interface evolves under the external velocity field the level-set function can become
irregular and loose its signed distance property. In order to avoid this, the level-set function needs to
be reinitialized. The reinitialization needs to reset the level-set function without actually changing the
location of the interface. Here, a partial differential equation (PDE) based reinitialization equation is
solved [17],

¢

5, TS(@) (@) (IVe|-1)=0, (2.13)

where S(¢) is the smoothed sign function by Peng et al. [56],

S(¢) = P (2.14)

VoI +]oc2(Ax)

The signed distance property is recovered by solving Eq. 2.14 until steady, where 1 is fictitious time,

such as At = dx/2.

2.2.2 Volume fraction of cut cell

With the standard level-set technique, the volume fraction asz for the phase corresponding to ¢ > 0
can be estimated by a smoothed Heaviside function OC:'J. = H (¢, €) where € is a tunable parameter
that determines the size of the bandwidth of numerical smearing [76]. And the volume fraction Q;
for the phase corresponding to ¢ > 0 can be calculated by the relation by of;; =1 — Oclfj. According to
volume fraction, the cells can be classified into three types: cells with volume fraction larger than 0.5
are normal cells, cells with volume fraction less than 0.5 but non-zero are small cells, and otherwise
they are empty cells. As addressed in Sec. 2.1.1, a mix procedure is introduced to maintain the
stability when updating the small cells or empty cells.

To obtain accurate volume fraction, Lauer et al. [42] employed the marching-square approach to
determine the interface topology. Although 16 cases exist in 2D, there are 256 cases when extending it

to 3D by the corresponding way, marching cubes [44]. They are complex and computationally costly
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due to the necessity of identifying the correct topology, especially with the presence of ambiguous

topology.

To overcome this difficulty, a subcell-resolution interface-reconstruction scheme is proposed in
Paper I, which avoids complex case-selections for identifying the topology of the interface, and its

extension to 3D is straightforward.

2.2.3 Interface curvature

The interface curvature in a cut cell is defined by k =V - (%) , which can be rewritten, in three
dimension, as
— (Pxx + (pyy + (pZZ
((p3+<p§+<p§+8)1/2 (2.15)
PPt Pyt 2P+ 2(PePy Py + Qe P + P2 02) '
(92 + 97 +92+¢)"?

where € is a small positive number to avoid division by zero [61]. Note that the curvature in two
dimensions is obtained by setting all derivatives with subscript z to zero. Since all the partial derivatives
in Eq. (2.15) are usually computed at the cell center with standard central difference schemes, the
curvature x is estimated at the cell center. Therefore, this value is corrected for the distance of the cell

center from the interface by approximating the interface locally by a circle or sphere in Paper I.

A difficulty arises with the presence of the contact line at the solid wall. The curvature at the
contact line cannot be obtained directly through Eq. (2.15), since the stencil of central differences
for the cell adjacent to the wall would contain ghost cells in the wall. Close to the contact line, the
balance between viscous stresses and capillary forces primarily determines the interface profile. The
curvature at the contact line should be reconstructed to respect above balance. Cox [13] provides a
general hydrodynamic description of a moving contact line, where the interface profile presents a
logarithmic dependence on the Capillary number. Therefore, an effective curvature is estimated based
on the asymptotic theory of Cox in Paper II, where the moving of the contact line is attributed to the

updating of the level-set field.
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2.2.4 Non-resolved cut cell

Another issue associated with multi-phase flow is the non-resolved interface problems, because it
manifest singularities at the interface, which may give rise to errors for calculating volume fractions
and interface curvatures. For a given spatial resolution with the grid size &, the phase-interface
segments with magnitude of 1 can be categorized into resolve ones by 11 > h and non-resolved
ones by n < h. As shown in Fig. 2.2(a), the cells marked by blue stars are non-resolved cut cells
due to the corresponding scale smaller than a grid size. An effective approach is to separate them
from well-resolved field, otherwise the error of estimating these geometry properties would lead to
erroneous or even numerically unstable simulations. Fig. 2.2(b) shows the reconstructed interface
after filtering the non-resolved cut cell. It is found that there are singularities at the interface, the

geometry properties are can be estimated from the level-set function again.

( {
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Fig. 2.2 Identification of the non-resolved cut cells in two dimensions: (a) the initial interface with
non-resolved cut cells (blue stars); (b) interface reconstruction (dash line) by filtering non-resolved
cut cells.

Non-resolved interface segments are often presented as drops and thin filaments with length scale
close to the grid size h. In the level-set field, they take a common property that is lack of consistency
among the level-sets near the interface. Such property is corresponding to the large discrepancies
that induced by the non-resolved interface segments when subjected to a small shift of the level-set
field. With this observation, Han et al. [24] established a relationship that allows for identifying
non-resolved interface segments from their response to a small constant shift of the level-set, called

"stimulus". Scale separation is achieved implicitly and efficiently by incorporating a stimulus-response
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operation into the process of level-set reinitialization. Due to sign-dependence of the procedure for
identification of all non-resolved interface segments, two stimuli in opposite directions are required.
Obviously, shifting the level-set and re-initialization twice in the entire field are quite time consuming,
especially when the non-resolved interface structures compose only very small portion of the entire
interface. To speed up the procedure of scale separation, an efficient multi-scale model is presented in

Paper 111, where a criterion is established to identify the non-resolved interface structures.






Chapter 3

Accomplishments

In this chapter, the extension of the conservative sharp-interface method to incompressible multi-phase
flows and its application for moving contact line are presented. In multi-phase flows, each fluid
has individual density and viscosity, and surface tension forces act at the interfaces. In paper I, we
proposed a sharp-interface method to treat the viscous forces and surface tension forces sharply at
the interface. Paper II is concerned with mesh convergency in the simulation of moving contact line
problems. An issue appears when applying conventional no-slip boundary conditions at the vicinity
of the contact line, which leads to grid-dependent simulation results, i.e. dependent on the grid sizes.
A curvature boundary condition is proposed to overcome this problem. Another issue associated
with multi-phase flows is the multi-scale problem, which gives rise to erroneous or even numerically
unstable simulations. An efficient approach for the multi-scale problems is to separate the scales and
then treat them differently. In Paper III, the original scale separation method is developed to improve

the computational efficiency.

3.1 A conservative sharp interface method for incompressible multi-
phase flow
The treatment of surface tension forces and viscous forces at the interface is essential of simulation of

incompressible multiphase flow problems. Here, we give an overview of some existing numerical

methods, and then summarize the proposed method in Paper 1.
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3.1.1 State of the art

Surface tension forces and viscous forces often play important roles in many natural phenomena and
engineering processes. For example, in the deformation of liquid drop in shear flow, the details of
liquid shape is governed by the capillary force [69], and during the liquid filament contracting, whether
it separates into satellite drops or condenses into a single drop depends on the Ohnesorge number [8].
An accurate approximation of them is essential for simulations of multi-phase flow problems. How
this force is modeled and approximated strongly influences the quality of the approximation of the
velocity field and the pressure, especially in the problems involving large density and viscosity ratios
and high surface tension. In general, there are two developed approaches: one is the DIM; the other is

the SIM.

With the DIM, an artificial mixture or smeared zone close to the interface is created, where the
transition from one phase to the other is smooth. For the material properties, such as viscosity and
density, are treated by the use of smooth functions in the mixture zone, which can be represented as a
volume fraction [31] or a Heaviside-function [78]. For imposing surface tension at the interface, a
widespread used approach is the continuum surface force method [S], where the surface tension is
regularized by a delta function obtained from the volume fraction or a smooth Heaviside function
[78] and as a source term in the Navier—Stokes equations. While the diffuse-interface methods are
conceptually simple, the smoothed zone may be prone to generate nonphysical flows, especially in

surface tension dominated flows [40, 64] or viscous dominated flows [49, 50].

With the SIM, the representation of interface and interface interactions are both treated in a sharp
way. Various approaches have been developed to obtain a sharp interface representation. Examples
of such approaches include arbitrary Lagrangian Eulerian methods [30] where the interface is a
coordinate line which evolves and deforms at the local flow velocity, front-tracking method [83] and
marker method [64] in which the interface can be explicitly capture by interface markers, and the

level-set method [78] where the interface is defined as the zero contour of a signed-distance function.

The level-set method is a simple interface capturing method and possesses strong capability of
handling large interface deformations and topological changes in a straightforward way [54]. A main

drawback of the level-set method is lack of discrete conservation, many attempts therefore have been
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proposed to remedy it. Some hybrid methods, such as the particle level-set method [16, 85] and the
CLSVOF [46, 77] have been developed. While these approaches increase computational complexity
they also compromise the simplicity of the pure level-set method. To avoid being coupled with other
method, Glimm [20] introduced a conservative method based on a grid intersection technique with
the assumption of no topological change in the solution. A fully conservative level-set method for
compressible flows capable of dealing with topological interface changes was introduced by Hu et
al. [37]. In this method the underlying conservative scheme on a Cartesian grid is modified for
computational cells that are cut by the interface.

Moreover, sharp-interface methods require fully coupled treatments of surface tension and viscous
forces at the interface singularity. With the interest of applying the singular surface tension force at
the interface, Sussman [79] treated it as a Dirichlet boundary condition when solving the two-domain
pressure-Poisson equation. Flowing the ghost fluid method, Bo [2] modeled the surface tension as
a pressure jump in Riemann problems. Nourgaliev at al. [49] modeled surface-tension and viscous-
stress for incompressible flows by applying jump conditions at the interface for density, viscosity and
pressure. However, discrete mass conservation is not ensured in these methods. A mass conservative
sharp-interface method by employing an unstructured mesh near the interface has been developed by
Chang et al. [10]. While this method has been demonstrated to be accurate and efficient for computing
surface tension and viscous forces for two-dimensional problems, an extension to three dimensions
may, however, be challenging, especially when the interface and thus also the unstructured meshes

becomes very complex, as in most practical applications.

3.1.2 Summary of the presented method

In Paper I, we develop a conservative sharp interface method based on [37] for incompressible flows
with viscous and surface tension effects. Employing a weakly compressible framework, the method is
simple, mass conserving and capable of handling flows with large density and viscosity ratios and
high surface tension. Moreover, both surface tension and viscous forces are treated sharply at the
interface.

For viscous stress at the interface, the present method imposes the viscosity jump directly on

the momentum flux across the interface. Based on two assumptions: (a) in a neighborhood of the
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interface the velocity distribution is linear within each fluid; (b) the viscous stress is continuous
at the interface, an effective viscosity in the cut cell is provided via harmonic mean with respect
to the volume fractions of the two fluids. As now we can obtain viscous stress directly from the
velocity difference across the interface. Since the viscosity jump is imposed at the interface directly
on the momentum flux across the interface, momentum conservation and the ability of handling large

viscosity ratios are ensured. The extension to three dimensions is straightforward.

For surface tension, a constrained Riemann problem is solved to impose the pressure jump at the
interface. Combining with the effective viscosity by assuming continuous viscous stress across the
interface, the surface tension effect contributes to the pressure jump at the interface only. The interface
pressures for individual fluids and the interface velocity are all obtained by solving the constrained
Riemann problem. Then, the interfacial momentum flux is ensured. The present approach also applies
to a free surface boundary, just assuming that one fluid is subjected to the free surface condition. Note
that, due to the non-conservative form of the surface-tension model, the implementation of pressure
jump does not satisfy momentum conservation. However, since the present formulation is based on a

conservative sharp-interface method, it maintains the so called zero-order consistency.

In addition, a subcell-resolution scheme by refining the cut cell recursively is used to improve the
accuracy of calculating cell-face aperture and volume fraction. First, cut cells are divided into two
types: simple-interface cells in which the interface is a single connected patch, and complex-interface
cells in which the interface possibly has multiple unconnected patches, e.g. the cell is cut by the
interface more than one time. A complex-interface cell is identified by checking the inconsistency of
the local-gradient estimations of the level-set at the cell center, obtained by forward and by backward
differences. A complex-interface cell is refined recursively into subcells until each subcell is a simple-
interface cell or the relative error reaches a certain threshold. Subsequently, the volume fraction and

apertures on the original cut cell are computed by combining the results from all subcells.

The viscosity model is validated through a typical case of shear flow with two viscous horizontal
fluid layers. Comparisons with the exact solution show that the present method predict agreement
velocity profile of the fully developed flow, even when a sharp kink appears at the interface. A static
drop in equilibrium is considered to validate the proposed surface tension model, the errors between

the prediction and exact solution takes nearly second-order accuracy with mesh refinement. The
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oscillation of a drop under surface tension allows to access the prediction of capillary instabilities,
the error of the predicted oscillation period is much smaller than that reported in [57]. To access
the capability of handling coupled effects of viscosity and surface tension, a drop deforming in a
Couette shear flow is simulated. The obtained results are in good agreement with those in Hu et al.
[36] and Zhou et al. [90]. The simulation of two-fluid Poiseuille flow illustrates the great capability
of predicting the instabilities in the linear range as well as in the non-linear region. The last test is
the liquid filament contraction and breakup, which is simulated to assess the capability of the present
method for three dimensional configurations with coupled effects of viscosity and surface tension.
The obtained results are in very good agreement with the experiment [8] and previously published
data [48].

My contribution to this work was the development of the method and the corresponding com-
puter code for its implementation. I performed simulations and analyzed the results, and wrote the

manuscript for the publication.

3.2 Curvature boundary condition for a moving contact line

Simulation of flow involving a contact line moving along a no-slip solid surface is complicated, which
are prone to generate grid-dependent simulation results when encountered with the conventional
no-slip boundary condition. Here, we give an overview of some existing numerical methods to

overcome this difficulty, and then summarize the proposed method in Paper II.

3.2.1 State of the art

An interface separating two fluids may also be in contact with a solid surface where the liquid wets
the solid surface. The line where the interface separating the two fluids intersects the solid surface
is called the contact line. If we consider a liquid drop on a solid substrate, there are three different
phases present. Therefore, there are three surface tensions that need to be considered: solid-liquid,
liquid-gas, and solid-gas. For the equilibrium drop, it respects the Young’s equations, however, the
difficulties arise when subjected to the moving contact line. There are two fundamental difficulties

in the numerical treatment of the contact line [21]. The first is associated with the conventional
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no-slip boundary condition, which leads to, i.e. dependent on the grid sizes. The second is due to the

resolution challenge on describing the near-wall phase-interface profile.

To obtained grid-independent simulation results various approaches are proposed, such as the
slip model [80], the precursor film model [63], the diffusive interface model [89], and the multi-scale
model combing molecular dynamics and diffusive interface [58]. Whether getting grid-convergent
results or nor is related to respective prescribed parameters in above models, e.g. slip length in the slip
model, film thickness in the precursor film model and interfacial thickness in the diffusive interface
model. In order to obtain mesh convergency results, the mesh grid should reach specific length scale
corresponding to prescribed parameters. With the framework of the slip model, the grid size should be
smaller than the introduced slip length. In practical, slip length is usually inferred to be of nano-meter

scale, however, using extremely fine meshes could require enormous computational resource [15].

