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Optimal and Acceptable Technical Facilities Involving Risks

Ruediger Rackwitz™*

1. INTRODUCTION

Economic cost-benefit optimization of techni-
cal facility, be it a vehicle,
a building or a bridge, or an industrial installa-
tion, requires suitable “life saving cost” and/or an
appropriate acceptance criterion if human life and
limb are at risk. Traditionally, acceptance criteria im-
plicit in codes of practice, standards, or regulations
for well-defined fields of application are calibrated

Economic cost-benefit optimization of technical facility requires suitable “life saving cost”
and/or an appropriate acceptance criterion if human life and limb are at risk. Traditionally,
acceptance criteria implicit in codes of practice, standards, or regulations for well-defined
fields of application are calibrated against past and present practice. This is all but satisfying.
[t is unclear whether present rules are already optimal. Extrapolations into new fields of
application are extremely difficult. Direct cost-benefit analysis is proposed as an alternative.
Based on the recently proposed “life quality index™ (LQI), a rational acceptance criterion
and so-called life saving cost are derived. The classical life quality index is reviewed, modified,
and imbedded in modern economics theory. The results are then applied to technical facilities.
The relation between optimization and the LQI-based acceptance criterion is discussed. The
relevant economics literature is reviewed with respect to discount rates applicable for long-
term investments into risk reduction. They should be as low as possible according to a recent
mathematical result. Modern economic growth theory decomposes the output growth rate
into the rate of time preference of consumption and the rate of economical growth multiplied
by the elasticity of marginal utility of consumption. It is found that the rate of time preference
of consumption should be a little larger than the long-term population growth rate. The public
benefit rate (output growth rate) on the other hand should be smaller than the sum of the
population growth rate and the long-term growth rate of a national economy, which is around
2% for most industrial countries. Accordingly, the rate of time preference of consumption is
about 1%, which is also intergenerationally acceptable from an ethical point of view. Given
a certain output growth rate there is a corresponding maximum financial interest rate in
order to maintain nonnegativity of the objective function at the optimum. Finally, a simple
demonstration example is added.
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against past and present practice. This is all but sat-
isfying, It is unclear whether present rules are al-
ready optimal. Extrapolations into new fields of ap-
plication are extremely difficult. Direct cost-benefit
analysis is a much better and rational basis. This
will briefly be reviewed in order to set the frame-
work for the acceptability consideration (Section 2).
Based on the recently proposed “life quality index”
(LQI),®% a rational acceptance criterion can be de-

~

rived (Section 3). The classical life quality index is

a structural facility like
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It is applied to technical facilities (Section 5). The
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relation between optimization and the LQI-based
acceptance criterion is discussed (Section 6). The
relevant economics literature is reviewed with re-
spect to discount rates applicable for long-term in-
vestments into risk reduction. Discount rates can be
based on findings in modern economic growth theory
but should be as low as possible (Section 7). Finally, a
simple demonstration example is added (Section 8)

2. OPTIMAL TECHNICAL FACILITIES

A technical facility is optimal if the following ob-
jective is maximized: 5>

/lp}zf:’(p)—('(plfi)(p]. (1)

For the purpose of this article it is assumed that all
quantities in Equation (1) can be measured in mon-
etary units. Here p is the vector of all safety relevant
parameters, B(p) is the benefit derived from the ex-
istence of the facility, C(p) is the cost of design and
construction, and D(p) is the cost in case of failure.
While B(p) and C(p) can be considered as nearly de-
terministic, D(p) generally is uncertain. Then, statis-
tical decision theory dictates that expected values are
to be taken.™ In the following it is assumed that
B(p), C(p). and D(p) are differentiable in each com-
ponent of p. It is reasonably assumed that C(p) in-
creases whereas D(p) decreases in each component
of p. The cost may differ for the different parties in-
volved, e.g., the owner, the builder. the user. and soci-
ety. The erection of a facility makes sense only if Z(p)
is positive within certain parameter ranges for all par-
ties involved. Their intersection defines reasonable
facilities (public or other subsidizing excluded).

The facility has to be optimized during design at
the decision point, i.e., at time 1 = (. Therefore, all
costneeds to be discounted. A continuous discounting
function is assumed, which is accurate enough for all
practical purposes:

8(1) = exp[—y1], (2)

where y is the interest rate. For example, if failure
occurs at time ¢ (in years) with consequences Dy, the
discounted damage is D(r) = Dyexp[—yt].Ifa yearly
discount rate y’ is defined for discrete di\cuunling. we
have y =In(1 + y).

In general, one has to distinguish between two
replacement strategies at least, one where the facil-
ity is given up after service or failure and one where
the facility is systematically replaced after failure. Fur-
ther, we distinguish between facilities that fail upon
completion or never and facilities that Jail at a ran-
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dom point in time much later due to service loads,
extreme external disturbances, or deterioration. The
first option implies that demands on the facility are
time-invariant. Reconstruction times are assumed to
be negligibly short. At first sight there is no particular
preference for either of the replacement strategies.
For infrastructure facilities, the second category is a
natural strategy. Facilities used only once, e.g., special
auxiliary construction structures, boosters for Space
transport vehicles, or devices exploiting limited de

posits, might fall into the first category.

For simplicity, the objective function is only de
rived for a special case. At an extreme disturbance
of random magnitude (e.g., flood, wind storm, earth-
quake, explosion) with density of independent, iden-
tically distributed interarrival times f(z) (indepen-
dent) failure occurs with probability P(p). The facil-
ity can fail at the first, second, third. ete. disturbance
and will then be reconstructed or it survives. The
density of the kth interarrival time is obtained from

Je(t) = '.',"7\ fi-1(t — 7) f(t)dz. Therefore. the density

of times to the nth failure is
&t.p) =) fi)Pr(p)(1 — P(p))-!. (3)
k=1

In order to set up a suitable objective function
of the type in Equation (1) one substracts construc-
tion cost and expected damage cost and reconstruc-
tion cost from the benefit, all discounted down to the
decision point. For constant benefit per time unit b(z,
P) = b(p) one obtains

Z(p) = / be™"'dt — C(p) — (C(p) + H)

X » O

L/ e " gu(t,p)dt.
J0O

H

Taking Laplace transforms! (2454

g (y.p) = Z_I”f'J')/’f(pllf"(;-’HI P:p)]* L,

(4)
I Laplace transforms are defined by f2(») = [Z e £(t)dt
and there is () < *(y) L if f(t) is a probability den
sity and f*(0) = 1 and *(c0) 0. In the transformed
space there is h*(y) f(y)g*(y) for h(t) = [ f(¢ r)g(r)dr,

an operation necessary to determine fult) because Ir(y)

2 V()
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results in

£ ;
Z(p) j C(p) - (C(p)+ H)
Pe(p) f*(v)
1 - (1= Pe(p)) f*(y)
4 C(p) —(C(p) + H)h*(y.p)- (5)

vV
/

It may sometimes be realistic to change to a mod-
ified renewal process, in which case the density f*(y)
of the first disturbance in Equation (3) has to be re-
placed by fi(y). If, in particular, the ]l);:@iﬂg events
follow a stationary Poisson process with intensity A
we have

3 P
h*(y.p) = //ipl (6)

because f*(y)= 5 for f(t) = A exp [—-At]. It
is noted here that the memoryless nature of a
Poisson process for the disturbances implies that
f*(y) = F(¥). h*(y, p) 1s the l,.xp];lgs lr'rarlxznrm
of the renewal density (renewal intensity) h(t, p) =
3 > 1 8n(t). His the rﬁuml.n‘}‘ loss in case of failure,
iTlL‘iudinu direct failure cost, loss of business and, of
course, the cost to reduce the risk to human life and
limb. :

For the renewal density and its Laplace transform
there is an important asymptotic result:*®

: : : 1 7
‘1!}11 h(t,p) = ]II:.‘&:‘}I B = IJFTE)}] {
where E[Ty(p)] is the mean time between renewals
(or failures).

The precise details of the renewal modgl can be
found in Reference 47. Many other objective func-
tions can be formulated. For example, nonconstant
benefit, serviceability failure, obsolescence, aging, de-
terioration, in.\pcutiﬁu and maintenance, and t'ujih;
service times can be dealt with."” Also, nul!ﬁp_lc

mode failures (series systems) can be considered.

3. RATIONAL SOCIOECONOMICALLY-
BASED RISK ACCEPTANCE
CRITERIA—THE LIFE QUALITY INDEX

In this section some important developments in
the so-called social indicator approach, L‘.\|1L‘ci.zi|‘)
by2) Nathwani et al.®**) and Pandey & Nathwani,*2)
are reviewed. This approach was initially developed
as an alternative to the well-known human develop-
ment index (HDI)* used as a measure of “how well
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a nation serves the well-being of its citizens” but it
turned out also to be an excellent basis for deriving
risk acceptance criteria. An attempt is made to sup-
port its various assumptions and h}‘pothcsc's by some
empirical evidence. It is also compared with e_arhcr
similar developments in health-related economics by
Shepard and Zeckhauser®” and others.

