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Abstract

The sample paths of white noise are proved to be elements of certain Besov spaces
with dominating mixed smoothness. Unlike in isotropic spaces, here the regularity
does not get worse with increasing space dimension. Consequently, white noise is
actually much smoother than the known sharp regularity results in isotropic spaces
suggest. An application of our techniques yields new results for the regularity of
solutions of Poisson and heat equation on the half space with boundary noise. The
main novelty is the flexible treatment of the interplay between the singularity at the
boundary and the smoothness in tangential, normal and time direction.
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1 Introduction

There are many works studying the regularity of different kinds of stochastic noise.
Oftentimes, regularity results are formulated in terms of Besov spaces. Classical
results on the Holder regularity of sample paths of a Brownian motion have been
improved using Besov spaces and Besov—Orlicz spaces in [8, 9]. Similar results have
been obtained for Feller processes in [31-33], for a summary see [6, Section 5.5],
and for Brownian motions with values in Banach spaces in [21]. Closely related
to these works are characterizations of the Besov regularity of white noise. For a
Gaussian white noise on the torus, such characterizations are given in [45]. Lévy
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white noise on the torus was studied in [15]. Global regularity results for Gaussian
and Lévy white noise are given in [4, 14].

Most of these works have in common that the regularity results are shown to be
sharp up to possibly some minor improvements in some of the references. For an
n-dimensional Gaussian white noise, it is shown for example, that it has a smooth-
ness of exactly or almost —= but not more than —g, depending on the scale of iso-
tropic function spaces. In particular, regularity seems to get worse with increasing
dimension. The aim of this paper is to show that these results can be improved for
Gaussian as well as Lévy white noise if one works with spaces of dominating mixed
smoothness. Roughly speaking, the following results states that an n-dimensional
Gaussian white noise has local smoothness —% — ¢ separately in each direction,
while previous results state that it has regularity —g simultaneously in all directions.

Theorem 1.1 Let 1 < p < oo and €, T > 0. Then the restriction of an n-dimensional
Gaussian white noise on R" to [0, T1" has a modification n such that

1 1
(57) o g
Plyes,, B0, T1 | = 1.

(—5—&ns €)
In this theorem, Sp,pz 2 "B([0, T]") denotes a Besov space with dominating

mixed smoothness. It can be identified with the iterated Besov space

1 1 1

———c -

B,? <[o, T1:B,2 ([0.T)...B,2 ([0,T])... )>

and with the tensor product

1 1

B,2 (0.T)®, -~ ®, B2 (0.T]),

which is defined as the closure of the algebraic tensor product with respect to the
so-called p-nuclear tensor norm. We will explain these identifications later in this
paper.

If one component is viewed as time, then a white noise is also sometimes called
space-time white noise. In this case, it can also be insightful the split space and time
in the description of the smoothness. This way, we obtain that a Gaussian space-
time white noise has smoothness —1 in time and == — ¢ in (the n — 1-dimensional)
space. More precisely, we have the following result:

Theorem 1.2 Let 1 < p,p < oo and € > 0. Then an n-dimensional Gaussian white
noise on R" has a modification n such that

p,©

P(n e B'*([0, T];B,:?_E(R"_l, <->“”‘f))> =L
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1-n—e
Here, (E)177¢ := (1 + |€|®) 2 is a weight function. The interval [0, T) corre-
sponds to the time direction, while R"™! corresponds to the space direction.

Note that compared to Theorem 1.1 we can include growth bounds in space this
time. Theorem 1.2 can be useful if one studies parabolic partial differential equations
driven by noise. We will illustrate this by deriving regularity results for the heat equa-
tion with Dirichlet and Neumann boundary noise. The main tool in previous works
such as [1, 7, 10, 36] for analyzing solutions of equations with boundary noise were
power weights. These weights measure the distance to the boundary and are well suited
to describe the singularities of solutions at the boundary. Our approach, however, adds
more flexibility to the description of these singularities, as it allows one to treat regular-
ity in time, tangential and normal directions separately. It will also enable us to analyze
the behavior of solutions at the boundary in spaces of higher regularity.

This paper is structured as follows:

e In Sect. 2, we introduce weighted Besov spaces with dominating mixed smooth-
ness, Lévy white noise and vector-valued Lévy processes and cite the most
important results we need throughout the paper. While most of the results are
well-known, it seems like the description of the dual spaces of Besov spaces
with dominating mixed smoothness on the domain [0, T']" given in Proposition
2.15 has not been available in the literature before.

e Section 3 is the main part of this paper. Therein, we derive regularity results for
Lévy white noise in spaces with dominating mixed smoothness.

e As an application of some of our results, we derive new regularity properties of
the solutions of Poisson and heat equation with Dirichlet and Neumann boundary
noise in Sect. 4.

1.1 Notations and assumptions

We writeN = {1, 2, ...} for the natural numbers starting from 1 and N, = {0, 1,2, ...}
for the natural numbers starting from 0. Throughout the paper, we take n € N and
write

RY :={x=(x,...,x,) ER" : x, > 0}.
If n =1, we also just write R, := IRL. Given a real number x € R, we write
x, 1= [x], :=max{0,x}.
The Bessel potential will be denoted by
(x) =1+ P2 xeRM.

Given a Banach space E, we will write E’ for its topological dual. By Z(R"; E),
AR E) and . (R™; E), we denote the spaces of E-valued test functions, E-val-
ued Schwartz functions and E-valued tempered distributions, respectively. If
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E € {R,C}, then we will omit it in the notation. On .AR"; E), we define the Fourier
transform

a . 1 —ixé n.
(TN 1= o /R Wy (€ AR E).

As usual, we extend it to ./ (R"; E) by [.Zul(f) := u(.Zf) for u € '(R"; E) and
f € AR"). Given two topological spaces X, Y, we write X & Y if there is a canoni-
cal continuous embedding. We write XLd>Y if the range of this embedding is dense
in Y. If E and E| are two locally convex spaces, then the spaces of continuous linear
operators from E to E; will be denoted by B(E,, E,). If E, = E,, then we also write
B(Ey).

Throughout the paper, we will assume that (€2, F,P) is a complete probability
space.

2 Preliminaries
2.1 Weights

A weight w on R” is a measurable function w : R" — [0, co] which takes values in
(0, o0) almost everywhere with respect to the Lebesgue measure. There are several
interesting classes of weights one can consider.

Definition 2.1 Letw : R" — [0, oo] be a weight.

(a) We say that w is an admissible weight if w € C*(R";(0, 00)) with the following
properties:

(i) Foralla € N!

00 there is a constant C, such that

|ID*w(x)| < C,w(x) forall x € R™. 1)
(i1) There are two constants C > 0 and s > 0 such that
0 < w(x) < Cwy)(x—y)* forall x,y € R". )

We write W(R") for the set of all admissible weights on R”.
(b) Letl <p < oo. Then, wis called A, weight if

_ 1 1 S A\
v =, 32 (o 0w (g o™ e) <o
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The set of all A weights on R” will be denoted by A (IR") Moreover, we
write A (R") : U1 <p<co Ap(R™). Such weights are also called Muckenhoupt
weights.

(c) Letl < p < oo. Then, w is called ALOC weight if

p-1
1 1 -L
Aloc = sup (— / w(x) dx> < /w(x) -1 dx> < 00.
» QecubeinR7 Leb,@)<1 \ (@ Jo Leb, (@ /o,

The set of all A* weights on R” will be denoted by A**(R"). Moreover, we
write A¢(R") : U1 <peeo AS(R™). Such weights are also called local Muck-
enhoupt weights.

Remark 2.2 The class of local Muckenhoupt weights AL‘;C(IR") was introduced
in [30] with the aim of unifying Littlewood—Paley theories for function spaces
with admissible weights and Muckenhoupt weights. Accordingly, we have that
W(R") UAL(R") C A(R™).

Example 1In this paper, we will mainly work with weights of the form
(Y R =R & (L+ 6P

for some p € R. It will be important for us to which class of weights this function
belongs for different choices of p € R.

(a) Forall p € R, we have that ( - }» € W(R"), i.e.( - )”is an admissible weight. This
can either be computed directly or one can use the following abstract arguments
which in turn are based on simple direct computations:

For (1) one can recall that ( - )? is the standard example of a so-called Horman-
der symbol of order p, see for example [23, Chapter 2, §1, Example 2]. Thus, we
even have

ID*(&)’| < C, (&)1

which trivially implies (1). In (2) one can take C = 2!”l and 5 = |p| by Peetre’s
inequality, see for example [29, Proposition 3.3.31].

