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Covariant calculation of a two-loop test of nonrelativistic QCD factorization
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We test the nonrelativistic QCD factorization conjecture for inclusive quarkonium production at two
loops by carrying out a covariant calculation of the nonrelativistic quantum chromodynamics (NRQCD)
long-distance matrix element (LDME) for a heavy-quark pair in an S-wave, color-octet state to fragment
into a heavy-quark pair in a color-singlet state of arbitrary orbital angular momentum. The NRQCD
factorization conjecture for the universality of the LDME requires that infrared divergences that it contains
be independent of the direction of the Wilson line that appears in its definition. We find this to be the case
in our calculation. The results of our calculation differ in some respects from those of a previous calculation
that was carried out by Nayak, Qiu, and Sterman using light-cone methods. We have identified the sources
of some of these differences. The results of both calculations are consistent with the NRQCD factorization
conjecture. However, the general principle that underlies this confirmation of NRQCD factorization at

two-loop order has yet to be revealed.
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I. INTRODUCTION

The nonrelativistic quantum chromodynamics (NRQCD)
factorization conjecture for inclusive quarkonium production
in hard-scattering QCD processes [1] postulates that the
production rates for those processes at large momentum
transfer can be written as a sum of products of short-distance
coefficients (SDCs) and NRQCD long-distance matrix
elements (LDMEs). The SDCs are process dependent, but
they contain no infrared (IR) divergences and can be
calculated in perturbation theory. The LDMEs contain all
of the IR sensitivity of the process. They are generally
nonperturbative in nature, but they are conjectured to be
universal (process independent)}—a property that gives
NRQCD factorization much of its predictive power.

The NRQCD factorization conjecture has enjoyed con-
siderable phenomenological success. (See, for example,
Refs. [2-4].) However, there are also processes for which
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theory and experiment are in considerable tension. (See,
for example, Refs. [3,4].)

Although the NRQCD factorization conjecture has been
in existence for many years, there is still no demonstration
that it is correct to all orders in perturbation theory or that it
fails in perturbation theory. Important progress toward an
all-orders proof of NRQCD factorization was presented in
Ref. [5]. There, an all-orders argument was given, for the
leading and first subleading powers of my/py, that
quarkonium production rates can be written as a sum of
SDCs convolved with fragmentation functions for one or
two partons to fragment into a quarkonium. Here, my and
pr are the mass and transverse momentum, respectively, of
the quarkonium.

A proof of NRQCD factorization would require the
further factorization of the fragmentation functions into
sums of products of SDCs with NRQCD LDMEs. (In the
remainder of this paper, when we refer to SDCs, we mean
the SDCs that relate the LDMEs to fragmentation func-
tions.) One difficulty in carrying out this factorization is
that the fragmentation functions at the scale of the heavy-
quark mass m, contain processes in which gluons are
radiated with energies of order mg in the quarkonium
center-of-momentum (c.m.) frame. Such gluons cannot be
absorbed into the NRQCD LDMEs, which contain radia-
tion only at the small scale myv, where v is the typical
velocity of the heavy quark Q or antiquark Q in the
quarkonium c.m. frame. On the other hand, soft gluons
with arbitrarily small momenta can connect the order-m,
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gluons to the Q or O, and these soft gluons must be
absorbed into the NRQCD LDME if NRQCD factorization
is to hold. A resolution of this dilemma was suggested in
Ref. [5]. It is based on modifying the original definition of
an LDME to include a Wilson line, which acts as a proxy
for an order-m, gluon, in that its interactions with addi-
tional soft gluons are identical to those of the order-m,
gluon. This so-called “gauge completion” of the LDME:s is
also required in order to make the LDMEs manifestly
gauge invariant [5]. (In this paper, we will always refer to
the gauge-completion Wilson lines as “Wilson lines” in
order to distinguish them from soft approximations to the
heavy-quark lines, which we refer to as “eikonal lines.”)

There are no apparent obstacles to establishing that all of
the soft singularities in the fragmentation functions can
be absorbed into the gauge-completed NRQCD LDMEs,
given that the effective field theory NRQCD is a valid
approximation to QCD in the soft limit and that the gauge-
completed LDMESs account for the soft interactions with
the order-mg gluons. The central problem in proving
NRQCD factorization is then to demonstrate that the soft
divergences in the LDMEs are independent of the
direction(s) of the gauge-completion Wilson line(s).
Without such a demonstration, the LDMEs would depend
on the directions of the order-my gluons, and so univer-
sality of the LDMEs would be lost, even for a single type of
quarkonium production process.

Let us contrast this situation with that in exclusive
quarkonium production. A proof of NRQCD factorization
for exclusive quarkonium production at leading power in the
inverse of the hard-scattering momentum transfer is given in
Refs. [6,7]. That proof focuses on a demonstration that soft-
gluon contributions that do not decouple from the quarko-
nium can be absorbed completely into the quarkonium jet.
The proof does not address the further factorization of the
quarkonium jet into NRQCD LDMEs. In the proof, it was
assumed, on general grounds, that this factorization would
be valid, since NRQCD is the effective field theory that
describes the relevant low-energy degrees of freedom. As
we have mentioned, the issue of the dependence of the
LDMESs on the Wilson-line direction arises in inclusive
quarkonium production because of the emission of gluons
with energies of order m,, in the quarkonium c¢.m. frame.
Such real-gluon emissions do not occur in exclusive
quarkonium production, and so no Wilson line is needed
to account for their couplings to soft gluons. Furthermore,
the relevant vacuum-to-quarkonium matrix elements have
color-singlet quantum numbers and do not require a gauge-
completion Wilson line. Therefore, the issue of dependence
on the direction of a Wilson line never arises in this case.

A proof of factorization for inclusive quarkonium
decays is also qualitatively different from a proof for
inclusive quarkonium production. It is thought that
NRQCD factorization for inclusive quarkonium decays
can be established along the lines of the argument that is

given in Ref. [1], although no complete proof has been
published. The essential element of this argument is that
contributions of final-state soft or collinear gluons that are
radiated from final-state hard partons cancel in an inclusive
process because of the Kinoshita-Lee-Nauenberg theorem.
Because soft gluons decouple from the hard-scattering
subdiagram, no Wilson line is needed in this case to
account for soft-gluon exchanges between hard gluons
(with energies of order mp) and the heavy quark or
antiquark. Furthermore, the decay LDMEs do not require
a gauge-completion Wilson line. Again, the issue of
dependence on the direction of a Wilson line never arises
in this case.

Returning to the case of inclusive quarkonium produc-
tion, we note that perturbative tests at one and two loops
of the proposition that the soft divergences in the LDMEs
are independent of the direction of the gauge-completion
Wilson line have been provided by Nayak, Qiu, and
Sterman [5,8,9]. In Refs. [5,8], one- and two-loop con-
tributions to the LDMEs were given at the leading non-
trivial order in v (order »2), with the details of the
calculations being given in Ref. [5]. In Ref. [9], the one-
and two-loop contributions were given to all orders
in v, although explicit expressions were given only for
the non-Abelian diagrams, which are the most complicated
to evaluate. The calculations in these papers confirmed that
the soft divergences in the LDMEs are independent of the
Wilson-line direction through two loops. In the remainder
of this paper, we refer collectively to Refs. [5,9] as “NQS.”

The calculations in Refs. [5,8,9] make use of light-cone
methods, in which one first uses contour integration to carry
out the integration over the component of a loop momentum
that lies in the minus light-cone direction. The calculations
also make use of hard ultraviolet (UV) cutoffs for the phase-
space integrations for real gluons. Hence, the calculations are
not manifestly Lorentz invariant at intermediate stages,
although the final results are. The calculations are quite
complicated, especially for the non-Abelian diagrams, and
the independence of the soft divergences from the Wilson-
line direction emerges only after many complicated inter-
mediate expressions are summed. Therefore, it seems
worthwhile to check these calculations using manifestly
covariant methods. One could hope that such covariant
calculations might give insights into the independence of
the soft divergences from the Wilson-line direction.

In this paper, we present such a manifestly covariant
calculation of the soft divergences in an LDME at two-loop
order. The calculation relies on a new UV regulator for
the phase-space integrations that avoids the use of a hard
cutoff. As we will see, our covariant calculation is actually
considerably more complicated than the calculations in
NQS. This is probably because the light-cone methods in
NQS allow one to cancel contributions of real-real dia-
grams against contributions of real-virtual diagrams and
to cancel certain real-virtual contributions by symmetry,
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without having to calculate them completely. In contrast, in
our calculations, we compute all of the IR contributions of
the real-real diagrams and real-virtual diagrams explicitly
and implement cancellations only at the end. Consequently,
we must deal with soft poles in dimensional regularization
in D = 4 — 2¢ dimensions of order 1/¢*, 1/€3, 1/€2, and
1/€ in order to arrive at a final result of order 1/¢. Although
we can eliminate the 1/¢* contribution trivially at the start
by making a Ward-identity rearrangement of the numerator
structure, we still must work out the cancellation of the
1/€* and 1/€* poles, while the NQS calculation contains
only 1/€? imaginary poles, which cancel in the absolute
square of the amplitude, and 1/e real poles.

In NQS, it was found that IR poles in the LDME are
independent of the Wilson-line direction, and we also find
that to be the case. Our result for the non-Abelian diagrams
agrees with that in NQS, aside from an overall sign. Our
result for the Abelian diagrams differs from that in NQS in
two respects. First, we find new contributions that have the
form of a one-loop contribution to an SDC times the one-
loop IR-divergent contribution to the LDME. For these
contributions, the IR pole in the LDME is independent of
the direction of the Wilson line. We conclude that some of
these contributions are absent in NQS because a mismatch
between virtual-gluon and real-gluon contributions in the
UV region was neglected. We also find a new contribution
that has the form of a two-loop IR-divergent contribution to
the LDME. Again, the IR pole in the LDME is independent
of the direction of the Wilson line. This new contribution
can be reconciled with the result in NQS if we reinterpret
a UV contribution in NQS as an IR contribution.

The remainder of this paper is organized as follows. In
Sec. II we describe the LDME and its Feynman rules, the
classes of diagrams that we calculate, and the kinematics.
Section III contains a description of the covariant phase-
space regulator that we use and also contains convenient
formulas for the phase-space integration in dimensional
regularization. The main body of our work is in Sec. IV,
in which we give a description of the calculations for the
various diagrams. Because the extraction of analytic expres-
sions for the coefficients of the IR poles is not straightfor-
ward, we present our calculation in considerable detail, so
that an interested reader would be able to reproduce our
results. We have relegated the technical details of the
calculation to appendices. Our results are summarized in
Sec. V, and we compare them with the results in NQS in
Sec. VI. Finally, we give our conclusions in Sec. VII.

II. PRELIMINARIES
The gauge-completed LDME is given by [9]

(Ol (0)/C, w (0)DLV(0), (afyan)
®M(0),,0" (0)) 4 (0)[0). (1)

(07(0)) =

where " and y are two-component Pauli fields that create a
heavy quark and a heavy antiquark, respectively, K, , and
K',,.. are local combinations of spin and color matrices and
polynomials in covariant derivatives, and afq is the operator

that creates the quarkonium H. The operators @;M (0) are
Wilson lines, which are defined by

®M(0) = Pexp {—ig_s. / die - A4 (m)] 2)

where P stands for path ordering, g, = \/4za, is the QCD
coupling constant, AW = Az, is the gauge field in the
adjoint representation, (7,),. = —ifape, and £* is the
momentum of the Wilson line.

Following NQS, we consider the LDME for a QQ pair in
an S-wave, color-octet state to evolve into a QQ pair in a
color-singlet state of arbitrary orbital angular momentum.
That is, we consider the matrix elements [9]

8_)1 (PI’PZ’ )
= 0l O Ty (0)(0),,[Q(P)O(P,)]VX)
x (X[Q(P)O(P)] @Y (0,5 (0)T(0)0).
(3)

where the superscript I = 1, 8 denotes the color of the Q0

pair, the T,(»q) are the generators of color SU(3) in the

fundamental representation, and P; and P, are momenta of
Q and Q, respectively. We do not explicitly consider the
spin state of the QQ pair, as the soft approximation for the
Q and Q lines is independent of the spin.

In computing the matrix elements in Eq. (3), we
encounter factors that arise from UV-divergent loop inte-
grals. Since these factors contain no IR sensitivity, they
can be interpreted as contributions to the SDCs that relate
the LDMEs to fragmentation functions. As we have
mentioned, the directions of the Wilson lines correspond
to the directions of emitted gluons that have energies of
order mg in the quarkonium c.m. frame. Therefore, the
directions of the Wilson lines are process dependent, and
the SDCs, which are process dependent, can depend on the
directions of the Wilson lines. Dependence of the SDCs
on the Wilson-line directions is entirely consistent with
NRQCD factorization, provided that the IR poles, which
are absorbed into the LDMEs, are independent of the
Wilson-line directions.

The only one-loop contribution to the matrix element in
Eq. (3) that has a nonvanishing color factor is shown in
Fig. 1. The superscripts P; P, specify the gluon connections
to the Q or Q lines on either side of the cut.

Now let us consider the two-loop diagrams that con-
tribute to the matrix element in Eq. (3). Since we wish to
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Py ™ Py

>
Py

Py + ks
) ,
N~
Opl Py
FIG. 1. The one-loop diagram Oz,

test for a dependence on the direction of the LDME Wilson
line, we need to consider only those diagrams in which at
least one gluon attaches to the Wilson line. Furthermore, it
is clear that a diagram has a nonzero color factor only if one
or more gluons crosses the final-state cut. The specific
classes of diagrams that we compute are illustrated in

Figs. 2-7. We use the notation X’ f’ "t for the contributions
of these diagrams. Here, X’; denotes the class of the
diagram. For each class, the subscript i labels the position
of the final-state cut, and the superscripts P; P specify the
gluon connections to the Q and Q lines, as we will describe
below. The classes are defined as follows.

i) Af’ Pr (Fig. 2) designates normal ladder diagrams. P;
indicates the leftmost gluon connection to the heavy-
quark lines; P; indicates the rightmost gluon con-
necgon to the heavy-quark lines.

(i1) B /"% (Fig. 3) designates crossed ladder diagrams.
P indicates the leftmost gluon connection to the
heavy quark lines; P; indicates the rightmost gluon
con}pectlon to the heavy-quark lines.

C 7% (Fig. 4) designates Abelian diagrams with two
connections of gluons to the same heavy-quark line
to the left of the cut, in which the gluon that connects
to the Wilson line connects to the heavy-quark line

(iii)

P~
>

Py + ks

Py P>
A,

to the left of the other gluon. P; indicates the two
leftmost connections of gluons to the heavy-quark
lines; P indicates the rightmost connection of a

gluon to the heavy-quark lines.
PPk

(iv) D, " (Fig. 5) designates Abelian diagrams with two
connectlons of gluons to different heavy-quark lines
to the left of the cut. P; indicates the leftmost
connection to the heavy-quark lines of the gluon
that does not attach to the Wilson line; P, indicates
the rightmost connection to the heavy-quark lines

of the gluon that does not attach to the Wilson line.
PP

W) & (Fig. 6) designates Abelian diagrams with two
connectlons of gluons to the same heavy-quark line
to the left of the cut, in which the gluon that connects
to the Wilson line connects to the heavy-quark line
to the right of the other gluon. P; indicates the two
leftmost connections of gluons to the heavy-quark
lines; P, indicates the rightmost connection of a

gluon to the heavy-quark lines.

Frit (Fig. 7) designates the non-Abelian diagrams.
P. indicates the leftmost connection of a gluon to the
heavy-quark lines; P, indicates the rightmost con-
nection of a gluon to the heavy-quark lines.

The classes of diagrams are constructed such that one
can obtain all of the contributions that we calculate by
summing over the indices i, j, and k and including
Hermitian-conjugate diagrams, except for the classes A
and B, for which the sums over the indices i, j, and k
already include the Hermitian-conjugate contributions. We
note that the assignments of our loop momenta k; and k,
for the diagrams C;, D;, &;, and F; are different from those
of NQS.

We define the total momentum of the QQ pair to
be 2p and the relative momentum to QQ rest frame to
be g, and so

(vi) F

P, =p+q, P,=p—gq. (4)

In the rest frame of the QQ pair, p and g are given by

P~
b4

FIG. 2. Ladder diagrams A’'"2,
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Py TN

FIG. 4. Diagrams C'"2.

FIG. 5. Diagrams D',

p=(Ep.0). q=(0.9), (5) v:;_q' (6)
Q

In comparing with the light-cone calculation in NQS, we
respectively, where E = /mZQ + ¢2. The relative velocity ~ need to make use of light-cone momentum coordinates for
. a D-dimensional vector V = (VO, V! ... VP=1) which we

of the Q and Q is take to be
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Py
> N
P Py + ko
! N
>
ka
14
A
Py Py
82

FIG. 6. Diagrams 5;’11’2'

Py + ki + ko

4

FIG. 7. Non-Abelian diagrams F f'PZ.

