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Abstract— In this paper we consider a human commanding
the overall behavior of a robot team while the robots are
controlled to comply with formation constraints. Such human-
robot team interaction is challenging in terms of system com-
plexity and control synthesis. The port-Hamiltonian framework
is suitable for modeling the interconnected systems. We model
the robotic team, cooperatively manipulating an object, as a
constrained port-Hamiltonian system.
Furthermore, we propose a passivity-based control approach in
the port-Hamiltonian framework for the cooperative manipu-
lation system guided by the human. The control mechanism is
based on the energy shaping for achieving a desired behavior
of the formation and its preservation. An energy tank in the
cascade is introduced to guarantee passivity of the complete
system and safe interaction with humans in the robot environ-
ment. We validate the proposed approach with simulation and
experiments.

I. INTRODUCTION

Human-robot interaction is a wide area of research with
one of the main goals being to exploit the complementary
capabilities of humans and robots. On the one side humans
are inherently adaptable to uncertainties and have planning
capabilities. On the other side robots are able to conduct tasks
repetitively and with high precision. Furthermore, in a wide
range of tasks it is necessary that humans and robots share
the common workspace. Therefore, it is necessary to guar-
antee human safety during interaction. In human-robot team
interaction the human typically knows the common goal and
commands the team to achieve it, while the robots conduct
other sub-tasks autonomously, e.g. maintaining formation [1]
and collision avoidance [2]. An example for human-robot
team interaction is teleoperation. The human guides the
team of robotic manipulators, cooperatively manipulating an
object.
The port-Hamiltonian framework is a powerful method for
modelling complex and interconnected systems [3]. It is
based on the interconnection of atomic structure elements
(e.g. inertias, springs and dampers for mechanical systems)
and on the known energy function of the system, the Hamil-
tonian. Teleoperation of coordinated robot teams was studied
in the port-Hamiltonian formulation [4]. Recently, physical
human-robot team interaction in a cooperative manipulation
set-up was modeled in the port-Hamiltonian framework [5].
However, modeling robot formation as a constrained port-
Hamiltonian system is not done so far.
Control schemes for cooperative manipulation systems are
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typically object-centered and are based on impedance control
and the grasp theory. Making impedance control physically
interpretable motivated the development of the intrinsically
passive control (IPC) approach within the port-Hamiltonian
framework [6]. It is designed as an interconnection of virtual
atomic structure elements to achieve a desired behavior in
grasping. Virtual structures are commonly used in formation
control to establish a desired geometric shape of robotic
agents [7]. Therefore, it is reasonable to design a control
strategy for robot formations within the port-Hamiltonian
framework. Actively stabilizing a port-Hamiltonian system
at a certain energy level is termed as energy shaping con-
trol [8]. If it is represented within the port-Hamiltonian
framework, we obtain the control by interconnection of the
port-Hamiltonian system [9]. Control by interconnection of
constrained port-Hamiltonian systems is not analyzed in
literature. Another important control approach in the port-
Hamiltonian framework is energy transfer control, with the
energy tanks as its most widely used concept [10]. Energy
tanks allow to bound the energy supply to the system.
Appropriately limiting the energy in the system enhances
the safety in interaction with the environment and/or humans
on-site. Approaches to maintain a safe level in single robots
modify the given reference trajectory [11], or adapt the
internal behaviour of the robot [12].
The first contribution in this paper is the modeling of
a cooperative manipulation system as a constrained port-
Hamiltonian system. The objective of the novel, passivity-
based controller is two-fold: 1) to achieve a desired motion
of the object, commanded by the human and 2) to achieve
coordination between the manipulators. For that purpose
we propose an interaction control mechanism represented
in port-Hamiltonian form. It is a cascade of control by
interconnection and energy transfer control laws. Exploiting
the interconnection property of port-Hamiltonian systems
by representing the controller within the framework has
not been unified and practically considered. Additionally,
considering the human safety in a shared workspace using
the energy transfer control has not been done so far. In
order to guarantee the passivity of the complete system, the
energy tank ensures a limited energy supply and enhances
the human’s safety. We validate the approach by simulation
and experiment.
The paper is structured as follows. In Section II the main
theoretical concepts are outlined. In Section III the port-
Hamiltonian model of the cooperative manipulation system
is presented. In Section IV the control approach is proposed
and analyzed. The simulation and experimental results are
provided in the Section V, and the conclusive remarks in



Section VI.

