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Abstract

This thesis deals with optimal control problems (“OCP”) concerning differential
equations with hysteresis, in particular, with application of the dynamic program-
ming method (“DPM”) in the case of partial differential equations with hysteresis.
The first main part of the thesis focusses on the semilinear case of a heat equation
with pointwise applied Play operator. As the solution operator of that equation
is hard to handle, we consider different simplifications. First, we replace the Play
operator with some regularization, which yields an OCP that can be treated with
known methods. Subsequently, we reduce the number of components of the hystere-
sis variable to finitely many, by consideration of suitable averiges over subsets of the
domain. This leads to an abstract problem with hysteresis that can be treated with
adapted methods of known results from DPM theory. Further, we show that the
considered averiges form a good approximation of the original problem by proving
some convergence result. After that, we go into the dicrete DPM by means of some
time discretization. The last two sections deal with problems including the time
derivative of a Play type hysteresis. We first focus on the treatment of the hysteresis
variable and discuss this with the help of some ode model problem. After that, we
use this insight to treat a problem belonging to some quasilinear pde with hysteresis.
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1. OPTIMAL CONTROL THEORY

1 Optimal control theory

The goal of optimal control theory is to control some process with minimal effort.
Further, it is realistic that there are restrictions on the set of controls, for example
due to technical realizability. As we will restrict to mathematical analysis rather
than modelling of real systems later, we also restrict ourselfes to some mathematical
aspects of the theory in this introduction.

1.1 Some examples of control problems

Let us, as an introduction, consider a dynamical system of the form

y = f(y7 CY), y(O) = Yo,

where the control variable « is, for each t > 0, allowed to take values in a set A C R,
and y(t) € R, f: R? — R. Thus, for fixed initial value, the solution would depend
only on the control, which will be indicated by y,. A typical functional would be

J(y,a) = / (0a(£))? + (a(t))? dt,

meaning that by looking for some minimal value of J, we would aim for some efficient
control & for which y5 is kept small, in some sense. As we only consider trajectories
on some interval [0, 7] of bounded length, a control problem corresponding to such
type of functional is called a finite horizon problem. There are also problems with
other types of functionals, such as

J(y.a) = / T (a0 + (a())?) dt.

Here, A > 0 is a so called discount factor. Problems with such types of functionals
are called infinite horizon problems, as the whole trajectory has to be considered
in the minimization process. Corresponding to the optimal control & (if it exists),
there is the optimal value of the functional J(ys, &) (resp. J*(ya,@)). It may vary
with the initial value, so that we can define the so called (optimal) value function
via

Vo) := J(yy076é7 Q).

The dynamic programming method, introduced in the next section, has its focus
on how to characterize the optimal value function, which then, in a way, solves
simultaneously multiple optimal control problems. Of course, much more complex
dynamical systems can be considered in optimal control theory, such as optimal
heating processes, optimal chemical synthesis, population dynamics etc., see [2], [3]
and many others.
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1.2 The dynamic programming method

For this introduction, we will consider our simple system from section 1.1. Assume
that for every initial value yg, there exists an optimal control @. Then, by definition,

Viw = [ e (nalt)? + @(0)?) .
0
Since y meets a semigroup property of the form

yyyoﬂ(t)v&(t+') (S> = yyo@(t + S), t7 s> 07

we can derive

Vo) = / e (o a0 + (@(1)2) dt + TV (1, a(T))

T
=it { [ (a0 + (0 de+ TV ()},
« 0

the so called dynamic programming principle (DPP) (sometimes also refered
to as “Bellman’s principle of optimality”). If V' is differentiable at g, this implies
that

AV (o) + sup {—f (yo, a) - DV (yo) — y5 — a”} = 0,

ach

which is a so called Hamilton Jacobi Bellman equation (HJB equation).
Thus, if V' is everywhere differentiable, this uniquely determines the optimal value
function of the control problem. Unfortunately, even in the most simple case of
smooth data, we can not expect that V has such regularity; in fact, there are many
examples where this is not the case, see e.g. [2, chapter 6, example 1.5] for a finite
horizon problem where the value function is not everywhere differentiable. Hence,
one has to look for different types of solution concepts. It turned out that viscosity
solutions do a great job here (cf. e.g. [4]). However, when dealing with control
systems including partial differential equations, further problems occur when one
wants to apply the dynamic programming method. This is due to the appearence of
some unbounded operator (e.g., some differential operator A of elliptic type). There
are also different approaches how to deal with those problems. In their pioneering
works, Crandall and Lions [5] used the notion of B-continuity, i.e., they introduced a
compact operator B, such that A*B is bounded and linear, which can then be used
to define viscosity solutions for HJB equations in infinite dimensions. This method
is picked up by [2|, which gave a quite general theorem for the characterization
of optimal value functions for control problems in infinite dimensions. But there
are also different approaches in the infinite dimensional setting; e.g., [6] introduced

3



1. OPTIMAL CONTROL THEORY

a definition for viscosity solutions based on the regularity properties of the value
function. We will follow this approach (but adapt it to an infinite horizon problem
including hysteresis) in sections 6 and 7. Further, in section 11, we will adapt the
method of [7] to handle a control problem associated with some quasilinear p.d.e.

with hysteresis.
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2 Hysteresis effects and operators

In this section we briefly discuss some aspects of hysteresis, and give examples where
such phenomena may appear. Then we turn to the mathematical viewpoint and show
how some of the basic hysteresis operators may be described. In more detail, we
will discuss the Play and Stop operators, which are important examples, and whose
properties will frequently be used in later sections.

2.1 Hysteresis phenomena

A typical example where hysteresis appears is ferromagnetism (cf. [8]). Some mate-
rials, such as iron, can be magnetized if an external field is applied. As the power of
the external field is raised, more and more of the atoms will abrupt adjust to this,
until saturation effects appear. If the external field is then removed, the magnetiza-
tion of the material will be weakened; but, not all of the atoms will turn back into
their original state, so that the material remains magnetized unless an external field
of opposite polarisation is applied. This effect of “lacking behind”, described by the
following figure, is the nature of hysteresis.
B

A

Figure 1: Hysteresis loop

As described, in this example the hysteresis loop originates by the sum of small
elements, so called hysterons, which jump immediately from one level to another
when certain internal values raise, resp., fall beyond some characteristic point. In
this way, superpositions of simple hysteresis operators can create more complex
ones. This effect also explains the existence of hysteresis loops in systems describing
processes in biology (cf. [9]) or economic sciences (cf. [10]).

2.2 Some examples of hysteresis operators

One example of “simple” hysteresis operators are the above mentioned hysterons,
also called Relays. Assume that at time ¢y, the output value is zero, and that this



2. HYSTERESIS EFFECTS AND OPERATORS

is kept until the input variable x(¢) becomes larger than some value a;. Then, the
output jumps from zero to one. However, if the input is decreased again, the output
will not change until x < ay for some as < a;. If it becomes smaller than as, it
jumps back to zero. This definition (which is somewhat problematic, because there
is not really a “best choice” how to define when the output should jump) produces
an input output diagram of the following form:

|
1
|
, Q2 a; >Y(t)

-
Figure 2: Input-output relation of Relay operator

The next example is the so called Play Operator, which has its name from the
idea that one considers the play between two mechanical elements.

y(t)

w(t) x

Figure 3: Play between mechanical elements

As long as element one (input “y(t)”) moves in the interior of element two (output
“w(t)”), this will not change the output. This will only happen, if it touches the
boundary. So, if element two has diameter 2r, then an input-output diagram of the
form
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w(t) A / /

Figure 4: Input-output relation of Play operator

is produced. Closely related to the Play is the so called Stop operator. If the
second element is fixed, then element one can only move inside this interval of length
2r, even if some force is applied. So, the output “e(t)” is stopped at the boundary,
producing a diagram of the form

¢

Figure 5: Input-output relation of Stop operator

Intuitively, we extract from the stop just the movement of the input while it
is in the interior of element two, whereas the play only reacts if the boundary is
moved; so we should have that the outputs sum up to the input function. This
property is shown in the next section. Further, each of those elementary hysteresis
operators can be used as building blocks for more complex ones; e.g., one might
think of superpositions of play operators with different values of r. At this point
we note that there are also various different types of hysteresis operators such as
generalised Plays, see e.g. [11].
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2.3 Properties of the play operator

We collect some properties of the play and stop operators; those (elementary) results
are taken from [12, chapter 2.3]. From the interpretation as mechanical play, it is
clear that the extreme points of input functions play an important role for the
output. We therefore start with defining the operator on strings, and then extend
this to continuous functions.

Definition 2.1 The function f, : R xR — R,
fr(v,w) == max{v —r,min{v +r,w}},

where r > 0, is called update function (of the play operator).

The following simple lemma (cf. [12, lemma 2.3.1]) is useful.
Lemma 2.2 The update functions satisfy, for any r; > 0, v;,w; € R, 7 = 1,2, the
inequality
| fri (01, 01) = fry (v2, w2)| < max {|vy — vaf + |11 — 12|, [wr — wal}.
Proof: For a,b,c,d € R, it is easy to see that

lmax {a,b} — max {c,d}| < max{|a—c|,|b—d|},

and the inequality holds analogously, if max is replaced by min on the left hand side.
Hence,

| fry (V1, w1) = fry(va, wo)]

< max {|(v1 — 1) = (v2 = r2)[, [(v1 + 1) = (v2 +712)|, [w1 — wal},
which implies the assertion.

O

To sufficiently describe the output on the set .S of all strings, we introduce the notion
of final value mappings.

Definition 2.3 Let w_; € R be the internal configuration before the operator
is applied. Define wy := f.(so,w_1), and iteratively, wyy1 = f(Sgy1,wg). The
string w is the output of the play operator applied to s € S. The final value
mapping corresponding to the play operator on the set of strings is then defined
through
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Frp(8) = wp, s = (S0,.--,5n)

O

Next assume that v € C,,,[0,T], the set of all continuous functions on the interval
[0, 7] for which there exists a decomposition ty < ... < t,, of [0,7] such that v is
monotonic on each subinterval (t;_1,¢;). Then we can define, for every t € [0,7],
the output F,.[v; w_1](t) of the play through application of its discrete version to the
string consisting of all extreme values of v on [0,¢]. Hence, for such functions, the
inequality in lemma 2.2 takes the form

[Fry [01;0-12](8) = Fry[v2; w-1,] (1)

< max {|r1 — 19| + sup |vi(7) —va(7)|, w11 — w_172|} )
0<r<t

Using a density argument, we can thus define the play operator for continuous inputs.
It has the following properties.

Theorem 2.4 For any r > 0, the operator F, can be extended uniquely to a Lips-
chitz continuous operator F, : C[0,T] x R — C[0,T], and it holds, for all v,vy,vy €
Cl0,T), w_y,w_11,w_12,Yy—1 €ER, foralls >0 and 0 <t <t <T,

| F[v1; w—1,1] — Frlvo; w—1,2]HC[07T] < max {||U1 - U2HC[0,T} ) ‘w—l,l - w—1,2|} )
[ Frlo, wal(t) = Folv, wa] ()] < sup [o(r) —o(t)],
t' <7<t
Frlv;w_q] = Frlv —w_q1;0] + w_q,

Frlowoi] < Frlogswoi), ifvg <wvgandw_i; <w_qp,

FolFslv;yalswal = Foyslvswo],  if |y —woa| <7
Further, it meets the semigroup property
Frlo(t +-); Frlo;w_1](0)](T) = Folv;w_](t + 1), vt, T > 0.

Proof: The semigroup property for continuous and piecewise monotone functions
follows immediately from the definition, so that the general case may be shown
using a density argument. For the other statements, we refer to [12, theorem 2.3.2].

O

We will need the connection between play and stop operators established in the
following result.
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Theorem 2.5 Let e, : R — R, be the update function of the stop operator, which is
defined through

e;(v) == min {r, max{—r,v}}.
Then, for any w_, € R, the mapping &, ¢ : S — R,
Erp(vo) = ep(vg —w_y),
Erp(vo, ... vn) = e (o —on_1 + & (Vo .., UN—1)),
defines a hysteresis operator E,[-;w_1]. It extends to a Lipschitz continuous operator
& C[0,T] x R — C[0,T] and satisfies, for all functions v,vi,vy € C[0,T], initial
internal values w_y,w_11,w_15 € R, and 0 <t <t <T, (where &[v] := & [v;0] ),
€[] = &[W]Hc[o,ﬂ < 2oy = U2||c[o,T} J
& [0](1) = & ](t)] < 2 sup [v(7) — o(t)],

t<r<t
Erlv;woy] + Fr[;; 1;—1] =,
Evsw_q] =& v — w_4],
Erfviswora] < Efvgsworg], if vr <vgand w_y; <w-yp.
Further, it meets the semigroup property
Eu(t+-); E vy w_q](0))(t) = EJvyw_y](t+ T) Ve, T > 0.

Proof: The semigroup property follows again by some density argument; for the
other statements, we refer to [12, proposition 2.3.4].

O

We finish this section with a result corresponding to differentiability properties of
the stop and play operators.

Proposition 2.6 Let r >0, v € WHH(0,T) be given, and define the sets
AL :={t € [0,T]: & v](t) = xr}, Ag:={t €[0,T]: |E](¥)| <r}.
Then,
Ev) =0, F)]=v2> (<)0, ae.on Ay (A),
Eqv]' =4, Fev] =0ae. on A.
In particular, a.e. on (0,T),
IFLl T <1 &) < [0

Further, the property of piecewise monotonicity (i.e., the final value mapping Wy
fulfills vy > vy_1 = We(vo, ..., on-1) < Wy(vo, ..., uN)) attains the form

' F ] >0, Vv'Ev] >0, a.e.on (0,7).

10
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Proof: See [12, Lemma 2.3.8].

O

The latter proposition also gives rise to the representation of the Play operator via
differential inclusions, cf. [11] for more details.

2.4 Approximation of the play operator

In this and the following section, we derive regularisation results for the Play oper-
ator. We note that a similar result for the Stop operator is given in [13] via slightly
different methods. For € > 0, we investigate the solution of the ordinary differential
equation (which is proposed in [14])

ez =G(z—u), (2.1)
2(0) = zo,
where the function G : R — R is defined by
G(z) =—(—z+7r)-+(—z —1)4. (2.2)

Here, » > 0, and (y)- := —min(0,y) denotes the negative part, (y); := max(0,y)
the positive part of y € R.

0.8

0.6

0.4

0.2

-0.2

-0.4

-0.6

-0.8

-1.5 -1 -0.5 0 0.5 1 1.5

Figure 6: graph of G for r=0.5

Though the solution depends on the value of the parameter ¢, we will most of
the time drop the index e to simplify notations. We make the following general
assumptions.

11
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Assumption 2.7
(V1) u® — u> (strongly) in C[0,T] as e |0,
(V2) u® is bounded in H*(0,T) as e | 0,

(V3) zo,ug do not depend on & > 0, and |ug — zo| < r.

O

Our goal is to show that in the limit € | 0, the sequence of solutions z° converges to
the output JF,[u®; 2] of the play operator. To this end, we first need to show that
there exists a unique solution to (2.1).

Lemma 2.8 Let assumption 2.7 hold. Then there exists a unique solution to (2.1)
which is an element of H*(0,T) and bounded w.r.t. Il as 0.

Proof: The function s — G(s) is piecewise linear with derivative not larger than
one. Hence,

1 1 1
gG(JZ‘l —y) — gG(l’Q — y)‘ < z |1 — 29, Va1, 72,y €R.

Since u € C[0, T, there is some constant ¢ > 0, such that (locally in x € Bs(2)),

and ¢ depends only on ¢,r,0 and T. By continuity, all functions appearing are also
measurable, and we can use theorem 1.4.3 and Corollary 1.4.4 of [12] to conclude
that there exists a unique local solution on (0, 7") in the sense of Carathéodory. Since
z and u are continuous as well as the function G, the solution is actually classical,
with derivative 2 € H'(0,T) (as u € H'(0,T)), and may be continued to the whole
interval (0,7"). Next, note that G(x)z < 0 for all x € R. Thus, if we multiply (2.1)
by (2 — u) and then integrate, we get

/sz'(z—u)ds:/ Giz—u)(z—u)ds <0 = / z'zdsg/ Zuds.
0 0 0 0

Using #z = 34 (z%), partial integration yields

%(2(7_)2 _ 23) < z(7T)u(T) — 2zoug —/0 z(s)u(s)ds.

12



2. HYSTERESIS EFFECTS AND OPERATORS

We can estimate further by application of absolute value to the right hand side, and
Young’s inequality (lemma D.1, with p = ¢ = 2, § = v/2), to get

(2(1)? = 20) < 22(7)2 + u(7)? + zouo + L /OT z(s)%ds + /OT u(s)?ds.

1
2 4

Introducing
2
C:=22+4 lullcror + 41200l + 4 [ull grago.ry »

we may thus write

(1> < C —i—/ 2(s)*ds.
0
Thanks to Gronwall’s inequality (theorem D.3), this implies
2(1)? < Ce” < Cet, ¥r € [0,T). (2.3)

Noting that assumption 2.7 implies that C' is bounded for ¢ | 0, we infer from (2.3)
that ||2°|[5(o 7y is bounded as € | 0, which concludes the proof.

O

Lemma 2.9 Under assumption 2.7, there exists C' > 0 independent of € > 0, such
that
1 g € 5 2
0< — G(2°(s) —u®(s))ds < C.

e J,

Proof: Define the auxiliary function
V(t) = =2(t)%

By lemma 2.8, we may apply the chain rule, in order to calculate its weak derivative.
Hence,

S | L, .
V== EG(Z — U)EG (z —u)(2 — ).

According to its definition, G(x) # 0 = G’(x) = —1, so that we may infer from the
last equality,

V= 56w GG(,Z—U) —u)

13
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1 1 .
=— gG(z —u)® + 5_2G<Z —u)u, a.e. (2.4)

Due to the regularity of solutions proven in lemma 2.8 and assumption 2.7, it holds

V(0) = 3(G(z0 — uo))* = 0. Integration of (2.4) now yields

0< V() :/0 V(s)ds — —613 [ Glats) — us) s

—i—i? G(z(s) — u(s))u(s)ds

= /O G(z(s) —u(s))?ds < 8/0 G(z(s) — u(s))u(s)ds.

Since the right hand side is smaller than € [[G(2 — )| 2 [|t]| 1201y, We conclude
that
0<[|G(z - U)||L2(o,t) <¢ Hu||L2(0,t) ,

for each 0 < ¢ < T, which implies the assertion.

O

We turn now to some problem that uniquely determines the output of the play
operator (see also [15, 16, 17]).

Problem (Py): For given »,7 > 0, u € C[0,T}], ag € [—r,7r], find £ € CBV|[0,T],
such that:

L. u(t) —&(t) € [—r, 7], for every t € 0,77,
2. u(0) — &(0) = a,
3. [y (uls) — &(s) — y(s))d€(s) > 0, for all y € C[0,T], with ||yl ciopy < -

The integral has to be understood in the sense of Riemann-Stieltjes.
Theorem 2.10 The unique solution to (Pg) is & = F.[u; £(0)].

Proof: Let us show that £ = F,[u;£(0)] is a solution to (Pg). To this end, we only
need to check whether the third property is fulfilled, as the others are obviously
valid. We first show that 3. is equivalent to

V[a,b] - [O,T], Vy € C[O,T], ||y||C[O,T] <r:

b (2.5)
/ (uls) — £(s) — y(s))dé(s) > 0,

14
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Proof of the assertion: Assume 3. holds. Choose an admissible sequence (y,,), which
fulfills

Then

where d(n) — 0 as n — oo; so by taking the limit, this yields

[ )~ ¢6s) - wishag(s) =

as claimed. The converse implication follows by simply choosing a = 0 and b = T'.
Now we use (2.5) to prove the theorem. If |u — F,.[u;£(0)]] < r on some interval
la,b] C [0, T}, then F,[u;£(0)] is constant on that interval, and (2.5) equals zero. Else,
if ju— F.lu;€(0)]| = r on some interval [c,d], then F,.[u;£(0)] must be monotonic
on [c,d], as well as u. But then, (2.5) holds, because both (u(s) —&(s) — y(s)) and
dF,[u; £(0)] must have the same sign. By continuity, (2.5) must be valid.

Now, assume that & solves (Pg). If |u(s) — £(s)| < r, by continuity of u, &, there
must be some interval [a, b] C [0, 7] such that |u — £| < r on [a,b]. Choosing y = +r
on [a,b], it follows that £ must be constant on this interval. On the other hand, if
|u(s) — &(s)| = r on some interval [c, d], choosing y = 0, it follows that d§ must have
the same sign as u — £ on that interval, because we would get a contradiction if this
was not the case for some subset of [¢,d]. By continuity of £ and F,.[u;£(0)], this
implies that both functions coincide.

O

Now we can use the characterization of the play operator in terms of problem (Pg)
to prove convergence of z°.

Theorem 2.11 Let assumption 2.7 hold. Then z° — 2 = F,[u*;£(0)] (strongly)
in C[0,T] and weakly in H'(0,T).

Proof: According to lemmata 2.8 and 2.9, for each sequence (&,), such that &, | 0
as n — 0o, (2°"),, is bounded in H'(0,T), so that we can extract a subsequence (for
simplicity also denoted by 2°») which converges both weakly in H'(0,T) and strongly
in C[0,T] to some 2> (as H'(0,T) < C|0,T] compact, which is often referred to as
Morrey’s theorem, cf., e.g., [18, theorem 6.3, pt. II]). We show that z*> solves (Py).
Assumption (V3) implies 2. in (Pyg), and according to lemma 2.9,

T
/ G(2"(s) —u(s))*ds | 0, as n — oo,
0

15
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hence, z° — u™® € [—r,r], by definition of G. Let now y € C[0,T] be any function
such that [[y[|¢7) < 7. Then, since 2" 1= 2" € H'(0,T) (denoting u" := u"):

I = / (u"(s) = 2"(s) — y(s))d="(s) = / (u"(s) = 2"(s) — y(s))2" (s)ds.

Since 2" — 2, u™ — u™ strongly, and 2" — 2 weakly in L?(0,T),
T
I, =5 1 = / (2%°(s) — u™(s) — y(s))2%(s)ds.
0

Inserting 2" = iG(z — u) yields

I = i i (u"(s) = 2"(s) = y(s))G(2"(s) — u"(s)))ds.

The integrand is, for all n € N; a nonnegative function, because

>0, if 2"(t) —u"(t) < —r
G(2"(t) —u™(t) R < 8, if1 2M(t) —ut(t) >r

This implies I, > 0, and by theorem 2.10, 2 = F,[u®, 20]. In particular, this
means that every subsequence has a subsequence that converges to J,.[u, 2], hence,
lim, g 2° = F,.[u™, 2], as claimed.

2.5 A general approximation result

In fact, one can use the procedure demonstrated in section 2.4 to prove convergence
in the case when G is replaced by some more general function . However, the
proof and the result itself will be slightly different. Let, in the following, z denote
the solution of

ez = F(z —u),

0) (2.6)

and let again assumption 2.7 hold. We will assume later that F' should be Lipschitz
continuous; then, just as in the proof of lemma 2.8, one can see that there exists a
unique solution to (2.6). Next, we refine some of the results stated in section 2.3;
in fact, this will be nothing new, but just some other way of writing down how the
play operator behaves on shifted initial values.

16



2. HYSTERESIS EFFECTS AND OPERATORS

Definition 2.12 We call the function
frs(v,w) :=max {v —r,min{v + s,w}},

where, r,s > 0, the update function of the nonsymmetric play operator,
which will be denoted by F, ;.

O
If r = s, then we get the usual update function considered in section 2.3.
Lemma 2.13 Ifr;,s; >0, v;,w; € R, j =1,2, then
’fT1731 (Ulv wl) - fr2,82(v2> w2)|
S max{]vl — Ug‘ + ‘7’1 — 7’2‘ + ‘81 — 52‘ R \wl — ’LUQ‘}
Proof: As noted in the proof of lemma 2.2, for all a,b,c,d € R,
|min {a,b} — min {c,d}| < max{|a —¢|,|b—d|},
as well as
lmax {a,b} — max {c,d}| < max{la —c|,|b—d|}.
We apply this to | fy, s (v1, w1) — fry.s, (V2, w2)], to get
|fr1,s1 (Ula wl) - fTQ,Sz(U% w2)| <
max {|v; — 1y — vy + 1|, |wy —wal, vy — 51 — va + S2|},
which implies the assertion.
O
For continuous inputs, one therefore gets
| Frs s (013 wo12](8) = Frp s [U25 w1,2] (1))
(2.7)
< max< |r; —ro| 4+ |s1 — so| + Os<u;<) |01 (7) — vo(7)|, w11 —w_12] p -
<7<t

From inequality (2.7), we learn in particular, that F, s[v;w_;] converges uniformly
to Fylv;w_q], whenever r — [ and s — [. Next, we want to approximate the
nonsymmetric play operator in the manner described in section 2.4. To this end, we
introduce the functions

G(r,s),(ml,mg)(ﬂf) = ml(—.ﬁlf — T)+ — mg(—[L’ -+ S)_’

17



2. HYSTERESIS EFFECTS AND OPERATORS

where mq, mo, r, s > 0, and the corresponding differential equations

. 1
Z = EG(T78)7(m17m2)(z — u)

0.8

0.6

0.2

-0.2

-1.5 -1 -0.5 0 0.5 1 15
Figure 7: graph of G, (m1,ms) for r=0.5, m; =1, s=0.7, my = 0.5

Similar to 2.7, we make the following assumptions.
Assumption 2.14
(V1’) u® — u™ strongly in C[0,T] as e | 0,
(V2’) u® is bounded in H*(0,T) as e | 0,

(V3’) zo,ug do not depend on e >0, and zg — ug € [—r, s].

(2.8)

O

For simplicity, we will again most of the time neglect the index €. The function
G (r,5),(m1,m2) has the same continuity properties as the function G considered in
section 2.4, so that existence, uniqueness and regularity properties of solutions to
(2.8) may be proven by the same arguments as in lemma 2.8. As a next step, we

show a result similar to lemma 2.9.

Lemma 2.15 Let assumption 2.14 hold. Then there is a constant C' > 0, such that

1 T
0= =) G(T’S)v(mhmz)('z - U)st <C.
0

18



2. HYSTERESIS EFFECTS AND OPERATORS

Proof: Again, we define the auxiliary function

1
V(t) = =2(t)%
2
We may apply the chain rule for Sobolev functions to calculate its weak derivative,

which yields

. o1 1 _ .
V=23 :EG(T,S),(ml,mQ)(Z — u)g /(r,s),(ml,mQ)(Z —u) (3 —q)
1 2
:gG(r s)’(ml’mQ)(Z - u) G/(r7s)7(ml7m2)(z - u)
1 .
g2 =G rs).m mz)(z - U)G,(T’S)’(mlij)(Z — ).

According to assumption (V'3'), V(0) = 0, so that

0<V(t) = /t V(s)ds.

Further, since G{, ) (0, my) < 0, we get G' = — |G|, so that the latter implies
¢
0 S /0\ G(r s),(m1, mg)(z - U ‘G('I‘ $),(m1, m2) ‘ ds
¢ (2.9)
Sg/ G(ns),(ml,mz ‘G,Ts ), (ma m2)(2 — U)‘ uds.
0

Note that, by definition of G, s (my,ms)

Gl

(r,8),(ma, mz)(z o u)‘ =mixi(z —u) + maxa(z —u), ae.,

where x1, x2 are suitable characteristic functions. Thus, (2.9) may be written as

m1/ Grs) (m1 mQ)des—i-mQ/ G(m (1 ma) X205
t
Sé€ / G (r.5),(m1,m2) ¥ (M1X1 + MaX2) ds.
0

Now assume w.l.o.g. that m; > msy, and multiply the latter inequation by miz This
yields

t
2
/ G(T‘S m17m2 deS _'_ /0v G(r’s)v(mlva)X2dS
t
2
< m2 /0 G(rs) (m1,ma) des +/0 G(Tvs)v(mhmz)XQdS

19



2. HYSTERESIS EFFECTS AND OPERATORS

t
(T
Sg/Grsmmu( X+X>
0 (7r,5),(m1,m2) m21 2

The property G,s),mi,ms)(2 —u) # 0 = x1 + x2 = 1, together with the Cauchy
Schwartz inequality, then yield

t
/ G (r,5),(m1,ma) (2 — u)st
0

<e€ HuHLQ(O,t)

L2(0,t)

m
G(r,s),(m1,m2)<z - U) (E;Xl + XQ)

< ep HG(T‘,S),(ml,m2)(Z - U)HL2(0¢) Hu”LQ(O,t) ’

because = Z—; > 1. Thus,

HG(r,s),(m1,m2)(z - U)HLQ(O,t) S el ”uHLQ(O,t) )
which implies the assertion.

O

Theorem 2.16 Under assumption 2.14, it holds z° — F, s[u™; 2| (strongly) in
C[0,T) and weakly in H(0,T).

Proof: Similar to theorem 2.11. Since F, ; is equal to some shift of F;, with [ = %,

an analogous characterization result like theorem 2.10 is valid. Again, by assumption
2.14 and lemma 2.15,

I, ::/0 (u™(s) — 2"(s) —y(s)) 2"(s)ds

— [ 05 = 1) = 55D 2G5 = 0 ()

>0

Y

by distinction of cases, which implies I, > 0. Another application of lemma 2.15
shows that 2°° — u*> € [—r, s], and the result follows.

O

To build a bridge to equation 2.6, we need a simple well known theorem about
solutions of ordinary differential equations (compare [19, theorem 1.3]). Let

{ o(t) = f(t,z(8), o { y(t) (:O)g(t,’y(ﬂ)’ (2.10)
T = Y = Yo-
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2. HYSTERESIS EFFECTS AND OPERATORS

Theorem 2.17 Let z,y : [0,7) — R be piecewise continuously differentiable solu-
tions to (2.10), with f, g such that there exists L > 0:

f(t,6) —g(t,n) > —L|§—n| forallt € [0,7) and £,n € R.
If xo > yo, then
x(t) > y(t) for t € [0, 7).
Else, if xg > vyo, then
x(t) > y(t) for t € [0, 7).

Proof: We start with the case ¢y > . Assume that the assertion was false. Then, by
continuity of the functions = and y, there must be some ¢y, > 0 such that (z—y)(ty) =
0 and (z —y)(t) > 0 for all 0 < ¢ < t5. By assumption, it holds for almost every
te [07 tO]?
2(t) —y(t) = f(t,2(t) — g(t,y(t) = —L(x(t) — y(1)),

so that

d : .
= (e (x(t) = y() = e ((#(t) = §(1)) + L (x(t) = y(1))) 2 0.
But then

Lt ©d

M (afte) = y(t0) — (a0 — ) = [ 5 (X a(®) = y(2)) de > 0
0

which implies

z(to) — y(to) = e " (zg — yo) > 0,

a contradiction to (x—y)(to) = 0, and the first part of the theorem is proven. In order
to prove the second part, we only have to check the case xy = o (because otherwise,
the assertion follows by the first part of the theorem). Assume for contradiction that
there exists t; € [0,7), such that x(t1) < y(¢1). The continuity of x and y implies
that there exists some interval [to, t1] C [0,7) with z(ty) = y(ty) and z(t) < y(t) for
all t € (to,t1]. Since in that case, by assumption,

@(t) —y(t) = f(t,z(t)) — g(t,y(t)) = =L (y(t) — z(t)) , ae.,
it holds for almost every ¢ € [ty, ],

d% (™ (2(t) —y(1)) = e ((&(t) = §(t)) — L (x(t) — y(1))) = 0.
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2. HYSTERESIS EFFECTS AND OPERATORS

But this implies

e "M (x(ty) —y(ty)) =" (x(ty) — y(t)) — e " (2(to) — y(to))

t1 d B
:/ y (e7™ (2(t) — y(t))) dt > 0,
to
a contradiction to the definition of the interval [to, t1].

O

Now, for given T' > 0, y € H'(0,T) and A > 0, we study the behaviour of the initial
value problems

2(t) = AF(2(t) — y(1)), 2(0) € R,
Zl(t) = AG(T1,S1),(m1,m2)<zl(t) - y(t))a 21(0) € Rv (211)

22@) = )‘G(rmsz),(nl,m)(z?(t) - y<t))7 22(0> S R7
under the condition
G(Tl,sl),(m1,m2)($) < F(I) < G(T2,82),(n1,n2)<x>? Vr e R. (2'12)
From theorem 2.17, we infer the following result.

Corollary 2.18 Let (2.12) hold, and F be some Lipschitz continuous function. If
21(0) < 2(0) < 29(0), then the solutions of (2.11) fulfill

21(t) < z(t) < z(t), Vt € [0,T].

Proof: We use the abbreviations G := Gy s)),(m1,m2)s G2 = Gry,60),(n1ma)- Note
that G is Lipschitz continuous with constant L; := max {mq, ms} and G5 is Lips-
chitz with constant L, := max {ny,ns}; let Lr denote the Lipschitz constant of F.
Existence and uniqueness of solutions to (2.11) can be shown as in lemma 2.8. Now,
(2.12) implies that

AF(E = y(t)) — AGi(n — y(1) 2A (G1(§ — y(t)) — Gi(n — y(t)))
> = ALy [€ —y(t) — (n—y(®))l
=— AL [§ -],

and thus z > z; by theorem 2.17. On the other hand, we also have
AGa (1 —y(t)) = AF(§ —y(t)) ZA(F(n —y(t)) — F(§ —y(t))
> = ALp|n—y(t) = (£ —y(®))|
=—ALp[§ -],

so that z9 > z by theorem 2.17, and the proof is complete. 0
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Now we come to the main theorem of this section.

Theorem 2.19 Let assumption 2.14 hold, and F' be some Lipschitz continuous func-
tion, such that for every § > 0, there exist G, G : R — R satisfying

G (@) =G (1p5,0), (1 (6),m2) (¥) < F(2),
G(x) =G (1r15), (o)) () = F(2),

for allz € R, where my(3), ma,n1,na(0) > 0. Then the solutions z° of (2.6) converge
to F.[u>; zo], strongly in C[0,T)] as e ] 0.

Proof: Let u > 0 be arbitrary. We choose admissible initial values, i.e.,
27(0) = 25(0) = 25(0) = 2y € [ug — r,up + 7, Ve > 0.

Now, if £,6 > 0 are fixed, we may apply corollary 2.18, to get 25(¢) < 2°(t) < z5(¢),
for all ¢ € [0, T], which implies

0<2°(t) — 21(t) < 25(t) — 21(t), vt € (0,77,
and hence,

[E ziHC[O,T} <21 - Zg“C[O,T] :

We choose § = §. By theorem 2.16, 2§ — Fryu/0.,[u™; 20] and 25 — Fr oy p/0[u™; 2]
in C[0, 7] as € | 0. Further, (2.7) implies

2
H-Fr—i-u/Q,r [uoo; ZO] - «Fr,r+y/9[uoo; ZO] ||C[O,T] < §M

Altogether, this implies that
|25 — Z;Hc[o,:q < ||Zf — Frap/or[u™; 20] HC[O,T] + Hzg — Frripfolu’™; ZO]HC[O,T}

+ || Pt [0 20) = Frpgpugo[u™; 2] HC[O,T]

<L
3
if € > 0 is chosen such that the first two summands both are smaller than 1—“8. But
for those € then holds
2% = Folw™; 20]ll ooy < M12° = 21l + 121 = 22l opomy
+ Hz§ — Frrnyo[u; 20 HC[O,T]
+ Hfr,r—l—u/g [uoo; ZO] - Fr [uoo; ZO] HC[O,T]
< < noou
<221 - ZZHC[O,T] + 18 + 9
<L
As i > 0 was arbitrary, the result follows. 0
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Remark 2.20 We can not conclude as in theorem 2.11, that z* converges weakly in
HY(0,T), because from

21 —ut <2 —ut < zp—ub,
it only follows (if F is monotone)
F(zy —u®) > F(z2f —u®) > F(z — u%),
and thus, by definition,
Ga(z1 —u®) > F(2° —u®) > G1(2z2 — u).
From this inequality, we can derive
1 1
LIF( =) < 2 (1l — ) 4 [Ga(za — w)])
but we do not know whether the right hand side is bounded as € | 0 or not.
0
2.6 Pointwise applied play operators and weak differentia-
bility

As seen in section 2.3, the play operator on strings is completely described by the
update function

fr(y,w) :=max{y —r,min {y + r,w}},

and this can be used to completely describe the operator on the vector space Cy,[0, 7’|
of continuous piecewise linear functions. Then, with some continuity arguments, one
can define the output for every input function in C[0, 7. In later sections, when the
play operator appears in the partial differential equation, we will have pointwise, for
almost every = € €2 (some open, bounded domain), a trajectory y(-,x) € C|0,T], and
the play operator applied to it, i.e., F.[y(+,x); wo(z)]. To this end, we now change
perspectives. We start by writing the update function in another way.

