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Abstract

This thesis studies two decision problems on linear tree transducers with serialized
output — equivalence and balancedness. We show that equivalence of linear tree
transducers with output in the free group is decidable in polynomial time. The
decision procedure is based on an ordered form which guarantees that equivalent
linear tree transducers process their input in the same order. This normal form is
further analysed on two other types of linear tree transducers. First, if the output
is interpreted as words in the free monoid, thus no inverses exist and the two words
are only equivalent if they are literally the same. Second, the output is interpreted
over the involutive monoid, thus the output alphabet consists of disjoint sets A and
A = {a | a € A} where occurrences of the form aa, a € A reduce to the empty
word.

For the second decision problem — balancedness — the output is again interpreted
over the involutive monoid. A word is balanced if it reduces to the empty word,
i.e., consists of properly nested opening (A) and closing letters (A). We consider
2-copy tree transducers (2-TWSs) which call in their starting axiom two linear tree
transducers on the same input. Thus, the processed transduction is not linear
and the output language is not context-free. However, the output language of a
linear tree transducer is context-free. We reduce balancedness of 2-TWs to the two
questions whether a context-free grammar is well-formed and whether equivalence
of linear tree transducers is decidable. A word is well-formed if it is a prefix of a
balanced word or, equivalently, reduces to a word over opening letters only. We
show that well-formedness of context-free grammars is decidable in polynomial time.
Therefore, we provide a polynomial time algorithm to compute the longest common
suffix of a context-free grammar after reduction. The algorithm performs a fixed-
point iteration for that we (i) introduce a polynomial size representation for a
language L to compute the longest common suffix of L, and (ii) show that the
reduced longest common suffix of a context-free grammar G is the same as the
reduced longest common suffix of the words with a derivation tree up to height 4N
where N the number of nonterminals in G.






Zusammenfassung

Diese Arbeit untersucht zwei Entscheidungsprobleme iiber lineare Baumiibersetzer
— Aquivalenz und Balanciertheit. Wir zeigen, dass die Aquivalenz von linearen
Baumiibersetzern mit Ausgabe in der freien Gruppe in polynomieller Zeit entschei-
dbar ist. Der Entscheidungsalgorithmus basiert auf einer geordneten Normalform,
die sicher stellt, dass dquivalente lineare Baumiibersetzer ihre Eingabe in der gle-
ichen Reihenfolge verarbeiten. Diese geordnete Normalform wird zusétzlich fir
zwel weitere Arten von linearen Baumiibersetzern analysiert. Zum einen wenn die
Ausgabe als Worter im freien Monoid interpretiert wird und somit keine Inversen
vorkommen und zwei Worter ausschliefSlich dquivalent sind, wenn sie in jedem Buch-
staben iibereinstimmen. Zum anderen wenn die Ausgabe iiber einem Monoid mit
Involution interpretier wird, d.h. das Ausgabealphabet besteht aus disjunkten Men-
gen A und A = {@ | a € A} und alle Vorkommen der Form a@, a € A reduzieren
sich zum leeren Wort.

Fiir das zweite Entscheidungsproblem — Balanciertheit — wird die Ausgabe wieder
iiber einem Monoid mit Involution interpretiert. Ein Wort ist balanciert, wenn es
sich zum leeren Wort reduzieren lésst, d.h. es besteht aus korrekt geklammerten
offnenden (A) und schlieBenden Buchstaben (A). Wir betrachten Baumiibersetzer
mit zwei Kopien (2-TWs), die in ihrer Startregel zwei lineare Baumiibersetzer mit
der gleichen Eingabe aufrufen. Somit ist die durchgefiihrte Ubersetzung nicht linear
und die Ausgabesprache ist nicht kontextfrei. Wir reduzieren Balanciertheit von
2-TWs zu den zwei Fragen, ob eine kontextfreie Grammatik wohlgeformt ist und ob
Aquivalenz von linearen Baumiibersetzern entscheidbar ist. Ein Wort ist wohlge-
formt, wenn es ein Prefix eines balancierten Wortes ist oder, anders formuliert,
sich zu einem Wort iiber ausschlieflich 6ffnenden Buchstaben reduzieren lasst. Wir
zeigen, dass Wohlgeformtheit von kontextfreien Grammatiken in polynomieller Zeit
entscheidbar ist. Dafiir verwenden wir einen polynomiellen Algorithmus zur Berech-
nung des langsten gemeinsamen Suffixes einer kontextfreien Grammatik nach Re-
duktion. Der Algorithmus fiihrt eine Fixpunktiteration durch, fiir die wir (i) eine
polynomiell grofle Repréasentation einer Sprache L zur Berechnung des langsten
gemeinsamen Suffixes von L einfiihren und (ii) zeigen, dass der langste gemeinsame
Suffix einer kontextfreien Grammatik G gleich dem lingsten gemeinsamen Suffix
aller Worter, die einen Ableitungsbaum mit maximaler Hohe 4N haben, ist, wobei
N die Anzahl der Nichtterminale in G ist.
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1 Introduction

Tree transformations are widespread in different applications, e.g. in functional pro-
gramming [Wad90, Voi05], document processing [MN99, MBPS05, HMNI14] or au-
tomatic translation of natural languages [MGHKO09, Mall7, BSQM13]. Tree trans-
ducers can be seen as a form of recursive programs that take as input ranked trees
and produce as output trees or as serialization thereof words. The former model is
called tree-to-tree transducer and the latter one tree-to-word transducer. We will
only consider deterministic tree transducers as equivalence of non-deterministic
transducers is undecidable [Gri68]. Early results on tree-to-tree transducers date
back to the 1970s and 1980s where equivalence of bottom-up [Zac79] and top-down
[Esi80] tree-to-tree transducers was shown to be decidable. A tree-to-tree trans-
ducer takes as input a tree and produces as output again a tree. It can either
process over the input tree from bottom to top, i.e., from the leaves to the root
node or from top to bottom, i.e., starting from the root node down to the leaves.

Example 1. A rule of a bottom-up tree-to-tree transducer has the general form

a(qi(z1), ..., gm(zm)) — q(tx)

where a is an input symbol of rank m, q,q1,...,qmn are the states of the transducer,
the variables x1, ...,y represent subtrees that are already processed and tx is the
output tree that is produced and can contain the variables x1, ...,z as placeholders
for the already processed subtrees. For example, the rule g(qi(x1)) — q2(C(B,z1))
applied on the tree f(g,h) on the left yields the tree shown on the right. States
are in blue color, their parameters in green color and the parameters of a state are
depicted as its subtrees.

f
/N /N

g h e q2 h

\ \
q1 C

\ 7\
y B A

\ \
B B
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A rule of a top-down tree-to-tree transducer has the general form

where q is a state, f is an input symbol of rank m, such that the variables x1, ..., Tm
represent the subtrees of the input tree and tg(x) is an output tree that can contain
recursive calls of the form qj(x;) with q; a state and variable x; representing a
subtree of the input tree. For example, the rule q(f(x1,x2)) = C(A(q1(x2)), ¢2(x1))
applied on the tree on the left side yields the tree on the right side. States are in
blue color, their parameter (the input tree) is depicted as subtree and the output is
in green color.

q C
\ VRN
f ~ A a2
VRN \ \
g h q1 g
\
h

In contrast to deterministic tree-to-tree transducers, equivalence of deterministic
tree-to-word transducers was shown to be decidable in 2015 [SMK15] and was thus
an open problem for at least 35 years [Eng80]. A tree-to-word transducer takes as
input a tree and processes from top to bottom over this input tree and produces
thereby a word.

Example 2. A rule of a tree-to-word transducer is in general of the form

q(f(z1,. . mm)) = voqr (i )ur - . wi—1qi(2i,)w
where q,q1, . ..,q are states, f is an input symbol of rank m such that the variables
x1,...,T;m represent the subtrees of the input tree, ug,...,u; are output words and

the variables x;; represent one of the m subtrees of the input. For example, the four
rules

(4) q(f(z1,22)) — abqi(z1) bbga(2)

(i1) a(f(z1,22)) — bgs(x2) bas(a1)

(i17) @2(g9(z1)) — ags(x1)bgs(z1)

(iv) g3(h) —d

applied on the tree f(f(h,h),g(h)) on the left side lead to the following step-wise
transductions where states are in blue color with their parameter (the input tree)
depicted as subtree and the output words are in green color.
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Different steps towards solving the equivalence of tree-to-word transducers have
been made. A large class of tree-to-word transductions for which equivalence
was shown to be decidable are those definable in monadic second-order (MSO)
logic [EMO6] that can be described by macro tree-to-word transducers with lin-
ear size increase [EMO03]. Macro tree transducers use additional parameters to
accumulate output values, i.e., the left-hand side of a rule has the general form
q(f(z1,...,Zm), Y1, .,yr) where the additional parameters y; can be output as
well. Without these additional parameters different restricted classes of tree-to-
word transducers have been considered, e.g. those that are non-copying, i.e., in
every rule of the transducer any subtree x; of the input occurs at most once on
the right-hand side of the rule. We call these tree-to-word transducers linear and
sequential if additionally the order in which the subtrees are processed is the same
as the order in the input tree. Thus, if ¢1(x;, ), ..., q(z;,) are the recursive calls on
the right-hand side of a rule then i; < is < ... < ¢; and [ is at most the rank of the
input symbol of the rule. For example, in Example 2 rule (i) fulfills the sequential
property, rule (i7) is not sequential but linear and rule (¢i¢) is not linear as the
subtree x1 is copied. Equivalence of sequential tree-to-word transducers was shown
to be decidable in polynomial time [SLLN09]. Additionally, in [LLN*11] a normal
form for sequential tree-to-word transducers was provided that allows for learning
[LLN*14]. The key concept of this normal form is that the output is produced as
early as possible and was already used for string transducers [Moh00, Cho03], i.e.,
transducers that take as input words and produce words as output, and tree-to-tree
transducers [EMS09, FSM10]. Producing the output as early as possible means that
at any point of the production the further output that will be produced relies on
the further input. Thus, in case of tree-to-word transducer the words of the output
language of a state has no common prefix or suffix. If there would be a common
prefix or suffix this constant output could already be produced without knowing
the further input.
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Example 3. The following rules of a tree-to-word transducer

q(f(x1)) = abq(r1)  q(g9) —a

process input trees of the form f™(g) to output words (ab)™a. The output is not
produced as early as possible since the output always starts with an a independently
of the input. With other words the longest common prefix of the output language is
a. In contrast, state ¢’ with

¢ (f(z1)) = baq'(z1)  q'(9)—e¢

is earliest and aq'(t) produces the same output as q(t) for input trees of the form

f(9)-

A state that produces the output as early as possible is called earliest and a trans-
ducer M is earliest if every state of M is earliest. Accordingly in [Boil6] an earliest
normal form for linear tree-to-word transducers was provided, i.e., for non-copying
but not necessarily order-preserving transducers. Equivalence of linear tree-to-word
transducers in normal form can be decided in polynomial time [Boil6]. However,
building an equivalent tree-to-word transducer that is in normal form takes expo-
nential time. We lifted this normal form such that only the order of the processed
subtrees is normalized and showed that with this partial normal form the equiv-
alence of linear tree-to-word transducers is decidable in polynomial time [BP16].
The normal form is called partial as not all but only so called wltimately periodic
states have to be earliest. A state is ultimately periodic if the output language
is either of the form vp* or p*v; thus the language is periodic but might have ad-
ditionally a constant prefix or suffix. In case of linear tree-to-word transductions
the output languages can be described by a context-free grammar. Therefore, the
longest common prefix (suffix) of a context-free grammar has to be computed if
we test whether a state of a linear tree-to-word transducer is earliest. This raises
the question whether there is an efficient algorithm to compute the longest common
prefix (suffix) of a context-free language. Surprisingly, there were no results on that
even so context-free grammars have already been introduced in the 1950s by Chom-
sky [Chob6] and intensively studied in the following decades [Flo62, HU69, HU79].
A context-free grammar encoding a single derivation tree and thus representing
exactly one word is called straight-line program (SLP for short). SLPs and es-
pecially the compressed pattern matching on SLPs have been extensively studied
[KRS95, PR99, Ryt03, Loh06, LL06] due to their use as compression of large strings
that is important e.g. in large genome databases or XML processing. The longest
common prefix (suffix) of two SLPs can be computed in polynomial time [Loh12].
We showed that the longest common prefix (suffix) of a context-free language that
can represent infinitely many words, can be computed in polynomial time [LPS18].



We come back to the observation of the beginning that the decidability of equiv-
alence of tree-to-tree transducers seemed to be easier to solve than in the case of
tree-to-word transducers. One reason for that might be that tree-to-word trans-
ducers can produce their output in an unstructured way. Even if the output is
structured, e.g. is a valid XML document with properly opening and closing tags,
these corresponding opening and closing tags do not have to be produced together
but can be output in many different ways. On the other hand the output does not
need to be structured what leads to the question whether the output of a tree-to-
word transducer is structured or as we will say balanced. Formally, we consider a
language over opening letters A and corresponding closing letters A = {@ | a € A}
and want to decide whether every word in this language is balanced, i.e., for every
opening letter there is a properly matching closing letter. For example, abb@ is
balanced while bab@, aab and a are not balanced, a,b € A,a # b. In case of
context-free grammars decidability of balancedness for a single pair of opening and
closing letters was shown to be decidable by Knuth already in 1967 [Knu67]. In the
beginning of the 21st century a polynomial time algorithm for deciding balanced-
ness was presented [MT06]. Additionally the case of multiple pairs of opening and
corresponding closing letters was shown to be decidable [BB02] and again a poly-
nomial time algorithm was presented [TMO7]. More recently it was proven that
balancedness of MSO definable tree-to-word transducer for a single pair of opening
and closing letters is decidable [MS18]. Whether this result can be extended to the
case of multiple pairs of opening and closing letters is still an open problem. We
present a polynomial time algorithm to decide balancedness of the output of 2-copy
tree-to-word transducers (2-TWs for short) for multiple pairs of different kind of
brackets. These transducers call in their start axiom two linear tree-to-word trans-
ducers on the given input tree and process therefore a non-linear transduction.

Example 4. We consider 2-TW M with aziom q(z1) ¢'(z1) and the following rules

q(f(z1)) —aq(z)b  ¢(f(z1)) —bd(z1)a
q(h) —e¢ qd(h) —e

M transforms input trees of the form f(h) to output words a™b"b™a™. Note that
the output language is not context-free.

We reduce balancedness of 2-TWs to two other decision problems: (a) the well-
formedness of context-free grammars and (b) the equivalence of linear tree-to-word
transducers over the free group. A context-free grammar is well-formed if every
word produced by the grammar is a prefix of a balanced word. For example, abb and
abb a are well-formed, while ab, aa b are not well-formed. If L1, Ly are the (context-
free) output languages of two linear tree-to-word transducer called in the axiom of
a balanced 2-TW, then L; and Ly have to be well-formed. The inverted language
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Lo is obtained from Ly by reversing every word and replacing an opening by the

corresponding closing letter and vice versa, e.g. @baa = aaba. In the same lines a
context-free grammar or the transduction of a linear tree-to-word transducer 17" can
be inverted, called T'. Then we observe that the output of a transduction 71 (¢)T%(t)
with 77 and T producing well-formed output only, is balanced if T3 (t) and T3 (¢)
are the same after removing matching opening and closing brackets. We show that
with the prerequisite that 77 and T are well-formed we can test T; and 1o for
equivalence over the free group to obtain a decision procedure for balancedness of
2-TWs. To arrive at a polynomial time decision procedure equivalence of linear
tree-to-word transducers has to be decidable in polynomial time. We show that
the polynomial time algorithm for equivalence of linear tree-to-word transducers
where word equivalence is considered [BP16] can be extended to the free group. In
fact, due to the inverses provided in the free group the algorithm becomes easier
and cleaner as well as the proofs for the correctness. The observation that results
can be lifted from words to the free group and the argumentation in fact becomes
more direct and therefore even shorter was already made for other results. E.g.
Plandowski extended his result of the existence of polynomial size test sets for
context-free languages from words [KPR92]| to the free group [Pla94].

Well-formedness and Longest Common Suffix. We consider a well-formed word
w € (AUA)*, ie., there is a word v € (AU A)* such that wv is balanced. We
denote with p(w) the reduced word we obtain from w by removing all properly
matching opening and closing brackets. Then, w is well-formed if p(w) € A*.
We show that deciding well-formedness of a context-free grammar G relies on the
computation of the reduced longest common suffix of G. Similar to the idea in
[TMO7] to decide balancedness of a context-free grammar we observe that any
sentential form aXf, a,8 € (AU A)* derived from a well-formed context-free
grammar leads to the following constraints for the words produced by nonterminal
X. If p(a) = w, p(B) = Uv, u,v,w € A* then for all v € (AUA)* derivable from X
with p(vy) = Uy vy, (a) w = w'uy and (b) vy = v u has to hold. These conditions
can be checked if we compute the longest common suffix of the reduced language of
every nonterminal in G. We presented a polynomial time algorithm to compute the
longest common prefix (suffix) of a context-free grammar over a general alphabet
¥ in [LPS18]. There no reduction had to be taken into account such that we can
not directly apply this result here. In fact, it needs completely new comprehensive
proofs to obtain a polynomial time algorithm for the computation of the reduced
longest common suffix. The underlying ideas of the proofs, however, stayed the
same. As the longest common suffix is a suffix of the shortest word of the language
the size of the shortest word is an upper bound. But the size of the shortest word
of a context-free grammar can be exponential in the size of the grammar.



Example 5. Let n € N be fized. The context-free grammar G has nonterminals
Ay, ... A,, aziom A, and the rules

An — An—lAn—l

Al — A()AO
Ao — a

FEvery nonterminal A; produces the word a2i, e.g. forn = 3 the context-free grammar

G has the derivation A3 —* A2A2 —* A1A1 AlAl —* Avo AoAO A()A[) A()AO —*
23
a” .

Every nonterminal in the above example is an SLP and represents a word that
is exponential in the size of the SLP. The challenge in computing the longest com-
mon suffix of two SLPs efficiently is to find algorithms that directly work on the
grammar — the compressed word — and do not decompress the word as this leads in
general to a exponential runtime. An SLP for a shortest word w of a context-free
grammar can be computed in polynomial time. However, the question remains how
we can determine a second word v of a given CFG G that together with a fixed
shortest word defines the longest common suffix (Ics) of the reduced language L
of G, i.e., lcs(p(w), p(v)) = les(p(L)). If we consider the longest common suffix of
a language after reduction we say reduced longest common suffix. We show that
it is enough to consider the words of a CFG G with a derivation tree of height at
most 4N to compute the reduced longest common suffix of G where N is the num-
ber of nonterminals in G. The proof is a combinatorical argumentation combined
with a pumping argument. We investigate how often a pumping tree can be re-
peated/pumped such that the resulting words could change (shorten) the reduced
longest common suffix.

Example 6. Consider the context-free language L = aab(a)™(ab)™ with n > 0.
Then L contains forn =10,1,2,3,... the words

aab n=20

aabaab n =
aabaaabab n=2
aabaaaababab n=3

The word aab(a)?(ab)? together with the shortest word aab define the longest com-
mon suffiz of language L, i.e., les(L) = lcs(aab, aabaaabab) = ab. Enumerating
more words aab(a)'(ab)® with i > 3 containing the pumping tree more than two
times do not change the longest common suffix of L.
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In the above Example 6 the language L contains just one pumping tree while
in general a context-free grammar can contain many different pumping trees. We
therefore additionally have to reason about the impact of the combination of dif-
ferent pumping trees on the reduced longest common suffix of a language.

Equivalence. A normal form for linear tree-to-word transducers was shown in
[Boil6]. The construction of this normal form is exponential in the size of the
original transducer. We showed that this normal form can be adapted to obtain
a polynomial time equivalence test for linear tree-to-word transducers [BP16]. We
further extend this result by considering linear tree transducers with outputs in
the free group. In fact, we show that with the same underlying ideas as in [BP16]
the equivalence of tree transducers with output in the free group is decidable in
polynomial time. If two linear tree transducers process their input in the same order
then a context-free grammar simulating the parallel runs of the two transducers can
be constructed, cf. [SLLN09], and equivalence can be tested in polynomial time by
the morphism equivalence result from Plandowski [Pla94]. We therefore define an
order for linear tree transducers such that transducers that are equivalent and
ordered process their input in the same order. The following example illustrates
the key observation for the characterization of the output languages in equivalent
transductions that process their input in different orders.

Example 7. We consider the following two linear tree-to-word transducers T1,Ts

Ti: qo(g(w1,22)) = aqu(z1) ga(z2)b  To: qolg(zr, x2)) — gh(x2) agy(z1)b

a(f() = baq(z)  @(f(z) — bag(z)
qi(h) — b ¢i(h) — ¢
@(f() — @@)be  @(f(@) — @)adb
@(h) — a ¢(h) — ab

both performing equivalent transductions from input trees of the form g(f*(h), f7(h))
to the output language abab(ab)**7. The output language of Ty is a Ly Lo b with
L1 = (ba)¥b and Ly = a(ba)’ the output languages of qi,qo, respectively. The
output language of Ty is Lya Lib with Ly = ab(ab)! and L) = (ba)k the output
languages of ¢4, q, respectively. The order of the recursive calls on the subtrees
x1,x in the rules of the states qo , q(, differs but the transduction is the same as the
output languages of q1 ,q},q2 ,q5 are all periodic and the periods are conjugates of
each other.

Based on the characterization of the output languages in an unordered part of
the transduction we show how to order the recursive calls on the subtrees. In fact,
this rewriting to obtain an ordered linear tree transducer is easier and cleaner in



case inverses provided by the free group can be used compared to the procedure
needed in the word case [BP16]. We recap the ordering of linear tree-to-word
transducers from [BP16] based on the new results to explicitly show the differences
in the rewriting if inverses are used or not.

Balancedness. For context-free languages the question of balancedness is the ques-
tion whether the language is contained in the Dyck language given by the grammar

S —¢e|[S]S

While the general question whether a context-free grammar is a subset of another
context-free grammar is undecidable, the question whether a context-free language
is a Dyck language is decidable [Knu67, BB02]. Balancedness was naturally ex-
tended to the case of multiple pairs of different brackets which we consider here.
We show that balancedness of the output language of a 2-copy tree-to-word trans-
ducer (2-TW) is decidable in polynomial time. Assume that T7(xo)Ta(zo) is the
axiom of a 2-TW M. Thus, 17,75 are the two linear tree-to-word transducers
called on the input tree in the axiom and the output is evaluated in the free invo-
lutive monoid. In Section 4.2 we reduce balancedness of M to the following two
decision problems, (a) well-formedness of the output languages of Ty, T and (b)
equivalence of 77 and T, over the free group. The transducer 75 produces for an
input tree ¢ the inverted output of 75 on ¢ — a word is inverted by reversing the
word and replacing opening by corresponding closing letters and vice versa. It is
notable that in the free group other rewriting rules apply than in the rewriting
system we consider for balancedness. For balancedness the order of corresponding
opening and closing letters are important, e.g. aa reduces to € while @a do not
reduce any further and is not balanced; in the free group aa™' as well as a~'a are
equivalent to the empty word. However, as we test the output languages of T}
and Ty for well-formedness no patterns of the form @a can occur in the output of
T; and T» and inverted letters can therefore be interpreted as inverses in the free
group. Additionally, we present in Section 4.3 an alternative approach to decide
equivalence of linear tree-to-word transducers over the involutive monoid. The key
observation thereby is that all inverted letters occurring in the rules of (ultimately)
periodic states can be removed by a rewriting similar to the ordering used for linear
tree-to-word transducers.






2 Well-formedness of Context-free
Grammars

We consider context-free grammars over an involutive monoid; therefore let A be
an alphabet opening letters and A = {@ | a € A} be the alphabet of correspond-
ing closing letters. Then a word w € (A UA)* is called reduced if it contains
no occurrences aa_, a € A of matching opening and closing letters. Every word
w € (AUA)* reduces to a unique reduced word independently of the order in
which matching opening and closing letters are canceled. The reduced word of w
is denoted by p(w), e.g. p(acbbc) = a. We call words that reduce to the empty
word ¢ balanced and words that are prefixes of a balanced word well-formed, i.e.,
w is well-formed if p(w) € A*. For example aabaab is balanced and aab is well-
formed as p(aab) = a € A*. We extend the notations accordingly to languages,
i.e., a language is balanced if all contained words are balanced and a language is
well-formed if all contained words are well-formed. While the question whether
the language produced by a context-free grammar is balanced was already intro-
duced by Knuth in 1967 [Knu67] and investigated further [MT06, BB02, TMO07],
the tightly connected question of well-formedness was not discussed. Moreover, we
could not find any straightforward modifications to the existing decision algorithms
for balancedness to obtain a decision algorithm for well-formedness. In Section 2.3
we show that well-formedness can be reduced to the computation of the reduced
longest common suffix of a context-free grammar. Il.e., we consider the longest
common suffix after reduction of the produced words. Therefore the polynomial al-
gorithm to compute the longest common suffix of a context-free grammar without
considering any reduction [LPS18] cannot be applied. The underlying ideas of the
proofs are very similar, however, completely new proofs for the case with reduction
were needed. We present a fixed point algorithm to compute the reduced longest
common suffix of a context-free grammar that terminates in polynomial time. Two
important components are needed to obtain this algorithm. The first component
is a polynomial size representation of arbitrary languages for the computation of
the longest common suffix. We show in Section 2.2 that for the computation of
the longest common suffix we can represent any language by a language consisting
of at most three words. More precisely, we represent every language by the so
called Ics-summary consisting of the Ics of the language and the Ics-extension. The
Ics-extension is the maximal word by that the Ics of the language can be extended

11
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if another language is concatenated from the left and might be unbounded in the
length. For example, the language L1 = (ab)*a has the longest common suffix a and
if a language L} C (ab)* is concatenated from the left the lcs can be extended by
any factor (ab)’; the language Ly = {a, aba, baba} can at most be extended by bab if
bab is a suffix of the longest common suffix of the language concatenated from the
left, e.g. les({abab}Ly) = lcs({ababa, abababa, ababbaba}) = baba. The second com-
ponent is a bound on the height of the derivation trees of a context-free grammar
that need to be considered for the computation of the longest common suffix. We
show in Section 2.3 that for a given context-free grammar G the reduced longest
common suffix of the words with a derivation tree of height at most 4NV is the same
as for all words produced by G. The proof is based on the analysis of simple linear
well-formed grammars of the form

S—aXp X—=>o0X7|oaX1|y

with o, 7;,7 € (SUX)*. In Section 2.4 we show that the reduced longest common
suffix of the language produced by such a grammar is the same as the reduced
longest common suffix of oy and either ao;y7;8 or aoiojyTTf with i € {1,2}
and j € {1,2} independently chosen from i.

Outline We state basic notation and definitions in Section 2.1. In Section 2.2
we present a polynomial size representation of languages called lcs-summary that
we use in the computation of the longest common suffix. The Ics-summary of a
language L consists of the longest common suffix of L and the maximal extension
of the longest common suffix. The maximal extension of the longest common suffix
v of a language L is the maximal word w for that it exists a language L’ such
that vw is the longest common suffix of L'’L. We show that the lcs-summary of
the concatenation or union of two languages L1, Lo can be computed if only the
Ics-summary of Ly, Lo is known. The main result of Chapter 2, i.e., how to decide
well-formedness of a context-free grammar is presented in Section 2.3. The com-
prehensive combinatorical results that are needed to compute the reduced longest
common suffix of a context-free grammar can be found in Section 2.4.

2.1 Preliminaries

As usual, N (Np) denotes the natural numbers (including 0). The power set of a set
S is denoted by 25. ¥ denotes some generic (nonempty) alphabet, ¥* = UkeNo vk
and X“{(w;)ien, | wi € X} denote the set of all finite words and the set of all infinite
words, respectively. Then X°° = 3*U>X¥ is the set of all countable words. We denote
the empty word by . Concatenation of words and languages is defined as always.
For a finite word w = wy . .. wy, its reverse w’t is defined by w? = w; ... wiwy with

12
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eft = ¢. Ais used to denote an alphabet of opening brackets with A = {@ | a € A}

the derived alphabet of closing brackets, and B := AU A the resulting alphabet of
opening and closing brackets.

