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For parametric amplifiers with Josephson junctions the Manley-Rowe relations, the transducer
gain at w;, the transducer conversion gain from w; to ws and the gain-bandwidth products are
derived. For the amplifiers described no pump frequency source is necessary because the pump
frequency is generated by a DC voltage applied to the Josephson junction.

Parametrische Verstirkung mit Josephson-Kontakten
Fir parametrische Verstirker mit Josephson-Tunnelkontakten werden die Manley-Rowe-
Gleichungen abgeleitet. Die Gewinn-Bandbreite-Produkte werden fiir den Negativen-Widerstand-
Verstirker und den Aufwirtsmischer berechnet. Fiur die beschriebenen Verstirker wird keine
Quelle fiir die Pumpfrequenz benétigt, da die Pumpfrequenz durch eine an den Josephson-

Kontakt angelegte Gleichspannung erzeugt wird.

1. Introduction

Parametric amplification with Josephson junc-
tions has already been investigated experimentally
[1]. The Josephson junction consists of two super-
conductors separated by a thin insulating layer. The
thickness of the layer is in the order of 10 A. The
supercurrent across a Josephson junction is given

by [2], [3]
i (f) = Imaxsin [%fv(t)dt—i—qoo]. (1)

Imax is the maximum supercurrent which can be
calculated from the normal resistance of the junc-
tion, the temperature and the energy gaps of the
superconductors [4]. The applied voltage is v, and
@o denotes a phase constant.
If a constant voltage V is applied, a current at
a frequency
Wy = 2e V()/}i (2)
is generated.
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2. The Small Signal Properties of the Josephson
Junction Parametric Amplifier

The circuit model of the Josephson junction
parametric amplifier (Fig. 1) consists of the signal
current source ¢19, the signal circuit Y7, the idler
circuit Ys, the bias voltage source Vy, and the
Josephson junction. The junction voltage is given by

v(t) =Vo + | V1| cos(wrt + @1) +

3)
+ | Vz| cos(wat + ¢2) .

| ——— —___':
hol < @ lt)
w, IUZ(tH [2 ['2: 52 :

Lo—_=—= ——— | 4y Jute

S —— . A

ity L4 o= &[]

|
. — RS
= *U[]

Fig. 1. Circuit model of the Josephson junction parametric
amplifier.
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Inserting into eq. (1) and using the expansion
formula

-+ oo
eiasing — 3.3, (a) ein® (4)
n=-—oo
we obtain [3]
+oo + oo
i) = Imax O, 2, Jmlar) Julas) ¥ )
m=—00 n=—00

X sinf(wo + m w1 -+ nws) t + me1 4 n @2 + @ol,

a)()‘V1| wolel
= = = 6
el A 7 (6)

Jn are the ordinary Bessel functions of the nth order.
The bias voltage Vy shall be such that the equa-
tion w1+ w2 = w (M

is satisfied. The DC component Iy and the AC
components 1 (£) and ¢z (¢) at the frequencies w; and
ws are

1o =TImaxJi(a1) J1(ag) sin(po — @1 — @2), (8)
i1(t) =— ImaxJo(a1) J1(ag) sin(w1t 4 @o — @2), (9)
12 (t) = — Imax J1(@1) Jo(ag) sin (w2t + @o — ¢1) - (10)

Assuming that the AC voltages are much smaller
than Vg yielding Jo(a) =1, J1(a) = a/2 we get
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1 -
P2=§R6(V212):
oo Vi| | Vel

4(,()1 V()

(17)
sin(po — @1 — @2) .

=—1 max

If the active power has a negative sign, it flows
from the contact to the outer circuit.

From the egs. (15) to (17) we get the Manley-

Rowe relations [5]: (18)
Pi=—2Lpy, Po=— 2Py, Py— 2P,
wo wo : ‘w1

Since the output circuit is passive we have Py = 0.
From eqs. (18) we see that a power flow to the
signal circuit is connected with a power flow to the
idler circuit. Since the active powers are proportional
to the frequencies a power gain wz/w; can be
obtained additional to the gain as a negative
resistance amplifier if the amplified signal is coupled
out at ws.