Any argumentation with respect to risk accept-
ability must be within the framework of our moral
and ethical principles as laid down in our constitu-
tions and elsewhere, including everyone’s right to life,
the right of a free development of her/his personality,
and the democratic equality principle. It is clear that
only involuntary risks, i.e., risks to which the public
is CVX;\)'\L'LI involuntarily from its technical and nat-
ural environment, can reasonably be discussed here.
Risk reduction is a primary concern of society, but
not the only one because risk reduction generally in-
volves cost. Thus, the cost expended for risk reduction
must be balanced against competing needs in view of
limited resources.

Cantril'™® and similar more recent studies con-
clude from empirical studies that long life and xxga]th
are among the primary concerns of humans in a
modern '\i;l.‘iui} —among others, as there are good
family relationship, personal well-being, a good cul-
tural, and ecological environment, etc., all parame-
ters, that define the “quality of life.” Life expectancy
at birth (mean time from birth to death) e is the area
under the survivor curve (survival function) £(a) =
exp[—/, u(t)dr],ie.,

e=eu)= /.?l'xl)l{ll:/-‘i’_\'p — / _H(f)(!! da,

1] JO

(8)
where a, = largest age considered and u (a)= age de-
pendent m‘art.i-lit}' or force of mortality. It {rtalke_:: sense
to adjust it for times in poor health and times in hqs-
pital or homes for elderly people so that the “quality
adjusted™ (disability adjusted) life expectancy egary
is about 90% of e.)

Another suitable indicator of the quality of life
is the gross domestic product (GDP) per capita and
year. The GDP is roughly the sum of all incomes cre-
ated by labor and capital (stored labor) in a coun-
try duzfizau a year. Its absolute value and growth rate
are measures for the productivity of a society. It
not only provides the infrastructure of a country, its
social structure, its cultural and educational offers,
and its ecological conditions, among others, but also
the means for the individual enjoyment of life by
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consumption. In most developed countries about
60 & 5% of the GDP is used privately, 20 & 5% by the
state (e.g., for military, police, jurisdiction, and educa-
tion) and the rest for investments. Most importantly in
our context, it creates the possibilities to * purchasu
additional life years through better medical care, im-
proved safety in road traffic, more s safety in or around
building facilities, more safety from hazardous techni-
cal activities, more safety from natural hazards, etc. In
our context it does not matter whether those invest-
ments into “life saving™ are carried out individually
and voluntarily or enforced by regulation, or by the
state via taxes. Neither the share for the state nor the
investments into depreciating production means can
be reduced appreciably because they form the con-
ditions for the individual to enjoy life in high qual-
ity, now and in the future. Therefore, only the part
for private use is available for risk reduction. Then,
the part available for risk reduction is g = 0.6 GDP.
The exact share for risk reduction must be determined
separately for each country or group in a country and
requires great care. The public must decide how much
it is willing to spend on risk reduction and hew much
it is willing to give up of other public services.
Let

be a composite social indicator with a, b,.... e
certain social indicators.®? Further, let it be differen-
tiable so that
al aL aL
il = 7——(1114‘ —db+---+ —de+---. (10)

db de
If only the two factors mentioned before, that is g and
. are considered, dL vanishes for:

de-

1L.=0 —
f 3id de

(11)

lying that a change in e should be compensated for
: oA appropriate change in g if L is required to be
stant, Assume that L is the product of a function
' (as a measure of the quality of life) and another
. M.tion of the time ¢ = (1 — w)e to enjoy life (as a
3 {}‘asurc of the quantity of life) where w is the time to
>ancE in paid work. Also, assume that the quantity
9124 chosen such that L is maximized. This appears to
pmi reasonable assumption because most work is dull,
boring, troublesome, and sometimes dangerous. One
also can draw on a historical argument. In 1870 the
yearly time spent in work was 2,900 hours, in 1950 still
2,000, but at present only 1,600 on average. Simultane-
ously, life expectancy rose from 45 to almost 80 years

191
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Fig. 1. Life expectancy versus GDP in different countries.(%%)

and the GDP increased from some 2,000 PPPUS$?
well beyond 20,000 PPPUS$.G7) Higher life quality,
therefore, was not only achieved through longer lives
and higher consumption but also by significantly more
leisure time.

Some elegant mathematical derivation in Refer-
ence 34 leads to the traditional form of the LOI:

U 2
I i B g iy, (12)
q
where g = w/(1 — w). For later convenience we take
the 1/(1 — w)th root so that:
o4
i 2o —m) (13)
q

The fraction of time w of e necessary for paid work
varies between (.12 and 0.25 (see Reference 48 for
estimates of w for different countries but also Refer-
ences 40 and 37). Nathwani et al. (1997) start from a
simple p:mluu L= f(g)h(t) with t = (1 — w)e and
where ¢ is the fraction of life devoted to leisure and
we the fraction of life devoted to paid work. Thus,
the LQI is a product of a function f(g) measuring life
quality and a function h(f) measuring the duration of
enjoyment of life. f(g) and h(r) are assumed to be inde
pendent and monotonically increasing functions. In-
come and life expectancy are highly correlated across
countries (see Fig. 1). However, they are only weakly
(and positively) correlated within countries with a de-
veloped social welfare system. This is demonstrated
by Fig. 2 where it should be noted that the incomes
in the highest quantile differ from those in the lowest

2 All monetary values are given in international US$ ‘ulmalul for
purchasing power parity according to the World Bank.\""
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Germany Canada
Relative | Life Life Life
ome Expectancy | Expectancy Expectancy

Paosition | Men Fema

1, Quartile | 77 82 ey

2. Quartiie |82 |85 98

3. Quartile | 81 84 i
4.Quartile [83 |86 =

78.5

Ginicoefficient= 0.30 Ginkcoe nt=0.315
Fig. 2. Life expectancy versus income for Germany in vear 2000052

and for Canada in year 1986."

quantile by a factor of 7-10, roughly the same range
of incomes as the GDPs in Fig. 1. The product of two
independent factors of the LQI in a given country,
therefore, is justified in good appmxin{aliim. :
Defining relative changes in the LQI by

db o ) .[: : t dhit) dr dg ¢
- = - 7D - = ]\ f'\,, L dnd set-
ting k., = const. according to %hc. F_m]%t_l‘\ulll[\

uqmnmcm in Rdumu 34, one finds two differen-
tial equations: k, = -4~ :

3 .r‘——ffll]Lin"\. T
s with solutions f(g) =g and h(r) =1° = ((1 — w)€) .
Assume then that g o ¢ £ w where ¢ is the productiv-
ity of work (GDP/working hours). Fig. 3 shows that
the assumption of proportionality between GDP and
productivity is in excellent agreement with data.
“Presumably, people on the average work just
enough so that the marginal value of wealth [.-’a“Ht!t!t"(‘(f.
or income earned, is equal to f/h - mar, ginal value of the
time they lose when at work.”'"*) Consequently, peo-
ple who work, possibly [om.Eer with their families,
oplnma work and leisure time, i.e., their LOI From
= which. without loss

,Le; = (0 one determines r = :

g

20

productivity

b

productivity = - 0.723 + 0.00634 GDP

5000 = 2 10 rsat a0t coasunt ! st 3sad
GDP

Fig. 3. Productivity versus GDP for various countries.
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Fig. 4. Life working time for various countries according to Refer-
ence 40,

of generality, together withr + 5 = 1 results in L =
g¥e!”(1 — w)!~* 2 g¥el~* w can be assumed to be
almost constant so that the factor (1 — w)!~* can be
dropped in many applications. The index fulfills the
boundary conditions L=0forg=0and e =0.
and should be interpreted as a utility functiot
u(g, e, w) of an anonymous person. Additiona_
divide g* by g = 1, which gives Equatior,
Dmdmo g" by g removes a minor anconsxste] & p:;
the original form for all practical purposes bf (s
persons with the same g and e but larger w 94t
have higher life quality. The position of the opt/®692
remains unchanged by these operations. In Figs9 ¥t
5 the quantities w and g are plotted for some in°7%9
alized countries. Both w and ¢ cluster closely around
the global mean. However, it can be observed that
societies with larger g generally work less, whereas
people in countries with smaller g work more in order
to increase utility of consumption—especially if one

112 1ps
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Fig. 5. Parameter ¢ for various countries according to Refer-
ence -%U.
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considers also less developed countries, which are not
shown in the figures.“*® But there are exceptions from
the general trend. In some countries with large g pref-
erence is given to large earnings and thus large con-
sumption whereas other societies prefer larger leisure
time versus somewhat less consumption. Obviously,
other secondary factors also affect the value of g.