To solve the flows with moving contact lines with reasonable mesh grids, the microscopic region
is usually modeled based on hydrodynamic theories, which circumvents extremely small mesh grid
to obtain grid-independent simulation results. Schonfeld and Hardt [65] obtained almost mesh
independent results in the case of capillary rise by combined model with a macroscopic slip and a
localized close to the contact line, where such body force is inferred from the hydrodynamic theory in
the microscopic region. Similar mesh-independent results are obtained in [1] of Afkhami and Zaleski
by modeling the dynamic contact angle based on an analog to Cox’s theory, where the applied contact
angle boundary condition is presented as a function of mesh size. Sui and Spelt [74] extended this
method to cover viscous and inertial regimes by considering higher-order terms in Cox’ theory. One
difficulty of such methods based on Cox’s theory is to solve the complex, implicit integral function
relating the microscopic angle to the macroscopic angle, which is either replaced by a simplified form

[1, 15] or resorted to numerical approaches [74].

The phase-interface near wall at the contact line should be specified to compute the curvature. In
numerical simulations, imposing an apparent contact angle is a common way to define the interface
in the vicinity of the contact line [88]. Afkhami reconstructed a height function at the contact line
based on the contact angle to estimate the curvature of the interface for their VOF [1]. Also, in
Sui’s mesh convergent approach, an iterative procedure is used to impose the contact angle for their

level-set method [74]. However, imposing a contact angle can move the contact line from its previous
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position, which may violate the conservation of mass and lead to parasitic currents. To remedy
artificial movement of the contact line, Spelt [71] and Walker [84] proposed to track the contact line
explicitly, and Rocca [60] applied a modified reinitialization routine for the level-set based on the

Hamilton-Jacobi equation in the vicinity of the contact line.

3.2.2 Summary of the presented method

In Paper II, we present a curvature boundary condition for simulating multi-phase flow involving
moving contact line. To obtain mesh convergency results, the microscopic region near the contact line
is modeled based on Cox’s theory as that of [74]. Differently, an effective curvature is formulated
explicitly based on the asymptotic theories of Cox [13], which avoids solving the complex, implicit
integral function. Meanwhile, no artificial moving of the contact line occurs, so the conservation of
mass is ensured.

The fluid fields is updated by the conservative sharp interface method in Paper 1. For the boundary
condition of fluid field at the solid in the presence of moving contact line, the conventional no-slip
boundary condition is applied without any modification. The phase-interface is captured by the
level-set method for its simplicity of handling large interface deformations and topological changes.
Within a level-set framework, the interface curvature in a cut-cell far away from the moving contact
line can be obtained directly from the level-set function. However, the curvature cannot be obtained
directly from the level-set function at the contact line, since the level-set functions are not defined
therein when using the central differences. Alternatively, the curvature in a cut-cell with moving
contact line is provided by the curvature boundary condition

This effective curvature at moving contact line is formulated based on the asymptotic theories
of Cox [13]. Close to the contact line, the balance between viscous stresses and capillary forces
primarily determines the interface profile. Cox provides a general hydrodynamic description of a
moving contact line, where the interface profile presents a logarithmic dependence on the Capillary
number (Ca). Hence, we could define a macroscopic contact angle at a small height above the wall.
The average curvature in the cut cell with contact line can be estimated based on this macroscopic
contact angle. Finally, the relationship between the curvature and Cox’s theory is established, where

an extra-curvature is introduced into the original curvature. If the contact line reaches an static
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equilibrium, this extra-curvature vanishes. It is possible to extend the curvature boundary condition
to axisymmetry and three dimensions, where an addition curvature should be provided, i.e. radial
curvature in axisymmetry and planar curvature in three dimensions.

The equilibrium shape of a water drop on a wall is first considered demonstrating the capabilities
of the presented method for static contact angle problems. In the absence of gravity, the simulation
recover the theory that the equilibrium shape of the water drop is a circular cap respecting the preset
static contact angle at the wall [14]. Furthermore, in the presence of gravity the simulation results are
in good agreement with the asymptotic solutions, where the shape of the water drop is determined by a
balance between surface tension and gravity [14]. Then we perform two channel flows involving two
immiscible fluids, displacement flow and couette flow. To check the spatial convergence of present
method, the computational domain is discretized with increasing resolutions. The temporal evolution
of the interface profile suggest about second-order convergency with mesh refinement. In the case
of displacement flow in a channel, there is almost no visible difference between the present result
and theoretical predication. Moveover, several cases with various viscosity ratios are conducted to
manifest the performance merits, where the effective curvature can be formulated explicitly and avoids
solving the integral function and determining the inverse function. Finally, we conduct a numerical
simulation of the drop spreading in axisymmetric coordinates and compare the simulation results with
experiments to validate the present method. The simulation is in agreement with the experiment [91].
And the mesh convergence test shows that the computed wetting length agrees well with Tanner’s law.
The presence of a little discrepancy prompts us to built a model for the microscopic contact angle in
the future. In addition, the mass conservation is validated in this case.

My contribution to this work was the development of the method and the corresponding com-
puter code for its implementation. I performed simulations and analyzed the results, and wrote the

manuscript for the publication.

3.3 Efficient formulation of scale separation for multi-scale modeling

Small scales and non-resolved interface segments are generated during the interface evolution, and

are prone to introduce numerical fluctuations in calculation of the geometry properties and to yield
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inaccurate results due to the scale-dependent dynamics. Therefore, an effective approach is to separate
them from well-resolved field and treated them individually. Here, we give an overview of some
existing numerical methods on scale separation, and then summarize the proposed method in Paper

III.

3.3.1 State of the art

There is a growing interest to accurately model and simulate multi-phase flow phenomena. Phenomena
such as shock bubble interaction [37], drop impact [19] and spray atomization [6, 29] require handling
of a wide range of physical scales in numerical simulation, which poses a great challenge to resolve
all the length scales. Even adaptive mesh refinement [45] and multi-resolution [23, 26] are not able
to tackle for expensive computational cost. Another issue associated with multi-scale problems due
to scale-dependent dynamics implies very different physical phenomena acting at different length
scales [34]. For example, a pressure disturbance propagates across a large scale with pure-material
sound speed but small scale with a mixture sound speed. The underlying mechanism depends
on whether there is local mechanical non-equilibrium (microscopic view with resolved interface),
mechanical equilibrium (macroscopic view with unresolved interface) or thermodynamic equilibrium
(macroscopic view with miscible interface) between the two fluids. Therefore, an efficient approach
for the multi-scale problems is to separate the scales and then treat them differently.

With the sharp interface methods [17, 37], accurate modeling of interface interaction is important.
To estimate the states of fluids at the interface, the geometrical parameters, such as normal direction,
curvature and volume fraction is essential. For a given spatial resolution with the grid size &, the
phase-interface segments with magnitude of 1) can be categorized into resolve ones by 17 > & and
non-resolved ones by 17 < h. In presence of non-resolved interface segments, the reconstruction of
these parameters would fail based on the given grid resolution. To to overcome this difficulty, there
are two established approaches to separate resolved and non-resolved interface segments: one is
based on a Refined level-set grid method [27-29]; the other is the constrained stimulus-response
procedure [24]. In the Refined level-set grid method, the level-set equations are solved on a separate,
refined grid, compared to the resolution grids for fluids. The scale separation is achieved by checking

the difference of volume fractions measured on a coarse grid and a refined grid, respectively [34].
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The refinement-based method, however, requires refined resolution for the level-set, which increases

computational cost as well as coding complexity.

With the constrained stimulus-response procedure scale separation is achieved on the same
resolution grids as fluids. As pointed out in [24], resolved and non-resolved interface segments act
differently when they are subjected to a small constant shift of the level-set. Based on this observation
separation of these scales can be achieved through a stimulus-response operation during level-set
re-initialization. Though this procedure is effective, shifting the level-set and re-initialization twice
in the entire field are quite time consuming, especially when the non-resolved interface structures
compose very small portion of the entire interface. Moreover, the smoothing effect of the interface is
associated with a criterion defined in constrained re-initialization, where this criterion is formulated
to select the anchored and unanchored cells to avoid undesirable displacements of well-resolved

interface segments.

3.3.2 Summary of the presented method

In Paper III, we modify the stimulus-response procedure to improve the computational efficiency. The
non-resolved interface structures are identified by examining the consistency between the auxiliary
and zero level-sets, and the resolved structures are separated by a localized re-distance approach to

avoid the entire-field operation of the re-initialization.

In the level-set field, non-resolved interface segments are often presented as drops and thin
filaments, which take a common property that is lack of consistency among the level-sets near the
interface. Such property is corresponding to the large discrepancies that induced by the non-resolved
interface segments when subjected to a small shift of the level-set field. With this observation, we
establish a criterion to identify under-resolvable interface segments from the well-resolved ones. First,
we sketch two auxiliary level-sets, and then define two types of cut cells associated with such auxiliary
level-sets: positive auxiliary cut cells intersected by the positive auxiliary level-set and negative
auxiliary cut cells intersected by the positive one. The cut cell associated with non-resolved interface
segments can be identified by checking the auxiliary cut cells in its neighborhood. In the monotonic

region where the interface is well resolved, there are both positive and negative auxiliary cut cells in
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their nearest neighbors. For the cut cell associated with the non-resolvable interface segment, there is

only either positive or negative auxiliary cut cell in its nearest neighbors.

After the cut cells containing non-resolved interface segments are identified, one should assign
a reasonable level-set value for these cells to remove all the non-resolved structure and reconstruct
a well-resolved interface around the non-resolved region. Here, the level-set value of these cut
cells are estimated directly from a re-distance method. First, the cut cells who contain non-resolved
interface segments are classified into two categories according to the type of auxiliary cut cells in its
neighborhood. Then the level-set value of cut cells that contain non-resolved interface segments can
be simply estimated based on the minimum distance to the corresponding auxiliary level-sets. We
calculate all the distance to the corresponding auxiliary cut cells and choose a minimum one as the
level-set value of this cut cell. When the level-set value of all non-resolved cut cell are resetted, the
non-resolved structures are filtered out and a well-resolved interface is obtained. Note that the present
method does not apply level-set shifting and re-initialization in the entire level-set domain as in [24],
it increases the computational efficiency considerably. Meanwhile, a specific criterion to select the
anchored and unanchored cells for the constraint re-initialization is not needed with the absence of

re-initialization.

A canonical advection test of a circle in a single vortex flow is carried out to exam the smoothing
effect of the present method on the interface as well as computational cost. Compared with scale
separation procedure in [24], not only more interface segments are remained, but also the present
method achieve a speed up of 2.3 times on scale separation. To demonstrate that the present method
has no effect on the well-resolved interface structure, we carry out a two-dimensional simulation of
an underwater explosion. The simulation results are the same with those in [23]. Compared with the
results obtained without scale separation, no interface segments is removed due to the well-resolved
interface. To validate the present method on handling the complex interface, we consider a shock
bubble interaction problem. The results are in good agreement with previous numerical work of
[23, 51, 62, 70] and the experiment [22]. To verify mesh convergency of the present method, we
consider a case of liquid filament break-up under the gravity and capillary effects. This problem

has been studied both experimentally [9, 86] and numerically [24, 57, 73]. The simulation results
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suggests at least second order convergency with mesh refinement. Furthermore, the results recovers
the expected potential flow scaling law [43].

My contribution to this work was the development of the method and the corresponding com-
puter code for its implementation. I performed simulations and analyzed the results, and wrote the

manuscript for the publication.



Chapter 4

Conclusions

In this work, three numerical methods are developed to tackle several issues in numerical simulations
of incompressible multi-phase flow. A conservative sharp interface method is used to deal with the
viscous forces and surface tension forces sharply at the interface. A curvature boundary condition is
presented for simulating multi-phase flow problems with moving contact line. In addition, an efficient

formulation is developed to separate non-resolved interface segments of the multi-scale problem.

Employing a weakly compressible framework, the original conservative interface method is
developed for incompressible flows. Since the method is constructed based on its compressible
version, the original conservative interfacial-flux formulation and simplicity are maintained. By a
subcell-resolution method for evaluating the volume fraction and cell face aperture of computational
cell cut by interface, the accuracy of interface reconstruction is ensured without resorting to complex
and consuming operations for identifying ambiguous topologies. Moreover, it contributes to the
numerical stability. The viscous stress at the interface is directly imposed on the interfacial-flux to
ensure conservative of momentum by a simple formulation of effective viscosity. The pressure jump
due to surface tension is imposed consistently after solving the constrained Riemann problem. While
the numerical results of a number of validation tests show that the method is robust, accurate, and
capable of handling large density and viscosity ratios and high surface tension, the simulations of
extensive two- and three-dimensional example problems compared with experiments or previous

results suggest that the method can be applied to a large range of flow problems.
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Based on the asymptotic theory of Cox, a curvature boundary condition is derived for simulating
multi-phase flow problems with moving contact line. The curvature is explicitly defined and valid for
variable viscosity ratios. Furthermore, since the present method does not prescribe the value of the
contact angle explicitly, the contact-line evolution is determined by the flow field directly, and artifacts
by mass-conservation errors are avoided. The numerical model has been tested by comparison with
analytical solutions, previous numerical simulations or experiments for several typical problems,
including the equilibrium shape of a drop on a wall, displacement flow in a channel, Couette flow in a
channel and drop spreading on a wall. The simulation results show that the present method leads to
grid-convergent results and ensures mass conservation. Furthermore, while the simulation with the

present method is in good agreement with experimental data and theory.

We have developed a new formulation for scale separation to improve the computational efficiency
for multi-scale sharp interface modeling of multi-phase flows. Based on the observation that there is
lack of topological consistency between the auxiliary and zero level-sets for the non-resolved interface
segments, the cut cell associated with non-resolved interface segments are identified explicitly by
checking the auxiliary cut cells in its neighborhood. Non-resolved structures are removed and the
corresponding level-set field is reconstructed by a localized re-distancing method. Several typical
numerical examples are simulated to validate the performance of the present scale separation method.
The results show that the current approach is able to handle complex interface evolution. Compared
to Han et al. [24], the present method decreases the over-smoothing effect of the original method
and achieves a considerable computational speed up. Furthermore, the simulations of the filament-
breakup case on with increasing grid resolutions verifies the physical consistency of the present

scale-separation method.

Combining these methods together, the new conservative sharp interface method is already
successfully applied to challenging problems, such as liquid filament contraction and breakup or
predicting the interfacial instabilities involving Rayleigh—Taylor and viscous Kelvin—Helmbholtz flows.
However, some problems are still open. As pointed out in Paper II, a small discrepancy presents in
comparison to the experiment, because the microscopic contact angle is simply set to the constant static
angle. In fact, the microscopic angle rather varies with capillary number and kinetic energy dissipation,

For the further improvement, a model for the microscopic contact angle are required as well as to
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consider contact angle hysteresis. In addition, as stated in Paper III, the non-resolved interface
segments are simply deleted after they are identified by a scale separation procedure. Actually, a
model should be built to handle these segments, including the evolution of them, interaction with

resolved interface and collision between each other.
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Volume fraction

1. Introduction

In multiphase flows, surface-tension forces and viscous forces often play important roles. For example, the deformation
of liquid drops in shear flow is governed by the competition between surface-tension forces and viscous forces [49]. From
a numerical perspective, surface tension leads to a singular force only acting at the interface, and differences of density or
viscosity introduce discontinuities of material properties across the interface. The treatment of interactions at the interface
is a challenge for numerical models of multiphase flows.

