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The g-factor and static quadrupole moment for the wobbling mode in the nuclide '33La are investigated
as functions of the spin I by employing the particle rotor model. The model can reproduce the available
experimental data of the g-factor and static quadrupole moment. The properties of the g-factor and static
quadrupole moment as functions of I are interpreted by analyzing the angular momentum geometry of
the collective rotor, proton-particle, and total nuclear system. It is demonstrated that the experimental
value of the g-factor at the bandhead of the yrast band leads to the conclusion that the rotor angular
momentum is R =~ 2. Furthermore, the variation of the g-factor with the spin I yields the information
that the angular momenta of the proton-particle and total nuclear system are oriented parallel to each
other. The negative values of the static quadrupole moment over the entire spin region are caused by
an alignment of the total angular momentum mainly along the short axis. Differences of the static
quadrupole moment between the wobbling and yrast band originate from a wobbling excitation with
respect to the short axis.

© 2020 The Author(s). Published by Elsevier B.V. This is an open access article under the CC BY license

(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.

The collective motions of a triaxially deformed nucleus, that is
shaped like an ellipsoid with three principal axes of inertia, have
attracted a lot of attention in nuclear structure physics over the
last years. When such a nucleus rotates, the lowest energy state
for a given angular momentum [ (called yrast state) corresponds
to a uniform rotation about the principal axis with the largest mo-
ment of inertia (Mol). At a slightly higher excitation energy, this
axis can execute a precession motion (in the form of a harmonic
oscillation) about the space-fixed angular momentum vector. This
describes the phenomenon of the so-called wobbling motion that
has been first proposed by Bohr and Mottelson in the 1970s [1].
Since this collective mode is a rotation about a principal axis, the
related energy spectra come as a series of rotational Al =2 bands,
in which the signature of the bands alternates with increasing
number of oscillation quanta n. The electric quadrupole transitions
with Al =1 and n — n — 1 are induced by a wobbling motion of
the entire charged rigid body, and thus get collectively enhanced.
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Recent studies of the nuclear wobbling motion have been trig-
gered by the novel concepts of transverse wobbling (TW) and lon-
gitudinal wobbling (LW) proposed by Frauendorf and Dénau [2].
These authors have classified the wobbling modes in the presence
of a high-j quasi-particle according to the relative orientation of
the angular momentum of the quasi-particle j, and the princi-
pal axis with the largest Mol, which is usually the intermediate
axis. If this relative orientation is perpendicular, one speaks of a
transverse wobbling mode, and the corresponding wobbling energy
decreases with the spin I. It has been observed experimentally for
the nuclei %'Lu [3], '3Lu [4,5], '%°Lu [6], '®7Lu [7], and 1%7Ta [8]
in the A ~ 160 mass region, for the nuclides '3°Pr [9,10] and
130B3 [11-13] in the A ~ 130 mass region, and for the odd-neutron
nuclide 1%Pd [14] in the A ~ 100 mass region. If the relative ori-
entation is parallel, one speaks of a longitudinal wobbling mode,
where the wobbling energy increases with the spin I. The exper-
imental evidence for longitudinal wobbling is, however, rare and
has only been reported very recently for the nuclides '33La [15]
and 87Au [16].

The increase of the wobbling energy with the spin I for the
nucleus '33La is quite unexpected, because the wobbling mode is
based on the configuration n(lh“/z)l with an orientation of the
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h11,2 proton along the short axis [15]. The same hi1/2 proton con-
figuration applies to the isotones '3°Pr [9,10] and 3Cs [31], which
both show a decrease of the wobbling energy with the spin I,
and this behavior is actually a hallmark of the transverse wobbling
mode. The authors of Ref. [15] have explained the unexpected in-
crease of the wobbling energy with spin I for '33La as follows.
Like the isotones, this nucleus is triaxially deformed and thus it
features the wobbling mode. The triaxial deformation parameters
€ =0.16 and y = 26° are supported by tilted axis cranking cal-
culations and the increase of the wobbling energy with spin I
is attributed to nearly equal Mols with respect to the short (s-)
axis and intermediate (m-) axis (Js >~ Jm ). The m-axis is no longer
preferred for alignment with the collective rotor angular momen-
tum R, which has now a larger component along the s-axis. The
mechanism underlying the enlarged Js-value is attributed to the
gradual alignment of a pair of positive-parity (gd) protons with
the s-axis. In the calculations of Ref. [15], this mechanism is taken
into account by introducing a spin-dependent Mol for Js. Such a
scenario is obviously more complex than the classification scheme
suggested in Ref. [2], which assumes Js; < Jm. Therefore, the situ-
ation in '33La corresponds to an intermediate coupling scheme.