(b) It holds that (-)” € A,(R") if and only if —n < p < (p — D)n. Again, one can
directly verify this for example by a similar computation as in [17, Example
9.1.7]. We also refer to [18, Example 1.3] where this has been observed for the
equivalent weight

_[1 irEst,
Mo &) = { £ if Je] > 1.

(c) It follows directly from part (b) that (- )* € A (R")if and only if —n < p.

) Birkhauser
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Definition 2.3 Let E be a Banach space, w : R"” — [0, 0] a weight and 1 < p < 0.
Then, the weighted Lebesgue—Bochner space Lp(IR”, w; E) is defined as the space of
all strongly measurable functions f : R" — E such that

1/p
”f”Lp([R”,w; B = </R Ilf(x)ll';w(x) dx) < o0

with the usual modification for p = co. As usual, functions which coincide on sets of
measure 0 are considered as equal.

Remark 2.4 For this work, it is important to note that there are different conventions

in the literature concerning the definition of weighted Lebesgue—Bochner spaces.

Oftentimes, the expression |[f||; gn,. g) i defined by [|wf|l; g». g, Whereas in our
4 oW ‘D 5

case, it is defined by ||w!/7f||, (e - Unfortunately, we will have to refer to some
(R

articles which use the one and to other articles which use the other convention.
Thus, we will explicitly mention if a certain reference does not use the convention of
Definition 2.3.

2.2 Weighted function spaces with dominating mixed smoothness

As general references for the theory of spaces with dominating mixed smooth-
ness, we would like to mention [34, 43, 46]. These spaces are mainly used in
approximation theory. They can also be used to study boundary value problems
with rough boundary data, see [20]. Our aim here is to derive sharper regularity
results for the sample paths of white noise.

In this section, let /€N and d = (d,,...,d)) € N with d| + - +d, =n. We
write R if we split R" according to d, i.e.

R/ :=R% x - x R%,

Moreover, if we have such a splitting then for x € R!} we write x = (x; 4, ..., X 4)
withxj,d € RY, j=1,...,L

Definition 2.5
(a) Letg, € Z(R")be a smooth function with compact support such that0 < ¢, < 1,
po&) =1 if[§| <1, ¢o(&) =0 if & =3/2.
For £ € R" and k € N let further

P(&) 1= @y(&) — @ (28),
&) 1= p(275E).

X Birkhauser
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We call such a sequence (¢;);en, smooth dyadic resolution of unity and write
O(R") for the space of all such sequences.

(b) Let E be a Banach space. To a smooth dyadic resolution of unity
(@ren, € P(R™), we associate the sequence of operators (), on the space
of tempered distributions .’ (R"; E) by means of

Sf =T ' Ff (f €S (R";E)).

The sequence (S.f)ien 1s called dyadic decomposition of f.
(¢c) Forje{l,...,l}1let ((pk )k en, € ®(R%) be a smooth dyadic resolution of unity

on R%. Then we define
o = ®(pg), Se=F o7 (k=(ky,....k) ENL).
j=1

We write O(R") for all such ((pk)keN:

Definition 2.6 Let w : R" —» [0,00] be a weight, E a Banach space,
((/’k)keNl € O(R), 5=(s,...,5) € R'and p,q € [1, o).

(a) The Besov space with dominating mixed smoothness S* B(R”, w; E) is defined
as the space of all tempered distributions f € .’ (R"; E) such that

1/q
Z 2q5k”Skf“L (R w; E)> <o

keN’

”f”S;iqB(RZ,W; E) = <

with the usual modification for g = oo.
(b) The respective space on some domain O, C R’ is defined by restriction:

S5 BOLWE) :={flo, : f €S, BR:,w; E)}
and

5 gy L= inf 5
”f”s;LqB(od,w, E) 487 BRI ). glo, = ||g||s BERLw E)*

(¢) The space SA oB(O4w; E) is defined as the closure of the space #,(O) of
Schwartz functlons with support in Od in the space S‘ B([R{", w; E).

Remark 2.7

(a) Ifl =1, then we obtain the usual definition of isotropic weighted vector-valued
Besov spaces. In this case, following the usual convention we write B3 and B’

».4:0

instead of S; qB and S; . B, respectively.
(b) Itis intentional that in the definition of S; . OB(Od, w; E) we take the closure in
the space S; qB(IR”, w; E) and not in S; qB(Od, w; E). Even in the isotropic case,
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(c)

(d)

there is a subtle difference between the two definitions for s — i € Ny . We refer
for example to [39, Section 4.3.2], where this is carefully discussed for isotropic
spaces. Therein, the spaces B, correspond to the definition with the closure in
BY ([R” w; E), while BY cofresponds to the definition with the closure in
BY ((9 w; E).

There are special representations if p = g < oo. For example, it was shown in
[37] that for [ = n, we have the tensor product representation

S5 ,BRY = B (R)®, Sez BRI )= B (R)®, - ®, Bl (R),

where the tensor product is the closure of the unique tensor product on tem-
pered distributions in the sense of [37, Lemma B.3] with respect to the
p-nuclear tensor norm a,,, see [37, Appendix B]. For two Banach spaces E|, E,
the p-nuclear tensor norm is defined by

a,(h,E,, Ey)

1/p'

N 1/p N
= inf (an,-n';]) -sup{(Zuj(yj)V’) :z,-eE;,uAan;:l} :
Jj=1 j=1

where p’ denotes the conjugated Holder index and where the infimum is
taken over all representations h = 21 X ®yjfor NeN, xy,....,xy € E; and
Yir -2 Yy € By

In a certain parameter range, one can also view a Besov space with dominating
mixed smoothness as a Besov space with values in another Besov space. Since
it seems like this has not been formulated in the literature so far, we make this
more precise in the following.

Theorem 2.8 Let E be a reflexive Banach space and | = 2. Then there are unique
isomorphisms

such that for allu € AR"; E)and all ¢, € ﬂRX PR ZES Y([R{

I+ SR E) > BARS ). 7 (RE 1 E)),

L 'R E) > BARE ), R} < E)),
) it holds that

)Cf,d

L (@ D(@)) = u(@; & @,) = [[Lw)](@)1(@)).

Proof This is one of the kernel theorems from [3, Appendix, Theorem 1.8.9]. O

Proposition 2.9 Let E be a Banach space, s = (s, 5,) € R2 and let w; i R% - [0, o]
(j = 1,2) be weights. Suppose that w = w; @ w, and that1 < p < co. The mappings
I1,, I, from Theorem 2.8 yield the following isomorphies:

X Birkhauser
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I
d . d . ~QF
By (R wis BE(RE w): E))=S, B(R}.w.E)
L 4 . 4 .
=B.f7j7 (szz,d’ Wa> B;}?(er.d’ Wi E))
Proof The assertion follows from Theorem 2.8 and

VI sy = 2 2 /R . /R IS0t 3,

keNj

Z 2p5|k|/ Z Zpszkz '/Rd ”Sszklf(‘x)”l;'W2(x2,d)de,dwl('de)dxl,d

kieN, RY o eN,

— sk AP
1€No
= rI°

$1 Y1 CB2R2 - BN
Bl,,,([RXl‘d,wl, Bﬂll(RAz,wWZ' E))

Remark 2.10

(a) In Theorem 2.8 and Proposition 2.9, we took [ = 2 only for notational conveni-
ence. The same arguments also work for/ € {3, ...,n}.

(b) In this work, we frequently use the representation in Proposition 2.9 of Besov
spaces with dominating mixed smoothness. In the following, we omit the iso-
morphisms /; and 7, in the notation and consider the spaces in Proposition 2.9
as equal.

Corollary 2.11 LetT > 0,l=n,5s = (s, ...,S,) € R"and p € [1, ). Then we have
the isomorphisms

B ([0, T); B2, ([0, T1; ... B} (10,T])...)) = S5 _B(0, T]")
=B, (0,T) ®, - ®, B,,(0,T].