Lemma 2.21 It holds

fr(yaw):(y—r‘f‘(w_y—T)Jr—w)Jr—(w—y—r)++w.
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Proof: By distinction of cases, one easily sees that
. Jy+r, fy+tr<wesw—-—y—r=>0
mm{y—i—r,w}—{ w, fwly+reow—y—r<0

Z—[w—y—rh—i—w,
and

{a,b} — a, ifa>bsa—-0>0
maxaa, oy = b, ifb>a<a—-0<0

:[CZ — b]+ + b.
Choosing a = y — r and b = min {y + r,w} proves the claim.

O

Let now 2 C R"™ be some open, bounded domain with smooth boundary (at least
Lipschitzian). For y € L*(Q;C[0,T]) and (a.e.) z € , we consider the maps
t— y(z)(t) = y(t,z) € C[0,T]. As seen in the construction of the play operator,
it is not really important how the decomposition of the interval [0, T looks like, to
get convergence of the output functions. So, we choose, for all x and corresponding
functions y(+, ), the same decomposition. This leads us to the space of continuous
piecewise linear functions with values in some space X (here, e.g., X = L*(Q)).

Definition 2.22 We define the space of piecewise linear functions with values in
some Banach space X, by

Cp(0,7;X) ={yeC(0,T;X):IneN,0=ty <ty <--- <t, =T,
and z; € X,2=0,...,n, such that,

t—1t,; tiyg —t
: oy, V€ [t}
tiv1 —t;

Cpi(0,T; X) is a subspace of C'(0,T; X), which is not closed, but dense.

Lemma 2.23 Let X be a seperable Banach space. Cp([0,T]; X) is dense in C(0,T; X)
and in the Bochner spaces LP(0,T; X) for p € [1,00).

Proof: Let y € C(0,7;X), € > 0, and ¢, = 0. Since the mapping fo : t —
ly(0) —y(t)||x is a continuous real function,

ty :=1inf {7 € [0,T]| fo(7) > &}
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is well defined whenever the set is nonempty (if it is, we choose t; = T). By
continuity, t; > 0, fo(t1) = € and fo(t) < e Vt € [to,t1]. We iterate this procedure,
i.e., for given t;_, we define f;_y : ¢ — [|y(ti—1) — y(¢)||x , t € [ti—1, T, and choose

ti == 1inf {7 € [t;_1,T] | fiz1(7) > €};

if the set is empty, we choose t; := T'. Assume that this procedure would not stop
after finitely many steps. Then, the (t;); would form a strictly monotonic increasing
sequence, which is bounded by 7', and thus convergent. Let t* denote this limit.
Then, since the algorithm did not converge after finitely many steps, it must hold
that

ly(tizi) —y(t;)]| = >0, Vi € N.

But this is a contradiction to the continuity of y, as both y(t;11), y(t;) converge to
y(t*) as i — oo. Hence, the procedure stops after finitely many steps. Then, by
choosing y(t;) := x; in definition 2.22, we get an element in Cy;(0,7; X), which has
distance at most € from y w.r.t. ||| 7.x), and the first part of the lemma is proven.
For the second part, let y € LP(0,7; X) and € > 0. By definition of Bochner’s
integral, there is a sequence of simple functions y, = > | xa,2; such that 4; C
[0,T], z; € X, which converges to y in LP(0,7; X). We choose n € N, such that
1Yn = Yl poor.x) < 5. Note that, by definition, yn|a, = x; is constant in ¢, with
x; € X. But the function y, can be approximated by functions in C(0,7; X) (e.g.,
by mollification w.r.t. time), and by the first part, also by functions in C;(0,7; X).
Hence, there exists y* € Cp(0,T; X), such that ||y, — y*HLP(O,T;X) < 5. But then,

|y — y*HLp(o,T;)() <lly - yn”Lp(o,T;X) + [y — y*HLp(o,T;)Q
9
<z +

6—6
2 2 7

which concludes the proof.

O

As positive and negative part are weakly differentiable functions, the update function
fr also has this property. In what follows, we allow the parameter r to depend on
x € Q.

Proposition 2.24 Let k € N, D denote some (weak) partial derivative, i.e., D =
Oy, for somei. If r,wg € WWP(Q), y = (y1,. -, yrs1)? (Wlp(Q))kH, p € [1,00],
there exist functions )\;”1( ), 0 < j <k, with 0 < )\’”1 <1 and Z )\?“ <1,
such that (a.e. in Q),

k+1
|DF, 1 (y; wo)| < (Z X | Dy;l ) + |Dr| + [Dwy| .

7=1
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Proof: Let H denote the Heavyside function. Thanks to lemma 2.21 and the chain
rule for Sobolev functions,

D f(y1, wo)
=H(yr — 7+ [wo —y1 — 7], —wo)(Dyr — Dr — Duy)
+ H(yr — 7+ [wo —y1 — 7"]+ — wo)H (wo — y1 — r)(Dwo — Dy, — Dr)
— H(wy — y1 — r)(Dwy — Dy; — Dr) + Dwy
= x1 (Dy; — Dr — Dwy) + x1x2 (Dwo — Dy — Dr)
— X2 (Dwy — Dy; — Dr) + Duwy,

where x; are defined through
xi = H(y — 7+ [wo—y1 — 7] —wo), x2:= H(wo—y1 — 7).
In the case x2 # 0 < wg — y; — r > 0, we infer that
x1=H @y —r+wo—yr—7—w)=H(-2r)=0,
hence, x1x2 = 0, and the formula for the derivative simplifies to
D fr(y1, wo) =(x1 + x2)Dy1 + (1 = x1 = x2) Dwo + (x2 — x1) Dr-

This may be rewritten by introducing A\g := x1 + x2 and g := Y2 — X1, and then
has the form

D f,(y1,wo) = Mo Dy1 + (1 — Ao) Dwg + o Dr,

which is actually even stronger than the claimed inequality, for £ = 0. We continue
by induction. Assume that the claim holds for k. An analogous computation shows
that there exist characteristic functions x¥, & with x¥x5 = 0, and such that

D fr (g1, wi) = (XT + X5) Dypar + (1 = x7 = x5) Dwy, + (x5 — x1) Dr-
Again, we rewrite the equation, using A\, := x% + x4 and . := x5 — ¥, and get
Dfr<yk+1a wk) = M Dypy1 + (1 - )\k)Dwk + piDr.

Now, by definition, wy = f-(yx, wi_1), so that we can estimate
1D fr(Yr+1, wi) | <Ak [Dypga| + (1 — Ag) <Z S ’Dyg+1|)
+ (1= M) (|IDr| + [Dwo|) + || |Dr]
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where, we used the induction hypothesis. Next, note that p(1 — Ax) = 0, because
X'§:1:>X]f:0:>(1—)\k):0 A e =1
X5 =0 A X =0=(1—=X\)=1A =0
Xa=0A X =1=2(1-M)=0 A = —1.

But then (1 — M) |Dr| + || [Dr| < |Dr|. Further, Ay + (1 — A)(352g M) <
Ak + (1 = Ag) =1, so that

k—1
| D fr(Yres1, wi) | < A [Dyiga| + (Z (1= A)A; !Dyﬁl!) + [Dwo| + [Dr].
7=0

Hence, the claim holds with iterative defined
A= A= (1= A)AE e 0,k -1},
where ), is given through the characteristic functions x%, x5.

O

What does proposition 2.24 mean for functions y € Cy([0,T], H'(2))? On the one
hand, one can easily complement the values of F,.[y; wq] between the gridpoints ¢;,
which yields the solution w = F,[y;we] € L*(©;C[0,T]). On the other hand, by
linearity of differentiation operators and the property, that interim values can be
represented as convex combinations of grid points, an inequality as in proposition
2.24 must hold (almost) everywhere for w. We thus have the following result.

Corollary 2.25 Let p € [1,00], y € Cy([0,T}; W'P(Q)) and k the number of grid
points for y in [0,T]. Let r as in proposition 2.24, and w = F,.ly;wy|, where
wo := w(0,z) € WHP(Q). Then there exist functions \;(t,x), j = 1,...,k, with
the property 0 < X\; <1 and Z?Zl A <1, such that (a.e.),

k
|Dw| < (Z A |Dyj|> + |Dr| + | Dwo| .

j=1
Proof: Inserting a linear combination of y;;; and y; in the inequality shows the
property for interim values, corresponding to time points between t; and ¢;,,. The
Aj with j >4+ 1 equal zero at those time points.

|

The following theorem will later be used to prove some additional regularity result
for solutions of a special partial differential equation.
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Theorem 2.26 Letp € [1,00] and (ym)m C Cp([0, T]; WHP(Q)) be a sequence which
converges in LP(€; C[0,T]) to y. Let wy, r be as in corollary 2.25, w = F,.[y; w)
and Wy, = Fp[ym; wol. If there exists a constant C' > 0, such that, for any weak
partial derivative D € {0,,,...,0y,}, it holds

for all m € N and almost every x € Q, then w € L>*(0,T;W'(Q)). Here, k(m)
denotes the number of grid points of yy,.

Proof: By corollary 2.25, for every ¢ € [0,T] and almost every x € Q,

k p
| Dwl? < ((Z Aj |D?Jj|> + |Dr| + |Dw0\)
j=1

k p
< (C (Z Aj) +|Dr| + IDwol) :
j=1

which is bounded in L'(Q) by assumption. The sequence (w,,),, is then bounded
in L>(0,T; W'P?(Q)), so that there exists a weak star convergent subsequence. By
uniqueness of limits, every convergent subsequence must converge to w, and thus

w e L=(0, T; W (Q)).

O

2.7 A representation result for the one dimensional stop op-
erator via projections in a Hilbert space
In this section, we consider the one dimensional stop operator on the Hilbert space

H'(0,T). Tt may be defined as solution operator to the following problem (cf., e.g.
[17], where a more general problem is discussed).

Problem (S): Given z, € [-r,7] =: Z and y € H'(0,T), find z € H'(0,T), such
that

(S1) z(t)e Z Vtel0,T],
(52) (z(t) —2) (y(t) —z(t)) >0 Vze Z, ae tel0,T],
(53) x(0) = 2.

We note that condition (S2) is remindful of a property that projections onto convex
sets in Hilbert spaces have.
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Theorem 2.27 Let A be some convex closed subset of some Hilbert space H, and
let P denote the corresponding projection mapping, i.e.,

P) = {ve Al Iy~ sl = jut (o - all}}.

Then P(z) is a singleton for every x € H, so that we may define the projection
operator P via P(x) =: {P(z)}. Further, we have the inequality

(x — P(x),a— P(x)) <0, Va € A.

Scetch of the proof (for more details, see, e.g., [20, theorem 3.14]): Existence follows
by weak compactness of balls in a Hilbert space, and the weak lower semicontinuity
of the norm. For uniqueness, one needs the convexity of A and the Hilbert space H.
The inequality for the operator P may be shown by some separation argument: By
convexity, there exists a separating hyperplane through P(x). But, by convexity of
A, the vector a — P(x) must point into the other halfspace compared to z — P(x).
Thus, the scalar product must be nonpositive.

Consider the bilinear form defined by

@)= [ it
and the space
Ho(0,T) :=={y € H'(0,T) | y(0) =0} .

This is a Hilbert space if considered w.r.t. (-, ), because (2, )} 7 = (0)y(0) +

fOT 2(t)y(t)dt is a scalar product on H'(0,T) that reduces to (-,-) on Hi. We are
looking for &,[y;0] in the case y € H}(0,T), which will, in that case, again be an

element of this space. Let us introduce some notations.

Definition 2.28 The set of all functions a € H(0,T) such that a(t) € Z for all
t € [0, T] will be denoted by A. Further, for the rest of this section, x,y will denote
elements in Hy, such that x = P(y) is the projection of y in H(0,T) to the closed
convex subset A.

O

By definition, z(t) € Z for all t € [0,T], and z(0) = 0 = &,[y; 0](0). One might ask,
whether condition (52) is fulfilled by z. The answer is no.
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Example 2.29 Letr=1,T =2, f(t) :=t. Then
EAf;0](t) = min {1,¢} .

But the minimizer for min,e 4 {f;(@(t) - f(t))th} is g(t) := 3t. Actually,

/ (6(0) - Foy)de = / 2 (%)th -1

/O(ST[f;O](t)—f(t))th:/l 1dt = 1.

whereas

O

It is noticable, however, that ¢(2) = &,[f;0](2) in example 2.29. We will next analyze
the properties of the projection x.

Theorem 2.30 Let x,y as in definition 2.28. If T is a Lebesgque point (see [21,
def. 8.4.8, thm. 8.4.7] for details) of & and y, then

#(T) (y(T) = &(T)) = 0.

Further, let by xr, yr denote the dependence on T, and assume that x7(T) € int(Z).
Then there is € > 0, such that

2 (T)=2p(T), VO< T <e.

Proof: By theorem 2.27, the minimizer x fulfills

/0 (9(t) — @ ()i (t)dt > /0 (4(t) — @(t))a(t)dt, Ya € A. (2.13)

Consider, for A > 0, the test function

Then, we infer from the latter inequality,

/ (5(t) — (t))@(t)dt > 0.

T—h

31



2. HYSTERESIS EFFECTS AND OPERATORS

Since T' is, by assumption, a Lebesgue point of the integrand, we may divide by
h and then let h | 0, to get the assertion. To prove the second part, note that if
zp(T) € int(Z), then there is € > 0, such that

. o LCT(t), te [07T]7
a’(t) = { xp(T) —i—fjtw yrie(s)ds, t€[T,T +¢,

is an element of Ap,.. We claim that x7,. = a*. Since a.e.,

e zr(t), t€(0,7),
¢ (t B { yT-l—a(t)a le (T’T+5>v

it holds that

la™ — yT+eHH3(o,T+5) = [lzr — yT”?—L(l)(O,T) :

But the function

T = |lor = yrllsom

must be monotonic increasing, as the ristriction of each function in A, to the
interval [0, T is an element of Ar. Thus, a* must be a minimizer, and by uniqueness,
Tpie = a* as claimed. By definition, a*(7") = z¢(T), and the proof is complete.

U

As mentioned before the last theorem, there seems to be a connection between x(7")
and &,.[y; 0](T"). For h > 0 and arbitrary z € Z, consider the test function

(t) xT(t)7 te [OvT_h]a
a =

h Totyp(T — h) + =005 ¢ e [T — b, T).
It holds ay € A, by convexity of Z, and

| ir(t), te (0.7~ h)
an(t) = { —sa2p(T —h)+ 3z, te (T —h,T),

almost everywhere. But then, inequality (2.13) yields
A T
3 0O = )T =) = ez [0~ dnle)irltdr
T-h T—h

The right hand side converges to zero as h | 0, hence, if T"is a Lebesgue point of
y(-) — @r(-), we arrive at

(W(T) = &r(T))(2r(T) — 2) = 0, (2.14)

which is close to (S2). This proves the first part of the following result.
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Proposition 2.31 If T is a Lebesgue point of the function y(-) — Zr(-), then for all
z € Z, inequality (2.14) holds. Further, if T is a Lebesque point of the derivative of
t > x4(t) and gy, then (2.14) also holds in the sense ir(T) = Lx,(t)|,=r.

Proof: Only the second part is left; to this end, we consider the function ¢ +— x;(t)
on the interval [0,7 + h], and do the same construction as before (assuming for the
moment that the function is an element of H}(0, T + &), which is proved in the next
proposition). Then, letting again h | 0 yields the result.

O

We still need some further properties of the function ¢ — z4(t), concerning measur-
ability, differentiability, etc.

Proposition 2.32 Ify € C*[0,T], k > 0, then the function t — x4(t) is piecewise
Ck. Ify € HY0,T), then t — x4(t) is also an element of HL(0,T).

Proof: We first show that x;(t) is continuous. As the initial value is always 0 €
int(Z), we infer from theorem 2.30 that x,(¢) is continuous at ¢ = 0. Let now 7" > 0
and € > 0. From the transformation theorem, we get that if xp,. is the projection
of yri. in HY(0,T + ¢), then x° := :L‘T+5(TL+E-) is the projection of y© := yT+5(TL+E-)
in HY(0,T). Since y°* — yr as e | 0 in H}(0,7T), the lipschitz continuity of the
projection mapping implies that ° — zp. Thus, in particular, 7 (T +¢) — x1(T)
as € | 0, i.e., 2;(t) is right continuous. Using similar arguments, one can show that
this function is also left continuous, and hence, continuity follows.

As seen in the proof of theorem 2.30, if xt( ) € int(Z) then we can (locally)
explicitly write down the minimizer z7,, = z¢(T) + fo s)ds; hence, in that case,
x4(t) has the same regularity as y on that interval. In partlcular, x is Ck on that set
of time points if y is. Whenever x.(-) is on the boundary of Z for some dense set of
time points, then, by continuity, it is constant on some closed interval, and thus in
particular C'*° at the interior of that interval.

Theorem 2.33 Ify € HY(0,T), then t — x,(t) equals t — E.[y; 0](t).

Proof: For h > 0, consider

T+h T
ZET_HL(T + h — ZET / ZET+h dt — / Q'JT(t)dt
0 0

T T+h
/ ZCT+h — .I'T< )dt + / $T+h<t>dt.
0

T
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Then, for every z € Z and T' > 0,

<y(T) _ % [ /0 bman(t) — br(t)dt + / o x'T+h(t)dt} ) (22(T) — 2)

= (zJ(T) - % / o abﬂh(t)dt) (SUT(T)T— ?)

T

=3, @ran(T) = 22(T)) (22(T) = 2).
If T is a Lebesgue point of z;(t), the first expression converges, for h | 0, to
(9(T) — @7(T)) (x7(T) — z), which is nonnegative (a.e.) by proposition 2.31. The
second term is also nonnegative: if x¢(7T') € int(Z), then xp(T) = xp,(T) for all h
small enough; else, if 27 (T") € 0Z, then x7(T) = r or x¢(T) = —r. In the first case,
xpn(T) — 2p(T) <0, and x7(T) — z > 0, so that the product is nonpositive. In
the second case, wr44(T) — (1) > 0 and z¢(T) — 2z < 0, and the product is again
nonpositive.
Altogether, this implies that, if 7" is a Lebesgue point of ¢ — ,(¢) and ¢, then

((T) — ap(T)) (xr(T) — 2) > 0.

By proposition 2.32 and the Lebesgue differentiation theorem (cf. [21, theorem 8.4.7]),
almost every point is a Lebesgue point, hence, (S2) is valid.

O

Remark 2.34 Most of the argumentation holds for the case of multidimensional
stop operator. It is, however, not clear, what happens with the factor %(xTHZ(T) —
xp(T)) in the case xp(T) € 0Z. The simulation of a two dimensional example
seemed not to show convergence:
We used the unit circle as characteristic set Z. As reference curve served an ap-
prozimation via the standard discretization scheme. This is, in the one dimensional
case, given by the update function, and in higher dimensions, by the projection to
the set Z (in fact, the update function is the projection to an interval). In order
to calculate the projection, we used polar coordinates. The curves corresponding
to those approximations are called StringStop 1-4, each one for different time dis-
cretization. The curve denoted by Projectioninspace is the approrimation through
the scheme presented in this section applied in two dimensions. We used a reqular
time discretization, which leads then to the problem of minimizing
Vg — Ug—1 Yk — Yk—1
; At At At

2 n
1
= D e = vk1) = (o — v )17
k=1
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over all collections of two dimensional vectors vy, . ..,v,. The norm is the euclidian
one. Together with the conditions (S1) and (S3), this problem may be written in the
form

T

Vo Vo Vo
. T
min | Al I I =bu | | | +eums
Un Un Un,
val < 17
w.r.t
vlv, <1,
Vo = 0,

where Ay 1s a matrix, by, a vector, and cy is scalar. Then, we used the Matlab
solver fmincon to solve this problem. Note also that by the procedure presented in
this section, we have to solve such a minimization problem for every time point.

The following figure 8 shows the resulting curves. It seems that they divide when-
ever the boundary is reached. Hence, the multidimensional problem seems to be more
complez.

Solution curves
to test function

f(t)=[6*(t-t2),2*sin(4*t)]

— Projectioninspace
——StringStopl
StringStop2
——Charakteristic Set
——StringStop3
StringStop4

Figure 8: Numerical approximation of Stop operator
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3. THE HEAT EQUATION WITH HYSTERESIS

3 The heat equation with hysteresis

In this section we present the existence and uniqueness results from [11, chapter X.1]
for the heat equation with hysteresis. After that, we give some additional regularity
results for solutions in the case of regular initial values. Then, we use our approxi-
mation result for the play operator from section 2.4, to find an approximation for the
solutions of the heat equation, in the case, when we restrict ourselves to pointwise
applied play operators. We show that this regularized partial differential equation
has in fact better properties than the one containing hysteresis nonlinearity; actu-
ally, one can, quite easily, show existence and uniqueness of mild solutions of that
equation. This is then used to build a control problem w.r.t. the regularized equa-
tion, and known results concerning the dynamic programming method are applied.
As mild and weak solutions agree for regular initial values, we then turn to showing
convergence of weak solutions of the regularized equation to solutions of the original
one, and use this to prove pointwise convergence of the optimal value function of
the control problem.

3.1 Weak solutions and regularity results

In this section, we present the existence and uniqueness proof of Visintin based on
time discretization (cf. [11, ch. X.1, thm. 1.1]; in parts of the proof, we also follow
[12, thm. 3.3.2]) for the heat equation with hysteresis,

%—i—w—Ay:f, in €,
w(x, ) = W[y<$’ )?'ﬂ()» z € Q, (3.1)

y(x,t) =0, on 902 x (0,7),
y(2,0) = yo(z), = € Q.

The hysteresis operator may depend on x € §2; usually, this is due to different initial
values, but one might also think of other influences. Throughout this section, we
will always make the following assumptions.

Assumption 3.1

e QO C R" is some open, bounded domain with smooth boundary (i.e., at least
C?). Let T denote the endtime. Fort € (0,T], we set ; :=Q x (0,T).

e For all x € Q, W[-; x| is continuous on C[0,T] and piecewise monotonic, and
the parametrised final value mapping

(s,x) = Wy(s,x), s = (vo,...,0m) €S,
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is measurable for all M € N, and fulfills
(Wi (s, )] < co(x) + c1[]s]]

for some ¢y € L*(Q), ¢1 > 0, independent of s and M; additionally, c; is
assumed to be independent of x € ().

Remark 3.2

e By assumption 3.1, there exists L > 0 and g € L*(Q), such that, for all
v € M(Q;C[0,T]),

||W[U(ZL‘, ')7x]||C[O,T] <L HU(J:? ')HC[O,T} + g([E), a.e. in (1.

o We will show that there exists a solution y of (3.1) in the space

Y = L>®(0,T; Hy(Q)) N H*(0,T; L*(2)).

o Fors e (0,3), there is the chain of continuous imbeddings (cf. [11])
Y < HY(Qp) — H5(Q; H'5(0,T)) — L*(Q;C[0,T)).

Moreover, the last imbedding is compact, so that 'Y is compactly imbedded in
L2(2; C[0,T)) (this can be proved, e.g., with arguments from interpolation the-
ory; we refer to the works [22, 23]).

e The conditions on the hysteresis operator are, e.g., fulfilled by Preisach op-
erators (cf. [12, remark 3.3.1]); it is clear that the play operator has these

properties.
0
Theorem 3.3 (Existence of solutions) Let yo € H(Q), wy € L*(Q) and f €
L*(Q7). If assumption 3.1 holds, then there exists a weak solution (y,w) to (3.1),

in the sense that
T T
/ /(yt(x,t)~|—w(x,t))ga(:v,t)da;dt+/ /Vy(a:,t)-Vgo(:v,t)da:dt
0o Jao o Jo

_ /0 /Q e, )o(z, O)dadt, Vo € L*(0,T; HL(Q)),

and the other equalities of (3.1) hold pointwise almost everywhere. Moreover,

yeyY, we L*(000,T)).

39



3. THE HEAT EQUATION WITH HYSTERESIS

Proof: Via time discretization (we follow [12, thm. 3.3.2] for the solution of the time
discretized problem). For M € N, we divide the interval [0, T'] into M parts of length
h = % For the rest of the proof, let C; denote positive constants that may depend
on Q, T, f and the initial value, but not on m € {1,..., M }.

Now, for such m, consider the semidiscrete problem at timestep ¢t = mh, for the
unknowns y™, w™ : 1 — R,

1

—/ (ym — ym_l) pdr + / w™odr + / Vy™ - Vedx

hJo Q Q

/f%dx, Vi € Hy(Q),
Q

_ (3.2)
w™ () = Wy ((y°(2),

);x), a.e. r € (),

and

1 mh
M(x) = - x, t)dt, O(2) := yo(x),
() /( fand, @) = (o)

h m—1)h
w'(z) == Wy ((y°(z),2)) .

One can rewrite the semilinear variational equality in the form
o 9)+ [ By @)p)dn =0, Vi€ HY(@),
Q

where a(-,-) denotes the scalar product in H}(£2), and the function o™ : Q@ x R — R
is defined as

1 - L m- m
(@, y) = 2y AW (00 (), oy (@) ) s 2) = 3y @) — 7 (),

This function is, by assumption 3.1, measurable w.r.t. x, continuous w.r.t. y, and
b (x,-) is strictly monotonic increasing for all z € Q by the piecewise monotonicity
assumption on V. Further, an inequality of the form

07 (2, )| < &'(x) + ¢ (2 }y’“(m)|> + syl
k=0

holds, where ¢y, c3 are positive constants and ¢* € L*(Q). Application of [12, theo-
rem 1.3.2] yields then the existence of unique y™ € Hj(Q),w™ € L*(Q). By iteration,
we thus get a solution for the discretized problem.

Our next goal is to derive suitable a priori estimates for the solutions of the dis-
cretized problem (here, we follow [11, ch. X.1, thm. 1.1]). As all y™ are elements of
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m—1

H}(Q), we may test the variational equality with ¢ = y™ — y™~!. Summation over

me{l,...,k}, ke {l,..., M} then leads to
Zh/ (ym_—‘?ﬂl>2dm+2/Vym~V(ym—yml)dx
< [l =yl da+ X [ furr - de

With Young’s inequality, the right hand side may be estimated by

/(fm )2dx +1+O‘Z/ (Ut Ao N Zh/

we choose 0 < a < 1. Further,

Xm:h/g(fm)?dx < /OT/Q|f(:v,t)|2dxdt.

We still need to estimate the term Y [(w™)?*dz. To this end, define

= |y0| —l—Z}yj —yj*1|, m>1, 2V .= }yo‘.

Assumption 3.1 allows us then to estimate

lw™| < L max |y]‘ +9g<Lz"+g, ae. in.
1<j<m

Noting that

as well as

Z/vam V(Y™ =y de

1 1
L /el L

we thus derive

m _ ,m—1 2
S [n(FEE) a4
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<(232h/ )V2dx 4 cy.

Thanks to

m

4= ] < VT (Zh

we can get to

1
k 3
- < (2207 ) e
m=1
Now, one can use Gronwall’s inequality, which implies
|2"]| < er, VEE{l,...,M}, VM €N.
and therefore

M ym_ym—l
2

2

M
+ max HVkaQ + Z HVym — Vym_IHQ < cg,

1<k<M

M
Z h/ lw™ (2)|? da < cq.
m=1 Q

The rest of the proof deals with the passage to the limit, M — oo (we follow again
[12, thm. 3.3.2]). To this end, we introduce, for M € N and m € {1,..., M}, the
notation yy;, wiy, f1;, and piecewise linear interpolates

(3.3)

yu(x, (m+ 7)) = Ty () + (1= m)yip(x), 7€0,1],
wyr(x, (m 4 7)h) = Twi(z) + (1 — nwip(z), 7€0,1],

as well as the piecewise constant interpolates

gz, (m+7)h) =y (z), 7€ (0,1],
W (x, (m+7)h) == wi (z), 7€ (0,1],

fulz, (m+7)h) = o), 7e(0,1].

Due to those definitions, the variational equality reads

T T
/ / (yars + W) pddt + / / Vi - Viodzdt
0 Q 0 Q
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T
0 Q

and the a priori estimate (3.3) implies

T
| [ udsar s (19501 + [Vn0]) < e
0 Q 0<t<T

Another application of (3.3) shows

_ T m m o0
lyar — ?JM||2L2(0,T;H01(Q)) =30 Z [Vyr™ — VyMH2 Moo, ), (3.4)

and
2 ~ 2
||wMHL2(QT) <2 ||1UM||L2(QT) < 2c¢y.

Hence, we may, at least for some suitable subsequences (which in that case will again
be denoted in the same way), conclude that

yvm — Yy, weak x in Y,
Gar — 7, weak « in L>=(0,T; H} (Q)),
wy — w, weak in L*(Qr),

Wy — W, weak in L*(Qr),

as M — co. From (3.4), we infer y = . Further, fy; — f in L(2), hence, we may
take the limit of the variational equality, and arrive at

T T T
/ / (y¢ + W) pdzdt + / / Vy - Vodzdt = / / foddt,
o Ja o Ja o Ja

for all p € L*(0,T; HL(Q)). We still have to show that w = @ = W holds (a.e.). Let
us define the functions

Ay (z,t) == Wlyn (2, ), z](t), M €N,
Az, t) == Wy(z, ), z|(t).

From the compactness of the imbedding Y < L?(Q; C[0,T]) (cf. remark 3.2 and the
reference given there), we infer that yy(z,-) — y(x,-) in C[0,7T] for almost every
x € Q. By the continuity assumption on W, also A\y/(z, ) — Xin C[0,T7], a.e. z € €.
Assumption 3.1 makes it possible to estimate

sup |)‘M<x7t)| < CO(I) + ¢ sup |yM(x7t)‘ ;  al. T E Q7
0<t<T 0<t<T
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and, since the right hand side converges in L*(2), we infer that Ay; — X strongly in
L*(Q;C[0,T)), from dominated convergence. Note that wy, is the piecewise linear
interpolate of Ay, so that one can show analogously wy; — Ay — 0 in L*(92; C[0,T)),
hence, wy; — w = A in L?(Q; C[0,7T]). In the same way one can show that w = w
almost everywhere, which completes the proof.

O

For the uniqueness result, we add a Lipschitz type condition for the hysteresis oper-
ator.

Assumption 3.4 There ezists L > 0 such that, for every t € (0,T] and all vy, vy €
L2(2;C[0,T)):

[Wv1s -] = Wvs; ']||L2(Q;C[0,t]) < L|vi — U2||L2(Q;C[0,t]) :

O

Remark 3.5 The condition in assumption 3.4 is quite natural for a large group
of hysteresis operators. We have seen in section 2.3 that the play operator is one
example. Hence, also superpositions of the latter belong to the class of operators for
which 3.4 is fulfilled.

The following uniqueness result is due to Visintin (cf., [11, ch. X.1, thm. 1.2]).

Theorem 3.6 Under assumptions of theorem 3.3 and 3.4, there is exactly one so-
lution to (3.1).

Proof: By theorem 3.3, there exists at least one solution. Assume now that (y!, w?),
(y%, w?) are, respectively, two solutions of (3.1), i.e.,

yf—i—wi—Ayi:f, 1=1,2,

holds in the sense of theorem 3.3. Consider the differences y := y* —y?, w := w! —w?;

those then solve the equation
Yt +w — Ay = 07

in the sense of theorem 3.3 with initial value y(0) = 0. Next note that, since
v, w € L*(Q7), the same must hold for Ay, so that the equality holds, in particular,
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3. THE HEAT EQUATION WITH HYSTERESIS

almost everywhere in Q. Hence, we may test with y,;: for arbitrary 7 € (0,7, we
then get

/Q 2L — / AyydL < ]2 el oo -

Using partial integration (see the next lemma for a proof) and y(0) = 0, the latter
implies

1
| wac+5 [ 190 P de < lolso, lie, - 39

From assumption 3.4, we infer that

2
||w||L2(QT) < \//Q [w(z, ')Hc[o,r] dL < Ly/T ||y||L2(Q;C[O,T])7

and, thanks to Jensen’s inequality and y(z,0) = 0 almost everywhere,

lly(x, ‘)||2C[0,T} < 7'/ lye(z,s)" ds, a.e. z €.
0
Altogether, we thus get
”wHLQ(QT) < Lt HytHLQ(QT) :
Plugging this into (3.5) yields
2 1 2 2
lyellz2g,) + 5 VY D2y < LT 19l e, -

For 7 € (0,1), we infer from this that y = 0 almost everywhere in Q, i.c., y* = >
in Q,, and thereby w! = w?. By iteration, we may further conclude y' = 32, as well
as w! = w? on the whole Q7, which completes the proof.

In the proof, the following lemma was used with f replaced by f — w.

Lemma 3.7 Let u be an L?-solution of
uy — Au = fs

i.€., the equation is valid a.e. in Qr, and all functions are square integrable. Further,
letu e, and (-,-) denote the scalar product on L*(Q).

45
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1. If 99 is of class C*, then u € C(0,T; L*(2)), and for almost every t € (0,T),

o)y = 2 (u(0), ()

2. If Q) is of class C*, then Vu € C(0,T; L*(Q2)), and

T
1
[ [ duw e s)drds = 5 (I9u(0) ey ~ Va0 -
0o Ja 2

Proof: 1. For €2 CC V, there exists a continuation operator F, such that Eu has
compact support in V', see [24, 5.4 theorem 1]. Since u € Y, because of the Gelfand
triple H}(V) < L*(V) < H V), we get the regularities Fu € L*(0,T; H}(V)),
OFu € L*(0,T;L*(V)) C L*(0,T; H*(V)). The well known interpolation the-
orem (cf. [24, 5.9 theorem 3]) yields then Fu € C(0,7;L*(V)), which implies
u € C(0,T; L*(f2)). In order to prove the claimed identity, it suffices to note that
u,uy € L*(0,T; L*(€2)), because then

%(u(t),u(m i <u0 + /Otu(r)dr, up + /Otu(s)ds> = 2 (u(t),Du(t)), ae.

2. As 9Q is C?, results from regularity theory of elliptic partial differential equations
imply that u(-,t) € H?*(Q), for almost every t [24], and thus, by measurability
and integrability also v € L?*(0,T; H*(2)). Since u; € L*(0,T; L*()), similar to
part 1., one can show that u € C(0,T; H'(Q)), such that Vu € C(0,T; L*(Q)).
Next, consider the trivial continuation (i.e. by zero) of u w.r.t. ¢ on R, and define
Ue := 1. * u, the convolution of v with the standard mollifier. Then, for all £,

d
7 ||Vua(t)||2LQ(Q) =2 (Vu,(t), Vue4(t)) =2 /Q Vue(t) - Vue,(t)dx

_ / Ao,z +2 | Vu(Buo()dS(z).  (3.6)

u. € H?(Q) implies that the restriction of Vu. to 9 is an L*(9f) function, and
Uey =Ny * U =1, %0 =0 on IN, because u(t) € Hy(Q2) for almost every ¢. Hence,

Vue(t)ue¢(t)dS(z) =0, forae. te (0,7).
o9

Further, Au,u; € L*(Qr) implies

/Aug( ue 4 (t dxei—0>/Au w(t
Q

for a.e. t. Thus, integrating (3.6) w.r.t. ¢, and then letting e | 0 yields the desired
equality. 0
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At the end of this chapter, we collect some regularity results.

Proposition 3.8 Under assumption 3.1, each solution y of (3.1) corresponding to
initial values (yo,wo) € HY(Q) x L*(Q) has the regqularity

yeYNC0,T; H(Q), we HY(0,T;L*(Q).

Further, consider the special case W[-, x| = Fy)|-; wo(x)] with r € H*(Q), and let
1<p<oo, fe WHY(0,T; LP(Q)), wo, Ayy € LP(Q) [fp < 00, then

y € WHH0,T; LP(Q)) N L>(0, T; W*P(Q)), w € LP(;C[0,T1).
If, in addition, p > n holds, then we also have w € L>®(0,T; WH>(Q)).

Proof: The first part of the proposition is shown in the proofs of theorem 3.3 and
lemma 3.7. For the second part, we refer to [11, Prop. 1.3, page 301], where the
result is given by refinements of the a priori estimates of the time discrete problem.
Especially, it is shown there, that for the solution of the discretized problem it holds
[1AY; | 1oy < C for some positive constant C', uniformly in j and the length of the
time steps. Hence, if p > n, we infer from Sobolev’s inequality [18, theorem 4.12]
that Vy; is uniformly bounded in L*(€2), so that theorem 2.26 applies, which yields
Vuw € LOO(QT)

3.2 Heat equation with regularized play operator

Our next goal is to find an approximation of solutions of (3.1) in the special case
when the hysteresis operator is a pointwise applied play operator, i.e., W[, z] =
Fr@) i wo(x)]. To this end, we use our approximation result from section 2.3, and
show that the weak solution of the regularized problem

dy :
E—Fz—Ay:f, in Q,
Z( €, ): ( (Jc,t)—y(:c,t)), ery
(3.7)
y(:z:,t):O on 9 x (0,7,
y($,0):y( )75[69
2(x,0) = 20(2) € [o(z) — 7(),yo(2) + r(z)], v € Q,

converges, for ¢ | 0, to the weak solution of (3.1). Note that the parameter r =
r(x) may depend on the space variable, so that the same actually holds for G,
too. So, with G we always mean a function of the form (2.2), where we allow of
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r € L*(Q) whenever G is applied to functions in L?(Q; C[0,7]). Further, we will
discuss existence and uniqueness of mild solutions to (3.7). The proofs will not follow
the discretization method used in theorem 3.3, but the (simpler) method suggested
in a remark of [11, page 300], which is based on the Lipschitz type property of the
hysteresis operator, cf. assumption 3.4. We start with collecting some additional
properties of the approximation operator.