Very recently, in Ref. [17] the g-factor and the static (spectro-
scopic) quadrupole moment (SQM) were measured for the band-
head state (an 11/2~ isomeric state) of the yrast band in 133La. The
obtained g-factor is g =1.16 £0.07 and the SQM is |Q | =1.71+
0.34 eb. On the theoretical side, Monte Carlo shell-model (MCSM)
calculations gave g = 1.16 and provided the information that the
dominant configuration of the 11/2~ isomeric state is 7T(1h11/2)1.
At the same time, these calculations predicted Q = —1.25 eb.
The distribution of the quadrupole moment expectation values ob-
tained with shell-model wave functions for the 11/2~ state indi-
cates a triaxial shape with deformation parameters g ~ 0.16 and
y ~ 20° [17], which is consistent with the wobbling interpreta-
tion. These new results motivate us to investigate the g-factor and
SQM as functions of the spin I in the wobbling motion, taking the
nucleus *3La as a first example.

Our calculations are carried out with the particle rotor model
(PRM), which has been used widely for describing wobbling bands
and has achieved much success in this respect [2,4,5,10,12,14-
16,18-22]. In Ref. [15], the PRM (there called “quasi-particle
plus triaxial rotor model”) could reproduce well the experimental
energy spectra and wobbling energies together with the elec-
tromagnetic transition probability ratios, B(M1)ou/B(E2)in and
B(E2)out/B(E2)in, for the wobbling bands in *3La. In this work
we use the same triaxial deformation parameters 8 = 0.168 and
y = 26°, which agree with the deformation parameters ¢ =0.16
(here ¢ = (3/2)4/5/4pif = 0.958) and y = 26° in Ref. [15]. With
this chosen value of y, the 1-axis, 2-axis, and 3-axis are the
conventional m-axis, s-axis, and [-axis of the triaxially deformed
ellipsoid, respectively. The Mols of the nuclear core are taken
as Jm = 15.33 h%*/MeV, J; = 2.92 h?/MeV, and Js = [9.125 +
0.657(I — j)] h%/MeV [15]. Here, I and j = 11/2 are the quan-
tum numbers related to the total angular momentum I and the
proton angular momentum j,.

In the following, the methods to calculate the g-factor and SQM
are given. For an odd-mass nuclear system the rotor angular mo-
mentum R and the (proton) particle angular momentum j, are
coupled to the total spin I as

R+j,=1I. (1)

The magnetic moment w of this system is calculated from the (ro-
tational) wave function |I, M = I), with M the quantum number
related to the projection of I onto the z-axis of the laboratory
frame, as follows

p=gl= (gl 11) = (I1|gpjpz + rRRAI) , )

where 1, }'pz, and R, are the z-components of the respective an-
gular momentum operators. Moreover, g, and gg are the gyromag-
netic ratios of the proton-particle and the core, while the output
quantity g refers to the total nuclear system. In the present study,
we use the values gg = Z/A =0.43 for the rotor and g, =1.21 for
the hi1/2 valence-proton, in which the spin g-factor gs =3.35 has
been reduced to 0.6 times that of a free proton [1]. This quench-
ing factor is closed to the value 0.64 used in Ref. [17]. The possible
modification of gg by the (dg) quasi-proton alignment can be ne-
glected, because the spin contribution to the g-factor is small for
normal-parity single-particle states.

