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“Essentially, all models are wrong, but some are useful.”
George E. P. Box
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Abstract

In the last decade, the interest in novel electronic materials has dramatically in-
creased, opening new possibilities and offering new scenarios that few years ago
were considered only research curiosities. Terminologies such as flexible elec-
tronic and organic electronic are day by day acquiring more appeal and driving
not only the research in academia but also a conspicuous amount of resources in
global leading companies. Among the many emerging technologies, carbon nan-
otubes (CNTs) thin-films represent certainly one of the most interesting from
an application-oriented point of view. Such interest increases the demand for
a clear understanding of the physical phenomena that dominate the transport
through these devices. For this reason, theoretical studies based on numerical
approaches are fundamental for the design and development of high-performance
devices.

In this regard, this work is focused on the development of a multi-scale sim-
ulation software that has the ultimate goal of helping in the design of CNT
film devices for various applications. The model is based on a stochastic al-
gorithm that can generate non-rigid solid objects in a three-dimensional space,
emulating with high accuracy the typical fabrication processes involved. The
transport mechanisms are modeled according to the theory of one-dimensional
ballistic channels based on the Non-Equilibrium Green’s Function (NEGF) ap-
proach. The behavior of the entire network is then simulated by coupling a
SPICE program with an iterative algorithm that calculates self-consistently the
electrostatic potential and the current flow in each node of the network. The
validation of the model has been performed by comparing the simulations with
measurements of different kind of devices, such as simple resistive films, sensors
and finally with more complicate thin-film transistors structures.
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Kurzfassung

In den letzten zehn Jahren hat das Interesse an neuartigen elektronischen Mate-
rialien stark zugenommen. Dabei werden ungeahnte Möglichkeiten eröffnet und
spannende Perspektiven geboten, die so bisher nur als reine wissenschaftliche
Neugierde abgetan wurden. Terminologien wie etwa „Flexible Elektronik“ und
„Organische Elektronik“ bekommen von Tag zu Tag mehr Anziehungskraft und
treiben nicht nur die Grundlagenforschung, sondern vielmehr auch umfangreiche
Ressourcen in weltweit führenden Unternehmen an. Unter den zahlreichen auf-
strebenden Technologien können dünne Schichten aus Kohlenstoffnanoröhrchen
(Carbon Nanotubes, CNTs) aus anwendungsorientierter Sicht bestimmt zu den
Interessantesten gezählt werden. Dieses Interesse erhöht die Nachfrage nach
einem vertieften Verständnis der zugrundeliegenden physikalischen Phänomene,
welche den Ladungstransport durch diese Bauelemente dominieren. Aus diesem
Grund tragen theoretische Arbeiten basierend auf numerischen Lösungswegen
wesentlich zum Design und der Entwicklung dieser Hochleistungsbauelemente
bei.

In diesem Zusammenhang konzentriert sich die vorliegende Arbeit auf die En-
twicklung einer Software für die Multiskalensimulation mit dem Ziel das Design
von CNT-Dünnschichtbauelementen für verschiedenste Anwendungen zu erle-
ichtern. Das Model basiert auf einem stochastischen Algorithmus der es erlaubt
nicht-starre Festkörper im dreidimensionalen Raum zu generieren und dabei die
typischen beteiligten Herstellungsprozesse mit einer hohen Genauigkeit nach-
bildet. Die Transportmechanismen werden unter Berücksichtigung der Theorie
eines ballistischen Transports in eindimensionalen Kanälen basierend auf einem
NEGF-Formalismus modelliert. Das Verhalten des gesamten Netzwerkes wird
durch Kopplung mit einem SPICE-Programmmit Hilfe eines iterativen Algorith-
mus, der selbstkonsistent das elektrostatische Potential und den Stromfluss in
jedem Knoten des Netzwerks berechnet, simuliert. Das zugrundeliegende Model
wurde durch Vergleich der erlangten Simulationsergebnisse mit Messergebnissen
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verschiedener Bauelemente, wie etwa einfachen resistiven Filmen, Sensoren und
abschließend auch mit komplexen Dünnschichttransistorstrukturen, validiert.
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Chapter 1

Introduction

“It is a staggeringly small world that is below. In the year 2000,
when they look back at this age, they will wonder why it was not
until the year 1960 that anybody began seriously to move in this
direction.”

It was back in the 1959 when Richard Feynman gave his lecture “There’s Plenty
of Room at the Bottom” at the American Physical Society meeting at Cal-
tech [1]. In this groundbreaking speech, Feynman considered the possibility of
direct manipulation of the matter on an atomic scale. Although the term “nan-
otechnology” would have been coined many years later, Feynman’s talk inspired
the conceptual foundations of this field.

The emergence of nanotechnologies was promoted in the early 1980s after the
invention of the scanning tunneling microscope (STM), which allows the imag-
ing and manipulation of individual atoms within materials. The experimental
advances of the last three decades and some revolutionary discoveries such as
the one of fullerenes, boosted the interest in the field of nanomaterials and nano-
electronics. Because of the variety of potential applications, governments have
invested billions of dollars in nanotechnology research. According to estimates,
governments around the world have invested over USD 67 billion in nanotech-
nology research since 2000 [2]. The research interest in the field of nanoscience
and nanotechnology has been confirmed also in the last decade. To cite an
example, the European Commission (EC) has explicitly included nanotechnol-
ogy as a fundamental theme in its research funding programmes; through the
Seventh Framework Programme (FP7) the EC has supported institutions and
researchers with a funding initiative of EUR 2.5 billion [3].
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CHAPTER 1. INTRODUCTION

By convention, nanotechnology is taken as the scale range which goes approxi-
mately from 1 to 100 nm, as stated by the National Nanotechnology Initiative
(NNI) [4]. While the lower limit is set by the size of atoms, the upper limit is
more or less arbitrary but is around the size that phenomena not observed in
larger structures start to become influential. Any material which satisfies such
conditions is referred to as nanomaterial, and it has often unique optical, elec-
tronic and mechanical properties. Historically the first observed nanomaterial
was the fullerene, a class of allotropes of carbon which is conceptually graphene
sheets rolled into tubes or spheres. The first fullerene molecule to be discov-
ered, the buckminsterfullerene (C60), was prepared in 1985 by Richard Smalley,
Robert Curl, James Heath, Sean O’Brien, and Harold Kroto at Rice University.
The importance of this discovery was acknowledged 11 years after, when Kroto,
Curl and Smalley were awarded the 1996 Nobel Prize in Chemistry for their role
in this discovery [5].

From the family of fullerenes, a particular type of cylindrical nanostructure
known as carbon nanotube (CNT), has attracted a lot of attention in the sci-
entific community. Due to their unusual properties, CNTs have been object of
extensive research studies in the field of nanoelectronics, in the attempt of real-
izing electronic devices that could one they substitute the current silicon-based
technologies. However, while some applications are still far away to become a
reality, in other cases the extraordinary properties of the nanotubes have been
exploited in a different way. In this regard, one could distinguish the so-called
nanodevices from devices based on nanomaterials. In the former case, the nano-
material constitutes basically the whole device; an example is a Field-Effect
Transistor (FET) based on a single nanotube. In the latter case, the nano-
material is included in a much bigger domain, often as an additive to various
material; this is the case for example of carbon fibers.

In this regard, according to this distinction, the work here presented can be
considered in the field of devices based on nanomaterials. Carbon nanotube
networks are indeed composed by a mixture of nanotubes interconnected be-
tween each other, forming macro and micro-devices based on nanomaterials.
While the entire devices have dimensions in which phenomena relevant to the
nanoelectronics are not evident, the fact that they are composed by objects
with a diameter in the order of 1 nm, makes these effects not negligible. It is
for this reason that this project aimed to develop a multi-scale simulation tool
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capable of treating effects relevant to the nano-scale world and extend them
to dimensions several order of magnitude higher. The main motivation behind
the need of numerical simulations is that a new technology has always to face
some design problems. Simulations can in principle better elucidate some of the
most unclear aspects of a new technology and help in finding a way towards
an optimum design. Furthermore, once the technology reaches a satisfactory
level of maturity, simulations are a powerful mean to assist mass production
and application-oriented designs.

The thesis is divided into 7 chapters including this introduction and the final
conclusions. The first two chapters describe the state-of-the-art and the theo-
retical background on which this work is based.

Chapter 2 introduces the reader to the world of carbon nanotubes. Without
claiming to be exhaustive, the basics on the different carbon nanotubes tech-
nologies are given both from a theoretical and an experimental point of view.
More detailed information can be found in highly specialized books, on which
chapter 2 takes some cues from [6]. The topic is addressed starting from a sin-
gle nanotube and ending to a carbon nanotube network, aiming to explain the
motivations behind this particular technology and the possible applications. In
the conclusive part of the chapter, a brief bibliographic review on the simulation
techniques for this specif problem is presented, with a special focus on the flaws
of the state-of-the-art simulations of carbon nanotube networks.

In Chapter 3 a comprehensive description of the numerical methods used for the
modeling of carbon nanotube networks is given. The simulations are performed
with an in-house software developed during the period of this project. The code,
completely written in MATLAB language, can be conceptually divided into
three sub-programs interconnected between each other. The electrical solver
is an external freeware SPICE software, which is embedded in the developed
program. Together with the software, all the implemented theoretical models
are presented, in the hope of successfully explain the multi-scale approach here
adopted.

After these two chapters, the second part of the thesis deals with the results
obtained from the simulations. Each chapters is focused on a particular analysis
of the networks, thus is based on different models and levels of approximations.
The choice of the chapters’ sequence aims to introduce the different models
in a increasing level of complexity, starting from a purely resistive model and
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CHAPTER 1. INTRODUCTION

finishing with a more elaborate transistor model.

In particular, Chapter 4 is focused on the resistive behavior of the CNT films.
Important aspects related to the design of the device are numerical studied
in details. First of all, some considerations on the stochastic nature of the
percolative transport are reported, highlighting critical concepts such as the
border effects and the percolation threshold. Moreover, the basic resistive model
is extended to include the reactive properties of the nanotubes in the attempt
of simulating the frequency behavior of the networks.

Chapter 5, further extends the models of the single nanotubes, including the ef-
fects of temperature variations and molecules absorption on the transport prop-
erties of the networks. The two phenomena, which are intimately dependent
on each other, are the basic working principle for sensors based on CNT films.
Once again, in order to optimize the performance of the sensors, the device must
be thoroughly designed.

A whole different story is described in Chapter 6. An additional contact, acting
as a gate electrode, is added to the architecture of the device. In this configura-
tion, the film behaves as a thin-film transistor in which the gate modulates the
transport between the two contacts of source and drain. The resistive model is
therefore substituted with a more complicate one where every single nanotube
in the network is treated as a small transistor.

Finally, in Chapter 7, conclusions and outlooks are presented together with a
brief summary on the main findings.
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Chapter 2

Carbon Nanotubes Networks

A random carbon nanotube (CNT) network, is an aggregate of nanotubes with
different properties, which is randomly deposited over a certain substrate. These
networks are nowadays of great interest thanks to their versatility in a broad
range of application in science and engineering. This prefatory chapter gives an
extensive overview on their properties, practical applications and possible sim-
ulation methodologies. Prior to this, it is however necessary to introduce some
of the physical properties of carbon nanotubes, especially from the electronic
point of view. This will help in better understanding the motivations behind
the development of CNT-based thin films. Furthermore, particular emphasis is
given to the fabrication processes involved in the realization of these networks,
which represent one of the key strengths of this technology. The last part of
the chapter is dedicated to the possible simulation methodologies, with special
attention on the so-called percolation theory. By exploring the theory and its
limitations, some specific modeling challenges will emerge. The chapter is finally
concluded with the introduction of the proposed modeling approach, which aims
to overcome some of the flaws in the current state of the art.

2.1 From the Single Nanotube to the Network

Since their discovery in 1991 [7], carbon nanotubes have been extensively studied
due to their unique properties and potential applications. Field-effect transistors
based on individual semiconducting CNTs have been successfully demonstrated,
as well as interconnects made by metallic nanotubes [8]. Perhaps the most
interesting property of single-wall carbon nanotubes (SWNTs) is their incredibly
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CHAPTER 2. CARBON NANOTUBES NETWORKS

high carrier mobility, which is more than an order of magnitude larger than the
one of crystalline silicon [9, 10]. Almost after a decade, in the early 2000, new
devices based on carbon nanotubes arose, gaining more and more attention by
the research community. Among them, randomly aligned network of CNTs are
promising candidates for many emerging applications. In the last few years these
films have shown remarkable properties, a good processability and relatively low
cost [11]. However, these films are not intended to replace devices based on single
nanotubes, but rather to cover a different share of the market. Also from the
simulation point of view, new techniques must be adopted in order to proper
model these devices. The fact that the technology is promising and, at the
same time, relatively recent, encourages researcher all over the world to study
it also numerically, in the attempt of finding all its potentials, and of course, its
limitations.

2.1.1 Electronic Properties of Carbon Nanotubes

Carbon nanotubes are probably the most explored one-dimensional nanostruc-
tures. This fact is the result of two rising needs in the world of the electronic
devices. From one side, the approaching end of the silicon era, as expected
by the trend of Moore’s law, has pushed the researchers to find alternatives to
traditional semiconductors like silicon and III-V semiconductors. On the other
side, the uprising interest in nanostructures like quantum dots and nanowires,
has driven the attention to new architectures. However, to truly exploit the
potentiality of these new technologies, it is essential to understand that all the
concepts learned from bulk device physics are not applicable to carbon nan-
otubes devices.

A CNT is nothing else than a rolled-up graphene strip which forms a closed
cylinder. The graphene lattice is generated by the following basis vectors:

~a1 = a

2
(√

3, 1
)
, (2.1)

~a2 = a

2
(√

3,−1
)
, (2.2)

where a =
√

3 aC−C (aC−C = 0.142 nm is the carbon-carbon distance in graphene).
It is worth to mention that the choice of the basis and the atoms of the unit cell
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Figure 2.1: Schematic representation of a graphene layer and the classification of the
different nanotubes species according to their chiral vector.

is not unique. By cutting rectangular stripes from the graphene layer, one can
define a circumferential vector:

~C = n~a1 +m~a2, (2.3)

where n and m are the index of the so-called chiral vector. The CNT radius is
obtained with a simple geometrical calculation in the following way:

r = |
~C|

2π =
√

3
2π a
√
n2 +m2 + nm. (2.4)

According to their chiral vector, CNTs can be divided into three main categories:

• Armchair CNTs: A nanotube with the circumferential vector along the
direction exactly between the two basis vector (n = m).

• Zig-Zag CNTs: A nanotube with the circumferential vector that lies
purely along one of the two basis vector (n,0).

• Chiral CNTs: Generic nomenclature for nanotubes that are not included
in any of the two previous classes.

A schematic picture of the different types of CNTs is presented in Figure 2.1.
After this classification, one is naturally led to wonder what are the differences
between these classes. Indeed, the three classes (and more in general, every
chiral vector) present very different electrical properties, that can vary from a

7



CHAPTER 2. CARBON NANOTUBES NETWORKS

-10

-5

20 20

0

E
n
e
rg

y
 [
e
V

]

10 10

5

k
y
a k

x
a

00

10

-10-10
-20 -20

Figure 2.2: Electronic band-structure of graphene computed with a tight-binding
model.

semiconducting behavior to a metallic one. The reasons behind, are to be found
in the electronic band structure of the nanotubes, which, in a simplistic model,
can be directly derived by the one of the graphene.

In a graphene layer, each carbon atom of the lattice possesses six electrons.
According to the sp2 hybridization of the carbon, typical in graphite compounds,
the graphene will have two 1s electrons, three 2sp2 electrons and one 2p electron.
The three 2sp2 form three bonds in the plane of the graphene sheet, giving
the mechanical stability to the structure, while the 2p electron is left in an
unsaturated π orbital. This π orbital, perpendicular to the graphene layer (and
as a consequence to the surface of the nanotube), forms a delocalized π cloud,
which is responsible for the electronic properties of the structure.

The electronic structure of graphene can be reasonably well described using a
rather simple tight-binding Hamiltonian, leading to analytical solutions for their
energy dispersion and related eigenstates. Without entering into the details
of the mathematical derivation, which can found elsewhere [12, 6], the final
expression of the graphene band-structure is here reported:
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2.1. FROM THE SINGLE NANOTUBE TO THE NETWORK

E±(kx, ky) = ±γ0

√√√√1 + 4 cos
(√

3kxa
2

)
cos
(
kya

2

)
+ 4 cos2

(
kya

2

)
, (2.5)

where γ0 is the transfer integral between first-neighbors π orbitals (typical values
for γ0 are 2.9−3.1 eV. This band-structure is plotted in Figure 2.2 as a function
of kx and ky. The valence and conduction bands meet at six points, exactly at
the corner of the Brillouin zone. In a way, graphene can be thus described as a
semi-metal (or zero-gap semiconducting character), with a non-zero density of
states at the Fermi level, but with the Fermi surface consisting only of points.

To electronic structure of the CNTs is obtained starting from the one from the
graphene. The accepted idea is to quantize the wavevector in the circumferential
direction:

~k · ~C = kxCx + kyCy = 2πp, (2.6)

where p is an integer. The parametric Equation (2.6) gives a relation between
kx and ky and it defines lines in the (kx, ky) plane. Each line gives a one-
dimensional energy band by slicing the two-dimensional band-structure of the
graphene. The particular values of Cx, Cy and p determine where the lines
intersect the graphene band-structure. This is probably the most important
aspect of the CNTs, which can be either metallic or semiconducting, depending
on whether or not the lines pass through the graphene Fermi points. When the
lines do not intersect the Fermi points the CNT is semiconducting, with a band
gap determined by the two lines that come closer to the Fermi points. These
concepts are schematically illustrated in Figure 2.3. On the other hand, if the
lines intersect the Fermi points, the CNT has crossing bands and thus a metallic
character.

This can be seen also mathematically by combining Equation (2.5) and Equa-
tion (2.6), leading to the condition

|n−m| = 3 d, (2.7)

where d is an integer number. When the indexes of the chiral vector follow
the relation expressed in Equation (2.7), the nanotube is said to be metallic.
Nanotubes for which this condition does not hold are semiconducting.
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(a) (b)

Figure 2.3: (a) Brillouin zone of graphene. The parallel lines represent the allowed
states for a semiconducting nanotube. The circle at the bottom-right
corner delimits the region of the states near one of the Fermi points. (b)
Expanded illustration of the allowed states near the Fermi point kF . C
represents the roll-up vector of the nanotube. Figure redrawn from [13].

It is worth to mention that this methodology for the derivation of the band-
structure of the nanotubes, which goes under the name of zone-folding approxi-
mation, has some flaws when treating small-diameter nanotubes. The main rea-
son is related to the curvature of the nanotube, which increases with decreasing
the nanotube diameter. As a result of curvature, some of the main assumptions
of the previously mentioned tight-binding construction of the Hamiltonian is
no longer valid. First of all, the integrals describing the three bonds between
nearest neighbors are not identical anymore. Secondly, with small diameters,
a σ − π hybridization of the orbitals can appear, which is instead absent in
a simple graphene layer. This effects, have been instead included in more so-
phisticated numerical techniques, such as in the density functional theory with
the local-density approximation (DFT-LDA) method [14, 15]. Among the dif-
ferences between the two levels of approximation, it is worth to mention the
presence of a small gap (in the order of tens of meV) for nanotubes that the
zone-folding approximation had predicted as metallic. Interestingly, this does
not hold for armchair nanotubes, which show always a metallic behavior no
matter how small the diameter is. However, it has been demonstrated that fold-
ing the electronic structure of graphene to describe the band structure of CNTs
produces accurate results for tubes with diameters larger than 0.8 nm [16, 17].

10



2.1. FROM THE SINGLE NANOTUBE TO THE NETWORK

CNT Purity

Low
Temperature

Process

ThroughputLow  Cost

Output
Control

CVD

CNT Purity

Low
Temperature

Process

ThroughputLow  Cost

Output
Control

Arc Discharge

CNT Purity

Low
Temperature

Process

ThroughputLow  Cost

Output
Control

Laser Ablation

CNT Purity

Low
Temperature

Process

ThroughputLow  Cost

Output
Control

Unconventional Techniques

Figure 2.4: Radar charts showing a comparison between the common techniques for
the synthesis of CNTs. The evaluation criteria are based on the discussion
presented here in this section.

2.1.2 Synthesis of Carbon Nanotubes

CNTs can be constructed in two basic forms, the already discussed single-walled
carbon nanotubes (SWCNTs) and the multi-walled carbon nanotubes (MWC-
NTs). MWCNTs, which are composed of several concentric tubes of graphene
fitted one inside the other, are not considered in this work. There are three
principal techniques to produce high quality SWCNTs: laser ablation [18], elec-
tric arc discharge [19, 20] and Chemical Vapor Deposition (CVD) [21, 22]. In
the last few years other less conventional techniques, like the liquid pyrolysis
and the bottom-up organic approach, have been developed in the field of CNT
synthesis [23]. A summary of the currently used methods for CNTs synthesis is
presented in Figure 2.4.

The arc discharge belongs to the high-temperature techniques (above 1700 °C),
which usually causes the growth of CNTs with fewer structural defects in com-
parisons with other techniques. From the pioneering work of Iijima and Ichihashi
in 1993 [24], this method has been constantly improved over the years and can
now guarantee the synthesis of CNTs with a purity higher then 90% [25, 26].

Another technique that requires high temperatures (above 1000 °C) is the laser
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ablation. The quality of the CNTs is strongly dependent on many parameters,
such as the laser properties, the structural and chemical composition of the
target material, the chamber pressure, the gas composition, the substrate and
the distance between the target and the substrate. Laser ablation, which was
first demonstrated in 1995 [27], achieved great results in terms of quality and
purity of the synthesized nanotubes. The mechanisms are similar to the ones of
the arc discharge, with the difference that the source power is a laser (usually
Nd:YAG or CO2) hitting a graphite pellet containing the catalyst materials [28].

The last of the standard techniques is the CVD, which allows the production
of large amounts of CNTs with a reasonable level of purity, therefore becoming
the most important commercial approach for manufacturing carbon nanotubes.
The catalytic chemical deposition is often thermal or plasma enhanced, but
recently other techniques have been employed as well. The main advantage is
that it does not require the very high temperature of the previous two methods.
CVD is known as an irreversible deposition of a solid from a gas or a mixture
of gases through a heterogeneous chemical reaction. The size, the shape and
the alignment of the nanotubes can be controlled by carefully designing the
patterning of the catalysts on the surface of the substrate [22].

Regardless the preparation method, the nanotubes are always produced with a
certain amount of impurities. Most of the already mentioned techniques pro-
duce powders which contain only a small fraction of CNTs and also other car-
bonaceous particles such as nano-crystalline graphite, amorphous carbon and
different metals that were introduced as catalysts during the process. These im-
purities must be removed from the final product, hence one of the most impor-
tant challenges in CNTs synthesis is the development of an efficient purification
methods [29], which nowadays are mostly based on acid treatments [30].

2.1.3 Comparison among CNT-based technologies

As already briefly mentioned, the unique structure of CNTs gives them impres-
sive properties. Their high electron mobility makes them ideal candidates for
electronic device applications (e.g. field-effect transistors) while their surface-
to-volume ratio offers remarkable sensitivity for chemical and biological sensor
applications. Furthermore, CNTs have demonstrated outstanding mechanical
properties, with fracture strains up to 30% [31]. However, the fabrication of
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Figure 2.5: Comparison between different CNT-based technologies. Single CNT de-
vice: figure reproduced from [33]. Networks of aligned and randomly
aligned CNTs: figure reproduced from [34].

devices based on single CNTs has to face some serious challenges [32]. First
of all, the electrical heterogeneity of as-synthesized CNTs, which gives different
electrical and mechanical properties depending on the structure and diameter
of the nanotube. Second of all, the high impedence and low current outputs as-
sociated with a single nanotube device. Ultimately, the difficulty of assembling
and integrating the single nanotube device into circuits. Until these obstacles
are bypassed, single CNT devices will be purely a research subject, without
real-world applications.

One mean to solve some of the aforementioned challenges is the use of effective
thin films consisting of large numbers of CNTs. With such an approach, it
is possible to minimize the effects of the statistical heterogeneity of the single
CNTs, have large area active devices with high output currents and relax the
requirements of precise spatial positioning of the individual nanotubes in the
device.

The most attractive device in terms of performance would be a network of
aligned nanotubes between the two electrodes. In a first approximation, such
a device could be seen as the parallel of many single CNT devices; this device
would conserve the high mobility of the single CNTs, and at the same time,
increase the output current. However, an approach like this would also conserve
one of the major drawbacks of CNTs technology, namely the need of a very
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precise (and expensive) positioning and a poor statistical reproducibility.