II. BACKGROUND

In this section we briefly introduce the main theoretical
concepts of the port-Hamiltonian framework.

A. port-Hamiltonian framework

The port-Hamiltonian framework is based on a known
energy function, the Hamiltonian (H), and provides the
energy-consistent description of a physical system [3]. As
the power conservative interconnection of port-Hamiltonian
systems is again a port-Hamiltonian system, this frame-
work is suitable for modeling complex and interconnected
systems. The modeling of mechanical systems in the port-
Hamiltonian framework can be achieved by interconnecting
atomic structure elements: inertias, dampers and springs.
Every atomic element is defined by a Hamiltonian energy
function and interacts with the other elements by exchanging
energy through a port. The port is described by a pair of
variables (e.f) representing efforts and flows, respectively.
Their dual product is power.
An input-state-output form of a port-Hamiltonian system
with the Hamiltonian function H is:

ẋ = [J(x)−D(x)]
∂H
∂x

(x) +G(x)u

y = GT (x)
∂H
∂x

(x),

(1)

where J(x) is a skew-symmetric structure matrix and
D(x) � 0 is a symmetric dissipation matrix. Inputs to the
system are flows, u, and outputs are efforts y. The matrix
G(x) is a mapping matrix and x is the state vector of the
system. The Hamiltonian of the system is a positive, semi-
definite function H ≥ 0, which represents the total energy
stored in the system. The rate of the energy change of (1)
is:

Ḣ = yTu− ∂TH
∂x

D(x)
∂H
∂x

(2)

According to (2) every port-Hamiltonian system described
in the form (1) is passive.

B. Twists and wrenches

We use coordinate frames associated with a body, i.e. non-
inertial frames. A transformation from the inertial frame, Ψ0,
to a frame Ψi is given by a homogeneous matrix:

Hi
0 :=

(
Ri

0 pi
0

01×3 1

)
∈ SE(3) (3)

which consists of a translation vector pi
0 ∈ R3 and a rotation

matrix Ri
0 ∈ SO(3).

In this paper we represent the rigid body motion with the
twist notation (see e.g. [13]). The twist associated with the
frame Ψi, relative to the frame Ψj and expressed in the
inertial frame Ψ0 is:

T 0,j
i =

(
(ω0,j

i )T (v0,j
i )T

)T
(4)

and consists of an angular velocity ω0,j
i ∈ R3 around a screw

axis and a translational velocity v0,j
i ∈ R3 along the same

axis. A coordinate transformation of a twist from Ψ0 to Ψj

is given by

T j,j
i = T j

i = AdHj
0
T 0,j
i =

(
Rj

0 0

p̃j0R
j
0 Rj

0

)
T 0,j
i , (5)

where p̃j0 is the skew-symmetric matrix of pj
0. The dual

quantity of a twist is a wrench. The wrench W 0
i which acts

on a body associated with the frame Ψi, expressed in the
inertial frame Ψ0 is:

W 0
i =

(
(m0

i )
T (f0

i )
T
)T

(6)

where m0
i ∈ R3 are moments and f0

i ∈ R3 are forces.
A coordinate transformation of a wrench from Ψ0 to Ψj is
defined as:

W j
i = AdTH0

j
W 0

i (7)

C. port-Hamiltonian formulation of mechanical elements

Let us define the atomic mechanical elements in the port-
Hamiltonian form.

