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"Be true to the game, because the game will be true to you. If you try to
shortcut the game, then the game will shortcut you. If you put forth the effort,
good things will be bestowed upon you. That’s truly about the game, and in
some ways that’s about life too."

- Michael Jordan
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Abstract

This thesis presents finite element complexity reduction techniques for eigenvalue
problems. For parameter dependent problems, we propose an adaptive reduced ba-
sis algorithm for multi-query outputs with applications to vibro-acoustics. Further
efficiency is gained by component mode synthesis and mortar techniques. Additio-
nally we generalize the concept of energy-corrected finite elements to higher order
and eigenvalue problems to overcome the pollution effect on non-convex polygonal
domains.



Zusammenfassung

In dieser Arbeit behandeln wir Methoden zur Komplexitatsreduktion bei finiten
Elementen fiir Eigenwertprobleme. Mit einem adaptiven reduzierte Basen Algo-
rithmus approximieren wir gleichzeitig mehrere Outputs eines parameterabhingi-
gen Problems aus der Vibro-Akustik. Die Effizienz wird durch Component Mode
Synthesis und Mortar Techniken weiter verbessert. Aufterdem verallgemeinern wir
das Konzept der Energiekorrektur fiir finite Elemente auf héhere Ordnungen und
Eigenwertprobleme, um den Pollution-Effekt auf nichtkonvexen polygonalen Ge-
bieten zu iiberwinden.
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Chapter |.
Introduction and mathematical

background

In this chapter we introduce the modeling problem as well as the theoretical and

numerical background for the results presented in this thesis.

1. Introduction

Eigenvalue problems, whose solutions consist of the eigenmodes and eigenfrequen-
cies of a system, arise in many physical and technical application areas. Among
those are the vibro-acoustic analysis of building structures, which is the motivation
of this work, as well as applications in areas such as electrical circuits and chemical

engineering.

Mathematical models and numerical simulations play an important role during the
planning process of a building [I30] 132] 133]. Besides static and energetic con-
siderations, also the vibro-acoustical analysis is a crucial part in developing an
elaborate construction plan. After the construction of the building is completed,
the impact as well as the airborne noise will be measured and have to fulfill strict
requirements [I31], 149].

Figure 1.1: Timber building example.|5]
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In order to ensure that these standards will be met upon completion of the building,
mathematical models are set up and sophisticated numerical methods are employed
for the solution of the eigenvalue problems arising during the vibro-acoustical ana-
lysis. The geometry of a building like the one depicted in Figure is extracted
from a building information model (BIM), which gives information on the physical
and functional properties of a building in digital form. A standard data model in
the building industry are the Industry Foundation Classes (IFC), which are sup-
ported by many computer-aided design (CAD) software packages.

In a general setting, the eigenfrequencies and eigenmodes of the structure as well
as the stimulation and the damping are required. Determining the eigenfrequencies
and eigenmodes of a structure, which are here the solutions of a linear elasticity
eigenvalue problem, allows to identify its vibrational spectrum for a given stimu-
lation using modal superposition (spectral analysis) as in [130]. Modal analysis
is typically useful when investigating low frequencies combined with a low eigen-
mode density. This applies to timber-frame constructions as depicted in Figures
and where acoustic deficits can be found, for example at the intersection of
thin walls with ceilings, especially for frequencies below 100 Hz. In the context of
these buildings, modal analysis is used to calculate the noise level at the separating

and flanking components of the structure, see Figure [[.2]
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Figure 1.2: Building components. [56]

From this, the sound pressure level in the space under consideration can be calcu-
lated using modal coupling [130]. It is important to model the possible couplings

of timber elements in a mechanically consistent way regarding vibro-acoustics.

The numerical simulation of the problems allows to gain insight into the behavior
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of the system under varying parameters. These predictions give the opportunity
to reevaluate the system and make changes to the materials used or to the con-

struction itself while reducing temporal and monetary costs.

The challenge is to obtain results which are accurate and achieved in a sufficiently
small time span. It has to be taken into account that simulations may have to be
performed several times during the course of a project. In order for the models to
be sufficiently accurate, very large and detailed systems are used for the modeling
of the physical phenomena. The simulation of these large-scale systems is very
expensive in terms of time and hardware. Thus not only the solutions of this de-
tailed eigenvalue problem play a role, but also the need for reduced order models,
which are significantly smaller while preserving the important characteristics of the

original system.

In this thesis, we focus on the eigenfrequencies and the eigenmodes of a building
structure in the context of model order reduction. The numerical methods were
developed with the goal of including them into the planning process of a timber
building. This allows the optimal design of single components and the investigation
of their vibrational coupling as well as the vibro-acoustic properties of the entire
building in an early stage of the planning process. The results presented in this
thesis do not only apply to the specific physical situations considered, but can be

generalized to a wide range of application areas.

The structure of this thesis is as follows: In Section [2| of Chapter I, we introduce
the definitions and the theoretical as well as the numerical background constituting
the foundation of the work conducted in this thesis. We start by introducing the
necessary function spaces, then we give a short introduction to the equation of
linear elasticity, which is used to model the building structures. Finally we present
the general eigenvalue problem, which is the tool for obtaining the eigenfrequencies

and eigenmodes of a structure.

Chapter II consists of Section [3] and Section [4, where complexity reduction in
the sense of mortar methods is presented. In Section [3] we start by introducing
mortar finite element methods for eigenvalue problems. These are non-conforming
domain decomposition methods, in which the global domain is decomposed into
overlapping or non-overlapping local subdomains in a geometrically conforming or
non-conforming way. The central idea of mortar techniques is to replace the strong

continuity condition of the solution across the interface by a weak one. Mortar
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finite elements allow to mesh subdomains of the building such as walls and ceilings
independently. This is useful since global meshing is very expensive. We demon-
strate the suitability of the mortar method for high order finite elements and apply

mortar methods to domains ranging from L-shape domains to whole buildings.

In Section [d] we derive a new mortar formulation designed to replace an explicitely
discretized elastomer with a new coupling condition. To this end tailored Robin
conditions are applied at the interface as coupling conditions instead of the more
standard continuity constraints. We derive the dimensional reduced model with
the new coupling condition, show the stability of the model by numerical experi-
ments and subsequently test the performance of the new formulation on benchmark

examples and demonstrate the engineering relevance for practical applications.

The following Chapter III deals with model order reduction approaches in the
sense of reduced basis methods for eigenvalue problems. The chapter is divided
into Section [5] Section [6] and Section

In Section [5| we present a model reduction framework for parameterized eigenvalue
problems by a reduced basis method, which is of particular interest for applicati-
ons in vibro-acoustics since many evaluations have to be performed with changing
parameters during the planning process. In contrast to the standard single output
case, we approximate several outputs simultaneously, namely a certain number of
the smallest eigenvalues. For a fast and reliable evaluation of these input-output
relations, we analyze a posteriori error estimators for eigenvalues. Moreover, we
show different greedy strategies and study their performance systematically. We
pay special attention to multiple eigenvalues, whose appearance is parameter de-

pendent.

In Section [6] we present the reduced basis method for eigenvalue problems in combi-
nation with isogeometric mortar methods. In contrast to finite elements, isogeome-
tric methods allow to approximate a larger spectrum of eigenvalues and also curved
geometries more accurately. We demonstrate that also in this context reduced basis
eigenvalue methods are useful to reduce computation cost and time, where we are
able to eliminate the Lagrange multipliers introduced by the mortar coupling and

formulate a reduced eigenvalue problem for a symmetric positive definite matrix.

In Section [7] the component mode synthesis is presented. This method consists of

16



dividing a large global geometry setting into many smaller subgeometries. Then
instead of considering the eigenvalue problem on the global geometry, it is subdi-
vided into several local eigenvalue problems, which are solved on their own and
then coupled to recover the global problem. This is especially useful in the vibro-
acoustic analysis of building structures since it is straight-forward to divide the
building structure into smaller substructures such as walls and ceilings. Thus using
reduced basis methods for eigenvalues instead of finite element solutions allows a

further complexity reduction to save time while achieving a satisfying accuracy.

In Chapter IV, which contains Section [, Section [9] and Section we then deal
with issues related to corner singularities, which arise in polygonal domains with
reentrant corners. These can be found in buildings as, e.g., depicted in Figure [1.2]
at window frames and doors and where walls meet the ceiling. The impact of the
singularities on the numerical calculations is investigated and adequate counterme-

asures are presented.

We begin Section [§| by demonstrating the impact of the singularities theoretically
in a simplified setting, given by the Laplace equation in two dimensions. It is well
known that the regularity of the solutions of elliptic partial differential equations on
domains with reentrant corners is limited depending on the maximal interior angle.
This pollution effect on the solutions results in reduced convergence rates in the
L?- and H'-norms for finite element approximations on families of quasi-uniform
meshes and cannot be compensated by applying weighted norms. Furthermore
we shortly describe the graded mesh method, which is a well-known procedure to

obtain optimal L2-convergence in the finite element context.

In Section [0 we introduce the energy correction method for the two-dimensional
Laplace equation, which is a method for domains with reentrant corners to re-
gain optimal order of convergence in weighted L?-norms as well as in the standard
L?norm. This is achieved by a local modification of the bilinear form in a vici-
nity of the singularity, which allows to overcome the pollution effect. We present
convergence results in weighted Sobolev spaces and illustrate them by numerical
tests that demonstrate optimal convergence rates for linear finite elements. Furt-
hermore we show numerically that optimal convergence can be achieved for the
three-dimensional Laplace equation as well as for the two-dimensional elasticity
equation. We then extend the theoretical as well as the numerical results to in-

clude higher order finite elements for the two-dimensional Laplace equation. In

17



addition we show for the corresponding Laplace eigenvalue problem that an opti-

mal convergence rate for the eigenvalues can be obtained.

In Section , we show that it is possible to obtain optimal L2-convergence by
compensating the lack of full elliptic regularity in the dual problem if we have
additional regularity of the exact solution. This is achieved using an elliptic shift

theorem if the underlying boundary value problem admits a shift by more than %

2. Mathematical background

In this section, we set up the foundation for the results presented in this thesis,
namely the necessary function spaces and equations and introduce the problem
setting. Nevertheless it should be noted that the results presented in the following

chapter are a recap of well-known results from standard literature.

2.1. Sobolev spaces

The theoretical as well as the numerical results in the following are based on the
notion of weak derivatives and the corresponding Sobolev function spaces. Weak
derivatives are a generalization of the concept of classical derivatives suitable for
modern function spaces based on Lebesgue function spaces. We now consider the
relevant standard results on Sobolev spaces and introduce the definitions needed.

For more details we refer to the introductory texts [I} 29 B0, 97].

In the following let Q C R? d € {2,3} be a bounded polyhedral domain whose
boundary is denoted by I' := 0€). We consider now functions u : 2 — R and
their partial derivatives DPu. In this formulation the multiindex 3 of order |3| =
p1+ ...+ Bq denotes a vector of the form g = (S, ..., Bq4), where each component
B; is a non-negative integer. Then the set of the partial derivatives of order k,

where k is a non-negative integer, is denoted by
DFu(x) = {Du(x) : |8] = k},
where

Dﬁu(az) = Olufz) =9

= = ... 9Py x).
s X (

If functions and their partial derivatives satisfy certain properties, they lie in

function spaces. The Lebesque spaces of integrable functions for 1 < p < oo

18



are defined as
PQ) ={u:Q—>R: / |u(x)|P de < oo}
Q

and for p = oo as
L>(Q) :={u:Q — R:esssup{|u(x)|,z € Q} < oo}.

The corresponding norms are defined as

1/p
lull ooy = ( / \u(x)\pdm)

||| oo () := ess sup{|u(z)|,x € Q},

and

respectively. Integrability can also be defined locally and the set of locally integra-

ble functions is given by
L. ={u:u€ LK), K CQ compact}.

If 8 is a multiindex and u,v € L}, , we say that u has the 8-th weak derivative v,

i.e. DPu =, if
/uDﬂgbdx:(—l)m/vqbdx
Q Q

for all infinitely differentiable test functions ¢ € C'2°(2) with compact support.

We are now prepared to define Sobolev spaces: For integer orders k € Ny and

1 < p < oo we define the Sobolev spaces as

WkP(Q) .= {u € L}, : DPuc LP(Q),|5| < k},

loc

the space of all locally integrable functions such that, for each multiindex up to
order k, the weak derivative exists and belongs to L?(£2). The corresponding norms

are defined as

1/p
(Z fQ|D5u]pdx> 1<p<oo
[ullweny = \IBI<k -

S~ ess supg|DPul ,p =00
181<k

All Sobolev spaces W*? are Banach spaces as well as L” spaces. The case p = 2
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constitutes a special case since then a natural inner product on the Sobolev space
W*? is induced by the norm. Thus these spaces are Hilbert spaces and will be
denoted by H*(Q) := Wk2(Q) in the following. For simplicity of the notation we

use the abbreviations ||ul|x = ||ul|grq) and |Jullo := [Jul[z2q)

For some of the following chapters we also require the notion of weighted Sobolev
spaces as introduced in [67, [97]. For this let » = r(z) > 0 denote the distance of
the point x to an arbitrary but fixed point z., e.g., a singular point. For o € R we

define the weighted Sobolev spaces
HM(Q) := {u: rotVPI=k DAy € L2(Q), 18] < k}

equipped with the norm

1/2

lullka = llullan = | D Ir* P DPulfaq) |
1BI<k

see e.g. [96]. Until now we have only defined Sobolev spaces H*(2) for integer k.
In the following we will define the corresponding interpolation spaces for fractional
values of s = k + 7 with 7 € (0,1), which include fractional order Sobolev spaces
as well as the Besov spaces. In order to do that we will introduce interpolation
spaces using the so-called real- or K-method as defined for example in [I], 10} [T59].
Let X,Y be two separable Hilbert spaces with X C Y dense in Y. Then we can

define the interpolation spaces as
(X,Y)gq i ={ueY :|ullxy),, <oo}
with the norms
(o K (u, £))74) ", for 1< g < o0,

sup {t 'K (u,t)}, for ¢ = o0

0<t<oo

[l (x,v)6.4
for 6 = s — k with integer k, where k < s < k+ 1 and

K= it {ollx+ oy}
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We can now define H® as
H*(Q) = (Hk(Q),Hk“(Q))@,g.

Furthermore the space Hj () is defined as the subspace of H'(Q) in which the

traces vanish on 02 as in [I], 55].

Of special interest for the mortar method is the space H%(OQ), which is the trace
space of the H'(Q) and can be defined by interpolation as

NG

H3(09) == (L2(89), H'(09))

2°

[

For a detailed review of trace theorems see [1].

For s >0, s N, and ¢ € [1, o] the Besov space B; (§2) is defined by interpolation
as
B; () == (H(Q), H*I(Q))og, 0 =15—[s].

Integer order Besov spaces By (€2) with n € N are also defined by interpolation

and can be stated according to [I59] as
B} () == (H" 1 (Q), H" () 1/2,4, n € N.

In order to give some indication of the relevance of the second parameter ¢ in the

definition of the Besov spaces, we recall the (continuous) embeddings [77]
H*™(Q) C B;,() C H*(Q) C B; ,(Q) € H(Q), e>0.

In the following chapters, the notion of the dual space will arise in several of the
theorems and proofs. If X denotes a real vector space, we denote its dual space
by X’. The space X' contains all continuous, linear mappings from X to R. If the

space X is normed, the dual norm on X' is defined as

1l o= sup &)

rexX flzllx

The dual space of H*(2) is denoted by H*(Q2).
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2.2. Variational formulation and the finite element method

The finite element method (FEM) is a widely used numerical technique for ap-
proximating solutions of boundary value problems. It relies on the variational

formulation of the boundary value problem, which will be introduced below.

Let Q C R? be defined as above and let our simplified model problem be stated as
-V .- (A(x)Vu)=f in(, u=0 on . (1)

We assume that A € R% and f are sufficiently smooth. Moreover A is assumed
to be symmetric and uniformly positive definite and A(z) > a1 for some ag > 0
and all z € ). The boundary value problem can then be restated in the weak
form using partial integration, where it reads:

Find u € V := H} () such that

a(u,v) =1(v), vel. (2)

Here a(u,v) := [, AVu - Vodz denotes the bilinear form and I(v) := [, fvdx is
the linear form. The existence and uniqueness of a weak solution to this problem

are given by the Lax-Milgram lemma as stated in [29, 30, [37].

Theorem 1 (Lax-Milgram). Given a Hilbert space H and a continuous, coercive
bilinear form a : H x H — R, i.e. a mapping such that for u,v € H and for

positive constants ci, co
la(u,0)] < eillullalvla  and  Ja(u,u)| > eoflully,

as well as a continuous linear functional | € H', there exists a unique u € H such
that
a(u,v) = 1(v), ve H.

We approximate the continuous problem given in by its discrete variational
formulation. In order to do that we define (7),>0 as a family of triangular meshes
obtained by uniform refinement of a conform triangulation of the domain 2. We
then denote the standard finite element space of continuous piecewise polynomials
of degree k by

ViFE={ve H}(Q) :v|r € P(T), T €T}

In the classical case of second order elliptic equations on a convex domain with

an H'-coercive bilinear form, the finite element method is of optimal convergence
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order in the H!- and L?-norm, as stated in the following theorem. Its proof uses
a duality argument known as the “Nitsche trick”, which is an important tool for
the convergence analysis in norms such as the L?-norm. The textbook procedure
for optimal order convergence in L? is to exploit full elliptic regularity for the dual
problem. Versions of this theorem and the corresponding proof can be found e.g.
in [29] 37, 155].

Theorem 2. Let V¥ be the finite element space and uw € H*™1(Q). Then, the finite

element approximation uy differs from the true solution u of (@ in the H'-norm
by
Ju —upllr S hk”“”k-ﬁ-la

and under additional assumption of H*-reqularity in the L?>-norm by
lu —unllo S B ullirr.

Proof. The first inequality can be shown using the Céa-lemma as stated in [29]

Lemma 4.2] and an interpolation theorem [29, Lemma 6.4

lu —uplls < C inf Jlu—wvplly < CR*|Juflpsr-

VREV)

For the second inequality we use duality arguments, Galerkin orthogonality and

continuity of the bilinear form to obtain that for v € V}¥

lu—wupllo = sup (gau_uh): sup a(u_uh790g>
gerz@  llgllo serz@)  llgllo
_ sup CL(U — Up, Pg — U)
geL2(Q) l9lo
< Cllu—wuply sup inf M,
gerz(@) eVl lgllo

where ¢, € Hj(Q) is the uniquely defined weak solution of a(w, p,) = (g,w) with
w € Hy(Q) and g € L*(Q). Since H?-regularity holds, we have that ||¢,ll2 < [lg]lo-
This approximation is also known as the “Aubin-Nitsche-Lemma” mentioned above.

Together with the estimation for the H'-error, this leads to
lu —unllo < Chllu—uplly < CRul|jsr.

]

In order to demonstrate the numerical performance, we consider a convex domain
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with its respective uniform refinement as shown in Figure [2.1] and investigate the
performance for ansatz functions of order one to three. For the demonstration of

optimal convergence, we consider the simple Poisson model equation

—Au = fin Q, u(z,y) = sin(mx) sin(my) on 0.

// / N ]
% 7
/ L yavd / v
L A/ /| 4
/ / v -
/ L | /
/ > 7]

Figure 2.1: Uniform mesh refinement on a unit square.

The corresponding optimal convergence results as stated in the above Theorem
are depicted in Table [2.1| for the L?-norm and in Table [2.2| for the H'-norm.

k=1 [ k=2 ] k=3 |
level || ||lu—unllo | rate || |[u—unllo | rate || |[u—unllo | rate
1 1.1534e-01 - 4.7914e-03 3.5346e-04

3.2465e-02 | 1.83 || 5.6526e-04 | 3.08 || 2.1803e-05 | 4.02
8.3735e-03 | 1.96 || 6.9303e-05 | 3.03 || 1.3432e-06 | 4.02
2.1100e-03 | 1.99 || 8.6184e-06 | 3.01 || 8.3249e-08 | 4.01
5.2856e-04 | 2.00 || 1.0759e-06 | 3.00 || 5.1803e-09 | 4.01
1.3221e-04 | 2.00 || 1.3445e-07 | 3.00 || 3.2227e-10 | 4.01

SO W N

Table 2.1: Optimal L?-convergence rates on convex domain for ansatz functions of
order one, two and three.

S =5 W TP R N T N
level || [Ju—up|ly | rate || |ju—upllr | rate || ||u—uplly | rate

1 8.6008e-01 - 1.3015e-01 - 1.3329e-02 -
4.3534e-01 | 0.98 || 3.3432e-02 | 1.96 || 1.6579¢e-03 | 3.01
2.1801e-01 | 1.00 || 8.4219e-03 | 1.99 || 2.0612e-04 | 3.01
1.0904e-01 | 1.00 || 2.1097e-03 | 2.00 || 2.5685e-05 | 3.00
5.4521e-02 | 1.00 || 5.2769e-04 | 2.00 || 3.2054e-06 | 3.00
2.7261e-02 | 1.00 || 1.3194e-04 | 2.00 || 4.0035e-07 | 3.00

SO W N

Table 2.2: Optimal H!-convergence rates on convex domain for ansatz functions of
order one, two and three.
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2.3. Elasticity equation

In the following, we will briefly introduce the principal concepts of linear solid
mechanics required for the mathematical modeling of building structures. We do
not intend to give an extensive overview of the topic, but will rather introduce the
necessary basics for solid mechanics. For further details on solid and structural
mechanics we refer to the literature such as [29, [134] 147, 183)].

It is our aim to determine the displacements u of an elastic material, assuming
small displacements. In the three-dimensional setting, a displacement corresponds

to a mapping ¢ : Q — R3, which is given by
¢ = I1d+ u.

Here ¢(x) is the new location of the original point z € Q under the mapping u.
The mapping ¢ is called a deformation if its deformation gradient

991 9¢1 Ody
8951 8:52 6355

— | 982 0d2 O
v¢ 63:1 81‘2 afL‘3
963 0¢3 0o

8.’1)1 (9.132 8.773

statisfies det(V¢) > 0.
Then the Green-Lagrange strain tensor is given as (V¢! V¢ —I), where I € R3*3

denotes the identity matrix. In linear solid mechanics, only the linear parts are

considered, yielding the linearized strain tensor defined as
1 T
e(u) == §(Vu + Vu').

The tensor describes local deformations inside the body such as extensions, volume
changes and shear strains. To represent the symmetric tensor with reduced order

we use the Voigt notation, which allows to write the second order tensor as

_ T
€ = [€x, €ys €2, €xyy €y, €22 -

The relationship between stress and strain depends on the constitutive law of the
specific material. If we assume that Hooke’s law holds, this relationship is linear

and the linearized stress o is defined as

o(u) := Ce(u),
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where C denotes Hooke’s tensor, which we assume to be positive definite. Depen-
ding on the matrial law, the matrix C changes: In the most general case of an
anisotropic material, the matrix can have 31 independent entries. We will however
restrict our studies to the orthotropic and isotropic cases due to the materials con-
sidered in the planning process. According to [130] for orthotropic materials like
wood, which contain fibers with different orientations and thus different Young’s

moduli, the stiffness tensor C takes the form

Ay A Az 0 0 0

Ay Agy Ay 0 0 0

C_ Aszi Agy Az 0 0 0
0 0 0 Gy 0 0

0

0 0 0 0 Gy
0 0 0 0 0 G

with the material parameters

Ay = lE_)_z(l - ij%), Ay = Ay = D—Z(sz + Vszzx%)7
Az = Az = %(nyyyz + Via), Agy = ZE)—ZOJ(l — Vgxg—i),
Agz = Agp = %(Vyz + nyszEI), Asz = %(1 — Viy%),
where
Dy=1- VZZ% — Viyg—i — QVIyVyZVZI% — ngg—;

Since orthotropic materials have different material properties depending on the
direction in space, we have to consider a total of nine independent parameters.
While E;, i € {z,y, 2z} denote Young’s moduli, the

Gij with (i,7) € {(z,9), (y,2), (z,2)}
denote the shear moduli and the
vi; with (i,7) € {(z,y), (y, 2), (z,7)}

denote Poisson’s ratios. For orthotropic materials the Poissons’s ratios represent
three independent material parameters. In this case the only relation between the

ratios is v;jF; = v;;I5;. To ensure that C is positive definite it has to satisfy the
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conditions

— >V and Dy >0

on the parameters. Isotropic materials constitute the simplest possible case with
C stated as

(1—-v) v v 0 0 0
v (1—-v) v 0 0 0
C— E v v (1—-v) 0 0 0
(1+v)(1-2v) 0 0 0 (1-2v) 0 0
0 0 0 0 (1-2v) 0
0 0 0 0 0 (1-2)

according to [29]. In the isotropic case we have considerably less parameters since
the parameters F; and v; do no longer depend on the direction such that all the
Poisson’s ratios have the same value, and the G| ; can be calculated from them. In
the isotropic case, o can also be written using the Lamé constants i and A, which
depend on E and v and are defined as

E ~ vE

,&::m and A= A2

In this case, the Poisson ratio fulfills —1 < v < % in order to have a positive definite

C. Then o can be written as
o(u) = 2fie(u) + X trace (e(u))l.

The forces inside a body have to be in equilibrium with the forces acting on the
body. Thus the equilibrium condition of an elastic body according to Cauchy’s law

is given by the equation
—divo(u)=f  in Q, (3)

where f is the volume force acting on the body and the divergence operator is

taken row-wise. In the isotropic case this can be simplified to

—(2/1 div e(u) + X grad div u) = f in Q.

27



This equation together with the respective boundary conditions, such as Dirichlet
(I'P) or Neumann (') boundary conditions, determines the displacement in the
static case. Dirichlet conditions have to be imposed when the body is clamped at
the respective boundary and Neumann conditions are imposed wherever there are
boundary tractions. In order to obtain the dynamical case, we can use Newton’s
second law

—div o(u) = f — p@, in Q and ¢t > 0, (4)

ot?

where p denotes the density. In order to complete the dynamical case, suitable

initial and boundary conditions have to be set.

2.4. Eigenvalue problems

In this section, we recall how, from the dynamical case achieved in the last
section, we can obtain the eigenvalue problem. We furthermore discuss some of the
important properties of the eigenvalue problem and its fundamental solution. This
topic is dealt with in many excellent literature references, details on this topic can
be found in |10, 23] and the references therein. We consider now the linear elas-
ticity case as an example for an elliptic eigenvalue model problem. All the results
derived in the following also hold true for more general elliptic systems and are

derived analogously.

Let us now follow [10] and take f = 0 in the dynamic elasticity equation. For

u(z,t) # 0 we can use separation of variables to write the solution u as
u(z,t) = u(z)T(t).

Inserting this into the dynamic elasticity equation leads to

2
T
—T(t)div o(u(z)) = —pu(x)ﬁatgt) in Qand ¢t >0
. 92T (t)
_div o(ulz)) = in 2 and ¢ > 0.
pu(z) T(t)

Since the expressions are equal, but depend on only x and only ¢, they have to be
equal to a constant, which will be denoted by A € R. We thus need to find A € R
and u(x) such that

—div o(u(x)) = Apu(x) in Q,

while fulfilling the respective boundary conditions. The problem as stated above
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is called an eigenvalue problem, where A is the eigenvalue and u(z) is the eigen-
function. The tuple (A, u) is called the eigenpair of the problem. The eigenvalues

of the above problem are numbered as
O< A <A< ...

and the corresponding normalized eigenfunctions denoted by w; are orthonormal,
fulfilling

/ ui(z)uj(x) de = d;,

Q

where 0;; denotes the Kronecker symbol. Furthermore the eigenfunctions are com-

plete in L2 which means that h(z) = Y a;u(z) for every h(x) € L2 Then every
i=1

eigenvalue \; has to satisfy the equation

_OPT()
ot?

The solution to this problem is easily determined to be

Ti(t) = a; sin(\/x-(t +b))

with the arbitrary constants a; and b;, which can be determined using the initial
conditions. We can thus find the solutions as u;(x)T;(t), which allows us to rewrite

u(z,t) as
u(z,t) = Z wi(x)a; sin(v/ Ai(t + b;)).

The summands in the above equation are called the eigenvibrations of the problem,
whose shapes are determined by the functions w;(z) and whose frequencies by the
eigenvalues through 1/\;.

Our model problem under investigation in the building consists of the linear elas-

ticity eigenvalue problem
—div o(u) = Apu in Q

with Dirichlet boundary conditions on a closed non-trivial subset I'? of the boun-

dary 99 and homogeneous Neumann conditions on 9Q \ I'?.
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We now consider the variational formulation of the eigenvalue problem. Then the
variational formulation of the elasticity eigenvalue problem reads:

Find the eigenvalues A € R and the eigenfunctions
ueV:={ve H Q)| vl =0}

such that
a(u,v) = Am(u,v), vev. (5)

The required bilinear forms
a(-,) : (H Q) x (H'(Q)? =R and m(-,-) : (L2(Q)4 x (L2(Q)? = R

are given as

(u,v) = a(u,v) := / Ce(u) : €(v) dx

Q
and

(u,v) = m(u,v) = p(u,v)2q) = p/ u-vde.
Q

In the following chapters, we will use several different discretizations for this va-
riational formulation, which will be described in detail in the respective chapters.
Nevertheless certain properties of the continuous problem, such as the ordering and
positivity properties of the eigenvalues and the orthonormality of the eigenfuncti-
ons, remain valid in the discrete case. Furthermore for conforming discretizations,
the discrete eigenvalues )\, always approach the continous ones from above, i.e.
A < A\, and the approximation of the eigenvalues is of order O(h?"), while the ap-
proximation of the eigenfunction is of order O(h**1) if we have sufficient regularity.

The corresponding detailed proofs can be found in the book [10].

To demonstrate the described convergence results numerically, we choose for simpli-
city the Laplace eigenvalue problem Au = Au with Neumann boundary conditions
on a unit square as depicted in Figure 2.1} In the following Tables and
we depict the optimal convergence rates of the eigenvalues of O(h?*) for ansatz

functions of order one and two, respectively.
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1.EV 2.EV 3.EV 4.EV 5.EV
level | |A—Ap| | rate | |[A— Ap| | rate | [N —Ap| | rate | [N — Ap| | rate | |A— Ag| | rate
1 0.4874 - 0.4882 - 2.9177 - 7.9347 - 7.9885 -
2 0.1250 1.96 | 0.1250 1.97 | 0.7474 1.96 | 2.0087 1.98 2.0322 1.97
3 0.0316 | 1.99 | 0.0316 | 1.99 | 0.1891 | 1.98 | 0.5048 | 1.99 | 0.5076 | 2.00
4 0.0079 | 2.00 | 0.0079 | 2.00 | 0.0475 | 1.99 | 0.1266 | 2.00 | 0.1269 | 2.00
) 0.0020 | 2.00 | 0.0020 | 2.00 | 0.0119 | 2.00 | 0.03170 | 2.00 | 0.0317 | 2.00

Table 2.3: Errors and rates for eigenvalue approximation of order one in the optimal

case.
1.EV 2.EV 3.EV 4.EV 5.EV

level | |[A—=X\;| |rate | |[A—=XN;| |rate | |[A—Ay| |rate | |A— Ay | rate | |A—An| | rate
1 0.0047 - 0.0049 - 0.0615 - 0.2768 - 0.2793 -
2 0.0003 |3.90 | 0.0003 |394| 0.0043 |3.84| 0.0196 |3.82| 0.0196 |3.83
3 | 2.0014e-05 | 3.97 | 2.0058e-05 | 3.98 | 0.0003 |3.95| 0.0013 |3.94| 0.0013 |3.94
4 ] 1.2573e-06 | 3.99 | 1.2549¢-06 | 4.00 | 1.7584e-05 | 3.99 | 8.0432¢-05 | 3.99 | 8.0426e-05 | 3.99
5 | 7.3055e-08 | 4.11 | 7.0385¢-08 | 4.16 | 1.0414e-06 | 4.08 | 4.7606e-06 | 4.08 | 4.7551e-06 | 4.08

Table 2.4: Errors and rates for eigenvalue approximation of order two in the optimal

case.

It should also be noted that for the error given by |A — A,|, we have to compute a

reference solution which was obtained on a level seven refined mesh.
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Chapter II.
Model reduction by mortar

techniques

The results in this chapter were partly published by the author with S. Kollmanns-
berger, F. Frischmann, E. Rank and B. Wohlmuth in the paper entitled "A new
mortar formulation for modeling elastomer bedded structures with modal-analysis
in 3D" in Advanced Modeling and Simulation in Engineering Sciences in the year
2014, [75].

3. Mortar methods for vibro-acoustics

In the context of timber building constructions, a method to divide a large struc-
ture into smaller substructures such as walls, floors and ceilings and mesh them
separately is helpful in many cases. The construction of analysis-suitable confor-
ming three-dimensional meshes in this complexity is non-trivial and increases the
number of elements significantly as a local mesh refinement in only one of the com-
ponents automatically spreads to the others. In the following, we build on the work
of [I75], which demonstrates the excellent applicability of the mortar method for

problems in structural mechanics for discretizations of high orders.

3.1. Introduction to mortar finite element methods

Mortar methods are domain decomposition methods as depicted in Figure [3.1]
which allows a separate independent meshing of the subdomains. This enforces
that the approximative solution satisfies an equality in the weak sense on the sub-
domain boundaries I'y,, inside the domain Q instead of the more strict C° con-
tinuity of the ansatz space of the finite element solution on the whole domain. Thus
finite element calculations can be performed on non-conforming meshes, as suitable
for our building simulations. Using mortar methods allows to mesh and discretize
walls and slabs separately although this may result in non-matching meshes at
the interfaces. The mortar method thus significantly reduces the complexity of the
mesh generation and allows for great flexibility of the numerical setting, making the
setting computationally attractive for a variety of numerical problems, for exam-

ple coupled multi-physics problems. The original mortar method was introduced

32



A

Figure 3.1: Illustration of a non-conforming coupled mortar mesh.

by [19] and can be formulated in several ways. The formulation as proposed by [19]
is a method to couple spectral elements with finite elements, where the ansatz space
is weakly constrained. We will however in the following focus on the formulation
as introduced in [16], which views the mortar method in the more popular context
of enforcing the coupling conditions by means of Lagrange multipliers, which relies
on an abstract saddle point formulation. The formulation by means of Lagrange
multipliers allows to identify the multipliers with the normal stress on the contact
between two subdomains. Furthermore the saddle point formulation is beneficial
since several well-known convergence results from functional analysis such as the
inf-sup (Babuska-Brezzi) condition |29, B30] are applicable. Further theoretical re-
sults can be found in |16} 17, 19, 176].

Mortar methods have been applied successfully to many engineering applications,
including elastic contact problems |71l 127 153 177], dynamic and static struc-
tural analysis [35, 58, [72], coupled problems in acoustics [57, [164] and flow pro-
blems [958, 125, 126]. Further, the mortar method is used to simulate eigenvalue
problems in 33 98]. Most contributions deal only with first or second order appro-
aches. For a detailed review on mortar methods see e.g. [I76] and the references
therein. Mortar methods are also used for high order finite elements and the corre-
sponding theory is well understood [I8] 152]. Nevertheless the implementation of
higher order quadrature formulas on cut elements in three-dimensional simulations

is technically challenging.

