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Objective

Investigate whether and how rate-limited feedback increases the

nofeedback capacity of some discrete memoryless broadcast channels

New Achievable Regions

Theorem 1:

For DMBCs with feedback, the capacity region Cfy, includes the region Rip 1:
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Theorem 2:
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Coding Schemes

Scheme achieving Rin 1
e Codebook: In block b € [1: B + 1], generate

I(U; Y1|Q)
I(U; Y2| Q) — I(Y1; V4| U, Ya, Q)
I(X; Y1, Y>|U, Q)

for some pmf PQPU|QPX|UQPY1y2|XP§,1|UYIQ satisfying

I(Y1; Y1|U, Y2, Q) < Reb1

Ug(me, /b—l) ~ H::l Pu(ubJ) for myp € [1 2 2”R1]

n
X (m2,plmy b, lp-1) ~ T, Pxju(xb,elus,c) for mop € [1 21Re]

~ n ~
75 (Ko, lolm b, lo-1) ~ TT,_, Py y(Fe,elub,e)

for kp, € [1 c 2nR’]7 I, € [1 : 2nRFb,1]
@ Transmitter: In block b € [1: B+ 1], sends

For DMBCs with feedback, Crp, includes the region Rin 2:

4

Xp(mo,p|mp, Ib—1)

Sliding-window decoding: In block b € [1: B + 1],
Receiver 1: looks for an index ﬁvglg s.t.

(UZ(ﬁva, Ib-1),¥1b) € T"(Puv,)-

(DMBC)
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Figure 1 : DMBC with rate-limited feedback
o Messages: M; € [1:2"R], for i € {1,2}

o Channel law: Py, v, x
Feedback: F;: € Fj satisfy

|Fi1 X - x Fiq| <2Fi for i € {1,2}

Encoder:

Xe = ft(n)(ML Mo, FI71 FEY), for t € [1: n]

Decoder: M; = CD,(-")(Y,-”)
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Error probability:

P{" 2 Pr{My # M or My # M}
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Definitions
Definition 1: A DMBC is called strictly less-noisy if

I(U; Ya) > I(U; Y1)
holds for all auxiliary U — X — (Y1, Y2) with /(U; Y1) > 0

Definition 2: A DMBC is called strictly essentially less-noisy (Y2 = Y1) if
given any Px € Py
I(U; Ys) > I(U; Yr)

holds for all auxiliary U — X — (Y1, Y2) with /(U; Y1) > 0, where Py is a
sufficient class: Given a BC, for any joint pmf Pyyx there exists a joint pmf
Plyx that satisfies

Ri < I(Uo, Ur; Y1, V2|Q) — I(Y2; Y2| Y1, Q)
Ry < I(Up, Uz; Y2, Y1|Q) — I(Y1; Yi| Y2, Q)
Ri+Ry < I(Uo, Ui; Y1, Y2|Q) — I(Ya; Ya| Y1, Q) + I(Ua; Ya, Y1|Uo, Q) — I(Us; Uz| Up, Q)
Ri+Ry < I(Uo, Us; Ya, Y1|Q) — I(Y1; Y1|Y2, Q) + I(Us; Y1, Ya|Uo, Q) — I(Us; Uz | Up, Q)
Ri+Ry < I(Uo, Uy Y1, Y2|Q) — I(V2: V2| Y1, Q) + I(Up, Ua; Ya, V1| Q) — I(Y1; V4| Y2, Q) — I(Us; Uz|Up, Q)

for some pmf PQPU0U1U2\QPX\U0U1U2QP§/1\leP\"/2|y2Q satisfying

I(Y1; Y1]Y2,Q) < Rroa1 and (Y2 Y2| Y1, Q) < Rebo

Remark 2: When setting Y1 = const., Rin,1 reduces to superposition coding region

Remark 3: Rin 2 strictly contains Cnofp, for some more general DMBCs: some essentially less-noisy and some more capable BCs. This
is the case e.g., for BS/BE-BCs

Usefulness of Feedback

Theorem 3:
Assume Rpp 1 > 0. For strictly essentially less-noisy DMBCs:

1. If (R >0,R,>0) € (bd(CNoFb) N int(Cgnn), then (R1, R2) € int(Crp)

2. If CnoFb 7 Cennh, then Cnorb C Crp, i.e. feedback strictly increases the nofeedback capacity region

v
Examples

X = Yy: BSC(p), X — Ya: BEC(e) with p, e € (0,1)

Y; = X @ Z; with inde. Z; ~Bern(p;) and 0 < p» < p1 < 1/2

o let Uy = Y, = const., Ug ~Bern(q), Us = Uy ® W and
Y1 = Y1 ® Wa with Wy ~Bern(r), Wa ~Bern(s)

@ 0 < e < H(p): More capable but NOT Y, > Y;
o Hp)<e<l: Yo=Y

—— No Feedback 0.8
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Zuv Puvx  (u,v.x) € Px

IP(U; Yl) < /p/(U; Yl)

IP(V; Y2) S /p/(V; YQ)
IP(U; Yl)—l—/p(X; Y2|U) < /p/(U; Yl)—l—/p/(X; Y2|U)
/p(\/; Yz) + IP(X; Y1| V) < /p/(\/; Yz) + /p/(X; Y1| V)

Remark 1: Superposition coding is optimal for strictly (essentially) less-noisy
DMBC: for some Pyx Py, y,|x
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Figure 2 : p; € {0.2,0.25,0.3}, p» = 0.1 and Rep 1 = 0.8 Figure 3: p=0.1, e€{0.2,0.7} and Rrp 1, Rrp2 = 0.8

Next, looks for a pair (kp, Ip) s.t.

ny (1 ~n A~ (1 n n
(ub(mg,t),,/b—1),yb(kb,/b|m§,l),,/b—1),}/1,b) € T"(Pyyv,);
and sends /, back to the transmitter

(2)

Receiver 2: looks for a pair (/] b77b—1) s.t.

(up(mP), To—1), ¥ 5) € T (Puy,).

Then, it looks for a pair (/A<b—177b—1) s.t.
n ~ (2 7 n
(up—1 (mg,[),_p/b—z)»)@,b—l,
~n T q A (2 7 n
Vp—1(kb-1, /b—1|m§,t),_1, Ib-2)) € T"(Pysy,)s

and finally searches an index /i1 p_1 s.t.

A~ (2 A A ~ (2 4
(1 (D1 Do), X1 (Ao pa|C) 1 Tom2),

on 24 a2 4
b—1(kb—1, /bfl\mﬁ,?,_l, Ib-2),¥2-1) € T (Pyxvy,)

Note: Ri, 2 is achieved by applying Marton's coding, two-sided feedback
and backward decoding to the scheme for Rin 1

@ Feedback can increase the capacity of strictly essentially less-noisy
DMBC

@ Feedback can even increase the capacity for some more capable but not
strictly essentially less-noisy DMBC

@ Recover all previously known capacity and degrees of freedom results
for memoryless BCs with feedback

@ Results hold up under noisy feedback links if the receivers can code
over them
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