Longest common prefix and suffix We first define the longest common prefiz of
a language, and then reduce the definition of the longest common suffix to it by

p
means of the reverse. We write C to denote the prefix relation on X°°, i.e. we have
p
u C w if either
e u,w € X* and there exists v € ¥* s.t. w = uv, or

e € Y* and w € X¥ and there exists v € 3% s.t. w = uv, or
o u,w € XY and u = w.

P P
We extend X°° by a greatest element T & X*° w.or.t. E s.t. w & T for all u €

Y =3 U{T}. Then every set L C X% has an infimum w.r.t. é which is called
the longest common prefiz of L, abbreviated by lcp(L). Alternatively, we can use
the following equivalent set-theoretic definition of the lcp from which many of its
properties become obvious. We embed £* U ¥¢ into 2*° by treating words as sets
of infinite paths through the infinite |X|-ary tree. A finite word u € ¥* is identified
with the set of all infinite paths u¥® := {uw € ¥} that start with u resp. the
subtree rooted at u of ¥“. An infinite word w € ¥¥ is identified with {w}. Thus,
for u € ¥*°, we set h(u) := uX¥, if u € £*, and h(u) := {u} otherwise. We then

P p
have h(u) = {w € ¥¥ | u C w}, i.e. we can alternatively define C by means of

u & v < h(u) O h(v). Thus, T becomes the greatest element w.r.t. & by setting
h(T) := () and we can identify ¥ with (). Therefore we define ¥ := T. Extend
h to languages L C £ by means of h(L) := Uwer P(w). The lep(L) is then the
unique word in X° satisfying

h(lep(L)) = h({lep(L)}) = ({=E* | A(L) C 25*}

and thus is the infimum w.r.t. é. We give an example in Figure 2.1. We define
=T, TR . =T, and Tw:=T = wT forall w € Y. Note, that for all w € X,
lep(e¥, w) = w as h(e¥) = h(T) = 0 C h(w). Additionally we have for all w € ¥,
lcp(e, w) =€ as h(w) C ¥ = h(e).

In Section 2.3 we will need to study the longest common suffiz (Ics) of a language
L. For L C ¥*, we can simply set lcs(L) := lcp(LT)%, but also for certain infinite
words the Ics can be defined. Recall that for u,w € ¥* and w # ¢ the w-regular
expression uw® denotes the unique infinite word vwww ... in (Y, uwFE¥; such
a word is also called ultimately periodic. For the Ics we will use the expression w”u
to denote the “reverse” of (uf!)(wf)*, i.e. the infinite word ...wwwu that ends

13
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/E\b
aa/ \ab ba/ \bb
VN 7N RN VAN

aaa aab aba abb baa bab bba bbb

SN NN /N NN

aaaa  aaab  aaba  aabb  abaa  abab  abba  abbb  baaa  baab baba, babb  bbaa  bbab  bbba  bbbb

\

babab

(ba)”

Figure 2.1: Given language L = {ba(ba)¥, baa, bba,baaa,bbaa}. The paths corre-
sponding to the words contained in L are marked bold. The longest
common prefix of L is then the branching point of these paths, i.e., b.

on the suffix u with infinitely many copies of w left of u; these words are used to
abbreviate the fact that we can generate a word w*u for unbounded k € Nj.

Definition 1 (Ultimately left-periodic words, longest common suffix).

o Let XUP denote the set of all expressions of the form w™u with v € ¥* and
w € U, XY s called the set of ultimately left-periodic words. Define
the reverse of an expression w™u € XU by means of (w™u)f = uf(wk)>.
Accordingly, set (uvw®)f = (wB)™uf for u € ¥*, w e 7.

P
o The suffix order on ¥* UX"P U {T} is defined by u i vie ult C ok

e The longest common suffix (Ics) of a language L C ¥* U X s les(L) :=
lep(LT)E.

Note that a term like lcs(z™, w) is always supposed to be read as lcs(. . . zxaxxz, w) =
lep((z)«, w)f and to evaluate to a word in {T} U X* U XUP. For instance, we have

les((bba)™, (ba)7a) = lcp((abb)®, a(ab)*)F = a, and
les((ab)™, (ba)™b) = lep((ba)®, b(ab)?)E = (ab)™.

Additionally, by definition €” = T s.t. les(2”,e7) = les(z”, T) = les(z”) = 2™ while
les(e,z) =€ for all x € {T} U X* UXUP.

P
Asusual,wewriteuévifuiv,butu;ﬁvanduévifugv,butuyév.

P
As the lcp is the infimum w.r.t. C, we also have for z,y,z € {T} UX* U X"P and
L,I' C{T}UX* U that

14
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e lcs(z,y) = les(y, z),
o lcs(x,les(y, 2)) = les(z, v, 2),
o les(L )i s(L') for L O L', and

o lcs(Lx) = les(L)x for z € {T}U X",
We prove the following technical properties of the lcs which allow to simplify the
computation of the Ics, in particular in the case of ultimately periodic words.

Lemma 1. Let u,v,w,x,y,z € X*.

1.

0.
7.

Proof.

Let w # €, then

S S
uCw” Gff uwCuw
S
iff  Jw,w ko w=ww A" CwAu=wwk

S S
uCw”  aff uCuw

iff v uw =ovu Avu = w”
Let u,w # €, then
uv=w” iff Ip,qgEX*:pv=vgAu€p*ANwéeE ¢

les(w,wu) = les(w,wu®) (Vk > 1)
= les(w,u™)
les(w™, u”) = (wu)” if wu = uw
les(uw, u™) = les(wu, w?) = les(wu, uw)  if wu # vw
les(u™, (wu)®) = les(u”, w”)u
les(u™, w™ (wu)™) = les(u”, w™)

5 oS : e : ro N /A n s ",k
1. uCw”C Tiff uCuw iff I, 0" k: w=vwuw" A CwAu=w"w
with w # e
S
Assume that there are w’,w”, k such that w = w'w”, w" C w and u = w"w".

k+1 k

Then u = w"wk Ew Ewww—uw

S
Assume u C uw. Then, we show by induction on |u| that v C w”. If |u| < |w|,
S S
then w = w'u and therefore u C w C w™. Thus, assume |u| > |w| such that
S S
u = w'w. Then, v' C v/w as vw = u C uw = v'ww. Hence, by induction
S S S
' Cw”C T and thus ' C w”w = w™.
S S S
Assume u C w™. Then, there is k € Ny such that wF CuC wht! as w # €.

S
Thus, v = w”w" for some factorization w = w'w” with w” C w.

15
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16

S S
L uCw”?iff u Cuw iff Jv: vw =vu Aw” =wv

“u

S S
Assume w =¢. Thenu Cw” =T and v C uw = v and Jv: u = vw = wv =
v Aw” =T = v7u follow directly. Thus, w # € from now on.

S S S
Assume v C w™ © T. Then 3w, w”’ m: w = w'v”" Aw" T wAu = w"w™
by preceding result. Let v = w”w’ such that |v| = |w| > 0. Then ww =

ko = o™ u/\v u =

S S
w'w™w = (w'w)w"w™ = vu. Hence Vk: wk C vFu C v
S
ww® C wwk = w™.

S S S
Assume Jv: vw = vu. Then v C vw = vu and therefore u T w™ C T.

CuT = w” iﬂ"EIp,qEE*:pv:vq/\uep*/\qu*

Assume u” = w™. Let p be the prlmltlve root of u, and ¢ that of w. Then,

m

u:pmandw*q Stvgw*q CoT. Thus, 4¢: vg = v s.t.
p7v = ¢” = §"v. Therefore, p” = ¢” and thus p = ¢ as both are primitive.
Assume Ip,q € X*: pv = vgAu € p*Aw € ¢* Let u = p*, then u™v = (p')"v =
v(g")” =" =w".

. les(w, wu) = les(w, wu®) = les(w, u”) for all k > 1

If u = ¢, then lcs(w, wu) = w = les(w, wuk) = Ics(w7 T). So we assume u # €
from here on. We pick m such that w = w'u”u™ for suitable w’, v/, u” with

S
u=vu" and v C u and lcs(w, u) = u”u™ and les(w’,u') = €. Hence for all

k> 1,

les(w, wuF) = les(w'uu™, w'uu™ )
= les(w'u"u™, u™+1)
= les(w’, v/ )u" u™
= les(w, u”)
es(w™, u™) = {(wu)m ?f e
les(uw, u”) = les(wu, w”) = les(wu, uw) — if wu # vw

W.lo.g. |w| < |u|. If w = ¢, then les(w”,u”) = les(T,u”) = u” = (wu)”.
Thus, we assume 0 < |w| < |u].

Assume that w ,Z wu vV u ,Z uw. W.l.o.g. consider the case w z wu. Then

les(w, u”) = les(w, wul) = w for all I > 0. So we assume w IZ wu A u IZ uw
from now on. Then it exists w, &: wu = Gw A uw = Wu.

Assume that @ = wV 4 = u. Then wu = vw as wu = Gw = vw V uw = Wu =
wu. Hence, w” = u” = (wu)” = les(w”,u™) as w, u have the same primitive
root.
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S

Now, assume that & # w A4 # u. Then u = v'w as |w| < |u| and u C

uvw = wu. Hence & = wu' as dw = wu = wuw'w. Then les(w” u”) =
S

les(w™u, uu'wu) = les(w, w)u C wu. From this the second case of the

statement follows.
6. les(u”, (wu)?) = les(u”, w”)u

es(u”, (w)) (wu)” if uw = wu
u”, (wu =
les(uwu, wuu) = les(uw, wu)u — if vw # wu

= les(u”, w™)u

7. les(u”, w?, (wu)?) = les(u”, w™)

les(u™, w™, (wu)®) = les(les(u”, w?), les(u”, (wu)?))
= les(les(u™, w?), les(u™, w™)u)
= les(les(u™, w™), u™)
= les(u”, w™)

O

The next lemma formalizes that whenever L is not empty, we can find for any z € L
a witness y € L s.t. les(L) = les(z,y) which we will use in the following frequently
without explicitly referring to this lemma every time.

Lemma 2. Let L. C ¥* be nonempty. Then for any x € L we have lcs(L) =
les(les(x, z) | = € L); in particular, there is some witness y € L (w.r.t. x) s.t.
les(L) = les(x,y) = les(x,y, z) for all z € L.

Proof. Trivially true if L = (). Therefore, assume L # (. Let R = lcs(L) and
pick any z € L. If z = R, we have lcs(z,y) = R for all y € L; so choose any

y € L. Thus, assume R C z. Let Ly = {les(z,y) | y € L} and S := lcs(L,). Then
S S S S

R LC S asforall y € L we have R C y and thus R C lcs(x,y). But also S T R

as Vy € L: S i les(x, y) i y. Thus, R € L, as Vz € L,: R i z i z. Then

there is some y € L s.t. R = lcs(z,y); by minimality of R we trivially have that

les(x,y, z) = les(z,y) for all z € L. O

Involutive Monoid. We briefly recall the basic definitions and properties of the
finitely generated involutive monoid, but refer the reader for details and a formal
treatment to e.g. [Sak]. Let A be a finite alphabet (of opening brackets/letters).
From A we derive the alphabet A := {@ | a € A} of closing letters where we assume
that ANA = (. Set B:= AUA. We use Latin letters p,q, ... to denote words
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2 Well-formedness of Context-free Grammars

over A, while Greek letters a, 3,7, ... will denote words over B. We extend * to an
involution on B* by means of € := ¢, @ := a for all a € A, and of3 := Ba for all
other o, 8 € B*. Let & be the binary relation on B* defined by aaa 8 & af for
any o, 3 € B* and a € A, i.e. % cancels nondeterministically one pair of matching
opening and closing brackets. A word a € B* is reduced if it does not contain
any infix of the form aa for any a € A, i.e. « is reduced if and only if it has no
direct successor w.r.t. 2. For every o € B* canceling all matching brackets in any
arbitrary order always results in the same unique reduced word which we denote
by p(a); we write a £ 3 if p(a) = p(8). Then B*/ £ is the free involutive monoid
generated by A, and p(«) is the shortest word in the £_equivalence class of . For
L C B* we set p(L) := {p(w) | w € L}.

Well-formed Languages and Context-free Grammars. We introduce the notation
of context-free grammars (CFGs) that we use in the following. We write —¢ for
the rewrite rules of the context-free grammar G and assume that G is reduced to
the productive nonterminals that are reachable from its axiom S. For simplicity,
we assume for the proofs and constructions that the rules of G are of the form

X —=acYZ X —-¢gY X —guv

for nonterminals X,Y,Z and u,v € A*. We write Lx := {a € B" | X = o} for
the language generated by the nonterminal X . Specifically for the axiom S of G we
set L := Lg. The height of a derivation tree w.r.t. G is measured in the maximal
number of nonterminals occurring along a path from the root to any leaf, i.e. any
derivation tree has height at least 1. We write L)S(h for the subset of Lx of words
that possess a derivation tree of height at most h s.t.

<l _ y— = <h+2 _ yp<hi+l <h+17<h+l <h+1
LY ={uv| X »guv} LFT?=L3""v |J rg"'Lz"'v |J L
X—)GyZ X—>Gy

We will also write L)<{h for L_%h_l and L3 for L)S{h \ Lf(h. The prefiz closure of
L C B* is denoted by Prf(L) := {o/ | ¢/a” € L}. Given a derivation tree of G
that yields the word k, a path within this tree, and a specific nonterminal X of G,
we may factorize x into the product of (word) contexts (finite words with a “hole”
which represent a pumping tree w.r.t. G) («, ), (01,71), ..., (0%, %) and a single
word v s.t. S —=( aX B, X = 0;X7;, and X —7, 7. We denote such factorizations
by simply writing x = («, 5)(01,71) ... (0%, 7). Concatenation of contexts with
contexts resp. words is thus defined by means of substituting the right operand into
the “hole” of the context, i.e. (o, 7)(u,v) = (o, v7) and (o, 7)Yy = o1y. Given such
a factorization, we are often interested in the “simple” linear language induced by
it:

(o, B)[(o1,m1) + ... + (O, )"y :=A{aoi, ..o Tiy, - Tiyy | 0. i € {1, ... k}*}
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Formally, this is the language generated by the “simple” linear grammar

S—>04X,8 X—)UlXTl‘...‘O'kXTk|’)/

and is thus always a sublanguage of L(G).

Definition 2 ((Weakly) Well-formedness, Height difference). Let a € B* and L C

B*.

1.

Let A(ar) := |afa—|alz be the difference of opening brackets to closing brack-

P
ets. a is nonnegative if Vo/ C a: A(a/) > 0. L C B* is nonnegative if every
a € L is nonnegative.

A context-free grammar G with L(G) C B* is nonnegative if L(G) is nonneg-
ative. For a nonterminal X of G let dx = sup({—A(d/) | /" € Lx}U{0}).
Note that dx > 0 as we can always choose o/ = ¢ in the definition of dx.

A word « is weakly well-formed (wwf for short) resp. well-formed (wf for
short) if p(a) € A*A* resp. if p(a) € A*. A context-free grammar G is wf if
L(G) is wf. L C B* is wwf resp. wf if every word of L is wwf resp. wf.

. A context-free grammar G is bounded well-formed (bwf for short) if it is

wwf and for every nonterminal X there is a (shortest) word rx € A* with
lrx|=dx s.t. rxLx is wf.

We summarize some consequences of Definition 2.

Remark 1. Let L C B*.

L is wf if and only if PrfCL) is wf if and only if L is a subset of the prefix closure
of the Dyck language generated by S —¢ S — SS S — aSa (a € A).

L is nonnegative if and only if the image of L under the homomorphism that
collapses A to a singleton is wf. Hence, if L is wf, then L is nonnegative.

A is an w-continuous homomorphism from the language semiring generated
by B to the tropical semiring (Z U {—oo}, min,+). Thus it is decidable in
polynomial time if G is nonnegative using the Bellman-Ford algorithm.

If L is not wf, then there exists some o« € Pr{L) \ {e} s.t. A(a) < 0 or
a £ uab forue A* and a,b € A (with a #b).

If Lx is wwf, then dx =sup{|y| | v € Lx, p(y) =7 z}.

In particular, because G is context-free it follows that, if G is wf, then for every
nonterminal X there is ry € A* s.t.
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e 7x € p(Prf(Lx)),
e |rx| =dx and
o rxLx is wf.

Lemma 3. A context-free grammar G is well-formed iff G is bounded well-formed
with rg = € for S the axiom of G.

Proof. Let S be the axiom of G. W.l.o.g. G is reduced to the nonterminals which
are reachable from S and which are productive. First, assume that G is well-
formed. Then for every nonterminal X of G we can define its left-context LY, =
{a € B* | S =% aXB}. As L := L(G) is well-formed and every a € L is a
prefix of some word of L, also LY is well-formed; hence my := min{A(L%)} > 0
is defined. Fix any Ax € L% with A(Ax) = mx. Then for any v = v/v" € Lx
also Ax7/ is a prefix of a word of L, thus well-formed, and therefore A(Axv") > 0.
It follows that dx = max{—A(Y') | v'v" € Lx} < mx. In particular, there is a
vx = V7% € Lx s.t. —A(vy) = dx; as L is well-formed, Lx has to be weakly well-

formed s.t. 73( £ Tx sx and Ay £ xrx. Hence, for every v € Lx we have ~y £ Yz

and Axy £ xrxy z are well-formed, i.e. y é rx and thus rxLx is well-formed. In
particular, we have rg = ¢ for the axiom S.

Now, assume that G is bwf and thus by definition also nonnegative. We fix for
every X any rx € A* s.t. rxLyx is well-formed; hence, Lx is weakly well-formed

and dx = max{Jy| | ¥ € Lx,p(y) = yz}. Then #x := max={y | v € Lx,p(y) =

yx} é rx is well defined with dx = |rx|. As G is also nonnegative, we have dg = 0
resp. rs = € and thus L = Lg is well-formed. ]

The words rx mentioned in Definition 2 can be computed in polynomial time
using the Bellman-Ford algorithm similar to [TMO7]; more precisely, a straight-
line program (SLP for short) (see e.g. [Lohl2] for more details on SLPs), i.e. a
context-free grammar generating exactly one word, can be extracted from G for
each rx. We therefore use the prefix closure of a context-free grammar G, that can
be constructed in polynomial time.

Remark 2. Let G be a contest-free grammar over the nonterminals X. Define G
by the following rules:

o If X g YZ, then X —¢,YZ, X} —¢, Yp, and Xy, —¢, YZp and X, —¢,
YZ.

o IfX —QG Y, then X —)Gp Y, Xp —)Gp Y},, and Xp —)Gp Y.

o If X =g uv, then X —¢, Uv, and X, =g, uv
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Then Lx(G) = Lx(Gp) and Lx,(Gp) U{e} = PrilLx(G)). In particular, we can
construct Gy, in time polynomial in the size of G.

Lemma 4. Let L = L(G) be wf. Let X be some nonterminal of G. Derive from G
the CFG GP s.t. Prf(Lx) = L(G%). Let rx € A* be the shortest word s.t. rxLx is

wt.

4.

. Then rx is also the shortest word s.t. rx Pril Lx) is wf.

There is a shortest o € PrlLx) s.t. p(a) =Tx .

Every shortest a € Prf{Lx) with p(a) = Tx has a derivation tree w.r.t. G%
that does mot contain any pumping tree and thus has height bounded by the
number of nonterminals of G% .

An SLP for rx can be computed in polynomial time.

Proof. 1. As Lx C Prf(Lx), we only need to show that uxPrf(Lx) is still wf.

For every o/ € Prf(Lx) there is some o € Lx s.t. a = o/’ (by definition).
As L is wf, Ly is wwf, hence a is wwf, and thus o/ and o” are wwf, too.
Hence, p(o/) =Ts, p(”) = wv and p(a) = Ty for some r,s,u,v,z,y € A*
st. Tsuv £ Ty If s = s'u, then 7 = T; else u = u's and T = 7 «/. Thus

rlx X -

M=
M=

. There is some § € Lx s.t. p(8) = ux y for some y € A*. Then there is some

p
prefix 8 C 8 s.t. p(8) = ux . By definition, 3’ € Prf(Lx). Hence, there is
also some shortest o € Prf(Lx) s.t. p(a) = ux .

. Let a € Prf(Lx) = L(G%) be a shortest word s.t. p(a) = wx . Assume that

there is some factorization o = Bpyod s.t. BpFyo*d € L(Gg() for all k € Ny.
Consider k = 0 and let p(8vd) =7 s. If r = ux, then there would be a prefix
of By that would reduce to ux contradicting our assumption that « is a
shortest such word. Hence, 7 C ux . Thus A(Byd) > —|r| > —|ux].

Note that —|ux| = A(a) = A(B76) + A(pe). Thus, A(pe) < 0; a contradic-
tion to the wfness of uxPrf(Lx).

. Split every nonterminal Y of Gg( into N + 1 copies Yp,..., Yy, split every

rule Y — UV into the rules Y;11 — U;V; | Y;, and derive from every rule
Y — v the rule Yy — . In other words, unfold G% into an acyclic grammar
that generates exactly all derivation trees of height at most IN. We compute
inductively for every nonterminal a pair of SLPs representing a wwf word wv
as follows: For every rule Yy — v € B, we choose either u = v, v = or u = ¢,
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2 Well-formedness of Context-free Grammars

v = 7 such that wv = 7. For every rule Y;11 — U;V;, we have inductively
computed SLPs for U; and V; representing words 7s and wwv, respectively.
Then we can compute SLPs representing the reduced word p(7 suv): either
s = s'u (ie. |s| > |ul) or u = u's (ie. |s| < |u]), i.e. we simply have to
restrict and then concatenate the respective SLPs. For the rule Y;4+; — V;
there is nothing to do. We are thus left for Y;;; with a family of SLPs
representing words w; v;: w.l.o.g. assume |ug| > |u;| for all i; as for every
derivation Xy —* a¥;4+17 we need to have that aw; v;y is wwf for every ¢, we
also have that awug ugtw; v;7y is wwf for every i. We thus may normalize all SLP
pairs by means of @w; v; — Uy p(uou; )v;. As we want to maximize the descent,
we then assign to Y11 the pair of SLPs encoding %y and the shortest of all
p(upu; )v;. This amounts to a constant amount of SLP operations per rule of
the unfolded grammar.

O

We show that deciding whether a context-free grammar G produces a negative
word, i.e., a word «a such that A(a) < 0 can be done considering only derivation
trees up to height N with N the number of nonterminals in G.

Lemma 5. Let L = L(G) = PrflL(G)) be a prefiz-closed context-free language. We
can decide in time polynomial in G whether there is a word o € L s.t. A(a) < 0.

Proof. Let N be the number of nontermimals of G. Assume there is a word a € L
with A(a) < 0, then w.l.o.g. A(ar) = —1 as L is prefix-closed. Pick any shortest
such a € L with A(a) = —1.

If o has a derivation tree of height at most N, then we simply apply standard
fixed-point/Kleene iteration to the operator F' obtained from the rewrite rules of
G via the homomorphism A over the tropical semiring

F(X)x :=min{AY)+ A(Z),AY),A(7) | X ¢ YZ,X ¢ YV, X —¢ 7}

Then FN(c0)s = min{A(B) | 8 € LN} < A(a) = —1 with L=V all words of L
that possess a derivation tree of height at most N.

Assume thus that every such « has a derivation tree of height at least NV + 1.
Pick a longest path from the root to a leaf in such a derivation tree, and moving
bottom-up along this path, pick the first nonterminal X occurring a second time
in order to obtain a factorization o = Bpyed s.t. BpFyo*s € L for all k € Ny and
po # ¢; in particular, note that pp € L)S(N. Then —1 = A(a) = A(Bv0) + A(po)
and A(Bvd) > 0; otherwise there would be a prefix m of fvd with A(r) = —1
contradicting the minimality of a. Hence, A(pp) < —1. Thus, we only need to
decide whether there is a pumpable derivation tree X —%N pX p of height at most
N s.t. A(pe) < 0. This can be done by transforming the rewrite rules X — Y Z
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into weighted edges X # Z and X & Y, and then check for negative

cycles in this graph. (This amounts to take the derivative of F' at FV(c0).) O

2.2 Ics-equivalent Sublanguages

We show that we can compute the longest common suffix of the union L U L'/
and the concatenation LL’ of two languages L, L’ C ¥* if we know both lcs(L)
and lcs(L'), and in addition, the longest word lcsext(L) resp. lcsext(L’) by which
we can extend lcs(L) resp. les(L') when concatenating another language from left.
Analogous results w.r.t. the lcp have been presented already in [LPS18] but the
mazimal prefiz extension is not studied there explicitly.

We then show that the relation L & L' < les(L) = les(L') Alesext(L) = lesext(L')
is an equivalence relation on ¥* that respects both union and concatenation of
languages (see Lemmas 8 and 9). It follows that for every language L C ¥* there
is some subset Tis(L) C L of size at most 3 with L ~cs Ties(L).

In this section we do not consider the involution, thus let > denote an arbitrary
alphabet.

Definition 3. For L C ¥* with R = lcs(L) the maximal suffix extension (lcsext)
of L is defined by lcsext(L) := les(z2” | zR € L).

For L,L' CX*, L~y L' if les(L) = les(L') and lesext(L) = lesext(L'), i.e., if both
the longest common suffiz and the mazimal suffix extension are the same.

Note that by definition we have both lcsext(()) = les() = T and lcsext({R}) =
lcs(e™) = T. The definition of lcsext can be motivated as follows:

Example 8. Consider the language L = {R,xR,yR} with lcs(L) = R and lcsext(L) =
les(z™,y™). Assume we prepend some word u € X* to L resulting in the language
ul = {uR,uxR,uyR}. Then lcs(uL) is given by lcs(u, lcsext(L)) les(L):

les(u{zR,yR,R}) = lcs(u,uz,uy)R
= les(les(u, ux), les(u, uy))R - (as les(u, ux) = les(u, 7))
= les(les(u, ), les(u, y™))R
= les(u, Ics( ,Y7))R
= les(u, lcsext( ) les(L)

In particular, if vy = yx, we can extend lcs by any finite suffix of lcsext(L) = (zy)”
— note that, if x = & =y, then Icsext(L) = T by our definition that €™ = T; but if

xy # yx, we can extend it at most to lesext(L) = les(z”,y™) = les(zy, yx) C zy. O

Corollary 1. The mazimal suffix extension Icsext(L) is the longest word u € ¥
such that les(uL) = u les(L).
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2 Well-formedness of Context-free Grammars

If les(L) is not contained in L, then lcs(L) has to be a strict suffix of every shortest
word in L, and thus immediately Icsext(L) = . As in the case of the Ics, also
Icsext(L) is already defined by two words in L.

Lemma 6. Let L C ¥* with |L| > 2 and R := lcs(L). Fiz any xR € L\{R}. Then
there is some yR € L\ {R} such that for all zR € L,

m

if xy = yx
les(zy, yz)  if zy # yx

lesext(L) = les(z7,y7) = les(x”,y7, 27) = {:c

If vy = yx, then R € L.

Proof. Note that © # € as R # R. Let p be the primitive root of z. If VzR €
L: zx = xz, then VzR € L: z € p*. Thus Icsext(L) = p” = 27 = 27 = les(x”, 27)
and R € L as otherwise R = Ics(L) = p'R for p'R the shortest word in L.

So assume JzR € L: zz # xz, then z # ¢ and lcsext(L) = les(les(z”,y7) | yR €
L\ {R}) é les(x”, 27) = les(xz, zz). Hence, there is some yR € L\ {R} s.t.
Icsext(L) = les(z™, y™) = les(zy, yx). O

The next lemma allows to reduce the computation of maximal suffix extension lcsext
to that of the longest common suffix.