N~
fllj1pz
V= L(v0 + VP
\/E k)
1
V- = — VO_vD—l ,
ﬁ( )
V, = (VL V2 ... vP2). (7)

Then, a scalar product of two vectors V and W is given by

V-W=VW—yP-iwb-l _y, .w,
= V+W_ +V_W+ _VL . WL' (8)

We note that, in NQS, the momentum of the Wilson line
is specified to be along the minus light-cone direction:

£=(t567.¢,)=(0,1,0,). (9)

However, our covariant calculation does not make use of
this assignment.

We define the following Lorentz-invariant quantities,
which appear throughout our calculations:

Pt = P3,

Pt
P

. d (10)

Since we are interested in analyzing the soft singularities,
we take soft approximations for the interactions of the
gluons with the O and Q lines.' As we have mentioned, we
refer to the Q and Q lines in the soft approximation as
“eikonal lines,” and we refer to the gauge-completion

'In the method of regions or threshold expansion for heavy
quarkonium [10], the complete decomposition of NRQCD
amplitudes involves contributions in which gluon momenta are
in the soft, potential, and ultrasoft regions. At two-loop order, the
diagrams that involve the Wilson line do not contain virtual-gluon
exchanges between the heavy quark and the heavy antiquark.
Hence, contributions from the potential region do not arise in our
calculation. The distinction between the soft and ultrasoft regions
affects the approximations that are used for the gluon propa-
gators. The soft approximation that we have taken for the
interactions of gluons with the heavy quark and heavy antiquark
is valid in both the soft and ultrasoft regions.
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c b
P+ Ek - P
vk
a,a
FIG. 8. Gluon interaction with a Q or QO line.

Wilson lines as “Wilson lines,” in order to distinguish
them from each other. The Feynman rules for the eikonal
lines and Wilson lines are given in Refs. [5,9]. They are
summarized below.

(i) The interaction between a gluon and a Q or Q line to
the left of the final-state cut is shown in Fig. 8. The
propagator for a Q or Q line to the left of the cut is
given by

i
_— 11

and the vertex is given by

_igsﬂe(Ta)bc ?’ (12)

where « is the Lorentz index of the vertex, a is the
color index of the vertex, b and c¢ are the color
indices of the Q, u¢ is introduced to account for
the dimensionality of the coupling constant in
D = 4 — 2¢ dimensions, and the diagrammatic mo-
mentum of the Q line is opposite to the physical
momentum. The rules for propagators and vertices
to the right of the final-state cut are obtained by
taking the Hermitian conjugates of the rules that are
shown. Note that the product of a propagator and a
vertex is invariant with respect to a change of the
scale of P;.

(i) The interaction of a gluon with a Wilson line is
illustrated in Fig. 9. On the left side of the final-state
cut, the Wilson-line propagator is given by

a,b

Ak

C a
—> —>>
(+Fk /

FIG. 9. Gluon interaction with a Wilson line.

—i

—_—, 13
C-k+ie (13)
and the vertex is given by

_gsl’tefafahc’ (14)

where a, b, ¢ are color indices and the f ;. are the
structure constants of SU(3). The rules for propa-
gators and vertices to the right of the final-state cut
are obtained by taking the Hermitian conjugates of
the rules that are shown.” As in the eikonal-line case,
the product of a Wilson-line propagator and vertex is
invariant with respect to a change of the scale of line
momentum Z.

The Feynman rules for the non-eikonal and non-Wilson-
line parts of the diagram are the usual ones. We follow the
conventions in [11], which are consistent with the con-
ventions that we have chosen for the eikonal and Wilson
lines. We work in the Feynman gauge throughout.

We find that our expressions for the diagrams C;, D;, &;,
and F;, which contain one gluon connection to the Wilson
line, differ by an overall sign from the expressions for the
corresponding diagrams in NQS.

I1I. PHASE SPACE

In this section we discuss the covariant phase-space
regulators that we employ and also present convenient
formulas for carrying out the phase-space integrations in
dimensional regularization.

A. Phase-space regulators

Because the eikonal and Wilson propagator denomina-
tors are linear in the loop momenta and the eikonal and
Wilson vertices are independent of the loop momenta, the
unregulated expressions for the LDME are invariant under
a simultaneous rescaling of both loop momenta. This scale
invariance would lead to a vanishing of the unregulated
loop integrations in dimensional regularization. That is,
UV poles from the loop integrations would cancel IR poles
from the loop integrations. However, our goal is to isolate
and calculate the IR poles. We accomplish this by imposing
an additional UV regulator, which breaks the scale invari-
ance of the integrals and guarantees that our results contain
only IR poles.

Note that the sign of the Wilson-line vertex reverses when the
vertex is on the right side of the final-state cut, owing to the fact
that f,,. is anti-Hermitian with respect to the indices a and c.
This is also the case for the color factor for the triple-gluon vertex.
For both the Wilson-line vertex and the triple-gluon vertex, we
absorb these sign changes into the expression for the non-color-
factor part of a diagram, so that all of the cuts of a diagram have
the same color factor.
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In the fragmentation function in which the LDME is embedded, there are restrictions on the final-state phase space that
follow from Dirac 6 functions that express conservation of the light-cone energy:

8¢ (k= Py =Py —ky)],

8[¢ - (k=Py=Py—ky — k),

Here k is the momentum of the parton (gluon) that
fragments into the QQ pair. In the fragmentation function
at a scale of order m,, the light-cone energy that is available
to the final-state gluons, - k' = ¢ - (k — P, — P»), is also
of order mg.

Motivated by this constraint on the fragmentation-
function phase space, we impose a UV cutoff on the phase
space of the LDME. In NQS, there is also a UV cutoff on
the phase space of the LDME. It is imposed as a hard cutoff
on Z - k' (and on the remaining components of k). We find
it calculationally more convenient to provide a cutoff of
order mg on £ -k’ by applying a weight function to the
available light-cone energy 7 - k'

A2

w(f-k)zm,

(16)

where A is a cutoff parameter of order mg. Then,
integrating over the constraints in Eq. (15), we obtain

AZ
20 ky + A2

(17a)
|

7 e i wpste - (- k) =

when the gluon with momentum k, is real,

when the gluons with momenta &, and k, are real. (15)

[
when the gluon with momentum k, is real, and

/w d(E - KYWw(E - K)S[E - (K = ky — ky)]
0
A2
T2 (ky + ky) + A2 (170)

when the gluons with momenta k; and k, are real. We call
the factors on the right side of Eq. (C17) our standard
phase-space regulators. For some parts of the calculation,
as we will explain later, we will find it necessary to impose
temporarily additional UV regulators in order to ascertain
the IR or UV nature of poles in e.

B. Phase-space integration

In computing the phase-space integration for the final-
state gluons, it is convenient to extend the range of
integration to infinity, relying on UV regulators to remove
UV poles. Then, we obtain the following phase-space
integration formulas:

T2 - 1(s—D+2)

1 1
PS - )
l (2p-k+M? Lie)*  (4n)P2T(s)(p° + |p| & ie) /D=1 (p° — |p| £ ie)P/D~1(M? + ig)s~DP+2

(18a)

( JI(s—D+1)

/PS ka _ pa
v (2p-k+M?*Lie)  (4n)P2T(s)(p° + |p| & ie)?/

where p? is the temporal component of p, p is the vector of
spatial components of p, and we define the measure of the
phase-space integration as

/PS

In all of the calculations in this paper, we have arranged
the parameter integrations so that p°+ |p| >0 and
p° — |p| > 0. In this case the first two denominator factors
in Eq. (18a) can be written as (p?)?/2~! and the first two
denominator factors in Eq. (18b) can be written as (p*)P/2.

)O(KY). (19)

2(p° |p| + ie)P2(M2 = i)™ (18b)

[
The derivation of the formulas in Eq. (18) is given in
Appendix B.

IV. ANALYSES OF THE DIAGRAMS

In this section, we outline our calculations for the various
classes of diagrams.

A. Method of calculation

Our general method of calculation is as follows.
For the Abelian diagrams, we carry out the k; integration
first, holding k, fixed. We control UV divergences by
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imposing our standard phase-space regulators and, in
some cases, temporarily impose additional UV regulators
in order to determine the IR or UV nature of the poles in €.
We first combine the denominators by using Feynman
parameters that run from O to 1 to combine denominators
that have a common term involving k; and by using
Feynman parameters that run from O to oo to combine
the remaining denominators. We then carry out the inte-
gration over ki, using standard formulas of dimensional
regularization if k; is virtual and using Eq. (18) if k; is real.
We identify the singular regions of the parameter integrals
and isolate these as integrations over a single parameter,
either by rescaling the parameters that run from 0 to oo or,
in a few cases, by using sector decomposition. We then
expand the integrals around the singularities by making use
of formulas such as

1 1 1 1
Tfac — ——5()6) + |:_:| - a€|: ng:| + 0(€2)7 (20)
x ae x|, x |,
which applies when the domain of integrationis 0 < x < 1.
Here, the plus distribution [g(x)], is defined by

/0 e f )y, = / df(x) - FO)]g(x), (1)

for a regular function f(x) in x € [0, 1]. However, we avoid
expanding factors involving k, in powers of €, as the
complete € dependence of these factors is needed to find the
coefficient of the soft pole from the k, integration.

We find for the Abelian diagrams that the k; integrations
for the sum over a class plus Hermitian conjugate are IR
finite when &, is fixed.® In some cases, there are UV poles
from the k; integration. The IR finiteness of the k;
integration when k, is fixed is expected on general
principles because the sum over cuts in a class is sufficient
to effect a unitarity cancellation of singularities that occur
when k; is soft relative to k, or k is collinear to 7.

Some of the contributions from the k; integration
remain finite as k, goes to zero, and these can be considered
to be SDCs that multiply possible one-loop IR poles from
the k, integration. In the cases of diagrams C and &, there
are contributions that become singular as k, goes to zero,
and these yield two-loop IR-divergent contributions to
the LDME.

Once we have evaluated the k; integration, we can
carry out the k, integration straightforwardly by combining
denominators with Feynman parameters and using Eq. (18)
to carry out the phase-space integration. The remaining
parameter integrals are easily reduced, by using expansions
of the type in Eq. (20), to elementary integrals.

3This is true for a part of the contribution of the diagrams 3;,
while for the remainder, the k, integration with k; fixed is IR
finite.

In the case of the non-Abelian diagrams, the k; integra-
tion for the sum over the class plus Hermitian conjugate is
no longer IR finite when k; is held fixed. In this case, as we
will explain, the unitarity cancellation requires that one
carry out the k, integration, as well as the k; integration.
Therefore, for the non-Abelian diagrams, we combine
denominators involving both k; and k, using Feynman
parameters that range from 0 to 1 or from 0 to oo, as
outlined above. We then carry out the k; and k, integra-
tions, isolate the IR singularities in single-parameter
integrals by using rescaling or sector decomposition, and
evaluate the IR poles by using Eq. (20).

In most cases, we have checked the results from direct
integration of the parameter integrals by using the Mellin-
Barnes representation to decompose a denominator so as to
obtain parameter integrations that can be carried out in
terms of beta functions. We then evaluate the Mellin-Barnes
integrations by isolating poles in ¢, using the methods of
Tausk [12] or Smirnov [13], and computing the remaining
finite integrals as a sum over residues in the complex plane
of Mellin-Barnes integration variable.

B. The one-loop IR contribution to the LDME
The color factor of the O diagram (Fig. 1) is given by
Te(T,T,) Te(T,T)) 84y N2 -1

vN. VN, 4N, 4N, °

The expression for the diagram O, with our standard
phase-space regulators in Eq. (17), is given by

Corire = (22)

4¢%a A?

OF 1P — sd MZE/ PS .

(P! o (2P1ky) (2P k) (26 ky + %)
(23)

Combining the denominators by using Feynman parame-

ters and carrying out the k, phase-space integration by

using Eq. (18), we find that

'u2e/ PS A?

k (2P1 ky) (2P, - ky) (26 - ky + A?)

/ diy / dis

X PS
lz [2k; - (f+/12P1 + 43Py) + A7

— ﬂ2eA2

ZP\ ¢
< At ) eeT(1 4 2e)I'(1 = 26)(1 + ¢€)
(477,')2P% 2€IR

oo 1
XA d§A1+eB—2e
1 1 log(a+Va*-1)

B _( 4r)*P} 2 a* -1 +0(e). @)
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where ji*> = 4nu’e e, v, is the Euler-Mascheroni con-
stant, and we have made change of variables A; — &4,,
carried out A, integration in terms of the beta function,
introduced the definitions

A=E +2af+1,

351-%§; (25)

If we expand Eq. (26) to leading order in ¢, then it agrees
with the expression in Eq. (38) of Ref. [5], aside from the
color factor, which has been dropped in Ref. [5].

C. A, diagrams

We do not need to evaluate the momentum integrations
for A; diagrams, as the color factors vanish:

Tr[TaTb] Tr[TCTd] faaefcec
CAf’ij = \/]TC \/]TL SaveS cea = 4N, =0.
and carried out the & integration by using Eq. (A9). 27
Then, taking into account the color factor in (27)
El()] .(22) and summing over the gluon attachments, we D. BB; diagrams
obtain
The color factors of the 5; diagrams are given by
2 2 Tr[TeT?] T[T T
O= ZZ COP]»P/( OP;Px CijPk - \/]Tc \/ITC fcbefdae
J=1 k=1
fcaefcae Nc(Nz_l)
a, N2—1 4 . alog(a+Va*-1) 0@ =TUN. 4N : (28)
=|———|1- € . ¢ ¢
4r 4N, er a’—1 IR . PPy o .
The Feynman amplitudes for the 53;'"* diagrams with our
(26) standard phase-space regulators are given by
|
16g%A*cd 1
Bflpz — %M%/ PS / PS -
(PY) b 2Py ky)(2€ - ky) Jr, 2Py -ky)(2€ - k)[2C - (ki + ko) + A?]
BIPr 16igiA%cd 45/ p 1
’ (P~ b (2P k)20 ky + A?)
o / dPk, 1
(27m)P (2P - ky + ie)(=2¢ - ky + ie)(k? + ie)[2¢ - (k| + ko) + ie]’
B 16igiA*cd . / PS 1
’ o (2P k)26 -k +A)

P2 "

Pk,
x / 22)P (2P, - ky — i€) (=2 - kr — i6) (K2 — i€)2¢ - (ky — ko) — ie]”

where ¢ and d are defined in Eq. (10) and we have
suppressed unnecessary ie’s in the denominators.

1. IR finiteness of the k, or k, integration

We wish to establish that, for a certain combination of
the B;, the integration over k; with k, fixed is IR finite,
while for the remaining part of the 13; the integration over
ko, with k; fixed is IR finite. For this purpose, we
temporarily impose additional regulators to control all
of the UV divergences.

It can be seen by power counting that our standard UV
regulators render the integrations over - k; and ¢ - k, UV
finite. However, there are still potential UV divergences
that could arise from the integrations over the other
components of k; and k,. In order to control these

(29)

|
divergences, we introduce the following additional UV-
regulator factor:

A/4-
(2Py ki + A?)(2Py - ky + A?)’