In order to avoid the assembly problems associated with the fabrication of the
two previously mentioned technologies, one could exploit the interface proper-
ties of the CNTs to build a new class of device. It has been shown that crossed
nanotubes have a high inter-tube tunneling probability due to strong van der
Waals interactions [35]. This distinctive feature can be used to form a new
electronic material that is composed of an electrically interconnected network
of CNTs [36]. In this way, the assembly problems are bypassed as well as the
heterogeneity of the individual properties, which are averaged by the ensemble
of the many nanotubes in the network [37]. These randomly-aligned networks
have a low mobility in comparison to the other two technologies, but still higher
than many other organic-based devices, making them suitable also for thin-
film transistors applications. What makes expressly interesting these films, is
the low-cost fabrication process, a key point that is discussed in detail in Sec-
tion 2.2. Figure 2.5 summarizes the earlier mentioned technologies, comparing
their strengths and major drawbacks.

2.2 Fabrication of CNT Thin Films

A straightforward method for the synthesis and fabrication of CNT thin films is
represented by the chemical vapor deposition. During the CVD process, catalyst
nanoparticles are employed as seeds for the growth of the nanotubes. This
method has the capability of producing the films either randomly distributed
or aligned. The latter case requires a fine control over the process parameters
(e.g. directional gas flow) and some further expedients, like the use of patterned
catalysts or through high electric fields [38, 39]. Although, the CVD process
allows a better control on the positioning of the nanotubes and better inter-
tube junctions, there are some major drawbacks. The most critical is that CVD
is a high vacuum, high temperature process, thus incompatible with most of the
new emerging fields of low-cost and flexible electronics.

A significant step towards the commercialization of novel CNT electronics has
been done after the development of large-area and high-throughput processes
for the fabrication of CNT films. The so-called, solution-based techniques have
several advantages:
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• Compatible with low temperatures: Deposition over plastic, flexible
substrates, with temperatures lower than 100 °C.

• Compatible with normal atmosphere environment: No need of
high-vacuum systems, which reduces costs significantly.

• Compatible with roll-to-roll techniques: High-speed depositions.

A successful strategy usually involves the usage of a wrapping surfactant, which
enable the formation of solution with a reduced number of CNT-bundles; the
fabrication process is terminated once all these surfactants are removed by the
solution, through, for example, the evaporation of the solvents [40, 41]. Since
in this work the experimental samples used for the validation of the simulations
have been fabricated with spray-coating deposition, it is necessary to introduce
some of the key aspects of this particular technology.

2.2.1 Spray Coating Deposition

Among all the different fabrication techniques available, spray coating deposition
is considered to be one of the most competitive in terms of cost-performance
ratio. It offers the means for depositing CNT films with high uniformity and low
roughness over large areas in a high-throughput (inline) process. The successful
adoption of this technique to CNT film fabrication for various applications has
been previously reported in literature [42, 43].

The spray coating deposition is part of a broad family of techniques in which a
certain material is uniformly deposited over a target surface. Each application
area requires different spray nozzles to fulfill the specified criteria for the coating
thickness and roughness. Currently, in the field of flexible electronic, two are
the types of nozzle which guarantee highly uniform films: the air atomizing
nozzle [44, 45] and the ultrasonic spray nozzle [46].

The parameters to be adjusted for obtaining the desired spray characteristics
are the material flow rate, the atomizing gas (N2) pressure, nozzle-to-sample
distance and substrate temperature. Figure 2.6 shows a schematic drawing of
the test setup, indicating the vertical arrangement of nozzle and substrate.

In order to disperse CNTs in an aqueous solution, which can be subsequently
sprayed, a certain dispersant is needed. One of the most widely used in the lit-
erature, is the sodium carboxymethyl cellulose (CMC), a high molecular weight
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Figure 2.6: A schematic drawing of a spray-coating setup indicating the most impor-
tant spray parameters.

cellulose derivative [47]. The primary reason is to prevent the nanotubes to
aggregate in bundles. During the first step of the solution preparation, a certain
amount of CMC, typically around 0.5wt%, is added to DI water; the resulting
solution must be then stirred to uniformly dissolve the surfactanct in water. In a
second step, the CNTs are added into the solution. Typical concentrations vary
between 0.03wt% and 0.05wt% [48]. The solution with completely dispersed
CNTs is achieved after a sonication and a consecutive centrifuge (few hours at
a speed typically around 15000 rpm). The final solution that will be sprayed,
is finally obtained by decanting the top part of the supernatant, to avoid the
presence of some residuals.

Prior to the film deposition, it is necessary to apply a surface treatment to the
substrate, to increase the wettability of the surface and to obtain a uniform sur-
face coating during the spray deposition. As an example, has been reported that
a plasma treatment greatly improve the uniformity films spray coated over glass
surfaces [45]. Furthermore, a chemical post-deposition treatment is necessary
to remove the CMC-matrix embedding the nanotubes. If this step is neglected,
the film would contain a huge amount of CMC particles with a completely insu-
lating behavior. The sample are thus left overnight in diluted HNO3 (13-23%)
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and finally rinsed in DI water. It is worth to mention, that every step of the
process is done in ambient condition.

Before moving forward, it is important to clarify some aspects of the fabrication
process, and how some of the required steps affect the resulting network. In
particular, two steps have a strong impact on the outcome from the stochastic
point of view. The first one is the sonication, combined with the centrifuge.
During this procedure, the original nanotubes provided by the supplier, are
fragmented in smaller nanotubes with a length that follows a certain statistical
distribution [49]. The second one, regards the removal of the CMC particles via
HNO3 bath. Indeed, it has been demonstrated that the HNO3 alters consider-
ably the electronic properties of the nanotubes, with a sort of doping effect (p-
type) [50, 51]. Furthermore, since everything is processed under normal ambient
condition, also the oxygen content in the air (as well as minor interaction with
the substrate) has an effect on the electrical behavior of the nanotubes [52, 53].
This combination of geometrical and electrical variations in the nanotubes prop-
erties, leads to some statistical variations on the properties of the network itself,
which must be taken into account during the design of a certain device, as it
will be explained into details in Section 4.2.

2.3 Properties of Carbon Nanotube Thin Films

In the recent years, the electric arc discharge technique (EA) demonstrated to
be one of the best candidate for the large-scale production of highly-pure single
walled nanotubes [20]. However, the currently available techniques for the syn-
thesis of nanotube powders cannot guarantee a precise control over the chiralities
and, at the same time, over the diameters [54]. As a direct consequence, a nan-
otube powder for solution-based techniques contains a mixture of metallic and
semiconducting CNTs. In the so-called as-prepared solution, where there is no
sorting of the different species of nanotubes, statistically, 1/3 of the total number
of nanotubes will be metallic, while the remaining 2/3 will be semiconducting.
The reason behind can be found in the already introduced Equation (2.7), which
establishes the condition of metallicity, based on the indexes of the chiral vector

The main point here, is that the nanotubes in a CNT film have different elec-
tronic properties due to the different chiralities. The analysis of the transport
in the network, is thus not trivial; the transport along metallic and semicon-
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ducting nanotubes is dramatically different. For example, semiconducting CNTs
show a modulation of their transport upon an appropriate gate voltage, whereas
metallic CNTs are pretty insensitive to the modulation (at least for small bi-
ases). Semiconducting CNTs show also a stronger temperature dependence in
the conductivity. An even more interesting aspect is related to the inter-tube
junctions between nanotubes of different species. While, with a good approxi-
mation, nanotubes of the same species show an ohmic contacting between them,
semiconducting-metallic junctions show a Schottky behavior [55, 35, 56]. This
particular phenomenon will be discussed in more details in Section 3.6.

However, many efforts have been made in the attempt of sorting the differ-
ent species of nanotubes. A technique worthy of be mentioned is certainly the
destruction of metallic CNTs via Xenon-lamp irradiation [57]. With this ap-
proach, it has been demonstrated the possibility to increase the percentage of
semiconducting nanotubes up to the 95% of the overall amount of CNTs.

In addition to some interesting electrical properties, CNT films have shown
a superior mechanical flexibility. Their unique structure is responsible of a
peculiar insensitivity to strain and bending stresses. The strong binding energy
with the substrate allows the realization of devices over flexible substrates which
are capable to maintain their electrical properties up to large strains and small
bending radii [11].

2.4 Applications

Random carbon nanotube (CNT) networks have raised a continuously increasing
interest among a broad and multidisciplinary community of researchers through-
out the last decade. The remarkable and concurrently diverse properties of such
networks have rendered them suitable for a wide range of applications in science
and engineering. Among the most promising applications are transparent con-
ductive electrodes [58, 59], thin-film transistors and circuits [60, 61], mechanical
and chemical sensors [62, 63, 64]. The desired functionality of the CNT films
produced for different applications depends primarily on the choice of the ap-
propriate raw material. Nevertheless, it is strongly influenced by major process
specific aspects.
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Figure 2.7: Summary of the main applications in which CNT films have been inves-
tigated as active material.

2.4.1 Transparent Electrodes

Indium-Thin-Oxide (ITO) is still the prevailing Transparent Conductive Elec-
trode (TCE) material leading to an annual worldwide indium consumption of
1.5 ktons that is mostly used for flat-panel displays and has led to a huge price
increase of indium from 94 kg−1 in 2002 up to 745 kg−1 in 2015 [65]. Beside
the increased indium price and its accompanied increasing scarcity, ITO faces a
number of additional drawbacks such as:

• Requirement for expensive vacuum and sputtering technology at substrate
temperatures as high as 400 °C prohibiting the use of most polymer sub-
strates [66].

• Strong optical absorption in the near-infrared window [67].

• Low flexibility [68, 69].

These drawbacks have pushed the research on alternative materials, such as
CNTs, and silver nanowires (AgNWs) [70]. In particular, CNT thin films of-
fer remarkable electrical, mechanical and optical properties in a cost-efficient
way [71, 72].

Although the idea behind the exploitation of CNT films as conductive materials
is rather simple, the overall properties of the film depend on many parameters,
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Table 2.1: Guidelines for an optimum design of a conductive film.

Parameter Optimum Design

Tube length Long tubes, to reduce the number of inter-tube
junctions and as a consequence the resistivity of
the film.

Tube diameter Relatively large diameters, to minimize the band-
gap of the nanotubes.

Tube density Trade-off between resistivity (high-density films)
and transparency (low-density films).

Deposition method Solution-based techniques, to have large-area, low-
cost and uniform films.

Content of impurities Low content, to reduce the resistivity and increase
the transparency.

Chirality Metallic nanotubes, to increase the conductivity.
Doping level High concentration of dopants, to increase the con-

ductivity of the semiconducting nanotubes.

such as the average tube length, the tube diameter, the density of the nanotubes
per unit of area, the deposition method, the content of impurities, the ratio
between metallic and semiconducting CNTs and the level of doping induced
by the ambient conditions [73, 74]. The parameters that leads to an optimum
design of a conductive film are summarized in Table 2.1

These films have shown very promising results, almost comparable with the ITO
standards. Films made by unsorted CNTs have reached sheet resistances lower
than 100 Ω sq−1 and transmittance greater than 70% over the entire visible
range [75, 76]. Moreover, films with an higher content of m-CNTs, which have
been collected through ultra-centrifugation, have shown sheet resistance as much
as 10 times smaller than the unsorted CNT films [77].

2.4.2 Sensors

In the last few years, a tremendous interest has grown toward sensing devices
based on nanoscale materials. The major advantage in using these materials, is
their high sensitivity to environmental changes due to their huge surface area.
Another interesting aspect is the low dimensionality of the materials. For exam-
ple, a carbon nanotube has a typical diameter in the nm range, which is similar
to the DNA diameter and one order of magnitude smaller than a protein. It has
been shown that the particular dimensions of the nanotubes guarantee an high
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sensitivity toward these objects [71]. Although sensors based on single CNTs
have the potential of an extremely high sensitivity, the difficult reproducibility
and manufacturability renders the technology too far to be exploited in commer-
cial applications. On the contrary, the great advantage of CNT films is that the
network averages out the variations in the properties of the individual CNTs,
making the devices more robust respect to manufacturing process variations.

The device structure for sensing applications can be either a simple two-terminal
device or a three-terminal transistor. In the former case, the sensing is moni-
tored by checking the resistance variation (or sometimes the capacity variation)
between the two electrodes; in the latter case the sensing is often checked by
measuring the variations in the threshold voltage of the transistor. The CNT
film can be used as a bare material or it can be functionalized with some chemical
groups, a solution often adopted in biological applications [78, 79]. Applications
of CNT network-based TFTs in the detection of proteins [80] and glucose [81]
have been successfully demonstrated. Furthermore, CNT films have shown a
great sensitivity towards pH variations in solutions [82] and selective sensing
towards different ions [83, 84].

The electronic properties of the CNTs, which are basically based on the ar-
rangement of surface atoms, are very sensitive to adsorbents [85, 86]. Out of
this reason, CNT films can be used as sensing devices for various molecules of
interest, like CO, CO2, NH3, and ethanol. Furthermore, the presence of a signif-
icant amount of semiconducting nanotubes can be exploited in the realization
of temperature sensors [87, 88].

In this work, the sensing properties of the CNT films are studied through these
last two typologies of sensing devices, namely the temperature and gas sensors.
The main mechanisms behind the operating principles of such devices will be
discussed into details in Chapter 5.

2.4.3 Thin Film Transistors

CNT networks have been extensively explored as semiconducting material for
thin film field effect transistors. One of the main reason is the intrinsically
high mobility of the single nanotubes in the network that guarantees an overall
interesting mobility of the entire film, a primary requirement for high-speed elec-
tronics. While the most common organic semiconductors seem to have reached a
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technological maturity in terms of performance, field-effect transistors based on
CNT films have shown still a positive trend in the increase of performance [89].
Several groups have presented also hybrid solutions, with a mixture of organic
materials and dispersed CNTs. These FETs have shown a very high on/off ratio,
mainly due to the organic materials, and a surprisingly high mobility, reached
with the aid of the nanotubes in the film [90]. The key parameters in the de-
scription of a thin film TFT are especially the mobility, the on/off ratio, the
sub-threshold swing and the high frequency response. It is important to notice
that in the current state of the art, these FETs show a significant hysteresis in
their I-V characteristics.

This technology has inherited a lot of know-how from the organic thin film FETs,
especially regarding the architecture of the device. The choice of the most suit-
able architecture is often related to the material used for the fabrication of the
device. A standard bottom-gate architecture is used when the film is deposited
over a SiO2 layer which separates the film itself from a gate contact (i.e. either
a heavily doped silicon layer or a metal). In other applications, an electrolyte
gated transistor can be used in top-gate configuration [91, 92]. Regardless the
architecture, a fine design is needed to guarantee acceptable performance. Many
parameters have a huge effect on the transistor behavior, like the oxide mate-
rial, the oxide thickness and the materials used for the contacts. Concerning
the active part of the device, one must be particularly careful to the density of
the nanotubes and the type of solution. Has it has been already mentioned, the
CNT solution contains a certain amount of metallic nanotubes, which are pretty
insensitive to the gate voltage. When the content of these metallic nanotubes is
higher than a certain threshold, the current in the off-state is not negligible any-
more. In the literature a huge span of on/off ratios has been reported, ranging
from 1 to 105.

More details, together with a comparative theoretical-experimental analysis on
the transistors behavior, will be given in Chapter 6.

2.5 Simulation of CNT Networks

Since the late 1960s, the evolution of technology computer-aided design (TCAD)
has been strictly connected to the advances in devices fabrication. The possi-
bility of predicting in a reliable way the behavior of a device, is one of the
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main factor that led to the mass production of device components and elec-
tronic circuits, and the reason why the TCAD products are part of a profitable
market. The Electronic Design Automation Consortium (EDAC), an interna-
tional association of companies developing EDA tools and services, has reported
a constantly increasing yearly revenue in the time lapse from 1996 and 2015 [93].
The helpfulness of TCAD products has been exploited in a wide range of appli-
cations, ranging from process simulations to circuit level simulations, and not
only in the industrial world. As a matter of fact, in the field of academic re-
search, the usage of simulations has widely spread with the goal of studying
and developing new technologies that can replace more traditional devices (i.e.
conventional semiconductors-based devices). It is exactly in this context, that
researchers have been studied the theory of more exotic technologies, like, to
cite an example, organic electronics.

TCAD design has found a breeding ground also in carbon-based materials, espe-
cially in the study of CNTs and graphene. While for single CNT-based devices
there have been already several simulation studies, not so much has been done
regarding the CNT networks. In Section 2.3, while highlighting the the major
properties of CNT films, some problems concerning the design of the devices
emerged. The aim of this project is indeed to develop a simulation tool that
could help in the design of CNT films devices, and reducing the gap with the
know-how of other competing technologies.

As already showed in Section 2.1.3, CNT-based technologies can be very dissim-
ilar from each other. It is intuitive to imagine that devices with huge differences
in fabrication processes and performance, require different approaches for the
modeling and simulation. An explanatory example, relative to this particular
work, is the difference between the approaches that can be used for the simu-
lation of devices based on single CNT and the one suitable for the simulation
of CNT networks. Neglecting process simulations, which constitute a separate
case, the TCAD design can be divided in several families, depending on the level
of approximation of the problem. In Figure 2.8 a schematic representation of
the various levels of simulations is depicted. Each simulation level is restricted
to a particular time and length frame, where the reliability of the results is guar-
anteed in a reasonable simulation time. Simulations on the bottom of the scales
are more detailed, and at the same time more computational demanding; their
usefulness is thus restricted to small structures where the interesting physical
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Figure 2.8: Classification of the different simulation methodologies according to the
time and length scale of interest. From the bottom to the top, the simu-
lation suitability goes from the physics world to the engineering one.

phenomena occurs in a small time frame. On the other hand, simulations on
top of the scales are less detailed, and can treat easily bigger structures (e.g.
entire circuits).

It is then of a fundamental importance to find the right trade-off between sim-
ulation complexity and computational demands. In other words, the device
under exam must be collocated somewhere in the graph of Figure 2.8. For sin-
gle CNT devices, the problem of finding the appropriate time and length scale
is not very complicate, since the device is mostly composed by an entity with
well defined dimensions.1 On the other hand, CNT networks are macroscopic
objects composed by the integration of a huge number of microscopic objects.
In this case, some precautions must be taken in pursuit the right trade-off. To
better give an idea of the complexity of the problem, one has to consider the
size of a nanotube respect to the whole film. A nanotube can be thought as a

1While the definition of the time and length scale is quite straightforward, what is less trivial
is the choice of a proper simulation method.
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cylinder with a diameter of few nm (in same cases even less) and a length that
can vary from hundreds of nm, to several µm; on the other hand, the film can
even reach few cm2 of area. The choice of the trade-off is basically focused on
how to represent the single nanotubes in the network. The easier the model, the
greater the number of nanotubes that can be treated. As an example, it would
be practically impossible to simulate an entire film with an approach based on
a Finite Element Method (FEM). The problem in this case lies in the tricky
aspect-ratio of the nanotubes (that can be in the order of 103 − 104) which
makes the generation of a proper mesh computationally too expensive.

In the next few sections, a review on the state-of-the-art for the simulation
of CNT networks will be given, with special emphasis on the strengths and
weaknesses of the different models. In particular, this review will introduce
the percolation theory and the most common percolative models treated in the
literature. The chapter will be then concluded with the model proposed in this
work, which is intended to overcome some of the flaws of the state-of-the-art
models.

2.5.1 Percolation Theory

The electrical conductivity behavior of a CNT network has been commonly de-
scribed by the semi-empirical percolation theory [94]. According to the theory,
the conductivity of a random network is highly non-linear and it has a strong
dependence on the density of the nanotubes. When the density of the nanotubes
is lower than the so-called percolation threshold, the film has an insulating be-
havior, since there are no direct paths between the two electrodes. On the other
hand, if the percolation threshold has been reached, current can flow between
the two contacts, and a certain conductivity can be measured. Figure 2.9 shows
schematically the two different behaviors of a network, depending on whether
or not the percolation threshold has been reached.

The value of the conductivity abruptly increases after the percolation threshold,
and can be semi-empirically described by the power law

σ = σ0(v − vc)t (2.8)

where σ is the electrical conductivity, σ0 a scaling factor, v the volume fraction
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Figure 2.9: Illustration of the percolative conduction mechanism. (Left) A network
of nanotubes with a density below the percolation threshold. (Right) A
network with a density greater than the percolation threshold. In red,
the percolation path is highlighted.

of the material, vc the percolation threshold and t an empirical exponent which
depends on the dimensionality of the system. However, Equation 2.8 tries to
simplify a rather complex problem with the use of highly arbitrary empirical
parameters. It is worth to mention that although some theoretical studies have
been made for the estimation of the percolation threshold values [95, 96], not so
much has been done regarding the other parameters that complete the equation.
The biggest problem of Equation 2.8 is a lack of generality, due especially to
the impossibility to estimate the value of σ0 a priori. This parameter depends
greatly on the conductivity of the single objects in the network and on the way
these objects are coupled among them. In a sense, this formalism could give
reliable results in the unlikely case where all the objects (and all the coupling
mechanisms) have the same conductivity.

A similar problem arises with the prediction of the parameter vc, which is reliable
in the special case where all the objects have the same geometrical properties.
Due to statistical fluctuations, this formalism could produce reasonable results
also when the objects have some small variations in their dimensions. However,
this is not the case in CNT networks, where the length of the nanotubes is
characterized by a relative broad distribution function.

Finally, the evaluation of the exponent t has a substantial dependency on the
number of dimension of the system. The accepted values vary between 1 and 1.3
for a 2D system and between 1.5 and 2 for a 3D system [97, 98]. The parameters
of the percolation theory formalism and their dependencies are summarized in
Table 2.2.

26



2.5. SIMULATION OF CNT NETWORKS

Table 2.2: Parameters and their dependencies in the percolation theory formalism.

Parameter Dependencies

σ0 Conductivity of the single objects
Conductivity of the connections between the objects.

vc Density of objects in the volume
Arrangement of the objects
Statistical distribution of the objects geometrical properties
Dimensions of the device.

t Dimensionality of the system.

2.5.2 Percolative Modeling and its Challenges

The classical percolation theory outlined in the previous section only addresses
homogeneous and infinite networks. For some applications, especially in transis-
tors, the electronic heterogeneity of the CNTs, their anisotropic alignment, and
the finite extent of the film make it necessary to develop nonlinear, finite-size
percolation models, for a predictive assessment of the electronic properties.

The first numerical analyses on CNT films were mainly focused on predicting
the conductance of the networks as function of the tube densities and channel
lengths [99]. The models proposed in the literature were based on the semi-
classical transport theory, by coupling the Poisson equation with a drift-diffusion
model, under the assumption that the channel of the device was much longer
than the mean-free path [100, 101]. However, due the advances in the fabrica-
tion of short-channel devices, these assumptions over the diffusive nature of the
electronic transport may fail [36]. Moreover, even with long channel lengths,
there is no evidence of how the transport happens locally in the single nan-
otubes. Other groups have adopted a semi-empirical approach to describe the
local transport in the nanotubes, obtaining results in good agreement with the
experiments [102, 103, 104, 105, 106]. Nevertheless, these models suffer of a lack
of generality, and have a strict dependence on the fabrication process. Although
they can be opportunely tuned and used as designing tools, their predictability
cannot always be taken for granted.

The need of a more general framework, which can be used for several applica-
tions, is certainly one important aspect which should be addressed, but it is not
the only one. In fact, all the works presented in the last decade are based on
2-D models for the representation of the CNT networks; the reasons why this
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approximation could led to inaccurate results are given in Section 2.5.3. Indeed,
the work here presented is intended to overcome some of the flaws regarding
the modeling of randomly aligned network of CNTs. First of all, a full three-
dimensional model for the generation of the network has been implemented, to
better describe the percolative nature of the problem. Additionally, an appropri-
ate formalism for the transport mechanisms has been introduced, together with
an iterative algorithm that calculates self-consistently all the electrical quanti-
ties in every node of the network. In other words, the transport is described
within a multi-scale approach, in which the macroscopic quantities of the entire
network are derived from the evaluation of the microscopic quantities of the
single elements constituting the network itself.

2.5.3 Three-Dimensional Modeling

As already introduced, one of the most important missing aspects, which affects
all the presented works in the literature, is the lack of a three-dimensional model
that could be able to capture the real morphology of these networks. The
generation of a realistic morphology is a crucial problem. Since the transport is
imposed by the percolation paths, it is mandatory to represent the network in a
three-dimensional space. A two-dimensional model, would indeed overestimate
the number of percolation paths, by including many fictitious junctions (i.e. all
the projections on the substrate plane) in the network. The network in a two-
dimensional space is much more connected, and this leads to a current flow that
can be very different respect to the real behavior. On the other hand, in a 3-D
model, the number of the junctions between different CNTs is much closer to
the reality, and the current flow distribution in the network is more reliable as
well.