Lemma 7. Let L C ¥* with R = lcs(L). If lcsext(L) € ¥*, then for allzR € L\{R}
there exists m € N such that

les(x™ L) = lcsext(L) les(L) and  lcsext(L) C 2™

Proof. Fix any xR € L\ {R}. Thus = # ¢ s.t. there is some m € N with |z™| >
|lcsext(L)|. As lcsext(L) € X* there is some y € L s.t. for all zR € L,

lcsext(L) = lcs(z™, ymi

= les(zy, yx
= les(z™, y7, 27)
m ™
les(z™, 27)

S S
Pick any zR € L. If les(x”, 2”) 3 2™, then lcs(x, z7) I les(z™, 27) = ™.
If les(z™, 27) C 2™, then les(z™, 27) = les(z™, 27) = les(2™,2™z) (Lemma 1). In
particular for z = y we thus have

m . m

lcsext(L) = les(x™, y7) = les(ax™, x™y)
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2.2 les-equivalent Sublanguages

Hence, lcs(z™L) =lcs(x™zR|zR € L) = les(z™xR,2myR,2™zR | zR € L)
= les(z™zR, x™yR)
= les(z™,2™y)R
= lcsext(L)R
0

Example 9. Consider L = {s*t*R | k € No} with R = lcs(L). By definition
we have lcsext(L) = les((st)?, (sF2tF+2) | k > 0). If s and t commute, then
lesext(L) = (st)¥, and thus lcsext(L) is unbounded. Thus assume st # ts s.t.

les(ts, sth*1) = les(ts, st) T ts, st and
les((st)%, (P24 2)9) = Jes((Ls)©, (L T2F 1))t = les(tst, stt)
Hence, les(ststL) = les(tst, stt)R = lcsext(L) les(L).

We show that we can compute the Ics and the extension Icsext of the union respec-
tively the concatenation of two languages solely from their Ics and lcsext. To this
end, we define the lcs-summary of a language.

Definition 4. For a language L C ¥* we define the Ics-summary lessum(L) =
(Ies(L), Icsext(L)). The equivalence relation ~s on 2% is defined by

L =~ L' iff lessum(L) = lessum(L')
Lemma 8. Let L, L' C ¥* with lcssum(L) = (R, E) and lcssum(L') = (R', E'), then

R, E') fR=T
R,E) ifR =T
R,lcs(E, Ics(E', E'6)8)) if R’ =6RC T

R les(E',lcs(E, ES)S)) if R=6R' T T

(
(
lessum(LU L") = < (
(
(les(R, R'),¢) else

Proof. Assume that R’ = T, then L’ = () and therefore lessum(LUL’) = lcssum(L) =
(R, E). The case R = T is symmetric.

W.lo.g. R # T # R from here on. If R ,&_ R’ and R’ i_ R then the maximal
suffix extension of L U L’ is empty and lcssum(L U L) = (Ies(R, R'), ). Thus, we

assume R i R’ = R from here on s.t. lcs(LU L") = R. (The case R’ i R =0R
is symmetric.) If R ¢ L, then E = Icsext(L) = ¢ and thus lcsext(L U L") = ¢ =
les(E, les(E', E'6)6).

So assume R € L. If R’ ¢ L/, then for suitable zR',yR' € L', e = E' = Icsext(L’) =
les(z”,y”) = les(z,y). Thus, les((20)” | z0R € L) = les(xd, yd) = ¢ and hence

lcsext(L U L") = les(lesext(L), ) = les(E, les(E', E'8)d)

25



2 Well-formedness of Context-free Grammars

Thus also assume that R’ € L. Then

lesext(LU L") = les(w™, (20)” | 2z0R € L', wR € L)

lcsext(L),
'°S< les(26)" | 2R € L) )

From R’ = 0R € L' follows that lcs(z0)” | 20R € L') = les(les(67, (20)7)) | z0R €
L’). In Lemma 1 was shown that lcs(67,(26)7) = les(6™,27)0 and lcs(E’,§7) =
les(E’, E'$). Thus

les(les(67, (20)7) | 26R € L) = les(67, Iesext(L'))d = les(lesext (L), lesext(L')d)d
Therefore lcsext(L U L') = les(E, les(E', E'6)9). O
Lemma 9. Let L, L' C ¥* with lcssum(L) = (R, E) and lcssum(L') = (R', E'), then

(T, T) ifRR =T

RRE fRRCTAE =T
lessum(LL") = ( ) / s s

(les(R,E"\R',s) if RR'C TARUY E'

(RR',Ics(E,5)) if RR'C TAE =6R

Proof. f R=T or R =T, then L = () or L' = (), respectively, such that LL' = (.
Therefore we obtain lessum(LL') = (T,T). Thus, we assume R # T # R/, i.e.
L # 0 # L' from here on. If E' = T, then L' = {R'} such that lessum(LL’) =
lcssum(LR') = (RR', E).

Thus, we additionally assume that E’ # T and therefore L’ contains at least two
words. Fix 2R',yR' € L'\ {R'} such that

E' =lcsext(z” | zR € L') = les(z”,y”)

Consider
les(LL') = les(wRzR' |wR € L, zR € L')

If E' = ¢ and therefore lcs(z™,y™) = ¢, then

les(LL') = les(wRzR' |wR € L,zR € L)

é les(wRzR',wRyR' | wR € L)

= les(zR',yR')

- R

and
lesext(LL') = les((wRz)” |wR € L,zR' € L)

é les((wRx)”, (wRy)” | wR € L)
T les(a.y)
= ¢
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Therefore, lcssum(LL") = (R',e) = (les(R, E') R, ¢).
Now, assume that E’ # ¢ such that R' € L’. Then

les(LL') = les(wRzR'|wR € L,zR € L)

lcs k > R
les(les(wR, wRz) |wR € L,zR € L')

Consider then

les(R, E') = lcs(R, Icsext(L')) = les(R, les(27 | 2R’ € L)) = les(R, Rz, Ry)
If R ,&_ E', thsen R les(R, E') = les(R, Rz, Ry). Thus also les(LL') = les(RL') =
les(R, E')R' C RR'. Therefore, lcssum(LL") = (les(R, E')R’, ¢).
If RC E' = §R, then les(LL') = RR' and

lcsext(LL') =lcs(z,0 | zR € L\ {R}) = les(les(2” | 2R € L), §) = les(E, §)

O

The computation of the Ics-summary as described in Lemmas 8 and 9 can be illus-
trated as follows.

~ lesext(L) | les(L)

(LU L) g 0. . Icsex(i(L') d :zzg;
e Jesext(L) les(L) [ les(Z)

e B D

Example 10. Consider L = {a,baa} and L' = {aa,baaa} such that lcssum(L) =
(a, (ba)*) and lessum(L') = (aa, (ba)¥). Then

les(L U L") = les(a, aa) =a

les(LL") Ics(a, ) = aaa

lcsext(L U L") s(( a)“, les((ba)?, (ba)“a)) =a

lesext(LL") /cs( ) =c as (ba)¥ = (ab)¥a

As both the lcs and the Icsext are determined by already two words (cf. Lem-
mas 2 and 6), it follows that every L C ¥* is &-equivalent to some sublanguage
Ties(L) C L consisting of at most three words where the words xR, y R can be chosen
arbitrarily up to the stated constraints (with R = lcs(L)).

L if L] < 2
Ties(L) := ¢ {R,zR,yR} if {R,zR,yR} C L Alcsext(L) = les(z”, y™)
{zR,yR} if R=lcs(zR,yR)NR ¢ L AN{zR,yR} C L
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Corollary 2. Let L C ¥* be a language. Then L is = s-equivalent to some sub-
language Ties(L) C L consisting of at most three words.

In summary, Lemmas 8 and 9 yield that given L, L’ with L = L', for all L”
L U L// %h:s L/ U L// L//L %|CS L//L/ LL// %|c5 L/L//

The equivalence classes given by = build a language semiring with the operations
union and concatenation. Therefore lcssum is a homomorphism, i.e., for all L, L’

lessum(L U L") = lessum (L) U lcssum (L) lessum(L L") = lessum(L) lessum(L)

This allows us to use the sublanguages Tis(L) in Section 2.3 as polynomial size
representation for the language L produced by a nonterminal.

2.3 Deciding Well-formedness

In this section we introduce the results leading to the polynomial time algorithm
for deciding well-formedness of a language given by a context-free grammar. The
decision procedure combines results of [TM07] and [LPS18]. Let G be a context-
free grammar with L = L(G) C B*. In [TMO07] it was shown how to decide in
polynomial time whether L is balanced, i.e. p(L) = {e}. The main observation is
that for every sentential form aX g produced by G (with «, 8 € B*) and for any
~ € Lx it has to hold that ayg £ ¢. This implies that all words in Lx are weakly
well-formed (p(Lx) € A*A*) and have a constant height difference as the number
of closing and opening letters (after reduction) is constrained by the context («, 3).
This in turn implies that Lx has a canonical maximally reduced representative
Tx vx with dx = |rx| and p(rxLx) = {vx}. In case of well-formedness such
a canonical representative does not need to exist anymore. While the question
whether L is balanced enforces that the height difference has to be constant, in the
case of well-formedness the height-difference is only bounded from below, but in
general unbounded from above as the following example shows.

Example 11. Let G be a context-free grammar with axiom X and rules
X —wgaaXa | e

Then L = L(G) = {a**a* | k € No} with p(L) = a* and we obtain rx = e,
rxLx = L =~ {e,a} and therefore lcssum(p(rxLx)) = (¢,a*).
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Fixed-point iteration We use T to compute a finite ~-equivalent representa-
tion T)S(h of the reduced language generated by each nonterminal X of the given
context-free grammar inductively for increasing derivation height h. In particular,
we show that we only have to compute up to derivation height 4N + 1 (with N
the number of nonterminals) in order to decide whether G is wf. In Lemma 11
we show that, if G is wf, then we have T§4N+1 Rlcs T§4N for all nonterminals X
of G — we have reached the fixed point. The complementary result is then shown
in Lemma 12, i.e., if G is not wf, then we either cannot compute up to T§4N 1 as
we discover some word that is not wf, or we have T§4N Hics T§4N+1 for at least
one nonterminal X.
In the following, we assume that G is a context-free grammar over B = AUA with
nonterminals X. Set N := |X|. We further assume that G is nonnegative, and that
we have computed for every nonterminal X of G a word rx € A* represented as
an SLP such that |rx| = dx and 7x € Prf(p(Lx)), cf. Lemma 4. Note that 7x is
(after reduction) a longest word of closing brackets in p(Lx); if G is wf, then rx
is unique. In order to decide whether G is wf we compute the languages p(rXL)S(h)
modulo = for increasing derivation height h using fixed-point iteration. Assume
inductively that

. rXL)S(h is wf and

e we have computed T)S(h = T|c5(p(TxL)§(h)) ST p(rXL)S(h) for all X € X up to

height h.

Then we can compute Tis(p(r XL)S(hH)) for each nonterminal as follows:

T T (p(-l-)g(h U U rxmy TShU U rxTy T 7z T%h)) (2.1)
X—aY X—=gYZ

Inductively, we can still observe that T)S(thl Res p(T XL)S(hH) as

<h+1
plrxL3"™)

= prx L") UUx sy prxTy v L5") UUx o, vz prx7y ryvL5" 77 r7L3")
<h ___ +<h — —<h — —<h

Nles Ty UUX_>GY p(rxmy Ty )UUX—>GYZ p(rxry Ty 77 T37)

lcs Tlcs (p(T%'h U UX%GY rXTy T)S/h U UX%GYZ TXTy T}S/h Tz T§h>>

_ Tshet

= X

Note that each language T)S(}H'1 consists of at most three words (cf. Corollary 2).
Thus, each step of the fixed-point iteration can be computed in polynomial time.

Example 12. Consider the following context-free grammar

S = abbaba X X = baXabababa | aXbbaba | ¢
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2 Well-formedness of Context-free Grammars

We obtain rs = € and rx = a. Thus, the grammar can be equivalently rewritten to
nonterminals [rgS], [rx X] producing the languages rgLs and rx Lx, respectively.

[rsS] = abbab[rx X] [rxX] = ablrx X]abababa | [rx X]bbaba | a

Therefore, the following languages are computed in the fired-point iteration

reLg<htl = TsLEh U abbabrx Lx <"
rxLxShtl = rXLihUabrXLXSh%babaUTXLXSh bbaba U a
As TSLSSh'H depends on rxLx=" and rx LxSMt! only on rx Lx=" we can calculate

TxLSL( for increasing h until convergence. Afterwards rgLg is computed.

rx L% = 0
p([rXLX]O) 0 les=T,lcsext =T
p(lrxLx]’)  ies 0
TxL)S(l = a
plrxLxst) = a les = a, lcsext = T
,O(TXLXSI) Rlcs a
TxLXS2 = a
U ab a aba baba
U a bbaba
plrxLx=?) = a
U baba
U abbaba les = a, lesext = les(bab™, abbab™)
= babbab
p(rxLx=?) R p(rxLx=?%)
T’XLXS?’ = a
U ab a aba baba
U a bbaba
U ab baba aba baba
U ab abbaba aba baba
U baba bbaba
U abbaba bbaba
prxLx=3) = a
u baba
U abbaba
U abbbaba
U ababbbaba
U bababbaba
U abbababbaba lcs = a, lesext = Ics(bab™, abbbab™)
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p(rxLx=?)

p(rx L%

prx LY

p(rx LY

Lccccccl ccl

ccCccccc

ccl

a
baba
abbbaba

a
ab a aba baba

ab baba aba baba

ab abbbaba aba baba
a bbaba

baba bbaba

abbbaba bbaba

a

baba

abbbaba
ababbbbaba

abbaba

bababbaba
abbbababbaba

a
baba
abbbaba

= bbab

les = a, lesext = les(bab™, abbbab™)
= bbab

Thus, /CSSum(p(TxL)S(h)) converges after three iterations. ILe., the above fized-
point iteration yields p(rxLx) =~ {a,baba,abbbaba} with lcs(p(rxLx)) = a and
lesext(p(rx Lx)) = bbab. For p(rsLg) we therefore obtain

p(rsLs)

p(rsLs)

~lcs

abbababbbaba

~lcs

abbab a
abbab baba

abbaba

abbababbbaba

lcs = bbaba, Icsext = lcs(a™, abbabab™) = &

We show in the remaining part of this section that the above introduced fixed-point
iteration (2.1) can be used to decide well-formedness of context-free grammars.
First, we consider well-formed languages and show that the fixed-point iteration
terminates after at most 4N iterations with N the number of nonterminals. Sec-
ond, we show that in the case that the language produced by a context-free grammar
is not well-formed we either find a counterexample in 4N iterations or the repre-
sentations T)S(h of at least one nonterminal of the context-free grammar does not
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2 Well-formedness of Context-free Grammars

converge within 4N iterations. Again, IV is the number of nonterminals of the
context-free grammar.

Convergence for well-formed CFGs Lemma 11 states the first result, i.e., if G is
wf then the representations T)S(h have converged at the latest for h = 4N modulo
~js- The basic idea underlying the proof of Lemma 11 is similar to [LPS18]. We
show that from every derivation tree of height at least 4N 4+ 1 we can construct a
derivation tree of height at most 4V such that both trees carry the same information
w.r.t. the Ics and lcsext (after reduction). However, Lemma 11 extends the central
result of [LPS18]. There, a polynomial time algorithm to compute the longest
common prefix (Icp) of a language given by a context-free grammar was presented.
But the languages were just interpreted over a simple alphabet without taking any
reduction into account. In case of the computation of the longest common prefix it
therefore sufficed to show that the Icp has already converged at derivation height
4N. Here, we need to show that also the maximal extension Icsext of the Ics has
converged. This then guarantees that, if G is not wf, but the minimal derivation
height hg for which we find a counterexample is higher than 4N, then we will
detect this as Icssum(rXL)S{lN) has not converged (modulo =) for at least one
nonterminal X. !

We sketch the proof idea of Lemma 11. In order to show that we only need to
compute Tlpcs(rXL;{lN) if G is wf, we have to show that any derivation tree w.r.t.
rx Lx of height at least 4N +1 has no influence on lcssum(p(rx Lx)). More precisely,
we assume that a witness k for the reduced longest common suffix with respect to a
shortest word (after reduction) has a derivation tree of height at least 4N + 1. Any
such derivation tree induces a “simple” well-formed linear grammar of the form

S—aXp X —o01 X7 |0 X7 |03X13 |7 (o, B,7,04, 7 € BY)

The language L’ generated by this grammar can be described by the rational ex-
pression

(o, B)[(01,71) + (02,72) + (03, 73)] "y == > aosy...007Ty - Ti B
ih.ige{1,2,3}"

1 As every context-free grammar is a special case of well-formed LTWg we can use Lemma 29 to
remove closing brackets for all nonterminals that produce an ultimately periodic language after
reduction. But unfortunately, we currently do not know if we can transform in polynomial
time a well-formed context-free grammar G over B into a context-free grammar G’ over A
s.t. p(L(G)) = L(G') (and further s.t. derivations are in bijection). We have not been able
to make direct use of the results of [LPS18]: When transforming a well-formed simple linear
grammar over B, our proofs in Section 2.4 indicate that we might need to introduce auxiliary
nonterminals in order to partition the language w.r.t. the pumping trees resp. contexts that
are used at least once s.t. the resulting grammar might be exponentially larger.
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2.3 Deciding Well-formedness

L’ is a sublanguage of the language L generated by G and has the same reduced
longest common suffix as L. We first show that we can remove the negative letters
@ € A occurring in «,~,0; and that each 7; is either of the form 7 £ 7 t; ; with
t; 75 E O T; £ Titir; (With i, ti € A*)

Lemma 10. Let L = (o, f)[(o1,71) + ... + (o0, ™)™y be a wf language with
a,3,0;,7 € B and n > 0. Then there are u, s;,w,r;,t; € A* such that

LEZ @A) (s1,m1)+...+ (s, )] w and

p(m) =Titir; or p(r) =Titir,t; #e.

. . . o
Moreover, for any i1,...,4 € {1,...,n}, it holds that ao;, ...04 YT, ... Ti, 3 =
USjy - .. S, WTy, .. Ty B.

Proof. As « has to be wf, simply set u = p(a) € A*. Let p(o;) = T;y; for any
i€{1,...,n}. Then uz; has to be wf for all i € {1,...,n}, i.e. we have u L oz x;
for all i € {1,...,n}. As uo;o; £ uT; YiT; y; has to be wf, we have y; = s;x;.
Pick J € {1,...,n} such that z; is a longest word of {x1,...,x,}. Then uo;o; £
UT ] X T; $;x; Ty Syxry has to be wi, i.e., (x;T; )s;xyz; is wf for all i € {1,...,n}.
Thus there exist §; such that p(z;7T;)s; = 8 p(xjZ; ), resp. T T;s; L s,2,7; as
p(xj7; ) € A*. Therefore,
UTjy - .. 0f UL J X JTiy Sy Liy - - - Ty S5,T4;

UX J Si1 T J Tiy SigTis - - - Ti; Sip; Ty,

= ll= IIe e

UX J Siy -+ -84, T

for all i1,...,4 € {1,...,n}. Thus, set u = p(uxy), s; = & and v = p(z7).

Now, we analogously show that p(y) = w € A*. If p(v) = Tw, then u = v’z resp.
u £ uz z and thus uS;y L yzxsiTw. So xs;T is wf for all i € {1,...,n}. Hence, we
find 8; with zs; = 3;x such that us;, ...s;7y £ UT TSy - . 8, T W £ UT 8, ... 8;TT W
for iq,...,4 € {1,...,n}. Thus, set s; = §; and u = p(uT ).

It is left to show that for i € {1,...,n} we have either p(7;) = T;t;r; or p(1;) =
T tir; with ¢; # ¢ in the last case. Let p(1;) = T;y; for i € {1,...,n}. Then
L; := (u, B)(si,7)*w has to be wf for any i € {1,...,n} as L; C L and L is wf by

assumption. Thus 71-2 £ T; yi%T; y; has to be wwf. If |y;| > |z;|, then y;Z; has to be

S
wf, i.e. z; C y;. Setting r; = x; and t; = p(y;T; ), we have

ﬁ R o — R —
T = T Y = T; p(YiT; )Ti = Ti tiry
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2 Well-formedness of Context-free Grammars

Otherwise |y;| < |z;| and z;7; is wf with y; T ;. Then set r; = y; and t; =
p(x;7; ) # € such that

7 2Ty = p(xi )yivi = Liriri = Tty 7
]

Therefore, L’ is of the form (u, 8)[(s1,71) + (82, 72) + (83, 73)]*w with wu, s;,w € A*
and 3, 7; € B*. Our goal is to show that the reduced longest common suffix of L’ is
already determined by wwf and a word (u, 3)(s;, 7)w or (u, B)(si, 7)(s;, 7j)w (for
i # j) as we could then prune one pumping tree from the derivation tree of the
witness x leading inductively to a witness with height at most 4/N. Therefore we use
the central combinatorical observation from Section 2.4 (Lemmas 15, 16 and 18)?
that states that for any well-formed language £ C B* of the form

L= (e, B)(pas 1) + (p2,v2)]™y o= {agay - piyyviy - v B | dn i € {1,217}

we have that its longest common suffiz after reduction lcs”(L) := les(p(L)) is de-
termined by the reduced longest common suffix of a-y( and either («, 3) (i, vi)y =
ap VB or (o, B) (i, vi) (g, v5)y = appijyvvf for some i € {1,2} but arbitrary
j € {1,2} in the latter case I.e. we need at most two copies of the pumping trees
where we can choose to either use the same pumping tree at most twice or two
distinct pumping trees at most once.

Lemma 11. Let G be a context-free grammar with N nonterminals and L(G) be

well-formed. For every nonterminal X let rx € A* s.t. |rx| = dx and rxLx wf.
<4N

Then p(rxLx) =ies p(rxLx ).

Proof. Let S be the axiom of G. W.l.o.g. GG is reduced to the nonterminals which
are reachable from S and which are productive. Additionally assume that L(G)
contains at least two words; otherwise Icsext(p(rxLx)) = T and the claim of the
lemma follows directly. As for every nonterminal X, rxLx is wf, we have for any

¢ € Lx that p(¢) =uv, u,v € A* with u é rx =ryus.t. rx¢ £ rvv and thus
lp(rx Q)| = Ir’yv| = [rxv| = Ju| = A(rx()

Let ko € Lx be a shortest word after reduction, i.e., A(rxkg) = min{A(rx¢) | ¢ €
rxLx}. Let k1 € Lx be a second shortest word after reduction, i.e., A(rxri) =

min{A(rx¢) | ¢ € rxLx,A(C) > A(ko)}. We show that then w.lo.g. kg € L5

and k1 € L§2N.

2This observation strengthens the combinatorical results in [LPS18] and also allows to greatly
simplify the original proof of convergence given there.
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2.3 Deciding Well-formedness

Claim kg € L)S(N and k1 € L)§<2N. For any S —¢ aXf and X —7 v we need to
have that for all £ > 0,

A((a, B)(0,7) ) = Alarf) + kA(oT) 2 0

and thus A(7) > —A(o). Any word ¢ € Lx \ L)S(N has a derivation tree with a
path from its root to some leaf along which at least N + 1 nontermimals occur, i.e.
along at least one nonterminal occurs twice which gives rise to a factorization of
the form

¢ = (o, B)(o,7)y
such that

p(rx Q)| = A(rx¢) = Alrxayf) + Alor) = A(rxayf) = |p(rxafy)|

Removing the pumping tree that gives rise to the factor (o, 7) thus leads to a word
a7y that is shorter than ¢ before reduction, and at most as long as ¢ after reduction.
Hence, r XL)S(N already contains all shortest words after reduction, i.e.

min{A(rx¢) | ¢ € rxLx} =min{A(rx({) | ¢ € TXL)ScN}

and thus w.l.o.g. kg € L)S(N.

Next, we consider k1. Any path that consists of at least 2N 4+ 1 nonterminals
contains at least one terminal three times which gives rise to a factorization of the
form

k1 = (o, B)(o1, 1) (02, T2)Y

If A(o171) = A(o2m2) = 0, we can remove both pumping trees and obtain afy €
L)S(N with |p(aypB)| = |k1]. So assume A(o;7;) > 0 for ¢ = 1 or ¢ = 2. Removing
(04, 1) leads to (a, B) (0, 7j)y (J # 1) with

A(rxr1) > A((rxa, B)(oj,75)7) > A(rx ko)

As k1 is a second shortest word after reduction, A((c, 8)(05,7j)7) = A(ko) has to
hold and thus A(c;7;) = 0. Therefore, we can remove (oj,7;) to obtain the word
(o, B) (03, m5)y € L)S(ZN as a second shortest word after reduction as A(rxk;) =
A((rxa, B)(oi,1i)y). Thus, the claim follows.

Let R :=lcs’(rxLx). If Iesext(p(rxLx)) € A7, then p(ko) = R and p(k1) = =R for
some z € AT. Then for any ¢ € Lx we have p(rx¢) = yR with 27 =y, i.e. 2y =
yx. Thus, Tis(p(rxLx)) is in this case given by {p(rxko), p(rxr1)} C TxL)S(2N.
Therefore, assume from here on that the Ics” of rxLx can at most be finitely ex-
tended, i.e., lcsext(p(rxLx)) € A*. Moreover, we can assume that p(rxLx) con-
tains at least three distinct words; otherwise the lemma follows directly with the
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2 Well-formedness of Context-free Grammars

shown bounds on the height of the derivation trees of kg and k1. We distinguish
the two cases whether R = lcs”(rx Lx) is a strict suffix of every word in rx Ly, in

particular R C p(rxkKp), or if R is a, and thus the shortest word after reduction, in
particular R = p(rxko).

o If R=lcs’(rxLx) C p(rxKg), there is some witness k € Lx s.t.

R =lcs(p(rxko), p(rxk)) C rXxKQ

In particular, we have that p(rxkg) = ...aR and p(rxk) = ...bR for two
distinct opening parenthesis a,b € A (a # b).

o If R=lcs’(rxLx) = p(rxko), then recall Lemma 7. The maximal extension
E of the lcs R is given by

E =lcsext’(L) = les(p(rx¢R)” | ¢ € Lx, p(rx¢) # R)

As FE is assumed to be finite, p(rxLx) has to contain at least two other
reduced words, both longer than p(rxkg). In particular, there has to be a
second shortest word after reduction 1 s.t. we find a witness s for E w.r.t.
K1, i.e.,

E =les(p(rx(R)™ | ¢ € Lx,p(rx() # R) = les(p(rxriR)™, p(rxsR)7)

and
ER =lcs’(™rxLx) C p(a™rxky) =2™R = ™! p(rxk1)

Thus, we can reduce this case to the case where R is a strict suffix of any
word in rx Lx by extending rx to ™rx.

Note that then any witness for ER w.r.t. x™rxkg is also a witness w.r.t.
x™rx k1 and vice versa.

Assume thus w.l.o.g. that R = les’(rxLx) C p(rxro) from here on. Choose k in
L x such that

1. les(p(rx ko), p(rxk)) = les’(rx Lx).
2. |k| is minimal w.r.t. to all words in rx Lx satisfying 1.,
3. |p(rxk)| is minimal w.r.t. to all words in ryx Lx satisfying 2..

W.lo.g. p(rxkg) =...aR and p(rxk) = ...bR with a # b and a,b € A. Note that
there is a unique factorization rxx = (b s.t. both ¢ and & are wf and p(§) = R.
Therefore, for every prefix (before reduction) ¥ of rx xk we can interpret A(t) as the

36



2.3 Deciding Well-formedness

height of the last letter of ¢. Then the letter b in p(rxk) =...bR is the last letter
in rxk of height A(rxk) — |R| and is, thus, uniquely identified. This specific letter
b splits rxk into rxk = (b; as this b is the last letter in x on height A(k) — |R], £
has to be wf with p(§) = R; as rxk is wf and ( is a prefix thereof, trivially also ¢
is wf.

Assume every derivation tree of x contains a path to a letter within b¢ along which
some nontermimal A occurs at least 4 times (see Fig. 2.2). This gives rise to a

Figure 2.2: We assume that the given derivation tree of the witness xk contains a
path (drawn as dashed line) which (i) leads to one of the letters within
b¢ and (ii) consists of at least 3N 41 nonterminals so that by the pigeon-
hole principle at least one nontermimal A occurs at least 4 times; specif-
ically, consider precisely the first 3N + 1 nonterminals along such path
and let A be the nonterminal that occurs both at least 4 times within
this fragment and also occurs the earliest. W.r.t. the nonterminal A we
factorize the witness as k = («, 8)(01,71) (02, 72) (03, 73)y £ ... bles”(L).

factorization
k= (o, B)(o1,11) (02, T2) (03, 73)Y
Any word
n € {(aaﬁ)(al)Tl)kl (02772)k2 (0-377—3)]?37 | kl € {0’ 1}5 k;l + k2 + k3 < 3}

is shorter (before reduction) than k, hence cannot be a witness w.r.t. kg, i.e.,

S
aR C les?(rxk,rxmn). Let

L= (rxa,B)[(o1,7m1)+ ...+ (03,73)]"y

Then L is wf with R = les?(rxLx) = les’(L) as L C rxLx contains both rxk
and rxayf with the latter not a witness w.r.t. rxrg s.t. les”(rxk,rxay8) = R.
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2 Well-formedness of Context-free Grammars

Our goal is to show that already rxao;y7;8 or rxaoc;o;y7;jT;3 for some ¢ # j is a
witness w.r.t. rxayS. We make the following observations.

e rxa has to be wf, all other factors 3, ~, o;, 7; have to be wwf.

e As noted already at the beginning, we have both A(o;) > 0 and A(o;7;) > 0.

e By choice of the path used for the factorization, we have p(m372m18) = Ty

with y é R =lcs’(L) = les’(rx Lx).