(30)

where the cutoff A’ is of order m,. We denote the 3; into
which we have inserted this UV-regulator factor by Bj[ge,-

The B; contain rapidity (collinear) divergences that are
associated with the vanishing of the denominators of
Wilson-line propagators.4 We expect these divergences to

“With appropriate deformations of the k; integration contours
into the complex plane, these can be considered to be collinear-
to-Z divergences. See, for example, p. 291 of Ref. [14].
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cancel, because of unitarity, in the sum over cuts of the B,-.S We can separate the parts of 53; that contribute
to the cancellations of the rapidity divergences in B, and 3; by making use of the following partial-fraction identity
in Bf'P2|Reg:

1 1 1 1
= - - . (31)
Then we can write
Bflpleeg = Bftipleeg + BfllP2|Reg7 (32)
where
B gy = SO AT o / PS !
¢ (P1)~? b (2P ky)(2Py - ky + A7)
x 25/ PS !
PR RP kNP8 k)RE - (k- ko) el (K k) AT
16giA°AN*ed 1
BPle o = s 2¢ / PS
15 lrey D7 " Jo TP k)P ki + A
1
X 26/ PS . 33
K ) TS Py )2,k NDGE k)R (b k) 4 i€l (k) + A )
In Appendix C 1, we show that the k; integration with k, fixed in Bi‘lpz Reg T B;‘PZ |Reg 18 IR finite. We also show that the

PP,
la

integrand of B} [gee + B |Reg 15 the Hermitian conjugate of the integrand of B |Reg + By Reg With ky <> ky. Tt

then follows that the &, integration with k; fixed in Bfgpz lReg T+ Bg‘ P2 |Reg 18 also IR finite. We note, for use below, that it also

follows that B}2"" 4 BY*"1 is the Hermitian conjugate of B}'"* + B4,

2. Computation of the diagrams

PPy
la

Having established that k; integration with k, fixed in B, ;" * [y + B§ 1Pz |Reg 18 IR finite and that the k, integration with &,

fixed in be‘PZ|Reg + B§ ‘PZ|Reg is IR finite, we can remove the extra UV-cutoff factor (30) without introducing any
ambiguities in dimensional regularization.
Carrying out the k; integrations, we obtain

gri OGN o cn 1 4 2o (e)T(1 — 26) g / PS !
e (4m)2(P})~1(2¢) 12 b (2Py-ky)(2C - ky + A?)
1 e—iﬂ(1+2€) 1
X/ d)’{ +2¢ ~ 2 j ‘+2€}’
0 (27 - ky)] (1 =9)(2C  ky + A°) =y(20 - ky) + ie]
] 16g*A*cd e e
B = e (e (1 4 26T (1 =20
1 1 1
X 26/ PS / d . 34
A SRSy o) Sl e 4

Then, combining Bfa‘PZ and Bg P2 in Eq. (34) and carrying out the y integration, we find that

’In general, one must sum over all cuts of a diagram in order to effect a unitarity cancellation. However, in the case of divergences that
arise from the vanishing of specific propagator denominators, it is necessary only to sum over all cuts of the singular denominators.
Other propagators are relatively far off shell and can be contracted to a point for the purpose of evaluating divergences.
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16gtA%cd 2 p2ye eeT(1 + 2e)I(e)T(1 — 2¢) 1

PiPy | PPy _ 2 P
Bla + 5, (471')2<P%)_1 (20)1—26 (,M 1) ¢ K ﬂz S (2P2 . kz)(ZK ~ky + A2>

1 e—2me 1 —2ine 1
_ . 35
X{<zf'k2>l+2f+<4f'k2+A2> (27 k) <2f~k2+A2>26]} G3)

Carrying out the k, integrations and expanding the resulting expression through O(e~!), we have

BPP: L PP 44} <ﬁ2P%> 25(4“1)26 20 (1 +2e)T2(e)T(1 = 2€)T(1 + 4e)[(—4e) (1 — %)
e > (4o 2¢
4g3 2P\ 2 (4cd)* e2eT(1 4 2€)T% () (1 — 2€)T(1 + 4e)
)+ A? 4e

(
1 1 r(1-2e) [1 x%€
—2izep (1 — 4e) / dx - / dx }
{ (lﬂ)1+4e (1_|_2€) (%)1+4e

g (ﬁzﬂ)ze {_fc 2 2mlog(cd)+8mlog2+‘%log(4cd)+8§( )+2mlog2(16cd)+%}
A4 3 2 ’

(4m)* € €
(36)
where {(z) =) %, n~* is the Riemann zeta function. It is easily seen, from the Feynman rules, that
B+ B = (B + B
B+ B = —(B" + B
B{ZPZ + BP2P2 = _(BIIJLIzPZ + BP P2>|c—>d' (37)
Then, we have
. <ﬂ2P%> 2e
2 I\ A7) 4 2¢
pP.P P.P, lﬂlOg i
By, " +8B,") = + 0("). (38)
22 Bl + B =

Since, as we have noted at the end of Sec. IVD 1, Bng‘ + B§2P‘ is the Hermitian conjugate of Bfa‘Pz + B§1P2, we find that

2 2
SN B+ BB+ B = 0(0). (39)

=1 k=1

That is, there are no poles in the sum over the B; diagrams.

E. C; diagrams
The color factors of the C; diagrams are given by

Tr[TaTbTC] Tr[TaTd] (dabc + ifabc)fabc lNc (N% B 1)
Cerrs = Conim = N N Sbea = SN, =+ sV,
Tr[TuTb ] Tr[Td ] ( abe T ifuhc)fuhc lN((N% B 1)
CCII_)ZPI = CC:)ZPZ = \/—L \/— fadb 8NC = - SNC . (40)

The expressions for the C; diagrams with our standard phase-space regulators in Eq. (17), are given by
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ohPr 16igﬁ,u4€A2ac/ S 1 / PS 1
] (P~ b (2P ky)(2Py k) Ji, 2Py (ky + k)|(26 - k)28 - (ky + kp) + A7)
oPPr 16g§,u4€1\2ac/ PS 1 / dPk, 1
: (P Jio (P k)(2Py k) (20 - ky + A?) ) (20)P 2P - (ky + ky) + i€][2€ - (—ky) + ie] (k7 + ie)

(41)

where a and ¢ are defined in Eq. (10).

1. IR finiteness of the k, integration in C; and C,

It can be seen by power counting that our standard UV regulators render the integration over - k; UV finite. However,
there are still potential UV divergences that could arise from the integrations over the other components of k. In order to
control these divergences, we introduce the following additional UV-regulator factor:

A/Z
2Py - (ky + ky) + A

(42)

We denote the C; into which we have inserted this UV-regulator factor by Ci|ge,-

The k; integrations of the individual C; diagrams contain rapidity (collinear) divergences, which arise when the
denominators of the Wilson-line propagators vanish. We expect these divergences to cancel, by unitarity, in the sum over
cuts in the C;.

In Appendix C 2, we have carried out the k; integrations of CJID‘PZ|Reg and C51P2|Reg. The results are

g u%e 2Py A2
ChPr 4 D P, = M/ Liog(t) + 0(e)
1 2 IReg (4n)2(P))" Ji, " (2P - ky) (2P, - ky) (2 - Ky + A?)
Bigu*Aa / ps__ar 08CHRE) + O(e)
ky (

(4r)*(P})~! 2P - ky) (2P - ko) (2€ - ky + A?)

(43)

PP PP
where the first term comes from C}'"* |, and the second term comes from C, "

poles in e that arise from the rapidity (collinear) divergences.

|Reg- We see the explicit cancellation of the

2. Computation of C, and C,

Having established that the k; integration with &, fixed in Cf'PZ lReg T Cg 1Pz |Reg Plus Hermitian conjugate is IR finite, we
can remove the extra UV-regulator factor in Eq. (42) without introducing any ambiguities in dimensional regularization.
The expressions for the diagrams are given by

16igiA%ac ,,

1
ey = PS cr,
! (P a /(z (2P - k) (2P, - ky) 5
1643 Aac 1 PP
CPle _ _Jstr 2€/ PS chbr, 44
A A O A 1T YN [V e R 4

where the k; integrations of Cf‘Pz and C§ "2 are defined by

1
CPIPZE Ze/PS ’
LT LR (e + k)| 2F k)22 (K + k) + A7)

CP]PZE 25/de1 1
? 2m)P 2Py - (ky + k) + i 20 - (=ky) + ie] (k] + ie) |

(45)

Introducing Feynman parameters and performing the k; integrations, we obtain
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orre_ L _PPYS e I(1+20)0(1 —¢) /w 0 I
! 2¢ (47)2(P?) oy o ATy 4 2¢) (K + Ky) TP
i (*P?)¢ eeT(1 + 2e)(1 — 1
C§]P2 - i 21)2 St —+2 6)2 Sl ¢ (46)
4c (4z)*(PY) e~ el K3¢
where we define the k,-dependent denominators K; and K, as
Kl = 2P1 N kz,
K, =20k, + A2 (47)

Then, carrying out the 4; integration in Eq. (46) by using the formula in Eq. (A8) and inserting our results for CP 2 and
™ into Eq. (44), we find that

PP, P\ P, 8igia in ﬁzlﬂ
Ci"+C) :W —EU—V—HT —irlog + O(e)

‘ (A2)l+2€
X”%/ PS % 2
k (2P k) (2P - ky)(2P; - ky)(2€ - ky + A7)

P2 (2¢ > P%(2c)?
8igta R L e R

o 0
@R(P) T 2, T8 T 2epy 4 +0(e)

, (A2)1+2€
€ PS .
o Az (2P| - ky) (2P, - ky) (2€ - ky + A?)1 %

(48)

In Eq. (48), the factor (2P, - k,)* in the denominator of the first integrand arises from the k, integration. It has an IR
sensitivity, in that it becomes singular when k, goes to zero. It affects the strength of the IR pole that will appear in the &,
integration. Consequently, all of the contributions from the first set of brackets in Eq. (48) should be regarded as IR in
nature, except for the UV pole. However, this UV pole has an imaginary coefficient and cancels when we add the
Hermitian-conjugate contribution. The factor (2Z - k, + A?)'*%¢ in the denominator of the second integrand in Eq. (48) also
arises from the k| integration. However, in this case there is no IR sensitivity because this factor is finite as k, goes to zero.
Consequently, all of the contributions from the second set of brackets in Eq. (48) are UV in nature.

Combining denominators in Eq. (48) by using Feynman parameters and carrying out the k, phase-space integration by
using Eq. (C18), we find that

(A2)1+2¢
:“26/ PS 172 2
% (2P - ko)1 T2 (2P, - k) (26 - ky + A?)

3 + 2¢) 23¢
— 2€ AZ 1+2e / di / di / PS 2
K ( ) + 26' 2 3 ky 2k2 Z/ﬂ + 12P1 -+ /13P2) —+ A2]3+26

_1 (26‘)46 qup% eEVEF( + 46) (1 - 46) ( + 36)/ df 1
4 (471')21)% A4 €IRF(1 + 26) A1+3€B_4€

1 1 o 1
=————— [ dé—+ 0(c), 49
(47)*P 4€IRA ‘A () (492)

and
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(A2)1+26
“26/ PS Nit2
b (2Py - ky) (2P, - ky)(2€ - ky 4 A7) 3¢

(3 + 2¢) 1
= p*¢(A? 1+2€/ d / d /PS
H 142 ’ Yo 2ky - (€4 Py + 1Py) + A2

1 (20)% (*P3\€ eI (1 +4e)T(1 + €)T'(1 — 2¢)
) < ) / d§A1+eB 2e

2(47)*P3 \ A* erI(1 + 2¢)
1 1 o 1
= dé—+ 0(eY), 49b
(477:)2P% 2€IR/0 éA + <€ ) ( )

where we have made change of variables 1; — £4,, carried out 4, integrations in terms of the beta function, and used the
definitions of A and B that are given in Eq. (25). It can be seen from Eq. (10) that @ > 1. Then, the £ integrations in Eq. (50)
can be carried out by making use of the formulas in Eq. (A9). The result is

chi: 4 chP — 193 2n* 27° alog (a + Va* - ) 0<€0)}
(4”)4 €R a’—1 IR
3ﬂ2 IOg |:~2P 2(2¢) } 10g2 [ﬁsz\(AZC)Z}
—+ + + 0(e)
€UV 4 €uyv 2
uv
i [- g 2alglatva-1) )] (50)
(4”) €IR Va2 -1 R

where we have omitted imaginary contributions, which cancel when we add the Hermitian conjugate. The subscripts “IR”
and “UV” are reminders of the origins of the contributions. The factor labeled IR in the first term is a two-loop contribution
to the LDME. The factor labeled IR in the second term is the one-loop contribution to the LDME (absent its color factor),

which is computed in Sec. IV B. The category UV includes all IR-finite contributions, as well as UV-divergent
contributions.

P;P o .
We can find all the other C;”"* contributions from the relations

Cf2P1 + ngp] = (CP P2 4 CP P2)|c<—>d’
CflP] + C§]P' = —(Cf i + Cg P2)|d—>c,a—>1’

CIIJZP2 + C§2P2 = (Cflpz + C§1P2)|c—>d,a—>l‘ (51)

Taking into account the color factors in Eq. (40), we obtain

2 2 T4 2 2 2
PP, g N.(N:—1)4n alog(a+Va*-1)
Re(L DY cnel) = - [ LN _closled VEZ) 4 )]

€IR a-—1

g (1 ae ] e e
= +

- B 0
(4n)* 2 | ety 4 €yv 4 +0(e)
L uv
[ g2 N2-14 alog(a+Va*-1) 0
X (4n)? AN, em 1- > +0()] (52)
(47) ¢ IR a-—1 IR

where we have kept only the real part because the imaginary contributions cancel when we add the Hermitian-conjugate
contribution.
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F. D; diagrams

The color factors of the D; diagrams are given by

Tr[Ta ThTC] Tr[Ta Td] (dabc + ifabc)fahc o lNL (N% - 1)

Crr, =Cpip, = chd = — = s
Dtz = Fpnh VN. /N, Feva 8N, 8N,

C r,py, = C._pp, = Tr[TaTch] Tr[Tch] _ (dabc + ifabc)fabc =+ iNc(Ng - 1) (53)
Di2 1 D[_Z 2 \/]TC \/]TC abd 8NC SNC :

The expressions for the D; diagrams with our standard phase-space regulators in Eq. (17), are given by

PP 16ig§u4€A2ad/ PS 1 / PS 1
: (P~ b (2P k)(2Py k) Ji, T (2Py - ky) (26 k)20 - (ky + k) + A

e _ 166N 2ad / 1 / Pk, 1 |
: (P S (P k)(2Py k) (26 - ky + A?) ) (27)P (2P, - ky +ie) 24 - (=ky) + ie] (kj + ie)

(54)

1. IR finiteness of the k, integration in D; and D,

As in the case of the C; diagrams, it can be seen by power counting that our standard UV regulators render the integration
over k; UV finite. However, there are still potential UV divergences that could arise from the integrations over the other
components of k. In order to control these divergences, we introduce the following additional UV-regulator factor:

A12
. 55
2P, -k + A? (53)
We denote the D; into which we have inserted this UV regulator factor by D;[ge,-
The k; integrations of the individual D; diagrams contain rapidity (collinear) divergences which arise when the
denominators of the Wilson-line propagators vanish, and also contain soft divergences. We expect these divergences to
cancel, by unitarity, in the sum over cuts in the D,.

In Appendix C 3, we have carried out the k; integrations in D, g, and D, The results are

‘Reg'

2 p?
ﬁ + 5e-log <”A,4'> + O(€%)

2P, - ky) (2P - ky) (26 - ky + A?)’

. "'ZPZ
ﬁ + ﬁ {2171 + log <%>] + 0(€%)

81'94/426/\2(1
D ey = (gt | PS
N COR R

Bigiu*A%a
DPIPZ L / PS 56
2 e (4n)*(P})~" i, (2P - k) (2P; - ky) (20 - ky + A?) 0
Combining the results for the k; integrations of Df‘Pz and D§1P2, we find that
Sigtu*an? [in 1
DP1P2+DP1P2 =2 " |10 /PS . 57
1 2 |Reg (471')2(P%)_] R ( ) b (2P1 . kz)(zpz . kz)(2f ~ky + A2) ( )

We see that the real double and single poles cancel in the sum over cuts, leaving only an imaginary pole that cancels when

we add the Hermitian conjugate. Hence, we find that the k; integration with &, fixed in ’Df‘PZ + ’D; 1F2 plus Hermitian
conjugate is IR finite.

2. Calculation of D, and D,

Having established that the k; integration with k, fixed in Df‘Pz + Dg‘PZ plus Hermitian conjugate is IR finite, we can
remove the extra UV-cutoff factor (30) without introducing any ambiguities in dimensional regularization. That is, we can
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assume that any poles that we encounter in the final result for the sum over diagrams are UV in origin. We note that, as

can be seen from Eq. (54), the k; integration in Dg‘Pz, without the additional UV regulator in Eq. (55), is scaleless and
vanishes in dimensional regularization. That is, the IR and UV poles cancel. Therefore,

16igiA%ad .

1
DP|P2 +DPIP2 — DP}PQ — u / PS D , 58
: ? : (P o (2P1ky)(2Py k) 58)

where D; is given by

1
D, = 26/ PS
TP k) k)R (k) + A7)
_ 2T (3) / " / " di, / PS : -
0 0 ko RMPy -k + 2000k 428 - (ky + k) + A
L (@R enT(1 4 2e)1(1 - ¢) 1 /oo , 1 (59)
"~ 2d(4n)2P? oy (2€ -k + A2)1F2€ "Ale( 4+ 2d)
The A, integration can be carried out exactly to obtain
PP L pPPr _ _ 8igia [ﬁzP%(zd)z]e ee (1 +2e)l'(1 — 2e)I(1 1 ¢)
: ? @n)? (P~ [ A 2ety
‘ A2 1+2¢
X'“26/ PS ) 142
b (2P ky)(2Py - ko) (28 - ky + A7)
~2P2 2d2 ~2P2 2d2
Siga_ | 1 32 +1°g[”k(4 /] | log? =] + 008
_ - €
(47[)2(P%)_1 26%\/ 8 2€UV 4
A2)l+2€
X 26/ PS ( ) 60
g b (2P k) (2P k) (24 - ey + A2)'H3€ ©0)

The k,-dependent denominator factor that arises from the k; integration, (2¢ - k, + A?)'*2¢, is nonsingular as k, goes to
zero. Therefore, we conclude that the entire contribution from the k; integration is UV in nature.
Making use of the formula for the k, integration in Eq. (50), we obtain

PR 2 PR
e 1 3722 log[ AF } log [ A }
pPP2 L phiPr LYs - o0
! + 2 (471')2 EIZJV 4 + €uv 2 + (6)
L uv
[ 2 2 al Va* -1
x-S =1 cglatva =1 o) . (61)

(47)” e Var-1 R

Here, as we have mentioned, the subscripts IR and UV on the brackets indicate the origins of the contributions, and the
factor labeled IR is the one-loop contribution to the LDME, absent its color factor. At this point we should, in principle,
discard any imaginary contributions, since our proof of the IR finiteness of the k; integration with k, fixed was valid only

for Df‘PZ + Dg‘PZ plus Hermitian conjugate. However, the expression in Eq. (61) contains no imaginary parts. [The
imaginary IR pole in D§ IPZ|Reg in Eq. (56) is also present in Dg P2 but it cancels against an imaginary UV pole.]