Using angular momentum algebra, the matrix element in Eq. (2)
can be expressed through scalar products of angular momentum
operators, which allows to express more directly the angular mo-
mentum geometry. The generalized Landé formula reads

(I\gpjp -1+ grR-I|II)
IT+1)

By means of Eq. (1) the expression for the g-factor of the total

nuclear system can be rearranged such that it depends on the ex-

pectation values of the relative orientations between j,, R, and
I,

nw=_gl= (3)

<gpjp"+gRR'I>

. II+1) "
CETE _gR)z(ép:l)) (5)
:%[(gp +gR)+(gp_gR)j(j;r(l1)7+_l)<RZ>] .

As limiting cases, one obtains

o g =gg, inthecaseijI;

G
I(I+1)°
o

o g=gr+ (g — ST,

e g=gr+ (g —&R) inthe case j, Il I;

in the case j, L R.

It is worth mentioning here that the g-factor has been used to
investigate the angular momentum coupling scheme in chiral dou-
blet bands in Refs. [23,24]. According to Eq. (7), one can get from
the g-factor also information about the rotor angular momentum,
via the expectation value (R?).

The SQM gives a measure of the nuclear charge distribution as-
sociated with the collective rotational motion, and it is calculated
as [1,25]

Q) = (1Qaolll) , (8)

where the quadrupole moment operator in the laboratory frame
Q20 is obtained from the intrinsic quadrupole moments Qﬁv by
multiplication with Wigner D-functions:

Q20 = Z Dé,vQﬁu . 9)
v
The three (non-vanishing) intrinsic quadrupole moments are
Qs =Qpcosy, Q3 =Qj ,=Qqsiny/v2, (10)
Q) =3R3Z(B +0.168%)/+/57, (11)
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Fig. 1. g-factors (a) and static quadrupole moments (b) as functions of the spin I
calculated in the PRM for the yrast and wobbling bands in '*3La in comparison to
the available data [17]. (a) The dashed lines correspond to parallel and perpendic-
ular couplings of the angular momenta of the proton and rotor. The short dashed
lines represent the formula in Eq. (7), evaluated with different rotor angular mo-
mentum quantum numbers: R=1—j, I —j+1, and I — j + 2. (b) The dashed-dot
lines for Qo(I) and Q2 (I) follow from Eqs. (13) and (14). The dashed and short-
dashed lines show Q(I) calculated by Eq. (14) using the values of Is and I; as
specified in the figure.

with Z the proton number and Rg = 1.2fm A'/3. The SQM values
are obtained by evaluating Eqgs. (8)-(9) with the PRM wave func-
tions, where the triaxial deformation parameters g = 0.168 and
y = 26° are used in the PRM calculations.

In order to demonstrate the dependence of the SQM on the
geometry of the angular momentum vectors, we follow Ref. [26],
where it was shown that the SQM formula (8) can be expressed in
terms of the expectation values of the squared total angular mo-
mentum components along the three principal axes (ii).

Q)= Qo)+ Qa(D, (12)
3B —1a+1
Qo(l)—m(locosy, (13)
V313 = (13) -,
Qz(I)—onsmy. (14)

In this way, the SQM provides direct information about the orien-
tation of the total angular momentum relative to the principal axes
frame.

In Fig. 1, we show the g-factor and SQM as functions of the
spin I as calculated in the PRM for states in the yrast and wob-
bling bands of *3La in comparison with the available experimental
data [17].

The PRM reproduces well the experimental g-factor at the head
of the yrast band. The theoretical prediction g =1.16 is in excel-
lent agreement with the experimental value g =1.16 £ 0.07. The
calculated g-factors decrease with increasing spin I. This feature
comes mainly from the denominator I(I + 1) in Egs. (5)-(7), be-
cause gp — gr = 0.78 is positive. Over the entire spin region the
g-factors for states in the yrast band are larger than those for

states in the wobbling band. According to Eq. (7), this suggests
that the expectation value of the rotor angular momentum (R?) is
smaller in the yrast band than in the wobbling band, since g, — gr
is positive. In the following, we will see that this behavior is in-
duced by a wobbling motion.