Lemma 10 reduces the factors «, 3,7, 0; to words in A* such that we assume L =
(u, B)[(s1,71) + ...+ (83, 73)]*w and p(1;) =T t;r; or p(1;) =Tit; i, t; #e. W.lo.g.
we may further assume that 5 = ¢ as this amounts to changing R = lcs”(L) to
R := p(lcs’(L)B); we therefore set k = (a,¢)(01,71)(02, 72)(03,73)y. Assume for
some i € {1,2,3} that p(r;) = 7 t; r; with t; # . As we show in Lemmas 15 and 16
we always have for j # i and any 41,...,4 € {4,j},

® US; ...8;,S;WT; £ USj, - .. silpkfw and

® US; ... S8 SjWTG LT £ USiy - - .silpkiw.
Hence L £ u(pFt 4 p* +p*3)*w and thus lcs”(L) = les” (uw, us wy, usywry, uszwrs)
and lcsext’ (L) = lesext’ ({uw, usiwry, usowrs, usswts}), therefore p(rxLx) =es
p(rx L),
So it remains the case that for all i € {1,2,3} we have 7; = 7; t;7;. Hence

L = (u,e)[(s1,T1t1m1) + (s2, T2 tare) + (83,3 t3r3)]*w

As before 7;7; has to be wwf for any 4,j € {1,2,3}. Let {i,12,i3} = {1,2,3} such

that 7, i Tiy i ri,. Note that p(tsrsTatoramitir:) = Ty with y é les’(L) = R
as t3rgra torer t1ry is a suffix of k and k is a shortest witness by assumption.
Hence |R| > |y| = A(tsrsmatararitiry) + |z| = |titats]| + |r3| + |z|. We show that
|R| > |y| > |tir4] for all ¢ € {1,2,3}.

o If |T‘1| S |t27‘2| A |T2| S |t3’l“3| then |y| = ‘t1t2t37‘3| Z |t1t27‘2| Z |t17’1|.

o If |ry| > |tara| A|ra] + |r1| — |tare| < |tars| then [tore| < |ri| A|ri] < |tatsrs]
and |y’ = |t1t2t37‘3| 2 ‘tlrl‘ > ‘tthT‘Q’,

o If |ry| < [tara| A|ra| > |tsrs|, then |x| = |ro| — |tsrs| and |y| = |titetsrs| +
’7‘2‘ — ’t37’3’ = ’t1t2T2| Z max(]tln\, ‘t1t2t37’3’).

o If |r| > |tora| A |tars| < |ra| + |r1| — |tere|, then |x| = |ri| — |tatsrs| and
|y| = ‘t1t2t37“3| + |’I"1| — |t2t37“3| = |t17“1| Z max(|t1t2r2|, |t1t2t37“3|).

Consider the language

L = (u,e)[(sl,Fltlrl) + (82,7’722527“2)]*(83,?37537‘3)10
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2.3 Deciding Well-formedness

S
for that we show that lcs”(L) = les?(L’). We have L’ C L and thus R = lcs”(L) C
lcs”(L'). Note that (u,e)(ss,T3t3rs)w cannot be a witness w.r.t. uw as its length
after reduction is strictly smaller than that of rx x, hence the two words have to coin-

cide on at least the last 1+ |R| letters s.t. lcs”(L') é les?(rx &, (u,e) (s, T3 tars)w) =
R, ie. lcs’(L) =lcs’(L') = R. Let

W = p(s3wr3tars)

If o £ Ty is only wwf, then u = v/z and suitable conjugates of s; exist that allow
us to move z from u = v/z through any sequence s;, ... s;, next to @ as done before.
Thus assume w.l.o.g. that @ is already wf. By Lemma 18, we have

UW

us1wry t1ry

R=lcs’(L') = lcs” USo W3 tors
uS1S1Wry t1t17r]

US2SoWTy totors

Neither us1wry t17r1 nor usswWrs tare can be witnesses again because their length
before reduction is strictly less than that of rxx. Hence, either usis1wF 1t1t17
Or US2S2WT otatars is a witness w.r.t. usswrs t3rs and thus also w.r.t. uw. W.l.o.g.
uS181WT 1t1t171 is a witness. Consider then the language

L" = (u,e)[(s1,71t1r1)" + (83, T3 tars)*w

Again L” C L s.t. R = lcs”(L) i les?(L”). On the other side also les” (L") i
les” (uw, usy s1wrT t1t1r1) = R such that R = les”(L) = les?(L”). Using Lemma 18

S
and now that r1,7r9, 73 C R = lcs” (L"), we obtain

uw
uUS1Wry 1111

R=lcs"(L") = Ics” US3WT3 t3r3
us183Wr3 t3raritir

uS3S1WrY t1r1T3 1373

But by our assumption that rxx is a witness w.r.t. uw of minimal length before
reduction, none of theses words can be witnesses. Hence, our assumption that such
a factorization exists, cannot hold.

So, every path leading to the occurrence of b that defines the Ics” of L or to a
letter right of it has to have height at most 3N. By minimality, we can also assume
that any path fragment that leads from the main path (leading to lcs’-defining
occurrence of b) to a letter left of this b contains any nonterminal at most once, see
Fig. 2.3. Hence, the derivation tree can have height at most 4V. O
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2 Well-formedness of Context-free Grammars

Figure 2.3: Assume that the lcs”-defining occurrence of b is not contained in rx such
that k = (b with both rx¢ and £ wf and p(rxr) = p(rx()bles’(L).
Consider any path that leads to a letter within ¢. (If b is contained
in rx, then this cannot happen.) The first nonterminal along this
path that is not also contained in the path leading to b defines a
subtree that does not contain the marked b anymore. Assume this
subtree contains a path with at least N 4+ 1 nonterminals such that
we can factorize ¢ = (u,v)(¢,¥)p. Then k = (u,vb€)(¢,v)p and
L' = (u,vb€)(¢,1)*p is a sublanguage of Lx; thus rx L’ is wf. Hence,
(rxp, vb€)(p,9)°p = rxpprbé is wf. As b€ is wf, too, we have that
rxupvbé £ p(rxppr)bles”(L) is a shorter (before reduction) witness
than k. Hence, we can always assume that all subtrees rooted at a node
left of the path leading to the marked b have height at most n— 1. Thus,
if all paths leading to a letter within b¢ contain at most 3N nontermi-
nals, then the derivation tree can have at most height 4V.

If a context-free grammar G contains only words over A* then G is well-formed by
definition and les(p(L(G))) = les(L(G)). We therefore conclude that the longest
common suffix of a context-free grammar (over A*) can be computed in polynomial
time (cf. [LPS18]).

Corollary 3. Let G be a context-free grammar. Then an SLP representing the
longest common suffix of L(G) can be computed in polynomial time.

Convergence for not well-formed CFGs We consider the case that the fixed-point
iteration 2.1 is applied on a context-free grammar that produces a language that is
not well-formed. Note that, if all constants rx7y and all T)S(h are wf, but G is not
wf, then the computation has to fail while computing rx7v Téh@ as illustrated by
the following example.
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2.3 Deciding Well-formedness

Example 13. Consider the nonnegative context-free grammar G given by the rules

S — Uec U — AV|Wn vV = UE Wi — Wi—IWi—l (QSZSH)
A - a B — b B — b W, — BB

with aziom S and a fived parameter n € N. Except for B all nonterminals generate
nonnegative languages. Note that the nonterminals W, to W1 form an SLP that
encodes the word b*" by means of iterated squaring which only becomes productive
at height h =n+ 1. For h > n+ 3 we have:

Lé: - davblelk h— % J} <h ' <h
Ly {a*b¥"b* | k < L ; j} LWZ = {*} L3" = {b}
L‘g/h = {dFp?"BRH |k < L —(n+3)

Iyt =g L3 = (0

Here the words rx used to cancel the longest prefiz of closing brackets (after reduc-
tion) are rg = ry =1y = 1w =14 = 1B = € and r5 = b. Note that rXL<h ]
wf for all nonterminals X up to h < hg = 2" + (n + 2) s.t. Ties(p (rSLS ) Rles
TS" = (02" ¢, 0" e} for k(h) = [(h — (n+3))/2] and n+3 < h < ho; in
particular, the Ics of Tgh has already converged to ¢ at h = n+ 3, only its maximal

extension lesext changes for n+3 < h < ho. We discover the first counterezample
a®'b that G is not wf while computing T<hOJrl Tlcs(p(T[%hob)).

As illustrated in Example 13, if G is not wf, then the minimal derivation height
ho + 1 at which we discover a counterexample might be exponential in the size of
the grammar. The following lemma states that up to this derivation height hg the
representations T;ch cannot have converged (modulo ~).

Lemma 12. If L = L(G) is not wf, then there is some least hy s.t. TXL}S,hOG 18
not wf with X —qg YZ. For h < hg, all TxLSh are wf s.t. T<h Rcs p(rXL<h) If
ho > 4N + 1, then at least for one nonterminal X we have T<4NJrl Bles T <4N.

Proof. We write T{. (L) and les”(L) for Tis(p(L)) and les(p(L)), respectively. We
assume that all nullary rules X — wv are already reduced and w.l.o.g. wwf. Further
w.l.o.g. G is nonnegative (cf. Lemma 5) and for all constant rules X —¢ r, rx7 is
wf. Then there is some word a € L(G) that is not wf. We show that there is some
rule X - YZ and words ax = ayay with ay € Ly and ayz € Lz such that

e ryayTy is not wf,

e rx7Ty is wf and

e ryay is wf.
To this end, consider any derivation of . We set X := S and ax := a. We have
rx =rg = ¢ with ryax is not wf.
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2 Well-formedness of Context-free Grammars

As ryax is not wf, there is some rule X —¢ Y Z and factorization ax = ayayz.
Otherwise we have a contradiction to the assumption that rxr is wf for all
constant rules X — g r.
If ry oy is not wf:
Redefine X :=Y and ax := ay and descend accordingly into the deriva-
tion tree of ary.
If rzaz is not wf:
Redefine X := Z and ax := az and descend accordingly into the deriva-
tion tree of az.
Otherwise rzay is wf, thus ay £ Uy vy with rz = r'Zuz.
Thus rxay7z is not wf as rxyax = rxayayz £ rXayﬁr’Zvy
This procedure yields that there is some least derivation height ng such that
o XL)S("O is wf for every nonterminal X,
o rx7y is wf for all rules X —¢ Y Z and
e there exists a nonterminal Xo with Xo —¢ YZ, ay € L}®, and rx,ay7z not
wf anymore.

As all ryL§”0 are wf, we have p(ryL)S/"O) Ries Th, S(ryL}S,”O) Rlcs T%"O. Thus also

p(TxL)S/no) = p(Txﬁ) p(TYL?/nO) ~lcs p(TXW)T)S/nO

As (G is nonnegative, also TXL%/"OW is nonnegative. Thus, as rxay7z is not
wf, we have that Icsp(rXL;,”O)ﬁ is not wf, and thus p(rXW)Ténoﬁ is not wf. If
ng < 4N+1 we discover the error by iteratively computing T)%h Ries Ties(p(r XL)S(h)).
Otherwise

S S
rz Cles?(rx LE*N ) = les(p(rxmy )T but 7 £ les”(rx LE™)

Thus p(rXL;}NH) s TXL§n° and thus TyL}S}NJrl Fics ryL}S,"O. Therefore, for
at least one nonterminal Icssum cannot have converged. O

Lemmas 11 and 12 yield that the fixed-point iteration (2.1) converges latest in
step 4N if and only if the language given by the context-free grammar G is well-
formed. Deciding well-formedness in polynomial time therefore amounts to the
following steps. Let G be a context-free grammar with N the number of nontermi-
nals. W.l.o.g. we assume that all nonterminals are reachable from the axiom S and
productive.
e For all nonterminals X in G compute SLPs representing r x and check whether
G produces any negative word, cf. Lemmas 4 and 5. If rg for the axiom S is
not empty or G is not nonnegative then G is not well-formed.
e For all nonterminals X compute iteratively T)S(h (2.1) up to height at most
4N + 1.
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2.4 Reduced Longest Common Suffix Computation

e If for all nonterminals X the languages T)S(A‘N converged, i.e., T;{W = T;{WH

then the language produced by G is well-formed.

Otherwise, if during the fixed-point iteration some calculation failed as the
result would not be well-formed or there is some nonterminal X such that
the representation T§4N has not converged, i.e., T§4N #* T§4N+1, then the
language produced by G is not well-formed.

)

Theorem 1. Well-formedness of context-free grammars over B can be decided in
polynomial time.

2.4 Reduced Longest Common Suffix Computation

This section contains the combinatorical results underlying the proofs of Lemmas 11
and 12. They are concerned with the reduced lcs of simple linear grammars of the
form

S —aXp X—=>oXn|...|ogX7 |y (o, 8,04, 7,7 € BY)

Assuming that the grammar is well-formed, we showed in Lemma 10 that we can
rewrite each rule so that the simple linear grammar takes the form

S —uX X =1 X7 | ... | spXme |w

with u,v,w, s;,r;,t; € A* and 7, = T; t;r; or 7; = T; {; ;. Both grammars generate
the same language after reduction, and there is a one-to-one correspondence of the
rewrite rules s.t. the derivations of both grammars are in bijection.

These results generalize and improve on the results of [LPS18| by specifically par-
titioning L into classes of conjugates w.r.t. R = lcs”(L) which allows us to swap
equivalent witnesses for R. Lemmas 13 and 14 consider the longest common suffix in
the case without closing letters. Both lemmas are stronger versions of the analogous
results for the longest common prefix as presented in [LPS18]. Most importantly,
both lemmas now state that, if e.g. (u,)(s1,t1)?w = usjwt? is a witness of the Ics
w.r.t. (u,e)w = vw, then also (u,e)(s1,t1)(s2, t2)w = usyspwtaty is a witness w.r.t.
uw; i.e. only the outer context resp. pumping tree matters in the end.

Lemma 13. Let L = (u,e)[(s1,t1) + (s2,t2)|*e be well-formed. Then

u

U,Sltl

/CS(L) = lcs u3181t1t1
’U,Sgtg

uUS289tato
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2 Well-formedness of Context-free Grammars

Additionally, if sit; # €, i € {1,2} holds, then

u

usltl

les(L) = les | usysataty
USQtQ

u5251t1t2

If s; = €, then us;s;t;t; is not required.

Proof. First, assume that saoto = . Then in [LPS18, Theorem 7] was shown that
les(L) = les(u, usity, usysitity). In [LPS18] the longest common prefix was consid-
ered, however, the case of the longest common suffix is symmetric.

We thus will assume from here on that sijt; # ¢ # sote. Let R := lcs(L) and
u=uR. As R i uskt¥ for all k > 0 we have R C t7 if t # e. Thus, it exists f;
such that Rt; = t;R. If t; = ¢, then set {; = ¢. We show that in the case that
RCt =t Rand RC t, = t)R then

!/

u u
les(L) =les | wusits | =les | usit) | R
UuSoty usath

As t) # e # thy we get L = (v'R,e)[(s1,t] R) + (s2,thR)]*e. Therefore les(u/, ) = ¢
S .

or Ics(u’,t’z)‘ = ¢. Thus, assume w.lo.g. that ¢; C R with R = Rt; from here

on. Then Rtit; = Rt = #4R = t1Rty. Thus, Canceling t1 from the right yields

R = Rt, = th Additionally, we observe that R |: Rsl as Rt = R IZ usity =
’Rt131t1 = t1R51t1 Therefore, it exists $; such that Rsl = is If s1 = ¢, we

set §1 = €.

We consider the case R [t = th R = tht R with t), # ¢. Then we have

W't R,e)(s1,t1) e

u't151, R)(81,11)%e
£)(s1,t1)" (52, 15 R)[(s1,t1) + (52, t2)] "¢
R)(s1,11)* (s2, t5)[(s1,11) + (s2, t2)]"e

(’LL, 5)(51’ tl)

(u,€)(s1,t1)" (52, t2)[(s1, 1) + (s2,t2)]"e

= (
=
= (u,
= (u,

| ~ ~ A~ ~
Therefore ¢ = lcs(u/, 151, éltf,tétf). If les(u/,t181) = € then usqty is a witness. If
les(u', $1t]) = € and tljé e then les(u/, $1t1) = € and usysit1ty is a witness and
uses1tits. Note that if ¢ = e then $; # € and we are in the first case where usity
is a witness. If lcs(u/, ) = & then usats is a witness.

44



2.4 Reduced Longest Common Suffix Computation

We therefore consider the case that to é R with R = th from here on. Then
Rtgtg = Rty = toR = ngtg and canceling to from the right yields R = Rtg = £2R
and u = w'R = w'Rty = u'tsR. W.lo.g. we assume that |t;| < |ta]. We find
conjugates 8o, 2, %, 51,11 such that

Rsy = R as Rty = R i usaty = u' Rtosoty = u'taRsoty and therefore
to = zt1 AN R = Rz as R = Rt; = Rty and |t1| < |to]; therefore Rzt; = Rit;.
Rz = 3R as ng = Rtg =R= Rtl = flR = fle and therefore R i Rz.
1.%81 = 81R as Rtl i é:Rtl = thl = Rtg =R i u31t1 = u’ngsltl and
therefore I i Rsl if t9 # . Otherwise, if to = ¢ then R= Rty = R = R=R
and §1 = $1 = s.

ﬁtl = i'll.% as ng = Rtg =R é t1R = Rt; = Rtgtl = ngtl and therefore
R |: Rtl

t2 = Ztl = tlz as tQR R = Rtl == th == thZ = tlzR and thus t2 = tlz.
Additionally, th R = Rtg = th1 = th1 = zth holds and thus iy = 31;.

Using these conjugates we obtain

(u,€)(s1,t1)"e
= (Wt R,e)(s1,t1)Te (u=uRAR=1%R)
= (’U, t181, )(Sl,tl) € (R51 = élR AR = Rtl ARt = £1R>
= utlis u31t1

+ (ulflél.él,flR)(Sl,fl)*ﬁ (U,ﬁ)(817t1)226

(u, 6)(81, tl)*(SQ, tg)[(sl, tl) + (82, tQ)]*{:‘

= (utaR, ) (s1,t1)" (52, t2)[(51, 1) + (s2,12)]*e u=u'thR
= (u'ty, R)(51,11)* (52, 10)[(51,11) + (52, 12)]*e Rs; = §iR ARty = HRA
RtQ = tQR
= (u'ty, R)(31,11)" (82, 112)[(51,11) + (82, 12)]" ¢ o =t1%
( ,tQ,ZR)( Al)*(sz,tl)[(81,t1) (8'2,792)]*8 Ztl = tlz
( /tQ, )(81, )*( S, )[(81,751) (82,%2)]*8 sR=RzAR= Rz
= (u'ty, }y R)(51,11)* (52, €)[(81, 1) + (82, 12)] " move 1 from (59,%1) to the
right
= (u’t}, R)(gl, 7?1)*(:9'2, 6)[(51, tl) + (52, fQ)]*€ R= £1R
= (u'3t1, R)(81,11)*(82,€)[(51,11) + (82, 21)]%e ty = 3t
= u'3t152R uSaty

+ (u"z’i'lﬁs;l, flR)(gl, 7?1)*(:5;2, 6) [(51, tl) + (§2, Ztl)]*é“ (u, 6)(81, t1)+(82, tg) [(Si, ti)]*é‘
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2 Well-formedness of Context-free Grammars

+ (u’}:’fl, i'lR)(gggl, 8) [(51, tl) + (§2, Ztl)]*fi (u, 8)(82, tg)(sl, tl) [(SZ‘, ti)]*&“
+ (u’éfl, 51.5.1R>(§2§2, 6)[(51, tl) + (52, Ztl)]*&? (u, E)(SQ, t2)22[($i, ti)]*é‘

If usit1 or usstsy is a witness then the claim of the lemma follows. Thus, assume
that neither ust] nor ussts is a witness w.r.t. u, i.e.

les(u/, £151, 51159) # €

W.lo.g. ty # € and thus also ty # ¢ as otherwise t; = ¢ as 0 = |ta| > |t1] s.t.
R=R=Rand § = §. Then L = u(sy + s2)* = u/(51 + $2)*R and thus
les(u, §1, 82) = . Therefore usit; = usy or usste = use would be a witness.
Assume that t; = . Then we have {; = i; = ¢ and R = R and $ # e # § and
tAQ = Ztl =Z # e s.t.

(u,€)(s1,t1)Te =u'sf R

(u,€)(s1,t1)" (52, t2)[(51, 1) + (52, t2)]"e = (u'Z, R)(81,€)" (52, €)[(81,€) + (52, £)]"¢

Therefore ¢ — les(u/, $1, 289, §1, 2). If les(u/, $1) = € then usity would be a witness.If
les(u/, 289) = e then usote would be a witness. We therefore need to consider the
cases lcs(u’, 81) = € and lcs(v/, 2) = €. In fact, lcs(1, %) # ¢ holds as 2R = 361 R =
e s .. .

toR = R C ushth = w/'Rsh = vw'3RsY = v/35¥ R for all k and therefore # C §7. Thus
les(v/, §1) = € if and only if les(u/, 2) = € and therefore us;satat; is a witness if and
only if usosotots is a witness.

Last, we consider the case that ¢; # . Then #; # & # t; and therefore ¢ =
les(u', 11,%1). We obtain

u u'R

les(L) = les | wsisitity = lcs ujflélélf'lR
u5252t2t2 u'étlégégéth

u u'R

= lcs us1Sataty = lcs u’féi.lélégflR
u5251t1t2 uléi'1e§2§1l.f‘1R

O

In Lemma 13 we considere languages of the form (u,e)[(s1,t1) + (s2,t2)]*e. Now,
we extend this result to languages of the form (u,e)[(s1,t1) + (s2, t2)]*w.
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2.4 Reduced Longest Common Suffix Computation

Lemma 14. Let L = (u,¢)[(s1,t1) + (s2,t2)]*w be well-formed. Then

UwW
usiwity

/CS(L) = lcs uslslwtltl
usowto

US2S9wtats

and additionally, if s;t; # € then

UwW
usiwty

les(L) = les | usysowtaty
usswto

USQSlU)tth

If s; = €, then us;s;wt;t; is not required.

Proof. Assume first that seto = €. Then in [LPS18, Theorem 7] was shown that
les(L) = les(uw, usywty, usysjwtity).
We therefore assume from here on that sit; # € # sots. Let R = Ics(L) We first

consider the case R C w = w'R with w’ # ¢. Then R IZ Rt; as R IZ us;wt; =
us;w’'Rt;. Thus, it exists t; such that Rt; = t;R. Therefore

L = (u,1)[(s1,t1) + (s2,t2)]*w'R = (u, R)[(s1,11) + (52, 12)]*w’

If follows that & = les(w’, w'ty, w'ty); thus les(w’, w'ty) = € or les(w', w'ty)

=c

and therefore les(w’, ;) = € or les(w’,1s) = e. With this we obtain lcs(L) =
uw
les | usiwty
uSowts

S S S
Second, we consider the case w C R = R'w. Then w C wt; as R = R'w C us;wt;.
Thus, it exists t; such that wt; = t;w. Therefore

L= (u'R,w)[(s1,11) + (s2,f2)] "¢
and we can apply Lemma 13 to L' = (u/R’,¢)[(s1,11) + (s2,12)]*e. 0

We now consider the three cases where the right part of the two pumping trees can
contain closing letters,
e both pumping trees are “negative” of the form 7tr, i.e., (u,&)[(s1,71t171) +
(s2,T2ta )" w,
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2 Well-formedness of Context-free Grammars

e one pumping tree is “negative” of the form 7¢r and one “negative” of the
form 7tr, i.e., (u,e)[(s1,71t17r1) + (T2 tere)]*w,
e both pumping trees are “positive” of the form 7tr, i.e., (u,e)[(s1,71t17r1) +
(@ t2’f’2)]*’w.
The central observation in Lemmas 15 and 16 is that, if at least one of the contexts
(si, i) is megative, i.e. T; L 78 r; with t; = &, then the simple linear well-formed
L can be normalized to a regular language over A whose lcs and Icsext are already
determined by (u,v)e and (u,v)(s;, 7)e. We give an example on that.

Example 14. Consider the linear language L given by the rules
S —uX X — sXTtr|e

where we assume that the language is wf with t # € and, for the sake of this example,
also |tr| > |s|. As us*FtFr is wf for all k € N, we have (s7)F = (t™r)E, i.c., there
is a conjugate p of the primitive root q of t such that

® qr =Tp,
e s=p",
o t=q" and

e m >n for suitable m,n € Ng.
The last property has to hold as otherwise we could generate a negative word by
pumping the context (s,71r). Further as |tr| > |s| we have trs £ 1p™ ", s.t. r =
r'p™ ", qr' = 1'p, and uw = u'r" as usTtr is wf. We thus may replace X — sXTtr
with X — p™ "X as

usFrIFtktly r'p

<pm)k+1 m— n (q )k+1 !/, m—n
m)k 7“( )k+1/mn

' (p
(q )kq (qn k+1qm n,r/
o/ (g

= ll= fI= = e

and obtain a reqular language L' C A* whose derivations are in bijection with those
of L. Now, lessum(L) is already determined by u and up which in turn implies
that w and usttr determine lcssum”(L). In case of multiple contexts (sj, ;) the
existence of one context of the form (s;,T;t;r;) enforces that all contexts have to
be compatible with the primitive root of t; which subsequently allows us to replace
every rule X — s, X7; by a é—eqfl,n‘valem‘ rule X — pFiX over A. O

We first consider the case that both pumping trees are negative.

Lemma 15. Let L = (u,e)[(s1,T1t17m1) + (82,2 tar2)]*w be wf with t1 # . Then
there is a primitive word p, constants ki, ks such that for all iy,...,i;,j € {1,2}

us; siswr; i L us; s, pMiw
i - Sy SjWT LT i Sy
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2.4 Reduced Longest Common Suffix Computation

uw
and L £ u(ph + p*)*w with les’(L) = les” | usiwri &y ry
usawr ta T2

Proof. Let R = lcs”(L). We first show that there are p;, p;, m;, n; such that

) s _—p Cme
si=p;" ti=p; my>ng spwrit; = pyt T M wTg

If to = e, then let po, mo be such that s; = p*? and pe be primitive; set ny = 0.
Assume thus ¢; # . (Note that t; # ¢ already by assumption of the lemma.) Then
usfwrﬁt*ik is wf for all k£ > 1. Therefore sw; = tJ’r;. Hence by Lemma 1 we find

A~ . ATV = P — .
pi, Pi, mi,n; such that s; = p?“, ti = p?l, PiWT; p; = wr; , whereas m; > n; as L is

wf and thus nonnegative. For all 41,...,4;,7 € {1,2} we thus have
— ﬂ m;j—n; —
USjy - Sy SjWT LTy = usi ... 8, (p; YW 7§
P m;i—n;
= usi -..s,(p;7 7 )w
If my = ny and mgy = ny then we obtain for all 41,...,4 € {1,2},
T — P
WSy .. S W4, Ty Tgy o .. Tyq gy T3 = UwW

such that L £ ww with lcs”(L) = uw. Hence, p can be chosen as e.