Figure 3.5 shows a schematic representation of two identical network represented
with a 2-D and a 3-D model. As it stands out, even if the number of CNTs is very
low, with a 2-D model the number of junctions is overestimated. In the simple
case shown in Figure 3.5, the network in a 3-D space has 8 junctions between
the nanotubes; a 2-D model, instead, will count a total of 10 junctions, by
considering the real junctions plus two fictitious connections that result from the
projection of the network into the 2-D plane. This artifact has a dramatic effect
on the reliability of the simulation, especially for dense films. The first effect
is that in a 2-D model the network is more connected, since more percolation
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Figure 2.10: Schematic comparison between a 2-D (left) and a 3-D (right) rigid-stick
model; with the 2-D model the number of the actual junctions is overes-
timated by counting all the projections on the plane. In this particular
example the 2-D model considers 10 junctions, whereas the 3-D model
only 8.

paths are introduced. Furthermore, since the junctions actually represent one
of the major contributions to the resistance of the film [35], it is clear how a 2-D
model fails in capturing the real electrical behavior of the network.

Further quantitative details will be given in Section 3.2.3, together with a com-
parative study on the differences between 2-D and 3-D models.

2.5.4 Towards a Multi-Scale Approach

Multi-scale modeling is essential when dealing with problems which have impor-
tant features at multiple scales of time and/or space. A detailed treatment of
carbon nanotube requires an atomistic description of the nanotube along with
a quantum mechanical treatment of electron transport, both ballistic and with
the effects of dissipative scattering included. Even for simple systems (e.g. a
single nanotube), multi-scale methods are unavoidable. Metal/nanotube con-
tacts, nanotube/dielectric interfaces, and defects require a rigorous, ab-initio
treatment, whereas to treat an entire device, simpler descriptions must be used.

For this reason, the approach here proposed, tends to go in the direction of a
multi-scale modeling system, where different levels of the simulation are treated
with different degrees of approximation. The idea, which is schematically rep-
resented in Figure 2.11, is to divide the whole problem into three different hi-
erarchical sub-problems. Starting from the bottom, a semi-empirical atomistic
model based on the Non-Equilibrium Green’s Function (NEGF) Formalism is
used to calculate the electronic transport in the coherent regime for a small
section of a single nanotube. The results of this first step are then coupled with
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NEGF Method
(few nm)

Phenomelogical Model
(hundreds of nm)

Circuit Level
(several µm)

Figure 2.11: Illustration of the multi-scale approach implemented in this work. From
the bottom to the top, the complexity of the simulation is gradually
reduced. Results extracted from a simulation level are then given as
input the the next one.

a phenomenological model that treats the scattering phenomena, which once
again, occurs in a single nanotube. Finally, the outcomes of this second step
are given to a circuit-level model, which simulates the behavior of the entire
network. The theory and the implementation of the different modeling levels, is
the core subject of the next chapter.
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Chapter 3

Modeling of CNT Networks

This chapter, which may be considered the core part of this project, gives a
comprehensive description of the implemented simulation tool, as well as of the
theoretical models on which the simulations are based. The purpose of the
program is to numerically simulate the electrical behavior of randomly aligned
network of carbon nanotubes. The electrical quantities, such as the current
that flows through a nanotube or the potentials in every node of the network,
are computed based on a set of physical equations that describe the conduction
mechanisms. As briefly mentioned already in the conclusive part of the previous
chapter, the simulations are based on a multi-scale approach in which the results
from hybrid atomistic-phenomenological models are coupled with a high-level
circuit simulation. In order to fully understand the electrical behavior of the
networks, it is important to grasp the theory behind the numerical models, and
explore their validity and limitations. Therefore, a significant part of the chapter
is dedicated to the theoretical bases and the explanation of all the employed
approximations.

Furthermore, in addition to the theoretical background, the working principle of
the software will be thoroughly examined. The code, which is entirely written in
MATLAB language, can be run on a normal desktop PC or high to mid-range
laptops. The simulation time is strictly dependent on the number of generated
nanotube, and can vary from few minutes to several hours according to the
complexity of the network. During the simulation process, the program will call
several time the freeware software LTspice IV [107], which solves the electrical
problem in background. Although the user has not interaction with the SPICE
software, the properties of the electrical solver can be adjusted via GUI at the
beginning of the simulation.
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3.1 Overview on the Simulation Tool

The program is divided into three main blocks, plus a visualization tool. The
tool flow is schematically depicted in Figure 3.1. At the beginning the program
creates the structure of the device to be simulated and stores the information
related to the geometry in an external file. Before the actual simulation starts,
there is an intermediate step where the software pre-computes the IV charac-
teristic of all the species of nanotubes (i.e. all the introduced chiralities) and
store them into another external file. This step is the most time-consuming pro-
cess during the whole simulation, and must be repeated every time something
changes in the electrical properties of the nanotubes. This can happen, for in-
stance, during a temperature, gas or gate voltage sweep. The reasons behind
the pre-computation, as well as the theory behind it, are discussed in details in
Section 3.3.1.

The third and last block is the core of the program, which reads all the input
files given by the two previous blocks, solves the network and gives the results
to the visualization tool. This is done through several steps, where the program
converts the set of nanotubes in a suitable netlist that can be read by LTspice.
After the electrical simulation has been successfully performed, the program
must interpret the results from LTspice and convert them back for the analysis
of the network. The solution of the problem is obtained self-consistently through
consecutive iterations, as it will be further explain in Section 3.8. The software
calls each time the SPICE solver, reads the outputs and processes them, until
some convergence criteria are fulfilled.

3.2 Network Generation

In a typical simulation workflow, the first task is the structural representation of
the device under investigation. Depending on the problem, different approaches
can be used for the discretization of the geometry. In this work, the so-called
stick-percolation theory [94] has been extended by including the 3D structure
of the nanotubes.

The network generator is based on a stochastic algorithm that can generate non-
rigid solid objects in a three-dimensional space, emulating with high fidelity the
typical fabrication processes involved. Although the code can be adapted to
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Network Generator
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Figure 3.1: Schematic working principle of the proposed program. In evidence the
main blocks: the network generator, the IV pre-computer, the network
simulator and the network analyzer.
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different processes, this work has been done in analogy with the spray coating
technique. The geometrical properties of the nanotubes (i.e. length and radius),
as well as the density of nanotubes of the film, are extracted according to some
probability distributions inferred from experimental measurements.

During this step the program stores all the information of the network in an
external file, which can be used afterwards as an input for the simulator. This
file contains the three coordinates of every node, the information on the con-
nections between the nodes and the class of the object. An object can be either
a nanotube (two connected nodes that share the same physical properties) or
a junction between two nanotubes (two connected nodes with no constraints
on the physical properties). The class of the object contains the information
on the properties of the object, which are dependent on the chiral vector. A
nanotube is specified by a single chiral vector, whereas a junction has the two
chiral vectors of the two connected nanotubes. The generation of the network
can be divided into two consecutive operations, namely the extraction and the
placement of the nanotubes.

3.2.1 Extraction of the Device Properties

The first step in the generation of the randomly aligned network is the extrac-
tion of the device properties. In analogy with the experimental setup, the user
can specify the dimensions of the device, the properties of the solution and the
parameters of the deposition. The geometry of the device can only be rectan-
gular or square-shaped and defines the area where the nanotubes are allowed to
be deposited during the placement procedure.

Regarding the solution, the user can set the length distribution of the nan-
otubes and the physical properties of the nanotubes, through the chiral vector
distribution. There are several possibilities to set the length distribution for the
nanotubes, which can also be given manually by the user. The most reliable
way, however, is to analyze the length distribution extracted from AFM images
of real samples, calculate the probability density function and then give it as
input to the simulation software. Figure 3.2 shows an example of the length
distribution for one of the networks under analysis.

After the lengths have been extracted, the next step is the extraction of the
radii of the nanotubes. This is a delicate problem since, as already discussed
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Figure 3.2: (Left) Extraction of the nanotubes lengths from the AFM image of a
sample under investigation. (Right) Corresponding estimated probability
density function (PDF) for the nanotubes length distribution. The area
of each bar is the relative number of observations. The sum of the bar
areas is 1. The blue curve represents the fitting of the distribution and
the input for the network generator.

in Section 2.1.1, the radius of a nanotube is strictly related to its chiral vector
according to (2.4). What must be taken into account, is that generating several
radii means introducing many chiral vectors in the network. As already men-
tioned, the program will afterwards pre-compute the IV characteristics for all
the species in the network. This process is very slow, and the time needed is
linearly dependent on the number of different chiralities. A reasonable approach
is to analyze the nanotubes in the network (e.g. through AFM pictures) and
include few chiralities compatible with the observed radii. The outcome of the
optical observations is a very narrow distribution of radii, centered around 0.6
nm, which reduces drastically the number of possible chiralities. This findings
are in good agreement with what declared by the solution supplier. Further-
more, the variation of the nanotubes conductivity due to different diameter is
expected to be smaller than the one connected to the length distribution.

Another crucial point is to consider the right ratio of semiconducting to metal-
lic nanotubes; this information is usually provided by the solution suppliers. In
this work mainly two types of solution have been studied, with a semiconducting
nanotubes concentration of 66% (as-prepared solution), and one of 90% (semi-
conducting solution). Considering all these assumptions, reasonable results can
be achieved with two different chiralities (one for semiconducting nanotubes and
one for the metallic ones), which are extracted together with the lengths.

The last important part in the extraction of the device properties is to set the
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Figure 3.3: Schematic representation of three intersecting nanotubes. The aspect
ratio of the nanotubes has been changed to help in the visualization.

number of nanotubes to be generated. This is done once again through the use
of AFM images of real samples. From these images, a density of nanotubes per
unit of area (µm−2) can be extracted and given to the simulator as input.

During this process, in addition to the aforementioned properties, also the ori-
entation angle in the XY plane for each nanotube is extracted. For completely
randomly aligned network, there are no constraints on the orientation of the
nanotubes, which are free to be oriented in any direction respect to the sub-
strate plane. However, if needed, the user can also specify a preferred angle of
orientation for the nanotubes.

3.2.2 Placement of the Nanotubes

The placement procedure starts only once every property of every nanotube
has been chosen and stored. Nanotubes that are outside the length-boundaries
(along the direction of the source and drain contacts, by default the x-direction)
are rejected, whereas nanotubes that exceed the boundaries along the transverse
direction (by default the y-direction) are accepted if at least one of the two nodes
is inside the simulation domain. This is because usually the simulated device
has smaller size than the real device; in this case cutting all the nanotubes on
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the external edges could reduce consistently the number of percolation paths
between source and drain.

In the proposed approach, CNTs are placed sequentially one after the other,
controlling each time if there are any intersections between the incoming nan-
otube and the already existing ones. The nanotubes are coming from the top,
parallel to the substrate. For each single nanotube, the program will use the
extracted length and the orientation respect to the XY plane to calculate the
(x, y) coordinates of the two ending points of the tube itself. Once the coor-
dinates are obtained, the algorithm will look for all possible intersections with
the existing nanotubes. A list of all such intersection points is generated and
among them the one with the highest vertical coordinate is picked as the first
intersection point. This is a crucial point and is the most expensive from the
computational point of view. After this step, the original single nanotube is
split in two sub-segments, which are allowed to bend in the z-direction. The
algorithm will once again compile a list of possible intersection points and pick
the one with the highest z-coordinate.

There are three main constraints that the algorithm must respect:

• Maximum bending angle, which is chosen to be less than 10°.

• Length of the nanotube, which is kept constant during the bending pro-
cedure.

• Resting point, which has to be either on the substrate or over another
nanotube. No floating CNTs are allowed; in case a CNT is not able to touch
a proper resting point, the CNT will be force to slide until a satisfactory
condition is fulfilled.

The process of bending is repeated every time the nanotube finds a new resting
point on the network; this happens especially with high-density films. Figure 3.3
shows the schematic representation of three intersecting nanotubes.

At the end of this step, the program saves two different files. The first one
is a matrix of N rows, the number of nodes, and 5 columns, which represent
respectively the index of the node, the three spatial coordinates, and an identifier
that contains the information on the chirality of the nanotube. The second file
is a list of M couples of nodes which are connected among each other in the
network.
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(a) (b)

Figure 3.4: (a) Three dimensional representation of a generated network with a den-
sity of 18 CNT/µm2. The simulation domain is a square region of 36 µm2.
(b) Comparison between a generated network and an AFM picture of a
real fabricated device (area of 1 µm2).

To validate the model for the device generation, some comparisons with real
networks under AFM have been made, as it is shown in Figure 3.4. The gen-
erated networks showed a good agreement with the observed samples, both in
terms of coverage of the surface and thickness of the film.

3.2.3 2D vs 3D Model

As already stated in Section 2.5.3, the generation of a realistic morphology is
a crucial problem. Since the transport is imposed by the percolation paths, it
is mandatory to represent the network in a three-dimensional space. A two-
dimensional model, would indeed overestimate the number of percolation paths,
by including many fictitious junctions (i.e. all the projections on the substrate
plane) in the network. The network in a two-dimensional space is much more
connected, and this leads to a current flow that can be very different respect to
the real behavior.

With the presented method, the number of the junctions between different nan-
otubes is much closer to the reality, and the current flow distribution in the
network is more reliable as well. Figure 3.5 gives an estimation on the effect of
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Figure 3.5: (Left) Resistance versus CNT density for the 3D and the 2D model. The
numbers in percentage represent the relative variation, which appears to
be higher for denser networks. (Right) Same graph showing the number
of junctions instead. The 2D model shows a higher number of junctions
by counting all the projections on the plane.

this artifact for networks with different densities, for a 3D and a 2D model. As
expected, the difference between the models is higher with higher densities. In
fact, when the thickness of the network increases, the nanotubes that are on the
top of the film are not actually in contact with the nanotubes that lie on the
substrate.

3.3 The Simulation Setup

Before performing a simulation, the program needs to know which device must
be simulated and what kind of simulation must be carried out. The first task is
done by reading the already mentioned input file, that is the one containing the
coordinates of all the nodes, the properties of the nanotubes and the connections
between all the nodes in the network. For the second task instead, the program
has to read a list of directives, which contains all the information relative to the
geometry of the device (e.g. dimensions of the active area and of the contacts),
the information on the boundary conditions, and the parameter that must be
swept from an initial value to a certain goal value. Regardless of which kind
of simulation has been selected, the program will follow a standard routine
for the conversion of the morphology file to a proper netlist. Following the
schematic of Figure 3.1, the remaining part of the chapter will go through all
the consecutive steps of the algorithm, starting with the precomputation of the
I-V characteristics and the theory behind it.
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3.3.1 Precomputation of the I-V Characteristics

In algorithms theory, the precomputation is the act of performing an initial com-
putation before run-time, in order to generate a lookup table that can be used
by an algorithm to avoid repeated computation each time it is executed. The
generated lookup table, which is nothing else than a matrix with stored data,
replaces some run-time computation with a simpler array indexing operation.
The savings in terms of processing time is enormous, since since retrieving a
value from the memory is significantly faster than undergoing expensive com-
putation operations each time the needed function is called. The reason why
this approach is essential, is related to the long computational time needed for
the calculation of the transport through a single nanotube. Such an operation,
cannot be performed several thousand times, which would be the case if it is
called for each nanotube in the network.

In fact, the transport mechanisms are here modeled according to the theory of
one-dimensional ballistic channels based on the NEGF formalism. The current
through a single nanotube is computed on the base of the coherent transport
formalism (see Section 3.4.3) with the addition of a phenomenological model
to include the scattering events. This choice is driven by computational con-
straints, which make impossible the use of a full atomistic approach based on
the NEGF. As already mentioned in Section 2.5.4, an interesting way to solve
the problem is to simulate the entire network within a multi-scale framework,
where an atomistic model for the single nanotube is coupled to a circuital model
for the whole network.

However, also this approach has several constrains dictated by the computational
time needed for the simulation. In a typical network simulation, the number of
nanotubes can easily be in the order of 103−104. For this reason is impracticable
to apply an atomistic model to each nanotube; in such case, a single simulation
cycle would run for an estimated time of around 20000 hours.

In the proposed work, the main idea is to group the nanotubes in classes, ac-
cording to their chiral vector. The number of possible classes can vary a lot
depending on the typology of network that must be evaluated. Also in this case
some precautions must be taken, with the aim of reducing as much as possible
the number of classes. To achieve this goal, the specification from the supplier
of the nanotube solution and a study of AFM images of deposited films can be
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Figure 3.6: (Left) Pie chart on the time required for the functions in a simulation
cycle. (Right) Plot of the time required by the NEGF function for the
pre-computation of different biases with a constant voltage discretization.
The charts are referred to a PC with an Intel® Core™ i5-2500 CPU @
3.30 GHz with 12 GB of RAM.

combined together, in order to have a comprehensive statistic of the possible
classes. The specifications of the supplier give two important parameters: the
estimated diameter of the nanotubes (which is verified also through the AFM
images) and the concentration of metallic nanotubes in the solution. With this
two information, and by knowing the relation between the diameter of a nan-
otube and its chirality (see Section 2.1.1), the number of classes can be narrowed
down usually to 2 or 3.

However, grouping the nanotube is not enough to reduce the complexity of
the problem to something practically solvable. In each of these classes, all the
nanotubes have different lengths, thus different conductivity. The simulation
through the NEGF approach of all these nanotubes is still something not feasible.
The idea is then to have one single NEGF simulation for each of the classes, and
afterwards to distinguish the different nanotubes with some phenomenological
model that takes into account their lengths.

The pre-computation of the IV characteristic constitutes anyway the most time
consuming step in a typical network simulation. In the left panel of Fig-
ure 3.6 the different time contributions are shown. The total time for the
pre-computation depends mainly on the dimension of the Hamiltonian, which
however cannot be adjusted without taking in consideration some precautions.
The first important parameter is the discretization in energy on which the pro-
gram will build the Green’s function. If the discretization is not fine enough,
numerical problems relative to the inversion of the Green’s function matrix will
arise, causing inaccuracy and in the worst case impossibility to solve the prob-
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lem. The discretization depends strictly on the considered energy range, which
is also related to the bias condition of the device. The applied bias has a funda-
mental influence also on the second important parameter, which is the number of
biases precomputed by the NEGF function. As already mentioned, the program
has to assign a resistance value to a certain nanotube according to its potential
by reading the pre-computed look-up table. This is done in two steps: firstly,
the difference of potential between the two nodes of a nanotube is compared
to every value in the look-up table; secondly, the program assigns a value of
the resistance by considering the closest value of potential in the look-up table
respect to the real potential of the nanotube. The main implication is that the
look-up table must be fine enough in order to guarantee a certain accuracy in
reading the potentials and assigning the proper resistance values. This is based
on a comparison with a certain ∆V

∆V = Vmax
2p− 1 , (3.1)

where Vmax is the maximum voltage pre-computed, and p the number of points
in the look-up table. When the voltage increases, the number of points must
increase in order to keep ∆V small enough. The effect on the simulation time
can be seen in the right panel of Figure 3.6, where the Vmax has been increased
and the ∆V has been kept constant.

3.4 The Non-Equilibrium Green’s Function
(NEGF) Formalism

The non-equilibrium Greens function (NEGF) formalism provides a powerful
conceptual and computational framework for the analysis of quantum transport
in nanodevices. [108]. This method is based on the solution of the Schrödinger
equation under non-equilibrium conditions and can rigorously treat the coupling
between the active device and the contacts, which is one of the most critical as-
pects in the simulation of nanoscale devices. This approach has been regularly
used in the past few years to calculate currents and charge densities in several
types of nanoscale conductors under bias, both in the coherent and incoherent
regime. Among the many applications, from conventional semiconductor MOS-
FETs [109, 110], to molecular transistors [111], the NEGF method has been
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successfully implemented in the simulation of CNTs-based Field-Effect Transis-
tors (CNTFETs) [112].

A brief summary of the NEGF simulation procedure, and its application in the
simulation of ballistic CNTFETs by self-consistently solving the Poisson and
Schrödinger equations is reported in this section. More comprehensive descrip-
tions of the technique are widely available in the literature [113, 114].

The standard procedure to obtain the solution for a device under equilibrium is
to calculate self-consistently the potential profile U(x) and the charge density
ρ(x) with the so-called Schrödinger–Poisson solver [115]. The first step is to
identify a suitable Hamiltonian H that provides an adequate description of the
isolated device. When the device is connected to the contacts, some charges
are transferred into or out of the device, giving rise to a potential U(x) that
must be calculated self-consistently. In thermal equilibrium, the electron and
hole densities n(x) and p(x) are calculated from the quantum states {Eα, ψα}
through the law of equilibrium statistical mechanics, by filling up the eigenstates
Ψα(r) of the Schrödinger equation according to the Fermi function:

n(x) = 2
∑
α

|ψeα(x)|2 F
(
Ee
α − EF
kBT

)
, (3.2)

p(x) = 2
∑
α

|ψhα(x)|2 F
(
EF − Eh

α

kBT

)
. (3.3)

To complete the picture of the charges, also the space charges due to the presence
of dopants must be included

N+
D (x) = N+

D [EC(x)], N−A (x) = N−A [EV (x)]. (3.4)

The total charge density is obtained by adding up all these contributions:

ρ(x) = q [p(x)− n(x) +N+
D (x)−N−A (x)]. (3.5)

Through the Poisson equation

∇ · [ε(x)∇U(x)] = −ρ(x), (3.6)
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Figure 3.7: (Left) A device driven out of equilibrium by two contacts with different
Fermi levels µ1 and µ2. (Right) Self-consistent procedure for determining
the density matrix ρ from which all quantities of interest can be calculated.

the electrical potential U(x) can be evaluated. An important aspect is that this
potential modify the band edges EC and EV according to

EC(x, U) = EC(x)− qU(x), EV (x, U) = EV (x)− qU(x). (3.7)

As consequence, the charge density ρ(x) becomes potential-dependent, and the
Poisson equation non-linear in U(x). The Schrödinger equation and the non-
linear Poisson equation form a coupled system of differential equation that must
be solved self-consistently. The solution to this problem is usually computation-
ally demanding. Indeed, it has been demonstrated that calculate the Green’s
function is much faster than solve the whole eigenvalue problem [114]. Further-
more, the extension to a device out of equilibrium is straightforward, as well as
the introduction of scattering events for the analysis of incoherent transport.

The Green’s function basically gives the response of a system to a constant
perturbation in the Schrödinger equation. Figure 3.7 shows a generic device
channel connected between two contacts and the self-consistent procedure with
the NEGF approach.

The first step in the NEGF approach, consists in the identification of a suitable
Hamiltonian matrix for the isolated channel. The self-consistent potential, which
is a part of the Hamiltonian matrix, is included in this step.

The second step is to compute the self-energy matrices, Σ1 and Σ2, which de-
scribe how the ballistic channel couples to the source/drain contacts. A rigorous
treatment for the more general case of incoherent transport should include also
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ΣS, the scattering matrix, which describes the scattering processes in the chan-
nel. The work here presented is based on the more approximate case of coherent
transport, with the addition of scattering events through a phenomenological
model which is not part of the NEGF formalism. The reason behind this ap-
proach is discussed in details is Section 3.5.

After identifying the Hamiltonian matrix and the self-energies, the third step is
to compute the retarded Green’s function

G(E) = [(E + i0+)I −H − Σ1 − Σ2]−1. (3.8)

The fourth step is to determine the physical quantities of interest from the
Green’s function. In the ballistic limit, states within the device can be divided
into two parts: 1) states filled by carriers from the source according to the source
Fermi level, and 2) states filled by the drain according to the drain Fermi level.
Within the device, the source and drain Local Density of States (LDOS) are

DS = GΓS G†, DD = GΓDG†, (3.9)

where

ΓS = i(Σ1 − Σ†1), ΓD = i(Σ2 − Σ†2). (3.10)

is the energy level broadening related to the source and drain contact respec-
tively. The total charge density is obtained by summing up the contributions
of the two contacts (or in a more general case, the i contacts), appropriately
weighted with their Fermi levels

ρ = 2 (for spin)
2π

∫ ∞
−∞

dE
∑
i

f(E, µi)GΓiG†. (3.11)

Also in this case the system is non-linear, hence the NEGF transport equation
must be solved self-consistently together with the Poisson equation.

The computationally expensive part of the NEGF simulation is finding the re-
tarded Green’s function, according to (3.8), which requires the inversion of a
matrix for each energy grid point. The straightforward way is to explicitly in-
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vert the matrix, whose size is the size of the basis set. In the ballistic limit, the
problem is simplified because only a few columns of the Green’s function are
needed. However, the reduction of the size of the Hamiltonian matrix is a very
crucial aspect in atomistic simulations, especially in the incoherent transport
regime.

3.4.1 The Hamiltionian

The first step in the NEGF approach, is to identify a set of atomistic orbitals
adequate to describe the essential physics for carrier transport and then to write
down the Hamiltonian matrix for the isolated channel in that basis. At this point
several possibilities are available regarding the choice of representation. This
work is based on a real space approach. Although other methods might be more
suitable for the simulation of entire devices (e.g. the mode space approach[116]),
especially in the incoherent transport regime, the simulation of entire nanotubes
with the NEGF formalism is out of the scope of this project (and for the reasons
explained in Section 3.3.1, practically impossible to implement).

