
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited. 

SIAM J. DISCRETE MATH. c© 2011 Society for Industrial and Applied Mathematics
Vol. 25, No. 4, pp. 1589–1599

UNIQUENESS IN DISCRETE TOMOGRAPHY: THREE REMARKS
AND A COROLLARY∗

PETER GRITZMANN† , BARBARA LANGFELD‡ , AND MARKUS WIEGELMANN§

Abstract. Discrete tomography is concerned with the retrieval of finite point sets in some �d

from their X-rays in a given number m of directions u1, . . . , um. In the present paper we focus on
uniqueness issues. The first remark gives a uniform treatment and extension of known uniqueness
results. In particular, we introduce the concept of J-additivity and give conditions when a subset J
of possible positions is already determined by the given data. As a by-product, we settle a conjecture
of Brunetti and Daurat on planar lattice convex sets. Remark 2 resolves a problem of Kuba posed
in 1997 on the uniqueness in the case d = m = 3 with u1, u2, u3 being the standard unit vectors.
Remark 3 determines the computational complexity of finding a smallest set J of positions whose
disclosure yields uniqueness. As a corollary, we obtain a hardness result for 0-1-polytopes.
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1. Introduction and main results. Discrete inverse problems play an impor-
tant role in combinatorics and geometry. A particularly important and well-studied
case is that of discrete tomography; see [16], [18], [15], [19] for surveys and [28], [26],
[9], [20], [10] for various applications in and connections to areas like general image
processing, graph theory, scheduling, statistical data security, game theory, etc.

The present paper reviews and settles various uniqueness issues for discrete inverse
problems. While our results are proved in more generality later, we will introduce the
problems in this introductory section solely in the language of discrete tomography
(with line X-rays) to provide a most intuitive exposition.

Let d ∈ � \ {1}, u ∈ �d \ {0}, and let S := lin{u} be the linear span of {u}.
Further, let Fd denote the set of finite subsets of �d and let F ∈ Fd. Then the
function XS(F ) : �d → �0, defined by

XS(F )(x) := |F ∩ (x+ S)| ,
is called the X-ray of F in direction u (or, parallel to S).

Now, let m ∈ � \ {1}, and for i = 1, . . . ,m, let ui ∈ �d \ {0}, Si := lin{ui},
and Xi(F ) := XSi(F ). Let F ′ ∈ Fd. Then F ′ is called tomographically equivalent
to F if Xi(F ) = Xi(F

′) for all i = 1, . . . ,m. We say that F is uniquely determined
by its X-rays X1(F ), . . . , Xm(F ) if there does not exist a set F ′ different from but
tomographically equivalent to F . We are interested in the question of just when F is
uniquely determined by its X-rays X1(F ), . . . , Xm(F ). We will deal with this problem
in various ways.

First, we study invariant sets, i.e., sets each point of which either belongs to all
solutions or does not belong to any solution. In particular, we extend the notion of
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1590 P. GRITZMANN, B. LANGFELD, AND M. WIEGELMANN

additivity to that of J-additivity (for a definition see section 2) and give a unified (and
more general) treatment of known concepts and results including those of Fishburn et
al. [9] and Aharoni, Herman, and Kuba [1]. As it turns out, the seemingly “complex”
concept of J-additivity boils down to the simple question of whether an associated
polytope P is contained in a certain affine subspace. Therefore, in particular, J-
additivity can be checked efficiently. As a by-product we disprove a conjecture of [6]
about lattice convex sets and additivity.

Second, we answer in the negative a question of Kuba, who suggested that every
subset F of �3 might be uniquely determined by its X-rays in the three standard unit
directions of �3 if and only if F is additive.

The third part deals with the computational complexity of enforcing uniqueness
by prescribing or forbidding certain subsets of points.

Finally, we will draw some conclusions for a problem from computational convex-
ity on fixing classes of 0-1-polytopes.

2. Remark 1: J-additivity vs. J-uniqueness.

2.1. J-additivity. Given F ∈ Fd and lines S1, . . . , Sm, let Ti(F ) denote the set
of all translates x+Si that intersect F , i = 1, . . . ,m, set n := |F |, T (F ) :=

⋃m
i=1 Ti(F ),

and let b : T (F ) → � be defined by b(T ) := |F ∩ T |. Then, of course,
∑

T∈T1(F )

b(T ) = · · · =
∑

T∈Tm(F )

b(T ) = n.