Thus, assume that mq > nq or mg > ny. We then need to show that p; = po. If
s9 = €, then t9 = ¢ as L is wf and thus nonnegative. Therefore, simply choose ps
as p1 and mg = ng = 0. So, assume So # € such that ps # € and mo > 0. Then for
all k,1 > 1 the following has to be wwf:

- — [ — .
SIfSlQUJ’I"Q t2 lT'Q’I"l tl k = p]fmlpz(mQ HQ)U)T'Q roT1 tl k
P k l(mo—no —
= p1m1p2( )’U)T'l tl k

If ma > ng, then pJw = t7r; = pfw, i.e., p1 = p2. If mg = ny > 0 and thus ¢ty # ¢
and my > ni. Then for all k,1 > 1 the following has to be wwf:

kmo, l(mi—n1) 2~k
Dy "Dq wry r172 to

k l(m1—m1) 73—
p2m2p1( )U)Tz t2 k

shshwrty lr Ty by ¥

=1

Hence, p{w = tJry = pJw, i.e., p1 = pa.
As 51, 89 € pT we obtain that L £ u(p™ " + p™2="2)*w and therefore lcs?(L) =
les” (uw, us1wr ty r1, uSwTs ty ra). O

Next, we consider the case that one pumping tree is negative and one is positive.

Still, we can show that the language can be normalized to a regular language over
A.
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2 Well-formedness of Context-free Grammars

Lemma 16. Let L = (u,e)[(s1,71t171) + (82,72 tars)|*w be wf with t; # . Then
there is a primitive period p and constants ki, ky such that for all iy, ... 4 € {1,2}

=P
1. usj ...s;81wWrit1r1 = us;, ... silpklw
2. us; Si; SowTo t £ us; ; pl2
. i1 - - -S4 S2WT2 1272 = USjy ... S P~ W
p
8. L & u(ph + p*2)*w

uw
4. les’(L) = les” | usywiytym
USQWT tg T

Proof. W.lo.g. ty # ¢ otherwise we can apply Lemma 15. Let R = lcs(L). As
t1 # € and s’fwﬁﬂk is wwf for all £ > 1 we have s{w = t7r1. Thus by Lemma 1
there exist p, p, m1,n1 such that

mi AT

t1=p

__—p _ _
51=Dp mp >mnp sqwrity =p"t T M wr

Wlog p and ]5 are primitiVe with pmw = ﬁmrl. ThUS, for all ’il, cey il e {1’ 2} we
have

USjy -+ - silslwﬁﬁrl USi, - - - Silpm1 wﬁfﬁmrl
USjq - - - Silpml_nlwﬁrl

us;, ... 8 (p

= = 1l

mi1—ni )w

I.e. the first statement follows.
As tlzrgﬁflf = tlgrgﬁﬁm'k has to be wwf for all £,1 > 1 it follows that t§rs = p7r;.
Lemma 1 thus yields that there are p, no such that

~19

Profip = 1ot

Note that p is primitive as p is primitive and p7ry = p7ry.

We show that s9 = p™2 for some mqo € Ny. If so = ¢ we set mg = 0. Thus, assume
that ss # €. Then ro E sjw as séwﬁ is wf for [ sufficiently large. We have that

séw@témﬁﬁk is wwf for all k,1 > 1. Let ¢ > ng and [ so large such that 79 E lew.
Then

= (cn1—na)l cni—n2)l

_ — . — = 14 — J— 14 ___ X
Slsz’Q térgrl = séwrQ plpar pim £ séwrz P p ¢ = séwrl p

Therefore, we obtain sJw = p7r = pPw, i.e., so = p™2 for some mo € N. Moreover,
as p"w = P71 = p”ry we obtain that pwrs p £ wry.
In the next step, we show that for all 41 ...4 € {1,2},1 > 0 we have

m2+n2)

- o
USj, ... S S2WTp tary = us;, ... S;(p w
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2.4 Reduced Longest Common Suffix Computation

S
W.lo.g. to # e. First, assume that w C ro = rhw. Then us;, ... 85, 52WT2 £
uSi, ...SZ'ZSQE is wf for all i;...4; € {1,2},1 > 0. Further prowp Lrow £ 4, such
that

ngp

tora®@ £ P2rowp"2p"2 £ row ph?

Hence, for all i1,...,4; € {1,2},

— P - —
USjy - .. S SaWT taTy = USi, ... S;SaTh rhwTgtary ro = rhw
P - _ P
= USj ... 84 S2Ty LaToW W Wry =Ty
P " _ I
= uSj, ... 8, Sorh rhp"w toroW = row p"2 = rhp"2
P
= Uiy .8, P2 59 = P2
5 ’ __p P P g .
Second, assume that 79 C w = w'ry. As pwry = pwia pp = wrz p = w'p we obtain

pw’ = w'p. Thus, for all 41,...,4; € {1,2},

USj, - . . S, S2WT b .. Siy Sow'tary w=w'ry

]~ ~
S8, pTRW P tory so = P2ty = P2

sy P 2w'ry pw’ = w'p

= lI= = IIo
e g & g
® & » ®
L » » &
SO S

8, P22y w=w'ry
Thus, the second statement of the lemma follows and we can conclude that
L éu(p’mq—nl +pm2+n2)*w
and therefore lcs” (L) = les(uw, upw) = les? (uw, usiwry t 11, usowrs tars). O

Last, we consider the case that both pumping trees (contexts) are positive, i.e.,
7; = T tyr; for i = 1,2. In this case the language (u, €)[(s1,71 t171) + (82,72 tore)*w
does not normalize to a regular language over A which makes the proof much more
involved. Lemma 18 shows that the lcs and Icsext of the simple linear well-formed
language L is already determined by (u,v)e and either some word (u,v)(s;, 7;)e or
some word (u,v)(s;, 7;)(s5, 7)€ for some i € {1,2} with the important point that j
can be chosen arbitrarily from {1,2} — this is central to the proof of Lemma 11.
We illustrate the idea of the proof of Lemma 18 in the following example.

Example 15. Consider the well-formed language
L = (abbaba, €)[(ba, aba baba) + (a, bbaba)*e

We have R := lcs’(L) = bbaba as we will see in the following. To this end, set
u:=a, r:= aba, s1 :=ba, s2 :=a, t; :==b so that

L = (uR,¢e)[(s1,7t1r) + (s2, R)|"e

Note that we have
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2 Well-formedness of Context-free Grammars

r=aba =1's, forr' :=a

r's1 = aba = aba = 517" for 81 := ab
r'sg =aa =837 for 5 : =59 =a
R=t3r=lcs’(L)

In particular, note that aba = r ,&_ rsg = abaa, i.e. there is no conjugate that allows
us to move r “through” so; we only find a conjugate So with 1'se = 3a1’ (because of
well-formedness). By splitting the language depending on the innermost context, we
can use these conjugates to rewrite the contexts so that all factors are words over
A:

(uR, e)[(s1,7t1r) + (s2, R)|*e
= (utir,e)[(s1,7t1r) + (s2,t37)]%e
= (utr,e)e split w.r.t. innermost
+  (utdr,e)[(s1,Tt1r) + (s2,t37)|*[s17 t17 + sat?7] context
= (utdr,e)e move tir from innermost
+  (utdr, t1r)[(s1,t1) + (s2, t17t1)]*[s17 + sat1] context to the right
= (ut? 11" g)e r=r's
+  (utdr'sy, t1r)[(s1,t1) + (52, t17t1)]*[s17 + sat1]
= (utdr,e)e move 1’ to the middle
+ (ut?sy, tar)[(81,t1) + (82, tartr)] [ s1F + ' satq]
= (utir,e)e r=r]s
+  (ut?s1,t17)[(81,t1) + (82, t1rty)]*[e + 7' s0t1]

Note that the derivations w.r.t. the linear grammars underlying both languages are
in biyjection. We split the rewritten language one last time, this time w.r.t. the
outermost context, which leads us to:

L £ (utire)e
+  (ut?sy, tir)e
+  (ut?dy,t17)r' soty
+  (ut3sy,t17) (51, t1)[(81, 1) + (82, tar t1)]*[e + ' satq]
+  (ut3dy, t1r) (82, tir t1)[(81, t1) + (82, t17 t1)]* [ + ' s0t1]
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2.4 Reduced Longest Common Suffix Computation

Substituting the actual values yields

L £ a bbaba
+ (abbab, baba)e
+ (abbab, baba)aab
+ (abbab, baba)(ab, b)[(ab, b) + (a, babab)]*[e + aab]
+ (abbab, baba)(a, babab)[(ab, b) + (a, babab)]*[e + aab)

= a bbaba
+ ...abbaba
+ ...abbaba
+ ...bbbaba
+ ...abbaba

i.e. only the words included in

(abbaba, ) (ba, aba baba)|(ba, aba baba) + (a, bbaba)]*e
L (abbab, baba)(ab, b)[(ab, b) + (a, babab)]*[e + aab]
= ...abbbaba

are witnesses for the longest common suffix w.r.t. the shortest word abbaba. Thus,
we need to use in this case at most two contexts where the outermost context has to
be (abbaba, ) (ba, aba baba), while the remaining contexts can be chosen arbitrarily.

We state one more technical lemma that we will use in the proof of Lemma 18.

Lemma 17. Let L = (r,e)(s,t)"e be wf with r i les(LY Nt #eNrt =1r A7 ,&_ rs.
Then it exist words z,y,5 € A* such that for all k > 0

(r,e)(s, )" = (z,7)(5, D)%y and  les(L) = les(xy, {)r = les(st, ts)t C ir

S
Proof. We have r # € as r [Z rs. Additionally it follows that st # ts as otherwise
there is a primitive p and constants m,n such that s = p"™ and t = p". Then rp" =

~ S
rt = tr such that lcs(r, rp) = lcs(r, rp**+1) = les(r, rp") = r, i.e., r C rp. Therefore
~ S
it exists conjugate q with rp = qr and ¢ = ¢"*. Thus also 7 E rs = rp™ = ¢"'r
S
which contradicts the assumption that r [Z rs.

First, we consider the case r Tt =t'r. Then ¢ #cand t =rt’ as rt'r = rt = tr.
With rsf 1+l = psht1(¢/p)k+1 = rsskt'tFr we obtain

L= (rs,r)(s,t)*t = rst'r + (rss,tr)(s, t)*t’
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2 Well-formedness of Context-free Grammars

as rstt £ rst’. Therefore set z = rs, y =t and § := s. Then

| rst \ | rst'r '\ | s\, 8 . -
S\ pehteptz | TSN kb | TS, trCrir=tr
rs \ ,, rst’
and lcs t'r =lcs ~ | r. Thus,
r t
rst rst’ rst’ s
|CS(L) = lcs < rsstt ) = lcs ( 'I"SSt/T‘t, > r= < > = |cs ( ) rCir
rst rst rs ts
As | = = lcs” =1 =1
S CS(TSStt) Cs(rsst'rt) cs ( )t cs< )t cs<8t>t

we obtain les(st, ts)t = les(L).
S ~ ~
Second, we consider the case t C r = r't. Then r’'tt = rt = tr = tr't and therefore

A S ~ S
r't =tr'. Asr't =r C rst = r'tst = tr'st we obtain ' C r’s and therefore we find
§ such that ’s = §r’. Then

'I"Sk+1tk+1 — T/tSkJrlthrl — f(é vkt“k,r/t — tAééktAkT

| rst ) _, tar _ t3 s -
s\ ghr2ghr2 | =S| papomy, ) =los i rCtr

o rst \ tsr . t . xy s
Therefore, lcs(L) = Ics( rastt > = Ics< P > = Ics< > r= Ics< i ) rC

. rst r'tst ts
= | =1 = | in | =
tr = rt and as Ics ( st > cs ( st > cs ( o > t we obtain lcs(st, ts)t
les(L).

~> ¢

Finally, we consider the most involved case of two positive pumping trees.

Lemma 18. Let L = (u,¢)[(s1,71t17r1) + (82,72 tar)]*w be wr.
UW
uS1wWwry t1ry
Then lcs’(L) = lcs” USoWT3 toT9
us1S1Wwr 1t1t1ry
US282WT3 tataTs
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2.4 Reduced Longest Common Suffix Computation

UW
s US1WrL 171
If ri,79 C les?(L), then further lcs’(L) = lcs” USoWT3 tars
usySowry torary t171
US2S1WTY £17172 targ
Proof. W.l.o.g. we assume that |r1| > |ro| and as usgsiwiy t1ri7a torg € L is wf it
S

follows that m73 is wf. Let therefore ro C 71 = 7|72, i€,
L = (u,e)[(s1, o t1ryr2) + (52,72 tor)]*w

Then throry £ tkr" has to be wf for all k& > 0 and therefore 7} C t5. Thus,
~ ~ S
it exists ty such that r{ty = tar]. Let R = lcs”(L). If R C ro then R C ro C
(u,€)[(s1, |2 t1rir2) + (82, T2 tors)| Tw and thus R = les” (L) = les” (uw, us;wry tir;),
ie€{1,2}.
S S
Therefore assume ro C R = lcs?(L) from here on. If 71 C w then it exists w’
such that w = w’ry. Moving r; from w to the end using ritg = tor yields

4 7 /
L= (u,m1)[(s1,t1) + (s2,t2)]"w
Thus, we can apply Lemma 14 on (u,r1)[(s1,€) + (s2,%2)]*w’ such that we obtain
lcs? (L) = les” (uw, usiwry t1ry, usewrs tore, us1 SWT 1t1t171, US2SoWTy totars).
S
Therefore assume w C 77 = 7w with 71 # € from here on. Consider the case
S
w C 1o = row. Then 71 = 77y as Mw = r1 = rjry = r{row. Furthermore u = u'r9

S S
as row = r9 C R C uw. Thus

L (u,€)[(s51, rP2w t1r|Tow) + (82, Fow tarow)]*w

+
(U2, w)[(s1, 772 t1r]72) + (s2, 72 tar2)] e
p

=l

As usjwri t1m £ uslfgﬁtlm and uSowTs tars = uSoiy tors are words of L and
thus wf we observe that us; £ USiTo 1o, i € {1,2}. Moreover, usisjwry titir £
us1’y 795179 Etltlrl and usgSowWTs tatars £ US9Ty T9S9To tatare are wf and there-
fore there exist §; such that r9s; = §;79. Thus,

LE (u,r9)[(31,7] t1r)) + (32, t2)]"e

S
and therefore this case is a special case of 79 C w with 79 = w = €.
S -
Assume thus 7o E w = w’ry from here on. As ro(77t171) £ (r] tir})re and

ro(T3 tory) £ tors We can move ro from w = w'ry to the end of L such that

L (u,e)[(s1,myrat1rire) + (s2, T2 tars)]*w'ry

£ (u,ro)[(s1,7] tarh) + (o, )] 0’
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2 Well-formedness of Context-free Grammars

We will therefore assume w.l.0.g. that r2 = € from here on such that w = w’,
r1 = ry, ritz = tar; and

L = (u,9)[(s1,m1t1r1) + (s2,t2)]"w
= (u, 5)[(31, rwtiw) + (827 tg)]*w

If RC w then w = w'R with w' # ¢ and 1, = 7w = 7w’ R. Thus,

LEZ (u,€)[(s1, 1w Rty7w' R) + (s2,t2)]*w'R

S S ~ ~
As R T usowty = usow'Rits i.e., R T Rty it exists to such that Rts = toR. We
therefore obtain
L é (u, R)[(Sl, f'lw’tlhw’) + (82, {2)]*'11)/
and as w’ # € we have R = lcs”(w'R, 1o R), i.e., R = Ics”(L) = lcs” (uw, usawts).
S S S S
Therefore, assume w E R from here on. As w E R C usowts i.e. w C wiy it
exists ty such that wty = tew. Thus

L = (u,w)[(s1,71t171) + (s2,2)]"¢

and we can assume w.l.o.g. that w = . Hence u = w/R and r; = 7w = 71 such
that
L = (u/R,é‘)[(Sl,ﬁtlTl) + (Sg,tg)]*é‘

As us 77 t171 1s well-formed it follows that usy £ us171 r1. Moreover, we have that
us18171 t1tim £ w8171 118171 t1t17r1 is wf. Thus it exists §1 such that r1s1 = §171.
As uslsétéﬁtlrl £ US1T1 rlsétéﬁtlrl is wf for all [ we have that rlsétéﬁ is wf
for all I. Consider the case R C r1, i.e., 11 = R with ] # e. If we have at least
one copy of (s1,71t171), then the words end on r; = riR:

(u,€)[(s1,71t171) + (82, 82)]" (51, 71 tar1)[(s1, 1 t171) + (52, 2)]%e
£ (u, 7 R)[(s1, 7T t1r1) + (52, t2)]* (51,71 t1)[(51, 1) + (59, f2)]"e
Thus, R = les”(u/ R, us 71 t171).
S
Therefore, assume 71 & R = R’r; from here on. Then u = v’ R/ry and there

~ ~ S
exists t; such that Rty = tijR' as R=R'ri C us’fﬁt’fm for all k. We therefore
consider
L= (R, 0)[(s1, 7T ir) + (30, 1)] '

S
If 71 C 189 then it exists §9 such that r1s9 = $971 and therefore
L= R r)(5,t)+ (52, 2)]"c

We thus can apply Lemma 13.
S

Therefore, assume 71 IZ r189 from here on. Thus,
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2.4 Reduced Longest Common Suffix Computation

e Soty # tasy as otherwise we have uR'rysgsotoTy t171 = uR/ 517‘182t27“1 tiry =

uR'§111tasoTT t111 = uR'§1tary soT t1r1, a contradiction to 7 ,Z 7189.

L1+l

o there exist xg,y2, 52 such that for all [ > 0, ry1sy" "t," " = x2§l2y2fl2r1 and

les((r1,€)(s2,t2)Te) = |C5($2y2,£2)7“1 = lcs(sata, tas2)ta E tory with |z212| =
|sata| > |ta| = |ta], cf. Lemma 17.

S ~ ~
o R = R,’Fl |: |CS(( ,erl 8)(82,t2) ) |CS(($2,T1)(§2,t2) E) E xgyg?“l,tQTl
and therefore it exists #, such that o = t’ R’ with #, # ¢ and it exists zo
such that xoys = 2o R’ with 25 # ¢.

We partition L into the following components

1.

I

=1l

=1l

=

U
'R

(u,e)(s1,T1t1m1) e
(u'R’,rl)(§1,t1)+€ R = R/T‘l,’l“lsl = .§1’I“1

(u,e)(s1,T1t1r1)*(s2,t2)e

(u'R’, 6)(81, T1 tlTl) (7“182, tQ)E r181 = .§1T1

(W' R, m1)(51,t1) 2202 r182t2 = ToyoT1

(U/R/, 7"1)(81, tl) Z’QR/ T2y = ZQR/

(UIR/, R)(Sl, t~1)*Z2 R/tl = glR/, R = R/T1
(u,e)(s1,T1t171)* (52, t2) (52, t2) Te

(UIR/ )(é‘l,ﬁtﬂ“l)*(rlSQ,tg)(SQ,t2)+€ r1S1 = 8111

(u'R’, 6)(§1, ﬁtlTl)*($2§2, 7?27“1)(52, 1?2)*5 1Sl2+1t12+1 = l’2§l2y2£l27‘1
(u'R’, 7‘1)(§1, tl)*(ajggg, %R,)(gg, 1?2)*5 2?2 == tA/2R,

(U/R/, R)(§1, t~1)*({£2§2, 5/2)(52, tAQ)*E R/tl = t~1R/

(u,e)(s1,71 t1r1)* (82, t2) T (s1, 71 tar1) [(s1, 71 tar1) + (2, 62)]*e
(u,m1)(s1,t1)* (52, t2) (52, 12)* (s1, 71 t1)[(51, T t171) + (52, t2)]*e
using rito = tory

(u, R)(s1,11)* (52, 1) (s2,12)* (51,71 t1)[(s1, 1 tar1) + (52, t2)]*e
using fg == tA/2R,, R/tl = 7§1R,, R= R/T‘l

We consider the case R’ C t;. Then t; = th R with ¢} # ¢ and #; = R't) as

R't\R'

= R't; = t1 R’. The partition of L thus becomes
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2 Well-formedness of Context-free Grammars

1. R
2. (UIR,,T‘l)(gl,tl)—’—& = .. tllR
3. (WR' ,R)(31,11)" 20 =...20tiR=... 2R+ ...t|R

4, (UIR/,AR)(él, El)j ($2§2, 2?/22(52, 52)*6 =... tAIQ?{R
= ... thR+...tiR=...thR+...t'R

5. (u, R)A(S},51)*(827}?/2)(52,52)*(81,ﬁt1)[(51,ﬁt1?“1) + (s2,t2)]"e
— . PFR=.. .%R+.. . t\R

Hence R = Ics(v/ R, | R, 22 R, th R) and therefore

R = Icsp(u, us171 1171, US2ta, USQSQtQtQ)
= |csp(u, us1T1 t171, uSata, USQSlﬁtlT’ltg)

S ~
Therefore, consider the case t; C R’ = R"t; from here on. Then R”t; = t; R”
~ ~ S
as R'tity = Rty = t1R' = t1R"t;. We observe that R = R"t;r; C usi/itir =

~ S
W R"tiris1m1 tiry = vty R"5 tiry, i.e., R” C R"31. Therefore it exists 51 such that
R""3; = 51 R”. Hence the partition becomes

1. U
= uR
2. (u,e)(s1,7rtir) e
é (ulRlltl, T‘1)(§1, t1)+€ R/ = R”tl
é (u’f1§1, R)(gl, t~1)*6 R//tl = flR//, R//§1 = §1R//
= ...51R+...51tiR
3. (u,e)(s1, 1 tir)*(s2,t2)e
L (WR,R)(31,11)* 2
= ...ZQR+...ZQ£1R
4. (u,e)(s1, 71 t171)* (52, t2) (82, t2) e
é (’U/@l,R)(§17f;12*(332§2,t/2)(§2,tQ)*E
...t’2R+...t’2t1R
d. (u,e)(s1, 71 t171)* (52, t2) T (51, 71 tar1)[(51, 71 t171) + (52, 82)]*e

L (u, R)(s1,11)* (59, 15) (59, 2)* (51,71 t1)[(s1, 71 t171) + (52, t2)] e

= ...thR+...thH R
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2.5 Summary

If t; # ¢ then

R les(u'R, 51 R, 1 R, 22 R, tH R)
= |CSp(’LL, us1T1 61711, UuS18171 t1t171, uSata, US282t2t2)

= |csp(u, uS1T1 t171, us182toT1 t171, uSate, US2S171 t17"1t2)

Otherwise, if ; = ¢ then

R = |Cs(u/R, $1R, 2R, téR)
= les”(u, usi71 t1ry, usats, usesatats)
= |CSP(U,US1ﬁt1T1,’LL82t2,USQSlﬁtlT‘ltz)

2.5 Summary

In this chapter we showed that well-formedness of a context-free grammar G is de-
cidable in polynomial time. The decision problem was reduced to the computation
of the reduced longest common suffix of G.

Section 2.1 analysed basic properties of well-formed (context-free) languages and
introduced useful techniques for the computation of the longest common suffix.
We showed that a nonterminal X of a well-formed context-free grammar produces
not necessarily a well-formed language but a bounded well-formed language. Thus,
there is a minimal word rx such that rxLx is well-formed. We showed that for
a context-free grammar G we can check that every nonterminal X produces a
bounded well-formed language and if so compute an SLP representing rx by only
considering derivation trees up to height N with N the number of nonterminals in G.
Then, the grammar G can be equivalently rewritten such that every nonterminal X
produces the language rx Lx. For this grammar the longest common suffix of each
nonterminal is computed to check that for all left contexts a of X, i.e., G =* a X {3,
rx is in fact a suffix of p(a). To show that the reduced longest common suffix
of a context-free grammar can be computed in polynomial time we needed two
ingredients. First, we presented in Section 2.2 a polynomial size representation
for a language L to compute the longest common suffix — the Ics-summary. The
Ics-summary consists of the longest common suffix of L and the maximal suffix
extension Icsext. The word Icsext is the longest word by that the longest common
suffix of a language can be extended if another language is concatenated from the
left. Second, we show in Section 2.3 that the fixed-point iteration to compute the
reduced longest common suffix of a context-free grammar G terminates after at most
4N + 1 rounds in both cases, if G is well-formed as well as if G is not well-formed.
Again, N is the number of nonterminals in G. For that we proved that in both cases
the Ics-summary converges after 4N 4 1 iterations or a counter-example showing
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2 Well-formedness of Context-free Grammars

the non well-formedness is found. The results for convergence are in both cases
based on an analyses of the reduced longest common suffix of simple linear well-
formed languages of the form aoy ...oxy7; ... 715. In Section 2.4 we showed that
for L = (o, B)[(01,71) + (02, 72)]* the reduced longest common suffix is determined
by avf and either a word (e, 8)(0;, 7;)y or some word (o, 3)(oy,7)(0j, 7j)y with
i,7 € {1,2} where j can be independently chosen from i.

Notably, the results of Section 2.4 subsume our polynomial time algorithm to
compute the longest common prefix of a context-free grammar presented in [LPS18]
and provide easier and more direct proofs. However, it remains as an open ques-
tion whether well-formed context-free grammars can be rewritten to an equivalent
context-free grammar without inverted letters in polynomial time. This would have
allowed to use the results in [LPS18] to compute the reduced longest common suffix
of well-formed context-free grammars.

60



3 Equivalence of Linear Tree Transducers

Tree transducers are a fundamental model in formal language theory and early
results date back to the 1970s and 1980s where equivalence of bottom-up [Zac79]
and top-down [EsiSO] tree-to-tree transducers was shown to be decidable. Nowa-
days, tree-to-tree transductions are well understood as the output is constructed
in a structured way [EsiSO, FV98, EM99, Frill]. In contrast, in case of tree-to-
word transducers the output is not necessarily produced in a structured way and
decidability of equivalence was a long standing open problem but solved in 2015
by Seidl, Maneth and Kemper [SMK15]. Due to the complexity of this problem
different restricted classes of tree-to-word transducers have been studied. Staworko
et al. [SLLNQ9] provided a polynomial time procedure for deciding equivalence of
sequential tree-to-word transducers, i.e., transductions where the subtrees are al-
ways processed from left to right as given in the input (order-preserving) and not
copied. For that they reduced the equivalence problem to the morphism equivalence
problem for context-free languages that was shown to be decidable in polynomial
time by Plandowski [Pla94]. Some years later, a canonical normal form for se-
quential tree-to-word transducers was provided that can be applied to learning
[LLN*11, LLN*14]. Boiret showed that a normal form can be obtained for linear
tree-to-word transducers, i.e., transductions that are non-copying but not necessar-
ily order-preserving [Boil6]. However, the construction of this normal form may
require exponential time. We improved on that by only normalizing the order in
which the subtrees are processed and obtained a polynomial time decision proce-
dure for equivalence of linear tree-to-word transducers [BP16]. We further extend
this result by showing that the approach can be applied to linear tree transducers
with outputs in the free group. Thus, output words are considered as equivalent not
just when they are literally equal, but also when they become equal after cancella-
tion of matching opening and closing occurrences of letters. In fact, the techniques
used in [SMK18] to obtain the equivalence of general tree-to-word transducers are
applicable in the free group. But in the case of linear tree transducers with outputs
either in a free monoid or a free group a randomized polynomial time procedure
to decide equivalence is given. We show that equivalence of linear tree transducers
with outputs in a free group can be decided in polynomial time without random-
ization. Clearly, this result includes the case of outputs in a free monoid from
2016 [BP16]. The underlying idea of the procedures is the same. However, the
construction as well as the arguments for its correctness, are not only more general
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3 Equivalence of Linear Tree Transducers

but also much cleaner than in the case with outputs in a free monoid only. The
observation that reasoning over the free group may simplify arguments has also
been made, e.g., by Plandowski proving the existence of polynomial size test sets
for context-free languages in free groups [Pla94] and thereby improving the previ-
ous result in free monoids [KPR92]. In his case he could shorten the proof of the
main lemma from 10 to 2 pages. Similar to Plandowski’s techniques we considered
advanced properties of the periodicity of words for our proofs in a free monoid. The
existence of inverses provided in a free group shorten these proofs a lot, cf. Sec-
tion 3.1. We show that equivalence of same-ordered linear tree transducers, i.e.,
transducers that process their subtrees in the same order, can also be reduced to the
morphism equivalence problem for context-free languages. Therefore, equivalence
of linear tree transducers that are same-ordered is decidable in polynomial time.
We characterize the languages produced by the states in equivalent transductions
that process their subtrees in different orders. These languages have a common
underlying periodicity and can therefore be with some adaptations arbitrarily per-
muted. With these observations we define an order in which subtrees have to be
processed and normalize the transducers accordingly. Then equivalent transducers
have to be same-ordered and thus equivalence can be tested in polynomial time
using Plandowski’s result on morphism equivalence on context-free grammars in
the free group [Pla94].

