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Abstract—This paper investigates the H, and /., suboptimal dis-
tributed filtering problems for continuous time linear systems. We
consider a linear system monitored by a number of filters, where each of
the filters receives only part of the measured output of the system. Each
filter can communicate with the other filters according to an a priori given
strongly connected weighted directed graph. The aim is to design filter
gains that guarantee the 7, or . norm of the transfer matrix from
the disturbance input to the output estimation error to be smaller than
an a priori given upper bound, while all local filters reconstruct the full
system state asymptotically. We provide a centralized design method for
obtaining such H, and H,, suboptimal distributed filters. The proposed
design method is illustrated by a simulation example.

Index Terms—Distributed estimation, 7, and H,, filtering, linear time-
invariant systems, suboptimality.

I. INTRODUCTION

ECENT years have witnessed an increasing interest in problems
Rof state estimation for spatially constrained large-scale systems.
Such problems are relevant in applications, such as power grids [1],
industrial plants [2] and wireless sensor networks [3]. The aim
of the present paper is to deal with the situation that no single
sensor is able to estimate the system state by itself. This can be
caused by physical and/or geographical restrictions: a single sensor
might be able to ‘observe’ only part of the overall system output.
However, the individual sensors might be able to communicate (e.g.
by wireless communication) and exchange their local estimates.
The infrastructure of this communication is represented by a given
communication graph. In this way, all of these sensors together are
able to estimate the state of the system asymptotically. In this problem
setting, one of the main challenges is that none of the local sensors
by itself is able to estimate the system state by using its own local
measurements. Consequently, standard estimation methods do not
directly apply anymore.

The distributed estimation problem has been mainly studied in
two research directions, namely, distributed observer design and
distributed Kalman filtering. In [4], an augmented state observer
was proposed to cast the distributed observer design problem into a
decentralized control problem for linear systems, using the notion of
‘fixed modes’ [5]. Later on, in [6], the results in [4] were extended and
a more general form of distributed observers was provided, allowing
the rate of convergence of the observer to be freely assignable.
In [7], for time-varying communication graphs, a hybrid observer was
introduced to distributedly estimate the state of a linear system. Based
on observability decompositions, the problem of distributed observer
design was also investigated in [8]-[10]. Distributed estimation in the
presence of time delays was studied in [11]-[13], while in [14]-[16],
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finite-time distributed observers were proposed. In [17], an attack
resilient algorithm was introduced to address distributed estimation
in the situation that certain nodes are compromised by adversaries.

On the other hand, in the literature much attention has also
been devoted to distributed filtering problems. A Kalman-filter-based
distributed filter was proposed in [18]-[20]. There, the proposed
methods employ a two-step strategy: a state update rule based on
a Kalman-filter and a data fusion step based on consensus. In [21],
distributed fusion robust H, and He filters were proposed for
uncertain stable linear systems. There, robust suboptimal fusion filters
were obtained by solving large-scale LMI’s. In [22], a distributed
robust filtering problem was addressed using dissipativity theory.
Later on in [23], the results of [22] were generalized to the case that
the communication graph is allowed to randomly change. Recently,
in [24], a distributed Kalman-Bucy filtering problem was studied,
using the idea of averaging the dynamics of heterogeneous multi-
agent systems [25].

Different from the existing work, in the present paper, we will
consider two deterministic versions of the distributed optimal filtering
problem for general linear systems, i.e., the Hy and He distributed
filtering problems. Given a linear system and a network of local
filters, each local filter receives a portion of the measured output of
the system and then exchanges its state with that of its neighboring
local filters. Together, these local filters form a distributed filter. The
distributed optimal filtering problem is to find filter gain matrices
such that the associated H, or Ho, performance (as measured by the
H, or He norm of the transfer matrix from the external disturbance
to the output estimation error) is minimized, while the states of all
local filters asymptotically track the system state.

Due to non-convexity, this problem is difficult to solve in general.
Therefore, in this paper we will address a suboptimality version of this
problem: the objective of the present paper is to design suitable filter
gain matrices such that the H, or Ho, performance is smaller than an
a priori given tolerance. To the authors’ best knowledge, this paper
is the first work that deals with the problems of designing distributed
filters that guarantee an upper bound on the H, or He norm of the
transfer matrix from the external disturbances to the output estimation
error, while the states of all local filters asymptotically track the
system state.

The main contributions of this paper are the following:

1) We establish conditions for the existence of suitable filter gains
in terms of solvability of LMI’s for both the H, and He
suboptimal distributed filtering problem. For the ), filtering
problem, all except one of these LMI’s will always turn out to
be solvable.

2) We provide conceptual algorithms for obtaining suitable H, and
Ho suboptimal distributed filters, respectively.

This paper is organized as follows. In Section II, we review
some basic results on graph theory, detectability properties of linear
systems, and the H, and H. performance of linear systems. Sub-
sequently, in Section III we formulate the H, and Hoo suboptimal
distributed filtering problems. We then provide design methods for
obtaining such distributed filters in Section IV. In Section V we
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provide a simulation example to illustrate our design method. Finally,
in Section VI we formulate our conclusions.