From the eqgs. (18) we obtain
Po+ P+ P,=0. (19)

The Josephson junction is non-dissipative.

4. The Gain-Bandwidth Product of the Parametrie
Amplifier

If w1 and wz are sufficiently separated and there-

wf | V1| | V2] - — i
Io—1T 0 sin (oo — @7 — . (11) fore Yi{wg) = Yp(wi) = oo, we can use the equi-
0 X4 w1 mg Va (po— g1 — g2, (1) valent circuit diagram shown in Fig. 2. G consists
. wo Vs .
Il—] max 0’2 1%, __.__________;y __________
2 w2 V() (12) | Y Y’ 123 —l
i1 = Re([1eiot), Vo= |Va|ele, R H_ _______ _‘I‘ R\ IZ{_ _______ 1)
. 0 |
In=il @0 V1 g, é ! lq% F1J' [}] gl sz[b []Ele lz% ' :
M2 w1 Vo ’ LI Tﬁ4 an ! | bu] G T ! !
(13 I L ________ 4 - |

'iz = Re([zej‘”zt), Vl = IVll ejq"l .

If the junction is terminated with a conductance Y,
at the frequency ws, the impedance at a frequency
w1 will be measured towards the junction:

41 w2 VE

2 72
120 Imax

Zy = — Y. (14)
The real part of Z; is negative and therefore power
gain is obtained in the signal circuit. Since the
negative real part of Z; is a consequence of a
positive real part of Y the gain in the signal circuit
is connected with losses in the idler circuit.

3. The Power Relations

The DC power is given by
g | V1] | Ve|
4w 1 W V()

(15)

Po="Volo=Imax sin (po — @1 — @2) .

The AC active powers are
P= %Re(V{ I)=

M Sin ((po — ?91 _(pz) s
4wz Vo

(16)
= - Imax

Fig. 2. Four terminal equivalent circuit diagram of the
Josephson junction parametric amplifier.

of the generator conductance G1g and the primary
load conductance Gy1; G2 of the secondary load
conductance Gs1, and the conductance Gor -due to
the losses of the secondary resonant circuit:

Grg=ab1, GiL=(1—a)G1,
Gor=fG2, Gor.=(1—p)G:.
[10 is the signal current source at the frequency ;.
The resonant frequencies of Y; and Ys are wy9 and

wz0. The @ values and detuning parameters ¢ are
defined in the usual way:

(20)

wo1 C1 w20
Q1= G Q2 = G
(21)
PO ST RN SR
wo1 w1 w2 w2
The admittances Y1, Ys are given by
Yi=6G1(1+j@1d1),
1 1 ] 1 (22)

Yo==Ga(1 4 jQ200) .
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The frequencies w; and wms satisfy the condition (7).
We also assume:

wo1 + wo2 = wo . (23)
From eqs. (7) and (23) we get
Aw = w1 — wo1 = — (w2 — woe) - (24)
For small detuning we may write
51~2&, de A —2éﬁ (25)
o1 o2

The Y-matrix of the Josephson junction is ob-

tained from egs. (2), (12), and (13):

I 0 Yy Vl)
- " . ®] 26
()=l 0703 0

Y12 =j Imax he el

w2

(27)

Yo1 = ] I'max Foon el

The equation for the whole network is given by

Iio\ (Y1 Ti (V1
0/ \Yy Y3)\V3)’

The power gain of the negative resistance para-
metric amplifier is gp1, the conversion power gain
between w; and wa is gpa:
g Pra
1= 55—
P P 1 s

a

(28)

gg=PL2
P Pal

(29)