The relations in Eq. (51) also hold for the Df-)j P, Taking these relations into account, along with the color factors in
Eq. (53), we obtain
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(4cd) 2 [P} ( c)? 1(2d)
2 2 2 > lo lo + log
PP, Js Nc 1 3n g|: i| £ |: } |: A4 ]
Re Cprir Di”)—— S5+ + + +0(e
Xy o) —ligy ot T ; @
uv
2 N2-14 1 Va*—1
x[ g5 e <1—“°g(a+ ¢ ))+0(e0)] . (62)
(4”) 4Nc €IR V a2 -1 IR
G. &; diagrams
The color factors of the Efj i diagrams are given by
Tr[T,T,T.| Tr[T, T, iN.(N?-1)
CS:)IP2 - CS;DIPI - \/]T \/— Saca = _S—JVC’
T[T, T,T.| Tr[T,T ] iN.(NZ - 1)
Csf’z"' = Csfz"z = JN. JN. fade = +Tc~ (63)
The expressions for the &; diagrams with our standard phase-space regulators in Eq. (17) are given by
16ig*Aac 1
Poris Lic s ﬂ2€ / PS
l (P17 (2P, - kz)
16g*Aac 1
gPle _ s Ze/ PS E 64
(P} (2P, k)27 kT A0 2 (64
where
E, = ,uze/ PS !
1 o (2P k) Q26 k)[2P - (ky + k)][2¢ - (ky + k) + A]
dPk 1
Ezfllze/ 5 . . — . (65)
(27m)° (2P, - ky + ie)[2C - (=ky) + i€][2P, - (ky + ky) + ie] (ki + ie)

It can be seen by power counting that the k; integrations of the individual diagrams are rendered UV finite by our standard

phase-space regulators. There is no need in this case to introduce additional UV regulators.

The k; integrations of the individual &; diagrams contain rapidity (collinear) divergences that arise when the
denominators of the Wilson-line propagators vanish. We expect these divergences to cancel, by unitarity, in the sum

over cuts in the &;.
Applying Feynman parametrization to Eq. (65), we obtain

[ 1 1 j.
—2€F4/d/1/d/d/PS 1 :
) ! g Y b 2k (€4 A Py) + 204 YPy - ky + 2xC - ky + XN

. de1 A
SF dﬂl dﬂz dx 5 T
k + 2k1 (/11P1 - lzf) + 2/11XP1 . k2 + ZE]

Then, carrying out the k; integration and the parameter integrations, except for 4; integration in E;, we obtain

o _ L (@PY eersr(lJrze)r(l—e)i/ood/1 1 L 1

: (2¢) (4n)*(PY) €R K, D+ 2007 KT (WK Ko) ]
b i (PP e T(14200(1=¢) 1

27 4¢ (47)2(P?) e 2ineek, K%+2€’

where K| and K, are given in Eq. (47). The first 4; integration yields
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o 1 1 2¢)% [T(=2eR)T(1 +€) T(eyy)l(1—2e
/ d/ll — —— — ( 16-226 |: ( IR) ( ) T ( UV) ( ):| (68)
0 M(A +2¢)° K, K, I'(l—e¢) I'(l—e¢)
The second 4; integration is given in Eqs. (A8). Then, we obtain
1 (B?P?)e 1 1 522
Ey=—— - ="+ 0(e, K, /N?)|,
T A @R (PO KK, | g 12 (. K1/A5)
i (@PhHe 1 [1 2z 192°
E,=— "1/ —+ = ——— 1+ 0(e¢)]. 69
27 4c (4m)*(P}) K1 |efy + er 12 +0(e) (69)

The denominator factors K }+2€ = (2P, - ky)'*%¢ become singular as k, goes to zero, and so all of the terms in this
expression yield IR contributions. Inserting these results into Eq. (64), we find that

8ig4a /72P2 elin (A2)1+2€
gt e8P = : L) | == =722+ 0(e,2P, - ky/ N 2€/Ps :
T T Gy T VAT o T ORI | P Gp b, k)2t 1 AY)
(70)
Making use of the formula for the k, integration in Eq. (50), we obtain
igt 2n%alog(a+Va>—1)
ghbr 4 PPy 1gs =m~ O(e , 71
1 + 2 (471,)4 €IR Cl2 1 + (€ ) - ( )

where we have dropped imaginary contributions that cancel when we add the Hermitian-conjugate contributions.

The relations in Eq. (51) also hold for the ngfp". Taking into account these relations and the color factors in Eq. (53)
we obtain

Re(i: 22: 22: Cgipjpksffpk> _ L g Ne(Nei-1)dr (1 _alog(at m)> + 0(60):| ~ (72)

i=1 j=1 k=1 4m)* 8N, €IR a*>—1

H. F; diagrams

Now we turn to the calculation of the non-Abelian diagrams f”P".
The color factor of the F ij" diagrams is given by

Tr[TaTb] Tr[Tch] _fabcfabc - _ NC(N% - 1) (73)

\/ZTC \/]Tc faecfbde = 4Nc 4Nc .

C]__{{,Pk =

We note that our expression for the color factor of the non-Abelian diagrams differs by a factor of (1/1/N)? from the color
factor that is given in Eq. (16) of Ref. [9] because the factors 1/+/N, from the color-singlet projectors were omitted in
Eq. (16) of Ref. [9].

The expressions for the 5" diagrams, with our standard UV phase-space regulator in Eq. (17) are given by
P i g

1 N
FDPr = gt yte A2 / PS / PS A ,
: k, kh  (2Py ko) 2Py - (ky + k)] (2€ - ky)[(ky + ko )?][22 - (ky + ko) + A?]

(74a)

1
Fy' = 8ig! 4€A2/ PS
2 sk & (2P ko) (26 Ky + AY)

dPk, Ny
X / (2m)P 2P, - (ki + ko) + ie](=2¢ - ky + ie) (k3 + ie)[(k; + ky)? + ie] (74b)
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The numerator factor Nz is given by
N]: - PTKMP%VU,M(I(I + k2, —kl, —kz), (75)

where V

s 18 the triple-gluon vertex

vﬂ1ﬂ2M3 (‘]1 142, Q3) = (‘]1 - q2>ﬂsgﬂ1ﬂz + (qz - q3>ll|gﬂ2ll3 + (Q3 - QI)ﬂngMl ’ (76)

with all momenta ¢; flowing into the vertex.
The numerator factor can be written as

Ny = (P, -€)(Py-ky) + (Py- £)[Py - (ki + k)]
= (Py-Py)(€ ki) =2(Py- £)(Py k1) +2(Py - £)(Py - ki) = 2(Py - P) (€ - k). (77)

The first two terms on the right side of Eq. (77) cancel the eikonal-propagator denominators P, - k, and P; - (k; + k,),
respectively, resulting in expressions that are independent of P; or P,. These expressions cancel when we sum over gluon
connections to the quark and antiquark lines. (This is a manifestation of the graphical Ward identities.) Therefore, we drop
these terms in the numerator and use a modified numerator factor

Ng=—=(Py-Py)(€ ki) =2(Py- €)(Py - ky) +2(Py - €)(Py - ky) = 2(Py - Py) (£ - k). (78)
It can be seen from power counting that the individual diagrams F f‘PZ are UV finite with respect to the k; and k,
integrations. UV divergences that might occur when the component of k; or k, that is parallel to # becomes large cancel
because the terms in the modified numerator factor N ~ [Eq. (78)] that are proportional to k; vanish when k; is proportional
to 7.

The k; and k, integrations contain IR divergences that arise from several sources: (i) the rapidity (collinear) divergence
that occurs when the denominator £ - k; vanishes, (ii) the divergence that occurs when k; is collinear to £ and k, is collinear
to ky, (iii) the divergence that occurs when k; is collinear to k,, (iv) the divergence that occurs when k, is soft relative to k»,
and (v) the divergence that occurs when both k; and k, are soft. These divergences can produce poles up to order 1/e* in the
original individual diagrams, which occur when k; and k, are both soft and collinear to £. However, our use of the modified
numerator factor N [Eq. (78)] eliminates these 1/e* poles because Nz vanishes when k; and k, are proportional to Z.

We expect all of the remaining divergences to cancel by unitarity in the sum over diagrams, except for divergence (v),
which is the object of our calculation. In comparison with the unitarity cancellations that we found in the Abelian case, the
unitarity cancellations in the case of the F; diagrams are rather involved. In particular, when k; is soft or collinear to k,, the
cancellations involve the Hermitian conjugate of the original diagram with k; <> k, and P; <> P,. Rather than attempting
to identify and implement all of the individual unitarity cancellations, we simply carry out a straightforward evaluation of
the diagrams and cancel poles in the sum over diagrams. This approach leads to rather complicated intermediate expressions
that contain poles of orders 1/e® and 1/€? that cancel to leave a final result of order 1/e.

1. ]:ll”le diagram

Using Eq. (74a) with the modified numerator factor in Eq. (78), we obtain

F1P = =8[(Py - Pyt + 2(Py - £)Py = 2(Py - €)Py] ) = 8[2(Py - P,)E), Fi, (79)
where
F4 = p*A? / PS / PS al
H Ky kh  (2Py-ko)[2Py - (ky 4 k)] (27 - ky) (ki + ko)2[2€ - (ky + ko) + A?]

ka
Fiy = p*n? / PS / PS . ,
12 & kh  (2Py-ky)[2Py - (ky 4 k)| (27 - ky) (ki + k)2 [22 - (ky + ky) + A]

(80)

Note that any terms in F¢, and F¢, that are proportional to £“ vanish upon contraction with the associated factors in
Eq. (79). It is this property that eliminates the contributions of order 1/e*.

096011-20



COVARIANT CALCULATION OF A TWO-LOOP TEST OF ... PHYS. REV. D 101, 096011 (2020)

Applying Feynman parametrization to Eq. (80), we obtain

Fo = p*A2T(5) /°° i, /°° iy /°° dis /°° d/14/ PS/ PS
0 0 0 0 ky ks
k{l
2k - (ky + WPy + Jal + af) + 2ky - Py + AsPa + Jaf) + a2

Fo, = p*A2T(5) / di, / d, / dis / diy / PS / PS
k ks

. 81
[2k1 (ky + M Py + Al + M8) + 2k2 (M Py + 3Py + W) + AN (81)

We first carry out the k; integration by making use of the phase-space-integration formula in Eq. (18). In the result, we
introduce a Feynman parameter x to combine the two k,-dependent denominators and then carry out the k, integration by
using Eq. (18) once again. The results are

4eA2 D M P%+ A (1 —X)P”
T = (D/2)=1(1 _ y)5-D 2111 T 73 2
Fi = ( < > <2> dxx (1=x) (P2)P/2(p2)1-(P/2)

4€A2 D 1 l P(l
Y (D/2)-1(1 _ +\5-D 11
+(47z < 2> <2 1) a4 A drx 5 (1= %) (P2) (D721 (p2)5-GD2)

4€A2 D\ (D I P+ J5(1 — x)PS
]:72—( < 7) <2> ]A dxx(D/Z)—Z(l_x)(,—D 1P+ A5( x) 2 (82)

(PZ)D/2<M2)7—(3D/2)

Here, we have dropped the terms that are proportional to #* because they cancel on contraction with the other factors in
Eq. (79), and we have introduced the definitions [dA;] = dA,dA,dAzdA, and

P=41Py + 3(1 —x)Py + (Apx + 44)7,
= /I%XP% + 2&1(/12 +/14)XP1 . Z/ﬂ +/14(1 —X)Az. (83)

We make a change of variables, replacing 4,, 45, and 1, with

A
a)=2c);—12,
E= (1 _x>/13
A ’
A4
9=—". 84
s (84)

Then, we carry out the A, integration by making use of the integral formula in Eq. (A3) and obtain
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2 P}(20)
A4

:|2(:
a 2eyeT( _
I w9717 exe (1 — x) 7172 [w(1 + 19x) + xJ¢ Pl + §P2
XA dx [ 4 2a8+1+w(1+9)(1 +48)>

L 2e¢ypT2 _
@t T e)F(1+4e/ dg/ da)/ d9

/1 a)—4€19—l—4€x—€(1_x)—1—2€[ (1—|—8x)—|—x] 1+e a
X dx ;
0 &2 +2a5 + 1+ o(1 +9)(1+£8)]'

2¢
fffz_Ml%%e2%r(—e)r(z—e)r(1+4e / d¢ / de / a8
I @tegmI=ex=e (1 — x)72¢[w(1 + 9x) + x]¢(P) + £P,)”
XA d (£ +2a8+ 1+ (1 +9)(1 +2&)>

PR

(85)

Next, we carry out the parameter integrations, except for the £ integration, by making use of Eq. (20). We find that the 1/€,

1/€2, and 1/e contributions to JF PP are given by the following expressions:

2e
Py s ( ) o (3ad —2¢)é +2d — ac 1 (2ad)é + 2ac 2
Fi e == (4z)*e? A dé{ 2¢ <_E) - 2¢ <_ E) }’ (862)

2P 2¢
PP, gs( > o (3ad —2¢)é+2d —ac [3logA —4logB—4log2c logA —logB
FIP o = — i % -

(4r)%e? 2¢ AB B(A-B)
2d —ac (logA —logB (2ad)é +2ac (4logA —6log B — 8log2c
) 86b

+ 2¢ < A-B >+ 2¢ AB (86b)

4 (F2P1)2¢

FIP| __gS(T) /oodg (3ad —2¢)é+2d — ac
L e™ (4m)*e  Jo 2c

b 4(log2c)(log A —lo B)—f—llo 2A—|—§lo 2B —2logAlogB

B(A - B) g zc)(log g 5 g 5 g g g

1 [ 1322 , B

— |- 2 4(log?2 logA —4logB) +4Li, | ————

AB[ G ¢+ 4(log2c)(3log ogB) + 12< i B>

9
- Elong —61l0og’B + 2log?(A — B) + 12log Alog B — 41log Blog(A — B)])

2d —ac 1 1 3

4(log2c)(log A —log B) — —log?A — =1og?B + 2log Alog B

e <A_B[(0g ¢)(log A —log B) — - log"A — - log"B + 2log Alog D

2ad 2 1 177°
+(a)§%(ﬁ {— 3” 22¢ + 8(log2c)(21log A — 3log B)

. B
—2Li, [ ———— ) = 3log?A — 9log’B — log*(A — B)
A—-B

+ 10log Alog B + 2log Blog(A — B)]) } (86¢)

where the definitions of A and B are given in Eq. (25), and Li,(z) is the dilogarithm function
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Liy(z) = —/Ozdtw. (87)

t

2. F, diagram
Using Eq. (74b) with the modified numerator factor in Eq. (78), we have

Fy = =8[(Py - Py)t +2(Py - £)P, = 2(P, - €) Py, F§, — 8[2(P, - Py)¢),F5,. (88)

where

Fe = 1/1461\2/ PS ! /del K
2 k 2Py ky)(2C - ky + A%) ) (2n)P 2P, - (ky + ky) + ie](=27 - ky + ie) (kT + ie)[(ky + ko)* + ie]

a D
F5, = lﬂ4€A2/ PS K / 7k, . ! . . —
k 2Py ky)(2C - ky + A%) ) (27)P 2P, - (ky + ky) + ie](=2C - ky + ie) (kT + ie)[(ky + ko)* + ié]