Lemma 3.9 Let P denote the solution operator
1
P:HY0,T)— H'0,T), P(y) =2 =2+ g/ G(z —y)dL.
0

For every pair of functions vi,vy € H'(0,T) and t € (0, T}, it holds

~

T
| P(v1) — P(UQ)”C[O,t} < ges o1 — U2HC[0,t] :

Hence, if vi,vy € L2(Q2; HY(0,T)), we get the inequality

T =
[P (v1) — P(U2)||L2(Q;c[0,t]) < P lor = UQHL?(Q;C[O,t]) ;

moreover, if v1(0) = v3(0), then it holds

287 .
[P(v1) = P(v2)|l 2, < - 101 = V2l 20y »

for all t € [0,min {5, T}].

Proof: Recall that G is Lipschitz continuous with constant L = 1. Then, for ¢t €
(0,77,

| P(v1)(t) — P(v2)(t)] Sé/o |G(P(v1)(s) —vi(s)) = G(P(v2)(s) — va(s))| ds
<2 [ 1P@)() — 0(s) = Pla)(s) + )] s
<l = valley + = [ 1P@0() = Plua)(s)l s
From Gronwall’s inequality, we infer, for any 7 € (0, )

[P(01)(r) — P(vy)(7)] < I

o1 — U2||c[0,t] g
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so the claimed inequality follows by application of sup,¢ . The second part follows
directly from the first one. In order to prove the last inequality, note that for almost
every x € €,

5(21 — ZQ) S |G(Zl — Ul) — G(ZQ — ?}2)| S |2,'1 — 22| + |U1 — ’U2| .

Denoting, for short, Z := z; — 25, V := v; — vq, integration of the latter implies, due
to Z(0) =0,

5Z(:1:,t)§/0 |Z(x,s)| + |V (z,s)|ds,

for all t € [0, T, almost everywhere in 2. The same holds if we interchange the roles
of v1 and vy, so that

t
e|Z(x,t)] < / |Z(x,s)| 4+ |V (z,s)|ds, a.e xe€Q.
0
As Z,V € L*(Q;C[0,T1]), this implies
t
12 e §t|yz<x,-)||c[0,t]+/0 Ve, s)ds, ae e

So, restricting ourselves to the interval ¢ € [0, min {%, T}] =: 1, we get

2 t
12(2, Mooy < E/o V(z,s)|ds, ae.xeQ
4
2 2
= ||Z||L2(Q;C[0,t}) < E_zt ”VHL?(Qt)'
Hence, for all ¢ € I, it holds (thanks to V' (0) = 0),

2 2
121120y <N 212000

442 5
<= IVl

<4t4
_8_2

12
V

L2(Q)

I

and we can conclude by taking the square root.
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3. THE HEAT EQUATION WITH HYSTERESIS

Theorem 3.10 (Existence & uniqueness of weak solutions for (3.7)) Let
Q C R™ be an open, bounded domain with smooth boundary, yo € H} (), z9 € L*(Q)
and f € L*(Qr). Then there exists a unique weak solution to (3.7) in the sense that

/OT/Q(?Jt(x,t)—Fz(x,t)) 90($=t>dxdt+/oT/va(x,t)'Vgo(x,t)dxdt
:/OT/Qf(x,t)gp(x,t)dxdt, Vo € L*(Q; H3 (),

and the other equations from (3.7) hold almost everywhere. Further, the solution has
the regularity

yeyY, zeL*(QHY0,T)).

Proof: We reformulate the problem as fixed point problem and show that the solution
operator is (locally) a contraction map. To this end, let vy, vy € L*(Q; H'(0,T)) be
arbitrary, and define, for i € {1,2}, z; as the unique solution of

zi(z,t) == zo(x) + l/0 G (zi(x,s) — vi(x, s)) ds.

g

From lemma 2.8, we infer that the solution exists pointwise for almost every = € €Q,
and by the assumption on v;, we also get z; € L?(Q; H*(0,7T)), so that the operator

P: L*(Q;HY0,T)) — L*(S; HY(0,T)),
P()(e,t) = 2ol / G (P ~ (. s))ds

is well defined. We may then write z; = P(v;), and lemma 3.9 applies to this
operator. Further, for all v € L*(Q; H'(0,T)), there exists a unique weak solution
to

/0 /Q (i, 1) + P(0) (2, ) o(x, £)dadt + /0 /Q Vy(e.t) - Voolx, t)dudt
:/OT/Qf(:U,t)go(:c,t)dxdt, Yo € L*(Q; Hy(Q)),

with initial and boundary values as in (3.7) (as this is just a simple heat equation).
Since the solution thereof has particularly the regularity y € L*(Q2; H*(0,T)), we may
define the solution operator S : L*(Q; H*(0,T)) — L*(Q; HY(0,T)), which maps v to
the solution of that pde. Let us show that, at least for small T' > 0, the operator S
is a contraction mapping on L?(Q2; H*(0,7T)). By the standard improved regularity
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result for the heat equation, y; := S(v;) € Y must be an L?(27) solution. Then, the
difference y := y; — y» fulfills

Y + P(v1) — P(vy) + Ay = 0,

almost everywhere. Testing with 3, - x(0,-), and applying lemma 3.7 yields (note
Yo = 0)

1
9 (20, + 5 VU720 <

3o 5 [ 1P = Pl dadt

Then, together with lemma 3.9 (note that we have to restrict ourselves to the interval
7 € I :=(0,min {g, T}]), if v1(0) = v5(0), the latter inequality yields

474
2 2 . )
1yt () 720,y + IVU(T) 20y < oy [01 = V2l|72(q,) -

With Poincaré’s inequality [18, theorem 6.30], we may thus find, for each 7 € I,
some constant ¢ = ¢(7) such that ¢(7) L 0 as 7 | 0, and

15(v1) — S(U2)HL2(Q;H1(0,7)) <7) [lor — U2HL2(Q;H1(O,7)) :

So, if 7 > 0 is small enough, then ¢(7) < %, and S forms a contraction on the set
of functions in L*(Q; H'(0, 7)) with initial values v(0) = yo. We therefore get, by
classical arguments, a unique solution to the fixed point problem, which is then also
the unique solution to the system (3.7) for small 7 € I. By iteration, the solution
may be continued to the whole interval; the higher regularity y € Y carries over
from the regularity of the approximations to which Banach’s fixed point theorem is
applied, by continuous dependence on the data.

O

Next we show that (3.7) has the nice property, that one can quite easily establish
mild solutions. At this point, recall that the Laplacian with domain H}(Q)N H?()
generates an analytic semigroup on L?(f2), if & C R™ is open and bounded with
smooth boundary (cf. [25, chapter 3.1.1]). The corresponding one parameter semi-
group will be denoted by e'®. Note also, that the conditions of the Caratheodory
existence and uniqueness results for z are still fulfilled, if y is merely in L'(0,T).

Theorem 3.11 (Existence & uniqueness of mild solutions for (3.7)) Let
Q C R™ be some open, bounded domain with smooth boundary, yo,zy € L*(2),
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3. THE HEAT EQUATION WITH HYSTERESIS

f € L*(Qr). There exists a unique mild solution to (3.7), i.e., y € C(0,T; L*(Q2))
and z € H'(0,T; L*(Q)) which satisfy the L? integral equation

y(t) = eyo + /0 eU=I2 (f(s) — 2(s)) ds,

z(t) = 20 + é/o G(z(s) —y(s))ds

Proof: Again we rewrite the problem in the form of some fixed point problem. For
any v € L*(0,T; L*(Q)) = L*(Q2; L*(0,T)), denote by z, the solution of

2p(t) = 20 + %/0 G(zy(s) — v(s))ds € H'(0,T; L*()).

Then, in particular, the map

S:C(0,T; L*(Q)) — C(0,T; L*(2)),
t
S =Bt [ (1)~ () ds
0
is well defined and satisfies (recall that e'® is a semigroup of contractions)

15 (v1)(t) — S(v2)( ||</ 120, (8) = 20, (8)]| ds. (3.8)

where [|-|| := [|-[| 2(qy- Further, a simple calculation shows

lan(®) - sl < [ (2 / 1Oz (5) — <>>—G(zy2<s>—v2<s>>|ds)2dx

/ / 2|20y () — 2ua () + 2 0r(s) — va(s)| ds
2
=2 o= by + 5 [ (o) = (o)l ds

We apply a version of Gronwall’s lemma (cf. D.3), which implies
2t 2t [* ¢
2 (0) = 2O <% o el (145 [ exo{ [ 2rar}as)
<2ct |lv1 — U2”i2(9t) )
with ¢ = & <1 + 28%2 eXp(ZTQ)). Due to that inequality, we infer from (3.8),
1S (01)(t) — S(v2) (@) <V2ct? [Jor — 02| 12(q,
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gx/@ llog — U2HC(0,T;L2(Q)) ’

and we have a contraction mapping on C(0,T; L*(Q2)), if T > 0 is small enough.
Thus there exists locally a unique solution, which can be continued to the whole
interval [0, 7], because z, is bounded whenever v is.

|

In order to show that weak and mild solutions coincide whenever y, € H}(Q), we
use the following results.

Theorem 3.12 (cf. [26, proposition 3.8, p. 145, corollary 3.1, p. 145]) Let H
be a Hilbert space and (A, D(A)) be the generator of an analytic semigroup on H.
Assume that f € L*(0,T;H) and yo € H. Then there exists a unique classical
solution in L*(0,T; H) to the problem

y(t) =Ay(t) + f, t€l0,T],
y(O) =Yo,
which is given by the mild solutions formula. Moreover, this solution is an element of
Wh2(0,T; H) N L*(0,T; D(A)) (i.e., a strict solution), if and only if yo € Da(3,2).
0
Theorem 3.13 (cf. [26, p. 169, 170]) D4(1,2) = D((—A)?).
Proof: Combine equation (6.4) on page 169 with theorem 6.1(i) on page 170 of [26].

O

In our case, since we have a solution y, we may apply theorem 3.12 with f replaced by
f—2z, € L*(0,T; L*(9)), so that the mild solution y is in fact strict, if yo € Da(3, 2).
As this space is isometrically isomorphic to D((—A)%) by theorem 3.13, it suffices
to characterize this space. But in the case A = A, D(A) = H}(Q) N H(), it holds

H(—A)éxHQZ<—Ax,$>=A|vx|2dz,

for all z € D(A). Hence, D((—A)z) = H}() here. But, by the standard higher
regularity result for the heat equation, also the weak solution from theorem 3.10 is
strict. Hence, it suffices to show:

Proposition 3.14 There is at most one strict solution to (3.7) in L*(Qr).

Proof: Let yi, y2 be two strict solutions. Testing the difference of the (almost every-

where valid) equations with ¢; — 7,, we may infer from lemma 3.9 that y; = y, on
Q,, for 7 € I = (0, min {\/g, T}) The claim follows then by iteration.
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3.3 A control problem corresponding to the dynamics of the
regularized partial differential equation

Our next goal is to apply theorems from [2, chapter 6] about dynamic programming
method in infinite dimensions. Their results are close to the ones of [5], who did
pioneer work in that area. In this section, we state a control problem that fits the
assumptions of [2, chapter 6,5 6]. We reformulate (3.7) as integral problem

)= (0 D)=L (707 1) Cateta o) 09
on the space L*(2) x L*(©2) =: X. We denote with o € A C L=(0, 00; L*(Q)) the

function that was formerly denoted by f; those functions will serve as controls for
the dynamical system. Here, x = (21, 25) € X is the initial value, and the operators

tA
tr—>em::<eo g), t >0,

form a family of strongly continuous semigroups of contractions on X, because for
all z € X,

HetAl’HX 2:\/||€tAl’1||i2(Q) + ’|x2||iQ(Q)

2 2
<leilage + 1ol

=[x -

Next, we introduce a cost functional for an infinite horizon problem via

To(a) = / " P alt), za(t), alt))e N, (3.10)

where A > 0 is a so called discount factor, and f° : X x U — R. From theorem
3.11, we infer that for every a € A, there exists a unique solution to (3.9). Then,
for quite general functions f, .J, is well defined. Let

V(z) = ;reli Jo (@)

denote the value function, which yields, for every initial point x € X, the optimal
value (at least, if it is attained) of the minimization problem. For our model problem,
we make the following assumptions.

Assumption 3.15 For U C L*(Q) bounded, let A be the set of measurable functions
a @ [0,00) — U. Further, we assume that there exist constants C,m > 0 with
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0<m< E’\ﬁ and a local modulus of continuity w(-,-) (i.e., a continuous function

w: (RT)® = R such that for every fized a > 0, w(-,a) is a modulus of continuity),
such that for all x,z € X and u € U,

o) < C (1 + [zl )™

[fO(,u) = 22, u)] S w ([lz - 2|y max {[|lz]lx . [|Z] x}) -

Lemma 3.16 Let denote

f: X xU—=X, f(zu):= (lGQ(La;le)) .

£

Then,

2
) = 7@ ) < T =l
and there is L > 0 such that |f(0,u)| < L Yu € U. Further, the generator of e is

(.0 =( (5 o) (@ @) « @),

and there exists B € L(X) positive, self adjoint, such that R(B) C D(A*) (thus,
A*B € L(X)), and for some ¢y > 0,

(A*Bz,z) < co(Br,z)y — ||lzll5, Vze X

Proof: From the Lipschitz continuity of G, we infer that

_ 2 1 a2
15, 0) — £l = o~ Ellay + s 2 — 21— 72+ 1 e

2 _ 12 2 = 112
S\/(l + 5_2) |22 = @ 20) + =2 [21 = 1]z 0

The generator of e'® is A, and the identity is a bounded linear operator, constant
in ¢; hence, the form of the generator of ¢*4 follows. Now, with By := (1 — A)~!:
L*(Q) — HY(Q) N H%(Q), since A = A*,

2
(Alel,x1>Lz(Q) = <B1$1>331>L2(Q) - H$1HL2(Q)-
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Then, since A = A*, with

B = (% g) (L2(9)? = (HL(Q) N H?(Q)) x LX),

we get, for x € X,

(A*Bz, x) x = (AB121, 1) 12() = (B121,21) 12 — ||5E1||i2(9)
= (Bz,z)y — ||z -

As 1 as well as —A are positive operators, we may choose B together with ¢y = 1.

O

3.4 Dynamic programming method - Application of known
results

We are now ready to apply the results from [2, chapter 6].

Proposition 3.17 (cf. [2, chapter 6, proposition 6.1]) If assumption 3.15
holds, Then the value function V is locally uniformly continuous and for some con-
stant K > 0,

V(o) < K1+ [z][x)™, VzeX.
Proof: See [2], proposition 6.1 (iii), chapter 6.

O

As usual, one needs the dynamic programming principle, which takes here the fol-
lowing form.

Proposition 3.18 (cf. [2, chapter 6, proposition 6.2]) If assumption 3.15
holds, then for any x € X andt > 0,

V(z) = inf {/Ot PO (ya(8), 2o(s), als) e ds + V(yx(t),zx(t))e‘”}

acA

Proof: See [2, chapter 6,proposition 6.1].
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Consider the (formal) HJB equation

AV (z) —(VV(x),Ax)y — H(z,VV(x)) =0,

H(z,p) == inf {(p, f(2,u)) +f@u)}, zpeX, (3.11)

and the sets of test functions

Dy := {p € C'(X)|p is weakly sequentially

lower semicontinuous, A*Vp € C(X)},
Go := {9 € C'(X)|Fp € C'(R), p' >0,

p(0) =0, g(z) =pllzllx), VzeX}.

Definition 3.19 (cf. [2, chapter 6, proposition 6.3]) A function v € C(X) is
called viscosity subsolution (resp. supersolution) of (3.11), if for all ¢ €
and g € Gy, whenever the function v—p— g attains a local mazimum (resp., v+@+g
attains a local minimum) at x € X, it holds

Av(z) = (A'Vo(z), 1)y — H(z, V() + Vg(z)) <0,
(respectively,

Ao(x) + (A"Vp(x), 2) x — H(z, =Vo(r) = Vg(z)) 2 0.)

O

Theorem 3.20 (cf. [2, chapter 6, proposition 6.4]) Assume that 3.15 holds. Then
the value function V' is a viscosity solution of (3.11).

Proof: See [2, chapter 6, proposition 6.4].

To show uniqueness in this setting, one needs the notion of B-continuity.

Definition 3.21 (cf. [2, chapter 6,definition 2.3]) Let B € L(X) be self- ad-
joint and positive, and define the seminorm induced by B as

1
|z z = (Bz,2)%, Vze€X.

A function v : X — R is said to be B-continuous at xq € X, if for all x,, € X
with x,, — xo weakly and ||Bx, — Bxo|| — 0, it holds v(x,) — v(zo).
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Proposition 3.22 (cf. [2, chapter 6, proposition 6.5]) If assumption 3.15
holds, then there exists a local modulus of continuity w(-,-), such that

V(@) = V(@) < wllr =7l max {lally 7]}, Vo7 € X,

Proof: See [2] chapter 6, proposition 6.5, part two; the remaining assumptions were
shown in lemma 3.16.

O

With this proposition, one can then characterize the value function in the following
way.

Theorem 3.23 (cf. [2, chapter 6, theorem 6.6]) Let assumption 3.15 hold,
and denote by B the operator from lemma 3.16. Then the value function V is the
unique B-continuous viscosity solution of (3.11) satisfying

V(z)| < K1+ )", VYrelX.

Proof: See [2], chapter 6, theorem 6.6.

3.5 Convergence of optimal value functions

We conclude the investigation with showing convergence of trajectories of (3.7),
which will then be used to show pointwise convergence of the value function for
“regular” initial values. We call a pair of initial values (yo,20) admissible, if
|2z0(z) — yo(z)] < r(x) holds for almost every x € . We will need the following
statement.

Lemma 3.24 Let yg, 29 be a pair of admissible initial values, z being the solution of
ez2==G(z—vy), =z(0)=z,
and y € H'(0,T; L*(Q)). Then, almost everywhere,
t
ol < v(a) + ol 0]+ [ i) ds.
0
Proof: Note that, since H'(0,T; L*(Q2)) = L*(Q; H'(0,T)), for almost every z € €,

it holds y(x,-),2(x,-) € H'(0,T). For such z, define w := z — y. If |[w| < r, then
the “reversed triangle inequality” yields

[2(z, )] < r(x) + ly(z, )] < r(@) + ly(z, 1)) + /Ot [9(x, 5)| ds.
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If not, then G(w(zx,t)) = —w(z,t) — r(x), or G(w(z,t)) = —w(z,t) + r(x). In the
first case, there is, by continuity, some ¢, > 0 such that w(z,s) < —r(x) for all
to < s <t,and w(z,ty) = —r(x); further, it holds

w(z,s) = 2(x,s) —y(x,s) = —éw(m, s) — ér(x) —y(x, s),

for alomst every s € (to,t). The variation of constants formula yields

w(x,t) =—r(x)exp <—§(t - to)) - /t: exp (—é(t - s)> <ér(x) + y(:v,s)) ds.

Noting that

r(z) /t: exp (—é(t - s)) éds = r(z) — r(z) exp (—é(t - to)) ,

w(et) = =) — [ e (~20=5)) it o)t

to

it follows

and thus
t
lw(z, t)] < r(x) +/ ly(x, s)|ds,
to

for all such t > ty;. The same inequality can be derived in the second case, using the
same arguments. Hence, in particular,

t
last)] < rla) + ly(e ) + [ Jite,9)]ds
0
for all ¢ and almost every x € €2 as claimed.

O

Proposition 3.25 Let 19, 29 be admissible initial values, T > 0, OQ be of class C?,
r € L*Q), and y¢ € Y, for every € > 0, denote the weak solution to (3.7) (see
theorem 3.10). Then y¢ is bounded in'Y" for e ] 0.

Proof: As y® € Y is also a strict solution, it holds, in particular,

U°+ 25— Ay* = f a.e in Q.
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From lemma 3.7, we infer that, testing the equation with y*x o) for ¢t € (0,7 leads
to

1 1
/ (g€)2d£+—/yvyﬁ(x,t)fdx:/ (f—zs)gfdﬁ—k—/\Vya(x,0)|2dx.
Q4 2 Q Q4 2 Q

Let us denote K := %fﬂ \Vys(x,t)|2 dr. Lemma 3.24 and the triangle inequality
followed by Jensen’s inequality yield

t s 2
12\ 2y <VEIT 2 + 197N L2y + 95 (z, 7)| dr ) dads
() (@) () S\,

VIl ey + 1922y + 152,

Further, using similar arguments, we infer from

t
ye(z,t) = y5(x) +/ v (z,s)ds a.e.,
0
that
197l 200 < \/ZHZ/(E)HLQ(Q) + {97 2 -

Hence, the last two inequalities imply

_ / AL < 12 g 15 2o

t

< (VeI oy + 19 Lz + 15722 ) 19°1 2
. . L2112
<Vt HTHL2(Q) HyEHL?(Qt) +Vt HQSHB(Q) ||y€||L2(Qt) +2t ’|y€HL2(Qt) .

With Young’s inequality and < 1+ 22 Vo € R, the right hand side may be further
estimated by

o2 Vi 2 o2 12
\/EHTHL?(Q) (1 + ||y6||L2(Qt)> + b3 <||CUS||L2(Q) + ||y€||L2(Qt)> + 2t ||?J€||L2(Qt)
< Cy + CoVE [ 172, -

where
1 2
Cy:=VT HTHLQ(Q) + 5\/T HyOHLQ(Q) 5

1
Cy = ||T||L2(Q) + Qﬁ"‘ 5
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3. THE HEAT EQUATION WITH HYSTERESIS

We may thus infer from the tested equality, that
1 NAYIEE: 1 . 9 1 9
5—02 t) 1y HLZ(Qt)"‘é Q‘Vy (2, 0)]" dz < §Hf”L2(QT)+K+Cl,

and hence, boundedness of y° on (0, 7), whenever 7 < (4C3)~1. As C, only depends
on r and 7', we may iterate this procedure and conclude boundedness on the whole
interval.

O

Corollary 3.26 Let the assumptions of proposition 3.25 and theorem 3.10 hold.
Then y° — y weak x in'Y and 2° — w weak in L*(Q7) as €} 0, where (y,w) is the
weak solution to (3.1) (see theorem 3.10).

Proof: First note that by proposition 3.25, y° is bounded in Y as € | 0, so that
there exists a weak x convergent (sub-) sequence y*» =: y* — y € Y. Next, we
make again use of the compactness of the imbedding Y — L?(Q;C[0,T]). This
enables us to find a subsequence (for simplicity again denoted by y™) that converges
strong in L*(Q;C[0,T]) to y. But then, it is necessary that y"(z,-) converges in
C10,T] to y(z,-), for almost every z € Q. Due to theorem 2.11, for almost all
x € Q, 2%(x,-) - w(x,-) in C[0,T], where w = F,[y; 29]. From lemma 3.24, we get
additionally, that (at least a subsequence, which will then be denoted in the same
way) 2" converges weakly in L?(Q7), and, by uniqueness of limits, 2" — w. We may
then take the limit of the variational equality, which shows that (y,w) solves (3.1)
in the sense of theorem 3.3. As we can argue in the same way for every subsequence,
the proof is complete.

O

We end this section by showing that, under certain conditions, convergence of the
trajectories implies pointwise convergence of the value functions. We add the fol-
lowing, more restrictive, assumptions.

Assumption 3.27 The function f° is bounded and Lipschitz continuous, and only
depends on the x1-coordinate, i.e., fO(x,u) = h(z1,u) for some function h : L?(2) x
U — R, and there are constants c,cy, > 0 such that

|fO(zw)| <e, |fOxu) — fO(z0)] <cpllar — 2y, Vo, z€X, uel.
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Remark 3.28 Due to the boundedness assumption, the value function is automati-
cally well defined because of the appearence of the discount factor. Thus, we may use
the same target functional and set of controls to create a control problem for (3.1).
The corresponding value function will, in the following, be denoted by V°; the one
corresponding to the approximate problem by V<. We also remark that the dynamic
programming principle (cf. proposition 3.18) holds for V°, even we have not defined
trajectories for all x € X, this is because trajectories are unique and thus the solution
operator has a semigroup property.

O

Theorem 3.29 Let assumptions 3.15 and 3.27 hold, together with the ones of corol-
lary 3.26. Then, for every admissible x € H}(Q) x L*(),

el0

VeE(x) = V().

Proof: Let § > 0 be arbitrary. By definition, there exists a control o € A, such that

VO(x) > / e Mh(y(t), a(t))dt — g
0
Then, the Lipschitz and boundedness conditions imply
o o
V@) = Voa) < [ (o) ale) - ly(e)ale) de+ 5
0

T e’}
)
g/ () — 50 ooy dt+20/ et 4 0.
0 T 2
We may now choose 7' > 0 so that the second term is smaller than ¢. But then,

2
with corollary 3.26, we get that

limsup (V*(z) — VO(z)) <4,
el0

and, since o > 0 was arbitrary,

lirrglfoup (Ve(z) = VOz)) <o.

Now, as second step, let again ¢ > 0 be arbitrary, and note that for all € > 0, there
exists a control o € A such that

J

Ve(z) > /000 e Mh(yE(t), o (t))dt — 3
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We may then, similar to the first part, infer that

liminf (V(z) — V°(z)) > 0.

el0
Altogether, this implies

151?()& (Ve(z) = VOz)) = 0.
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4 An Abstract model and general assumptions

4.1 Special Semigroup

Let X be a Hilbert space with norm ||-|| induced by the inner product (-, -), let A be
a (possibly unbounded) operator with domain D(A) C X, which is closed, densely
defined and selfadjoint in X, such that (Az,z) < —w ||z||* for all z € D(A), where
w > 0. Then the following holds (see e.g. [27, appendix], or [6]):

e (A, D(A)) is the infinitesimal generator of a strongly continuous analytic semi-
group of contractions on X, which will be denoted by €4, for ¢t > 0;

for all § € R, (—A)? exists and it holds

(—A)* (= A)z = (= A)*Pw = (= A)°(~A)%z, x € D((-A)"*PetD); (4.1)

for all 6 > 0 there exists a constant Ms > 0 such that, for every ¢ > 0:

||(_A)6€tAHc(X) < Myt~ (4.2)

e if 0 <J <1andxz e D((—A)°), then there exists N5 > 0 such that, for all
t>0:

(e = I) x| < Nst® || (=A)°x

; (4.3)

forall 0 < § < v <1andall z € D((—A)"), there exists M;, > 0 such
that the following interpolation inequality between the corresponding abstract
Sobolev spaces holds:

[(—AYoz|| < M, | (=AY [l . (4.4)

Further, if f € L'(0,T; X), then there exists a unique mild solution for
y—Ay=f in(0,7), y(0) =z € X, (4.5)

which has to be understood in the integral form
t
y(t) = ex +/ =4 (s)ds € C(0,T;X),
0

see e.g. [25, chapter 4].
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4.2 Dynamic and further assumptions

In this section we will study existence and uniqueness of solutions to the differential
equation

Fy) = " Belfiw)on. (46)

under assumption (A1l):

A is an operator of the type described in section 4.1 and for any T" > 0, each of
the operators By : C[0,T] — C[0,T] is Lipschitz continuous with Lipschitz con-
stant not larger than L > 0, and gy, € L*(0,T;X), k € {1,...,n}, fr € X

(fe(y) = ([, ¥))-

Theorem 4.1 If (A1) holds, then for every x = y(0) € X there exists a unique
mild solution y € C(0,T; X) to (4.6), in the sense that

y(t) = ez + / 94 (a(s) — F(y(s))) ds.

If, in addition, x € D((—A)?) for some 0 € (0,1), then y € C(0,T; D((—A)?)), and
for any ¢ € CY(X) such that (—A)'=Vp(-) € O(X), the formula

(1)) — la) = / (A V(y(s)), (~A)Vy(s)) ds
n / (o(y(s), a(s) — Fly(s))) ds

holds.

Proof: Let 0 < 7 < T, and v € C(0, 7; X) be arbitrary. By assumption, the function
defined by

fo(s) = als) = F(u(s)) € L=(0,7; X),
hence there exists a unique mild solution z of z — Az = f,, i.e.,

t
2(t) = ex —|—/ e=)4f (s)ds, te0,7].
0

Thus, the assignment v — z defines an operator J : C(0,7; X) — C(0,7; X) such
that y solves (4.6) for T replaced by 7 if and only if y is a fixed point of J. Our
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goal is now to apply Banach’s fixed point theorem, at least for small 7, and then
to show that the solution can be continued. To this end, let vy, v € C(0,7; X) and
zi = J(v;), i = 1,2. Then,

/ eI (F(uy(s)) — Flua(s)) ds

0

I21) ~ (0] =
<23 [ 10l = Ol - ()]

<tL <Z kaH HngLOO(O,T;X)> Hvl - UZHC(O,T;X) :

k=1

Choosing 7 = min(T, 5(L > "p_, || fll ||gk||C(O,T;X))*1), we find that J is a contraction
mapping on C'(0,7; X), and we can apply Banach’s fixed point theorem, which yields
a unique local solution of (4.6) on [0, 7]. Since

ly@OIF <Nzl + T el 0,7 +LZIBk Mgkl o< 0,7
k=1

n t
LS el oo, / 1) o) 45
k=1

Gronwall’s lemma implies that solutions are bounded on bounded intervals. Hence,
the local solution can be continued to the whole interval [0, 7.

Now, if # € D((—A)?), the higher regularity follows with (4.2), (4.3) and the
semigroup property by standard arguments. Further, let ¢ > 0, x € D((—A)%**),
and ¢ with the above properties be given; denote f(s) := a(s) — F(y(s)). For 7 > 0,

we introduce (let T'(t) := e'4)

the solution of

It holds y € C(0,7; D(A)), and thus it fulfills the differential equation for almost
every t and its derivative is integrable. Hence, we may compute

p(T(1)y(t)) = p(T(7)x) :/0 (Vo(T(1)y(s)), AT (27)y(s) + T(27) f(s)) ds
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=~ [ (A ST (e (- APTErIs) ds
+ [ (Felr (e, TN 6 ds

0

Letting 7 | 0 yields the result for x € D((—A)%"¢), because (4.3) implies that
(—A)T(r)y(s) = T(1)(=A)?y(s) — (—A)’y(s) uniformly in s € [0,¢]. Then, by

continuity, we can let € | 0 to get the desired formula.

O

We are mainly interested in operators By which are of hysteresis type. Let F, denote
the play operator corresponding to the interval [—p, p|, and define a Prandtl-Ishlinskii
operator of play type via

b - C[O,T] X (fk(l’) — Zk> — C{O,T],
Pely; G = | Foly; Geldpw(p),

Ry,

where, for each k € {1,...,n}, Ry is a subset of RT, u; is a probability measure on
Ry, and G = fr(z) — &,

& € Z = A{& | € Ry — Rmeasurable A [£(p)| < pVp € Ry}

We assume further that

| o) < .
Ry,

which implies that each Zj is a subset of L?( Ry, us,) (this is obviously fulfilled when
Ry, is a bounded set, which is typically the case). Note that since py is a probability
measure, by Jensen’s inequality

(R&Mw@)Swa%MMSLp%MM<w

and therefore (by interpolation) Z, C LP(Ry,ux), p € [1,2]. For such p, we may
thus define, for € € Z := [[,_, Z, the norms

1€llz,, = (Z (p)"dpur(p )>p7 1€l = 1€l 22 (4.7)
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Now, for fixed £ = (&,... ,£n)T € Z, each of the operators Py, (] is Lipschitz
continuous in C[0, T, because for all ¢ € [0, 7],

| Plyn; Gl(t) = Pelya: GJ(O] < [ [ Fplyn; G(o)](8) = Folya: Ge(p)](0)] dpn(p)

Ry

< / sup [y (t) — y2(1)] dps (p)

k tE[O,T]

= sup [yi(t) — v2(t)] .
te[0,7]

Hence, theorem 4.1 is applicable for By(-) := Pg[-, (x]. We will refer to this special
case as problem (P):

y—Ay+ Fly) = a,
F(y) = Z Bi(fx(y)) g

with assumption (A1), and assumption (A2) :
Br=FPVEke{l,....n}, € ZC H L*(Ry, jix), pue probability measures.
k=1

Moreover, we define the vector valued function

w(t) = (wi(t), ..., wa(t) == (Pfi(y); &](), - -, Palfn(y); €al (1)),

whose coordinates might be interpreted as some kind of “localized mean hysteresis”
(when fi, gr are chosen such that Py only operates on some disjoint subsets €, of
). Next we present a continuity result for the solution operator corresponding to
problem (P).

Proposition 4.2 Let y1, yo denote, respectively, the solutions to problem (P) cor-
responding to initial values (z,§),(z,¢) € X x ([[i_,(fx(x) — Zy)), and assume
that for some 0 < 0 < 1 it holds that f,, € D((—A)%), for every k € {1,...,n}.
Then there exist a constant Cy = C1(0, fi1,..., fn) and a locally integrable function
Co=Co(T,0, 91, 9n, f1,---, fn) such that, for any t € [0,T),

fwn(t) = wa®), < Cr ([(=A) (e = 2| + 11§ = ¢l 1) - exp(t DT,
ly1(t) = ya(B)]] < Co (H(—A)‘e(a: —2)|| + 1l - cum) cexp(t Y Ty).

Cy, Cy, I'y, ..., Ty, are given by (4.10), (4.11) and (4.9).
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Proof: Let T'> 0. For fixed k € {1,...,n} and p € Ry, the Lipschitz continuity of
F, in C(0,T) allows us to estimate

AFH(T) = |Fpl fr(y1); E(p)(T) = Fyl fi(y2); ()] (T)]
=< sup [fe(y) () = frly2) ()] + 18k (p) — G(p)]

t€[0,T

= sup ‘<fk, a:—z)>

t€[0,T]

b [ e (Bl ls) — Pl €6)) s
< sup ‘<( A [y, tA(—A)_G (I—Z)>|

+18k(p) = Gr(p)]

t€[0,T]
o [ S | s
+|§kz( ) — G(p )|
<A Kl (A (@ = 2)]]
DY /R _Af;‘(s)duj<p>ds+\sk<p>—ck<p>\, (4.9
Ty ::stlig{osgligt{lrgfé{!ﬁm e >‘}}} (4.9)

Note that (4.2) implies that 'y, < co. Denoting H(—A)kaH =: ay, integration w.r.t.
i followed by summation over k yields

Hence, applying the standard version of Gronwall’s lemma (cf. theorem D.3) to the
function u(t) := >, ka AF}(t)dur(p) yields

n

S| AFF®)du(p) < (Z ak> [(—=A)(z — 2)]| exp (tZFk>

k=1 I k=1
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+ ||§ - g”zg eXp (tzrk> .
k=1

Therefore, one can choose
Cr=Ci(0, fr, .. fa) =14 . (4.10)

Now, using the definition of mild solutions, estimate (4.2) and (4.9), we get for all
t>0

[y1(t) — v (B)]| < t9 H $—Z)H
+ / (mx w1 ) 3 [ A6 (o)
— t@ H .%' o Z)H

(Zak)u =2 [ e (-3 on)
+le=Cllzy [ G exp(zrk)

where Gy,(s) 1= maxi<p<n [|gx(s) || < maxici<n [|Gall oo x) =2 G, t € [0,T]. Hence,
for

Co = Co(t,0,G, fi,.... fa) = (1 +177) (Me +tG (1 + i%)) (4.11)

k=1
it holds that

I 01 = (A7 =9+ ) s (131

k=1

Since 6 € [0,1), C5 is integrable over (0,7), and the proof is complete.

O

Remark 4.3 Proposition 4.2 holds for general operators fulfilling a Lipschitz condi-
tion, i.e., one might for example replace the family of play operators F, by some Lips-
chitz contmuous operator B : C[0,T] — C[0,T], and choose ju = L]y, ), the Lebesgue
measure on [0,1]. Then a similar estimate holds with & = ¢ (i.e., ||§ Clzr=0);
however, the Lipschitz constant (which equals one for the play opemtor) will appear
in the exponential function. 0
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Remark 4.4 Using (4.2), one can estimate

0 < as {1l 3oy}

1<)
O

With the well known identity F,. = [ —&,, where I denotes the identical mapping and
&, denotes the stop operator corresponding to the characteristic set [—r, r|, problem
(P) may alternatively be written as problem (Q):

y—Ay+ F(y:€) = o,
F(y:&) = fily) - gx — /R Eolfr(y); Ekldpr(p) - g,
— k
t’z)glether with assumptions (A1), (A2),
with initial values in X x Z. Since in later sections, we will only work with this
formulation of the problem, we translate proposition 4.2. It is just a matter of how

initial values are defined - one gets & p = fi(2) — &0, and therefore, since iy, are
probability measures,

1€p — CPHZ,l < lég — CQHZ,1 + Z [(frsx = 2)] .
k=1

By the same arguments as in the proof of proposition 4.2, we get analogous estimates
with slightly bigger constants

C’l 5201' (l—i-Zak) y C’Q Z:CQ' <1+Zak> .
k=1 k=1

Corollary 4.5 Let the assumptions of proposition 4.2 hold. There are analogous
estimates for problem (Q), with Cy, Cy replaced by Cy, Cs.
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5 The control problem

We are going to introduce an infinite horizon control problem related to problem
(Q). To this end, note that 7" > 0 was arbitrary in section 4, so that the existence
and uniqueness of solutions is guaranteed for arbitrary large time. Further, corollary
4.5 holds.