In general, there are two established approaches for modeling interface interactions, the diffuse-interface method and
the sharp-interface method. With the diffuse-interface method the interface is represented by an artificial region with
limited thickness, where the transition from one phase to the other is smooth. Material properties, such as viscosity and
density, are represented by a smooth function, such as the volume fraction [20] or a Heaviside function [52]. For computing
surface tension, a widespread approach is the continuum-surface-force method [4], where the singular surface tension
force is regularized by a delta function obtained from the volume fraction or a smooth Heaviside function [52]. While the
diffuse-interface methods are conceptually simple, the artificial mixing region may generate nonphysical artifacts, such as
parasitic flows near a static interface by surface tension and wrongly predicted instability growth rates of viscous interfacial
flows [45,26,38,37]. With the sharp-interface method, the interface as well as the interface interactions are all localized at
the infinitely thin interface. Various approaches have been developed to obtain a sharp interface representation. Examples
of such approaches include the arbitrary Lagrangian Eulerian (ALE) method [19], where the interface is represented by
the computational mesh which evolves and deforms with the flow, the front-tracking method [54,45] where the interface
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is represented explicitly by interface markers, and the level-set method [52], where the interface is defined as the zero
level-set of a signed-distance function.

While the level-set method is simple and shares algorithmic similarities with the diffuse-interface method, it is able to
handle large interface deformations and topological changes in a straight-forward way [39]. A main drawback of the level-set
method is the lack of discrete conservation properties. For incompressible flow this problem has been addressed by hybrid
methods, such as the particle level-set method [11,55] and the coupled level-set and volume-of-fluid method (CLSVOF)
[51,34]. While these approaches increase computational complexity they also compromise the simplicity of the pure level-set
method. To maintain simplicity Glimm et al. [16] introduced a conservative method based on a grid intersection technique
for compressible flow without topological interface changes. A fully conservative level-set based sharp-interface method for
compressible flows capable of dealing with topological interface changes was introduced by Hu et al. [25]. In this method
the underlying conservative scheme on a Cartesian grid is modified for computational cells that are cut by the interface.
A mixing procedure is introduced to avoid a time-step restriction due to small or empty cells. In order to calculate the
numerical fluxes and fluid states associated with cut cells, the cell-face aperture and volume fraction are reconstructed from
the level-set function. While the simple algorithm used by the original method [25] is suitable only for two-dimensional
reconstruction, more elaborate marching square or marching cube [32] algorithms are required for accurate reconstruction
in three dimensions. The difficulty is that these algorithms are either not accurate due to ambiguous topology or they are
complex and computationally costly due to the necessity of identifying the correct topology [29].

Sharp-interface methods require fully coupled treatments of surface tension and viscous forces at the interface singu-
larity. Sussman et al. [50] treated the pressure jump introduced by surface tension in incompressible flows by a Dirichlet
boundary condition when solving the two-domain pressure-Poisson equation. Bo et al. [1] modeled the surface tension in
compressible flow as a pressure jump within the Riemann problem between the real fluid state and its corresponding ghost
fluid state, following the ghost fluid method [13]. Nourgaliev et al. [37] modeled surface-tension and viscous-stress for in-
compressible flows by applying jump conditions at the interface for density, viscosity and pressure. However, discrete mass
conservation is not ensured in these methods. A mass conservative sharp-interface method by employing an unstructured
mesh near the interface has been developed by Chang et al. [8]. While this method has been demonstrated to be accurate
and efficient for computing surface tension and viscous forces for two-dimensional problems, an extension to three dimen-
sions may, however, be challenging, especially when the interface and thus also the unstructured meshes becomes very
complex, as in most practical applications.

In this paper we develop a conservative sharp-interface method based on Ref. [25] for incompressible multiphase flows
by employing a weakly compressible model, which is widely used e.g. in smoothed particle hydrodynamics (SPH) [35,21]
and the lattice Boltzmann method [9]. Moreover, the weakly compressible model has been applied recently to study a
range of turbulent and non-turbulent incompressible flows [46]. From the original method for compressible multi-phase
flow the present method inherits the property of mass conservation and the ability of handling large density ratios. Unlike
the effective-viscosity approach in the diffusive-interface method [28,31], where a mixture viscosity is used to represent
the effective viscosity of the entire mixture cell cut by the interface, the present method imposes the viscosity jump at the
interface directly on the momentum flux across the interface to ensure momentum conservation and the ability of handling
large viscosity ratios. For interface reconstruction, a subcell-resolution scheme by refining the cut cell recursively is used to
calculating cell-face aperture and volume fraction. Such scheme avoids the complicated topology-identification operations
in marching cube algorithms, and eliminates the error due to ambiguous topology. It also is much easier to program than
marching-square or marching-cube schemes, where 16 cases in two-dimensions and 256 cases in three-dimensions have to
be identified [32].

In Section 2, we give an overview of the conservative sharp-interface method for simulating incompressible flows with
the weakly compressible model. We briefly review the level-set method for the interface representation, and propose a
subcell-resolution scheme to calculate the volume fraction and cell-face apertures in Section 3. In Section 4, we present the
method for calculating the viscous stress at the interface, a momentum-flux based surface tension formulation. The overall
method is validated with numerical examples in two and three dimensions in Section 5, and concluding remarks are given
in Appendix A.

2. Weakly compressible sharp interface method

For the weakly compressible model the governing equations can be written as

ou
_+V'F=V'Fv+as, (1)
ot
where U is the vector of mass and momentum densities; F represents the convective fluxes, and F, the viscous fluxes. Note
that the right-hand side of Eq. (1) vanishes when it represents the continuity equation. For momentum conservation, the

surface-tension force is given by

where o, k, N are surface tension, curvature and normal direction of the interface, respectively. &, is a Dirac delta function
defined in the normal direction of the interface.
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Fig. 1. Schematic of discretization for a cut cell (i, j) on a collocated grid: the red dot indicates the cell center, the red line indicates the interface, the green
dashed line indicates the cell face, o; ; denotes the volume fraction occupied by fluid1 in cut cell (i, j), A denotes the cell-face aperture, N is the normal
direction of the interface and ATj ; the segment of the interface. (For interpretation of the references to color in this figure legend, the reader is referred
to the web version of this article.)

To close the governing equations an artificial equation of state relating the pressure and density is used. Here, we use
Tait’s equation

o~ ](2) o
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where M is the Mach number, y is an artificial specific-heat ratio, v; denotes a characteristic flow velocity, pp and po are
reference density and pressure, respectively. The artificial sound speed is ¢ =,/ 7%3. To impose incompressibility, we choose

the parameters y, B and pg such that the Mach number satisfies M = % ~0.1.

The flow domain £2 is divided by a time-dependent interface I" into two sub-domains 2! and $22, which denote the
regions occupied by fluid1 and fluid2, as shown in Fig. 1. We solve Eq. (1) for each fluid in its respective sub-domain 2™
(m=1,2), as in Hu et al. [25], on a two-dimensional collocated Cartesian grid with spacing Ax and Ay. Integrating Eq. (1)
over a computational cell and applying the Gauss’ theorem yields

n+1 n+1

/dt f dxdy%—k/dt / dxdyF - n

n Ajj2m n (A ;2™
n+1 n+1

=/dt / dxdyFU~n+/dt / dxdyF; - n, (4)
n A j1£2™) n Al

where A; j = AXxAy is the cell volume; A; ;N 2™ can be represented as «; jA; j, where «; ; is the time dependent volume
fraction of fluid m and satisfies 1 >« > 0. 9(A;j N £22™) denotes the faces of cell i, j wetted by fluid m, including the
interface segment contained in the cell, and Fs is an additional flux at the interface due to surface tension. The surface
d(A; j N £2™) with surface normal n can be represented by two parts. One part is the combination of four segments (in
two-dimensions) of the cut cell faces, which can be written as Aj;1,2,jAY, Aj jy12A%, Aj_1/2,jAy and A; j_1/2Ax, where
1> A >0 is the time-dependent cell-face aperture. The second, denoted as A[; j, is the segment of the interface I" inside
of cell (i, j). Hence, Eq. (4) can be rewritten in the following form, using explicit first-order forward time difference,
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At o . .
+1yn+1
af T =a{fju',{j+M[X(AF,-J)+x,,(AFi,j)+xs(Ar,-,,-)]

At A ~

+ E[Ai—l/z,jl’i—l/z,j — Aiy1/2,iFit1,2,5]

LA AR Ai o 11170
Ay i,j—1/2Fi,j—1/2 i,j+1/2F,j+1/2
At A A

+ E[Ai—l/z,jl:ui—l/z,j — Aiy1/2,iFviv1/2,5]

At ~ ~
+ A—y[Ai,j—l/ZFvi,j—l/Z — Ai jr12Fvi jr1,2], (5)

where At is the time step size. U; ; denotes cell-averaged vector of mass and momentum densities of the considered fluid,
and «; jU; ; are the conservative quantities in the cut cell. X is the average inviscid momentum flux across the interface,
and XU denotes the momentum flux due to the viscous force. Xs is the momentum flux due to the interfacial pressure
jump induced by surface tension. Note that all the interface fluxes ()A(, X, )A(s) vanish when Eq. (5) discretizes the continuity
equation. All the terms on the right-hand side are calculated at time step n. Note that the extension of Eq. (5) to three
dimensions is straightforward. Specifically, one needs to calculate cell-face apertures, volume fraction and interface patch in
a in three-dimensional cut cell, which is detailed in Section 3.2. Also note that, as shown in Hu et al. [25], discrete global
conservation is maintained for flows without capillary effects.

In this paper, the governing equations of the individual fluids are discretized by a 5th-order WENO-LLF scheme [27] and
2nd-order TVD Runge-Kutta time integration [48]. The time-step is set according to [51],

(6)

AX nAx2 n
At:CFL-min( p p Ax3>,

[ut|+c® u 'V 8mo

where ¢" is the artificial sound speed at time step n. We set CFL = 0.6 for all our simulations. For a small or empty cell,
a stable fluid state may not be obtained based on the time step calculated according to the full grid size CFL condition.
Therefore, a mixing procedure is introduced to maintain numerical stability [25]. In addition, a wavelet-based adaptive
multi-resolution algorithm [17] is adopted for improving computational efficiency.

3. Interface modeling
3.1. Level-set method

The level-set function, ¢, which describes the signed distance from the interface to each cell center, is used to track
the interface. The zero-level set, i.e. ¢ =0, represents the interface I". The entire domain is divided into two sub-domains,
characterized by opposite signs of the level set function. Hereafter, the positive sub-domain refers to fluid1, and the negative
sub-domain refers to fluid2. The level-set field is advanced by [13]

dg

— 4+u-Vp=0, 7

ot ¢ (7)
where u represents the velocity for the level set obtained with the interface interaction model [24]. In practice, the level-
set is updated only in a narrow band near the interface. Outside of the narrow band it is re-initialized by the following
equation [13]

dg

P + sgn(e)(IVe| — 1) =0, (8)

in order to maintain the signed-distance property of the level set, where t is the a pseudo time.
3.2. Interface reconstruction

To solve Eq. (5), the information of the interface associated with the cut-cell, such as volume fraction, cell-face apertures
and interface curvature, are reconstructed from the level-set function.

The accuracy of the approach originally proposed in Hu et al. [25] for calculating cell-face aperture and volume fraction
can be improved by a subcell-resolution interface-reconstruction scheme. As will be shown in Section 4.7.2, such improve-
ment of accuracy is able to improve numerical stability when non-resolved interface singularities are produced in the
solution. In the subcell-resolution interface-reconstruction scheme, cut cells are divided into two types: (i) simple-interface
cells in which the interface is a single connected patch, and (ii) complex-interface cells in which the interface possibly
has multiple unconnected patches, e.g. the cell is cut by the interface more than once. For a simple-interface cell, the cor-
responding volume fraction and apertures are computed directly due to its simple geometry. A complex-interface cell is
refined recursively into subcells until each subcell is a simple-interface cell or the relative error reaches a certain threshold.
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Fig. 2. Schematic for refining the complex-interface-cell in two dimensions. Solid circle and open circle indicate the cell corners with positive and neg-
ative values of the level set, respectively. The black dashed line indicates the actual interface, and the green one a possible reconstructed interface. (For
interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)

(a) (b)

Fig. 3. Four typical cases of cut cells in two-dimensions.

Subsequently, the volume fraction and apertures on the original cut cell are computed by combining the results from all
subcells. A complex-interface cell is identified by checking the inconsistency of the local-gradient estimations of the level-set
at the cell center, obtained by forward and by backward differences. If these two estimates have opposite signs, the cut-cell
is identified as a complex-interface cell.

The procedure of the subcell-resolution reconstruction scheme is sketched in Fig. 2. If a cut cell is identified as a complex-
interface cell, it is divided into 4 or 8 equal subcells in two and three dimensions, respectively, and the level set on the
centers and corners of subcells is evaluated by bi- or tri-linear interpolation. At the same time, ambiguous topologies are
identified by subcell-refinement, as shown in Fig. 2. If a subcell is identified as a complex-interface cell or the relative
error of predicted volume fraction is large, it is sub-divided again. Otherwise the refinement is stopped. Since only the
cell-face aperture and volume fraction in simple-interface cells are actually computed, very simple algorithms, such as those
in Refs. [29] and [23], can be applied. See also the details of an implementation and its extension to three dimensions are
described in Appendix A. Note that in this paper the computation of the interface fluxes for complex-interface cells still is
preformed at the cell-resolution (not sub-cell) level according to Eq. (5) without further modification.

To validate the subcell-resolution scheme, we consider four typical cases of cut cells including simple-interface cells and
complex-interface cells, as shown in Fig. 3. The level set values at cell corners are set as

Case(a) (—0.24/2,0.3v/2,0.3v/2,0.84/2.0)

Case (b) (0.05+/5,0.25+/5, —0.35+/5, —0.15+/5)
Case(c) (—0.24/2.0,0.34/2.0,0.34/2.0, —0.24/2.0)
Case (d) (—0.34/2.0,0.24/2.0,0.2+/2.0, —0.34/2.0).

In Table 1 we list the evaluated volume fractions of cut cells with increasing refinement levels. Note that the volume
fractions remain the same for the simple-interface cells, while the relative errors for complex-interface cells reduce below
1% at the refinement level of 3. The results suggest second-order convergence. In this paper, the error threshold is set at 1%,
so the maximum refinement level of 3 is generally sufficient for all cases.