Additionally, we recap in Section 3.3 the normalization results from [BP16] for linear
tree transducers with output in the free monoid, i.e., tree-to-word transducers. Even
if the equivalence result in this case is covered by the results with outputs in the
free group (Section 3.2), the normalization procedure may introduce inverses. We
therefore give a normalization algorithm for tree-to-word transducers such that the
normalized (ordered) transducer is still a tree-to-word transducer. Thus, the rules
do not contain any inverses as it may be the case for the ordered transducer over
the free group — even if the transducer before the normalization was a tree-to-word
transducer. In fact the construction for ordered tree-to-word transducers is more
involved and moreover may lead to a (polynomial) size increase of the transducer.
Note that compared to [BP16] the notation and proofs are adjusted and now based
on the results over the free group presented in Section 3.2.

Outline In Section 3.1 the technical results for the characterization of the output
languages occurring in equivalent transductions that process their inputs in different
orders is given. Then the reduction from the equivalence of same-ordered linear tree
transducers to the morphism equivalence problem is given in Section 3.2. Further,
we define ordered linear tree transducers and show how any linear tree transducer
can be ordered in polynomial time to obtain a polynomial decision procedure for
equivalence of linear tree transducers with outputs in the free group. This result
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subsumes the equivalence result from 2016 [BP16]. We reformulate the results
from [BP16] in Section 3.3 as the procedure to build an ordered linear tree-to-word
transducer is much more involved since no inverses as in the free group can be
used.

3.1 Preliminaries

Free Group. We use A to denote an unranked alphabet. The free monoid gener-
ated by A is denoted by (A*, - &) with A* the set of all finite words over A, - the
concatenation of finite words, and € the empty word. As usual, we simply write
uv for w - v with u,v € A*. From A we derive the alphabet of inverse elements
Al ={a"!'|a €A} and let ~': (AUAH* — (AUA™Y)* be the canonical invo-
lution on (AUA™Y)* such that (uv)™' = v ' " and (v=!) "' =w and e7! = ¢ for
u,v € (AUATY)*. Further, let = denote the least equivalence relation on (AUA™!)*
for which uv = uxz™'v holds true for any u,z,v € (AU A™!)*. Then the free
group Fa generated by A is the quotient of the free monoid generated by A modulo
=. A word w € (AUA™Y* is reduced if it does not include any subword of the
form aa~! for a € (AUA™!). Every equivalence class w.r.t. = contains exactly one
reduced word. If not noted otherwise, we will assume that all words are reduced.
We will always omit - for the concatenation of words over A* but use - as group
operation over reduced words of Fa, i.e., - is concatenation, followed by reduction,
i.e., repeated cancellation of subwords aa~! or a='a. Thus, abc™!-cb ™ la = aa.
The inverse w™! of some element w € Fa is obtained by reverting the order of the
letters in w while replacing each letter a with a~! and each a~! with a. Thus,
e.g., (abc™H)™! = cb~ta~!. In light of the inverse operation (.)~!, we have that
v-w = v'w where v = v'u (as words) for a maximal suffix u so that u=! is a
prefix of w with w = u~lw’. For an element w € Fa, (w) = {w' | | € Z} denotes
the cyclic subgroup of Fa generated from w. As usual, we use the convention that

w® = ¢, and w™' = (w!)! for [ > 0. An element p € Fa different from ¢, is called
primitive if w' = p for some w € Fa and | € Z implies that w = p or w = p~!, i.e.,
p and p~! are the only (trivial) roots of p. For example, ab and (ab)~! = b~ la™!

are primitive; while abba~! is not primitive as (aba=1)? = aba=! - aba™! = abba~'.
Thus, primitive elements generate mazimal cyclic subgroups of Fa. We state two
crucial technical lemmas.

Lemma 19. Assume that y™ = B -y" - B~ with y € Fa primitive. Then m = n,
and B = y* for some k € Z.

Proof. Since B -y" - Bt = (B-y- B 1", we find by [LS15, Proposition 2.17] a
primitive element ¢ such that y and 8-y - 57! are powers of ¢. As y is primitive, ¢
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3 Equivalence of Linear Tree Transducers

can be chosen as y. Accordingly,
y =8-y-p7" (3.1)

holds for some j. If 3 is a power of y, then B -y -5~ =y, and the assertion of the
lemma holds. Likewise if j = 1, then 8 and y commute. Since y is primitive, then
B necessarily must be a power of y.

For a contradiction, therefore now assume that 8 is not a power of y and j # 1.
W.l.o.g., we can assume that j > 1. First, assume now that y is cyclically reduced
i.e., the first and last letter, a and b, respectively, of y are not mutually inverse
(a=! #b). Then for each n > 0, y" is obtained from y by n-concatenation of y as a
word (no reduction taking place). Likewise, either the last letter of 3 is different a~*
or the first letter of 57! is different from b~! because these two letters are mutually
inverse. Assume that the former is the case. Then -y is obtained by concatenation
of B and y as words (no reduction taking place). By (3.1), B -y™ = ¢/ - 3. for
every n > 1. Let m > 0 denote the length of 8 as a word. Since 8 can cancel only
a suffix of ¥/ of length at most m, it follows, that the word 8y must be a prefix
of the word y™*!. Since /3 is not a power of y, the word y can be factored into
y = y'c for some non-empty suffix ¢ such that 8 = y/'y/, implying that y'c = ¢y’
and thus yc = cy hold. As a consequence, y = p' for some p € Fa and I > 1 — in
contradiction to the irreducibility of y.

If on the other hand, the first letter of 37! is not the inverse of the last letter
of y, then 3 - 37! is obtained as the concatenation of y and B~! as words. As a
consequence, yS~ ! is a suffix of ¥ 1!, and we arrive at a contradiction.

We conclude that the statement of the lemma holds whenever y is cyclically reduced.
Now assume that y is not yet cyclically reduced. Then we can find a maximal suffix
r of y (considered as a word) such that y = 7~ !sr holds and s is cyclically reduced.
Then s is also necessarily primitive. (If s = ¢, then y = (r~!er)™). Then assertion
(3.1) can be equivalently formulated as

=@-p-r )y (r-pg.-r 171

We conclude that 7 - 3 -r~1 = s! for some | € Z. But then 8 = (r~!-s-7) =4/,
and the claim of the lemma follows.

Lemma 20. Assume that x1,x9 and y1,ys are distinct elements in Fa and that
o / r /
Ty B=y-ypodxg (3.2)

holds for i = 1,2 and j = 1,2. Then there is some primitive element p and
exponents r,s € 7 such that 1 -a =x9-a-p" and y; = p°® - ya.

64



3.1 Preliminaries

Proof. By the assumption (3.2),

v o= (@ayB) (Yo ay B)7
= (w2 a-y;-B)(y; o -ahp)7

for all j = 1,2. Thus,

-1 =1 =1 /-1 -1 -1 =1 -1 . .
ooy BT AT = aa o 61- praly a7y implying
for 7 = 1,2. Hence,
yl_l-ofl-xz_l-xl-a-yl = yz_l-afl-xg_l-xl-a-yg implying
(z2-a) 'z« = (v ) ((w2-0) z-a) - (yi-yg )

Since x7 is different from xo, also z1 - « is different from zo - @. Let p denote a
primitive root of (z9 - a)~!- 21 -a. Then by Lemma 19,

r1-a = x2-a-p"
Y1 = p° Yy

for suitable exponents r, s € Z. O

As the elements of Fa are words, they can be represented by straight-line pro-
grams (SLPs). An SLP is a context-free grammar where each non-terminal occurs
as the left-hand side of exactly one rule. We briefly recall basic complexity results
for operations on elements of Fa when represented as SLPs [Loh14].

Lemma 21. Let U,V be SLPs representing words wi,wy € {a,a”! | a € A},
respectively. Then the following computations and decision problems can be realized
i polynomial time
e compute an SLP for wy ;
compute the primitive root of wy if wi # €;
e compute an SLP for w = wy with w reduced;
o decide whether wi = wo;
e decide whether it exists g € Fa, such that wy € g - (we) and compute an SLP
for such g.

Linear Tree Transducer. In the following, we introduce deterministic linear tree
transducers which produce outputs in the free group Fa. For convenience, we follow
the approach in [SMK18] where only total deterministic transducers are considered
— but equivalence is relative w.r.t. some top-down deterministic domain automaton
D. We use X to denote a finite ranked alphabet. Ty denotes the set of all trees
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3 Equivalence of Linear Tree Transducers

(or terms) over ¥. The depth depth(t) of a tree t € Ty equals 0, if t = f() for
some f € ¥ of rank 0, and otherwise, depth(t) = 1 + max{depth(¢;) | i =1,...,m}
for t = f(t1,...,tm). A top-down deterministic automaton (DTA) D is a tuple
(H,%,0p, ho) where H is a finite set of states, ¥ is a finite ranked alphabet, Jp :
H x ¥ — H* is a partial function where dp(h, f) € H” if the rank of f equals F,
and hyg is the start state of D. For every h € H, we define the set dom(h) C Ty by
f(t1, ..., tm) € dom(h) iff p(h, f) = h1...hy, and t; € dom(h;) foralli =1,... k.
D is called reduced if dom(h) # () for all h € H. The language L(D) accepted by
D is the set dom(hg). We remark that for every DTA D with £(D) # (), a reduced
DTA D’ can be constructed in polynomial time with £(D) = £(D'). Therefore, we
subsequently assume w.l.o.g. that each DTA D is reduced.

A (total deterministic) linear tree transducer with output in Fa (LT for short) is
a tuple M = (X,A,Q, S, R) where ¥ is the ranked alphabet for the input trees, A
is the finite (unranked) output alphabet, @ is the set of states, S is the aziom of
the form ug or ug - qo(xo) - u1 with ug,u; € Fa and qo € @, and R is the set of rules
which contains for each state ¢ € Q and each input symbol f € X, one rule of the
form

q(f(z1,- o mm)) = uo - 1 (To1)) - Un—1 - @ To(n)) - Un (3.3)
Here, m is the rank of f, n < m, uog,...,u, € Fa and o is an injective mapping from

{1,...,n} to {1,...,m}. The semantics of a state ¢ is the function [¢] : T — Fa
defined by

[[Q]] (f(th s ’tm)) =Uo - [[Q1]](tcr(1)) teeetUp—1- [[qn]](ta(n)) “Un

if there is a rule of the form (3.3) in R. Then the translation of M is the function
[M] : Ts — Fa defined by [M](t) = wo if the axiom of M equals ug, and [M](t) =
ug - [q](¢) - uy if the axiom of M is given by ug - ¢(xg) - uj.

Example 16. Let A = {a,b}. As a running example we consider the LT M with
mput alphabet ¥ = {f2, g%, k%} where the superscripts indicate the rank of the input
symbols. M has axiom qo(xo) and the following rules

qo(f(z1,22)) = q1(22)bg2(z1)  qo(g(x1)) — go(21) qo(k) — ¢
q1(f(z1,22)) — qo(1)q0(w2) q1(g(w1)) — abgi(x1) (k) —a
a2 (f(z1,22)) — qo(x1)q0(w2) a2(g(x1)) — abga(z1)  qo(k) — ab

Two LTs M, M’ are equivalent relative to the DTA D iff their translations coincide
on all input trees accepted by D, i.e., [M](t) = [M'](¢t) for all t € L(D).

To relate the computations of the LT M and the domain automaton D, we
introduce the following notion. A mapping ¢ : () — H from the set of states of M
to the set of states of D is called compatible if either the set of states of M is empty
(and thus the axiom of M consists of an element of Fa only), or the following holds:
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1. +(qo) = ho;

2. If «(q) = h, dp(h, f) = h1...hp, and there is a rule in M of the form (3.3)
then i(q;) = ho() for alli =1,...,n;

3. If «(¢) = h and 0p(h, f) is undefined for some f € ¥ of rank m > 0, then M
has the rule ¢(f(z1,...,2my)) — L for some dedicated symbol L which does
not belong to A.

Lemma 22. For an LT M and a DTA D = (H,%,6p, ho), an LT M’ with a set
of states Q' together with a mapping v : Q' — H can be constructed in polynomial
time such that the following holds:

1. M and M’ are equivalent relative to D;
2. 1 is compatible.

Proof. In case that the axiom of M is in Fa, we obtain M’ from M using the axiom
of M and using empty sets of states and rules, respectively. Assume therefore that
the axiom of M is of the form ug - go(zo) - ui. Then LT M’ is constructed as follows.
The set @' of states of M’ consists of pairs (¢, h), ¢ € Q,h € H where ¢({q, h)) = h.
In particular, (o, ho) € @Q'. As the axiom of M’ we then use ug - (qo, ho)(zo) - u1.
For a state (g, h) € @', consider each input symbol f € X. Let m > 0 denote the
rank of f. If 6p(h, f) is not defined, M’ has the rule

(g, h)(f(x1,...,xm)) — L

Otherwise, let dp(h, f) = hi ... hm, and assume that M has a rule of the form (3.3).
Then we add the states (g;, hy(;)) to Q' together with the rule

(@, W) (f(x1, .-y 2m)) = o - (41, ho()) (To)) -+ Un—1* (Gn; Ro(n)) (To@m)) * Un

By construction, the mapping ¢ is compatible. We verify for each state (g, h) of
M’ and each input tree ¢ € dom(h) that [¢](t) = [{g, h)](¢) holds. This proof is by
induction on the structure of ¢t. From that, the equivalence of M and M’ relative
to D follows. O

Example 17. Let LT M be defined as in Example 16. Consider DTA D with start
state hg and the transition function ép = {(ho, f) — hih1,(h1,9) — hi, (h1,h) —
e}. According to Lemma 22, LT M’ for M then is defined as follows. M’ has aziom
{(qo, ho)(z0) and the rules

(qo, ho) (f(z1,72)) = (g1, h1)(72) b{q2, h1)(z1)
(g1, h1)(g(z1)) — ab{qr, h1)(z1) (g1, h) (k) — a
(g2, h1)(g(x1)) — ab(g2, h1)(z1) (g2, h1)(k) — ab
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The rules that have left-hand sides (qo, ho)(g9(x1)), {(qo, ho)(h), {(q1,h1)(f(z1,22)),
(g2, h1)(f(x1,22)), all have right-hand-sides L. The compatible map v is then given
by ¢ = {{qo, ho) — ho,{q1,h1) — h1,{g2,h1) — h1}. For convenience, we denote the

pairs (qo, ho), (q1,h1), (g2, h1) with qo,q1, g2, Tespectively.

Subsequently, we w.l.o.g. assume that each LT M with corresponding DTA D for
its domain, comes with a compatible map ¢. Moreover, we define for each state g
of M, the set L(q) = {[¢](t) | t € dom(t(q))} of all outputs produced by state ¢ (on
inputs in dom(:(q))), and £®(q) = {[¢](t) | t € dom(c(q)),depth(t) < i} for i > 0.
Beyond the availability of a compatible map, we also require that all states of M
are non-trivial (relative to D). Here, a state g of M is called trivial if £(q) contains
a single element only. Otherwise, it is called non-trivial. This property will be
established in Theorem 2.

3.2 Deciding Equivalence

In the first step, we show that equivalence relative to the DTA D of same-ordered LTs
is decidable. For a DTA D, consider the LTs M and M’ with compatible mappings ¢
and /, respectively. M and M’ are same-ordered relative to D if they process their
input trees in the same order. We define set of pairs (g, q’) of co-reachable states
of M and M’. Let ug - qo(x1) - w1 and uf, - ¢j(z1) - v} be the axioms of M and M’,
respectively, where ¢(go) = ¢/(q() is the start state of D. Then the pair (qo, q;) is
co-reachable. Let (g,¢') be a pair of co-reachable states. Then ¢(q) = ¢/(¢') should
hold. For f € ¥, assume that dp(¢(g), f) is defined. Let

q(f(w1,. smm)) = uo q(Te)) UL U1 Gu(To(n)) - Un
/ / / / / / / (34)
q(f(z1,....2m)) — Ug ‘h(xo’(l)) TUp et Uy Qn($o’(n’)) C Uy
be the rules of q,q for f, respectively. Then <qj,q;,> is co-reachable whenever
o(j) = o'(j') holds. In particular, we then have ¢(g;) = /().
The pair (g, ¢') of co-reachable states is called same-ordered, if for each correspond-
ing pair of rules (3.4), n = n’ and 0 = ¢'. Finally, M and M’ are same-ordered if
for every co-reachable pair (q,q’) of states of M, M’ and every f € 3, each pair of
rules (3.4) is same-ordered whenever dp(c(q), f) is defined.
Given that the LTs M and M’ are same-ordered relative to D, we can represent the
set of pairs of runs of M and M’ on input trees by means of a single context-free
grammar G. The set of nonterminals of G consists of a distinct start nonterminal
S together with all co-reachable pairs (q,q’) of states q,q" of M, M’, respectively.
The set of terminal symbols T of G is given by {a,a™',a@,a! | a € A} for fresh
distinet symbols @, a1, a € A. Let (g,¢') be a co-reachable pair of states of M, M,
and f € ¥ such that dp(e(q), f) is defined. For each corresponding pair of rules
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(3.4), G receives the rule

(q,4") = uo-ag - (qu,q)) ~ur - Uy - U1 - Uy_q - (Gns G - Un - U,

where @) is obtained from u) by replacing each output symbol a € A with its
barred copy @ as well as each inverse ¢~ with its barred copy a~!. For the axioms
upq(x1)ur and uyq' (zq)u) of M, M’ respectively, we introduce the rule S — ug -
ug - (q,q') - u1 - u} where again u, are the barred copies of u,. We define morphisms
fr9:T* — Fa by

fla)=a
gla)=a

f@)

=c
gla™') =«

fla ) =a"' f(@)
g@')y=a' gla)
for a € A. Then M and M’ are equivalent relative to D iff g(w) = f(w) for all w €
L(G). Combining Plandowski’s polynomial construction of a test set for a context-
free language to check morphism equivalence over finitely generated free groups
[Pla94, Theorem 6], with Lohrey’s polynomial algorithm for checking equivalence of
SLPs over the free group [Loh04], we deduce that the equivalence of the morphisms
f and g on all words generated by the context-free grammar G, is decidable in
polynomial time. Consequently, we obtain:

Corollary 4. Equivalence of same-ordered LTs relative to a DTA D 1is decidable in
polynomial time. ]

Next, we observe that for every LT M with compatible map ¢ and non-trivial states
only, a canonical ordering can be established.

Definition 5. We call M ordered (relative to D) if for all rules of the form (3.3),
with £(g;) - w; - ... - uj—1 - L(g;) Cv-(p), p € Fa the ordering o(i) < ... < o(j)
holds.

We show that two ordered LTs, when they are equivalent, are necessarily same-
ordered. The proof of this claim is split in two parts. First, we prove that the set
of indices of subtrees processed by equivalent co-reachable states are identical and
second, that the order is the same.

Lemma 23. Let M, M’ be LTs with compatible maps v and (', respectively, and
non-trivial states only so that M and M’ are equivalent relative to the DTA D. Let
{(q,q") be a pair of co-reachable states of M and M'. Assume that op(c(q), f) is
defined for some f € ¥ and consider the corresponding pair of rules (3.4). Then
the following holds:

1. {o(1),...,0(n)} ={d'(1),...,0/'(n)};

2. 0=0.
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Proof. Since (g, q’) is a co-reachable pair of states, there are elements «, o/, 3, 8" €
Fa such that
a-[g)(t)-B=a - [d]t)- B

holds for all ¢ € dom(c(g)). Consider the first statement. Assume for a contradiction
that gi(z;) occurs on the right-hand side of the rule for ¢ but x; does not occur on
the right-hand side of the rule for ¢’. Then, there are input trees t = f(t1,...,tn)
and t' = f(t,...,t,), both in dom(c(g)), such that [gx](t;) # [ax](t;) and t; = ¢
for all ¢ # j. Moreover, there are uy, uo € Fa s.t.

a-[ql(t) B=c-pr-[a](t) po-B#a-p-[a]t)) pe-B=ca-[qdt)- B
But then,
a-[qf(t)-B=a-[d](t)-B' =" - [d](t')- B = [d() B

— a contradiction. By an analogous argument for some x; only occurring in the
right-hand side of the rule for ¢’ the first statement follows.

Consider the second statement. Assume for contradiction that the mappings o and
o’ in the corresponding rules (3.4) differ. Let k denote the minimal index so that
o(k) # o'(k). W.lo.g., we assume that o’(k) < o(k). By the first statement, n = n’
and {o(1),...,0(n)} ={0’(1),...,0'(n)}. Then there are ¢, ¢ > k such that

o' (k)=o) <o(k)=d ()

Let t = f(t1,...,t,) € dom(¢(q)) be an input tree. For that we obtain

Mo = ug - [[ql]](ta(l)) et Uk—1 :ué) = ’U,6 ’ [[Qi]](ta’(l)) Tt u;c—l
pr = g gkl toern) ey = w - [ 0o o)) - - wry
p2 =g fae(toqe) - un py =y - [ap](torer) - - -

as illustrated in the following picture.

o qu(Toy) ut - Uk—1 Q(Toy) Uk U1 qe(Tor) W Un—1 G To(n)) Un

Ho H2

U0 @1 (To(1)) U1 - - - Up—1 Uy Uy G (Tor(ny) U,

Ho 1y s
Then for all input trees t' € dom(¢(qx)), t” € dom(¢(q})),

a-po - [ae] @) - po - [ae] () - po- B ="~ pg - [l (") - iy - [ap I (E) - iy - B
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Let v/ = gt -a~' -/ - pf). Then
lae] @) - g1 - Taed (¢7) - po - B =" [l (") - 1t - lap J(t) - 3 - B

By Lemma 20, we obtain that for all wy,wy € L(q) and v1,v2 € L(qy), wz_1 cwy €
p1 - {p) - pyt and vy - vyt € (p) for some primitive p.

If £ = k+ 1, i.e., there is no further state between qi(74(x)) and gu(z4(y)), then
1 = ug, L(qx) Cw - ug - (p) - uyt and L(ge) C (p) - v for some fixed w € L(gy) and
v € L(qr). As o(k) > o'(k) = o(¢), this contradicts M being ordered.

For the case that there is at least one occurrence of a state between g (xg(k)) and
9(Z5()), we show that for all ay,a € ug - L(grs1) - -+ - up—1 =: L, oyl ay € (p)
holds. We fix wy,ws € L(gr) and vi,va € L(qe) with w; # we and vy # ve. For
every a € L, we find by Lemma 20, primitive p, and exponent r, € Z such that
v - _1 = pl> holds. Since p, is primitive, this means that pa =Pporp.=p -1
Furthermore there must be some exponent r/, such that w1 cwg = a-ple-a
For aq,as € L we therefore have that

pr&l _ (Oéfl . 042) 'pr’ -1
Therefore by Lemma 19, aj' - s € (p). Let us fix some wy € L(q), a € L =
ug - L(qre1) - - up_1, and wy; € L(q;). Then L(qr) C wy - a - {p) -a~ L, LCa- (p)
and L£(q;) C (p) - w;. Therefore,

L(qr) ug-... - Llg) Cwp-a-(p)-at-a-(p)-(p)-w =w-a-(p)-w
As o(k) > o'(k) = o(¥), this again contradicts M being ordered. O

As equivalence of same-ordered and therefore ordered LTs is decidable in polynomial
time it remains to show that every LT can be ordered in polynomial time. For that,
we rely on the following characterization.

Lemma 24. Assume that Ly, ..., L, are neither empty nor singleton subsets of Fa
and ui,...,Up—1 € Fa. Then there are vi,...,v, € Fa such that
L1~u1-...-Ln_1-un_1-LnQv-(p> (35)

holds if and only if fori=1,...,n, L; Cv; - (p;) with

Pn = P
pi = (ui-vig1) pis1- (Wi vig1) ™t fori<n

and
VTV UL e Upe] U1 - U € (D) (3.6)
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Proof. Let sy =¢. Fori =2,...,n wefixsome word s; € Ly -uj-Lo-...-Lj_1-u;_1.
Likewise, let t, = ¢ and for ¢ = 1,...,n — 1 fix some word ¢; € u; - Ljy1 - ... Ly,
and define v; = si_l ‘- ti_l.

First assume that the inclusion (3.5) holds. Let p} =t; - p - t; 1. Then for all 1,
si-L;-t; Cv-(p), and therefore

LiCsiovop)ty =t veti i (p) £ = vilp)

We claim that p} = p; for all ¢ = 1,...,n. We proceed by induction on n —i. As
tn, = €, we have that p/, = p = p,. For i < n, we can rewrite t; = u; - wiy1 - tit1
where w;4+1 € L;y1 and thus is of the form v;y; - pfff for some exponent k;1.

’r_ —1
pi = tipd 1 1 1
= Uj*  Wiyt1 'ti+1 'p'ti_Jrl ’U)Z_Jrluz_
|
= Ui Wi41 " Pitl - Wi - Uy by I.H.
= U Vigl " Pigl " Uiy Uy
= Di
It remains to prove the inclusion (3.6). Since w; € L;, we have by (3.5) that
vl wy cug - wy - uy € (p) holds. Now we calculate:
-1 -1 k kn
VW UL Up—] Wy = VUL Py UL Up—1 t Up Dy
-1 k1+ko kn
VT U1 UL U2 - Py CUQ e Up—] Uyt Py
_ —1 k
= U VLU ... Up—]  Up—] - Up - Py

where k = k1 + ...+ k,,. Since p, = p, the claim follows.
The other direction of the claim of the lemma follows directly:

L1u1 e Ln_lun_an

- U1 - <p1> ULt Up—1 - <pn—l> *Up—1 " Un <pn>
= U1 Uy U2 (pz) : (pz) U2 .. Up—1 <pn—1> *Up—1-VUn - (pn>
= vp-up v (P2) U2 Upe1 (Dp—1) - Un—1 - Un - (Dn)
= Ul'ul‘UQ'--"un—l'Un’<pn>
= ’U1'U1"U2'...'Un71"un-<p>
C wv-(p
where the last inclusion follows from (3.6). O

Let us call a non-empty, non-singleton language L C Fa periodic, if L C v - (p) for
some v, p € Fa. Lemma 24 then implies that if a concatenation of languages and el-
ements from Fp is periodic, then so must be all non-singleton component languages.
In fact, the languages in the composition can then be arbitrarily permuted.
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3.2 Deciding Equivalence

Corollary 5. Assume for non-empty, nonsingleton languages L1, ..., L, C Fa and
ULy ..., Upn—1 € Fa that property (3.5) holds. Then for every permutation w, there
are elements urq,...,Urn € Fa such that

Ly-uy-...-Lp—1-up1-Ly= U0 ° L7r(1) “Ug1 e Urp—1° LTr(n) *Umn

Proof. For i = 1,...,n, let v; and p; be defined as in Lemma 24. Then for all i,
L; C v; - {p;). Moreover, the languages L’ defined by L) = v, ! L, and for i < n,

L= (Wi Vi1 Upet - vn) " (07 L) - (W Vi1 e U - )

all are subsets of (p). Therefore their compositions can arbitrarily be permuted.
At the same time,

/ /
Ll-ulu..oLn,l-un,l-Ln:vl-u1-...-vn,l'un,l-vn-Ll-...Ln

From that, the corollary follows. O

Example 18. We reconsider LT M' and DTA B from Ezample 17. We observe
that L(q1) C a(ba), L(q2) C (ab), and thus L(q) = L(q1) - b- L(g2) C (ab). Ac-
cordingly, the rule for state qy and input symbol f is not ordered. Following the
notation of Corollary 5, we find vi = a, u1 = b and vo = €, and the rule for gy and
f can be reordered to

Qo (f(w1,22)) = ab-ga(w1) - b 'a™" - g (w2) - b

This example shows major improvements compared to the construction in [BP16]
which we recap in Section 8.3, see Example 19. Since we have inverses at hand,
only local changes must be applied to the sub-sequence qi(z2)-b-qa2(x1). In contrast
to the construction in [BP16], neither auxiliary states nor further changes to the
rules of q1 and qo are required.