P, is the available input power. Py; and Prpg are
the powers dissipated in G1, and Gy, respectively:

| T30
PalA 8G1g >
1 1 (30)
PL1=§|V1IZG1L, Pro= 5 |Ve|2Gar.
From eqs. (28) to (30) we obtain
_ 4|Ta2GRa(l —a)
s 31
LD A I S SNE 1)
4|Y21(|2G1G —
goo — | Yo1[2G1Gaac(1 — B) (32)

| Y1Y5 — Y12 Y5, |2

We define the gain degradation factors &1, & and
the damping reduction constant #:

A A
E1=2Q1 —2, E=2Qs—,  (33)
wo1 wo2
Yo Y3
=G (34)

Inserting the eqs. (22), (25), (33), and (34) into the
eqs. (31) and (32) we obtain

4a(l —
g1 — Z‘( D )
-g) ey
1 —§&5 1 —&
4=2a(l—p)y
= ! ) (36)
Iv2 (1 —&1éa— )2 + (&1 + £2)?
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For zero detuning the maximum power gains are
given by

_ 4o(l —a)
gplmax—(lfn)2 s (37)
w2
dmel=p
ngmax——(l:*;)z— (38)

The maximum power gains depend on the damping
reduction constant. The amplifier is only stable for
n < 1. For a large n the bandwidth is small, because
in this case the gain is decisively reduced by a small
detuning. For narrow band amplifiers (1 — 5 < 1,
£1, &2 small) the negative resistance gain gp; and the
transducer gain gy can be approximated by

4o(l —a)

L= TR F @+ &P 39)
422 51— )y
o (40)

(R R RN
For 1 — 5 = &; + &, the gain decreases to the half
of its maximum value. The products of the band-
width B and the root of the gain are

S | 1 — o)
BVgplmax = ;Hr (41)
- + /=
w1 w2
R [
BV!IDZmax = ;W {42)
wr o

with B = |Aw/r|.

The parameters o and f depend on the matching.
The negative resistance amplifier is matched at
o = 1/2. For the negative resistance frequency con-
verter f§ shall be as small as possible and « = 1.
Setting 9 = 1 for narrow band amplifiers we obtain

1 1

BYgp1max =55 Q1 7% (43)
w1 w9
11/ ws 1
B Vgp2 max — (uj Ql Qs (44)
w1 w9

These equations are well known for other parametric

amplifiers [6], [7], [8].

5. HF Properties of the Josephson Junction Para-
metric Amplifier

Josephson junctions can be used up to 1000 GHz.
The upper frequency limit is reached when the
superconducting Cooper pairs are broken up by the
microwave photons. For 0° K the pairing energy 2¢
is approximately given by

2¢ =35k Te. (45)
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T, is the critical temperature of the superconductor.
From this we obtain the upper frequency limit

fe = 73 GHz/°K . (46)

For higher temperatures the pairing energy and the
frequency limit decrease (Fig. 3).

-

T —>

=)
o
-

/L —>

Fig. 3. Temperature dependence of the frequency limit.

In addition to the lossless Josephson current a
dissipative normal electron tunneling current flows
across the junction [4], [9]. In Fig. 4 (5) this
tunneling current is plotted for two equal (different)
superconductors forming a tunneling junction.

00 2¢le
Fig. 4.
Tunneling current between
equal superconductors.

y— V—s

Fig. 5.
Tunneling current between
different superconductors.

&-& &4
e e

Since the applied DC voltage Vy is proportional to
the frequency wg, these losses increase with fre-
quency. In the range Vo <<2¢feand Vo << (g1 — €2)/e,
respectively, the normal current decreases for in-
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creasing purity of the superconductor, where 2¢ is
the energy gap of the superconductor. As a conse-
quence of photon assisted tunneling [10] additional
losses may occur. In this case the current voltage
characteristic has echos at the distances nkwole.
As the wave functions of the paired electrons are
coherent, no noise contribution will come from the
Josephson current. Thermal noise will only be
caused by the normal tunneling current [11].

In order to get a high upper frequency limit and
a low noise figure it is necessary to use pure super-
conductors with a high critical temperature and to
operate the contact sufficiently far below the
critical temperature.
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