The interface curvature in a cut cell is defined by xk =V - (%), which can be rewritten, in three dimensions, as

(9)

Pxx t Pyy + Pzz _ (P;%(Pxx + ¢J2/¢yy + (ngﬂzz + 2(0x Py Pxy + OxPzPxz + Py PzPyz2)

= (10)
1/2 3/2
@2 +p2+2+e) @2+ 92 +@2+e)

where ¢ is a small positive number to avoid division by zero [44]. Note that the curvature in two dimensions is obtained
by setting all derivatives with subscript z to zero. Since all the partial derivatives in Eq. (10) usually are computed at the
cell center with standard central difference schemes, the curvature « is estimated at the cell center. Therefore, this value is
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Table 1

Convergence study for the subcell-resolution interface-reconstruction scheme.
Case Level 0 Level 1 Level 2 Level 3 Level 4
(a) 0.92 0.92 0.92 0.92 0.92
(b) 0.375 0.8 0.375 0.375 0.375
(c) 0.6000 0.7900 0.7558 0.7605 0.7604
(d) 0.4000 0.2100 0.2441 0.2394 0.2395

>0
G+1) Ki(i+1,j+1)

° Ke(i+1,j+1

Q(it+1,j+1)

¢<0

Fig. 4. Correction for interface curvature.

corrected for the distance of the cell center from the interface by approximating the interface locally by a circle or sphere,
as shown in Fig. 4, obtaining a corrected curvature as

-1k

B EE— 11
s (11)

K| =
where d is the spatial dimension.
3.3. Viscous flux at the interface

An effective viscosity in the cut cell is constructed to model the viscous flux across the interface, i.e. XV in Eq. (5), based
on two assumptions: (a) in a neighborhood of the interface the velocity distribution is linear within each fluid; (b) the
viscous stress is continuous at the interface. Note that, this approach does not follow the jump condition of Kang et al. [28],
or Esmaeeli and Tryggvason [12], nevertheless, the continuous-shear-stress assumption proves to be accurate and effective
in previous works, such as with front-tracking [56], level-set [52], volume-of-fluid [30] and SPH methods [21]. Consider a
simple two-dimensional configuration with two different fluids with viscosity w1 for the upper fluid and w@, for the lower
fluid, as shown in Fig. 5. The volume fractions of the two fluids are o and 1 — «, respectively. Viscous shear stresses at the
interface are continuous, thus

Vi—V; Vi—-V) Vi—V;
— =M = K2

1 o 1-«
where w; is the effective viscosity, which results as harmonic mean with respect to the volume fractions of the two fluids,
ie.

i , (12)

m1p2
apr+ (1 —a)u
As pointed out by Coward et al. [10], the harmonic average of viscosity is appreciate for the two-layer Couette flow config-
uration. This expression can be generalized for more general interface orientations cut cells. As now we can obtain viscous

stress directly from the velocity difference across the interface. The viscous fluxes across the interface (e.g. in two dimen-
sions) are

Xy = (Fyx Fuy) - (NxAT; j, Ny AT ), (14)

Wy = (13)
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Fig. 6. Schematic for the modified Riemann problem, W and W5 indicate fluid states for fluid1 and fluid2, respectively.

where NyAT} j and Ny ATj ; are the projections of the interface segment in x and y direction, respectively. Fy y = [Txx, txy]T
and F,, = [Txy, Tyy]" are the components of the viscous stress tensor. The extension to three dimensions is straightforward.

3.4. Surface tension

Surface tension by mechanical equilibrium results in a pressure jump at the interface. It is expressed as

[plr =pi1—Pi2=0k. (15)

In order to impose surface tension at the interface, a constrained Riemann problem [1], as sketched in Fig. 6, is solved to
impose Eq. (15). Cells with ¢ < 0 are defined as on the left and the cells with ¢ > 0 as on the right side of the interface.

Due to the small Mach number in the weakly compressible model a simple non-iterative linearized Riemann solver is
employed [24]. The interface states are obtained as

Uy = pi1c1ur + 20U + p1 — p2 — 0K
P1C1 + p2C2
= p1€1(p2 + 0K) + p202p1 + p1€10262(U1 — U2)
P1C1 + 02€2
=,01€1p2+,02€2(P1 —0K) + p1c1p2c2(Uy —Uz), (16)
P1C1 + P2C2

P2
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Fig. 7. Viscosity test: (a) Computational domain and initial condition; (b) Velocity profile for fully developed flow.

where u; is the interface velocity, c; and c; are the artificial sound speeds, and p;; and pj, the interface pressures for fluid1
and fluid2, respectively. Other than defining the ghost fluid state as in Ref. [1], the solution of the constrained Riemann
problem is used for determining the extra interfacial momentum flux due to surface tension X, in Eq. (5), which can be
integrated into the inviscid momentum flux, i.e. X, as

X1 = —pi1(ATL}, jNy, AT} jNy)  for fluid1

R (17)
Xo = pr2(AT; jNx, AT jNy)  for fluid2.

The extension to three dimensions is straightforward. The above approach also applies to a free surface boundary. Assuming
that fluid1 represents a fluid subject to the free surface condition, the interfacial condition becomes
P1—Po— 0K
uy=u1+——————,  Pi=po+ok, (18)
p1c1
where pg is an external reference pressure.

Note that, due to the non-conservative form of the surface-tension model, the implementation of the pressure jump
does not satisfy momentum conservation. However, since the present formulation is based on a conservative sharp-interface
method, it maintains the so called zero-order consistency, i.e. a drop with constant curvature or constant pressure jump
introduces zero total force acting on the drop.

4. Numerical validation and application examples

The following numerical examples are considered to illustrate the capability of the proposed conservative sharp-interface
method to handle viscous forces and surface tension forces: (1) interface separating fluids with different viscosities; (2) static
drop with surface tension; (3) parasitic currents; (4) deformed drop oscillation due to surface tension; (5) drop deformation
in shear flow; (6) two-fluid Poiseuille flow; (7) liquid-filament contraction.

4.1. Interface separating fluids with different viscosities

A simple shear flow of two viscous horizontal fluid layers is considered to assess the capability of handling discontinuous
viscosities. The computational domain is a unit square partitioned by a Cartesian grid with 128 x 128 cells. The flow is
driven with velocities of +10 at top and bottom of the domain, respectively. Periodic boundary conditions are applied in
the horizontal direction. The interface is located initially at y = 0.2, as shown in Fig. 7(a). We consider two fluids with the
same densities but different viscosities. The reference velocity is set to v = 10. Initially, the respective properties of fluids
are given by

p=1, pp=10%>, B=20x10%, y=7.15 =20 fluidl
p=1, po=10%>, B=20x10°, y=7.15 =10 fluid2 (19)
p=y—02 level-set.

As shown in Fig. 7, the velocity profile of the fully developed flow agrees with the exact solution. A sharp kink appears

at the interface in agreement with the exact result, rather than a smooth transition as predicted by a diffuse-interface
method [52].
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Fig. 8. Laplace law test: (a) Pressure distribution; (b) Relative error according to resolution.

4.2. Static drop with surface tension

We consider a static drop in equilibrium to validate the surface tension model. The computational domain is a unit
square with no-slip boundary conditions A liquid drop of radius R = 0.2 is placed at the center of the domain, embedded
in the air. The surface tension coefficient is o = 73. The reference velocity is vy = /0 /oR, and the initial conditions are

p=1, po=10°, B=10? y =14, pu=1 fluid1
p=103, pp=10°, B=10% y =715 =10 fluid2 (20)
¢=—-02+,/(x—0.5)2+ (y —0.5)2 level-set.

Fig. 8(a) shows the steady-state pressure distribution, and Fig. 8(b) depicts the convergence of the relative errors E(Ap) =
| ADnumerical — APexact!/ ADexace With grid refinement. It can be observed that nearly second-order accuracy is obtained.

4.3. Parasitic currents

We consider a 2 x 2 square computational domain with a drop of diameter D = 1.0 placed at its center to evaluate
parasitic currents. It is known that parasitic currents exist due to an imbalance between stresses from surface tension and
viscosity near the interface, resulting in artificial interface distortions [18,41]. The drop is modeled by a water-like fluid
surrounded by a gas-like fluid, and the surface tension is set as o = 1.0. The initial conditions are

p=1, po=10* B=70x10%, y=14, pnu=16x10"> gas
p=103, po=10% B=10°, y=7.15 pu=10"* liquid (21)
@=—05+/(x—1)2+(y—1)2 level-set.

The corresponding Laplace number is La = opD/u? = 10'1. First, we consider a drop resting at the center of the com-
putational domain with periodic boundary conditions. Spurious currents for a static configuration manifest themselves as
artificial velocity fluctuations. The level of parasitic currents can be measured by the numerical capillary number written
as Ca = Umpaxt/0, where Umpax is the maximum velocity. Fig. 9(a) depicts the time evolution of the capillary number with
increasing resolution from 32 x 32 to 128 x 128. It is found that after an initial transient the capillary number decays to-
wards a small stationary value, and decreases with increasing resolution. Note that for the method in [1], La ~ 0(10%) was
reported as the achievable limit of the method. Instead of reducing viscosity, Chang et al. [8] increased the surface tension
coefficient to obtain a capillary number La = 10'° with their conservative sharp-interface method. Second, a drop moving at
a constant velocity is considered. The setup is the same as for the static drop, except that a constant translation velocity in
horizontal direction is inputed as Ug = 0.1. Fig. 9(b) shows the temporal evolution of the capillary number with increasing
resolution. It is observed that, while the spurious-current velocity is larger than that for static drop, its normalized mag-
nitude is still very small, on the order of 10>. Note that for both cases the spurious currents may remain at small finite
values due to artificial sound waves formulated by the present weakly compressible model.

4.4. Drop oscillation
The oscillation of a drop under surface tension allows to access the prediction of capillary instabilities [33]. A two-

dimensional ellipsoidal drop is filled with a water-like fluid and surrounded by a gas-like fluid. The ellipsoidal drop initially
is at rest. Due to the action of surface tension it relaxes in an oscillatory way from ellipsoidal shape to the circular shape.
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Fig. 10. Oscillations of an ellipsoidal drop: (a) Evolution of deformed shape; (b) Evolution of kinetic energy, E = %ff puldxdy.

The oscillating behavior is associated with a transfer between potential energy and kinetic energy. According to the Rayleigh
formula [42,15], the oscillation frequency of a liquid drop with density p; surround by another fluid with density pg is ex-
pressed by

2
a)2=(03—0)%, T=_T[ (22)
(o1 + pg)R w

where o is an in oscillation mode, and R is the volumetric drop radius. Here, we consider o = 2, following [40]. The
computational domain is a unit square with no-slip boundary conditions. The ellipsoidal drop is located at the center of the
domain, and the surface tension coefficient is o0 = 341.642. The initial conditions are

p=1, po=10% B=500, y=14 air
p=10%, pp=10* B=10°, y =715 liquid drop (23)

0o=—-1.0+ \/(x —0.5)2/0.22 + (y — 0.5)2/0.12% level-set.

Note that g as defined by Eq. (23) has to be re-initialized by Eq. (8) before the simulation, as it is not a signed distance
function. The computation is carried out on a mesh with 128 x 128 grid points.

As shown in Fig. 10, the oscillation of the liquid drop is well predicted. The theoretical value of the period is T = 0.0878
according to Eq. (22), for R =0.15825. Fig. 10(b) shows the evolution of the kinetic energy, from which we can evaluate the
predicted oscillation period T = 0.0881. The error is about 0.3%, which is less than the 2% error reported in [40], where a
diffusive-interface method on a 111 x 111 grid has been employed.
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Fig. 11. Drop deformation: (a) The shape of drop in equilibrium and the pressure contour; (b) The velocity field near the interface.

4.5. Drop deformation in shear flow

A drop deforming in a Couette shear flow is computed to validate the present method with coupled effects of viscosity
and surface tension. The drop deforms until it reaches a balance between viscous stresses and surface tension. The final
shape of the deformed drop is governed by two non-dimensional numbers: the viscosity ratio A = /g and the capillary
number Ca = ucroy/o. y is the shear rate, rg is the initial drop radius, . and pg are viscosities of bulk phase and the
drop, respectively. The associated Reynolds number is Re = p)'/r% /Mc. According to linear theory of Taylor [53] the steady
equilibrium deformation parameter, for small deformation and small capillary number, is given by

L+ B 191 4+ 16
D= + =Ca + , (24)
L—B 161 + 16
where L and B represent the semi-major and semi-minor axes of the steady state ellipse, respectively. In the simulation,
the deformation parameter is obtained from the relation between the moments of inertia of the ellipse

T T
I = —LB3, I==1%B. 25
1= 2= 7 (25)

We consider an initially circular drop with radius R = 1.0 centered in the computational domain 8R x 8R. A simple shear
flow is generated by moving the top and bottom walls with constant velocities +4, respectively. Periodic boundary condi-
tions are applied in horizontal direction. The domain is discretized with 256 x 256 grid points. The surface-tension coefficient
is set to o = 200/3. Initial conditions are

p=1, pp=20x10>, B=20x10% y=7.15 =10 fluids
p=—1+/(x—4)2+(y—4)2 level-set.

(26)

As shown in Fig. 11(a), a distinct pressure jump appears at the drop interface at steady state after the viscous stresses and
surface tension have reached a balance. Fig. 11(b) illustrate the velocity field near the interface. It is found that the velocity
is continuous across the interface. Fig. 12(a) shows the drop deformation with increasing capillary number. It is observed
that our results are in good agreement with those in Hu et al. [22] and Zhou et al. [56]. The evolution of drop deformation
obtained with increasing resolution from 64 x 64 to 512 x 512 is shown in Fig. 12(b). By measuring the differences between
the results of successive resolutions to that of the highest resolution, one can extract the exponent of error-decay € oc AxP,
as shown in the insert of Fig. 12(b), which implies about second-order convergence.

4.6. Two-fluid Poiseuille flow

A small perturbation introduced at the interface between two viscous horizontal fluid layers [43] in a channel develops
a linear instability, where the proper, initially linear growth rate of the instability depends strongly on the accuracy of the
interface model. This problem has been widely studied in previous works [3,2,5,10,30]. The set up for this case is shown in
Fig. 13. Subscripts 1 and 2 refer to the upper fluid and lower fluid, respectively. As mentioned in [5] the problem is defined
by the fluid-height ratio n = d,/d1, density ratio r = p2/p1, viscosity ratio m = /41, Reynolds number Re = p1d1Up/ 1,
surface tension o and the wave number o = 27w dy/A, where A is wave length of the initial sinusoidal disturbance. The
width of the domain is chosen to accommodate one wave length A, too. The initial velocity field is given by
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where Uy is the interfacial velocity given by
1dpdidy n+1
0o=—5o 2 (28)

2dx p; m+n’
Note that if periodic boundary conditions are applied in the horizontal direction the constant pressure gradient is expressed
as uniform body force [14]

f=--2 (29)

o dx’

4.6.1. Linear regime

The growth rate of a small initial single-mode perturbation «x is computed from A = AgeX', where Aq is the initial
amplitude. We consider the problem from Nourgaliev et al. [37] without surface tension. The Reynolds number is Re = 7.1
and parameters are o = 2.5133, m = 0.5 and n = 4. Initial amplitude of the perturbation is Ag = 5.0 x 10~3, which is
introduced at the interface. Fig. 14 shows that after an initial transient a linear-growth region is recovered with a good
convergency by increasing resolution from 256 x 256 to 1024 x 1024 grid points. The growth rate is measured by In(A(t1) —



J. Luo et al. / Journal of Computational Physics 284 (2015) 547-565 559

03 - 035 .
f E 5 s
0.25F . 03F 1 eeError | AT
L ] [ s y~x? Vg ]
[ i = Vs E

L ] 0.25F= £
0.2 T 102k £y ]
< < 02 - ) 4
< 0151 256 k=0260] < F10%5 0 » .
5 F - - - - 512 k02451 S0I5F 956
r 1024 k=0.235 ]| L - — — - 512 1
01 7] [ 1024 ]
r ] 0.1 ——-—-- 2048 ]
0.05 o T 0.05 :_ _:
0 al L1 ] 1] ) L L1 L1 =
0 0.5 1 1.5 0 0.02 0.04 0.06 0.08 0.1

(@ ! (b) !