In Fig. 1(a), we also show the g-factors as functions of I for the
limiting cases j, LI, j, || I, and j, L R. One can observe that for
Jp Il I the g-factor is quite close to the results obtained in the yrast
and wobbling bands, whereas for j, L I it lies far away. At the
bandhead the limiting cases j, L R and j, || I are close because
R is small there. This indicates the angular momenta of the proton
Jp and total nuclear system I are oriented almost parallel to each
other in the yrast and wobbling bands. For illustration we present
also the g-factor according to Eq. (7) with (R?) = R(R + 1), taking
rotor angular momentum quantum numbers: R=1—j, R=1—
j+1,and R=1— j+ 2. One sees that the curve with R=1—
j+ 2 agrees best with the experimental values at I =11/2, which
indicates that the rotor angular momentum is close to R =2 at the
bandhead. For higher spins I the curves R=I1—jand R=1—j+1
agree better with experimental values in the yrast and wobbling
bands, respectively.

At I =11/2 the calculated SQM Q (11/2) = —1.29 eb comes
out close to upper limit of the experimental value Q(11/2) =
—1.71 & 0.34 eb. This reasonable agreement indicates that cal-
culations in the PRM correctly account for the structure of the
collective (rotational) states. The calculated SQM decreases with in-
creasing spin I as a consequence of the denominator (I +1)(2I+3)
in Egs. (13)-(14). We note that the more sophisticated MCSM cal-
culations in Ref. [17] give Q (11/2) = —1.25 eb. Using the defor-
mation parameter 8 = 0.22 in the PRM calculations, which is a
somewhat larger than our value of 8 =0.168 from self-consistent
mean field calculations, shifts Q (11/2) in Fig. 1 into the center of
the experimental interval and does not change significantly its spin
dependence (see below).

In Fig. 1(b) the contributions Qo(I) and Q»(I) as calculated
by Egs. (13) and (14) are shown separately. In the evaluation
y = 240° + 26° is used instead of y = 26°, which corresponds
to the same shape, however a different assignment of the prin-
cipal axes: 1 — s, 2 — I, 3 — m. The advantage of this choice is
that cos270° =0 and sin270° = —1, which simplifies the discus-
sion for nearby y-values. Accordingly, Qo(I) is almost zero, since
it gets strongly suppressed by the factor cos266° = —0.07. Hence,
Q2(I) >~ Q (I) which is shown in the lower part of Fig. 1(b) for
the following root-mean-square expectation values of total angu-
lar components I; = <7,.2>1/2 along the s-axis and l-axis: (Is, ) =
(I1-1/2,3/2), 1 —-1,3/2), (I —3/2,5/2), and (I —5/2,5/2). The
former two and latter two curves agree with the experimental
results for states in the yrast and wobbling bands, respectively.
Clearly, the Is values in the yrast band are larger than those in
the wobbling band. We shall see that this feature is again caused
by the wobbling motion. Altogether, the values Q,(I) >~ Q (I) are
smaller for states in the yrast band than in the wobbling band. As
sin266° = —0.99, the negative values of the SQMs are caused by
the fact that the total angular momentum I aligns mainly along
the s-axis. The PRM gives for the I = 11/2 state (fsz) = 26.80,
(1) =1.97, (I2) = 6.98. Using these values in Egs. (13)-(14) and
B = 0.22 shifts the SQM to —1.70 eb, in agreement with the ex-
perimental value.

The authors of Ref. [17] assumed prolate shape. In this case, the
SQM is

3K2—I1(I+1)
Qh)=———2Q]. 15
D I+1D@RI+3)° (15)
Using this formula under the assumption K = 1/2 they extracted a
deformation parameter of § =0.28 £0.10 from the measured SQM
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Fig. 2. Angular momentum components along the intermediate (m-), short (s-), and
long (I-) axis of the rotor, proton-particle, and total nuclear system as functions of
the spin I for the yrast and wobbling bands in '33La. Each component is a root-
mean-square expectation value of an angular momentum operator, e.g. Is = (12)1/2,
The dashed lines correspond to the average quantity /(T + 1)/3.

|Q| =1.71 £ 0.34 eb for the 11/2~ isomeric state at the band-
head of 133La, which is unusually large for low-lying states in this
mass region. As discussed, taking triaxility into account brings B
down to 0.22, a value more typical to the A ~ 130 mass region. It
would be interesting to determine the deformation independently
by measuring the lifetimes of the rotational states.