1) Springs: A spring is defined between two bodies, Bi

and Bj , with coordinate frames Ψi and Ψj fixed to the
bodies, respectively. The potential energy stored in the spring
is a positive definite function of the displacement Hj

i :

HP : SE(3) → R+; Hj
i 7→ HP(H

j
i ). (8)

Energy functions of different types of springs are summa-
rized in [13]. The input-state-output form of the spring is
defined by the displacement Hj

i (state), the wrench W i
i

(output) and the twist T i,j
i (input):

Ḣj
i = Hj

i T
i,j
i

W i
i = Hj

i

T ∂HP(H
j
i )

∂Hj
i

.
(9)

2) Inertias: The kinetic energy stored in a body is a
function of its relative motion w.r.t. to an inertial reference
frame:

HK(P
b
b ) =

1

2
(P b

b )
TM−1

b P b
b (10)

where P b
b is the momentum of a body b expressed in a body-

fixed frame Ψb and Mb is the inertial matrix of the body.
The input-state-output form of the body is defined by the
momentum P b

b (state), the twist W j
i (output) and the twist

T j
i (input):

Ṗ b
b = Cb

∂HK(P
b
b )

∂P b
b

+ I6W
b
b

T b,0
b = I6

∂HK(P
b
b )

∂P b
b

(11)

where Cb represents Coriolis and centrifugal forces, I6 is the
identity matrix of order 6.



3) Dampers: Energy dissipation is represented as an
input-output mapping between wrenches and twists:

W b
b = F (T b,0

b ). (12)

For linear dampers, D, the wrench is directly proportional
to the twist:

W b
b = DT b,0

b , (13)

The dissipated (co-)energy in this case is:

H∗
D =

1

2
T b,0
b

T
DT b,0

b . (14)

III. PORT-HAMILTONIAN MODELLING OF ROBOT TEAMS

In this section we propose a port-Hamiltonian based model
of a cooperative manipulation system. We represent it as a
constrained model, in an implicit input-state-output form and
derive the explicit input-state-output model. Let us assume
a setting depicted in fig. (1) where N manipulators are con-
nected to the common object. The inertial frame is denoted
as Ψ0, the object frame as Ψb and the end-effector frames
as Ψi where i = 1, ..., N . The object and the end-effectors
are represented as inertial elements, where the momentum
of the object is P b

b and the momenta of the robots are P bi
bi

,
i = 1, ..., N . The potential energy of the complete system is
represented as a single spring, connecting the object and the
ground, with the displacement denoted as H0

b .

Ψb

P b
b

Ψ0

Ψ1

P b1
b1

P
bi
bi

ΨN

P
bN
bN

H0
b

Fig. 1. Cooperative system model represented as a set of interconnected
energy storing elements, inertias and a spring.

A. Cooperative system modelling

Let us represent the system depicted in fig. (1) in an
implicit port-Hamiltoninan form:

ẋ = J(x)
∂Hs

∂x
(x) +A(x)λ+G(x)u,

0 = AT (x)
∂Hs

∂x
(x),

y = GT (x)
∂Hs

∂x
(∂x)

(15)

where x ∈ M is an n-dimensional state vector defined on a
manifold, J(x) is a skew-symmetric structure matrix, A(x)
is a constraint matrix with λ ∈ Rl being the constraining
wrenches, G(x) is the input mapping matrix, u ∈ F an m-
dimensional input vector, y ∈ F∗ an m-dimensional output
vector and Hs is a Hamiltonian function of the model.

The state x in eq. (15) is a stacked vector of the con-
figuration variable of the gravity spring and the mo-
menta of the object and the N manipulators: xT =

[H0
b
T
, P b

b

T
, P b1

b1

T
, ..., P bi

bi

T
, ..., P bN

bN

T
]T . The structure and

the mapping matrices are

J(x) =


0 H0

b 0 · · · 0

−H0
b
T

Cb 0 · · · 0
0 0 Cb1 · · · 0
...

...
...

. . .
...

0 0 0 · · · CbN

 ,

G(x) =


0 0 · · · 0

AdHb
0

0 · · · 0

0 Ad
H

b1
0

· · · 0

...
...

. . .
...