Fig. 14. Linear growth of the perturbation amplitude with different resolutions: (a) The viscosity ratio is set as m = 0.5; (a) The viscosity ratio is set as
m = 0.05. The insert in (b) shows the error decay with increasing resolution at t =0.1.

A(t2))/(t1 —tz), within the line growth regime [5]. We obtain k & 0.235, which is in good agreement with the exact growth
rate of k =0.2274 and the numerical prediction of Nourgaliev et al. [37]. Furthermore, we consider another problem with a
viscosity ratio m = 0.05. Fig. 14(b) shows the results for increasing resolution from 256 x 256 to 2048 x 2048 grid points,
which suggests about second-order convergence.

4.6.2. Non-linear regime

For investigating the non-linear region we perform a simulation with an initial sinusoidal perturbation with large am-
plitude. This problem follows [5], where the initial data are similar to the linear case with m =10, n = 0.6, Re =5 and the
initial amplitude of perturbation is Ag = 0.02. We consider surface-tension effects with three Weber numbers We = oo, 37.5
and 18.8, where We = ,0U(2)d1, /o, and d, is the thickness of the fluid layer with large viscosity. The domain is discretized by
a mesh with increasing grid points from 128 x 128 to 512 x 512.

The computed interface evolution for all three cases is shown in Fig. 15. We observe that the stretching of filaments
increases with increasing We. Note that the present results suggest about second-order convergence, and are in very good
agreement with the results of Cao et al. [5] and Li et al. [30]. In these works the surface tension is represented as a
distributed body force by a smooth Dirac delta function, and also the viscosity is smoothed in a transition region.

4.7. Liquid filament contraction and breakup

The contraction of a stretched liquid filament is simulated to assess the capability of the present method for three
dimensional configurations with coupled effects of viscosity and surface tension. The configuration is relevant for several
practical applications, such as ink-jet printing. Many theoretical and experimental studies have studied the formation of
drops from liquid filaments [6,7,36]. The problem of the contraction of a thin filament, as shown in Fig. 16, has been
proposed by Schulkes [47]. The initial shape of the filament is an axisymmetric cylinder with two hemispherical caps at
both ends. The half-length of the filament is L, and the hemispherical caps have the same radius R as the cylinder. Whether
the filament breaks up into several satellite drops or contracts into a single drop, depends on the aspect ratio of the filament
Lo=L/R, and the Ohnesorge number Oh = 1t/+/po R.

4.7.1. Liquid filament contraction
For liquid filament contraction we follow the experiment by Castrejon-Pita et al. [6]. The initial aspect ratio is Lo = 9.0,
and the Ohnesorge number is Oh = 0.04 with viscosity 5 mPas and surface tension 72 mNm™!. The initial conditions are

p=1kg/m>, po=10*Pa, B=7.0x 10%Pa, _
air
y=14, w=16x107Pas
=103 kg/m°, =10%Pa, B=1.4x10°Pa,
P &/ Po 3 liquid filament (30)
y =715 wu=5.0x10""Pas
—0.19 + v/x% 4+ 722 mm y <1.52
= level-set.
—0.19+/x2+(y—1.52)2+22mm y=>1.52

The computational domain is 1/8 of the physical domain with 2.0 mm in x-direction, 1.0 mm in y-direction and 1.0 mm in
z direction, involving 128 x 64 x 64 computational cells.

The computed shape of the contracting filament at several time instants is shown in comparison to the experimental
results in Fig. 17. It can be observed that the simulation is in very good agreement with the experiment. When the filament
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Fig. 16. Geometry of a contracting filament.
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Fig. 17. Evolution of a contract liquid filament: (a) Simulation results; (b) Experiments results in Fig. 4(b) of [6], used with permission.
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Fig. 18. Convergency and Conservation test: (a) Droplet shapes with various mesh resolution at t = 2.0; (b) Time variation of drop mass to its initial value.
The insert in (a) shows the error decay with increasing resolution at x =0.

has small aspect ratio, it contracts quickly, due to the fact that the capillary forces are not strong enough to overcome
the viscous force to pinch off the neck of filament. Instead, its bulbous ends become larger and expand. Subsequently
the filament undergoes a series of oscillations with diminishing amplitudes and finally assumes a spherical drop shape (not
shown here). Fig. 18(a) illustrates the droplet shapes with different resolutions at t = 2.0, which suggests about second-order
convergence. In Fig. 18(b) the relative mass for the filament during the computation is calculated by
M iy o 31)
M2 ¥iz0 @)
where M denotes the total mass of the filament and p; is the cell-averaged mass density of cell i. The superscripts n
and O represent the nth time step and the initial condition, respectively. It is confirmed that the present method has no
conservation error. Additionally, for this case we validate the free surface model proposed in Section 3.4. The liquid filament
is regarded as a fluid subjected to the free surface condition, and the external reference pressure is set as the initial air
pressure, i.e. po = 10%. The simulation results are the same as that for the case considering the surrounding air. As pointed
out by Castrejon-Pita et al. [6], the radius of the filament is much larger than the critical radius (qir Liiquid/ Pliquid® )» the
influence of the air is negligible.

4.7.2. Liquid filament breakup
For the liquid filament breakup, we consider a case with aspect ratio Lo = 15 and Ohnesorge number Oh = 10~2, which
is taken from [36]. Since the computational domain is quite large for simulating a filament with high aspect ratio, a two-
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Fig. 19. Evolution of liquid filament breakup.

dimensional axisymmetric model is used to increase computational efficiency. Again the surrounding air is simplified by
applying a free-surface boundary condition. The computational domain is 0.4 mm x 1.6 mm with increasing resolutions
from 128 x 512 to 512 x 2048. The initial conditions are

p=10°kg/m>, po=10*Pa, B=28x10°Pa, _
3 . liquid
y =715, pu=10"Pas, o =100mNm
—0.1 4+ |x| mm y<14 (32)
=101+ +(y—142mm y>14 level-set.

Fig. 19 shows the evolution of the liquid filament. First, bulbous ends form on the contracting filament at t = 3.22.
Capillary waves appear on the surface of the filament, which give rise to the typical shape before breakup. Because of the
thinning neck the capillary force dominates the viscous force and the bulbous ends pinch-off from the filament. Soon after
breakup, the drops merge together due to the inertia effects. While the results are in good agreement with Notz et al. [36],
they achieve good mesh convergence even after liquid filament breakup, as shown in Fig. 19.
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Note that, the method of Notz et al. [36] recovers the evolution only up to the breakup point because the emptying
of the thinning necks is inhibited in their finite element model, whereas the present simulation captures the shape after
the liquid breakup. For higher resolution of 256 x 1024 or 512 x 2048, the filament breaks up at t = 11.114, which may
generate some complex-interface cells. Without the subcell-resolution reconstruction, the simulation fails due to erroneous
evaluation of volume fraction and cell-face apertures.

5. Concluding remarks

In this paper, we have developed a conservative sharp-interface method for incompressible flows using the weakly com-
pressible model. Since the method is constructed based on its compressible version, the original conservative interfacial-flux
formulation and simplicity are maintained. By a subcell-resolution approach for evaluating the volume fraction and cell face
aperture of computational cell cut by the interface, the accuracy of interface reconstruction is ensured without resorting
to complex and time-consuming operations for identifying ambiguous topologies. The viscous stress at the interface is di-
rectly imposed on the interfacial-flux to ensure conservation of momentum by a simple formulation of effective viscosity.
The pressure jump due to surface tension is imposed consistently after solving the constrained Riemann problem. While
the numerical results of a number of validation tests show that the method is robust, accurate, and capable of handling
large density and viscosity ratios and high surface tension, extensive simulations of two- and three-dimensional example
problems which are compared with experiments or previous results demonstrate the reliability of the proposed method.
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Appendix A. Algorithm to calculate cell-face aperture and volume fraction

In Lauer et al. [29] the volume fraction is estimated by a sum of triangle areas in two-dimensions and pyramid volumes
in three-dimensions for simplicity. For a simple-interface cell in two-dimensions the cell-face apertures are calculated in the
same way as in Hu et al. [25], whereas the interface segment-length is evaluated as

1/2

AT = [(Ait12,j — Aic12. ) + (Aijr12 — Aij—12)?] (A1)

As shown in Fig. 20 in two-dimensions, the cut cell is reconstructed through triangles that meet at the cell center. Thus, the
volume fraction is the sum of the areas of these triangles,

1/1 1 1 1
o = 3 (51‘\1’1/2,]' oAzt S+ SAne t AFi,j(/)c>v (A2)

where m indicates the fluid represented by positive level-set value, and ¢ is the level set, representing the distance from
the cell center to the interface.

Aij+12
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Ai1nj
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Fig. 20. Scheme for calculating the volume fraction of a cut cell in two dimensions.
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This procedure can be extended to three-dimensions in a straightforward way, where the volume fraction is evaluated
by a sum of pyramids as

ATk = [(Ait12,jk — Aic12,j 0% + (A jr1 2.k — A j—1/2.0)

12
+ (Ai jk+1/2 — Aijr—1/2)] 2

S 11 1 1 1
k=3 EAi—l/z,j,k + EAi-H/Z,j,k + EAi,j—l/z,k + EAi,j-H/z,k

1 1
+ EAi,j,k—H/Z + EAi,j,k—H/Z + AFi,j,k‘Pc)- (A.3)

Note that, the cell-face apertures in three-dimensions are computed in the same way as the volume fractions in two-
dimensions.
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Level-set method

1. Introduction

Wetting or dewetting of a solid surface occurs in a number of applications, such as coating, lamination, inkjet printing
and spray painting [44,33,35]. A phenomenon common to these applications is the moving contact line, where one fluid
displaces the other. A fundamental difficulty in the numerical treatment of the contact line arises with the conventional
no-slip boundary condition, as it leads to inconsistent, grid-dependent results [10,34].

Various approaches have been proposed to alleviate this problem, such as the slip model [39,37], the precursor film
model [28], the diffusive interface model [45], and the multi-scale model combining molecular dynamics and diffusive
interface [22]. Convergence of results is controlled by prescribed parameters in these models, such as the slip length in
the slip model, the film thickness in the precursor film model, and the interface thickness in the diffusive interface model.
With the slip model, a slip length is introduced to replace the no-slip boundary condition. For grid convergence, the mesh
size needs to be smaller than the introduced slip length [41]. However, experimental studies suggest that the physical slip
length is on the order of the intermolecular distance [8], which is far beyond what can be achieved with acceptable grid
resolution [7]. An efficient approach for circumventing extremely small grid sizes is to model the microscopic region near
the contact line based on hydrodynamic theories and to resolve only the macroscopic region away from the contact line.
Schonfeld and Hardt [29] obtained almost grid-independent results by a combined model with a macroscopic length and
a near-wall body force. Similar results are obtained in [1] of Afkhami and Zaleski by modeling the dynamic contact angle
based on an analog to Cox’s theory. Sui and Spelt [36] revisited and extended this method by considering higher-order
terms in Cox’s theory.

One difficulty of such methods based on Cox’s theory is to solve the complex, implicit integral function relating the mi-
croscopic angle to the macroscopic angle, which is either replaced by a simplified form [1,7] or obtained numerically [36].
Another issue associated with the boundary condition is how to compute curvature at the contact line. In numerical simu-
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lations, imposing a contact angle explicitly at the wall is a common way to define the interface in the vicinity of the contact
line [2,25,17,20,42]. Afkhami and Zaleski reconstructed a height function at the contact line based on the contact angle for
their Volume-of-Fluid method [1]. Also, in Sui and Spelt’s approach, an iterative procedure is used to impose the contact
angle for their level-set method [36]. Note that, since in these cases the contact angle is defined on the numerical grid,
undesirable artifacts can occur due to a mismatch with the exact contact angle which is defined on a length scale much
smaller than the grid size. For example, imposing the contact angle explicitly can spuriously displace the zero level-set and
the location of contact line, and thus induce large mass-conservation errors [40,26].

In this paper, we rather impose a curvature boundary condition for predicting moving contact lines. An effective curva-
ture is formulated explicitly based on the asymptotic theories of Cox [4], which avoids solving complex, implicit integral
function. For simulating incompressible multi-phase flow, we adopt the conservative sharp-interface method, where surface
tension and viscosity jump are treated without numerical smearing [18]. Since the present method does not impose the
contact angle explicitly on the level-set function representing the interface, it avoids a mismatch between the exact and
numerically imposed contact angles and hence spurious level-set displacement and the corresponding mass-conservation
errors. Several multi-phase flow problems, including drop spreading on the wall, steady Couette and Poiseuille flows, are
considered to demonstrate the ability of the present method. The numerical results suggest grid-convergence and good
agreement with previous theoretical, numerical and experimental results.

2. Weakly compressible model

We use a weakly compressible model for incompressible multiphase flows [30,3,19]. The mass and momentum conser-
vation for a weakly compressible flow can be described as

ou +V-F=S (1)
at v
where U is the density of mass and momentum and F represents the convective fluxes. On the right-hand side S =0 for
the density component of U, and S=V -F, + a; + pg for the momentum components. Here, F,, are the viscous fluxes. The
surface-tension force is given by

a; =0kopN (2)

where o, k, N are surface tension, curvature and normal direction of the interface, respectively. 8, is the Dirac delta
distribution

—+00
_JHoo =0 _
8(x)_{0 040" /S(X)dx_l, (3)

defined in the normal direction of the interface. g is the gravitational acceleration. To close Eq. (1) an artificial equation of
state relating pressure and density is used. Here, we employ Tait’s equation

P
p= B[(%)y — 11+ po
2 ) (4)
Polvisl
B=——
y M?
where M is the Mach number, y is an artificial specific heat ratio, v denotes a characteristic flow velocity, pp and po are

density and pressure of the fluids at the reference condition, respectively. The artificial sound speed is ¢ =,/ VTf. To impose

incompressibility of the fluids, we choose the parameters y, B and pg such that the Mach number satisfies M = @ ~0.1.

For weakly compressible multiphase flows, the above governing equation is solved within a framework of the con-
servative sharp interface method [12], where the underlying conservative scheme on a Cartesian grid is modified for
computational cells being cut by the interface. Specifically, the viscosity jump at the interface is directly imposed on the
momentum flux across the interface, so that momentum conservation is ensured. A constrained Riemman problem is solved
to impose a pressure jump condition due to surface tension. We refer to Luo et al. [18] for details.

For capturing the phase-interface, we use the level-set function ¢, which describes the signed distance from the interface
to each cell center [21]. The zero-level-set, i.e. ¢ = 0, represents the interface I". The entire domain is divided into two
sub-domains, characterized for two fluids by opposite signs of the level-set function. The level-set field is advanced by

dg

oL +u-Ve =0, (5)
where u represents the velocity for the level-set obtained from the fluid field [9]. To update the flow field, the governing
equations are discretized by a 5th-order WENO-LLF scheme [15] and a 2nd-order TVD Runge-Kutta time integration [31]
for individual fluids. The time-step is set according to [38],
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AZ
At:CFL-min( P P A%), (6)

lul+¢> u 'V 8no
where A is grid size and w is dynamic viscosity. We set CFL = 0.6 for all the simulations. In addition, a wavelet-based
adaptive multi-resolution algorithm is adopted for improving computational efficiency [11].