The work-leisure optimization principle adopted
before is central for the determination of the expo-
nents in the two terms of the life quality index. The
particular value of w (or g) turns out to be rather
significant, as will be shown later. Apart from the
fact that the optimization principle makes sense in-
tuitively, at least in the long run. and is clearly sup-
ported by the above-mentioned historical develop-
ment of wealth, life expectancy, and working time, the
question is whether one can find other empirical ev-
idence. Some indirectly supporting material is given
in Reference 8 for European countries. For example,
Bielenski ef al.'® show by a representative inquiry of
up to 3,000 people in each of the different countries
that people tend to prefer less work time in countries
with a high GDP but would prefer more work and thus
more income in countries with lower GDP (and larger
unemployment rate and/or less work volume offered
by the economy). Dependent full-time employees in
countries with high GDP prefer to reduce their weekly
working time from some 38.5 hours down to 34-36
hours. Seli-employed people would like to reduce
their work load from 48 hours down to 38 hours. The
dependence between income and preferred weekly
working time can clearly be seen from the analysis in
Reference 8 on a household level (see Table I).

In countries with a high GDP (and low unemploy-
ment rate) there is a tendency to redistribute the avail-
able work volume among a larger labor force (espe-
cially females with part-time work) in order to reduce
the individual work load. In Table II current and pre-
ferred working time is tabulated for some countries,
together with the corresponding GDP, the growth rate
of the GDP per capita, and the unemployment rate. If
preferred working time is smaller than the actual one,

Table I. Actual and Preferred Weekly Working
Hours for Households®

Actual Situation Preference

All couples 62 h 61 h
Financial situation
¢ Comfortable 66 h 61 h
s Adequate 59h 61 h
« Difficult 53h 64 h
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the income level is supposed to remain constant, if it
is larger more income is desired. These tendencies are
also supported by recent official labor statistics.“?) In
Reference 21 it is stated that in some countries full-
time employees voted for weekly working times not
below 35 hours.

The decline in working hours for full-time work,
which can be traced back for over a century, is
slowed down but still exists in most countries in re-
cent years."?? But further reductions in yearly work-
ing hours are still to be expected in many countries
once the transition from purely full-time work to
part-time work is realized given good economic per-
formance. For two countries the trend is reversed,
which are the United States and Sweden, but for two
completely different reasons. For the United States
a growing part of overtime work in a fast-growing
economy (growth rate 2.8%) has led to a slight in-
crease in working time since 1980 (without increasing
part-time work). In Sweden it was just the large in-
crease in part-time work and a transition from part-
time work back to full-time work together with rather
flexible (legalized) rules for individual work-time
preferences. Therefore, Sweden is in line with the hy-
pothesis while the development in the United States
is exceptional.

The Netherlands and, in part Norway, are also ex-
ceptional in thatrecent sources give arather low w due
to a large proportion of part-time employment (up to
30%) but also due to the fact that the statistics con-
tain only dependent employment. The relatively high
value of w for the United States appears partially to
be due to the household survey technique as opposed
to the establishment survey technique used in most
other countries,*%40)
earnings might also serve as an explanation.

Many, partially interacting factors determine the
actual and preferred work load for individuals as
well as households in the various countries, including
traditions, cultural aspects, the social environment,
strength and role of trade unions, shares of dependent
employment and self-employment, female participa-
tion in the labor force, possible income distribution,
the agreed subsistence level, legal conditions, gen-
eral economic performance, and, not the least, per-
sonal and societal preferences. But the general trend
of working less when the GDP is already at a high
level and is growing is obvious. On the other hand,
low incomes relative to the incomes in richer coun-
tries and within a country lets people prefer to work
more and get more income given the productivity in a
country. There are good reasons to believe that many

but higher preference for large
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Table II. Actual and Preferred Weekly Working Hours of Both Partners in a Couple (Household) With at Least One of the Partners in
Paid Employment.'” Actual Working Hours of Both Partners Together (Unemployed = (). GDP After Reference 74, Growth Rate of
GDP/Capita in 1975-2000 After Reference 65, Unemployment Rate After Reference 14

GDP in Growth Rate GDP Unemployment Average Current Average Preferred
Country PPP US$ Per Capita in % Rate in % Weekly Hours Weekly Hours
Austria 26310 2.0 54 66.6 62.1
Belgium 27500 22 8.4 654 62.0
Denmark 25500 1 33 685 618
Finland 22900 2.0 938 67.7 663
France 24470 1.7 9.7 624 66.2
Germany 25010 1.9 9.9 60.8 59.6
Greece 16900 0.9 113 65.1 673
Ireland 25470 4.0 4.1 618 583
Italy 23400 2.1 10.4 58.0 589
Luxembourg 36400 39 27 58.0 558
Netherlands 26170 1.8 2.6 583 559
Portugal 17000 29 4.3 59.1 T0.8
Spain 19300 7. 14.0 544 66.0
Sweden 23770 1.4 6.0 693 65.9
United Kingdom 23500 2.0 33 66.4 589
Norway 29760 26 30 66.4 66.2
countries are already at or close to the optimum given reduction:
their specific conditions (mainly productivity level), I 1
especially because the life quality index shows a rather = = (14)
= = g 3 de eq

flat optimum if plotted against w for given r = (.16
and s = 1 — r (see Fig. 6). And there appears to be or bv rearrangement:
sufficient evidence that the work-leisure optimization ; 1 d

i === : dg de 5
principle is, in fact, effective in general and in the long A e (15)

run.

In summary, it is remarkable that all fundamental
assumptions and hypotheses in the original develop-
ments by Nathwani er al.®* are well supported by
data, at least to the extent one can expect in this dif-
ficult field. If used as an alternative for the human
development index (HDI),'*") the LQI should be ap-
propriately normalized.

Using Equation (11) yields a general accep-
tance criterion for investments into projects for risk

100

30

c=15

LOI ¢
o e =78 years

b

40 - -
0 01 70203 0405 6

W

Fig. 6. LQI over working time fraction for given exponents.

g q e

Criteria of the type in Equation (15) remain unaf-
fected by multiplicative constants such as the produc-
tivity ¢ or multiplicative corrections of life expectancy
as proposed in health-related economic studies in or-
der to adjust life expectancy for life times in bad
health. The equality in Equation (15) gives an indi-
cation of what is necessary and affordable to a society
for life saving undertakings; projects having “<" are
not admissible. The latter projects would, in fact, be
life consuming and, thus, be in conflict with the con-
stitutional right to life. Whenever a given incremental
increase in life expectancy by some life saving opera-
tion (positive de) is associated with larger than opti-
mal incremental cost (negative dg), one should invest
in alternatives of life saving. If a given positive de can
be achieved with less than required by Equation (15),
it should be done, of course. Equation (15) is easy
to interpret. For example, for a 1% increase in life
expectancy, yearly investments of about 5% of g for
g = 0.2 would be affordable. From a practical point of
view it is important that all quantities on the left-hand
side of Equation (15) are easily available and can be
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updated any time. The democratic equality principle
dictates that average values for g, e, and w have to
be taken. Any deviations from average values for any
specific group of people need to be justified carefully
if Equation (15) is applied to projects with involun-
tary risks. It is important to note that the criterion in
Equation (15) isindependent of any benefit other than
life extension. Much further discussion is provided in
References 31 and 34.

Life quality clearly has more dimensions than
GDP life expectancy, and leisure time. Values such
as personal well-being, good family relationships, a
healthy ecological environment, and many other val-
ues cannot be measured by the a little ambitiously
named life quality index. However, we only intend to
derive a criterion helping to balance conflicting aims.

Practical application of Equation (15) in a life sav-
ing operation is not always easy (see, however, the
many examples in Reference 34). In general, the cost
involved in some life saving operations can be esti-
mated easily. The estimation of the effect of a life
saving operation is more difficult but there are good
approximations if life saving operations result in cer-
tain forms of small changes of age-dependent mortal-
ity rates. Let crude mortality be changed by dm. For
a (small) uniform proportional change, i.e.,dm =8 m
or § = dm/m in age-dependent mortality u (a), i.e.,
psla) = p (a)(1 + &), the change in de/e by expanding
it into a McLaurin series and retaining only the linear
term is:?%

- Jo exp[— [y (n(z)(1 + 8))dz] da |50

iE: £(a)da :
1({1}1'_;:53&' ls=0 r
= PR q 4]
Iy tla)da

[y In(¢(a))é(a)da

i “f‘f ¢(a)da

= —Csdm = —c,;@, (16)
m

where ¢; 7= 0.15 (developed countries) to more than
0.5 (some developing countries) depending on the
age structure and life expectancy of the group and
therefore C; =~ 15 (see Reference 48 for more de-
tails). Although this scheme has been used most in
demographic sciences,” it places the majority of the
profit of a mortality reduction on older people. Also,
note that c; = Cym but m and ¢; are not independent
quantities.

Alternatively, one can assume that a (small)
change dm = A in crude mortality distributes
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equally as a constant at all ages. Then, j(a) changes
, i e
into pala) = ula) + = and one has

de ;,j[\ "t;: exp | ,f;;i(.”( r) -4 “:’ Yt [u"ff bxiio

o ot . eor 1-‘\.
€ Jo" €(a) da
f“”"' E(a)da %

/

J)

“U(a)da

dm
= —Cpdm = —cp—, (17)
m
with ¢y = Cam. In this case the constants c, are
around 0.35(C, =~ 35) for developed countries. For
: . e G
a given dm the changes in == become roughly twice as

large as in Equation (16). This must be expected be-
cause a constant change of j«(a) in young ages has sub-
stantially more effect on life expectancy than in older
ages. For technical applications, e.g., in structural reli-
ability, industrial hazard protection, flood protection,
earthquake-resistant design, etc., this is probably the
most realistic and fair regime.