0 0 · · · Ad
H

bN
0



(16)

where C∗ accounts for the Coriolis and centrifugal terms.
The stacked input vector consists of the external wrenches
acting on the inertias u = [W 0

b , W 0
b1
, ...,W 0

bi
, ...,W 0

bN
],

expressed in the body-fixed frames. The outputs are the twists
of the inertias yT = [T 0

b
T
, T 0

b1

T
, ..., T 0

bi

T
, ..., , T 0

bN

T
]T . The

Hamiltonian energy Hs is the sum of the energies of all the
elements:

Hs(x) = HP(H
0
b ) +HK(P

b
b ) +

N∑
i=1

HK(P
bi
bi
). (17)

The interaction of the manipulators with the rigid object
imposes kinematic constraints on the complete system. This
implies that there is no relative motion between the object
and the end-effectors which can be denoted as:

T 0
b = T 0

bi , ∀i = 1..N (18)

where T 0
b denotes the twist of the virtual object and T 0

bi
stands for the twist of the ith manipulator. With a change of
coordinates T b,0

b = AdHb
bi

T bi,0
bi

the constraint equation is:

0 =


0 I6 −AdHb

b1

· · · 0

...
...

...
. . .

...
0 I6 0 · · · −AdHb

bN


︸ ︷︷ ︸

AT (x)

∂Hs

∂x
(x) (19)

where A(x) ∈ Rn×l is the constraint matrix with n being
the number of states of the system and l the number of in-
dependent kinematic constraints. The violation of constraints
generates internal stress on the object [14]. We consider the
constraining forces using Lagrangian multipliers λ. There-
fore, the port-Hamiltonian formulation of the constrained
model is a set of differential and algebraic equations. To
restore the explicit input-state-output form (1), the implicit
model needs to be restricted to the constrained manifold
M which can be achieved by eliminating the Lagrangian
multipliers from eq. (15).



B. Elimination of constraints

The differential-algebraic equation (15) can be reduced
to a set of ordinary differential equations by multiplying
it with a full-rank left annihilator of the constraint matrix,
A⊥(x), such that A⊥(x)A(x)λ = 0. The annihilator can be
calculated as the kernel of A(x). We use the left annihilator
of the following form:

A⊥(x) =

I6 06 06 · · · 06

06
I3 p̃0

b

03 I3︸ ︷︷ ︸
Gb

I3 p̃0
b1

03 I3︸ ︷︷ ︸
Gb1

· · · I3 p̃0
bN

03 I3︸ ︷︷ ︸
GbN

 (20)

where the combined matrix G = [Gb,Gb1 , ...,GbN ] ∈
R6×6(N+1) is the grasp matrix. Multiplying eq. (15) with
the annihilator (20) the following is obtained:

A⊥ẋ = A⊥J(x)
∂Hs

∂x
(x) +A⊥G(x)u (21)

Effectively, A⊥ẋ is a coordinate transformation [15]. With
the proposed annihilator of the constraint matrix, A⊥, the
configuration H0

b is unaffected by the transformation. For
the momenta a new variable P̂ b

b = G[P b
b

T
, P bi

bi

T
]T is intro-

duced. The resulting state x̂ = [H0
b
T
, P̂ b

b
T ]T evolves on a

constrained manifold:

Mc = {x ∈ M|AT (x)
∂Hs

∂x
= 0}. (22)

The dimension of the state vector is reduced in the con-
strained space, x̂ ∈ Rn−6N . The partial derivatives of the
Hamiltonian function are modified to ∂Hs

∂x = A⊥T ∂Hs

∂x̂ . Now
it is possible to obtain the model in an explicit input-state-
output form:

˙̂x = Ĵ(x)
∂Ĥs

∂x̂
+ Ĝ(x)u

y = ĜT (x)
∂Ĥs

∂x̂

(23)

where Ĥs is the Hamiltonian function evolving on the
constrained manifold (22). The reduced structure matrix
Ĵ(x) = A⊥J(x)A⊥T is again skew-symmetric, i.e. we
obtain the explicit input-state-output port-Hamiltonian repre-
sentation of the constrained system. The new mapping matrix
G̃(x) = [G̃b G̃m] decomposes into two parts: G̃b ∈ R12×6

represents the interaction of the object with the environment.
G̃m ∈ R12×6N represents the interaction with the controller.
The energy balance of (23) is ˙̂Hs = yTu, i.e. the system is
power-conservative.