3. Curvature boundary condition

The boundary condition for a moving contact line is presented in the following. As in Ref. [1] the no-slip boundary
condition is employed for fluid fields by defining velocities of the so-called “ghost cells” within the wall with

where v is the tangential velocity in the cell adjacent to the wall and Uy, is the velocity of the wall. Within a level-set
framework the interface curvature in a cut-cell sufficient far away from the moving contact line can be obtained directly
from the level-set function. The curvature in a cut-cell with moving contact line is provided by the new curvature boundary
condition, since the stencil of the central-difference curvature approximation for this cell is incomplete.

3.1. Curvature far away from the contact line

The curvature of the interface in a cut cell is defined by xk =V - (|§—$|>' which can be rewritten as
o _ GOt 0y — 2 (0x0y0xy) (2D)
= 3/2
(0% + 3 +e)”
2 2
n -2
M i@t r o = 2P far) (axisymmetric), (8)

r (0% + ¢t +e)’”
where € is a small positive number to avoid division by zero [27]. r is the radial coordinate of the cell center, n, is the
component of the normal direction of the interface in the radial direction, defined as n, = ¢, /(p? + ¢2)!/2. Since all the
partial derivatives in Eq. (8) usually are computed at the cell center with standard central difference schemes, the curvature
k is estimated at the cell center. The cell-center value is corrected for the distance of the cell center from the interface by
approximating the level-set locally by a concentric circle or sphere [18], resulting in

(Ng — Dk

=—¢ = 9
TN -1 -k (9)

where Ny is the number spatial dimensions.
3.2. Effective curvature at the contact line

The curvature at the contact line cannot be obtained directly through Eq. (8) since the stencil of central differences for
cells adjacent to the wall would contain ghost cells in the wall. Therefore, we propose an effective curvature for a moving
contact line based on the asymptotic theories of Cox [4].

Close to the contact line, which is located in a cut cell adjacent to the wall, the balance between viscous stresses and
capillary forces primarily determines the interface profile. Cox provided a general hydrodynamic description of a moving
contact line under the condition of a small capillary number Ca., where the interface profile and Ca, follow a logarithmic
relation

2(04) = g(6m) + Cag In (ah) . (10)

64 is the macroscopic contact angle, 6, is the microscopic angle, « is a prefactor depending on higher-order terms and on
the microscopic length scale [4,36]. The function g(0) is defined by

6
do
g(@):O/f(Q’A) and

2sin B{A2(B2 — sin? B) + 22 (ﬁ(rr — B) +sin? ﬁ) + ((n — B)2 — sin? ﬁ)}
A(B% — sin? B) (T — B) + cos Bsin B) + ((n — B)2 — sin? ,3) (6 — cos Bsin B)

f6,0)=
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Fig. 1. Schematic of estimating the curvature in a cut cell with contact line.

where A is the viscosity ratio, and d represents the distance to the contact line. Hence, we can find a macroscopic contact
angle at the height €A of a thin layer above the wall from Eq. (10)

g(032) = 8(6m) + CaqIn (@A), (12)

where ¢ is a length scale parameter (¢ <« 1) and the distance to the contact line is d = A, which is assumed to be much
larger than the intermolecular distance and much smaller than the grid size. Note that, for the non-degenerate cases where
the contact angle is sufficient far from 0° or 180°, the thin layer spans only a region much smaller than the mesh size.
Therefore, it is natural and reasonable to impose the boundary condition within a single cut-cell adjacent to the wall.

The average curvature in the cut cell containing the contact line can be estimated from the macroscopic contact angles.
As in Ref. [5], assuming that the angle GELA close to the wall changes to the angle Qi where the phase-interface cuts through
the upper cell face, as shown in Fig. 1, the average curvature in this cell adjacent to the wall can be approximated as

cos(f+) — cos(8L,)
= ——F =~ (2D)
cos(0+-) — cos(0+
Ko = % + On) A Oea) (axisymmetric), (13)

where 91— is estimated directly from the level-set function. For the macroscopic contact angle, cos(@slA) can be calculated
explicitly from Eq. (12) by using the derivative

dg®) =g'(6)do = — S‘?I/](f;)) dcos(9) = —mdcos(m. (14)
Combining Eqgs. (14) and (12) yields the relationship,

cos(GjA) ~ coS(6m) — f(Om, L) sin(Oy)Caq In(aeA). (15)
Note that Eq. (15) is valid for different viscosity ratios and for A =1 recovers the simplified relationship of [1]

€0S(Bnum) = €0S(Bapp) — 5.63Cag In(2A /K), (16)

where 6y, is a contact angle employed as boundary condition for the moving contact line, fgpp is a static contact angle,
and K is a constant with a dimension of length. From Eq. (13) and Eq. (15) one can define an effective curvature in the
cut-cell adjacent to the wall as

_c05(8y) — €05(0m) + f (Om, 1) sin(6m)Cag In(AA)
B A
ny  cos(@x) — cos(@m) + f(Om, L) sin(O)CaqIn(AA , _
kg=" 4 0x) (Om) f(Am ) sin(0m)Cac In(AA) (axisymmetric), (17)
r
where A =2/K is introduced as a parameter instead of «e, and will be discussed further in Secs. 4.2 and 4.4. Also note
that the logarithmic term in Eq. (17) can be explained as a curvature correction, which is introduced in accordance to Cox’s
theory. It is possible to extend the curvature boundary condition to 3D. Similarly to the axisymmetric case, the effective
mean curvature at the contact line can be approximated as

Iy .
= K CETEY) (e n)? 4 cos(0y) — cos(bm) + f(im, A) sin(fp)Cag ln(AA)’ (18)

where k4, is the contact line curvature, n,, is the normal direction of the wall and n. is the normal direction of the interface
near the contact line. Note that estimating Ca,; may be more involved than that in the 2D and axisymmetric cases [16].

(2D)

Kl
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Fig. 2. The equilibrium shape of a drop without gravity: (a) Setup for the drop spreading; (b) Comparison of wetting length (I;) with the theory.

The procedure of imposing the curvature boundary condition can be summarized as follows:

1. Calculate the curvature xj in all cut-cells except those adjacent to the wall from Eqs. (8), (9). For cut-cells adjacent to
the wall (containing a contact line), the effective curvature «, is computed from Eq. (17). Note that both «; and « are
limited by 1/A to avoid large erroneous surface tension forces,

2. Solve the interface interaction involving surface tension to obtain the interface condition and the momentum flux at
the interface with the sharp interface method of Luo et al. [18].

3. Maintain no-slip boundaries along the wall by Eq. (7), and update the flow field by Eq. (1) with the conservative
interface method proposed in [12].

4. Advance the level-set field by Eq. (5) where the advection velocity is obtained from the interface condition [14,18];
level-set values are extrapolated linearly to the ghost cells.

Imposing the exact dynamic contact angle, according to Cox’s theory, for simulation of multi-phase flows with moving
contact lines, requires to solve the implicit Egs. (10) and (11) for this angle and then calculate the curvature at contact line.
In the present method the effective curvature in a cut-cell with a contact line is approximated directly by Eq. (17), without
the need for reconstructing the near-wall interface profile according to the dynamic contact angle. Since the curvature
boundary condition does not explicitly impose a contact angle or require the exact location of the contact line, unlike
Refs. [40,26], the level-set data at the ghost cells are not modified, and a spurious displacement of the zero level set is
avoided. Together with the conservative sharp-interface method [18], mass conservation thus is ensured without extra mass
conservation correction [25].

4. Numerical validation and examples

In the following numerical examples are considered to illustrate the capability of the present method for handling moving
contact lines. Simulations have been performed in 2D (plane or axisymmetric) configurations where analytical solutions,
previous numerical results or experimental data are available. We first consider the equilibrium shape of a water drop on a
wall to demonstrate that the presented method recovers the static contact angle, when the curvature correction in Eq. (17)
vanishes. Then we show spatial convergence for two channel flows, displacement flow and Couette flow. Both of them
involve two immiscible fluids and moving contact lines. Finally, we consider drop spreading on a wall and compare the
simulation results with experiments to validate the present method. Also, mass conservation is validated by this case.

4.1. Equilibrium shape of a water drop resting on a wall

An equilibrium water drop on a horizontal wall is considered to validate the present boundary condition for problems
with a static contact angle. The final shape of the water drop is determined by two parameters, the static contact angle
and the E6tvés number Eo = ,ogR% /o, where Rg is the initial radius of the drop. The water drop is initially assumed to
be a semi-circle of Rg = 0.5 with the contact angle 90°, resting on the wall, as illustrated in Fig. 2(a). It deforms due to
the difference between the transient contact angle and the preset static angle. Also, the presence of gravity flattens the
water drop. The computational domain is a 2 x 2 square with no-slip boundary conditions and discretized by 128 x 128
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Fig. 3. The equilibrium shape of drop with gravity: (a) The shape of drop with different E6tvds numbers; (b) Drop height as a function of E6tvés number.

grid points. The drop is modeled by a water-like fluid surrounded by a gas-like fluid, and the surface-tension coefficient is
set to o = 7.5. The initial conditions are

p=10"3,pp=10>,B=1.0x10%,y =14, 4 =4.0x 1073 gas
p=1,po=103,B=1.0x10%y =7.15, 4 =0.25 drop . (19)

@ =—-0.5+/x2+ y? level-set

In the absence of gravity (Eo = 0), the equilibrium shape of the water drop is a circular cap that respects the preset static
contact angle at the wall, where surface tension on the entire drop reaches a balance [6]. Due to the volume conservation
of the water drop in 2D, the wetting length is expressed as

T/2
Is = Ro sin 6 —/ (20)
6s — sin b cos B

where 6; is the static contact angle. In our simulations, unless stated otherwise, the microscopic contact angle in Eq. (12)
is assumed to be equal to the static contact angle, i.e. 6,;; = 6;. Fig. 2(b) shows the numerical results of the wetting length
compared with the theoretical results from Eq. (20). We observe that overall the simulation results agree with the theoretical
values quite well, except for small discrepancies for very small or large static contact angles. These small discrepancies
appear due to the error on estimating the curvature at small or large static contact angles near the contact line [7].

In the presence of gravity the shape of the water drop is determined by a balance between surface tension and gravity
[6]. When Eo « 1, the drop assumes a circular cap shape. The drop height H is given by

2
H = Ro(1 — cosfy) | — /2 (21)
65 — sin b cos O

When Eo > 1, gravity deforms the water drop until it forms a puddle. The height of the drop is given by

H=2 ]2 sin@:/2) = 2R sinc,/2) (22)
T Woeg T T VEe T

For simplicity, the static contact angle is set to 6; = 90°, so the drop height is H = Rg = 0.5 if gravity is ignored. Fig. 3(a)
shows the shapes of a drop at Eg = 0.1, Eg = 1.0, Eg = 10.0, where the water drop resembles a circular cap at small E¢ and
a puddle at large Eg. The comparison between simulation and theory for the drop height as function of the Eétvos number
is illustrated in Fig. 3(b). The simulation results are in good agreement with the asymptotic solutions given by Eq. (21) and
Eq. (22) at small and large Eg values, respectively. Note that a transition region is observed for moderate values of Ej.
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Fig. 4. Definition of displacement flow in a tube.

4.2. Displacement flow in a channel

The simple test of displacement flows in a two-dimensional channel is considered, as shown in Fig. 4. The size of
computational domain is 1 x 8, which is sufficiently long for the interface to develop a steady shape. A symmetry boundary
condition is applied at the top of the domain and a no-slip boundary condition at the bottom of the domain. A fully
developed Poiseuille flow with an averaged velocity U = 0.2 is applied at the left of the domain as inlet boundary condition.
At the right of the domain, a zero normal velocity gradient is used as outflow boundary condition.

For simplicity, both fluid 1 and fluid 2 have the same density and viscosity, i.e. p1/02 =1, A = 1/i2 = 1. The micro-
scopic contact angle is defined from the displacing fluid, which is assumed to be the static advancing angle and set as
6m = 60°. The initial velocity condition in the channel is set as a fully-developed Poiseuille flow. The initial interface profile
is flat, which has no effect on the steady shape [36]. The fluids are both modeled as water-like fluids, and the surface-tension
coefficient is set to o = 1.0. The initial conditions are

p=1,p0=2.0x10°,B=2.0x10% y =7.15, 4 =0.1 fluids
uU=04x(1.0—y?,v=0 velocity . (23)
p=x—-3.0 level-set
The parameter A in Eq. (17) is set to A =10% corresponding to a realistic nanometer slip length if the channel radius is on
the order of a millimeter [36]. The contact line velocity, U, is calculated from the weighted average of fluid velocities,
_ piure + pour(1 — o)
P+ p2(1 —a)

where « is the volume fraction corresponding to fluid 1 in a cut cell, and Ny is the component of the interface normal
direction. The capillary number is thereby estimated as

: (24)

cl

Cad = . (25)

Simulations are carried out to investigate grid convergence. Fig. 5(a) shows the steady interface profile of the fully
developed flow. The initial flat interface profile develops a meniscus due the motion of the contact line. The interface
profile can be characterized by the horizontal distance between the ends of the meniscus curve, denoted as offset, as shown
in Fig. 4. Fig. 5(b) illustrates the temporal evolution of the interface profile with mesh refinement. It can be seen that
second-order mesh convergence is obtained not only for the steady state, but also for the moving contact line.

We further consider an axisymmetric displacement flow in a tube, which is taken from Sui and Spelt [36]. The viscosity
and density ratios of the fluids are both set to 0.05, and the microscopic contact angle is set as 6 = 45°. The initial
conditions are

p=1,po=20x103B=2.0x10%y =7.15 4 =0.1 fluid 1

. (26)
0 =0.05pp=2.0x10°,B=2.0x 10?2,y =7.15, 4 =0.005 fluid 2

Other parameters are the same as with the above example, but with an axisymmetric setup. The computation is carried out
on a mesh with 128 x 128 grid points. To investigate the effect of parameter A, we simulate this case with A =103, 10%,
3 x 10% and 10°. Fig. 6(a) shows the interface evolution with different parameters, and Fig. 6(b) shows the steady interface
profiles at t = 8.0. We compare our numerical results with the theory predicted by Ramé [23] and the numerical result in
Sui and Spelt [36]. As shown in Fig. 6(b), there is almost no visible difference between the present result with A =3 x 10%
and those predicted by Ramé [23] and Sui and Spelt [36].
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4.3. Couette flow

We consider a Couette flow in a channel, where a shear flow is formed between two moving parallel walls. Fluid 1
is located in the middle of the channel, surrounded by Fluid 2, as shown in Fig. 7. The fully developed interface profile
assumes a stationary shape which is determined by the velocity of the moving walls £V, and the microscopic contact
angle [22]. Periodic boundary conditions are used in the x direction. The size of the computational domain is 4 x 1, which
is sufficiently long for the interface to develop a steady state.

For simplicity, the two fluids have the same density and viscosity (A = 1), and the microscopic contact angle is set to
O0m = 90°. The fluids are both modeled as water-like fluids, and the surface-tension coefficient is set to o = 2.0. The initial
conditions are

p=1,po=1.0x10",B=4.0x 10",y =7.15, 4 =0.1 fluids

u=0,v=0 velocity
1.5—x ifx<1.5 . (27)
@g=1x—2.5 ifx>2.5 level-set

max(1.5—x,x—2.5) else
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The velocity of the moving wall are set to V,,4; = 0.1, with the associated Capillary numbers Ca = 0.005. The parameters A
in Eq. (17) is set as A =103, and the instantaneous capillary number is obtained as follows,
Caqg=pUa/o,Uag=Ur = Vya
pura + poux(1—a) . (28)
P+ p2(1 —a)
The velocity of the interface, Uy, is estimated from the weighted average of fluid velocities along the wall.