By Corollary 5, the order of occurrences of terms qk(xa(k,)) can be permuted in every
sub-sequence q;(Tq(;)) Wi+ . Uj—1-qj(Tq(j)) Where L(g;) wi-...-uj—1-L(q;) C u-(p)
is periodic, to satisfy the requirements of an ordered LT. A sufficient condition for
that is, according to Lemma 24, that £(qgx) is periodic for each g occurring in that
sub-sequence. Therefore we will determine the subset of all states ¢ where £(q) is
periodic, and if so elements vy, py such that £(q) C v, - (pg). In order to do so we
compute an abstraction of the sets £(q) by means of a complete lattice which both
reports constant values and also captures periodicity.

Let D = 272 denote the complete lattice of subsets of the free group Fa. We
define a projection o : D — D by a(0) = 0, a({g}) = {g}, and for languages L with
at least two elements,

g-(p) if LCg-(p) and p is primitive
a(L) =
Fa otherwise
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3 Equivalence of Linear Tree Transducers

The projection « is a closure operator, i.e., is a monotonic function with L C
a(L), and a(a(L)) = a(L). The image of a can be considered as an abstract
complete lattice D, partially ordered by subset inclusion. Thereby, the abstraction
o commutes with least upper bounds as well as with the group operation. For that,
we define abstract versions LI, * : (Dﬁ)2 — D! of set union and the group operation
by

AU Ay = CK(AI U Ag) Ay x Ay = a(A1 . AQ)

In fact, “L0” is the least upper bound operation for Df. The two abstract operators
can also be more explicitly defined by:

PuL = LU0 = L
FalUL = LUJFa = Fa
{g1} if g1 = go
L =
{or) Udge) {91 -(p) if g1 # go, p primitive root of 91_1
g2-(p) ifgi€ga-(p
{o}lg-B) = g GU{n} - { o€ gz ()
Fa otherwise
o (p) ifpae(p)and g3t g1 € ()
g1 (p1)Ug2-(p2) = .
Fa otherwise

Likewise, the abstract product operator “x” can explicitly be defined by:

O« L = Lx0 = 0
.FA*L = L*]:/_\ = FA fOfL#@
{g1} * {92} = {9192}
{91} x g2 (p) = (91-92) (p)
g1+ (p) * {92} = (91-92) (95" P~ 92)
(91-92) - (p2) ifgs'-p1-g2 € (p2)

. * . =
g1+ (p1) x g2+ (p2) Fa otherwise

Lemma 25. For all subsets L1, La C Fa,

Oé(Ll U Lg) = Oz(Ll) (] CM(LQ)
Oé(Ll . LQ) = Oé(Ll) *O[(Lz)

Proof. AsOUL = LU( = 0, it follows that «(0 U L) = «(LUD) = a(d) = 0 =
PuL' =L'"U0 =) Ua(L) =a(L)Ua).

Assume that «(Ly) = Fa. Let Lo be some language, then a(L; U Ly) = (Lo U
Ll) = Fa and Oé(Ll) (] OK(LQ) = Fall Oé(LQ) = Fa = a(LQ) U Fa = a(Lg) L a(Ll).
The case where a(Lg) = Fa is analogous.

For a(L1) = {¢91}, a(L2) = {g2}, both languages are singleton, and we obtain
that {g1}U{g2} = {g1} if and only if g1 = g2. Accordingly, a(L1UL2) = a({g1}) =
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{01} = a{g1}) Ua({g2}). If g1 # g2 then {g1} U{g2} € g1 - (97" - g2) and
(L1 U Ly) = g1 - (p) with p the primitive root of g;'ga. Therefore, a(L; U Lg) =
g1 () = a({g1}) Ua({g2}).

Assume that a(L;) = {g1} and a(L2) = g2 - (p2) for some primitive pp. If
g1 € g2 - (p2), then o(L1 U Ly) = g2 - (p2) = «a(L1) U a(L2). Otherwise, ie., if
g1 € g2+ (p2), then Ly U Ly is not contained in g - (p) for any p (since py was chosen
primitive), and therefore, a(L; U La) = Fa = o(L1) U a(L2). A similar argument
applies if a(Lg) = {g1}, and a(L1) = g2 - (p2).

Assume that a(L1) = g1 - (p1) and a(L2) = g2 - (p2) for some primitive p1, pa.
If po € (p1) as well as g5 - g1 € (p1), then g1 - (p1) = g2 - (p2) (due to primitivity
of p1,p2). Moreover, (L1 U La) = ¢1 - (p1) = a(L1) U a(La). Otherwise, i.e., if
p2 & (p1) or 951 g1 € (p1), then L1ULg cannot be subset of g-(p) for any g,p € Fa.
Therefore, a(Ly U Lg) = Fa = a(L1) U a(L2).

For the concatenation with the empty set and the product operator we find
a@-L)y=ao(L-0)=a(0) =0=a(d) (L) = a(L) * (D).

Assume that a(L1) = Fa. Then Ly € g - (p) for any g,p € Fa. Assume that
Lo C Fp is nonempty. Then by Lemma 24, L; - Ly and Ly - L cannot be contained
in ¢'- (p) for any ¢, p’. Therefore, a(L; - Lo) = a(Ly-L1) = Fa = a(L1) xa(Lg) =
Oé(LQ) * Oé(Ll).

For a(L1) = {g1},a(L2) = {g2}, both languages are singletons, and we obtain
a(Ly - Lo) = {g1- g2} = {g1} x {92} = a(L1) x a(L2).

Now assume that «(L1) = {g1} and a(L2) = g2(p2). Then Ly = {g1}, while L1-Lo
is not a singleton language, but contained in g - g2 - (p2). Therefore, a(L; - Ly) =
g1 - 92 (p2) = a(L1) x a(L2). Likewise, if a(L1) = g1 - (p1) and a(L2) = {g2}, then
Ly ={g2}, and L; - Ly is a non-singleton language contained in g; - g2 - (g5 1p1ga).
Therefore, a(L1 - La) = g1 - g2 - <92_1p192> = a(Ly) * a(Ls).

Finally, let o(L1) = g1 - (p1) and a(Ly) = g2 - (p2) be both ultimately periodic
languages. By Lemma 24, L; - Lo is ultimately periodic if and only if 92_1 “p1-g2 €
(p2). Thus if Lj - Lg is ultimately periodic, then a(L; - La) = g1 - g2 - (p2) =
(L) * a(Le). Otherwise, Ly - Ly € g - (p) for any ¢g,p € Fa, and therefore
Oz(Ll . LQ) = .7:/_\ = a(Ll) * a(Lg). ]

We conclude that « in fact represents a precise abstract interpretation in the sense
of [Miil06]. Accordingly, we obtain:

Lemma 26. For every LT M and DTA D with compatible map ¢, the sets a(L(q))
with q a state of M can be computed in polynomial time.

Proof. We introduce one unknown X, for every state ¢ of M, and one constraint
for each rule of M of the form (3.3) where 6(¢(gq), f) is defined in D. This constraint
is given by:

Xg JugxXgy * .ok Up_1*x Xg, *Up (3.7)
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3 Equivalence of Linear Tree Transducers

As the right-hand sides of the constraints (3.7) all represent monotonic functions,
the given system of constraints has a least solution. In order to obtain this solution,

we consider for each state g of M, the sequence X(gi),z' > 0 of values in D! where

X,go) = (0, and for 7 > 0, we set Xéi) as the least upper bound of the values
obtained from the constraints with left-hand side X, of the form (3.7) by replacing

the unknowns X, on the right-hand side with the values X(gj_l). By induction on
1 > 0, we verify that for all states g of M,
X = o(L9(q))

holds. Note that the induction step thereby, relies on Lemma 25.

As each strictly increasing chain of elements in D¥ consists of at most four elements,
we have that the least solution of the constraint system is attained after at most
3 - N iterations, if N is the number of states of M, i.e., for each state ¢ of M,
X,53N) = X(gi) for all i > 3N. The elements of D* can be represented by SLPs where
the operations x and LI run in polynomial time, cf. Lemma 21. Since each iteration
requires only a polynomial number of operations x and LI, the statement of the
lemma follows. O

We now exploit the information provided by the a(L(q)) to remove trivial states
as well as order sub-sequences of right-hand sides which are periodic.

Theorem 2. Let D be a DTA such that L(D) # (. For every LT M with compatible
map v, an LT M’ with compatible map (' can be constructed in polynomial time such
that

1. M and M’ are equivalent relative to D;
2. M’ has no trivial states;
3. M’ is ordered.

Proof. By Lemma 26, we can, in polynomial time, determine for every state ¢ of
M, the value a(L(q)). We use this information to remove from M all trivial states.
W.lo.g., assume that the axiom of M is given by ug - go(xo) - u1. If the state g
occurring in the axiom of M is trivial with £(gy) = {v}, then M’ has no states or
rules, but the axiom wug - v - u;.

Therefore now assume that gg is non-trivial. We then construct an LT M’ whose
set of states Q' consists of all non-trivial states ¢ of M where the compatible map
/' of M’ is obtained from ¢ by restriction to Q'. Since L(M) # ), the state of M
occurring in the axiom is non-trivial. Accordingly, the axiom of M is also used
as axiom for M'. Consider a non-trivial state ¢ of M and f € 3. If 6(c(q), f) is

76
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not defined then M’ has the rule ¢(f(x1,...,2my) — L. Assume that §(c(q), f) is
defined and M has a rule of the form (3.3). Then M’ has the rule

Q(f@lw--,xm))—>U0‘91'~-‘Un—1'9n'un

where for i = 1,...,n, g; equals ¢;(7,(;) if ¢; is non-trivial, and equals the single
word in £(g;) otherwise. Obviously, M and M’ are equivalent relative to D where
M’ now has no trivial states, while for every non-trivial state ¢, the semantics of ¢
in M and M’ are the same relative to D. Our goal now is to equivalently rewrite
the right-hand side of each rule of M’ so that the result is ordered. For each state
g of the LT we determine whether there are v,p € Fa such that L£(q) C v - (p),
cf. Lemma 26. So consider a rule of M’ of the form (3.3). By means of the
values a(L(g;)), i = 1,...,n, together with the abstract operation “x”, we can
determine maximal intervals [i, j] such that £(g;) - u; - ... - uj—1 - L£(g;) is periodic,
e, a(L(q;)) *ui-...xuj—1 *a(L(g;)) € v- (p) for some v,p € Fa. We remark
that these maximal intervals are necessarily disjoint. By Corollary 5, for every

permutation « : [, j] — [i, j], elements v, uj, ..., u},u” € Fa can be found so that
Qi(To()) Wi+ - uwj—1 - qi(T4(5)) 18 equivalent to

U (i) (T (i) - U - Wit ) (Tr(n() - 0
In particular, this is true for the permutation 7 with o(7(i)) < ... < a(7(j)).

Accordingly, we rewrite the unordered interval such that it is ordered.
Assuming that all group elements are represented as SLPs, the overall construc-
tion runs in polynomial time. O

In summary, we arrive at the main theorem of this chapter.

Theorem 3. The equivalence of LTs relative to some DTA D can be decided in
polynomial time.

Proof. Assume we are given LTs M, M’ with compatible maps (relative to D). By
Theorem 2, we may w.l.o.g. assume that M and M’ both have no trivial states
and are ordered. It can be checked in polynomial time whether or not M and M’
are same-ordered. If they are not, then by Lemma 23, they cannot be equivalent
relative to D. Therefore now assume that M and M’ are same-ordered. Then their
equivalence relative to D is decidable in polynomial time by Corollary 4. Altogether
we thus obtain a polynomial decision procedure for equivalence of LTs relative to
some DTA D. ]

3.3 Ordered Form for Linear Tree-to-Word Transducers

We consider linear tree-to-word transducers (LTW for short) over the free monoid
(A*,- ) in this section. The rules and therefore the outputs of a tree-to-word
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3 Equivalence of Linear Tree Transducers

transducer contain only words w € A*, no inverses a~! € A~ occur. Thus, this is a
special case of the before considered linear tree transducers LTs. We remind, that we
use - to denote concatenation followed by reduction. Even if we consider only output
over the free monoid this will be used to build conjugates of words. For example,
wl_1 -w - wy yields the conjugate wow; of w = wiws. We showed in Theorem 2
that for every LT M an equivalent ordered LT M’ can be constructed in polynomial
time. This construction can introduce inverses in the rules of the ordered LT M’
even if the initial LT M is an LTW. In fact, the LT M from the running example
in Section 3.2 is an LTW, cf. Example 17. However, the equivalent ordered LT M’
constructed in Example 18 is not an LTW since the reordering introduces inverses.
We recap the underlying idea of the ordering in the following example.

Example 19. Recall the LTW M from Section 3.2 with aziom qo(xo) and the
following rules

qo(f(71,72)) = q1(72) bga(71)

q1(g(z1)) = abqi(z1)  qi(k) —a

q2(g(x1)) — abga(xq) q2(k) — ab

The top rule with left-hand side qo(f (1, x2)) is not ordered as L(q) = L(q1)bL(g2) C
(ab)* with L(q1) C a(ba)*, L(q2) C (ab)* but the recursive call on subtree x4 is left
of the recursive call on the subtree x1. The underlying idea of the ordering is that if
the states q1 and qo produce languages over the same period then the recursive calls
can be permuted. With inverses at hand this we do not have to change the rules of
q1 and q2; we replace the rule with left-hand side qo(f(x1,z2)) by

qo(f(z1,22)) = abga(z1) - b 'a™" - qu(x2) b

Then q, g2 and b~'a='qib produce all languages over the same period ab. We
observe two concepts for that inverses are introduced:
e The inverse a~' is used to remove the constant prefit a of the language
L(q1) C a(ab)*.
o The inverse b=' together with the additional constant b after the recursive call
of q1 shifts the period of the language a=*-L(q1) C (ba), i.e., b"ta=1-L(q1) b C
(ab).
Without inverses a new state ¢§°, L(q%) C (ab)* with corresponding rules has to
be introduced such that [qi*](t) = b=ta~' - q1(t)b for all t € dom(i(q1)). Then, the
LTW M can be ordered as follows.

qo(f(z1,22)) = abga(z1) ¢f°(x2)
@ (g(x1)) = abq(z1) ¢iP(k) — ¢
q2(9(z1)) — abga(z1) q2(k) — ab

In Lemma 24 the languages of the states occurring in an interval of the form
L(gi)u; ... uj—1L(q;) € v(p) were characterized. Now, we have to distinguish for
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the periodic languages of the form v(p) two cases, i.e., languages of the form v - (p)
and (p) - v. In the free group we could cover both cases with the form v - (p) as
v- (vt p-v) = (p)-v. We call a language L C A* ultimately periodic if L C vp*
or L C p*v with v,p € A*. Accordingly, we call a state g of an LTW producing an
ultimately periodic language, £(q) C vp* or L(q) C p*v, ultimately periodic. Let
q be an ultimately periodic state with £(¢q) C vp*. Then ¢ and ¢’ are conjugates

p

w.r.t. w, w C p*, if [q](t) = vw[¢'](t) - w™, for all t € dom(:(g)).! We show that
for each LTW an equivalent LTW that is ordered can be constructed in polynomial
time. The crucial operation thereby is to compute, given an ultimately periodic

P
state q, a state ¢P» such that ¢ and ¢P* are conjugates w.r.t. some w C p“. For

an ultimately periodic state ¢, L£(q) C vp* and w ﬁ p“ we give a procedure to
determine a state ¢’ that is a conjugate to ¢ w.r.t. w in Algorithm 1. Note, that
the constructions consider the case that a state is ultimately periodic of the form
vp*. The case that a state is ultimately periodic of the form p*v can be handled
by taking the reversed state ¢". For a word w = wq...w, € A*, w; € A, we denote
by w" the reversed word w, ...wy. The reversed state ¢" of state ¢ is obtained as
follows. For each rule q(f(z1,...,7m)) — w0q1(Toq1)) - - Un—1qn(To(n))un We get
the rule ¢"(f(z1,. .., 7m)) = upn@y (Tom))uy, 1 - - - 4] (To(1))up With ¢f the reversed
state of ¢;. By induction we have [¢"](t) = ([¢](¢))" for all ¢ € dom(c(q)). Thus, if

S
q is quasi-periodic with £(q) C p*v (v [£ p) then we can construct ¢" in polynomial
time with £(¢") C v"(p")*. We remind that if no explicit DTA D and corresponding
map ¢ for a LTW is given then we implicitly assume these. This shortens notation

P P S
"'We use L to denote the prefix relation, i.e., v C w if w = vv’ for some v’ € A* and C to denote

S
the suffix relation, i.e, v C w if w = v'v for some v’ € A*. Additionally, w* = www ... denotes
an infinite word. For a detailed definition see Section 2.1.
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and is frequently used in this section.

Input : DTA B, LTW M with state ¢ such that £(q) C vp*, and w C ¥
Output: LTW M’ such that M’ and M are equivalent relative to D. M’
contains state ¢P* with p,, the primitive root of w™!pw and
[qP<] () = w™tv™t - [q] (t)w for all ¢ € dom(¢(q))
// For all states we determined whether they produce languages of the
form vp* or p*v, see Lemma 26
Let M’ be a copy of M
for each state ¢ in M’ with L(§) C p* (p primitive) do
Rename state ¢ and therefore each corresponding rule and each
recursive call on a right-hand side of a rule by ¢” in M’;
end
shiftPeriod(q,w);
Function shiftPeriod(q,w)
for each rule q(f(x1,...,%m)) = u0q1(To(1)) - - - Un—1Gn(To(n) )tn in M’
with f € dom(i(q)) do

Set v, p such that £(q) C vp* (p primitive and v minimal);
Set v;, p; such that L£(g;) € v;p} (p; primitive and v; minimal);
Add a rule ¢ (f(z1,...,Zm)) —
w o ugr v unw g (mg(l))qg“’ (To(2)) - - - qn” (To(n)) to
M';
for each ¢/ occuring on the right-hand side of the before added
rule do
if ¢ does not already exist in M’ then
add shiftPeriod(q;,uijvii1 ... Up_1VnUnpw) to M’';
end
end
end

for each rule q(g(x1,...,zm,)) — L do
Add a rule ¢P*(g(x1,...,2m)) = L to M';
end

end
Algorithm 1: Shift period of an ultimately periodic state g with £(q) C vp*.

Lemma 27. Let M be an LTW with an ultimately periodic state q, L(q) C vp*,
and M’ be the LTW obtained from Algorithm 1 with input M, q and w I% p*. The

following properties hold for Algorithm 1:

e The algorithm is correct, i.e., M and M’ are equivalent and for all additionally

introduced states P, [qP](t) = w™ vt [q](t)w for all t € dom(i(q)).
e The algorithm runs in polynomial time and M’ has polynomial size in M.
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Proof. Algorithm 1 is based on the observations in Lemma 24 and Corollary 5. By
induction, in each recursive call of function shiftPeriod with parameters ¢, w with
L(¢) C vp* and W~ !p = p,, we have by Corollary 5 that

(UiVig1 -« Un—1Vp—1Up) " Pi - (UiVig1 -+« U1 V1 Up) = P

and thus
.1 —1 P P
W (UVig1 - Un—1Vp—1Un) " Pi* (UiVig1 - U1V UR)W =W P = Py

where ¢(f(z1,...,%m)) = w0q1(Te1)) - - Un—19n(To(n))Un is a rule in M’ and f €
dom(c(g)). Thus, each state ¢, occurring on the right-hand side of the rule added in
function shiftPeriod(q,w) is already contained in M’ or added in the next step.
Furthermore, we show that [¢7“](t) = w™ v; ! - [¢;](t) - w for all t € dom((q)).
Let ¢(f(z1,. .., 2m)) = w0q1(To(1)) - - - Un—1Gn(To(n))un be a rule reachable from g.
Then by induction there are 0,p € A* such that £(§) C vp* (p primitive) and there
is w such that w™' - p-w = p, cf. Lemma 24. Thus,

(UiVig1 - - Un—1Vpun) " 07 L(g) - (0341 - Up—10nup) C P

and therefore

1 A% *
prw=p,

w! (UiVig1 - . un_lvnun)*l vi_l “L(q) - (Wivig1 < Up—10RUR) W C W
cf. Corollary 5.

We analyse the complexity of the algorithm. All operations in the algorithm run
in polynomial time using SLPs and the abstractions «(L(g;)), cf. Lemma 26. It
therefore remains to estimate the increase in size of M’. Let k be the number of
disjoint states reachable from the given state ¢ with £(g) C vp*. Then in the worst
case for each of these k states g1, ..., q. a new state qf is introduced. Thus, the size
of the transducer is at most doubled if all states are reachable from q. Note, however,
that the size of the transducer might not be increased at all, c¢f. Example 19. [

With the polynomial time procedure given in Algorithm 1 at hand we strengthen
Theorem 2 and show that for every LTW M an equivalent LT M’ can be constructed
in polynomial time that is ordered.

Theorem 4. Let D be a DTA such that L(D) # (). For every LTW M with com-
patible map v, an LTW M’ with compatible map ' can be constructed in polynomial
time such that

1. M and M’ are equivalent relative to D;

2. M’ has no trivial states;
3. M’ is ordered.
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Proof. Using Lemma 26 we determine in polynomial time for every state ¢ of M
the value «(L(q)). With this information we remove all trivial states from M, such
that we obtain in polynomial time an LTW M’ with no trivial states and M and
M’ are equivalent relative to D, cf. Theorem 2. Thus, M’ set of states @’ consists
of all non-trivial states ¢ of M and the compatible map ¢/ of M’ is obtained from ¢
by restriction to Q.

Consider a rule q(f(z1,...,%m)) = ©0q1(Te1)) - - - Un—19n(To(n))Un in M'. With
Lemma 26 we determine maximal intervals [i, j] such that £(g;)u;...uj—1L(g;) C
vip*vy with vy, p,ve € A%, Le., a(L(g;)) *x ui - ... xuj—1 * a(L(g;)) C v- (p) with
v,p’ € Fa. These intervals are necessarily disjoint. Let q;(zq(;))ui ... uj—1qj(T4(;))
be such a maximal interval on the right-hand side of a rule that is not ordered.
We first assume that £(g;)u;...u;—1£L(q;) € vp*. Let vg,pr € A* be such that
L(qr) C vepy, k € {i,...,5}. With shiftPeriod(gy, wy) in Algorithm 1 we obtain
states g with wy, = ugvg41 ... uj—1v; such that [gx](t) = viwg[g*](t) - w;, . By
Corollary 5 we have that

Lol (ti)us - - - u;la;](t5) = viwi - .. vj—ruj—1v5[af] (&) - [a7](25)

for all tx € dom(c(qx)), k € {i,...,j}. Additionally, £(q}),...,L(¢}) C p; and
thus the recursive calls of the states qi) can be arbitrarily permuted. Therefore, we
rewrite the unordered interval ¢;(z,(;))ui - - - uj—1q;(T4(;)) by

Vil - . - vjfluj,lvjq;v(ii) (xa(ﬂ(i))) ce Q;U(J])(xo(w(])))

where 7 : [i,j] — [i,J] is the permutation such that o(7(i)) < ... < o(7(j)).
For each additionally introduced state ¢P we extend the compatible mapping ¢/ by
/(¢") = (q).

Assume now that the unordered interval ¢;(z4(;))ui - - - uj-1G;j(T4(;)) on the right-
hand side of a rule produces a language of the form v'p*v with v minimal and
v ,&_ p. As we removed all trivial states the constant suffix v is produced by state
qj, i.e., L(g;) € pjv and L(g;)ui ... uj—2L(q;)u; € 0p*. We therefore remove the
constant suffix v from £(g;) as follows. We build the reversed state ¢} with [¢7](t) =
([g;](t))" for all t € dom(c(g;)), ie., L(q;) € v"(p})*. Using Algorithm 1 we
build state (¢7)? such that v"[(¢})P7](t) = [gj](t) for all ¢t € dom(c(g;)), thus
L((q})P7) C pj. For state (¢j)* we build the reversed state and call it qé-)j . Then
[[q;)j]](t) = ([(g})P7](¢))" for all t € dom(c(g;)) and therefore

(v"[(g5)P 1 (®)"
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Le. qu 1(t)v = [g;](t) for all ¢ € dom(:(g;)) and therefore

la:l(ti)wi - uj—2[g;-11(¢; )uj 1[g;] (¢ )
= [al)ui. . uj—2[g-1]tj-1)u;- lﬂqu (tj)

for all ¢, € dom(¢(qr)). Thus, L(g)u; ... ujlﬁ(qu) C v'p* and we follow the before
discussed case to order the interval.

In total, we arrive at an ordered LTW M’ with M and M’ are equivalent relative
to D.

It remains to analyse the runtime of the rewriting of the unordered rules. As
for each interval [i,j] Algorithm 1 is called at most j — i 4+ 2 times and each call
increases the size of M’ at most polynomially. In case reversed states have to be
constructed the construction still runs in polynomial time and M’ is only increased
by the additional states produced by Algorithm 1 as the intermediate constructed
reversed states are not contained in M’. In total, the overall procedure runs in
polynomial time. Note, that some states ¢, * may already exist in M’. This can be
tested before calling Algorithm 1 such that no additional states are added in this
case. Further optimizations might be possible; if all recursive calls of a state g on
the right-hand sides of the rules are replaced then the state g, can be removed from
M', cf. Example 19. O

We give a comprehensive example on how to compute an ordered LTW. Especially,
the example covers the following two cases, (i) the interval that has to be ordered

P
is of the form v'p*v with v [Z p and therefore an additional step is needed to remove
the constant suffix v; (i7) the size of the transducer increases due to the ordering.

Example 20. We consider the ranked input alphabet {f(2), AN g(l), h(o)} where the
superscripts indicate the rank. Let D be a DTA with start state hg and the transition
function op = {(ho, f) — hihy, (ho, k‘) — hihy, (hl,g) — hq, (hl, h) — 6}.

LTW M has the axiom qo(zo) and the following rules:

q(f(z1,22)) — q(z2)age(r1)  qo(k(z1,22)) — q1(z1) ga(22)
q1(g(x1)) — qi(x1)ab qi(h) —a
a2(9(71)) — baga(z1) q(h) —d

All omitted rules have right-hand side L. The compatible map ¢ is then given by
t={q0 — ho,q1 + h1,q2 — ha}.

Thus, the state qo of M produces either a language of the form a(ab)*+d if the input
tree is of the form f(g*(h), g*(h)) or a language of the form a(ab)*(ba)’d if the input
tree is of the form k(gF(h),g"(h)). As the former language is periodic of the form
ad - {(d~' - ab - d), respectively a(ab)*d, the rule with left-hand side qo(f(z1,x2)) is
not ordered. Following the proof of Theorem 4 we first remove the constant suffix d
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of the language (ba)*d produced by state ga. We obtain state qga with the following
rules
¢5°(9(z1)) — ¢5*(x1)bad-d7!
- ¢5%(x1) ba
g5 (h) = d-d7!
— €

For all t € dom(1(q2)) the following holds, [q2](t) = [¢5*](t) d and we obtain the
following set of rules

qo(f(z1,72)) — qi(z2) ang(xl) d qo(k(z1,72)) — q1(71) qga(@) d
q1(g(x1)) — qi(z1)ab q(h) —a
4" (g(z1)) — ¢5*(z1) ba ¢s'(h) —e

Now, consider the interval q1(x2) a ¢5%(x1) of the rule with left-hand side qo(f (21, 22))
with L(q1 a ¢5®) C a(ab)* a (ba)* = aa (ba)*. For state q1 with a output language of
the form a(ab)* we build state ¢¢* with £(¢}*) C (ba)*. With Algorithm 1 and w = a
we obtain the following rules

i*(9(x1)) — a~'a”'-aabagl(z)
— bagi*(z1)

¢4 (h) — at'al-aa
— £

Thus, for allt € dom(v(q1)), [¢2*](t) = a ta™ - [q1](t)-a and the rule with left-hand
side qo(f(z1,2)) is replaced by the ordered rule qo(f(x1,72)) — aa ¢§®(w1) ¢¢%(x2) d.
In total, we arrive at the following rules

Q(f(x1,22)) — aagh(x1) ¢t (x2)d  qo(k(z1,72)) — qu(1) ¢5*(x2) d
q1(g9(z1)) — qi(x1)adb q(h) —a
qi*(g(x1)) — bag}®(z1) gi*(h) —e
g5°(g(x1)) — ¢5"(x1) ba g’ (h) — e

We observe that state g1 can not be removed because of the recursive call of g1 on
the right-hand side of the rule with left-hand side qo(k(z1,22)). The size of M is
therefore increased while building the ordered form.