Other mortality reduction regimes can be thought
of. For example, one can consider age dependent mor-
tality regimes if a change in mortality only affects
those older than 60 years or any other age group
as might be relevant in health-related public invest-
ments. The selection of the appropriate mortality
regime turns out to be rather important in applications
and must be suitably chosen in the context of a specific
application. It should also be mentioned that choosing
other mortality reduction regimes than Equation (17)
can raise serious ethical questions because certain age
groups profit more than others.

Using Equation (16) or (17) in Equation
(15) leads to the yearly cost of a risk-reducing
intervention:

[I'C.v}' i —([‘l(_’l =g l &

]
dm=g—Cydm= G,dm. (18)
g m (

1

The index “x” stands for either “8”or “A” or any other
mortality regime. With m = 0.01 and ¢; = 0.15, and
¢a 7= 0.35, respectively, and GDP = 25,000 PPP USS$.
g 7~ 15,000 PPP USS$, ¢ ~ 77 years, and w ~ (.15, one
calculates G; =~ 1300,000 PPPUSS, or G4 = 3200.000
PPPUSS, respectively. The (yearly) quantity in Equa

tion (18) is denoted as “willingness to pay” in health-
oriented economical studies.

Next, the cost of averting a fatality in terms of the
gain in life expectancy Ae is estimated. The cost of
the safety measure is expressed as a reduction Ag of
the GDP. This life saving cost (LSC) or implied cost
of averting a fatality (ICAF) can be obtained from
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the equality of Equation (15) after separation and
integration from g to g + Ag and e to ¢ + Ae, ie.,

the cost AC = —Ag per year to extend a person’s life
by Ae is
Ae
A€ = Ag=—g|l I+ —)
e

Because AC is a vearly cost and the (undiscounted)
LSC has to be spent for safety-related investments
into technical projects at the decision point ¢ = 0, one
should multiply by e, = Ae and

[ € —t
LSC(e,) =g |1 (14 =) e (19)
L el iy
follows. The societal equality principle prohibits dif-
ferentiating with respect to special ages within a
group. The conditional (remaining) life expectancy
given that the person has survived up to age a is

o 4(t) kst
e(a)= / - df = - / exp / plr)dr | dr.
Ja g ia) J, ; |

: ; (20)
Therefore, averaging the remaining life expectancy
over the age distribution in a population leads to the
societal life saving cost (SLSC):

SLSC = / LSC(e(a)) hla. n)da = LS('(

i 3 B g
S——

(21)
where h(a, n) is the density of the age distribution of
the population with n its population growth rate. It
depends on the particular social, taxation, and legal
system of a country whether g or the full GDP has
to be used in Equation (21). The density of the age
distribution can be obtained from life tables. For a
stable population it is given by

exp|[—nalé(a)

hia,.n) = (22)

[« exp[—nalé(a)da

In countries with a fully developed social system,
SLSC is approximately the amount to support the
(not working) surviving dependents of an event by
the social system, mostly by redistribution. If no social
system is present, it is useful to think of the amount
insurance should cover after an event. For example,
if GDP =~ 25,000 PPP USS$ and thus, g & 15,000 PPP
USS, e &= 77 years, and w = (.15, one calculates SLSC
¥ 600,000 PPP US$. As pointed out in Reference 48,
g as well as e grow with time and, thus, also the SLSC,
i.e., the cost for society or the insurance company in
an event. Therefore, this estimate needs to be updated
from time to time.
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4. DISCOUNTING AND AGE AVERAGING

Health-related macroeconomics has developed
similar concepts starting with the seminal work by
Usher.” Denote by ¢(r) > 0 the consumption rate
at age t and by u[c(z)] the utility derived from con-
sumption. Individuals tend to undervalue a prospect
of future consumption as compared to that of present
consumption. This is taken into account by some dis-
counting. The lifetime utility for a person at age a until
she/he attains age 1 > a then is

Ula, 1) = /-u{c(r)]explz—]. rf{f’?}df?] dr

v

= f ulc(r)] expl—plz — a)ldr, (23)

for constant p(#) = p. There is evidence that a con-
stant p is only a crude approximation but we will main-
tain it throughout the article. Note that discounting is
with respect to utility and not with respect to con-
sumption. It is assumed that consumption is not de-
layed, i.e., incomes are not transformed into bequests.
p should be conceptually distinguished from a finan-
cial interest rate and is referred to as rate of time pref-
erence of consumption. The rate has been interpreted
as the effect of human impatience, myopia, egoism,
lack of telescopic faculty, etc. Its existence in human
behavior has been widely demonstrated in human
ethology and economics.®**) It is partially justified
because there is uncertainty about one's future. Expo-
nential population growth with rate n should be con-
sidered, replacing p by p — n, taking info account that
families are by a factor exp[nt] larger at a later time ¢
> (. Approximate exponential population growth for
the last 100 years can be verified from the data col-
lected in Reference 37. The economics literature also
states that if no such “discounting” is applied, more
emphasis is placed on the well-being of future genera-
tions rather than on improving welfare of those alive
at present, assuming economic growth. Future gen-
erations are wealthier. Therefore, one should add the
real, exponential growth rate ¢ or think of p as includ-
ing {. Exponential economic growth at a constant rate
can again be verified from the data in Reference 37
for at least the last 100 vears. Economical growth will
be considered explicitly in contrast to Reference 49.
Acrate p + ¢ > nis necessary for Equation (23) to con-
verge if future generations are included, i.e., if the util-
ity integral must be extended to ¢ — oco. p is reported
to be between 1% and 4% for health-related invest-
ments, with a tendency to lower values.”) Empirical
estimates reflecting pure consumption behavior vary
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considerably but are in part significantly larger (see,
for example, References 45 and 29). The numerical
value of p will be discussed in detail below.

The expected remaining present value lifetime
utility at age a (conditional on having survived until

a) then is (see References 17, 2, 57, 53, 19, 28)

5 y
‘l (a.t)dt

t'(r!

il f } Wl
- / ) / ufe(7)]
Ja ‘[‘!). 1

L{a) = E|U(a)] = /

x exp[—(p + ¢ — n)(r — a)ldrdt
i ra
= = ujc(r)
£(a) _/_, [l }

x exp[—(p + ¢ —n)(t —a)]é(t) dt

I

ulcleqla. z, p, n), (24)

where f(t)dt = (u(t)exp[— [, u(z)dr])dt is the
probability of dying between age ¢ and ¢ + df com-
puted from life tables. Also, a constant consump-
tion rate ¢ independent of r has been introduced,
which can be shown to be optimal under perfect mar-
ket conditions.®” Note that I(a) is finite through-
out due to a,, < oo. The “discounted” life expectancy
eqla, ¢, p, n) at age a can be computed from

egla, L, p,nj
expl{p+¢ —n)a)

‘(7“)

X / = \]'!

—/ (u(r)+(p+ ¢ —n))dr | dr.

R v T

(25)

“Discounting” affects ey(a, £, p, n) primarily when
plr) is small (i.e., at young age) while it has little ef-
fect for larger p(r) at higher ages. It is important to
recognize that “discounting” by p is initially with re-
spect to ulc(r)] but is formally included in the life
expectancy term. Clearly, there is e4(0, 0, p, 0) < e for
p = 0. For the moment it is assumed that the mortali-
ties j(7 ) and, therefore, also the survival probabilities
(), do not change over time, for example, due to fur-
ther progress in medical sciences.
For u[c] we select a simple isoelastic power func-
tion
¢ —1

ulc] = ——, (26)
q
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with 0 < g - i3 \\i(‘l'h used in economics i}]]p]ymg
constant relative risk aversion (CRRA) according to
Arrow-Pratt, The elasticity of marginal utility, i.e., the
change in the slope of the utility function of consump-

tion 18: € : - | ¢ (0 defines risk aversion, € = ()
risk neutrality and e < 0 risk proneness. For the utility
function in Equation (26) we have constant € = 1
g. The form of Equation (26) reflects the reasonable
: et e e

assumption that marginal utility —
with consumption c¢. u[c] is a concave function since
duc x : d-“u|c)

= | =~ 0forg >0and =4
function form of Equation (26) is also the result of the
derivations for Equation (13). For simplicity, we take

c=g> {3

c?-! decays

0 for g < 1. The power

Shepard & Zeckhauser®”) now define the “value
of a statistical life” at age a by converting Equation
(24) into monetary units in dividing it by the marginal

saee dulc(r)) _ P :
utility =75+ = w'[c(t)]:
: e yfe(t)]
VSL(a) = / L
dranie)]

E(t
exp[—(p + ¢ —n)(t —a)t] [f—]_ dt
ela)