IV. CONTROL STRATEGY FOR HUMAN-ROBOT TEAM
INTERACTION

In this section we propose a passivity-based control
methodology within the port-Hamiltonian framework for the
human-robot team interaction in which the human commands
the overall behavior of the team, while the robot team
manipulates and maintains the grasp of the object. The
control approach is a cascade of energy shaping control
strategy with the damping injection and the energy transfer

control.
Energy shaping is achieved by exploiting the available in-
formation on the energetic state obtained from the controller
and the modeled system. A maximum level of the energy
to be stored in the controller and the system limits both the
velocity and the forces. The energy bound of the controller-
system interconnection is ensured by sourcing it from an
energy tank. The block structure of the complete system is
depicted in fig. (2).

A. Energy shaping and damping injection for cooperative
manipulation

The controller we propose has a physical interpretation
since it is based on the virtual mechanical structures assumed
to interconnect the robots and the human with the object.
Therefore, the controller can be represented in the port-
Hamiltonian framework. There are two alternatives to estab-
lish a desired formation of robots around the held object: 1)
the use of non-zero rest-length springs connecting the robots
pairwise, or 2) the introduction of a virtual object as a hinge
point [16]. We use the virtual object concept. The virtual
object is connected by a virtual spring and a virtual damper
to the human hand. In subsection IV-D we introduce variable
stiffness and damping parameters to shape the energy flow
towards the controller, affected by the human commands.
The end-effectors are coupled to the surface of the virtual
object with constant virtual springs and virtual dampers. The
proposed virtual structure is depicted in fig. (3).
Due to space constraints only an interconnection of the i-

th manipulator is given in the equations of the controller.
Their extension to N interconnections is straightforward. We
represent the controller in the port-Hamiltonian framework
as:

ẋc = [Jc(xc)−Dc(xc)]
∂Hc

∂xc
(xc) +Gc(xc)uc

yc = GT
c (xc)

∂Hc

∂xc
(xc)

(24)

with the components:

ẋc =

Ḣd
v

Ṗ v
v

Ḣi
v

 ,
∂Hc

∂xc
=


∂Hc

∂Hd
v

∂Hc

∂Pv
v

∂Hc

∂Hi
v

 ,uc =

(
T 0
d

T 0
i

)
,yc =

(
W 0

d

W 0
i

)

Jc =

 0 Hd
v 0

−Hd
v
T

Cv −Hi
v
T

0 Hi
v 0

 ,

Dc =

0 0 0
0 Dv +Di +D0 0
0 0 0

 ,

Gc =
(
Gc1 Gc2

)
=

−Hd
vAdHv

0
0

DvAdHv
0

DiAdHv
0

0 −Hi
vAdHv

0

 . (25)

. The state vector xc is a stacked vector of:
1) the variable virtual spring, Hd

v , connecting the human
hand and the virtual object,

2) the virtual object v momenta, P v
v , and
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Fig. 2. Block structure of the complete system: The Energy tank supplies energy to the Controller, while the human is energetically decoupled (indicated
by dotted lines). The energy flow depends on the human input and is controlled via a Modulated Transformer (MTF). The output of the transformer is
the (modified) reference trajectory T 0

d . The wrench applied by the end-effectors is W 0
i and the twists of the end-effectors are T 0

i .

← T 0
1

← T 0
i

T 0
N →

← T 0
d

→W 0
i

→W 0
1

→W 0
d

W 0
N →

P v
v

Hd
v

H1
v

Hi
v

HN
v

Di

DN D1

Dc

D0

Fig. 3. Interaction controller represented as a virtual structure of inertia,
(variable) springs and (variable) dampers.

3) the virtual spring, Hi
v , connecting the virtual object

and the i-th end-effector.
The Hamiltonian energy of the controller is the sum of the
energies stored in all its atomic elements:

Hc(xc) = HP(H
d
v ) +

N∑
i=1

HP(H
i
v) +HK(P

v
v ). (26)

The controller is energy-conservative and due to the assigned
damping it is also passive. It is suitable for achieving both
the desired velocity set-point and formation preservation
of the robots. The formation preservation ensures that the
constraints are not violated. In the next subsection the
interconnection of the model and the controller is studied.