Notation

We denote by R the field of real numbers and by R" the space of
n dimensional vectors over R. We write 1) for the n dimensional
column vector with all its entries equal to 1. For a given matrix A,
we write AT to denote its transpose and A~ its inverse (if it exists).
For a symmetric matrix P, we denote P > 0 if it is positive definite
and P < 0 if it is negative definite. We denote the identity matrix of
dimension n X n by I,;. The trace of a square matrix A is denoted by
tr(A). We denote by diag(dy, ds, . ..,d,) the n X n diagonal matrix
with dy,d5, . ..,dy on the diagonal. Given matrices R; € R"™™ | =
1,2,...,n, we denote by blockdiag(R;) the nm X nm block diagonal
matrix with Ry, R, ..., R, on the diagonal and we chenote by col(R;)

the nm xm column block matrix (RT, R],...,R; | . The Kronecker
product of two matrices A and B is denoted by A ® B. For a linear
map A : X — Y, the kernel and image of A are denoted by ker(A) :=
{x e X | Ax =0} and im(A) := {Ax | x € X}, respectively.

II. PRELIMINARIES
A. Graph Theory

A weighted directed graph is denoted by G = (V, E, A), where
YV ={1,2,...,N} is the finite nonempty node set, & C V XV is the
edge set of ordered pairs (i,j) and A = [a;;] is the associated
adjacency matrix with nonnegative entries. The entry aj; of the
adjacency matrix A is the weight associated with the edge (i, j)
and aj; is nonzero if and only if (i,j) € &. Given a graph G, a
directed path from node 1 to node p is a sequence of edges (k, k + 1),
k=1,2,...,p— 1. A graph is called strongly connected if for any
pair of distinct nodes i and j, there exists a directed path from i
to j. A graph is called simple if a;; = 0, i.e., the graph does not
contain self-loops. A graph is called undirected if (i, j) € & implies
(j,i) € &. A simple undirected graph is called connected if for each
pair of nodes i and j there exists a path from i to j.

Given a graph G, the degree matrix of G is denoted by D =
diag(dy, do, ...,dyn) with d; = ZII.V:l a;ij. The Laplacian matrix of
G is defined as L := D — A. If G'is a weighted directed graph, the
associated Laplacian matrix L has a zero eigenvalue corresponding
to the eigenvector 1. If moreover G is strongly connected, then all
the other eigenvalues lie in the open right half-plane.

For strongly connected weighted directed graphs, we review the
following lemma [26]:

Lemma 1: Let G be a strongly connected weighted directed graph
with Laplacian matrix L. Then there exists a unique row vector 6 =
(61,602,...,0N), where 81,6,,...,0N are all positive real numbers,
such that 6L = 0 and 61 = N. Define O := diag(61,6,,...,0n),
then the matrix £ := ®L + LT® is a positive semi-definite matrix
associated with a connected weighted undirected graph.

B. Detectability and Detectability Decomposition

In this subsection, we review detectability and the detectability
decomposition of linear systems. Consider the linear system
X = Ax, "
y = Cx,
where x € R" represents the state and y € R” the measured output.
The matrices A and C are of suitable dimensions.
Let p(s) be the characteristic polynomial of A. Then p(s) can be
factorized as

p(s) = p-(s)p+(s),

where p_(s) and p4+(s) have roots in the open left half-plane and
the closed right half-plane, respectively. The undetectable subspace
of the pair (C, A) is defined as

S := N nker (p+(4)),
where

c

CA
N :=Kker

CA.n—l

The pair (C, A) is detectable if and only if S = {0}, see e.g. [27].
There exists an orthogonal matrix T € R such that the pair
(C, A) is transformed into the detectability decomposition form

A 0

TTAT =
(AZI A

) , CT= (C1 0) s

where A;; € RVXY, Ay € R(n—v)xv, Ay € R(n—v)x(nfv)’
C1 € RP*V and the pair (Cy,Aqq) is detectable. In addition, if we
partition T = (T} T3), where T contains the first v columns, then the
undetectable subspace is given by

im(Tz) =8S.
Since T is orthogonal, we also have

im(Tl) = SJ'.

C. Hp and Hs Performance of Linear Systems

In this subsection, we review the H, and He performance of a
linear system with external disturbances. Consider the linear system

x=Ax+Ed,

y=Cu, (@3]

where x € R" is the state, d € RY the external disturbance and
y € RP the measured output. The matrices A, C and E are of suitable
dimensions.

We first review the H, performance of the system (2). Let
T;(t) = Ce*'E be the impulse response of (2). Then the associated
H, performance is defined to be the square of its Ly-norm, given by

J= /O tr [T ()T4(1)] dt. 3)

Note that the performance (3) is finite if the system (2) is internally
stable, i.e., A is Hurwitz.