Also, F must be contained in its tomographic grid,

G := G(F ) :=

m⋂
i=1

⎛
⎝ ⋃

T∈Ti(F )

T

⎞
⎠ .

Now let J ⊂ G. Then the set F is called J-additive if there exist real numbers ηT for
T ∈ T (F ) such that the following conditions hold:

∑
T∈T (F )∧ g∈T

ηT ≥ 1 if g ∈ F ∩ J ;

∑
T∈T (F )∧ g∈T

ηT ≤ −1 if g ∈ (G \ F ) ∩ J ;

∑
T∈T (F )∧ g∈T

ηT ≥ 0 if g ∈ F \ J ;
∑

T∈T (F )∧ g∈T

ηT ≤ 0 if g ∈ G \ (F ∪ J).

Let us point out that our concept of J-additivity generalizes that of additivity intro-
duced by Fishburn et al. in [9]; see also [30]. In fact, it is straightforward to see that
their notion of additivity is equivalent to G-additivity. Hence we define a set F to be
additive if F is G-additive. In particular, the following result generalizes a theorem
of [9] and its extension of [1].

Theorem 2.1. Let J ⊂ G, let F be J-additive, and let F ′ ∈ Fd be tomographi-
cally equivalent to F . Then F ∩J = F ′∩J , i.e., F and F ′ coincide in all J-positions.

Note that J-additivity has an intuitive geometric interpretation as a weighted,
filtered back-projection. In particular, let F be G-additive and set μT := ηT /b(T ) for
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UNIQUENESS IN DISCRETE TOMOGRAPHY 1591

T ∈ T . Then

g ∈ F ⇔
∑

T∈T (F )∧ g∈T

μT b(T ) ≥ 1.

This means that if we add up the suitably weighted X-ray values on all lines of T
through a point g and take all such points g for which this sum does not fall below
the threshold 1, then we precisely recover F .

In the next subsection we will further generalize Theorem 2.1 in a spirit that
is related to [1], give a simple geometric explanation of the underlying concept, and
provide a short and concise proof of the result by means of linear programming duality.

2.2. Substructure uniqueness. Let p, q ∈ �, Q := {1, . . . , q}, and b = (β1, . . . ,
βp)

T ∈ �p. Further, let A = (αi,j) be a real p × q-matrix, and let a1, . . . , aq denote
its column vectors. To exclude trivial cases we assume that ai 
= 0 for all i = 1, . . . , q,
and that the rows of A are pairwise different.

We are interested in the solutions of

Ax = b ∧ 0 ≤ x ≤ �q ∧ x ∈ �q,

where �q denotes the all 1’s vector of �q. Of course, = and ≤ are meant compo-
nentwise. Note that, in fact, we are looking for a solution of a certain integer linear
program. Its linear programming relaxation, which is obtained by abandoning the
integrality constraint x ∈ �q, leads to the polytope

P := {x ∈ �q : Ax = b ∧ 0 ≤ x ≤ �q}.

Clearly, with the ith row of A we can associate a query set Wi := {j : j ∈
Q ∧ αi,j 
= 0}. Now, let x = (ξ1, . . . , ξq)

T be a solution of the above system, and set
Qx := {j : j ∈ Q ∧ ξj = 1}. Then, of course,

∑
j∈Wi∩Qx

αi,j = βi

for each i = 1, . . . , p. So, the set Qx satisfies weighted query set constraints.
In particular, if A is a 0-1-matrix, then Qx must contain precisely βi points of the

query set Wi for each i = 1, . . . , p, and we are back in the “combinatorial world.” In
the realm of discrete tomography with line X-rays, Q corresponds to G, the query sets
to lines parallel to S1, . . . , Sm, and x is the incidence vector of F (i.e., the components
of x are 1 exactly at the coordinates that correspond to F -positions and 0 otherwise).
Note that in this case b is the X-ray vector containing all X-ray measurements.

Hence, the present setting generalizes that of subsection 2.1. In particular, the
discrete Radon transform (where the query sets are induced by hyperplanes), general
k-dimensional X-rays, and “box window queries” are included.