B. Connection of the controller and the model

The output of the controller, W 0
i , is the input for the

model and the output of the model, T 0
i , is the input for the

controller. Therefore, the interconnected system is:(
˙̂x
ẋc

)
︸ ︷︷ ︸
ẋcs

=

(
Ĵ ĜmG

T
c2

−Gc2Ĝ
T
m Jc −Dc

)
︸ ︷︷ ︸

Jcs

(∂Hcs

∂x̂
∂Hcs

∂xc

)
︸ ︷︷ ︸
∂Hcs/∂xcs

+

+
(
Ĝb Gc1

)︸ ︷︷ ︸
Gcs

(
W 0

b

T 0
d

)
(
T 0
b

W 0
d

)
=
(
ĜT

b GT
c1

)(∂Hcs

∂x̂
∂Hcs

∂xc

)
(27)

The external ports of the controller-model interconnection
are for interaction with the human via the port (T 0

d ,W
0
d ) and

for interaction with the environment via the port (W 0
b , T

0
b ),

i.e. via the object. The interconnection given with eq. (27)
is passive as the interconnected subsystems are passive.
In the next subsection we energetically decouple the human
guiding the cooperative system to ensure passivity of the
complete system and safety for humans on-site.

C. Energy transfer control

As the human and the system are not physically coupled,
but the human commands the system with hand gestures,
we interconnect them with virtual structures. In order to
guarantee both stability and safety, we propose an energy
transfer control in the form of an energy tank that supplies
the controller and the system. The energy tank maintains a
safe energy level in the system and can be integrated into the
port-Hamiltonian representation of the complete, controlled
system.
For human-robot interaction various safety metrics exist,
see [17] for an overview. In this paper we limit the focus
to the energy-based injury criteria. Experimental studies
indicate minimal amounts of energy that cause a cranial bone
failure [18] and a fracture of neck bones [19]. Based on these
results, we define a maximum amount of energy that can be
stored in the system. It represents the maximum level of the
energy that can be stored in the tank:

Hmax
t =

{
517 J adult cranium bone failure
30 J neck fracture

Let us formally analyze the combination of the energy tank
and the controlled system, (27). The energy tank sources the
controller and the controller resupplies its virtually dissipated
energy to the energy tank. The energy tank is a virtual storage
element defined with the Hamiltonian, Ht. Let xt ∈ R denote
the (scalar) energy state of the tank and let Ht(xt) =

1
2x

2
t .

The input-state-output, port-Hamiltonian representation of
the energy tank is:

ẋt = ft

et =
∂Ht(xt)

∂xt
(= xt)

(28)

where (ft, et) is the flow-effort pair. The re-routing of the
virtually dissipated energy into the tank is accomplished by



choosing the tank input as:

ft =
1

xt

∂THcs

∂xcs
Dc

∂Hcs

∂xcs
+ f̃t (29)

where the first term of eq. (29) represents the dissipated
power. In order to have an open port to connect the tank
to the controller, we introduce a new input f̃t to the energy
tank. The energy balance of the tank is:

Ḣt(xt) = etft =
∂THcs

∂xcs
Dc

∂Hcs

∂xcs
+ xtf̃t (30)

We propose to interconnect the tank and the controller by
a modulated transformer MTF [20]. An MTF is a lossless
element to dynamically shape the energy transfer by its vari-
able transformer ratio n. The transformer ratio determines
the energy flow and is set by the human to specify the
desired velocity T 0

d,h. The MTF representation in the port-
Hamiltonian framework is:

T 0
d = net

f̃t = −nTW 0
d

(31)

where n is dynamically adapted to replicate the human
command:

n =
T 0
d,h

xt
(32)

A combined port-Hamiltonian representation of the con-
trolled system and the tank is as follows:(

ẋcs

ẋt

)
=

(
Jcs

T 0
d

xt

−T 0
d
T

xt
+ 1

xt

∂T H̄
∂xcs

Dc 0

)(
∂H̄
∂xcs
∂H̄
∂xt

)
(33)

The combined system is lossless for free object motion , i.e.
W 0

b = 0,

d

dt
H̄(xcs, xt) =

(
∂T H̄
∂xcs

∂T H̄
∂xt

)(ẋcs

ẋt

)
= 0 (34)

where the Hamiltonian H̄(xcs, xt) is the total energy of tank,
controller and system.