The following well-known result provides a necessary and suffi-
cient condition under which (2) is internally stable and (3) is smaller
than a given upper bound (see e.g. [28], [29]):

Lemma 2: Let y > 0. Then the system (2) is internally stable and
J < v if and only if there exists P > O satisfying

ATP+PA+CTC <0,
tr (ETPE) < y.

Next, we review the Ho performance of the system (2). Let
T,;(s) = C(sI,—A)~!E be the transfer matrix of (2). If A is Hurwitz,
then the Hy, performance of (2) is defined as the Ho, norm of T, (s),
given by

[ITalleo := sup o(T(jw)), (C)]
weR

where o (T;(jw)) is the maximum singular value of the complex
matrix Ty (jw).

The well-known bounded real lemma provides a necessary and
sufficient condition under which (2) is stable and (4) is smaller than
a given upper bound (see e.g. [30], [31]):
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Lemma 3: Let y > 0. Then the system (2) is internally stable and
[IT4]lo <7y if and only if there exists P > 0 such that

1
ATP+PA+ —2PEETP+ Cc'C<o.
Y

In the next section, we will formulate the H, and H, distributed
filter design problems that will be addressed in this paper.

IIT. PROBLEM FORMULATION

Consider the finite-dimensional linear time-invariant system

x=Ax+Ed,
y=Cx+Dd, (&)
z=Hx,

where x € R" is the state, d € R? the external disturbance, y € R”
the measured output and z € RP the output to be estimated. The
matrices A, C, D, E and H are of suitable dimensions.

The standard optimal filtering problem for the system (5) is to find
a filter that takes y as input and returns an optimal estimate { of z,
while the filter state asymptotically tracks the state x of (5). Here,
‘optimal’ means that the H, or Heo norm of the transfer matrix from
d to the estimation error z—¢ is minimized over all such filters. In that
problem setting, however, a standing assumption is that one single
filter is able to acquire the complete measured output y of the system.

In the present paper, we relax this assumption. We consider the
situation that the output y of (5) is not available to one single filter,
but that N different portions of the output are observed by N local
filters. More specifically, each local filter acquires the portion

vi = Cix + D;d,

where y; € R, C; € R""*" and D; € R'i*4, for i = 1,2,...,N.
Here, the matrices C; and D; are obtained by partitioning

C D

&) D,
C= ., D=

CnN Dy

YN

and Zl].\:’ | i = r. In this paper it will be a standing assumption that the
pair (C, A) is detectable. We will also assume that none of the pairs
(Ci, A) is detectable itself. If, for at least one i, the pair (C;, A) is
detectable, the distributed filtering problem boils down to the standard
optimal filtering problem.

In our distributed case, each local filter makes use of the portion of
the measured output that it acquires and will then communicate with
its neighboring local filters by exchanging filter state information.
In this way, the local filters will together form a distributed filter.
Following [8] and [10], we propose a distributed filter of the form

N
Wi = Aw; + Gi(y; — Ciw;) + F; Z ajj(wj—wi),
=

(6)

{i=Hw;, i=1,2,...,N,

where w; € R" is the state of the ith local filter and ¢; € RP is the
associated output. The matrices G; € R and F; € R™" are local
filter gains to be designed. The coefficients a;; are the entries of the

adjacency matrix A of the communication graph. In this paper, it will
be a standing assumption that the communication graph between the
local filters is a strongly connected weighted directed graph.

For the ith local filter, we introduce the associated local state
estimation error ¢; and local output estimation error 7; as

e ‘=X —Wwq,

ni=z-4¢, i=12,...,N.

The dynamics of the ith local error system is then given by

N
€i = (A-GiCi)ei + F; Zaij(ej —e))+(E-G;Dj)d,

J=1
ni=He;, i=12,...,N.
Denote e = (e[, e),....ex) T, n=(n].ny,....n})" and

A blockdiag(A — G;C;) € R"NXnN’
F := blockdiag(F;) € R™N*"N
E := col(E - G;D;) € R"™N4.

The global error system is then given by
ée=(A-F(L®l,))e+Ed,

n= (N ®H)e, ™

where L € RVXN is the Laplacian matrix of the communication

graph. The impulse response of the system (7) from the disturbance
d to the output estimation error 7 is equal to

Ty(t) = (Iy ® HyeA-F (Lol

We introduce the global H, cost functional

J:/O- tr [T ()T4(1)] dtr. ®)

The H, optimal distributed filtering problem is then the problem of
minimizing the H, cost functional (8) over all distributed filters (6)
such that the global error system (7) is internally stable. Note
that (8) is a function of the local gain matrices Fy, F3, ..., F and
G1,Gy,...,GN.