To investigate grid convergence of the present model, the computational domain is discretized with increasing resolu-
tions from 256 x 64 to 2048 x 512 grid points. Fig. 8(a) shows that the simulation results exhibit convergence with mesh
refinement, where the offset is defined in Fig. 7. As expected from Ref. [36], the shear stress near the contact line ap-
proaches to singularity, as shown in Fig. 8(b), because the microscopic inner region is not resolved. This is only an apparent
contradiction to the good convergence properties of the computed interface position and the moving contact angle. The
magnitude of curvature correction, as shown in Egs. (15), (17) and (18), indeed increases with mesh resolution and does
not converge. The reason that such diverging quantities do not contaminate the convergence of interface position and mov-
ing contact angle can be explained by the force balance between both increasing surface tension and the shear stress [13].
Note that convergence is obtained under the condition that Cox’s assumption is valid in a thin layer with thickness much
less than the mesh size.

We further conduct two tests with viscosity ratios A = 1/2 and A = 2, respectively. Unlike imposing a contact angle at
the contact line, for which one needs to solve the complex, implicit integral function Eq. (10) and its inverse, with the
present method an effective curvature can be formulated explicitly based on f(6, 1) in Eq. (17). It is shown in Fig. 9(a) that
the offset increases with increasing viscosity ratios. In addition, we perform a simulation with A =1 and a larger Capillary
number Ca = 0.01, which also shows good convergence with mesh refinement in Fig. 9(b). We find about second-order
convergence.

U=

4.4. Drop spreading

The last test is the spontaneous spreading of a drop on a wall. We first investigate grid convergence, and then compare
the simulation results with experimental data to validate the present method.
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Fig. 10. Drop spreading with static angle 6s = 60°.

For the grid convergence test, the setup is the same as for the equilibrium test in Sec. 4.1. The water drop is initially
assumed to be a semi-circle of Rg = 0.5 with the contact angle 90°, resting on the wall, as illustrated in Fig. 2(a). Re and Ca,
based on the maximum velocity of the flow and the initial radius of the drop Ry, are approximately 2 and 0.03, respectively.
The drop spreads until it reaches a static balance at which the contact angle is the static contact angle. The microscopic
contact angle is set to the static contact angle, i.e. 6, = 6; = 60°, and the parameters A in Eq. (17) is set to A =103. Eq. (24)
and Eq. (25) serve to calculate the instantaneous capillary number. The initial conditions are defined by Eq. (19).

Fig. 10 shows the interface profile at several time instants. At time t = 2.4 it reaches the steady state, where the macro-
scopic angle equals the static contact angle. The mesh convergence test in Fig. 11(a), shows that the computed wetting
length agrees well with Tanner’s law, i.e. Is oc t1/10, Additionally, we investigate the mass conservation of present method in
this case. Fig. 11(b) illustrates time variation of drop mass to its initial value. M is defined as M = Ei’\’:lp,'ot,', where N the
number of cells contained in the drop. My is the value of M at the initial condition. Note that mass conservation is satisfied
exactly as expected.

To validate the present method, we conduct a numerical simulation of the drop spreading in axisymmetric coordinates
and compare with the experiment in [46]. A drop of radius R = 1.5 mm is initially placed on a wall with its center at a
height of 1.48 mm above the wall. The corresponding initial contact angle is slightly smaller than 180°. The computational
domain is 3.5 mm x 3.5 mm with no slip boundary conditions. Since capillary effects dominate the flow, gravity is neglected.
According to the experiment, the microscopic contact angle is set to 6, = 60° and the surface-tension coefficient is o0 =
32 mN/m. The initial conditions are
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Fig. 11. Convergence and conservation test: (a) Evolution of the wetting length with mesh refinement; (b) Time variation of the drop mass normalized by
the initial value.
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To investigate the effect of the parameter A on the numerical results, we use A =103 and A = 10* respectively. As
addressed in [46], the curves of drop-spreading length Is/R vs. spreading time t for the different liquids collapse onto
a master curve by normalizing spreading time with to/u/R. In Fig. 12, the normalized numerical results are shown in
comparison to the experiment, where the master curve is reproduced from Fig. 7 of [46]. It can be observed that the value
of the parameter A determines the speed of drop spreading but has no effect on the equilibrium state. The numerical result
for A= 10> agrees better with the experiment than A = 10%. From this point of view, A can be regarded, similarly as o
in Eq. (10), as an adjustable parameter that determines the speed of the contact line. The presence of a small discrepancy
may be due to the simple assumption that the microscopic contact angle is the constant static angle, i.e. 6, = 6;. In fact,
the microscopic angle rather varies with capillary number [32,43] and kinetic energy dissipation [24].
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5. Concluding remarks

A curvature boundary condition is presented for simulating multi-phase flow problems with moving contact line. The
boundary condition, which is derived from the theory of Cox, is explicitly defined and valid for variable viscosity ratios.
Furthermore, since the present method does not prescribe the value of the contact angle explicitly, the contact-line evolution
is determined by the flow field directly, and artifacts by mass-conservation errors are avoided. The numerical model has
been tested by comparison with analytical solutions, previous numerical simulations or experiments for several typical
problems, including the equilibrium shape of a drop on a wall, displacement flow in a channel, Couette flow in a channel and
drop spreading on a wall. The simulation results show that the present method leads to grid-convergent results and ensures
mass conservation. Furthermore, while the simulation with the present method is in good agreement with experimental
data, the results suggest that further improvement is possible by a model for the microscopic contact angle, which is
subject of future studies.
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based on the level-set technique. Instead of shifting the entire level-set field twice as in
the original method, the improved method identifies the non-resolved interface structures
from two auxiliary level-sets close to the interface. Non-resolved structures are separated
from the interface by a localized re-distancing method, which increases the computational
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Multi-phase tests for two-phase flow problems, involving simple and complex interface structures, are
Interfaces carried out to show that the present method maintains sharper interface structures than
Scale separation the original method, and achieves effective scale-separation.

Level-set method © 2015 Elsevier Inc. All rights reserved.

1. Introduction

Simulations of two-phase flow, such as bubble interaction [17], drop impact [7] and spray atomization [2,15], need to
resolve length scales that can span several orders of magnitude, which poses a great computational challenge. Adaptive
mesh refinement (AMR) [23] and multi-resolution (MR) methods [11,9], even with local time stepping, do not sufficiently
reduce computational cost to enable accurate routine simulations of complex interfacial flows. A promising approach to
improve efficiency is offered by multi-scale sharp-interface methods [18,14,10]. One essential procedure in multi-scale mod-
eling is scale separation. For a given spatial resolution with grid size h, the interface segments with characteristic size 3§
can be categorized as resolved if § > h, or non-resolved if § < h. In previous work, two approaches have been proposed
for scale separation: one is based on the refined level-set grid method (RLSG) [13,18,14], the other is the constrained
stimulus-response procedure (CSRP) [10]. While RLSG requires a two-grid system where a higher-resolution grid is used for
representing the interface, CSRP uses a single grid for representing both the interface and the individual fluids. CSRP iden-
tifies the resolved and non-resolved interface segments based on the different responses they exhibit when subjected to a
small shift of the level-set field, and separates these scales with a two-step level-set re-initialization procedure. Although
CSRP is effective, in particular the additional re-initialization operation significantly increases computational cost.

In this paper, an improved scale-separation method is proposed to increase computational efficiency. Using two auxiliary
level-set fields instead of level-set shifting, the new method identifies non-resolved interface structures by examining the
topological consistency between the auxiliary and zero level-sets. Non-resolved structures are subsequently separated by
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a localized re-distancing approach to avoid additional re-initialization operations. The performance of the new method is
evaluated through several tests, including single-vortex flow, underwater explosion, shock-bubble interaction, and liquid-
filament breakup.

2. Sharp-interface method

The governing flow equations can be written as

ou +V-F=V_.F (1)
ot -
where U represents the density of mass, momentum and total energy; F the convective fluxes, and F, the viscous fluxes.
To close the governing equations, an equation of states (EOS) must be defined. For an ideal gas, the pressure is deter-
mined from

p=(y — Dpe, (2)

where y is the ratio of specific heats, o is mass density and e internal energy density. For water-like fluids, we use Tait’s
equation to provide a relation,

p=BI(2) —11+ po, (3)
Lo

where pp and pg are the density and pressure of the liquid at the reference condition, respectively, and B is a parameter.
For two-phase flows the above governing equations are solved by a conservative-sharp interface method [17,22], where the
underlying conservative scheme on a Cartesian grid is modified by considering computational cells cut by the interface.
These methods are not only able to cope with violent compressible flows involving strong interface interactions, but also
can handle incompressible flow with large density and viscosity ratios and surface tension effects.

For tracking the phase-interface we employ the level-set function, ¢, which describes the signed distance from the
interface to each cell center [6]. The zero-level-set, ¢ = 0, represents the interface I". The entire domain is divided into two
sub-domains, for two fluids indicated by different signs of the level-set function. The level-set field is propagated by

dg

o +u-Ve =0, (4)
where u represents the evolution velocity of the level-set [17]. In practice, the level-set is updated only in a narrow band
near the interface, which usually includes nearest cell-layers within |@| < 4h. The entire level-set field is re-initialized at
every time-step by the following equation [6]

dp

37 Tsen@ (Ve -1 =0, (3)
in order to maintain the signed-distance property of the level-set, where t is a fictitious time. To update the flow field, the
governing equations of each fluid are discretized by a 5th-order WENO-LLF scheme [19] and a 2nd-order TVD Runge-Kutta
time integration [27]. Advection and reinitialization of the level-set field are discretized, respectively, by a 5th-order WENO

upwind scheme and a 1st-order upwind scheme [6]. The time-step is set according to Ref. [31],

h h?2
At = CFL - min P PR3, (6)
lul+c w 8mo

where c is the sound speed. We set CFL = 0.6 for all our simulations. In addition, a wavelet-based adaptive multi-resolution
algorithm is adopted for improving computational efficiency [9]. Due to the application of a storage-and-operation-splitting
pyramid data structure, this method is able to achieve high memory and computational efficiency. All computations
have been conducted on a workstation with 4 quad-core Intel Xeon Processor E5620 processors (12M Cache, 2.4 GHz)
with 24 GB of RAM. The Intel Threading Building Blocks (TBB) library [4] is used to map logical tasks to physical
threads.

3. Scale separation

Non-resolved interface segments are generated during the interface evolution, and are prone to introduce numerical
fluctuations or even numerical instabilities, especially for high-resolution simulations of inviscid compressible multi-phase
flow problems using the sharp-interface model [10]. They can also lead to unphysical results due to scale-dependent dy-
namics [18]. An effective approach is to separate them from the resolved scales and treat them differently. For example, in
Ref. [10], the well-resolved interface is handled by a sharp interface method, non-resolved interface segments are converted
into Lagrangian particles, or they are merged into the opposite phase to maintain mass conservation, or they are deleted.



J. Luo et al. / Journal of Computational Physics 308 (2016) 411-420 413

B C D + As Bes  Ce D

Scale of non-resolvable
interface segment

- (a) -y (b) De

Fig. 1. Schematic of identifying the non-resolved interface segments in one dimension: (a) initial interface level set field and cut cells (block solid dots);
(b) corresponding auxiliary cut cells crossed by I'; (red solid dots) and by I'_, (blue solid dots). The tick marks indicate the cell faces, and the green
mark the non-resolved interface segment. (For interpretation of the references to color in this figure legend, the reader is referred to the web version of
this article.)

Similarly to Han et al. [10], the present method applies scale separation as an additional operation just before the
reinitialization step of the underlying level set method. Note that the scale-separation operation is independent of the
specific choice of the numerical schemes for level-set advection and reinitialization. Therefore, one can use scale-separation
also with other level-set schemes, such as those in Enright et al. [5].

3.1. Identifying non-resolved structures

Non-resolved interface segments often manifest themselves as drops and thin filaments with a characteristic length scale
of about the grid size h. In the level set field they share a common property, that is the lack of topological consistency
among the level-sets near the interface. Such a property corresponds to the large discrepancies induced by the non-resolved
interface segments when the reinitialization operations are subjected to a small constant shift of the level set field [10].

Based on this criterion we now develop a new identification method, first in one dimension and then in two dimensions.
Assuming a distribution of the level set field on cells near the interface, as sketched in Fig. 1(a), cut cells are those that
contain segments of the zero level-set, i.e. A, B, C and D. Other than shifting the entire level-set field by & as in Ref. [10],
we use two auxiliary level-sets, ¢ = +& and ¢ = —¢, as shown in Fig. 1(b). As pointed out in Ref. [10], all small interface
segments with length scale less than h should be removed, so we also choose &€ = 0.6h. We can define two types of cut cells
associated with the auxiliary level-sets, the positive auxiliary cut cells A, B4s, Cte, D4+ containing segments of ¢ = +¢
and the negative auxiliary cut cells A_., D_, containing segments of ¢ = —¢&, as shown in Fig. 1(b).

The cut cells associated with non-resolved interface segments can be identified by checking the auxiliary cut cells in its
neighborhood, i.e. the topological consistency between nearby level sets. For a cut cell associated with resolved interface
segment, such as Cell A or D in Fig. 1, there are both positive and negative auxiliary cut cells as the nearest neighbors, i.e.
topologically consistent between nearby level sets. For a cut cell associated with a non-resolved interface segment, such as
Cell B or C, however, there is only either a positive or negative auxiliary cut cell as its nearest neighbor, i.e. topologically
inconsistent between nearby level sets. Therefore, the cut cells containing the interface segment marked by a green circle
in Fig. 1(b) are uniquely identified.