Let us now turn to the question of whether, for some given subset J ⊂ Q, the
corresponding coordinates ξj of any solution x of the system are already uniquely
determined. So, let J ⊂ Q, x∗ = (ξ∗1 , . . . , ξ

∗
q )

T ∈ P ∩ �q and set

LJ := LJ(x
∗) :=

{
(ξ1, . . . , ξq)

T ∈ �q : (ξ∗j )j∈J = (ξj)j∈J

}
,

PJ := PJ(x
∗) := P ∩ LJ .
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1592 P. GRITZMANN, B. LANGFELD, AND M. WIEGELMANN

Then x∗ is called J-unique if P∩�q = PJ∩�q and strongly J-unique if P = PJ . Hence
x∗ is J-unique if all 0-1-points of P have the same J-coordinates as x∗. If this is true
for all points of P , then x∗ is strongly J-unique. So, J-uniqueness is the appropriate
notion in the context of combinatorics, while strong J-uniqueness restricts even all
fractional solutions. Clearly, strong J-uniqueness implies J-uniqueness, while, as we
will demonstrate later in Theorem 3.2, the converse is not even true in very restricted
cases.

We will now extend the notion of J-additivity introduced in subsection 2.1 to
the more general framework of the present subsection. A vector x∗ = (ξ∗1 , . . . , ξ

∗
q )

T ∈
P ∩ �q is called J-additive if there exists a weight vector y ∈ �p, such that for each
j = 1, . . . , q we have

aTj y ≥ 1 if ξ∗j = 1 and j ∈ J ;

aTj y ≤ −1 if ξ∗j = 0 and j ∈ J ;

aTj y ≥ 0 if ξ∗j = 1 and j 
∈ J ;

aTj y ≤ 0 if ξ∗j = 0 and j 
∈ J.

Clearly, in the context of discrete tomography, this notion coincides with that of
subsection 2.1 via the natural identification of sets with their incidence vectors.

Now we can give a characterization of strong J-uniqueness of a point x∗ via
J-additivity and thus a sufficient criterion for J-uniqueness.

Theorem 2.2. Let x∗ = (ξ∗1 , . . . , ξ
∗
q )

T ∈ P ∩ �q and J ⊂ Q. Then x∗ is
strongly J-unique if and only if x∗ is J-additive. Consequently, J-additivity implies
J-uniqueness.

Proof. Let c := c(x∗) = (γ1, . . . , γq)
T ∈ {−1, 0, 1}q be defined by

γj :=

{
2ξ∗j − 1 if j ∈ J ;

0 if j /∈ J
(j ∈ Q).

Suppose x = (ξ1, . . . , ξq)
T ∈ P and ξ∗j 
= ξj for some j ∈ J . Then γjξj < γjξ

∗
j ; thus

cTx < cTx∗. Therefore, (ξ∗j )j∈J = (ξj)j∈J for all points x ∈ P with cTx = cTx∗. In
particular, this means that strong J-uniqueness is equivalent to

min
x∈P

cTx = cTx∗,

and it suffices to show that J-additivity is equivalent to the same condition.
We will now apply linear programming duality including the complementary slack-

ness condition; see, e.g., [27] or [22] for the basic background on this topic.
Let us consider the primal linear program

(PLP) min cTx s.t. Ax = b ∧ 0 ≤ x ≤ �q

and its dual

(DLP) max (bT y− �Tq z) s.t. AT y− z ≤ c ∧ z ≥ 0.

Since (PLP) has a finite optimum, so does (DLP). Let

W :=

{
w =

(
y
z

)
: AT y − z ≤ c ∧ z ≥ 0

}
.
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Then (x,w) is called a primal-dual pair if x ∈ P is optimal for (PLP) and w ∈ W is
optimal for (DLP). By complementary slackness, (x,w) is a primal-dual pair if and
only if x ∈ P , w ∈ W , and

ξj(γj − aTj y + ζj) = 0 ∧ (1− ξj)ζj = 0

for each j = 1, . . . , q, where x = (ξ1, . . . , ξq)
T and z = (ζ1, . . . , ζq)

T .
Suppose now that x∗ is J-additive and let y ∈ �p be the corresponding weight

vector. We define z = (ζ1, . . . , ζq)
T by

ζj :=

{
aTj y − γi if ξ∗j = 1;

0 if ξ∗j = 0
(j ∈ Q),

and set w∗ := (yT , zT )T . Clearly w∗ ∈ W , and since x∗ ∈ {0, 1}q, the pair (x∗, w∗)
satisfies the complementary slackness conditions and is hence a primal-dual pair of
optimal solutions. In particular, x∗ is a minimizer of the primal program.