D. Energy shaped stiffness and damping

When xt = 0, the energy tank is depleted and unable
to passively perform the action commanded by the human,
T 0
d,h. A total depletion is avoided by suspending the input,

i.e. T 0
d,h = 0 if xt < ε, in a neighbourhood ε > 0 [20].

Discarding the input results in a loss of information and
a permanent set-point deviation. We propose to avoid a
depletion of the energy tank without modifying the human
input, but by making the coupling of set-point and virtual
object velocity variable. By adapting the coupling stiffness
and damping as a function of the available energy, the flow of
energy between tank and controller is shaped. Stiffness and
damping are constant if the energy in the tank is sufficient
for executing the velocity command. If the tank level falls
below a certain threshold, the coupling is relaxed to limit
the power flow. If the tank level is close to zero, Ht(t) < ε,
the energy transfer is completely disabled by a zero stiffness
and damping.

A change of stiffness affects the energy stored in the
spring. Relaxing stiffness sets energy free, increasing stiff-
ness requires the supply of energy. Let us assume an a
stiffness-dependent Hamiltonian for a spring

HP : SE(3)×K → R+; (Hv
b , κ) 7→ HP(H

v
b , κ), (35)

where κ is the variable stiffness, a function of the tank level
Ht: above a certain threshold Hth

t the stiffness is constant.
When the tank gets close to depletion the stiffness is reduced

κ =


Kdv if Ht(xt) ≥ Hth

t

Kdv
Ht(xt)−ε

Hth
t

if ε ≤ Ht(xt) < Hth
t

0 if Ht(xt) < ε

, (36)

where Kdv ∈ R6×6 is a stiffness matrix. The rate of energy
change w.r.t a variable stiffness κ is

Ḣκ =
∂Hκ

∂κ

dκ

dt
= eTκ fκ, (37)

which corresponds to the product of effort (∂HP
∂κ ) and flow

(κ̇) and forms a power port (fκ, eκ). The port-Hamiltonian
representation of a variable stiffness spring is given by(

Ḣd
v

κ̇

)
=

(
Hd

vAdHv
0

0
0 I

)(
T 0
v − T 0

d

fk

)
(
W 0

v

ek

)
=

(
AdTHv

0
Hd

v
T

0

0 I

)(
∂Hκ

∂Hd
v

∂Hκ

∂κ

)
.

(38)

One can express κ as a function of the tank level us-
ing (30):

κ̇ =

{
0 if Ht(xt) ≥ Hth

t
Kdv

Hth
t
Ḣt(xt) =

Kdv

Hth
t
ẋt

∂H̄
∂xt

if Ht(xt) < Hth
t

(39)

The power exchanged between the variable spring and the
tank due to variability of the stiffness is:

˙̄H =
∂H̄
∂κ

κ̇ =

{
0 if Ht(xt) ≥ Hth

t
∂H̄
∂κ

Kdv

Hth
t
ẋt

∂H̄
∂xt

if Ht(xt) < Hth
t

(40)

The power exchanged by the energy tank is of the form
Ḣt(xt) = H̄

∂xt
ft, therefore ∂H̄

∂κ
Kdv

Hth
t
ẋt is an input for the

energy tank. One can now obtain the port-Hamiltonian
representation of the variable stiffness spring and the energy
tank:

ẋcs

ẋt
κ̇

 =




Jcs
T 0
d

xt
0

−T 0
d
T

xt
0 −Kdv

Hth
t
ẋt

0 Kdv

Hth
ẋt 0


−

 0 0 0

− 1
xt

∂H̄T

∂xcs
Dc 0 0

0 0 0


 ∂H̄

∂xcs
∂H̄
∂xt
∂H̄
∂κ


(41)