(89)
Applying Feynman parametrization to Eq. (89), we obtain
dPk
F&, = ip* A>T (6) / [dA;] / dx / PS / L
ky
—[(1 —x)k2 =Wl + L P]*
{k +2U4XP1 +13P2+12 ] - X f+i4f} 'k2 +21112P1 I/ﬂ—/ﬁp% +ﬂ4/\2+ i€}6’
de1
FS, = ip** AT (6) / [dA;] / dx/ PS/
ky
) = 2p2 2 16" (90)
{k] —I—Z[llel +13P2 +ﬂ.2(1 —X)f+ﬂ.4f} 'k2 +22112P1 'f_/llpl +24A + 18}

where we have made the translation k; — k; — [(1 — x)k, — /'€ + AP,].
We carry out the k; and k, integrations in Eq. (90) by using the standard formulas for the virtual-gluon loop integration
and the phase-space integration formula in Eq. (18). The result is

de A2 D
N UEANT(6-2) [ 1 . .
Fo == (4)P/? : A [dfli}/o dx [=(1 = x)F5, + (8 = 41 Py)"Fal,
4e A2 D
o H A F(6 _7) e ! a
Fo = _(4'”)1)/22[) [dMA dx F7,, (91)
where
o ! rE-Preg-1y 1 !
21 = (47)P/2¢=in(D-2) F( Q) (P21 (72 — jg)8-(D/2)
1 r(7-33r® pe 1
F5, = D/2 —i ( )D(z) 2\D/2 (pf2 _ ;i 2)° (92)
(47) /2 g=in(D~1) re-2 (P9 / (M’ _l8)7—(3D/)
and
P E/lle] +/13P2 + [/12(1 —X) +/14]I/ﬂ,
]‘4/2 = A%P% - 2&1&2P1 - — 14/\2. (93)
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Now we make a change of variables, replacing 4,, 43, 44, and x with

A
=2c—,
0] c/11
_h
_Xﬂl’
Ay
= ,
(1=x)4,
1—x
= 94
- (94)

Then, we can express the 4; integrations in terms of the beta function by making use of the integral formula in Eq. (A3)
to obtain

EEEE penr(a — r(-e)r(t + 46
AS €YE —€ €
. a9 [ d d d
-7:21 26(P%)2(47T>4 e—ime / / 5/ w/ t
5 —4et1 4519 1- 4e(P +§P2
(1402 (0 — 1 + ie) [ + 2aé + 1 + wi(1 + 9)(1 + 4&)]>*
PG
N eVEF2(1 —e)l'(1 + 4e) / /
N _ dy | ae / dw / dt
26(P%)2(47T) ire
—4(;1,—4(:19—1 45( )a
X
(1+0)"2 (0 — 1+ i)' [ + 2a¢ + 1 + (1 + 9)(1 +£8)]'
ﬁzP%(%)? e,
A e €VEF<2 - ) 1+ 4€ / / / /
o d9 d d dt
22 2C(P%)2(47T)4 e—me ¢ w

5 —4et—4€19— _4€(P1+§P2
(1+ 072 (=1 +ie) [ + 2a8 + 1 + or(1 + 9)(1 + &)

(95)

Again, we have dropped the terms that are proportional to £“, as they vanish on contraction with the other factors
in Eq. (79). Then, we carry out the parameter integrations, except for the & integration by making use of Eq. (20).
Inserting the results into Eq. (88), we find that the 1/¢3, 1/€?, and 1/¢ contributions to F 5 172 are given by the following
expressions:

gt (5e)” (3ad —2¢)é + 2d 1\ (ad)é +2ac [ 3
PP, A o0 ad —2c —ac( 1 a ac (3
Fa e = (4r)*ed A dé:{ 2¢ ( AB) + 2¢ (AB> }’ (96a)

PP 2€
FIe 9?( A ) /oo dg{(3ad—2€)§+2d—ac <—2iﬂ—4log2c+3logA—410gB>
/> — ~ " s N4 2
0

(4x)%e? 2¢ AB
(2ad)é +2ac (4ir + 121og2¢ — TlogA + 10log B
* 2¢ AB ’ (96b)
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. (,;2p§> 2e
]__p1p2| V:_gs A /‘X’dg (3ad —2c¢)é +2d — ac
2 M1/ (4m)*e  Jo 2¢
1
<m [-2iz(log A —log B) + log?A + log?B — 2log A log B|
1 3n? . 2 .
+E - - 8imlog2c — 8log*2¢ + 2in(31log A — 4log B)

9
+4(log2c)(3log A — 4log B) — Elong — 8 log?B + 121log Alog B} )

2d — ac 1 . 2 2
+ 5 (m [2iz(log A —log B) — log=A —log“B + 2log A log B])
N (2ad)é + 2ac ( 1 [13n’2

2¢ AB| 2

+ 16izlog2c + 24log?2c — 4in(2log A — 3log B)
15, 5
—4(log2c)(7logA — 10log B) + 710g A+ 16log°B —22logAlog B , (96¢)
where A and B are defined in Eq. (25).

3. Result for the IR poles in F{+F,

Now we compute the IR poles of various orders in € in F; + F,.
First, let us consider the 1/ poles. From Egs. (86a) and (96b), we find that

PPy PPy _
’7:1 +‘F2 |1/e3 -

M /°° [ (3ad +2¢)E+ (Tac = 2d)  (3ac +2d)E+ (Tad — 2c¢) (97)

anie Jo “| A T 2aE T e dB) T 2@+ 2aE + 1)(d T D) )

where we have made a change of variable & — 1/& for F f’PZ I Je» and used the definitions of A and B that are given in
Eq. (25). Since the integrand in Eq. (97) is antisymmetric under P; <> P,, or ¢ <> d, we find that the triple poles cancel after
symmetrization under P; <> P,:

FhP g Fhb ghh o gL, (98)

The triple poles in F f‘P‘ +F 5 P and F szz +F 521)2 cancel in a similar fashion.
Next, let us consider the 1/e? poles. From Egs. (86b) and (96b), we find that

FI e F o = (P D) b L P, 9
where
4 .
PP, PP, _ gs o0 (3ad —2c¢)é+2d — ac (—2ir+ 6logA — 8log B — 8log2c
(0 7010) == | 2 AB
(2ad)é +2ac (4ir —31log A + 4log B + 4log 2¢
+ ,
2c AB
4 o 3ad —2c)é+2d—ac | logA—logB
FhiPr PPy ) = _ Gs / d ( _
( v e A-B (4rm)*e* Jo ¢ 2¢ B(A - B)
2d —ac |logA —logB
100
S ) oo

We compute the combination (F "2 + F5172, /e
contributions. The result is

2) ,p by making use of the same method that we used to compute the 1/ €’
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(fflpz +f§]P2|1/€2) + (’7:~]1)2Pl +f22pl |1/62)

AB AB

- _ g © .| 6ima 2 2 2(1 - &) logé
= {4n)? 2A d‘f[1+2a5+52+(c 2aed &) 0 eE) (e 1 dd)(1 + 248+ B)) (101)

Also, one can show that

PP PP, P,P \P
(]:11 P+ '|1/52)A_B+ (]:12 '+ 1|1/52>A_B
4 2
gt ) o [ [log(l +2a& + &%) —log (d + c&) + logd
— %5 (2 2acd+d?) [ d
anyie (¢ ~2acd+ &) /) 5{ (d 1 c&)(2ad — ¢ 1 dé)

log(1 + 2aé + &) —log (¢ + d&) + log c}
(¢ +d&)(2ac —d + c€) '

(102)

The £ integrations can be carried out through a straightforward but tedious process, by partial-fractioning the denominators
and factoring the arguments of the logarithms. We obtain a lengthy result, which we do not reproduce here, that contains
logarithms and dilogarithms. This result can be greatly simplified by making use of the polylogarithm identities in
Eq. (A10) to obtain

(103)

4 log(a + Va* -1
]:'f]Pz + ]:'gle + ffzpl +-7:§2P] |1/€2 _ j.s4€2 |:_6l.ﬂ_ % a g(a a )i| )

a® -1

This expression contains no real IR poles.
Next, let us consider the 1/e contribution. From Egs. (86¢) and (96¢), we find that

FPP A F e = (FUT A F )+ (FDT A )+ (FVT ), (108)

where

(7 + 75 %)

gt
(4n)*e

2a-¢-4 q-¢

AB P - - « d” ¢ d
= — | — 12ixlog2 logA —8logB —
A dejA[zr irlog2c + in(5log A — 8 log )]+A daf( B 1 >

1122
X [— Tﬂ —8irlog2c — 1610g?2¢ + (2iz + 8log2c)(3log A — 41log B)
—9log?A — 1410g?B + 24log A log B} ,
(F1m+ 7071,

gi
(4n)te

. a—<—4d _
A8 — /O dé¢ @ B[EA 1)1(91) B) [—(2m + 4log2c)(log A — log B)

3 5 © 2a-¢-4 g-¢
“log?A + =1og?B — 4log Alog B d d c_— d
+20g +2og ogAlog ]—i—/) §< 1B 1

x [2log?(A — B) — 4log Blog(A — B)],
(71 720,

- © 2a—<-4 q-¢ B
Lip d ¢ _ d s
(it ()] 05

(4r)*e
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Taking only the real parts, we obtain

Re(&’-'flpz-l-]:glpzh/e) © g o dg—¢—d g_c¢
R By Y L
(4?{346 0 A 0 AB A

1172
X [—Tﬂ — 1610og*2c + (8log2c)(3log A — 4log B) — 9log?A — 1410g?B + 24log Alog B

B
+2 log*(A — B) — 4log Blog(A — B) + 4Li, <— ﬁ)]

o (2a—¢—4)(1-B 3 5
—l—/o dé’( - BLEA i)j(g) )[—(410g2c)(10gA—10gB)+§log2A+§long—4logAlogB )

(106)

For the contribution that contains a dilogarithm in the integrand, we eliminate the dilogarithm by integrating by parts. Then,
the £ integrations can again be carried out by partial-fractioning the denominators and factoring the arguments of the
logarithms. This leads to an expression, which we do not reproduce here, that is hundreds of terms long and contains
logarithms, dilogarithms, and trilogarithms. This result can be reduced, by making use of the polylogarithm identities in
Eq. (A10) and symmetrizing under P; <> P, to obtain a remarkably simple form:

4 w 27> g% 2x%alog(a+ Va*-1)
R <]_-P1P2 FPIPy | pPaPr | pPaPy ) :ﬂ/ dE—— — 25 . 107
€ 1 + 2 + 1 + 2 |]/e (47[)46 0 A (477:)4 €R 612 -1 ( )

Since this result shows no dependence on the UV cutoff, we conclude that it is entirely IR in nature. We have confirmed this
conclusion by carrying out a calculation of the k; integration for F using light-cone methods.

PP S .
We can find all the other F,”"“ contributions from the relations

FOR L (L FL
fflpl +f§]P] = _(fflpz + f§]P2)|d—>c,a—>l9
P FE (I 4 P g (109

Taking into account the color factors in Eq. (73), we obtain

Re(izzz:cfpjpkﬁf"k> - { g Ne(Ne = 1)2—”2<1 _alog (““Lm)) +0(60)LR. (109)

(4m)* 4N, €IR at—1

V. SUMMARY OF RESULTS

Now let us summarize the results of our calculations.
From Eq. (27) we have

2 2
PP,
A=D D > ComAl =0, (110)

i=1 j=1 k=1

and from Egs. (28) and (39) we have

3 2 2
B=3_3 3 CymB" = 0). (111)

That is, there are no IR divergences in the ladder diagrams.
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2 2

Ay

N (N2

—1)4x?

From Egs. (52), (62), (72), and (109), we have
C= 2Re Z D Cer nC

i=1 j=1 k=1 )

~

P2(2c)]
/\4

alog(a+va*—1)
Va* -1

}

4r* (1 _
€IR

),

g [

€uv

2 log[ﬂpwdq log? [ﬁz
+

alog(a+ Va*-1)

a -1

> +0(")| .

1 + O(e)

uv

(112)

(1_

alog(a+Va*>-1)

uv

(113)

a? -

1

alog(a+ Va*—-1)

Va? -1

where we have used g7 = 4za,. We remind the reader that
the subscripts IR and UV on the brackets indicate the
origins of the contributions and that the factors labeled IR
are proportional to the one-loop contribution to the LDME,
which is computed in Sec. IV B. The expression for C
contains two contributions: (i) a UV factor times an IR
factor, which is a one-loop contribution to an SDC times
the one-loop IR-divergent contribution to the LDME; (ii) a
two-loop IR-divergent contribution to the LDME. The
expression for D contains a UV factor times an IR factor,
which is a one-loop contribution to an SDC times the one-
loop IR-divergent contribution to the LDME. The expres-
sions for £ and for the non-Abelian contribution F are both
two-loop IR-divergent contributions to the LDME. Note
that all of the IR-divergent contributions to the LDME are
independent of the direction of the Wilson line and, so, are
consistent with the NRQCD factorization conjecture. All of

(114)

),

) + O(eo)] " (115)
[

the two-loop IR-divergent contributions to the LDME are
of the same form, and their sum is nonzero.

VI. COMPARISON WITH THE RESULTS OF NQS

A. The NQS calculation and its correspondence
to our calculation

In NQS, the integration over the minus component of the
loop momentum of a virtual gluon is carried out by closing
the integration contour in the complex plane and using
Cauchy’s theorem. Some of the pole residues cancel against
contributions in which the virtual gluon is replaced with a
real gluon, and those contributions are not calculated. As we
will see below, this cancellation is not exact because of
sensitivity of the real-gluon contribution to the UV regulator.

In the calculations in Ref. [5], a velocity expansion is
made for the interactions of the gluons with the Q and Q
lines. This expansion mixes the contributions of some of
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the diagrams that appear in our calculations. Consequently, there is not a one-to-one correspondence between the diagrams
in NQS and our diagrams. However, the following correspondences hold:

I+11 < A+ B,
IV+V+VI<sC+D+E,
m < F. (116)

Here, the Roman numerals on the left sides of the correspondences are the notations for the diagrams in Ref. [5].

B. Comparison

Our result for the sum of the ladder and crossed ladder diagrams A + B contains no IR poles, which is in agreement with
the order-v? results for I + II in Ref. [5].

Our result for the non-Abelian diagrams F is in agreement with the corresponding result in Ref. [9], except for an overall
sign. The result for the non-Abelian diagrams in Ref. [9], when expanded to order v?, is identical to the result for III
in Ref. [5].

Our result for the Abelian diagrams that involve one interaction on the Wilson line is contained in C + D + &£. In order to
compare this result with the calculation of IV+V+VI in Ref. [5], we need to complete some of the calculations in NQS,
which were left in the form of integrals in Ref. [5]. We have carried out these calculations in Appendix D, correcting some
typographical errors in the expressions in Ref. [5], inserting missing color factors, and correcting the overall signs. Our
results, from Egs. (D2), (D8), and (D17), are

a;)\ 2 ) A dkT
V) — = (%) 2 = )P T( 4 fin = e+ 0@)] [ L 7 = et + ) + 01
1
2 A dkf 1 2
VR = (%) (N2 — 1)22)%T(1 + €)[~in — 22 02/11—20 :
D=-(3) - nERT( s elin - ae+ 0@) [t (54 1) 254+ 00
¢ 2 A dk+
VIR K-k = _ (%) (N2 =1)(27)%*T(1 + €)[—in — n’e + O(€?)] A W [—2eq3 + O(€?)). (117)
1
The integral over k| yields an infrared pole:
A dkf -1
— . 118
A (k1+)1+4e 4€IR ( )
Note that the sum of diagrams IV and VI is rotationally invariant:
) (KO.KO—K0) a\? o 2¢ . 2 2 A dki 2
V% +VI 20 ) = — ; (Nc - 1)(277:) F(l +€)[—lﬂ'—ﬂ' e+ O((:' )] A Wq [1 —€(2+7/E) + 0(6 )}
1
(119)
The real IR pole comes only from diagram V:
. 2(N2 — 1 2
2Re(VIR)) = _M <_ q_) (120)
€IR 6

We note that, in NQS, this contribution is dropped because it is regarded as a one-loop correction to an SDC, times the
one-loop correction to the LDME. However, in Appendix D 2, we have checked this assignment of the contribution of
diagram V and conclude that it is a two-loop IR-divergent contribution to the LDME.

In order to compare our results with those in NQS, we expand our results in Sec. V through order v? (order ¢°) to obtain
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a? N.(N2-1) ( 1622
c

C - |:(47Z)2 4N, 3€IR

q2> + 0(€°,q4)}

IR

B i ¢ 2P2(2 P2
. | ap log[ P2 (4 d)] log? [u P( )} +log? [ P (2d)}

- |—N, 2—+—+ + +0<€)
47T €UV 4 €uv 4
L uv
[a, N2=1/ 16 ,
== -5 0 Oa 4 5

) |4 4N, ( 3€IRq ) TOole ):|IR
[ 4cd 2P(2d
. | a2 1og[ it q logz{ e )}+1 g[ ( >}

D=- —NC SO —+ + + 0(6)

47[ €UV 4 €yv 4
L uv
fa, N2=1( 16
R e 0 0’ 4

% _471' 4NL < 3€IRq ) + (6 1 ):|

£ _ o N.(N:-1)( 16z
a (4r)? 4N,

3€IR

where, following NQS, we have normalized the quark mass
mg to unity.

There are several differences between our results and
those in NQS.