Conversely, suppose that x∗ is a minimizer of the primal linear program, and let
w∗ = (yT , zT )T ∈ W such that (x∗, w∗) is a primal-dual pair. Then, by complemen-
tary slackness, the conditions for J-additivity of x∗ are satisfied with weight vector
y.

So, the seemingly “complex” concept of additivity boils down to the simple ques-
tion of whether P lies in the affine subspace LJ or, equivalently, whether the orthog-
onal projection of P parallel to LJ is a singleton. Therefore the sufficient condition
for strong (substructure) uniqueness can be easily checked with any linear program-
ming algorithm. On the other hand, J-uniqueness is computationally much harder
in general. In fact, [10, Theorem 4.3] shows that, even when restricted to instances
that correspond to planar discrete tomography with line X-rays in three directions,
deciding G-uniqueness is ��-hard. For background information on computational
complexity theory, see, e.g., [13].

As a by-product, our approach can be utilized to perform a simple search to settle
Conjecture 11 of [6] in the negative. In fact, we show that even a weaker conjecture
is false. A set F ⊆ �

2 is called lattice convex if �2 ∩ convF = F , where conv
denotes the convex hull operator. As a special case of a more general result of [11],
any planar lattice convex set is uniquely determined (within this class) by its X-rays
in the directions of S ∗ := {(1, 0)T , (2, 1)T , (0, 1)T , (−1, 2)T}. It was conjectured by
Brunetti and Daurat [6] that, in particular, any lattice convex set is additive w.r.t.
S ∗. However, Figure 1 gives two tomographically equivalent lattice set w.r.t. S ∗,
one being lattice convex. Hence Theorem 2.2 implies the following remark.

Remark 2.3. For α, β ∈ � let Fα,β := �
2 ∩ conv{(α, β)T , (−β, α)T , (−α,−β)T ,

(β,−α)T }. Then F2,4 is not additive w.r.t. S ∗ (see Figure 1). F3,5, F4,6, and F5,7

are other lattice convex sets that are not additive w.r.t. S ∗.
We close this section with a remark on an even stronger uniqueness condition.

By Theorem 2.2, G-uniqueness of a solution x∗ is guaranteed when P is a singleton,
i.e., the system

Ax = b ∧ 0 ≤ x ≤ �q

has a unique solution. This is certainly the case if not even the system Ax = b of
linear equations has a solution different from x∗. As it turns out, this is underlying
Rényi’s condition [24], which states that a set F is always uniquely determined by
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Fig. 1. The lattice convex set F2,4 (left) and the lattice set on the right are tomographically
equivalent w.r.t. S ∗.

its X-rays in any |F | + 1 different directions. In fact, we have the following slightly
stronger result, which is in essence just a reinterpretation of a certain classical proof
of Rényi’s result; see [12, Theorem 4.3.3].

Remark 2.4. Let F ∈ Fd, let S1, . . . , Sm be different lines in �d, and set p :=
|T (F )|, q := |G|. Further, denote the entries of T (F ) and G by T1, . . . , Tp and
g1, . . . , gq, respectively, and let A := (|Ti ∩ {gj}|)i∈{1,...,p},j∈{1,...,q} ∈ {0, 1}p×q be the
corresponding incidence matrix. If m ≥ |F |+1, then A contains a q× q permutation
matrix; hence rank(Â) = q for any Â ∈ �

p×q with nonzero entries exactly at the
1-entries of A.

3. Remark 2: Solution of a problem of Kuba. It is well known that a
lattice set F ⊂ �

2 is uniquely determined by its X-rays in the two standard coor-
dinate directions if and only if F is additive. At a Dagstuhl conference on discrete
tomography in 1997, Attila Kuba asked the following question:

Question 3.1. Is it true that a lattice set F ⊂ �3 is uniquely determined by its
X-rays in the three standard coordinate directions if and only if F is additive?