In order to better understand the behavior of the g-factor and
SQM as functions of the spin I, we will discuss in the following
the angular momentum geometry of the proton-particle and the
collective rotor.

In Fig. 2, we present the calculated angular momentum compo-
nents along the m-, s-, and [-axis of the rotor (R), proton-particle
(jp) and total nuclear system (I) as functions of the spin I for
the yrast and wobbling bands in '*3La. The proton angular mo-
mentum j, aligns mainly with the s-axis, because its torus-like
orientational probability distribution has a maximal overlap with
the triaxial nuclear core in the ml-plane [27]. The s-component is
constant js >~ 5 over the whole spin region for both the yrast and
the wobbling band. The rotor angular momentum R favors a lo-
cation in the sm-plane with a very small [-component, because 7
is the smallest. With increasing spin I, R increases faster than
Rm, due to the gradual increase of J;. This behavior of R com-
bined with j, makes Is being largest. The latter feature leads to
the negative values of Q3 (I) as shown in Fig. 1(b). In addition, the
component I (I;;) for states in the yrast band is larger (smaller)
than for those in the wobbling band. A wobbling motion takes
place about the s-axis, as it also occurs in the neighboring isotone
135pr [9,10]. The enhanced magnitude of Ry, due to the increase of
Js, stabilizes the wobbling motion about s-axis. This fact is con-
sistent with increasing wobbling energies [15]. Since [J; and Jpn
are almost equal, a classification of the wobbling mode as longi-
tudinal or transverse seems inappropriate. The angular momentum
geometry is just more complex, corresponding to an intermediate
situation between the two limits.

Moreover, the component I, is close to the average quantity
J1(I+1)/3. This explains why the contribution Qg(I) vanishes
almost, as shown in Fig. 1(b). The component I; is small, with a
value [; ~ 3/2 for the yrast band and [; = 5/2 for the wobbling
band. This explains why the outcome of the analytical formula for
Qa2(I) in Eq. (14) agrees so well with the full calculation in the
PRM for yrast and wobbling bands.

In order to illustrate further the wobbling motion about the
s-axis, the probability density distributions P (6, ¢) for the orienta-
tion of the total angular momentum I on the 8¢-sphere (called az-
imuthal plots [21,28-30]) are shown in Fig. 3 for states in the yrast
and wobbling bands of 133La. Here, 6 is a polar angle between the
total spin I and the [-axis, and ¢ is an azimuthal angle in the
sm-plane measured from the s-axis. Over the entire spin region,

yrast: 1 =5.5
0 ————7——
=)
) 4
Z
® 3 -+ L 3 g
0 i i I} i i i i I} i i i i I} i i i i I} i i
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)
T
@
0
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Fig. 3. Azimuthal plots, i.e., probability density distributions for the orientation of
the angular momentum I on the 6¢-sphere as calculated in the PRM for states in
the yrast and wobbling bands of '33La.

the distributions P (0, ¢) are centered about 6 = 90°, which corre-
sponds to very small I;-components, as shown earlier in Fig. 2. For
states in the yrast band the maximum lies at ¢ = 0°, which rep-
resents a highest probability of aligning I along the s-axis. To the
contrary, states in the wobbling band have a minimum at ¢ = 0.
For these wobbling states, the maximal probability lies on a rim
around the minimum, and P(6, ¢) reflects in this way the wob-
bling motion (or precession) of I about the s-axis. Note that one
obtains here precisely the distributions as expected for the wob-
bling motion [12,21], namely ¢-symmetric wave functions for the
(n = 0) yrast band and @-antisymmetric wave functions for the
(n =1) wobbling band. Moreover, the feature that the distributions
centered at ¢ = 0° do not extend out to ¢ = £90° indicates that
the wobbling mode in '33La is very stable, which is guaranteed by
a gradual increase of J; with I.