7 el |
u'[c] £(a)

b / expl—(p + ¢ — n)(t —a)]e(t)dt

g 1]
5

q t(a)

X

i,
/ exp[—(p + ¢ —n)(t —a)l€(r) dt
= =eqla, ¢, p,n), (27)

because -

- [ It is seen that VSL(a) decays with
age aseq(a, ¢, p,n). The “willingness to pay™ has been
defined as

WTP(a) = VSL(a)dm. (28)

Obviously, the mortality regime of Equation (17) is as-
sumed in Equation (28) but a generalization to other
mortality regimes should be possible. In analogy to
Pandey and Nathwani,*?) and here we differ from
the related economics literature, these quantities are
averaged over the age distribution A(a, n) in a stable
population in order to take proper account of the com-

position of the population exposed to natural-event-
type hazards and event-type hazards in and from
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technical objects. This defines the “societal value of
a statistical life™:

SVSL = 8 E(¢. p.n), (29)
q

with the age-averaged, discounted life expectancy:

BRL D)= [ eila, c, p,n)h(a,n)da. (30)

The “societal willingness to pay” follows as
SHIP — \1\1’({”? (,:i )

For p = 0 the age-averaged “discounted” life ex-
pectancy E(¢, p,n) is a quantity that is about 60%
of e and considerably less than that for larger p. The
elasticity of SVSL with respect to income is one. Anal-
ysis shows that SVSL and with it E(Z. p, n) strongly
decay with increasing £ + p — n.

[he numerical value g = - may be derived
from the work-leisure optimization principle under-
lying Equation (13). Using this principle, one obtains
g =~ 0.2 from estimates of w in Reference 48 and else-
where. It agrees well with estimates used, for example,
in References 2, 57 and 19.

Inspection of Equation (24) with Equation (26)
and integrating over the age distribution h(a, 7), how-
ever, reveals exactly Equation (13) with e replaced by
E(z, p, n). It has been called Societal Life Quality In-
dex (SLQI) by Pandey and Nathwani.*?

>

] = / eqla, z, p,n)hla, n)da = =— E(c, p.n)
; q. q

(32)
[t is to be emphasized that the SLQI, like the origi-
nal LQI, is not a monetary quantity and has dimen-
sion “(US$)?(vears)”. If divided by the marginal util-
ity «'(c) in order to convert it into a monetary guantity
it coincides with Equation (29).

[he reasoning in Equation (15) offers the pos-
sibility to arrive at a slightly different criterion for
the willingness to pay. Define a new coefficient re-
lating changes in mortality to changes in averaged
“discounted” life expectancies for given mortality

regimes, similar to Equation (16) or (17):
:[{ {'(.\! X X
E 4
Cip(L. p,n)dm = e Tam (93)
The coefficients C,pz(¢, p,n) for averaged “dis-
counted” life expectancies turn out to be somewhat

larger than those computed with “undiscounted™
and not averaged life expectancies. The coefficients
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C.e(¢, p,n) are all decreasing while ¢ + p — n in-
creases, but at different speeds depending on demo-
graphic characteristics. In Equation (33), discounting
is applied in the numerator as well as in the denomina-
tor for all mortality reduction schemes. Therefore, the
effect of discounting on C, g(¢, p, n) is only moderate
in contrast to the effect of discounting on SVSL.

Application of the reasoning in Nathwani er al.“
leads to the same form as in Equation (15) with e
replaced by E :

34)

g 1dE lg 1
= - {— 4 ~Cp(C, p,n)dm
s ol Y g g

g le. el p.n
O = XENSHEEE )dm >0. (34)
g0 m

Rearrangement then produces a formula also express-
ing the “willingness to pay™

k Loz,
dCy = g—C,g(¢, p, n)dm.
q
ll'.“:(.l:.f".”j ; =
=g—— dm = G.g(C, p,n)dm. (35)
q m

G.g(¢. p.n) in Equation (35) contains implicitly or
explicitly crude mortality, which in this context can
also be called background mortality, i.e., the specific
mortality in a group due to other causes of death in-
cluding those of natural death. It is remarkable that
in both cases of Equation (29) and Equation (35) the
societal willingness to pay is proportional to the mor-
tality reduction, to the amount g of GDP available for
risk reduction and some demographic constant (either
E(¢, p.n)or G,.g(¢, p. n)) and inversely proportional
to the risk aversion parameter g or life working time
fraction.

It must be admitted that two fundamental results
of our approach, the proportionality of the willing-
ness to pay and the level of mortality reduction, re-
spectively, are not in full agreement with an empiri-
cal study."Y But more empirical evidence is needed
before crucial assumptions as those underlying
Equations (31) or (35) are discarded.

For the same data as used for SLSC above, i.e.,
g ~ 15,000 PPP USS, e =~ 77 years. w = 0.15, and m =
0.01, n = 0.003, ¢ = 0.019, p ~ 0.006, a European life
table and, therefore, C;g(¢, p.n) = 22, the constant
Gse(c, pon) is 1.9 x 10° PPP USS$ for the mortality
regime in Equation (16). If one adopts the mortality
regime in Equation (17) we have C,p(Z, p. n) =~ 46
and G,z(¢, p,n) =39 x 10° PPP USS. These val-
ues are to be compared with SVSL = 1.9 x 10°




680

PPP US$. Remember that discounting affects the
SVSL estimates to greater extent than the constants
G, (L. p.n) G, and SVSL are four- to six-times the
(undiscounted) residual life time earnings. Neglecting
discounting altogether gives C,g(0,0.0) & 50 and,
therefore, G, (0,0, 0) = 4.2 x 10° PPP US$, which
is close to G, z(¢, p, n) and SVSL = 3.5 x 10° PPP
USS$. This suggests to circumvent the difficult ques-
tion of discounting by the time preference rate and
ignore discounting quite generally when assessing the
demographic constants. No age averaging and no dis-
counting results in G, =~ 3.2 x 10° PPP USS, which is
at the lower end of the estimates.

Both lines of thought, the economical and the
LOI approach, have a good conceptual and theoreti-
cal basis. They complement each other. In particular,
the derivations for Equation (13) justify the power
function form in Equation (26) and let Equation (32)
be interpreted as an expected remaining present value
lifetime utility for all those alive at 7 = (). Neither crite-
rion in Equations (35) nor (31) depend on any benefit
other than risk reduction or life extension. In most ap-
plications. clear support for decisions can be reached
by using either of the approaches, even the one with-
out discounting and age averaging. But it is believed
that age averaging is generally necessary for the tech-
nical applications we have in mind because the risk
reduction intervention is to be executed at t = 0 for
all those living now. The concept of discounting future
utilities by (£ + p — n) may be debatable as the subjec-
tive time preference rate p is concerned but not with
respect to the population and economic growth. The
SLOI-based approach explicitly combines three im-
portant human concerns, that is high life expectancy,
high consumption, and an optimized time available
for the development of one’s personality off the time
for paid work. Criterion in Equation (35), having in
mind its derivation, also tells us that larger expenses
for risk reduction are inefficient and smaller expenses
are not admissible in view of the constitutional right
for life. Furthermore, the criterion of Equation (35)
is affordable from a societal point of view. The “will-
ingness to pay” according to Equation (35) should
replace the one in Equation (18) except for cases in
which the more general and probably more realis-
tic concept leading to Equation (35) does not apply.
Some further discussion is provided in Reference 50.

Similar adjustments with respect to discounting
for the SLSC appear unnecessary. The compensation
costs caleulated approximately by the SLSC become
real in an adverse event and have to be carried by
the social system or insurance or both. Also, double
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discounting is to be avoided if SLSC are used in equa-
tions of the type of Equation (35).

5. APPLICATION TO TECHNICAL FACILITIES

The findings can be applied to safety regulations
for structures and other technical facilities. It can rea-
sonably be assumed that the life risk in and from such
facilities is uniformly distributed over the ages, sexes,
and economic status of those affected, assuming that
everybody uses or is exposed to such facilities and,
therefore, is also exposed to possible fatal accidents.
It is also assumed that there is a constant stream of
safety-related activities in time. The total cost of a
safety-related regulation per member of the group
and year is:
dg = ~dCy(p) = —; La."(';_;(p). (36)

/
=1

where n is the total number of objects under discus-
sion, each with incremental yearly cost dCy; and N 1s
the group size. Inserting into Equation (34) gives
plB s Ly 0 (37)
g q m
Let dm be proportional to the asymptotic failure rate
dh(p) (t — oo) (see Equation (7)). Then, one finds by
rearrangement:
dCy(p) > kB, 1 = kG (38)
dh(p) m " q :
where dm = kdh(p), 0 < k < 1, the proportionality
constant k relating the changes in mortality to changes
in the failure rate and G, g = “,TH The constant k
may be interpreted as a person’s probability of actu-
ally being killed in case of failure. Note that for any
reasonable intervention there is necessarily dh(p) < 0.
Also, itis independent of any benefit rate and is essen-
tially an efficiency criterion as it relates incremental
investments into life saving to incremental reductions
of the failure rate.
A criterion like Equation (38) derived for safety-
related regulations for a larger group in a society or
the entire society can also be applied to individual

technical projects. The constant G,z and, similarly,
the SLSC have been derived from general consider-
ations of changes in mortality by changes in safety-
related but costly measures implemented in a regula-
tion, code, or standard by the public. G,z as well as
SLSC were related to one anonymous person. For a
specific project it makes sense to apply the criterion in
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Equation (38) to the whole group exposed. One may
think of a number of technical projects all subject to
the same regulation and each with Ny potential fatali-
ties in an exposed group of size N. Therefore, the “life
saving cost” of a technical project with Ny potential
fatalities is:

Hp = SLSCKNF. (39)

This quantity must be used in equations of the
type Equation (5) as part of the failure cost. The cri-
terion in Equation (38) changes into:

----- > k(g Nr= - Ky (40)

where the abbreviation Ky = kG g Ny = k‘—,;—:'fgf—i,"\', is
used. All quantities in Equation (38) are related to
one year. They apply to a safety-related regulation
under the assumption that there is steady-state build-
ing or production activity. For a particular technical
project, all cost, denoted by dC(p), must be raised at
the decision point 1 = 0. The yearly cost in Equation
(38) must be replaced by the erection cost at f = 0 on
the left-hand side of the equation. The method of dis-
counting is the same as for discharging an annuity. For
infinite discounting time (f — oo) consistent with the
strategy of systematic reconstruction there is dCy(p)
=dC(p)y .dCy(p) may be interpreted as cost of soci-
etal financing of dC(p). But the right-hand side, that
is, g, also grows, at least with rate { — n. But as men-
tioned discounting is already present in ¢, z. In order
to avoid double discounting it is, therefore, proposed
to discount with same rate on both sides of Equation
(40). Then, the effect of discounting cancels and the
acceptance criterion for individual technical projects
is

Cacd ¢ ey o (41)

dh(p)
The same derivations apply to the purely economic
concept with G, ¢ replaced by SVSL.

N as well as k must be estimated taking account
of the average number of persons endangered by the
event, the severity and suddenness of failure, possible
availability and functionality of rescue systems, etc.
Np and k also depend on the cause of failure and, fre-
quently, are dependent on the safety measures them-
selves. The estimation of realistic values of Ng and
k might be the most difficult tasks in actual practical
applications. It is typically the subject of risk analy-

sis or, more precisely, failure consequence analysis. A
sufficiently general formula for determining the prob-
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abiltiy adopted from® k is
X Ni (42)
~ Neg’ 2
with
5'\'-; == _-\r‘}s,lr :‘f] 1!1[‘!4 - (l e .‘"]f.;)."fiL
where

N = expected number of fatalities in facility
Npg = number of people in facility potentially en-

dangered in event

M; = probability of being present in facility in
event

M; = probability of being trapped in event (e.g..
no escape)

M = probability of being killed during failure

Ms = probability of dying after failure (e.g., be-
fore rescue or in hospital).

6. OPTIMIZATION FOR TECHNICAL
COMPONENTS

For the special task in Equation (5) with Equation
(6) we have:

b(p) 5

maximize: Z(p) = (p)

AP
—(C(p) + Hy + H{)f‘ipa
y
subject to: (43)
=0 k=t q

V,C(p) + KeVp(2 Pe(p)) = 0,

where the first condition represents some restrictions
on the vector p of optimization variables. The second
condition represents the LQI-acceptability criterion
written out for vectorial parameter p and 1 — oo. The
failure consequences are now decomposed into direct
cost H y (including indirect failure cost such as loss of
business, service, etc.) and life saving cost H g, defined
in Equation (39). Technical details for the solution of
Equation (43) are summarized in Reference 60.

The formulation of Equation (43) includes the
SLQI-criterion of Equation (41). Assume that the
conditions fi(p) < 0 are not active in the solution
point. At the optimum there must be V,Z(p) = 0,
e, forp=p’

{,." }
\,(”ﬂ “+ [(({p} 5 = .H\; + '”-I}T;" ( ’——:(—P-— ):l =t}




688

which is to be compared with the equality of Equation
(41) written out for vectorial parameter p and t — oc:

VpC(p) + K¢ V(A Ps(p)) = 0. (45)

If thereis (C(p) + Hy + Hp)/y = K the optimal
solution for Equation (43) will automatically fulfill the
SLQI-criterion of Equation (41). It can be shown that
this is frequently the case under conditions of interest.
Optimal structures are almost always safer than the
SLQI criterion would require.

7. SOCIETAL DISCOUNT RATES

The cost for saving life years in Equation (41) also
enters into the objective function of Equation (5) in
the form of Equation (39) and with it the question of
discounting those costs arises. In accordance with eco-
nomic theory, benefits and (expected) cost, whatever
types of benefits and cost are considered, should be
discounted by the same rate as done above. Different
parties, e.g., the owner, operator, or the public, may
use different rates, however. While the owner or oper-
ator may take interest rates from the financial market
the assessment of the interest rate for an optimization
in the name of the public is difficult. The requirement
that the objective function must be nonnegative leads
immediately to the conclusion that the interest rate
must have an upper bound y,.x depending on the av-
erage benefit rate b(p) = BC(p) (see References 25,
48). For the model in Equation (5) we have:

1C(p) : ; APy
E“““)“E* o (P)—(C(p)—f/u%f'{;)ff‘{p} =1.
i : (46)
and, therefore. by solving for y
Y <VYmax < B—APr(P1+———], (47
P Clp) )

implying ymax < B for A Pe(p) « B . The right-hand
side of inequality in Equation (47) depends on p and,
therefore, we could solve for a maximum interest rate
¥ max DY maximizing it. It turns out that the solution
vector p is very close or numerically identical to the
solution vector p* for the optimization task in Equa-
tion (5). In good approximation one can set p =~ p*. It
follows that the benefit rate # must be slightly larger
than y .. From Equation (46) one also concludes
that there must be y = 0.

At first sight, discounting of human lives is not in
agreement with our moral value system. However, a
number of studies summarized in References 43 and
32 express a rather clear opinion based on ethical
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and economical arguments. The cost for saving life
years must be discounted at the same rate as other
investments, especially in view of the vision that our
present value system is expected to be maintained for
future generations, a goal that is supported by empir-
ical studies on human preferences quoted in Refer-
ence 32, Otherwise serious inconsistencies cannot be
avoided.

What should then the societal interest rate be? It
is clear that it is different from the interest rates on
the financial market. In view of the time horizon of
some 20 to more than 100 years (i.e., several genera-
tions), it should be a long-term average. It should be
net of inflation and taxes. Weinstein and Stason" and
others require that interest rates for life saving invest-
ments should be the same as for other costs and thus
equal to the real market interest rate, simply for con-
sistency reasons. This appears to be an extreme point
of view. The other extreme of not discounting inter-
generationally at all is expressed in References 56,
12, 15, and 18, based primarily on ethical grounds in
the context of CO,-induced global warming, nuclear
waste disposal, depletion of natural resources, etc. In
this case, the rationale of our basic optimization model
in Equation (5) and part of the considerations in
Section 4 break down. But it is beyond the author’s
grasp to imagine an economic world without discount-
ing. There have been ongoing but somewhat inconclu-
sive discussions when discounting public investments
into health care (see, for example, Reference 67). As
already mentioned, those discussions have been re-
vived recently in the context of sustainable develop-
ment, long-term public investments in general, and
intergenerational justice——aspects that appear partic-
ularly relevant in our context. Our choices of discount
rates for technical objects should at least be consistent
with those for a sustainable economic development
and should equally fulfill the requirement of inter-
generational equity. Therefore, in the following, the
main stream of arguments is reviewed.

Due to the requirement > y . stated just be-
low Equation (47), the interest rate is strongly related
to the benefit a society earns from its various activi-
ties, i.e., its real economic growth. The growth rate
measures the success of all activities of a society—
among them also activities for saving lives. It is some-
times called the “natural interest rate” and mirrors
technological progress. In most developed industrial
countries the growth rate was about 2% over the last
50 years. The United Nations Human Development
Report 2001 gives values between 1.2% and 1.9%
for industrialized countries during 1975-1998. If one
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considers the last 120 years and the data in Ref-
erence 37 for some selected countries, one deter-
mines a growth rate ¢ = 100 for exponen-
tial growth of about 1.8%.