In the following we will start by giving a short introduction to the mortar setting,
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starting from the domain partitioning

of the domain €2 into I non-overlapping subdomains €2;. We then define the common

interface between two components as
Ly = 0Qs N O,

where one of the adjacent subdomains is chosen as the master (m) and one as the

slave (s) domain. By T" we denote the union of all these interfaces, i.e.
r:=J Do
(s,m)

In order to obtain the finite element solution, we now define the spaces needed for
the mortar formulation. The solution lies in the primal space, which is defined as

the product space

where

V(Q) = {u|ue (H ()% uTPNow,) =0}

with ¢ = 1,...,I and the dimension d € {1,2,3}. The space needed for the weak
matching on our subdomain interfaces is the Lagrange multiplier space, which is
denoted by

M= [ E2(T.m)",
(

s,m)

where H_%(F&m) is the dual space of H%(Fs,m)- Also note at this point that our

Lagrange multipliers live on the slave side.
Then we can formulate the weak coupling condition on the interface as
b(u,7) =0, TeM

with the bilinear form b(u,7) := [p[u]7 dx for T € M, where the jump over the
interface is defined as [u] := ugs — u,,. We can now introduce a mortar formulation

up, on the discrete space XF = [[. V/F(€) of finite elements of polynomial degree
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k on the separate subdomains with the discrete Lagrange multiplier space M;. In
order to obtain the mortar solution, we will use the saddle point formulation, where
the weak continuity condition is enforced on I' as an additional variational equation
resulting in the formulation:

Find (up,7,) € XF x M, such that

a(up,vy) +b(vp, ) = l(vy), vy € XF
b(uh,?h) = 0, 7/:h e M.

In this setting a(-,-) denotes a bilinear and I(-) a linear form of a model problem
as e.g. (2). Note that in the cases of a mortar interface intersecting a Dirichlet
boundary or two mortar interfaces intersecting each other where more than two
subdomains meet, a conflict of constraints can arise. This is due to the fact that
standard choices of the Lagrange multipliers impose the weak coupling condition,
while the Dirichlet boundary already sets a certain value on the specific points. In
the case of two mortar interfaces there are overconstraints on the corresponding

points. Details on the treatment of such points can be found in [176].

Due to the composition of the timber constructions in our project, which consist
of thin, layered and orthotropic material, we aim for a fully three-dimensional re-
solution of the slabs and walls. For this purpose, we use the high order version
of the finite element method, as presented for example in [I58]. Moreover, it is
well suited for the computation of solid, but thin-walled structures because it is
robust in terms of the large aspect ratios of the elements which arise naturally in
fully three-dimensional models of plates and shells [135]. It also provides better
accuracy and convergence properties than low order finite elements. In addition,
the high order version of the FEM has already been shown to lead to excellent

results for the analysis of sound transition through timber structures [130].

In the following we will apply high order (up to a polynomial degree of 20) techni-
ques to approximate eigenvalues and eigenmodes in cross-laminated timber struc-

tures.

3.2. Mortar for eigenvalue problems

We now consider mortar methods for eigenvalue problems in a general setting.
Due to our aim of applying our results to the vibro-acoustic analysis of timber

building structures, we recall the linear elasticity eigenvalue problem as presented
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in Section which is given by
—div o(u) = Apu. (6)

We will assume that the domain @ C R? is bounded and polyhedral. In addition,
we enforce Dirichlet boundary conditions on a non-trivial set I'” and homogeneous
Neumann boundary conditions on the remaining parts of the boundary. We now
need an adequate domain partitioning for the mortar method. For simplicity, in
the first investigations we use only two subdomains such that there is just one
interface. The domain ) is decomposed into the two non-overlapping subdomains
Q,, and €2, so that
Q=0,UQ,, QN Qs = 0.

In our example, in the context of timber buildings the wall could correspond to
the slave domain and the ceiling to the master domain. Following standard proce-
dures we define the common interface I'y,, and the Lagrange multiplier space by
M = (H*%(Fs,m))i". Furthermore in this setting we assume to have no crosspoints
such that Iy, N 0= ) and thus no modifications on 9T, have to be taken
into account. The primal space X is defined as above in Section [3.I] Now we can
define our bilinear forms for the mortar method as a special case of the ones above

with only two subdomains as

a(u7 U) = aQ'm <u7 U) + aQs (u7 U)? b(u7 7/—\) ::< us - umJ ? >*7

m(u,v) = mq,, (u,v)+ mq,(u,v),

where < .- >* denotes the duality pairing of (Hz(T,,,))? and (H 2(T,,,))? and
ag, (-, ), mq,(+,-) are defined by

ag, (u,v) = /Q Ce(u) : e(v)dz,  ma,(u,0) ::p/ﬂiu-vdx.

The eigenvalue problem () can then be written in the following variational form:
Find the eigenvalues A € R, the eigenfunctions u € X and the Lagrange multiplier
T € M so that

a(u,v) +b(v,7) = Im(u,v), veX

- - (7)
b(u,T) = 0, TeM.

Equation now defines the saddle point problem arising from the mortar method.

The Lagrange multiplier 7 corresponds to the negative surface traction —on of
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25 on the interface I'y,,, where n is the outward unit normal of (2,. For the
discretization of the primal variable of , we employ hexahedral finite elements
of high order on each subdomain €2,,,€)s. The dual space is discretized by the
trace space of the discrete primal space on €);. This choice guarantees inf-sup
stability [I7, [I76] and the mortar method for solving (7)) can be written as

A(u, m;v,7) = dm(u,v)

with A(u, 7;0,7) := a(u,v) + b(v,7) + b(u, 7). The bilinear form A(-,-;-,-) fulfills
the conditions in [10, Remark 13.4], and thus the theory given in [10, Section 8|

ensures convergence of the discrete eigenvalues and eigenfunctions.

As a first example, we consider two plates as depicted in Figure in order to

compare the mortar discretization to the conforming discretization.

Figure 3.2: L-shaped connection of a slab to a wall in the first example. Measure-
ments in meters.

It resembles a rigidly supported wall connected to a slab on one side and clamped
at the other side. The corresponding discretizations are depicted in Figure The
discretization consists of ten hexahedral elements in the conforming case on the left
and eight in the mortar case on the right. At this stage, for simplicity we consi-
der the components to consist of one isotropic material. For our case of simplified
timber materials we assume that Young’s-modulus has the value 9790 - 10¢[N/m?]

and the Poisson ratio v is 0.05.

The variational formulation in the conforming case is defined as in Section [2.4]
Equation and we again use elements of high order associated with hexahedral
meshes. The basis functions are hierarchical shape functions based on integrated

Legendre polynomials [I57, 15§].
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Jo L

Figure 3.3: Hexahedral discretization: Left conforming, right mortar.

The eigenvalues for a sequence of high order FEM computations with polynomial
degree k € {3,7,10, 15} are depicted in Table along with the relative differences
between the conforming and the mortar discretization. The main observation here
is that for both methods the approximations of the eigenvalues are very similar to
each other. Furthermore we observe that the differences between the two methods

decrease with increasing polynomial degree. In Figure the respective eigen-

k=3 k=7
EV | Conform Mortar % Conform Mortar %
50.720 50.852  0.261 50.289 50.298  0.019
70.755 72.006 1.768 69.172 69.942 1.113
76.534 78.317  2.330 74.456 74.833  0.506
90.707 91.976 1.399 87.931 88.491 0.637
159.423 168.390 5.624 125.276  126.069 0.632
174.712 174.869 0.090 159.311 159.393 0.051
179.359  185.147 3.227 | 172.931 172.966 0.020
k=10 k=15
EV | Conform Mortar % Conform Mortar %
50.282 50.288  0.012 50.278 50.281  0.006
68.929 69.518 0.854 68.749 69.062  0.455
74.304 74.535 0.311 74.220 74.341  0.162
87.685 88.101  0.475 87.545 87.768  0.255
124.818 125.340 0.418 124.581 124.842 0.210
159.264 159.315 0.032 159.237 159.264 0.016
172.884 172.911 0.016 172.865 172.882 0.010

N OO W N

N O U W N

Table 3.1: Comparison of eigenfrequencies of the L-shaped wall-slab configuration.
No elastomer between the wall and slab. The unit for the eigenfrequen-
cies is [Hz].

functions 1,3 and 5 are depicted as an example for both the conforming method in

the first row and the mortar method in the second row. The presented eigenfuncti-
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ons have the polynomial degree of k = 15. Also at this point the main observation

is the very good agreement between the eigenmodes.

Figure 3.4: Eigenfunction comparison of an L.-shape wall-slab configuration of order
k = 15.

In the next step we investigate multiple interfaces and their impact on the simu-
lation differences between the mortar and conforming approaches. Therefore we
proceed with an example which contains three interfaces and four subdomains. Also
in this case we will have no crosspoints. This time we have seven elements for the
conforming discretization and four elements in the mortar case. In Table we
show the differences of the first seven eigenvalues between the simulations perfor-
med with a conforming method and the ones performed using the mortar method
again using ansatz functions of order k € {3,7,10,15}. The mesh for the multiple
interfaces is coarser than the one in the wall-slab setting. Note that the coarser
mesh is the reason for the bigger differences between the mortar and the confor-
ming approach for orders k = 3 and k = 7 in Table [3.2] and not the larger number
of mortar interfaces. Again we observe very good agreement of the eigenvalues,

which becomes noticeably better with increasing polynomial degree.

In Figure[3.5] we illustrate the respective eigenfunctions for the eigenvalues 1, 3 and
5 for order £ = 15. Also in this test case a very good accordance of the resulting

eigenmodes can be observed.



k=3 k=7
EV | Conform Mortar % Conform Mortar %
1 8.837 9.139 3.417 8.782 8.872  1.025
2 11.191 11.926 6.568 11.092 11.250 1.425
3 14.028 14.504 3.393 13.768 13.894 0.915
4 50.993 56.955 11.691 45.621 45.719 0.215
5 80.825 92.520 14.470 | 65.627 66.093 0.710
6 83.182 98.240 18.103 | 75.210 76.556  1.790
7 103.601 118.300 14.188 82.120 83.420 1.583
k=10 k=15
EV | Conform Mortar % Conform Mortar %
1 8.760 8.826 0.753 8.740 8.780  0.458
2 11.057 11.168 1.004 11.021 11.091 0.635
3 13.707 13.776 0.503 13.671 13.709 0.278
4 45.596 45.666 0.154 45.574 45.618 0.097
5 65.504 65.837  0.508 65.392 65.604 0.324
6 74.964 75.346  0.510 74.811 75.019 0.278
7 81.758 82.692  1.142 81.457 82.030 0.703

Table 3.2: Comparison of eigenfrequencies of the geometry shown in Figure
The unit for the eigenfrequencies is [H z].

Figure 3.5: Eigenfunction comparison of multiple interface geometry configuration.

3.3. Application to a four level timber building

In the following, we proceed with an engineering example of a detailed four story
timber building similar to the one depicted in Figure As described in Section [}
building information models (BIM) are used in a building planning process to

evaluate different problem settings as for example the modal superpositions for a
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Figure 3.6: Four story timber building in Bad Aibling. [5]

vibro-acoustical analysis. From the building information model we can extract the
geometries of the building and set up our model as depicted in Figure 3.7 with the

respective material parameters.

After extracting the geometries we proceed with the meshing. Due to the use of
mortar methods, the meshing process is especially beneficial in large building set-
tings like ours since every geometry part can be treated independently. Nevertheless
it is crucial for obtaining good simulation results to ensure that the interfaces on
which we impose the weak couplings of the domains have no gaps or intersections.
Geometries, and thus also the resulting meshes, from BIM and CAD programs are
often inaccurate in that some neighboring domains are not connected, such that
gaps occur and interfaces are not identical. Then incorrect solutions, as the ones

depicted in the first row of Figure [3.8] are obtained with the incorrect mesh. As ex-

Figure 3.7: Model of a four story timber building without roof.
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pected, due to the fact that the domains are not coupled, the displacements are not
transferred over the interface. It is advisable to check the mesh in a post-process
before the simulations and correct the mesh appropriately. If the modeling, mes-
hing and coupling is executed correctly, simulation results like the ones depicted in
the second row of Figure are obtained.

Figure 3.8: Simulation results for coupled (second row) and uncoupled (first row)
mortar interfaces for two different eigenvectors on the left and right.

In the context of our timber building project, we have performed a detailed mo-
del of a four story timber building as depicted in Figure In order to perform
these simulations, we have imposed the orthotropic timber material parameters
which vary on the different walls of the building. The timber walls and slabs are
made from laminated fiber consisting of several layers, which could be considered
separately. However we assume that each component has an average blurred ma-
terial parameter. The mortar calculations have been performed using second order
elements, which leads to a system of 146.388 degrees of freedom. The resulting
first 14 eigenvalues for a representative parameter set can be found in Table |3.3
and simulations of the eigenfunctions to the first, fifth, tenth and fifteenth eigen-
values can be found in Figure As expected the first eigenvalues are global,
with displacements of the whole structure with the building moving in z-direction.
For higher modes it can be observed that the vibrations are found mostly in areas

where there are no bearing walls to stabilize the building and stiffen the geometry.
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EV EV EV EV
5.118 8 15.346 | 15 | 20.711 | 22 | 22.850
5.302 9 15.510 | 16 | 21.034 | 23 | 23.107
7.167 | 10 | 15.657 | 17 | 21.424 | 24 | 23.478
8.072 11 | 16.560 | 18 | 21.475 | 25 | 23.745
13.163 | 12 | 17.022 | 19 | 21.727 | 26 | 24.036
13.970 | 13 | 17.838 | 20 | 21.942 | 27 | 24.415
14.879 | 14 | 19.569 | 21 | 22373 | 28 | 24.673

N O O W N

Table 3.3: Eigenvalues of the four story timber building.

Figure 3.9: Simulated eigenmodes 1, 5, 10 and 15 of the four story timber building.

4. Model reduction of an elastomeric bedded

structure

In the following, we consider the same setting as in the previous section with the
difference that now the structures are interconnected by thin elastomer layers. To

this end, we introduce a new dimensional reduced model which captures eigen-
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values and eigenmodes of elastomeric coupled domains in timber structures. Our
motivation to derive such a formulation stems from the need to compute the modal
analysis which is a main part of vibro-acoustical analysis. In order to control sound
transmissions between slabs and walls, these components are often connected by
elastomers, which we model by using the linear elasticity equation because of their

very thin character.

4.1. Elastomer modeling and influence

The modeling of elastic interface boundary conditions has been the subject for
low orders in [70, 143, 174]. Also the modeling of interface elements has been
investigated in [I18), [179], with a spring boundary condition in [24] and with a
Robin-type condition in [I3]. Furthermore the elastic foundation model, which
is a complexity reduction method in the context of Hertzian contact problems, is
presented in [89]. The modeling of an elastomer for vibration isolation has been
the subject in [12, [36]. These papers take many mechanical properties like strain
and damping directly into account. Alternatively, the modal and spectral analysis
can be realized by the modal superposition. In this case, the eigenmodes of the
undamped system are required, and the damping is only taken into account in a
postprocessing step. Thus we will in the following neglect the damping. Moreover,
the elastomer is modeled in terms of the linear elasticity equations because it is

comparatively thin in one space direction [130].

In order to obtain an idea of the influence of the elastomer, it is discretely re-
presented by a thin layer of hexahedral elements. The discretization is depicted
in Figure [L.I] The green hexahedral elements in Figure [1.]]mark the elastomer and
the material properties for typical elastomers are as given in Table [4.1] where hard
materials are listed first. We further add the timber material used for the wall and
slab, which is for simplicity, as in the previous section an isotropic material.
The specific type of elastomer chosen in a practical application then depends on
the dead load to be expected on the elastomer. In Table Poisson’s ratio and

Young’s modulus are denoted by v and E, respectively.

Timber Elast 1 | Elast 2 | Elast 3 | Elast 4 | Elast 5
E in [N/m?] | 9790-10° | 1.8-107 | 8.0-10° | 3.7-10° | 1.7-10° | 8.0- 10°
vin [-] 0.05 0.4 0.4 0.4 0.4 0.4

Table 4.1: Elastomer properties for the simulations.

44



Figure 4.1: Conforming discretizations of the structure whose geometry is described
in Figure @ The thin elastomer layer is discretely represented.

The resulting eigenvalues with ansatz functions of order £ = 10 for the different
simulations with the given elastomers are depicted in Table Eigenvalues corre-

sponding to a direct connection of wall and slab are depicted as well. It is readily

EV | No Elast. Elast. 1 Elast. 2 Elast. 3 Elast. 4 Elast. 5
1 50.282 48.584 47.472 45.933 43.157 38.357
2 68.929 52.437 51.461 50.461 48.676 45.275
3 74.304 64.128 61.773 58.287 52.669 45.588
4 87.685 79.851 77.797 74.245 68.109 59.885
5 124.818 110.669 105.449  98.276 90.290 84.003
6 159.264 149.448 141.577 127.098 106.626  89.151
7 172.884 160.956 154.662 140.762 123.733 105.596
8 178.886 162.633 155.910 145.873 127.320 111.518

Table 4.2: Influence of the different elastomers on the eigenfrequencies given in
[Hz].

apparent that, depending on the mode and the elastomer under contemplation, the
eigenvalues of the system with an elastomer layer are about 5 — 35[%] lower than
without the elastomer. This is related to the fact that the coupling of the slab to
the wall becomes weaker. Figure illustrates the relative decay of each eigenvalue

computed from the results depicted in Table

Furthermore in Figure we depict the eigenfunction for eigenvalue one to show
the elastomer influence on the modes. Here it should be noted that the elastomer

decouples the wall from the slab and therefore the displacement of one domain is

not propagated through the elastomer.
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Figure 4.2: Dependence of the first eight eigenvalues of the elastomer (left) and
relative decay with respect to no elastomer for the first 20 eigenvalues
(right).
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Figure 4.3: Elastomer influence on the first eigenfunction. First row depicts the
cases without elastomer layer, with elastomer 1 and with elastomer 2.
Second row depicts the elastomers 3 to 5.

4.2. Model reduction of the elastomer

This section will lay out a new modeling approach for the coupling, in order to
replace an elastomer. As mentioned above, this new coupling condition results in
a dimensional reduced model, which avoids the meshing of the three-dimensional

subdomain that corresponds to the elastomer. Dimensionally reduced models are
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very attractive from a computational point of view. However, new challenges arise
such as the formulation of a suitable coupling condition and its numerical realiza-
tion. Our new coupling condition still yields a saddle point problem which fits into

the implementational framework of mortar methods.

We enforce a non-standard Robin-type condition at the interface by means of La-
grange multipliers instead of the continuity requirements. Robin-type interface
conditions have been used to glue non-conforming grids, see, e.g., [61]. We extend
this concept to elastomeric coupled domains. The main difference to the current
work is that our coupling condition not only aims to glue two non-conforming grids
together, but is also able to replace the whole explicit discretization of an elastomer
as depicted in Figure[£.4] Therefore, it goes beyond a simple domain decompositon

method, it provides also a dimensionally reduced model.

Figure 4.4: Mortar discretization of the structure whose geometry is described in Fi-
gure [3.2] The thin elastomer layer is condensed into the mortar inter-
face.

The modeling ideas corresponding to the cases depicted in Figure [f.Tand Figure[4.4]
are depicted in Figure [4.5| on the left and right, respectively.

Due to the very thin elastomer layer, in our case 1.2[cm|, we simplify the transversal
shear in the elastomer and neglect the mass of the elastomer. We assume the
elastomer displacement to be linear in z-direction on the solution between the slab
and the wall. Without loss of generality, we assume the coordinate system of the
mortar interface to be at z = 0. Therefore, we define our simplified displacement

in the spirit of a Taylor series with z € [0, d], where d denotes the thickness of the
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Figure 4.5: Modeling concept: Thin layer (left) and interface formulation (right).

elastomer as
z
u<m7y7 Z) - US([E, y) + E(um<x)y) - us(xhy))

With this definition and with [u] := (um(x,y) — us(z,y)), the gradient of the
displacement field at z = 0 is given by

(us)1e (us) Yy é[u]l
Vulmo = | (us)on (Us)ay glul
(us)?),x (U's 3,y é[u]S
Now the linearized elastic strain reads
1 2(“5)1,&0 (us)l,y + (us)Q,w é[u]l + us)Bx
6(u|z:0) = 5 (us)2,m + (us)l,y 2(“3)2,y Cll[u]Q + (us)3y
(us)se + 3lult  (us)sy + 5[ul 2uls

Further, we assume the following standard linear isotropic stress-strain relationship

with the Lamé parameters ;1 and X to hold in the elastomer, i.e.,
o = 2fie + A tr(e),

where I denotes the identity matrix. As the interface is assumed to be aligned to

7—0, the normal vector on Ty, directed towards €2, is given by n = [0, 0, 1]7. The
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fluxes are then explicitly given by

0lz=on = [ a(

Us )3,y (8)

and Equation represents the new coupling condition between displacements and

surface traction in the strong form.

Note that in comparison to the standard mortar coupling condition us; — u,, = 0,
we additionally obtain dependencies on the derivatives (us)s 4, (s)3,y,(Us)1,2,(Us)2.4,
and the surface traction 7, = —o|,—on interacts as a spring term with the displa-

cement. The corresponding bilinear forms are now given by

< [U]l,?l >* +d < (U,S)gﬂj,?l >
b(u,?) = < [U]Q,?Q >* 4d < (us)g,,y,% > s
< [U]g,?g >* +ﬁ<< (u3>1’x,?3 >4+ < (U5)27y,?3 >)

o1, 7) =< 71,7 >,

with < -,- > being the (H’%(F(s,m)))?’ scalar product and 8 = Ad/(2[i + \). We
note that this scalar product on the dual space is realized within the discrete setting
as an L2-surface integral. Both 7 and 7 are given by the mesh on the slave side,
and thus a standard quadrature formula can be easily applied. For given surface

tractions 7;, the force equilibria of both bodies €2; read
ag,(u,v;)+ < vy, > = Amg,(u,v;).

Neglecting the difference between —7, = 0|,—g n and 7,,, = 0|,—4 n, setting 7 = 74

and adding both equations we obtain
a(u,v) + b(v, 7) = Am(u,v). (9)

The new coupling condition Equation () in the weak form and Equation (9] lead
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to the dimensionally reduced model given by

a(u,v)+  b(v,7) = AIm(u,v), veX (10)
b(u,?)— ac(r,7) =0, TeM

with the modeling parameter o defined as

4 0 0
"
a=10 2 0
I
002ﬁ+X

Note that the parameters a and § can be directly computed from the properties
of the elastomer. Replacing X by X} and M by M, gives the discrete version

of Equation yielding approximations A, of the eigenvalues.

We now test the new mortar model given above by using the discretization depicted
in Figure The results are compared to the classical, conforming discretization,
as depicted in Figure 4.1 where the elastomer was modeled explicitly and calcula-
ted in Section

Table depicts the first eight eigenvalues obtained by the new mortar model
along with the relative deviation from the eigenvalues of the explicitly modeled

elastic layer whose results were given in Table

Elast 1 Elast 2 Elast 3 Elast 4 Elast 5
EV | Value % Value % Value % Value % Value %
1 48.664 0.165 | 47.511 0.082 | 46.034 0.218 | 43.206 0.112 | 38.545 0.490
2 52.678 0.459 | 51.628 0.325 | 50.685 0.443 | 48.997 0.659 | 45.846 1.262
3 64.315 0.292 | 61.916 0.231 | 58.685 0.682 | 52.891 0.421 | 46.082 1.083
4 80.059 0.260 | 78.252 0.585 | 75.113 1.170 | 69.159 1.542 | 61.539 2.763
5 110912 0.220 | 105.784 0.317 | 99.112 0.850 | 90.606 0.350 | 84.208 0.243
6 149.371 0.052 | 141.757 0.127 | 128.750 1.300 | 107.303 0.635 | 89.468 0.355
7 | 161.365 0.254 | 155.063 0.259 | 142.314 1.103 | 124.127 0.319 | 109.623 3.814
8 |162.967 0.205 | 157.058 0.737 | 148.494 1.797 | 130.530 2.521 | 111.558 0.036

Table 4.3: Eigenfrequencies given in [Hz| for the new modeling approach along
with the relative deviation from the conforming discretization depicted
on the left hand side of Figure [£.4]

All computations are carried out with a polynomial degree of k = 10. We observe
that the new model is able to reproduce the eigenvalues to an accuracy of at least

4%. Not only the eigenvalues but also the eigenmodes of the two different discreti-
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zation models are required to match closely. Figure shows selected eigenvectors
of elastomer 5. The upper row provides the eigenvectors, as computed by an ex-
plicit modeling of the elastomer, while the lower row represents the corresponding

eigenvectors of the new mortar method.

Crrs
—~ -

Figure 4.6: Comparison between eigenmodes 1, 3, 4 and 7. Top row: Conforming,
hexahedral discretization. Bottom row: New mortar method. Note
that the greyscale shows the displacement.

Obviously, different types of modes, such as lateral and transversal shear modes as
well as pure compression and traction modes, are equally well represented. While
in the upper row the elastomer undergoes severe deformations, these are approx-
imated by the coupling conditions at the interface between wall and slab in the
lower row. Note that the missing elements for the elastomeric layer result from the
reduction of the dimension. Moreover, the sequence of the eigenmodes remains the

same in both models.

We also analyse the eigenmodes by a modal assurance criterion as it is described
in [120], which determines the correlation of the eigenmodes. For a good corre-
lation, the resulting matrix should have a diagonal with values greater than 0.9.
Diagonal values close to 0 mean a poor correlation. The modal assurance criterion
matrices show very good results for all investigated practically relevant elastomers.
We show as an example the modal assurance criterion matrix for elastomer 5 in Ta-
ble [4.4] Together with the eigenmodes depicted in Figure this confirms the
good results for the newly developed coupling condition. Furthermore, it is poin-
ted out that the number of elements is reduced by one third even in this small
example. Herein, the boundary conforming model requires 12 hexahedral elements

while only 8 hexahedral elements suffice for the new mortar approach. However,
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Ul U9 us Uy us Ug ur us
u; | 1.000 0.000 0.004 0.000 0.002 0.000 0.000 0.000
uz | 0.000 1.000 0.000 0.000 0.000 0.000 0.000 0.000
uz | 0.003 0.000 0.999 0.000 0.000 0.000 0.003 0.000
MACEgs1.2(¢m)= | us4 | 0.000 0.000 0.000 0.999 0.000 0.000 0.000 0.000
us | 0.001 0.000 0.000 0.000 1.000 0.000 0.000 0.000
ue | 0.000 0.000 0.000 0.000 0.000 1.000 0.002 0.000
w7 | 0.000 0.000 0.000 0.000 0.000 0.000 0.998 0.000
ug | 0.000 0.000 0.000 0.000 0.000 0.000 0.000 1.000

Table 4.4: Modal assurance criterion for the modeling of elastomer 5 split in z, y
and z direction.

and most importantly, the mesh generation is simpler using the reduced model in
the sense that each wall or slab can now be meshed separately before the discreti-

zed components are glued back together.

A key assumption of the new approach is that the displacement field varies only li-
nearly in the direction perpendicular to the two opposite interfaces of the elastomer
with adjacent structures. In order to investigate the validity of this assumption,
we vary the thickness of the elastomer and show its influence on the corresponding
eigenvalues. At this point it is noted that the thickness of the elastomers for ty-
pical wall-slab configurations is below 3[em|. In practical applications, thicknesses
range from 1[em] to 1.5[cm|. The reference solution is again computed using the
conforming finite element method. We perform our simulation with two further
thicknesses of the elastomer. The first thickness is 3[cm], which is the maximum
relevant thickness and the second thickness is 4[cm], which is beyond the typical
application range. The corresponding results for the investigation for the two ela-
stomer thicknesses are depicted in Table [4.5[and Table respectively. The tables

also show the relative deviation between the new model and the explicitly modeled

Elast 1 Elast 3 Elast 5
EV | Conform  New % diff | Conform  New % diff | Conform  New % diff
Method Method Method Method Method Method
1 46.873 46.828  0.096 | 42.043 42.282  0.568 29.716 30.419  2.367
2 51.223 51.504 0.549 | 47.783 48.655 1.825 36.608 37.718  3.033
3 60.827 61.081 0.416 50.929 51.658  1.432 37.274 39.155  5.047
4 76.991 78.028  1.347 | 65.466 68.104  4.031 48.848 51.360  5.143
5 103.857 104.722 0.833 | 88.359 89.365 1.139 76.357 76.166  0.251
6 138.595 139.275 0.491 | 101.474 103.915 2.406 79.253 79.477  0.283
7 151.783 152.988 0.794 | 119.491 121.222 1.449 84.601 88.684  4.826
8 153.680 156.466 1.813 | 119.571 127.398 6.546 | 103.182 102.752 0.416

Table 4.5: Eigenfrequencies given in [H z| for the conform and the new method with
the corresponding relative deviation for the elastomer thickness 3|cm].

52



Elast 1 Elast 3 Elast 5

EV | Conform  New % diff | Conform  New % diff | Conform  New  %diff
Method Method Method Method Method Method

46.100 46.001  0.215 | 39.931 40.471  1.354 | 26.683 27.634 3.562
50.780 51.115  0.661 46.091 47.664  3.413 | 32.869 35.531 8.098
59.252 59.736  0.817 | 47.753 48.835  2.266 | 35.046 36.449  4.004
75.331 76.804 1.956 | 61.409 65.291  6.323 | 45.903 48.787  6.283
100.661 102.266 1.594 | 85.356 86.606 1.464 | 73.943 73.419 0.707
132.275  134.570 1.735 | 93.278 96.202 3.135 | 78.124 78.372 0.317
145.499 148.266 1.902 | 108.759 115.437 6.140 | 80.538 84.663 5.122
148.833  153.236 2.959 | 113.584 119.391 5.113 | 101.426 100.758 0.658

CO ] O U = W N =

Table 4.6: Eigenfrequencies given in [H 2| for the conform and the new method with
the corresponding deviation in [%] for the elastomer thickness 4[cm].

elastomer layer.

While it can be observed that the thicker the elastomer, the bigger the error, the
error does not rise above engineering accuracy for practical applications. Table
and Table show the modal assurance criterion matrices for the eigenmodes for

the corresponding 3[cm] and 4[cm] elastomer simulations.

Ui U2 usz Uy Us Ug Uz us
up | 1.000 0.000 0.000 0.000 0.000 0.001 0.000 0.000
uz | 0.000 1.000 0.000 0.000 0.000 0.000 0.000 0.000
uz | 0.000 0.000 0.996 0.000 0.000 0.000 0.003 0.000
MACgs3em=| uq | 0.000 0.000 0.000 0.999 0.000 0.000 0.000 0.000
us | 0.001 0.000 0.000 0.000 0.998 0.000 0.006 0.000
ug | 0.002 0.000 0.000 0.000 0.002 0.999 0.001 0.000
uz | 0.000 0.000 0.004 0.000 0.000 0.000 0.994 0.000
ug | 0.000 0.000 0.000 0.000 0.000 0.000 0.000 1.000

Table 4.7: Modal assurance criterion for the modeling of elastomer 5 with thickness
3|em], split in z, y and z direction.

U1 u us Uy Us Ug ur us
u; | 1.000 0.000 0.000 0.000 0.000 0.001 0.000 0.000
ug | 0.000 1.000 0.000 0.000 0.000 0.000 0.000 0.000
ug | 0.000 0.000 0.994 0.000 0.000 0.000 0.003 0.000
MACEs4em=1| ug | 0.000 0.000 0.000 0.999 0.000 0.000 0.000 0.000
us | 0.002 0.000 0.000 0.000 0.998 0.000 0.008 0.000
ug | 0.002 0.000 0.000 0.000 0.002 0.999 0.001 0.000
w7 | 0.000 0.000 0.008 0.000 0.000 0.000 0.990 0.000
ug | 0.000 0.000 0.000 0.000 0.000 0.000 0.000 1.000

Table 4.8: Modal assurance criterion for the modeling of elastomer 5 with thickness
4|cm]|, split in z, y and z direction.
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Figure 4.7: Detail of the ground floor plan considered for acoustical analysis.

3.545

The good performance of the new mortar method carries over to larger examples of
engineering relevance, where an orthotropic material law is used for the elastically
connected building parts. Figure [4.7] depicts a floor plan of the model timber

building along with a Q%D submodel consisting of three rooms.

This model forms the basis of the three-dimensional computational solid model

comprising all conforming hexahedral elements depicted in Figure 4.8
- |

Figure 4.8: Conforming hexahedral discretization.

Note that walls and slabs consist of several layers of wood, as depicted in Fi-
gure [£.9] The thickness of the layers is given in Table In this example, each

layer is explicitly modeled with the characteristic orthotropic material parameters
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Figure 4.9: Wall types from left to right: Wall type 61, 85, 95 and slab 125.

type layering [mm]
61 17*-27-17*
85 17*-17-17*%-17-17*
95 17*-17-27*%-17-17*
125 | 27*-27-17*-27-27*

Table 4.9: Layer thicknesses of walls and slab 125.

of timber. We set the Young’s moduli in fiber direction to F, = 137 x 10°[N/m?],
in-plane orthogonal E, = 1424 x 105[N/m?|, and perpendicular to the plane
E, = 10211 x 10°[N/m?]. The Poisson’s ratios are v,, = 0.035, v,, = 0.045
and v, = 0.037. In addition, we apply the shear moduli G, = 459 x 10°[N/m?],
G,. =102 x 10°[N/m?] and G, = 171 x 10°[N/m?]. The density is assumed to be
p = 450[kg/m?] for all layers.

Although the individual layers have the same material properties, their fiber orien-
tation in plane is orthogonal in adjacent layers in such a way that the orientation is
equal on every other layer only. This situation is accurately resolved by the finite
element mesh. The elastomer is situated only at the interface, where the slab rests
on the walls and possesses the isotropic material properties of elastomer 5, as given
in Table The conforming model is depicted in Figure [4.8] In total, the mesh

consists of 7578 hexahedral elements.

In contrast, the computational mesh for the mortar method is depicted in Fi-
gure [4.10, consisting of only 2475 hexahedral elements. It is evident how the
components wall and slab were meshed independently of one another and are non-

conforming at their interface.
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Figure 4.10: Non-conforming hexahedral discretization.

Not only does this greatly simplify the mesh generation process itself, it also avoids
the generation of hexahedral elements due to continuity constraints at the inter-
faces of walls and slabs. A further reduction of hexahedral elements is possible
by choosing mesh densities individually for all involved components. Also note
that local refinements do not branch out to other walls. The elastomer where the

slab rests on the walls is now modeled using the new mortar method derived above.