Unfortunately, due to the particular form of (6), this optimization
problem is, in general, non-convex and it is unclear whether a closed-
form solution exists. Therefore, instead of trying to find an optimal
solution, we will address a version of this problem that only requires
suboptimality. More concretely, we aim at designing a distributed
filter such that the error system (7) is internally stable and the H>
performance (8) is smaller than an a priori given tolerance y. In that
case, we say that the distributed filter (6) is H, y-suboptimal:

Definition 4: Let v > 0. The distributed filter (6) is called H,
y-suboptimal if:

1) for all ¢ = 1,2,...,N, whenever d = 0, we have that

limy,e0 (x(¢) — wi(t)) — O for all initial conditions on (5)
and (6).
2) the associated performance (8) satisfies J < .

Correspondingly, the H, suboptimal distributed filtering problem
that we will address is the following:

Problem 1: Let v > 0. For i = 1,2,...,N, find gain matrices
G; € R™7i and F; € R™™ such that the distributed filter (6) is H,
y-suboptimal.

In addition to the distributed filtering problem with H, perfor-
mance, in this paper we will also consider the version of this
problem with H,, performance. Obviously, the transfer matrix of
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the system (7) from the disturbance d to the output estimation error
n is equal to

Ty(s) = (Iy ® H) (slyny — (A— F(L® 1,))) " E.

The He performance of the distributed filter (6) is given by the Heo
norm ||74||e of Ty(s). The problem that we will then consider is
to design a distributed filter (6) such that the error system (7) is
internally stable and its H performance is smaller than an a priori
given tolerance y. In that case, we say that the distributed filter (6)
is Heo y-suboptimal:

Definition 5: Let y > 0. The distributed filter (6) is called Heo
y-suboptimal if:

1) for all i = 1,2,...,N, whenever d = 0, we have that

lim/,e0 (x(#) — wi(t)) — O for all initial conditions on (5)
and (6).

2) ITalleo < -

Correspondingly, the Ho suboptimal distributed filtering problem
that we will address is the following:

Problem 2: Let vy > 0. For i = 1,2,...,N, find gain matrices
G; € R™i and F; € R™" such that the distributed filter (6) is Heo
y-suboptimal.

Remark 6: Note that in Problems 1 and 2, our aim is to design
a distributed filter that estimates the entire system state, while
guaranteeing an upper bound on the H, or Ho norm of the transfer
matrix from the external disturbance d to the estimation error z — ;.
An alternative problem would be to replace estimation of the entire
state x by only estimating the output z = Hx. Observers achieving
this are often called functional observers, see [32], [33].

IV. H, AND Hoo SUBOPTIMAL DISTRIBUTED FILTER DESIGN

In this section, we will address Problems 1 and 2 introduced above
and provide design methods for obtaining suboptimal distributed
filters.

As we have explained before, the ith local filter (6) receives only
a certain portion of the measured output, namely,

vi=Cix+D;d, i=1,2,...,N.

In order to proceed, we first apply orthogonal transformations to
the pairs (C;,A). For i = 1,2,...,N, let T; be an orthogonal
matrix such that the pair (C;, A) is transformed into the detectability
decomposition form

Ain 0

TTAT; =
e (Ai21 A

), CiTi=(Cii 0), ©
where A;1 € RViXVi,| Ajpy € R(nivi)xv", Ay € R(nivi)x(nivi),
Ci1 € RV and the pair (Cj1,A;11) is detectable. The integer
v; is equal to the dimension of the othogonal complement of the
undetectable subspace of the pair (C;, A). Accordingly, partition

E.
T,TE=( ”), HT; = (H;y Hp), (10)

Epn

where E;; € RY*4, E;, € RUWVDX4 . e RPXVi and H;| €
RPX(n=vi)
Using the fact that (C;1, A;11) is detectable, let Q;1 be any positive
definite solution to
Am Qi1 + Qi1 - 0i1C/ Ci101 < 0.

Then, by defining

amn

Gi1 = Qi1C}. (12)

the matrix A;1; — G;1C;; is Hurwitz.

In the sequel, we will make use of the transformed matrices (9)
and (10) and the gain matrix (12) to obtain filter gains that solve
Problems 1 and 2. Before presenting the main results of this paper,
we will first provide a lemma that will be essential for later use.
This lemma is a generalization of [8, Lemma 4], and connects
the Laplacian matrix of the communication graph with detectability
properties of the system (5).

Lemma 7: Assume that the pair (C, A) is detectable and that none
of the pairs (C;, A) is detectable. Suppose that the communication
graph is a strongly connected directed graph with associated Lapla-
cian matrix L. Let £ := OL + LT®, where O is defined as in
Lemma 1. Define T := blockdiag(7;) € R*™™ XN where the T; are
the orthogonal matrices introduced in (9) and (10). Let m; > 0 and

. [mily; 0
i 0

Define M := blockdiag(M;). Then,

), i=1,2,...,N.

TT(LRI)T+M>0. (13)

The proof of Lemma 7 can be given by adapting the proof of
[8, Lemma 4], replacing the observability decomposition by the
detectability decomposition. We omit the details here.

In the next two subsections, we will deal with the design of H)
and Ho, suboptimal distributed filters, respectively.