Some more insight can be gained from modern
economic growth theory. Nordhaus®® and others fol-
low the classical Ramseyan approach (see References
51, 59, 10, and 6) for optimal economic growth:

y=p+et =0, (48)

where p is the rate of pure time preference of con-
sumption, € = () is the elasticity of marginal consump-
tion (income), and £ is the consumption (income)
growth rate. Here, a perfect market with stable growth
is assumed. In such a market y equals the real growth
rate of the total output of goods and services and this
is set equal to the real market interest rate. With p =
0.03 and ¢ = 0.02 as well as e = 1 Nordhaus"® ob-
tains y = 0.05. Arrow!!) estimates y = (.03 assuming
p =001, ¢ = 0012, and € = 1.5 (!), but with a ten-
dency to larger values. In many other studies for sus-
tainable development, discount rates cluster around
5% (see Reference 63 for a review). All those val-
ues are close to the real market rates or only a little
smaller. Solow,®®) who presumes p = 0.01 to 0.02,
adds a convergence condition for the (infinite) utility
integral

prHel>n+1i (49)

to Equation (48). The term € ¢ is generally undis-
puted but there are many authors in economics as
well as in the philosophical and political sciences, in-
cluding Ramsey, who refuse convincingly to accept
a rate p > 0 in intergenerational contexts on ethical
' while it is considered fully accept-

.(56,12.46,26,7

grounds
able for intragenerational discounting. Also, positive
rates p > 0 are shown to be not mandatory for in-
vestments into health care (see, for example, Refer-
ence 3). Intergenerational and intragenerational rates
of pure time preference, if greater than zero, should
be the same if strongly counterintuitive results are to
be avoided.'® On the other hand, intergenerational
equity arguments in Reference 1, while fully accept-
ing zero time preference rates from a moral point of
view, indicate that there should be p > 0 in order to
remove an “incredible and unacceptable strain on the
present generation.” Rabl,*®) who sets p = 0, argues
that there must be 0 < ¥y <« € ¢ in the framework
of long-term public investments. However, Rabl ne-
glects demographic aspects. As mentioned earlier, we
must have p > n and, therefore, with p & n at least
0 < y < n + €. On the basis of the Solow condition,
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Equation (49), one can, in fact, justify a rate p even
slightly larger than n. One derives

f?+i:(]—‘}‘fi<}’f}’mat<ﬁ
=n+eforf=n+¢c, (50)

with preference for the smaller upper bound result-
ing from p = n. The larger upper bound is obtained
by using p =n + £ {1 — €) in Equation (50). Remark-
ably, the parameter € then drops out in Equation (50).
It appears that p is small enough to be acceptable in
view of the controversy about the rate of time pref-
erence of consumption. Also, the values for g appear
reasonable and acceptable, maybe with the exception
of the extremes. It is then possible to compute ¥
< p from Equation (47). ¥ ma usually is only insignifi-
cantly (1-20% ) smaller than £ depending on the spe-
cific case at hand, i.e., the particular sensitivities of
C(p) and h(p) with respect to p. The interest rates
¥max implied by the value of g are considerably lower,
around 1.7%, than the usval real market interest
rates.

The above considerations based on a simple,
ideal, steady state Ramseyan growth model in a closed
economy can at least define the range of benefit and
interest rates as well as reasonable rates of pure time
preference to be used in long-term investments into
life saving operations. It is believed that the steady
state assumption of the Ramsey model is not too far
from reality in developed countries. Also, the assump-
tion of an infinite time horizon is consistent with our
general setting. Historical long-term population and
economic growth rates cannot be questioned. The
value of ¢ varies very little, between 0.75 and 0.85,
say. Only the pure time preference rate p to be used
in Equation (24) and possibly in Equation (50) can
be subject to discussion. It is suggested to take the
lowest possible value, whichisp=n+Z (1 —¢€) >
0. Of course, our considerations do not exclude larger
rates for the time preference of consumption in spe-
cial projectsif there are no potential intergenerational
conflicts.

In the literature, the adequacy of the Ramseyan
model is sometimes questioned. For example, the so-
called overlapping generation models or generation
adjusted discounting models are advocated instead
(see Reference 10 for theoretical considerations and
References 7 and 23 for applications). The mainideais
to discount for living generations at the rate in Equa-
tion (48) but diminish the rate for all yet unborn gen-
erations down to n + €¢ > 0 or even lower. Other
extensions and/or modifications have been proposed.
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But it is not expected that those models, if properly
justified, change our results significantly.

Some precautionary remarks are in order. The
main body of environmental and economics lit-
erature on sustainable development agrees that
cconomic growth will not persist, at least not at
the long-term historical level. In many industrial-
ized countries a very small or negative population
growth rate is expected for the future, accompanied
by larger life expectancies and a significant change
in the age structure, implying decreasing national la-
bor forces and requiring new social structures. At
the same time, the world population will grow by
1.2% each year, mainly in developing countries. Nat-
ural resources will be depleted and arable land will
become scarce. Many people raise serious doubts
whether those demographic changes and the increas-
ing scarcity of natural resources can be fully com-
pensated by technological progress. Optimists, on the
other hand, are confident that technology will provide
solutions. It is hard to predict what will happen. But
there is an important mathematical result that may
guide our choice. Weitzman'"!) and others showed
that the far-distant future should be discounted at
the lowest possible rate if there are different possi-
ble scenarios each with a given probability of being
true.

Table III collects some relevant data for coun-
tries for which sufficiently reliable economic and
demographic data are available. The data can vary

Rackwitz

depending on the type and date of the sources used,
The life tables are all recent period life tables from
national statistical offices or from Reference 11, n,
m, ¢, and w are taken at their present values. The
age distribution A(a, n) in Table III is determined
from period life tables. Stable populations are as-
sumed. Because the largest age d, considered
the life tables is around 110 years, this is also the
time span over which our considerations are valid,
The economic growth rate ¢ has been averaged over
the years 1870-1992. It certainly would be mislead-
ing to take only averages over the last 50 years
or less. The values for p, 8, SLSC, Gsg, and SVSL
calculated from these data using Equations (50).
(35), and (29) are given in Table III. G,z is given in
Reference 75 and are not repeated here. Instead, the
values G, (Equation (18)) and G, £ (Equation (35))
are presented in Table 3 together with the other data.
The demographic constants C, can be calculated 1 by
muliip%vinu the v;—llue uiwn in Table 3 by the corre-
______ - generally is largest
lolluwcd h} th undmountui <md not age-averaged
coefficient G». The largest uncertainties are possibly
due to the part of GDP effectively available for risk
reduction and due to the life working time estimates.
Assuggested earlier, the part of the GDP available for
risk reduction is taken as that available for private use.
The Scandinavian countries have comparatively low
values due to a smaller share g of their GDP for pri-
vate use in the official sources. Some adjustments are

Table HI. Social Indicators for Some ('uumliu (a) after Reference 74 in PPPUSS, (b) Private consumption in PPPUS$ According to
RL]Lr;,nL{, h-i (u Economic Growth in % for 1870-1992 After Reference 37. (d) Crude Mortality (2000) in %, (¢) Population Growth

(2000} in %

' (f) Estimates Based on Reference 40 Including One Hour Travel Time Per Working Day and a Lif

fe Working Time of 45

Years, (g) SLSC Computed with g and Age- Averaged Life Expectancies

Country GDp*® . m? n® e w P B SLSC8 Ga, Gap SVSL

Canada 27,330, 16,040 2.0 0.73 0.99 78 0.17 1.4 2.6 6.7 x 10° 4.0 x 10° 4.8 x 10° 2.0 x 10°
USA 34260, 22030 1.8 0.87 0.90 77 0.18 1.3 23 8.7 x 109 4.1 x 10°, 4.9 x 100 2.5 > 1>
Austria 26,310, 14790 1.8 098 0.24 77 0.14 06 1.7 .. 58107 3.4 x 10°,4.2 x 100 2.3 x 10°
Czech Rep. 12,900, 6,730 L5 1.08 —0.07 73 0.19 0.3 1.2 2.2 % 10° 9.8 x 105,1.3 x 10° 7.4 x 10°
Denmark 25,500, 12,500 1.8 1.09 0.30 77 0.14 0.6 1.8 5.0 x 10° 2.7 % 10°.3.3 % 10° 2.0 x 10°
Finland 22,900, 12,100 1.8 0.98 0.16 77 0.16 0.5 1.9 4.5 x 10° 2.4 = 10° 3.0 x 10° 1.6 x 10°
France 24,470, 14,660 1.9 0.91 0.37 78 0.15 0.7 1.9 5.8 x 109 3.4 % 10° 425 100 2.1 1 ER
Germany 25,010, 14,460 1.9 1.04 0.27 78 0.14 0.6 1.9 5.6 x 1(° 3.6 x 10°, 4.5 x 100 20008
Ireland 25470, 12,610 1.5 0.81 112 76 0.15 1.4 23 5.2 x 109 3.2 x 10°, 3.8 x 100 2.0 x 10°
Italy 23,400, 14,460 1.9 1.01 0.07 79 0.15 0.4 1.6 5.5 % 10° 2.7 x 10°, 3.4 x 10° 1.9 x 10°
Netherlands 26,170, 15,470 1.5 0.87 0.55 78 0.12 0.8 1.8 6.4 x 10° 4.5 x 10°, 5.6 x 10° 3.0 x 10°
Norway 29,760, 14,149 21 0.98 0.49 78 0.13 0.8 2.3 38 x 10° 3.5 x 107, 4.3 % 10° 2.3 x 10°
Sweden 23,770, 12,620 1.9 1.06 0.02 79 0.15 0.3 1.6 4.7 % 10° 2.4 % 10°%, 3.1 % 10° 1.7 x 10°
Switzerland 29,0600, 17,700 1.9 0.88 0.27 79 0.15 0.6 1.8 7.0 x 10° 4.3 % 10° 5.3 » 10 2.5 x 107
UK 23,500, 15,140 1.3 1.07 0.23 78 0.16 0.5 1.3 5.7 » 10° 2.7 % 10°, 34 % 10° 2.3 x 10°
Japan 26,460, 15,960 2.7 0.83 0.17 80 0,17 0,7 23 6.0 x 10° 34 x 108, 4.1 % 108 1.6 x 10°
Australia 25,370, 15,750 1.2 0.72 0.99 78 0.17 12 1.9 6.5 x 10° 4.2 x 10°, 5.2 x 10° 24 x 10°
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necessary 50 that the quantity g includes all health ex-
|1L‘IlL|i|l_l¥‘L:h, Although the work-leisure principle out-
lined before may still be valid, in general it appears
that the accounting of life working time must also be
improved for our purposes. Additional material on
working times can be found in References 27, 37, 22,
;md 39. Such adjustments are expected to be less than
-10% in the values of G,.