As it turns out, our approach of the previous section allows us to resolve this
problem in the negative. (We will, however, not describe the solution in polytopal
terms.)

Theorem 3.2. There are nonadditive lattice sets F ⊂ �
3 that are uniquely

determined by their X-rays in the three standard coordinate directions.
Proof. Let F be the subset of �3 depicted on the left side of Figure 2. Here, gray

points lie in the first layer (ξ3 = 1), while the white and black points lie in the second
and third layers, ξ3 = 2, ξ3 = 3, respectively. The small crosses indicate empty lattice
positions.

The picture on the right represents a fractional solution satisfying the same X-
ray constraints as F . Semicircles indicate a value of 1/2 in the according layer and
position. Hence, by Theorem 2.2, F is not additive.

Now we show that, nevertheless, F is uniquely determined by its X-rays in the
three standard coordinate directions. Let us first consider the first layer. Figure 3
(left) shows all possible positions for points in the first layer.

It is straightforward to check that the gray points can only occur in two possible
configurations. The first is depicted in Figure 2 (left), the second in Figure 3 (right).
Suppose the first layer contains the second configuration. Then the point (7, 4)T must
be black. This implies that (4, 4)T is white; then (4, 5)T is black, and hence (1, 5)T is
white. But the vertical X-rays show that there is no white point in the first column, a
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Fig. 2. A 0-1- and a fractional solution.
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Fig. 3. Possible positions for gray points; second solution.

contradiction. Hence the gray layer must be that of Figure 2 (left). It is now easy to
verify that the gray configuration forces all other positions of F . Hence F is uniquely
determined by its X-rays.

4. Remark 3: On the complexity of forcing uniqueness. Let us now shift
our point of view from substructure uniqueness to uniqueness induced by substructures.

Let S1, . . . , Sm be different lines in �d through 0 as before. A set F ∈ Fd might
not be uniquely determined by its X-rays X1(F ), . . . , Xm(F ), but if we knew for
some positions of G whether or not a point of F is present, we might have enough
information to guarantee uniqueness. This gives rise to the following decision problem.

UniquenessForcingSubsetS1,...,Sm .
Given F ∈ Fd and τ ∈ �0, decide whether there exists C ⊂ G
with |C| ≤ τ which forces uniqueness for F ; i.e., if F ′ ∈ Fd is
tomographically equivalent to F and F ′ ∩ C = F ∩ C, then F ′ = F .

In particular we show that this problem is computationally difficult, even for
just the two coordinate directions in the plane. Again, the algorithmic difficulty is
specified within the realm of the theory of computational complexity; see [13].

Theorem 4.1. Let d = m = 2, S1 := lin{(1, 0)T}, and S2 := lin{(0, 1)T }. Then
the problem UniquenessForcingSubsetS1,S2 is ��-complete.
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This result is somewhat surprising, because checking uniqueness is easy, with or
without prescribed positions, for m = 2; see, [8], [28], [25], [26], or [4]. Typically,
hardness results in discrete tomography require m ≥ 3; see, e.g., [10], [12], [14], [3],
[7].

In the proof we show that a specific ��-complete graph theoretical problem can
be polynomially reduced to UniquenessForcingSubsetS1,...,Sm , showing that the
latter is no easier than the former.

In order to formulate this problem we need some notions from graph theory. See,
e.g., [5] for a general treatment of graph theory and more information on the concepts
needed here.

In the following we need the notion of feedback arc sets and of bipartite tourna-
ments. So, let D = (U,E) be a directed graph and B ⊂ E. Recall that B is a feedback
arc set if B contains at least one arc from each directed cycle in D. The directed
graph D is called a bipartite tournament if there is a partition of U into two sets V
and W such that E ⊂ (V ×W ) ∪ (W × V ) and for each v ∈ V and w ∈ W precisely
one of the arcs (v, w) or (w, v) is in E.

We prove the ��-hardness of UniquenessForcingSubsetS1,S2 by giving a re-
duction from FeedbackArcSet for bipartite tournaments, which is known to be
��-complete; see [2] (for tournaments), [17], [23]. For the purpose of an easy exposi-
tion (and since this direction is the basis of a later comment on the approximability of
UniquenessForcingSubsetS1,S2) we start from UniquenessForcingSubsetS1,S2

and show later that the construction can be reversed to obtain the required reduction
from FeedbackArcSet.