LA L &<
b

Figure 4.11: Comparison between eigenmodes 1, 2, 3 and 4. Top row: Resulting
from the conforming discretization corresponding to Figure
Bottom row: Non-conforming discretization corresponding to Fi-

gure @

Table summarizes the comparison for the first eight eigenvalues and then se-

lected higher eigenvalues up to one hundred.
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EV | Conform | Mortar | % diff | Conform | New coupling | % diff
No Elast | No Elast Elast Elast
1 11.357 11.471 1.007 9.883 9.960 0.779
2 13.738 13.861 0.899 12.439 12.496 0.459
3 14.347 14.425 0.547 13.302 13.346 0.330
4 15.807 15.947 0.884 13.938 14.067 0.926
5 16.988 17.133 0.856 14.980 15.134 1.030
6 21.070 21.329 1.227 19.256 19.398 0.737
7 21.832 21.988 0.715 20.765 20.833 0.325
8 24.038 24.265 0.947 21.072 21.165 0.437
20 36.868 37.071 0.552 34.033 34.437 1.189
30 48.414 48.769 0.732 43.329 43.850 1.202
40 61.815 62.479 1.073 53.238 53.574 0.631
50 69.224 70.028 1.162 60.897 61.468 0.938
60 77.711 78.402 0.889 66.702 67.982 1.919
70 86.225 86.443 0.253 76.123 76.488 0.479
80 93.425 93.893 0.501 83.881 84.382 0.597
90 | 101.063 | 101.673 | 0.603 88.875 89.558 0.769
100 | 108.871 109.382 | 0.469 94.814 95.145 0.349

Table 4.10: Computed eigenfrequencies given in [Hz| for the building example.

Note that the modeling error introduced by the new mortar approach remains be-
low two percent for all investigated eigenvalues. In comparison to the conforming
method, the error obtained when using the mortar method with the new coupling
condition is comparable to the error obtained when using the standard mortar
method. The upper row of Figure depicts selected eigenvectors resulting from
the conforming discretization given in Figure [4.8] while the lower half depicts the
corresponding eigenvectors of the mortar discretization of Figure [£.10] All eigen-

vectors match within an accuracy which is considered sufficient for engineering

applications.
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Chapter Ill.
Reduced basis methods for
eigenvalue problems

The vibro-acoustical analysis of cross-laminated timber structures constitutes a
parameter dependent eigenvalue problem in linear elasticity, where the input para-
meters are the material properties of different structural components. This problem
has to be solved many times during a design and optimization phase and thus our
aim in this chapter is to develop a model reduction framework for the corresponding

elliptic parameter dependent eigenvalue problems (uEVP).

5. Eigenvalue reduced basis methods for elliptic

eigenvalue problems

Since the main part of a vibro-acoustical analysis is the modal analysis, which not
only takes the first eigenvalue into account, but all eigenvalues lower than a certain
frequency, depending on the problem under investigation, the outputs of interest
are the K smallest eigenvalues with corresponding eigenfunctions. A characteristic
feature of the considered uEVP is the possible appearance of multiple eigenvalues.
In particular, the multiplicities depend on the parameters. Furthermore another
characteristic of the considered yEVP is the rather large number of outputs of in-

terest K, which in our exemplary case ranges from two to twenty.

The Sections [5.2]5.5| contain results published by the author with B. Wohlmuth
and T. Dickopf in the paper entitled "Simultaneous reduced basis approximation of
parameterized elliptic eigenvalue problems" in the journal ESATM: Mathematical
Modelling and Numerical Analysis in 2016, [80].

5.1. Introduction to reduced basis methods

In the following, we introduce the principal ideas on which the reduced basis met-
hod for right-hand side problems is founded. Reduction methods are of crucial im-
portance whenever a calculation becomes complex or has to be performed several

times. The large computation times required for this can be reduced significantly
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by performing once a very general calculation and then deducting the particular

solutions from it.

To this end, reduced basis methods have been developed over the last decade; see,
e.g., [128, Chapter 19| or [129, [I41] for comprehensive reviews, with the first redu-
ced basis problem being investigated in the 1980’s [I17]. Reduced basis methods
have been successfully applied to many different problem classes both in the real-
time and the many-query context. Among those are finite element discretizations
of elliptic equations [141], parabolic equations [66] 139 165] and hyperbolic equa-
tions [42] 68]. Furthermore the reduced basis method has been extended to Stokes
problems [87, 102, 140, 142] and variational inequalities [65] [69]. In addition the
reduced basis method was used in the context of stochastic processes in [54] 167]
and in the context of a finite volume scheme of a parameterized and highly nonli-

near convection-diffusion problem with discontinuous solutions in [51].

Let us assume that an input-output relation for a parameterized partial differential
equation (uPDE) has an input parameter vector p belonging to the input-parameter
domain P, i.e., p € P C RP. Then the solution u of a general elliptic problem
depends on the parameter vector and the general problem formulation reads:
Given p € P, find u(p) € V such that

a(u(p),vip) =l(v;p),  vEV,

where V' denotes a suitably chosen Hilbert space and a(-,-; ) and [(+; u) are the
bilinear form and the linear functional, where the new argument p indicates the
parameter-dependence. Then the basic idea of the reduced basis method comes
into play as we assume that the solutions u(u) do not cover the entire space V', but
rather lie on a curve or surface in V', which is assumed to be low-dimensional and

smooth and which is called the parametrically induced manifold
M ={u(p) e V:peP}

We will approximate this manifold numerically and the best finite element approx-

imation which can be achieved numerically is
MN = {un(p) € Vi - p € PY,

where V¥ C V is a subspace of dimension N' < oco. The larger A/, the bet-

29



ter the approximation, but also the more computation time is needed to perform
the approximation. The reduced basis approach now allows us to build a lower-
dimensional approximation uyeq(p) € Vi of uy(p) of dimension N <« A. This is
achieved by selecting several parameters from P and computing the corresponding
solutions, which are called snapshots of the manifold M*, then approximating the
space V;F by its subspace Vi, composed of the linear combinations of the snaps-
hots, and looking for u,q in V. The numerically built Lagrange reduced basis
spaces corresponding to the Lagrange parameter samples Sy = {u!,..., "} for
N =1,..., Ny are denoted by

Vi = span{u,(p"),1 <n < N}

and are nested. This property is crucial for the memory efficiency of the reduced
basis method. The reduced approximation wueq(p) is computed using a Galerkin
projection which, since the bilinear form is coercive and symmetric for any given
1, automatically selects the best snapshot combination. Then the use of a Gram-
Schmidt orthogonalization allows us to achieve orthonormal basis functions (,,

1 <n < N, such that the reduced basis solution can be written as

N
Urea (1) = Y trea, ()G
=1

and the reduced basis problem now consists of finding the solution wu.eq(p) € Viy C

V¥ to the set of equations

N
Za(Cjag;u)uredj(,u) = Z(Cz,ﬂ), 1€ {1, .. ,N}

Jj=1

A very important step in the reduced basis method is the sampling of the initial set
of parameters from P. There are two main procedures used for the sampling from
P, namely greedy algorithm strategies and the proper orthogonal decomposition
(POD) method. The greedy algorithm gradually selects N possible parameter
values pt, ..., "V from the train sample Zq.,. While doing this, in each iteration
the parameter is added for which the solution u,(u) is worst approximated by the
space Vy_1 of the already retained snapshots. Thus an appropriate error estimator
is required. In contrast, the proper orthogonal decomposition [90, 128 129] aims
at achieving the best possible reduced space in the sense that, for a given series

of snapshots, the projection error w.r.t. the L?-norm is minimized. Thus a set of
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parameters is chosen into the sufficiently large train set Zi..;» and the snapshots
are generated by solving the uPDE, which yields the set S C V;* of all snapshots.
Then the orthonormal functions {(i,...,{x} C span(S) are chosen such that

Z v — HNUH%?(Q)

veS

is minimal, where ITy denotes the L?-orthogonal projection to span {(i,...,(y}

The online-offline procedure is what enables the reduced basis method to be sepa-
rated into two phases: The more costly offline computation of the space Vy and
the very cheap online phase, in which the result to an imminent problem is derived
from the offline phase results. This is made possible by the affine parameter de-
pendence of the bilinear form a(-,-; ) and the linear functional [(-; ), which can
be expressed as

a(w,vip) = Y%, 08(0at(uw,0),  wvEV.peP

qla

(oip) =226 (Wl(v),  veViueP

for finite ), and @); and the p-dependent functions 02 : P — R for 1 < ¢ < Q,,
0] : P — R for 1 <q <@ as well as the p-independent terms a? and /7. Inserting

these forms into the set of linear algebraic equations obtained above yields

>

Jj=1 ¢=

Qa
02(1)a’ (¢j, Gi))threa, Ze" NUG),  ie{l,..., N},
1

and thus a problem which can be separated into its parameter dependent and its

parameter independent parts.

In several stages we want to assess the loss of accuracy in comparison to classi-
cal methods. Thus we employ a posteriori error estimators to facilitate the con-
struction of reduced basis spaces by greedy algorithms as well as the certification
of the outputs of the reduced models. Different greedy methods for reduced basis
and error estimators are introduced in [106, 107, 166] and also a greedy method
for eigenvalues is introduced in [34]. The convergence of greedy methods has been
analyzed in [20], [32] 47]. Adequate a posteriori error estimators have to be rigorous,
sharp as well as efficient and depend on N but not on N as will be seen in the

following for parameterized elliptic eigenvalue problems.
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5.2. Reduced basis for eigenvalue problems

In the following we consider the problem class of parameterized elliptic eigenvalue
problems (EVP), which is highly important but up to now only marginally in-
vestigated in the context of reduced basis methods. The first approach [104] from
the year 2000, which is based on [105] among others, is restricted to the special
case of an estimator for the first eigenvalue. In the publications [122, 123] 124], the

method from [104] is developed further to include several eigenvalues.

However, both the analysis and the algorithms do not cover the case of multiple
eigenvalues. Quite often, the “vectorial approach”; i. e., the treatment of the eigen-
vectors (u;(it)),<;<x as a (FE dimension - K')-dimensional object and building the
approximation s?pgce accordingly, see [123, Section 2.3.5|, results in poor accuracy.
This is due to the fact that the possible savings from reduced problems of smaller
size seem marginal if achievable at all. In addition high-frequency information can
and should be exploited for the approximation of low-frequency information, an
effect that is expected to become more and more important with increasing num-
ber of desired eigenvalues. In [I81], an elastic buckling problem is studied. While
the model reduction is carried out primarily for a linear problem, the eigenvalue
problem appears only in a second step. In [I70] a non-rigorous a posteriori bound
is computed by comparison with a reduced space approximation of double size.
Furthermore a component based reduced basis method is studied for eigenvalue
problems in [I69]. Very recently a reduced basis method for the approximation
of single eigenvalues in the context of parameterized elliptic eigenvalue problems
has been investigated in [60]. The authors derive a bound for the error in the first

eigenvalue which is assumed to be single.

We will now start by introducing reduced basis methods in a general eigenvalue
context. Let the computational domain Q C RY, with d € {2,3}, be bounded
and polygonal. As an elliptic eigenvalue model problem, we consider the linear
elasticity case. We recall the eigenvalue problem in linear elasticity, which is given
by

—div o(u) = Apu in Q,

with boundary conditions prescribed as Dirichlet conditions on a closed non-trivial
subset I'? of 9 and homogeneous Neumann conditions on 992 \ I'P. In addition,

the linearized stress and strain tensors are defined as in Section B.3l We set the
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density p to 1 for simplicity. As above, the set of admissible parameters is denoted
by P C R” and p € P stands for a vector of parameters. Then C(u) denotes the
parameter dependent Hooke’s tensor, which we assume to be uniformly positive
definite. To this end let €2 be decomposed into non-overlapping subdomains such
that Q = U, Q,. We assume that the material parameters are piecewise constant
w.r.t. this decomposition. In the isotropic case, the parameters may be chosen as

Young’s modulus E and Poisson’s ratio v such that P equals two times the number

of structural components, i.e., subdomains. More precisely, we set pos—1 = Elq,

and 195 = V|q, in this case. The anisotropic case is treated analogously.

Let the parameter dependent bilinear forms a(-,-;p) : (H'(Q2))? x (H'(2))? — R
and m(-,-) : (L2(2))? x (L*(2))? — R be given by

(u,v) — a(u,v;p) == /QC(M)E(U) ce(v)de
and
(u,v) = m(u,v) = (u,v)2(q) = /Qu -vde,

where a(-,-; 1) depends on the parameter vector u, whereas m(-,-) and € do not.

Remark 5.1. The equations of linear elasticity are used as a model problem as we
are interested in the applications of vibro-acoustics. However this does not pose any
restriction to the theoretical results shown in the following. Thus we could replace

a(-, -, ) by any H'-elliptic bilinear form.

Let now V;F C {ve (H'(Q)?:v|r, =0} be a fixed conforming finite element
space of order k& with dimension N. For the ease of notation, in this section we
define V}, ;= V/¥. Then, the discrete variational formulation of (3) reads: Find the
eigenvalues A(u) € R and the eigenfunctions u(u) € Vj, such that

a(u(u), v; 1) = Apm(u(p),v), v e Vi (1)
for given € P. We assume that the eigenvalues are positive and numbered as
0<M(p) < .. < dwvl(p).

The corresponding eigenfunctions are denoted by w;(p) € Vj, for i = 1,..., N with

the normalization

m(ui(p), u;(p)) = 655 for 1 <d, j < N
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In the present context, the error of the finite element solution is assumed to be
very small. This is achieved by a fine mesh size leading to a large dimension N.

The discretization error analysis can be found, e.g., in [8 9] [10].

Let L > 1 be the number of distinct eigenvalues of . For multiple eigenva-
lues, we use the standard notation from [10] and denote the lowest index of the
i-th distinct eigenvalue by k; and its multiplicity by ¢;, « = 1,..., L. We write
ICi :={ki,... ki + ¢ — 1}. Here and in the following, the dependency of the index
notations on y is suppressed as it is always clear from the context. The correspon-

ding eigenspaces are denoted by

UZ(N) = span {ukq(lu>’ S 7uk7z+(h—1(/}“)} :

Now, the goal is to find a computationally inexpensive but accurate surrogate mo-

del that can be used in the many-query or real-time context.

We consider a variational approximation of the pEVP in an N-dimensional reduced
space
Vy :=span{(,:n=1,...,N} CV,, (12)

with N < N. As a matter of fact, the choice of Vy highly depends on the
algorithmic methodology. Several (snapshot-based) possibilities are investigated in
Section Now, the reduced eigenvalue problem reads as

(ured(ﬂ)a /\red(,u)) S VN X R,
a(ured(:u)’ v; H’) = )\red(:u)m(ured(:u)v U)a veVy (13)

for given pu € P. Let us emphasize that all eigenpairs of interest are approximated
in the same space V. As before, we assume a numbering Ajeq ;(pt), i = 1,..., N
of the “reduced eigenvalues”. The minimum-maximum principles guarantee that
i) < Apea,i(p) for @ = 1,..., N; see [10, Sect. 8]. Note that the multiplicity
of the finite element eigenvalues is not necessarily reflected in the reduced basis
eigenvalues. The corresponding eigenfunctions are denoted by wuyeq ;(pt) € Vi for

t=1,..., N, again with the normalization
m(ured,i<u)a ured,j(,u/)) = (Sij7 1< Z?] < N.

In practice, as mentioned before, one is only interested in the first K eigenvalues for
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any chosen parameter. We expect that the dimension N required to achieve a cer-
tain accuracy will depend not only on the smoothness of the parameter-dependency
of the uPDE but also on the number of outputs K.

As above, a(-, ;) is affine w.r. t. the parameter p, i.e.,
a(u,v; @) ZGq Jat(u, v) (14)

for suitable parameter independent bilinear forms a4 : (H}(Q))¢ x (H'(Q))¢ — R
and coefficients 02 : P — R, which are readily derived from the constitutive equa-
tions. For instance, we have two terms per subdomain in the isotropic case. This
leads to a fast online evaluation as the cost of the assembly of the parameter depen-
dent reduced systems, i. e., matrices in RV associated with ([13)), is independent
of N. Note that the expansion ((14]) will also be exploited for an online-offline de-

composition of the error estimators.

Apart from greedy methods, as already mentioned, POD techniques which yield the
best reduced space, can be used in the context of parameter dependent eigenvalue
problems with multiple output values. A detailed description of the usage of POD
methods in the present context, can be found e.g. in [90, 128, 129].
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—EVi ——EVA
-o-EV2

2 —-EV3

1077 EV4|]

10

10

108

0 50 100 150 200 0 50 100 150 200

Figure 5.1: Convergence of POD methods (0 < N < 200) for the described pEVP
with different numbers of outputs of interest: Average relative errors in
the eigenvalues \j,..., A\g for K =4 (left) and K = 7 (right).

Figure [5.1] illustrates the convergence of the POD method for K =4 and K = 7.
The details of the underlying numerical experiment are elaborated in Section [5.4]

where the numerical results are presented. On the one hand, the results show that it
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is in principle possible to construct one single reduced space that effectively captu-
res the parameter dependent behavior of the first K eigenfunctions simultaneously.
On the other hand, it is evident that the reduced basis dimension N required for
a certain accuracy increases with K. More precisely, the asymptotic decay of the
error is approximately Cy e %3N for K = 4 and C; e %%47"N for K = 7 for some
constants Cy and C;. From the cost point of view the POD is quite expensive, and
thus we focus on computationally efficient greedy strategies in combination with «

posteriori error bounds.

In the following we will establish the analysis of an asymptotically reliable error
estimator including the case of multiple eigenvalues and a series of algorithmic ad-
vancements. This constitutes a significant difference to the approach introduced
in [60] as our goal is a reduced basis approximation not only of one eigenvalue,
but of a series of eigenvalues, including eigenvalues with multiplicity greater than
one. Furthermore our numerical results demonstrate that tailored greedy strate-
gies yield very efficient reduced basis spaces for the simultaneous approximation of
many eigenvalues for the considered problem class. In this context, the parameter
dependence of the multiplicity of the eigenvalues constitutes a major challenge and

is included into both our analysis and our algorithms.

Our experiments show that, in a greedy algorithm, it is usually not optimal to
include the first K eigenfunctions for a particular parameter, neither is it advisable
to choose the same number of eigenfunctions for different eigenvalues. This may
be attributed to the fact that the smoothness of the input-output relation can vary
strongly with the different outputs of interest, i.e., the eigenvalues. We rather sug-
gest to choose maximizing parameters for K different error estimators. The reduced
approximation should be of comparable quality for a broad range of frequencies,
although in structural acoustics the accuracy requirements might decrease with in-
creasing frequency. Note that, for the application scenario at hand, the number of
desired eigenpairs is typically in the order of ten for simple components and even
larger for geometrically more complex structures. We are interested in approxima-
ting the smallest eigenvalues “simultaneously” in the sense that a single reduced
space is constructed for the variational approximation of the eigenvalue problem
and that the individual a posteriori error estimators for the eigenvalues use the
online components provided offline. This allows us to generate an efficient and
accurate simultaneous reduced basis approximation. The large number of outputs

of interest K justifies an increased computational effort by an increased dimension
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N as compared to the standard single output case. In particular, any decent, i.e.,

sufficiently accurate, approximation needs N > K.

5.3. Error estimators

We will now establish a posteriori error estimators for our output quantities, in
this case the eigenvalues. As mentioned above, it is important to determine such
estimators in order to find out which basis functions should be selected by the
greedy method. In particular, their computational evaluation must only depend
on the basis size N but not on the dimension of the finite element space N. To
this end, we first derive error bounds that still depend on the finite element eigen-
values, and in particular on their multiplicities. Then, we focus on a computable

approximation yielding the desired error estimators.

We will now introduce a generalized error bound. To this end let the parameter

dependent energy norm be defined as ||| a(-,-;p)2. In addition to a pa-

Vi T
rameter dependent norm we are using a parameter independent norm defined as

[l 5.y, == @l )2 := a(-,-;f)2. For a linear functional r : Vj, — R, we define the

corresponding dual norms by

r(v
and HrHﬁ%V;{ = sup (v)

(v)
Tl .y = Sup
I ||“,v,; ovei, Vllz,

O¢U€Vh ||,U||,u,;vh

respectively. The analysis and the practical implementation employ different error
representations, namely the so-called reconstructed errors w.r. t. the bilinear forms

a(-,+; 1) and a(-, ). Using the residual

v (V5 ) o= area,i (1), 05 0) = Ared,i (1) M(tUrea,i (1), 0)

fori=1,..., N, we define e;(u) € Vj, and €;(u) € Vj, by

aei(p), v; p) = ri(vs ), v eV, (15)
and

a(ei(p),v) = ri(v;p), v € Vi (16)
T particular, (7305 )y = lesCi) s, and 17303 )iy = IEi(i) gy - For amy

@ € P, assume that g(u) > 0 is a generalized coercivity constant such that

g(p)a(v,v) < a(v,v; u) for all v € Vj. Technically speaking, g(u) is the parameter
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dependent coercivity constant of a(-,-; ) w.r.t. [|-[|5, . This implies

_1
1l < 90 % Pl (17)

for any r € V}/ and
_1
[0l 2, < 9() 77 (0],

for any v € V},.

We are now ready to prove the error bounds. The following theorem, combined
with the computational /algorithmic aspects in Section , generalizes the results
of [104, 122], 123, 124] for the case of multiple eigenvalues.

Theorem 3. Let 1 <1¢ < L such that k;+q; —1 < N. For j=1,...,q;, set

() = Aved, kitj—1 (1)

i (p) = | min N0 (18)
Then,
7,51 G5 ) 1y [ G ]|
0 < Nvea it (1) — M, (1) < —— e k) (19)
dy;+j-1(p) it j—1(1)° /A
N
Proof. Fix p € P, 1 <i < Land 1 <j <g. Let ted r,+j-1(1t) = > ayuy(p) and
=1

N
eriti—1(p) = 22 B (). By 7 we find
1=1

(1) = Aved, ki+j—1(4t)

T W)

Therefore, we get

N 2
() = Ared, kitj—1(10)
sl = St ( SEIOA WA

=1 ()
2 (M) = Need kiri—1 () )
- l>k;qi—lal< Ai(p) > Mk
> i (W) Y o). (20)

I>ki+q;—1

Using the fact that > a? = 1, \j(u) < A, (1) for I < k; + ¢ — 1, we find for the
]
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difference between approximated and detailed eigenvalue

Adyg, = Ared, k¢+j71(/vb> — Ak, (M) = a(ured, kﬁjﬂ(ﬂ)a Ured, kﬁjfl(/i); M) — Ak, (M)
N
= > o) = M (p)
=1

— Z o (Ni(p) = A ()

1<k;+q;—1
+ Z ai (M(p) = A, (1)
I>ki+q;—1
<) af(lw) = A (w). (21)
I>ki+q;—1

From this we obtain two upper bounds for A)\g,. The first one follows trivially
from the fact that A, () > 0 and

|’Tk¢+'—1('§/i)‘|2. /
AN < ada(p) < —= pall
I>ki+q;—1 dkri’]*l(u)

The second bound is based on the Cauchy-Schwarz inequality and on Young’s

inequality. In terms of
1
(M) = M ()* < (L4 N(R) = Area ki1 (1) + (14 =) (AN’
for € > 0, we get from and

A, = > az)\l(u))\;:;ki(m Va(m)ay/ M)

I>ki+qi—1
M) = Ae, (1) ’ ’
< ( Z ai ( NG )2 (1) Z N
I>ki+q;—1 I>ki+qi—1
1
< i Gl
dki-i-j—l(:u) ’ HVh
1 1
\/ U+ kil + 0+ DN, Y afpt
I>ki+qi—1
< ! | ()l \/(1+ )| Gl +(1+1) A,
< _— rz . ',/J/ R € T.z - 7Iu/ o —
dkH—j—l(:u) b HVh S Vi € )‘k1<:u)
D A O U L. L0 L
S = Thiti—105 ) vy € ~) :
;1) ’ . € dyj—1 (1) Ak, (1)
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Hrkﬁ-j—l('%li)val
. _ v .
Setting ¢ = Tors 2 ) gives the upper bound in (19). The lower bound

follows directly from [10)], Sect. 8|.

]

Besides the generalization to multiple eigenvalues, let us point out that our bounds

are sharper than the ones, e.g., in [124, Prop. 1], as the lowest order term in (19)

) ||Tki+j71('3/14)||i,v/ ||7'ki+j71('§#)||2

is of the form - — rather than - > Note that the error
di;4j—1(1) dig;4j—1(1)

bounds in Theorem [3|still depend on the finite element solution via the eigenvalues

Au(p) in (L8).

v/
w;Vy

Remark 5.2. It is also possible to give an upper bound for the eigenvectors by

replacing dy, ;-1 (1) by i1 (1) defined as

diyrj1 (1) -

A (1) = Aved, kitj—1(10) ‘
A1) .

= min
N>1>ki+q—1V I<k;

Using now I1; : Vi, — U;(u) as the orthogonal projection w. r.t. the L*-inner pro-

duct, we define v = I1;(Uyed, k;+j—1 (1)) = ZNZbkﬁ%_viki aqu(p) and give the

upper bound as

Z ayun(pe)

N21>ki+qi—1 V I<k;

= > aihi(p) <

= ' 2
N>I1>ki+q,—1V I<k; dki‘i‘J_l(Iu)

Hured, kﬁj—l(ﬂ) -

w; Vi

2
Hrki‘ijl(.; :LL)H/LJ/A

We now derive approximate error bounds that are computable in the sense that
they do not depend on the finite element solution. To achieve this, it remains to
approximate cfi, which may be interpreted as a measure for the relative distance
between neighboring eigenvalues, particularly to decide which of the indices to
exclude from the minimum. We point out that the dimension of the (detailed)
eigenspace is not accessible. The application scenario we have in mind features
multiple eigenvalues with their multiplicities depending on the parameter. It is
therefore impossible to determine the structure of the spectrum, i.e., the indices
k; or the index sets KC;, a prior.

Recall that the first K eigenvalues are the output quantities of interest. Assume
that the reduced basis method converges in the following sense: For u € P and
1<i<K,

Ared, i (1) = Ai(p) for N — N.
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In particular, Aweq (i) = A, () for N — N for j € K;. Given the eigenvalues
Ared,i(1t), 7 =1,..., K, of (13)), we replace \;(u) in by Ared,1(1¢) and approximate
Ared, 7 (14) = Ared, i (14)

<e€
)\red, J (:u) g }

for a chosen tolerance €, > 0 and with v as the difference between the index of

’Cred,i = {1 §]§K+t7

the first eigenvalue after the multiplicity of the K-th eigenvalue and the K-th
eigenvalue itself. In the case that we know a priori the maximal multiplicity of
all relevant eigenvalues for all parameters, we set v equal to this value. Otherwise
we select it adaptively during the initialization phase of the greedy method. More
precisely, we start with v = 1 and increase it by one as long as K + v € Kieq,i-
Thus #/,eq,; Will be our best guess for the multiplicity of the eigenvalue to which
Ared, (1) converges. Then for 1 < i < K,

di(y) = min Ared, 1(ft) = Ared,i(f4)

1K eq, i /\red, l (/“L)
K+t>1>i

(22)

is the relative distance of Aeq (1) to the reduced eigenvalues that are further away
than the chosen tolerance €. The adaptive selection of v guarantees that, even for
i = K and multiple eigenvalues, d;(u) is easily computable and does not severely

underestimate d;(p).

Finally, since we are looking for an asymptotic estimator for the relative error in
the eigenvalues which is cheaply computable in the online-phase, we neglect the
higher order term in 1} In addition, the parameter dependent norm H'HM'V}{ is
replaced by the parameter independent norm |[|-[|, by , which introduces an

additional factor g(u)™!.

To summarize we can state the following corollary:

Corollary 5.3. Leti =1,..., K and Aeq,i(1t) = Ni(u) for N — N. Furthermore
let KCrea,i be defined as above and the distance between neighboring eigenvalues d; (i)

be given as in . Then the error estimator given by

Hri(';M)HE;v,;
g(1) - di(pt) = Arvea,i(1)

p () = (23)
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15 asymptotically reliable in the sense that

Ared, ki4j—1 (1) = A, (1)
A

3

0<

with C tending to one as N tends to N.

Note that the approximation in is, in general, less accurate for ¢ = K. This
is because the space Vy is built to approximate well the K outputs, but for the
K-th estimator we need the (K +t)-th outputs with ¢t > 1, which are approximated
only roughly. The tolerance €, has to be selected such that it reflects the desired

accuracy of the reduced basis approximation.

All error estimator contributions may be decomposed as already outlined in [104].
Let (Cn)i<n<ny be the orthonormal basis (w.r.t. m(-,-)) of Vy. For 0 < ¢,p < @
let AP € RVN with A\%’% =a(&,&r) for 1 <n,m < N where

a(El,v) = a¥(Cuv), vEVE 1<n<N,1<¢<Q, (24)

n?

and
a(& v) =m(¢,v), veEV, 1<n<N. (25)

In the following, we identify the function weq (1) € Vv and its vector representa-
tion w.r.t. the basis ((,)1<n<ny such that (ureq,i(st)), denotes the n-th coeflicient.

Then, given a reduced eigenpair (tyed,i(ft), Ared,i(ft)), We have the error representa-

tion
N Qa N
E § 9(1 ured 7 ))n red z E Ured z
n=1 q=1 n=1

by . Consequently, the main contribution of 7;(x) decomposes into

N N Qa Qa

I B =SS0 S (trea, i), (e, 1(12)),,, 02405 (1) AL,

n=1 m=1 q= lp—

red z Z Z Ured, z ured Z(M>)m A?L:?n

n=1 m=1
N N Qa

-2 /\red,i(,u) Z Z Z Ured z ured z(ﬂ))m 93(:“) A\gﬁn

n=1 m=1 g=1

We recall that only a single reduced space is built for the approximation of all

eigenvectors simultaneously. Thus the above decomposition uses the same offline
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ingredients for all 1 < ¢ < K. In particular, the number K of desired eigenpairs

does not directly influence the complexity (only via the reduced space dimension
N).

5.4. Algorithms

In this section, we present different greedy strategies that employ the error estima-
tors of Section to build the reduced space in . The advantage compared to
the POD method is that only relatively few finite element solutions of the uEVP
need to be computed. Since we use a single space for the approximation of mul-
tiple outputs, we have several natural possibilities which are investigated in the
following. Furthermore an extension that takes into account multiple eigenvalues
is presented and a remedy for the potential unreliability of the error estimators for

small N is discussed.

Recall that the K smallest eigenvalues are the quantities of interest, where K is
typically 2 — 20 for our application scenario. In principle, given a reduced space,
one could try to identify a suitable p € P and then include the first K eigenfuncti-
ons for this parameter value. In each greedy step, this would require the detailed
finite element solution of for one parameter only. However, numerical studies
clearly show that this naive choice is far from optimal as the generated reduced
spaces tend to be much too large. This is because the errors in the individual
eigenvalues and eigenfunctions are only very weakly correlated, if at all. There
are at least the following two much more natural options: Let a sufficiently rich
training set Ziaim C P be given. Then, in Algorithm [I the individual arg max
for each 1 < i < K is chosen separately. In contrast, Algorithm [2| chooses only
one single argmax. Note that both Algorithm [1] (line 7) and Algorithm [2] (line 6)
require the evaluation of all error estimators at all parameters in Z,,;, to determine
the choice of . This does not lead to large computations since the calculations
are only performed with the reduced space of size N, such that we obtain K re-
duced eigenpairs for any p € Zgam, see also Section 5.3 However, Algorithm
(line 10) and Algorithm [2| (line 8) require also finite element solutions which then
determine the reduced basis space. The multi-choice variant rests on the intuition
that the individual eigenfunctions can and should be approximated separately. In
contrast, the single choice variant takes into account that the approximation power
of eigenfunctions to large eigenvalues can be exploited also for eigenfunctions to

smaller eigenvalues. During the greedy procedure, we orthonormalize the selected
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Algorithm 1 Multi-choice greedy

1: forv=1,...,K do

2 G u()

3: end for

4: N+ K

5: while N < N, do

6: fori=1,..., K do

7 Mmax,i <~ argmax, = . 771'(”)

8: if 7i(fmax,i) > €t then

9: N+ N+1
10: (N 4 Ui(ftmaxi) (orthonormalized)
11: end if
12: end for
13: if MaX =, ain, 1<i<K 7]Z<u) < &t then
14: break
15: end if

16: end while

Algorithm 2 Single-choice greedy

1: for:=1,...,K do

22 G (i)

3: end for

4: N+ K

5: while N < N, do

6: (:U’ma)m imax) < arg maXueEtrain,lgigK 772(:“)
7 N+ N+1

8: (N < Ui, (fmax) (orthonormalized)
9: if MaX =, i, 1<i<K 772(/;) < g0 then
10: break

11: end if

12: end while

basis functions. Not only does this yield small condition numbers of the reduced
systems, it is also beneficial for the special treatment of multiple eigenvalues des-

cribed in the next section.

In Algorithm [1] (line 10) and Algorithm [2| (line 8), an orthonormalization is per-
formed. For this purpose, let IIy : V}, — Vi be the L?-orthogonal projection to
the current reduced space. For a snapshot candidate ¢ € V}, i.e., one of the ei-
genfunctions chosen as described above, we compute ¢ := ¢ — Hy¢. Then, if HEHO

is sufficiently large (> €p05), the new contribution is included in the reduced

<
lI¢llo
basis. In case of multiple eigenvalues, the greedy method needs to be modified as

follows: Assume an index 1 < 7 < K and a parameter p* have been selected by
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means of the eigenvalue-based estimators (7;);=1.. x, in Algorithm [2| (line 6), or
several parameters p* have been selected in Algorithm (1| (line 7), such that the
span of u;(p*) is to be included in the reduced space. However, a large value of
n:(p*) merely indicates that the corresponding (fine) eigenspace U;(p*) contains
functions that are badly approximated by the current reduced space. Nevertheless
the eigenspace might also contain other functions that are already well approxima-
ted. Consequently, if the detailed eigenvalue associated with a chosen snapshot has
multiplicity greater than one, we aim to add all the eigenfunctions for the multiple
eigenvalue, except the ones which are already approximated well enough. A moti-
vation for exploring the whole eigenspace for multiple eigenvalues is to guarantee
that we take the correct eigenvalue/eigenfunction, since we cannot ensure that the
indexed eigenvalue/eigenfunction in the reduced space is the same as in the de-
tailed calculation. This is due to the fact that there is no prescribed ordering for

the eigenfunctions corresponding to a multiple eigenvalue.

As for the definition of d;(x), one has to compute a sufficient number K’ > K of
eigenfunctions of the finite element problem pEVP such that

A (W) [ Ak (1) > 1+ ex.