A. H, Suboptimal Distributed Filter Design

In this subsection, we will provide a design method for obtaining
H, suboptimal distributed filters. More specifically, we aim at finding
a distributed filter such that the global error system (7) is stable and
the associated H, performance (8) is less than an a priori given
tolerance.

The next lemma expresses the existence of suitable gain matrices
F; and G;,i=1,2,...,N in terms of solvability of LMI’s.

Lemma 8: Assume that the pair (C, A) is detectable and that none
of the pairs (C;, A) is detectable. Suppose that the communication
graph is a strongly connected directed graph with associated Lapla-
cian matrix L. Let y > 0. Let the matrices 7, M and L be as
introduced in Lemma 7. Let € > 0 be such that

T LRI)T+M > el,N. (14)

Let G;1 be as defined in (12). Fori =1,2,..., N, assume there exist
k >0, P;; >0 and P;p > 0 satistying
((I)i + H;Hil +k(m; — €)1y, Al—'rzlpiZ + H;Hiz <

0 15
PipAj1 +HLHj i 1)

and

N
Do [(Ei - G D) TPy (Eqy = Gy Di) + ELPinEp] <7, (16)
i=1

where
AT TA~T
@; = A Pit + PitAin — C; G Pin — PinGi Gy, (17)
Vi = PipAimy + A, Pin + HyHip — k€l y,. (18)
Fori=1,2,...,N, define gain matrices F; and G; by
P10
Fy = kO;Ti ( o PTI) Tt (19)
i2
and
Gi =T, (GO“) . (20)

Then the corresponding distributed filter (6) is #, y-suboptimal.
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Proof: First, it follows from (13) in Lemma 7 that there exists
€ > 0 such that (14) holds. Next, note that (15) is equivalent to

. ®; + H H;y AL Pin+HI Hp»
blockdia; i 21t it
£ (PiZAiZI +HLHy  PpAm;m+AL,Po+HLHp| (21)

+k(M - €l,N) <O0.
Using (14), it follows from (21) that
[oF +H;Hi1
PipAp1 +HLHj

A;rzlpiz +Hl~T1Hi2 )
PpAip +AL,Pn+HLHjx| (22)

—«TT (L ®I,)T < 0.

blockdiag (

Let

0 Ppl'! 23

Clearly, P > 0. By using (19), (20), (23), (9) and (10), then (22)
holds if and only if

P := blockdiag(P;), P;:=T; (P“ 0 )T.T.

ATP+PA-(L"®I)FTP-PF(L®I,)+Iy ® H H <0 (24)

holds, where F := blockdiag(F;) and F; is defined by (19). Therefore,
there exist k > 0, P;1 > 0 and P;5 > 0 such that (15) holds for
i =1,2,...,N if and only if there exists P > 0 of the form (23)
such that (24) holds. Since the solutions of (15) also satisfy (16), we
obtain

tr (ETPE) <. (25)

Finally, since (24) and (25) have a solution P > 0, it follows from
Lemma 2 that the error system (7) is internally stable and J < 7.
Thus the distributed filter (6) with (20) and (19) is H, y-suboptimal.

|

Remark 9: In Lemma 8, the choice of the parameters m; > 0 is
arbitrary. The parameter € > 0 should be chosen sufficiently small so
that (14) holds. The gain G; is defined by (20). Then, of course, the
question arises: for chosen m; > 0, € > 0 and G;, how can we find
the smallest y > 0 such that the corresponding distributed filter (6)
is H, y-suboptimal? This requires to find the smallest y such that
the LMI’s (15) and (16) are solvable. It is well known that this can
be done by using a standard bisection algorithm, see e.g. [30, page
115].

Remark 10: Lemma 8 states that if there exist solutions « > 0,
P;1 > 0 and Pjp > O satisfying (15) and (16), then the distributed
filter (6) with gain matrices (19) and (20) is H, y-suboptimal. There,
the inequality (16) is a global condition for checking suboptimality.
In fact, such suboptimality condition can also be checked locally.
Indeed, if for i = 1,2,..., N there exist solutions satisfying (15) and

tr[(Ej1 = G D) TPy (Ejl — G Di) + ELPpEp| < %

then the corresponding distributed filter (6) with (19) and (20) is H»
y-suboptimal.

Lemma 8 provides a condition for the existence of suitable gain
matrices F; and G; in terms of solvability of LMI’s. In the next
theorem, we show that, in fact, the LMI’s (15) in Lemma 8 always
have solutions. In fact, we can take P;p to be the identity matrix
of dimension n — v; and P;; to be the unique solution of a given
Lyapunov equation. In this way we obtain the following conceptual
algorithm for computing suitable gain matrices.

Theorem 11: Assume that the pair (C, A) is detectable and that
none of the pairs (C;, A) is detectable. Suppose that the communi-
cation graph is a strongly connected directed graph with associated
Laplacian matrix L. Let y > 0. Then an H, y-suboptimal distributed
filter of the form (6) is obtained as follows:

1) Compute 6 = (01,63, ...,60x) with §; > 0 such that 6L = 0 and
01y = N.