First, there are UV double poles in C and D in our
calculation that are not present in the NQS result. In
Appendix E, we demonstrate these UV double poles appear
in an NQS-style calculation because the following two
quantities cancel incompletely: (i) the double-real-gluon
contribution VB and (ii) the part of the real-virtual-gluon
contribution VA that comes from the residue of the pole in
the virtual-gluon propagator. These contributions cancel in
the IR, but they yield a net nonzero contribution in the UV
because of a UV-regulator mismatch: Both real gluons have
a UV phase-space regulator in VB, while only the real
gluon has a UV phase-space regulator in VA. In the
calculation in NQS, this contribution from the UV-regulator
mismatch was discarded.

Of course, the appearance of these UV contributions
from a UV-regulator mismatch is dependent on the choice
of UV regulator, and the results that we have obtained
are specific to our standard phase-space UV regulator. In
any case, such UV-regulator dependences can always be
absorbed into an SDC, and so they do not bear on the issue
of the dependence of the LDME on the Wilson-line
direction.

The single and double logarithms in C and D, which are
also UV in origin, do not appear in the NQS calculation.
The sum of the constant terms 372 /4 in C and 37°/4 in D,
which are UV in origin, does not agree with the coefficient
of the IR pole in V [Eq. (120)]. As we have said, this
coefficient is regarded in NQS as being UV in origin, but
we believe it to be IR in origin. It is plausible that these
discrepancies might also be removed once the UV-regulator
mismatch has been taken into account fully in the NQS

q2> + 0(€°,q4)} ,

(121)

|

calculation, but we have not checked this. In any case, the
UV factors, some of which are £ dependent, are consistent
with NRQCD factorization because they can be interpreted
as one-loop contributions to an SDC.

UV contributions from the UV-regulator mismatch
could, in principle, occur in individual contributions from
the non-Abelian diagrams in the calculation in NQS. There
could be a residual contribution from the mismatch
between the double-real-gluon contribution and real-
virtual-gluon contribution that comes from the residue of
the pole in the virtual-gluon propagator that is labeled as
Ky((t,—k,2) iIn NQS. There could also be a residual con-
tribution from the residue of the pole in the virtual-gluon
propagator that is labeled as k2 in NQS. That residue is

discarded in NQS because of the antisymmetry of the
integrand under the interchanges P <> P,, k| <> k5, and
ki, < k,, . However, that symmetry is violated by the UV
phase-space regulator. Evidently, such residual contribu-
tions, if they are present, cancel in the final result, since we
find no UV contributions in the coefficient of the IR pole in
our covariant calculations.

Finally, let us consider the Abelian two-loop IR-
divergent contributions, which come from diagrams C
and & in our calculation. The sum of these contributions
is equal to the contribution in V in the NQS calculation, and
so our result for the two-loop IR-divergent contribution
agrees with that in NQS, provided that we interpret V as
being a two-loop IR-divergent contribution.

VII. CONCLUSIONS

The central issue in establishing the NRQCD factoriza-
tion conjecture for inclusive quarkonium production is
the question of the universality of the NRQCD LDME:s.
Universality of the LDMEs requires that any IR
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divergences that they contain be independent of the
direction of the Wilson line which makes the LDMEs
gauge invariant.

In order to test for a possible dependence on the Wilson-
line direction, we have used covariant methods to carry out a
two-loop calculation of the NRQCD LDME for a heavy Q0
pair in an S-wave, color-octet state to evolve into a color-
singlet state. Our calculation provides a check of a previous
two-loop calculation by Nayak, Qiu, and Sterman in
Refs. [5,8,9], who used light-cone methods to carry out their
calculation. Although our results differ from those of Nayak,
Qiu, and Sterman in several respects, we find, as did they, that
the LDME is independent of the direction of the Wilson line.

One might hope that a covariant calculation would reveal
simplifications in comparison with the rather complicated
light-cone calculation. That did not prove to be the case in
our calculation, probably because, for the non-Abelian
diagrams, we did not implement the unitarity cancellations
between real- and virtual-gluon corrections at the integrand
level. Consequently, we had to deal with poles in the
dimensional-regularization parameter e of orders 1/e,
1/ €2, which canceled, in order to obtain a final result of
order 1/e. Furthermore, in the case of the order-1/¢
contribution, our intermediate expressions contained hun-
dreds of terms involving dilogarithms and trilogarithms,
which ultimately canceled to yield a very simple expression.

Our results for the non-Abelian diagrams F agree with
those in Refs. [5,8,9], up to an overall sign, and are
independent of the Wilson line direction. Our results for
the Abelian diagrams A and B that involve two gluon
connections on the Wilson line do not contribute an IR
pole, in agreement with the calculations in Ref. [5].
However, our results for the Abelian diagrams C, D, and
£ that involve one gluon connection on the Wilson line
differ in some respects from those in Ref. [5], although both
our results and those in Ref. [5] are consistent with the
NRQCD factorization conjecture. In our case, we find
dependences on the Wilson-line direction in some contri-
butions. However, these contributions can be factored into a
one-loop contribution to a short-distance coefficient times
the one-loop contribution to the LDME, the latter of which
is independent of the Wilson-line direction.

We have identified one source of the differences
between our calculation and that in Ref. [5]. In
Ref. [5], a double-real-gluon contribution is canceled
against a particular real-virtual-gluon contribution that
comes from the residue of the pole in the virtual-gluon
propagator. That cancellation is exact in the IR limit, but
leaves residual UV contributions from the virtual-gluon
loop because, unlike the corresponding real-gluon loop,
the virtual-gluon loop is not constrained by phase space
in the UV. These residual contributions account for UV
double poles that are present in our result but not in the
result in Ref. [5]. They may also account for UV single
poles and UV constant terms that are present in our results

but not in the results in Ref. [5], although we have not
checked this explicitly.

In our result, we find a two-loop IR-divergent contri-
bution to the LDME that arises from the Abelian diagrams
C and €. This contribution is not present in the result for the
Abelian diagrams in Ref. [5]. However, if we reinterpret
the contribution from diagram V in Ref. [5] as a two-loop
IR-divergent contribution to the LDME, rather than as a
one-loop contribution to the SDC times the one-loop
contribution to the LDME, as is done in Ref. [5], then
we find agreement with Ref. [5] for the total two-loop IR-
divergent contribution to the LDME.

While our result confirms the NRQCD factorization
conjecture through two loops, the principle that underlies
that result has not emerged, and its elucidation remains a
challenge for future work.
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APPENDIX A: USEFUL FORMULAS

In this Appendix, we compile some formulas that are
useful in our calculation.

The Feynman parametrization that we use for parameters
that run from O to 1 is given by

1 :F(a1+~~-+an)/'du
AD AR T T(ay)..T(a,) Jo = 07

a;—1 a,—1
N /1dun S(1 = >0 ug)uy’ ”...u,, '
0 (S0 ) 2™

(A1)
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The Feynman (Schwinger) parametrization that we use for parameters that run from O to oo is given by

I T(n4+m) [e am=1
AB" - T(m)(m) A Garmy (A2)

We derive the following integral formula by calculating first with real values of the parameters a, b, a, and f and then
constructing an analytic continuation in those parameters that is consistent with the original integral:

S dl 1 I(1—a)(a+p—1)
A A(al+bxie) (a4 ie)'=%(b 4 ie)*HF! r(p) ’ (A3)

where a, b, a, and f are complex numbers. This formula is used for the phase-space integrations and the parameter
integrations in our calculations.
In computing the k; integrations of the Abelian diagrams, we encounter a parameter integration of the following form:

o0 1
dﬂ/ b
A 1/H_e(}n +2¢)7 (L K, + Ky)' T

(A4)

where K| and K, are k,-dependent Lorentz products. We perform the A, integration in Eq. (A4) by making use of the
Mellin-Barnes representation

/wdll ! _ 1 fﬁ<ﬁ>zf(—1)m+2€3+z)/°°d/1 1
0 : /1}_61 (Al + 2C)_€2 (/IIKI + K2)1+2€3 K;+2€3 2ri K2 F(l + 263) 0 ! 1}_61_2(11 + 20)—62

_ ()= %ﬁ 2cK; 2 T(=2)I'(1 + 263 + 2)I'(—€; — €, — 2)I(€; +2)
Ky K, I'(1+ 2e3)l'(—ez) ’

(AS)

27i

with
Re(e; + €, +7z9) <0 and Re(e; +z9) > 0. (A6)

The initial contour for the z integration runs parallel to the imaginary axis with Re(z) = z; and separates the left poles and
right poles of the I" functions, where the left (right) poles have a positive (negative) sign in the argument of the I" function.
We analytically continue the function in Eq. (A5) in €, €,, and €5 to a common value near zero, deforming the contour for
the z integration so that the poles in the I" functions never cross the contour. The result is a curved contour, in the style of the
method of Smirnov [13], that still separates the left and right poles. If we close the contour at oo in the right half of the
z plane, we pick up only the right poles. The result is an asymptotic expansion in powers of K;/K,:

/oo ” 1 Qe Res [<2CK1>Z [(—z)[(1 + 2e + z2)[(—2e — z)['(e + z)]
0 1’1%_6(/11 +2¢)7 (4 Ky + Ky)' Ky = K, [(1 +2¢)l'(—e) z=n-2e

(2c)* & 2eK\:T(=2)['(1 +2¢ + z)I'(—2e — 2)T'(e + z2)
i R K ) I(1+26)(=e) ]

n=0
(A7)

In our applications of this parameter integral, K /K, is small, and we can retain the contribution of leading order in K /K>,
which comes from the n = 0 terms. This leading contribution is given below.

o 1 11 e*r(1—200(1+e¢) (K,
dA 7= e 42 — g2 D 42 9o (] — +0 :
0 M (A +2¢) (4K, + K>) Ki°K,2eyy K, eyyl'(1 —¢)
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We also make use of the following elementary integrals, which are valid for a > O:

/Omdgl:fo dé log(a+\/a——)

1 +2aE+E a2 — 1
) l B ) dé B
A d‘}’:AFIA 1+2§+§2*1' (49)

We simplify a number of expressions in our calculations by applying the following polylogarithm identities:

2

Liy(x) = =Liy(1 — x) +%—logxlog(1 - Xx),

Lip(x) = —Lip (= ——) = log2(1 =),  forx <1
2\X) = 2712 3 g X)s X )

. . X 21 X -
Li,(x) = —Li, (x — 1) +%—§log2(x -1)+ in’log( =2

1
), for x > 1,

1 21
Liy(x) = —Li, (;) + % - Elogzx —inlogx, for x > 1,

Liy(x) = —Li>(y) + Liy(xy) + Li, [1(1—_)5)] +Li, { f — )} g<1_;x) log< 11__ xyy) (A10a)

and

2
Liz(x) = Lis ()]_c) - é10g3(—x) - %log(—x), for x ¢ (0, 1),

2
Liz(x ——L13< ) Lis 1—x)+610g (l—x)——logxlog (1-x)+ %1og(1—x)+é’(3), for x & (1, 00),
X —
x(1—y) 1 Cx(1 =y Cx(1 =y
Lis(x L13 [y - ] += L13(xy) +2L13 (y> —Lis [yEl —x;] —L13|: (x— i )
1- 1—-y , 1 1-y\ = 1
—-L —-L 3) — ~log’ylog| —— —1 —log? A10b
13<1 ) [(x_l)} i3(y) +£03) 20gy0g<1_x>+6 ogy + clog’y, (A10b)
where Lis(x) is the trilogarithm, which is defined by
X L1
Lis(x) —/ FREiICI) (A1)
0 Z

APPENDIX B: PHASE-SPACE INTEGRATION

In this Appendix, we derive the phase-space-integration formulas that are given in Eq. (18).
First, let us consider

dPk 1
I :/(2;1) 275(k*)0(k°) Gp ks M Eie) (B1)

where p is an arbitrary real four-vector and M? is a real number.

In order to simplify the calculation, we initially choose a coordinate frame in which p; = 0. Then, rewrite the result of
this calculation in a form that is manifestly rotationally invariant. In the frame in which p, = 0, I; is given, in light-cone
coordinates, by
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2k k= = K3)O(kt + k™)
I P2k, / dk* / dk~ . B2
re (2 )D (27)P-1 / (2ptk™ +2p7kt + M? £ ie)’ (B2)

Note that, because of the § function and the @ function, we have k™ > 0 and k= > 0.
Using the ¢ function to integrate over k~, we find that

/ 1 / . / dk* 1

1 = 75 D=1 1
(27)P! 0 2k° (2p*5 i 1 2p kT + M2+ ie)
_¥/ di /dD—2 1

20270 fy A Tsen(p ) (K2 +222p T pT) 4+ AM? + ig]*

In the last line we have introduced the definitions

) 1 for x > 0, (B4)
n =
ey —1 forx <O,

and 1 = %, where p™ = sgn(p™)|pT|.
Next, let us perform the k, integration. Carrying out the angular integrations and making the change of variables
z = |k |?, we find that

/dD_sz_ 1
[sen(p®)(ki +22°p* p7) + AM? + ie]*

_ QD—z/ dz 1
2 Jo 2P [sgn(pt)(z +222pTpT) + AM? £ ie]*
R 1 (B5)
I'(s) [sgn(p*) & ie] P/ 2sgn(pt) pT p= A2 + IM? £ ig]~(P/2+1"

where, in the last equality, we have carried out the z integration by making use of the integral formula in Eq. (A3) and have
made use of the n-dimensional solid angle

271-”/2
Q, = r@ (B6)
2
Substituting this result into Eq. (B3), we have
1 I(s-2+1 1 0 1
I = D/2 Lozt : / di X (B7)
(4m)P/ (s)  [sgn(pt) £ie]®/271 Jo 2272 [2sgn(pt)pt p=A + M? £ ig]*~(P/2)+]
We carry out the A integration by using Eq. (A3) once again. The result is
[ - 1 TE-1)I(s—D+2) 1
' (4m)P/2 I(s) sen(p*) + ie] P21 2sen(p ™) pT p £ ie] P/ (M? + jg)sP+2
gnip gnp )p p
1 rE-1r(s-bnp+2) 1 (BS)
(47[)D/2 F(S> (\/_p+ + l€) (D/2)- (\/_p l&‘) (D/2)-1 (MZ + ig)s—D+2 '

Now we restore rotational invariance in our result by making the replacements p* — (p° + |p[)/v/2 and p~ —

(p° = 1p|)/ /2, where p? is the temporal component of p, and p is the vector of spatial components of p. (Note that the right
sides of these replacements are equal to the left sides in the frame in which p, = 0.) The result is

1 T2-DI(s—D+2) 1
(4z)° e (P + ol i) PP (50 = Ip| = ie) PP (MP £ i) P

I, = (B9)
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Clearly, this expression is rotationally invariant. It is also invariant under boosts because the magnitude of the first two
denominator factors is |p?|(?/>~! and the signs of the arguments in the first two denominator factors are also boost

invariant.
Next, let us consider

dPk q-k
2= 275(k*)0(k° , B10
il = [ (o 2m IO o (B10)

where ¢ is an arbitrary four-vector.
Again, we initially choose a coordinate frame in which p | = 0 and, then, rewrite the result of the calculation in a form

that is manifestly rotationally invariant. In the frame in which p, =0, ¢,/§ is given, in light-cone coordinates, by

52k k= RB)O(k* + k) (g k™ + gkt —q, -k
@alf = l/dD 2%, / dk+/ k-2 DOWT A KGR+ k" —qu k) gy
2pTk™ +2p~kT + M= £ ie)*

Using the 6 function to carry out the k_ integration and performing the change of variables that is below Eq. (B3),
we obtain

i _
e+ 447t

1
I = —— di dP2 , B12
4a%2 2(2m)P-! A A= S/ Fsen(p ) (K2 +222pTpT) + AM? + ie]* (B12)

where we have dropped terms that are odd in k. The k| integration yields

gt _
/dD_sz_ W+/1q |p+|
[sen(p*)(k] +22°p* p) + AM* & ie]’

[sen(p™) £ ie]P/?[2sgn(p ) tpTA% 4 AM? + g~ (P/2)

)
r(s) [sen(p*) = ie] ©2 2sgn(p* ) p* p 2% + M? £ ie]- PP

Substituting this result into Eq. (B12) and carrying out the remaining A integration by making use of Eq. (A3), we find that

+

ot — 1 TAI(s-D+1) ISl
2 (4m)PRT(s)(M? £ ie)* P+ [sgn(p*) £ ie]P/2[2sgn(p*) pTp~ £ i) PP
. rGr(s-p+1) q |p”|
(4x)P2T(s)(M? £ ie)>~PT [sgn(pt) + ie]P/D~ 2sgn(pt) pt p~ + ie]P/?
_ 1 TErs-D+1) qp~+qp*
(47)P2T(s)(M? + ie) P+ [sgn(p™) + ie] 2 [2sgn(p™ ) p T p~ + ie]P/?
1 I'®r(s—D+1 o+ g pt
_ Q=D +1) q'p +qp (B14)

@D)PPT(s)(M? £ ie) P (\ap+ + ie)PP(Vap- + ie)P2

Now, we restore rotational invariance in our result by making the replacements p* — (p°+ |p|)/v/2,
p - (PO - |I7|)/\/§, and g*p~ 4+ g p" — q- p. The result is

‘_ rrs-op+1) 4 p
9ol = (47)P/? F(si(MZ Fie) D (p0 1 |p| £ ie)PP2(p0 — |p| + ie)P72 (B15)
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APPENDIX C: IR FINITENESS OF INTEGRATIONS IN 5;, C;, AND D;

In this Appendix, we demonstrate the IR finiteness of the k| integration with k, fixed in B;, + B,, C plus Hermitian
conjugate, and D plus Hermitian conjugate.