Proof For [0, T] being replaced by R these are the statements of Proposition 2.9 and
Remark 2.7 (c). Thus, the assertion follows by composing the isomorphisms with a
suitable extension operator and the restriction to [0, 7]". O

Proposition 2.12 Let 1 < p,q < o0, s € R and let w : R" - (0, ) be an admissi-
ble weight. Let further p',q' € (1, 0) be the conjugated Holder indices of p and q,
respectively. Then, we have

S n I _ p-s n . 1-p
(Bp’q(R 7W)) - Bpr’qr(R s W )

Proof This result is taken from [35, Chapter 5.1.2]. Note, however, that therein a
different convention concerning the notation of weighted spaces is used. The space

) Birkhauser



54 Page 100f38 F. Hummel

B q(IR", w) in the notation of [35] corresponds to B’ q(IR", w”) in our notation. Note
also that the weights being considered in [35] are even much more general than the
admissible weights we consider here. a

Lemma 2.13 Let 1 <p < oo, [=n and s=(sy,...,s,) € R". Then we have that
Fo([0, T1") is dense in B;‘,p,o([O, T]; B;fp’o([o, Tl; ... B;",p,o([O, D ...).

Proof 1t holds that the algebraic tensor product .7,([0, T]"™!) ® B;’jp’o([O, T, E) is
dense in .7 ([0, 11, B;':p’o([O, T]; E)) for a given Banach space E, see for example
[2, Theorem 1.3.6]. On the other hand, .#,([0,T]; E) is by definition dense in
B;:p,O( [0, T]; E). Thus, we have the dense embeddings

Fy10.TT™) @ F((0. TT: S 7,(10. TP @ By ([0.T]; E)
&S0, 775 B (10.T1; ).
Since
S0, T ® A0, TL: E) € H(10, T1" E) € H(10, 71" By (10, T1; E))

we obtain that
d S
(0, T1"; E)y>.,(10, T1"™; B (0, T]; E)).

Repeating the same argument for the space .#([0, 11, B;"p 0([0, T]; E)) instead of
([0, T]"; E) and iterating it, we obtain the assertion. O

Corollary2.14 Letl <p < oo,/ =nands = (sy,...,s,) € R". Then we have that

B} ([0,T1; B? ([0,T);...BY (10,T])..)) = S5 (B0, T]")

where the isomorphism is the same as in Corollary 2.11.
Proof By iteration, we define R, := .7,([0, T]) and

R, = {u € (0, TL Syi " BUO, TI™')) | Vi € [0,T] : u(t) € R}}

p.p

for (j =2,...,n). Then, we have .#([0,T]") C R, so that it follows together with
Lemma 2.13 that

B ([0.T):... BY ([0.T): E)...) C (0. T7) C Ry
c B (0,TL;...B" (I0,T];E)...),

where the closures are taken with respect to the topology of the iterated Besov space
B;‘p (0. TT; ... B;”p o([0.T1; E) ...). Hence, we have that

X Birkhauser
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B o(0.TI;...B) ([0, T]; E)...) = #([0,T]")

On the other hand, Sip 0B([O, T1") is defined as the closure of .7,([0, 7]") and thus,
the assertion follows. O

Proposition 2.15 Let 1 <p < oo, p' the conjugated Holder index, |=n and
s=(S,-...,8,) € R". Then we have that

(S ,BAO, T =87, BAO,TIM, S) (B0, T =57 B(O, TI").

p'.p'0
Proof 1t follows from Corollary 2.11 together with Corollary 2.14 that we may show
the assertion on the level of iterated Besov spaces. Since they are defined by itera-
tion, it suffices to show the assertion for the usual isotropic but vector-valued Besov
spaces on [0, 7], i.e. it suffices to show that

B,,(10,TL; E) =By, (10, T} B, (B0, T1; E)) = B}, (10, T; V),

where E is a reflexive Banach space. For these relations, we refer to [3, Chapter VII,
Theorem 2.8.4] or [25, Theorem 11]. Even though the former reference considers
different domains and the latter treats the scalar-valued situation, their extension-
restriction methods also work in our setting. O

Proposition 2.16 Lets,p € Rand1 < p,q < oo. Then the mapping
s no/.o\p s n \»/p
B R".(-)) > B, (R"). f > (-)/Pf
is an isomorphism

Proof Recall that ( - }*/? is an admissible weight. This proposition actually holds for
all admissible weights, see for example [42, Theorem 6.5]. Note that in this refer-
ence a different convention concerning the notation of weighted spaces is used. O

Theorem 2.17 Let py.p;,qy.q; € [1, ), 59,5, € R and wy,w, € AL‘;C(R”). Let fur-
ther 6 € (0,1) and

a-op o
s=(1-0)sy+0s, l=1_9+£, 1=1_9+£, w=w0”° wf‘.
p Po P q do q1

Then, we have that

(B,

Po-90

(R, wo). B | (R, w)), = B, (R".w),

where [, -], denotes the complex interpolation functor. In particular, it holds that

B[S;(])v%(Rn’ Wo) n B;]1 41 (Rh’ Wl) c B;»Q(Rn’ W)

Proof This is part of the statement of [38, Theorem 4.5]. O

) Birkhauser
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In one proof, we also need Bessel potential spaces as a technical tool.

Definition 2.18 Lets = (s, ...,s;) € R'and p € (1, o). Then we define S[S;H(RZ) by

1
STH(R) 1= { fes®RY : 7 a7 € L,,(R")}

J=1

and endow it with the norm

d

l
. 1 .
”f”S;H(R”) = H% I 1I <§j,d>s‘79?f
J=

LP(R”)

If I =1, then we obtain the standard isotropic Bessel potential spaces and write
H;(R”) instead.

For Bessel potential spaces, we have to following embeddings: For some s € R let
s=(s,...,s) € R" Then, we have

HY'(R") & STHR") < H)(R"). 3)

This can for example be found in [34, (1.7)] and [43, (1.554)]. If p € (1,2], then we
have

B;’p(IR") < H;(IR") )
for which we refer to [5, Theorem 6.4.4]. Moreover, for all € > 0, we have that
H,R" < B RY, ®)

which can be obtained as a combination of [40, Section 2.3.2, Proposition 2] and [5,
Theorem 6.4.4]. As for Besov spaces, we have the tensor product representation

S HR ) ®, Hy(R) = S H(RY), ©®)

where 5 =(s,...,5) €R"™ F=(s,...,9)€R", d=(,...,1)eN"! and
d=(1,...,1) € N". This has also been derived in [37].

2.3 Lévy white noise

Now, we briefly introduce Lévy white noise as a generalized random process and
collect some of the known properties. In the following v will be a Lévy measure, i.e.
a measure on R\{0} such that fR\{O} min{1,x?} dv(x) < co. Moreover, we take

y € Rand 62 > 0. We call the triplet (y, 62, v) Lévy triplet and the function

X Birkhauser
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o2&? .
w© =ire- T+ / (e = 1 = igxl ) dv()
R\{0}

is called Lévy exponent corresponding to the Lévy triplet (y, o2, v). Functions of
the form exp oW for some Lévy exponent W are exactly the characteristic functions
of infinitely divisible random variables. An important special case is the one with
Lévy triplet (0, 1, 0), as in this case exp o¥ is the characteristic function of a Gauss-
ian random variable with mean O and variance 1. This case will lead to a standard
Gaussian white noise later in Definition 2.23.

We endow the space of tempered distributions .’ (R") with the cylindrical o-field
B.(.'(R")) generated by the cylindrical sets, i.e. sets of the form

{ue 'R : s @1)s .., (u, @y)) € B}

for some N €N, @, ..., oy € AR") and some Borel set B € B(RY). We will also
consider (' (0), B.(#' (O))) for certain domains O C R”". We define this by restric-
tion. More precisely, we write .#,(O) for the closed subspace of AR") which con-
sists of functions with support in O..%’(0) is defined by

S0 = {ul o) " u € (R},
and B.(.7"(0)) is the o-field generated by sets of the form
{ue S0 : (u,@,),...,{u, py)) € B}

for some N € N, ¢, ..., py € #,(O) and some Borel set B € B(R"). We also just
write

This way, the mapping u — u|, is a measurable mapping

(7 (R"), B.(S'(RM)) = (Z(O0), B (O)).

Definition 2.19 Let (2, F, P) be a probability space. A generalized random process s
is a measurable function

51 (QF) = (LR, B (RM)).
The pushforward measure P, defined by
P.(B) :=P(s~'(B) (B € B.('(R"))

is called probability law of s. Moreover, the characteristic functional H?DS of s is
defined by

P.(p) 1= / exp(i(u, ) dP (w).
' (Rm)
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We will write s(w) for the tempered distribution at w € Q and (s, @) for the random
variable which one obtains by testing s against the Schwartz function ¢ € AR").