Let us now make some further assumptions, which should hold generally in sec-
tions 5 to 7. Let A C X be nonempty, bounded and closed, and define

A = {p|5 :]0,00) — A measurable} ,

the set of controls for problem (Q), i.e., we will assume a € A. In addition, let
gr € X (i.e., constant in time), for each k € {1,...,n}. In order to define the cost
functional, we consider

L:X xR"x A — R", such that
|L(z1, wi,a) — L(z2, wa, a)| <Cp ([[21 — 22| + w1 — wal,), (5.1)
Vai, 19 € X, wy,wy € R", a €A.

Then, we define a cost functional

J(.€,a) = /0 M L (yaca(t), e a(t), a(t))dt,

with discount factor
A>T =) T (5.2)
k=1

The functions Y, ¢, Weeq denote the solution to problem (Q) and its hysteresis
part corresponding to inital values (x,§) € X x Z and w.r.t. the control o € A.
More precisely,

Wagak(t) = fi(Yreal) = [ Elfe(Urea); &l () dun(p).

Ry,

To shorten notations, we will also write

Soeall) = (ELN1Yaea) E1ON0); - ElfalYrea); Ea()I(H) € Z,

so that &, ¢4(0) = & By (4.7), we may view Z as subset of [[,_, L*(Ry, p) w.r.t.
the norm ||| ,, which is induced by the scalar product

€ Qp=> | E()C(o)dpn(p)
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We also introduce the vector

]]. = (]'R17"'7]'Rn>7

wherefore we may write

Z p)dp(p) = (£,1),

Note that according to these notations, we have

w= (50~ [ a@an. o) - [ @) 63
As usual, the value function is defined by
Vir,6) = inf J(z. ). (5.4)

It has the following Lipschitz type property.

Theorem 5.1 Let the assumptions of problem (Q) and (5.2) hold. Then, for every
0 <0 < 1, for which fy € D((=A)?) holds for all k € {1,...,n}, there is C > 0,
such that, for all (x,§),(z,() € X x Z,

V(@,6) = V(2,0 < C (| (=) (z = 2)|| + I = Cll5) - (5.5)
Proof: By the definition of V' (5.4) and the Lipschitz condition (5.1) on L, we have

Ve, €) — V(=0
sSup{ | L gal0) 0 0),0(0) =~ Lltgal0). 02t <>>|dt}

acA
(5.6)

< sup {CL /0 e (Ilyegalt) = Yoca®ll + W galt) = wcalt)l,) dt} : (5.7)

acA

Since the norms |-|;, ||, are equivalent on R", we may, after having enlarged the
constant, apply corollary 4.5, so that for some C' > 0

Vi, €) ~ V(.0
<O (I =+l Clls) [T e+

The integral on the right hand side converges for A > T', and the norm ([ — (||,
can be estimated by some constant times ||§ — (||, (use equivalence of norms in R"
and Jensen’s inequality). Thus, (5.5) follows. O
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Remark 5.2 If A < T', one can still show that the value function is locally Holder
continuous: It is not hard to see that solutions to problem (Q) can not leave a ball
in X whose radius depends only on the initial value x € X (not even on £ € Z).
Therefore, L(y,w, «) can be estimated by some function depending only on the initial
value. Splitting the term in absolute value of (5.6) into 1= and -* (and B small
enough), one can conclude, using the Lipschitz continuity of L.
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6. DYNAMIC PROGRAMMING AND THE VALUE FUNCTION AS
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6 Dynamic programming and the value function
as viscosity solution

6.1 The dynamic programming principle

Recall that each of the operators £, has the semigroup property

Eplys €It +7) = &, [v; Ely; E(p)](D] (7)),

with v(s) := y(t + s), s € [0,7]. The following theorem, sometimes also called the
Bellman principle of optimality, holds in quite general situations. It formalizes the
intuition that an optimal control can be found by splitting the interval [0, 00) and
then find optimal solutions to the subproblems. More precisely, it holds:

Theorem 6.1 (dynamic programming principle) For all (x,§) € X X Z and t > 0,
it holds that

V€)= ot { [ e Le(s) tncal®), al)ds + eV (1ngalt) 6us0(0) |
(6.1)

Proof: Since gy, is assumed to be constant in time, y and w have a semigroup property.
Let W(x, &) denote the right hand side of (6.1), and I the integral term thereof. We
begin with showing that V' (z,£) > W(x,§). For all a € A,

J(z, & a) =1+ /too e_’\sL(yx,g,a(s),wx,gﬁa(s),a(s))ds.

After the change of variables r = s — t, the equation reads
J(z, & 0) =1+ / e N L(Yugalt +7),Weea(t+71),at+71))dr. (6.2)
0

Using the semigroup property, (6.2) is equivalent to

J($v 57 a) = [ + e_AtJ(y:c,f,oa(t)a fx,g,oz(t)a d),
with a(r) == a(t + ). Since J(Ysea(t), Cuealt),®) > V(Ysea(t), Euealt)), we can
take the infimum to conclude V' (z,£) > Wz, §).

To prove the other inequality, fix t > 0, a € A, € > 0, and choose o € A such
that

V(rgo)Weeat)) 2 J(Yagalt) wegalt), o) =€
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Define the control

Setting T := Y, ¢.q(t) and € 1= &, ¢ (1), we find
V(r,§) < J(@,6,6) =T+ MI(7,6,0) < T+eMV(z,6) +e.
Since € and « are arbitrary, this shows V(z, &) < W(z, ).

O

Remark 6.2 The proof is completely standard and can, e.g., also be found in [1, 4]
with only some notational differences.

6.2 The HJB inclusion and existence of solutions

Forp e X, g€ L*(R,p) == 11—, L*(Rk, i), © € X, § € Z, we define the Hamilto-
nian

H(z,&,p,q) = sup {— (p,a) = L(w,wo,a) = > (g, I)p, - (fk,a>} ,

a€h 1

with wy = wo(z, §) as defined in (5.3). We are interested in solutions to the following
formal HJB inclusion:

)‘(I)(x>€) - <qu)<x7€)7‘4x> + Z <qu)($v€)>gk> (fk’(x) - <£k> ﬂ-)Rk)

k=1

+ D (Ve ®(2,), 1)y, (fi,9) (fi(2) = (§,1))

k=1

. (6.3)
= (Ve @(x,8). 1), (fi Ax)
k=1

+ Z <V§kq)(x7£>7 NZk(fk»Rk + H(mafa qu)(x75>7 Vgcb(l',f)) > 07

k=1

where Ny, (&) stands for the normal cone to Zj at &. The following definitions are
inspired by [6] for the x variable, [1, 28] for the hysteresis part.
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Definition 6.3 Let Ci(X) be the set of all test functions ¢ satisfying
(®1) ¢ € CY(X).
(®2) For all0 € [0,3], Vo(z) € D((—A)?) if and only if x € D((—A)?).

(®3) The mapping x — V() is continuous from D((—A)%) into itself.

O
Definition 6.4 A function v : X X Z — R satisfying the Lipschitz estimate (5.5)
with 6 > % is called viscosity subsolution of (6.3), if for every ¢ € C4(X), ¢ €
CYZ) and (z,€) € (D((—A)%) X Z) Narg max(v—y—1)), there exist pr € Nz, (&),
ke {l,...,n}, such that
r)

N

Xo(z,€) + << AV (), (~4)

_|_Z V(p ( ) <§ka > )
. Z Vib(©). 1) g, (Fergs) (@) = (6.1, (6.4

w\»—A

+ 3 (V) ), (=4 fi, (~ )2

+Z Vi (€), o) g, + H(x, €, Vop(x), Vi (€)) <0
Similarly, a function v : X x Z — R satisfying (5.5) with 0 > % is called vis-

cosity supersolution of (6.3), if for every p € CL(X), ¥ € CY(Z) and (z,€) €
(D((—A)%) X Z) Nargmin(v — ¢ — 1), there exist qx € Ny, (&), k € {1,...,n},

N
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such that

N

Xo(z,€) + << A)iVp(a), (~4)

")

+Z Vgp ( ) <§k: > )
+ Z (Vip(& Rk (fr: 95) (fj(x) — (& 1>RJ‘> (6.5)
k=1 .

*ZWW(@»%@ A)3 i, (~A)ba)
*Z Vi(©), p, + H(x, &, Vip(x), Vi(€)) > 0

Finally, a function is called viscosity solution of (6.3), if it is a viscosity subso-
lution and a viscosity supersolution of (6.3).

O

The above definition makes sense because of the following statements (see [6, 29
and the references therein):

Lemma 6.5 Let (z9,&) € X x Z and v : X x Z — R such that (5.5) holds for
some 6 > 0. Then both the subdifferential D v(xo,&) and the superdifferential
Div(xg, &) are included in D((—A*)?) = D((—A)?). Moreover, if C' denotes the
Lipschitz constant in (5.5), then

H<_A)QPH <C, Vpe D;U(UCo»fo) U D;U(ﬂfoafo)-

Proof: For fixed &, € Z define the function v : X — R, 9(z) := v(x,&). Then, from
(5.5),

[o(2) = 9(2)] < C[(=A)’(z = 2)]], (6.6)

hence, we can apply [29, corollary 3.4] to ©, which yields the result for functions in
one variable. Since A is assumed to be self adjoint, we can write A instead of A*,
and the proof is complete.

O

Lemma 6.6 Let p, ¢ € CY(X X Z) and w, v € C(X x Z). If (x9,&) is a local
mazimum for w — @, then V., p(xo, &) € Dfw(xg,&). Similarly, if (20, (o) is a local
minimum for v — 1, then V1 (20, ) € Dy v(20, (o).
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Proof: As in the proof of the last lemma, we use (almost the same) arguments as
6, lemma 3.6] for the statement in one variable. If (z,&p) is a local maximum for
w — ¢, then there is in particular some open set U C X such that

w(zo,&0) — ¢(To, &) >w(x, &) — w(z,8)
& w(z, &) — w(wo, §o)— [z, &) — w(20,&0)] <0, Vo € U. (6.7)

Since ¢ is, by assumption, Frechet differentiable, it holds

p(x, &) — @20, 0) — (Vap(20, &), & — o) = o[z — zol]). (6.8)
Further, we can write

w(z, &) — w(xo,§0) — (Vap(20,60), 7 — T0)

|z — |
_ w(z, &) — w(w, &) — [p(x, &) — p(70,&0)]
|2 — |
n o(r,0) — p(wo, &) — (Vap(zo,&0), T — ~T0>‘
|z — o]

By (6.7) and (6.8), application of limsup,_,, shows V,p(z,&) € Dfw(xo,&). The
case when (zg, (p) is a local minimum for v — v follows by similar arguments.

O

Since in definition 6.4 we assume that (5.5) holds with 6 > %, lemma 6.5 implies
that the sub- and superdifferential of any viscosity subsolution (and supersolution,
resp.) are included in D((—A)z), and thus, by lemma 6.6, Vi(z) € D((—A)2), if z
is a local extremum. Noting assumption (92), this implies z € D((—A)2), so that
inequations (6.4) and (6.5) are meaningful.

Theorem 6.7 Let the assumptions of theorem 5.1 hold, and fy € D((—A)?) for all
1<k<nandb > % Then the value function V (5.4) is a viscosity solution of
(6.3) in the sense of definition 6.4.

Proof: We first proof that V' is a viscosity subsolution. To this end, let ¢ € CL(X),
¢ e CHZ) and (x,€) € D((—=A)2) x Z be a local maximum for V — ¢ —¢. Then,
particularly, for t > 0 small enough,

Vi(@,8) = (@) =€) 2 V(Yegalt), Crgalt)) = 9(Yrgalt)) = (Eealt)).
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The subscript @ means that we choose a constant control @« = a € A. Then, by the
dynamic programming principle (theorem 6.1),

( ) (yxfa( )) + ¢(5) - w(fx,i,a(t))

SV, 6) — V(yegalt) Evcald) 0
< / ML (Yrea(s), Wagals) a)ds + (€7 = 1) Vgnealt). Encalt).
Due to the regularity of ¢ and solutions to problem (Q), using (3),
(1) — plyngalt) (6.10)
= [ T elnas): (A a(s)) s
3 [ (Fonalo) Silmealon(s) s
h=t (6.11)

_ ;n;/ot <V90(yfc,€,a(8))7/Rk Sp[fk(yz,s,a);é](s)dﬂk.gk(8)>d8
- / t (Vo(Yr.a(s)), a) ds,

0

see theorem 4.1. For v, we get

0O = $6eeal) = = [ (Toleneal). (1 70malo)) ~0(6)) ds. (612

where f(y) = (fi(y),.... fu(y))", and n(s) = (ni(s),....mu(s))", with m(s) €
N7z, (&oga(8) N B0, |L fi(Yuga(s))|) for each k (here, B(0,r) stands for the closed
ball around 0 with radius r in L?*(Ry, x)). This is because for almost every p, the
derivative is bounded by |% Jr(Ys.ea(s)) |, and y, is a probability measure. Note that

d

d_fk(ywafya(s)) = (fx, Ayz,§7a(3> - F(%,E,a? §)(s) +a)
s 1 1 (6.13)
= <(_A)§f/€7 (_A)iyac,{,a(s)> + <fka a — F<y$,f,a;£)(8)> )

which continuously depends on s. Hence, it is bounded for s | 0, and (6.12) is
meaningful. Moreover, this shows that there exists M > 0 (depending only on f;, and
(e D)t )) such that, for every k and s > 0 not too large, 7x(s) € Nz, (§x64(5)) N
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B(0, M). We will need this property later. Altogether, we may write (6.12) as
@0(5) - w(fx,&a(t))
=3 [ Titl6reals)) Do, (A i (=) Epa(s)) s
k=1

_ Z/O <ka<€x,§,a<8)), ]]'>Rk <fk, a — F(yxy&a; 6)(3» ds (6.14)

t2 | VitEneas.nte)), s

Plugging (6.11), (6.14) in (6.9) and dividing by ¢, we get the inequality

! /Ot (=) Vp(Yrga(s)), (—4) pugals) ) ds

t

+ ; % /O <Vg0(y$7§7a(s)), fk<y$,§,a(3>>gk> ds

-3 [ (Totveao. [ Eltomeal: o0 o

1

N Z/o (Vo(Yugals)), a)ds

D3 : / (Vi (Eegals) L) g, ((“A) fi (“A) P geeals) )ds  (6.15)
> /0 (Vith(Ena(5)), 1) g, Fir @ — Fltin g €)(5)) ds
#3050 alo o,

1 t
=3 / € L{Yogals), Wagals), a)ds
0

+ (e_M 1) V(¥rgalt) eealt))

t

We now take a closer look at the term containing 1 (the one in front of “<”). To
this end, let {t,,},,cy be any sequence satisfying ¢,, | 0 as m — oo and t,, small
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enough, so that (6.15) is valid for all m. For every k,

1 tm 1 tm

[ sl g, s = - [ D€
< / IV Eega(5) = Vit g, ()], ds (6.16)
<M s [Vith(Enga(s)) = Viah()lg, =0

as m — 00, by continuity. Thus, it suffices to analyze the behavior of

= " V() () , s = (Vi@ | nk<s>ds>Rk (6.17)

for m — oo. Now, an application of Jensen’s inequality shows that the sequence
i fotm n(s)ds is bounded in L?(Ry, pux):

INGYRED

Thus, there exists a weakly convergent subsequence (for simplicity, we use the same
index for the subsequence). Restricting ourselves to this subsequence, we may
take the limit of (6.17); hence, what is left to show is that the weak limit 7 is
an element of the normal cone Ny (). Assume for contradiction that this was
not the case. Then there exists € > 0 and a set E C Ry such that ui(E) = €
and 1;5(p) & Nipp(&(p)), for all p € E (note that in our setting, Nz, (&) =
{nyln.: R, = R, n, € Ni_, 1 (&(p)})-
For v > 0 define the sets

M ={p € Ri| (&(p) =pV&(p) = —p) Ny < 2p},
M3 ={p € Ri| |&(p) —pl =~ N |&(p) +pl =7},
M3 =Ry, \ (M1 UM3),

2

1 [t
dpy, < / t_/ n(s)2dsdpy, < M?
R "m JO

and choose 7 such that p, (M3) < §. By continuity, it holds that (&.¢.a)k(tm)
converges to & w.r.t. the L?( Ry, ps) norm, which implies convergence p, almost ev-
erywhere, at least for some subsequence [21, theorem 3.3.13] (we may here, w.l.o.g.,
assume that (t,,), was chosen properly). Hence, by Egorov’s theorem [21, theo-
rem 2.5.7], we can find a set N' C Ry, of measure p;,(N) < § such that (§,.¢.0)r(tm) —
¢ uniformly on N°¢. Thus, there exists m € N such that |(§,.¢.0)x(tm)(p) — &(p)| < 3,
for all m > m, p € N Now, for every M] N N and m > m, nx(tm)(p) €
N, (&k(p)), which, by convexity of the normal cone, implies 1;(p) € Ni—, (& (p)).

Hence, 1;(p) € Ni_,0(&(p)) for every p € M] N N°®.
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Since on M3 N N¢ n(t,,) is constant (= 0) for m > m, we also get ni(p) €
Ni_p(&k(p)) for every p € M3 N N

Altogether, we have shown that n;(p) € Ni_,,(&(p)), for all p € R\ (M3 UN).
But px(M3) + pui(N) < § < px(E), a contradiction.

Concerning the other terms in (6.15), we can give estimates of the type (6.16),
so that we may replace the time dependent elements. Further, if we also replace t
by t,., we get the inequality

((-4)4Ve(a), (-A)bz)
+ 3 (Vo(a), fulx)ge)
- Z <V90(3:), i Ee(p)dpy, - gk> ds
—(Vp(x),a)ds

+ D (V€)1 g, () fi, (—4)

N[

=Y VK€ D) g, (fir @ = F (Yo €)(0))

. Z (vwo. [ " nk<s>ds>Rk

< L(z,wp,a) — AV (z,§) +m-o (%) :

Thus, letting m — oo, and then applying sup,c,, yields (6.4) and the first part of
the proof is complete. To prove that V is a viscosity supersolution, we need similar
arguments. Let ¢ € CL(X), ¥ € CY(Z) and (z,€) € D((—A)2) x Z be a local
minimum for V' — ¢ — 1. Then,

Vi(z,€) —¢(x) —9(§) < V(z.¢) —p(z) = ¥(0), (6.18)

for all (z,¢) in some ball around (z,£). By the dynamic programming principle
(theorem 6.1), there exists, for every ¢ > 0 and ¢t > 0 a control « € A, such that

t
V(z, &)+ et 2/ e”\sL(yzyg,a(s), Wy ea(s), a(s))ds + e”\tV(yx,&a(t), Eugall)).
0
(6.19)
Thus, combining (6.18) and (6.19), for small ¢ > 0,

/0 e_)‘sL(yx7§7a(s), Wy e.a(S), a(s))ds
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+ eiAtV(yx,g,a (t), 5x,£,a(t>> — €l — QD(.T) - w<§)
S V(rgalt) Sagalt) = 0(Ynealt) = ¥(Eealt))

Rearranging and dividing by ¢ yields

oM _ t
Veen): Eusa®) 7 [ € Llgnls) wnals) als))ds
3 (Plmga(®)) = 9(2)) + 5 Wlagalt) — () < €

Just as before, (6.11) and (6.14) hold with a replaced by «. Again, we restrict ourself

1

to some sequence (t,)men With t,, | 0. Noting that y,¢q(t,) — = in D((—A)2)
as m — oo uniformly in o € A as well as £, ¢ o(t,) — & uniformly in «, the same
estimates and argumentation as in the first part of the proof yield weak convergence
of n(-) to some element of the normal cone. Hence, replacing the converging time
dependent elements (with just some error o()) yields

~ AV (2,€) = (= 4)} V(). (~A)¥z)

- Z (Vo(x), ge) (fu(z) = (&, 1) g,)

D=

")

= 3 V(€. D, (i) () — (€51, )

= > (Vi(©), 1) g, (A i, (—4)

— Z (Vi(€), ar) — €+ mo (%)
< i 0 " (Ve(),a(s)) — Lz, we, als)) = 3 (Vib(€), 1) {fi als)) ds

< H(x, &, Vip(x), VY(§)).
Since € > 0 was arbitrary, we can conclude the proof by similar argumentation as in
the subsolution case.

O

Remark 6.8 The norms of the elements p,q of the normal cone are bounded; in
fact, by (6.13), for each k and each p,

pe(o)] an(o)] < [((=A)2 fi (~A) k)| + [{fusa = F(: )]
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7 Comparison result and uniqueness of viscosity
solutions

Theorem 7.1 Let v, w be, respectively, viscosity subsolution and viscosity superso-
lution of (6.3) in the sense of definition 6.4, and fr € D((—A)?2) for each 1 < k < n.
IfA>230  gell [1fell, then v < w.

Proof: Assume for contradiction that v ;E w. Then there exist (x,&) € X x Z and
0 > 0, such that v(zg, &) — w(xo, o) = 9. For € > 0 and p > 0, define the function
P: (X xZ)? > Rhby

Bz, €,4,0) 1= (2. ) ~ w(y:0) ~ 5 ((~4) ()7~ )
1
= £ (el + ) = 5 lle =<l
Since @ (o, &o, 2o, &0) = v(x0, &0) — w(xo, &o) — 11 ||0]|”, We have

_ )
Sup<D > @(3707507,1‘0750) > 5 for 0 < <

— (7.1)
2 2 lao|”

with the convention % = 00. As ususal, we need to find points where the supremum
is attained. By the Lipschitz condition (5.5) (theorem 5.1), we see that ¢ is weakly
upper semicontinuous w.r.t. the x and y variable, but we don’t have such a property
for £ and (. To overcome this problem, define the auxiliary function

O*(£,¢) = sup P(z,&y,Q).

(z,y)eX?

It is well defined, because for > 0, by the Lipschitz continuity of v and w, to
find the supremum, one can restrict oneself to some ball around zero and & is
locally bounded. Further, ®* is Lipschitz continuous, because for any (&;,(;) € Z2,

(527(2) € 227
‘(I)*<€17C1) - (I)*(£27<2)’ < sup {@(%fb?/@l) - (T)(x7£27yvg2)|}

(z,y)eX?

< s {6 = vl )]+ oty )~ 0l )

) (7.2)
+£ |||§1 - ClHQZ - ||§2 - C2H2Z}} :

Using the Lipschitz continuity of v and w, and that
Mfl - ClHQZ — (6 =& — Q)+ (& — G 6—G)y — 16— C2H2Z’
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< 6 = Gl (1€ = &all, + 116 — Gall,)
+ 1162 — Gl (161 — &l + [1¢ — ¢l )
<ec ([[& = &lly + 10 —Gllz),

(recall that Z is a bounded subset of L*(R, 11)), (7.2) thus implies that there is C' > 0
such that

[D7(&1,C1) — D7(&a, )| < O (61 — &all 7 + 1161 — Call ) -

Since Z is also convex and closed subset of L*(R,u), we may apply the theorem
from [30, p. 8], which asserts that for each v > 0 there are vy,vy € L*(R, ) with
llt1]l ; + [|v2ll, < 7, such that the function

(£7C) — (I)*(&C) + <y17€>Z + <I/2>C>Z

attains its supremum on Z. In particular, there are &, ¢ € Z for which

D, ::@*(E, E) + <V1,5>Z + <V276>Z
2?*(57 Q)+ (1,8, + (12, Q) y
Zq)(%ﬁ}%o + <V17€>Z + <V2a <>Za (73)

for all (z,&,y,¢) € (X x Z)2. Now we choose a maximizing sequence for ®, i.e.,
(Zn, Yn))nen € X2 and ®(2,, &, 9, C) — P*(€,() as n — co. As stated above, such
sequence must be bounded and hence, w.l.0.g., converges weakly to some (7, 7) € X2,
so that by the weak upper semicontinuity of (z,y) — ®(z,,, (),

(2,8, 5,0) + (11,€) , + (12, 0) , > liin_ilip (0, &, yn. Q) + (v1,€) , + (12, C)
=:;1£(<T>(x,€,y,§) + (v, 6), + (12, Q)
=0*(&, () + (1,&), + (12,C) , = P
So, (7.3) implies that (z, &, 7, ¢) maximizes

(I)(x>§ay>C) = é<x7§ayvc> + <V17£>Z + <V2a g)z (74)

on (X x Z)% Hence, we have shown that for every v > 0 there exist vy, €
L*(R, 1) N B(0,~) such that the corresponding function ® defined in (7.4) attains
its maximum on (X x Z)%. In view of (7.1), since Z is bounded, we may choose
so small that

o
sup® > -, for0 < pu <

; < 5 and max {||v1]|,, |lve]l,} <7
(E
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From the inequality
®(7,6,7,8) + ©(7,(,7, ) < 20(2,£,9,0),
we infer that
o(w,8) = (@, ) =l + (v + 0,€),, +0(5,0) — (@, O) — e
om0, < 20030~ 20(5,0) ~ - ((~A) (7 - 9).7 - 7)
(1P 4+ 1) = 06— % +20n, ), +2 (),
which implies

Nearte—pa -+ i

< 0(z,€) = v(7, Q) + w(z,€) —w(F,¢) + (11 — 12, € = (),
<c(|ate-a|+lg-<l,). (75)

for some C' > 0 independent of © and € (we have used the Lipschitz property of v,
w, and the boundedness of vq, 15). Noting that

2

)

(A @-p.a-7) =A@ -p)

application of Young’s inequality to the right hand side of (7.5) yields

Hiearic o] +21e-ats ot 3 fiearic -]
o €=,
hence,
Sarie-af + Sle- <o (7:6)

Now, we define the functions

or(@) = w3, O+ 5 (~A) (& — ), — ) + & (el + 1a1)

2e
(€)= 5l = Il — 01,87 — (.0,
oaly) = 0@ ) — o (=)@ )7~ ) — & (1717 + Iyl?)
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0a(Q) 1= o [IE = Iy + (0.8 + (,)

By construction, v — ¢ — 1y attains its maximum at (z,§), and w — ¢ — 1 attains
its minimum at (y, (). The derivatives are

Vii(s) =5 (—A) "z — 9) + pr,
V() =€~ - n,
Vipa(s) ==(~A) "z~ 9) - 4.
Vi) =2 (€~ ) +

and one immediately sees that @1, o € CL(X) (and, in particular, by lemmata 6.5,
6.6, 7,5 € D((—A)2)) and 1y, 1y € C'(Z). Hence, since v is a subsolution and w a
supersolution,

+ Y <1(—A) Yz —g) + pz, gk>< <5k’1>3>

+ 2”: <%(fk (k) — V1>]1>Rk {frs 95 ([ ( <§J’1>R>

— <1(—A)—1(:7: — 1) + pz, a> — L(z,wo, a)
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+i<—<§k4k>+u§,ﬂ>m<<m fio (=4)27)
+;<%(§k — ) +V§an>Rk
+sup {_ <%(—A)_1(:v —9) - uy,a> — L(g, @, a)
—zn: <%(5k: — ) + 5, ]1> <fk=“>} ‘

k=1 B

Consequently.
A0 - 0.0) < -2l =gl - |-t + |-t
+Z< =000} (Alr =) + (6 - Gut),,)
_Mz[xgk (@)~ (G 1)) + o) (5) — (G 1), )]
+3 (He-a ) o) (55 + (66,0,

(7.7)

(7.8)

(7.9)

(7.10)

£ 37 Uogi) [0 ) (50 = (G 1)g, ) + b 1 (@ - (6:1),, )]

Ry,
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-+wp{—<3—AYVw—w—wWA>—L@J%ﬂ)

ach

_Z< (& — G +u2,11>Rk <fk7a>} (7.16)
ach {_ <%(_A)_1(f — )+ pz, a> — L(Z, @, a)
(7.17)

Z< (& —G) — V1,1>Rk <fk,a>}-

We are going to estimate (7.8) to (7.15) and (7.16)+(7.17). To simplify notations,
in what follows, C' will always stand for some constant independent of €, u and vy, 15
(with norms < 7). Since

1

()@ =)o) <[ (022 - ) el
<c|-aiE-9).

NI

we get from (7.6) that

w9 < Y0 ([eaial farte- o]+ 6~ il
<c(|cata-a]+1E-<l,).

Now, (7.6) implies that the right hand side converges to zero for € | 0. Thus,
(7.8) < B(e). (7.18)

where 3 : R, — R, is some monotonic increasing function which is continuous in 0
and (0) = 0. Concerning (7.9), we split the term into

— Y[ gv) Ful®) + G, 98) fel@)]. (7.19)
and
p 37 [ 0 (G 1), + (0.06) (G 1) ] (7.20)

k=1

Now, the Cauchy Schwartz inequality implies

(7.19) < p (Z Al |\ka> (IlI” + 171%) .
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and, since Z is a bounded set,
(7.20) < Cr(llzll + 117l -
Using Young’s inequality, we can further estimate
1 3 _
(7.20) < Cud + b (2> + Ig1P) (7.21)

For (7.10), we may use (7.6) to find , similar to the estimation of (7.8), a function
[ with the same properties as before and

(7.10) < B(e).
Further, it is easy to see that
(7.11) < Clwall (12l + 1) + C el (I7l] + 1) -

Hence, if vy, vy are chosen such that ||v1]|,, ||z, < i, we can estimate as in (7.21)
to get

(7.11) < Clu+ pz) + 2 (|2 + [|7]*) - (7.22)

The space D((—A)2) is imbedded into X, so that there exists > 0, such that

N|=

loll < & [[(-a)a )

), Ve D((—A)

(one may also see that such an inequality holds by application of the reverse triangle
inequality to (4.3)) hence, from (7.22),

2

) : (7.23)

To estimate (7.12), note that (1(&, — ), ]l>Rk is bounded as ¢ | 0 by (7.6), and
that

(110 < O+ i) + ([ (-t

[N

() o (-G - )| -

Thus, by assumption on f; and (7.6),

(7.12) < B(e).
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Next, let z € X be arbitrary. Then, from lemmata 6.5, 6.6, we infer that there is a
constant C' > 0 such that H(—A)%Vgol(j)H < C, hence,

(at [Heare—p+u] )| <.

Thus, the reverse triangle inequality yields

1 1
(i) < {

C
<—z|, 7.24
. el (7.24)

+0] Il

|
n
o
S~—
|
SIS
~—~
&I
|
<
S~—

where we used (7.6) in the last step. A similar inequality holds with  replaced by
y. Using (7.24), we can now estimate

(7.13) < ¢

7 Unllz +llvellz) < Cn,

if 11,15 are chosen such that |y, < p? (w.lo.g., we assume that u < 1, because
then, the latter implies ||14]|, < p, which is what we used to derive (7.22)). Further,

(7.14) < 0,

because for every k and p € Ry, pr(p) is an element of the normal cone of the
convex set [—p, p| at & (p), and analogously for gx(p) and (x(p); hence, the convexity
inequality (&, — i, gk — Pk) r, < 0 holds pointwise almost everywhere. The term
(7.15) may be estimated by

(7.15) < Cu,

: ‘(—A)%jH are bounded (see
remark 6.8), and (7.24) holds. So, what is left is the difference of the hamiltonians,
(7.16)+(7.17). First note that

since the norms of pg,qx are bounded if H(—A)%j

[(7.16) + (TA7)| < sup { 1 |{@ + 5, 0)| +[L(Z, o, @) — L(g, o, 0)]
ac

+ (b llz 4 Mlvall 2) [{frs @)} -

By the Lipschitz continuity of L, the definition of wy and the bounds on A and v;,
the latter implies

(7.16) + (7.17)| < Cp(llzl + llgl) + ¢ (lz — gl + € = <ll,) + Cp.
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Using Young’s inequality twice, we infer that

1 3 0 _ € 1, _ _
(7.16) + (7.17)| < C(u2 + p) + Oz (| 2)* + lg]°) + C5 + % |z —7|°. (7.25)

)

and (7.25) implies

(7.16) + (7.17)] < C(u? + p) + Cp? (H A)iz

e fens

() + 57— 3l

Now we plug in all the estimates we have just collected and find

(—A)2g

o(z, &) — w(7, g--(H Az 2>+m@
(ZHng ka||> 1Z[* + 11711*)

+ O+ p?) + C? (H(—A)if

+||=a)ty

).

+cm3<W—Aﬁf

Functions of the form

with ¢ > 0 are non-positive for small ¢ > 0, and hence, we can choose 0 < i <

min {7, M#KHZ} (note that this implies ‘<V1,f>‘ 16, and similarly for vy)
such that

o(@.8) ~w(5.0) < 1

Choosing € > 0 small enough, we thus find that for the corresponding maximizer
(7,€,79,(C) of @, the inequality

holds. But then

5 o
1< 0@E5.0) <03 — u(z.C) -

N =

(2l + 171°) + (21, €) , + (2, C)
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0
<
4

by assumption on A, a contradiction.

O

At this point, we note that (7.19) may also be estimated in a different way; in
fact, to conclude the proof, it is enough to have

A
A

k=1

(@, gr) fr(Z) + (Y, gx) fr(7)] < 0. (7.26)

The following special case might be interesting.

Corollary 7.2 One can drop the assumption on \ in theorem 7.1 if g, = ci fr for
some constants c, > 0, for each k.
Proof: If fi = crgi for some ¢ > 0, then

n

(7.26) = —g Z e (91(7) + g(9)*) < 0.

k=1
|

Together, theorems 6.7 and 7.1 yield the following existence and uniqueness re-
sult.

Theorem 7.3 If assumptions (A1), (A2) hold together with

ngXVkE{l,...,n},

fr € D((—A)?2), Vk e {1,....n},

(5.1) holds,

A= max {23y lgell [ fell T}

o A C X nonempty, bounded and closed,

then the value function corresponding to the dynamic (Q) and defined by (5.4) is
the unique viscosity solution of (6.3) in the sense of definition 6.4.
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Example 7.4 Let Q C R™ be an open and bounded domain. The standard exam-
ple for an operator that generates an analytic semigroup is the Laplace operator A
defined on H}(Q) N H?(QY), which generates such a semigroup on X = L*(Q). We
may thus, e.qg., take the equation

j(t.x) - amyth/ffk we](t)dp gi() = aft, )

(07x):y0( )v (071)7

with yo € L*(0,1), Q := (0,1), a(t,z) € [-1,1], Vt > 0, Yz € [0,1], and wy(p)
admassible for F,. If

s 1, if [z -1 <L
ful) = { 0, else,
then fr :=n <fk * 77%> 15 smooth and has support inside [%, %] Applied to y, i.e.,

= [ oty = [ (orng) @wte.oyin

n

this might be seen as some approximation of the mean value of y(t,-) on [%, %]

Choosing g, = ]l(zc L k) , the operator F' may thus be interpreted as a sort of smeared
constitutive law. Rewmtmg the play operator with the formula Id = F, + &,, one
gets an example for problem (Q). To build an admissible control pmblem one might

define, for example, the functional

L(y,w,a) := (/Oly(x)zclﬂf>é + (i /01 wk(p)2dp>§,

which is a norm on L*(0,1) x (L*(0,1)"), and thus has the Lipschitz property (5.1)
by the triangle inequality. Defining the value function as usual, we may thus apply
theorem 7.3, if X is chosen to be large enough; in this example, by remark 4.4, ' <1,
and

QZHgk”L?Ol) ||fk’||L2 0,1) SQ \/5—271

Hence, we might choose A > 2n.
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8 A convergence theorem

Example 7.4 shows that with the type of viscosity solution introduced in section 6,
we can only handle a finite number of hysteresis elements. However, one may ask
whether the solutions of the dynamic converge. This would be plausible as we have
taken mean values on small sets which usually gives good discrete approximations of
nondiscrete processes. But, as we will see, the question is not easy to answer. The
candidate for the limit problem must be regular enough to define hysteresis point-
wise at almost every x € €, i.e., we should at least have regularity L*(2; C[0,T])
for solutions. We can not expect that for general initial values in L?*(2) and gen-
eral controls in L?(Q2 x [0,7])! We merely have the significantly weaker continuity
C(0,T; L*(2)) guaranteed in this case, i.e., for mild solutions to initial values just in
L?(2). We will thus restrict ourselves to more regular initial values. Moreover, we
will have to connect the pointwise viewpoint (limit must define hysteresis for almost
every = € ) and the global viewpoint of semigroup theory.