1. IR finiteness of the k; integration in B;, + B, and the k, integration in B;, + BB;

We extract the k; integration in B, and B, and extract the k, integration in 5, and Bs, writing

16g AZA/4Cd 1
B % / PS BialReg:
e = ) P g aps e+ A e
16g5A*A%cd 1
B e / PS B ,
Irez = (P2 W W (2P k(2P ky + A7) tolReg
16ig AZA"‘cd 1
BP 1P2 _— 26/ PS B ,
ke = (p2 1 | S p, ) @By o+ AP (20 Ky + A D2IRee

16ig* AN cd 1
By |peg = = / B3 ke Cl
e = | P @ @Rk ARGk A7) PR b
where
Blalre = 26/ PS !
talReg = K ko (2P k)(2Py - ky + A?) (20 - ky)[2€ - (k) + ky) — i€][27 - (ky + ko) + A?]
1
B =u% [ PS ,
wMg”té (2P; - ks) (2P, - ks + N?) (26 - k)26 - (ky — ky) + i] 27 - (ky + ko) + A7]
Byl = 26/ dPk, 1
2IReg = # (27m)P (2P - ky + ie) (2P - ky + A?)(=2¢ - ky + ie) (k3 + ie)[2¢ - (k| + ky) + ig]’
dPk 1
Bipe. = u2¢ 2 . 2
3lieg = H / (27)P (2P - ky — i€)(2Py - ky + A?)(=2 - ky — ie) (k3 — i) [2¢ - (k; — ky) — ié] (€2)

We can obtain lS’fb'Pz|Reg and Bg 'PZ|Reg from the expressions for Bf;P2|Reg and Bg 'P2|Reg, respectively, by taking their
Hermitian conjugates and making the substitutions k, <> k; and P; <> P, in the integrands. Therefore, it follows that

Bflﬁpl lReg 832P‘ |Reg is the Hermitian conjugate of Bf;P2|Reg + B§‘P2|Reg.
Applying Feynman parameters to Eq. (C2), we find that

0 1 1 1
Buule =—T(S) [ " [ax [Tay [Mae
M1 -y)
PS b
X/(] [2k; - (£ + 2 Py) + AxA? + (1 =y)z2(28 - ky + A?) = y(2€ - ky) + ie]?

BZ'Reg 2 F / d/,{l/ d/lz/ dX/ dy

dik, Ao
x a2 ) 15 (C3)
(271') [kl + 2k1 . (/IIPI - j.zbﬂ) + /11XA + /12y(2f . k2) + ZE]

Let us compute B, first. Performing the k; phase-space integration and the z integration, we obtain

(2 P})¢ ee (1 — €)['(2 + 2¢) / / /
Bralges = — diy [ dx | d
talves = = (2 27k £ A2 Yo Ul Dy 120 f(zl n 2c)

1
) {VHXA/Z —y(2¢ k) + 18]2+2€ - [;tle’Q + (1 =y)(2¢ ks + Az) —y(2¢ - ky) + if]zﬂe}.

(C4)
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Separating the contributions that correspond to the first and second terms in braces in Eq. (C4), we have

BIIJ(;PZ |Reg BfazI:z |Reg + BIIJaJII;2 |ch’ (CS)
where
BPP 16gtA2A*cd / S (#*P3)¢ere(1 — €)[(2 + 2¢)
ka (

laa” |Reg = _W” 2P, - ky)(2Py - ky + N?)(2€ - ky + A?)

© 1 1 1
dA d d ,
. / ! / x/o y/%_e (41 +20)' [ xA? = y(26 - ky) + ie] T

16g:A2N"ed /PS (i2P2)¢e el (1 — €)T(2 + 2e)

BP Py
tab” [Reg = (47)2(P})! (2P, - k) (2P - ky + N2)(2€ - ky + A?)

0 1 1
iy | ax [ d . (C6
x /) ! A ’% Y+ 20) A + (1= y) (2 ko + A2) = y(22 - ) + i€ (C6)

Let us consider the 4; integration in Bfafz We can rotate the contour of integration counterclockwise by an angle of z

without encountering any singularities. Therefore, by Cauchy’s theorem, we have

B _16giA* A" cd / PS (2P3)ce e (1 — €)[(2 + 2¢)
o'l =~z )P b )P ke + AT 2o+ A
1 1
dA d d . C7
) / R R e e e 7
Next, let us consider Bz|Reg in Eq. (C3). Carrying out the k; virtual integration and A; integration, we obtain

2P2 eeT(1 — €)T(2 + 2¢) e
B = di d d , C8
2|Reg / 1/ x/ y _2C_ie)l—eMle/Z+y(2f_k2)]2+2€ ( )

where, in the result, we have made a change of variables 4, — 1/4;. Then, Bg 'PZ|Reg becomes

PPy 16g¢ A’ A cd e (@2 P7)cere (1 — )[(2 + 2¢)e?
B, |Reg : PS(
2

(47)*(P})~! 2P, - ky)(2P; - ky + A?) (20 - ky + A?)

© 1 1 1
dA d d ' 9
) A 1 A XA yxll‘g(/ll —2¢ —ie) [ xN? + y(20 - ky)]2 T2 (€9)

Therefore, we find that

PPy P\ Py _
Biag + 85" |geg = =

laa

166 AN cd 5, [ (PP2) e T(1 — )0(2 + 2€)(1 — 2i7¢)
TH PS ] n - 2
(4”) (P})” kb (2Py - ky)(2Py - ky + N?)(20 - ky + A?)

s 1 1 1
dA d d . C10
<[ Tan [Fax [ Y T =2 — ) AT (2 K (€10)

Carrying out the x and y integrations, we obtain

PPy Py Py _
By, +BZ ‘Reg__

laa

16g;A°A%cd ,, / pg_ (PP eI (1 = e)(1 + 2€)(1 - &)
@r2(PY)T" Sy 2Py k) 2Py - kg + A (2 - ky + A2)(2£ - ky)
L[ AP 20 k) = (26 k) — (WA)

2¢fo M=¢(A = 2c —ie)'e

(C11)
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Note that the first two terms in the numerator cancel as 4; — 0, and so they result in a single IR pole. The 4 integration of
the remaining numerator term can be carried out by making use of the integration formula in Eq. (A3), and it results in a real
double pole. Since

1 — e%™ = “2ize + 27%€* + O(€?), (C12)

we can conclude that the IR double pole from the k| integration in BP'P2 |Reg is canceled by the IR double pole from the k;

integration in B The residual imaginary pole will be canceled by the corresponding pole in the Hermitian-conjugate

laa |Reg
contribution B}?"" Reg T B |Reg
The remaining contribution to B2 is Bfa? |Reg [Eq. (C6)]. Let us consider the parameter integrations of Bi‘lfz. Carrying

out the y integration, we obtain

© 1 1 1
di [ dx | d
A 1/ x/ Y25+ 20) A + (1= y)(2 -y + A2) — y(22 - k) + i€ 7%
1 1
- di, [ d
T+ 20)(d7 ko + A2) / 1/ YA = 2¢ — ie) T (x4 26 - k)P

1 1
- di | d . C13
(1+2¢)(4¢ - ky + A?) /0 ! /0 x/ll—e(/il +20) 1 (M xA? + 20 - ky + N2)1F2€ (C13)

In the last line, we have rotated the 1; contour of integration counterclockwise by an angle of 7, using the fact that one does
not encounter any singularities in carrying out that rotation. Then, we find that

B — - 164 A2A’4cd” / PS (#2P1)er T (1 — e)I'(1 + 2¢)
lab [Reg (47)(P})~! k(2P ky)(2Py - ky + N?)(2€ - ky + N2)(4C - ky + A?)

o 1 1
di d
X{A 1[; x,ll_e(}q—ZC—i8)1_6(11XA/2+2f-k2)1+2€

dA d . Cl4
N A : A xll_e(/ll +2¢)C (A xAN? + 20 - ks + A2)1+26} (C14)

Carrying out the x integration, we obtain

B _16g{A*A"cd 25/ PS (@2P3)cere(1 — )(1 + 2e)
Biap”ree = (4n)2(P%)-1 b (2P3ky) (2P ky + N?) (26 - ky + N2)(4C - ky + A?)

| [ | | |
% {26/ ! zl—e(x “2c—ie)* [(2&’ ) (MAZ+2f- kz)ze}

1 1
— - . C15
/ L +2c) [(2f-k2+/\2)2€ (/11/\/2+2f-k2+/\2)26]} (C15)

The A, integration does not produce a pole in €. Therefore, we can expand the integrand in powers of €. The order-¢° term
vanishes and the order-e! term cancels the 1/¢ in Eq. (C15). Hence, we conclude that the k, integration with k, fixed in
Bf;52|Reg is IR finite.

Therefore, we conclude that the k; integration with k, fixed in B, 4+ B, is IR finite, from which it follows that the k,
integration with k; fixed in By, + B3 is IR finite.
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2. IR finiteness of the k, integration in C; +C,

We extract the k; integrations in Cf‘Pz and Cg’Pz, writing

Cf]P2|R _ 16ig?/42€A2A’2ac/ p 1 Cile
® (P}~ k(2P k) (2P, - k) ©
16g%u* A*ANac 1
CP 1P —/ PS C , Cl16
e = PSR k) er, k)l A7) R (10
where
Cilres = 12 / PS !
HReg = # b 2Py (k + k)26 k)22 - (ky 4 k) + A2][2Py - (ky + k) + A
dPk 1
ColRea = ¢ / . : C17
s = | P Ry o) + R (k) T eGP (k) A7)
Applying Feynman parameters to Eq. (C17), we find that
| 2“F(4)/°od/1 /wdll /ld /PS 4
= X )
HReg = # ! 2 w2k (£ + WPy + Iof) £ 20 Py ko + XA+ 26k + A
de, A
C di di d . Cl18
2lies = / 1/ 2/ x/ D2 4 2k - (MPy = o) + 20, Py - ky + A xA? + ie]* (C18)

Let us compute C|g,, first. Performing the k; phase-space integration and 4, and x parameter integrations, we obtain

ﬁ €
1 <P%) el (1 — e)I'(1 + 2¢) 1
Cilres = =5 2 P22 A2 d’%%
& 2¢ (47)*(P3)*A €R A7¢(A +2¢)7°
x : : (C19)
2\ 1426 . ” ] 2\ 1+2¢ |
(/1 2Pk +2sz+A> </11 2P, 1;2%+A +2fl;§%+A)

Since the 4; integration converges at both 0 and oo, we can expand the integrand as a series in ¢ and carry out the 4;
integration term by term to obtain

2P, -ky+A
c | B 1 1 ilog(—zﬁ 2 >+0( )
HRee ™ " 0¢ (47) 2PN 20 ky + A2

(C20)

Next, let us consider C2|Reg. Carrying out the virtual k; integration and the A, integration, using Eq. (A3), we obtain

(C21)

2\ €
l<%> TE
el (1 — €)I(2 + 2¢) 1
| eEl(1 —e)I(2 + e/ dﬂl/dx :
A €

Colres = —
2|Reg (4”)2(P%)2 e—2ur€€R </1 2P, k2+xA2 12 )2+2€

where, in the result, we have made a change of variables 4, — 1/4,. Then, carrying out the remaining 4, and x integrations,
we obtain
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2\ e
Cols — (%) e T(1 = e)l(1+2¢) [1 1
2IRee = 750 (4n)2 (P2)? e Tmeg A X (2P1,k2;rm/z) I+2e

i (%;) e7eT(1 — €)T(1 +2¢) 1 szl-k2>—2e <2P1-k2+/\’2)—2€]

T 2c(4n)’PIN” e e 2¢ |\ P} P
i 1 1 2P, - ky + A”

=5 | —log| ——— 0(e)|. C22
2c (47T)2P%A,2 |:€IR Og( 2P1 . k2 * (6 ) ( )

Inserting the results in Egs. (C20) and (C22) into Eq. (C16), we obtain

PPy
1

2Pkt N2
| 8igu*Aa / b $10g<42‘10]2.k2 ) + 0(€%)
ky (

Reg  (47)*(P})~! 2P, - ky) (2P, - ky)(2€ - ky + A2)’

2P -ky+A?
| __ BigipA’a / ilog( 7% )+0(€0) (C23)
> e (An)2 (P Ji, (2P - ky) (2P, - ky) (20 - Ky + A?)
Hence, the k, integration in C; + C, is IR finite.
3. IR finiteness of the k; integration in the D; + D,
We extract the k; integrations in Df'PZ|Reg and Dg ‘P2|Reg, writing
16ig*u** A>AN?ad 1
DIIJIPZ = SIN) / S DllReg’
Reg (P7) ko (2P1 k) (2P, - ky)
164> A*A%ad 1
phP: == e / PS _ 5 Dlpeg: (C24)
g (P1) k  (2P1-ka)(2Py - ky)(2€ - ky + A7)
where
D |geg = p* / PS 1
tReg = £ b (2P k) (20 - ky) (20 - (ky 4 ky) + APJ(2P; - ky + A?)’
dPk 1
Ds|Rea = H*¢ / ‘ : C25
2lies = # (27)P (2P, - ky + ie)[2¢ - (=ky) + ie] (kT + ie) (2P, - ky + A?) (C25)

Applying Feynman parameters to Eq. (C25), we find that

1 0 oo A
Dilges = #*T(4) | d da di, | PS ! ,
l|Reg H ( )A XA 1 A 21[ [2](1 . (f+ﬂlp2 +/12f) +xﬂ.1/\/2 —|—2f k2 +A2}4

1 ) ) de A
D = %I (4 d da da 1 ! . 26
2lreg = 7T )A x/) ! A g / Q27)P (12 + 2k - (4 Py — Af) + A xA? + ie]? (C26)

Let us compute D[y, first. Carrying out the k; phase-space integration and 4, and x parameter integrations, we obtain

=2\ €
P (ﬁ—f) e (1 — e)0(1 + 2¢)
HRee = 24 (4”>2(P%)2A,2 €IR

0 1 1 1
di - . C27
X A 1 A{_E(Al + 2d)—6 (2/.](2_;’_[\2) 1+2¢ (Zf-kz-‘r/\z + 21 A/z) 142¢ ( )

2 2 P2
P] Pl Pl
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The two terms in brackets cancel as 4; — 0, and so there is no divergence in the 1; integration from that limit. However, a
divergence remains in the first term from the limit A; — co. This divergence will eventually be canceled by the
corresponding divergence in D;|p.,. We separate the divergences in the first term by inserting

2 N '
S M +2d A +2d]

(C28)

where the first term on the right side of Eq. (C28) yields an IR pole and the second term gives a UV pole. Then, we can write
Eq. (C27) as follows:

D — ] (%) e7el(1 — e)T(1 + 2e)
HRee ™ 2d (4 (4 ( 2/\/2 €IR

1 2d 1 1
X dl -
/) 1/1%‘5(/11 +2d)¢ |A+2d (2f~1<;2+/\2) 142¢ (2/-1%;/\ s A’2> 1+2e
1 1

1 1

"y (c2)

2
Pl

Now the 4; integration of the first term in Eq. (C29) converges in the UV and the IR, and so, for it, we can expand the
integrand in a series in €. The integral of the second term in Eq. (C29) can be expressed as a beta function and gives an IR
pole. Then, expanding D, |Reg in a series in €, we obtain

N | . L Ligg (2//;-/12{?;/;2) +0() | 1 ﬁ + ﬁ [log (%2%) —2log (2;;?(2;;)\2)} + 0(€%)
1|Reg ~ 24 (471')2P%A’2 (20 -k, + A2> 2d (471.)2})%[\/2 (2¢ - ko + A2)
1 1 1 11 p*Pi
= —+—1 0(%)|. C30
2d (47[)213%/\/2 (2l/ﬁ . k2 + A2) |:2€IZR * 2€IR Og( A/4 " (€ ) ( )

Next, let us consider D,|g,,. Carrying out the virtual k; integration and the 1, integration using Eq. (A3), we obtain

l<7’_> e T(1 — )T 2+2e/ / ! (C31)

D = — -
2|Reg (4”)2(132)2 e~ 2ine /1 2¢ 2d+/1 A2)2+2€

where, in the result, we have made a change of variables 1, — 1/4,. Then, carrying out the x integration, we find that

<P> T (1 e)T(1 + 2e) /Ooo ! [ 1 I c32)

Dslges = — ;
2|Reg ( ”)ZP%AIZ e—2m:s€IR /1%—26 <2d)1+2€ (2d+ll A/2)1+2€

As in the case of D g, the divergence in Eq. (C32) that appears in the integration over 4; as 4; — 0 cancels between the
two terms in brackets. However, there remains a divergence that appears as 1; — o0. We separate the UV and IR divergences
in the first term by inserting

1 A
1= C33
PRI R (C33)

to obtain
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'<:2> eWEF(l—e)F(l—i—Ze){/wdﬂl | [ o |

D = — n - 2
2|Reg (47[>2P%A/2 e—2me€IR /1}—26 /11 + 1 <2d)1+2e (2d+/11 %)1—&-26

oo 1 1
dA . C34
+ L ) <2d>1+2€} (G34)

In Eq. (C34), the integration in the first term over 4, is finite, and so, for this term, we can expand the integrand in a series
in e. The integration in the second term over 4; can be expressed as a beta function and yields an IR pole.
Then, expanding D;|g., as a series in €, we obtain

i : : A2 . ; 1 1 2iz — 2log(2d) + log (ﬁ—zz) .
D ="—— _1 e a— 0 AT IAND2AR |72 ] O
2|Reg 2d (47[)2P%A/2 |:€[R 0g (P%(2d)> + (€ ):| + 2d (4”)2[’%[\/2 2612R + 2€IR + (€ )
: Py
. 1 1 2ir + log (—,4)
o e\ 0" | . (C35)

"~ 2d (47)2P3A7 |26, + 2em

Inserting the results in Egs. (C30) and (C35) into Eq. (C24), we find that

PPy
1

8igtu**N’a / pS 262 +zem g(,w) +0()
Ree  (47)2(P2)7" Ji, (2P - ka)(2Py - ko) (2€ - ky + A2)

- 8ighu A%a / b 2€m +2£IR [2m+log( A )} +0(€")
Reg (4n)* (P Ji, (2P - k) (2P; - k) (20 - ky + A?)