In Fig. 4, we show the calculated probability distributions for
the rotor angular momentum (R-plots Pg, al-a2), for the projec-
tion of the rotor angular momentum onto the m-axis (Kg-plots
Pg,,, b1-b2), and for the projection of the total angular momen-
tum onto the s-axis (K-plots Py, c1-c2), in the yrast and wobbling
bands of 133La. These detailed results do further support the pic-
ture of a wobbling motion about the s-axis.

The R-plots (al) and (a2) show a similar behavior as those for
the nucleus '3°Pr [21], namely, for states in the yrast band R is
almost a good quantum number. The Pg-distributions have a pro-
nounced peak at R =I — j, except for the bandhead with I =11/2,
where the maximal weight occurs at R =1 — j+ 2 = 2. For states
in the wobbling band an admixture of substates with R = I — j and
R =1-—j+1 is present. An exception occurs again at the bandhead
I =13/2, where the peaks lie at R=1—j+ 1 and I — j+ 3. Ac-
cording to these characteristics, one can understand the behavior
of the g-factor as a function of spin I, as shown in Fig. 1(a).

The Kg-plots (b1) and (b2) illustrate how the picture of a
wobbling oscillation arises. The distributions P, display large ad-
mixtures of various values of Ry, which have their origin in the
wobbling motion of the rotor towards to the m-axis. At R, =0,
the distribution Pg,, has a finite value for states in the yrast band,
while it vanishes for states in the wobbling band. This is a char-
acteristic of the one-phonon excitation of the wobbling mode and
it is consistent with ¢-symmetric wave functions for (n = 0) yrast
states and @-antisymmetric wave functions for (n = 1) wobbling
states, as visualized by the azimuthal plots P (8, ¢) in Fig. 3.

The K-plots (c1) and (c2) display that the prominent peaks of
the distribution Pj, appear at Is = =£I for states in the yrast band,
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Fig. 4. Probability distributions for the rotor angular momentum (R-plot P, al-a2), for the projection of the rotor angular momentum onto the m-axis (Kg-plot Pg,, , b1-b2),
and for the projection of the total angular momentum onto the s-axis (K-plot Py, c1-c2) as calculated in the PRM for states in the yrast and wobbling bands of 13314,

and at Is = +(I — 1) for states in the wobbling band. This corre-
sponds to the classical picture of the wobbling motion. The yrast
state with spin I and the neighboring wobbling state with spin
I + 1 have similar angular momentum components along the s-
axis. The total angular momentum in a wobbling state with I + 1
has to precess (wobble) with respect to s-axis to reach I >~ 1.

In summary, the g-factor and SQM for the wobbling mode of
13313 have been investigated in the framework of the PRM. The
calculation reproduces the available g-factor and SQM data well.
The properties of the g-factor and SQM as functions of spin I have
been interpreted by analyzing the angular momentum components
of the rotor, proton-particle, and total nuclear system with the
help of various quantum mechanical probability distributions: az-
imuthal plots, R-plots, Kr-plots, and K-plots. It has been demon-
strated that the wobbling mode in '33La corresponds to a wobbling
of I about the s-axis. The g-factor at the bandhead of yrast band
gives the information R =~ 2 about the rotor angular momentum
R. The variation of the g-factor with spin I indicates that the an-
gular momenta of the proton-particle and total nuclear system are
oriented parallel to each other. The negative values of the SQMs
are caused by the fact that the total angular momentum I aligns
with the s-axis. The differences of the SQM between states in the
yrast and wobbling bands can be traced back to the wobbling mo-
tion. Therefore, the g-factor and SQM are good indicators of the
angular momentum geometry for the wobbling motion. Future ex-
perimental measurements of g-factors and the SQMs for states in
the high-spin region are strongly suggested in order to test the
theoretical predictions presented in this work.
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