8.1 The function space L*(Q; H?(0,T))
Let >0 and 0 < 6 < 1. The space H%(0,T) is defined by
HO(0,T) = {u € L*(0,T) : w e L2((0,T) x (O,T))} . (8.1)
t—s| "2

This is a special case of so called fractional Sobolev Spaces (sometimes also called
Slobodeckij Spaces). Endowed with the natural norm

T |t 3
[ull ooy = (/ ) dt+/ / Ju( 1+20| dtds | (8.2)

this is an intermediate Banach space (actually Hilbert space) between L?(0,T) and
H'(0,T), see e.g. [31, page 5,ff.]. The term

(W] oo = </ /T [u(7) me‘ dtds)é (8.3)

is called Gagliardo seminorm of u. There are various Sobolev type inequalities
for Slobodeckij spaces, which can be seen as refined versions of the classical Sobolev
imbedding theorem. For example, theorem 8.2 of [31] implies the following:

Theorem 8.1 [f% < 0 < 1, then there exists C > 0 depending on 6 and T, such
that

[ llcoapr) < Clllmoor) (8.4)
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8. A CONVERGENCE THEOREM

for every f € L*(0,T), where o :=60 — 1.

From theorem 8.1, we get that H%(0,T) — C[0,T], because [fllepr < 1 lcoaom
by definition of the Holder norms. Unfortunately, we couldn’t find a reference where
explicit embedding constants are given. However, there is an easy way to give

estimates for the constants’ dependence on the length of the interval. To this end,
let Ty > 0 and Crp, such that (8.4) is fulfilled with 7" replaced by Tj.

g—1
Theorem 8.2 For every T > Ty, Cr = Cr, (%) ’ fulfills
1 fllcor < Crll fllgory . Vf € H°(0,T).
Further, for every 0 <T < Tp, Cp :=Crp, (TO) fulfills

1 fllcor < Crll fllgory . Vf € H’(0,T).

Proof: Let C7 > 0 denote the smallest constant for which || f|] cor < COr Il HO(0.7)
holds for all f, i.e.,

f
e wp Moo

senoor), 520 1f Loy

Let 7 > 0. There is a one-to-one correspondence between functions defined on (0, 7T")
and functions defined on (0,7 + 7) through the transformation

Then it holds

T+
Flleam = |7 ()

Further, the transformation theorem for integrals yields

_ T T 2 T Tr "
1= [ (£ (55s) ) s = 2 [ 000 ar= 2

and
f(s
= [ [ O IO
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8. A CONVERGENCE THEOREM

T+7r pTHT - f(?})|2
(T+T) / / \ﬂ —

T+t
T
- (T+T> [f]z,T+T

Hence, if p := T+ , then

1
2

170y = (11 om0 i

— 2 _
< (Ml » 11220 m) + 1 29[f]3,T+T)

1_
=p2~° ||f||H9(0,T+T) )

1
2

since()<,u<1and%<9<1. But then

1l
Cr.r = sup —— 20T+
" 1/ Wl 170 0,74
g1
< sup ”f“COT]M C’T<T;LT) 27
1£1100,79

as claimed. The second inequality follows with 7 < 0, since then p > 1 so that

||f||H9(0T HfHH“’(O T+7) "

O

Now, in a canonical way, we define the spaces of functions L2(2; H%(0,T)) and
H%(0,T; L*(Q)) with corresponding norms

1
THU — u(s)]1 720 :
()
el o 0.7, 12(00) (/ [Jult HL2 dt+/ / VIR dtds |
lull 2010 0,7 (/ Ju(z ||H9 0,T) dl')

In fact, the two spaces are equal.

Proposition 8.3 The Hilbert spaces L*(2; H?(0,T)) and H®(0,T; L?(Q)) coincide.

Proof: By Pettis’ theorem (see, e.g.,[32, page 131]), noting that H?(0,T') is separable,
weak and strong measurability coincide. Hence, L?(Q2; H?(0,T)) is equal to the space
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8. A CONVERGENCE THEOREM

of all L?(Q2x (0,T')) functions, for which [ 20170 (0.1)) 18 finite. Now, using Fubini’s
theorem, one easily sees that
||u||H9(0,T;L2(Q)) = ||u|lL2(Q;H9(0,T))7

for every u € L*(Q x (0,T)) for which at least one of the two norms is finite. This
concludes the proof.
0

Proposition 8.3 can be useful when one needs to switch between the viewpoints
of space and time variables. We collect some further useful properties of special
function spaces in the following lemma.

Lemma 8.4
(i) L*(Q;C[0,T]) — C(0,T; L*(Q)), and
lulleorzzy < Null2@oqomm - ¥ u € L¥(9:C[0,T)).

(it) Let C be an embedding constant for H?(0,T) < C[0,T], 3+ <8 < 1. Then for
all w € L*(Q; HY(0,T)),

lull z2.cromy < C llull p2@.mo0,m)) -

Proof: (i) The space Cp(0,T; L*(€2)) of continuous and piecewise linear functions
on [0,7] with values in L*(Q) is dense in both C(0,T;L*(Q)) (lemma 2.23) and
L2(92; C[0,T]): By definition of Bochner spaces, we can approximate every function
in L?(Q; C[0,T7) by simple functions, i.e. functions of the form

ug(a,t) = 3 xa, (@) feld),

where each f, € C[0,T]. But those f; can again be approximated by functions in
Cpi(0,T). Doing this for each k and putting together those approximations on €,
one gets a function in Cy(0,T; L*(€2)) that is a good approximation of the original
L*(Q; C[0, T))-function.

As a second step, notice that for every function u € Cy, (0, T; L*(Q2)),

1
2
2
lollrazan = s ([ a0 de)” = max )

te[0,T
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([ ()’ a) = (f (s i) )

= HUHL2(Q;C[0,T]) :

But then, if a sequence of Cp(0,7; L*(2)) functions is a Cauchy sequence w.r.t.
[ 2 (000,77 1t 18 also Cauchy w.r.t. ||| 7.12(q)), and the claim follows by density
of Cp(0,T; L*()).

(i) Again we use approximation by simple functions. For such function wug, we get

2 2
HUSHLQ(Q;C[O,T]) = Z €% kaHC[O,T]
k=1

2
< Z || C? kaHHG(o,T)

k=1
2
=C? HusHm(Q;HG(o,T)) J

and the result follows.

O
As an application of proposition 8.3 and lemma 8.4, suppose that an operator F' :
C10,T) — C[0,T] is Lipschitz continuous (with Lipschitz constant L > 0). Then
(denoting X := L?(Q) to shorten notations),
1E(1.(8) = F(2(0))llx <1 w) = F2)lleorx
<|[[F(y1) - F(y2)||L2(Q;C[O,T])
<Ll|ly1 — yzHLZ(Q;C[o,T])
<CL |y — y2||L2(Q;H9(O,T))
=CL |y — y2||H9(0,T;X) )

if 1 <60 < 1. As the first expression appears in the definition of [l o 0.7,x): this
can be useful when one is looking for contraction mappings in some setting.

8.2 Further properties of solutions and the corresponding
solution operator
We make the following convention:

Definition 8.5 For the rest of section 8, it will be assumed that X = L*(2), where
Q C R", as usual, is some open, bounded domain with smooth boundary. The
corresponding norm will again be denoted by ||-||. 0
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Now we can give some further properties of solutions of the dynamical system.

Proposition 8.6 Let T' > 0 and y denote the solution of equation (4.6), which
exists according to theorem 4.1. If y(0) = x € D((—A)) for some 0 < ¢ < 1, then
it holds that y € H?(0,T; D((—A))) for all parameters 0,7, such that 0 < v < ¢,
0<f<l—7ny and9<€—7+%.

Proof: According to theorem 4.1, y € C(0,7; X), so that there exists C' > 0 (de-
pending on T') such that

IF(y)@)) < C, vViteloT]. (8.5)
Recalling that y solves the integral equation

y(t) = e+ /0 et=m)A EO&(T) — F(y(T)))/dT,
—f(7)

since « is also assumed to be bounded, y € C(0,7;D((—A)7)) for every v <
min {¢, 1}, which implies y € L*(0,7; D((—A)")). Hence, we only need to check
whether

dsdt < 0.

/T /T I(=A)y(t) = (=A)y(s)|I”
o Jo |t

o S|1+29

By definition, we get that

1(=A4)y(®) = (=A)y(s)ll < (e — ) (—A)a]] (8.6)
+ /mm{t’s} H(_A)’y (e(max{t,s}fT)A . e(min{t,s}f‘r)A) f(T)H dr (87)
max{t,s}
+ / (= Ayretmxtts}=n4 £ () | dr. (8.8)
min{¢,s}

Next, we use the properties of the semigroup we collected in section 4.1 to estimate
the right hand side of the latter inequality. We start with the right hand side of
(8.6). Thanks to (4.3) and (4.2), if ¢ < v + f,
H(etA . esA)(_A)'ny _ || (e(max{s,t}—min{s,t})A . ]) emin{s,t}A(_A)'yx”
SNB |t . S|5 H(_A)Bemln{t,s}A(_A)'yIH
<My N |t — s|” min {t,s}"7777 || (= A)z] .
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So if we choose 3 € (0, 5 1 +¢e — 1), then the integral

(e = ) (A=’
/ / [t — s bt (8.9)

< M3__Nj||(-A)=| / / s min {t, s} dsdt < .

Next we estimate (8.7). Again, we use estimates (4.3) and (4.2), followed by (8.5),
to get
min{t,s}
(8.7) <N;MyC' |t — 5| / (min {£, 5} — 1) dr
0
}1—5—”/
—B=v
for all g € (0,1 — fy). Thus, if we choose € (6,1 — 7), it follows that

/ / |t 1+29 dt

t
:N5M50|t 8|B mlﬂ{

o (8.10)
pMp 28-20—1 _ . 2-28-2y
< -5 min {t, s dsdt < oo.
(1_5 ) et
Finally, we need to estimate (8.8). We use (4.2) and (8.5) to derive that

CcM

8.8) < — |t — s,
(8.8) 1_7! |

and thus, since we assumed 6 + v < 1,

/ / H%d sdt < O/ / — 520 < o, (8.11)

This completes the proof.

O

Our goal is now to derive some continuity result for the solution operator corre-
sponding to problem (P), i.c., the operator which maps initial values xz € L*(Q2),
¢ € f(z) — Z to the function y defined by

y(t) = M + / =94 <a<s> =S Rlfily): &](s)gk) ds,

where we now assume in addition the following assumptions (A3):
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o for all 1 < k < n, gr = xx are characteristic functions corresponding to
pairwise disjoint subsets €2, C 2.

oforalllgkgn,fk:mxk.

e A=A, the Laplace operator with D(A) = H(Q2) N H*(Q).

O

To get a result in a useful form concerning convergence to our original problem, we
need some more preparing results.

Lemma 8.7 LetT > 0, A be the generator of an analytic semigroup on some Hilbert
space X and z denote the mild solution of

2(t) = Az(t), t € (0,T),
2(0) = zo.

Then, for alle >0 and n € N,
ze C®e,T;X)NC(e, T; D(A)).

Proof: Existence and uniqueness of the mild solution are standard and can be found,
e.g., in [25], as well as the formula

2(t) = ez
for the solution (here, as usual, et denotes the corresponding operator semigroup,

which has all the properties stated in section 4.1). Now, if ¢ > 0, then

d"z o
%(t) = AnetAZO,
and Anetd € L(X). Moreover, let w.lo.g. t > s > ¢ > 0; then,

H <An€t14 o AnesA> ZOH < HA”QEA ‘ H (e(t—a)A . 6(5—5)A> ZUH N O,

if |t — s| — 0. Thus, the result follows.
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Applying lemma 8.7 to our special case, this yields that for every k£ and ¢ > 0,
ye(t) == e xp € D(A™) € H™(Q), (8.12)

for all n € N. With [24, page 270, theorem 6], we thus get, in particular (recall that
0f) is assumed to be smooth)

yi(t) € C*(Q),

for all ¢ > 0. Green’s formula [24, page 628, theorem 3] thus yields

d
— | yp(t,z)dx = / Uk(t, z)dx = / Ay(t, z)dx = Vyi(t, z) - 1i(x)dz,
dt Jq Q Q o0

where 7i(z) denotes the outer unit normal vector at = € 9. Thus, if the latter is
nonpositive, this implies

d
— [ yk(t,z)dz <0, (8.13)
dt Jg

and hence, by continuity of ¢ — [, y(t, z)dz, this would yield

/ka(t,x)dxg /ka(O,x)dx, (8.14)

for every t > 0. The former computation will finish the proof of the following
proposition.

Proposition 8.8 Inequality (8.14) is valid for allt > 0 and all k.

Proof: We still have to show that (8.13) holds for ¢ > 0. To do so, we introduce an
approximation y;' of y; via the equation

gr(t) = Ayg(t), t>0,  yr(0) = Xy,
such that the sequence of initial values x} fulfills
(1) X% — xx in L*(R2) as n — oo,
(2) xp € Ce(Q) for all n € N,
(3) x¢ > 01in .
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The corresponding (mild) solution must then particularly be a classical solution,
hence, the strong maximum principle [24, page 54, theorem 4] for the heat equation
holds. As we have chosen Dirichlet boundary conditions, the maximum respectively
minimum values of ¥} must be attained only for ¢ = 0, so that (3) implies y(¢,z) > 0
for all (¢, z). Further, (1) implies y;} — y;, in C(0,7; X) as n — oc:
et = e el < [l 11k = xull === 0.

But then we must have y (¢, z) > 0 for every ¢t > 0 and almost every = € . Since
lemma 8.7 tells us that yi(t) € C'(Q) for ¢ > 0, the directional derivative at the
boundary must be nonpositive, i.e., Vyi(t) - 7 < 0. This completes the proof.

O

Now we are ready to prove an inequality, which will play a role in the main theorem
of this section.

Proposition 8.9 Let yi,y be, respectively, the solutions to problem (P) (under
assumption (A3)) corresponding to initial values (y?,€) and (y9,¢), and such that
), y8 € D((—A)F) for some e > 0. Then,

n 2

Z (Pl fe(y1); &kl(s) = Pelfr(y2): Gl(s)) € i

k=1

<|ly1 — y2||iz(g;o[o,s}) + Z || /R [&k(p) — Ck(p)|2 dp(p)-
k=1 k

Proof: We shorten notations by defining

A (t, x) =e .
Pr(8) =Prlfr(v1); &) () — Pelfe(y2); Cel(s).

Since 0 < > Ak(0,+) < 1, by the same arguments as used in the proof of propo-
sition 8.8, it must hold that for every t,

= Z Ak (t, ) € [0, 1], for almost all z € €.

Let (t,z) be such that A(¢,x) € (0,1]; then we can apply the discrete version of
Jensen’s inequality, to derive

I(t,s,x) <Zpk )\ktx) =A(t, z)? (Zpk L )2

7
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< Zpk(s)Q)\ t,x
k=1

Else, if A(t,z) = 0, then A\i(t,2) = 0 for every k, and the inequality holds, too.
Hence, it is valid for (almost) every = € . But then, using proposition 8.8,

/Q](t, s, x)dx SZpk(s)Z/)\k(t,x)dx
<Zpk //\k: 0 ZL’)d
—Zpk 2| Q] - (8.15)

Now we use the Lipschitz type property of the hysteresis part to estimate

o) < [ max {1 = )l 16606) = Gulo) } din(o).

Introducing characteristic functions through

1,(p) :{ Lot [fi(yr — 2)leo.g > 1€e(p) — Crlp)]

0, else,
12 :1 - ]].1,

this may also be written as

pr(s)] < /R Li(p) | fr(y1 — y2)lcp,q + 12(p) 1€k (p) — Gulp)| diuw(p).-

Recalling that py is, by definition, a probability measure on Ry, the probabilistic
version of Jensen’s inequality yields

I < ([ 000 1l = e+ 12(6) 6606) = G0 o))
S/R (11(/)) |fe(ur = y2)l o, + L2(p) [€6(p) — Ck(p)|>2duk(p)
~ [ Bt = )+ 1200) ) — G0 i)
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< 1Sl — 1) B0 + /R &) — Ge(o)? duap).

Hence,

/Qf(t, s,x)dr < Z | | fe(yr — y2)|é[0,8]
+ Z %] | 160) = o) (o)

By proposition 8.6 and lemma 8.4, yi,y» € L*(2;C0, s]). Recall now that by as-
sumption (A3), fr = ﬁXk, so that the integral version of Jensen’s inequality implies

;

n

SLATIOEENES ST ECER

1 T€[0,s]

dr \°
< Q —
Z| I ([ () =t

2
<Z [, (s )~ ) o

< ||y1 - ysz(Q;C[o,s}) :

/ \(7.2) — (., 2)da

We note that the last inequality becomes an equality if U}_,€, = €.

Remark 8.10 Assumptions (A3) may be weakened to assumption (A3’):

e for all 1 < k < n, g = xx are characteristic functions corresponding to
pairwise disjoint subsets €y, C ).

o foralll <k <n, fk::ﬁXk-
o A generates an analytic semigroup of contractions on X = L?(Q).

In fact, the more classical argumentation of proposition 8.8 can be avoided, if one
recognizes that

n

Z (Pelfr(y1); €l (s) = Pelfu(v2); Gl (5)) € g

k=1
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n

<\ (Pulfu(wn); &l(s) = Prlfs(v2); Gil(5)) g
k=1
because e is a semigroup of contractions. Then, using the special form of the

functions g = xx, one can directly get inequality (8.15), and can thus avoid the
application of classical results such as Green’s formula or the mazimum principle.

O

Next, we will proof a stability result for regular initial values, which will enable us
later to take the limit n — oo on bounded intervals [0, 7).

Theorem 8.11 Let ¢, T > 0, y1,y2 denote solutions to equation (4.6) under as-
sumptions (A1) and (A3’) corresponding to initial values (x,€), (z,(), and such that
x € D((—A)°) as well as z € D((—A)). Further, assume that there exist constants
c1,02 >0 and §(§,C), such that

1E(y1)(s) = Flu2)()N” < exllyn = wellz2icqo. + c20(6 O
Then, for every 1 < 0 < e+ 3 there is a constant C = C(T,0) such that
lyr = g2l go.r) < C =A@ = 2)II” + CO(€, )

Proof: By proposition 8.6, y1,y» € H?(0,T; X) for § < ¢ + % Since in the following,
we want to apply lemma 8.4, we have to restrict ourselves further to 6 > % So, let
% <fO<e+ % and t € (0,7]. To indicate the dependence on &, ¢, we will write here

F(y, €)(s) ==Y Pl fu(y1); &) (5)gr,

F(ya, O)(s) = Y Pl fr(92); Go) () k-

k=1

Further, we introduce the abbreviations 0F'(s) := F(y1,&)(s) — F(y2,()(s) and 0y :=
y1 — yo. Now, note that for s € [0, 1],

yi(s) — y2(s) = eAw — 2) + / A (P, C)(7) — F(y, €)(1)) dr.

Thus, using standard arguments (esp. Young’s inequality), we can derive an estimate
of the form

2
Hyl - y2HH9(o,t;X)
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t
< 2/ e (z — z)||2ds (8.16)
0
t s 2
+2 / ( / e (F (g, () () - F(yh@m)uczf) ds (8.17)
0 \Jo
t ot rA _ _sA o 2
+4/ / (e = )l(f;g A 4ras (8.18)
o Jo |r — s
- (fomin{r,s} H (e(max{r,s}—T)A _ 6(min{r,s}—T)A) 5F<T>H d7—>2
+4/ / o drds (8.19)
o Jo |1 — s
2
o g (st |etmaxtrad =4 (g, €)(r) — Flye, (7)) dr )
44 / / . drds. (8.20)
o Jo r—s

We are going to estimate each of the terms on the right hand side of the inequality,
with very similar argumentations as in the proof of proposition 8.6. The first term
is easy to handle, we get, e.g., since the semigroup is in particular a contraction
semigroup,

2/0 HeSA(:)s — Z)H2ds <2tz — z|*.

By assumption, we can write down an estimation of the second term, as

ot (19911 32(pcro +9(6:)?)

where ¢ > 0 only depends on ¢y, cy. In order to get a good estimation of the third
term, we will use properties (4.2) and (4.3) of our semigroup, in the way we did in
the proof of proposition 8.6. Since it is exactly the same calculation, we will drop it
here; one finds that for some constant ¢ = ¢(t, ) (which goes to zero as t | 0):

(8.18) < ¢l (=A)(z — 2)|”

The fourth term can be estimated as follows: we use properties (4.2), (4.3) and the
semigroup property to derive

e(max{r,s}f‘r)A . e(min{r,s}f‘r)A SF(r
1t (7))
< &lr— s|* (min {r, s} — 1) e @RI g E (7))

with a € (6,1). Since

a a oo
/ (a—71) el dr = / % Y dr < / % dr < oo,
0 0 0
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for every a > 0, there exists some function ¢ which grows slower than linear for large
s (but is still integrable over every interval of the form (0,7")), such that

(8.19) S/O c(s) (”yl - y2H2L?(Q;C[0,s]) + (&, C)z) ds
t
S/O &(s)ds <||y1 = w2llix@cpg + 96 O2> '

We note that ¢ is actually some function in s, ¢ and explicitly given via

t
(s, t) == 6/ Ir— s dr,
0

so that

is superlinear in ¢. Next, we estimate (8.20). By assumption,

2 2
(820) < S/t /t ||y1 - y2||L2(Q;C[O,max{r,s}}) + 5(57 C) drds (821)

|7ﬂ _ 8|2971

Now, for some continuous nonnegative function f, it holds that

WA= e = L W
<[ [ d‘”//!r—
:2/O/Omdrds.

Applying this to (8.21) with f = [ly1 — ya| 12(q.c 0, Yields

(8:20) <16C(t) [ly1 — y2ll72(0c10,0) + 8C(DI(E, O)*.

So, inserting all five estimates, we get that, for some superlinear continuous function

c),
16yl 00,15y <2t Il — 21 + e(t, €) [(=A)* (& — 2)|

= 8.22
€00 (56,02 + 1oy ) &2
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According to lemma 8.4, proposition 8.3 and theorem 8.2, there exists some constant
C'r such that

&

||y||L2(Q;C[O7s]) < ||?/||H9(073;X)

N|=

S

for every s € (0,7). Hence, from this and (8.22) we can derive

169110 0., <2¢ [l — 22 + C(1) (| (=AY (& — 2> + 5(£, ¢)?)

c()

2
+ T ||5y||H0(o,t;X) :

Since C(t) is superlinear, C(t)/t tends to zero as t | 0. Thus, there is 7 € (0,7],
such that C(t)/t < 3 for all ¢ € (0,7], which implies that there is some constant
C > 0, such that

16y 1170 0,655) < 109l 710 (0,7:x) < C (= 21" + I(=A)* (2 — 2)|I* + 6(&,0)?)

for every t € (0,7]. Our goal is now to get another estimate, where we can use the
first part of theorem 8.2. To this end, let ¢ > 7. If we do not use [|6y||;2(0.cp0.) <
109l 2(.010.9) IR Our estimations, we arrive at
16Y[1 0 0.x) < C@) (Il = 211* + [[(=A)* (= = 2)[I* + 6(£, Q)%)
t ) (8.23)
= [ 1(6) Bl

with some continuous function C' and an integrable map x. Further,
t T
2 2
/O K(s) H(SyHLQ(Q;C[O,s]) ds _/0 k() H5ZJHL2(Q;C[0,S]) ds
t
N O
and, with lemma 8.4, theorem 8.1,
T t
2 2
| 18010y 05 < [ (61 1601t
< CC?—/ r(s)ds ([|lz = 2" + (= A) (z = 2)[* +6(£,¢)°)
0
as well as (cf., theorem 8.2)
' 2 ' 0 2
/ K(s) HéyHLQ(Q;C[O,s]) ds < / “(5)0352 - ||5y||H9(o,s;X) ds.
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Altogether, we thus infer from (8.23),
16yl 70 0.x) < K@) (llz = 2l + 1(=A)*(z = 2)[I* + 8(£,0)*)

t
4 / B(5) O 0o 0.y 5.

Applying Gronwall’s lemma to the function f: [7,7] — Ry, t — ||5y||§19(0,t;x) then
yields the result.

8.3 Convergence of solutions of problems (P), (P’)

In this section we show some applications of theorem 8.11. We will restrict the
discussion to the case where each Ry is an interval, though.

To define “starting curves” for our hysteresis operators pointwise for almost every
x € Q, we introduce the function space

H:= L*(Q; L*(R.,pn)) (8.24)

consisting of all measurable functions f for which f(z)(-) € L*(R,, p,) for almost
every x € (). More precisely:

Definition 8.12 Let Q C R™ be an open, bounded domain, and R', R?> € L>®(Q)
such that 0 < R* < R? (almost) everywhere. For every x € Q, let ji, be a probability
measure on the interval R, = (R'(x), R*(x)) which is absolutely continuous w.r.t.
the Lebesgue measure on R, i.e., there exists some function h, : R, — R, such

that le (p)dp =1 and p, = h dL for every x € Q; in addition, we assume that
h.(-) > O Then we define

O ={(z,r) |reQandr € R, },
H :={¢: Q" — R measurable},

and H 1s equipped with the norm

el = (/ [ pinato das) (/ [ o ()dpd:r>l

Since R', R* € L>=(Q), we may w.l.o.g. assume that R'(x) < R*(z) < HRZHLoo(Q)
holds for all x € ). Then H can be identified with some closed subspace of some
Hilbert space, and is thus itself a Hilbert space.

O
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Proposition 8.13 Let h denote the measurable function

> { he(p), if (z,p) € O,

. ) .
h:Qx[0,||R = Ry, hlz,p) =1 else,

e 0]
and define a measure fi on Q = Q x [0, | R?|| oo (o) through dji = hdl. If h. €
L>(Q), then H := LQ(Q, izdﬁ) is a Hilbert space, and the closed subspace

HS::{£€H|$:0onQ\Q*}

18 1sometrically isomorphic to H.

Proof: It is easy to see that H is a Hilbert space with scalar product

(€.C)y = /Q echdc,

as the positivity of the measure implies that the space is a Banach space. It is also
clear that the limit of every sequence in H, that is convergent in H will belong to the
equivalence class of functions which are zero almost everywhere in O \ Q% thus, H;
is a closed subspace of H. Further, by continuation of functions in H by zero, one
gets some element of H,, and restriction of some function in H; to the set 0* yields
an element of H. As this mapping is bijectiv and isometric, the proof is complete.

O

Now, due to proposition 8.13, we can define what we mean when we talk about
convergence of some sequence &, in H converging to some element of H:

Definition 8.14 We say that some sequence (&,), C H converges to some element
& e H, if &, converges in H to the continuation

é ~f §on O,
T 0on Q\ O,

of & Further, we consider sequences of densities (hy)n, similarly defining spaces
H,, resp. Hy = L*(Q, hndL). Let us assume that h € L*(Q). We say that such a
sequence of densities converges to h, if the sequence of continuations (hy) is bounded

N

in L>=(Q) and converges to h in L'(2).

O

Remark 8.15 (i) With those definitions, it holds that ho — b in LP(Q) for every
p € [1,00) (by dominated convergence).
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(i) & = Ein H =& — ¢ m?—l<:>£n—>£ in L2(Q).
Proof: Assume first that &, — € in L2(Q). Then

S

as n — 0o. Now, assume that én — é i H. Then, since h > 0, it is necessary
that there exists a subsequence fnk which converges pointwise a.e. in Q to 5

~ ~

fn_g

2
~ 4l 2o

— 0,

)€n

By dommated convergence and uniform boundedness, we thus get Snk — 5 m
LP(Q) for all p € [1,00). As we can always extract such a subsequence, the
result follows.

O

Since we can view step functions Y, _, xx& as restrictions of some step function in
‘H,,, we thus can give meaning to convergence of terms such as

> 1] . 1€4(p) = Ge()I” dpan ()

k=1

which appeared in theorem 8.9. Having this in mind, we can proof a convergence
theorem for the solutions of problem (P). As we used initial values of the play
operator there, we have to reformulate the result if we want to work with the spaces
we have just introduced. To do so, we add the definitions

Foly: & == Foly;y(0) = €], Puly; &l = [ Foly;y(0) — &ldpu,

Ry

i.e., we give the initial values implicitly via the formula 7, = I — &,. To highlight
the different notations, we will refer to this as problem (P’).

Corollary 8.16 (Reformulation of proposition 8.9, remark 8.10) Let y1,ys
denote solutions to problem (P’) corresponding to initial values (32,€), (y3,¢) €
D((—A)®) x H,,, where ¢ > 0 and H, is determined through the density (step-)

function Y, _, xxhi(p). Then

n

Z (Pk[fk(yl)Jfk](S) - Pk[fk(%)% Ck](s)) Ik

k=1

2 2 - )
< llvr = welli2 0. + 2 [|v1 — 48] +2Z!Qk|/R 16(p) = Ck(p)I dpui(p)
k=1 k

2

<3y — walliz o) T2 M\/R 16(p) — Celp)I” dpar(p).
k=1 k
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Proof: Since py are probability measures, it holds

>l / 1 (0) — €(p) — Fiya(0)) + Gu(p) ()

<22|Qk| (i1 (0) +zz|szk|/ 6(0) — o) dpup).

From Jensen’s inequality, we derive that (denoting dy := y1(0) — y2(0))

dLl dr
([ oL
i, 09) Yl Al

so that the first inequality follows. The second one is obvious.

|

Lemma 8.17 Assume 6 > %, v > 0 and that there exists 0 < s < % such that
D((—A)Y) < H*(Q)). Then

HY(0,T; D((~A4)")) — LI(C[0, T]),
for all g € [1, 2], where Q C R™.
Proof: By definition, for y € H?(0,T; D((—A)?)), it must hold that y(t) € D((—A)")
for a.e. t € [0,T]. Thus, if C' is the imbedding constant for D((—A)") < H*(Q2), by
definition of the corresponding norms,

191l 5o 0,758 (2)) < C MYl o 075D (=) »

hence, HY(0,T; D((—A)")) — H?(0,T; H*(Q2)). Next, from Fubini’s theorem, we
infer that HY(0,T; H*(Q2)) = H*(Q; H(0,T)). Since HY(0,T) < C|[0,T], we also
get H*(Q; H9(0,T)) — H*(;C[0,T]). Then, for any function y € H*(Q; C[0,T]), it
must hold that [[y(-)|/¢(o 7 is an element of H*(€2). Hence, applying [31, theorem 6.7]
to this function yields H*(2; C[0,T]) < L1(2; C[0,T]) for the stated values of ¢. In
particular, the above chain of continuous imbeddings proves the claim.

O

Theorem 8.18 Let (:zrn,én)n be a sequence of initial values for problem (P’) un-
der assumption (A3’), which converges in D((—A)%) x L*(Q) to (x,€), and define
functions y,, Yy, to be the solutions of

yn(t) = etA$n+/0te ( Z .F [fe(yn); €5 (p )](s)izk(s)gkdp> ds,
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0

Jn(t) = e“‘x+/ elt=94 (a(s) —/R Fol > xue(@n); G ) (), )dp> ds.

Further, assume that for every v > 0 there exists v > 0 such that D((—A)7) —
H"(Q), and that

Z X (0)Xkhi(p) = xR h Z Xk (p) ,P);

as n — 00, pointwise almost everywhere. Then, with

d —Z Tl €0 )](5)h(5)gedp

- /R E[Zxkfk@m;5(-,p>1<s>iz<-,p>dp,
it holds

1
2 — 12
[ #i2 < el = lfncon o (+).

where ¢ > 0 and w is a continuous nonnegative function with w(0) = 0.

Proof: First note that g, is well defined, because we may view the right hand side as
one Lipschitz continuous function operating on the whole domain €2; in this sense,

theorem 4.1 is applicable. Let now I := [0, | R2|| (Q)]. We may rewrite the first

term in d as

dy = Zka )xrF [Zkak Yn); Zxké* ] hi(p)dp,

I =1

and the second term as

dy = / X (p)F, [Z xkfkwn);é(-,p)] ()h(-, p)dp.
I k=1

Then, introducing the notation

fi:= [Z XS (Y ); ZXkéZ(P)] (),

k=1 k=1
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f2 = ]_:p [Z kak(yn)aé(ap)] (S),

we have

/ZXRk WXkSrh(p) = Xk (p) f2h(-, p)dp.

I p—1

Thus, a.e. in €2, it holds

n

/IZXRk( XkSrh(p)=xr (p) f1h(: )+ xR (P) Frh(-, p) = xR (p) f2h(-, p)dp

/fl [ZXRk )Xkhi(p) = xr.(p)D(-,p) | dp
+ / x (P p) s — fo] dp

We need to estimate the L?(£2) norm of this expression. With the abbreviations

p = ZXRk Wrhi(p) = xr (0h(p),  p2 = xr (9)h(:, p),
we have to estimate

Il = / ff,u%dﬁ, IQ = / ,u% [fl — f2]2d£
Q Q

We start with I;. From Holder’s inequality, we infer that

) ‘ 1 1
I < (/ |f1|2”d£) (/ |u1|2qd£) : -+-=1, pg>1
Q a P oq

Note that pointwise a.e.,

Il < 2SUP

Z Xk S (Un(t
Z Xk S (Yn(t

Z XkEE(p

2p

Z Xk (p)

= P < 2% (22p sup

"
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and that

/sup
Ot

2p

a t

> Xefelya(t))

AL < [ sy el (@) dL
k=1
<> [ adzsuw| o 0)”
k=17 t
- Xk
=3 1] 9 sup /Q—yn(t)d/j
ot i |Ja 1%l

L dLl
< 1] 12| su / (P =
;| | 1€2% ] 1p Qk\y()l N

2
< |1 Hyn||Lp2p(Q;C[0,T]) )

2p

which is bounded by lemma 8.17 and proposition 8.6 if p > 1 is small enough. Since
by assumption, pu; — 0 as n — oo in Ll(Q), the uniform boundedness implies then
that gy — 0 in Lq(Q) for every ¢ € [1,00); thus choosing ¢ large enough, p becomes
small enough. This shows that Iy — 0 as n — co. Next, we estimate [,. Thanks to

~

the uniform boundedness assumption, ps € L>(£2). Hence, for some ¢ > 0,

IQ S C/Q [fl - fQ]QdL

Using the Lipschitz continuity of ]:"p, we see that except for some multiplicative
constant, I, is estimated by

/sup
Ot

Further,

2

D FelynO)xn = Fe@n®)xe| + | Y xaéh(p) =& p)| dL.

2

n

k=1

<11 swp [ Jyalt) — g dL

=1 ¢ Y%

_ 2
<|I[lyn — ynHL?(Q;C[O,s]) )
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and

2

D xkén(p) = &(,p)| dL— 0,

k=1

1412/
Q

as n — 00, because of our assumptions and Lebesgue’s theorem of dominated con-
vergence. Hence, summing up /; and I, to some w(%), this proves the claim.

Remark 8.19 Under assumption (A3), as remarked in [7, page 4], it holds

H?(Q) ifo<@ <!
D(( A))—{ ([t e H¥(Q): 2=00ndQ}, if+<f<1,

so that an embedding of the type assumed in theorem 8.18 always exists in this case.

O

For the proof of the desired convergence result, we still need a general approximation
result for special types of step functions.

Lemma 8.20 Let y € L*(;C[0,T]) and let {Q : ke {1,...,n}}, be a sequence
of decompositions of the domain €0 such that

e cach 2} is a measurable subset of 2,
o PNQOL ={} forall j #Fk,
e maxi<<, |QF — 0 as n — oo.

Then

n

1
k=1 k1 Jy

in L?($; C[0,T]), as n — oo.

Proof: There is a sequence (2, )men of functions such that z,, € C(Q x [0,77]) for all
m and z,, — y in L*(Q;C[0,T]), as m — oo. This can be seen, e.g., by density of
Cp(0,T; X) functions in L*(Q; C[0,T7]) (cf. proof of lemma 8.4). Moreover, if z €
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C(Q x [0,T]) and €2}, is a sequence of subsets of €} such that Nyen 2, = 2o € €,
then

! 2(+, x)dr — z(+, xg)

Z(n)

‘ Qn

k(n) C[O ]

/ — 2(t, zo)| dz (8:25)
]

< sup

sup |2(t, ) — 2(t, 20)| =230,
t llz—z0||<diam(Q2} Rn ))

due to the uniform continuity of z on Q x [0,7]. Hence, denoting z,,,(t,z) =
ZZ:l Xk@ sz ZTI’L<t7 I)dI,

1" = vl 2o <19 = 2mnll 2oicrom + 12mn = 2mll 2000,
+ ||2m — ?J||L2(Q;C[0,T]) :

We estimate the first two summands. As usual, from Jensen’s inequality, we infer
that

n 2 2
ly"™ — Zm,nHL2(Q;C[0,T]) < E :S‘ip o ly(t,z) — 2m(t, )" dx
k=1 k

2
<l|ly - ZmHLQ(Q;C[O,T]) :

For the second term, we exploit (8.25) and apply Lebesgue’s theorem of dominated
convergence, which then yields that

n—oQ

12mn = 2mll 12,010,y — 0,

for fixed m € N. Thus,

1im_>sup ly"™ — y||L2(Q;C[07T]) <2|zm — yHL?(Q;C[O,T}) ,

and we can conclude by letting m — oc.