In certain situations, we also speak of a generalized random process if there only
is a null set N C € such that the range of s|q,y is a subset of ' (R"). But since
we assume our probability space to be complete, we may change every measurable
mapping f : (Q,F) — (M, A) for a measurable space (M, .A) on arbitrary null sets
without affecting the measurability. Thus, for our purposes, we can neglect the dif-
ference between a generalized random process and a mapping which is a generalized
random process only after some change on a null set. This also applies to the follow-
ing definition:

Definition 2.20 Let
51,8, 1 (Q,F) = (' (R"), B.(S' (R")))
be two generalized random processes. We say that s, is a modification of s,, if
P((s1. @) = (s2.0)) = 1

for all ¢ € AR").

Similar to Bochner’s theorem for random variables, the Bochner—Minlos theorem
gives a necessary and sufficient condition for a mapping C : AR") — C to be the
characteristic functional of a generalized random process.

Theorem 2.21 (Bochner-Minlos) A mapping C . AR") - C is the character-
istic functional of a generalized random process if and only if C is continuous,
C(0) =1 and C is positive definite, i.e. for all NN, all z,,...,zy € C, and all
@15 ...,y € AR it holds that

N

Z ZjZ_kC(Q’j - @) 2 0.
k=1

Remark 2.22
(a) The Bochner—Minlos also holds if AR") is replaced by a nuclear space as for
example the space of test functions d(R"). It seems like the Bochner—Minlos

theorem was first formulated and proved in [24].
(b) An important example of a characteristic functional is given by

C(@) :=exp < / Y(p(x) dx>
RVI

for a Lévy exponent W. This is always a characteristic functional on the
space of test functions Z(R"), see for example [16, Chapter III, Theorem 5].
However, this is not always true for the Schwartz space AR"). In fact, C is
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a characteristic functional on AR") if and only if it has positive absolute
moments, i.e. if there is an € > 0 such that E[|X|°] < oo, where X is an infi-
nitely divisible random variable corresponding to the Lévy triplet ¥. We refer
the reader to [13, Theorem 3] for the sufficiency and to [11] for the necessity.

Definition 2.23 Let (y,02,v) be a Lévy triplet such that the corresponding infi-
nitely divisible random variable has positive absolute moments. A Lévy white noise
7 Q= Y (R") with Lévy triplet (y, 62, v) is the generalized random process with
characteristic functional

P, (@) = exp < / Y(p(x) dx) (p € AR").

If we speak of a Lévy white noise on a domain O Cc R”, then we mean that it is
given by 5|, for a Levy white noise 7 on R".

Remark 2.24 From a modeling point of view, there are some minimum requirements
one has on a random process to call it a white noise. For example, a white noise
should and indeed our white noise from Definition 2.23 does satisfy the following:

(a) A white noise is invariant under Euclidean motions in the sense that for
f € Z(R") and for an Euclidean motion A the random variables (#,f) and

(n,foA) have the same distribution. This can for example be seen by comparing
their characteristic functions:

E[e“")] = exp < / W(Ef(x) dx>
Rn
= exp < / W(f(Ax)) dx) = E[“"°N] (£ eR).
For the representation of the characteristic function, see for example [27, The-
orem 2.7 (iv)].
(b) The random variables (#,f) and (7, g) are independent if f, g € Z(R") have dis-

joint supports. Indeed, if f, g have disjoint supports then Y(f + g) = Y(f) + ¥Y(g)
and, therefore,

E[e/¢ (1) +one)| = exp < / Y f(x) + &8() d.x>
RVI
= exp ( / W(E,f()) + P(E,8() dX> = E[¢MD]E[e® )]
Rn
(c¢) If second moments exist, then we have the relation

COV((’%f% <'77 g>) = (O-z + / ZZ dV(Z)> OC’ g>L2(R”) (f’g € -@(Rn))
R

\{0}
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It seems like this has not been stated in this form for Lévy white noise in the

literature before. We, therefore, refer the reader to the author’s Ph.D. thesis,

[19, Proposition 3.33].
Remark 2.25 By an approximation procedure, it is possible to plug many more func-
tions into a white noise than just test functions or Schwartz functions. For example,
it is always possible to apply a Lévy white noise to elements of L,(R") with com-
pact support. In particular, this includes indicator functions 1, for bounded Borel sets
A € B(R™) which is useful for the construction of a stochastic integral. The idea for the
construction of such an integral goes back to [44] and was further refined in [27]. We
also refer the reader to [12] in which the extension of the domain of definition is carried
out in full detail. We will now briefly summarize the results we need in this work.
Definition 2.26 Let 7 be a Lévy white noise with triplet (y, 6%, v) and let p > 0.

(a) The pth order Rajput-Rosiriski exponent ¥, of  is defined by
Y& = 'J’f +/ XE(Te<1 = Tiy<) dvd)| + c&
R\{0}
+/ IXEPT o + IXEIPT < dV(X)
R\ {0}

for &€ € R.
(b) We define the space L, (1) by

L,n) := {f € Ly(R") : /R ,(f(x) dx < 00}

and endow it with the metric

d\yp(f,g) :=inf{/1>0 : / qu(f(X);g(x)) <A},

The elements of Ly(#) will be called #-integrable.
Proposition 2.27 Let n be a Lévy white noise with triplet (v, 62, v) and p > 0.
(@) The space L,(n) is a complete linear metric space.

(b) The space of test functions Z(R") is dense in Ly(n).
(c) The Lévy white noise n extends to a continuous linear mapping

n L) — L), f + (n.f).

(d) Let f € Ly(n). Then the characteristic function of (n,f) is again given by
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E[ei§<’7f>] = exp < / lP({f(x)) dx)
[Rn

Proof This is a collection of the statements given in [12, Proposition 3.5], [28,

Ch
3.1

apter X, Theorem 2, Proposition 5 & Corollary 6] and [27, Theorem 2.7, Lemma
& Theorem 3.3]. O

Remark 2.28

(@)

(b)

In the general case, it can be difficult to give a nice characterization of the space
Ly(n). However, as already mentioned in Remark 2.25, elements of L,(R") with
compact support are always contained in L,(77). Moreover, A(R") is contained in
Ly(n) if the white noise # admits positive absolute moments, see Remark 2.22.
We also refer the reader to [12, Table 1] which contains a list of examples. For
instance, in the Gaussian case we have Ly(17) = L,(R"). The same holds if the Lévy
triplet is given by (0, 62, v) with v being symmetric and having finite variance, see
[12, Proposition 4.10]. If the Lévy triplet is given by (y, 0, 0) (y # 0) then we have
Ly(n) = L;(R") and for (y, 62,0)(y #0,6% > 0) by L (R™) N Ly(R™).

If one wants to work with paths of a Lévy white noise, then a characterization of
the Besov regularity of these paths might be more useful than Proposition 2.27 in
certain situations. Fortunately, a lot of nice work has already been done in this direc-
tion. For example, local regularity of Gaussian white noise has been studied in [45].
In [15], similar results have been obtained for Lévy white noise. Global smoothness
properties of Lévy white noise in weighted spaces have been established in [4, 14].
Results as in the latter, two references will be important for the derivation of mixed
smoothness properties. But before we can formulate them, we first need to introduce
the Blumenthal-Getoor indices and the moment index of a Lévy white noise.

Definition 2.29 Let # be a Lévy white noise with Lévy exponent ¥. Then, the Blu-
menthal-Getoor indices are defined by

lgl=c0  |E|P

o T (I
Ew.—lnf{p>0.lllgl_}gf 2 —O}.

P :=inf{p>0: lim w=0},

In addition, the moment index is defined by

Pmax -=sup{p >0 : E[[{n, 1jg3.)|"] < o0}

In general, it holds that 0 < g < f, < 2.

Theorem 2.30 Let 5 be a Lévy white noise with Lévy triplet (v, 6%, V), Blumenthal—
Getoor indices B, f., and moment indexp,,,.. Let further p € (0, o).
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(a) Gaussian case: Suppose that v = 0. Then it holds that
P(n € B) ,(R".(-)") =1, ifs< g and p < —n,
P(n ¢ B, ,(R".()) =1, ifs> g orp > —n.