Equivalence of ordered LTWs without trivial states can be decided in polynomial
time by first checking whether they are same-ordered (Lemma 23) and if they are
same-ordered then checking equivalence via the morphism equivalence, cf. Corol-
lary 4.
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3.4 Summary

In this chapter we showed that equivalence of linear tree transducers with output
in the free group can be decided in polynomial time. Therefore, we introduced an
ordered form that guarantees that equivalent transducers process their input in the
same order, i.e., they are same-ordered. Then, a context-free grammar (over the
free group) simulating all parallel runs of two linear same-ordered tree transduc-
ers can be constructed and equivalence is decidable via morphism equivalence on
context-free grammars. The decision procedure follows the same lines as in [BP16]
where equivalence of linear tree-to-word transducers was shown to be decidable in
polynomial time. But the result given here is stronger as it subsumes the result
from [BP16]. Additionally, we showed that the use of inverses lead to easier and
more direct proofs underlying the ordered form that is the analogon to the partial
normal form in [BP16]. We recapped the results for linear tree-to-word transducer
and adjusted them to the new ordered form in Section 3.3. Without the use of
inverses additional states might be introduced such that the size of the equiva-
lent transducer in ordered form is polynomially larger compared to the original
transducer.
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4 Balancedness

Structured text requires that pairs of opening and closing brackets are properly
nested. This applies to text representing program code as well as to XML or HTML
documents. Again, as introduced in Chapter 2 we call properly nested words over
an alphabet B = AU A of opening (A) and closing (A = {@ | a € A}) brackets
balanced. Thus, a word w € B* is balanced if p(w) = e. Balanced words need
not necessarily be constructed in a structured way. Therefore deciding whether
the set of words produced by some kind of text processor consists of balanced
words only is a non-trivial problem. For the case of a single pair of brackets, i.e.,
|A| = 1, and context-free languages, decidability of this problem has been settled
by Knuth [Knu67] and a polynomial time algorithm is presented by Minamide and
Tozawa [MTO06]. Recently, these results were generalized to the output languages of
monadic second-order logic (MSO) definable tree-to-word transductions [MS18]. In
contrast, balancedness of non-determinsitc recursive program schemes was shown
to be undecidable [Kob19]. The case when the alphabet B consists of multiple pairs
of different kind of brackets (|A| > 1), though, seems to be more intricate than the
case of a single pair of brackets. Still, balancedness for context-free languages was
shown to be decidable by Berstel and Boasson [BB02] where a polynomial time
algorithm again has been provided by Tozawa and Minamide [TM07]. Whether or
not these results can be generalized to MSO definable transductions as e.g. done by
finite copying macro tree transducers with regular look-ahead, remains as an open
problem. Here, we provide a first step to answering this question.

We consider deterministic 2-copy tree-to-word transducers (2-TW) which process
their input at most twice by calling in their axioms at most two linear tree-to-
word transducers on the input. The output languages of linear deterministic tree-
to-word transducers are context-free, but this does not need to be the case for
2-TWs. 2-TWs form a subclass of MSO definable transductions which allows to
specify transductions such as prepending an XML document with the list of its
section headings, or appending such a document with the list of figure titles. For
2-TWs we show that balancedness is decidable in polynomial time. Let 17 and
T5 be the two linear tree-to-word transducers called in the axiom of a 2-TW M,
i.e., M performs the transduction 77(¢)7%(t) for an input tree ¢. Balancedness of
M is decided by first checking that 77 and T» produces well-formed output only.
Here, T> denotes the transduction obtained if the output of 75 on an input tree
t is inverted. In a second step we check whether 77 and Ty are equivalent after
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reduction. The output language of a linear tree-to-word transducer is context-
free and an respective context-free grammar for this language can directly be read
from the rules of the transducer. This allows us to use the polynomial decision
procedure for well-formedness from Chapter 2 to decide whether T} and T5 produce
only well-formed output. Then it remains to decide equivalence of T} and T
considering the reduced outputs of the transducers. For example, if T (¢) produces
the output abaa and Ty(t) the output baabba@ for an input tree ¢, then abaa and

baabba = abbaab are not equivalent as words but equivalent after reduction,
p(abaa) = ab = p(abbaab ). However, as well-formedness of the (inverted) outputs
of T1 (T3) is checked before equivalence of the outputs can be decided over the free
group where inverted letters are interpreted as inverses. In general, the rewriting
rules of the involutive monoid over A and the free group over A may lead to different
reduced words, as in the involutive monoid @ a does not reduce further while in the
free group a~'a is equivalent to the empty word. We recap that equivalence of
linear tree transducers over the free group is obtained via an ordered form. We
show that this ordered form can be obtained for linear tree-to-word transducers
where the output is interpreted over the involutive monoid. In fact, the canonical
form of (ultimately) periodic states on that the ordering is based can be used to
remove inverted letters from the rules of (ultimately) periodic states. Thus, we show
that the rules of a state ¢ with the output language £(q) and p(L(g)) is ultimately
periodic can be rewritten such that £(q) = p(L(q))-

Outline Section 4.1 introduces linear tree-to-word transducers that are interpreted
over the involutive monoid and 2-TWSs. In Section 4.2 we present the main result
of this chapter — the reduction from balancedness of 2-TWs to well-formedness
and equivalence of linear tree-to-word transducers. Additionally, we analyse in
Section 4.3 how inverted letters in the rules of (ultimately) periodic states can be
eliminated and thus an ordered linear tree-to-word transducer over the involutive
monoid can be constructed.

4.1 2-copy Tree-to-Word Transducers

We define a (total deterministic) linear tree-to-word transducer (LTWg for short)
M = (X,B,Q, S, R) over the free involutive monoid generated by a finite alphabet
A where A = {@ | a € A} is the alphabet of inverted letters derived from A and
B = AUA, cf. Section 2.1. The definition is analogously to LTs but the output
alphabet is B and the output can thus be interpreted over the involutive monoid.
As before we use Latin letters u,v,... to denote words over A and Greek letters
a, 3,7, ... to denote words over B. X is a finite ranked input alphabet, B is the
finite (unranked) output alphabet, @ is a finite set of states, the axiom S is of the
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form vy or voq(x1)vy1 with 79,71 € B* and R is a set of rules of the form

Q(f(«Th s 7xm)) — 7041 (xo(l))fyl s qn(sa(n))fyn

with ¢,q; € Q, f € ¥, v; € B*, n < m and o an injective mapping from {1,...,n} to
{1,...,m}. As we consider total deterministic transducers there is exactly one rule
for each pair ¢ € QQ and f € X. Again, we consider an LTWpg together with a top-
down deterministic domain automaton D and a compatible map ¢, cf. Section 3.1.
A 2-copy tree-to-word transducer (2-TW) is a tuple N = (3,B,Q, S, R) that is
defined in the same way as an LTWg but the axiom S is of the form 7 or of the
form voq1(x1)v1G2(21)y2, with 7; € B*. We define the semantics [¢] : T, — B* of a
state ¢ with rule ¢(f(t1,...,tm)) = %0q1(te1))71 - - - Yn-19n(ts(n))yn inductively by

[[Q]] (f(tlv s 7tm)> =70 [[QI]](ta(l))'Yl ce ’Yn—l[[Qn]] (ta(n))’yn

The semantics [M] of an LTWg M with axiom 7 is given by p(7); if the axiom is of
the form ~yopq(x1)y it is defined by vo[¢] ()1 for all ¢ € Tx; while the semantics [N]
of a 2-TW N with axiom ~q is again given by -y and for axiom vyq1(x1)y192(21)72
it is defined by v0[q1](¢)71[g2] (t)7y2 for all t € Ts. For a state ¢ we define the output
language £(q) = {[¢](t) | t € Ts}; For a 2-TW M we let L(M) = {[M](t) | t € Tx}.

Additionally, we may assume w.l.o.g. that all states ¢ of an LTWg are non-trivial
after reduction, i.e., p(£(q)) contains at least two words. We call a 2-TW M balanced
if p(L(M)) = {e}. We say an LTWg M is well-formed if p(L(M)) C A*. To shorten
notation we say that state ¢ fulfills some property if the reduced output language
p(L(q)) fulfills this property. For example, ¢ is balanced (well-formed, ultimately
periodic, ...) if p(L£(q)) is balanced (well-formed, ultimately periodic, ...). We
use ¢ to denote the inverse transduction of ¢ which is obtained from a copy of
the transitions reachable from ¢ by involution of the right-hand side of each rule.
For example, given a rule ¢(f(x1,...,2Zm)) = 7001 (To(1))71 - - - Y10 (To(n) )10 We
obtain g (f(z1,...,%m)) = Y Gn (To@m)) V-1 - T @1 (To(1))70 - As a consequence,
[q1(t) = [q](t) for all t € Ts;, and thus, £(g) = L(q). We say that two states ¢, ¢/
are equivalent iff for all t € Tx, p([q](t)) = p([¢'](t)). Accordingly, two 2-TWs M,
M’ are equivalent iff for all ¢t € Ty, p([M](t)) = p([M'](t)).

4.2 Balancedness of 2-TWs

Let M denote a 2-TW. W.l.o.g., we assume that the axiom of M is of the form
q1(x1)qa(z1) for two states q1,qe. If this is not yet the case, an equivalent 2-TW
with this property can be constructed in polynomial time. We reduce balancedness
of M to decision problems for linear tree-to-word transducers alone.

Proposition 1. The 2-TW M is balanced iff the following two properties hold:
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e Both L(q1) and L(q2) are well-formed;
e ¢ and @z are equivalent.

Proof. Assume first that M with axiom ¢;(x1)qz(z1) is balanced, i.e., p(L(M)) = €.
Then for all w’,w” with w = w'w” € L(M), p(w') =u € A* and p(w”) = u. Thus,
both £(q1) and £(g2) consist of well-formed words only. Assume for a contradiction
that ¢; and gz are not equivalent. Then there is some ¢t € Ty such that [q:1](¢) 2

[B10)- Let pla](®)) = u € A" and p([](1)) = [g2](7) = v with v € A" and
u # v. Then p([q1](t)[g2](t)) = p(uv) # € as u # v, u,v € A*. Since M is
balanced, this is not possible.

Now, assume that £(q1) and L(g2) are well-formed, i.e., forallt € Tx, p([q1] (%)) €
A* and p([q2] (t)) € A*. Additionally assume that ¢; and gz are equivalent, i.e., for
all t € T, [a](t) & [@2](t) & [a](¢) . Therefore for all ¢ € T, [a2](t) = [ar](?)
and hence,

p(la](®)[a1(t) = p(lar ][] () ) =€
Therefore, the 2-TW M must be balanced. ]

The output languages of states q; and gz are generated by means of context-free
grammars of polynomial size. Let £(G) denote the language produced by a context-
free grammar G and ¢ be a state of an LTWg. Then the rules for a CFG G with
L(G) = L(q) can be directly read from the rules of state g.

Example 21. Consider LTWg M with input alphabet ¥ = {2 g0} (the super-
script denotes the rank), output alphabet B = {a,a}, axiom q3(x1) and rules

a3(f(x1,22)) = aga(r1)q2(w2)a  qa(g) — ¢
@2(f(z1,22)) = aqi(z1)q1(z2)a  q2(g) — €
q1(f(x1,22)) — g3(71)g3(w2) q1(g) — aa

We obtain o CFG producing exactly the output language of M by nondeterministi-
cally guessing the input symbol, i.e. the state q; becomes the nonterminal W;. The
axiom of this CFG is then W3, and as rules we obtain

W3 — aWoWoa | e Wy — aWiWia | e Wi — W3Ws | aa

Note that the rules of M and the associated CFG use a form of iterated squaring, i.e.
W3 —2 Wél, that allows to encode potentially exponentially large outputs within the
rules (see also Example 13). In general, words thus have to be stored in compressed
form as SLPs [Loh12].

Therefore, Theorem 1 of Section 2.3 implies that well-formedness of g1, g3 can
be decided in polynomial time. Accordingly, it remains to consider the equivalence
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problem for well-formed LTWpgs. Since the two transducers in question are well-
formed, they are equivalent as LTWgs iff they are equivalent when their outputs are
considered over the free group Fa where inverted letters are interpreted as inverses.
In the free group Fa, we have that a~'a reduces to ¢ — which does not hold in our
rewriting system. If sets £(q1),£(g2) of outputs for ¢; and Gz, however, are well-
formed, it follows for all u € L(q1),v € L(gz) that p(uv) = p(p(u) p(v)) cannot
contain @a. Therefore, p(uv ) = ¢ iff uv™! is equivalent to € over the free group Fa.
In Theorem 3 we have proven that equivalence of LTs is decidable in polynomial
time. Thus, we obtain our main theorem.

Theorem 5. Balancedness of 2-TWs is decidable in polynomial time.

4.3 Eliminating Inverted Letters in Well-formed LTWgs

We reduced balancedness of 2-TWs to well-formedness and equivalence of well-
formed LTWgs in Section 4.2. Given the well-formedness of the LTWgs equiva-
lence can be decided over the free group. In this section we present an alternative
approach [LLS19] that we discovered before showing that equivalence of LTs is
decidable in polynomial time. The underlying idea is the same — we order the
LTWpgs such that they are same-ordered and then decide equivalence of same-
ordered LTWgs (over the free group). A state ¢ of an LTWgis called ultimately
periodic if p(L(q)) C vp* or p(L(q)) C p*v, v,p € A*. The key observation is that
all inverted letters occurring in the output of ultimately periodic states can be elim-
inated. Thus, we can rewrite the rules of an ultimately periodic state ¢ such that
no inverted letters occur on the right-hand sides, i.e., p(£(q)) = L(q)). This rewrit-
ing is analogously to the canonical form q(f(z1,...,2m)) = P'q1(To1)) - - - Gn(To(m))
used in Algorithm 1 for LTWs.

The procedure of removing inverted letters can analogously applied to context-free
grammars since the output of linear tree transducers produce context-free languages
and there is a direct correspondence between these two models, cf. Example 21. This
is of special interest as it is still an open problem whether there is a polynomial time
transformation from a well-formed context-free grammar G over B to a context-free
grammar G’ over A such that p(L(G)) = £(G) and the derivations are in bijection.
Let M be an LTWg that is well-formed and ¢ be a state of M. Then ¢ does not
have to be well-formed but bounded well-formed, i.e., there is , such that r,£(q)
is well-formed. For example, an LTWg with axiom aq(z() and state ¢ producing
the language @ (ba)"a, n € N is well-formed while ¢ is only bounded well-formed
with r, = a.

Definition 6. We call a well-formed LTWg M suffix-empty if for all states q in
M, p(£(q)) € A* and les(p(£(q))) = .
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We show that the rules of a well-formed LTWg M can be adjusted such that every
state produces a well-formed language with empty longest common suffix.

Lemma 28. Let M be a well-formed LTWg and D be a DTA. Then an equivalent
LTWg M’ w.r.t. D can be constructed in polynomial time such that M’ is suffiz-
empty.

Proof. Let q be a state of a well-formed LTWg M. Then L£(g) is bounded well-
formed and we can construct in polynomial time a CFG G such that £(G) = L(q).
From G we compute (SLPs) for the minimal word r, € A* such that r,L(q) is
well-formed Lemma 4) and s, the reduced longest common suffix of p(ryL(q))

(Lemma 11). For every rule q(f(z1,...,%m)) = Y0q1(To))V1 -+ @n(Ton))In we
add a rule

q/(f(xla s 7xm)) - TqVOW(Ii(%(l))Sqﬂl e -@q%(%(n))sqﬂn%

to M'. Let S = vpq(z1)y1 be the axiom in M, then we add the axiom S’ =
YoTq ¢ (x1)sqy1 to M.

Let g be a state in M. We prove by induction over the size of the input tree that
for all t € dom(c(q)), [¢'](t) = r4[q](t)5;. For the base case let t = h € X0 and
q(h) — 70 be the corresponding rule in M. Then [¢'](h) = rgv03; = rqlql(h)3; .
Let f(z1,...,2m) € dom(u(q)) and q(f (21, -, Tm)) = Y0q1 (To(1))71 - - - Gn(To(n)) n
be the corresponding rule in M. Then

[d1(f (1, 2m))
= 1707q [4](To)S5a71 - - Tap [40](To(n)) 8¢, 1Bq
TqY0Tq T (1] (To(1))3q1 S V1 - - T T [00] (T o(n))Sam g VnSq
revola (o)) - - - (9] (Zo(n))Tn5q
TQ[[Q]](f(mlv s vxm))?q

Let S = 70g(x1)y1 be the axiom in M. Then for all t € dom(:(q)), [M'] =

Y07 [¢'1(1)sg11 = Y0Tqrq[a](1)5g sg71 = Y0[a]()n1 = [M]. Thus, M and M’ are
equivalent w.r.t. D. From the construction it directly follows that for all states ¢
in M', p(L(q)) € A* and les(p(L(q))) =e. O

= I

Example 22. Consider a well-formed LTWg with axiom q(x1), states q,q" and the
rules

q(f(z1)) — abd'(z1) ¢ (f(z1)) — abq(x1)ab

/

qa(9) — ab q(9) — ab

We omit a corresponding DTA. Then rqy = €, 1y = ab are the minimal words
such that r¢L(q) and vy L(q'), respectively, are well-formed and sq = ab and sy =
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abab are the longest common suffizes of p(rL(q)) and p(r'L(q")), respectively. We
therefore obtain

q(f(z1)) — eabab ¢ (x1) ababab ¢ (f(x1)) — abab g q(x1) abababab

— q'(21) ab — q(z1)
q(g) — eabab q(9) — abababab
— £ — €

The semantics did not change through the rewriting, but p(L(q)), p(L(¢")) C A* and
les(p(£(q))) = les(p(L(q"))) = e

Let M be a well-formed and suffix-empty LTWg. We observe that M does not
contain any ultimately periodic state ¢ of the form p(L(q)) C p*v with v # ¢ as
then lcs(p(L(q))) # €, a contradiction to the suffix-empty property of M. Let ¢ be
an ultimately periodic state of M with p(L(q)) C vp*. We show that if the rules
of ¢ are in the canonical form q(f(z1,...,7m)) = p(70) 1 (To)) - - - G (Ton)), i,
first all (reduced) output is produced and then the consecutive recursive calls on
the subtrees follow (cf. Algorithm 1), then no inverted letters occur in the output.

Lemma 29. Let M be a well-formed LTWg and D be a DTA. Then an LTWg M’
can be constructed in polynomial time such that for all ultimately periodic states q,
p(L(q)) = L(q), i.e., q does not produce any inverted letter in the output and M
and M' are equivalent w.r.t. D.

Proof. W.l.o.g. we assume that M is suffix-empty. Therefore, every ultimately
periodic state ¢ in M is of the form p(L(q)) C vp* with v i p' for any i. Let M’
be a copy of M. Then we basically apply Algorithm 1 to every ultimately periodic
states of M’ (cf. Theorem 4) such that every rule of an ultimately periodic state g
is in the canonical form

q(f(@1, - 2m)) = Y0 @ (To1)) - - - Gn(To(n))

where we discuss in the following how inverted letters are handled as Algorithm 1
processes LTWs. Let ¢(f (21, .., 2Zm)) = %0q1(To(1))71 - - - Yn—1@n (T (n)) 7 be aTule
of an ultimately periodic state ¢ in M’ with p(L(q)) € vp* and p(L(g;)) C vip}.
Then p(Y0v171 - - - Yn—1VnYn) € A* as M’ is suffix-empty. Thus, no inverted letters
occur in the produced rules if the words are reduced. However, the parameter w
for shifting the period can be instantiated with a word containing inverted letters
(even after reduction) if in the algorithm shiftPeriod(g;, Yivit1 ... Yn—1UnTnW is
recursively called as v;vi11 ... Vn—1UnVn is not necessarily well-formed. As M’ is
suffix-empty, the languages p(L£(q1)), ..., p(L(gn)) are periodic, i.e., p(L(g;)) < p}.
Additionally, if p(L£(q1)) € wvip] with v1 # € then v1L(q2)72 - - Yn—1L(qn)Vn is

93



4 Balancedness

well-formed. Thus, w.l.o.g. we assume that all p(L£(¢;)) are periodic and thus € €
p(L(q)). Let p(4ivig1 - .- Yn-1VnYn) = Ty. Since the output of every rule is well-
formed and M’ is suffix-empty we have that

VU171 - - - Yie1 L£(@)TY £ Yovrs - - T 2L(q)T Y
Thus, 2£(g;)Ty € A" and y~' - p(apT)y € p*. As (z7'-y) ' -pi-a™l oy =
y_l S XTP; - z~ 1. Yy = y_l - p(xp;T )y we can interpret the inverted letters as inverses
in the free group over A and proceed with the algorithm. The described procedure
runs in polynomial time and may increase the size of the LTWg polynomially as

discussed in Theorem 4. O

Example 23. Consider the well-formed and suffiz-empty LTWg M with axiom
q(xo) and rules

q(f(z1,22)) = abqi(z2) b g2(x1) @ab

q1(g(x1)) — abqi(x1)bbab qi1(h) — ¢

32(9(z1)) = q2(21) ba @2(h) — €
We omit a corresponding DTA. We observe that p(L(q1)) C (ab)*, p(L(gq2)) C (ba)*
and p(L(q)) C (ab)*. With Algorithm 1 we obtain for the top rule with left-hand
side q(f(x1,2))

¢ (f(z1,2)) — plabbaab) ¢i*(x2) ¢5°(21)
— abqi®(2) ¢8" (1)

Even if p(L(q1)) C (ab)* we bring the rules in the canonical form to eliminate all
inverted letters on right-hand sides. The rules are constructed by a recursive call of

function shiftPeriod with parameter w =b~'-a~1-ab = ¢ as inverted letters are
interpreted as inverses in the free group over A.

qi*(g(x1)) — p(abbbab) ¢i*(x1)
— abab ¢?*(x1)

af’(h) e
To construct the rules for ng function shiftPeriod with paramter w = a~-ab = b.

@°(g(z1)) — bt - babq3®(z1)
— abq3®(z1)

a5"(h) —bteb
— £

In total we arrive at LTWg M’ with axziom ¢®°(x¢) and rules

g (f(w1,72)) — abqi®(z2) ¢§8(x1)
@ (g(z1)) — ababg{®(z1)  qf®(h) — ¢
5" (g(x1)) — abgs®(z1) ¢"(h) — ¢
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4.4 Summary

with M’ is equivalent to M.

Analogously to Theorem 4 we can order a well-formed and suffix-empty LTWg M
where for every ultimately period state g, p(L(q)) = L(q) holds. Then, equivalent
well-formed and ordered LTWpgs are same-ordered and thus, equivalence can be
decided in polynomial time by a reduction to the morphism equivalence problem
over the free group (cf. Corollary 4).

4.4 Summary

In this chapter we showed that balancedness of 2-copy tree transducers is decidable
in polynomial time. A 2-TW M calls in the axiom (y9q1(x1) 71 g2(z1)72) two
linear tree-to-word transducers on the input tree and performs therefore a non-
linear transduction. We reduced the decision problem of balancedness of M to the
question whether the output of ¢; and gz is well-formed and the question whether
q1 and @3 are equivalent considering the output after reduction. Further, we showed
that due to the previous check that ¢; and gz are well-formed we can check g; and
¢z for equivalence over the free group. Thus, Chapter 2 and Chapter 3 provide the
results needed to decide balancedness of 2-TWs in polynomial time.

Additionally, we presented in Section 4.3 an approach to build the ordered form
of linear well-formed tree-to-word transducers with output in the involutive monoid.
The key observation thereby is that through the construction of the ordered form
inverted letters are eliminated in (ultimately) periodic states. Since this approach
can analogously be applied on context-free grammars this is one step in answering
the question whether for a well-formed context-free grammar an equivalent gram-
mar without inverses can be constructed (in polynomial time).
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5 Conclusion

In this thesis we studied three different types of linear tree transducers with seri-
alized output, (i) LTWs with output interpreted as words in the free monoid, (ii)
LTWpgs with output interpreted over the involutive monoid, and (iii) LTs with out-
put interpreted in the free group. For LTWgs we considered the special case that
the output is always well-formed, thus reduces to a word over the opening letters
only. Chapter 3 and Section 4.3 contain the following core contributions:

e We showed that equivalence of linear tree transducers with output in the free
group is decidable in polynomial time. This subsumes our previous result
on equivalence of linear tree-to-word transducers. Additionally, we showed
that equivalence of well-formed LTWpgs can be decided in the free group by
interpreting inverted letters as inverses.

e We introduced an ordered form for LTs that simplifies the partial normal
form from [BP16] and showed that equivalent LTs in ordered form process
their input in the same order, i.e., they are same-ordered.

e We gave a polynomial-time reduction from equivalence of same-ordered LTs
to the morphism equivalence problem of context-free grammars over the free
group by simulating all parallel runs of two LTs with a context-free grammar.

e We showed that the ordered form can be obtained for LTWs (cf. [BP16])
as well as for well-formed LTWgs. The technical challenge thereby is that
no inverses as in the free group can be used which leads to more involved
constructions to build the ordered form and a polynomial size increase of the
obtained transducer. Additionally, in case of well-formed LTWgs we showed
that the construction removes inverted letters from ultimately periodic states.

While equivalence of deterministic tree-to-word transducer was shown to be decid-
able [SMK15], the decision procedure given in [SMK15] is not based on a normal
form. Therefore, the question arises whether a normal form for a larger class of
tree transducers with serialized output can be given. Here, we observed that the
use of inverses provided by the free group lead to simpler proofs. Therefore, it
might be beneficial to consider the output in the free group also for non linear tree
transducers to obtain a normal form.
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5 Conclusion

In Chapter 2 we showed that well-formedness of context-free grammars is decid-
able in polynomial time. Therefore, we reduced the decision problem to the compu-
tation of the reduced longest common suffix of a context-free grammar. Chapter 2
contains the following core contributions:

e We gave basic characteristics of well-formed (context-free) languages and pro-
vided comprehensive computation rules for the longest common suffix.

e We defined a polynomial size representation of a language, the Ics-summary, to
compute the longest common suffix of a language. The Ics-summary consists
of the longest common suffix of the language and the maximal suffix extension
which is the longest word to which the suffix can be extended if another
language is concatenated from the left.

e We showed that the reduced longest common suffix of a context-free grammar
G is the same as the reduced longest common suffix of the words with a
derivation tree up to height 4N, where N is the number of nonterminals in G.
Therefore, we can compute an SLP representing the reduced longest common
suffix of a context-free grammar in polynomial time.

e We provided easier and shorter proofs for the computation of the longest
common prefix (suffix) of a context-free grammar where no reduction is taken
into account [LPS18]. Further, we extended these results by analysing the
reduced longest common suffix of linear well-formed languages of the form
{aoy ..oy ... 1B | @, B,7v,0i, 7 € B*} with B the set of opening and
corresponding closing letters.

Unfortunately we could not directly use the results from [LPS18] on the computa-
tion of the longest common prefix (suffix) of a context-free grammar to compute
the reduced longest common suffix of a context-free grammar. The reason for this
is that we were not able to rewrite a context-free grammar G over B* to an equiv-
alent context-free grammar G’ such that p(L(G)) = L(G’). Moreover, the question
is whether G’ would be of size polynomial in G. The proofs given in Section 2.4
to compute the reduced longest common suffix of simple well-formed languages
indicate that it might only be possible to find a reduced equivalent grammar of
exponential size.

Finally, we showed in Chapter 4 that balancedness of 2-copy tree transducers
can be decided in polynomial time. The decision procedure combines the two re-
sults about well-formedness of context-free grammars and equivalence of linear tree
transducers over the free group. It is a natural question whether the decision algo-
rithms for balancedness of 2-TWs can be extended to tree transducer models where
more than two linear tree-to-word transducers are called in the axiom. However, in
case of two transducers it is clear that the opening letters remaining after reduction
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and produced by the first transducers have to be closed by the second transducer.
Considering three transducers this property does not hold anymore and more nested
dependencies between the different transducers arise. Therefore, the extension of
balancedness to other similar transducer models remains as an open problem.
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