Then, lines 9-10 in Algorithm [I] are replaced by:

for all j > 1 with |\, (fmax.i) — Ai(max.i)|/Ni(fimax,i) < €x do
if ||u; (ftmaxi) — TN (fmax,i) || 22(0) = Eproj then
N+ N+1
(N  Uj(fmax,i) (orthonormalized)
end if

end for

Analogously, lines 7-8 in Algorithm [2] now read as:

for all j > 1 with |Aj(ftmax) — Nipax (Hmax) |/ Aimax (Hmax) < €1 doO
if [|u;(fimax) — Hnvu; (UmaX)HLQ(Q) > Eproj then
N+ N+1
(N 4+ Uj(ftmax) (orthonormalized)
end if

end for

Here, Iy : V}, — Vy denotes the L2-orthogonal projection. The parameter Eproj 15
a small tolerance that prevents the selection of functions that are already approx-

imated sufficiently well.
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In our calculations, we need as already mentioned an error estimator for the K-th
eigenvalue. For the computation of this estimator, we need a rough approximation
of the (K + t)-th eigenvalue. In order to ensure that our reduced space has the
ability to roughly approximate this (K +t)-th eigenvalue, we use an initial approx-
imation space in which we include the corresponding components. We suggest to
include components using the proper orthogonal decomposition method described
in Section (with N = Ny, ) applied to a small number of snapshots. Here, the
snapshots S C Vj, are associated with a training set ZLOD typically of size 27, ta-
king into account the extension described above. This initial approximation space
of dimension N, which is constructed as an initialization step for the greedy algo-
rithm, should be sufficiently large as the reliability of the error estimators analyzed
in Section can depend on the dimension of the reduced space. To make sure
that we are able to calculate and to approximate the (K + v)-th eigenvalues, we
choose our Ny, to be at least (K + t) times a factor > 1.5.

In the following, the performance of the proposed algorithms is illustrated by nu-
merical examples, in two and in three dimensions. For the two-dimensional calcu-
lations we use plane strain elasticity while for the three-dimensional simulations we
use linear elasticity. The implementation is performed in MATLAB based on the
RBmatlab library [50]. We investigate the individual components and highlight

their benefits in several steps. All following examples contain multiple eigenvalues.

First we choose (2 as a rectangle of size 3.0 x 1.0 with Dirichlet boundary on the left
and on the right. Let (2 be split into three subdomains of size 1.0x1.0. The material
parameters E and v used for these subdomains are in the range of 10 — 100 and
0.1 — 0.4, respectively; we have P = 6 and () = 6. We choose a uniform random
sample of size 10000 as set of training parameters Zi..,, C P. To evaluate the
errors, another sufficiently rich set of parameters = C P is used of size 1000.
For our initial space we choose Ny,;; < 40, depending on the desired number of
eigenvalues K. We always report the average errors of the reduced approximations

given by
1 Ared,i(ft) — Ni(p)
#Etest

and comment on the standard deviation in Remark

}LGEtcst

For the generalized coercivity estimate, we exploit the affine decomposition of the
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bilinear form and set 09(1)

g(p) = min ) (26)
We emphasize that g(u) merely relates the bilinear forms a(-,-; 1) and a(-,-); a
coercivity estimate for a(-,-; u) itself is not required in the present context. Note
that indeed yields an admissible parameter dependent constant provided the
bilinear forms a?(-,-) in are positive semi-definite and the coefficient functions
09(-) in ([14)) are positive; see, e. g., [121, Sect. 4.2.2|. This is true for our application.
Better results, i.e., a larger lower bound, could be obtained by the more expensive
successive constraint method [86]. In the present setting, the estimate (26) is ty-
pically smaller than the exact solution of the corresponding generalized eigenvalue

problem by a factor ranging from 0.7 to 0.98.

We first illustrate the necessity of the extended selection for multiple eigenvalues.
Figure shows the behavior of a POD method with (left) and without (right)
the extended selection for the first two eigenvalues (K = 2). Figure [5.3shows the
same comparison for the greedy method (Algorithm . For both the POD method
and the greedy method, we observe that in the variants without extension the con-
vergence for the second eigenvalue becomes slower after a certain number of basis
functions has been included. In contrast, the extended selection yields convergence
curves that approximately coincide. The shortcomings of the non-extended met-
hods may be explained by the fact that the second eigenvalue has multiplicity two
for certain parameters and in these cases, for the multiple eigenvalue, the correct
eigenfunction is not necessarily chosen. Note that the effect is more significant for
a smaller POD training size (Figure [5.2] second row) as it is less likely that all
directions of an eigenspace are present in the snapshot set. The convergence of the
second reduced eigenvalue possibly improves drastically if, incidentally, the missing

component is added during the greedy method.

Next, we illustrate the benefit of Algorithm [2] in comparison to Algorithm [I] In
Figure for K = 4, one can see that with Algorithm [1| (left) the convergence be-
havior varies over the course of the greedy method while with Algorithm [2{ (right)
all desired eigenvalues exhibit similar convergence. This also holds true for the
errors in the eigenfunctions not shown here. The poor convergence of the third ei-
genvalue only improves rapidly at N &~ 170, after the other three eigenvalues have
reached an accuracy in the order of the target tolerance, and thus the algorithm

only chooses eigenvalue 3. This effect, namely an imbalanced resolution of the rele-
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Figure 5.2: Error decay for the eigenvalues with the POD method: Extended (left)

vs. non-extended (right). First row: Training size 10000. Second row:
Training size 1000.

vant eigenspaces during the greedy method, is directly related to the inappropriate
a priori assumption of Algorithm [I] that roughly the same number of snapshots
corresponding to the first K eigenvalues should be included in the reduced space.
At this point it should also be noted that in general Algorithm [I] creates a larger
reduced basis space than Algorithm 2| as soon as more eigenvalues have a poor

convergence.

To further illustrate the behavior of the single-choice greedy method, in Figure [5.5]
we report the accumulated numbers of chosen eigenfunctions corresponding to
A1, ..., A over the course of Algorithm 2/ for K = 4 and K = 7 (first row), as
selected by the error estimators in line 6. The reason for the greedy algorithm not
selecting any eigenfunctions before a basis size of 40 is that this is the size of our
initial space. The respective error decay for K = 7 is depicted in Figure (second
row). Note that the good convergence (in particular, similar rates for all outputs of
interest simultaneously) is achieved by a rather uneven distribution. The diagrams

indicate that, for both values of K, larger eigenvalues as well as possibly double
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Figure 5.3: Error decay for eigenvalues with the greedy method. Extended (left)
vs. non-extended (right): Training size 1000.
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Figure 5.4: RB error decay: Comparison of Algorithm [1] (left) and Algorithm
(right) for K = 4.

eigenvalues are preferred by the algorithm. This and the fact that, although fewer
eigenfunctions are included for the smaller eigenvalues than for the larger ones, but
nevertheless the error decay is equal, mean that the eigenfunctions corresponding
to larger eigenvalues are effectively used to approximate the ones corresponding to

smaller eigenvalues.

We now investigate the performance of the greedy method in more detail. For
this purpose, we also consider the effectivity numbers ~;, 1 <1 < K, of the error
estimators and its maximal ratio R defined by

1 ni(p) - i) R.— max;—i,..K Vi

 H#pest =t Ared, () — i)’ Comingey gV

Yi -

As already mentioned, the estimators derived in Section are of asymptotic cha-

racter and therefore generally not reliable for small N. To prevent a misleading
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Figure 5.5: First row: Accumulated numbers of chosen eigenfunctions over the
course of Algorithm 2| for K = 4 and K = 7. Second row: Error
decay for K =T7.

selection of basis functions in the first few greedy steps, the initialization is used

to generate an initial basis.

Figure shows the error decay (left), the effectivity numbers of the a posteriori
estimators (center) and the accumulated index counts (right) for K = 5 with and
without the initialization. In this case, a similar convergence is achieved for both
algorithms, and the index count plots also show a similar behavior. In the pre-
asymptotic range, we observe a difference in the effectivity numbers. Without
initialization these numbers possibly depend sensitively on the selected snapshots.
While this does not influence the overall performance for K = 5, for K = 7 we do
get extremely poor results if we start directly with the greedy algorithm. This is
caused by the fact that the approximation of d;(;1) by di(1t) is then not reliable.
Thus we always include the initialization step in our adaptive algorithms. In our
experiments, the described initialization always prevents the effectivity numbers
from having jumps and leads to good convergence of the greedy methods. For

instance, Figure[5.7]shows the effectivity measures corresponding to the error curves

80



100

80 F|—EV3

60

—EV1 —+EV1 —EV1

-o-EV2 —EV2

—*-EV3 —EV3

102 EV4| 80 EV4
102 EV5 EV5

10’

e 20
§
108 , "

1 00 0 L2,
0 50 100 150 200 0 50 100 150 200 0 50 100 150 200

Figure 5.6: Comparison of Algorithm [2[ without (top) and with (bottom) the ini-
tialization described above for K = 5 for a selected case in which
the greedy algorithm without initialization does not fail. RB error de-

cay (left), effectivity numbers (center) and accumulated index counts
(right).

from Figure [5.4] (right) and Figure [5.5] (second row). The effectivities are virtually
constant and close together, which is reflected in a small value of R. This is of
crucial importance for the performance of our Algorithm [2| In all our settings R
is below five, e.g., R = 3.41 for K = 4. Note that for K =4 and K = 7, the same
eigenvalues show similar effectivities. A high effectivity ratio R possibly leads to an
oversampling of the eigenfunctions associated with the indices of a high effectivity
and thus a loss in the performance. At this point, although our error estimators
are for eigenvalues, we want to show that also the effectivities for the eigenvectors

are constant and close together. To do so we depict the results in Figure [5.8

After having demonstrated the performance of the single components of our algo-
rithm, let us compare the results of our greedy method using the error estimator
and the best components with the convergence of the POD method. Comparing
the error plots in Figure with the ones in Figure (right) and Figure [5.5
(right), we see that we achieve very similar convergence behavior. In particular,
the error curves of our simultaneous reduced basis approximation for the individual
eigenvalues are similarly close to each other. Moreover, the accuracy reached at
N = 200 differs only by a factor of roughly ten. We recall that the POD method
uses the full training set (namely 10000 finite element solutions in this case which

leads to a computation time of over 10 h) to reach this accuracy while the greedy

81



10%— ‘ ‘ 10%— ‘ ‘
—+EV1 —+EV1
-o-EV2 -©-EV2
—-EV3 —+EV3
EV4 EV4

EV
102+ ] 102+ Evg 1

“*=EV7

4%%%%% ; X
1 e W DS OO mes oo o oo o oo
10 BRI R R R

e

0 . L L 0 . . .
10" 750 100 150 200 % 50 100 150 200

Figure 5.7: Effectivity numbers of the estimators for K = 4 (left) and K = 7

(right).
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Figure 5.8: Effectivity numbers for the eigenfunctions for K = 4.

method only needs a couple of hundred detailed simulations and the evaluation of
the estimator, which leads in this case to a computation time of 6-7 h. It should
be noted that this gap in computation time between POD and greedy increases
further with the complexity of the detailed solution. Let us emphasize that the
bounds from [124], i.e., d;()? in the denominator of instead of d;(u), lead
to a large ratio of the maximal and minimal effectivity value and thus to poorer
results in the multiple output case. Highly different effectivity numbers result in
an over-selection of eigenfunctions associated with the largest effectivity numbers

and thus in a performance loss, hence, to a much less attractive greedy algorithm.

Remark 5.4 (Error evaluation). For completeness, Figure shows a convergence
plot including the standard deviation for K = 6. In the semilogarithmic plots,
one can see that the standard deviation is always in the order of the (relative)

discretization error itself.
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Figure 5.9: RB discretization error for K = 6 with standard deviation (as unidi-
rectional error bar) for EV2 to EV 5.

In the following, we show the speed-up, which is calculated serially using MATLAB
on a Macbook laptop; the standard routine eigs, which is based on ARPACK [99],
was used for solving the eigenvalue problems. We used linear finite elements for the
discretization space V},. With our greedy method as introduced above, a significant
speed-up in the computation of eigenvalues can be achieved, as is shown for the
settings of K = 2 to K = 7 eigenvalues in Table Here, the calculation of the
detailed solutions takes in the range of 3.5 to 3.6 seconds, while the calculation of
the reduced solution is possible in 0.021 to 0.078 seconds, resulting in a speed-up
of 140 to 43. The higher the value of /V, the longer the reconstruction time, but in
this case the increase is approximately linear in N. Moreover, it should be noted
that the more accurately the detailed solution is calculated, the more expensive
the detailed calculation becomes while the cost for the calculation of the reduced
basis solution will stay in the same range, such that we would achieve even higher
speed-ups. In computations of practical relevance, the detailed and the reduced
accuracies have to be adjusted as it is described in [I80]. Here we are mostly inte-
rested in the performance of the reduced basis algorithm, and thus we work with

a fixed moderate finite element resolution of 15402 DoFs.

As can be seen in Table the computation times for the error estimators (n) as
well as for the required offline components for the error estimators, i.e., solutions
of 1) and (“assembly”) and computation of E, increase for increasing values
of N. In the case of g, the increase is approximately linear. Note that these longer
computations will only have to be performed in the offline phase and will not have
any impact on the computation times for the online phase. The computation of

g(u) as defined in (26]) is necessary for the error estimator and takes 0.0042 seconds.
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K 2 4 7
N 50 | 100 [150 [200 ] 50 [ 100 [ 150 | 200 || 50 [ 100 [ 150 [ 200
Detailed solution 3.5 3.5 3.6
Reduced solution [ 0.025 [ 0.028 [ - [ - [/ 0.037 [ 0.043 [ 0.050 | 0.055 || 0.057 | 0.067 [ 0.075 | 0.082
Reconstruction || 0.009 [ 0.011 | - | - [/0.009 | 0.012 [ 0.016 | 0.019 || 0.010 | 0.013 | 0.018 | 0.021
Speed-up 140 [ 125 | - [ - 94 | 81 | 70 [ 63 63 | 53 | 48 | 43

Table 5.1: Timings for the detailed solution and the online calculations (reduced
solution including error estimation; reconstruction of the finite element
solution from the reduced solution) in seconds and speed-up numbers.

N n A Assembly
50 | 0.0028 | 1.3672 6.076
100 | 0.0037 | 2.7640 6.156
150 | 0.0040 | 4.1144 6.272
200 | 0.0046 | 5.5995 6.312

Table 5.2: Timings for single components of the offline phase in seconds.

5.5. Application to complex geometries

Furthermore we show the ability of the newly developed reduced basis method
to approximate multiple eigenvalues in a two-dimensional wall-slab configuration
with a thin elastomer layer in between. The first domain shape is an L-shape
with three non-overlapping subdomains representing the wall, the elastomer and
the slab, denoted by €y, €25 and €23, respectively. The corresponding domains are
chosen as € = [0,1] x [0,2.8], Qs = [0,1] x [2.8,3] and Q3 = [0,3] x [3,4]. We
again used standard linear finite elements with 30702 DoFs for these calculations.
The material parameters E and v are chosen as E € [10,100] and v € [0.1,0.4].
Since we aim for large numbers of eigenvalues, we perform our simulations for
K = 20. Figure [5.10| shows that we do not only obtain very good convergence for
the eigenvalues (left) but also for the corresponding eigenfunctions (right). The
error curves chosen to be represented in Figure |5.10| are representative examples
for the eigenvalue and eigenfunction errors in the wall-slab configuration, while the
black lines denote the minimum and the maximum of the averaged errors over the
[ € Siest, Tespectively. The speed-up is similar to the one analyzed in detail above.
For the wall-slab configuration, we show in Table the computation times in
the case of K = 20 eigenvalues. As can be seen, the computation of the detailed
solution takes 14.03 seconds, while the computations of the reduced solutions take
between 0.14 and 0.24 seconds, depending on the basis size N. This results in a
speed-up of 100 for N = 50 to 58 if we take N = 300 for an accuracy of 10~".

84



—max
—min
——EV/EF4
—-o-EV/EF7
—EV/EF10
EV/EF13
EV/EF16

Figure 5.10: Wall-slab configuration with thin elastomer: Reduced basis error of
eigenvalues (left) and eigenfunctions (right).

K 20
N 50 [ 100 | 150 [ 200 [ 250 | 300
Detailed solution 14.03

Reduced solution 0.14 0.16 0.18 0.19 0.22 0.24
Reconstruction 0.027 | 0.035 | 0.041 | 0.049 | 0.054 | 0.065
Speed-up 100 87 78 73 63 58

Table 5.3: Timings for the detailed solution and the online calculations (reduced
solution including error estimation; reconstruction of the finite element
solution from the reduced solution) for a slab-wall configuration in se-
conds.

As the second domain we consider now a more complex one, targeted towards our
modeling application. Since we aim to apply our results to the modal analysis for
vibro-acoustics of laminated timber structures, as they occur in modern timber
buildings, we test the performance of our method on a three-dimensional geometry
representing the first floor of a building. Although wooden structures consist of
orthotropic materials, we will use isotropic material parameters for the ease of com-
putation. Usually different materials are used in the construction of a building. In
this case, we have three different materials for the walls. More precisely, we assume
that the outer walls are subdomain one, which consists of one material and that
the interior walls can be divided into two more subdomains, namely ordinary walls
and load-bearing walls. Figure depicts our geometry and the corresponding
domains. The material parameters E and v range from 100 — 1000 and 0.1 — 0.4.
We perform our simulations for K = 10 and use standard finite elements with
20994 degrees of freedom.

The first row in Figure [5.12] represents the first eigenfunctions for three different
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Figure 5.11: Geometry and subdomains: Outer walls in red, inner load-bearing
walls in green, inner ordinary walls in blue.

parameter sets, while the second row represents the corresponding fourth eigen-

functions. We used the parameter sets

pt = (200,0.1,800,0.3,400,0.2),
p? = (650,0.36,150,0.25,900,0.11),
w (800, 0.3,500,0.1,200,0.4).

It can be observed that the eigenfunctions change significantly depending on the
parameters while still being approximated very well by our method. Figure [5.13
shows the error decay for selected eigenvalues (left) and the corresponding eigen-
functions (right), as well as the minimum and maximum averaged errors. We again

obtain very good convergence.

Figure 5.12: Behavior of the eigenfunctions depending on parameter variations.
Top row depicts the first eigenfunction and bottom row the fourth
eigenfunction.

The speed-up in the three-dimensional setting is even more significant. For the
first floor of the building, we show in Table [5.4] the computation times for K = 10
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Figure 5.13: First floor configuration: Reduced basis error of eigenvalues (left) and
eigenfunctions (right).

eigenvalues. We observe that the computation of the detailed solution takes 31.59
seconds, while the computations of the reduced solutions take between 0.084 and
0.142 seconds, depending on the basis size N. This results in a speed-up of 376 for
N = 50 to 222 if we take N = 300 for an accuracy of 107°.

K 10
N 50 \ 100 \ 150 \ 200 \ 250 \ 300
Detailed solution 31.59

Reduced solution || 0.084 | 0.096 | 0.102 | 0.111 | 0.125 | 0.142
Reconstruction 0.021 | 0.027 | 0.031 | 0.035 | 0.040 | 0.046
Speed-up 376 329 309 284 252 222

Table 5.4: Timings for the detailed solution and the online calculations for the first
floor in seconds.

6. Isogeometric mortar reduced basis method for

elliptic eigenvalue problems

This section contains results from the publication "Reduced basis isogeometric

mortar approximations for eigenvalue problems in vibroacoustics", which is sub-
mitted by the author, B. Wohlmuth and L. Wunderlich, 2016, [§1].

In vibro-acoustical applications, often complicated curved domains are of special
interest. Besides large constructions, such as bridges and buildings, also music
instruments are investigated. An important part of a violin is the wooden violin

bridge, depicted in Figure The eigenvalues of a violin bridge play a crucial
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role in transmitting the vibration of the strings to the violin body and hence in-
fluence the sound of the instrument, see [59, [I78]. Not only the material but also
the thickness plays an important role. Therefore we include the thickness as an

additional tenth parameter.

6.1. Isogeometric mortar method with geometry parameter

Due to the complicated curved domain and improved eigenvalue approximations
compared to finite element methods, see [83], we consider an isogeometric discreti-
zation. Flexibility for the tensor product spline spaces is gained by a weak domain
decomposition of the non-convex domain. Isogeometric analysis, introduced in 2005
by Hughes et al. in |[82], is a family of methods that uses B-splines and non-uniform
rational B-splines (NURBS) as basis functions to construct numerical approxima-
tions of partial differential equations, see also [15], B8]. We have seen above that
mortar methods are a popular tool for the weak coupling of non-matching meshes,
originally introduced for spectral and finite element methods [16] 17, 19]. An early
contribution to isogeometric elements in combination with domain decomposition
techniques can be found in [48, [73]. A rigorous mathematical analysis of the a
priori error in combination with uniform stability results for different Lagrange
multiplier spaces is given in [3I] and applications of isogeometric mortar methods
can be found in [49] 151].

As mentioned before, we find mortar formulations as an indefinite saddle point-
problem. The additional degrees of freedom for the Lagrange multiplier as well as
the need for a uniform inf-sup condition to achieve stability make mortar methods,
in general, more challenging than simple conforming approaches. Theoretically, the
Lagrange multiplier can be eliminated. However this often results in a global pro-
cess and is not carried out directly. While this concerns the detailed solution, the
reduced basis can be purely based on a primal space and results in a non-conforming
but positive definite approach. Then the saddle point structure becomes redundant
and we gain the efficiency of a positive definite reduced system. In the following we
start by describing the geometric setup and the isogeometric mortar discretization

for the violin bridge.

We recall the eigenvalue problem of elasticity

—divo(u) = Apu,
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X
Figure 6.2: Illustration of the orthotropic

Figure 6.1: Example of a violin bridge. structure of wood.

where p > 0 is the mass density and o(u) depends on the material law of the struc-
ture under consideration. In our case, linear orthotropic materials are appropriate
since, as depicted in Figure 6.2, wood consists of three different axes and only small
deformations are considered. Note that besides the cylindrical structure of a tree
trunk, we consider Cartesian coordinates due to the comparably small size of the
bridge. In the following let thus y denote the fiber direction, z the plane orthogonal
direction and x the radial direction. The curved domain of the violin bridge can
be very precisely described by a spline curve. Since it is not suitable for a single-
patch description, we decompose it into 16 three-dimensional spline patches shown
in Figure [6.3] While the description of the geometry could also be done with fewer
patches, the number of 16 patches §2; gives us regular geometry mappings and a

reasonable flexibility of the individual meshes.

The decomposed geometry is solved using an equal order isogeometric mortar met-
hod as described in [31]. A trivariate B-spline space V; is considered on each patch
;. The broken ansatz space V}, = [[ V; is weakly coupled on each of the 16 interfa-

(2
ces. For each interface I'y,, the two adjacent domains are labeled as one slave and
one master domain (i.e. I'y,, = 08, N 0€y,) and the coupling space My, is set

as the trace space of the spline spaces on the slave domain and M, = [[ M m).
(s,m)
Several crosspoints are present in the decomposition, where an appropriate local

degree reduction is performed as described in [31, Section 4.3] to guarantee stability.
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[ecm]

Figure 6.3: Decomposition of the three-dimensional geometry into 16 patches and
16 interfaces.

We use the standard bilinear forms for mortar techniques in linear elasticity
a(u,v) = Z/ o(u):e(v)de, m(u,v)= Z/ puv dx,
b(v,7) = / [V](s.m)T doz,
Z Fs,7n ( )

(s,m)

where [v](sm) = Vsl — Um|p,  denotes the jump across the interface I'y,,. We
note that no additional variational crime by different non-matching geometrical
resolutions of Iy, enters. The detailed eigenvalue problem is defined as (u,7) €

Vi X My, A € R, such that

a(u,v) +b(v,7) = Im(u,v), v €V,
b(u,T) = 0, T € M.

As already mentioned, in addition to the nine material parameters E;, G;;, v;;, we
consider a geometry parameter (19, describing the thickness of the violin bridge.
Transforming the geometry to a reference domain, we can interpret the thickness

parameter as one more material parameter.

We now execute the transformation of the geometrical parameters to the correspon-
ding material parameter. For this purpose let the parameter dependent geometry
Q(p) be a unidirectional scaling of a reference domain (AZ, i.e., a transformation by
F(p): Q= Qu), x = F(Z 1) = (2,7, p1o?), with T = (2,7, %) € €. Transfor-
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ming the unknown displacement and rescaling it as 4(Z) = DF(%; )" w(F(Z; p))

allows us to define a symmetric strain variable on the reference domain as
NN ~ T ~ ~
£u(®)) = DF(z; p)" e(u(F(T; 1)) DF(Z; ).

The orthotropic stiffness tensor is then transformed to

Ay A g A
Ay Az piygAss
poAs g Az g Ass
Ml_OQGyz
MIOQGZ:E

Gy

In terms of this coordinate transformation, the eigenvalue problem in the continu-

ous H'-setting reads, since det DF(T; ) = puj, is constant, as

[eaCwema-x[pa| 1 |oa

{ -2

H1o0

In our mortar case, the coupling conditions across the interfaces have to be trans-
formed as well. However due the affine mapping with respect to =, y and z, the
parameter dependence on b(-,-) can be removed. Another material parameter of
interest for applications is the constant mass density p. However any change in
the constant p does not influence the eigenvectors. Only the eigenvalue is resca-
led, yielding a trivial parameter dependence. For this reason, the density is kept
constant in the reduced basis computations and can be varied as a postprocess by
rescaling the eigenvalues. The described material parameters allow for an affine

parameter dependence of the mass and the stiffness, with ), = 10, Q,,, = 2,

Q m

77M Zeq '7 77:u Zeq

6.2. Reduced basis for the saddle point problem

Reduced basis methods for the simultaneous approximation of eigenvalues and
eigenvectors have been analyzed in the previous section. Here, we apply these met-

hods to the previously described setting. An important difference to the previous
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example is that we wish to approximate a saddle point problem instead of a posi-
tive definite matrix. Previous works on saddle point problems construct a reduced
basis for both the primal and the dual space. This is necessary for example for
variational inequalities or when the coupling i.e. b(-,-), is parameter dependent,
see [63] 69, 116]. To ensure the inf-sup stability of the discrete saddle point pro-
blem, supremizers should be added to the primal space, additionally increasing the

size of the reduced system.

In order to perform the reduction of the saddle point problem, we note that due
to the parameter independence of b(-,-), which is an important but restrictive
assumption, we can reformulate the detailed saddle point problem (6.1)) in a purely

primal form posed on the constraint space
Xh = {U € Vh,b(?},’/f\) = 07’7/: S Mh}

Also note that this formulation is not suitable for solving the detailed solution,
since, in general, it is costly to construct a basis of X, and severely disturbs the
sparsity of the detailed matrices. Only in the case of so-called dual Lagrange mul-
tiplier spaces, a local static condensation can be carried out and the constrained
basis functions do have local support. However, in the reduced basis context the
constructed basis functions do automatically satisfy the weak coupling properties
and thus the saddle-point problem is automatically reduced to a positive definite

one.

Our reduced space is defined by Xy :={¢, € Xy,n=1,..., N}, where the redu-
ced basis functions (,, are selected using the greedy method presented before. Then
the reduced eigenvalue problem for the first K eigenpairs is given by:

Find the eigenvalues Aq () € R and the eigenfunctions wyeq (1) € Xy for
t=1,..., K, such that

a(ured,i(U)WSN) = )‘red,i(ﬂ) m(“ﬂ%&z‘(ﬂ)v“?ﬂ)v vE Xn.

Nevertheless, adaptations for the online-offline decomposition of the error estimator
will have to be performed in the following. The main contribution of the estimator

is the residual

(v 1) = a(red, i (1), 5 1) = Aved,i (1) M (Ureq,s(12), 5 11).-
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Figure 6.4: Non-matching isogeometric mesh of the violin bridge.

To adapt the online-offline decomposition from Section[5.3] we add additional terms
corresponding to the mass components m,. Let ((,)i1<n<n be the orthonormal basis
(w.r.t. m(-, ;1)) of Xy and let us define £ € Xy and €7 € Xy by

(&, v) = al(C,v), vE€ Xy, 1<n< N, 1<q<Q,,
a(gmM v) =m(¢,v), vEXp 1<n< N, 1<q< Q.

In the following, we identify the function weq (1) € Vv and its vector representa-
tion w.r.t. the basis ((,)1<n<ny such that (ureq,:(st)), denotes the n-th coeflicient.

Then, given a reduced eigenpair (tyed,i(ft), Ared,i(ft)), We have the error representa-

tion
N Qa N Qm
Gli) = D> 0%(1) (trea,i (1)), €8 = Area,i(1) DD 0% (1) (trea, (1)), E5"-
n=1 g=1 n=1 ¢q=1

Consequently, the main contribution of 7;(u) can be decomposed using that we

have [[7:(; 0)ll7,x; = @(@(1), €(1)) as before.

Now in the numerical simulations, the performance of the proposed algorithm is il-
lustrated by numerical examples. The detailed computations were performed using
geoPDEs [44], a Matlab toolbox for isogeometric analysis, the reduced computati-
ons are based on RBmatlab [50]. For the detailed problem, we use an anisotropic
discretization. In plane, we use splines of degree three on the non-matching mesh
shown in Figure The mesh has been adapted locally to better resolve corner
singularities of the solution. In the z-direction a single element of degree four is
used. The resulting equation system has 45960 degrees of freedom for the displa-
cement, whereas the surface traction on the interfaces is approximated by 2025

degrees of freedom. We consider the ten parameters described in the problem set-
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Figure 6.5: Illustration of non-admissible parameter values in a lower-dimensional
excerpt of Py, varying v, € (0.01,0.1),v,, € (0.3,0.5), E, € (100, 5000)
and fixing £, = 1000, F, = 2000 and v, = 0.5.

ting, p = (1, ..., H10) with the elastic moduli iy = E;, po = Ey, pu3 = E,, the
shear moduli pg = Gy, p15 = Guz, i = Gy, Poisson’s ratios p7 = vy, lig = V.,
fy = vy, and the scaling of the thickness j119. The considered parameter values were
chosen according to real parameter data given in [136, Table 7-1]. We consider two
different scenarios. In the first setting, we fix the wood type and take into account
only the natural variations, see [I36 Section 7.10]. To capture the sensitivity of
the violin bridge, one can choose a rather small parameter range around a reference
parameter. We choose the reference data of fagus sylvatica, the common beech, as
given in Table 6.1} as well as the parameter range P;. The mass density is fixed in

all cases as 720kg/m3.

In our second test setting, we also consider different wood types. Hence we also
consider a larger parameter set, including the parameters for several types of wood.
Based on a selection of some wood types, we choose the parameter range Py, see
Table [6.1 We note that not all parameters in this large range are admissible
for the orthotropic elasticity as they do not fulfill the conditions for the positive
definiteness of the elastic tensor. Thus, we constrain the tensorial parameter space
by
1= V2 E.[Ey+ v} By By + 2041V B [ By + V2 EL [ By > ¢,

as well as E,/E, — 12

vy 2 Cl, where the tolerances ¢y and c¢; are chosen according

to several wood types. For example, in Figure [6.5) we depict a lower-dimensional

excerpt of Py which includes non-admissible parameter values.
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Figure 6.6: Convergence of the eigenvalues (top) and eigenfunctions (bottom). Pa-
rameter range P; with a fixed thickness (left), with varying thickness
(middle) and parameter range P, with varying thickness (right).

| E, [MPd] | E, [MPd] | E. [MPa] | G. [MPa] | G., [MPa] | Guy [MPd] | v | v | vy
il 14,000 2,280 1,160 465 1,080 1,640 0.36 | 0.0420 | 0.448
Py || 13,000 1,500 750 100 500 1,000 0.3 0.03 | 04
~15,000 | -3,000 | —1,500 | -1,000 | —1,500 | —2,000 | —04 | —0.06 | —05
Py || 1,000 100 100 10 100 100 0.1 001 | 03
~20,000 | -5,000 | -2,000 | -5000 | -250 | -5000 | -05 |-01 | -05

Table 6.1: Reference parameter and considered parameter ranges.

First, we consider the effect of the varying thickness parameter on the solution of
our model problem. In Table the first eigenvalues are listed for different values
of the thickness, where we observe a notable and nonlinear parameter dependence.
A selection of the corresponding eigenfunctions is depicted in Figure[6.10, where the
strong influence becomes even more evident, since in some cases the shape of the
eigenfunction changes when varying the thickness. In the following reduced basis
tests, the relative error values are computed as the mean value over a large amount
of random parameters. The L?-error of the normed eigenfunctions is evaluated as
the residual of the L?-projection onto the corresponding detailed eigenspace. This
takes into account possible multiple eigenvalues and the invariance with respect to

a scaling by (—1).

The first reduced basis test is the simultaneous approximation of five eigenpairs
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| EV || #10=0.5 | p1o =1.0 | p1o =2.0 || ratio 0.5/1.0 | ratio 1.0/2.0 |

1 0.4057 1.3238 3.6954 0.3065 0.3582
2 1.1613 3.8870 10.8071 0.2988 0.3597
3 4.4096 12.9562 26.5621 0.3403 0.4878
4 6.1371 19.3254 30.0050 0.3176 0.6441
5 13.5564 27.3642 53.2657 0.4954 0.5137
6 19.2229 46.2521 93.9939 0.4156 0.4921
7 27.6118 65.0940 111.6075 0.4242 0.5832
8 39.3674 96.8069 129.3406 0.4067 0.7485
9 57.8266 107.6749 | 189.6090 0.5370 0.5679
10 68.0131 130.8876 | 241.7695 0.5196 0.5414

Table 6.2: Smallest eigenvalues for different thickness parameters.

on both parameter-sets P; and P, with the thickness parameter pyo € [0.5,2]. We
use an initial basis of the size 25 computed by a POD, which is enriched by the
greedy algorithm up to a basis size of 250. In Figure the error decay for the

100 — ‘ ‘ 10°
——EV2
-e-EV3
1 ——EV4
10° ; Ev8
| EVi2

107 ‘ ‘ ‘ ‘ : ‘
50 100 200 300 50 100 200 300

Figure 6.7: Convergence of the eigenvalues (left) and eigenfunctions (right). Para-
meter range P; with varying thickness, simultaneously approximating
15 eigenpairs.

eigenvalue and the eigenfunction is presented. We observe very good convergence,
with a similar rate in all cases. As expected the magnitude of the error grows with
the complexity of the parameter range. Also an approximation of a larger num-
ber of eigenpairs does not pose any unexpected difficulties. Error values for the
eigenvalue and eigenfunction are shown in Figure for an approximation of the
first 15 eigenpairs in the parameter-set P;, showing a good convergence behavior.
The reduced basis size necessary for a given accuracy increases compared to the
previous cases of five eigenpairs, due to the higher amount of eigenfunctions which
are, for a fixed parameter, orthogonal to each other. When considering the relative

error for the eigenvalues, see Figure and Figure 6.7] we note that for a fixed ba-
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Figure 6.8: Convergence of the abso- Figure 6.9: Sampling of the first and

lute error value for the ei- 15th eigenvalue within the
genvalues. Parameter range parameter set P; as used
P, with varying thickness, in the test set.  Extre-
simultaneously approxima- mal values: min\; = 0.29,
ting 15 eigenpairs. max Ay = 4.24, min\;5 =

100.19, max A5 = 593.65.

sis size, the higher eigenvalues have a better relative approximation than the lower
ones. In contrast, considering the eigenfunctions, the errors of the ones associated
with the lower eigenvalues are smaller compared to the ones associated with the
higher eigenvalues. In Figure we see the same effect, when considering absolute
error values for the eigenvalue compared to the relative values. The error in the
eigenfunctions has the same ordering as the absolute error in the eigenvalue. For
the parameters under consideration, the lower and higher ones of the considered ei-
genvalues differ by magnitudes as illustrated in Figure[6.9 Hence when computing
the relative error from the absolute ones, the error values of the high eigenvalues

are divided by a large number and become small compared to the lower eigenvalues.