(b) Compound Poisson case: Suppose that v is a finite measure on B(R"\{0}) and
that 6> = 0. Then it holds that

P eB (R, (YY) =1, ifs< n<£ - 1) and p < ——"

min{p,pyx }

S noAPY) — : > 1 _ np )
P(nﬁBp’p(lR,())) 1, 1fs_n<p 1) or p > e —

(¢c) General non-Gaussian case: Suppose thatv # 0 and that p < 2 or p € 2N. Then

it holds that
¢ nAPY) — . 1 _ __mp
P(n € Bp’p(IR ) =1, ifs< n<max[pﬁw] 1> and p < err—
S n(\PY)) = i — [
Py & Bp,p(IR () =1, ifs> n<max{p’ﬁw} 1> orp> TR

Proof This is a collection of Proposition 6, 9 and 12 from [4]. Note that the authors
of [4] use a different convention concerning the notation of weighted Besov spaces
so that the weight parameters in our formulation are multiplied by p compared to the
formulation in [4]. O

Remark 2.31
(a) In Theorem 2.30 (2.31) one can weaken the restriction on p using Theo-

rem 2.17 as follows: If there is N € 2N such that p,, € (N,N +2) and if
p € (1,00)\(NV, N + 2), then it holds that

P eB, (R ())=1, ifs< " _pandp < ——2

max{p,f,, } min{p,py}

If pe (N,N+2),then let & € (0,1) such that 1/p=(1—-80)/N +60/(N + 2).
In this case, it holds that

§ AV . n _ _ A=0)pra+0p
[FD('] (S Bp,p(R ’< > )) - 1’ ifs < max{p,f} n and p< n< Pmax >

If there is no such N, i.e. if p,,, € 2N, then
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P(re B (R".(V) =1, ifs<—"—-nandp<-—"0

max{p,f,,} min{p,pya )’

without restriction on p.

(b) If one restricts the white noise # to a bounded set, for example [0, T]" for some
T > 0, then one can also drop the conditions on p. More precisely, we have the
following: In the Gaussian case, it holds that

S n _ . n
P(1 € B, ,(10.77) = 1. ifs<},

Pt ¢ B, (10,T1") =1, ifs>7.

In the compound Poisson case it holds that

P eB, (10,1 =1, ifs< n<[17 - 1>,

PG ¢ B, (0.T1) = 1, ifs> n</17 _ 1)_

In the general con-Gaussian case with p € (1, o) it holds that

s nyy — i ! -
P eB, (0,T]") =1, ifs< n(max{p,ﬂm} 1>’

5 nyy — 1 L -
P(n ¢ Bp!p([O, 1"y =1, ifs> n(max[p,ﬁw] 1>.

2.4 Lévy processes with values in a Banach space

We briefly derive some results on the regularity of sample paths of Lévy processes
with values in Banach spaces. While they are most probably far from being optimal,
they allow us to also apply our methods to Lévy white noise instead of just Gaussian
white noise. Although our regularity results for Lévy white noises will not be sharp,
we develop our methods in a way such that the result can directly be improved once
properties like the ones in [6, Section 5.5] have been derived for Lévy processes in
Banach spaces.

Definition 2.32 Let 7 > 0. As in the scalar-valued case, a stochastic process
(Ly)ejo,m With values in a Banach space E'is called Lévy process if the following

holds:

@
(i1)

(iii)
(@iv)

Ly=0,

(L)epor) has independent increments, i.e. for all N €N and all
0<# <--<ty<TitholdsthatL, —L,,...,L, —L, areindependent.
(Ly);eqo,7) has stationary increments, i.e. the law of L, — L, only depends on
t—s.

(Ly),eqo,7) 1s continuous in probability.
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Proposition 2.33 Ler £ > 0, p € (1,00) and let (L)),cjo 1) @ Lévy process with val-
ues in a Banach space E. Then (L,),cio1) has a modification with sample paths in
BY,((0.T): E)if p 2 2and in By (0. T): E) if p < 2.

Proof As a Lévy process, (L,),c[o.r) has a modification such that the sample paths
are cadlag, see [26, Theorem 4.3]. In particular, the sample paths are jump continu-
ous, i.e. they are contained in the closure of simple functions from [0, 7] to E with
respect to the|| - || L((0,r-norm. Therefore, the sample paths are elements of

L ([0, T]) & L,([0,T]) < By ([0, T])

where the latter embedding only holds for p > 2 and can for example be found in [5,
Theorem 6.4.4]. If p € (1, 2), then the embedding Lp([O, T) & B;;([O, T holds.
O

Proposition 2.33 is surely not sharp, but simple and good enough for our purposes.
Nonetheless, there are already much sharper results for E-valued Brownian motions.

Theorem 2.34 Let p,q € [1, 00) and let (W,),c(o1) be a Brownian motion with val-

ues in the Banach space E, i.e. (W,),c(o 1 is an E-valued Lévy process such that

(AW,))»0 is a Brownian motion for all A € E'. Then the sample paths of (W,),ci01)
1

are contained in B;,oo([O, T1; E) almost surely. Moreover, almost surely they are not

1
contained in B;,q([O, Tl E).

Proof This is one of the statements of [21, Theorem 4.1]. O

3 Regularity properties in spaces of mixed smoothness

Lemma3.1 Letn =n, + n, withn,,n, € Nand let s,t € R", s <t. Let n, be a Lévy
white noise in R" with Lévy triplet (y,c?,v) and let 1, be a Lévy white noise in R™
with the same Lévy triplet. Then, the mapping

Lo(”lnz) - Ly(n,), @ — ]](s,t] Q¢

is well-defined and continuous.

Proof Note that for all A > Oand all ¢ € L(n,,), we have

1
/ \p0< <s,n(r;)(/’(’_2)> d(ry.ry) = Leb, (5.1 | ¥, (@) oz
R" XR" Rz

Thus, ¢ € Ly(n,,) implies T, 4 @ ¢ € Ly(n,). Moreover, if (¢)ien C Lo(1,,) con-
verges to ¢, then for all € > 0 we have
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/ lP()(@(”z) - (Pk(’”z)> dr, < &
o €

for k € Nlarge enough. If Leb, ((s,]) < I this implies

1. -
/ "I"0< (5,;](”1)((1’(”2) @k(rz))> dry, ) < e
R"1 xR"2

&

so that the continuity follows. If LebnI ((s,t]) > 1, then we write € = LebnI (s, 1)e

and obtain
Tn(r(@(ry) — @i (r2)
/ ‘P0< G e >d(r1,r2)
R xR™ £
1 n(r(@(ry) — @i (1)
S/ To( G 2 k(72 >d(r1,r2)
R XR™ €

<Leb, ((s,t)e =€

for k large enough. Again, the continuity follows. O

Lemma 3.2 Let s,t € R with s < t. Let n be a Lévy white noise in R" with Lévy tri-
plet (v, 62, v). Then the mapping

@ P (n(w), ]](s,tj ® @)

is an element of ' (R"™") for almost all © € Q.

Proof First, we note that ﬂ(m S B[’w(R) forall p € (1, ), r € (-0, 117). One way to

see this is to use the equivalent norm

1/p
||1](s,r]”B;)p([R) = ||ﬂ(s,z]||LV([R) + </ / |h|—l—rp|ﬂ(8’t](x+ h) — T](s’,](x)|pdxdh> ,
’ [rl<t JR

where r € (0, 1). For this equivalence, we refer to [40, Section 2.2.2 and Sec-
tion 2.5.12]. Since

/|1](S,,](x+h)—ﬂ(sy,](x)lpdxz/|1](S!t](x+h)—ﬂ(s,,](x)ldx=2|h|,
R R

for |h| <t —s, we only have to check for which parameters we have

/ |h|~"? dh < co.
|hl<1

This is the case if and only if » < }7. If we now take p = 1 + € for € > 0 small, then

we have that
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B (R S(r,...,r)H Rn—l (2'4)Hr R S(r,..,,r)H IRn—l
(R B, S, LR < H(R)®, S, LR
26 (Fye.usr) n @3 T (mn @3 r—e mpn
= sDH(R") & HY(R™) & BIE(R"),
so that the mapping
AR > BE (R, @ (1, @ @) )P %

is continuous for arbitrary N > 0, where (&)V/? is taken for & € R". We take the
detour via the Bessel potential scale since the embedding (3) seems to be not avail-
able in the literature for Besov spaces. For the Bessel potential scale this holds as
Sg""*OH (R™) = L,(R") so that Fourier multiplier techniques are directly available,
see the references given for (3).