There have been many attempts to estimate this
quantity indirectly (among the rich literature for this
subject see, for example, References 67, 68, 62, 33, 58
for a collection of governmental stipulations), mostly
by estimating the cost of some life saving operation
like ]imiiing‘highwa_\' speed,”) installing smoke de-
tectors in homes, or using seat belts in cars. Also, the
compensation in risky jobs by higher wages has been
used,'®”) as well as surveys with respect to hypothetical
risky situations, so-called contingent valuation stud-
ies.™) The values reported are between less than
million US$ and more than 10 million USS$,. i.e., more
than 2-20 times as much as the (undiscounted) value
of average lost earnings in case of a fatal accident
fe. The studies in References 70, 38, and 9
are so-called meta-analyses, i.e., analyses across sev-
eral other studies. For comparison, G, g(¢ ) and
SVSL should be calculated with the full GDP, i.e., the
values in Table III should be multiplied by GDP/g.
7 and 8, some results collected in References

at mid hife.

In Figs.
70 and 38 are presented graphically showing the large
scatter of the estimates. The estimates in Reference 38
based on wage differentials in the United States are
significantly smaller. The correlation coefficient as a
crude measure of the dependence of VSL on income
or GDP is also given in the figures.

For public risk reduction interventions the inter-
est rates, i.e., p as well as ¥ to be inferred from g,
shown in Table III appear low enough to be accept-
able, especially in view of the large uncertainties when
assessing the quantities & and Npg. Note that larger
Bs tend to occur whenever the population and/or eco-
nomic growth rates are also larger. In general, the s
are smaller than presently used for public investments,
which are between 2% and 7%.

There is another sustainability aspect. Period life
tables have been used for Table III. So-called cohort
life tables certainly would be better as they refiect
the common trend toward larger life expectancies
and more compact age distributions. Time- and age-
dependent mortalities can be obtained by extrapolat-
ing from a suqucnrc of historical period life tables so
that g, .((.') vo(@)b(@)’ Y where y is the refer-
l%u last year for which a period table

ence ycear,
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Fig. 7. VSL according to Reference 70.

is available and ¢ < y is the year of birth. Unfortu-
nately, cohort life tables exist only for a few countries.
Cohort life tables, for example, yield 7% larger life ex-
pectancies at present. Example calculations indicated
that the results for the constants G, g or SVSL differ at
most by & 20% from those obtained for period life ta-
bles. Results are collected in Table IV for six countries
for which an uninterrupted sequence of period life ta-
bles is available for at least the last 50 years so that ex-
trapolations for the age-dependent mortalities can be
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Fig. 8. VSL According to Reference 38.

The criterion in Equation (41) has the form

”, (£ Y a f/ y ] 4
((u - ( P ) ."\/ //(,U) {"3}
, : . dp dp
performed. Clearly, such extrapolations are based on
the assumption that the observed demographic trends
continue throughout the next 100 years. Trends in all
other parameters are not taken into account but must
be L‘\ITL’CICLL

Some more or less realistic, typical parameter as-
sumptions are: Cy = 10°, ( 107, a =1.25, Hy =
3Co, Vr=02,Vs=03,and A = 1[ 1/year]. The LOI-
datais e = 77, GDP = 25000, m = 0.01, C,g = 25,
w=0.16, Nr =10, and k= 0.1 so that Hr = 5.1 x 10°
and Kr = 1.1 x 10° for y s = 0.0188. Monetary values
& ASIMPLE EXAMPLE f”lc il‘] l S§$. ()]‘ﬂin‘li/;ili(Tn is performed for the public
and for the owner separately.

For the public, b = 0.02C, and y ¢ = 0.0188 are
chosen following Reference 48. In particular, they are
chosen such that the public does not make direct profit

As an example from the structures area we take
a rather simple case of a system where failure is de-
fined if a random resistance or capacity is exceeded by
a random demand. The demand is modelled as a one- from an economic activity of its members. Optimiza-
tion including the cost Hr gives p* = 4.11, the corre-
sponding failure rate is 2.5 x 1073, Zs(p*)/Co = 0.016
and Zg(p) is positive in the interval p* = [4.00, 4.28]
(see Fig. 9). Criterion (41) is already fulfilled for ;
3.84 corresponding to a yearly failure rate of 5.5 x
107 but Zs( pjim )/Co being already negative.

The owner uses some typical values of b

dimensional, stationary marked Poissonian renewal
process of disturbances (earthquakes, wind storms,
explosions, etc.) with stationary renewal rate ) and
random, independent sizes of the disturbances S;,

i=1,2,.... Theresistance is log-normally distributed
with mean p and a coefficient of variation V. The
disturbances are also independently log-normally dis-
tributed with mean equal to unity and coefficient
of variation Vs. A disturbance causes failure with

0.07Cq
and y o = 0.05 and does not include life saving cost.

The calculations yield p 3.76, the corresponding

To > sclia < 8 - 8 S e C ‘ v 708
Table IV. Social Indicators for Some Countries, e in Year 2100 SLSC, G, g, and SVSL ( omputed from Cohort Life Tables Based on

Reference 11. Notations as in Table 111

Country GDPg m n e W P B SL5( Gag SVSI

USA 34,260, 22.030 1.8 0.87 0.90 86 0.17 1.3 2.3 9.9 % 10° 5.7 x 10° 2.9 x 10°
i-‘mm: 24,470, 14,660 1.9 0.91 0.37 85 0.14 0.7 1.9 8.2 x 10 6.1 x 107 L s
Germany 25,010, 14,460 1.9 1.04 0.27 85 0.13 0.6 1.9 8.0 x 10° 5.4 x 10° 2.8 x 10°
Japan 26,460, 15,960 2.7 0.83 0.17 02 0.16 0.7 773 6.9 x 10 4.9 x 10° 1.7 210
Sweden 23,770, 12,620 1.9 1.06 0.02 82 0.14 0.3 1.6 4.9 x 10° 3.3 x 10° 1.9 x 10°
Switzerland 29,000, 17,700 1.9 0.88 0.27 &5 0.14 0.6 1.8 7.5 x 10° < 100 2.6 x 10°
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Fig. 9. Objective functions for owner and society

failure rate is 7.1 x 107°. The LQI-based acceptabil-
ity criterion limits the owner’s region for reasonable
designs with Zo(p*)/Cy > 0. At the optimum it is
Zo(p*)/Co = 0.342 and Zo( p) is positive in the inter-
val p = [2.43, 19.18]. Note that from the public’s per-
spective pim = 3.84, which requires the owner to go a
little beyond his or her optimum but Zo( pjim )/Co >
0. The optimum Zg( p*)/Cy for the user is larger than
that for the public due to the larger interest rate, a
higher benefit, and because life saving cost Hg are
not considered. It also leads to *l%;ﬂﬂl} less safe struc-
tures, which again is primarily caused by the higher

interest rate

9. CONCLUSIONS

Cost-benefit optimization is a powerful tool for
designing risky technical projects. But this requires to
include realistic life saving cost and a suitable accep-
tance criterion. Both life saving cost and the accep-
tance criterion can be derived on the basis of the life
quality index (LQI). Life saving cost are identical with
the SLSC (implied cost of averting a fatality). Appli-
cation to technical facilities is presented. It is shown
that the societal life quality index fits very well into
general economic approaches of health care and life
saving. Optimization with life saving cost included re-
quires suitable societal discount rates. The (real) dis-
count rate for life saving operations is discussed in the
framework of modern economical growth theory. Itis
found that societal interest rates in industrial coun-
tries should be slightly smaller than the sum of the
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growth rates of population and economical output,
between 0.6% and 2.6%. The rate of time preference
of consumption may be bounded to the below at about
0.0% to 1.4%. This lower bound is given by the popu-
lation growth rate plus about 20% of the growth rate
of economical output. Given a certain output growth
rate there is a corresponding maximum financial in-
terest rate in order to maintain nonnegativity of the
objective function at the optimum.
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