Thus our eigenvalue reduced basis approximation of a violin bridge yields a good
approximation quality as well as a significant complexity reduction to a positive-
definite system of less than 300 degrees of freedom. Furthermore, the geometry
parameter representing the thickness of the violin bridge has a significant influence
on the eigenvalues and eigenfunctions, without posing further difficulties to the

reduced basis approximation.
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third eigenvalue: 4.4096 third eigenvalue: 12.9562 third eigenvalue: 26.5621
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fourth eigenvalue: 6.1371 fourth eigenvalue: 19.3254 fourth eigenvalue: 30.005

Figure 6.10: Influence of the thickness of the bridge on several eigenmodes.

98



7. Reduced basis component mode synthesis for

elliptic eigenvalue problems

In this chapter, we have so far discussed reduced basis methods for eigenvalue
problems and derived the corresponding error estimators, showing that we can
approximate several, even multiple, eigenvalues simultaneously. Nevertheless the
considered approaches present possible remaining challenges. It is possible that
the required detailed solutions for the greedy algorithm cannot be computed due
to hardware or time restrictions. If the calculation is feasible, it can become very
costly in the offline phase since for a certain required accuracy the basis becomes
very large. Another possibility is that when, e.g. in the context of a building
construction, each component is assigned its own orthotropic material parameters,
the reduced basis space has to be built in a way that allows to accomodate the nine

orthotropic material parameters per component for all K eigenvalues.

7.1. Introduction to component mode synthesis

The component mode synthesis method [39, [40, 84] represents an alternative to
overcome these challenges for eigenvalue problems. A similar method used in
general for linear problems is the static condensation reduced basis method, see
e.g. [62, 85 154]. It was also applied to eigenvalue problems in [I69]. The compo-
nent mode synthesis allows to approximate eigenmodes and eigenvalues of a vibro-
acoustical problem, while dissecting the structure under consideration into its single
components, even when the generalized eigenvalue problem of the whole system is
not available. After the frequency and modal analysis of the single components, the
entire structure is considered as an assembly of the components. A review of compo-
nent mode synthesis methods and their origins as well as appropriate error measures
can be found in [45]. An important procedure in this context is the Craig-Bampton
method [41]. The origin of component mode synthesis methods lies in applicati-
ons in aerospace engineering [I61]. Nevertheless the numerous fields of interest for
these methods include fluid-structure interactions [114] and buckling [168]. Furt-
hermore hybrid methods have been presented in [46, 88, 103, 160, 162]. Recent
methods involve coupling modes, which correspond to the eigenfunctions of the
Poincaré-Steklov operator [25 26] 27].

For the component mode synthesis we again consider the parameter p-dependent

eigenvalue problem given by:
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Find the eigenvalue A € R and the eigenfunctions v € V}, such that

a(u(p),v; p) = Mp)ym(u(p),v), v €V,

which can be written in matrix notation as

Az = \Mzx.

Then the idea is to split the global domain {2 into p non-overlapping subdomains,
ie. Q= Uj Qj, and calculate bubble modes as well as static modes on the respective
subdomains, and finally to set up the reduced eigenvalue problem. An example of
such a domain decomposition is shown in Figure with the corresponding notati-
ons, where a three-dimensional L-shape domain is decomposed into 3 subdomains.

For ease of notation we denote the interfaces I'y := I';,,, = 9825 N 0L, in the follo-

wing with k as a global numbering.
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Figure 7.1: L-shape domain for component mode synthesis with domain split into

three subdomains.

The stiffness matrix A € R™™™ and the mass matrix M € R™*" of a component are

partitioned as follows with the indices [ related to the internal and the indices I'

related to the interface degrees of freedom

A A My M
A= 11 T and M= I r
Ap[ AFF MF[ MFF
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We find the coordinate transformation with the matrix

(0] R
U — II T ’
0 Irr

where ®;; contains the bubble modes and W contains the static modes. Note
that the static and bubble modes do not necessarily span the whole V},. Then the

mass and stiffness matrices transform to the reduced ones given by
A=9TAV¥, M=9"MV
and the reduced eigenvalue problem to be solved can be written as
Az = A\M. x,

where the matrices are given according to |14, 25| 119] with the static modes sf‘“
and the bubble modes b}” as

)‘91,1 0
Aos K
_ 0
A= ,
Ag,.1
0 Ao, K
0 [a(s;*, s5")]
and
1 0
1
= . m (6%, 7]
1
0 1
[m(b5", s7*)] [m(s;*, s5")]

These matrices are not diagonal, but since the stiffness matrix A exhibits a clearer

sparsity than the mass matrix M , this method is said to act through mass coupling.
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Now since we know how the reduced system looks like it remains open how the
respective bubble and static modes are built. For each subdomain €2}, let us define
the approximate bubble modes b?j € ‘O/h(Qj), where ‘O/h(Qj) is the space of functions
on {2, such that the trival extension on (2 is in Vj,. The bubble modes b?j are
obtained as the first K eigenfunctions of the variational eigenvalue problem:

Find (Ag, ., b;”) € R x V, such that

an(b?j,v) = )\ijimQj(b?j, v), v E Vh(Qj) (27)

The eigenfunctions b?j are extended by zero outside €2; and thus defined on the

whole domain ().

As the next step we have to define the static modes on each subdomain by

ng’rk € Vh(Qj, Fk),

(2

where

Vi(€,Tx) := {vjr = v|a,,v € Vi, with v|p, = 0,1 # k},

for I'y, being an interface of 2;. We choose the static modes to be discrete harmonic,
hence we can define it by the value on the interface I'y,. The values on I';, are called
port modes p¥ € V() with

Vh(Fk) = {Uk = ’U‘Fk,l} € Vh}

The port modes are then lifted harmonically into the neighboring domain €2; by

(s v) =0, we Vi(Qy,Th), (28)
s?j’r’“ = pl.Fk’, on I',

which then yield according to [84] our static modes on each domain €2;. We now
associate the static modes on the neighboring subdomains €2; and €2, belonging to
the same port mode, i.e.

sQlIk

P . 4 ’

i -
QI
S’L 9

on Ql

on €,

There are several ways to define the port modes. Some of them are discussed in the

following. At this point we only give a short description of two possible methods to
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compute port modes, for more detailed reviews we refer to [28] and the references

therein.

The first method described here is the Craig-Bampton method [4I]. This method
takes all interface Doks into account. It fixes all DoFs to zero, except the i-th
boundary degree of freedom, which is set to unity and then, as already described

above, harmonically lifted into the domain to obtain the static modes.

The next method is based on the Poincaré-Steklov operator method [25] 28|, which
solves an adapted eigenvalue problem on the interface. Given the mesh dependent

Poincaré-Steklov operator S}, we solve the eigenvalue problem
Sptpt = At

A realization of this eigenvalue problem is given by solving the following eigenvalue
problem:
Find the eigenvalue A € R and the eigenfunctions a € V(€ U €2,.) such that

ag, (4, v) + aq, (4,v) = )\/ v dx, ve Vi(u,)

Ty

and restrict @ to the interface I'y: pf’“ = 1|p,.

As already mentioned, the Craig-Bampton method generates a port mode for each
degree of freedom on the interface I'y, and therefore leads to many static modes
on each component when using a fine mesh of the domain €2;. In comparison,
methods like the Poincaré-Steklov method use only few port modes, which thus
allows to build and use only few static modes as well, while nevertheless obtaining
a certain accuracy. The lower amount of static mode constructions benefits our

reduced basis approach, as we will see later.

7.2. Application to complex geometries

In the following we present an L-shape domain decomposed into three subdomains
with two interfaces as depicted in Figure The problem under investigation is
again the linear elasticity eigenvalue problem . For simplicity we again choose
the material to be isotropic. The parameters for this simulation and the next two
examples are £ = 1000 and v = 0.25 for the whole domain. In this setting we

calculate the first 20 eigenvalues. Figure [7.3] shows the results for the first, third,
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Figure 7.2: Comparison of the Craig-Bampton and Poincaré-Steklov methods for
20 and 40 static modes.

Figure 7.3: Comparison of the first, third, fiftth and seventh (from top to bottom)
eigenmodes of the detailed solution and Craig-Bampton and Poincaré-
Steklov methods (from left to right) on the L-shape domain.

fifth and seventh eigenfunctions, where we compare the exact solutions calculated
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Figure 7.4: Relative error in the eigenvalues for the reduced basis component mode
synthesis for the L-shape domain.
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Figure 7.5: Eigenfunctions 1, 3, 5 and 7 on the L-shape domain calculated with the
reduced basis component mode synthesis.

on the global domain at once, the Craig-Bampton method and then the Poincaré-
Steklov method with 40 static modes. In both cases good agreement of the modes

is observed.

In Figure[7.2| we depict the results for the eigenvalues. This time we show the accu-
racy of the Craig-Bampton and Poincaré-Steklov methods with 20 and 40 static
modes compared to the detailed solution solved on a global domain. Thereby we

see that the Craig-Bampton method is the more accurate method but also, as des-

[ r=1 |
| |

Figure 7.6: First floor domain decomposed into 33 subdomains. Full domain on
the left and example subdomains in the middle and on the right.

-

| B
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BV % [ [ % [EV] X o [ %]

1 15.75 | 15.71 | 0.25 | 11 || 36.66 | 36.60 | 0.16
2 18.46 | 18.47 | 0.05 | 12 || 40.95 | 40.81 | 0.34
3 24.69 | 24.56 | 0.53 | 13 || 41.25 | 41.16 | 0.22
4 27.71 | 27.64 | 0.25 | 14 || 42.12 | 42.02 | 0.24
5 28.41 | 2819 | 0.77 | 15 || 44.09 | 43.87 | 0.50
6 29.23 | 29.17 | 0.21 | 16 | 44.27 | 44.08 | 0.43
7 30.73 | 30.63 | 0.33 | 17 || 49.38 | 49.33 | 0.10
8 32.57 | 3246 | 0.34 | 18 || 51.13 | 51.08 | 0.10
9 33.75 | 33.53 | 0.65 | 19 || 52.18 | 52.20 | 0.04
10 || 35.45 | 35.20 | 0.71 | 20 || 59.15 | 59.09 | 0.10

Table 7.1: Comparison of the eigenvalues obtained using the Poincaré-Steklov met-
hod with 40 static modes to the detailed solution.

L gl
ST

Figure 7.7: Comparison of the first, third, fifth and seventh (from left to right)
eigenmodes on the first floor domain. The detailed solution is depicted
in the first row and the component mode solution in the second row.

cribed above, uses many static modes per component, while the Poincaré-Steklov
method only uses 20 or 40 static modes in this case. We further observe the influ-
ence of the number of used static modes for the Poincaré-Steklov method, where
the accuracy is improved for 40 static modes but nevertheless in all cases we obtain
relative errors of less than 2%. Furthermore it should be noted that when using
the Poincaré-Steklov method with 40 static modes, we have a complexity reduction
from 6705 DoFs to 140 DoFs.

Even though the global problem is split into several small local ones it is still very
costly to solve the detailed solutions on a subdomain when they are resolved with
a fine mesh size. Since we have a parameter py-dependent problem, with u = (E, v)
where E € [500, 1500] and v € [0.2,0.3], the problem has to be solved several times.

Therefore at this point it is adequate to couple the already well-known component
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Figure 7.8: Eight story building decomposed into 16 subdomains. Full domain on
the left and the subdomains in the middle and on the right.
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Figure 7.9: Relative error of the component mode synthesis method for the eight
story building example.

mode synthesis described above with the reduced basis methods. To solve the ei-
genvalue problem given by for the bubble modes and for the calculation of the
eigenfunctions on the interface I'y, it is possible to use the newly derived reduced
basis eigenvalue problem from Section @ Furthermore for the harmonic lifting ,
which is a simple right-hand-side problem, well-known reduced basis methods can
be employed, where the basis is either built with a greedy method or with a POD
as for example in [129] [141] and in the references therein.

Now we couple the component mode synthesis with our reduced basis eigenvalue
method to generate the bubble functions. The reduced basis size for these simu-
lations is 40 for 20 eigenvalues and we use the Poincaré-Steklov method with 40
static modes. As seen in the sections before, for obtaining an accurate approxi-
mation for such a large number of eigenvalues, usually larger reduced spaces are
employed. Nevertheless with this rough approximation, we obtain the results for
the eigenvalues depicted in Figure [7.4] and the results in Figure for the eigen-
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LEV [ Aems [[EV [ Aems [[ EV [ Aems [ EV | Acns |
016 || 6 | 312 [ 11 [ 11.01 || 16 | 16.04
026 || 7 | 516 || 12 | 12.61 || 17 | 16.64
072 || 8 | 6.68 || 13 | 14.39 || 18 | 16.85
1.86 || 9 | 7.56 || 14 | 14.79 || 19 | 17.08
2.71 || 10 | 858 || 15 | 15.13 || 20 | 17.13

U W N~

Table 7.2: First 20 eigenvalues of the eight story building.

Figure 7.10: Exemplary resulting eigenfunctions 1, 3 and 5 (from left to right) of
the eight story building.

functions. Except for the outlier case corresponding to eigenvalue 16, we lie in
the engineering tolerance of less than 10%. Furthermore the eigenfunctions are in
very good accordance with the ones depicted above in Figure Increasing the
reduced basis size will lead to a decrease of the error and finally results similar to
the ones depicted in Figure are obtained.

Finally we want to show the potential of the proposed method for an example with
more engineering relevance and perform calculations on a first floor domain. It
is decomposed into 33 subdomains with 28 interfaces as depicted in Figure
The resulting differences between the eigenvalues obtained by the Poincaré-Steklov
method with 40 static modes and the ones from the detailed solution are found in
Table[7.1] There we observe a very good accordance between the component mode
synthesis and the detailed solution. In all cases, we see a very good accuracy with

a relative error of less than 1%.

In Figure[7.7)the first, third, fifth and seventh eigenmodes for the first floor domain
are depicted. We observe very good accordance of the eigenfunctions, while the
number of degrees of freedom is reduced from 33912 DoFs in the full model to 1700

DoFs in the component mode model.

To demonstrate the benefits of this component mode method, we consider an even
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more complex geometry, namely an eight story building as depicted in Figure [7.8|
For the component mode synthesis, we only use the two subdomains which are
depicted in the middle and on the right of the figure to build the entire model.
These subdomains are then used several times each. For this simulation 300 static
modes are used per component, since the interface is now the entire ground plan of
the first floor example, which is larger and much more complex than in the previous
cases, where the interface consisted of simple rectangles. In Figure [7.9] we depict
the relative error of the component mode synthesis in the example of the eight
story building. It can be seen that even though we are using large components
with complex interfaces, a very good accuracy is achieved, with relative errors
under 3.5%. The resulting first 20 eigenvalues are shown in Table and several
representative eigenfunctions in particular associated with the first, third and fifth

eigenvalues are depicted in Figure [7.10
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Chapter V.
Energy correction methods for

corner domains

In this chapter we deal with domains with reentrant corners and possible methods
to obtain optimal convergence rates despite the pollution effect caused by the corner

singularities.

8. Domains with reentrant corners

The building structures under investigation in this thesis constitute a special chal-
lenge since in several places non-smooth structures arise, for example when building
components such as walls and ceilings or door frames meet. In these cases corner
singularities are found which have to be treated accordingly in our numerical set-
ting. The equation of main interest for our vibro-acoustic analysis is the linear
elasticity equation, which is an elliptic problem. We will thus in the following

consider elliptic problems in non-smooth domains.

8.1. Introduction to corner singularities and the pollution

effect

As demonstrated in Section in order to prove optimal convergence in the L?-
norm, one usually uses the full elliptic regularity of the dual problem. The drawback
of this procedure is that if the H2-regularity does not hold, such as in the case of

polygonal domains with reentrant corners, the optimal convergence is lost.

In the following chapter, if not stated otherwise, we will consider as a model problem

the Poisson equation with homogeneous boundary conditions
—Au=f inQ, u=0 on 00 (29)

on the domain Q C R? defined as above, which has a single reentrant corner. Its
solution consists of a regular and a singular part, where the singularity is only due
to the reentrant corner with interior angle 7 < w < 27, as depicted in Figure [8.1}]

The arguments in the following chapters will be local ones, thus allowing us to
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Figure 8.1: Domains with reentrant corners.
easily extend our considerations to the case of several reentrant corners.

As mentioned above and according to [96], it is possible to expand the solution of

the Poisson equation into its regular and singular parts by the following lemma.

Lemma 8.1 (Expansion of the solution). Let Q be a polygonal with a single reen-
trant corner of an angle w € (,2mw), m € Ny, and f € H™ () for v >1+m —T.
Also, let N, € N be such that

’ N, +1
1=1,....,N,: z<1—|—m—i—’y, and u
w w

>1+m-+7.

Then the unique solution u € Hy(Q2) of belongs also to H"*(Q) and it can

be decomposed into

Ny

u= Z kisi + W, (30)

=1

where W € H™(Q) N H(Q) and k, € R. Moreover, it satisfies the following

a priori estimates:

No
lullmszry S M F e D kil + 1W itz S 1l
n=1

In Lemma [8.1] the singular parts consist of the singular functions for i € N given
in polar coordinates (r, ) as
in . AT
silr,0) = ) S sin(Cg),
where the smooth cut-off function 7n(r) is one in a neighborhood Q' C € of the
singularity and the coefficients k; are called the stress intensity factors, as detailed

in [21]. For further details we refer to the works of Kondratiev [96] and Maz ja,

Plamenevskii [109] as well as to the works of Grisvard [67] and Blum, Dobrowol-
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ski [21]. Since the first singular function s; is not in H%(2) or higher, also the
solution of the Poisson equation (29) is in general not in H?(f2). Thus in the pre-
sence of reentrant corners, optimal convergence in the L?-norm can in general not
be achieved by standard methods with quasi-uniform refinement since the solution
does not lie in H?(Q).

The results in Table show this behavior in case of the exact solution given by
u = s1(r,¢) + so(r,¢) and f = 0 on the L-shape domain depicted in Figure [8.1]
It can also be observed that the change to higher order ansatz functions does not

influence the convergence rate.

[ Y T W N PR
level | |lu—wupllo | rate || ||lu—wupllo | rate
1 1.1606e-01 1.7134e-02

4.1410e-02 | 1.49 || 7.0661e-03 | 1.28
1.5316e-02 | 1.44 || 2.7236e-03 | 1.38
5.8013e-03 | 1.40 || 1.0453e-03 | 1.38
2.2296e-03 | 1.38 || 4.0414e-04 | 1.37
8.6488e-04 | 1.37 || 1.5751e-04 | 1.36
3.3764e-04 | 1.36 || 6.1766e-05 | 1.35
1.3242e-04 | 1.35 || 2.4323e-05 | 1.34

00~ O O s Wi

Table 8.1: Convergence rates on an L-shape domain for order one and two ansatz
functions.

The following result will show that even employing a weighted Sobolev norm, which
reduces the influence of the neighborhood of the singularity, does not help to over-
come the pollution effect [L1] 21], 221 155].

Lemma 8.2 (Pollution effect). Let u be the solution of with f € H°,(Q) for
some o> —1. If k1 # 0 in , then

2w
lu = wnlloa 2 1V (u—un)ll§ 2 2.

Proof. The first inequality is given by

IV (= un)llg = la(u, u) — alun,up)]

= [f(w) = f(un)| < | Fllo.~allu = unllo.a,

where we use that f is in H°_(f2). For the second inequality we refer to [53).
[

When performing the calculations from Table again, but this time with the
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weighted Sobolev norm, we still observe suboptimal convergence rates for the solu-
tion on the whole domain in Table[8.2] This is independent of the particular choice
of the weight o. Thus only changing the norm does not improve our convergence

rates.

I = =3 W | = N N =
level | |lu —unllo,o | rate | [lu—upllo,o | rate | |lu —uplloo | rate | ||u—unllon | rate
1 9.5228e-02 - 5.8391e-02 - 8.6233e-03 - 6.0284e-03 -
2.9239e-02 1.70 1.4086e-02 | 2.05 1.9374e-03 | 2.15 1.0526e-03 | 2.52
9.6829¢-03 1.59 | 4.2196e-03 1.74 | 6.1894e-04 | 1.65 | 3.7698e-04 | 1.48
3.4360e-03 1.49 1.4528e-03 1.54 | 2.3724e-04 | 1.38 1.4885e-04 | 1.34
1.2798e-03 1.42 | 5.3821e-04 | 1.43 | 9.3743e-05 1.34 | 5.9031e-05 1.33
4.9065e-04 | 1.38 | 2.0664e-04 | 1.38 | 3.7180e-05 | 1.33 | 2.3422e-05 | 1.33
1.9108e-04 | 1.36 | 8.0687e-05 1.36 1.4753e-05 1.33 | 9.2944e-06 | 1.33
7.5045e-05 1.35 | 3.1757e-05 1.35 | 5.8546e-06 1.33 | 3.6884e-06 | 1.33

0 ~J O Ot i W N

Table 8.2: Rates in weighted norms of the Poisson equation with o = 0.3333 and
a = 1.3333 for the first two columns with linear ansatz functions and
a = 1.3333 and o« = 2.3333 for the last two columns with second order
ansatz functions.

The above results do not only hold for the "simple" case of the Poisson equation,
but are also valid for all other elliptic equations, such as the elasticity equation
given by Equation with u composed of singular functions as stated in [I38] and
f = 0. This is shown by the results depicted in Table for ansatz functions of
order k =1 and k£ = 2.

[ k=1 [ k=2 |
level | ||u —wupllo | rate | ||u—upllo | rate
2 2.0194e-01 - 4.1246e-02

8.0865e-02 | 1.32 | 1.6494e-02 | 1.32
3.3635e-02 | 1.27 | 6.9601e-03 | 1.24
1.4310e-02 | 1.23 | 3.0019e-03 | 1.21
6.1613e-03 | 1.22 | 1.3046e-03 | 1.20
2.6693e-03 | 1.21 | 5.6847e-04 | 1.20

N O Otk W

Table 8.3: Convergence rates for the isotropic elasticity equation on an L-shape
domain with ansatz functions of order one and two.

Also in the case of eigenvalue problems the pollution effect can be observed, and the
results also enlight that the eigensolutions can have different regularities. This can
be seen in Table|8.4]and Table|8.5 where the eigenvalues show different convergence
rates for ansatz functions of order one and two, respectively. The non-optimal rates

are written in bold.
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1.EV 2.EV 3.EV 4.EV 5.EV
level | [A— Ap| | rate | [A— Ap| | rate | |A — Ay| | rate | |A — Ap| | rate | |A — Ay| | rate
1 0.4798 - 0.4392 - 1.6788 - 2.1304 - 4.4007 -
0.1449 | 1.73 | 0.1555 | 1.50 | 1.0362 | 0.70 | 1.1693 | 0.87 | 1.6094 | 1.45
0.0493 | 1.55 | 0.0439 | 1.82 | 0.2984 | 1.80 | 0.3161 1.89 | 0.4384 | 1.88
0.0178 | 1.47 | 0.0116 | 1.92 | 0.0787 | 1.92 | 0.0804 1.97 | 0.1133 | 1.95
0.0067 | 1.42 | 0.0030 | 1.96 | 0.0201 | 1.97 | 0.0202 1.99 | 0.0287 | 1.98

Tt = W N

Table 8.4: Convergence rates for the Laplace eigenvalue problem on an L-shape
domain for ansatz functions of order one.

1.EV 2.EV 3.EV 4.EV 5.EV
level | [A— Ap| | rate | [N —Ay| | rate | |A— Ap| | rate | [A— Ap| | rate | [A— Ay| | rate
1 0.0414 - 0.0547 - 0.7611 0.9702 - 0.7921 -

0.0173 | 1.26 | 0.0046 | 3.56 | 0.0457 | 4.06 | 0.0498 | 4.28 | 0.0658 | 3.59
0.0070 | 1.30 | 0.0005 | 3.26 | 0.0031 | 3.89 | 0.0033 3.93 | 0.0048 | 3.78
0.0028 | 1.32 | 6.08e-05 | 2.99 | 0.0002 | 3.96 | 0.0002 3.97 | 0.0004 | 3.76
0.0011 | 1.33 | 8.61e-06 | 2.82 | 1.23e-05 | 4.00 | 1.31e-05 | 4.00 | 2.90e-05 | 3.60

o= W Do

Table 8.5: Convergence rates for the Laplace eigenvalue problem on an L-shape
domain for ansatz functions of order two.

8.2. Basic methods for singularities: graded mesh technique

Corner singularities, as introduced before, pollute the solution, destroy the optimal
convergence behavior and therefore require special numerical treatment. As also
seen before in Section quasi-uniform mesh refinements or weighted spaces are
not sufficient to overcome the pollution effect. Several methods have been deve-
loped to improve the energy approximation in the neighborhood of a singularity.
Among them are graded meshes as described in [2] B, 4] and adaptive meshes such
as in [3, 6l T48]. For adaptive meshes error estimators play an important role,
which leads to an increased computational cost. It is also possible to add suitable

singular functions to the finite element space [7, 21} 155].

In the following section we introduce graded meshes, following [2]. As mentioned
above, singularities in the geometry of a domain constitute an important challenge
on the accuracy of our numerical approximations. In this context, local mesh
grading allows for mesh refinement where it is required while, in contrast to uniform
mesh refinement, keeping the computation cost at a reasonable level. We consider

local mesh grading in two dimensions, where the singular part s; of the solution is
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written in a polar coordinate representation as described in Section 8.1
i AT
s; = kin(r)re sin(—p),
w
with the stress intensity factor k; and the smooth cut-off function n(r). We need
to find a coordinate transformation, such that the points x with distance to the
corner C, which is for simplicity reasons assumed to lie in (0,0), less than Ry will

be transformed onto themselves. We use the transformation from r, ¢ to p, ¢

L
&) TR G € (0,1}, (31)

as introduced in [2]. We can now express s; in terms of p and ¢ as

s ZT(

si = si(p, ) = kinl(p) p=9 sin(—¢),

obtaining the derivatives %];Zlﬁ € L? for k> 1 and

T
G< (32)
kw
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Figure 8.2: Graded meshes with different mesh sizes and grading parameter 1/2.

The smooth solution of the transformed problem still requires several calculations
to be performed, for example an adequate transformation of input data. Thus
we would like to reduce the computational cost and instead of transforming the
problem, we rather transform the mesh by an inverse mapping.In order to do that,
the mesh around the corner is created in the coordinates transformed by ,
then the coordinates are transformed back on the domain of computation and all
calculations are performed in the original coordinate system. The transformed

element diameter diam(e) depends on the distance of an element e to the corner
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coordinate point C'. We distinguish between elements which have a vertex at the
corner and those who do not. For the elements that have a vertex in the corner

the derivation of the relationship yields
diam(e) ~ he

since in the transformed domain these are contained in the circle with radius p = h.

For the other elements p, — p; ~ h, with p, and p; the outer and inner radius of the

g

elements, respectively. Thus with 79 = p,, 7

Y = p; and r, — r; ~ diam(e) we have

h ry — T’ig g-1
diam(e) r,—r;

for r, € (r;,7,) and 7, ~ dist(e,C'). All in all we obtain for the grid width h and

the refinement parameter G that

Q|

hg, Cee

diam(e) ~ . K
hdist(e,C)'9, C ¢ e

For the error estimates in the H! and L? norms we find according to [2] that for G
as in it holds that

|lu —uplls < h, and |u — upllo < b2
An easy way to construct these meshes is to use the transformation given by

ro=[(zy — X1)? + (22 — Xo)*)"?,
Ty = X1 + (171 - Xl)(T/Ro)_1+1/g,
To = X2 + (IL’Q - XQ)(T/R())_I—H/Q.

In the following we want to show the influence of graded meshes with different
grading parameters in Table and Table We highlight the importance of
the grading parameter and condition (32)). For the simulation we again use the
model problem of the Poisson equation and the setting as in the simulations of
Section [8.1 where we obtain the suboptimal convergence rates. The only difference
in the underlying setting is the graded mesh depicted in Figure We depict the
influence of the grading parameter in Table . It is obvious that if condition (32))
for the grading factor is valid, we obtain optimal rates as expected from the theory.

Otherwise we obtain slightly improved (in comparison to the untreated meshes)
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\ G=1/4 I G=2/4 I G=23/4 \

level | DoFs | |lu —wup|lo | rate | |lu—unllo | rate | ||u —upllo | rate
1 11 1.1606e-01 - 1.1606e-01 - 1.1606e-01 -
2 33 8.3587e-02 | 0.47 | 4.2787e-02 | 1.44 | 3.5589e-02 | 1.71
3 113 3.5642e-02 | 1.23 | 1.2558e-02 | 1.77 | 1.0954e-02 | 1.70
4 417 1.1566e-02 | 1.62 | 3.3742e-03 | 1.90 | 3.3690e-03 | 1.70
5 1601 | 3.2601e-03 | 1.83 | 8.7588e-04 | 1.95 | 1.0337e-03 | 1.70
6 6273 | 8.5712e-04 | 1.93 | 2.2377e-04 | 1.97 | 3.1582¢-04 | 1.71
7 24833 | 2.1886e-04 | 1.97 | 5.6678e-05 | 1.98 | 9.5988e-05 | 1.72
8 98817 | 5.5263e-05 | 1.99 | 1.4284e-05 | 1.99 | 2.9024e-05 | 1.73

Table 8.6: L?-error for the simulations performed using the graded mesh with gra-
ding parameters 1/4, 2/4 and 3/4.

but still suboptimal convergence rates. In Table we obtain the same results
using weighted norms, which means again that the weighted norm does not help to

obtain better rates. Furthermore it should be noted that the numbers of elements

| | g=14 | g=2/4 [ G=34 |
level | DoFs | |lu —upllo,o | rate | lu —unllo,n | rate | |Ju—upllo,n | rate
1 11 9.5228e-02 9.5228e-02 9.522803e-02

33 6.7712e-02 | 0.49 | 3.5065e-02 | 1.44 | 2.6564e-02 1.84
113 2.9564e-02 | 1.20 | 1.0202e-02 | 1.78 | 7.6703e-03 1.79
417 9.8350e-03 | 1.59 | 2.7176e-03 | 1.91 2.2542e-03 1.77
1601 2.8243e-03 | 1.80 | 7.0119e-04 | 1.95 | 6.6930e-04 1.75
6273 7.5094e-04 | 1.91 | 1.7841e-04 | 1.97 | 1.9953e-04 1.75
24833 | 1.9295e-04 | 1.96 | 4.5065e-05 | 1.99 | 5.9526e-05 1.75
98817 | 4.8891e-05 | 1.98 | 1.1337e-05 | 1.99 1.7741e-05 1.75

0~ O Ok Wi

Table 8.7: Weighted L2-error for the simulations performed using the graded mesh
with grading parameters 1/4, 2/4 and 3/4.

and nodes are not increased. Only the positions of the already existing nodes have
been changed. Thus we do not observe an increase in the degrees of freedom, there
is only an increased cost for the generation of the graded mesh. It should also be

noted that the graded mesh also modifies the shape of the elements.

9. Energy correction methods

Several numerical schemes have been developed to overcome the pollution, such as
graded meshes as depicted above or adaptive meshes. A drawback of these met-
hods is that they employ a deep change in the meshes, such as grading the mesh
towards the singular point or evaluating an error estimator for the adaptive mesh

generation in order to set up the mesh refinement. Furthermore, all these proce-
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dures are costly and either require good expertise in mesh generation or increase

the implementation cost when adaptive procedures are used.

A further possible scheme to obtain optimal convergence rates is the energy cor-

rection method, which will be presented in the following.

9.1. Introduction to the energy correction method

The energy correction method was first used in the context of the finite difference
scheme [I82], where a local modification with a scalar value was used to correct the
energy defect. This was then developed further by [144] [146] and then extended to
finite elements in the papers [53] [145] on the Laplace equation with linear ansatz
functions. Using this procedure only requires a small change, namely a small local
modification of the bilinear form in the vicinity of the singular point, which can be
interpreted as a relaxation of the stiffness in the area. The local modification will

be denoted by ¢, (u,v) and the neighborhood of the singularity is defined as
S, = UT for T € T;, with dist(T,0) < kh,

using the constant parameter x > 0 which determines the amount of element rings

in the chosen neighborhood. The modification term ¢ (+,-) is defined only on a

Figure 9.1: Graphical illustration of the local uniformness of the initial mesh
and two sequent refinements. By the green area we depict the Sj-
surrounding whose support shrinks with h — 0*.

h-surrounding of the reentrant corner Sy, see Figure [0.1] i.e., its support shrinks

with decreasing h.
The modified bilinear form can be stated as
ah<u7 U) = CL(U, U) - Ch(uv ’U)

and recovers optimal convergence in the weighted norm while only using a uniform

mesh refinement. Furthermore using post-processing, it is also possible to achieve
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optimal convergence in the L?-norm [53].

Using the modified bilinear form with linear order, we now obtain a modified Ga-
lerkin approximation of the form:
Find uj* € V}! such that

an(up',vn) = (f, vn), Up € Vhl'

The standard Galerkin approximation wy, is included as the special case ¢ (-,-) =0

in the bilinear form.

A standard modification cy(,-) has to satisfy the properties coercivity, continuity

and symmetry:

(C1) alu,u) — cp(u,u) 2 ||ul|? for all u € HY(Q).

(C2) cn(u,v) SIIVull 2,y IVl L2s,) for all u,v € Hy(Q).
(C3) cn(u,v) = cp(v,u) for all u,v € H ().

We also need the mesh to be symmetric around the corner singularity if w > 3/27,

see e.g. Figure 9.3, which is expressed in the condition

(G2) The set of elements T C Ty for which 0 € T constitutes a symmetric parti-

tion, i.e. the coarse mesh 7y is locally symmetric around the singular point.

The following theorem on the convergence is stated in [53] and shows that full
convergence in weighted Sobolev norms can be recovered using a modified bilinear

form as introduced above:

Theorem 4. Let f : H? () for some 1 — I < o < 1, and assume that (C1)-(C3)
are valid and that (G2) holds if 37 < w < 2m. If, in addition, the modification
satisfies

a(sy = sTh, 51— $1) = en(sTh, 81) = O(R?), (33)

then convergence rates of optimal order hold i.e.

IV —w)loa S A oo and  flu—uiloa < 22 fllo,-a-

~

A possible choice of the modification of the bilinear form is also introduced in [53]
as

cn(u,v) =~ | Vu-Vuder,
Sh,
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where the correction parameter v has to fulfill 0 < < % such that the ellipticity
of ap(-,-) is preserved. This allows us to define the pollution function gy (7y) for

the linear case as

gna(7) = a(sy — Ry (v)s1, 51 — Ry (7)s1) — en( By (v)s1, B (7)s1)  (34)

where R(v)s; € V;! denotes the modified Galerkin approximation of s;, which is
taken to be

a(RpH(y)s1,vn) — cn( Ry (Y)s1,vn) = a(s1,vn), vy € Vhl.