Combining (7) with Proposition 2.16 shows that also

AR = B L RON, 0= 1, Q0 ®)

is continuous. Now, we combine (8) with Theorem 2.30. Since the Blumenthal—
Getoor indices are not larger than 2, it holds that

P e B (R ()) =1

1+¢€,1+¢

for € € (0,1) and p negative enough. Therefore, taking r —e > 3/4 and N large
enough in (8) shows that

lim (n(@). 1) ® @,) = 0

for almost all @ € Q and all (¢,,),cy C AR") such that lim,_, ¢, = 0. Hence, the
mapping @ = (n(w), 1, ; ® @) is indeed a tempered distribution. O

Proposition 3.3 Let n = n, +n, with n;,n, € Nand s,t € R™, s < t. Let further n
be a Lévy white noise on R" with Lévy triplet (v, 62, V) on the complete probability
space (Q, F,P). Then the mapping

n - (QFP) = (L' (R™), B (R™), @ = [¢ = (n(®), 1,1 ® ¢)]

is a modification of a Lévy white noise with Lévy triplet Lebnl (s, Dy, 62, V).

Proof It suffices to show the assertion for n; = 1. The general assertion then follows
by iteration. Therefore, let n; = 1. Then, Lemma 3.2 shows that, , ;(w) is indeed a
tempered distribution almost surely. Thus, after changing it on a set of measure 0,
we can assume that it is a .#/(R"!)-valued mapping. For the measurability, it suf-
fices to show that the preimages of cylindrical sets of the form

C:={ue R : (u,@,),....u,py)) € B}
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for some N € N, some @, ..., py € AR") and some open set B C RY under Hisa)
are elements of F. So let C be such a set. By Proposition 2.27 and Lemma 3.1,
we can take sequences (W ey C Z(R"), j=1,...,N such thaty;, - 1, ® @;in
Ly(n) as k — co. Hence, we have that

(M wix) = (1,1 ® @;) in probability as k — co.

By taking subsequences, we may without loss of generality assume that the con-
vergence is also almost surely. Let K € F be the set on which there is no pointwise
convergence and

K :=Knn,(O).

Since the probability space is complete, it follows that K € F. Now, we define

B, := {x € B : dist(x,R"\B) > %}
={ue S R (u,9), ..., 0x)) € B},
={ue SR : (,9)),....(w,py)) € B}

for [ € N. Note that we have

-1 _1
K C I’I(SJ](C) = IL’J\‘ n(s,t](cl IL’J\‘ }’](‘S r](CZ (9)
€ e

Let further

Ar o= (i )s - i wa) T BP\K € Q.

Note that A, ; € F for all k,/ € Nsince 7 is a a generalized random process. By con-
struction, we have that liminf,_, , A, , € F and that it consists of all @ € € such that

(@), w1 4)s > (M(@), Yy 1) = (@), 1, ® @1), ..., (N(@), 1, ® Py))

as k—oo and such that ((n(w),w;),....nw).wy) €B; for keN
large enough. In particular, for we€ hm inf, , Ay, it holds that
(@), 151 @ @1)s - » (M(@), 1,y ® Py)) € Bz and thus

li,?_l)ioglfAk,z C (Map @1)s - > Misrps (PN>)_1(§1) = ’1(_&1,](61)-
Together with (9), this yields

UtiminfA,, UK c n}y(O). (10)

leN

For the converse inclusion, let w € 11( t](C) so that

(@), 15y ® @1), -, (n(@), 1,y ® @) € B.
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Since B is open, there is an / € N such that
(@), Ty ® @) -, (@), 1y @ py)) € By
Ifw ¢ 1~< then
(@), w1 1)s > (@), Wy i) = (@), Ty ® @1), ..., (N(@), V(s g ® Py))
as k — oo and since B, is open, it holds that
(@), wy 1) - (n(@), Wy ) € B,

for k large enough. Hence, it follows that @ € A, for k large enough and therefore
® € liminf,_, A, If in turn @ € K, then @ € K N, (C) = K. Hence, it follows
that

_1 . .
n(s’t](C) C [LEJN h/?_l,glfAkJ Uk (11)

Together with (10) it now follows that
-1 _ ..
Mon(© = JliminfA,, UK € F
IeN
so that 7, is indeed a generalized random process. Finally, we show that 7, is

even a Lévy white noise with Lévy triplet Leb,, ((s, 1])(y, 62, v) by simply computing
its characteristic functional: Let ¥ be the Lévy exponent of #. Then, we obtain

P(’Iv“(.m@(-))(q’)
= El¢"101®9] = exp ( / W([14 ® @1(r) dr>
Rn

‘ o*[17 , ® ¢*1(r)
= exp </ iy[1n ® @l(r) — — 5
Rn

+ / eMa®el) _ 1 4 x[1,7 ® @l(NT < dv(x) dr)
R\{0}

2.2
= exp <Leb1((s, D iver) - %(r)
Rn—l

+ / e — 1 + ixe(r)1 <1 AVx) dr)
R\ {0}

= exp <Leb1((s, t]) Y(p(r)) dr>.

Rn—1

Altogether, we obtain the assertion. O

Lemma 34 Let T>0, s=(s,...,5,) ER", s,peR, p,ge(l,00) and let
P'.q" € (1,00) be the conjugated Hilder indices.
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(a) There is a sequence (W) en C AR™) with ||u/||B-,x (R Y1y = 1 such that
r.q

s (R =su ,
||M||3pvq(R £ kegK” vl

Jorallu e B (R, -)P).
(b) There is a sequence (Wien C o0, T with |y |l go.rpy = 1such that

lulls: mo.rymy = sup [Ku, i)l
wr keN

forallu e SS B([O 1.
(¢) The Borel ¢ ﬁeld ofB; q(IR" (-)?) is contained in B,(-" (R")).
(d) The Borel o-field ofS;,pB([O, T1") is contained in BC(,V'([O, T1)).

Proof

(a) Since BS (R") is separable (see for example [40, Section 2.5.5, Remark 1]) and
since the spaces B; q(IR” (-))and B; q(IR") are isomorphic by Proposition 2.16,
it follows that also B; (R", (- y?)is separable. Hence, it follows from [22, Prop-
osition B.1.10] together with Proposition 2.12 that there is a sequence
(qok)keN C Bp',q’(an’< >P(1—P )) with ”QJkHB;,.\q,(Rn’(,)p(l—p y = = 1such that

s n = Su 5 .
”””BM([R L)) keg I, @)

Since f > (-)7?/Pf leaves .AR") invariant and since it is an isomorphism
between B;l,,q,([R",(‘)”(l"’/)) and B (R"), it follows from the density of
AR in B;,fq,(lR”) (see for example [40, Section 2.3.3]) that we have the dense
embedding

d g /
ARMSBY, (R, ()7,

Therefore, there are sequences (¢ )iey € LAR") With ||@ |l g @ (- yo0-my =1
pa

such that @, ; — ¢; as [ — oco. Thus, we obtain

[lee]l gs (Rn(-)yr)y = SUP {u, (l’k,1>|-
P kleN

Since N? is countable, we can rename the functions and obtain the asserted
sequence (W) gen-
(b) The proof is almost the same as the one of Part (a). One just has to use Proposi-
tion 2.15 instead of Proposition 2.12.
(c) Since BS (IR” (- )?)is separable, its Borel o-field is generated by the open balls.
Hence, 1t sufﬁces to show that for all f € BY (R” (-)?)and all » > 0, we have
B(f,r) € B.(.7'(R")). Now, we use part (a). Then we obtain that
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s¢.n=8¢.r- 0= {MEB;,q<R",<->ﬂ> L - )] Sr—i}

meN meN keN

B, Ry J ) {uey’([R" f = w,y)| <7 — —}

m
meN keN

Uun {uey’(w I =yl <= —} € B (R")

meN keN

In the last step, we used that a tempered distribution i, is an element of the

weighted Besov space B;q(IR”, () if llugllps e (y) < 0o. By part (a) this is
3 124 ’

satisfied if

Uy € ﬂ {u e SR : f —u,y)| <r— i}
keN
This yields the assertion.
(d) The proof is almost the same as the one of part (c).