Then, fori=1,2,...,N:
2) Compute orthogonal matrices 7; that put A, C;, E and H into
the form (9) and (10).
3) Take m; = 1 and compute € > O such that

TY(LRL)T+M > el,N. (26)
4) Compute Q;1 > 0 satistying (11). Define G;; := Q“CiTl.
5) Take « > O sufficiently large such that
A+ Ay + HoHpp — keln_y,
1 . S 27)
+ E(AiZI +HyHi) (A1 + HpyHip) ' < 0.
6) Compute P;1 > 0 satisfying the Lyapunov equation
(Ai11 = Gi1Ci1) T Piy + Pi1(Aj11 — Gi1 Cin) 28)
+H] H;j +«I,, = 0.
7) Define gain matrices F; and G; by
b0 G;
F; = kO;Ti ( o ,) 7. Gi=T ( (;1) B9
Then for all y > 0 satisfying
N
D [(Ein = G D) TP (B = G Di) + ELEn| <y, (30)

i=1
the corresponding distributed filter (6) with gain matrices (29) is H>
y-suboptimal.

Proof: Using Lemma 7, by choosing m; =1 fori=1,2,...,N,
there exists € > 0 such that (26) holds. Next, for i = 1,2,...,N,
we choose « > 0 sufficiently large such that (27) holds . Since Q;
is a positive definite solution of (11) and G;; := QilC;E, then the
matrix A;11 — G;1Cyp is Hurwitz. Consequently, for i = 1,2,..., N,
the Lyapunov equation (28) has unique solution P;; > 0. Since (27)
holds and —«kely, < 0, by using the Schur complement, we obtain

T T
—kely, A +~H“H,~2

<0, i=12,..
A1 +H,Hjy i

N, (3l
where W; := Ajp + AL, + HLHjy — kely—y,. Using (28) and Py =
Ij,—y;, it then follows that (15) holds.

On the other hand, by taking P;» = I;,—; in (16), we obtain (30). It
then follows from Lemma 8§ that the corresponding distributed filter
is H, y-suboptimal. [ ]

Remark 12: Note that, in step 1) of Theorem 11, we need to
compute the left eigenvector 8 of the Laplacian matrix corresponding
to the eigenvalue 0. This requires so-called global information on the
communication graph. This dependency on global information can
be removed using algorithms that compute left eigenvectors of the
Laplacian matrix in a distributed fashion, see e.g. [34] or [35]. On
the other hand, in step 3) we need to compute €. To do so, we
need knowledge of the orthogonal matrices 7;, the matrix M and the
Laplacian matrix £, which is global information. Also in step 5),
we need to find one « that satisfy (27) for i = 1,2,...,N. Note
that, however, we can always take € > 0 sufficiently small and « > 0
sufficiently large such that (26) and (27) hold, respectively. This might
however lead to an achievable tolerance y that is very large, giving
poor suboptimality of the corresponding distributed filter.

In general, the computation of our suboptimal filters requires global
information, so cannot be performed in a decentralized fashion. This
is in contrast with the decentralized computation of distributed state
observers as described in [36].

Remark 13: In case of large N, in Theorem 11, in step 1) it might be
difficult to directly compute a left eigenvector. However, as mentioned
in Remark 12, there exist algorithms for computing left eigenvectors
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of Laplacian matrices in a distributed fashion. In step 3), it might be
difficult to compute a suitable € > 0 that satisfies (26) . However,
it obviously suffices to take € > O sufficiently small. The remaining
matrix operations need to be performed N times.

B. He Suboptimal Distributed Filter Design

In this subsection, we will provide a method for obtaining Heo
suboptimal distributed filters. More concretely, we aim at finding, for
a given tolerance y > 0, a distributed filter such that the global error
system (7) is stable and ||T;||c < 7.

The next lemma expresses the existence of suitable gain matrices
F; and G;, i = 1,2,...,N in terms of solvability of N nonlinear
matrix inequalities.

Lemma 14: Assume that the pair (C, A) is detectable and that
none of the pairs (C;, A) is detectable. Suppose that the communi-
cation graph is a strongly connected directed graph with associated
Laplacian matrix L. Let y > 0. Let the matrices 7, M and L be as

introduced in Lemma 7. Let € > 0 be such that
TT(LOL)T+M > el,N. (33)

Let G;1 be as defined in (12). For i = 1,2,..., N, assume there exist
k>0, P;j >0 and P;p > 0 satisfying

D; +k(m; —€)ly, Q;
Q' ¥; — kely—y, <0, (34)
where
®; = (A1 - G\Ci1) TPy + Piy (A1 — G Cin)

1
+ ?Pil(Eil -G Di)(Eq -G D) TPy + H Hp,  (35)