There are now two possibilities to obtain the correction parameter v from the pol-
lution function, namely computing v as the root of an implicitely given function
and using a nested-Newton method as described in [145]. For every mesh 7, an
optimal 7, can be found using the condition gy, ;(7y,) = 0. Furthermore it is shown
in [53] that there is an asymptotic v* such that is fulfilled on all levels.

Let us now recall the L-shape domain Q := (—1,1)%\ ([0,1] x [—1,0]) with the
singularity in (0,0) and the interior angle w = 3/2m, which has been simulated
without correction in Section [8.I] and with graded mesh in Section We again
consider numerically the Poisson problem with Dirichlet boundary conditions on
(2 given as

—Au=01in Q, u=s on 0f), (35)

where s := s1(r, ¢) + so(r, 9) := rs Sin(%d)) +rs Sin(%)'

| [ 77=01194 [ 7 =01194 ] 7=0.1 [ 7=0.1
level | DoFs | [Ju—ul|lo | rate | ||[u — ulo | rate | |Ju —ul|lo | rate | [Ju — ul|lo.o | rate
1 11 1.1336e-01 - 8.8439e-02 - 1.1317e-01 - 8.8240e-02 -
33 3.6735e-02 | 1.63 | 2.5048e-02 | 1.82 | 3.6684e-02 | 1.63 | 2.4827e-02 | 1.83
113 | 1.0880e-02 | 1.76 | 6.2414e-03 | 2.00 | 1.1127e-02 | 1.72 | 6.3627e-03 | 1.96
417 | 3.2021e-03 | 1.76 | 1.5050e-03 | 2.05 | 3.3915e-03 | 1.71 | 1.6308e-03 | 1.96
1601 | 9.6287e-04 | 1.73 | 3.6594e-04 | 2.04 | 1.0617e-03 | 1.68 | 4.4065e-04 | 1.89
6273 | 2.9529e-04 | 1.71 | 9.0338e-05 | 2.02 | 3.4122e-04 | 1.64 | 1.2919e-04 | 1.77
24833 | 9.1684e-05 | 1.69 | 2.2566e-05 | 2.00 | 1.1228e-04 | 1.60 | 4.1572e-05 | 1.64
98817 | 2.8661e-05 | 1.68 | 5.6770e-06 | 1.99 | 3.7814e-05 | 1.57 | 1.4523e-05 | 1.52

CO ~1 O U = W N

Table 9.1: Energy-corrected L-shaped domain with linear order ansatz functions,
errors in the L2- and weighted L*-norm.

Table depicts the results obtained with the energy correction method. In

the first two columns a fixed optimal correction parameter is used, such that
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grna(7*) = O(h?) holds on all the refinement levels. In the last two columns a too
rough correction parameter approximation was chosen, such that g ;(v) = O(h?)
is not fulfilled. As it can be seen, optimal convergence rates are achieved with an
adequate parameter given by v*, and without such a parameter the rates collapse

on the finer levels.

Let us at this point shortly compare the presented method to the graded mesh
method. Both do not change the amount of degrees of freedom, see Tables
and and both are very sensible to the correction and grading parameter. An
advantage of the energy correction method is the trivial change in the stiffness
matrix, while the mesh grading is more complex and changes the element shapes. In
contrast, the estimation of the correction parameter is more complex for the energy
correction and it demands knowledge of the singular functions of the problem.
Nevertheless it should be noted that the energy correction method has a smaller
error on the same refinement level with the same amount of degrees of freedom and

it does not change the shape of the elements.

Remark 9.1. The results from above can be extended to three-dimensional dom-
ains, as long as these are obtained from the two-dimensional ones by an extension
in z-direction. Such geometries can be L- or T-shape domains. In these cases
the correction is performed on a cylinder-shaped domain around the reentrant edge
and the correction parameters from the two-dimensional case can be used. For
the three-dimensional L-shape domain we depict our results in Table for the
Poisson equation . In contrast to the two dimensional case, where we use a

triangular mesh, we use a hexahedral mesh, which results in the different correction

parameter.
] \ ~v=0.0 | 17 =0.065710 |
level | DoFs llu —upllo,o | rate | [lu—ulloo | rate
1 160 0.0016164 0.0011503

1408 0.00056148 | 1.46 | 0.00027464 | 1.98
11776 0.0002111 | 1.38 | 6.7132e-05 | 1.99
96256 8.1853e-05 | 1.35 | 1.6674e-05 | 1.99
778240 | 3.2139e-05 | 1.34 | 4.1739e-06 | 1.99
6258688 1.269e-05 1.34 | 1.0488e-06 | 1.99

SO W N

Table 9.2: L?-errors and convergence rates for the energy-corrected three-
dimensional L-shape domain.

Remark 9.2. Energy correction methods are not only adequate for the Laplace pro-

blem, but also a good tool for other equations such as the linear elasticity equation,
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which is used in our timber building application. The method presented above would
have to be adapted to the specific singular functions of the linear elasticity [138].
Thus in Table we only depict that optimal convergence rates can be oblained
after the successful application of the energy correction method for the isotropic

case. For comparison the uncorrected results can be found in Table[8.3

’ level \ lu — uilo,a \ rate ‘
2 1.8270e-01 -
4.7118e-02 1.96
1.1721e-02 2.01
2.9297e-03 2.00
7.3294e-04 2.00
1.8308e-04 2.00

~N O Otk W

Table 9.3: L?-errors and convergence rates after application of the energy correction
method on the isotropic linear elasticity equation.

9.2. Energy correction method with high order ansatz

functions

The considerations presented in this section can be found in "Higher order energy-
corrected finite element methods" by the author together with P. Pustejovska and
B. Wohlmuth, in preparation, 2016, [79].

In this section, an extension of the results for linear ansatz functions above to hig-
her order ansatz functions will be presented. We expect the order of convergence to
increase. To be precise the full h**! convergence order of the approximation can be
reproduced in certain weighted norms (see Theorem or by a post-processing in
the standard L?-norm (see Corollary . One can show that the pollution effect
is contained in the scheme if and only if the defect function given by converges
suboptimally. More on the pollution effect and its relation to the pollution function

can be found in all previous energy correction method literature, e.g. [53] [145].

If we set

gh(wly wz) = a(w1 - wﬁl, Wo — IUQf) - Ch(wllf?7 wﬁ),

we can define our pollution function as g,(w) := gn(w,w). Nevertheless, not all
parts of the pollution function of g,(u) are of a decreased order. To see this, we

refer to the expansion Lemma [8.1) which is also an important ingredient of the
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Figure 9.2: Graphical illustration of the total number of essential pollutions g (s;).
Namely, the value I is determined by the number of thick lines below
the horizontal approximation line. For example, in the case of the
approximation order k = 4, we have: K =2 for w € (m, 7], K = 3 for

w € (8m, 8n], and K = 4 for w € (37, 2n]. The colored hnes represent

kE+1 bounds
proof of our main Theorem [9.3]

Assuming the expansion of the solution v and the approximative solution uj" with
the limit N,, we define a correction order K for the approximative order k£ and
angle w as:

K= max i < k. (36)

€N, i<(k+1)5=

Now we can decompose the pollution function gp(u) as:

K Ny
gn(u) = Z( 2gn(s:) + Z ki'K} gn(si, s;) + regular terms. (37)
=1 i#j=1

Here g, (s;) are called the essential pollutions due to their unconditionally reduced
convergence order. The possible pollution of gy (s;, s;) is non-essential in the sense
that it can be balanced by some local symmetry properties of the mesh. Either
way, we aim to construct the modification ¢(-, ) in such a way that the pollution
in the error of approximation of all terms in (37) will diminish. The number K
introduced above gives the number of correction parameters needed for the energy

correction and it can be easily determined from Figure

Furthermore for the correction we need additional assumptions on the mesh. Where
in the linear case we only needed the (G2) mirror symmetry of the mesh, here we
need further assumptions. In the following, we distinguish between several cases

of combinations between w and the approximation order k and assign to them
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Figure 9.3: Symmetry conditions of the local mesh at the reentrant corner. For
simplicity, we depict only a first layer of elements. The dashed line A
represents the bisectional axis of the angle w, element T™ represents the
mirror image across A of T', and T” represent the rotation of 7" around
the reentrant corner.

three different mesh properties (G1)—(G3), which are schematically represented in
Figure for a typical example w = 3/27. Note that (G1)-(G3) are assumed on
the local neighborhood &), of the coarsest refinement level and thus, by uniform
refinement, they will automatically hold on each S;,. More precisely, (G1) represents
a general mesh without any specific symmetry properties, (G2) stands for a mesh
with a local mirror-symmetry, i.e., to each element 7' € §;, exists another 7" € S,
which is a mirror image of T across the bisectional axis A. The last property
(G3) represents a full local symmetry at the singular corner in the sense that Sy, is
composed of one base element which is then rotated around the reentrant corner.
We say that an initial mesh has the —property which depends on k£ and w if

k=1 and w<3r: (G1),
k=1 and w}%w,orkz:2andw<§7r: (G2), (U)
k=2 and w}%w,ork}?): (G3).

Associated with the (U)-property of a mesh, we make here an assumption on the
interpolation property. If the mesh satisfies the (U)-property, we assume that for
im/w+ jr/w < k+ 1 we find

/VSj-VI}]fsidx:/VSj-VSid.I':O, i # 7, (38)
T T

where T is the domain S, of the coarsest refinement level. We call this assump-
tion —assumption. We point out that Equation does not hold for arbitrary
shaped meshes at the re-entrant corner. However, all our numerical study tests
have shown that the (U)-property is sufficient for Equation to hold, see Ta-
ble Later we will show numerically that under the —assumption the mixed
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terms gp(s;, sj), ¢ # j = 1,..., N,,, converge optimally, and thus, the global pollu-
tion in the error originates strictly from gj(s;) terms, i < K. Hence, we call K
the correction order, since it represents the number of conditions we lay on the
modification. As it was already mentioned its value can be simply read out from
Figure 0.2 Now, we are ready to formulate the main theorem on the order of

convergence.

Theorem 9.3 (Main theorem). Let k € N denote the polynomial degree of the
modified scheme, f € HEg}(Q) Jor some & > 1 — I, and let w be the angle of the
reentrant corner. Also, let us assume that (C1)-(C3) and the (U)-assumption hold

and moreover that the modification cy(-,-) satisfies:
gn(s;) = O(hF) for all i < K. (39)

Then, we have the following optimal convergence results of the modified approxi-

mation in the weighted norms with o = o+ k — 1:

lu = uilloa S R N flle-1a and [V (u—wjf)

00 SR fllk-1-a-

Proof. For the proof of these properties, we use techniques introduced for example
in [53] concerning energy corrections. For the detailed proof we again refer to the
final version of [79]. O

Furthermore it is possible to obtain by a post-processing step full order of conver-
gence in the standard L2-norm. This is stated by the following corollary from [79],

where we define by

1
kit =— | (fsi+upAs_;)de
’ 1 Jo

the stress intensity factor.

Corollary 9.4. Let us assume that the assumptions of Theorem hold. Then,

the post-processed solution defined as
K
ul =y Y R (si = si)
i=1

converges in standard L?-norm as

i — o S B4
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In the following we will illustrate how the correction term c¢;(-,-) could be con-
structed. The main assumption of Theorem|[9.3|was (39), namely g;,(s;) = O(hF*1),
i < (k+1)5=. This means choosing a correction term ¢, (-, -) in such a way that
is satisfied guarantees the optimal convergence rates of the modified scheme. We
recall that K from (36]) refers to the total number of essential pollutions gy(s;)
contributing to the total pollution. Also, we define the radial element layers S}

with respect to the reentrant corner placed at 0 as:
St ={T€T,: 0dT}, S ={T€T,: OTNIS; " #0}, i=2,...K.

Following the basic concept from previous studies on energy correction methods,

we can simply adapt the construction of ¢, (-, ) to our higher order case and define

K
cl(u,v) = Z / vEVu - Vodz, S} .= int (UiczlS_;L) : (40)
1=1 h

where the constants v/ are called correction parameters. We also call the scheme
with ¢ a method with (radial) layer correction, since K-layers of elements S}
are involved in the definition of the modification. It is clear that with higher k
the support of cf¥(-,-) is significantly larger, which can cause some difficulties by
the initial mesh generation with the U-property. We also present an alternative
approach of a function correction for which, in contrast to the layer-modification,

we need only a single layer-support, independent of k£ or w. Namely, we define:

K
cf (u,v) = Z/ VPV - Vo de, SF =8}, (41)
i-1 /S,
where 7 € [0, 1] is the h-scaled distance from the origin, i.e., 7 = r/h.

We shortly denote the correction parameters by a vector valued
vt =0, )T eRE, # e {R,F}.

For example, in the case of the layer correction, a sufficient condition is that
vB e BX(0) = {y € R* : |lyli= < R} with a fixed R < 1. Furthermore we
show in our numerics that both types of modification are good choices, if optimal
parameters v, v are known. Then the basic question which remains is how to
obtain the optimal correction parameters. Let us describe this topic briefly for the

layer correction cf*(-,-) and, for the better readability, skip the index R. For the
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function correction, we use the same strategy.

We follow the same technique as proposed in [53] and proven in [145] for the
linear elements for the Poisson problem. This means, we construct a sequence
{vn}n=0 C B%(0) satisfying certain conditions, such that it converges to a unique
asymptotic value v* € B (0), being the optimal correction parameter. Namely, for
each admissible v = (71,...,7¢)", we define the vector valued pollution function

fori=1,...,K as gj, : B¥(0) — RX by its components:

9ni(v) = alsi — Rp(¥)si, si — B(v)si) — cn(Ry()si, Bi(v)s4), (42)

where R}(7)s; represents the modified-approximative solution to s;, this time ex-

plicitly dependent on the choice of . If we construct {~,}n~0 such that

gh(7h) = Oa h > 07

we can possibly generalize the proof of [145] and show the convergence v, to ~*
for k — oo with a certain rate. Under the assumption on the convergence of ~,,
we can show that for the asymptotic vector v*, the necessary condition on the

modification ¢ (-, ) on each level is satisfied. For this we also refer to [79].

After having introduced how the modification ¢, (-, -) can be constructed, we show
in the following the numerical results for problem (35) using higher order finite
elements with and without energy correction. We illustrate our theoretical results

for schemes up to order four, and we always assume an exact solution given by:
4
U= 81+ S9+ 83+ 84 = Zr)‘i sin(\;0).
i=1

We note that each term contributes to the total energy with the same magnitude.
The convergence rates and the 7y-convergence studies for the second, third and
fourth order scheme are performed on the geometries as depicted in Figure [9.4

In the following, for a better readability, we skip the index R and F in the notation
of the asymptotic values v* and their components 7, i < K. Also, the specific

values of v* are stated in the following only up to a certain precision.

Before we start with the numerical tests, we show that our local modification of

the finite element method does not increase the condition number of the stiffness
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Figure 9.4: Initial meshes, level= 1 for w = 3/2m, 7/4w, 27 used for k = 2,3,4
approximations.

(Amin)l};ﬂ

matrix. Namely, in Table we give the ratios -

values of the stiffness matrix which belong to the modified scheme (-);" and the

()\max)zn
and (>\max ) h

between eigen-

standard scheme (-);, for both correction methods cf(-,-) and ¢/ (-, -).

. “ layer correction cf(-, ) “ function correction ¢f (-, ) ‘
level 2 3 4 2 3 4
M 0.9886 | 0.9891 | 0.9952 || 0.9806 | 0.9901 | 0.9954

Qunax)i’ |l 1.0007 | 1.0000 | 1.0000 || 1.0000 | 1.0000 | 1.0000

Table 9.4: Comparison of the condition numbers of the stiffness matrices belonging
to corrected and standard scheme; w = 7/4m, k = 2.

We now present the results for the energy correction with the layer-modification (40]).
After this a more detailed study is performed for the second order case, sho-
wing convergence results for the modified scheme.  An important part of the
energy correction method is an accurate approximation of the correction parame-
ter v* = (77,...,7%), as an asymptotic value of the series {7, }n>0. In our study,
we use two different possibilities to estimate ;. The first one is purely based on
existing FEniCS routines and uses fsolve to compute an approximation of v, as the
root of an implicitely given function. The second one uses the nested-Newton met-
hod of [145] adapted to the higher order case. The implementation of this method
in FEniCS is, in comparison to the fsolve routine, cheaper in terms of computation

time.

With the obtained ~,, a fit is performed in MATLAB [I08| for the approximation
of v* as the limit value of 7,, h — 0, by exploiting the asymptotic

A* 4 ¢ B2

where c is a constant, differing for the fits to data obtained by fsolve (cs) or by
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Figure 9.5: Best fits of «; , obtained by fsolve and the nested-Newton scheme, with

respect to the theoretical expected rates.

First column: Fits of ~f.

Second column: Fits of «3. Different reentrant corners are shown from

left to right.

the nested Newton (cy). At this point it should be noted that the calculated ~*

slightly differs depending on the underlying fit data.

Figure depicts the resulting fits of 4 for both fsolve and nested Newton met-

hod. We also show the results for all three basic scenarios of reentrant corners:

w = 3/2m, 7/4m and 27. In the first column of the figure, we present fits for the

first component of v*, in the second column, the fits for the second one. For both
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methods we obtain the same convergence rate for the correction parameters. Both
methods tend, as it is expected from our theory, to the same ~*. In our case the
above mentioned difference between the approximated ~v* is less than 107, For
our further calculations we use the v* obtained with the fsolve routine. To obtain
the same convergence results, it would also be possible to use v* obtained with the

nested-Newton method, or alternatively also the first six digits of ~*.

With the asymptotic values v*, we illustrate in Table [9.5] and Table the con-
vergence rates with and without energy correction. Our numerical results are in
excellent agreement with the theory, see Theorem The errors are measured for
both, the L?- and the L2- norms. In this part, we focus on the cases of w = 3/27
and w = 7/4xr. In comparison to the linear approximations, as studied in [53],
the error in gradients for the second order also has a reduced convergence order.
Therefore, we present also the convergence rates for the gradient, see Table [9.5
and Table 9.6 As one can see, standard finite elements exhibit 27/w and 7 /w
convergence rates for the L2-error in the solution and the gradient, respectively.
Furthermore, optimal rates three and two in the weighted L2-norm can be achieved

using energy-correction.

‘ H ~=(0,0)" H ~* = (0.031521, —0.005534)"

level lu—upllo | rate | |lu—upllon | rate lu—ulllo | rate | |Ju—ulloa | rate
2 7.0709e-03 - 1.9465e-03 - 5.6222e-03 - 1.8330e-03 -
3 2.7238¢-03 | 1.38 6.1921e-04 1.65 1.5194e-03 1.89 1.8777e-04 3.29
4 1.0452e-03 | 1.38 2.3725e-04 1.38 4.4752e-04 | 1.76 1.8210e-05 3.37
5 4.0414e-04 | 1.37 9.3743e-05 1.34 1.3749e-04 1.70 1.9942e-06 3.19
6 1.5751e-04 | 1.36 3.7180e-05 1.33 4.2897e-05 | 1.68 2.3592e-07 3.08
7 6.1766e-05 | 1.35 1.4753e-05 1.33 1.3461e-05 | 1.67 2.8883e-08 3.03
8 2.4323e-05 | 1.34 | 5.8546e-06 1.33 4.2339e-06 | 1.67 3.5837e-09 3.01

level || ||V(u— up)llo | rate | |V (u—up)|oq rate || |[V(w—u)|o]| rate | |V (u—u)|oq rate
2 3.8901e-02 - 1.2469e-02 - 4.3263e-02 - 1.6682e-02 -
3 2.4482e-02 | 0.67 | 3.6263e-03 1.78 2.4334e-02 | 0.83 3.2480e-03 2.36
4 1.5461e-02 | 0.66 1.2070e-03 1.59 1.4871e-02 | 0.71 7.3695e—-04 2.14
5 9.7522e-03 | 0.66 | 4.4090e-04 1.45 9.2795e-03 | 0.68 1.7799e-04 2.05
6 6.1468e-03 | 0.67 1.6891e-04 1.38 5.8257e-03 | 0.67 4.3872e-05 2.02
7 3.8731e-03 | 0.67 | 6.6080e-05 1.35 3.6651e-03 | 0.67 1.0900e-05 2.01
8 2.4401e-03 | 0.67 | 2.6074e-05 1.34 2.3077e-03 | 0.67 2.7175e-06 2.00

Table 9.5: w = 3/27: Errors and convergence rates of the solution and the gradients

with (u}?) and without energy correction (uy), k = 2, and o = 1.3333.

Layer-modification ¢ with correction parameter v*.

In the proof of our main Theorem [9.3] see [79], we assume (U)-property of the mesh
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| | 7 =(0,0)7 [ ~* = (0.073696, —0.019675)"

level lu—wupllo | rate | |lu—wunllon | rate llu—uPlo | rate | |Ju—ulllon | rate
2 1.4688e 02 - 4.0231e 03 - 1.4058e 02 - 9.5315e 03 -
3 6.5058e-03 | 1.17 1.5652e-03 1.36 3.5969e-03 1.97 6.4029e-04 3.11
4 2.8727e¢ 03 | 1.18 6.9520e 04 1.17 1.0173e 03 | 1.82 6.0880e 05 3.39
b) 1.2781e-03 | 1.17 | 3.1399e-04 1.15 3.1468e-04 | 1.69 6.0667e-06 3.33
6 5.7257e¢ 04 | 1.16 1.4210e 04 1.14 1.0189% 04 1.63 6.4267e 07 3.24
7 2.5768e-04 | 1.15 6.4335e-05 1.14 3.3693e-05 | 1.60 7.1739e-08 3.16

8 1.1628e-04 | 1.15 2.9132e-05 1.14 1.1248e-05 1.58 8.3485e-09 3.10
level || |V (u — up)llo | rate | |V (u —up)|oqf rate || |[V(uw—u)|o| rate | |V (u —u)|loq rate
2 7.2533e-02 - 2.1898e-02 - 9.7586e-02 - 4.2072e-02 -
4.9699e-02 | 0.55 7.7725e-03 1.49 5.3057e-02 | 0.88 7.3131e-03 2.52
3.3713e-02 | 0.56 3.1786e-03 1.29 3.3087e-02 0.68 1.4913e-03 2.29
2.2769e-02 | 0.57 1.3896e-03 1.19 2.1653e-02 | 0.61 3.4514e-04 2.11
1.5347e-02 | 0.57 6.2221e-04 1.16 1.4407e-02 | 0.59 8.3736e-05 2.04
1.0335e-02 | 0.57 2.8078e-04 1.15 9.6473e-03 | 0.58 2.0675e-05 2.02
6.9573e-03 | 0.57 1.2701e-04 1.14 6.4780e-03 | 0.57 5.1410e-06 2.01

00 ~] O Ut = W

Table 9.6: w = 7/4m: Errors and convergence rates of the solution and the gradients

with (u}?) and without energy correction (up), k = 2, and o = 1.4286.

Layer-modification cf with correction parameter v*.

to derive a priori convergence rates for
Gn(sirs5) = alsi — sy, 55— s5) —en(si sin) SAML i #g (43)

We now demonstrate that these conditions are necessary. Hence, we perform two
types of computations, first, using a fully non-symmetric mesh, and a mesh which
is locally mirror-symmetric, but not satisfying the (G3)-property, see the meshes
on the left side of Table for the case of k =2 and w = 7/47 > 4/3w. Thus for
this combination of k& and w, the (U)-property of the mesh is not satisfied. Again,
since we consider the second order approximations, we require for the optimal con-

vergence rates of the solution, i.e., ||u — u||oo = O(h?), the convergence rate in
to be also O(h?) for both pairings (s1, s2) and (sy, s3), see Figure [0.2]

In Table 9.7, we present the numerical results computed on the above mentioned
meshes demonstrating that (G1)- or (G2)-properties of the local mesh are not suffi-
cient. As one can see in the case of a locally mirror-symmetric mesh, the necessary
condition (43)) is violated only for the (s1,s3) pairing, while the (s1, s2) pairing has
even higher convergence order than we require. This comes from the fact that s; is
symmetric and s, is anti-symmetric in the #-direction, and thus the integral of the
product of their gradients on a mirror-symmetric mesh vanishes. The violation of

the local symmetry of the mesh then results in the fact that also this pairing does
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(G1) non-symmetric
level gn(s1,s2) | rate | gn(s1,s3) | rate
2 1.7836e-04 - 1.9118e-04 -
5.3969e-05 | 1.72 | 3.8239e-05 | 2.32
1.6437e-05 | 1.72 | 7.8252e-06 | 2.29
5.0081e-06 | 1.71 | 1.6040e-06 | 2.29
1.5260e-06 | 1.71 | 3.2887e-07 | 2.29
4.6503e-07 | 1.71 | 6.7436e-08 | 2.29
1.4172e-07 | 1.71 | 1.3829¢-08 | 2.29
(G2) mirror-symmetric
level gn(s1,82) | rate | gn(s1,s3) | rate
2 3.4985e-06 - 1.3550e-04 -
3.6461e-07 | 3.26 | 2.8173e-05 | 2.27
2.3000e-08 | 3.99 | 5.7796e-06 | 2.29
1.4154e-09 | 4.02 | 1.1833e-06 | 2.29
8.7613e-11 | 4.01 | 2.4236e-07 | 2.29
5.4420e-12 | 4.01 | 4.9666e-08 | 2.29
3.5838e-13 | 3.92 | 1.0181e-08 | 2.29

0O~ O Ot b W

0~ O Ut W

Table 9.7: Two examples of w = 7/4m meshes which do not satisfy (G3), but the
property (G1) for the first row and the property (G2) for the second
row.

not exhibit the required convergence rate.

We would also like to remark that the full symmetry (G3) is a too strong assump-
tion and it can be relaxed to more general cases. For example, classical criss-cross
meshes, see the case for w = 27 in Figure (9.4, would be enough. To demonstrate
the plausibility of this assumption, we include Table where [ Vs; - VIisyda
is evaluated on different refinement levels, with T-domains as depicted on the left
of the tables.

level (G3) mesh level criss-cross
1 -2.636780e—-15 1 -2.636780e—-15
2 -3.774758e-15 2 -3.774758e-15
3 -3.734860e—-15 3 -3.734860e-15
4 -3.631210e-15 4 -3.631210e-15
) -3.642052e-15 ) -3.642052e-15

Table 9.8: Values of [, Vs - VIZs3da for the depicted meshes for different refine-
ment levels.

We now turn our attention to the results for the third and fourth order approx-

imations, again for the layer correction, and concentrate on two reentrant corner
cases: 3/2m (Table and 27 (Table [9.10). In all cases, the optimal rates are

obtained in the L?-norm if a sufficient number of correction parameters is used.
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They can be read out from Figure 0.2l Note also, that the weight « increases with

the approximation order k, namely oo = k — A;.

| [ k=3 I K =4
level || [lu —unllo,o| rate | [Ju—ultlloa| rate || [|u—upllo,o| rate | |Ju—up'llo,o| rate
2 3.6458e—04 - 4.7531e-04 - 1.4972e-04 - 4.3849e-04 -
3 1.4914e-04 | 1.29 | 3.5013e-05 | 3.76 || 5.6715e-05 | 1.40 | 1.4127e-05 | 4.96
4 5.9232e-05 | 1.33 | 1.9895e-06 | 4.14 || 2.2495e-05 | 1.33 | 2.9706e-07 | 5.57
) 2.3504e-05 | 1.33 | 1.1977e-07 | 4.05 || 8.9263e-06 | 1.33 | 7.2456e-09 | 5.36
6 9.3270e—06 | 1.33 | 7.4012e—09 | 4.02 || 3.5423e—06 | 1.33 | 1.9010e-10 | 5.25
7 3.7013e—06 | 1.33 | 4.5990e-10 | 4.01
Table 9.9: w = 3/2m: Errors and convergence rates with (u)') and wit-
hout energy correction (uy), for k = 3,4, and a3 = 2.3333,
ay = 3.3333. Layer-modification ¢? with correction parameters for
third (v3) and fourth (v,) order. ~; = (0.012891,—0.002367)",
v, = (0.007703, —0.002478,0.000452) "
| [ k=3 I k=4 |
level || [|u— upllo,as | Tate | [[u—ulo,as | rate || [[u—uplloa, | rate | [[u—ui|oq, | rate
2 1.6938e-03 - 7.3218e-03 - 7.8234e-04 - 8.2906e-03 -
3 8.4536e-04 | 1.00 | 4.0724e-04 | 4.17 || 3.8899e-04 | 1.01 | 5.0596e-04 | 4.03
4 4.2165e-04 | 1.00 | 1.9310e-05 | 4.40 1.9423e-04 | 1.00 | 9.1646e-06 | 5.79
b) 2.1059e-04 | 1.00 | 1.0565e-06 | 4.19 9.7052e—05 | 1.00 | 2.0680e—-07 | 5.47
6 1.0524e-04 | 1.00 | 6.2341e-08 | 4.08 4.8510e-05 | 1.00 | 6.2929¢-09 | 5.04
7 5.2604e-05 | 1.00 | 3.7994e-09 | 4.04
Table 9.10: w = 2m: Errors and convergence rates with (u}!) and without
energy correction (up), for £ = 3, k = 4 and a3 = 2.5, ay =
R

3.5.  Layer-modification ¢;’ with correction parameters for third
(v3) and fourth (v,) order. ~; = (0.083770,—0.057179,0.015783) ",
v, = (0.059374, —0.060325, 0.033989, —0.008364) .

We finally also compare the qualitative behavior of the layer and function cor-
rection, namely, the influence of the choice of the modification ¢;(-, -) on the quanti-
tative error. As described before, higher order approximations require an increased
number of correction parameters v;, ¢ = 1,...,/C < k. This means that a priori,
the correction by rings cf(-,-) needs a larger support, constructed by K-layers of
elements around the singular point. To have a possibility to avoid this fact, we
have suggested a correction by a function, ¢ (-, ), see . [ts support is always

restricted to a single element layer at the singular points.
In Figure [9.6] we graphically illustrate the comparison of the convergence rates of

the standard scheme and the two corrections, for all studied scenarios, i.e., approxi-
mation orders k = 2,3,4 and w = 3/2m, 7/47, 27. The first three plots demonstrate
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T, where the

the recovered optimal rates k + 1 of the error ||u — u}*|jo0, @ = k —
y-label of the plots represents the error, i.e., ||[u—u|lo.o and ||u — up||o.q, respecti-
vely. As one can see, both corrections are qualitatively comparable, nevertheless,
the function correction cf
This observation is depicted in the last plot of Figure [0.6] showing the ratio bet-

ween the errors caused by the approximations computed with ¢f*(-,-) and ¢ (-, ).

(+,-) is quantitatively significantly better for higher k.

Note the clustering of the ratios by the number of the correction parameters .

* A

We present the asymptotic correction function S5 | ~F* #1 for all the considered
mesh and approximation order settings, see Figure Note here the bound of the

maximum of the correction function, guaranteeing the ellipticity of ap(-,-).
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Figure 9.6: Comparison of the standard and modified finite elements with energy
corrections cff and ¢!’ for approximation orders k = 2, 3, 4. The last plot
represents the ratio between the errors produced by the layer correction

and function correction.

134



k=2 k=3 " k=4

04 | 0.4} | 04l |

‘ .

w02 102 0.2} |
Moo TT—=

- F 1 F TN 1
(T‘ 0 \ 0 0 ——
33 02 | —0.2] | —02| |

0 02040608 1

r

—0.6

0 02040608 1

r

0 02040608 1

7

Figure 9.7: Asymptotic correction functions Ziil v #71 for three different ap-
proximation orders and three different angles. These function correcti-
ons were used for the computations presented in Figure

9.3. Energy correction method for the Poisson eigenvalue

problem

This section contains results which were previously published by the author with
M. Huber, U. Riide, C. Waluga and B. Wohlmuth in the year 2014 in Numerical
Mathematics and Advanced Applications - ENUMATH 2013 proceedings, Volume
103 of the series Lecture Notes in Computational Science and Engineering, under

the title "Energy-corrected finite element methods for scalar elliptic problems", [74].

Reasoned by our interest in the vibro-acoustic analysis of domains with reeantrant
corners, in this section we extend the linear energy correction method to eigenvalue
problems. In the following we consider the eigenvalue problem with homogeneous

Neumann boundary conditions

Au; = Ny in

on the L-shaped domain  := (—1,1)%\([0,1] x [—1,0]) and the slit-domain

Q= (—1,1)%\(]0,1] x {0}). We construct our meshes such that we obtain perfectly
symmetric isosceles triangles around the singular points, see Figure [9.8] Further-
more we use different meshes for the comparison with reference values given in
the literature [23, 43| and present results for a domain with multiple reentrant
corners, in which case we compute a fine mesh reference solution. It is well-
known [8, @ 10, 23 T0T] that the pollution effect occurs only for eigenfunctions
and eigenvalues with a non-smooth singular component. For sufficiently smooth
eigenfunctions, a quadratic convergence rate for the eigenvalues can be observed in

case of linear finite elements, i.e. k = 1.
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Our modified finite element formulation reads:
Find the discrete eigenvalues A}, € R and the eigenfunctions uj’;(v) € V' such
that

an(upy,v) = Ahit (uﬁb’fl,v), veV,

where 0 < Ay <A, < ...

In the convergence analysis of the discrete eigenvalues A}, we follow the lines of [137]
in the conforming setting and introduce the eigenvalue problem:
Find A € R and w € H(Q) such that a(w, 2) = X (w, 2) for all z € H*(Q).

The non-negative eigenvalues are ordered such that 0 < A\; < Ay < ..., and the
associated eigenfunctions are denoted by w; with the normalization (w;, w;) = 0; ;.
We now define the [-dimensional space V; by V, := span{w;,7 < [}. Further for
each v € V] let the modified Galerkin projection R := R(y) onto V! be defined
by

ap(Rpv,vp) = a(v,vp)

for all v, € V;!. We recall that RI" depends on the specific choice of . In terms of
R}, we define Epj, := R}'V; and note that dim£;, = [ for h < hy small enough.
For the sake of presentation, let us first state the main result and subsequently

develop the ingredients needed for its proof.

Theorem 5. Lel 1 — = < a < 1. If the energy correction for linear finite elements

is used with v*, the following upper and lower bound for Ay, hold,
A1 = CRENTY) < AP < N1+ CREAT.

Our proof is based on the following two technical results which are provided without

a detailed proof.

Lemma 9.5. Let 1 — = < a<a<1. Then it holds that
[r=%vllo < Cllvllg*lvll}, ve H'(Q).

The upper bound in Lemma [9.5( can be obtained by using the Holder inequality
in combination with interpolation arguments and standard Sobolev embedding
results. Combining Lemma with [I37, Lemma 6.4-2|, [53, Theorem 2.4| and

some straightforward computations yields the following bounds:
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Lemma 9.6. Let v € V; with (v,v) = 1. Then v = Y.'_, Bw; with Y\_ 82 =
1, and it satisfies a(v,z) = (f,,2) for all = € HY(Q) with f, := 22:1 Bi\iw;.
Moreover, we have r=f, € L*(Q) for 1 — I < a <1, and the following bounds

hold with constants independent of the mesh-size

la(v,v) — ap(RPv, Rv)| < ChANT®,
(RPv, Rv) > 1 — Ch*AM.