Lemma 3.5 Let 5 be a Lévy white noise. Fort, > t; > 0 let again
n(tlalz] : Q g y/(Rn_IL w = <’1(w)9 ﬂ(tl’tzl ® ( ° )>

Suppose that for all t > 0 the mapping n, takes values in BS (R™1, (V) for
fixed parameters s,p € R and 1< p,q < . Let B;q (R, (- 3!7) be endowed
with its Borel o-field. Then (1 )50 is @ Bs (IR" U (Y)-valued stochastic pro-
cess with stationary and independent mcrements The same. assertion holds if n is
restrlcted to [0, T]" and lfBS (IR” L (V) is replaced by SS B([O T for some
5 =(s5....5,) E R

Proof We show the assertion for B‘f,’q(lR”‘l, (-)?). The proof for S[E)’pB([O, T1"-1) can
be carried out the same way.
It follows from Proposition 3.3 that the mappings

Mot (@ F) = ('R, B R

are measurable. Thus, Lemma 3.4 shows that the mappings Ny for 1> 0 are
B (R ' {-)?)-valued random variables, where B (IR” ,{-)?) is endowed with
the Borel o-field. Proposition 3.3 also shows that the increments are stationary.
Hence, it only remains to prove that the increments are independent.

Since the sets H _(—0, q; ] with a; € R generate the Borel o-field in RY, we also
have that sets of the form

fue SRV e(l,....N} : (u.9) < a)
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for some N €N, @y, ..., 0y € AR" 1) and ay, ..., ay € R generate B(AR"!)).
But together with Lemma 3.4 this implies that the Borel o-field of B‘[‘)’q(R"‘l, (-)")
is generated by sets of the form

{ue B, R, (I E{L,....N} : (u,9) < ;).

This collection of sets is stable under finite intersections and thus, it suffices
to verify the independece for preimages of such sets. As in Remark 2.24, one
can use the characteristic function from Proposition 2.27 to show that the ran-
dom variables (#, ;- ®1)s -5ty 1> @) are independent for all choices
of NeN, 0Z1,<t;--<ty, @,...,py € AR, Thus, for all choices of
M,Ny,....,Ny €N, 0< 1y <1, <1y, aj; €ER and ¢;; € AR 1<j<M,
1<k< Nj), we have that

M
uﬂ>< N {16, ) € € B, R, () 1Yk E (1, N} 1w g) < aj,k}})
j=1

=

{n

_1ot] € {M € B;,Q(Rn_l’ < : >ﬂ)) : <u’ (pj,k> < aj,k}})

I
T
N
IDs

L
=T

{{n6,_,00 @100 < “j,k}>

I
T
N
I D=

1]
-
=0

Il
=
=]
I/~

~
1l

{16_,0 #10) < “j,k}>

-~
1l
—

=

P({n(j_h,j] c{ue B;,q([R”",(-)")) DVkE (L. N}t () < aj’k}}).

~.
Il

This shows that ( ;),»( has independent increments. O

Theorem 3.6 Consider the situation of Lemma 3.5 with s < 0. Let a,r € R and
1 <p, £p' < p, < owhere p' denotes the conjugated Holder index of p € (1, ).

(a) Suppose that we have the embedding Lpl([O, TI xR o Ly(n) for all T > 0
and that a < min{p, p(n — 1)(1% - pl])}. Then (n,)>0 s @ B‘;’q(R”—l, ()Y)-val-
ued Lévy process.

(b) Suppose that we have the embedding Lpz([O, TI xR o Ly(n) for all T > 0
andr < min{s, (n — 1)(pi2 - ﬁ)}. Then (1, )>0 i aB;’q(Rn—l, (- YP)-valued Lévy
process.

(c) Suppose that we have the embedding
Lpl([O, T x R™ 1) anz([O, TIx R o Ly(n) for all T > 0 as well as the esti-

mates a < min{p, p(n — 1)(5 - pi)} and r < min{s, (n — 1)(pi - I%)}. Then
1 2

(Moo is a BI’] q([R”‘l, (- Y*)-valued Lévy process.
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Proof

(a)

(b)

©

Let @ be chosen as in the assertion. Then, we have the embedding
d
S n—1 7 \p S n—1 / \a
B (R ())SB R ()

so that 7, takes values in B) (R"~ L (-)®) for t > 0. By Proposition 2.12, the
dual space of B) (R" L (-)%) is given by B} ,(R"‘l,(->”(1‘P')). It follows
from Lemma 3. 4 that there is a sequence (l//k)keN C AR of Schwartz func-
tions with ||””B;;4(Rn*l,(~)«) = Sup;en |{u, y;)| and IIWkIIB;;q/(RH,(_)au,,,/)) =1
Using [14, Proposition 3] and the elementary embedding
B q([R”‘l) SN Lpl(R"‘l) for § > 0, we also obtain that

. —1 ; \a(l=p') -1y _D(L_ L
B R & L R ifa <p=1( - ).
In this case, we have that (y);ey is bounded in L, (R™1). Therefore,

if 1,4y € [0, 7] then (T, — (0,])®q/k goes uniformly in k€N to 0 in
L, ([0 T]x R*')ast — t,. But since we have the continuous embeddings

L, (10, T] X RS LS Ly(Q, F,P),

it follows that (n, (1o,) — T(0,) ® W) goes uniformly in k € N'to 0 in probabil-
ity as t — #,. Now Lemma 3.4 shows that (n, (Io, ) — T(o,) ® -) goes to 0 in
probability with respect to the space BS (R" L ()% as t — t,. Together with
Lemma 3.5 proves the assertion.

This can be shown with the same proof as part (a). One just has to replace
B;,q(IR”‘l, ()Y by B;’q(IR”‘l, (-))and L, ([0, T]1x R""")by L, ([0,T] x R"™).
In this case, we have

—r n—1 ; \p(1-p") n—1 1 — 11
Bp,’q,([@ ()P P)L»LPZ(R ) ifr<( 1)(1)2 p,).

Except for these changes, the proof can be carried out in the same way.

This case can again be carried out as part (a). This time, one has to replace
B (R L ()Y by B (R L(-)® and L, ([0, T] x R""") by the intersection
L ([() T]x R 1 mL ([0 T]x R, Of course in this case, both estimates
on r and a have to be satlsﬁed

O

Theorem 3.7 Consider the situation of Lemma3.5 with 1<p<oo and

= (85, ...,8,) € (—00,0)""L. Let p’ be the conjugated Holder index and1 < p, < o0
2 1

such that L ([0 T1") & Lo(n) If max{s,,...,s,} < - — —,, then the restriction of
(M0 T0 [O T1" lisa S3 B([O T1""Y-valued Lévy process

Proof The proof is similar as the one of Theorem 3.6. This time we use that
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(8, BUO, TN =5,°, BUO, T
—sz,o([o ) ®, = ®, B, (0.7 ...
<L, [0,T) ®, - ®, pl([o,TD
=L, (10, 71",

where @, denotes the tensor product with respect to the p-nuclear tensor norm and
)
where we used that

B (0,70 & B0, 1)) © B (10,7 E) < L, (10,7); E)

if —max{s,,...,s, }— — >¢— — and € > 0. Here, the first embedding follows

directly from the deﬁnltlons For the second embedding, we refer to [40, Sec-
tion 3.3.1]. The last embedding can for example be found in [41, Section 2.3.2,
Remark 3]. With the embedding

(s,BUO, T & L, (10, T1"™")
at hand, the proof is analogous to the one of Theorem 3.6. O

Remark 3.8 Embeddings of the form
L, (R*) & Lym), L, (R")< Ly(m) or L, (R")NL,(R") < Lyn)

are satisfied for many different kinds of Lévy white noise, see [14, Table 1]. Accord-
ingly, Theorems 3.6 and 3.7 can be applied to them. As an example, we carry out the
Gaussian case:

Corollary 3.9 Consider the situation of Theorem3.6 and suppose that the Lévy triplet
is given by (0, 1, 0) so that we have the Gaussian case. Then (1 ;),»0 has a modifi-
cation that is a Brownian motion with values in B;p(lR”‘l, () if

n—1
5§ < — 7 p<-n+l.

Proof 1t follows from Proposition 3.3 and Theorem 2.30 that 7, ,; takes almost surely
values in the weighted Besov space B‘ SR LD if
<22l Gens
2 s p .