The combination of such a system with a variable stiffness
spring and a tank is lossless:

d

dt
H̄(xcs, xt, κ) = 0 (42)



The dissipative structure Dv can be changed without com-
promising passivity as long as Dv � 0. The mapping matrix
Gc in eq. (27) shows that the damping directly influences
the energy exchange. We propose to reduce the damping in
the same manner as for the stiffness. With a depletion of the
energy tank the damping Ddv ∈ R6×6 parallel to the variable
spring is reduced. The coupling between the human and the
virtual object is relaxed:

δ =


Ddv if Ht(xt) ≥ Hth

t

Ddv
Ht(xt)

Hth
t

if ε ≤ Ht(xt) < Hth
t

0 if Ht(xt) < ε

(43)

V. RESULTS

The model and the control strategy introduced in sec-
tions III and IV, respectively, are implemented in MAT-
LAB/Simulink. The cooperative system of 2 robots with the
masses M1,2 = 10kg · I3 and the moments of inertia J1,2 =
0.5kgm2 · I3 manipulates an object with the mass Mo =
1.4kg · I3 and the moment of inertia Jo = 0.5kgm2 · I3. The
solver uses the Euler’s method (ode1) and the sample time
is 1 ms. The parameters of the controller are summarized in
table I. Simulation results are shown in fig. (4). The available

TABLE I
CONTROLLER PARAMETERS

linear angular
Virt. inertia 1.4kg · I3 0.5kgm2 · I3
Damping 250kg/s · I3 30kgm2/s · I3
Stiffness 125N/m · I3 15Nm · I3

energy budget, Hmax
t = 25 J, complies with the safety

limits from (IV-C). At t = 1 s the commanded velocity is
too high w.r.t. the available energy budget, i.e. the energy
at disposal is not sufficient to reach it. Therefore, the tank
level is depleted. Trajectories exceeding the energetic limit
are adapted with the variable stiffness and the damping in
order to guarantee safety. The reduction of the stiffness and
the damping starts as soon as the energy level falls under a
threshold, Hth

t = 5 J. As a consequence, the velocity is kept
constant at the energetically feasible maximum until t = 2 s
when the tank is refilled again and the commanded velocity
is feasible. Limiting velocity and forces, the interaction
safety of the system is enhanced. Additionally, the internal
wrenches applied on the object are zero. The experiment
is conducted with a robotic system of two KUKA LWR
manipulators, mounted on a movable platform and depicted
in the fig (5). The sampling time is 1 ms. The obtained results
are shown in fig. (6) and (7). In fig. (6) the tank energy level
is depleted and the velocity is limited close to the maximum
commanded velocity of 0.11 m/s. In fig. (7) the tank energy
budget is enough to supply the system when the commanded
velocity changes from 0.1− 0.3[m/s]. The energy level does
not reach the energetic threshold for the commanded velocity
and is sufficient for reaching the desired velocity.

VI. CONCLUSION

In this paper we developed a control scheme for human-
robot team interaction in a teleoperation setting for a co-
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Fig. 4. Simulation results. Top: commanded and actual object velocity.
Middle: force applied on the object. Bottom: energy level of the tank with
Hmax

t = 25 J and Hth
t = 5 J.

Fig. 5. Experimental figure. The human and the robotic system share the
workspace. The human teleoperates the robotic system by the hand motion.

operative manipulation task. We used the port-Hamiltonian
framework to model the constrained robotic system and
showed that the representation of the system on the con-
strained manifold is again a port-Hamiltonian system. The
proposed control approach maintains the desired formation
between the robots and the desired behavior of the overall
system, commanded by the human. We show that the in-
terconnection of the proposed controller and the model is
a port-Hamiltonian system. The complete system is passive
and allows for a safe interaction with the human. The control
approach is successfully validated in the simulation and the
experiments. In the future we plan to extend the analysis to
the interaction with the environment.
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