Now we are prepared to provide the proof of the main result.

Proof. The proof of Theorem [5]is based on the characterization of the eigenvalues
by the Rayleigh quotient. We start with the upper bound. Using E;; as defined
above together with Lemma we get the following upper bound:

Ay < max an(v, v) = max an(Bj'v, Bj'v)
’ veEL, (v,0) veV,  (Rv, RiMv)
e a(v,v) + ap(Rpv, Rtv) — a(v,v)
g (Rpo, o)
— e a(v,v) i (v,v) + max ap(Ryv, Riv) — a(v,v)
veV, (v,v) vevi (RPv, Rj'v) — vev (R, Rv)
1+ ChA™

< AIW SN+ CREATY) + CREATT(1 4+ CR2ANT).

In the next step, it remains to show the lower bound. In contrast to the uncorrected
scheme, we do not have the trivial bound A; < Ay, The proof of the lower bound
follows basically the lines of the upper bound but requires the use of a different
[-dimensional space. Firstly we define a new space given by E; := span{w;,7 < [}
where w; € H'(Q) is defined by a(w;, 2) = (w;n, 2) for all z € H'(Q). Secondly,
we note that R}'E; = Ej and thus for h small enough we have dim £; = [. Now,

similar arguments as before yield

A < max a(v,v) _ max ap(Ry'v, By'v) + a(v,v) — an(Ry'v, Rj'v)
vek (v, vEE; (v,v)
L e Gl B) (B Bi) 0w, v) = an(B, Bi)
veb;  (RPv, Rtv) veb (v,0) veE; (v,0)

< AL+ CRA(AF)T).

Combining the upper bounds for A; and A}, yields the lower bound for A}';. O

The steps outlined in this section show the flexibility and potential of the ideas

of [53, [145] to eigenvalue problems. We conduct convergence studies for the eigen-
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Figure 9.8: L-shape, slit and domain with multiple reentrant corners.

No Correction v = 0:

1.EV 2.EV 3.EV 4.EV 5.EV
exact: 1.47562 exact: 3.53403 exact: 9.86960 exact: 9.86960 exact: 11.38948
level value rate value rate value rate value rate value rate
1 1.55008 - 3.63939 - 10.79641 - 10.90447 - 12.67323 -
2 1.50014 | 1.60 | 3.56116 | 1.96 | 10.10623 | 1.97 | 10.12814 | 2.00 | 11.71975 | 1.96
3 1.48402 | 1.55 | 3.54091 | 1.98 9.92994 1.97 9.93496 1.98 | 11.47442 | 1.96
4 1.47861 | 1.49 | 3.53576 | 1.99 9.88483 1.99 9.88604 1.99 | 11.41101 | 1.98
5 1.47672 | 1.44 | 3.53447 | 2.00 9.87342 2.00 9.87372 2.00 | 11.39489 | 1.99
Correction v* = 0.147850426060652:
1.EV 2.EV 3.EV 4.EV 5.EV
exact: 1.47562 exact: 3.53403 exact: 9.86960 exact: 9.86960 exact: 11.38948
level value rate value rate value rate value rate value rate
1 1.51075 - 3.62603 - 10.78432 - 10.89390 - 12.64990 -
2 1.48457 | 1.97 | 3.55913 | 1.87 | 10.10560 | 1.95 | 10.12758 | 1.99 | 11.71674 | 1.95
3 1.47785 | 2.00 | 3.54060 | 1.93 9.92990 1.97 9.93493 1.98 | 11.47396 | 1.95
4 1.47617 | 2.03 | 3.53571 | 1.96 9.88482 1.99 9.88604 1.99 | 11.41094 | 1.98
5 1.47575 | 2.06 | 3.53446 | 1.98 9.87342 2.00 9.87372 2.00 | 11.39488 | 1.99

Table 9.11: Convergence rates for eigenvalues in the L-shaped domain with and
without energy correction.

value problem defined on the geometries depicted in Figure 0.8 First the numerical
results obtained without correction are compared to those obtained with a suitable
modification parameter. In this we make use of the Neumann fit tabulated in [145],
Table 5.3], which provides a simple heuristic approach to determine modification
parameters in case of meshes consisting of isosceles triangles around the singula-
rity. The purely geometric assumption is satisfied for our meshes by construction,
see Figure [0.8f  The correction parameter * for the L-shape and the multiple
reentrant corners domain is given by v* ~ 0.1478. We note that in each case four
isosceles triangles are attached to the singularity, and thus the correction parame-
ter is the same for all reentrant corners. For the slit domain we count six adjacent
elements at the singular vertex, and hence we determine our correction parame-
ter to be v* ~ 0.2716. In Tables [9.11] [9.12] and [9.13| we list the results for our

convergence study for the L-shape, the slit domain and the domain with multiple

reentrant corners, respectively. Without correction, we observe suboptimal rates
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No Correction v = 0:

1.EV 2.EV 5.EV 7.EV 8.EV
exact: 1.03407 exact: 2.46740 exact: 9.86960 exact: 12.26490 exact: 12.33701
level value rate value rate value rate value rate value rate
1 1.14032 - 2.52918 - 10.78301 - 13.97705 - 14.17015 -
2 1.07951 1.23 2.48307 1.98 10.10730 1.94 12.75729 1.80 12.81216 1.95
3 1.05478 | 1.13 | 2.47135 | 1.99 9.93045 1.97 | 12.43849 | 1.50 | 12.44434 | 2.15
4 1.04392 1.07 2.46839 2.00 9.88497 1.99 12.32633 1.50 12.36411 1.99
5 1.03887 | 1.04 | 2.46765 | 2.00 9.87346 1.99 | 12.28924 | 1.34 | 12.34381 | 1.99
Correction v = 0.271607294328175:
1.EV 2.EV 5.EV 7.EV 8.EV
exact: 1.03407 exact: 2.46740 exact: 9.86960 exact: 12.26490 exact: 12.33701
level value rate value rate value rate value rate value rate
1 1.06167 - 2.49235 - 10.76626 - 13.85168 - 13.88581 -
2 1.04116 1.96 2.47377 1.97 10.10651 1.92 12.66340 1.99 12.73749 1.95
3 1.03583 | 2.01 | 2.46902 | 1.97 9.93041 1.96 | 12.36581 | 1.98 | 12.43961 | 1.96
4 1.03449 2.06 2.46781 1.99 9.88497 1.98 12.29021 1.99 12.36294 1.98
5 1.03417 | 2.14 | 2.46750 | 1.99 9.87346 1.99 | 12.27120 | 2.01 | 12.34352 | 1.99

Table 9.12: Convergence rates for eigenvalues in the slit domain with and without
energy correction.

No Correction v = 0:

1.EV 2.EV 3.EV 4.EV 5EV
exact: 0.11422 exact: 0.11422 exact: 0.23460 exact: 0.31626 exact: 0.31626
level value rate value rate value rate value rate value rate
1 0.11609 - 0.11609 - 0.23841 - 0.32303 - 0.32323 -
2 0.11489 | 1.48 | 0.11489 | 1.48 | 0.23595 | 1.51 | 0.31861 | 1.53 | 0.31867 | 1.53
3 0.11446 | 1.46 | 0.11446 | 1.46 | 0.23509 | 1.47 | 0.31709 | 1.49 | 0.31711 | 1.50
4 0.11431 | 1.42 | 0.11431 | 1.42 | 0.23478 | 1.44 | 0.31656 | 1.45 | 0.31657 | 1.45
5 0.11425 | 1.39 | 0.11425 | 1.39 | 0.23467 | 1.40 | 0.31637 | 1.41 | 0.31637 | 1.42
Correction v = 0.147850426060652:
1.EV 2.EV 3.EV 4.EV 5.EV
exact: 0.11422 exact: 0.11422 exact: 0.23460 exact: 0.31626 exact: 0.31626
level value rate value rate value rate value rate value rate
1 0.11472 - 0.11473 - 0.23574 - 0.31869 - 0.31887 -
2 0.11435 | 1.85 | 0.11436 | 1.85 | 0.23492 | 1.85 | 0.31690 | 1.92 | 0.31695 | 1.92
3 0.11425 | 1.97 | 0.11425 | 1.96 | 0.23469 | 1.96 | 0.31642 | 1.99 | 0.31643 | 1.99
4 0.11422 | 2.04 | 0.11422 | 2.03 | 0.23462 | 2.02 | 0.31630 | 2.04 | 0.31630 | 2.03
5 0.11422 | 2.11 | 0.11422 | 2.10 | 0.23461 | 2.09 | 0.31627 | 2.09 | 0.31627 | 2.08

Table 9.13: Convergence rates for eigenvalues in the domain with multiple reen-
trant corners with and without correction.

for some eigenvalues in each of the three cases. However, using the modified met-
hod, the asymptotically optimal convergence of O(h?) for all given eigenvalues is
obtained in the three cases. Note that we excluded the results for some eigenvalues
for the slit domain in Table This is because the corresponding eigenfunctions
do not include singular components strong enough to affect the optimal rate for
linear elements. Hence, for these eigenvalues, a convergence rate of O(h?) can be

reached already by using the non-corrected method.
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10. Duality techniques for smooth solutions in

non-smooth domains

In this section we present some results which were already published in the paper
"On optimal L?- and surface flux convergence in FEM." by the author together
with M. Melenk and B. Wohlmuth in Computing and Visualization in Science, Vo-
lume 16, 2015, [77].

In the last sections we have considered modification techniques to obtain optimal
convergence rates in the presence of reentrant corners. In the following we show
theoretically that under additional regularity of the solution, optimal convergence
rates in L? are obtained, even if the dual problem lacks full regularity. Numerical

examples in a variety of settings confirm the results.

10.1. Finite element method L?*-error analysis

Of importance will be the distance function dr and the regularized distance function
Sp with T = 99 given by

op(z) :=dist(z,T),  op(z) == h+ dist(z,T).

Later on, the parameter h > 0 will be the mesh size of the quasi-uniform trian-
gulation. Also of importance will be neighborhoods Sp of the boundary 9€) given
by

Sp :={z € Q|dr(z) < D},

with particular emphasis on the case D = O(h).

For this section our model problem is as stated in Section Equation with

the weak form given by
a(u,v) == / AVu - Vv = (f,v), v € Hy(Q). (44)
Q

We denote by T : (Hg(Q2))" — H}(Q) the solution operator. We emphasize that
the choice of homogeneous Dirichlet boundary conditions is not essential for our

purposes. Essential, however, is the following assumption:

Assumption 6. There exists s € (1/2,1] such that the solution operator f — T f
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for satisfies
1T fll 0 @) < CUF g0 (yy < CllFlle2@-

Here and in the following 0 < ¢, C' < co denote generic constants that do not de-
pend on the mesh-size but possibly depend on sy. Since our problem is symmetric,
certain dual problems that will be needed below coincide with the primal problem,
thus simplifying the presentation. Inspection of the procedure below shows that
we need Assumption [0] for the dual problem and the bidual problem with weighted
right-hand side. Let now 7 be an affine simplicial quasi-uniform triangulation of
Q) with mesh size h and V} := V¥(Q) C H}() the continuous space of piecewise

polynomials of degree k.

We restrict ourselves to simplicial triangulations since then the space V;* has the
approximation properties, the inverse estimates, and moreover it has the “superap-
proximation property” that underlies the local error analysis as presented in [172),
Sec. 5.4]. This restriction is however not essential. In the space V¥ the Scott-
Zhang operator IF : H*(Q) — V}¥(Q) of [150] constitutes a quasi-local and stable

approximation operator, such that
IV Iull 2y S IVl 22,

where wy is the patch of elements sharing a node with K. Furthermore if u € H}(Q)

then IFu € V¥ and I satisfies the approximation properties
IV (uw = TEu) |2y S RV | p2r), 4 € 0,1}, 0<1<k.

With an interpolation argument using the K-method, it follows from above that
for every v € Bg/fo(Q) N H () it holds that

inf [|[v — 2| gy < h1/?

b Iolls2 0

Furthermore for integer 0 < 7 < m < k the space th satisfies the standard

elementwise inverse estimates
|U|Hm(K) < Ch_(m_j)|U|Hj(K), (RS th.

The Galerkin method for (44)) is then:

141



Find u;, € V¥ such that
a(uhav) = <f7 U>7 CIS th'

The following embedding theorem is a key mechanism in our arguments that will

allow us to exploit additional regularity of a function.

Lemma 10.1. The following estimates hold, if @ C R? is a bounded Lipschitz

domain and z sufficiently reqular.

1602y < 105 2llia@) < Cellzllmesy, € € (0,1/2],  (45)
10 2llz@) < ClAM |zl s (46)
106" 2l < Cehllzllpaag, >0, (47)
Il < CRPlzll gy, >0, (48)
lzllzwy < Cllelpyzg (49)

Proof. The estimate involving dr in can be found, e.g., in [67, Thm. 1.4.4.3]
and is shown in 100, Lemma 2.1]. The estimates (6], (47), follow
from one-dimensional Sobolev embedding theorems for L> and locally flattening
the boundary I' in the same way as it is done in the proof of [I00, Lemma 2.1].
For example, for (49) we note that a local flattening of the boundary I' and the
1D embedding [[v)17u o1y S vllz2 00l Imply (21720 S 2lzz@ 2] @)

This implies the estimate ||z|| 2 S ||z 12 ) by [159, Lemma 25.3|. O

I 52
One of several applications of Lemma[10.1]is that it allows us to transform negative

norms into weighted L2-estimates as shown in the following lemma.

Lemma 10.2. For e € (0,1/2] and sufficiently reqular z there holds

1622] pre-eqyy < CellOf™ 2|2y, —1+2e < B <0, (50)

105 2l gy < ClIA3: 2|2y, (51)

Proof. We show the first inequality using in the first step a standard duality
argument and in the last step of Lemma to obtain

<(5ﬁz, v)
H(SIQZH(HU?*E(Q))’ = sup = ———
UEH1/2*5(Q) HU“H1/275(Q)
<5€+1/2_6275r_1/2+€”> ) B+1/2—e
- Su < C 5 ~ .
”EHI/ZI_)E(Q) HU||H1/2—E(Q) < Cellor “L2(Q)
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Secondly, follows by the same type of arguments, where the application of
is replaced with that of ([46]).

~ <(§1:1Z7 v) (5;1+1/2Z’ 5~1:1/2U>
ngl ZH(B%/IQ(Q))’ - Sup —_— Sup
’ veBY2(9) H“”B&{f(ﬂ) veBY2(9) ””HB;,/fm)
- 167 0]| 2 0

S ||5F 1/22||L2(Q) sup F—()
veBY/2(Q) ||U||B;{12(Q)

12 0\1nh|1/2|!vHB;glz(Q)

< o "2llze)  sup
veBy/2(Q) ”“”B;,/f(m

= Ol h|"2|16:2| 20y

]

The following lemma is a variant of interior regularity of elliptic problems and will

be required for the proof of Theorem [9]

Lemma 10.3. Let Q be a bounded Lipschitz domain and z € HP(Q), B € (0,1],
solve
-V - (AVz)=f inQ.

Then, for a constant C > 0 depending only on ||Allcoig, o, B, and Q

1655922y < C (1627 Flliagey + elaencey)

Proof. The upper bound follows from local interior regularity for elliptic pro-
blems (see [115, Lemma 5.7.2] or [64, Thm. 8.8]) and a Besicovitch covering ar-
gument, see, e.g., |55, Section 1.5.2] and [I10, Chapter 5|. We refer also to [94]
Lemma A.3], where a closely related result is worked out in detail. We use the Be-
sicovitch covering theorem to construct a covering of {2 by the countable collection
B = {B;|i € N} of closed balls B; where B; = B,,(x;) with the following properties:

1. We have r; = ¢dist(z;, 092) for a fixed ¢ € (0,1).
2. There is an N € N such that for all z € Q [{i € N|z € B;}| < N.
3. There exists a ¢ € (0, 1) such that Q C U;enBer, ().

We set
2 2
2 = 1113,
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and use the Besicovitch covering and [94, Lemma A.3] with p = 0 to obtain

- 2(1-8
e DL el v Ty
[94,Lemma A.3] 1
-B
< C E H(Sé )fH%Q(B(Sg(x)) + HZ|’§’II(B(5£($))

HV2lhs(5, @)

C (187 ey + N2 lneniey)

IN

with a suitable constant C. O]

It is worth pointing out that neither the structure of the boundary I' nor the
kind of boundary conditions play a role in Lemma One possible interpreta-
tion of Lemma is that z could lose the H2-regularity anywhere near I. For
certain boundary conditions such as homogeneous Dirichlet conditions and piece-
wise smooth geometries I' the solution fails to be in H? only near the points of
non-smoothness of the geometry. With methods similar to those of Lemma [10.3
one can show the following, stronger result:

For the proof of Lemma [10.3| we had to employ a standard Besicovitch covering
argument. For the stronger result, which will be stated in Lemma [10.8, we have to
employ the following coverings, introduced by Theorems [7] and [§ In order to be
able to prove these theorems, we introduce several concepts in the following. Note
that for the distance dist(x, M) to some set, M, we set dist(x, ) = 1 to include the
degenerate case M = (). We quote from [113, Lemma A.1|:

Lemma 10.4. Let Q C R? be bounded open and M = M be a closed set. Fix
c€(0,1) and € € (0,1) such that

l—c(l+e)=:co>0.

For each x € (), let B, = Ecdist(LM)(x) be the closed ball of radius cdist(x, M)
centered at x, and let Em = §(1+e)cdist(z,M) (x) denote the stretched (closed) ball of
radius (1 + e)cdist(z, M) also centered at x.

Then there exists a countable set x; € 0, i € N, and a constant N € N depending

solely on the spatial dimension d with the following properties:
1. (covering property) UienBy, D €;
2. (finite overlap on Q) for each x € Q, there holds card{i |z € Eml} <N.

Proof. See [T1]. O
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Before we proceed with variants of the covering result of Lemma we can now

state the notation of sectorial neighborhoods relative to a singular set M:

Definition 10.5 (Sectorial neighborhood). Let e, M C R? and ¢ > 0. Then

Se,M,E = UIEeBEdist(z,M) (LE)

15 a sectorial neighborhood of the set e relative to the singular set M.

We are interested in coverings of lower dimensional manifolds by balls whose centers

are located on these manifolds:

Lemma 10.6. Letd e N and 1 < d < d. Let w C RY and let Q C R? be the
canonical embedding of w into R?, ie., Q :=w x {0} x --- x {0} C R%. Assume
the hypotheses and notation of Lemma[10.4 Then there are ¢ >0, N > 0, and a
collection of balls By,, i € N, as described in Lemma[10.4) such that

(i) (covering property for Q) U;enB., D €.
(it) (covering property for a sectorial neighborhood of Q) UjenBy, D Sa.nz.

(iii) (finite overlap property on R?) for each x € R?, there holds

card{i|z € B,,} < N.

Proof. We employ the result of Lemma for the lower-dimensional manifold w
noting that B, Nw is a ball in R¥. In order to be able to ensure the covering
condition for the sectorial neighborhood of © stated in ({ii)), we introduce the auxi-
liary balls B, := Ec/QdiSt(m’ wm)(x) of half the radius. Applying Lemma with
these balls B! and the stretched balls B, therefore produces a collection of centers
x; € Q, 1 € N, such that

1. B, NQ covers €2

2. for the stretched balls Ex,., we have a finite overlap property on €:

x € Q: Card{i|x€§xi}§N. (52)

~

We next see that the balls B,, even have the following, stronger finite overlap

property:
zeR?: card{i|z € B, } <N.
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To see this, define the infinite cylinders @C ={x|7a(x) € EI N Q}, where 7y is
the canonical projection onto the hyperplane {z = (z1,...,24) E R |2y =+ =
zg = 0}. Clearly, B\m C ar These infinite cylinders have a finite overlap property
by as can be seen by writing any z € R? in the form z = (7g(z), 2') for some
2’ € R4 and then noting that = € C,, implies 74 (z) € By, N Q.

It remains to see that the balls B, cover a sectorial neighborhood of €2. To that
end, we note that the balls B cover (2. Furthermore, for each x € €2, we pick z;
such that » € B, C B,,. Since the radius of B,, is twice that of B, , we even have

B2 dist(wi,m)(2) C Bg,. Furthermore, by ¢ € (0, 1), we have
0 < (1—e¢/2)dist(z;, M) < dist(z, M) < (1 + ¢/2) dist(x;, M).
Therefore, there is ¢ > 0 such that Bzqist(z,) (x) C By, and thus
UreqBzdist(z,m)(T) C Ui By,

]

We next show covering theorems for polygons and polyhedra. In the interest of
clarity of presentation, we formulate two separate results. Before doing so, we
point out that the intersection of balls with center located on the boundary of
the polygon/polyhedron 2 with the domain Q will be of interest. We therefore

introduce the following notions:

Definition 10.7 (Solid angles and dihedral angles). 1. Let Q C R? be a Lip-
schitz polygon. Let A be a vertexr where the edges e, es meet. We say that
the set B.(A) N Q is a solid angle, if O(B:(A) N Q) N 0N is contained in
{A} Ue; Ues.

2. Let Q C R? be a Lipschitz polyhedron. Let A be a vertex of Q. We say that
the set B.(A) N is a solid angle, if O(B-(A) N Q) N O is contained in the
union of {A} and the edges and faces meeting at A.

3. Let Q C R? be a Lipschitz polyhedron. Let e be an edge of 2, which is shared
by the faces fi, fo. Let x € e. We say that the set B.(x) N is a dihedral
angle, if 0(B:(z) N Q) NON is contained in e U f1 U fo.

We are now ready to introduce a two-dimensional covering theorem for polygons.

Theorem 7. Let Q C R? be a bounded Lipschitz polygon with vertices A;,
jg=1,...,J, and edges E. Let M C {Ay,..., A;}. Set A\ = {A;,..., A;}\ M
and fiz e € (0,1).
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(1) There is a sectorial neighborhood Sa arz of the vertices A and a constant
c € (0,1) such that Sy z is covered by balls B; = Ecdist(%M)(xi) with
centers x; € A'. Furthermore, the stretched balls EZ = E(Ha)cdist(%M)(xi)

are solid angles and satisfy a finite overlap property on R2.

(it) Fiz a sectorial neighborhood U := Sy are of the vertices A'. For each edge
e € &, there is a sectorial neighborhood S, prz and a constant ¢ € (0,1) such
that Sez \ U is covered by balls B; = Ecdist(%M) (x;) whose centers x; are
located on e. Furthermore, the stretched balls El = E(He)cdist(%M) (x;) satisfy

a finite overlap property on R? and are such that each éz N Q is a half-disk.

(iit) Fiz a sectorial neighbood U = Se¢ pre of the edges €. There is ¢ € (0,1) such
that Q\U is covered by balls B; = Ecdist(%M) (x;) such that the stretched balls
Ei = §(1+a)cdist(wi7M) (x;) are completely contained in Q and satisfy a finite

overlap property on R2.

Proof. The assertion (i) is almost trivial and only included to emphasize the struc-
ture of the arguments. Assertions (i), follow from suitable applications of
Lemmas and [10.41 O

The three-dimensional version of Theorem [1 is formulated in Theorem Bl We
emphasize that the “singular” set M does not need to be the union of all edges
and vertices but can be just a subset. We also emphasize that it is not necessarily
related to the notion of “singular set” in Definition [10.9] although it is used in this
way. The key property of the covering balls is again such that the centers are either
a) in © (in which case the stretched ball is contained in Q); or b) on a face (in
which case the stretched ball B; is such that B;NQ is a half-ball); or ¢) on an edge
in which case B; N is a dihedral angle (see Definition ; or d) in a vertex in
which case B; N is a solid angle (see Definition .

Theorem 8. Let QO C R3 be a Lipschitz polyhedron with faces F, edges £, and
vertices A. Let My C A and Mg C E. Let M = M = M4 U Mg and fiz e € (0,1).
Let A/ :={A e A|A¢& M} be the vertices not in M and &' :={e € E|enM = (}
be the edges not abutting M. Then:

(i) (non-singular vertices) There is a sectorial neighborhood Sz of the ver-
tices in A" and a constant ¢ € (0,1) such that Sa gz is covered by balls
B, := Beaist(e:.0) (i) with centers x; € A’. Furthermore, the stretched balls

B; = §(1+s)cdist(xi,M)(xi) are solid angles and satisfy a finite overlap property

on R3.
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(ii) (non-singular edges) Fiz a sectorial neighborhood U := Sy of A'. For each
edge e € E', there is a sectorial neighborhood Se yrz and a constant ¢ € (0,1)
such that Sepz \ U is covered by balls B; = Ecdist(%M) (x;) whose centers x;
are located on e. Furthermore, the stretched balls El = F(Hs)cdist(xi,M)(xi)

satisfy a finite overlap property on R3 and EZ N Q is a dihedral angle.

(iii) (faces) Fiz a sectorial neighbood U := Sg pre of E. There is a sectorial neig-
hborhood Sz arz and a constant ¢ € (0,1) such that Sy \ U is covered
by balls B; = Ecdist(%M)(a:i) with centers x; € 0N). Furthermore, the stret-
ched balls R = E(Hg)cdist(xi’M)(:vi) satisfy a finite overlap property on R3 and
B; N is a half-ball.

() (interior) Fiz a sectorial neighbood U = Sr e of F, where F is the set
of faces. Then there is ¢ € (0,1) such that Q \ U is covered by balls B; =
chist(xi,M)(:ci) with centers x; € ). Furthermore, the stretched balls B\z =

F(Hs)cdist(xi’M) (x;) satisfy a finite overlap property on R® and EZ c Q.
Proof. Follows from Lemmas and [10.4] m

Now finally we have the adequate tools to state and to prove the stronger result of

Lemma [10.3

Lemma 10.8. Let 2 be a (curvilinear) polygon in 2D or a (curvilinear) polyhedron
i 3D. Denote by E the set of all vertices of 2 in 2D and the set of all edges of )
in 8D. Let 0¢ be the distance from E. Let = € H*P(Q), B € (0,1], solve . Then,

for a constant C depending on «y, HAHCo,l@), B, and €,

1057922l aty < Cs (182 lleaeey + 2l )

Proof. Follows from local considerations as in Lemma The novel aspect is the
behavior near the boundary away from the vertices (in two dimensions) and the
edges (in three dimensions). This is achieved with an adapted covering theorem
of the type described in Theorems [7] [§] The key feature of these coverings is that
they allow us to reduce the considerations to balls B = B,(z) and stretched balls
B= B ey (x) (with fixed € > 0) with r ~ dist(z, £) and the following properties:
either x € ) with Er(x) C Qorz el and BNQis a half-ball. Local elliptic

regularity assertions can then be employed for each ball B. O

Lemma assumes that a loss of H2-regularity occurs at any point of non-
smoothness of I'. However, the set of “singular” vertices or edges can be further
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reduced. For example, in two dimensions for A = Id, it is well-known that only the
vertices of Q with interior angle greater than 7 lead to a loss of full H?-regularity.
It will therefore be useful to introduce the closed set M, of boundary points asso-
ciated with a loss of H2-regularity. Before introducing this set, we point out that

this set is a subset of the vertices and edges:

Definition 10.9 (H?2-regular part and singular part of the boundary). Let Q be a
polygon (in 2D) or a polyhedron (in 3D) with vertices A and edges E.

1. A verter A € A of Q is said to be H?-reqular, if there is a ball B.(A) of radius
e > 0 such that the solution u of satisfies ulp. (4o € H*(Y) whenever
f € L*(Q) together with the a priori estimate ||u| g2, (a)n0) < C|lf]l120)-

2. In three dimensions, an edge e € € of Q) with endpoints Ay, Ay is said to be
H?-regular if the following condition is satisfied: There is ¢ > 0 such that
for the neighborhood S = UgzeeBedist(z,{A1,40})(T) of the edge e we have the
reqularity assertion u|snq € H? for the solution u of (1)) whenever f € L*()
together with the a priori estimate ||ul| g2(sna) < C||fl220)-

Denote by A, C A the set of H*-reqular vertices and by &, C & the set of H?-
reqular edges. Correspondingly, let Ay := A\ A, and & = €\ &, be the set of
vertices and edges, respectively, associated with a loss of H?-reqularity. Define the

singular set My as

M, = ASU& crT.

With the notion of the singular set in hand, we can formulate the following regu-

larity result:

Lemma 10.10. Let Q2 be a polygon or a polyhedron. Let M, be the singular set as
defined in Definition . Then the following is true for any solution z € H}(Q)
of (1): If = € H'™*A(Q) for some B € (0,1], then with 6y, = dist(-, M), there holds
for some C' > 0 depending only on «q, \|AHCO,1@), B, and €,

1— —
1037V 22l2 < Cs (103 Fllzacey + 2 llmvvscey) -

Proof. The proof is based on local considerations as in Lemma [10.8] We recall
that not all vertices and edges (in 3D) are included in the singular set M. This is
accounted for by a further refinement of the covering employed. We restrict our-
selves to the 3D situation. Using finite coverings provided by Theorem |8 one may
restrict the attention to balls B, = B,(z) and stretched balls B = B 1oy (x) (with
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fixed e > 0) with r ~ dist(z,E) where one of the following additional properties
is satisfied: a) z € Q with B.(z) C Q; b) z € A, and BN Q is a solid angle; )
z € UE, and BNQ is a dihedral angle; d) x lies in the interior of a face and BNQis
a half-ball. We emphasize that we do not need to consider balls B,(x) with = € Aj
or z € & since the covering provided by Theorem |8 is such that for every such x
there is a neighborhood U, of = that is covered by (countably many) balls whose
radii tend to 0 as their centers approach x.

O

We have the following continuity results for the solution operator 7" for our model
problem with locally supported right-hand sides:

Lemma 10.11. Let Assumption [ be valid. Then T : (HJ(2)) — H3(S2) satisfies

HTfHBg/fo(Q) < CHfH(B%/f(Q))/? (53)
N T fll gsrorey < Cll8* % Fllr2(es 0<e<so—1/2 (54)

In particular, if f € L*(Q)) with supp f C Sy, then

1Tl g2z ) < Ch'2|| f|l r2@), (55)
1T f|| gsreee () < CohY2 72| fll L2 () 0<e<sy—1/2 (56)

Proof. We follow the arguments of [I113] Lemma 5.2]. The starting point for the
proof of is that interpolation and Assumption [f] yield with 6 € (0, 1)

T2 ((Hy (), (HE()) )00 — (HF*(Q), HY(Q))g00 = Byt 7 (4).
Next, we recognize as in [I13] Lemma 5.2] (cf. [I63, Thm. 1.11.2] or [I59, Lemma 41.3])

((HE* (), (HE(Q)) Yoo = (HL™*(2), HE ()1
S ((H'™(Q), H(Q))pa) = (By; ().

Setting & = 1 — 1/(2s50) € (0,1/2], we get (B, ?(Q)) = (By(Q)) and
B1+SO(1_0)(Q) _ B3/2 (Q)

2,00 2,00

The assertion follows from the Assumption [6] and with 8 = 0.

||Tf||H1+(1/2+5)(Q) C”fH(Hé*(l/?JfE)(Q))/

[eY
=)

<
_
< C0P s
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For the bound (55), we argue as in the proof of Lemma and use (48], see also
[113, Lemma 5.2].

ITHllgs2 @) = Cllfllrzay
(f,2)r2(s)

= (C sup
2eBy2(Q) ”Z“B%ff(m
EV2ES
< Olfllie sup ook
=€By/(Q) ”Z”B%,/f(m

< CVh|fllw

Finally, the proof of follows from and the assumed support properties of
f as

IT fll 52420y < C=1087 Fllzzay < ChY* 78| fll 20y

]

We will also require mapping properties of the solution operator 7' in weighted

spaces:

Lemma 10.12. Let Assumption [ be valid. Then for v € L*(2)

[Vat) < Clh|"2)|5: 0] 2, (57)

372 ()
T Or ) |gsoeeiy < Coh™e)100 0lli2), €€ (0,50 —1/2],  (58)

TR % 0) | gararey < Cellor > vllia), € € (0,50 — 1/2]. (59)

Proof. The results follow by combining Lemmas [10.2] and [10.11} To prove the first
inequality, we employ the Equations and to obtain

_ -
||T((5F11))HB§7/020(Q) < C‘|5F1U||(B%{12(Q))/
(51) ~
< Clnh2)0r vl
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Then with Equation (54 we can state that

E9) s
< Cl6r om0l 2o

< G|y 00 ol 2o

< Ch o7 ol 20

1T (05 0) || gras2+=

For the last inequality we can show using that
—142¢ E4 1/2—e g—142¢
[T 0) [ garere@) < Cell07%00 0| r2(q)
= C€||5_1/2+EUHL2(Q).

[]

The standard workhorse for L?-error analysis of the FEM approximation wu; with

the error e = u — uy, is the Galerkin orthogonality given by
a(e,v) = a(u — up,v) =0, v e VE

We start with a weighted L?-error:

Lemma 10.13. Let Assumption [6] be valid. Assume that a function z € HZ(S)
satisfies the Galerkin orthogonality

a(z,v) =0, v e ViE
Then
16022 2y < ChV**e |2 ey, g€ (0,50 —1/2], (60)
100 22l 2y < CRM2| I h| 2| 2] g1 y- (61)

Proof. The proof follows standard lines. Define ¢ = T'(67'7%2), which solves
(v,0p1%%2) = a(v, ),  ve Hy().
Then we have by Galerkin orthogonality for arbitrary I € V¥

16522200y = alz,9) = alz, ¢ — I¥) < Cllzllm@ v — Tl m -

From in Lemma [10.12) we have |[¢)|| ga/z+2 () < Cg||6;l/2+52||L2(Q) so that with
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the approximation properties of V;¥ we get

inf v — I ) < C€h1/2+€|15;1/2+€z||LQ(Q).
IpevF

This shows (60). For (61)), we proceed similarly using the regularity assertion (57)
and the approximation property of V;*. Define ¢ = T(gf '2) as the solution of

(v,6712) = a(v, ), v e Hi(Q).
Then using the Galerkin orthogonality for arbitrary v € V¥ it follows that

100 22| 2y = a(0p /22,60 2) = a(2, 05 2) = a(2,4) = a(z,4 — IY)
< Clzllav @Y — 1Y) (@)

Using in Lemma [10.12] we obtain
T-1/2
190 53200y < Cel Al 2165 2] 120,
and thus it follows with the approximation properties of V}* that
: 1/2 1/2 1/2)5-1/2
nf 1= Il < W s g < O 2152,

O

Corollary 10.14. Let Assumption[| be valid and the solution u be in H*(2), s > 1.
Then the FEM error e = u — uy, satisfies for e € (0,89 — 1/2]

Hd;l/HEeHLz(Q) < CP V24 | gy, (= min{s, k + 1}.

If we can ensure that the solution has some additional regularity, L?-convergence
of the FEM can also be achieved on non-convex geometries, as will be seen in the

following Theorem [9] which shows the optimal rate.