O

Theorem 8.21 Let the assumptions of theorem 8.18 and lemma 8.20 hold. Then
Un,Un (as defined in theorem 8.18) converge to y in H?(0,T;X) for every 6 <
min {% + €, 1}, where y s the solution of

o =etos [ (- [ BlrgOneod) s (s20)
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Moreover, if y*, y? are two solutions of (8.26) w.r.t. to initial values (x', &), (22, €?) €
D((—A)®) x H, then there is C > 0 such that

1

<C||(=A)y (2! - 22

0 [ [ 16 =€ nipdpac.

9" = v o 0.2x)

(8.27)

Proof: From theorems 8.18 and 8.11, we infer that it suffices to show that 7, con-
verges to y. To this end, we want to apply again theorem 8.11. Hence, we have to
estimate

O 1= H/R (fp [Z xkfk(ﬂn);é(-,p)] (s) = Fp ly:£(-, p)] (8)) h(-; p)dp

We use the usual arguments. From Jensen’s inequality, the Lipschitz continuity of
F, and h € L, we get that there exists ¢ > 0 constant, such that

(52 < c/ sup
Q t
< 20/sup Zxkfk(ﬂn) - Zkak(y)
Qo k=1

The first summand is not larger than 2c||g, — yHiz(g;C[o,S]), which can be seen by
the usual arguments. The second one converges to zero as n — oo, by lemma
8.20. Hence, convergence to y follows by application of theorem 8.11. Now, if we
have two solutions of (8.26) corresponding to different initial values, we can apply
our approximation procedure to find sequences y!, y2, which converge to y',4* in
H?(0,T;X), and for which proposition 8.9, theorem 8.11 are applicable. Then,
letting n — oo, (8.27) follows.

2

ac

Z X Sw(Un) =y
k=1

2

AL+ 20/sup
Q t

2

L.

Z Xefr(y) =y
k=1

O

Remark 8.22 [n the proof of the last theorem we have neglected the question whether
the solution of (8.26) actually exists. Under assumption (AS3), for initial values
yo € D((—A)2), this is a consequence of theorem 3.3. However, as (8.27) is valid
for € smaller than %, we may infer from this existence and uniqueness of solutions
for initial values in D((—A)%). The case when we just assume assumption (A3’°) is
different though; this can be done with the techniques used to prove theorem 8.11.

Since the calculation is quite long, we omit it.
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At the end of this chapter, we show that from (8.26) we can go back to the pde we
started with, i.e., the equation where the Prandtl Ishlinskii operator is replaced by
the usual (pointwise applied) Play Operator. We will do this, roughly spoken, by
replacing the density A by some dirac measure. To simplify the analysis, we will
assume that

Ve Qe A B hulep) = s ! v SCED

and assume that R., R2 converge to some function R in L®(). If we fix (yo,£) €
(D((=A)7) x H), this gives us, by restriction, for every n € N, a pair of initial values
for problem (P’) w.r.t. H,. If £ € C(cl(2)), then

R () | ” -
/R}L(x) §(p,2) R2(z) — RL(2) s E(R(x), 1), 2 € Q,
and even
R, ) 2 " N
/Q/R’ll(x) (g(p, " _f(R(x)’x)> R —m@ (8.29)

To avoid technicalities, we will assume in the following theorem that (8.29) holds.
Of course, this is true in more general situations than the one when ¢ is a continuous
function.

Theorem 8.23 Let assumption (A3’) hold, and assume that yo € D((—A)%), € > 0,
and let &, be the restriction to 2% (corresponding to RL, R2 € L°°(2)) of some func-
tion € € H. If both RY, R? converge to R € L™(Q) w.r.t. |-, R(z) € [R.(x), R2(x)]
fora.e. x € Q, everyn € N, and (8.28), (8.29) hold, then the corresponding sequence
of solutions y, to (8.26) converges in H?(0,T;L*(2)) (0 < min{i+¢,1}) to the
solution of

y(t) =ey, —i—/o e(t*S)A(Oz(s) —w(s))ds,
w(t) =Frey( 2); E(R(z), 2)](2).

Moreover, if y,ys € D((—A)?) and (*,(* € L=(Q) can be represented as limits in
the sense of (8.29), then the inequality

(8.30)

' =0z < C =AY (w6 —w)|” + C[I¢ = ¢|° (8.31)

holds, where y* denotes the solution of (8.30) corresponding to (yj, ("), and C is the
constant appearing in (8.27).
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Proof: We want to apply theorem 8.11. To this end, note that

! R%(w)F E(R d
w(z)(t) = 720~ B S R [y x); §(R(x), )] (t)dp.

Hence, denoting for short I,,(z) := [RL(x), R2(z)], from Jensen’s inequality and the
Lipschitz property of the Play operator, we deduce that

/ ( / T 128w 0)] ) = Fao [, s8R, 0 Hd{ >|)2dx

< 3/ sup |yn(z, s) — y(x, s)|” dz

// lp— R(z 2| ('0)|d:c (8.32)

~ 2 dp
1o / /Inm E(e.p) — E(R(@).2)) L (3.33)

Thus, we only have to show that (8.32), (8.33) converge to zero as n — oo. For
(8.33), this follows immediately from (8.29). Concerning (8.32), a simple calculation
shows that

(8.32) = (HR2||+< R;>+\\R;||2)_<Rz,R>_<R;,R>+HR||2,

which converges to zero by assumption. Now, application of theorem 8.11 proves
the first part of the theorem. Moreover, we can now take the limit in (8.26) to prove
(8.31).

O

8.4 Convergence of optimal value functions for problem (P’)

We give a general approximation result for optimal value functions of infinite horizon
problems, which may then be applied to problem (P’) in different situations.

Assumption 8.24 Let X = L*(Q) and assumption (A3’) hold. Let A C X the set
where the controls may take values in, and L : X x X x A — R a functional that
meets the properties

(L1) 3C > 0: |L(xy,29,a)| < C V¥V (21,29,a) € X X X X A,
(L2) 3CL > 0Va € AVxy, 41,22,y € X:

|L(x1,y1,a) - L($2,y2,@)’ <y (Hxl - -TCzH + Hyl - yz”)-
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Further, we introduce, for n € NU {oco}, dynamical systems via

g (t) =Ay"(t) + a(t) —w"(t) € X, a.e. t €10,T], (8.34)
w"(t) =W"ly"; wgl(t), t€[0,T], (8.35)
y"(0) =yy,  w"(0) =wy, (8.36)

where A is the generator of an analytic semigroup in X, yj € D((—A)*) C X,

N

wy € L®(S2), and W™ (a sequence of hysteresis-) operators. Moreover, we assume
that if wy — w® € L>®(Q) pointwise a.e., and y* — y> in L*(Q;C[0,T]), then
w” — w*> in C(0,7;X) as n — oo.

As usual, we define the corresponding value functions as

Valuout) = inf, [ e ML 0.0 (0), a0t
where we assume that A > 0. One gets the following result.

Theorem 8.25 Let assumption 8.24 hold, and assume that for some sequences
of initial values yy,wy, it holds that yi — y5° n X, wi — wi® pointwise a.e.,
and for the corresponding sequence of trajectories, for every T > 0, y™ — y*= in
L*(Q;C[0,T]) as n — 0o. Then Vy,(y5, wi) — Voo (y5°, wie).

Proof: First note that all V,, are well defined, as we assume that there exist solutions
to systems (8.34)-(8.36) and L is bounded. Let C' be the constant from (L1). For
every € > (0, we can find T" > 0 such that

20 / e Mdt < e.

T

Hence, for such T,
[Va(yg, wg) — Vo (467, wi”)|

< sup {/Oo e M L(y" (), w" (1), a(t)) — L(y™ (1), w™(t), ()] dt}

< /0 Cr (ly" () = y= @O + lw"(t) = w>@)]) dt +&.

Now, by assumption 8.24, if wf§ — w§® pointwise a.e. and y™ — y> in L*(Q; C[0,T)),
then w™ — w™ in C(0,7; X). Thus,

hIIlSllp ’Vn(yg,sz - Voo(ygovw80>| S &

n—00

for every € > 0, which implies the result. 0
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Corollary 8.26 Let assumptions (L1),(L2) from 8.2/ and the ones from theorem
8.21 hold. Then the corresponding value functions converge pointwise on D((—A)%) X
H for every e > 0.

Proof: For sequences of initial values converging in D((—A)%) x H, we may ap-
ply theorem 8.21, which implies convergence of trajectories in H%(0,T’; X) for every
T > 0. Since HY(0,T;X) — L*(Q;C[0,T]), the Lipschitz continuity of the hys-
teresis operator implies convergence of w" — w™ in L*(Q;C[0,T]), and thus, in
particular, convergence in C(0,7T; X). This shows that theorem 8.25 is applicable,
which concludes the proof.

O

Up to now, we always have assumed in section 8 that fj, = 3%, which does not meet

the smoothness assumption from theorem 7.3. We still want to close this gap at the
end of this chapter. We begin with a short remark concerning theorem 8.11.

Remark 8.27 In theorem 8.11, we actually haven’t used the exact form of the op-
erator F' on the right hand side of equation (4.6), but merely that there is some
estimate of a special form. Thus, the theorem is valid for more general operators.

Having this in mind, we can give the following result.

Corollary 8.28 Let the assumptions and notations of theorem 8.21 hold, and denote
by y the sequence of functions defined through the integral equations

Ui = €y (0) +/O et ( ZXk J-" 5 (wn)s €] (S)duk(/))> ds,

where y1(0) = y(0), and f} = oy where the vy are nonnegative (smooth) functions

such that HVkHLOO(Q) < 1 and having support in Qy, for all n. If

= E v — 1, pointwise a.e.,
k=1

then y* — y in H?(0,T; X) for all 0 such that y, — y w.r.t. that norm.

Proof: Since theorem 8.21 holds, in view of theorem 8.11 and remark 8.27, we only
have to find a suitable estimate for

d:= Zxk .7: [fe(yn); &kl (s)dpe(p ZXk f Lf5(yn); k) (8)dpw(p)-
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The usual arguments lead to

Al < 3019l 1uto) = F2 ) < Dosuw | (nle) =i L.
k=1 k=1 k

Next, note that pointwise

Yn(t) — veyn(t) = (1 — v)yn(t) + vi(yn(t) — yn(t)),

with v € [0,1]. Thus,

<3 sup | [ (0= 1) 00+ 1 () = 07

2
= H (1= vn)yn L2(2;C[0,5]

2
) + lvn — vallz2@:000.)) -

As we know from theorem 8.21 that y,, converges in L*(Q; C[0, T), the first summand
goes to zero as n — oo, so that we have found the desired inequality.

O

We can now give a convergence result for the corresponding value functions similar
to corollary 8.26.

Corollary 8.29 Let the assumptions of corollary 8.28 hold together with (L1), (L2)
from 8.24. Then the value functions corresponding to the dynamics of y) converge
pointwise on D((—A)%) x H to the value function corresponding to the dynamic of
y, for every e > 0.

Proof: Similar to the one of corollary 8.26.

O

Remark 8.30 Employing theorem 8.23, a similar convergence result can be proved,
thus, we can also go back to the problem discussed in section 3.
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9 Time discrete dynamic programming and ap-
proximative optimal feedback controls

In this section we will present elements of time discrete dynamic programming and
how this might be used to approximate the value function of our original problem
corresponding to the heat equation with hysteresis (3.1), and to find approximations
of optimal controls via the feedback method for the discretized problem. Whenever
possible, we will follow [4, chapter VI|, where the method is presented for a finite
dimensional model problem. We start with stating the time discretized equation.
To not run into difficulties concernig existence of solutions (in particular, for the
original equation), we will restrict ourselves from the beginning to weak solutions,
and thus to initial values in H} (). So, let h > 0 be the (constant) stepsize; at time
level ¢t = mh, given (Y, wy,) € D := H}(Q) x L*(Q) and a,, € L*(Q), we are then
looking for a solution y,,+1 € Hg () of

1
7 /(ym+1 — Ym)pdL + / Wi pdL + / VYma1 - VdL
Q Q Q

(9.1)
- / ampdL, Y € HY(Q).
Q

As ususal, wy, := W(yo, ..., Ym,wo) with some (hysteresis) operator W satisfying
the semigroup property wpyi1 = W(Ym+1, wn). We remark that in the existence
proof in section 3.1, we had the same type of equation but with w,, replaced by
Wiy, SO that (9.1) is in a way more explicit.

Theorem 9.1 Let Q C R"™ with smooth boundary (at least C*), m € N, h > 0.
Giwven (Ym, W) € D and a,, € L*(), there exists a unique weak solution y,+1 €
H} Q)N H2(Q) of (9.1).

Proof: This is a direct consequence of the Lax Milgram theorem and the standard
improved regularity result, see e.g. [24, chapter 6].

Thus, y,,+1 solves in fact

Yma1 = hAYmi1 + Y + hay, — hw,,, a.e.in €, Yma1 = 0 on O€.
We may therefore introduce the solution operator

L:DxL*Q)— Hy(QNH*(Q)CD,  L(lYm,Wm,0m) = Ymi1-
Then our time discrete dynamical system takes the form

Ym+1 = L(yma Wi, am)>
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Wm+1 = W(L(ym; Wi, am); wm)a

or shorter, introducing the operator
H(yma Wi, am) = W(L(yrm W, am)a wm)a
we may also write

Ym+1 = L(yma Wi, am);

Wm+t1 = H(yma Wi, CLm)-

(9.2)

Let now (yo,wp) = (z,v) € D. To indicate the dependence on initial values and
the control, we will from now on write y,,(x, v, a), w,,(x,v,a) for the solutions at
iteration level m € N. Further, for some subset A of L?(Q), the set A of admissible
controls shall consist of all sequences &« = (ay)neny such that a, € A for all n.
Introducing the functional

J(z,v,a) = Zl(yn(x,v,oz),wn(x,v,a), a,)B", (9.3)
n=0

where [ : (L*(Q))> — R, 8 € (0,1), we can formulate a (time discrete) control
problem via

Vi(z,v) = ;relg J(z,v, ).

As usual, we call V : D — R the value function of the control problem.

Lemma 9.2 (time discrete DPP) Let | be bounded. Then V is well defined and
satisfies the dynamic programming equation

V(z,v) = ;Ielg {l(z,v,a) + BV (L(x,v,a), H(x,v,a))}.

Proof: It is clear from the definition that V' is well defined if [ is bounded. Now, for
a€ A ie a=(ay,a1,as,...), let &:= (aj,as, as,...) be the corresponding shifted
control. Then we may write

Yma1 (2,0, ) =ym (1 (x, v, a9), w1 (x,v,a0), @) =ym(L(x,v,a), H(x,v,a), @),
and similarly
W1 (2,0, ) = wp(L(x,v,a0), H(x,v,a0), &).
Thus, from the definition of J, we get that

J((E’ v, Ck) = l<1‘7 v, Clo)
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+ 8 Z ym(L(2, v, a0), H(z, v, a0), @), w(L(x, v, a), H(z, v, ag), &), am1)
= Z(Z,_Z, ag) + BJ(L(x,v,a0), H(x,v,a9),@).
Hence,
J(x,v,a) > l(x,v,a0) + BV (L(x,v,a0), H(x,v,ay)),
which implies that
V(z,v) > érelg {l(z,v,a) + BV (L(z,v,a), H(z,v,a))}.
Next, let a € A be arbitrary, and set
21 := L(z,v,a), z9:=H(z,v,a), &:=(a,a)=(a,a,a1,as,...).
For every € > 0 there exists a. = (af, a5, a5, . ..) € A such that
V(z1,22) > J(21, 22, 0) — €.
Arguing as before, we get the equality
J(z,v,6.) = U(z,v,a) + BJ(L(z,v,a), H(z,v,a), ),
so that

Vz,v) <J(z,v, &)
=l(z,v,a) + BJ(L(x,v,a), H(z,v,a), o)
<l(z,v,a) + BV (L(x,v,a), H(x,v,a)) + Pe.

As e >0 and a € A where arbitrary, the latter implies

V(z,v) < Lllrelg {l(z,v,a) + BV (L(z,v,a), H(z,v,a))}.

Lemma 9.2 means that V' solves the dynamic programming equation

V(z,v) = ;I€l£ {l(z,v,a) + BV (L(z,v,a),H(z,v,a))}, (9.4)

where (x,v) € D.
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Definition 9.3 Let us define
G(u) = inf {i(z,v,a) + fu(L(x,v.0), H(z,v.a))}.
ac

We call u a subsolution of (9.4), if
u(z,v) < G(u)(z,v), V(z,v) € D.
Similarly, u is called supersolution of (9.4), if
u(z,v) > G(u)(z,v), V(z,v) € D.
Further, u is called a solution of (9.4), if it is both sub- and supersolution.

O

As for continuous problems, also for the time discrete problem a comparison principle
holds.

Proposition 9.4 Let u; be a bounded subsolution of (9.4) and uy be a bounded
supersolution of that equation. Then

uy(z,v) < ug(z,v), V(z,v) € D.
In particular, there is at most one solution of (9.4).

Proof: Let (z,v) € D. By definition, there exists, for all € > 0, some a° = a°(z,v) €
A, such that

us(z,v) > G(ug)(z,v) > l(z,v,a%) + Bus(L(x,v,a%), H(z,v,a%)) — €.
On the other hand, it holds
u1($, U) < G(Ul)(l', U) < Z(JT, v, ae) + BUI(L(Iv v, a's)v H(IE, v, ae))'

Thus,
uy(z,v) — ug(z,v)
<6(u1< ( T,v,a ) ( ))—UQ(L(x,U,aa),H(JZ,U,CLE)))—|—€
< 5( sup {ui(2,0) — ( )} te

As this is true for every (x,v) € D, the latter implies that

sup {ui(z,v) —ug(z,v)} < B sup {ui(z,v) —us(z,v)} +e.
(z,0)ED (z,w)ED

As e > 0 was arbitrary and 5 € (0, 1), we conclude that

up {un(z,0) — ()} <0,
(z,v)ED

i.e., (751 S Ua. O
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From lemma 9.2 and proposition 9.4, we can derive that V' is the unique solution of
(9.4). Before we tackle the problem of convergence for h | 0, we want to establish
existence of optimal feedback controls in the time discrete case. To do so, we first
need to analyze the properties of V' and the solution operators L, H.

Proposition 9.5 Assume that the hysteresis operator VW satisfies, for all (uy,v),
(ug,v9) € L2(Q2) x L?(Q), the Lipschitz type inequality

IW(ui, v1) = W(uz, v2)|| < e (lur = ual + [lor = v2]]),
where cyy > 0. Then, for every (a1, by, c), (az,bs,c) € D X A, one has the estimates

||L(a17b17 ) (a27b27 )
||H<a1abl7 ) (a27627 )

Further, if in addition | satisfies
|[(a1,bi, ¢) = laz, b2, )| < i ([Jar — az + [|br — b2,
for some ¢; >0, and 0 < B < (2max {1l +h, (2+ h)ew})~?, then

1
- (llar = az| + [|br — b2]))

(1+h) (lar — az]| + [[br = bafl) ,

(=
I <2+ h)ew ([lar — aall + [y = b2]) -

|V (ai,b1) — V(ag, be)| <

where 1 :=2Fmax {1+ h, (2 + h)cew}.

Proof: For (ay,by,c),(az, ba,c) € D x A consider y; := L(ay, by, c) and yp =
L(as, be, ¢). By definition, y; solves

y1 = hAy; + a1 + he — hby,
whereas 5 is the solution of
Yo = hAys + as + hc — hbs.
Hence, the difference y := y; — y» satisfies
y = hAy + a — hb,

where a := a; — as and b := by — by. Testing this equation with y yields

ol + B1931* = [ (@~ hbyydc.
Q
which implies, due to Young’s inequality,

lyll* < lla — hb||*.
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Thus,
lyll < llall + A (lb]l < (1 + R) (lall + [1B]]) ,

which proves the first inequality. Next, let us denote w; := H(ay,by,c), we =
H(ag, by, ¢), and recall that

H(aja bj> C) = W(L(CL]', bj> C)> b])
Hence, using the Lipschitz assumption on W and the inequality for L, we see that

w1 —ws| <ew ([[L(ay, by, c) — L(ay, by, ¢)|| + [|b1 — ba||)
<cw (1 +h) (lar — az| + [|by — ba]) + ||br — ba]|)
<2+ h)ew (lar — as| + [|by — ba]])

as claimed. Now, let € > 0 and of € A such that
€

V(ag, ba) > J(az, b, ) — 5

Then, for every N € N, we derive from the Lipschitz assumption on [ that

V(ai,by) — V(ag, ba) < J(a1,b1,a%) — J(az, by, ) + %

N
<" 8% (lyn(ar, br, 0) — yu(az, ba, @) |+ 1w (a1, br, %) — walaz, bs, a?)])
n=0

[e.@] . c
+ ) 2Mpr + 3
n=N+1

where M is the bound on I. Choose N such that 2M > ., " < 5. Tteration of
the inequalities for L and H yields (denoting for short, v/ := y,(a;, b, %), wl =
wn(aj, by, a))
(1+h) (Hyrlzq - yile + erlzfl - wile)
(1+ h)2 (”?Jid - ?Jiﬂ” + ”w}«hz - wiﬂH)
+ (L +h)(2+ h)ew (Hy}hz - %2172” + Hwi72 - wid”)
<2 (max{l+h, (2+ h)cw})2 (Hyyll—2 - %21—2” + Hwi—2 - wi—2H)
<...

<2 (max {1+ h, (24 h)ew})" (|lar — az|| + [|br — ba]])

o —wall <
<

and, analogously,

Hw}L — wi“ < 2" M (max {1+ h, (2+ h)ew})" (|lar — as|| + [|b1 — bal]) -
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Therefore we get

V(ay,by) — V(ag, by) <

al . (9.5)
(25 maX{l + h, (2 + h)Cw}) (Ha1 — GQH + Hb1 — bQH) +e.

n=0
Hence, if n := 28 max {1+ h, (2 + h)ew} € (0,1), as € > 0 was arbitrary,
Vi) = Vianb) € 7 (s = a2l + bn = bl
Interchanging the roles of (ay, by1), (ag, bs) then proves the claim.
O

Remark 9.6 The assumption on the hysteresis operator is fulfilled, e.g., in the case
of pointwise applied operators meeting a Lipschitz type inequality. Assume that for

(a.e.) x € Q,
w1 () = wa(x)| < ew (|L(ar, by, ¢)(2) = Llag, by, ¢) ()| + [br(2) = ba()]) -

Then, an analogous inequality with |-| replaced by ||-|| must hold. An application of
the triangle inequality then yields

w1 — wal| < ew ([|L(a1, b1, ¢) — L(az, by, o)|| + ||br — bal]),

and one can proceed as shown in the above proof.

O

Next note that since L assigns, for input values y,,, w,,, @, the solution y,,.1 of the
equation

Ymi1 = hAYmi1 + Ym + ha — hwy,,

it holds y,,+1 € H?(Q), which is compactly imbedded into L?(£2). From the definition
of weak solutions, we see that for every sequence (a*)ren C A that converges weakly
to some a* € A, the corresponding outputs

y?ﬁz—i—l = L(mi W, ak)

converge weakly in H?((2), and thus %, — y*,., in L?(Q) by the compactness of the
imbedding. This means that the mapping a +— L(yp,, wn,a) is weakly sequentially
continuous for fixed y,,, w,, when considered as map from L?*(f2) into itself. If W is
continuous, then also a — H (Y, W, a) is weakly sequentially continuous for fixed
Ym, Wm. Using this, we are able to prove existence of optimal controls.
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Theorem 9.7 Let the assumptions of proposition 9.5 hold, except for the restriction
on 3. Then V is continuous from (L?())* — R. If in addition, A C L*(Q) is
weakly compact and the mapping a — [(z,v,a) is weakly lower semicontinuous for
every (x,v), there is an optimal control o = (a?),, which can be found by iteratively
solving the feedback equations

V(yn,wy) = Ly, wy, ap) + BV (L(yy,, wy, ay,), H(y,, wy,, ay,)). (9.6)

Proof: Let (a,,b,)nen be a sequence of initial values such that (a,,b,) — (a,b) in
L*(Q2) as n — oco. From equation (9.5), we get that for every & > 0,
limsup V' (ay, b,) — V(a,b) < e

n—oo

V(a,b) — liminf V(a,, b,) < ¢,

n—o0

which implies

lim V(an,b,) = V(a,b).

n—oo

Next we want to show that for every (z,v) € (L?(Q2))? there is a* € A such that

l(z,v,a") + BV (L(x,v,a"), H(z,v,a"))

= inf {i(z,0,0) + OV (L(rv.a) Hwoa)y. 7
To this end, let (a,), be a minimizing sequence. Due to the weak compactness
of A, we may w.l.o.g. assume that a, converges weakly to some a,, € A. The
weak continuity of L and H together with the continuity of V' and the weak lower
semicontinuity of [ imply that a is in fact optimal in the sense that it meets (9.7).
Now choose, for yi =: z and w§ =: v some af € A such that (9.7) is valid. Then
one can solve the elliptic equation which yields yj = L(yg, w§, ag), and calculate
wi. Tterating this method yields trajectories (y),, (w’), and a control a* = (a*),.
We show that o* is optimal for the control problem. From (9.7) and the discrete
dynamic programming principle (lemma 9.2), we find that the equation

v<y;ku w;) - l(y:m na n) + Bv(yn—l—h n—l—l)
holds. Multiplication with 5" leads to

an(yrw ) 5n+1v(yn+1’ n+1) Bnl(yrw n’ n)
But then, by definition of J,

x U Oé Zl y'rm 'n,7 'n, Z (/an(y’:,?w’:,) - /Bn+1v<y:<1+17 w:z+1))
n=0
=V(z,v),
which means that a* is optimal. 0
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Our next goal is to analyze what happens when h | 0. As the discretization is almost
identical to the one used in theorem 3.3, we will show convergence by comparison
of the two solutions. As mentioned before, we will restrict to initial values in D.
Recall that the weak solution of (9.1) fulfills

1
E/(ym-i-l —ym)tpd£+/wmg0d£+/Vym+1-Vgod£
Q Q Q

= / am(Pd‘Ca \V/(,O € H&(Q>7
Q

whereas the weak solution z of (3.2) fulfills

1
E/ (Zm+1 — Zm) gpd£+/vm+1<pd£+/VzmH-Vgod/J
Q Q Q

_ / bopdL, Vo € HY(S).
Q

Here, w,, := W(yo, ..., Ym) and v, := W(zo, ..., zm), and b, corresponds to a step
function b := SN _ b, that converges to some b € L2(Q x (0,T)) as N — oo,
At this point we remark that weak convergence of b" would be sufficient, as this
restriction would neither influence the a priori estimates nor the passage to the limit
of the tested equation. Assume now that the hysteresis operator WV has the property
that for all strings s' = (si,...,sb), s* = (s?,...,52%),

rYn ren

1 2 12
IW(s') = W(s?)| §cwor£]?§1{‘sk—sk‘}. (9.8)
Then we may estimate (pointwise)
|wm - Um+1| = |W<y0a s 7ym>ym) - W(Zm s 7Zm+1)|
< _ _
< owmax { max {on = s}l = 2l

< — — .

= CWOSII?S%}”L(—H{MIC Zk|}+CW|Zm Zm+1|
Since we know that each z; is bounded in L? from the arguments in the proof of
theorem 3.3, this yields similar a priori estimates for the difference ¢, := Yy — 2m;
thus, we can argue as for theorem 3.3 to show convergence of Zm qmXm tO zero.
Hence, we have proved the following:

Theorem 9.8 Let 2 C R"™ be an open bounded domain with smooth boundary (at
least C?), and assume that the (hysteresis-) operator W satisfies (9.8). If the step
function corresponding to the control o = (ag,ay,...) converges weakly in L*(Qr),
then the step function corresponding to the solutions of (9.1) converge to the unique
solution of (3.1), particularly in L*(2; L°°(0,T)).
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Proof: We have noticed that ¢, can be treated just as y,,; thus, the linear in-
terpolates of z, must converge to the solution of (3.1) — which is unique due to
theorem 3.6, as (9.8) implies that assumption 3.4 is valid for the continuation of the
(hysteresis-) operator to continuous functions — w.r.t. the norm of L*(Q; C[0,T]) (cf.,
theorem 3.3). But then the constant interpolates must converge in L*(; L>(0,T)),
which proves the claim.

O

If A is weakly compact, we have seen that one can find an optimal control o* =
(af,aj,...) for the discretized problem via iteratively solving the feedback equations
(9.6). Further, we can assign step functions «} := Zﬁzo a’ Xm to a*, which then
must contain weakly convergent subsequences (in L?(Qr)). As theorem 9.8 tells us
that trajectories converge, in that case, to solutions of (3.1), it would be plausible
that such weak limit of o}, might be an optimal control for the continuous problem.
We will investigate this in the rest of this section. To distinguish between discrete
and continuous problem, we will denote the corresponding costs by J. and J;, where

Jo(z,v, @) ::/0OO ZN(yxva(t) Wy wa(t),oz(t))e_’\tdt, ae A,

(v, a) = Z (Yn(z, 0, ), wy (0, 0),a,) (1 — AR)", o € Ay.

n=0

Here, A., as usual, consists of all measurable functions « taking values a(t) € A
for all ¢ > 0, and A, consists of all sequences (ag, ay, ...) such that a; € A for all
j € N. We note that we arrive at .J; if we set 3 =1 — Ah and [ = hl in (9.3). This
choice accords to the one of [4], where convergence is shown with the help of HJB
equations. As we do not have such for the continuous problem, we need to take a
different approach. To be able to compare solutions, we will focus on a special type
of controls. Let T > 0. By A% we will denote the set of controls & € A, for which

C)
there is k € N (we will refer IEO this number as discretization level) such that &
is a.e. equal to a constant on every interval of the form (”;—,?, (m+1)T) m € N. The
nice thing about this type of function is that if it has such property for k£ € N, then
also for every k > k, and we can interprete it as control for the discretized problem.

For this type of control, we get the following result.

Theorem 9.9 Let the assumptions of theorem 9.8 hold and assume in addition that |
is bounded by M > 0 and has the Lipschitz type property that for all (a1, by), (ag, by) €
D,ceA,

Z(al,bl, C) — Z(GQ,bQ,C) S C[(Hal - CLQH + ||b1 - bg”) . (99)
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Then, for every T > 0, (x,v) € D and (o), C Al, with discretization level k € N
such that o* converges weakly in L*(Q,) for all 7 > 0,

‘Jc(x,v, o) — Jd(a:,v,ozk)‘ —0ask — oo,

where the step size is associated to k via h, = 2%

Proof: Let € > 0 and choose T' € N such that

> € < €
M > h(1—=An)" <z, M/T e )‘tdt<§

2
n=T+1

The first inequality can be achieved uniformly for A > 0 small enough, let’s say,

for h < %, so that we restrict to discretization levels k > k where 2% < % Let

ok e AZC with discretization level k € N, k > k. The step size is hy, = T'/2*, so that
we may write

o) (n+1)T
(z,v,q) Z I(Yaw.at), Wepa(t), a)e M dt,
n=0
where of(t) = af (a.e.) on (g—f, (”;,})T). Then, denoting m := 2¥ — 1 and using
the abbreviations y*(-) 1= Y, par (1), W(") = Wepar (), Y = yulz,v,a"), Wk =

wTL('/’U7 U? Qk)?

8

|Jc( v, af) — Jd(x,v,ak)‘
(n+1)T
ok .
/ T (1), W (£), aFye Nt — iy, wh, ak)(1 — A"
g%
(n+1)T

by ~ T T N
/ It (1), e - (yk (n_k)’wk (” )mft) At
nT 2 2]{?

NE

i
o

NE

n=0 ok
(9.10)

| T nT nT oz T _yaT

2 |5 (y (2—) ’“’k (2_> ) M ek ab)e L (91)
n=0
T o T -

£ etk wh al)e ™ — Sk al) (1w (9.12)
n=0

We estimate (9.10) to (9.12). From m < M and the Lipschitz property,

(n+1)T

/ gF (), 0k (), a)e ™ — T (), wh (1), ab)e 5 dt
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(n+1)T

m T k iy anl s o (nT nT k _\nT
2 / O e (N Y C I R Bl
m (1) ;
2 n
< ZM ‘e‘At—e_’\? dt
n=0 72%
m et T T
2 7k k ky il k(T k(T k
+Z/ 0.t 0.0) 7 (o (5 ) (2—))\@
m MT _\nT 7)\(n+1)T)
< i Eo_ %
m (n+}i)T T T
2 k (T k (T
Yl (o (?)Hw - (5)])
n= 2

<MT T nT y nT
SIPIL T o )| T =)

which converges to zero as k — oo due to the regularity of solutions for the heat
equation with hysteresis and their strong convergence whenever controls converge

weakly, see theorem 9.8. Further,
nT K e (T &
(30) —ot] [ (5) ),

T
(9.11) < Z? ( o
n=0

and the right hand side converges to zero as k — oo due to theorem 9.8. Next, note

that
n T\"
e — (1 _ /\?> .

Using the formula " — s" = (r — s)(r" ' + 7" 2s+ ...+ rs" 2 + s" 1) with

(012)< S ML

yields (note that 0 < 1— A% <1)

T
(912) < Mg |e”

[i A ”T] (9.13)

Let us make the definitions

i)
=
I
®
>
"2

Hr =

I i
e 2"77
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j=1 n=1

Then, recalling that m = 2¥ — 1, a simple calculation shows

1—ﬁ . 1 1— m+1
o Zl—ﬁi 1—&[ _1_<Zﬁk>] 1—5k{2k 1—%]‘

Next note that

k T
(1-e) 2? g ) doe

oF
which implies
|
0 2 5 — 3 >0
Therefore, with n :=
Sni = 5 Ykﬁk 2" — 12& (1- Z””)] = % {AT— % (1=e77),

which in view of (9.13) implies that

(9.12) < M (Si2) ’;’“ LEEN)
k

because iy, = o(ng). Combining all estimates, this shows that

lim sup ‘Jc(m, v, o) — Jy(z, v, ozk)‘ <e.
k—o00

As € > 0 was arbitrary, this proves the result.

Now we can show optimality of the weak limit o*.

Theorem 9.10 Let 2 C R™ be some open bounded domain with smooth boundary
(at least C*) and A C L*(Q) be weakly compact. Assume that W satisfies (9.8),

m < M, [ satisfies (9.9), and that the map
n:A—=R, a—l(z,va),

is convex for each (x,v) € D. Then every weak limit of step functions (o) C Al
corresponding to (o) € Ay found by iteratively solving (9.6) is an optimal control
for the continuous optimization problem.
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Proof: Fix T' > 0. As solutions to the heat equation with hysteresis depend contin-
uously on the data, there exists a sequence of controls (5*) C AL, of discretization
level k € N such that

lim J.(x,v,8") = V.(x,v), V(z,v) € D.

n—o0

Let, for every k € N, denote (o) an optimal control of the discretized problem at
discretization level k. Then, for all k,

Ja(z,v, %) < Jy(x,v, BY),
which implies
Jo(z,v,0") + Jy(z,v, ") — (2,0, ")
< Ja(,v, 8%) = e, v, B%) + Je(w,v, BY),
and hence,

Jc(x,v,ozk)

< |Jd($,1}70[k) - JC(ZE,U,Oék)| + ‘Jd(ZE,’l},Bk) - JC(J},U7ﬁk)’ + JC(ZL‘7’U,ﬂk).

As the first two expressions on the right hand side converge to zero as k — oo by
theorem 9.9, it suffices to show that

Jo(x,v,a*) < liminf J.(z,v, "),
k—o00

where a* denotes the weak limit of the step function corresponding to (), i.e., that
the map o — J(x,v, ) is weak lower sequentially semicontinuous for all (z,v) € D.
We show this property now. To this end, let € > 0 and choose T" > 0 such that

M/ e Mdt <
T

Wl ™

Then, using theorem 9.8 and the Lipschitz property of [, we find that

/0 ei)\td(yx,v,ak (1), W w0 (1), A" (1)) = U(Yzpar (1), Way.ax (1), @5 (1)))dE| = 0,

as k — oo. Thus, there exists k& € N such that the former is less than $ for every
k> k. But the functional

T
J Al 2R am / e M (Ypwar (1), Wawar (), a(t))dt,
0
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is convex, since 7 is convex, and therefore also weak sequentially lower semicontin-
uous. Hence,

J*(a*) < liminf J*(a®).

k—o0
In summary, we get
Jo(z, v, ") =T (") + Je(z,0, ") — J* ()
5
< limi *( k =
_hlgg)lf{(] (a®)} + 3

=lim inf { J,(z,v, o)+ JH () = T (v, ak)} + g

k—o00

2
< lim inf {Jc(a:,v,ak) i _5} 4 %

k—ro00 3
T k
—llgglf {Je(z,v,0")} +e.