Proof of Theorem 4.1. Given F ∈ F2 and C ⊂ G it is easy to check whether there
is a set F ′ that is tomographically equivalent to F w.r.t. S1 and S2 with F ′∩C 
= F∩C.
In fact, one can use the network flow approach from [28] or the algorithms given in [8],
[25], [26], or [4]. Hence UniquenessForcingSubsetS1,S2 is in ��.

Let r1, r2 ∈ �, F ⊂ R := {1, . . . , r1} × {1, . . . , r2}. Suppose without loss of
generality that G = R, and let b1 ∈ �r1 , b2 ∈ �r2 be the corresponding X-ray vectors.
We now construct a bipartite tournament D = (U,E). Let V := {v1, . . . , vr1} and
W := {w1, . . . , wr2} denote two disjoint sets of vertices and set U := V ∪W . Further,
let (vi, wj) ∈ E if and only if (i, j)T ∈ F and (wj , vi) ∈ E if and only if (i, j)T ∈ R\F .
Hence the arcs in D encode the points of F in R. Then, of course,

(out-deg(vi))i=1,...,r1 = b1 ∧ (in-deg(wi))i=1,...,r2 = b2,

where out-deg(v) and in-deg(w) denote the out-degree and the in-degree of a vertex
v and w, respectively, i.e., the number of arcs leaving v and entering w, respectively.

Clearly, this construction can be reversed. (Note that the above assumption that
G = R incurs no loss of generality. It fact, it corresponds to the deletion of all vertices
v ∈ V with out-deg(v) = 0, all vertices w ∈ W with in-deg(v) = 0, and all incident
arcs. Such arcs are, of course, never needed in any feedback arc set.) Finally, we
observe that a set C ⊂ G forces uniqueness for F if and only if the corresponding
set B of arcs of D forms a feedback arc set. In fact, suppose that there is a directed
cycle in D. A reversal of all arcs preserves the in- and out-degrees of the vertices and
produces a bipartite tournament D′ different from D, and hence a set F ′ different
from but tomographically equivalent to F . Again, the argument can be reversed: If
F ′ is a second solution, then the symmetric difference FΔF ′ := (F \ F ′) ∪ (F ′ \ F )
corresponds to a subgraph of D with equal in- and out-degree at each vertex; such a
subgraph decomposes into cycles.
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Of course, the transformations run in polynomial time.
Note, in passing, that despite the hardness result of Theorem 4.1, our construction

allows us to evoke an approximation result of [29] to obtain a polynomial-time ap-
proximation for UniquenessForcingSubsetS1,S2 which produces a subset C which
forces uniqueness and is at most four times larger than such a set C∗ of minimum size.

5. A corollary: Fixing classes of 0-1-polytopes. The final section deals with
0-1-polytopes, i.e., polytopes having only vertices with coordinates in {0, 1}, which are
particularly important in combinatorial optimization. For background information on
polytopes see [27] or [31].

Let V be a nonempty finite subset of {0, 1}d, let P := conv(V ), the convex hull
of V , and let τ ∈ �0. We say that a vertex v of P is τ-fixed in P if there exists a
(d − τ)-dimensional coordinate subspace Y such that P ∩ (v + Y ) = {v}. If every
vertex v of P is τ -fixed, P is called τ -fixed. Clearly, each 0-1-polytope is d-fixed,
and only singletons are 0-fixed. If τ is the smallest nonnegative integer so that P is
τ -fixed, we say that P belongs to the fixing class τ .

Naturally, basic combinatorial properties of 0-1-polytopes (including their f -
vectors whose kth coordinate gives the number of k-dimensional faces, and their com-
binatorial diameter) depend on their fixing classes, and it is an interesting problem
to characterize all polytopes of a given fixing class. However, determining whether a
vertex v is τ -fixed is computationally hard.

Theorem 5.1. The task of determining, for a given nonempty finite subset V of
{0, 1}d of cardinality at most 1 + d(d− 1)/2, v ∈ V , and τ ∈ �0, whether v is τ-fixed
in P := conv(V ) is ��-complete.