Although the carbon nanotubes properties have been already introduced in Sec-
tion 2.1.1, some of the main concepts will be here repeated for a better under-
standing of the Hamiltonian structure. Each carbon atom in the hexagonal cell
has six electrons; since carbon hybridize sp2 forming the graphene structure, two
electrons will be 1s, three 2sp2 and one 2p. The three 2sp2 are responsible of the
bonds on the graphene sheet plane, leaving an unsaturated p orbital (conven-
tionally pz orbital) with a single electron, which then forms delocalized π bonds
responsible for its transport properties. With one orbital per carbon atom, as
the basis set, the size of the Hamiltonian matrix is the number of carbon atoms
in the device. It is worth mentioning that, even after this simplification, simu-
lating an entire carbon nanotube it is computationally highly demanding. The
size of the Hamiltonian is NxN , where N , the number of atoms in the nanotube,
could be several thousand.

A tight-binding approximation has been used to describe the interaction between
carbon atoms, and only nearest neighbor coupling is considered. A coupling pa-
rameter of t = 3eV was assumed. The method is here applied to the specific
structure of carbon nanotubes; the more general approach with a generic dis-
cretization of a device can be found in literature [117, 118]. In the following
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Figure 3.8: Definition of unit cells (left) and macro-unit cells (right) for the construc-
tion of the Hamiltonian.

example, a 4-atom unit cell is defined, on the basis of which the Hamiltonian
will be construct. For the sake of brevity, here only the case of a zig-zag nan-
otube is presented. The method is easily extendable to armchair and chiral
nanotubes in a straightforward manner.

The matrix related to each individual unit cell:

αu =


0 t 0 0
t 0 t 0
0 t 0 t

0 0 t 0



A unit cell is connected to the surrounding unit cells by two coupling matrices.
The matrix β1 establishes a connection between two atoms of two consecutive
unit cells along the longitudinal direction, whereas the matrix β2 connects two
pairs of atoms of two different unit cells along the transversal direction. All the
matrices are nxn, where n is the number of atoms in the unit cell. A schematic
representation of the unit cells and their connections is shown in Figure 3.8.
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β1 =


0 0 0 0
0 0 0 0
0 0 0 0
t 0 0 0

 β2 =


0 0 0 0
t 0 0 0
0 0 0 t

0 0 0 0


It is worth mentioning that the procedure shown until here is not dependent on
the chirality but solely on the choice of the unit cell representation. Depending
on the structure of the nanotube, the choice of which connections are parallel
or orthogonal to the propagation direction can be made after this step. In order
to have a one-dimensional problem, multiple unit cells can be grouped into a
single macro-unit cell, as shown in Figure 3.8. The matrix of the macro-unit
cell become then:

α =



αu β2 0 . . .

β′2 αu β2

0 β′2 αu
. . .

... . . . . . .


The connections between the macro-unit cells are given by the matrix β

β =



β1 0 0 . . .

0 β1 0 . . .

0 0 β1 0
... ... 0 . . .


The dimensions of the matrices α and β depends on the structure of the nanotube
(i.e. on the chirality). The complete Hamiltonian can be written as:

H =



α β 0 . . .

β′ α β

0 β′ α
. . .

... . . . . . .


After all these quantities are computed, it is straightforward to calculate the
band structure of a nanotube. In general the band structure of a certain device
can be calculated by solving a matrix eigenvalue equation of the form
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Figure 3.9: (Left) Computed band structure for an armchair (10,10) nanotube.
(Right) Computed band structure for a zig-zag (13,0) nanotube.

E(φ0) = [h(~k)] (φ0), (3.12)

where

[h(~k)] =
∑
m

[Hnm]ei~k·( ~um− ~un). (3.13)

The size of the matrix h(~k) is bxb, being b the number of basis per unit cell.
Following the procedure previously applied, the modified set of basis with the
macro-unit cell can be used. The sum must be evaluated considering all the
neighboring macro-unit cells (including the macro-unit cell itself). The choice
of the macro-unit cell is irrelevant since the structure is assumed periodic. Equa-
tion (3.13) is reduced then to the form

[h(~k)] = α + β′e−ika + βeika. (3.14)

The sub-bands can be plotted by finding the eigenvalues of the matrix in Eq. (3.14),
for each value of ~k, and it has n branches, one for each eigenvalue.

As already introduced in Section 2.1.1, a nanotube can show different band
structures according to its chiral vector. In Figure 3.9 the sub-bands of an
armchair (10,10) and a zig-zag (13,0) nanotube are presented. In the left panel
of the figure, the lines of the quantized wavevectors intersect for a specific value
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of the wavevector, leading to crossing bands and thus to a metallic character. In
the right panel, there are not intersections for any value of the wavevector; in this
case the nanotube has a semiconducting behavior, with a bandgap determined
by the two lines that come closer. In both cases the band structures show
various sub-bands, arising from the quantization of the wavevector around the
circumference of the nanotube.

3.4.2 Self-Energy Matrices

After the Hamiltonian of the device has been specified, the next step is the
computation of the NxN self-energy matrices for the two contacts. The concept
of self-energy is widely used in many-body physics to describe electron-electron
and electron-phonon interactions. However, the concept can be easily extended
to describe the effect of a semi-infinite contact on a device by an opportune
modification of the Hamiltonian [119]. In this context, the self-energies describe
the open boundary conditions for the Schrödinger equation. Since only the first
and the last unit cells are coupled with the contacts, the self-energy matrices
are highly sparse.

Σ1 =



Σ11 0 . . . 0
0 0 . . . 0
... ... . . . ...
0 0 . . . 0

 Σ2 =



0 . . . 0 0
... . . . ... ...
0 . . . 0 0
0 . . . 0 Σm2


In Σ1 the only non-zero element is the submatrix Σ11, which connects the first
unit cell with the first contact; similarly, in Σ2, the only non-zero element is
the submatrix Σm2 that connects the last unit cell with the second contact.
The rigorous derivation of the submatrices can be be found in [116]. The non-
zero element are computed through an iterative evaluation of the surface Green’s
functions g1,2, which is simply a subset of the full Green’s function of the contact
G1,2

g1 = [(E + i0+)I −α− β′ g1 β]−1, g2 = [(E + i0+)I −α− β g2 β
′]−1 . (3.15)

The self-energy matrices are then
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Σ1 = β′ g1 β , Σ2 = β g2 β
′ . (3.16)

The self-energy method is computationally intensive, since it requires an inte-
gration over energy, but it offers a formally correct way to treat properly the
open boundary conditions. The need of this method is more evident when the
device is under a certain bias, a problem that cannot be treated with simpler
assumptions, such as, for instance, the periodic boundary conditions.

Furthermore, the introduction of the self-energy matrices has two implications
on the system. These matrices are slight different from the canonical Hamilto-
nian, since they are energy dependent and not Hermitian. The first property has
the effect of changing the Hamiltonian of the system, thus the eigenstates and
their energies. The second property, which appears less evident, has however im-
portant conceptual implications, since the total system becomes non-Hermitian.
This introduces an imaginary part to the energy, which give rise to the already
introduced broadening functions (3.10). While the real part of the self-energy
causes just a shift in the device energy levels, the imaginary part has the effect
of giving the eigenstates a finite lifetime [119], implying that the wavefunctions
and the associated probability decay with time.

3.4.3 The Coherent Transport

Once the device Hamiltonian and the self-energy matrices are known, the cal-
culation of the current that flow through the device is straightforward. Funda-
mentally, there are two ways to simulate such a system, which make use of two
different levels of approximation, namely the coherent and incoherent transport
approximation. The propagation of electrons in a device is considered coherent
if it does not suffer of the so-called phase-breaking scattering events, which cause
a change in the state of an external object. If a certain event occurs, where an
electron interacts with an external object without changing its states, the trans-
port is still considered coherent, and the effect of the event can be incorporated
with an appropriate potential in the Hamiltonian of the system. An example is
the scattering with an impurity, where an electron interacts with a rigid defect
(i.e. the impurity does not vibrate or get deflected). However, if the electron
manages to transfer some energy to the atomic lattice, the transport is not con-
sidered coherent anymore, and the effect of the event cannot be incorporated in

51



CHAPTER 3. MODELING OF CNT NETWORKS

the Hamiltonian. This is the case of the phase-breaking processes, which arise
from the interaction of one electron with the surrounding ensemble of phonons,
photons and other electrons. In other words, in the case of incoherent interac-
tions, the state of the system changes as the result of transport.

The question now concerns whether the transport in a carbon nanotube is co-
herent or incoherent. The answer to this question is not unique: the nature
of the transport depends on the structure of the nanotube. In fact, the struc-
ture of the nanotube dictates how the electrons travel along it, and how many
interactions they have during their motion. In this context, the so-called mean-
free-path (MFP), which is the average length a carrier will travel between two
collision events, can be introduced. CNTs have shown amazingly long MFPs,
of several hundreds nm [120]. This means that the electrons travel without any
interactions along those lengths, in a way that could be considered coherent.
On the other hand, for long nanotubes the assumption of coherent transport is
not valid anymore. Furthermore, the MFP is dependent on the applied electric
field, as it will be explained in details in Section 3.5.

However, the idea of using the more general incoherent model is practically
not applicable. As already explained in Section 3.3.1, the only way to apply
a multiscale approach to the film is to calculate the IV characteristics not for
every nanotube in the network, but only for some classes. Since the incoher-
ent transport formalism requires the calculation of an additional matrix (i.e.
the scattering matrix), which depends on the length of the nanotube, the pre-
computation of only few classes would not be possible anymore. Furthermore,
the calculations of the incoherent transport are intrinsically very demanding in
terms of computational power. For this reason, this work has been based on
coherent transport processes combined with phenomenological models for the
treatment of the scattering events.

A comprehensive description on the assumptions behind this theory can be found
elsewhere [119]. Here, only the main results and their application to the carbon
nanotubes are reported.

The current Ii at a terminal i can be written as follows:

Ii = (− q
h

)
∫ ∞
−∞

dE Ĩi(E), (3.17)
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with

Ĩi(E) = Trace[ΓiA] fi − Trace[ΓiGn], (3.18)

being a dimensionless current per unit of energy. In (3.18), the matrix A is the
so-called spectral function

A ≡ i[G−G†] = A1 + A2 . (3.19)

where

A1 = GΓ1 G
† , A2 = GΓ2 G

† . (3.20)

The current between two contacts can be also rewritten according to the Lan-
dauer formalism

Ii = (− q
h

)
∫ ∞
−∞

T (E)(f1(E)− f2(E)) dE . (3.21)

where the so-called transmission function T (E) represents the rate at which
electrons are transmitted from a source to a drain contact.

T (E) ≡ Trace[Γ1A2] = Trace[Γ2A1] . (3.22)

As it has been already introduced in Section 3.3.1, the calculation of the trans-
mission functions for the different nanotube species is a central aspect in the
simulation tool.

As an example, the plot of the transmission function for two different species
of nanotubes is shown in Figure 3.10. Once T(E) is known in the energy range
of interest (which is variable depending on the bias conditions of the device),
the current of the nanotube is computed through Equation (3.21) for different
values of the applied potential in order to build up the IV characteristic of the
nanotube.
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Figure 3.10: (Left) Transmission rate of an armchair (10,10) nanotube. (Right)
Transmission rate of a zig-zag (13,0) nanotube.

3.5 Phenomenological Model for Scattering

The calculation of the IV through the coherent transport formalism covers only
a part of the whole story. By assuming the transport to be coherent, all the in-
trinsic scattering mechanisms (e.g. scattering with phonons) are neglected. This
is definitely a too optimistic view of the transport through the CNT networks
studied in this work. Due to the impossibility of applying a fully-incoherent
calculation to every nanotube, a phenomenological model for the different scat-
tering events has been implemented with the following formulation:

RTOT = Rcoh

(
1 + L

λTOT

)
, (3.23)

where Rcoh is the resistance calculated with the coherent transport formalism,
as the result of the ration between the applied voltage and the pre-computed
current. L is the length of the tube, whereas λTOT is the mean-free-path, which
is, in turn, calculated as:

λTOT = (λ−1
AC + λ−1

OP,ems + λ−1
OP,abs)−1. (3.24)

In Equation (3.24), the total mean-free-path λTOT is obtained fromMatthiessen’s
approximation [121] as the sum of the contributions of different scattering events.
The included events are elastic scattering with acoustic phonons (λAC), and in-
elastic electron scattering by optical emission (λOP,ems) and absorption (λOP,abs).
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Around room temperature and above, the acoustic phonons modes are thermally
occupied (kBT � h̄ωAC), and their scattering rate is linearly proportional with
temperature [122]. The adopted formulation is the following:

λAC = λAC,300

(
300
T

)
, (3.25)

where λAC,300 is approximately equal to 1600 nm (for metallic tubes) [123].

For OP phonons the problem must be handled more carefully. It is worth noting
that this contribution has been often neglected at room temperature, due to the
large OP phonons energy (h̄ωOP ≈ 0.16 − 0.20eV ) [124, 125]. The electron
scattering rate with the OP phonons can be directly derived from the Fermi’s
Golden Rule [126]:

1
τOP

=
(
NOP + 1

2 ∓
1
2

)
D(E ± h̄ωOP ), (3.26)

where the upper and lower signs correspond respectively to OP absorption
and emission, and NOP is the optical phonon occupation, which follows Equa-
tion (3.27).

NOP = 1
[exp(h̄ωOP/kBT )− 1] , (3.27)

The OP absorption length can be finally written as

λOP,abs(T ) = λOP,300

(
NOP,300 + 1
NOP (T )

)
, (3.28)

where λOP,300 is the spontaneous OP emission length at 300 K and it is approx-
imately equal to 15 nm [127]. Such a short distance however, is not the average
OP emission length, which is much longer since that not all the electron energies
reach the OP threshold. Most of the electrons in the system have to somehow
gain this energy (e.g through an electric field).

The last phenomenon included is the emission of an optical phonon after a scat-
tering event. Such an event is possible when the electron gain enough energy
through an electric field or after an OP absorption event. The total mean-free-
path for this event is once again calculated from the Matthiessen’s approxima-
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Figure 3.11: Plot of the mean-free-path versus the electric field. The total mean-
free-path (black curve) is the result of all the contributions summed up
through the Matthiessen’s rule.

tion, as the sum of two contributions:

λOP,ems = (λ−1
OP,ems−field + λ−1

OP,ems−abs)−1. (3.29)

The term related to the electric field can can be written as

λOP,ems−field(T ) = (h̄ωOP − kBT )
qF

+ NOP,300 + 1
NOP (T ) + 1λOP,300, (3.30)

where F is the applied electric field. The second term instead, the one related to
the OP emission after an absorption event, has a similar formulation, in which
the first term of Equation (3.31) is replaced with the OP absorption length of
Equation (3.28):

λOP,ems−abs = λOP,ems−abs(T ) + NOP,300 + 1
NOP (T ) + 1 λOP,300, (3.31)

The overall results for the mean-free-path are reported in Figure 3.11 as a func-
tion of the applied electric field. Similar results have been already obtained in
the literature [128, 123].
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Figure 3.12: Current versus voltage in nanotubes with different length. The variation
in the curves is due to the aforementioned scattering events.

It is worth noting that this approach is quite rigorous only for metallic CNTs,
whose density of states is nearly constant in the considered energy range. This
is also a good approximation for gated semiconducting tubes, when strongly
biased away from the band gap.

With this approach, IV table of the pre-computed characteristics is extended to
a wide range of lengths, by combining the results of the coherent calculations
and the mean-free-paths of different scattering events. This allow to have a
fairly accurate model for the transport in the nanotubes in a reasonable amount
of time. In Figure 3.12, the effect of the mean-free-path on the IV of nanotubes
with different length is showed. Results are in good agreement with works
previously done by other groups [122].

3.6 Junctions Model

CNT films are composed by an ensemble of nanotubes, interconnected to each
other by inter-tube junctions. Until this point, only the transport through
the individual nanotubes has been described. However, nothing has been said
regarding the transport in these inter-tube junctions.

Before the advent of the randomly aligned network of CNTs, researchers have
been studying the transport properties of junctions between tubes precisely po-
sitioned on substrates [129]. These kind of studies have been done both exper-
imentally [55, 35] and theoretically [56, 130]. In the first experiments, single-
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walled CNTs were seamlessly joined together by introducing topological defects
(pentagon-heptagon pairs) into the hexagonal graphene structure [131]. Elec-
tronic properties of such junctions, which generically have the shape of a kink,
have been also investigated theoretically [132, 133].

Another interesting configuration, which is more related to the case presented
in this work, is the study of crossed nanotube junctions [35]. In this context,
junctions consisting of two crossed single-walled CNTs were fabricated with elec-
trical contacts at each end of each nanotube. The measurements presented by
Fuhrer et al. (two-terminals and four-terminals measurements) showed a dif-
ferent behavior depending on the chirality of the two nanotubes forming the
junctions. For instance, a junction formed by two metallic CNTs (MM-junction)
has shown a conductance comparable to the one of the individual nanotubes.
The IV characteristics of the junctions showed a linear behavior, indicating a
resistive behavior. The values of the resistance of the junctions, which were
extracted from the slope of the curves, were of the order of few hundreds of kΩ.
Similar results were obtained from the measurements of junctions formed by two
semiconducting CNTs (SS-junction). The values of the resistances were two or
three times higher than the ones of MM-junctions, but they have still shown a
resistive behavior. The physical explanation that has been given, is that these
kind of junctions form a relatively good tunnel contact due to the finite density
of states available for tunneling on either side of the junction.

The case of junctions made by contacting a metallic and a semiconducting nan-
otube (MS-junctions) is qualitatively different from the MM and SS cases. The
charge transfer at such a junction is expected to form a Schottky barrier [56].
In fact, the two nanotubes share the same graphene band structure, hence the
should have nearly the same work function. As a consequence, the Fermi level
EF of the metallic nanotube should align within the band gap of the semicon-
ducting one at the junction. For this reason, in addition to the tunnel barrier,
there is also a Schottky barrier with a height approximately equal to half the
band gap of the semiconducting CNT. The result is a rectifying behavior with
a non-linear IV characteristic.

It is worth noting, that although this method gives reasonable results when
applied to an entire network with thousands of junctions, at the same time it
simplifies a problem that under some circumstances could need a more sophis-
ticated approach. In order to explore the details of the inter-tube junctions,
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(a) (b)

Figure 3.13: (a) Two intersecting nanotubes forming a junction. (b) I-V characteristic
of the three different typologies of junctions.

more advance techniques are needed, as for example, the NEGF approach. The
correct representation of the Hamiltonian of the junction, by the tight-binding
theory, is a crucial aspect. Buldum et al. [130] have reported interesting phe-
nomena such as a negative differential resistance and non-linear variation of the
resistance with the contact area. Indeed, the junction behavior can be really
peculiar, depending on how the atoms are arranged to form the junction. For
instance, two semi-infinite nanotubes connected end-to-end in parallel showed
a resonance in the electron transmission, due to quantum-interference effects.
Other junctions showed different behaviors depending on whether or not the
atoms forming the junction were in registry (i.e. aligned along a specific direc-
tion). Furthermore, when the junctions are placed on a substrate, the electronic
contact is actually changed by the structural relaxation of the tubes and by the
adhesion forces between the tubes and the substrate. In order to investigate
these effects, other approaches must be used, such as molecular dynamics [134].

However, such detailed models could not be implemented in the simulation of
an entire network. The strength of these models is to correctly represent the
transport properties of the inter-tube junction, which are dependent on the
angle between the tubes, the overlap between the nanotubes, the chiral vector
of the nanotubes and many other parameters. For the same reasons given in
3.4.3, would not be possible to pre-compute all the possible cases of junctions.
Certainly, such a simplified model could not be used for a device composed by
two single nanotubes opportunely positioned over a substrate. The argument on
the validity of the model follows exactly the motivation that pushed researchers
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Figure 3.14: (a) Schematic representation of a network with only two nanotubes de-
posited between a source and a drain electrode. (b) Corresponding rep-
resentation in terms of electrical components. The possible sub-circuits
are the subjects of the next chapters.

to fabricate randomly aligned networks of CNTs. As already mentioned in the
prefatory chapter, the difficulty in the fabrication processes of individual CNT
devices, has made necessary to develop new solutions in which the positioning of
the nanotubes was not so critical anymore. At the same time, also the numerical
models have to scale up of one level, renouncing to the atomic details, but making
the simulation of entire networks possible.

3.7 Creation of the SPICE Netlist

After the network generation and the pre-computation steps, the program must
convert the resulting set of tube segments and tube junctions into a netlist that
can be read by the SPICE program. In the netlist a node represents either
an ending point of a nanotube or of a junction. Between every pair of nodes,
the program assigns a certain block, as schematically depicted in Figure 3.14.
Each block contains an equivalent circuit for the electrical representation of the
component. The description of these blocks will be given in the next three
chapters, together with the motivation behind their electrical representation.

The conversion from the generated network to the SPICE netlist is done through
two consecutive steps. During the first attempt to create the netlist, the program
receives several errors and warnings from SPICE, due to two possible reasons.

The first one, which results into an error from SPICE, is that some of the nan-
otubes are not connected to the rest of the network, thus to one of the two
contacts. Electrically, this means that these resistances are floating and pre-
vent SPICE to successfully solve the problem. This problem occurs especially
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for sparse networks, where it is very likely to have individual unconnected nan-
otubes. After this first failed attempt, the program receives back a text file
containing all the floating nodes, and modifies the netlist by putting to ground
all this nodes. This expedient does not affect the result of the simulation, but
allows SPICE to complete the simulation.

The second one, which results into a warning from SPICE, happens when a
segment of a nanotube has an unconnected node. In Figure 3.14 for example, is
the case of the segments (3-6) and (5-2), where the nodes 3 and 2 are connected
to less than two nodes. This situation does not prevent SPICE to complete the
simulation. However, since these nodes do not contributes to the percolation
paths, they can be neglected in the electrical simulation. The idea is to save
them into an external file, and list them as nodes on which the program has not
to spend further time during the self consistent calculation. Considering that
the number of these nodes is usually significant, the simulation can be much
faster by not including them in all the calculations.

3.8 The Self-Consistent Algorithm (SCA)

As already stated, the netlist is composed by blocks, which contain a certain
equivalent circuit. Regardless the content of the ”black-box”, it is important
to point out that the electrical behavior is dependent on the potential applied
to the two external nodes. Hence, in order to find the solution to the problem,
an iterative procedure is required. The network is thus solved self-consistently
through consecutive iterations.

During the first step, the algorithm makes a guess on the value of the electrical
components, and writes the netlist. The netlist is then given to SPICE, which
solves the electrical problem and saves all the currents between the nodes and
all the potential in the nodes. These data are sent back to the program, which
converts them and store all the information in external files. These information
can be further analyzed and plotted; an example is represented by Figure 3.15,
where the potential map of a network is shown.

After the initial step, the program has to read from the pre-computed tables the
corresponding value for the electrical component with respect to the difference of
potentials between the nodes. Once it finds the proper value of the component,
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Figure 3.15: Example of the three dimensional representation of the potential distri-
bution in a network.

it writes a new netlist and a new cycle starts. This procedure is repeated until
the variation of potential between two consecutive iterations, in each node of
the network, is less than a certain tolerance (e.g. 5 mV). Once the convergence
criteria are fulfilled, the program saves all the results, which can be afterwards
print through the visualization tool.
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Chapter 4

Percolative Transport

This chapter is focused on the conduction in CNT networks. Particular attention
is dedicated to the percolative nature of the transport by investigating the effects
of different macroscopic variables such as, for example, the density of nanotubes
in the film and the area of the devices. These kind of simulations, which have
been validated against experimental measurements of several type of devices,
provide useful insights on the transport through the networks and guarantee
the design of reproducible devices in terms of performance. The benefits of
having a reliable way to predict the behavior of the networks are more evident
after introducing the concept of the percolation threshold. In many applications,
the films are indeed designed to be close to this percolation threshold, in order
to form sort of mono-layers with interesting transport properties.

After the study of the DC conductivity, in the last part of the chapter, the
model is extended to introduce the reactive behavior of the nanotubes. The
purely resistive model for the single nanotubes is thus substituted with a more
general equivalent circuit, which takes into account the capacitive and inductive
components as well, allowing the analysis of the networks under AC stimulation.

4.1 DC Conductivity of the Network

Due to its particular morphology, a CNT network presents a peculiar conductiv-
ity in comparison to other commonly used electronic materials. To understand
these dissimilarities, it is important to have a clear view on what conductivity
means for traditional semiconductors, and to analyze the differences that arise
when the same definition of conductivity is applied to a CNT network.
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Table 4.1: Conductivity of various materials at T = 293 K.

Species Material Conductivity [S/m]

Silver 6.3 x 107

Metal Gold 4.1 x 107

Copper 5.9 x 107

Gallium Arsenide 10−8 to 103

Semiconductor Germanium 2.2
Silicon 1.6 x 10−3

Air 10−15

Insulator Fused Quartz 10−18

PET 10−21

Definition 1. The electrical conductivity is an intrinsic property that quantifies
the ability of a material to conduct an electrical current.