Theorem 9. Let Assumption [ be valid. Let the exact solution u satisfy the extra
reqularity u € H*2750(Q). Then the FEM error u — uy, satisfies

lu = unllza@) < B Hlullrsaso o). (62)
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More generally, if u € H*(2), s € [1,k + 2 — s¢], then

e = unllzzey S B0 ull ey, 1< s <42 s, (63)

Proof. of (@) We proceed along a standard duality argument. To begin with, we
note that the case sy = 1 is classical so that we may assume sy < 1 for the remainder
of the proof. Set € := s9 — 1/2 € (0,1/2) by our assumption 1/2 < sy < 1. Let
w = Te and let wy;, € V¥ be its Galerkin approximation. Quasi-optimality and the

use of give us the following energy error estimate:

~J

lw —whllmr@) < iﬂvfk lw = vll @) S B2 w]l gaseee )
h

S el @y S B el - (64)

The Galerkin orthogonalities satisfied by e and w — w;, and a weighted Cauchy-
Schwarz inequality yield for the Scott-Zhang interpolant Ifu

||e||2L2(Q) = ale,w) = ale,w —wy) = a(u — IFu,w — wy) (65)

< ClorHHEV (u — Tu) || 2oy 107>V (w — w) || 2@y, (66)

We get by a covering argument and of Lemma
A (R A P e U [ A 210N

<
< BV ] (67)

It should also be noted at this point that in , the weight gF_l/Z+8 can be consi-
dered as constant in each element K. For the contribution ]\g%/Q_EV(w —wp) || L2
in , we have to analyze the (Galerkin error w — wy, in more detail, which will
be done with the techniques from the local error analysis of the FEM. We split (2
into Sep, U (2\ Ser) where ¢ > 0 will be selected sufficiently large below. For fixed
¢ > 0, the L?-norm on S,;, can easily be bounded with by

~1 2—8 —€
167V (w — wi)||r2(s.) S BYPEIV (w — wh) | r2ge) S hllellr2)- (68)

The term Hgllﬂ/27€V(w—wh>HL2(Q\SC}L) requires more care. Obviously, 61/°° < 6/

on 2\ S¢,. We have to employ the tools from the local error analysis in FEM. The
Galerkin orthogonality satisfied by w —wy, allows us to use techniques as described
in [I72, Sec. 5.3|, which yields the following estimate for arbitrary balls B, C B,
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with the same center (implicitly, 7/ > r + O(h) is assumed in (69))

IV(w = wi)llz2s,) S IV (w = Liw)llras,) + lw = whlle2es,).  (69)

r—r

By a covering argument (which requires ' — r ~ ¢dp(z), where z is the center of
the ball B,, and c is sufficiently small) these local estimates can be combined into a
global estimate of the following form, where for sufficiently small ¢; > 0 (¢; depends

only on  and the shape regularity of the triangulation but is independent of h):

1/2—e
165275V (w — wi) || 2@\ S (70)

1/2— —1/2—
165275V (w — TFw)l| 2@\ s, + 107727 (w — wh) | r2@\50e,)-

This estimate implicitly assumed cich > 2h, i.e., at least two layers of elements
separate I' from Q \ S.cn. We now fix ¢ > 2/¢;. The first term in (70) can
easily be bounded by standard approximation properties of IF, Lemma and
Assumption [6}

167V (w = L) s S RIS V7wl 20

1/2—
<h [||5r/ “ell2) + Wl gaee | S hllell 2

In the last step, we have to deal with the term ||5F_1/2_€(w —wn) || z2(@\S,e ) OF 1)

Lemma [10.13| and imply

h—26||51:1/2+5(w o wh) ||L2(Q)

h=2Ep/2HE || — wy || me) S hllellrz@)- (71)

_1 2_
16517275 (w — wn) | 2@y S
<

Here we have used the quasi-optimality of the Galerkin approximation with respect

to the H'-norm.

Proof of (@) The above arguments show that the regularity of u enters in the
bound . For u € H'(Q), the stability properties of the Scott-Zhang operator
It show

1071275V (w = IRl 2y S B2 ullm o- (72)

Hence, a standard interpolation argument that combines and yields
|\gr_1/2+€V(u — IFu) |2 S VPR u| ey for s € [1,k 4+ 2 — so). Combi-
ning this estimate with the above control of Hg%/%EV(w — wy)|| 22 yields the
desired bound in the range s € [1,k 4+ 2 — s¢]. O
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The convergence analysis of Theorem [0] did not make ezplicit use of the fact that a
piecewise smooth geometry is considered; the essential ingredient was Assumption [0]
(which, of course, is related to the geometry of the problem). This is reflected in our
use of gp, which measures the distance from the boundary I". One interpretation of
this procedure is that one assumes of the dual solution w (and, in fact, also of the
solution of the “bidual” problem employed to estimate ||25v;1/2+5(w — wy) |2 in
Theorem @ that it may lose H2-regularity anywhere near I'. However, for piecewise
smooth geometries in conjunction with certain homogeneous boundary conditions
(here: homogeneous Dirichlet conditions), this loss of H?-regularity is restricted
to a much smaller set, namely, a subset of vertices in 2D and a subset of the
skeleton (i.e., the union of vertices and edges) in 3D. This set is given by M in

Definition [10.9] For this set My, we introduce the distance function
51\/15 = diSt(',Ms), gMS I:h—i—é]y[s.

Theorem 10. Let Q2 be a polygon (in 2D) or a polyhedron (in 3D). Let M; be
the set of vertices (in 2D) or edges and vertices (in 3D) associated with a loss of
H?-regularity for as given in Definition . Let Assumption E] be valid. Let
Tu € Vi¥ be arbitrary. Then we have

[ — un 20y < ROV (u — Tu)|| 12()-

Proof. We may assume sy < 1 since the case sg = 1 corresponds to the standard
duality argument with full elliptic regularity and set ¢ := so — 1/2 € (0,1/2). The
key observation is that, starting from the duality argument , one can replace

the weight function gr_ V2re iy with any positive weight function. Taking as
1/2+€

E]

the weight function gfv , we get
T—1/24¢ $1/2—¢
lel 220y < 16272V (u = Tu) || 2@ lI8y," "V (w — wp)|| 20 (73)

The estimate of w — wy, in the weighted norm is done similarly as in the proof of
Theorem [9, taking into account the improved knowledge of the regularity of w.
With Sy, cn = {z € Q| 0, (x) < ch} we have the trivial bound

183>V (w — wp) || r2 () (74)

<T1/2— ~1/2—
SN0V (w — wi) || 12(50r, o) + [0V (w — Wy )| L2(\Ss, on)s

where the parameter ¢ will be selected sufficiently large below. The first term in
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(74)) is estimated in exactly the same way as in and produces

103"V (w — wi) || r2(spr. ) S B2V (w0 — wi) || 220y
= RV (w0 — wp) | e
5 h1/2_5h1/2+€”€||L2(Q)
< Ch||e||L2(Q).

The second term in (73] again requires the techniques from the local error analysis
of the finite elements, this time with the appropriate modifications to account for
the boundary conditions. Inspection of the arguments in [I72] Sec. 5.3| shows that

the key estimate extends up to the boundary in the following sense:

IV (w — wi)ll2(8,00) S IV (w — TEw)|r2(5,,00) + |w — w28, n0)-

r—r

Besides the implicit assumption 7’ > r + O(h), the balls B, and B,, are assumed

to have the same center x and satisfy one of the following conditions:
1. B = B.(z) C
2. z € 0Q and B,(z) N is a half-disk;
3. x is a vertex of €);

4. (only for d = 3) z lies on an edge e and B, (z) N is a dihedral angle (i.e.,
the intersection of (B, (z) N ) with 00 is contained in the two faces that
share the edge e.

The reason for the restriction of the location of the centers of the balls is that the
procedure presented in [I72] Sec. 5.3| relies on Poincaré inequalities so that the
number of possible shapes for the intersections B,» N2 should be finite. A covering
argument (see Theorem [7] for the 2D case and Theorem [§]for the 3D situation) then
leads to the following bound with an appropriate ¢; > 0 (here, ¢ > 0 is implicitly

assumed sufficiently large):

<1/2—
16327V (w = wa)l| 2o Sar, ) S (75)
<1/2— “—1/2—
”51\4S Ev(w - If]fw>HL2(Q\SAIs,cclh) + H Ms/ E<w - wh)||L2(Q\SMS,cc1h)'

The first term in can be estimated with the improved regularity assertion of
Lemma [10.10| to produce (with appropriate co > 0 and the implicit assumption on
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¢ that ccieq > 2)

<1/2— <1/2—
163>V (w — IYw) || L2 @\Sarycern) S h|037 V20| L2 (@\Saty ey egn)

~Y

1/2—
Sh 1837 elliaiey + el srovmieiey| S Plellzzcoy
For the second term in 1) we note that —1/2 — e < 0 so that 517413/2—5 < gF—1/2—s.
This leads to

~1/2— ~1/2—
10325 (w = wn) | z2(@\ S ) S N0 2 (w0 = wi) | 220

SI0r 2 (w — wi) |2 @) S hE 00 P (w0 — wa)| 22

the term h=2¢||o; /" (w — wy)|| 12 has already been estimated in 1} in the

desired form. 0

The regularity requirements on the solution u can still be slightly weakened. As
written, the exponent sy — 1 is related to the global regularity of the dual solution
w. However, the developments above show that a local lack of full regularity of
the dual solution w (and the bidual solution) needs to be offset by additional local
regularity of the solution. To be more specific, we restrict our attention now to
the 2D Laplacian, i.e., A = Id. In this case, the situation can be expressed as
follows with the aid of the singular exponents «; := 7/w;, where w; € (m,27) is

the interior angle at the reentrant vertices A;, 7 =1,...,J.

Corollary 10.15. Let Q C R? be a polygon and let A = 1d. Let ¢; := dist(-, A;),
g =1,...,J, for the J reentrant corners. Set gj = h+9,. Let w; be the interior
angle at A; and a; = 7w/w;. Fiz B; > 1 — «; arbitrary. Then for any Tu € V¥

J
.
| — upll L2y S hz 10,7V (u — Tu)|[2()-

J=1

Proof. The proof follows by an inspection of how the regularity of the solution
w = Te of the dual problem enters the proof of Theorem [10] By, e.g., [67] the

solution w = Te is in a weighted H?*-space with
J
ﬁ,
IT] 67 Viwlrae < llellcz@). (76)
j=1

and Assumption @ holds with any sy < min; ;. The regularity assertion (76])

suggests to choose H{Zl gf" as the weight in the proof of Theorem @ Inspection of
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the procedure in the proof of Theorem [10| then leads to the result. O

We extract from this result another corollary that we will prove useful in the
numerical results. We formulate it in terms of (standard, unweighted) Sobolev
regularity in order to emphasize the difference in regularity requirements of the

solution near the reentrant corners and away from them:

Corollary 10.16. Assume the hypotheses of Corollary[10.15. Let s > 1 and s; > 1,
i=1,...,J. LetU := Q\ UU;, for some neighborhoods U; of the reentrant vertices
A;. Letue H(U;), i=1,...,J anduw € H*(U). Then for arbitrary ¢ > 0

lu —unl|r2() < ChA7, 7 :=min(1 + k, s, }nllinj(—l + o+ 55 —¢€)).
j: PARAS]
Proof. The approximant [u in Corollary [10.15/may be taken as any standard nodal
interpolant or the Scott-Zhang projection. Then standard estimates and Corol-
lary [10.15] produce with the choice 8; := 1 — a; + ¢ for arbitrary small but fixed
e>0:

||u — uhHLz(Q) 5 hj_rninJ{hmin{k,s—l}7 h—ﬁj"rsj—l}

=1,..,

IS

min {hmln{k—i-l,s}’ haj—Q—Sj—l—E}'
J=1

vend

10.2. Numerical L?-error investigation

In order to numerically demonstrate the derived theoretical results, we again consi-
der the simple model equation —Au = f in Q C R?, d € {2, 3} with inhomogeneous
Dirichlet boundary conditions, first in a two-dimensional setting. These are rea-
lized numerically by nodal interpolation of the prescribed exact solution u, and
the data f is also computed from u. In the case of a non-smooth solution, we use
a suitable quadrature formula on finer meshes to guarantee that the L?-error is
accurately evaluated. We use a sequence of uniformly refined triangular meshes,
where each element is split into four triangles. We consider two typical domains
for reentrant corners and start with the L-shaped domain (—1,1)%\ [0,1] x [—1, 0]
and then consider a slit domain (—1,1)2\ ((0,1) x {0}) using lowest order discre-
tization. In both cases, the prescribed solution is given in polar coordinates by
u(r,¢) = r*sin(ap) where a, a are given parameters. For non-integer «, we have
u € By12(Q) by [10, Thm. 2.1]. Moreover, we test the influence of the position
(w0, 90) of the weak singularity at r = 0 by defining 7? := (x — x)* + (y — o). We
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(w0, 0) = (0,0) (z0,90) = (0.5,0) (z0,90) = (0,1)

a=m/2 a=m a=Tm
DoFs || |lu —upll2() | rate || [lu —unllz2() | rate || |lu —upllr2() | rate
81 6.1585e-03 - 6.8141e-03 6.2506e-03 -

289 2.6986¢-03 1.19 2.5648e-03 1.41 2.1211e-03 1.56
1.089 1.1123e-03 1.28 8.8428e-04 1.54 6.7413e-04 1.65
4.225 4.4037e-04 1.34 2.9202e-04 1.60 2.0903e-04 1.69

16.641 1.7107e-04 1.36 9.4164e-05 1.63 6.4027e-05 1.71
66.049 6.5689¢-05 1.38 2.9909e-05 1.65 1.9471e-05 1.72
263.169 2.5030e-05 1.39 9.4012e-06 1.67 5.8930e-06 1.72
1.050.625 9.4877e-06 1.40 2.9328e-06 1.68 1.7774e-06 1.73
4.198.401 3.5834e-06 1.40 9.0968e-07 1.69 5.3475e-07 1.73

Table 10.1: L-domain, k£ = 1: Influence of the position of singularity for o = 0.75.

y | a=10/9 1 a=4/3 1 a=3/2 \
DoFs || |lu —upll2() | rate || [lu —unllz2@) | rate || |lu —upllL2) | rate

81 6.5660e-03 - 8.6776e-03 - 8.9932e-03 -

289 2.3309e-03 1.49 2.8523e-03 1.61 2.8151e-03 1.68

1.089 7.3413e-04 1.67 8.2870e-04 1.78 7.8034e-04 1.85
4.225 2.2257e-04 1.72 2.3073e-04 1.84 2.0751e-04 1.91
16.641 6.5650e-05 1.76 6.2539¢-05 1.88 5.3910e-05 1.94
66.049 1.9056e-05 1.78 1.6688e-05 1.91 1.3835e-05 1.96
263.169 5.4810e-06 1.80 4.4099e-06 1.92 3.5256e-06 1.97
1.050.625 1.5690e-06 1.80 1.1580e-06 1.93 8.9467e-07 1.98
4.198.401 4.4822e-07 1.81 3.0279e-07 1.94 2.2641e-07 1.98

Table 10.2: L-domain, k£ = 1: Influence of exponent « for a = 2/37 and (zo,y0) =
(0,0).

note that irrespective of the location (z,yo) of the singularity on the boundary T',
we have u € By (Q) € H'™5(Q) for any € > 0.

For the L-shaped domain, the shift parameter sy can be taken to be any sy < 2/3.
From the theoretical results in this section, we therefore expect the error decay to
have a rate of at least min(2,1 + o — 1/3) uniformly in the position (xg, o) of the
singularity. Table shows the numerical results for « = 0.75 and a = /2, for
which min(2, 1+a—1/3) = 1.417. As it can be seen for (xg, y9) = (0,0), we observe
a good agreement with Theorem[9] However for the locations (z,yo) = (0.5, 0) and
(0,%0) = (0,1), the rates are substantially better. This can be explained by the
more refined analysis of Corollary [10.16, where we expect an improved convergence
rate of 1.75 for these cases. Table shows the results for (zg,y0) = (0,0) and
a € {10/9,4/3,3/2}. From Theorem [9 we expect convergence rates of 1.78, 2, and

2, respectively. The observed numerical rates of 1.81, 1.94, and 1.98 are quite close.
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(%0, 90) = (0,0) (0, 90) = (0.5,0) (z0,90) = (0,1)
a=m/2 a=m a=m
DoFs || |lu —upll2() | rate || [lu —unllz2() | rate || |lu —upllr2() | rate
81 4.6216e-03 - 1.8387e-04 - 1.6841e-04 -
289 1.6860e-03 1.45 6.0370e-05 1.61 5.0364e-05 1.74
1.089 5.4867e-04 1.62 1.8034e-05 1.74 1.3883e-05 1.86
4.225 1.7284e-04 1.67 5.1378e-06 1.81 3.6942e-06 1.91
16.641 5.2963e-05 1.71 1.4253e-06 1.85 9.6399e-07 1.94
66.049 1.5970e-05 1.73 3.8870e-07 1.87 2.4842e-07 1.96
263.169 4.7758e-06 1.74 1.0474e-07 1.89 6.3437e-08 1.97
1.050.625 1.4238e-06 1.75 2.7971e-08 1.90 1.6086e-08 1.98
4.198.401 4.2471e-07 1.75 7.4181e-09 1.91 4.0561e-09 1.99

Table 10.3: L-domain, k£ = 1: Influence of the position of singularity for o = 1.01.

(0, 90) = (0,0) (w0, 90) = (0.5,0) (w0, 90) = (0,1)
a=m/2 a=m a=m
DoFs || |lu —upll2() | rate || [[u —unllz2() | rate || |lu —upllL2() | rate
81 8.6776e-03 - 3.8962e-03 - 3.6446e-03 -
289 2.8523e-03 1.61 1.1374e-03 1.78 1.0008e-03 1.86
1.089 8.2870e-04 1.78 3.0272e-04 1.91 2.5331e-04 1.98
4.225 2.3073e-04 1.84 7.7239e-05 1.97 6.2153e-05 2.03
16.641 6.2539e-05 1.88 1.9331e-05 2.00 1.5073e-05 2.04
66.049 1.6688e-05 1.91 4.7956e-06 2.01 3.6440e-06 2.05
263.169 4.4099e-06 1.92 1.1852¢-06 2.02 8.8167e-07 2.05
1.050.625 1.1580e-06 1.93 2.9260e-07 2.02 2.1389e-07 2.04
4.198.401 3.0279e-07 1.94 7.2263e-08 2.02 5.2069e-08 2.04

Table 10.4: L-domain, k£ = 1: Influence of the position of singularity for a = 4/3.

The situation for the next simulation is structurally similar to the one before. From
Corollary [10.16, we expect the following convergence rates:

z9g=(0,0) = 7=min{2,14+a,-1+2/3+ (1+a)} =min{2,2/3 + a},
zg #(0,0) = 7=min{2,1+«a,—1+2/3+ 00} =min{2,1+ a}.

Also in this case the numerical rates depicted in Tables [10.3H10.4] where we show
the results for o € {2/3,1.01,4/3}, are very close to the rates expected by our the-
ory. The situation is similar for the slit domain, where the regularity of the dual
problem is even further reduced. It corresponds to a limiting case of our theory,
which, strictly speaking, we did not cover, since the parameter sy of Assumption [6]
may be taken to be any sy < 1/2. Nevertheless, one expects from Theorem |§] a
convergence rate close to min{2,1 + a — 1/2}. For a = 0.75 this is 1.25, which is
visible in Table for the case (z9,v0) = (0,0). Again, the better convergence
behavior for (x,y0) = (0.5,0) and (xg,yo) = (0,1) can be explained by the theory
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(w0, 0) = (0,0) (z0,90) = (0.5,0) (z0,90) = (0,1)

a=m/2 a=m a=Tm
DoFs || |lu —upll2() | rate || [lu —unllz2() | rate || |lu —upllr2() | rate
97 6.1391e-03 - 1.1088e-02 1.0692¢-02

348 2.8187e-03 1.12 4.1329e-03 1.42 3.8553e-03 1.47

1.315 1.2351e-03 1.19 1.4164e-03 1.54 1.3388e-03 1.53
5.109 5.3338e-04 1.21 4.7830e-04 1.57 4.4562e-04 1.59
20.137 2.2846e-04 1.22 1.4725e-04 1.70 1.4420e-04 1.63
79.953 9.7267e-05 1.23 4.6683e-05 1.66 4.5843e-05 1.65
318.625 4.1233e-05 1.24 1.4761e-05 1.66 1.4401e-05 1.67
1.272.129 1.7428e-05 1.24 4.3773e-06 1.75 4.4861e-06 1.68
5.083.777 7.3524e-06 1.25 1.3285e-06 1.72 1.3889e-06 1.69

Table 10.5: Slit domain, &k = 1: Influence of the position of singularity for a = 0.75.

y | a=10/9 1 a=4/3 1 a=3/2 \
DoFs || |lu —upll2() | rate || [lu —unllz2@) | rate || |lu —upllL2) | rate

97 5.7534e-03 - 7.3549e-03 - 7.5901e-03 -

348 1.9412e-03 1.57 2.2414e-03 1.71 2.1664e-03 1.81

1.315 6.2583e-04 1.63 6.4849e-04 1.79 5.8638e-04 1.89
5.109 1.9689e-04 1.67 1.8251e-04 1.83 1.5450e-04 1.92
20.137 6.1446e-05 1.68 5.0718e-05 1.85 4.0197e-05 1.94
79.953 1.9191e-05 1.68 1.4021e-05 1.85 1.0396e-05 1.95
318.625 6.0229e-06 1.67 3.8699e-06 1.86 2.6803e-06 1.96
1.272.129 1.9023e-06 1.66 1.0682¢-06 1.86 6.8978e-07 1.96
5.083.777 6.0474e-07 1.65 2.9514e-07 1.86 1.7730e-07 1.96

Table 10.6: Slit domain, k = 1: Influence of exponent « for a = 1/27 and
(w0, 0) = (0,0).

of Corollary [10.16] which predicts 1 + o = 1.75. Table [10.6] shows the results for
(20, y0) = (0,0) and o € {10/9,4/3,3/2}. From Theorem [9] we expect convergence
rates of 1.61, 1.83 and 2, respectively. The observed numerical rates of 1.65, 1.86,

and 1.96 are reasonably close to these predictions.

Furthermore for the following results we expect the convergence behavior detailed
in Corollary to be a good description of the actual convergence behavior.
We assume that the global regularity of the solution u is described by s = 1 + «
(actually, it is 1 + « — ¢ for all € > 0). Corollary then lets us expect for the

two cases zp = (0,0) and zy # (0, 0) the following convergence rates:

z9g=(0,0) = 7=min{2,14+a,-1+1/24+ (1 +a)} =min{2,1/2 + a},
zg #(0,0) = 7=min{2,1+a,—1+1/2+ 00} =min{2,1+ a}.

In the following Tables [10.7] we vary the parameter a. In each table separa-
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(z0,%0) = (0,0) (0,90) = (0.5,0) (z0,50) = (0,1)
a=m/2 a=m a=m
DoFs || |lu —upll2() | rate || [lu —unllz2() | rate || |lu —upllr2() | rate
97 2.9124e-02 - 3.8405e-02 - 3.0468e-02 -
348 1.5745e-02 0.89 1.0451e-02 1.88 1.2883e-02 1.24
1.315 8.1422e-03 0.95 4.8926e-03 1.10 5.2831e-03 1.29
5.109 4.1322e-03 0.98 2.1508e-03 1.19 2.0814e-03 1.34
20.137 2.0799e-03 0.99 8.1046e-04 1.41 7.9896e-04 1.38
79.953 1.0430e-03 1.00 3.0969e-04 1.39 3.0187e-04 1.40
318.625 5.2221e-04 1.00 1.1780e-04 1.39 1.1288e-04 1.42
1.272.129 2.6125e-04 1.00 4.1750e-05 1.50 4.1903e-05 1.43
5.083.777 1.3066e-04 1.00 1.4985e-05 1.48 1.5472e-05 1.44

Table 10.7: Slit domain, k£ = 1: Influence of the position of singularity for o = 0.5.

(0, 90) = (0,0) (w0, 90) = (0.5,0) (w0, 90) = (0,1)
a=m/2 a=m a=m
DoFs || |lu —upll2() | rate || [[u —unllz2() | rate || |lu —upllL2() | rate
97 4.1949e-03 - 3.0111e-04 - 2.9784e-04 -
348 1.4605e-03 1.52 9.9257e-05 1.60 9.3618e-05 1.67
1.315 4.8756e-04 1.58 2.9679e-05 1.74 2.8033e-05 1.74
5.109 1.5909e-04 1.62 8.6201e-06 1.78 8.0205e-06 1.81
20.137 5.1667e-05 1.62 2.2994e-06 1.91 2.2266e-06 1.85
79.953 1.6874e-05 1.61 6.2533e-07 1.88 6.0606e-07 1.88
318.625 5.5687e-06 1.60 1.6832e-07 1.89 1.6270e-07 1.90
1.272.129 1.8596e-06 1.58 4.3035e-08 1.97 4.3240e-08 1.91
5.083.777 6.2798e-07 1.57 1.1235e-08 1.94 1.1403e-08 1.92

Table 10.8: Slit domain, k£ = 1: Influence of the position of singularity for o = 1.01.

tely we vary the location. The locations under investigation are (xg,v0) = (0,0),
(%0, %0) = (0.5,0) and (xo, yo) = (0,1). We observe that the theoretical convergence

rates are mostly achieved in our numerical simulations.

In the following we investigate the performance of quadratic finite elements for
the L-shaped domain. We use the same type of solution as before and vary the
parameter « for (xg,y0) = (0,0), i.e., the reentrant corner. Here we expect from
our theory a convergence rate of min(3,a+1—1/3). For a € {2.175,2.275,2.375},
the observed numerical rates, which are visible in Table [L10.10} are very close to the

theoretically predicted ones. Here, we expect the convergence rate
7 =min{3, -1 +2/3+ (1 +a)} =min{3,2/3 + a}.

In the three-dimensional setting, we consider a Fichera corner 2 := (—1,1)*\[0,1]?

and prescribe the smooth solution u(z,y, ) := sin((x+y)m) cos(27z). The inhomo-
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(w0, 0) = (0,0) (z0,90) = (0.5,0) (z0,90) = (0,1)

a=m/2 a=m a=m

DoFs || |lu —upll2() | rate || [lu —unllz2() | rate || |lu —upllr2() | rate

97 7.3549e-03 - 6.3401e-03 - 6.3849e-03 -

348 2.2414e-03 1.71 1.8792e-03 1.75 1.7790e-03 1.84

1.315 6.4849¢-04 1.79 5.0365e-04 1.90 4.6905e-04 1.92
5.109 1.8251e-04 1.83 1.3007e-04 1.95 1.1878e-04 1.98
20.137 5.0718e-05 1.85 3.1798e-05 2.03 2.9443e-05 2.01
79.953 1.4021e-05 1.85 7.8665e-06 2.02 7.2227e-06 2.03
318.625 3.8699¢e-06 1.86 1.9356e-06 2.02 1.7642e-06 2.03
1.272.129 1.0682¢-06 1.86 4.6924e-07 2.04 4.3055e-07 2.03
5.083.777 2.9514e-07 1.86 1.1524e-07 2.03 1.0519e-07 2.03

Table 10.9: Slit domain, k = 1: Influence of the position of singularity for o = 4/3.

\ I a=2/3 I a=3/4 I a =101 I a=10/9 \
DoFs || |lu — un|lz2@) | rate || [|[u — unll2 | rate || |lu — un|lz2@) | rate || [|u — unl|r2) | rate

289 3.1686e-03 - 1.6898e-03 - 4.8115e-04 - 5.9011e-04 -
1.089 1.2099e-03 | 1.39 6.0844e-04 | 1.47 1.4003e-04 | 1.78 1.5596e-04 | 1.92
4.225 4.6505e-04 1.38 2.1881e-04 1.48 3.7277e-05 1.91 3.8312e-05 2.03
16.641 1.8057e-04 | 1.36 8.0073e-05 | 1.45 9.9546e-06 | 1.90 9.3965e-06 | 2.03
66.049 7.0635¢-05 | 1.35 2.9545e-05 | 1.44 2.6951e-06 | 1.89 2.3314e-06 | 2.01
263.169 2.7771e-05 1.35 1.0960e-05 1.43 7.4481e-07 1.86 5.8950e-07 1.98
1.050.625 1.0955e-05 | 1.34 4.0799e-06 | 1.43 2.1075e-07 | 1.82 1.5257e-07 | 1.95

| a=4/3 I a=3/2 | a = 2175 | o =2.275
DoFs || |Ju — upll12() | rate || |lu — unl|r2) | rate || [Ju — up|l 2@ | rate || Ju — upll2) | rate

289 6.1433e-04 - 5.5363e-04 - 2.7565e-04 - 2.4570e-04 -
1.089 1.5136e-04 | 2.02 1.3540e-04 2.03 5.1121e-05 2.43 4.1696e-05 2.56
4.225 3.3604e-05 | 2.17 2.8521e-05 | 2.25 7.5320e-06 | 2.76 5.7319e-06 | 2.86
16.641 7.7002e-06 2.13 6.2123e-06 2.20 1.1051e-06 2.77 7.8407e-07 | 2.87
66.049 1.8014e-06 | 2.10 1.3642e-06 | 2.19 1.5938e-07 | 2.79 1.0553e-07 | 2.89
263.169 4.2916e-07 | 2.07 3.0106e-07 | 2.18 2.2723e-08 | 2.81 1.4044e-08 | 2.91
1.050.625 1.0374e-07 | 2.05 6.6649e-08 2.18 3.2138e-09 2.82 1.8538e-09 2.92

I a = 2.375 \

DoFs || |lu — upl|lr2(q) | rate

289 2.2177e-04 -

1.089 3.3912e-05 2.7
4.225 4.3221e-06 2.97
16.641 5.4888e-07 2.98
66.049 6.8762e-08 3.00
263.169 8.5292e-09 3.01
1.050.625 1.0497e-09 3.02

Table 10.10: L-shaped domain, k£ = 2: Influence of « for a = 2/37 and (xo,yo) =
(0,0).

geneous Dirichlet conditions are realized by nodal interpolation. The discretization

is based on trilinear finite elements on hexahedra and uniform refinements. Alt-
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DoFs || |lu —up|2(q) | rate

316 0.0754 -
3.032 0.0172 1.96
26.416 0.0039 2.04
220.256 0.0009 2.02
1.798.336 0.0002 2.01
14.532.992 5.7491e-05 2.00

Table 10.11: Fichera corner, k = 1: L?-error for a smooth solution.

[ 20=(-1,-1,-1), a =055 | @ = (0,0.5,0), a = 0.55 | zo = (0,0.5,0), « = 2/3 |

DoFs || [lu — un|lr2(0) rate lu — unllz2c0) rate lu — unllL2 (o) rate

316 0.0007 — 0.0007 0.0007 —

3.032 0.0002 2.00 0.0002 1.43 0.0002 1.55
26.416 3.9176e-05 1.98 6.8242e-05 1.72 6.2591e-05 1.80
22.0256 9.6835e-06 1.98 1.9077e-05 1.80 1.6589e-05 1.88
1.798.336 2.4305e-06 1.97 5.2412e-06 1.85 4.3418e-06 1.92
14.532.992 6.1407e-07 1.98 1.4423e-06 1.87 1.1264e-06 1.94

Table 10.12: Fichera corner: L?-error.

hough the dual problem lacks full regularity, Theorem [9] asserts that this can be
compensated by extra so-regularity of the primal solution to maintain full second

order convergence in L?.

Table [10.11] shows that we observe numerically already for coarse discretizations
the predicted convergence order two, and the theoretical results are confirmed. For

the last calculations of this section, the exact solution is given by

where r = dist(x, ) measures the distance from the point xg, which is varied as
depicted in Table [10.12l The L2-error is computed with a tensor product Gauss

rule (five points in each coordinate direction).

Remark 10.17. Note that in the paper [T7] we also consider the L*-convergence of
the normal derivative on the boundary. We show that the optimal rate O(h*) (up to
a logarithmic factor in the lowest order case) can be achieved, if the solution is suffi-
ciently smooth. The proof is based on a local error analysis of the FEM as discussed,
e.g., in [I71,[172]. In the paper we extract error bounds for the flux on the boundary
from an optimal FEM estimate on a strip of width O(h) near the boundary. Alt-
hough we present the convergence of the flux for an H'-conforming discretization,
the techniques are applicable to mized methods [112], FEM-BEM coupling [111)],
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and mortar and DG methods [113, [173]. In fact, the results presented in [T1] lead
to a sharpening of [I13], where convexity of the domain was assumed to avoid the

analysis of a suitable additional dual problem.
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Conclusion

In this thesis we have considered and developed complexity reduction techniques
for finite element methods, which we have applied to eigenvalue problems for the
vibro-acoustic analysis in the context of distinct problem settings as large as an

eight story building and as small as a violin bridge.

We have started by demonstrating the benefits of the mortar method, which allows
to mesh the single structures such as walls, floors and ceilings of a large building
structure separately. This method is thus especially useful for our purpose of vibro-
acoustic simulation of timber buildings using modular conception. Furthermore we
have introduced a novel model reduction technique for elastomer modeling, which
allows to replace the explicitely discretized elastomer by a coupling condition that
fits into the implementational framework of mortar methods. We have demonstra-
ted that it reduces the amount of degrees of freedom and the complexity of the

mesh generation significantly while having a very good accuracy.

Then, in order to handle the extent of the numerical calculations performed when
dealing with parameter-dependent calculations as they occur in our vibro-acoustic
analysis, we have introduced an eigenvalue reduced basis method. We have pre-
sented a new error estimator and several greedy algorithms in order to construct
a reduced basis space, which allows us to simultaneously approximate several ei-
genvalues of interest. Furthermore this error estimator is able to take into account
multiple eigenvalues. These methods and the corresponding error estimators have
first been considered in the context of conforming problems and then further ex-
tended to isogeometric mortar saddle point problems, where we have considered
simulations on the curved domain of a violin bridge. Furthermore we have been
able to eliminate the Lagrange multipliers from our detailed mortar solution in the
reduced basis context and therefore to obtain a symmetric positive definite matrix.
As an additional complexity reduction method we have considered the component
mode synthesis in order to couple it with our reduced basis eigenvalue problem
method. This has enabled us to approximate large complex geometries, such as an
eight story building, adequately using modular conception in a fast and efficient

way.

Due to the geometries under investigation, we have attended to elliptic problems

in domains with reentrant corners. There we have presented several modification
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techniques to overcome the resulting corner singularities and to obtain optimal
L?- convergence rates. First we have recalled the energy correction method, which
constitutes a numerical tool to overcome the pollution effect with a trivial change
in the stiffness matrix. For the first time we have extended and applied this met-
hod to higher order ansatz functions as well as to eigenvalue problems. Finally,
we have shown by duality considerations that, under some additional regularity
assumptions on the exact solution, it is possible to recover optimal L?-convergence

of the numerical approximation for right-hand side problems.
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