PPy
2

(C36)

We see that the real double and single poles cancel between D; and D,, while the single imaginary pole in D, cancels when
we add the Hermitian-conjugate contribution. Hence, the k; integration with k, fixed in D; + D, plus Hermitian conjugate
is IR finite.

APPENDIX D: NQS CALCULATIONS

In this Appendix, we correct some signs and typographical errors and supply color factors in the expressions for diagrams
IV, V, and VI in Ref. [5]. We mark these changes relative to the expressions in Ref. [5] with double brackets. We also
complete the calculations of the integrals in the expression for diagram V.

1. Diagram IV

The contribution of diagram IV is given by

2 2 A dk} gi(1+x7)+ a3
IVE) = || —Labe] | g4 %) 2231y / /d2 2 / d 241 L2 :
7o R W Bl A 7o Ll Al AN ey [ e e Lo

(D1)

I

which agrees with Eq. (51) of Ref. [5] up to the missing color factor 73¢ and an overall sign. Performing the remaining

integrations, except for the k| integration, we obtain

A 2 iL‘ : : A dky
V) = - (%) e aper(t 1 e)in - e+ 0(@)] [ Sl - eCad +nea?) 4 0@ (D2
1

T c
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2. Diagram V

The contribution of diagram V is given by

; S Adki [ 1
V) = || _Labe| | (%s)"_° / 1 / di+ / B22¢k / P2k i
’ 4N, n) (4x*)'72% o 2k ) 2 1L 2L (kfr kh>3

%
k2 \2
<22, a3 =t (K +51) T+ 120 - ki )?
X

2
2(k{ — k3) (kz+ +%) — (kp = ky1)? — ie]

1 2
X B + 2 ’ (D3)

. k k= .
(k=i =ie) (k5 +58) RO =) (k5 +51) = o =0 )? i)

which agrees with Eq. (54) of Ref. [5] up to the corrections that are marked with the double brackets. Using the rescaling of
integration variables in Ref. [5]

ky = (ki)y. ki = (V2k{ )k, (D4)
we can rewrite Eq. (D3) as follows:

2 2 92 A gkt
(k) — | [Labe % X e
v |:|:4NC:|:| X8<ﬂ> (4;;H2H)1—2eA (k1+)1+4e/d Ky

gkt + qd (k)P - 4(g) k)
(1+x32)3

Ty (k). (D5)

which agrees with Eq. (55) of Ref. [5], up to the corrections that are marked with double brackets. Jy (k) is defined by

« 2-2¢;. !
svtw) == [ [ et e T
1

[(y_1)(y+K%)+(K2—K1)2+i8]2}' (D6)

Performing the k, integration, we can write Eq. (D6) as

K) = —xl"¢ € ® L ! - !
Tvl) ra+ )/_wdy{euwux%)(l—y—ie)[(y—1><y+x%>+ier [(y—1><y+:<%>+ier+f}’ (B7)

which agrees with Eq. (57) of Ref. [5]. Performing the remaining y and «; integrations, we obtain

VK — _<ﬁ>2@(2ﬂ)2€r(1 +€)[—iﬂ—ﬂ2€+0(€2)]A$< ! + 1) [—§q2+0(e)]. (D8)

V3 Nc 2€UV

In Ref. [5], the complete factor that multiplies the k| integral in Eq. (D8) was considered to be UV in nature and,
therefore, to be a contribution to an SDC. Consequently, the entire contribution in Eq. (D8) was taken to be a one-loop
contribution to an SDC times the one-loop contribution to the LDME, and it was dropped in Ref. [5]. As we will now show,
the real contribution that comes from the product of the UV pole and the term —z%¢ in Eq. (D8) should actually be
considered to be IR in nature. We show this by completing the k, integration in V before carrying out the k; integration.
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First, we rewrite Eq. (D3) as

fg C
212 L

K4 K%
V“‘O):——N"/ dPki5. (K){V2[2(q, ki, )? — 4kTkiq? — @2 (ki + k7)? 2 -
2 (27)P0-2 104 ( 1){\/_[ (g1 ki) Tkl g3 — g1 (ki +k7)*]} (k1++k1_)3+(k1++k1_)4
(D9)
where 5, (k3) = 8(k3)0(k] + k7), and K§ and K% are
S 2kt — k)
K”:/ dk+/d2—2€k , L= —,
: -0 g . (k1+ - kz+ — ie) [2(/‘1+ - k;)("; +k7) = (ko — ku)z - 16’]2
o 1
Kb = / dk; / oy , . (D10)
: -0 : . (k1+ - kz+ — ie) {2(k1+ - k;)(k; + k1) = (kL — ku)z — ie]

Making the changes of variables k5 — k; + k| and ky; — ky; + ki, and carrying out the k,, integration, we obtain

a_ﬂF(1+€)/°°d+ 1
P @2n) Jee DIk (ky ki A k) A+ el
al'(eyy) / o 1
K? = dkt . D11
2 27)° ) (k3 +ie)[ky (ky + ki +ky) + ie]¢ (D11)

We can carry out the k5 integration by making use of the following formulas:

/00 dy 1 _ 1 [2F(—€)F(1 +2€) .Fz(—e) }
o DR R e H k)L T(Lve) e T(=2)
2 .
= W[—m—ﬂze—k 0(e)), (D12a)
/°° dy 1 _ 1 |:F(—€)F(1 +2¢) F('—e)l“(l - €):|
ceo (A i)y + kT k) +iele (k4 kD) I'(1+e€) eI (1 - 2e¢)
_ m =i — 22 + O(&2)]. (D12b)

Then, we find that

. mT(1+e) 2 .
K=o Wk #e + 0(e?)],
k=T i e+ 0] (D13)

(27)° (ki +k7)*

We can see that these expressions have an IR sensitivity because of the denominator factors (k" + k7)'*2¢ and (k| + k)%,
which become singular when k; goes to zero, as happens for the IR divergence in the k; integral. These factors from the &,
integration affect the strength of the IR pole in the k; integration. The only part of Egs. (D12) that can be considered to be
UV in nature is the pure UV pole in the expression for K5, for which the denominator factor (ki + k7)% is set to unity.
However, this pure UV pole cancels when we add the Hermitian-conjugate contribution. All of the other contributions in
Egs. (D12) are IR in nature. This is true, in particular, of the only real contribution, which comes from the product of the UV
pole and the —z%¢ term in K3.

Having demonstrated the IR nature of the real part of the result, we complete the calculation by carrying out the k;
integration. Using our results from the k, integration, we have
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fa
g? N”

I'(1+e) (1 + ) [—in — n*e + O(€?)]

€uv
A 2(q1 - k1) = 4kiki g5 — ¢7 (K +k7)?
x/ dPky s, (k)T (k+:L/1<-)34+2€L RN WA (D14)
1 1

We carry out the k; integration by making use of the §, function, make the change of variables k;, — \/Eklﬂcl, and carry
out the x; integration. The result is

(K9) ‘g? ];;b( 2¢
VI = e nr(1 4 61

which is in agreement with Eq. (D8).

)[—in’—ﬂze—l— 0(c)] AA#;LE {-gtf + 0(6)}, (D15)

€uv

3. Diagram VI

The contribution of diagram VI is given by

" /-oo bl ‘y){mmy — 1P Mo - D0+ K@[ng]we}’ (D16)

which agrees with Eq. (61) of Ref. [5], up to the corrections that are marked with double brackets. Here, the empty double
brackets [[]] indicate factors of 2 that were present in Eq. (61) of Ref. [5] and have been removed. Carrying out the
remaining y and «; integrations, we find that

VI= - (%) ’ L (aapr(1 4 ) fin = e + 0(€) A ! 7(k?;‘;+4€ x [~2eq} + O(e)]. (D17)

APPENDIX E: SOURCE OF THE UV DOUBLE POLES IN AN NQS-STYLE CALCULATION

In this section, we demonstrate how the UV double poles in C and D arise in an NQS-style calculation. As we have
mentioned, the source of the double poles is a mismatch between a real-gluon contribution, which is subject to a phase-
space UV regulator, and the contribution from the residue of a pole in the propagator of the corresponding virtual gluon,
which is unregulated in the UV. Following NQS, we impose a UV cutoff A on each phase-space integration over a plus
light-cone momentum component. While this cutoff is different from our standard UV phase-space regulator, we expect that
this difference will not affect the coefficients of the leading (double) UV poles.

1. Diagram IV

Let us first consider the contribution of diagram IV in Ref. [5]. In terms of light-cone variables, the real-virtual
contribution is [5]

4ig} C(}h‘ A dk N [ e e 340 (k + 2k+) + qzk{ + %‘Iﬂu kit
IVA = ——% 271)2[’ ; 2k+ dk dk ki, | d "k, r TN - . -
(ki +55) (kF + ks — e (kT = kf — ie)
% . (E1)
[(2k2+k2- —R2) - 2(k1+k; kg =k ku) - ie}
Note that the last denominator can be rewritten as
- 12 P < T . E R R P k%L (kﬂ- —kiy)® +ie
(ks ky —k5,) =2 k]k2+2k+k —kyy ckyy | —ie| =2(ky — ki) |k; 2k+ 2(k2+—k1+) (E2)
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We close the k5 contour in the upper half-plane and pick up the residue of the pole at (k, — k;)? = 0. The location of the
pole is

_ ki, (koy —kiy)? +ie
k2[(kz—k1)2] o f + 205 — k) (E3)

and the residue is nonzero only when kj > k. The residue is

4 fah( 1 k+ 2k k
9s dk qi (ki + +) +q3k| + 59391 kL
IVA(ke=ki)? — 2 16\’46/ / dk*/dz 2p, /dz 2y, j = T X _k\/_ —
7) k (kl 5 ) [k + g+ G - k)
(E4)
Carrying out the k5, k;,, and k,, integrations, we obtain
— 2 a.\‘ 2 € 3bc A dki‘»
IVA(kz ki) — (;) (277,')2 (W) [—2q2 + O(é')]F(l + 2€)F(—€IR) A W . (ES)

We note that the poles in this expression are purely IR in origin. That is, the integrations in IVAk=k)* gre UV convergent.
The real-real contribution IVB is precisely the negative of the real-virtual contribution IVAke=k)* except that the k,

integration in IVB is cut off by a UV regulator. Since the integrations in both IVA(2~%1)* and IVB are UV convergent, they
cancel, up to terms that are suppressed by inverse powers of the UV-regulator scale A. Hence, the diagrams I'V do not yield
any UV double poles.

2. Diagram V

Next, let us consider the contribution of diagram V in Ref. [5]. In terms of light-cone variables the real-virtual
contribution is [5]

V 25/2 4fuh( /\dk‘lf’ /00 dk+ /oo dk_/dz_zgk /d2—2€k
_ 1L 21
(27) 2D 1 21{1+ - ’ T ’
2
\/E[Z(QL'ku)z -2kt 45— a1 (k+ 2"+) ]

X
(kf — kI — ie) [(2k2+k; —2))- (k+k + 2;; S ku) - ie]

1 1
X + . (E6)

3 4
(ky + k5 — )(k+ 2k+) (ky + k5 — )(k+ 2k+>

Again, we close the k5 contour in the upper half-plane and pick up the residue of the pole at (k, — k;)? = 0. The location of
the pole is given in Eq. (E3), and the residue is nonzero only when k3 > k| . The residue is

; 2gy -k, )P — 202 (k+ )2
VA(kQ—k])2 _ abc A dk / dk+ / 42 Qek /dZ—ZekzL (QJ_ ]L) U‘Ch qJ‘ 2k+
(zﬂ 2D 2 2% Jis 2(ky —ki)?
1 1
X + . (E7)

(ky =k ) 3 (kyy —ki) 4
[+ 50+ Gt (6 +40)7 [k o+ g+ St (k +51)

After the changes of variables

096011-46



COVARIANT CALCULATION OF A TWO-LOOP TEST OF ... PHYS. REV. D 101, 096011 (2020)

k;r — k;r + kT,
ky, = kot + ko,

ki — (\/Ek?r)"i» (ES8)

for i =1 and 2, we can perform the x, integration to obtain

32 AN [4g1 )2 = 4363 ~ g (1 + )
VAlke=k)? — (%) g142¢ ~143¢ [ Labe / dicH (k- —2e/d2—2e LK 195 — 41 I
n g 4N.) Jo ! (ki) i (1+x3)°

o dk+ F(l +€) F(EU\/)
x T 21+e T Lot T NI N Y
(ky) (ky + ki +k{«x7) (k)(1+ 1) (ky + kf + kfxT)

The contribution of the corresponding real diagram is

VB = _(%)221+2€ﬂ—1+36 (@) /A a’kf(kf)‘ze / d2—2eK1 [4(611_ i K1)2 B 4K%q% - Qi(l + K%)2]
0 (

m 4N, 1 +x3)3

% /A dk;r |: F(l + 6) + F(EUV) :|
o (k)" (k3 + k7 + ki)™ (KD (1 +x3) (k3 + kT 4+ kfx})

(E10)

Performing the remaining integrations in Egs. (E9) and (E10), we obtain

2

2Re(VAk~h)* 1 VB) = z[e:w +O0(e” )] % <— ‘1’—2> + O(1/A%), (E11)

which contains a UV double pole. This UV-double-pole contribution accounts for the UV double poles that we find in C and
D in Eq. (121).

3. Diagram VI

Finally, let us consider the contribution of diagram VI in Ref. [5]. In terms of light-cone variables the real-virtual

contribution is [5]
AdkT [ . 1
L8 o e f o .
1 J-o0 (ki + ) (ki — ky —ie)

5/248
via = 2 (

2 2D 1
( 21<+
2
/'oo " 27243 (kT 2k+) (kf —k3) = 2v2(qy -ki1)[gy - (ki —koy)]

X 2

S o R e P

1 1

" 2 n . (E12)

(k; — K+ kg = - ie)z(k; +k — ie) (k+ K kg =5 - ie) (kf + &y — ie)?

Again, we close the k5 contour in the upper half-plane and pick up the residue of the pole at (k, — k;)? = 0. The location of
the pole is given in Eq. (E3), and the residue is nonzero only when k5 > k. The residue is
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+
VIAke=ki1)* — _nde p—d-+de ( abc> /A dk; / dk+/d2 2k, /a(z—zek2L
k+

@ (kT 2k+) (ki —ky) = (g kin)lgr - (ki —koy)]

X

(k + 85 (& - ) (k7 -

o 1 n 1
K-k S e ] Kk S R e
(E13)
Making the changes of variables
ki = (k)y. = (V2K )k;, (E14)
we obtain
A dk+ 2 _ 1)2
VIA—ki)* — _02+2e p—4-+4e 2 abc / / d /d2 2¢ /dZ 2€
4N, 0 k+ 1+4e y i +K1)
1
X . El15
e e e (R e = ML

It can be seen easily that the k| and «, integrations cannot give UV poles, and so diagram VI does not contribute any double

UV poles.
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