The extension of such an identification algorithm to two dimensions is illustrated in Fig. 2. First, let S be defined as cut
cells crossed by the zero level-set I'g,

S ={Xi,jl30ix1/2,jx1/2 > O A 3Qix1/2,j+1/2 < 0}, (7)

where ;11,2 j+1,2 is the level set value at the cell corner approximated by

Pit1)2,j+1/2 = }1 (@1.j + Qis1,j + @i jr1 + Qit1,j+1)
Qit+1/2,j-1)2 = ;1 (@i,j + Qit1,j T+ Qi j—1+ <Pi+1,j—1)
Vic1/2,j412 = 411 (@ij+@i1j+ @1+ @ic1j1)
Qi-1/2,j-1/2 = }1 (¢, + @i-1,j + @i j-1 + @i1,j-1) (8)

In Fig. 2(a), S is indicated by cells with back solid dots. Now we define P containing auxiliary cut cells crossed by I'y¢
and N by I'_g,

P ={X; j|13¢i+1/2,j£1/2 — € > 0N AQixt1/2,jx1/2 — € <0}
N ={Xi j|13¢iz1/2,jx1/2 + € > O A I@it1/2,j+1/2 + € < O}, (9)
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Fig. 2. Identification of the non-resolved interface segments in two dimensions: (a) the initial interface I'g (black solid line) and corresponding cut cells
(black solid dots); (b) the auxiliary level-sets I' ;. (red dash line) and I'_, (blue dash line), and corresponding auxiliary cut cells crossed by ', (red solid
dots) and by I'_ (blue solid dots). Cut cells whose neighbors contain no red solid dots are indicated by a red star, and Cut cells whose neighbors contain

no blue solid dots are indicated by a blue star. (For interpretation of the references to color in this figure legend, the reader is referred to the web version
of this article.)
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Fig. 3. Interface reconstruction in one and two dimensions: (a) level-set values for the cut cells B and C are calculated from auxiliary cut cell A_g,
(b) level-set values of the cells marked with red stars are calculated from I'y. and level-set values of the cells marked with blue stars are calculated from
I'_,. (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)

where ¢ is 0.75h as in Ref. [10]. P and N are indicated with red solid dots and blue solid dots in Fig. 2(b), respectively.
Now we can identify a cut cell containing a non-resolved interface segment when its neighbors contain either positive or
negative auxiliary cells only

S1={Xi jl(Xi,j € S AVio, jo € {—1,0,1}), Xitig, j+jo ¢ PV Xitig, j+jo & N}- (10)
Finally, the cut cells associated with resolved interface segments are defined as
S2=S5\S1. (11)

3.2. Interface reconstruction

After the cut cells containing non-resolved interface segments are identified, one should assign reasonable level-set
values for these cells to reconstruct a resolved interface in the corresponding region. In Ref. [12], the level-set value of
these cells are simply set as the original level-set values with opposite sign. Such a procedure may introduce artificial
disturbances to the interface. We avoid this problem by estimating the level-set value of non-resolved cut cells directly
from a re-distancing method. First, the set S1 is split into two disjoint subsets, S1#p and S1zy. The cut cells are in set
S1zp,

S1zp ={X,jIXi,j € ST A (V(io, jo) € {—1,0, 1}, Xitig, j+jo & P}, (12)
if their nearest neighbors do not contain any cells in P. The cut cells are in set STy,
STan ={Xi j|Xi j € ST A (¥(io, jo) € {—1,0, 1}, Xitig,j+jo € N}, (13)

if their nearest neighbors do not contain any cells in N. The level set values for cut cells in S1p and S1xy are assigned
from an estimate of their distance to 'y and I'_, respectively. In one dimension, as shown in Fig. 3(a), Cells B and C are
in set S1yny and their the level-set values can be estimated from the minimum distance to Cell A_; and to D_.. For the
setup in Fig. 3(a), we can obtain corrected level set values @p =ip —ig—¢ + @a—e and @c =ic —ig—s + @a—e, Where ip, ic
and is_, are the indexes of Cells B, C and A_,, respectively. In two dimensions, the level-set value of cut cells that contain
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non-resolved interface segments can be estimated from the minimum distance to the corresponding auxiliary level-sets. To
find the minimum distance we define a search region as 9 x 9 grid cells around the considered cut cell. Assuming that the
considered cut cell is in S13p, the distance from this cut cell to the intersection point between the auxiliary level set ',
and the ray cast from the auxiliary cut cell along the normal direction is calculated by

d=/lisi — ip + (¢ — IND? + (s — p + (@ — N2, (14)

where (is1, js1) and (ip, jp) are the indexes of the considered cut cell in S13p and the auxiliary cut cell in P, respectively.
(Nx, Ny) is the unit normal vector and ¢ is the level-set value of the auxiliary cut cell (ip, jp). The level-set value of the
considered cut cell results as

Dis, js = —(dmin — &), (15)

where d;, is the minimum distance obtained by Eq. (14) for the respective research regions. If there is no auxiliary cut cell
within the search region, it indicates that the non-resolved structure is outside of the narrow band beside the well-resolved
interface. Note that for a cut cell in S1zy the level set is constructed in the same way, but with —¢ in Eq. (14) and negative
sign on the right side of Eq. (15). By correcting the level set values of all cells in S1, and a well-resolved interface, indicated
by a black solid line in Fig. 3(b), is obtained.

The overall procedure of the present method can be summarized as follows:

1. Calculate the level-set values at the cell corners for the entire field from Eq. (8), and identify cells cut by the zero
level-set from Eq. (7).

2. Generate two sets of auxiliary cut cells with level set value ¢ = +¢ from Eq. (9).

3. Identify whether the cut cells contain non-resolved interface segments from Eq. (10), and classify them into two subsets
S1zp and Sy from Eq. (12) and (13), respectively.

4. Calculate the distance from cut cells that are in S1#p or in S1zy to the corresponding auxiliary level-sets from (14),
and correct their level-set values by Eq. (15).

Note that the present method can be extended directly to three dimensions. Also note that, since the present method
does not apply level-set shifting and re-initialization of the entire level-set field as in Ref. [10], the computational efficiency
is increased considerably.

4. Numerical validation and examples

The following numerical examples are considered to illustrate the capability of the present method to handle interface-
scale separation. First, a canonical advection test of a circle in a single-vortex flow is carried out to examine the smoothing
effect of the current approach on the interface as well as computational cost. Subsequently, two flow configurations serve
to study the fully coupled problem: one is an underwater explosion problem with relatively simple interface evolution; the
other is a shock-bubble interaction problem with complex interface evolution. Finally, we conduct a numerical simulation of
liquid filament breakup to verify mesh convergence and physical sensibility of the present method. Here, the non-resolved
interface segments are simply deleted after they are separated from the main interface. One can refer Han et al. [10] for
alternative treatments.

4.1. Two-dimensional single-vortex flow

We consider a pure interface-transport case, where the interface deforms by a single-vortex flow [1]. A circle of radius
Ro =0.15 is located at (0.5,0.75) in a unit square computational domain, as shown in Fig. 4 at the initial time. To compare
the results with those in Ref. [10], the same grid resolution is set as 512 x 512. The velocity field is given by

u = 2sin? (7t x) sin(r y) cos(wr y)
v = —2sin? (7t y) sin(mr x) cos(mwx). (16)

Under this solenoidal velocity field, the circular interface is stretched into a long filament around the vortex center.

Fig. 4 compares the evolution of the interface to that obtained by the constrained stimulus-response procedure of
Ref. [10] (denoted as CSRP) and the level-set method without scale separation. In the early stage, since the interface is
well-resolved, the three results coincide. After the interface has deformed, a thin filament appears at the cusp. The scale
separation procedure is active when the length scale of the interface structure is less than the threshold (¢). As shown in
Fig. 4, CSRP removes more interface segments or area at the cusp than the present method, since the level set values of
some cells containing well-resolved interface segments are also updated by the re-initialization [10]. The area loss can be
measured by

A P

(17)

N .t
A Zi%

0~ $i=N_0°
A 2iT0 9
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Fig. 4. Single-vortex flow: the evolution of interface deformation (first and second row) without scale separation (black line) and with CSRP (red line),
and the method in this paper (green line). The third row shows zooms of the interfaces as indicated at times t =3, 4 and 5. (For interpretation of the
references to color in this figure legend, the reader is referred to the web version of this article.)
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Fig. 5. Single-vortex flow: variation of the total area.

where A denotes the total area of the disk and «; is the cell area on cell i, and the superscript O represents the initial
condition. The results given in Fig. 5 show that the present method achieves less area loss than the CSRP. Furthermore,
our experiment shows that the present method achieves a speed up factor of 2.3 compared to the CSRP method for the
scale-separation operations.

Note that, since the level-set method generally lacks area/volume conservation, the area/volume loss is inevitable even
when the flow is incompressible and the interface is well resolved. However, if the level-set method is coupled with the
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Fig. 6. Underwater explosion: Schlieren-type image for density (the left half) and interface position (the right half) at different time instances.

conservative sharp-interface method (see Ref. [21] and Sec. 4.4), area/volume conservation can be achieved due to the
inherent mass-conservation property.

4.2. Underwater explosion

To demonstrate that the present method has no effect on the well-resolved interface structure, we carry out a two-
dimensional simulation of an underwater-explosion problem. This case has been investigated by Hu et al. [16], Han et al.
[9,10], and Shyue [28]. For this case, the non-dimensional initial condition is

p=12x103,u=0,v=0,p=1,y=14 air
p=125u=0,v=0,p=1,y=14 gaseous bubble
p=1u=0,v=0,p=1,pg=1,B=3310,y =7.15, water . (18)
15— 1.35
@ = ‘ y= level-set
—012+/(x—22+(y—-122 y<135

The dimensional references are given by the state of water at 1 atmosphere and length scale 1 m. The level set ¢ > 0 rep-
resents water described by a Tait’s equation of state, and ¢ < 0 represents air and the gaseous explosive products described
by an ideal-gas equation of state. An underwater gaseous bubble of radius 0.12 is located at (2, 1.2) in a rectangular domain
4 x 4, and the air-water interface is at y = 1.5. A solid-wall boundary is applied at the bottom and an outflow condition
with zero gradient is applied at the other boundaries. The computational domain is discretized by 1024 x 1024 grid points,
which is the same as in Ref. [9].

Fig. 6 shows the interface evolution as well as Schlieren-type images of density at several different time instances.
The results are identical to those in Ref. [9]. As shown in Fig. 6, one can observe that, since the interface is smooth and
well-resolved, no interface segments are removed by the present scale separation method. Compared to the CSRP method,
our results show that the present method achieves a speed up factor of 2.5.

4.3. Shock-bubble interaction

To validate the present method with respect to handling complex interfaces, we consider a shock-bubble interaction
problem. This case involves a weak shock wave of Mach 1.22 in air impacting a cylindrical bubble of Refrigerant-22 (R22),
which is a canonical test for multi-phase numerical methods [9,24,26,29]. The corresponding experiments were carried out
by Haas and Sturtevant [8]. With dimensional references given by the state of air at 1 atmosphere and 1 m, the initial
condition is
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Fig. 7. Shock-bubble interaction: Schlieren-type images of density (the top half) and interface position (the bottom half) at different time instances.

p=1Lu=0,v=0,p=1,y=14 pre-shocked air

p =1.3764,u=-0.3947,v=0,p =1.5698, y = 1.4, post-shocked air (19)
p=3154,u=0,v=0,p=1.0,y =1.249, R22 bubble

@ =—0.025 4 /(x — 0.245)2 + y2 level-set

The level set ¢ > 0 represents air and ¢ < 0 represents R22 respectively. Both are described by ideal-gas equation of state.
A R22 bubble of radius 0.25 is located at (0.245, 0.0445) in a rectangular domain 0.445 x 0.089. An incident shock wave,
initially at x = 0.295, travels from right to left and interacts with the R22 bubble. To compare the current results with
those in Ref. [10], the computational domain is discretized by the same grid with 8192 x 2048 points, where 1150 cells are
distributed along the bubble diameter.

Fig. 7 shows the Schlieren-type images of density gradient |Ap| at the several time instants. It can be observed that
the results are in good agreement with previous numerical work of Refs. [9,24,26,29] and the experiment [8]. In the early
stage, the interface is well-resolved as same as in Ref. [9,10]. Due to the vorticity induced by incident shock impact, the
interface begins to roll up and produces small filaments, as shown in Fig. 7 at t = 187,247 ps. As time moves on, the
filaments become thin and breakup into droplets. When these filaments are non-resolved by the current resolution grids,
they are removed by the scale separation procedure. Compared with the results in Fig. 8 of Ref. [10], more droplets and thin
filaments are preserved at the late stage, e.g. t = 318,417 by the present method. Furthermore, the present method achieves
a speed up factor of 2.7. Note that, when the scale separation is switched off, numerical instability prevents the simulation
from continuing after small filaments and droplets have been generated.

4.4. Liquid-filament breakup under gravity

To verify the ability of the present method on capturing the behavior near interface singularity, we consider a case
of liquid-filament breakup under gravity and capillary effects. This problem has been studied both experimentally [32,3]
and numerically [25,30,10]. The set-up of the simulation is the same as in Ref. [25] but the surface-tension coefficient is
increased to o = 225 to reduce computation cost. As pointed out by Castrejon-Pita et al. [3], the effect of air around the
filament can be neglected.

A conservative sharp interface method for incompressible multiphase flows [22] is applied. The surface tension term as
and gravity term pg are added in the momentum equation of Eq. (1). The surface-tension force is given by

a, =okdN (20)

where o, k, N are surface-tension coefficient, curvature and normal direction of the interface, respectively. §, is a Dirac
delta function defined in the normal direction of the interface. The initial condition for the axisymmetric liquid drop is
given by

p=103u=0,v=0,po=10% B=10° y =7.15, Liquid

. 21
¢ =—0.25+/x2 4+ (z—3.0)2 level-set (21
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Fig. 8. Liquid-filament breakup: evolution of the interface.
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Fig. 9. Liquid-filament breakup at different resolutions: (a) evolution of the neck diameter hy,;, with time t; (b) evolution of hy,;, with the dimensionless
time 7 and the potential flow scaling law hpp, ~ T72/3.

The level set ¢ < 0 represents liquid drop described by a Tait's equation of state, and ¢ < 0 represents air which is neglected
by the free surface model. The drop radius is 0.25 m with its center located at (0.0,3.1) in a axisymmetric domain of
0.5 x 3.0, g 25 m/s®. The cap initially rests on the upper wetting wall due to surface tension. To handle the moving contact
line, we adopt the effective curvature boundary condition at the wall [21]. The static contact angle is taken as 6 = 25°. In
order to investigate grid convergence, the computational domain is discretized by increasing the resolution from 256 x 1536
to 2048 x 12,288.

Fig. 8 shows the interface at several time instants of the simulation with the resolution 1024 x 6144. As reported in
Ref. [25], the liquid cap is quickly distorted but still is attached to the wall due to surface tension (t = 0.4). Subsequently,
the drop deforms and a filament appears (t = 0.45,0.5). When the thickness of the filament neck reduces to the size of
about one cell, the scale separation method takes effect and the filament breaks up into two parts (t = 0.55). While the
lower part is falling down and recovers to a circular shape, the upper part develops the typical shape for second breakup
due to the capillary waves acting on the surface of the filament (t = 0.6, 0.65).

The evolution of the neck diameter is shown in Fig. 9. Since the Ohnesorge number Oh = u/\/pR30 <« 1 in this case,
it is expected that the dynamics follows potential-flow theory when hp;;, becomes sufficiently small, i.e. hpi, ~ 72/3 [20].
hmin is the neck diameter normalized with the drop radius R. t is defined as T =t — t,, where t is time, and t; is the
breakup time non-dimensionalized by the capillary time, t, =+/pR3 /0. Fig. 9(a) illustrates the breakup times with different
resolution, which implies about second order convergence with mesh refinement. Furthermore, the results recover the
expected potential-flow scaling law, as shown in Fig. 9.
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5. Concluding remarks

We have developed a new formulation for scale separation to improve the computational efficiency for multi-scale sharp
interface modeling of multi-phase flows. Based on the observation that there is lack of topological consistency between the
auxiliary and zero level-sets for the non-resolved interface segments, the cut cell associated with non-resolved interface
segments are identified explicitly by checking the auxiliary cut cells in its neighborhood. Non-resolved structures are re-
moved and the corresponding level-set field is reconstructed by a localized re-distancing method. Several typical numerical
examples are simulated to validate the performance of the present scale separation method. The results show that the cur-
rent approach is able to handle complex interface evolution. Compared to Han et al. [10], the present method decreases
the over-smoothing effect of the original method and achieves a considerable computational speed up. Furthermore, the
simulations of the filament-breakup case on with increasing grid resolutions verifies the physical consistency of the present
scale-separation method.
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