Although the qualitative definition is general and it is valid for every material,
the step of making this definition quantitative must be taken carefully. The
reason lies in the causes that make a material able to conduct current, which can
be really different. As an example, for metals, semiconductors and insulators,
the reasons can be found in the band-theory, which explains how the energy
bands are filled by electrons. On the other hand, in ionic liquids and electrolytes,
the electron conduction does not happen due to the particular band structure,
but by the motion of the ions in the medium. Examples of other different
mechanisms of conduction include plasma and superconductors.

Even by staying on the topic of conventional electronic materials, the macro-
scopic quantitative description of the conductivity depends strictly on the mi-
croscopic property of the material under exam. It is fairly understandable that a
material with a homogeneous and order crystalline structure can have a different
capability of carrying current respect to a completely disordered material.

Without entering into many details, here the fundamental aspect that should
be considered is that according to the previous definition, the conductivity is an
intrinsic property of a certain material. For a fixed value of temperature, a or-
dered, homogeneous material presents the same conductivity, expressed in S/m.
In Table 4.1 the conductivity of some common materials are presented [135].

Concerning the CNT films, a question that could arise is where to position them
in Table 4.1. The answer is not trivial, since a random network of nanotubes
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4.1. DC CONDUCTIVITY OF THE NETWORK

is practically a mixture of different material. Furthermore, the current flow
depends on how the nanotubes are arranged on the substrate. The models used
for ordered materials fail in describing a percolative system like CNT networks,
and the classical concept of conductivity loses its validity.1

The way the current flows is related to the number of percolation paths. For per-
colation paths are intended all the possible paths that connect the two electrodes
of the device. The amount of these paths depends on several parameters, such
as the amount of nanotubes in the film and the arrangement on the substrate.
For these reasons, a CNT network can show very different electrical behaviors,
from insulator to metallic, depending on how it has been designed.

4.1.1 Modeling of the Resistive Behavior of the Network

As already mentioned in the previous section, it is rather difficult to define
rigorously the conductivity of a CNT film. Instead, when dealing with thin
films, it is often convenient to work with the so-called sheet resistance. The
utility of the sheet resistance is that it is invariable under scaling, and that it
can be directly measured using a four-point probe technique. This is for example
how CNT films used as transparent electrodes (and more in general TCO films)
are characterized.

However, for most of the applications discussed in this work, it is better to
refer directly to the resistance of the device. The main motivation lies in the
architecture of the device. In fact, for transparent electrodes, the device is
composed only by the CNT film, and the easiest way to characterize it is the
four-point probe technique. In this specific application, the main goal is to have
a film that is very thin (to have a good transparency) and very conductive (to
have a low resistance). On the other hand, for other applications, such as sensors
and TFTs, the main goal is to have a film of semiconducting nanotubes, as it
will be explained in the next two chapters. The main implication is that the
film is highly resistive, due to the significant resistance of the semiconducting
nanotubes. Therefore, the architecture of the device must be designed in order
to reduce the resistance of the film. The most common approach is to use an
Inter-Digitated Electrod Structure (IDES), like the one depicted in Figure 4.1.

1The classical concept of conductivity actually fails in treating also many other type of
devices, especially in mesoscale and nanoscale devices. One example is the case of ballistic
conduction.
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100 µm

3 mm

3 mm

Figure 4.1: Schematic representation of the IDES structure of the real measured de-
vice.

Following what has been said in Section 3.7, in this case the equivalent circuit
of nanotubes and junctions is composed by a simple resistance. The most im-
portant aspect that must be considered here is that in most of the applications,
apart the transistors in Chapter 6, the networks are biased in the low-potential
regime. Typically, during the measurements, these devices are biased with low
voltages (∼ 1-2 V). Keeping in mind the usual spacing between the fingers of
the IDES, which is in the order of 100 µm, the drop of potential on a single
nanotube on the network is very small. Therefore, it is possible to greatly sim-
plify the problem, by referring to the initial region in the IV curves presented
in Chapter 3.

4.2 Stochastic Nature of the Problem

From what has been said until now, it appears that a CNT network must be
designed accordingly to the application target. A CNT film for sensing applica-
tions, for reasons that will be more clear in the next chapter, has for example a
very low density of nanotubes respect to one designed as a transparent electrode.
However, the need of a rational design is not a peculiarity of CNT films, but
rather something associated to the development of every technology. A more
distinguishing aspect is related to the stochastic nature of the problem. Due
to the random alignment of the nanotubes over the substrate, there is an in-
herent aleatory in the morphology of the film, which turns out into a non-fully
predictable electrical behavior. In other words, it is practically impossible to
achieve the same film starting from the same initial conditions. The interesting
question is by how much two nominal identical networks differ between each
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4.2. STOCHASTIC NATURE OF THE PROBLEM

other. In this regard, a combined theoretical and experimental study on the
percolative transport could provide useful insights in the design of the device,
by trying to take into account this distinctive feature of the CNT films. Before
entering in the quantitative details, however, it is necessary to attribute the
causes behind this behavior of the networks. The main cause is related to the
fabrication process, which has been already introduced in Section 2.2.1. For fab-
rication process, here is now intended the full process flow, from the preparation
of the solution to the spray deposition. Even assuming that all the nanotubes
in the initial solution have the same identical geometrical properties, this is def-
initely not true after the solution has been processed. Moreover, the deposition
on the substrate is done with a technique that does not allow the individual
positioning of the nanotubes. The result is a network with a morphology that
is, to all intents and purposes, completely random. The results of a comparative
study between simulations and experiments are shown in the next sections.

4.2.1 Simulation domains

The first problem that arises when attempting to simulate a film of randomly
aligned CNTs, is the need of finding a reasonable simulation domain. Like in any
other simulation problem, one must consider the well-known trade-off between
the computational demand and the required accuracy. For this particular issue,
there is not a unique rule. However, some guidelines can often help in taking
a proper choice, which guarantees results within a range of accuracy, in an ac-
ceptable amount of time. The time needed for a simulation is proportional to
the applied discretization and to the number of equations in the system, which
are calculated in every point of the discrete grid. The grid (often referred to as
mesh), must be fine enough to guarantee that the smallest feature in the simula-
tion domain is properly treated. To be more specific, one must always consider
the smallest space in which a certain phenomenon can occur. A coarse mesh
leads to an inaccuracy of the simulation, by neglecting the effect of some phe-
nomena that manifest themselves in a space smaller than the space between two
points in the grid. On the other hand, a fine mesh requires more computational
resources.

Concerning the proposed approach (see Chapter 3), the required resources are
proportional to the number of nodes in the network. Since it is computationally
impossible to simulate the whole area of a real device (which can have an active
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Figure 4.2: Comparison between the experimental data and the simulation of a low-
density network. Red error bar: spread of the experimental results be-
tween nine different devices fabricated over the same wafer and with the
same nominal properties. Each error bar from the simulation (in black)
is calculated over 20 simulations.

area of few mm2) some assumptions must be made.

The fabricated films are deposited by spray coating over a thermally grown SiO2

substrate [44]. An interdigitated electrode structure (IDES) with 100 µm finger
spacing, is evaporated on top of the substrate.

In order to have a comparison on the value of the resistance of the network,
the idea is to simulate a smaller portion of the active area and then linearly
scale the results up to the entire device area. However, this approach could lead
to inaccurate results if the starting simulation domain is not large enough to
guarantee a certain uniformity of the network. This is visible in Figure 4.2, where
the comparison between some measured device and some networks generated
over several simulation domains is shown.

To continue what has been previously said in Section 4.2, it is important to notice
the inherent spread of the results from devices which are nominally identical. In
order to validate the simulation, it is fundamental to replicate the same spread.
As it turns out, if the simulation domain is too small, the variance of the results
does not match the one presented by the measurements, even though the average
value is the same.

For the sake of clarity, it is worth to mention that the big spread of the results
on small areas is not simply an artifact of the simulations. In case the real
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Figure 4.3: (a) Potential distribution of a network generated over a domain of 4x4
µm2. (b) Current flow through the same device. (c) Potential distribution
over an area of 14x14 µm2. (d) Current flow through the same device.
All the plots are top views of 3-D networks.

devices are fabricated over small areas, the resistance of different networks will
presents the same variability predicted by the simulations. This effect is once
again due to the percolative nature of the transport through the network and
it can be further explained with the help of Figure 4.3. Figure 4.3(a) and
(b) shows, respectively, the potential distribution and the current flow from a
network randomly generated over a domain of 4x4 µm2.

As it is clear from the plots, both the two quantities are not uniformly distributed
over the surface. Moreover, if several networks are generated in that domain, the
morphology and thus the electrical transport will be very different between each
network. This is due to the presence of border effects, which are not negligible
at all in the case of small area devices. This phenomenon is not just limited to
the simulations; devices fabricated over such small areas will be also affected by
a big variance of results.
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When the domain reaches a certain threshold, the variance of the simulations
tends to saturate to a value that is in good agreement with the one from the
measured devices, as it is shown in Figure 4.2 for devices with an area greater
than 10x10 µm2. The reason can be found again by observing the potential a
current distribution in the device. In Figure 4.3(c) and (d), these quantities are
presented over a 14x14 µm2 domain. Border effects are, here, much less influ-
ential on the behavior of the network, since many electrical paths contributing
to the transport average them out. In this case, several nominal identical net-
works will show much smaller differences between them, granting a much smaller
spread of the results.

The small differences in Figure 4.2 between the experiments and the simulations
are most likely due to the fact that real devices, although they are on the same
wafer and measured sequentially, experience different working conditions. It is
well known that molecules in the atmosphere (especially oxygen) affect the be-
havior of the network in several ways [52, 53]. The amount of attached molecules
reasonably depends on the morphology of the networks, which is different for
every device. This phenomenon additionally increases the spread of the results.
In the simulated devices in Figure 4.2, however, the networks are assumed to
withstand the same amount of molecules, regardless their morphology.

4.2.2 Uniformity of the Film

The greatest influence on the conductive behavior of a CNT film is given by
the density of nanotubes in the network. As already mentioned in Section 4.1,
the amount of nanotubes greatly affects the number of percolation paths in
the network, and consequently the capacity of carrying current between the
two electrodes. If the density is not enough to guarantee at least one percola-
tion path, the film is completely insulating. By increasing more and more the
density, the connectivity of the network increases, and in turn, the conductive
capability improves. The choice of the optimal density is subordinate to the
application target. To cite an example, if the film is designed to be used as
a transparent electrode for photovoltaic applications, the goal is to obtain a
uniform, highly conductive and transparent film. Once again, as already ex-
plained in Section 2.4.1 there is a trade-off between the conductive property of
the network and the transparency of the film. For other applications, where the
resistance of the network is not the primary goal, it is often convenient to have
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Figure 4.4: Plot of two different morphologies. On the left side a low density network
(18 CNTs/µm2) both from top and side view; on the right side the same
plots for a network with higher density (30 CNTs/µm2).

very thin and sparse networks, as it will be further explain in the next chapter.

The simulations can help in this case in the design of these films, by giving an
estimation on the uniformity and thickness of the network. Figure 4.4 shows an
example of two generated networks with different densities. The thin film has a
low density of nanotubes per unit area (approximately around 18 CNTs/µm2)
whereas the thicker one has an higher density of approximately 30 CNTs/µm2.
In the side view pictures it is important to pay attention to the dimensions; in
point of fact, the irregularity on the Z-axis is amplified by the scale compression
along the X-axis. However, such a picture helps in visualizing the previously
mentioned border effects, which are the main responsible for the broad results
spread in films with a small area.

As previously stated, the increase in the nanotubes density leads to an improved
conductive capacity of the network. There is also, however, a less evident ef-
fect of the density of nanotubes, which affects the aforementioned spread of the
results. From a morphological point of view, a dense network is much more uni-
form than a sparse one. In a limit (but unrealistic case) a highly dense network
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Figure 4.5: Plot of the resistance versus the CNT density of the film. Red error bar:
spread of the results between nine devices with a nominal density of 18
CNTs/µm2. Blue error bar: spread of the results between nine devices
with a nominal density of 30 CNTs/µm2.

has an electrical behavior that approaches the one of a uniform bulk material.
At a first sight, without considering how the transport actually happens, it is
reasonable to assume that different films would look much more equal to each
other in the case of dense film rather than in sparse ones. In other words, dense
networks have many more morphological similarities between each other. This is
indeed reflected also on the transport properties; a huge number of percolation
paths averages out the variability due to stochastic fluctuations. As an example,
the resistance of a network with 100 possible percolation paths is almost identi-
cal to the one of a network with 95 paths. This is not applicable to a film with
10 possible paths, where even one or two paths more can make a huge difference.
All these considerations are reflected in a smaller spread of the results in dense
films, as it is shown by the comparative study in Figure 4.5.

In this particular analysis, two wafers of different densities with nine devices
each have been studied both experimentally and simulated with the proposed
tool. The low-density wafer has 18 CNTs/µm2, while the second one has a
higher density that is 30 CNTs/µm2. As it stands out, the denser the film,
the less pronounced the spread of the results. It is worth to notice that the
aforementioned effect of the molecules on the film is less invasive in dense net-
works rather than sparse networks. This statement finds confirmation in some
experiments that show how the sensitivity to molecules absorption changes with
respect to the density of the film [136].
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4.2.3 Striping, Changing Domains

Previously, in Section 4.1, the concept of conductivity in CNT networks has been
discussed, highlighting the differences respect to conventional semiconductors.
Since these films are really thin (in the nm range) it is not trivial to define a
specific conductivity for the material. The conductivity, or its reciprocal, the
resistivity, is a property of the material, which in principle, does not change
depending on the amount of material considered. This is actually the difference
between resistivity and resistance. As an example, a piece of silicon, with a
specific volume, has a certain value of resistance, expressed in Ω and a certain
value of resistivity, expressed in Ωm. The relation between the two quantities
is the following:

R = ρ
l

Σ , (4.1)

where ρ is the resistivity, l the length of the material and Σ the cross-section
where the current flows. Assuming a constant resistivity, if the cross-section of
the material is for example reduced to half of its original value, the resistance
would in turn be doubled. This is what, within certain limits, has been also
experimentally observed. By measuring the resistance value of different vol-
umes of the same material, the resistivity has always the same value. All these
considerations are not valid anymore when considering CNT networks. If the
cross-section of a CNT film is reduced to half of its original value, the resulting
resistance is not simply doubled.

In order to prove that, a numerical experiment has been performed by altering
the volume of some networks, as shown in Figure 4.6. In two different networks
(the two pictures on the left) the volume has been changed by cutting half
of the film in two different ways. The resulting resistance change, shows that
the resistivity is not constant. The purpose of repeating the experiment on
two differently dense networks, is to show that this phenomenon is much more
evident for thin films. From the pictures it is clear how the effect is greater in
less uniform films (i.e. thin films). In dense films, the behavior of the network
is much closer to the one of a uniform material, thus the resistivity changes are
reduced, for the same reasons previously discussed in Section 4.1.

More simulations have been performed by changing the aspect ratio of the net-
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Figure 4.6: Plot of the current flow through a film of 12 CNTs/µm2 (left) and a film
of 24 CNTs/µm2 (right). From top to bottom: the entire network, the
network with the bottom half cut out and the network with the top half
cut out.
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Figure 4.7: (Left) Normalized resistivity versus the aspect ratio of the simulated area
for three different densities. (Right) Normalized resistivity versus the
density of the nanotubes.

work, in particular by changing l and Σ of Equation 4.1. The results are pre-
sented in Figure 4.7(a) for three different densities. In one case the aspect ratio
l/Σ is increased by keeping constant the cross section and increasing the length
of the device. The resistivity, which has been normalized to the case where the
aspect ratio is equal to one, increases, and the effect is much higher for low
densities. The red curve is a limit case: with a double length, the film shows
an infinite resistivity, which means that the film cannot reach the percolation
threshold anymore.

It is important to specify that the cross-section, which has the dimension of a
surface, depends on the width and the thickness of the device. Since the thick-
ness is related to the density, in this experiment the cross-section is modified
by changing only the width of the device. This means that, in the second case,
where the aspect ratio is reduced, the width of the device has been changed,
while the length has been kept fixed. The effect on the resistivity is now the op-
posite, since by increasing the cross section, the number of parallel percolation
paths increases, and in turn, the resistivity is generally lower. The resistiv-
ity is here normalized respect to the initial network (CNT density around 12
CNTs/µm2) and it is extrapolated by inverting Equation 4.1 once the simulation
gives as output the value of the resistance, as well as an average value for the
thickness of the film.

Furthermore, a similar analysis has been done on the resistivity of films with
different densities, as it is shown in Figure 4.7(b). Consistently with the previous
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findings, two different behaviors has been observed, depending on the density
of the film. After a certain threshold, an increase of the density does not affect
anymore the resistivity of the film, which tends to saturate to a certain value.
As previously mentioned, when CNT networks are employed as transparent
electrodes, it exists a trade-off between the resistivity and the transparency
of the film. This analysis could be indeed useful for a proper design of the
electrode; when the aforementioned threshold is reached, a further increase of
the film thickness will not bring any appreciable benefit to the conductivity of
the network, but it will drastically reduce the transparency of the film.

4.3 Percolation Threshold

So far, it has been showed that a CNT network can have different electrical be-
haviors according to how different parameters are related to each other. Among
these parameters, the density of nanotubes per unit area and the device dimen-
sions, are certainly the most important. It makes now sense to define a certain
property of the CNT networks that connects these two parameters: the per-
colation threshold. As already briefly mentioned, a film below the percolation
threshold does not have any path that connects the two electrodes, thus present-
ing an insulating behavior. The knowledge of this threshold is very important,
since a lot of networks are usually designed to be very close to their percolation
threshold. A film that has a density of nanotubes slightly above this threshold,
forms a sort of mono-layer with some unique properties. The most important
one, is that a small change in the environment causes a big change in the elec-
trical properties of the network, making it very suitable for sensing applications
(see Chapter 5). For similar reasons, a small change in the electrical bound-
ary conditions, causes a big change in the electrical output, which is a primary
criteria for the design of thin-film transistors (see Chapter 6). While designing
such a network experimentally could be really time-demanding, with the help
of the simulation this can be done after a statistical analysis of several samples.

In Figure 4.8 the percolation probability of films with different densities is pre-
sented. It is important to notice that the percolation threshold merely depends
on the geometry of the network. The electrical properties of the single nanotubes
have no impact on the threshold. The parameters that have a big impact are
the following:
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Figure 4.8: Plot of the percolation probability versus the simulation domain area.
The multiple curves represent different CNT densities. Each point is the
result of 20 different generated networks.

• CNT density: It dictates the probability of having percolation paths
between the two electrodes. A linear increase of the density does not
produce a linear increase of the number of paths, which is much higher.
The effect of the density tends to saturate for really highly dense films;

• Device domain: It has a huge impact on the percolation probability.
Wide and short devices have a higher probability to have paths between
the electrodes, while in narrow and long devices the probability drops
consistently. The choice of a proper device domain strictly depends on the
CNT density of the film.

• Nanotubes length distribution: Not mentioned so far, it has a very
important effect on the percolation probability. Since it contributes to
the geometrical properties of the film, it must be taken into account to-
gether with the density of CNTs and the choice of the domain. Very short
nanotubes (compared to the length of the device) drastically reduce the
probability of having a direct path between the electrodes.

The plot of Figure 4.8 is the results of a statistical analysis, done for different
films on different simulation domains. The aspect ratio of the domain is equal
to one (the shape of the device is a square) and the lengths of the nanotubes
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are described by a very narrow log-normal distribution centered around 744
nm, with a variance of 9.5 nm. As it turns out, if the density of nanotubes is
not enough (green curve), the film will never reach the percolation threshold,
no matter how big the domain is. Once again, this strictly depends on the
distribution length; with very long nanotubes, the previous statement might
not be true. By increasing the density of nanotubes, the film has a higher
probability to have a direct connection between the electrodes. The percolation
threshold for denser films is achieved with smaller domains.

The results of this analysis are in good agreement with some theoretical work
presented in the literature [95], where the density of nanotubes necessary to
reach the percolation threshold follows the expression:

nperc = 1
π

(
4.236
Ltube

)2

(4.2)

where nperc is the density limit and Ltube is the average length of nanotubes.
By taking the average length at 744 nm, the minimum density to reach the
threshold results to be ∼10 CNTs/µm2, regardless the simulation domain area.
However, depending on the area of the device, the threshold may or may not be
reached, for the reasons discussed earlier about the border effects.

4.3.1 The Effect of the Length Distribution

Intuitively, the percolation threshold depends on the average length of the nan-
otubes. Having long nanotubes helps greatly to reach the percolation, since it
increases the possibility that the nanotubes connect the two electrodes. Ideally,
a very long nanotube, correctly positioned between two electrodes, is sufficient to
reach the percolation threshold. This is confirmed also from Pike’s theory; from
Equation(4.2) it is clear that when the length increases, the minimum density of
nanotubes necessary to reach the percolation threshold is reduced. Once again,
it is important to highlight that the formula is somehow incomplete, since it
does not take into account the shape of the simulation domain, which is consid-
ered as square-shaped. Furthermore, its predictability fails when treating very
long nanotubes. In this regard, the numerical simulation can provide a more
accurate statistical analysis of the influence of the length distribution function
on the percolation threshold of differently shaped networks.
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Figure 4.9: (Left) Plot of four different probability distribution functions for the
lengths of the nanotubes. (Right) Comparison between the theoretical
work from Pike and the numerical simulations performed during this work.
The comparison is based on the probability distribution functions of the
left figure.

In Figure 4.9, as an example, the percolation threshold of networks with different
length distributions is represented and compared with the theoretical work of
Pike. For square-shaped simulation domains, with lengths smaller than the
device dimensions of at least one order of magnitude, the agreement between
the model and the theory predictions is remarkable.

4.4 AC Conductivity

Until this point, the presented model has shown its validity in simulating the
resistive behavior of the films, but its capabilities are still quite limited. Indeed,
even a very complex network of resistances, can be eventually simplified to a
unique equivalent resistance, which represents the overall behavior of the film.
Such a simulation can only provide information about the resistance of the film.

However, in order to fully understand the electrical behavior of CNT thin-films,
further analyses that go beyond what has been shown so far are needed. By
changing opportunely the content of the blocks constituting the network, one
can include additional physical models, and therefore increase the level of the
simulations details.

One noteworthy analysis is certainly the AC conductivity study, in which the
response of the film is given in terms of the complex impedence. The importance
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of this analysis lies in the facts that the behavior of the film at high frequencies
could be substantially different to the one in the DC regime. The reason is
related to the presence of reactive elements in the system, namely capacitances
and inductances, which modify the total impedence of the network depending
on the frequency of the applied signal.

Quantifying the contribution of these elements, and understanding their deriva-
tion from physical phenomena, is an important aspect of the CNT films design.
The frequency-dependent circuit model developed herein may have direct ap-
plications in determining the switching speed of a variety of nanotube based
electronic devices.

4.4.1 Equivalent Circuit for the Single Nanotubes

The advent of deep-submicron semiconductor technology spotlighted the need
of properly consider the parasitic effects introduced by wires in active circuits.
The overly simplistic description in which interconnections are treated as sim-
ple ideal lines loses its validity under certain circumstances. To complete the
whole picture, the contributions from the parasitic resistances, capacitances and
inductances must be taken into account.

The level of expertise reached in the modeling of wires in integrated circuit
can be exploited also in the simulation of networks of nanotubes. Under this
approximation, the nanotubes constituting the network are thought as wires
interconnected between each other. The choice of the level of details in repre-
senting the parasitic components is dictated as usual by the trade-off between
complexity and computing-efficiency.

A conservative approach, in which all the possible parasitic effects are included,
is simply unfeasible and only applicable to very small topologies. A more rational
approach would be to establish from the beginning which are the most crucial
phenomena, and describe them with few dominant parameters. This particularly
applies when the number of nodes in the network is really high. To achieve a
meaningful analysis of the context, the designer has to have a clear insight in
the parasitic effects that can affect the nanotubes in the film.

The equivalent circuit for the single nanotubes is not well established exper-
imentally. An interesting approach is to model the nanotubes with a trans-

80



4.4. AC CONDUCTIVITY
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Figure 4.10: Frequency-dependent equivalent circuit for a nanotube. In red the exter-
nal nodes of the sub-circuit (which are connected to the other sub-circuits
of the network); in blue the only internal node.

mission line equivalent circuit that can be used to predict their dynamical
impedance [137, 138]. The model proposed in this work, extends the transmis-
sion line formalism with the inclusion of the tube resistance, which is calculated
according to the model presented at the beginning of the chapter. The equiv-
alent circuit, whose diagram is illustrated in Figure 4.10, is essentially a RLC
circuit.

Each component of the circuit is the result of different contributions, which will
be discussed in details in the next sections.

4.4.2 The Inductive Contribution

The inductance is in general a property of an electrical conductor, by which a
change in the flowing current induces an electromotive force in the conductor
itself. The magnetic energy, however, is not the only energy that arises from the
motion of charges. Another manifestation of energy is the kinetic energy of the
electrons, which is essentially where the kinetic inductance originates according
to the definition

Ek = 1
2LkI

2. (4.3)

Indeed, the kinetic inductance can be seen in the earliest modern theory of
conduction in metals by Drude [139], where the complex impedance has an
imaginary term proportional to the frequency, reflecting an inductance.