1
Qi = AL Pip+ H\Hpp + ;Pu (Eij1 =G DEL Py, (36)
1
Wi = PpnAinp + ALy Pio + 771’1'2151'215,-T21’i2 +H3LHj).
Fori=1,2,...,N, define gain matrices F; and G; by
P:l0
F; := x0;T; ( 101 P.—l) T 37)
i2
and G
Gi ::T,-( (;'1). (38)

Then the corresponding distributed filter (6) is Heo y-suboptimal.
Proof: First, it follows from (13) in Lemma 7 that there exists
€ > 0 such that (14) holds. Next, note that (34) is equivalent to

blockdiag (q’é Qf) + k(M - el,N) <O. (39)
Qo ¥
Using (14), it then follows from (39) that
blockdiag (q);' $ ) ~kTT (L ®1,)T <0. (40)
Qi ¥,
Let
P :=blockdiag(P;), P;:=T; Pip 0 77 4D
0 Pt

Clearly, P > 0. By using (37), (38), (41), (9) and (10), then (40)
holds if and only if

ATP+PA-(L"®I,)FTP-PF(L®1I,)
| [ 42
+—2PEETP+IN ®H"H <0 “2)
Y
holds, where F := blockdiag(F;) and F; is defined by (37). Therefore,
there exist « > 0, P;; > 0 and P;» > O such that (34) holds for

i=1,2,...,N if and only if there exists P > 0O of the form (23)
such that (42) holds. Finally, since (42) has a solution P > 0, it
follows from Lemma 3 that the error system (7) is internally stable
and ||T4]|e < y. Thus the distributed filter (6) with (38) and (37) is
Hoo y-suboptimal. [ ]

Lemma 14 provides a condition for the existence of suitable
gain matrices F; and G; in terms of solvability of the nonlinear
matrix inequalities (34). However, these inequalities are not LMI’s.
However, by using suitable Schur complements, we can transform
the inequalities (34) into LMI’s. In this way we obtain the following
conceptual algorithm for computing suitable gain matrices.

Theorem 15: Assume that the pair (C, A) is detectable and that
none of the pairs (C;, A) is detectable. Suppose that the communi-
cation graph is a strongly connected directed graph with associated
Laplacian matrix L. Let y > 0. Then an H,, suboptimal distributed
filter of the form (6) is obtained as follows:

1) Compute 6 = (61,67, ...,0x) with §; > 0 such that 6L = 0 and

61y = N.

Fori=1,2,...,N:

2) Compute an orthogonal matrix 7; that puts A, C;, E and H into

the form (9) and (10).
3) Take arbitrary m; > 0 and compute € > 0 such that

TY(LRL)T+M > el,N. (43)

4) Compute Q;1 > 0 satistying (11). Define G;; := QilCi—E-
5) Compute P;; > 0, P > 0 and « > O such that the
inequality (32) (see next page) holds.
6) Define gain matrices F; and G; by
-1
F; = k6;T; (P(i)l 0 )TiT, G; =T (G(;'l).
Then the corresponding distributed filter (6) is Heo y-suboptimal.
Proof: By taking the appropriate Schur complements in (32), it
follows that (32) hold if and only if (34) hold. The rest follows from
Lemma 14. |
We conclude this section by noting that remarks similar to Re-
mark 9, Remark 12 and Remark 13 hold in the H case.

(44)

n—v;

V. SIMULATION EXAMPLE

In this section, we will use a simulation example borrowed from [8]
to illustrate the conceptual algorithm in Theorem 11 for designing H,
suboptimal distributed filters. Consider the linear system (5) with

T

10 0 0 0 o0 10 0
11 1 0 0 0 0 2 0
T S B T 00 0

A=lo 0 o -1 o ol H=lo o 1|
8 1 -1 -1 -2 0 00 0
4 =05 05 0 0 -4 0 0 0
o 1 00200

|| |z o
s 00 0 2 0 o0
Ca 70 4 0 0 0
D 1 00000

ool D] [T 000
D; 00 1 00 0
Di 00 0 1 00
0000 01 0
0000 0 01

00 00 02 0
0000 0 02
00 0 0 0.1 0.1
00 00 02 02
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(Ain = GJ|Ci1) T Pi1 + Pir(Ainn = G/ Cin) + k(mi — €)1, + H{Hn A

( PipApy + Hiy Hjy
(Ei1 =G D;)" Py

P2+ H Hpy  Pu(En - GiiD;)
PirAiny + Ay, Pin PipEpp <0.
ELPp ¥y

(32)

O—Q@

N

®

Fig. 1: The communication graph between the local filters.

The system (5) is monitored by four local filters, and each local filter
acquires a portion of the measured output y, namely, y; = C;x+D;d,
for i = 1,2,3,4. The pair (C, A) is detectable, but none of the pairs
(Cj, A) is detectable.

We assume the four local filters to be of the form (6). The
communication graph between the four local filters is depicted in
Figure 1. The graph is a strongly connected unweighted directed
graph with associated Laplacian matrix L. The normalized left
eigenvector 6 of L associated with eigenvalue 0 is computed to be
g=(1 1 1 1).