As € > 0 was arbitrary, the result follows.
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10. A MODEL PROBLEM CORRESPONDING TO AN ORDINARY
DIFFERENTIAL EQUATION INCLUDING THE TIME DERIVATIVE OF A
HYSTERESIS NONLINEARITY

10 A model problem corresponding to an ordi-
nary differential equation including the time
derivative of a hysteresis nonlinearity

In this section, we show that the method of [1], i.e., to reformulate problems con-
taining Play hysteresis nonlinearities as reflected control systems, can, in principle,
also be used when the differential equation contains the time derivative of the Play.
One only has to make little changes.

10.1 Properties of the o.d.e.

We study the ordinary differential equation

¥+ = fy,w,a),
w = F.[y; wo,
y(0) = o,
w(0) = wy € [yo — 7,90 + 7],

(10.1)

where we assume that the continuous function f meets the Lipschitz property
|f(a1,b1,¢) — flaz, by, )| < cp(lay — ag| + |by — ba|), Vai,ag,by,by,c € R, (10.2)
and the boundedness property
|f(a,b,c)] < My, Va,b,ceR. (10.3)
We start with the following existence and uniqueness result for (10.1).

Theorem 10.1 Under the stated assumptions on f, for every a € L?(0,T) and
admissible pair of initial values, i.e. yo € R, wg € [yo — r,yo + 1], (10.1) has exactly
one solution (y,w) € Wh>(0,T) x Wh>=(0,T).

Proof: Via implicit time discretization. For m € N, let h = % be the step size of
the discretization of [0, T], and define, for o € L?(0,T), the step function

1 (n+1)h

an(t) == ’ /h a(s)ds, t € (nh,(n+1)h),1 <n<m.

Starting at yo, wp, we want to iteratively solve

n - Yn Wy, — Wp
Y +1h Y + +1h = f(yn+17 Wn+1, an+1)' (10'4)
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From (10.2), we infer the two inequalities

Ynt1 — Yn + Wpy1 — wy, < hey (‘yn+1 - yn’ + |wn+1 - wn|) + hMjy, (10'5)
Ynil — Yn + Wpi1 — Wy 2> _hcf (|yn+1 - yn| + |wn+1 - MND - th' (10'6)

If h < 1/cy, then the piecewise monotonicity of the Play operator yields that there
are y, < y* such that (10.5) is violated if y,, 11 > y* and (10.6) is violated if ¥, 11 < Ys.
By continuity, there exists an intermediate value § € [y., y*] such that (10.4) holds
with y,+1 = y. Note also that this fixed point is unique. If this was not the case,
there would be (z1,x2), (21, 22) such that
T1 = Yn Ty — Wy 21— Yn 22 — Wy
= f(z1, 22, Opa1), + = J (%1, 22, Ctpt1),

A A f(w1, 22, 0 11) 3 3 f(21, 22, )
and by the piecewise monotonicity property of the Play, if 1 > 27, then also x5 > 2s.
So assume w.l.o.g. that z; > 2z;. Subtracting the two equations leads then to

R R T I

which implies ¢;h > 1, a contradiction. Hence, for every m € N such that h = % <
é, the discretized problem is uniquely solvable. To find a priori estimates, note that

piecewise monotonicity together with inequalities (10.5), (10.6) imply in fact
|yn+1 - yn| + |wn+1 - wn| S th <|yn+1 - yn‘ + |wn+1 - wn|) + th7
so that restricting to just h < 1/2cy, this yields

[Yn+1 — Un| [Wn i1 — wh|

h

< 2Mj.

Hence, the linear interpolates are bounded in W1>°(0,T). From the compact imbed-
ding of the latter into C[0, T, we infer that, at least for some subsequence, the linear
interpolates converge to some functions y,w € W w.r.t. ||-||... Since the corre-
sponding constant interpolates ¥,,w, must then converge to the same limits w.r.t.
the L° norm, we get pointwise convergence (a.e.) of f(4n, Wy, ) to f(y,w,a). The
boundedness assumption on f together with Lebesgue’s theorem of dominated con-
vergence implies then convergence in L?(0,T) of f(§,Wn, an), so that y,w satisfy
the differential equation a.e. in (0,7"). Further, from the convergence in C[0, 7], we
also get that w = F.[y; wo]. Hence, y,w solve (10.1). In order to show uniqueness,
we assume that there are two solutions (y1,w:), (y2,ws) corresponding to different
initial values (but same “controls” «) and subtract the two differential equations.
Denoting w := wy — ws, Yy := y1 — Y2, We get

3) + w = f(ylawlaa) - f(y27w2705)7
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a.e. in (0,7"). Now we test this equation with H(y) (where H denotes the Heavyside
function) and use Hilpert’s inequality (cf. [12, proposition 3.3.3]), which asserts that

d

Zw(t) < w'(t)H (y(t)),

for almost every ¢, where w, denotes the positive part of w. Therefore the tested
equation yields

y+(t) + w0 (t) <y (0) + wi (0) + /Ot [F (Y1, wr, @) = (Y, wa, )| ds,

Interchanging the roles of ¥, y» and wy, wy, we get an analogous inequality for the
negative part; summing up those inequalities then yields

t
y(0)] + ()] < Juwol + [yo] +2 / s, @) — F(yo, wa, )] ds

< \wO|+!yo|+20f/0 (ly(s)] + lw(s)]) ds.

As this is valid for each ¢t € (0,7), we may apply Gronwall’s lemma to get the
stability result

[y()] + lw(®)] < (|wo| + |yol) - €**, (10.7)
which implies uniqueness of solutions.

O

If o is continuous, the differential equation shows that y + w is in fact C!, although
one can never expect such regularity for Play hysteresis nonlinearities. What hap-
pens here is that § and w jump at the same time. As w equals either zero or g, we
can distinct the cases

Lw=0=y9y=f(y,w, a),
2. w:yiw:y:%f(y,w,a).

So when ¢ jumps from f(y, w, @) to 3 f(y, w, @), then w jumps from zero to %f(y, w, ),
so that the sum does not jump.
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10.2 The control problem and Dynamic Programming - adap-
tion of the method of [1]

We build a standard infinite horizon control problem to equation (10.1). As usual,
let A > 0 be the discount factor and [ : R* — R some continuous and bounded
function with the Lipschitz type property

[l(ay,b1,c) —l(ag, ba, )| < ¢ (lay — az] + |by — ba|), Yai,as, by, by, c €R.

The function we want to minimize is then defined through

J(,v,0) = / L Gamat), W malt), a(8)) d,

where yo = z, wg = v € [x —r,x + r| are the initial values. The corresponding value
function is defined via

V(z,v) = inf J(z,v,a),

acA

where A is the set of admissible controls; it contains all measurable functions « :
[0,00) — A for some compact set A C R. Let us introduce the set

Q, = {(QZ,U)TERQ c v E [:B—r,x+7"]},

which contains exactly the admissible pairs of initial values. The value function has
the following properties.

Proposition 10.2 V is bounded and if X > 2cy, then it is also Lipschitz continuous
on $),.. Moreover, it satisfies the dynamic programming equation

Vin€)
= inf { [ Um0 (0080061, + NV (1galt) 0200}

acA
for allt > 0.

Proof: The first part is a simple consequence of the boundedness of [ and inequality
(10.7). As the proof is standard (and similar to the one of theorem 5.1, e.g.), we
omit the details. Further, the DPP follows as in section 6.1 from the semigroup
properties.
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Now recall the method of [1], that we used to handle the hysteresis part in sections
6 and 7. We rewrote the problem in terms of the stop operator “u” and then used
that o equals y plus some element of the normal cone of some characteristic set Z
at u. Since we could then replace y with the “right hand side” of the differential
equation, we were able to treat the problem by switching to the pair of variables
(y,u). If we try to do the same here, we will run into the problem of reproducing the
term w whenever trying to substitute y. We adapt the method by not replacing w,
but only implicitly referring to u; i.e., we will directly replace w abstractly by some
element of the normal cone of Nz(y — w), where Z = [—r,r]. In this way, we can
avoid the explicit change of variables. Then, the existence result takes the following
form.

Theorem 10.3 V' is a solution to the differential inclusion

AV(£>€) - (‘/5(1'75) - Vx(xaé)) NZ(:C - 5)
+ Sup{_%(xag)f(xagaa) - l(x,{,a)} > 07

ach

in the sense that it is a subsolution, i.e., there exists p € Ny(x — &) N [—My, My],
such that for every ¢ € C1(S2,.), if V. — ¢ has a local mazimum at (x,€), it holds

)\V(Qi,f) - (ng(Q?,f) - (P:Jc(x7€>>p + ilelg{_goz(xvg)f(x’g?a) - l($>€7a)} SO?

and it is a supersolution, i.e., there exists ¢ € Ny(x — &) N [=My, My, such that
for every o € CY(Q,.), if V — ¢ has a local minimum at (z,€) it holds

)\V(l’,f) - (%(%f) - 90$(m7£)) q + ilelg{_(pw(w7£)f(xa§7a) - l(m7£7a>} 20

Proof: Let p € C'(Q,) and (z,€) be a local maximum point for V' — ¢. Then, for
any constant control a = a € A, if ¢t > 0 is small enough, we have

90(1:7 f) - Qo(y:fc,ﬁ,a(t)a wz,é,a@)) < V(SC, 5) - V(y:v,&a(t)? wx,i,a(t))
§/0 e_’\sl(yxyg,a(s),wx,&a(s),a)ds

+ M (V(Yogalt), woga(t)) = V(agalt) Wogalt))

where we used the DPP (proposition 10.2) for the second estimate. Next, we rewrite
(using the notation y(t) := yueq(t), wW(t) = Wy eq(t))

p(z,8) — e(y(t), w(t) = —/0 e (y(s), w(s)) (f(y(s), w(s),a) = p(s)) ds
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-/ " pe(y(s), w(s)p(s)ds
_ / —ou(y(s), w($)) F(y(s), w(s), a)ds
N / — (e(y(s), w(s)) — @a(y(s), w(s))) pls)ds,

with some element p(s) € Nz(y(s) —w(s)) N [—=M;y, My|, for (a.e.) s € (0,¢). Hence,
we arrive at

— 1 [ o) wle s 0s) wl).a)ds
— %/0 (pe(y(s),w(s)) — pz(y(s),w(s))) p(s)ds (10.8)
<1 [ e, wie) s + S n,ww)

The only term that we need to take a closer look at is the one containing p(s). We
distinguish two cases:

1. Case: z — ¢ ¢ 0Z: By continuity, y(t) — w(t) ¢ 0Z for all t > 0 small enough,
so that we may assume p(t) = 0.

2. Case: By continuity, y(t) w(t) is either near r or —r for all small ¢, so we may
assume that either + fo s)ds € [0, My] or € [—M;y,0] for all such t. Thus,

there exists a Subsequence (t,) with ¢, | 0 such that ;- ol (S " p(s)ds — p €
Nz(x — &) O [=My, My].

Hence, if we switch to a suitable subsequence, we get by the usual arguments that

@x(xaf)f(xagaa) - (@g(l’,f) - pr(x>€))p < l(l’,é,&) - AV(:E?S)

Since a € A was arbitrary, the subsolution property follows. To prove that V is a
supersolution, one assumes that (z,§) € Q, is a local minimum for V' — ¢. By the
usual arguments, there is then, for every ¢ > 0 and ¢ > 0 small enough, a control
a. € A such that

A

%/0 e_Asl(y(S), w(s),a:(s))ds + €

V(y(t), w(t)) —e
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where ¢(s) € Nz(y(s) —w(s)) N [=My, My]. Now, note that y,w are uniformly
continuous w.r.t. the control variable (because |f| < My). Hence, we may treat the
term containing ¢(s) as in the subsolution case. Further, we can make use of the
inequality

—pe(2,8) f(z,8, ac(s)) = U, &, ac(s)) < sup {—p.(z,8) f(2,§,a) = (2, a)},

acA
for every s > 0. Then, using the uniform continuity of the appearing functions w.r.t.
a., we derive the supersolution property of V' via standard arguments.
|

As usual, we prove a comparison result for sub- and supersolutions in order to show
uniqueness. Here, it takes the following form.

Theorem 10.4 Let u; be a subsolution and us be a supersolution in the sense of
theorem 10.5. If the w;, i € {1,2}, are Lipschitz continuous, then u; < us.

Proof: Define the auxiliary function ® : (,)° — R via

B(2,€.9.0) = (e, €) —wafy, )~ LoV ES ey ey

where e, p are positive parameters. Assume for contradiction that there was (Z, 3 ) €
), such that

uy (2, €) — up(i,€) = 6 > 0.

Then, there exists i > 0 such that for all 0 < p < p,

I . - __ 0
(I)(‘ragv'ra 5) = ul(x7£) - u2(:1:,§) - 2/*”: > §
Hence, in particular, sup ® > g > (0 for those p. Further, the Lipschitz continu-
ity implies (note that the “hysteresis variables” are bounded whenever z,y are, as
max {[¢[, ||} < max{|z|,|y|} + r) the existence of (Z,&,y,() € Q, such that

- 5
(D(jvgvgvg) :SUP(I) > 5 > 0.

Now, as usual, we take a look at the inequation
O(7,€,7,8) + 2(5,¢,9.0) < 29(2,£,7,0),

which yields

u (z,€) — ua(z,€) — 2u2* + ur (9, C) — ua(y, ¢) — 2uy°
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< 2uy(2,6) — 2us(5.0) — & ;y)Q ¢ _502 —2u(z* + 7).

Exploiting the Lipschitz continuity of u, us and Young’s inequality, this implies
(@—9)?* (-0

9 €

= + = <ec. (10.9)

Next, define the functions

e1(z, &) =ua(y, () + 2 + p(z® + %),

o2l Q) = (5,8) — Co W E— O ey ey,

By definition, u; — ¢y has a (local) maximum at (z, &) and uy — @9 attains a (local)

minimum at (g, (). Since u; is a subsolution and uy a supersolution in the sense of
theorem 10.3, this implies that there are p € Nz(z — &) N [~My, My], ¢ € Nz(y —
¢) N [—=M;y, My], such that

.8 - (25 - 20 2
+sup{<—@ —2uas) f(z,€,a) —l(m,f,a)} <0
achA
E-¢C z-¢ )
y)q
19

€

S /\UZ(gu 5) - (
achA

roup{ (<222 4 207) 11560 - 15 G0 |

From this inequality, we infer that

Sé(f—é_—fﬂLﬂ)(p—Q) (10.10)
— 2p(Zp + yq) (10.11)

151



10. A MODEL PROBLEM CORRESPONDING TO AN ORDINARY
DIFFERENTIAL EQUATION INCLUDING THE TIME DERIVATIVE OF A
HYSTERESIS NONLINEARITY

+ 2p(|z| + |y1) My (10.12)

va(e-a+1E- )+ T pw e - @ ol (013
We estimate (10.10) to (10.12). As p € Nz(z — &) and ¢ € N, (j — (),

(10.10) = (- — (@ - 9) (p—aq) <0.
For (10.11), an application of Young’s inequality implies
(10.11) < 2u(|Z] + [7)M < 2 (2° + 7°) + cM?p2,
for some constant ¢ > 0. Analogously, we get the inequality
(10.12) < cp (2% + §2) + cpu.
To estimate (10.13), we make use of (10.9) and the Lipschitz property of f, to get
(10.13) < (¢ + cey) (|2 — | + E— ﬂ) = w(e),

where w is some continuous nonnegative function with the property w(e) — 0 as
¢} 0, uniformly w.r.t. pu. Plugging in those estimates, it follows that

w (%,€) — us(5,Q) < ep? (7 + %) + ep + w(e),
for some ¢ > 0. But then, our assumption implies that
) - _ = _ = o
0< 5 S (I)(:L‘7£a Y, C) S ul(xa g) - Ug(y, C) - l’[’(xQ + y2)
3 o 1
< (o} — )(F + 1) + en +w(e).

Thus, if we fix 1 € (0, 1) such that ciiz — i <0 and ciz < 8 the latter implies

)
0< Z_l < W(€>,
which yields a contradiction when letting € | 0. This concludes the proof.

0
Now, we can characterize the value function via the following existence and unique-
ness result.

Theorem 10.5 If A > 2cy, then the value function V' is the unique Lipschitz contin-
uous solution in the sense of theorem 10.3 of the corresponding differential inclusion.

Proof: From theorem 10.3, we infer that V' is a solution. By proposition 10.2, V'
is Lipschitz continuous on €2, if A > 2¢, so that we may apply theorem 10.4 with
u; = V. Hence, every subsolution is smaller than V', and every supersolution is larger
than V; altogether, this shows that every solution is equal to the value function of
the control problem.
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A QUASILINEAR P.D.E. WITH PLAY TYPE HYSTERESIS

11 Dynamic Programming for a problem corre-
sponding to a quasilinear p.d.e. with Play type
hysteresis

Here we want to exploit the insight into problems containing time derivatives of
Play type hysteresis. To treat the other variable, we adapt the method of [7] to
our problem. To this end, we will have to slightly change the differential equation
treated in [11, chapter IX], to “produce a bit more compactness”.

11.1 The differential equation and properties of solutions
We start with a special case of an equation considered in [11], [12]:
y+w—Ay=a inQx(0,7),
w(ax) = fr[y('7$);w0(x)]7 a.e. T € (),
y(t,x) =0, in0Q x (0,7), (11.1)
y(0) = yo, w(0) = wy,
wo () € [yo(z) — 1, y0(x) + 7], ae. z € Q,

where T',r > 0 and 2 C R” is some open, bounded domain with smooth boundary
(at least C?). We will assume further that yo, wy € L*(Q) and o € L*(Q2 x (0,T)).
Existence of solutions to (11.1) was first shown by Visintin; proofs can be found (in
slightly different presentation) in [11, chapter IX, theorem 1.1}, [12, theorem 3.3.2].

Theorem 11.1 For every yo € H} () there exists a weak solution to (11.1) in the
sense that there are

y €Y = L¥(0,T; Hy() N H'(0,T; LX), w e H'(0,T;L*()),

such that

/OT/Q(yf(tan) +uw(t, x))p(t, v)dodt
//Vytx Vo(t, z)dzdt = // (¢ 2ol 2)dudt,

for all o € L*(0,T; H} ()).

Proof: This is a special case of the results in [11], [12]. We remark that the proof is
quite similar to the one of the o.d.e. case, theorem 10.1, but with some additional
difficulties due to the appearence of the unbounded differential operator.
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O

The uniqueness result is again a direct consequence of Hilpert’s inequality. But one
gets even more, namely a stability result in L' ().

Theorem 11.2 Any pair of weak solutions (yi,w1), (y2, ws) to (11.1) corresponding
to initial values (Yo1,wo1), (Yo.2, Wo2) and right hand sides oy, ay satisfies

/Q ly1(t, ) — ya(t, )| do + /Q lwy (t, ) — we(t, x)| dz
< /Qlyo,l(x) — Yoz(x)| dx + /Q |wo,1 () — wo2(x)] da (11.2)
+/0 /Q |y (7, 2) — ao(T, z)| dxdr.

Proof: See [11, chapter IX, corollary 2.2] or [12, corollary 3.3.6].

O

Inequality (11.2) can also be seen as a continuity property of the solution operator.
There is then a unique extension to initial values in L'(€2). For generalised solution
concepts which are applicable in this case, we refer to the book of Visintin, [11].
What can be easier done is to derive some regularity properties of solutions. Let
(y,w) denote the solution. Then, for f := a —w € L*(Qr), y is equal to the weak
solution of the standard heat equation

J—Ay=f inQx(0,7),

11.3
y=0, €00 x(0,7T). (11.3)

Then, lemma 3.7 implies y € C(0,T; H}(Q)) N L*(0,T; H*(Q2)). We will make use
of this improved regularity result later. Further, we note that the proof of theorem
11.1 (as stated in [12], [11]) shows that ||y, is bounded by some constant depending
only on [, [[a[;2(q), so that, in particular, the improved regularity holds uniformly

w.r.t. a chosen from some bounded subset of L?*(r).

11.2 The control problem and properties of the value func-
tion

As mentioned before, we will need some more compactness properties of the equation

later. We will achieve this not by transforming the equation via y — By with some

compact operator B : L?(2) — L*(Q) (as done in [7]), as the Play operator only acts
in time and thus can “destroy” the regularizing effect. Instead, we restrict to more
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regular controls by “adding” the operator on the right hand side; i.e., we consider
dynamics of the form

y(t) +w(t) — Ay(t) = Ba(t),

(11.4)
wzfr[y;wOL wOE[?JO—T,?JO‘i‘TL

where the application of the Play operator has to be understood pointwise in space,
and A is selfadjoint and the generator of an analytic semigroup of contractions on

L3(Q2) (2 C R" some open, bounded domain) such that D(A) is dense in L*(€2). We
assume that for every T > 0:

V(i): if yo € D((—A)2), there exists a pair of solutions (y,w) with regularity
(H'Y(0,T; L*(Q2)) N L*(0,T; D(A))) x L*(Q; H'(0,T)) such that (11.4) holds al-
most everywhere and y € C(0,T; L*(€2)), uniformly w.r.t. o € Bg(0) C L*(Q),
for any (fixed) R > 0,

V(ii): inequality (11.2) is valid,

V(iii): an improved regularity result holds, i.e., there is § > 0 such that y €
C(0,T; D((—A)?)) whenever 3o € D(A) and uniformly w.r.t. o € Bp(0) C
L*(Q), for any (fixed) R > 0.

Further, we assume that (—A)'"?B € L£(L?*())). Moreover, the controls a are to
take values in some bounded set A C L?*(f2), so that there exists a constant My > 0
such that ||Ba| < M, for every a € A (||| == ||l s2(q)s () = (s ) p2())- We will
refer to these assumptions as (GA).

Next, we introduce the functional we want to minimize. Again, this will be of
infinite horizon type. Let [ : D; := (L'(Q2))? x L?(Q2) — R be such that

1(i): 3IM; > 0V(y,w,a)’ € D;:

|l(y7waa)| < Mla
1(ii): 3C; > 0V(y, w,a)”, (z,v,a)" € D;:
|l(yawaa') - Z(ZL',’U,G)| < Ol (Hy - :L‘”Ll(Q) + ||w - UHLl(Q)) :

We will refer to those assumptions as (1A). Then, as usual, for A > 0, the cost
functional is defined through

J(ZJO; wO? Oé) = / eiktl(yyo,ll)o,oxt)a wyo,wo,a (t)7 Oé(t))dt7
0
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and the Corresponding value function by
V = inf J ).
(y(]?w()) 16 (?JOﬂUOa )

Since  is assumed to be bounded, L*(2) C L'(Q). So, inequality (11.2) implies
that V' is well defined when considered as mapping

Dy = {(y,w) € (L*())* |we [y —ry+r]} = R

We will always consider this case in what follows. One reason for this is the following
regularity result.

Proposition 11.3 The value function is bounded and Lipschitz continuous, uni-
formly w.r.t. o € A, i.e., there exist constants My > 0 and Cy > 0 such that
V| < My and for every (y,w), (z,v) € Dy,

V(y,w) = V(z,0)] < Cv ([ly — 2| + [lw —vl]).
Proof: The boundedness of [ directly implies |V'| < M;. Next, note that

Vi) — V(e.)] < sup Ty, w,0) — J(z,0,0)]
acA

<G [ (IO = a0l + o (®) = v(Ol )
<Ci (Ily = el + o = vl )

where we used (11.2) in the last step. Hence, if ¢ is an imbedding constant for
L*(Q) = L'(2), then

[V (y,w) = V(z,0)] < Ce(lly = =l + [lw=wvl),

which completes the proof.

As usual, we need the dynamic programming principle.

Lemma 11.4 (DPP) For everyt > 0 and (z,£) € Dy, it holds

acA

V(e,€) = inf { [ U etals) (51,06 Y () wx,g,a@))} |

Proof: This is an immediate consequence of the semigroup properties of y(-) and

w(-).
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11.3 The HJB equation and existence of solutions

The idea is now to use the method of [7] to handle the y variable, and to integrate
the ideas from section 10 to handle the w variable.

Definition 11.5 For 6 > 0 and functions V,¢,v, let Mg (V,p,%) denote the set
consisting of all (z,€) € Dy = (D((—A)2) x L2(Q)) N Dy such that

V(&) — gle) — () — 3 (-4t

2
> V(2,0) - 9(2) — ¥(Q) — 5 [ (- 4k

’2

forall (2,¢) € Dy. Similarly, let My (V,@,%) denote the set consisting of all (z,€) €
Dy, such that

0

V(€)= p(e) = v(©) + 5 [ (- A)e

for all (z,¢) € Dy.

[
Next, we introduce a notion of solution for the formal differential inclusion
AV (z,§) = (Do V(2,€), Ax) + (D;V(2,§) — DeV (2, €), Nz(z — §))
+ sup {— (D,V(x,€), Ba) — (x,£,a)} 3 0. (1L5)
acA

Definition 11.6 A bounded continuous function V : Dy — R is called viscosity
subsolution of (11.5), if for all p,v € C*(L*(Q)),

o M;(V,p,9) C Dy := (D(A) x L*(Q)) N Dy, for all § > 0,
o for every (z,€) € My (V,¢,v), there is p € Nz(x — &) N L*(Q) such that
J
AV (2,€) — (Dg(x), Az) + (Dp(z) — Dy(€).p) + ; [ Az]?

— g A +sup{— (Dy(z), Ba) — l(z,&,a) + § (Az, Ba)} < 0.
a€A

Further, a bounded continuous function V : Dy — R is called viscosity superso-
lution of (11.5), if for all p,v € C*(L*(Q)),
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o My (V,p, ) C Dy, for all§ > 0,

o for every (z,€) € My (V,p,), there is ¢ € Ny(x — &) N L*(Q) such that

V(2.8) ~ (Dele). Az) + (Dola) — Du(E).p) — ° [ vl

+§MA+3£{—< o(x), Ba) — I(x,€,a) — & (Az, Ba)} > 0.

Finally, a function is called viscosity solution of (11.5), if it is both viscosity sub-
and supersolution.

O

We remark that by restriction, the function ¢ + ¢ may be seen as an element of
CY(Dy), and that the corresponding derivatives coincide with the ones, when con-
sidered as mapping Dy = Ror Dy — R, as the corresponding function spaces are
linked by continuous imbeddings.

Theorem 11.7 If (GA) and (IA) hold, then the value function is a viscosity solution
of (11.5).

Proof: Let us start with proving that the value function V is a viscosity subsolution.
To this end, let ,¢ € CY(L*(2)), § > 0 and (z,&) € My (V,¢,v). Then, for any
constant control a = a € A, denoting for short y(t) 1= y,e.q(t), w(t) := Wy e 4(t),

V(w,€) - p(a) H Atz

for all ¢ > 0. From the DPP (lemma 11.4), we then infer that
l
o) = (0 + 006) — vtw) + 5 (|- a)%a

- |camol)
< V(2,€) ~ VIy(t), w(t)
< [ ate)we).a)ds + = DV (o). wlo),

Using the regularity assumption V(i), we may write
t
o) = 0(t) = = [ (Dely(s)). Ay(s) + Ba — ) ds,
0
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$(6) — v(wlt) = = [ (Do) als)) ds,
%<H< Abe ( ~ = H) / Ay(s), Ay(s) + Ba — i(s)) ds
= [ 1avtsiPas + [ (avts). o - ats) ds

where w(s) € Nz(y(s) —w(s)) for all s, by definition of the play operator. Plugging
these formulas into the above inequality and dividing by ¢ yields
1

_E/o (Dy(y(s)), Ay(s) + Ba — 1i(s)) ds

1/ (D (w(s)), i(s)) ds
/HAy J2ds + 2 /< y(s), Ba— i(s)) ds
St/o eU(y(s), w(s), a)ds + ©

Next note that w = y at almost every point in €2, where w # 0. Hence, (11.4) implies
that |w| < % |Ay + Ba| pointwise almost everywhere. We may therefore estimate
[w(s)]] < 3[|Ay(s) + Bal|, for a.e. s € (0,¢). Thus, we may further estimate the
terms of (11.6) to arrive at

/ | Ay(s)[? ds

<3 [ upetwnt (140t + 18l + § 14v(o + § 15al ) as

(11.6)

V(y(t), w(t)).

1/ HDWw(S))H-%(HAy(s)IHHBaH)dS 117
/“Ay <||Ba||+ (Il 4y(s )||+||Ba||)>ds

eM_1

+ _/ _Asl( (s),w(s),a)ds + V(y(t), w(t)).

t Jo t

By continuity of Dy, 9, y, w, [ and V, the elements containing only those functions
are uniformly bounded w.r.t. small £ > 0. Hence, for those t, there exists a constant
Cs (depending only on § and 7' > 0; i.e., we restrict (w.l.o.g.) to t € (0,7)), such
that

1 t
+ [ las)as < ¢ (11.8)
0
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this can be shown by several applications of Young’s inequality to the terms on
the right hand side of (11.7) which contain the factor ||Ay(s)||. Now we follow the
arguments of [7] to show that (11.8) implies z € D(A): First of all, (11.8) implies
that there exists a sequence of time points (¢, )neny With ¢, | 0 as n — oo, such that
|Ay(t,)]] < Cs for all n. Then, for some suitable subsequence, we have Ay(t,) — =z
weakly and y(t,) — z strongly. As y(t,) = (=A)"H(=A)y(t,) — (—A)"}(—2), this
implies z = Az, so that x € D(A). In particular, this proves M; (V, p,9) C Dy .
Our goal is now to take the limit ¢ | 0 in (11.6). To this end, we will first replace,
where possible, the time dependent elements by suitable constant ones, and then
take the limit in the rewritten inequality.

o for 1 [0 (D(y(s)), Ay(s)) ds:

1

m(t) =7 [ (Dolu(s) = Dila), Ay(s) ds

<+ [ 1o = De@ 1Ay(s)] ds

< <m |De(y(s)) - Dw(@ll) = / | Ay(s)]| ds.

s€[0,¢]

Defining pu(t) := maxsejoq || De(y(s)) — De(z)||, continuity implies p(t) | 0 as ¢ | 0,
and from Young’s and Jensen’s inequality, we infer that

i) < 50+ 5000 (7 [ Navto)as)
< gu) + 300 (5 [ 1auo)Pas)

which converges to zero as t | 0 due to (11.8). Hence, introducing an error function
w(t) = |m(t)|, we may replace the considered element by

+ [ Dot Ayt ds = (Doto). [ avtsras).

t
with only an error w(t), converging to zero as t | 0.

e we claim that for any sequence (t,)neny with ¢, | 0 as n — oo, it holds

I
t_/ Ay(s)ds — Ax. (11.9)
n Jo
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Proof of the claim: As

I
— / Ay(s)ds
0

2

1 [t
<o [ 1P as<
0

n

tn

we can extract a weakly convergent subsequence (which will for simplicity again be
indexed with “n”). Now take any ® € D(A). Then, continuity of y implies

<q>, 1 /Otn Ay(s)ds> - ti/ot (A, y(s)) ds — (AD, &) = (B, Az) .

tn n

Since D(A) is dense in L*(Q), this uniquely determines the weak limit. Hence, every
weakly convergent subsequence has the limit Az, which implies the assertion.

e (11.9) implies
I
= [ (Deta), Ays)) ds = (Dp(a), Az},
n Jo
for any sequence of time points converging to zero from above.
e by continuity, we have
1 t
i [ (De9(). Ba)ds - (Dela). Ba),
0
ast | 0.

o for %fot (Dp(y(s)),w(s)) ds: Consider first
)= 7 [ (Dolu(s) ~ D) wls)y ds < () - 7 [ o)l s

1 I
< Sult)1Bal + 3u0)7 [ Au(s)] s
0

Hence, (11.8) implies that 7 — 0 as t | 0. We may therefore replace the term by

Y[ Dty iy ds = { (), E [ isyas)
tJo t Jo

with only making some error w(t).

e we have pointwise (a.e.), that w(s ) € Nz(y(s) —w(s)) and

e
— ds
t

| A
<= [ |l ds < Cs,
tn Jo
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for any positive sequence (,,) with ¢,, | 0. Hence, we can extract a weakly convergent
subsequence; w.l.o.g.,

1 [
P = —/ w(s)ds — p.
tn Jo

We claim that p € Nz(x — ). As in the proof of theorem 6.7, we use Egoroff’s
theorem; w.l.o.g. (we may switch to a subsequence if necessary), we can assume
that A, := y(t,) — w(t,) converges almost uniformly to A := z — ¢, i.e., for every
e > 0 there exists a set S. C 2 such that |\ S.| < e and A,, — A uniformly on S..
Hence, there exists NV € N such that for each b € €2, we have either p,(b) > 0 for all
n > N or p,(b) <0 for alln > N. As weak convergence is equivalent to convergence
in the mean, this property is preserved when taking the weak limit, so that the
restriction p|s. must be an element of Ny(z|s. — €ls.). As € > 0 was arbitrary, this
property must hold almost everywhere, so that we can conclude p € Nz(z — §).

e exploiting the last two points, we find that for some sequence t, | 0, with some
error w(),

n

% /0 " (Doly(s)), i(s) ds = (Digla), p) + (),

where p € Nz(z — &) and ||p|| < 2(Cs + M), due to the bound on w(s).

S

e analogously, we get

= [ Dt i) ds = (DUE).p) + (),
for some suitable sequence ().

e since it is sort of convex combination, for every t,, there exists s,, such that

IR
= [ 1Ay s> a1

As we may assume that Ay(s,) — Az and since the norm is weakly lower semicon-
tinuous,

lim inf ||Ay(sn)||2 > ||A:17||2
n—oo

e From V(iii) and the compactness of B, we get

%/0 (Ay(s), Ba) ds——l/o ((=4)%y(s),(=A)'" 7" Ba) ds

t
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_ <1 /Ot(—A)ﬁy(s)ds, (—A)l—ﬁ3a> .

As (—A)Py(s) is continuous by assumption, we may replace the term with

(Az, Ba) ,
with just making some error w(t).
o for v, := i Jo" (Ay(s),1(s)), we use our estimate on [ (s)|| to get

tn 11 [
il < 5 [l ds+ 50 [ g s
0 n J0

Applying Young’s inequality to the second term on the right hand side, we get, due
to Jensen’s inequality,

31 [t 5 1
L < S A ds + =M?.
il < 1 [ v ds+ a2

We can thus charge the terms in equation (11.6),

0 /tn 1Ay (s)[2 ds — v > /t” 1Ay (s) 2 ds — M2
i ), Y =g, ), MY S

e by continuity, we get

E [ e w6, a0s = a0) + ),

and

7)\t_1
t

V(y(t), w(t)) = =AV(z,£) + w(t).

Altogether, restricting to some suitable subsequence, we may take the liminf of
(11.6), which yields

AV (2,8) = (Dp(x), Az) + (Dp(x) — DY(£), p)

+ 2l Axl? - 00, — (Dipla). Ba) ~ I(z..) + {Ar, Ba) < 0.

Taking sup,c, then yields the desired inequality. To prove that V' is also a superso-
lution, we use almost the same arguments. First, let (x,&) € My (V, p,1), so that,
in particular,

Vi(z, &) —p(z) — (&) + = H(—A)%x}
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4} 1 2
< V(Wogalt), rgalt) = oWagalt) = (wnea®) + 5 (-4 e
for all £ > 0 and o € A. From the DPP, we infer that for every ¢ > 0 and t > 0,
there exists some control a, € A, such that
) 1 2
o) = (a0 + 0(6) — ww(0) + 5 (=)0 )
> V(x, &) = V(y(t), wd))

> /0 e Ml(y(s), w(s), a=(s))ds + (e — 1)V (y(t), w(t)) — et.

-t

Again, we use the integral representations for ¢(x) — ¢(y(t)), ¥(§) — ¥(w(t)) and

1 2 1 2
H(—A)Ey(t)H — H(—A)ﬁx ‘ ; then, dividing by ¢ > 0, we get

— 1 [ Do) Ay + Bo(s) i) s

t
~ 1 [ o). i) ds

o . (11.10)
_2/0 HAy(s)H2ds—¥/0 (Ay(s), Ba(s) — i(s)) ds
z%ée*WM$w@mamw+€_;”wmmw@wf-

Now, the uniform continuity of y(-),w(-) on bounded time intervals w.r.t. a € A
(cf. V(i)) implies that the same estimates as for the subsolution case yield some
constant Cs > 0 such that

1 t
2 [l as < s
0

and this again implies © € D(A). Further, the uniform continuity w.r.t. a allows us
to establish the same estimates and convergence results as for the subsolution case;
the only thing that is different now, is the treatment of the terms which contain a..
So, let us take a closer look at those terms. As

-1 | Dot Bt = ¢ [ tants), Bauo) ds

_%/0 e_)‘sl(y(s),w(s)aas(s))ds

- %/0 —(Dp(x), Ba.(s)) — 0 (Az, Bac(s)) — U(z, &, a(s))ds + w(t)
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< sup {_ <DQO<I), B(l> —0 <AZE, BCL) - l(l’, 57 CL)} + CU(t),
a€A
we may replace the critical terms in the inequality. Altogether, we get the desired
inequality, when taking the lim inf of some suitable sequence in time, and the proof
is complete.