The total energy arising from the motion of charges is the sum of the magnetic
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and kinetic energies, which means that in circuits the kinetic inductance adds
in series to the magnetic inductance.

A. Magnetic Inductance

When the distance between the nanotube and the ground plane is greater than
the radius of the nanotube itself, the magnetic inductance can be simply calcu-
lated from the principles of electromagnetism [140]. The usual starting point is
the current I that produces a certain magnetic field H around the tube. The
two quantities are linked by Equation (4.4):

∮
~H · d~l = I. (4.4)

Since the boundary conditions are cylindrical, the integral can be evaluated over
a circle of constant amplitude round the current. This leads to the following
expression for the magnetic field as function of the current flowing through the
tube:

∮
Hr dθ = 2πrH = I . (4.5)

Since B is proportional to H through the magnetic constant µ:

B = µI

2πr . (4.6)

The total magnetic flux between the tube and the ground plane is thus:

Φm =
∫ h

d

µIdr

2πr = µI

2π ln
(
h

d

)
. (4.7)

Finally, the inductance per unit length is found from Equations (4.4) and (4.4)
as

Lm = µ

2π ln
(
h

d

)
, (4.8)

which is expressed in Hm−1. For the sake of simplicity, the situation is restricted
to a nanotube over a ground-plane. However, in case there is no ground-plane,
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the parameter h (the distance between the wire and the ground-plane) can be
substituted with the length of the nanotube itself [138].

Since the typical oxide thickness in these applications is in the order of 100 nm,
whereas a typical nanotube radius is around 1 nm, the value of the magnetic
inductance per unit length is in the order of 1 pH/µm.

B. Kinetic Inductance

Kinetic inductance originates in the kinetic energy required by each electron that
is contributing to a flow of current. In general the electrons in a solid are moving
around continuously, evenly distributed among all the possible directions in the
crystal. Thus they all possess kinetic energy even when no current flows. When
a current flows the electric field adds a small drift velocity component to the
whole electron distribution which requires the electron system to acquire kinetic
energy:

In a normal or superconducting material this kinetic energy is equivalent math-
ematically to the energy invested in creating a magnetic field - the energy is
effectively stored until the electrons decelerate again. This is often neglected
in normal materials, where electrons scatter repeatedly, resulting in dissipation
of the kinetic energy. In this respect, CNTs are interesting because, although
they are not superconductors, they possess a very long mean-free-path. As a
result, it is expected that the kinetic inductance in CNTs starts to play a role
at frequencies around 100 GHz, which is potentially useful for high-frequency
electronics [141].

The kinetic energy per unit length in a generical 1-D wire is the algebraic sum
of the kinetic energies of the left-moving carriers and the right-moving ones. At
equilibrium, the net sum is equal to zero. If the number of left-movers is for
example higher than the one of right-movers, a net current can flow through
the wire. If the Fermi level of the left-movers is increased by e∆µ/2 (under an
applied bias), the Fermi level of the right-movers will be decreased by the same
amount.

The net increase in energy of the system is the excess number of electrons N in
the left versus right moving states, times the energy added per electron εn:
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Ek = N εn = e∆µ
2δ

e∆µ
2 =

(
e∆µ

2

)2 1
δ
, (4.9)

where δ is the single carrier energy [142], which can be expressed in terms of the
Fermi velocity vF through the following expression:

δ = hvF
l
. (4.10)

The kinetic inductance per unit length is determined by equating Equations (4.9)
to the energy that is stored in an inductor:

Lk = h

2e2vF
. (4.11)

With vF ≈ 108 cm s−1, the kinetic inductance is approximately 3 nH/µm.

C. Total Inductance

It is worth noticing that the kinetic inductance is significantly higher than the
magnetic inductance (three orders of magnitude). Since the total effect of the
two inductances is given by the series of the two,it follows that the inductive
behavior of the nanotube is almost entirely given by the kinetic inductance.

A quantitative estimation of Lk for semiconducting CNTs remains still an open
question. In CNT transistor modeling and analysis, Lk is taken to be in the
same order of magnitude as the one calculated from Equations (4.11). Although
this might seems a big approximation of the problem, it allows to have a rough
estimation on the inductive behavior at high-frequencies.

However, as already mentioned, such low values for the inductance are not rele-
vant for frequencies lower than several GHz. The applications here studied are
thought to be used for much lower frequencies (max frequency around 2 MHz),
hence the inductance will be from now on neglected in the equivalent circuit of
the carbon nanotubes.
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4.4.3 The Capacitive Contribution

Similarly to the inductance, the capacitance showed in the equivalent circuit
of Figure 4.10 is the result of the sum of different contributions, which are
herein discussed. The electronic capacitance of a one-dimensional system such
as a CNT is a thermodynamic quantity that contains fundamental information
about the ground state1. It is composed of an electrostatic component describing
the interactions between electrons, and a kinetic term given by the electronic
density of states.

A. Electrostatic Capacitance

Also in this case, the findings of the transmission lines theory can be applied to
the CNTs [143]. In this respect, the capacitance is calculated by equating the
capacitive energy to the stored electrostatic energy:

Q

2C = 1
2

∫
V
E ·DdV , (4.12)

where D is the displacement of the electric field within a dielectric material.
The integration is done over the entire volume of the dielectric. The reason
why this capacitance is defined as an electrostatic capacitance can be found
in the expression in Equation (4.12). Indeed, within this approximation, the
capacitance is calculated by relating a static charge with a static electric field.

Considering the specific geometry of interest, the electrostatic capacitance be-
tween a nanotube and a ground plane is finally given by

CE = 2πε
cosh−1(sh/d)

≈ 2πε
ln(h/d) , (4.13)

where the approximation leads to good results as long as h > 2d. It is noteworthy
that, Equation (4.13) has the same formulation of the capacitance of a coaxial
cable, where d is the internal radius and h the external one.

With the same values of d and h defined before when introducing the inductance,
the electrostatic capacitance can be approximated numerically as

CE ≈ 40aF/µm . (4.14)
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B. Quantum Capacitance

From a classical point of view, the capacitance of a conductor is determined only
by its geometry. When charged, the electrons distribute themselves in a way
that minimizes their electrostatic energy. In quantum mechanics however, extra
energies are introduced, which add a new contribution to the capacitance, the
so-called quantum capacitance. While in a classical electron gas (of whatever
dimensionality) adding an extra electron to the system does not cost any energy,
in a quantum electron gas, due to the Pauli exclusion principle it is not possible
to add an electron with energy less than the Fermi energy EF [144].

CNTs have a rather low density of states per unit energy around the Fermi
level. This causes the average energy spacing between the states to be much
larger than in common metals [145]. When an applied potential is charging a
nanotube, the Fermi level shifts by this large energy spacing for each state that
has been either filled or depleted.

The rigorous expression of the quantum capacitance is

CQ = ∂Q

∂VA
, (4.15)

where Q is the charge density and VA the applied potential. In case the density
of states is symmetric with respect to the Fermi level, the charge density can be
written as

CQ = ∂Q

∂VA
, (4.16)

where g(E) is the density of states of the nanotube [146]. For a linear energy-
wavevector relation, such as that near the Fermi level in graphene and in metallic
CNTs, the density of states is constant. As proposed by Burke [138], if the
applied voltage is such that the Fermi function is approximately zero before the
first van Hove singularity, the quantum capacitance can be expressed as follows:

CQ = 2q2

hvF
. (4.17)

which comes out to be numerically equal to 100 aF/µm when considering the
Fermi velocity of graphene as equal to 8 · 105 m/s.
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From more recent calculations, values from the quantum capacitance of different
nanotubes have been reported in a range from 140 aF/µm up to more than 380
aF/µm [147].

C. Total Capacitance

As the energies are simply additive, and since the capacitance is inversely pro-
portional to the energy, the aforesaid capacitances are added in series, to yield
the total capacitance:

C−1
tot = C−1

E + C−1
Q . (4.18)

With the values founded for the nanotubes in these particular configurations,
the total capacitance varies between values from ∼ 28 aF/µm to ∼ 36 aF/µm.

4.5 Parameter Extraction and Scaling

The equivalent circuit of each nanotube is compiled into individual sub-circuits
that are saved in a library file. Every nanotube has a different resistance value
(calculated following the theory of Chapter 3) and a different capacitance, due
to the fact that the every nanotube in the network has a specific length.

Basically the program applies the same method already presented for the DC
conductivity, and it only replaces the resistances with the complete equivalent
circuit. However, this kind of simulation requires a further step. While in the
former case of DC analysis, the small simulation domain could be extended to
the real device dimension through a simple linear scaling, here few precautions
must be taken. The more complicate topology of the circuit requires a different
approach, in which the simulation is divided into two consecutive steps. During
the first step, the area of the simulation domain is simulated and a macro-
equivalent circuit is extracted. Afterwards, the extracted circuit is extended to
the dimension of the entire device through series and parallel connections, as
it is schematically illustrated in Figure 4.11. Finally the behavior of the entire
network can be analyzed.

This approach is based on the assumption that every section of the entire device
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Extracted

Figure 4.11: Schematic representation of the multi-level approach for the simulation
of big devices. From the bottom-left block, the effective parameters are
first extracted and then extended to the entire area of the real device.

can be reasonably described by the same equivalent circuit, an approximation
that can be considered valid when the dimensions of the simulated area are much
bigger than the dimensions of the single nanotubes. This hypothesis is supported
by the same considerations given in the previous sections on the border effects
and the simulation domains effects.

4.5.1 Parasitic Capacitance

Before continuing, it is useful to briefly summarize what has been done until this
point. Conceptually, the simulation of the AC behavior of a network is divided
into two consecutive steps. During the first one, the equivalent circuit of a single
nanotube is calculated and inserted in a small portion of the network, which
is then simulated with the same approach presented in the previous chapter.
However, the higher complexity of the network does not allow a linear and
uniform scaling up to the real device dimensions. Therefore, a second step has
been introduced, in which the results from the small simulation domain are
properly scaled as explained in the previous section.

Nonetheless, another consideration is needed. The entire device that is measured
is a system composed by the CNT network and by an IDES structure like the one
showed in Figure 4.1. As already mentioned, the metal electrodes are deposited
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Figure 4.12: Plot of the real part of the complex impedance of a network versus the
frequency of the applied electrical signal. The two continuous curves
represent cases with different values for the parasitic capacitance; the
black circles are the experimental measurements.

over a SiO2 layer, which is grown over a heavily doped Si substrate. This
particular configuration introduces a not negligible parasitic capacitance, which
is estimated to be around 800 pF .

To understand the effect of the parasitic capacitance, it is useful to analyze
Figure 4.12. As it comes out, the network simulated without considering the
parasitic capacitance has a different behavior respect to what it is experimentally
observed. The most important aspect, is that the slopes of the two curves are
different. Both the curves resemble the behavior of a low-pass filter; however,
the curve resulting from the measurements seems to be from a filter of one
order higher. Indeed, changing the capacitance of the single nanotubes will
simply shift the cut-off frequency of the curve, but not modify the slope of the
curve. To keep the analogy with the filters, changing the capacitance will not
increase the order of the circuit. On the other hand, by considering a global
parasitic capacitance between the contacts and the substrate, one can see that
the simulation fit perfectly the measured curve.

4.5.2 Frequency Behavior of CNT Films

In order to have the complete picture on the frequency response of CNT films,
a last contribution must be considered. So far, it has been assumed that the
CNTs are unaffected by the surrounding CNTs. It is well established that in
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Figure 4.13: Real (left) and imaginary (right) part of the complex impedance versus
the frequency of the applied signal. The continuous lines represent the
simulations, while the circles are the measurements. The model has been
validated for two networks with different densities of CNTs per unit of
area.

densely packed circuits, with a lot of long interconnects, coupling effects between
the wires are a serious issue. Although in this case the frequency range and the
charge distribution is very different from the case of dense metallic interconnects,
it is reasonable to expect a small contribution from some coupling effects between
the nanotubes.

These assumptions are corroborated from the experimental measurements of
networks with different densities of nanotubes. In this regard, Figure 4.13 shows
the plot of the real and imaginary part of the complex impedence of two networks
with different densities of nanotubes per unit of area. The simulations of the
same networks show a remarkable good agreement with the measurements.

However, by taking a closer look to the behavior of the two networks, it emerges
that the low density network has a lower cut-off frequency respect to the high
density network. If the only contribution to the capacitance of the network
would come solely from the single nanotubes’ capacitances, this behavior would
be contradictory with the expectations. In fact, one would expect an higher
cumulative capacitance from the high density network and, as a consequence, a
lower cut-off frequency.

As a matter of fact, by considering the capacitive contribution of the nanotubes
in the two networks to be equal, it is impossible to fit the experimental data.
One could then infer that somehow the nanotubes in the low density network
have a higher intrinsic capacitance. As already described in Section 4.4.3, the
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Table 4.2: Parameters for the simulation of the AC behavior of two networks with
different densities.

Low Density Film High Density Film

Single CNT Capacitance 33 aF/µm 30 aF/µm
Parasitic Capacitance 800 pF 800 pF
Extracted Resistance 107 Ω 1.7 · 106 Ω
Extracted Capacitance 3.4 · 10−14 F 2.6 · 10−14 F
Cut-off Frequency ∼ 5.5 kHz ∼ 24 kHz

predicted capacitance of a single nanotube for this device configuration would
be something in between ∼ 28 aF/µm to ∼ 36 aF/µm. The fitting of the
experimental curves has been here obtained with a value of 33 aF/µm for the
low density network, and of 30 aF/µm for the high density network. Both the
values are perfectly in the range expected from the theoretical calculations.

However, it is important to give an explanation on why the nanotubes on the
low density network have a higher capacitance respect to the ones in the high
density network. On this regard, two considerations are crucial. Assuming that
all the nanotubes are perfectly the same, with the same electrical properties and
hence the same quantum capacitance. The same assumption does not hold for
the electrostatic capacitance. In fact, while one could reasonably estimate the
electrostatic capacitance of a low density network, this is less trivial when the
network is rather dense. A low density network is very close to form a very
thin monolayer, in which all the nanotubes can be considered to share the same
distance from the ground plane. In a high density network, a not negligible
percentage of nanotubes are on top of a layer of nanotubes. Due to this fact,
the calculation of the electrostatic capacitance it is not straightforward. The
nanotubes on top are screened by the nanotubes forming the first monolayer,
hence they posses a much lower capacitance. In order to keep the model simple,
this phenomenon can be included by considering that the average value of the
nanotubes’ capacitance is a bit lower than expected.

Moreover, one should consider the coupling capacitance between the nanotubes
in the network. In a high density network, the nanotubes are much more con-
nected between each other. This reduces the coupling capacitance between them,
which is expected to be a bit higher in low density networks. The effect of these
two phenomena combined makes the capacitance of the nanotubes in the low
density network (in reality the average value) a bit higher than the one of the
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high density network. The difference, which seems to be very small on the single
nanotube (3 aF/µm), has however a big impact when extended to the entire
network. The summary of all the parameters extracted and simulated is given
in Table 4.2.
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Chapter 5

Sensing the Environment

The subject of this chapter is the study of how a CNT film changes its electrical
properties when exposed to different environmental changes. In the opening
chapter, it has been highlighted that one of the main properties of CNTs is
the ability to change their transport properties after interactions with certain
molecules, which has made possible the realization of CNT-based gas sensors.
The other interesting feature is that the nanotubes change their conductivity
after a temperature variation, making them appealing for temperature-sensors
applications as well.

Although these devices have been studied experimentally, not so much has been
done from a numerical point of view. In this regard, simulations could help in the
design of sensors with good performance. As it will be shown, many parameters,
such as the density of nanotubes and the ratio metallic-semiconducting CNTs,
have a substantial influence on the overall performance of the device.

Before getting to the heart of the matter, it is important to clarify some of the
aspects concerning the doping of the nanotubes. As already mentioned in the
first chapter, it has been demonstrated that oxygen molecules have a strong effect
on the electronic structure of a nanotube, in a way that resemble a p-type doping
effect. This core finding, will be explored through some simplified models in the
first part of the chapter, in order to better understand the sensing mechanisms in
the network, which will be presented in the last sections. Although temperature
and molecules effects are treated in separate sections, it is worth mentioning
that the two are intimately connected. In fact, all the parameters of interest in
the adsorption (and de-adsorption) of the molecules are temperature-dependent.
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5.1 Doping of the Nanotube

The observations reported on the p-type behavior of CNT-based devices have
attributed the doping effect to the absorption of oxygen from the ambient air [86,
148, 149]. It has been shown, both theoretically [52] and experimentally [150],
that CNTs are particularly sensitive to the absorption of some molecules, which
induces a charge transfer mechanism, altering the conductive property of the
nanotube. However, in single-CNT based FETs, the phenomenon is still part
of a controversial debate, in which some groups claim that the main effect of
the oxygen absorption is the adjustment of the Schottky barrier between the
contacts and the nanotube [151, 152]. In spite of this argument, for CNT films,
thermoelectric power measurements have proved that the main effect is a sort
of bulk-doping of all the CNTs in the network, rather than a negligible effect of
the contact metal [86, 148].

From the theoretical point of view, a rigorous treatment of the problem would
require an ab initio calculation of the Hamiltonian and the overlap matrices
(in atomic orbital basis) for the conducting channel and for each layer of the
semi-infinite contacts, as well as the corresponding coupling matrices between
them [153, 154]. Interesting studies on the modulation of the electronic transport
of single-CNT devices with absorbed molecules have been carried on in details
elsewhere [155, 156].

However, for the same motivations explained in Section 3.4.3, the approach here
presented tries to maintain a relatively simple framework, by introducing some
phenomenological models for the interactions between the nanotubes and the
molecules.

5.2 Single CNTs and Molecules Interactions

Several research groups have been presented interesting results concerning the
interaction between gas molecules and individual CNTs [52, 157, 53]. The most
successful models are based on Density Functional Theory (DFT) calculations
of the relaxed position of the molecule on the nanotube. In this work however,
only the main results of these works will be presented and used as input for the
implemented phenomenological models.
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These complex calculations usually give three main parameters as output: the
equilibrium tube-molecule distance, the adsorption energy, and the charge trans-
fer. In general, the mechanisms of interaction has been identified to be physiso-
prtion. In fact, all the studied molecules are weakly binded to the nanotube,
and the long equilibrium distance with no significant overlap of the electron
densities excludes the possibility of the formation of chemical bonds. It is worth
to mention that in these cases the nanotubes are assumed to be ideal, with no
defects or preferential adsorption sites.

Most of the molecules have shown charge donors behavior, with the exception
of O2 and NO2 that are acceptors instead. With the same exceptions, all the
molecules have a weak binding energy (less than 0.2 eV ), whereas for O2 and
NO2 the charge transfer and adsorption energies are not negligible. To cite
an example, NO2 molecules on (10,0) SWNT have an adsoprtion energy in the
range of 0.3-0.8 eV and distance of 0.2-0.3 nm [158]. These results can further
support the considerations previously exposed for the oxygen molecules and the
doping of the nanotubes. Furthermore, it has been observed that the binding
energies are not too sensitive to the orientation of the molecule or to the position
at which it is attached to the nanotube (energy differences in the order of kBT
at room temperature).

Regardless the type of molecule and nanotube, it is clear that the molecules have
some effect on the nanotube. In a way, the charge transfer from the molecule
to the nanotube, resemble a sort of gate effect on the nanotube itself. To be
more specific, the molecule changes locally the potential profile of the nanotube,
like if it is acting as a gate electrode. The idea is to take advantage of this
analogy and the almost straightforward implementation of a gate effect in the
NEGF formalism, in order to model the change in the transport due to molecules
physisoprtion.

Another seminal results is that the molecules have almost the same charge trans-
fer, distance and binding energy respect to the nanotube, regardless the chirality
of the nanotube itself [52]. However, the same charge transfer can have different
impacts on the transport depending on the chirality. This statement is further
clarified in Figure 5.1, where the effect on a semiconducting CNT is compared
with the one on a metallic CNT. The curves are obtained applying a small gate
voltage, which is dependent on the charge transfer from the molecule to the nan-
otube. While in semiconducting nanotubes the change in the IV characteristic is
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Figure 5.1: (Left) Effect of different gas species on the I-V curves of a semiconducting
nanotube. (Right) Same plot for a metallic nanotube.

appreciable, the same does not hold for the metallic nanotubes. The explanation
can be found in the band structure of the nanotube and on the magnitude of the
applied gate. Due to the particular shape of the transmission rate of the semi-
conducting nanotubes (an example is shown in Figure 3.10) a small gate voltage
can have a big impact in the transport, thanks to the activation or deactivation
of the first sub-bands, which are relatively close to the Fermi level of a doped
nanotube. On the other hand, in a metallic nanotube, the transmission rate
shows a very flat trend in the energy region of interest, with the first sub-bands
more far in energy respect to the case of a semiconducting nanotube. For this
reason, the change in current is not evident, which is also the main reason why
in the design of CNT film transistors it is desirable to have the lowest content of
metallic CNTs in the network. Further details on these aspects will be treated
more in details in the following Chapter where the theory of the transistors is
described with a similar formalism.

5.2.1 Coverage Function and Sticking Probability

Until this point, the effect of the molecules on the nanotube has been introduced,
pointing out that some molecules can either donate or extract charges from the
nanotube, changing thus its way of conducting the current. The phenomenon
has been introduced in the NEGF calculation as a sort of gating effect which
alters the transport in the nanotube. In particular, it has been showed that
the ammonia molecule donates electrons to the nanotube, acting as a donor.
Due to the intrinsic p-type behavior of the nanotube, this resulted in a reduced

96



5.2. SINGLE CNTS AND MOLECULES INTERACTIONS

current, and as a consequence an higher resistance. This phenomenon is exactly
the fundamental principle on which the CNT film-based sensors work, and it
will be the subject of Section 5.3.

However, before moving to the entire film and its sensing ability, two other
important concepts must be introduced, namely the coverage function and the
sticking probability.

For the surface coverage, one of the most widely accepted model, is the Langmuir
isotherm model [159], which describes the dependence of the surface coverage
of an adsorbed gas on the pressure of the gas at a fixed temperature. There
are many other types of isotherm models (among them Temkin and Freundlich)
which differ in one or more of the assumptions made in deriving the expression
for the surface coverage. Although the Langmuir isotherm is one of the simplest,
it still provides a useful insight into the pressure dependence of the extent of
surface adsorption. The expression is the following:

θ = P

v0
√

2πmkBT
eEB/kBT , (5.1)

where P is the pressure of the gas, v0 the vibrational frequency of the molecule,
m the mass of the molecule, T the temperature and EB the binding energy. The
most important aspect, which will be exploited in this work, is that the surface
coverage is linearly dependent on the pressure of the gas.

The second fundamental concept is the sticking probability, which some times is
included directly in the the surface coverage function. The sticking probability
gives an indication of what percentage of the molecules which could potentially
cover the surface will actually stick on the surface itself. This function depends
on many parameters and so far no analytical model is accurate enough to de-
scribe its complexity. For this reason, most of the time the sticking probability
and the surface coverage functions are merged together in semi-empirical models
which describes with a reasonable level of accuracy the probability the a certain
amount of molecules stick on a certain surface. In the proposed model, the
sticking probability is a function of two main parameters: the thickness of the
film and the surface coverage.

The first dependency is based on the fact that when the network is really dense,
the molecules cannot reach the nanotubes that are lying on the substrate. To
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Figure 5.2: Schematic representation of the molecules coverage over the nanotubes of
a thin network (left) and of a thick network (right). In red it is highlighted
the region that is exposed to the molecules.

keep the model simple enough, this phenomenon is emulated by reducing the
average sticking probability, to take into account that the molecules cannot
be attached to these unreachable nanotubes. Mathematically, this has been
expressed as function of the ratio between the average thickness of the film and
the diameter of a single nanotube. As an example, if the thickness of the film
is 10 times higher than the diameter of the nanotube, it means that the film is
rather tick, and can be thought as the sum of ten mono-layers, stacked on top of
each other. The sticking probability of such a film has to be lower than the one
of a mono-layer film, in which all the nanotubes are exposed and reachable by
the gas molecules. This hypothesis is schematically represented in Figure 5.2.

This theory is confirmed also by experiments in which has been shown that low
density films are more sensitive to gas molecules adsorption [136]. In fact, one
mono-layer has theoretically an higher ratio of adsorbed molecules per number
of nanotubes, which turns out to have a greater impact on the overall resistance
of the film.