Next, for i = 1,2,3,4, we compute an orthogonal matrix 7; such
that the matrices A, C;, E and H are transformed into the form (9)
and (10). For i = 1,2,3,4, we take m; = 1. We also compute
that for € = 0.0398, the inequality (26) holds. Subsequently, for
i =1,2,3,4, we solve (27) and compute x = 198.2. Following the
steps in Theorem 11, we also compute gain matrices F; and G;. We
then compute the upper bound

4
Z tr[(E)} - D] G])Pi1(Ej1 -G D) + E5Epp | = 71.8728.
i=1

Thus, for all y > 71.8728, the distributed filter (6) with gain matrices
F; and G; is H, y-suboptimal, and the H, norm of the associated
global error system (7) is guaranteed to satisfy

I Taell g, < V71.8728 = 8.4778.

Using Matlab, the actual H, norm of the associated global error
system (7) is computed to be

I Tellgs, = 1.5212.

As an illustration, we have compared the performance of our
distributed filter with that of the centralized optimal filter (which
can be computed using [31, page 256]) and those of the distributed
observers proposed in [8], [36] (with a decay rate at least @ = 0.5).
The computed H, performances of the associated error systems can
be found in TABLE I.

TABLE I

\ | Centralized filter | Distributed filter | Distributed observer 1 ([8]) | Distributed observer 2 ( [36)) |
| #o-norm | IITillyy = 05443 | 1ITurllp = 15212 | |MTallpy =54517 | [iTanllpy = 55774

It can be seen that, as expected, the >, norm of the global
error system using our distributed filter (||7g¢llq, = 1.5212) is
larger than the one using the (unconstrained) centralized optimal
filter (|[Tcfllg, = 0.5443). Interestingly however, the performance
of the distributed filter (consisting of four local filters) is smaller
than four times the performance of the centralized filter, in the sense

Centralized filter state errors (with disturbance) Distril filter state errors (with di:

0 10 20 30 40 10 20 30 40
Time (sec) Time (sec)
Centralized filter output errors (with disturbance) Distributed filter output errors (with disturbance)
2 2
P ——n————— ok
) //v )
0 10 20 30 40 0 10 20 30 40
Time (sec) Time (sec)

Fig. 2: Left two plots: trajectories of the state and output error
components using the centralized filter (with disturbance). Right two
plots: trajectories of the state and output error components using the
proposed distributed filter (with disturbance).

Distril observer-1 state errors (with di b: 2 state errors (with di
2 2
OW- = htpdenratiet b b asal)
y
,2[
0 10 20 30 40
Time (sec) Time (sec)
Distributed observer-1 output errors (with di Distri b: output errors (with di

z ]

0 10 20 30 40 0 10 20 30 40
Time (sec)

Time (sec)

Fig. 3: Left two plots: trajectories of the state and output error
components using the distributed observer in [8] (with disturbance).
Right two plots: trajectories of the state and output error components
using the distributed observer in [36] (with disturbance).

that [|Tg¢l¢, < 4 X [|Tcell4, .- Next, note that the performances of
the distributed observers in [8], [36] are not comparable to that of
our distributed filter, in the sense that their associated H, norms are
much bigger than that of our distributed filter. This shows that our
proposed distributed filter indeed outperforms these two distributed
observers.

To further illustrate the performance of our distributed suboptimal
filter, we have also plotted the state and output error trajectories of
the centralized optimal filter, our distributed filter and two other dis-
tributed observers, respectively, in presence of external disturbances.
In particular, we use matlab command 20+rand () to generate a
random disturbance signal d. As an example, we take the initial
state of the system (5) to be xp = (1 = 0.5 =102 —2)T and
the initial state of the distributed filter to be zero. The state and
output error trajectories of the centralized filter and our proposed
distributed filter are plotted in Figure 2. The state and output error
trajectories of two other distributed observers are plotted in Figure 3.
It can be seen that our proposed distributed filter has a comparable
performance comparing with the centralized optimal one, in the sense
of disturbance tolerance. It also validates that our proposed distributed
filter indeed outperforms two other distributed observers.
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VI. CONCLUSION

In this paper, we have studied the H, and H. suboptimal
distributed filtering problem for linear systems. We have established
conditions for the existence of suitable filter gains. These are ex-
pressed in terms of solvability of LMI’s. Based on these conditions,
we have provided conceptual algorithms for obtaining the %, and
Ho suboptimal distributed filters, respectively. The computation of
these distributed filters requires centralized computation, i.e. global
information is needed.

As a possibility for future research, we mention the extension of
the results in this paper to the case that the filter gains need to be
computed in a decentralized fashion, see for example [36]. It would
also be interesting to extend the results in this paper to linear time-
varying systems, or to the case that the communication graph is
no longer strongly connected, or can even be a switching graph.
In this paper, we have designed distributed filters to estimate the
entire system state. Another potential research direction would be to
design distributed functional observers/filters that directly estimate
the system output instead of the entire system state [33].
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