0
Remark 11.8 As mentioned in the proof of the last theorem, it holds
Ipll s [lgll < 2(Cs + Ma),
and Cs depends only on 6, Do(x), Dy(€).
0

11.4 Comparison and uniqueness result

Before giving the comparison result, we recall that from [30], for any upper semi-
continuous function f : D — R, if D is a so called RNP subset of some Banach
space X, there exists for every x > 0 some linear map 7' of rank one such that
|7 zxpy < # and f+ T attains its supremum over D. As noted in [30, page 4],
D C X is an RNP set if it is a convex and weakly compact subset of X. Now,
let X be some Hilbert space. Then X is reflexive, so that bounded sequences in-
clude weakly convergent subsequences. Taking into account Mazur’s theorem, we get
that every convex, bounded and closed subset of a Hilbert space is weakly compact.
Hence, in that case, it suffices to show that D is convex, bounded and closed when
we need to prove that D is an RNP subset of X.

Theorem 11.9 Let uy,us be bounded and Lipschitz continuous functions Dy — R
such that uy 1s a viscosity subsolution and us a viscosity supersolution in the sense
of definition 11.6. Then uy < us.

Proof: Consider the auxiliary function ® : D? — R,

e =yl =<l
2¢ 2¢e
5 ;
i (H“A)”

Assume for contradiction that there was (Z, ¢ ) € Dy such that

(I)('Ta 57 Y, C) 3:u1($, f) - u2(y7 C)

2+H(—A)§y

)

~

ul('i.aé) - u2(£7€) =7>0.
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Then, by density of Dy in Dy and continuity of u;, ug, we can find (z,€) € Dy,
such that

Thus, as

for every 0 < § < 5. Now, for every (fixed) parameters 0, €, the supremum might
only be attained on some bounded subset of Dy : Since by assumption, there exists
a constant C' > 0 such that |u; — us| < C, ®(x,&,y,() < 0 whenever

2 C
> —.
=

Hence, for some R = R(§) > 0, we may restrict the whole problem to the set

2
)

maX{H(—A)éx

‘(—A)%y

D= (Dy n (Bal0: D(-A)1) x L))

where Bg(0; D((—A)z)) stands for the closed ball with radius R in D((—A)z). We
show that D is an RNP subset of the Hilbert space (L*(Q2))?. Using the remark
before theorem 11.9, it suffices to show that I is a bounded, closed, convex subset
of (L*(Q))%.

e Boundedness: From the continuous imbedding D((—A)2) < L(Q), we infer that,
for some ¢ > 0,

|z]| < e||(—A)zx

‘ < cR,
and thus, since £ € [z — 1,z + 7],
€l < l=ll + 7l < cR+ |-
As analogous inequalities are valid for (y, (), boundedness follows.

e Closedness: Let (2,8, Yn, G)n C D such that (x,, &0, yn, G) — (2,€,y,¢) in
(L2(92))*. We only consider (x,,&,), as the argument is exactly the same for (y,, ).
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As H(—A)%xn
convergent subsequence (z,, )i; i.e., T, — x in D((—A)2) as k — oo. Thus, the
weak lower semicontinuity of norms implies

< R for all n € N by definition of D, we can extract a weakly

R > l1m 1nf H %

> [t

Further, as we may extract a subsequence (&, )r which converges pointwise a.e. to
¢, the relation &,, € [x,, — 7, x,, + r] for all k implies that £ € [z — r,z + r| a.e..
e Convexity: Follows by convexity of balls and sets of the type [x — r,x 4 r].

Now, as & : D%, — R is continuous, the same holds for the restriction to ID. Hence,
the main theorem of [30, page 7] implies that for every v > 0, there exists some
linear functional T": (L*(2))* — R of rank one, such that [|T']| ;1201 < ¥ and
® + T attains its supremum over ). Moreover, from the boundedness of D (note
that the bound depends on §!) we infer the existence of 7 = ©(d), such that

meama@e<ﬁ«m4:s§w@m+wﬂ,»27

z 11.11
770 ( )

and there are (7,£,5,0) € D : supy {O() + (T, )} = (@ + T,)(#,£,5,0). So let
T, = (t1,ts,t3,t4) have such property; denoting ¢ := ® + T, the usual inequality

wn(7,8) — us(@, ) = 5 (= A2+ 1+ 15,3+ (12 4 10.8)
r+@rw&m+«m+mg>

lz—gl* €=

3

2
‘)+2@b )+ 2 (b2, &) +2(t3,9) + 2 (4, C) -

< 2uy(Z,€) — 2us(y, ) —

(S

Rearranging yields

m

- 2 F 7 2 B _ _ _
|z ng i € ECH <uy(Z,€) — uy (7, C) + ug(Z, &) — ua(, €)

J
+ (=13, T —g) + (t2 —ts,§ = () .
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Note that we may, w.l.o.g., restrict to v < 1; but then, exploiting also the Lipschitz
continuity of uy, us, there exists some constant C > 0 such that

where we used Young’s inequality as second step. Hence,

2 g 7|2
L] g €2<H <2, (11.12)

)

and the constant C is independent of ¢, 0, v. Next, consider the “test functions’

Y1 (&) =u2(7, () + 2_18 Hf - EH2 — (t2,€) — (t1,(),
oaly) == o 7~ = 3 ()| + 0,7 + {r0),
0a(Q) = (78 = 5 (1€~ I + (12.6) + {12,

They are all continuously differentiable, and we claim that, if v > 0 is small enough,
then

1. (2,€) € M (uy,¢1,11),
2. (4,C) € My (ug, pa2,12).

Proof of the claim: For all (z,¢) € Dy, we may use D((—A)z) < L*(Q) and the
properties (] < [l2] + Il 1€ < 7] + 7| to estimate

®(,€,7,0) + (b, ) + (2, ) + (ta,7) + (ta, ()
< @(2,6,5,0) +c il | (~ )| + el (e ]|~ )t

[+ ltall (<[ (= )Eg| + )

|+ 171

+elts) || (—4) 25

Hence, if v > 0 (depending now on §) is small enough, we can achieve that P < 3
whenever (z,£,7,() ¢ D, being smaller than the maximal value on D; hence,
(z,€) € My (u1, p1,11); the argument for Mj (ug, @a,1)9) is similar.
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We can now use Z,y € D(A) and that u;, uy are, resp., sub- and supersolutions.
Noting that

Dy (Z) = % — ty, Dy (€) =
Der(p) = Lty DUn(Q) =22+,

we get that there are p € Nz(Z — €), ¢ € Nz( — ¢) with norms bounded by some
constant depending on ¢ (cf., remark 11.8), such that

_ T — 1 T — 1 c )
Aul(faf)_<x€y—t1w‘1x> <x y—tl—g+t2, >+4_1”Aj:”2

)
— M, + sup {— <— —t,,Ba
4 a€A

< .6 — (T 10,4y ) + <‘"” st_Tc_% )= 3 gl

z,€,a) + 6 (Az, Ba>}§0

)
+—MA+SUP{_<—+t3aBa yaC? <AyaBa>}
4 achA
Rearranging the terms yields
_ ~ ) ) )
A (n(7,8) — us(5,0)) < = 147 — T Agl* + 5 Mo
1 o
+ (T—§—£+(q—p) (11.13)
+< y,A )> (11.14)
€
— (t1, AT) — (t3, AY) + (t1 — t2,p) + (I3 — 14, q) (11.15)
+sup{—<%+t3,3a> —l(yj,{,a)—&(Agj,B@} (11.16)
achA
c 0

—sup{— < ! . Y —tl,Ba> —1(z,€,a) +(5(A:E,Ba>}. (11.17)
ach

We estimate (11.13) to (11.15) and [(11.16) + (11.17)]. As p € Nz(z — &) and
q € Nz(y — (), we have

(L13)= 2 (-6~ (5= o —p) <0
Further,

(11.14) = — |[(=A)} @ - p)
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To estimate (11.15), note that ||Az||, [|Ay|| < R(d) and ||p||, |lg|| < C(0,¢) by remark
11.8 (note that the derivatives of the test functions also depend on ¢); therefore,
|(11.15)| can be made smaller than any positive number by fitting v = v(,¢), if
necessary. Finally,

(11.16) + (11.17)]
< Slélg{|<t1 + t3, Ba)| + Iz, &, a) — (5. ¢, a)| + OMu (|| AZ| + || Agll) }
_ ) 52
< 2My+ G190 (|2 = gll + (1€ = C[) + 07 ME + = (1 4zll” + | Agll°)

3

1 52
< 2My +w(e) + 02 ME+ — ([lAz]” + || A7),

where we used the Lipschitz property of [, the imbedding L*(Q2) — L'(£2), Young’s
inequality and (11.12). Plugging in those estimates then yields

- - J

M (7.8) — ua(7.0) < <—1+ ki ) (4] + | A7)

§d
+c (5 + 62 + v(9, a)) + (11.15) + w(e).
Now we choose 0 € (0,0) and v = v/(3,¢) > 0 such that for all € > 0,
~ ~3
L(-5+5) <o,
(g Ny (8,5)) + i) <z,

which is possible as we are free to choose both parameters positive but arbitrary
small. As (11.11) implies that u(Z,£) — ua(y,¢) > I, we get

2.

>

1
<x()

OOl\\

a contradiction for € | 0, and the proof is complete.

Now we can state the existence and uniqueness result.

Theorem 11.10 Under assumptions (GA) and (1A), the value function is the unique
bounded and Lipschitz continuous viscosity solution of (11.5) in the sense of defini-
tion 11.6.
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Proof: Theorem 11.7 shows that V' is a viscosity solution and the comparison result,
theorem 11.9, implies by the usual argumentation, that every viscosity solution is
equal to V.

O

Example 11.11 Fquations (11.1), (11.2) imply that we may choose A = A, the
Laplace operator with D(A) = H} () N H2(), where Q C R™ is some bounded and
smooth domain. Asy € C(0,T; HX(Q)) = C(0,T; D((—A)2)) due to the improved
reqularity result, we see that a possible choice is B = (—A)’%. Then the assumptions
(Vi), (Vii), (Viii) are fulfilled. For A, we might choose a set of the form

A={aecL*(Q)] fiz) < a(z) < fo(z), ae. z € Q},

where fi, fo € L*(Q)). Then (GA) is satisfied. Now, as | must be bounded and
Lipschitz continuous (L'(2))? x A — R, a possible choice would be

l(y,w,a):/ﬂmin{R, |y(x)|p}dx+/gmin{5, |w(x)|q}dx+/g|a(m)|dx,

for parameters R, S > 0 and p,q > 1. Then (IA) holds. Thus, theorem 11.10 applies,
e.g., to the following control problem:

gleiﬂ{/ooo N (/anin{loo,\y(t,x)]Q}d:c—i—/Q|a(t,:c)]da:) dt},

w.r.t.

g(t) +i(t) — Ay(t) = (~A)"za(t),
w = F.ly;wo|, wo € [yo— 7,90 + 7).
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A. NOTE ON EQUATIONS WITH HYSTERESIS

A Note on Equations with hysteresis

When dealing with equations including hysteresis, existence and uniqueness proofs
sometimes are quite lengthy, and one could ask whether knowledge about the analo-
gous equation without hysteresis might help. So the following note might be useful.
Consider, formally, some equation of the type

F(y,u) =0,

where y should be the solution function solving the equation, and u another function,
on which the solution y depends, such as, e.g.,

Fy,u) ==y +u—Ay— f.

In this case, the solution y = y(u) would solve a heat equation with some special
data u, f (but f is fixed). If this equation is uniquely solvable for every u (in some
suitable set), we can define a solution operator S, which maps u to the corresponding
solution y = S(u), so that

F(S(u),u) =0.

If we now want to have hysteresis (represented by some operator W) included in
that equation, we look for a choice of u such that u = W(y) = W(S(u)). But that
means, in order to solve the equation with hysteresis, we need to find a solution of
the fixed point problem

w=W(S(u)). (A.1)

The following is an example of an abstract formulation of the contraction method
used in some of the proofs in part two (and as proposed in [11, p. 300]).

Theorem A.1 Let both the hysteresis and solution operator VW, S be mappings from
L2(Q; HY(0,T)) into itself, and Lipschitz continuous with constants cyy,cs > 0, such

that v := cy-cs € (0,1). Then the fized point equation (A.1) has exactly one solution
in L*(Q; HY(0,T)).

Proof: With Banach’s fixed point theorem. Let ||-|| denote a suitable norm on
L*(Q; H(0,T)). Then the simple estimate

V(S (ur)) = WS (u2)) || < ew [[S(ur) = s(ua)|| < llur — uall

shows that W o S is a contraction mapping.
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The assumption on S is often fulfilled — at least for small 7" > 0 — when considering
weak solutions of partial differential equations depending continuously on the data,
where the time derivative of the hysteresis term does not appear in the equation.
However, note the following examples.

Example A.2 (1.) Heat equation with Play hysteresis: Semilinear case.
Consider again (3.1), i.e.,

v — Ay + F.ly; wo] = f,

together with yo € HJ(), wo € [yo — 1,Yo + 7] and Dirichlet boundary conditions.
In order to apply A.1, we then consider the solution operator S : u — y = S(u) of
the standard heat equation

where w € L*(; H(0,T)). Testing the equation as done in section 3, we can derive
an inequality of the form

[y — y2HL2(Q;H1(o,T)) <oT) lwa — U2HL2(Q;H1(0,T)) 3

where ¢(T') is continuous and such that ¢(T') L 0 as T | 0. Hence, the Lipschitz
continuity of the Play implies that we may apply theorem A.1 to find a unique local
solution of the equation with hysteresis, which may be continued by standard requ-
larity results.

(2.) Heat equation with Play hysteresis: Quasilinear case.
Consider

) 0
v+ aﬁ«[y;wo] - Ay =f,

with similar sideconditions as in the first example. Now, for (¢ € (=1,1)), take a
look at

y+ci— Ay = f.
Considering only functions y;, u; with the same initial values, a simple calculation
yields
Iy — y2HL2(Q;H1(0,T)) < lef lur — “2||L2(Q;H1(0,T)) )

so theorem A.1 applies, and we get a unique solution for the equation with hysteresis
for every ¢ € (—1,1). Using the continuous dependence on the data result of [11,
Proposition 1.4, p. 270], we can let ¢ 1 1. However, uniqueness does not carry over
here.

175



A. NOTE ON EQUATIONS WITH HYSTERESIS

Another (academic) example where the fixed point method (A.1) might be used
is when considering “implicit functions with hysteresis”, i.e., equations (without
derivatives) depending on variables y, v and t, such that, e.g., u = F,.[y]. As an
example, consider the equation

y® —tu® = 0. (A.2)

Under which conditions it is assured that (A.2) has a (local) solution y = y(¢) and
u = Fily; uo)(t) starting at tg = I, yo = 5, up = 1?7 We will give an answer using the
implicit function theorem and Banach’s fixed point theorem. As there might be fixed
points which do not have the contraction property, this solution might, however, be
improved.

Theorem A.3 Assume that yg € R", ug € R™ and ty € R solve the equation
F(y,u,t) =0, (A.3)

and that F : Bg, (yo) X Bg,(uo) X Bg,(to) C R* x R* x R — R™ is continuously
differentiable such that the Jacobian J,F(yo, uo,to) is invertible and

1. the Lipschitz conditions

H(J F) IJ Wy, ) = (L F) T T F) (Y, ua, t)| < gy, un, us, t) [un — sl
| F](y7u1,t) [(JyF)_IJtF](%Ulat)} < oy, wr, ug, t) lur — usl,

hold, where py, j1o are continuous in some neighborhood of (yo, uo, ug, to), and
2. H(JyF)_IJuF] (yo, Ug, to)’ < 1.

Further, let P be an operator which is, for some T* > ty, Lipschitz continuous on
Whi(ty, t*; R™) with constant smaller than or equal to one, for all t* € (ty, T*), and
such that

HP@)HWlJ(tO,t*;Rn) < ”Z/HWLl(to,t*;Rn)a Yy € Whi(te, t*;R").

Then there exists t € (to, T*) and continuous functions y(t), u(t) = P(y)(t), such
that

F(y(t), P(y)(t),t) =0, Vt € [ to,t].

In the proof of the theorem, we need the following variant of the implicit function
theorem, which is in that form a consequence of the contraction mapping principle.
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Theorem A.4 ([33], theorem 3.4.10) Let X,Y,Z be Banach spaces. Let U x V
be an open subset of X x Y. Suppose that G : U x V. — Z is continuous and has
the property that doGG exists and is continuous at each point of U x V. Assume that
the point (x,y) € X XY has the property that G(z,y) = 0 and that doG(x,y) is
invertible. Then there are open balls M = Bx(x,r) and N = By (y, s) such that, for
each ¢ € M, there is a unique n € N satisfying G(¢,n) = 0. The function f, thereby
uniquely defined near x by the condition f({) =n, is continuous.

O

Proof of theorem A.3: Restricting ourselves to a small suitable time interval contain-
ing the initial value ¢, we may assume that F’ is continuously differentiable. Applying
A4 withY,Z =R", X =R and G(t,y) := F(y,u(t),t), where u is any function in
W0, T*;R™), we get a local unique solution y(t) = f(t, u(t)) satisfying
F(f(t,u(t)),u(t),t) =0, (A.4)

for all £ > ¢y small enough — in fact, this neighborhood depends on the variation of
Y, u, so that by restriction to a ball around the constant functions g, ug allows us,
in view of (A.1), to formulate our problem as a fixed point problem in W! via

u(t) = P(y(t)) = P(f(t,u(t))).

As mentioned above, we want to apply Banach’s fixed point theorem. Since by the
assumptions on P,

PG ultD wes < IFC ul )l
it suffices to find a ball B* in W' such that P o f(-, B*) C B* and

LG ua () = FCua(Dllwra < ellun = uallyrs
holds for all uy,us in B* and some ¢ € (0,1). Differentiating (A.4) yields

0= SEU0).00).0) = P [ L rtu0)] + 2.7 -a0) + A
which implies
[%f(t, u(t))] = — [J,F) " I F - a(t) — [J,F) " JF.

Hence, separating also the left hand side of the latter equation into the part that
contains u and the remaining variable, we get

fult,u(t)) = — [J,F] " J,F, filt,u(t)) = = [J,F)"" J,F. (A.5)
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Next, note that for any wuy, us in W! with the same starting values u;(0) = uy(0),
we have

1fCoua () = fCu2()
= / | fe(t,un (t) — folt, ua(t)) + fult,wn ()i (t) = fu(t, ua(t))ie(t)] dt

OT* A6
S/ pi fun(t) — ua(b)] + po ua () — ua(t)| [0 (¢)| dt Ao

to

+/ ‘fu(tau2(t))| ‘iLl(t) - iLz(t)| dt.

to
By the choice of the u; and the norm on Wh!, we also have
T*
|ur(t) — uz(f)] < / i1 (t) = ta(t)] dt = [Jur — ualya -
to

This observation implies, together with (A.5) and assumption 2. that if 7% > tq is
small enough, it holds

1 Crua () = fCua()) e < v llun = wallyn

for all uy, us inside a (small) ball around the constant function @(t) = ug and with the
same initial value ug. Let us denote this set by M. Then, by definition, P(u)(0) = uy
for all win M, and the boundedness and Lipschitz assumption assure that Pof(M) C
M. Thus, the contraction mapping principle applies, and we get a local solution for
small 7% > 0.

Before giving an example, we state a simple corollary.

Corollary A.5 Let F: R*" x R®" x R — R" be of class C? such that assumption 2.
of theorem A.3 holds, and P is an operator of the form as in theorem A.3. Then
equation (A.3) has a unique local solution.

Proof: The stronger regularity assumed here implies locally the Lipschitz condition
1. of the previous theorem.

Example A.6 We consider the example from above, i.e., the equation

y? —tu? =0,
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where we now want to have solutions corresponding to uw = P(y) for different oper-

ators P. Consider the point ty = i, Yo = %, ug = 1 which solves the equation, and
the play operator u = .7-"% [y;up]. Then u stays constant until y(t) = % is reached, as
the formula

y(t) = Vitu

implies that y must be increasing; hence, we get the solution

y(t) = Vi, teF 9].

44
As both t and u(t) must then be increasing for larger t, we would have to solve
1
y=(y-HVt,
leading to

Vi
2(vt —1)

As this function is, however, decreasing fort > %, the equation is not longer solvable
for such t. We note that for the derivatives, we get

y(t) =

Fult,u(t)) = duy = 9, (Viu) = Vi = 2;—; — [, F] L E

and that the absolute value of the latter is here smaller than one as long as t < 1,
which means that condition 2. of the above theorem is in fact too restrictive in this
case.

Next, consider the same equation with the operator

P(y;uo)(t) :== uo —i—/t max {0, y(s)} ds.

It is easily seen that it fulfills the requirements of the above theorem. Further, to
solve the equation, we now need to find a solution of

y=(+ Vi

which leads to

y(t) = Q(T% ult) = y(t) + 2.

2
Hence, we get a solution, as long as t < 1, which here coincides with the condition
2. of theorem A.3.
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B Rate of convergence for the regularized equa-
tion

The convergence result in section 3.5 is based on compact imbedding results. How-
ever, by a much more careful analyzation of the approximation (2.1), one can give
a rate of convergence for the regularized equation (3.7). To do so, we first restrict
ourselves to a class of special functions, and then make a distinction of cases, to get
an idea of when the approximation and the true value become different, and to what
extent. After that, we can give an estimation of how much the two functions can at
most differ, in terms of the parameter € > 0.

Lemma B.1 Let v. := y — z. denote the corresponding approzimation of the stop
operator (recall that ez, = G(z. — y) as defined in (2.1); in particular, we fix a
function y = y. for all € > 0 here). Let denote v.(to) := vy, e(t) := & [y;wol(t),
eo = e(ty) € [=r,r]. If y(t) = co + c1(t — to) is an affine map, then

v(t) — e(t)| < max {|vy — e, [vo — €0 " 4 eyl e(1 — e”(t))} : (B.1)

for all t > ty, where

L — o). (B.2)

n(t) = —

Proof: We start with a distinction of cases. Until the end of this proof, we will drop
the index ¢.
e Case 1: v(t) € (—r, 7).

This implies that ©0(t) = §(t) = ¢;. Further, we might have é(t) = 0, or
é(t) = c;1. In the first case, we must have eq = £r together with sign(c;) = +1.
But then the distance d(t) := |v(t) — e(t)| becomes smaller, as long as we stay
in case 1, so that

d(t) = |v(t) — e(t)] < |vo — o] = d(0).
On the other hand, if ¥ = ¢; = ¢é, the distance d does not change.

o Case 2: v(t) ¢ (—r,r).

Here, we have to consider several subcases.

— Case 2.1: v(t) < —r,¢; > 0.

Then © = ¢; — 2G(—v) > ¢, whereas é = 0 or ¢ = ¢;. Thus, d gets

1>
smaller.
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— Case 2.2: v(t) > r,c; <0.
Arguing similarly to case 2.1, we find that d gets smaller.
— Case 2.3: v(t) > r,c; > 0.

Using the variation of constants formula as in lemma 3.24, we get the
representation

v(t) =7+ (v — ) exp <—§(t - to)) +eie (1 — exp (—%(t - to))> .

(B.3)
Now, we consider the following subcases.
* Case 2.3.a): ¢ =0.
Then e(t) = r constant, so that
0<w(t)—e(t)=v(t) —r=(vg—r)e"™ + cie(1 — ")
= (vo — €0)e" + ¢1e(1 — "W).
Hence, we get the estimate
lu(t) — e(t)] < |vo — eo| €™ + |ey| (1 — D). (B.4)

x Case 2.3b): é = ¢;.
Then e(t) = eg + c1(t — tp). On the other hand, by use of the simple
estimate

1 _
1 - exp <——(t - to)) <2l wsy,
£ £
we get from (B.3) that

t—1
v(t) <r+vy—r+ce 0

= 1 + Cl(t — to) = Vg — €p + €<t>,
implying, due to v > r, that
d(t) = |v(t) — e(t)] < |vo — o] = d(0).

Hence, the difference becomes smaller.
— Case 2.4: v(t) < —r,c; <0.

By symmetry, or considering subcases similar to 2.3a), 2.3b), we get anal-
ogously, that d(t) can only grow via formula (B.4).
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Altogether, we are left with analyzing the estimate (B.4). As for
f(#) = d(0)e" + |ea] (1 — "),

it holds
f’(t) _ (|Cl| o @) e"(t),

the function f is either monotonically increasing or decreasing, and (B.1) follows.

O

With lemma B.1, we can now investigate how one can estimate the difference d for
arbitrary continuous and piecewise linear input functions y. Then we use density
arguments to get more general assertions.

Proposition B.2 Let vy = ey € [—r,7] be given.
1. Assume that y € W10, T) has the property that iy € L>(0,T). Then

[v=() = eCll oo, < e N9l e o1y - (B.5)
2. Assume that y € H(0,T). Then
ver

lo-() = oo < Y |1+ 191320 - (B.6)

Proof: We start with y € C},[0, T]; therefore, ¢ is simply a step function, correspond-
ing to which there is a partition of the interval [0, 7] via time points 0 = ¢y < t; <
... <t, =T, such that y exists and is constant on each of the intervals (¢;,¢;41).
According to lemma B.1, over each such interval, the difference of the true value and
the approximation does not grow or grows via

1 1
|d(t)| < d(t;)exp <—g(t — tj)) + lcjle <1 — exp (—g(t — tj)>) , (B.7)
where t € [t;,t;11] and ¢; = ¢ in (¢j,¢;41). Thus, in the case of growing difference,
the maximum would be reached at ¢t = ¢, so that we may introduce the variable

kjy1 = d(tj41) — it then suffices to give a uniform estimate for all the k;. Let us
further denote

1
nj = =t = ).
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We also introduce the index set I consisting of all 0 < ¢ < n—1, for which d actually
grows on [t;, t;11], i.e., for which (B.7) has to be applied. Then we can estimate, by
iteration of (B.7),

k;lgkoexp{ Z m— 2}4—6 Z le;| (1 — et exp{ Z M- m} (B.8)

el i<l el i<l mel,m>1

As kg = |v-(0) — e(0)] = 0, we get from (B.8) the estimate

kl<5z el ( 1—emlexp{ Z M- m} (B.9)

i€li<l mel,m>i

Next, we make the following simplification. Since the step functions corresponding to
uniform partitions of [0, T] are still dense in L'(0,T'), we may restrict our exposition
to the case tj.1 —t; =: At, for all j. Then n; = —2At =: n for all j, and (B.9) reads

k <e Z leil (1 —e") exp{ Z 77}
i€l,i<l mel,m>i
=c(1—e") Y el (en)Fimetm=t, (B.10)
i€l i<l
Now, (B.10) implies
ki <e HyHLOO 0,T) (1—e” Z e =e ||y||L°° 0,7)
1=0

which holds for all I. Hence, by density of step functions, we can infer inequality
(B. 5) To prove the second part, we apply Young’s inequality D.1 with p = ¢ = 2,
5% = \f, and

a = ’Czl , b= (1 _ 677) (eﬂ)#{mel,mZi} '
Thus,

by < Z {\/—| | +\/_( _677)2(677)2#{m61,m>i}}

zGI i<l

VE o e31—en L
<l + 5 (L =€) Y (enFmeim=d,

iel,i<l

183



B. RATE OF CONVERGENCE FOR THE REGULARIZED EQUATION

Now, we make use of 1 — e < %, so that we may further estimate

n—1

v
b < 19l Za ) + e (e

=0

VE 2 -
< il + > ()
=0

Ve

.12
=i+ HyHm(o,T)] ,

~.

for all I. Thus, by density of Cy[0,7] in H'(0,T), the result follows.

O

We note that if y € L>(0,7), then y is continuous on [0,7], and therefore y €
L*>(0,T). Thus, the functions in point one of the last proposition are exactly the
ones of W1°°(0, T'), which can be shown to be equal to the set of Lipschitz continuous
functions on [0,7]. Hence, (B.5) may be reformulated via replacing the L*-norm
on the right hand side by the Lipschitz constant of y.

Up to now, we have only considered the approximation v, for the stop operator,
but it is easy to get a similar result for z..

Corollary B.3 Let zg = wg € [yo — r,yo + 1] be given.
1. Assume that y € WH(0,T) has the property that y € L>(0,T). Then

12:() = w)llopry < €19/l ooz - (B.11)
2. Assume that y € H(0,T). Then

Ve .
[2:(-) = w(‘)Hc[o,T] < 5 1+ ||?J||i2(0,T) : (B.12)

Proof: By definition, z. + v. = y. Since we also know that w + e = vy, it holds that
[2e = w“c[o,T} = [y —ve) = (v — G)HC[O,T] = [|lv- — QHC[O,T] ;
and the result follows directly from proposition B.2.

O

Note that those estimates hold for fixed ¢ > 0 and any y — thus, we may also choose
a family of functions y. which is bounded in H'(0,T). Then corollary B.3 tells us,
that for any such family, we have

“Z€<'>ys) - w(’7y€>HC[O,T] - O’
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as € | 0. This might look a bit strange at first glance, but it simply reflects the
compactness of the imbedding H'(0,T) < C[0,T], since any weakly convergent
subsequence of ¥, satisfies the assumptions of theorem 2.11.

It is clear that if y = y. depends on € > 0 such that y. — 3 as € | 0, the rate of
convergence of z. = z.(-,y.) will depend on how fast y. converges to y. The following
estimate, which makes use of the Lipschitz continuity of the play operator, is a very
simple way to include this; nevertheless, it will enable us to get a rate of convergence
for the p.d.e. (3.7) via Gronwall’s lemma.

Corollary B.4 Assume that y.,y € H'(0,T) with y-(0) = 5(0) =: yo, and 2.(0) =
zo=wp =w(0,9) = w(0,ye) € [yo — 7,90 + 7], for all e > 0. Then,

i} Ve
[2e(+, ye) — w('ay)HC[o,T] <lye — yHCOT] 5 1+ H%HL? 01| * (B.13)
2

Proof: From the triangle inequality, the Lipschitz continuity of the play on C|0, 7],
and corollary B.3, we get

125 92) = w( Doy < lwye) =wl Dllepry + 1208 = w0 v)lop

\/_
< lge = Flegor + 5 |1+ el ooir |-

Now we are ready to proof a rate of convergence result for (3.7).

Theorem B.5 Let y denote the solution of (3.1) w.r.t. w = F.[y;we] = W]y,
wo € [yo — 1, Y0 + 7], and let the assumptions of theorem 3.3 (existence of weak
solutions) hold, particularly yo € HE(Y), f € L*(Q) (where  is bounded with smooth
boundary). Further, for every ¢ > 0, let y. denote the weak solution of (3.2) (cf.
theorem 3.10) w.r.t. the initial value y.(0) = yo and let z. denote the corresponding
reqularization of the play, where z.(0) := zy = wo. Then there exists a constant
¢ > 0 such that

Iy — yHL?(Q;C[O,TD < cve.

Proof: As we have seen in section 3, we may test the difference of the two equations
with dyv := 9;(y. — y), which yields

2
iy [ [ il 5 IVT g <0
Noting the simple estimate

Lo
T HUHL2(Q .Clo,1]) = ”UHL2(QT)
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we easily get to

e / [ Gettea) = it ) v
<T2/ /||z€ ) — )||C[0t]d$dt

via application of Young’s inequality (with p = ¢ = 2, §2 = T). Then, for almost
every x € €, corollary B.4 applies. Thus,

T 2
2 2 .
Iosecnm < 27° [ ol dt+ <7 [ [1+10.2)la0n) o

As proposition 3.25 implies that the term in square brackets remains bounded in
L3(2) as € ] 0, there exists a constant ¢ > 0 such that

T
2 2 .
1l < 2T2/0 V11220010, 4 + C2.

As this calculation remains true for all T > 0, we may apply Gronwall’s lemma,
which yields

2 ~
||UHL2(Q;C[0,T]) < ecexp (2T3) :
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C A regularized Hilpert-type inequality

The Hilpert inequality is, as we have mentioned before, the main tool to proof
uniqueness of solutions in the quasilinear case of a heat equation with hysteresis. It
can be stated as follows.

Theorem C.1 (Hilpert’s inequality, cf. [12, p. 134]) Consider the hysteresis op-
erator VW given by

Wly;woa](t) == q(Frly;wa](t),  0<t<T,

with w_; € R, and where q € I/VZIO’COO(R) 15 an increasing function. Suppose that
y1,y2 € WH(0,T) and w_y1,w_1 € R are given, and let y := ya—y1, w := wy—wy,
where w; == Wly;;w_1,], i = 1,2. Then

d

Zu(t) SWOHW),  acin (0,7), (C.1)

where wy = max {w,0}, and H denotes the Heavyside function

1, z>0,
H@):{o z <0,

0
We imitate the proof to get a result which looks similar for the regularization z..

Theorem C.2 Let y; € WHH0,T) and z = 2z.,(-,y:), vi == ve,(-,y:), i = 1,2,
denote the regularizations as in section B. Further, let w; = F,.ly;;wo;] denote
the Play operator, e; = E.[y;;eo,] the Stop operator (recall that w; + e; = y;) and
wo; = wi(0) = 2(0) € [yi(0) —7,35:(0) + 7], and y = ya — y1, W = wy — wy,
01:=e€1 — V1, 03 := €9 — Vg, 0 := 0y — 01. Then,

> % [wy ()] + " (t)H (y(t)), ae.t € (0,7).

Proof: We use the crucial implication for the proof of the Hilpert inequality,

2 () H(y(t))

wy(t) <wi(t), w2t) 2 () = wh(t) 20, wy(t) <0. (C.2)
As noted before, it holds (by definition)

22(t) — wa(t) = ea(t) — va(t), z1(t) — wi(t) = er(t) — vi(t). (C.3)
We consider the sets of time points

My o= {tw(t) > wa(t)}, My = {thwa(t) > wi(8)}, M = {tjw(t) = wa(t)} .
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Consider ¢ € M;. Then, if yo(t) > y1(t), (C.2) applies and yields (subtraction of
(C.3))

Z(t) = (1)
thus, in general, we have

JOH(y(t) > 8O H(y(t)),  ae. te M. (C.4)

Next, consider ¢t € Ms. If yi(t) > yo(t), by reversing the indices in (C.2), we find
that
(1) < 0'(1),

so that in general (note (C.3)),
Z(t) < 8(t) +w' () H (y(t) = o"(t)(1 — H(y(t))) + 2" () H(y(t)),
which may be rewritten as
Z(H)H(y(t)) > w'(t) — o'(¢) H (y(1)), (C.5)

a.e. t € M,. Now, note that for some (somewhere) dense subset S C M, by
continuity of w, S must be an interval, and thus, w'(t) = 0 for a.e. t € M, implying,
in view of (C.3),

Z (O H(y(t)) = 0'() H (y(t), (C.6)

a.e. t € M. Summarizing (C.4), (C.5), (C.6) yields the result.
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D Some frequently used Theorems

A collection of some of the theorems which are applied many times during the
exposition.

Lemma D.1 (Young’s Inequality)
Let p,q € (1,00) be such that Ilj + % = 1. Then, for any 6 > 0,

1 1
lab] < =6% |al” + =677|b|*, Va,b € R.
p q

Proof: As shown in [12, lemma 1.2.1], this is a simple consequence of the convexity
of the logarithm and the monotonicity of the exponential function. Since

1 1 1 1
In <-5P laf? + =57 |b|q) > = 1In (6" [af’) + = In (6791p)) ,
p q p q

applying the exponential on both sides yields the result.

We usually apply lemma D.1 with parameters p = ¢ =2 and § = 1.

Theorem D.2 (Jensen’s inequality, probabilistic version)
Let (X, A, ) be a probability space and f : X — J (where J C R open) some
integrable function. If ¢ is convex on J, then

w(/deu) < [ vosan

Proof: See e.g., [34, theorem 6.4.1].

O

This probabilistic version implies the discrete (when p is a counting measure) and
the continuous one (when p equals Lebesgue measure).

Theorem D.3 (Gronwall’s lemma, different versions)

1. Discrete version: Let ¢ > 0, N € N and suppose that nonnegative real numbers
Qn, by, 0 <n < N, satisfy

n—1
an§c+2ajbj, 0<n<N-—-1.
j=0

Then

n—1

angcexp<2bj>, 0<n<N.

=0

B
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2. Continuous version A: Let ¢ € C[0,T] and a € L'(0,T) denote nonnegative
functions. If u € C[0,T] satisfies

0 < ult) < c(t) + /ta(s)u(s)ds, teo.7],
then

0 <u(t) < c(t) + /O t c(s)a(s) exp < / ta(f)d7> ds, tel0,T].

3. Continuous version B: Let x, k be continuous and a, b Riemann integrable
functions on J :=1[0,T] with b, k nonnegative on J. If

x(t) < a(t) + b(t) /t k(s)z(s)ds, te€J,
then

2(t) < a(t) + b(t) /O ta(s)k(s)exp ( / t b(r)k(r)dr) ds, teJ.

Proof: See, e.g., [35, corollary 2.1.5., page 150] for version 1, [36, III, page 14] for
the second and [37, theorem 1, page 356] for the third version.
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