The second dependency is related to the surface coverage. Although theoreti-
cally the molecules could cover a certain area defined by the surface coverage,
there is no guarantee that they will stick and remain in equilibrium with the
surface itself. The probability of sticking depends also on the electrostatic of the
system, namely on how many molecules are already on the surface. From Equa-
tion 5.1, it seems that there is no limit to the surface coverage respect to the
pressure of the gas; the coverage can in fact increase with increasing pressure,
without any limit. While this equation guarantee accurate results for systems
with a small amount of molecules, it must be re-adapted for this particular prob-
lem. Indeed, the coverage cannot just linearly increase, but rather saturate to
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TUBE-MOLECULE DISTANCE

SECTION n-1

SECTION n

SECTION n+1

Figure 5.3: Schematic representation of the interaction between a section of a carbon
nanotube and a gas molecule. In red the only region affected by the
absorption of the molecule is highlighted. The other section are unaltered.
The overall behavior is calculated through a weighted average between the
“red regions” and the “green regions”.

a certain value through a certain function.

Once the program has calculated the appropriate functions, it will assign to the
nanotubes a certain number of molecules through a stochastic procedure. Every
nanotube is divided into sections of the same length, and for each section a
number is randomly extracted in a specific interval. If this number is less than
the limit establish by the probability distribution, the number is accepted and a
molecule is assign to the section. Figure 5.3 shows schematically this principle
in a nanotube divided into three sections. To the second section, highlighted in
red, a molecule has been assigned and therefore the local resistance has been
changed with an induced gating effect by the molecule.

The length of the sections is typically very small, in the nm range. The total
resistance of the nanotube is finally calculated with a weighted average of the
resistance of the sections.

5.3 CNT film-based Gas Sensors

The model has been validated through comparison with some experimental mea-
surements conducted on various films [160]. In the mentioned work, the CNT
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Figure 5.4: Plot that shows the comparison between simulations and experiments in
terms of the normalized response of a CNT film to different gas concen-
trations. The left graph shows the case of an exposure to ammonia, while
the right one the case of an exposure to ethanol.

films were deposited with a spray-coating technique over Si wafers with 200 nm
of thermally grown SiO2. An IDES structure, similar to the one introduced in
Chapter 4, with a spacing between the fingers of 100 µm was evaporated on top
of the substrate. The sensors were monitored in a gas chamber, in which a test
gas was flown together with a carrier gas (N2). The sensors were characterized
in terms of the normalized response, defined as follow:

NR = Rf −Ri

Ri

(5.2)

where Rf is the resistance after exposure, while Ri the original resistance of
the film. After the every exposure cycle the sensors were re-stabilized to their
original resistance value through a passive recovery cycle, in which a high flux
of the carrier gas at relatively high temperature was removing all the test gas
molecules.

In this work, the model has been compared with these sensors for two different
types of gases, namely ammonia (NH3) and ethanol (C2H6O). The results are
shown in Figure 5.4.

Both from the experiments and the simulations, it is clear that the resistance
of the film increases after exposure to these two gases. In fact, as already
mentioned in Section 5.2, most of the common gases are charge donor, while
the CNTs are p-type. As a consequence, the effect of these molecules is to make
the CNTs more intrinsic, increasing thus their resistance. The magnitude of
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the change appears to be higher for the ammonia, indicating a higher charge
transfer between the molecules and the nanotubes.

After a further look to the results, it is evident that the response is not linear
with the concentration of the gas, as it would be expected if the surface coverage
would be the only factor in the interactions between the nanotubes and the
molecules. Indeed, the curves show a trend towards a saturation, which is more
evident for the NH3 molecules.

The function that fits properly the molecules coverage function, which is given
as the product of the surface coverage and the sticking probability, has the
following dependency to the pressure P :

MC = p0 log(P )t , (5.3)

where p0 is the normalized pressure and t a fitting exponent equal to 1.8.

5.3.1 Semiconducting Films

The comparison that has been showed in the previous section was based on
a commercially available solution of unsorted SWNTs, which are 33% metallic
and 67% semiconducting. While this kind of solution guarantee relatively good
performance at a very reasonable cost, it represents not the optimum in terms of
sensitivity of the devices. In fact, the high content of metallic nanotubes, reduces
the performance of the sensors, due to the insensitivity of the metallic tubes to
the adsorption of the molecules. As already shown in Section 5.2, due to the
different band structure of the nanotubes, a small gating effect induced by the
molecule does not produce an interesting change in the transport through the
metallic nanotubes. On the other hand, semiconducting CNTs change consid-
erably their resistance. This observation, naturally lead to the assumption that
films with an high concentration of semiconducting CNTs can have a higher sen-
sitivity respect to the unsorted solution. Although not experimentally verified
in this work, some parametric simulation could help in estimate the magnitude
of the increase in sensitivity when semiconducting solutions are utilized.

In this numerical experiment, four identical networks in which only the con-
centration of semiconducting nanotubes has been artificially changed, are com-
pared between each other in terms of the normalized response. The results are
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Figure 5.5: Sensitivity of different films in terms of normalized response of the film to
different gas concentrations. Films with different concentrations of semi-
conducting nanotubes are compared between each other, showing that
high concentrations of semiconducting nanotubes increase the sensitivity
of the film.

presented in Figure 5.5. As expected, the film composed only by metallic nan-
otubes shows no appreciable variations when exposed to a certain amount of
NH3 molecules. The performance in terms of sensitivity increases considerably
by increasing the amount of semiconducting nanotubes. However, by comparing
the last two films, namely the film from the unsorted solution (66%) and the one
from the semiconducting solution (99%), one can see only a small variation of
few percent points between them. Such a small variation could not be enough
to justify the higher costs related to the more expensive solution with sorted
nanotubes.

5.4 Temperature Sensing

Historically, the first sensor ever developed was the thermometer. Although
some of the principles of the thermometer were known to Greek philosophers of
two thousand years ago, it is by the 18th century that with the introduction of
standardized scales thermometers have been started to be widely used. In its
broadest definition, a sensor is an object whose purpose is to detect events or
changes in the surrounding environment, and to provide a corresponding output
in response. According to this definition, a sensor is a type of transducer, a
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device that converts one form of energy to another. A sensor can provide various
types of output, which is typically either an electrical or optical signal. The
nature of this signal is intimately related to the system in which the sensor is
integrated. To cite an example, with the advent of the silicon integrated circuit,
temperature sensors based on the band-gap of semiconductors (especially silicon)
have widely spread in the market. These sensors can integrated easily on the
substrate at a very low cost, and can provide signals easily readable by the
circuitry.

Similarly, in the emerging field of flexible electronics, a temperature sensors
must respect two main constraints: it has to be integrated on a flexible substrate
and it has to produce output signals comparable to the one of the devices of
interest. For these reasons, carbon nanotubes thin films are good candidate for
such applications. Indeed, as already mentioned in the prefatory chapter, CNT
films can be easily deposited over flexible substrate; moreover, the resistance of
the film shows a dependency on the temperature of the substrate, which can be
exploited for sensing purposes.

In the next few sections, all the temperature-dependent mechanisms in CNT
films will be thoroughly analyzed, highlighting the importance of each of them
in different working conditions and for different film typologies. Precisely, four
main mechanisms have been individuated and studied:

• Temperature Dependency of Individual CNTs;

• Thermally-assisted Crossing of the Junctions;

• Mean Free Path and Scattering Events;

• De-adsorption of Oxygen Molecules.

5.4.1 Temperature Dependency of Individual CNTs

The first important aspect to be analyzed is how the transport along a single
nanotube is affected by temperature changes. It is well known that semiconduc-
tors under certain conditions increase their conductivity when the temperature
increases. The main reason is that the number of carriers that contributes to the
current is increased by thermal excitation. The Fermi function, which defines the
electronic states that are occupied by carriers, is well known to be temperature-
dependent. Increasing the temperature, broadens the Fermi function and as a
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consequence the number of carriers that contributes to the current.

Similar principles can be applied to carbon nanotubes. Not all the states (filled
or empty) are contributing to the transport. It has been mathematically demon-
strated that only the states close to the Fermi level are actually important for
the transport [119]. The quantification of how much the states have to be close
to the Fermi level is not trivial, but in general it is assumed to be in the energy
range of a few kBT . With the Landauer formalism introduced in Chapter 3, this
is evident by taking a look at the integral in the current equation, here reported
for simplicity:

Ii = (− q
h

)
∫ ∞
−∞

T (E)(f1(E)− f2(E)) dE . (5.4)

Apart from the transmission rate, what it is fundamental is the difference be-
tween the Fermi functions at the two contacts. Far from the Fermi level, the
two Fermi functions f1(E) and f2(E) have practically the same value, hence the
integral is zero. It is in the range close to EF that the integral has a non-zero
value, which multiplied by the transmission rate gives a certain current. By
increasing the temperature, the window of energy in which the integral has a
non-zero value increases, thus increasing the current.

While the effect of the temperature on the two Fermi function is always the same,
regardless the species of the nanotube, that same is not true for the transmission
rate T (E). This fact has a major impact on the current-temperature behavior
of the nanotubes, and it is what distinguishes the behavior of metallic and
semiconducting nanotubes. From NEGF simulations, one can clearly see this
difference, as reported in Figure 5.6.

Due to the different shape of the transmission rate (as shown in Figure 3.10),
the effect of the temperature on the IV characteristic can be very different.
In fact, in a metallic nanotube, the transmission rate has a non-zero value for
a wide range of energies, with the first sub-bands far away from the Fermi
level. The variation of the current is thus minimal, and not appreciable for the
temperatures of interest in this study, as shown in Figure 5.6(b). On the other
hand, semiconducting nanotubes have a narrower band-gap, with a Fermi level
that, due to the doping, is close to the edge of one of the sub-bands. In this case,
broadening the Fermi function can have a substantial effect on the current, due
to a greater overlap of the function inside the integral. This particular case is

104



5.4. TEMPERATURE SENSING

0 0.01 0.02 0.03 0.04

Voltage [V]

0

2

4

6
C

u
rr

e
n
t 
[A

]
×10-8

T = 300 K

T = 320 K

T = 340 K

T = 360 K

0 0.01 0.02 0.03 0.04

Voltage [V]

0

2

4

6

C
u

rr
e

n
t 

[A
]

×10-6

T = 300 K

T = 320 K

T = 340 K

T = 360 K

Figure 5.6: (Left) IV characteristics of a semiconducting nanotubes at different tem-
peratures. (Right) same graph for a metallic nanotubes.

shown in Figure 5.6(a). It is worth to mention that in this simplified picture, the
transmission rate is assumed to be constant with the temperature, neglecting
every sort of thermal broadening of the density of states.

5.4.2 Mean Free Path and Scattering Events

In Chapter 3, it has been shown how to extend the theory of the coherent trans-
port based on the NEGF formalism with phenomenological models for taking
into account the mean free path and the scattering events. It has been high-
lighted that the the mean free path depends on the number of phonons, both
acoustic and optical, and has the effect of reducing the current that flows in the
nanotube. While in Section 3.5 the attention was focused more on the effect of
the applied electric field on the mean free path, here the focus will be more on
the temperature. Indeed, increasing the temperature has the effect of increasing
the number of phonons, thus the number of scattering events. This effect is here
modeled with a shorter mean free path, with the same formulations introduced
in Section 3.5.

Figure 5.7 shows the mean free path versus the electric field for different temper-
atures. By considering low-electric fields, which are typical in these particular
applications, one can see how the mean free path is reduced from approximately
1300 nm at room temperature to approximately 900 nm at 360 K. From this, a
first consideration can be drawn: if the nanotubes are short (less than 900 nm),
the effect of the temperature on the scattering is not influential on the resistance

105



CHAPTER 5. SENSING THE ENVIRONMENT

100 101 102 103

Electric Field [V/cm]

500

1000

1500

2000

M
F

P
 [

n
m

]

T = 300 K

T = 320 K

T = 340 K

T = 360 K

Figure 5.7: Variation of the mean-free-path for different temperatures. Increasing the
temperature increases the number of phonons and reduces the MFP.

of the nanotube itself.

5.4.3 Thermally-assisted Crossing of the Junctions

The previous two phenomena analyzed were based on the transport along the
nanotubes, and how the transport was affected by temperature variations. How-
ever, temperature changes can have an interesting effect also on the way the
carriers cross the inter-tube junctions.

As already introduced in Chapter 3, the behavior of an inter-tube junction de-
pends on the chirality of the two nanotubes forming the junction itself. It has
been shown, that nanotube of the same class (metallic-metallic and semiconducting-
semiconducting) form junctions with an I-V characteristic that is close to be
linear, resembling the behavior of a simple resistor [55, 35]. However, it has
been further observed, that a low temperatures the large-bias transport has a
non-linearity in the IV characteristic, showing consistency with the theory of
the Luttinger model. The experimental data have been fitted with the following
phenomenological functional form:

I = C1 T
α V (1 + C2(eV/kBT )α) , (5.5)

where C1 and C2 are two constants and the exponent α is equal to 2.1. It is
worth noticing that Equation (5.5), produces a linear IV characteristic at room
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Figure 5.8: IV characteristics for different temperatures of the junctions described
respectively by Equation (5.5) and Equation (5.6).

temperature. Furthermore, for the applications of interest here, it very unlikely
to reach such high biases at the ends of a junction. Due to the lack of studies
in the literature on semiconducting-semiconducting junctions, the same model
of Equation (5.5) has been applied.

A different story emerges for metallic-semiconducting junctions. These junctions
have shown energy barriers with a height approximately equal to half of the
band-gap of the semiconducting nanotube, with a behavior that electrically
brings to mind a Schottky diode. It is well known that when a carrier is supplied
with some form of energy, it can overcome a barrier if the energy is greater
than the height of the barrier. For conventional metal-semiconductor junctions
this has been studied with different models that go by the name of thermionic
emission effects. For the nanotubes, a proper model for this junctions has not yet
been made, and the current state of the art is mostly based on semi-empirical
models describing the experimental results. For this reason the model here
implemented has a semi-empirical formulation:

I = I0 T
α e
− φB
kBT

(
e
qV
kBT − 1

)
(5.6)

where I0 is a fitting parameter equal to 10−12 and φB is the height of the Schottky
barrier. Figure 5.8 shows the IV characteristics for different temperatures of the
junctions described respectively by Equation (5.5) and Equation (5.6).
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5.4.4 De-adsorption of Oxygen Molecules

Until this point three out of the four individuated phenomena have been treated
and some conclusions can be already made. The current in the single nanotubes
and at the junctions increases appreciably when the temperature increases. The
increased scattering rate, which is evident for long nanotubes, is not strong
enough to compensate the other two effects. As a consequence, one is reasonably
led to think that the resistance of a CNT film should always monotonically
decrease with the temperature. However, this is not what has been observed
experimentally.

Barnes et al. have conducted several experiments on CNT films similar to
the one studied in this thesis, and they observed a change in the trend of the
resistance-temperature curve [161]. After a certain temperature, here and after
referred to as critical temperature TC , the resistance of the film, which was
initially decreasing with the temperature, starts to increase. The curves assume
a characteristic U-shape, with the resistance minimum in correspondence of the
critical temperature.

Established that the increased scattering rate is not sufficient to counteract the
other effects, there must be an additional mechanism which is activated by the
temperature and that has an opposite effect, namely increasing the resistance
of the film. Barnes et al. claimed that this effect was induced by thermal
desorption of the attached oxygen molecules. Continuing what has been said at
the beginning of the chapter, this assertion should not give rise to surprises. In
fact, it has been shown that the oxygen molecules are attached to the nanotubes
by weak electrostatic bonds, which can be easily broken if the necessary energy
is given to the molecule. In case this energy exceeds the binding energy, the
molecule can be detached, and the nanotube loses its doping, increasing thus
the resistance.

By including this effect in the simulation it is possible to fit with good ap-
proximation the experimental results. In Figure 5.9, the comparison between
the experimental measurements and the simulations with and without the des-
orption model are presented. Without considering the desorption model, the
simulated curve shows a steeper slope than the experimental one. Furthermore,
as it will be more clear in the next section, without the desorption model it is
not possible to model the U-shape that appears under certain conditions.
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Figure 5.9: Comparison between the experimental measurements and the simulations
with and without the desorption model.

The desorption model here used is based on the same formalism presented at the
beginning of the chapter for the gas molecules. By increasing the temperature,
the Fermi level of the semiconducting nanotubes is shifted towards the mid of
the band-gap, making the nanotubes more intrinsic and less conductive. It is
worth to mention that this mechanism reaches at some point a saturation; in
the limit in which all the molecules are detached, the Fermi level would lie
approximately in the mid of the band-gap. Consistently with what has been
found experimentally by Barnes et al., metallic nanotubes are less affected by
this phenomenon, due to their particular band structure.

It is important to notice that the desorption does not start abruptly at a certain
temperature. Due to statistical fluctuations, it is reasonable to assume that the
process of desorption starts already at room temperature, in a sort of dynamic
equilibrium, in which molecules are constantly adsorbed and de-adsorbed; in-
creasing the temperature makes these two rates unbalanced. The effect is really
evident when the decrease of the film resistance starts to saturate. This is the
case when, for example, there are no more carriers to be thermally excited.

5.5 CNT film-based Temperature Sensors

For the sake of clarity, it is important to summarize all the phenomena involved
in the temperature sensing mechanisms presented in the previous sections.

1. The temperature tends to reduce the resistance of the semiconducting nan-
otubes and leaves almost unaltered the resistance of metallic nanotubes.

109



CHAPTER 5. SENSING THE ENVIRONMENT

2. The mean free path of the nanotubes becomes shorter when the tempera-
ture increases; however the effect is sensible only for long nanotubes (longer
than 1 µm).

3. The carriers are facilitate to overcome the barriers at the inter-tube junc-
tions; as a result the resistance of the junctions becomes smaller when the
temperature increases.

4. Increasing the temperature increases the vibrations of the molecules and
the probability of detaching oxygen molecules from the nanotubes. The
resistance increases due to a less pronounced oxygen-induced doping effect.

By combining this knowledge together with the models until here presented,
it is possible to reasonably simulate the temperature behavior of CNT films.
Figure 5.10 shows the comparison between experimentally measured films and
the relative simulations in terms of the normalized resistance. The reason behind
this choice for the plots is the same for the gas sensors; the variation of the
resistance due to the sensing mechanisms (gas or temperature) is comparable
to the variation of resistance due to the statistical fluctuations introduced in
Chapter 4. The analysis has been made for films with different densities (from
the top to the bottom of the figure the density of the film has been increased).

The first aspect that emerges from the figure is that the curves have a different
shape. The last plot, which is related to a highly dense film, the normalized
resistance decreases monotonically within the entire range of temperature, which
goes from 30 °C to 90 °C. The almost perfect linearity of the characteristic makes
this kind of film really interesting for temperature sensors on flexible substrates.

The second curve corresponds to a film with a density approximately around
18 CNTs/µm2, and is referred to as a medium density film. In this case, the
characteristic shows first a linear trend until 80 °C and afterwards a plateau in
which the normalized resistance seems to saturate.

In the third and last case, with a film close to the percolation threshold, the
point in which the curve changes its trend is moved towards lower temperatures.
Indeed, after an initial linear decreasing section, the curve has a minimum at
around 70 °C and starts afterwards to increase in the opposite direction. This
curve shows exactly what was previously observed by Barnes et al., a U-shape
in the resistance-temperature characteristic due to the desorption of the oxygen
molecules.
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Figure 5.10: Comparison between experimentally measured films and the relative sim-
ulations in terms of the normalized resistance respect to temperature
variations. From top to bottom the density of nanotubes per unit of
area has been increased from almost the percolation threshold to a very
dense network with more than 25 CNTs/µm2.

The first important aspect is that the critical temperature in which the resistance
has its minimum changes with the density of the film. From Figure 5.10 it seems
that only the low-density film has the U-shape predicted by the desorption
theory. However, to be more precise, the U-point does not disappear for denser
film, but rather moves towards higher temperatures. This can be seen by the
variation in the trend of the second curve, and can be expected for even higher
temperatures for the third curve. The reason behind this behavior with different
thicknesses can be found in what has been said at the beginning of the chapter
and schematically represented in Figure 5.2. Thick films can be considered as
two films in parallel: the one that is exposed on the top and the one that lies on
the substrate. Due to the penetration length of the molecules, which is expected
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Figure 5.11: Current flow for a network simulated at 300 K (left) and 360 K (right).
The film at higher temperature shows an increase of current especially
for semiconducting nanotubes.

to be pressure-dependent, only the top film is affected by the molecules. The
entire film can be conceptually modeled with a variable resistance (the one of the
top film) and a fix one (the one of the film on the substrate). On the other hand,
in thin films, the resistance of the entire film varies because all the nanotubes
are exposed. Overall, a thin film is much more sensitive to fluctuations in the
number of molecules respect to a thick film.

This effect, similarly with what has been done for the gas sensing, has been
simulated by varying the average Fermi level of the film. In thin films, this
variation is a bit more pronounced, because in principle all the nanotubes are
shifting their Fermi level. In thick films, the variation is less marked, due to
the fact that only a portion of nanotubes (the one on the top) are shifting their
Fermi level. This choice of treating an average Fermi level, rather than different
local Fermi levels is once again related to the necessity of limiting the number
of IV characteristics to be pre-computed.

The Fermi level shifting can be well described with the following semi-empirical
formulation:

EF (T ) = EF0 −
αT 2

β + T
, (5.7)

where EF0 represents the position of the Fermi level at 0 K, while α and β are
two fitting parameters, respectively equal to 1e-4 eV K−1 and 350 K.

To further address the resistance change in the network due to temperature
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Figure 5.12: (Left) Nyquist plot of the complex impedence at different temperature.
(Right) Real part of the complex impedance at different concentration
of ammonia.

variations, it is helpful to graphically visualize how the current flow changes in
response. Figure 5.11 shows the current flow for a network simulated at 300
K and at 360 K. The network at higher temperature shows an increase of the
current in most of the nanotubes. However, this change is evident especially for
semiconducting nanotubes, which is the consequence of the assumptions made
when introducing the effects of the temperature on the single nanotubes.

5.5.1 Complex Impedance Characterization of Sensors

The program developed during this project has been structured in a modular
way, in order to have the capability of combining different models together and
have more flexibility during the design of the devices. An example of this is the
possibility of combining the models for the frequency analysis (presented in the
previous chapter) with the models for gas and temperature sensing.

In Figure 5.12 an example of two combined models for the analysis of temper-
ature and gas sensor is showed. The first figure represents the Nyquist plot of
a CNT film where the temperature of the substrate has been swept from room
temperature to 80 °C. The good fit with the experiments is an indicator that the
temperature acts primarily on the resistance of the nanotubes, leaving the ca-
pacitance almost unaltered. Similar conclusions can be drawn on the frequency
behavior of the network, which is showed in the right figure. By exposing the
film to different concentration of gas molecules (in this case ammonia), the main
effect is on the resistance of the film, while the capacitive contributions do not
experience any appreciable variation.
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Chapter 6

Thin Film Transistor

This chapter is focused on the numerical study of CNT networks in transistor
configuration. The intrinsically high charge carrier mobility and solution pro-
cessability of CNTs renders them a good candidate for use as a channel material
in TFTs. While transistors based on a single carbon nanotubes have previously
shown extraordinary performance [10], the required fabrication processes typi-
cally lack reproducibility. The reasons for the poor reproducibilty are mainly
two: first of all, the placement of individual CNTs between two electrodes is
very difficult and requires very expensive process steps; secondly, due to the
fact that the performance are strictly related to the chirality, orientation and
contacting of the nanotube, it is very hard to fabricate several devices with
similar characteristics. With the goal of overcoming such difficulties, preferably
in a cost-efficient and scalable way, CNT networks have been also studied as
material for TFT applications.

From the theoretical point of view, while many groups have studied transistors
based on single nanotubes [162, 163, 164], not so much has been done concerning
CNT networks. In this regard, following the same approach that has been pre-
sented until here, some of the aspects of single CNT transistors modelling have
been extended to a network level. The “black boxes” introduced in Chapter 3,
will now contain the equivalent circuit of a transistor; the value of the compo-
nents of the equivalent circuit are obtained by extrapolation from the results of
the NEGF calculations. This approach has the great advantage that guaran-
tees simulations accurate enough for the devices under investigation, and, at the
same time, the computational effort is not much greater than the one needed
for the simulations presented so far.
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6.1 Simplified Transistor Model for Single
CNTs

Without revolutionizing the theory presented in Chapter 3, a third contact,
namely the gate contact, can be added to the nanotube in the NEGF formal-
ism. While until this point the attention has been focused on the low-bias
conductance, often referred to as the linear response, for the transistor model
the interest is on the full current-voltage characteristic. In this case, it is im-
portant to pay attention to the potential inside the nanotube, which arises in
response to the voltages applied to the external contacts. The first aspect, which
until this point has been neglected, is then to properly calculate the potential
inside the channel. In Section 3.4, the NEGF formalism has been introduced
together with the self-consistent calculation of the potential through the Poisson
equation. However, the expression of the potential inside the channel has not
been introduced so far. With the addition of the gate electrode, the problem of
finding the potential becomes crucial.

The potential in the active region of the device is given by the sum of two con-
tributions: the Laplace potential, and an additional term which is proportional
to the change in the number of electrons. The first term, the Laplace potential,
can be directly derived by solving the Laplace equation, in which the channel is
assumed to be complete insulating:

~∇ · (εr ~∇V ) = 0 , (6.1)

where εr is the relative permittivity. The solution of this equation can be ob-
tained in terms of a capacitive model, as schematically represented in Figure 6.1.
This simplified model, already presented by Datta [119], offers a relative simple
way to model the effects of the electrodes on the channel without complicating
too much the self-consistent calculation of the potential.