Proof. Given a subspace Y , one can check whether |P ∩Y | = 1 by linear program-
ming. Hence, membership in �� is clear. To prove ��-hardness we give a reduction
from VertexCover. Here, the instances consist of a finite set S, a collection C of
2-element subsets of S, and a number τ ∈ �. The task is to find a vertex cover of
cardinality at most τ , i.e., a set H ⊂ S with |H | ≤ τ and H ∩C 
= ∅ for each C ∈ C .
This is a classical ��-complete problem; see [21] and also [13].

Now, let (S,C , τ) be an instance of VertexCover. We suppose without loss of

generality that S = {1, . . . , d}. Then, of course, k := |C | ≤
(|S|

2

)
= d(d− 1)/2.

Let C = {C1, . . . , Ck}, let v0 := 0 ∈ �d, and for i = 1, . . . , k let vi be the incidence
vector of Ci; i.e., all components of vi are 0 except for the entry 1 at the two positions
j with j ∈ Ci. Finally, set P = conv

(
{v0, v1, . . . , vk}

)
. Then there exists a vertex

cover H ⊂ S with |H | ≤ τ if and only if v0 is τ -fixed in P . In fact, any index set of
coordinates of v0 whose disclosure fixes v0 in P is a vertex cover for (S,C ), and vice
versa. Of course, the transformation runs in polynomial time.

Theorem 5.1 involves polytopes that are given as the convex hull of an explicit set
V of points, so-called V-polytopes. Not surprisingly, the fixing problem is no easier for
H-polytopes which are given as the set of feasible points of an explicitly given system
of linear inequalities. The following result is a corollary to Theorem 4.1. It involves
totally unimodular matrices, i.e., 0-1-matrices all of whose quadratic submatrices have
determinants in {−1, 0, 1}.

Corollary 5.2. The task of determining, for given τ ∈ �0, r ∈ �, p := 2r,
q := r2, a totally unimodular 0-1-matrix A ∈ �p×q, a vector b ∈ �p

0, and a vertex v
of the polytope P := {x ∈ �q : Ax = b ∧ 0 ≤ x ≤ �q}, whether v is τ-fixed in P is
��-complete.

Proof. Again, membership in �� is clear. ��-hardness follows directly from
Theorem 4.1. In fact, let F ⊂ R := {1, . . . , r}2, let b1, b2 ∈ �

r
0 encode the X-ray
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data with respect to the two standard coordinate directions in the plane, and set
b := (bT1 , b

T
2 )

T . Then the X-ray conditions can be expressed in matrix form Ax = b
with

A :=

⎡
⎢⎢⎢⎣
�
T
r

. . .

�
T
r

Ir · · · Ir

⎤
⎥⎥⎥⎦ ∈ {0, 1}(2r)×r2,

where Ir denotes the r × r unit matrix. Note that A is totally unimodular; see [27,
Theorem 19.3]. Hence, P := {x ∈ �

q : Ax = b ∧ 0 ≤ x ≤ �q} is a 0-1-polytope
which encodes all sets that are tomographically equivalent to F as its vertices. Let v
denote the vertex corresponding to F . Then fixing the points of a subset C of G as
belonging or not belonging to F corresponds to selecting a coordinate subspace YC .
Hence C forces uniqueness if and only if (v + YC) ∩ P = {v}.

Acknowledgment. We thank Richard Gardner for directing our attention to [6,
Conjecture 11].
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[30] M. Wiegelmann,Gröbner Bases and Primal Algorithms in Discrete Tomography, Ph.D. thesis,
Technische Universität München, Germany, 1999.

[31] G. M. Ziegler, Lectures on Polytopes, Grad. Texts in Math. 152, Springer, Berlin, 1995.

D
ow

nl
oa

de
d 

07
/2

4/
17

 to
 1

29
.1

87
.2

54
.4

6.
 R

ed
is

tr
ib

ut
io

n 
su

bj
ec

t t
o 

SI
A

M
 li

ce
ns

e 
or

 c
op

yr
ig

ht
; s

ee
 h

ttp
://

w
w

w
.s

ia
m

.o
rg

/jo
ur

na
ls

/o
js

a.
ph

p



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /CMYK
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /DEU <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