In Figure 6.1, the three capacitances CS, CD and CG are respectively the source,
drain and gate capacitance. The potential energy in the channel is thus obtained
by multiplying the electrostatic potentials by the electronic charges and the
corresponding equivalent capacitance. The solution of equation (6.1) is then:
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CDCS

CE ≡ CS + CD + CG

Figure 6.1: (Left) A device driven out of equilibrium by two contacts with different
Fermi levels µ1 and µ2. (Right) Self-consistent procedure for determining
the density matrix ρ from which all quantities of interest can be calculated.

UL = CG
CE

(−qVG) + CD
CE

(−qVD) , (6.2)

where the equivalent capacitance CE is simply the sum of the three individual
capacitance. In this case it has been assumed that the source is connected to
ground, while the polarization is applied to the gate and drain contacts. The
subscript L for the potential indicates that this is the Laplace contribution to
the total potential. In fact, equation (6.2) must be completed with a further
terms that takes into account the variations of electronic charges in the channel.
The approximation in which the total potential is simply equal to the Laplace
potential can be considered valid only when there are very few electronic states in
the energy range between the electrochemical potentials at the source and drain
contacts. However, this approximation it is not valid for metallic nanotubes,
highly doped semiconducting nanotubes and with small energy-gap nanotubes,
especially when large biases are applied.

Out of this reason, it is important to analyze the general case, in which also the
variation in the electron density ∆ρ is considered. This requires the solution of
the Poisson equation:

~∇ · (εr ~∇V ) = −∆ρ/ε0 . (6.3)

The solution to the Poisson equation can be found once again through the
capacitive model earlier introduced. The change in the charge can be rewritten
as the sum of the charges on the three capacitors:
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−q∆N = CSV + CG(V − VG) + CD(V − VD) . (6.4)

The total potential energy, is then the sum of the Laplace potential and the
additional term proportional to the change of the number of electrons:

U = UL + U0∆N , (6.5)

with U0 known as the single-electron charging energy:

U0 ≡
q2

CE
. (6.6)

For the sake of completeness, it should be mentioned that the approximation
made so far on the self-consistent calculation is considered valid as long as
the single-electron charging energy is smaller or comparable to the thermal en-
ergy kBT . When the U0 exceeds greatly the thermal energy, the self-consistent
method is not adequate anymore [119]. Since in this work only small conductors
at room-temperature (or higher) are considered, the self-consistent method can
be assumed valid.

6.1.1 Single CNT Transistor

By combining the concepts explained in the previous section together with the
theory presented in Chapter 3, it is possible to compute the total IV charac-
teristic of the desired nanotube-based transistor. In Figure 6.2 an example of
two different nanotubes surrounded by the same gate dielectric is presented.
The difference between the two output curves is due to the different chirality of
the CNTs. Figure 6.2(a) shows the output characteristic of a semiconducting
nanotubes, while Figure 6.2(b) the one of a metallic CNT. Both nanotubes are
considered to be really short (∼10 nm) in order to see the effect of the band
structure on the curves. However, the same concepts can be easily extended to
the case of longer nanotubes by considering the mean-free-path for the carriers.

As shown in the two curves, two main differences arise from the band structure
of the nanotubes. First of all, the semiconducting nanotube shows a sort of
saturation of the current, which is not present in the metallic one. Second of all,
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Figure 6.2: (a) Simulations of the output characteristic of a FET based on a single
semiconducting nanotube. (b) Simulations of the output characteristic of
a FET based on a single metallic nanotube. The gate voltage sweep in
both cases ranges from -0.4 V to 0.4 V.

and perhaps the most interesting aspect for the TFTs, the metallic nanotubes
do not show a modulation of the current due to the gate voltage.

Once again the reasons behind can be found in the different band structures, as
shown previously in Figure 3.9 and Figure 3.10. In fact, while metallic nanotubes
have available states in the entire energy range, in semiconducting nanotubes
there is a gap of forbidden energies. When the applied voltage pushes one of the
two electrochemical potential in this energy range, the current cannot increase
linearly anymore due to the absence of available states and thus saturates. This
is not valid for metallic nanotubes, where states are always available. It is
worth to mention that other phenomena can cause saturation also in metallic
nanotubes (e.g. scattering mechanisms) but this is usually the case only for very
high voltages.

Out of the same reasons the gate modulation has two different behaviors depend-
ing on the chirality of the nanotube. The electrostatic influence on the channel
is in principle the same, but the effect on the charges and the states is different.
Especially concerning the states, the potential offset introduced by the gate has
a big effect on the semiconducting nanotubes (due to the limited number of
available states). On the other hand, in metallic nanotubes the change is not
appreciable. For very high gate voltages also metallic nanotubes could change
their transport properties due to the activation of other sub-bands. However,
in such a case, second order effects start to play an important role and it is
thus necessary to properly treat them with the non-coherent transport approx-
imation. These cases are not relevant for the applications studied during this
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Figure 6.3: (Left) Schematic representation of a nanotube in FET configuration.
(Right) Simplified small-signal equivalent circuit of a carbon nanotube.

project and therefore they will not be treated herein.

6.2 Extension of the Model to the Network

The extension of the model for the single nanotube to the entire network is done
in the same way already presented in Chapter 4. The netlist for SPICE is writ-
ten including specific sub-circuits that are connected between each other, with
the so-called black-box approach. The transistor behavior of the nanotubes is
represented through equivalent circuits, which constitute the sub-circuits form-
ing the netlist of the entire network. A schematic of the single sub-circuit is
reported in Figure 6.3.

The crucial point is the definition of the components in the sub-circuit, namely
the voltage-controlled current generator and the output resistance of the channel.
It is worth to mention that in the literature other groups have already worked in
this direction, trying to define these components through semi-empirical models
that could fit properly the measured devices [165, 166]. In this work however,
the used approach is once again based on the NEGF calculation of the single
species of nanotubes. The reason behind this choice is in part dictated by a
matter of coherency with the models previously presented in the other chapters,
and in part by the fact that the NEGF approach offers a level of details that is
hard to match with other techniques.
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6.2.1 Sub-circuit Definition

Without explaining the complete derivation of the equivalent circuit in Fig-
ure 6.3, which can be found elsewhere [167], here an overview of the components
of the aforementioned circuits will be given. In its simplest form, the transistor
can be represented by the only voltage-controlled current generator. However,
due to the non-linearity of the channel, it is important to include also the output
resistance of the channel, which gives a non-flat behavior of the characteristic
curve in the saturation regime. In the small-signal approximation, the response
of non-linear components becomes linear. In many applications, where signals
much smaller than the bias are applied to the device, this approximation is
considered valid. However, in case the signals are comparable to the bias, the
equivalent circuit becomes much more complicate, and new components must
be introduced. Due to the particular applications of interest to this work, the
small-signal approximation can be considered valid with a good approxima-
tion. Nevertheless, in case of particular needs, the black-box approach allow a
straightforward extension of the small-signal model.

The first and most important component is the voltage-controlled current gen-
erator. The value of the current in this element is given by the product of the
trans-conductance gm and the voltage that drops across the terminals of gate
and source. For this reason, the first step is to calculate the value of gm. The
trans-conductance is simply the electrical characteristic that relates the current
through the output of a device to the voltage across the input of the device itself.
As every other characteristic of a transistor, the trans-conductance is defined
for a specific bias point, which is fixed by the voltages across the device.

gm ≡
∂ID
∂VGS

∣∣∣∣
VDS

(6.7)

The other electrical component that must be defined is the output resistance
of the channel, which is the voltage derivative of the current. Similarly to the
trans-conductance, also the output resistance is calculated for a specific bias
point.

ro ≡
∂VDS
∂ID

∣∣∣∣
VGS

(6.8)
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Figure 6.4: (Left) Graphical representation of the trans-conductance. (Right) Graph-
ical representation of the output resistance.

Numerically, the derivative of equations (6.7) and (6.8) are calculated with the
finite difference method (FDM). Figure 6.4 shows graphically the concept behind
the calculation of the two quantities.

From the graph, it is clear that the trans-conductance is calculated as the slope
of the transfer curve for a specific source-drain voltage, whereas the output
resistance is calculated as the slope of the output curve for a specific gate-source
voltage. The discretization of the functions has to be fine enough to guarantee
a good accuracy for the calculations. This statement will be better clarified in
the next section.

6.2.2 Assigning the Values to the Elements

For the reasons already explained in the previous chapters, the only way to utilize
a multi-scale approach for the solution of this problem is to pre-compute all the
possible curves before the actual simulation starts. In the previous cases, this
step was rather straightforward, with the results of the pre-computation simply
stored in some look-up tables that were subsequently loaded by the program
each time during the creation of the netlist. While in the other cases the look-
up table was simply a n-by-2 matrix, with n being the number of points along
the IV-characteristic, here the problem is more complicate.

First of all, the pre-computer has to calculate all the possible cases, including all
the gate-source potentials that can occur in the network. This increases greatly
the number of curves that must be pre-computed, which means the number of
calls to the NEGF solver. The range of possible gate-source potentials can be in
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Figure 6.5: (Left) Set of look-up tables for the trans-conductance. (Right) Set of
look-up tables for the output resistance.

some cases quite wide, and the discretization must be fine enough to guarantee
accurate results. The number of points to be pre-computed varies according to
the bias condition on the device. Typically, however, the simulation of a network
used as transistor is up to 10 times slower than the simulation of a network used
as sensor, due to greater number of curves that must be pre-computed.

Second of all, the simulation is not just slower, but requires also more attention
in the assignment of the values to the elements. In fact, the pre-computer has
to calculate not only the IV-characteristic (output characteristic of the single
nanotube), but also the transfer characteristic, and from that extract the values
of trans-conductance and output resistance. Furthermore, this has to be done
for a number of possible scenarios that the user must predict a priori. To cite an
example, in order to include the already mentioned scattering effects, the pre-
computer has to calculate from the beginning the curves for different lengths
of the nanotubes. Also in this case there is a certain number of pre-computed
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lengths, and the program will afterward establish which is the length that is the
closest to the length of the nanotube under investigation.

The result of this is a much more complicate look-up table, that can be visual-
ized in a 3-dimensional space. The schematic idea is represented in Figure 6.5.
After the pre-computation, the program assigns for each nanotube the corre-
sponding value of trans-conductance and output resistance to the equivalent
circuit of the nanotube itself. This is done by indexing the look-up table on the
basis of the electrical condition at the external nodes of the equivalent circuits.
The simulation is then performed as in all the other cases, through consecutive
iterations of the self-consistent algorithm.

6.3 Effect of the Channel Length

The model has been validated by comparing the results from the simulation
with the experimental measurements of devices with different channel lengths.
The reason behind of this analysis is mainly due to an interesting behavior of
the TFTs based on this technology. Figure 6.6 shows the comparisons for a
transistor with a channel length of 4 µm and one with a channel length of 10
µm. As it is clear from the figure, the channel length has a huge impact on
the output characteristics, both in terms of the current values and of the shape
of the curve. In particular, the shorter channel has a current of one order of
magnitude higher respect to the longer channel. Furthermore, while the longer
channel shows saturation of the current, in the short channel the current seems
to increase almost linearly. In a way, these differences resemble the short-channel
effects typical also in inorganic transistors.

Before going further in considerations, it is worth to explain why a 4 µm channel
behaves as a “short channel”, whereas the 10 µm can be considered as a long
channel. The reason is once again related to ratio between the length of the
nanotubes and the one of the entire channel. Considering an average length
for the nanotubes of 1 µm, it is easy to imagine that the probability of having
percolation paths of few nanotubes is much higher in the 4 µm channel transistor.
Indeed, shrinking the dimensions of the device could ultimately lead to the case
of a single CNT transistor.

Such considerations could generate some concern. In fact, a single semicon-
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Figure 6.6: (a) Measurements versus simulations of the output characteristic of a
TFT with 4 µm channel length. (b) Measurements versus simulations of
the output characteristic of a TFT with 10 µm channel length. The gate
voltage sweep in both cases ranges from 0 V to -2 V with steps of -0.4 V.

ducting CNT transistor shows typically a saturation of the current, as shown
already in Figure 6.2. However, in the case of short channel TFTs more than one
nanotube is contributing to the current, and perhaps more importantly, some
of these nanotubes are not semiconducting. This can explain in principle the
more linear behavior of the transistor and also the smaller impact of the gate
electrode on the output characteristics.

However, there is an additional phenomenon that must be considered. If all the
nanotubes are artificially set to be metallic, the curves in the case of the 4 µm
channel show a better saturation, but still not as good as the ones of the 10 µm
channel. The other reason is that the effect of the drain on the channel in a 4
µm channel is not negligible respect to the one of the gate contact. As shown in
equation (6.4), the drain potential can play a significant role in the electrostatic
of the nanotubes, altering the gating effect. This effect is conceptually very sim-
ilar to the Drain-Induce Barrier Lowering (DIBL) effects of nano-transistors in
inorganic electronic. In that case the strength of the drain potential is enough to
tilt and lower the bands, causing higher injection of carriers and less saturation.

One further consideration is that the observed saturation is not due to the
scattering mechanisms, since the potential drop on each nanotube is higher in
the short channel transistor (due to the fact that the percolation paths have
less nanotubes). In fact, if that would be the case, one should see much more
pronounced saturation in the short channel transistor.
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6.4 Effect of the Semiconducting Percentage

In the previous section, while addressing the problem on the saturation of the
output curves, it has been mentioned the effect of the metallic nanotubes on
the performance of the transistor. One of the most important figure of merit of
transistors is the ratio between the current in the ON state and the one in the
OFF state. Ideally, a good transistor would have an OFF-current equal to zero
and an ON-current as high as possible. Furthermore, the transition between the
two states should be abrupt: the transistor should be completely OFF under
its voltage threshold (no current leakages that increase the power consumption)
and completely ON immediately after the threshold. Therefore, the so-called
ION to IOFF ratio should be as high as possible. However, while the definition
of the ON-current is straightforward, for the OFF-current there are often some
disambiguates, especially regarding emerging technologies. One of the biggest
problem is to individuate the voltage in which measure the OFF-current. Often,
with new technologies, limiting the leakage current from the gate electrode can
be very tricky. The direct consequence is that the leakage current is in the same
order of the current measured between the source and drain electrodes. This
increases the difficulty in defining the value of the OFF-current. Regardless the
definition of the two currents, from what has been said until this point it is clear
that the higher the concentration of semiconducting nanotubes, the higher is the
ON-OFF ratio. In fact, while it is possible to switch a semiconducting nanotube
between the ON and the OFF state by applying an appropriate gate potential,
the same is not true for metallic nanotubes that are, by all means, always in
the ON state. This obviously degrades the performance of the transistor, due
to the leakage current that flows in the metallic nanotubes. This phenomenon
is greatly reduced when the concentration of metallic nanotubes is very low. In
such a case, even if the metallic nanotubes would be theoretically on, the major-
ity of the percolation paths are made by high-impedance nanotubes; the overall
current would be at the end very low, and the transistor could be considered in
its OFF-state. It is thus fundamental to estimate numerically for which concen-
trations of metallic nanotubes the ON-OFF ratio can be considered acceptable.
For this reason, a useful numerical experimental is to take a fixed morphology
and artificially change the concentration of metallic and semiconducting nan-
otubes. In Figure 6.7 an example of such analysis is presented for three different
concentration of semiconducting nanotubes.
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Figure 6.7: ION-IOFF ratio versus the percentage of semiconducting nanotubes for two
different channel lengths.

As expected the higher the concentration of semiconducting nanotubes, the
higher the ON-OFF ratio. By looking at Figure 6.7, one can see that also the
channel length plays a crucial role in the ON-OFF ratio. Indeed, by comparing
the same concentrations of semiconducting nanotubes for two different channel
lengths, it is clear that the ON-OFF ratio increases with the channel length.
Once again, this phenomenon can be addressed to the percolative nature of
the transport in the film. In a short channel, a metallic nanotube can have a
huge impact on the overall transistor performance. Indeed, in a hypothetical
case in which the nanotubes are long enough to connect directly the source and
the drain, a single metallic nanotube could make the entire transistor always
ON, even if all the other nanotubes are OFF. For this reason, longer channel
lengths reduce the impact of the metallic nanotubes on the whole network,
leading to higher ON-OFF ratios. However, after a certain channel length,
the ON-OFF ratio tends to saturate. This effect can be studied in terms of
the ratio between the average length of the nanotubes and the channel length.
From the simulations and the experiments, it has been observed that when the
length of the channel is approximately 9 times the length of the nanotubes, the
improvements on the ON-OFF ratio start to be negligible.
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Chapter 7

Conclusion and Outlook

The work conducted during this project has been introduced with an overview
on the CNT film technology. Particular attention has been given to the motiva-
tions that pushed the researchers to experiment new technology based on CNTs.
In order to completely grasp such motivations, it is important to understand the
properties and limitations of the individual nanotubes. For this reason, after
a short introduction on CNTs, a comparison among the different CNT-based
technologies has been presented highlighting their strengths and weaknesses. In
particular, the most interesting aspect of CNT films, namely the low-cost and
scalable fabrication process, has made these devices extremely interesting for
many emerging applications. Among them, transparent electrodes, sensors and
TFTs are definitely the most studied and the closest to enter the market. To
complete the foreword, an overview on the state-of-the-art of the modeling tech-
niques used for the simulation of CNT films has been given, putting emphasis
on the major flaws of the already available models. In this regard, this work
attempts to overcome these limitations through a multi-scale approach that is
able to capture the complex physics of the single nanotubes and extend it to the
entire network with a circuit-level simulation methodology.

After the introduction, the software developed during this project has been
extensively presented. The first important contribution to the numerical simu-
lations of these devices is the introduction of a new algorithm which generates
realistic three dimensional morphologies for the CNT films. By comparing ex-
perimental measurements and simulations, it has been demonstrated how the
obsolete 2D models fail in representing the electrical behavior of the networks.
With 2D models, the values of the resistance of the films are highly under-
estimated. This error, which can be up to 30% for very thin layers, has a
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strong dependence on the thickness of the film and increases when the num-
ber of nanotubes increases. The reason behind it is merely geometrical, due
to an overestimation of the number of junctions between the nanotubes. The
low resistances calculated through 2D models are the result of an artifact: by
considering all the nanotubes lying on the same plane, the number of junctions
is actually much higher than the real number of junctions, since the information
on the third dimension is completely lost.

The new algorithm for the generation of 3D networks is a step forward in the
simulation of complex structures such as CNT films. However, it is fundamental
also to correctly interpret the physics behind the transport in the nanotubes and
across the junctions that connect more nanotubes. Simplistic approaches based
on semi-empirical models could lead to inaccurate results, especially when it is
important to evaluate the full IV characteristic of a nanotube or of a junction.
For this reason, the developed program offers the capability of solving the trans-
port equations of features in the nm scale with atomistic models based on the
Non-Equilibrium Green’s Function (NEGF) formalism. Important information
such as the dispersion curves or the transmission rates along the nanotubes are
computed in a time efficient but accurate way. These fundamental quantities
are pre-computed at the beginning of every simulation steps, and then fed to a
higher level simulation step, which includes the information of events that hap-
pen in a larger scale (µm range). Scattering phenomena have been introduced
with a phenomenological model based on the computation of an effective mean-
free-path. This allows to replicate realistic curves for nanotubes exceeding the
lengths in which the coherent transport approximations are reasonably consid-
ered valid. Following the same approach, the information of the single entities
in the film are connected all together in a schematic netlist that connects all
the nodes in the network. Finally, a SPICE simulator performs the circuit-level
simulation.

The validity of the software has been tested through the comparison with sev-
eral different device architectures, ranging from simple resistive films to more
complicate sensors and thin-film transistor configurations. The resistivity of dif-
ferent films has been thoroughly investigated in terms of thickness of the films
and dimension of the devices. The simulations have shown good agreement with
the experiments both in terms of absolute values of the resistance and in terms
of the variability of the results due to the statistical fluctuations, which appears
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to be more pronounced for low density films and for small area devices. Further-
more, the software has proven to be able to estimate correctly the percolation
threshold of the networks. Purely resistive films have been also studied under
AC stimuli, showing a behavior that resembles low-pass filters with cut-off fre-
quencies in the order of few kHz. This has been possible by introducing the
reactive behavior of the nanotubes with properly calculated capacitances and
inductances. The modularity of the program allows the user to select every
time the desired complexity of the sub-circuit that represents the entities in the
network. More complicate models result in higher computational times. How-
ever, for all the simulations here presented, the computational effort is never
prohibitive and it is possible to run all the instances even on mid-range laptops.

In parallel with the analysis of experimental measurements, a model for the
physical interactions between the nanotubes and the surrounding atmosphere
has been developed. Indeed, one of the most interesting peculiarity of the nan-
otubes is their ability to react and change their electrical properties upon ex-
posure to different molecules, especially with oxygen. This particular feature of
the nanotubes is often exploited in the realization of gas sensors, one of the most
promising application for CNT thin films. Out of this reason, the modeling and
simulation of CNT films-based gas sensors represents a significant part in this
work. The rates of interaction between the CNTs and the molecules, as well
as the impact of such interactions, have been taken from ab-initio simulations
present in the literature and stored in a look-up table. With a procedure sim-
ilar to the Montecarlo method, the program randomly extracts the rates and
the quantities of interests by following certain probability distributions. These
distributions are based mainly on two functions, the so-called coverage function
and the sticking probability. Basically, these two functions describe the number
of molecules that are interacting with the nanotubes, for a given pressure of the
gas and temperature of the ambient.

Furthermore, staying on the subject of temperature effects, it has been proved
that the CNTs have an interesting temperature-dependent resistive behavior
that can be used to realize temperature sensors. Since the temperature affects
also the number of sticking molecules, in the analysis of the temperature sensors
it is always fundamental to define the surrounding ambient conditions (e.g. air,
inert atmosphere, etc.). Indeed, the temperature has mainly four effects on the
transport along the network: there is a temperature dependency of the indi-
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vidual CNTs transport properties, a thermally-assisted crossing of the junctions
between the nanotubes, a shorter mean-free-path due to scattering events and,
perhaps the most important, the de-adsorption of the oxygen molecules. Both
from the experiments and the simulations a dependency of the RTC (resistance
temperature coefficient) on the morphology of the network is clearly evident.
Furthermore, the concentration of semiconducting nanotubes plays a critical
role in the resistance-temperature behavior of the films.

Finally, the CNT films have been studied in a three-terminal configuration, in
which a gate electrode acts with the purpose of changing the conductance of
the channel that lies between a source and a drain electrode. By adapting the
powerful NEGF formalism and introducing the details on the potential inside
the nanotubes, it is possible to reasonably model the electrostatic in transistor
structures. The interaction between the contacts and the channel has been
simplified through a capacitive model that weights the effect of the different
electrodes on the electrostatic profile of the device. Although the idea behind
the multiscale approach is the same used for the resistive networks and for the
sensors, for the transistor model the pre-computation of the quantities of interest
is not trivial. From the pre-computation the program extracts a set of values for
the trans-conductance and the output resistance, which are the two quantities
that constitutes the simplified equivalent circuit for a transistor. However, in
this case the pre-computer has to calculate all the possible cases, including all the
gate-source potentials that might occur in the network. The assignment of the
elements is done through the indexing of a much more complicate look-up table
that contains also all the possible lengths of the nanotubes. The simulations
could reproduce with good accuracy the experimental results of transistor with
different channel lengths. In particular, it has been observed that for short
channels the current of the transistor is not saturating, but rather presents effects
that resemble the short-channel effects in inorganic transistors with channels
shorter than 100 nm. From the simulation this effect has been addressed mainly
to two phenomena: the effect of metallic nanotubes (which is more pronounced
in short channels) and the not-negligible effect of the drain on the electrostatic
of the channel.

Concerning the metallic nanotubes, it has been observed that the lowest the
concentration of metallic nanotubes, the highest is the ION -IOFF ratio. This
figure of merit has an interesting dependency also from the length of the chan-
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nel. The ratio appears to increase with increasing the channel length, until it
reaches a saturation for channel longer than 10 µm. However, these numbers are
strictly dependent on the length of the nanotubes constituting the network. The
definition of short and long channel is based on the ratio between the channel
and the average length of the nanotubes. In the cases here studied, the ratio is
approximately equal to 9.

The work accomplished in this project has still room for improvement and can be
extended in different aspects. The developed program offers a powerful frame-
work for different kind of simulations of complex structures such as CNT net-
works. By opportunely changing some of the modules of the program, it is
possible to simulate other complicate structures like Si-nanowires, Ag-nanowires
and even polymer chains. The simulations can be further extended to include
the thermal transport in disorder media, a topic that has recently gain a lot
of attention. The accuracy of the models can be increased by including some
of the phenomena that are not treated in this work, by keeping in mind that
everything has a certain impact on the computational costs.
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