By Remark 2.28 we know that Lj(r7) = L,(R"). Hence, if 1 < p <2 we can consider
case (a) in Theorem 3.6 with p; = 2. In this case, p has to satisfy

p<min{5,p(n—1)(1%—pi)} :min{;,(n—n(g—l)} <-n+l.
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Ifin turn 2 < p < oo, then we can use Theorem 3.6 (b) with p, = 2 so that we obtain
the condition

.~ 1 1 n—1
s<m1n{s,(n—1)(p—2—l7)}<— R

Altogether, we obtain the assertion. O

Proposition  3.10 Let n,n, €N with n +n,=mn, T>0 and
O e {[0,T],R™}. Suppose that there are p,p,,p, €[1,00) such that
Lpl([O, T xO)n Lpz([O, T x O) & Lp(n) (for example p =2 in the symmetric
case, see Remark 2.28). Then the mapping

Iy * Zo(0.TI") ® F(O) = LU F,P), w ® @ += [0, ... 9, (0,0 #)IW)

extends again to the white noise n. Here, [0, ..., 0, (. )1(y) means that we
apply the distributional derivatives of the trajectories of ({1, )0 10 the test
function y.

Proof By Proposition 3.3, it suffices to prove the result for n; = 1. Higher dimen-
sions then follow by iteration. Therefore, let w € .7 ([0, T]) and ¢ € .7;,(O). First,
we define the function

K :[0,00) = L, (10,TDNL, ([0, T], 1~ [s — ﬂ[o’s)(t)y/(t)].

This function is continuous and therefore Bochner integrable. Indeed, let
(t)ren C [0, 00) such that £, = lim,_,  #,. Then, for all s # ¢,, we have that

H[O,s)(tk)ll//(l‘k) - H[O,s)(to)ll//(to) (k - o)

so that the continuity follows by dominated convergence. Moreover, we note that
f + (n,f) defines a bounded linear operator from L, ([0, T1xO)nL, ([0, T]x O)
to L,(Q, F,P) by Proposition 2.27. Using these two facts, we may interchange the
order of 7 and the integration in the following computation:

(0,10, )IW) = [0,(n1, 1oy ® ©I](w)

T
= (D) — v O Ton ® @) — /0 (110 ® YW (0 di

T T
= / Doy = Vo) ® P (Hdt = / 10, (O® e (1 dt
0 0

T T
=/ (N, K(t) ® )dt = <r],/ K(t)dz®(p>
0 0
T .
= <r1/ T, W' (Hdt® ¢> = <n/ y' () dr ® (p>
0 0

= (v ® @).
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As the tensor product .7 ([0, TT) ® -#,(O) is sequentially dense in .7,([0, T] x O)
(see for example [2, Theorem 1.8.1]), it follows from the continuity of
n: Z0,T1 X O) = L,(Q, #,P) that 9, , extends to 7. O

Theorem 3.11 Let 0<T < oo and let § be a Lévy white noise restricted
to [0,TI xR with Lévy triplet (y,c%v), Blumenthal-Getoor indices
0<fy <Py <2 and moment index 0 < p,,,. < 0. Let further p € (1,00) and
P € (1, ) be fixed.

nl

(a) The Gaussian case: Suppose thaty =0andv=0.Ift < —=, s < —— and
p < —n+ 1, then i has a modification n such that

t S n—=1 7 \p —
P(ﬂ € B, (0.T1.B, (R"'.(-)")) =L
Ift>—-,52> —%Orp > _T then we have
t S n—1 7 \p —
P(n ¢ B ([0, T],B; (R"™.(-)")) = L.
(b) The compound Poisson case: Let p € (1,00)and1 < p, < p’ < p, < oo such that

L, ([0, TIx R nL, ([0, T]xR"™") & L, ().

__(=Dp

Letfurtherlﬁ—1andt<—lif]7<2,s<(n—1)(117—1)andp< Min{pPygr)

Then i has a modification n such that
t N n—1 \P _
P(n € By;(10,T1, B, (R, (-)")) = 1.

(c) The general non-Gaussian case: Let p € (1,2]U2Nand1 < p, <p' <p, < o
such that

L, ([0, TI xRN L, (10, T] x R"™") & Ly ().

Let further t<~1 and t<~1if p<2 s<(~D(zp

(n=D)p
< —_——
P S T i p]

P(n € BL (10, T], B, (R"™,(-)")) = 1.

7 1) and
. Then i has a modification n such that

Proof Proposition 3.3 yields that for all to [0, T] we have that (n,1,; ® -)isa
white noise with the Lévy triplet (1,7, 7,62, f,v). Hence, for fixed 7, € [0 T] we can
use Theorem 2.30 in order to obtain that 7, = (1,1, ; ® -) almost surely takes
values in B; p([R{” I, {-)?)) with certain s and p, depending on the respective case.
Moreover, it follows from Proposition 3.10 that we can write 7 = 9,(1, 1o, ® - ).
Hence, the Gaussian case follows from Corollary 3.9 together with the regularity
results on Brownian motions, Theorem 2.34. The compound Poisson and the general
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non-Gaussian case follow from Theorem 3.6 together with Proposition 2.33. In
order to see this, we note that

1 1 I (n=Dp 1 1
—_ - = < —_ —_—_— —_— <L — —_ — —).
(n 1)<p 1> <n 1)<P2 p’)’ min{p.p,,..} S pin 1)(17/ P )
Hence, the estimates from Theorem 3.6 do not give additional restrictions. a

Remark 3.12 As in Remark 2.31, one can weaken the conditions on p in the non-
Gaussian case of Theorem 3.11. More precisely, the assertion of the non-Gaussian
case of Theorem 3.11 also holds if p,,, € 2N and p € (1, ) orif p,, € (N,N +2)
and p € (1, 00)\(NV, N + 2) for some N € 2N.

Theorem 3.13 Ler €, T > 0 and let j be a Lévy white noise restricted to [0, T]" and
let p € (1, 00). Let further | = n, i.e. the smoothness parameters of spaces with dom-
inating mixed smoothness are elements of R".

(a) The Gaussian case: There is a modification n of §j such that for any

(—2 £,..., 2—5) "
Pnes,, B([0,T]")) = 1.
Moreover, it holds that

b
P e€Ss,, B([0,T]") = 0.
(b) The compound Poisson case: Let p € (1, 0)and1 < p; < p, < o such that
L, (0.1 N L, (10, T]") & L;(n).
Let furthert < —landt < —1if p <2and s < 117 — 1. Then 7 has a modification
n such that

(t,...,1,5) n —
P(ne S0 B((0,T) )) =1.
(¢) The general non-Gaussian case: Let p € (1,0)and1 < p; < p, < oo such that

L, ([0, TIx RN L, ([0, T]xR"™") & L, ().

1
max{p.f,}

Let further t < —landt < —1if p<2 and s < — 1. Then there is a

modification n of  such that

Py e S;{};-WB([O, T1") = 1.
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Proof First, we apply Proposition 3.3 with n; =n—1. Thus, for every fixed
t € [0,T]""!, we have that ﬁ((m is a one-dimensional Lévy white noise on [0, T
which almost surely takes values in B,l,f_g([O, T]) in the Gaussian case or if p <2
and in B,l,/,f’ _l_g([O, T]) in the non-Gaussian case with p > 2 by Theorem 2.30.
Now, it follows from Theorem 3.7 that for fixed (¢, ...,¢,_,) € [0, T1"2 the family
(ﬁ(O,(h,--~J,,_1)l)tn_1€[0,T1 isa B,l,f_‘{‘([O, T1)-valued Brownian motion in the Gaussian case
and a B¥ ([0, T])-valued Lévy process in the other two cases. By Theorem 2.34, it
has a modification which almost surely has paths in B;{i([o, Tl; B},jf‘f([o, T])) but
not better in the Gaussian case and in B; ,p([O, Tl; B;’p([O, T1)) in the non-Gaussian
cases. Together with

B}(0,T1; B2, (10, T]) = B2, (10, T1; B2, ([0, T1))

and Proposition 2.11 we obtain the assertion for n = 2. For general n € N, we iterate
the same argument using Theorem 3.7. O

Remark 3.14

(a) Since composition of a white noise with an Euclidean motion as in Remark
2.24 again gives a white noise, we can even further improve Theorem 3.13. Let
for example B(x,, r) C [0, T]" be a ball in [0, 7]" and consider the restriction of
7 to this ball. By Theorem 3.13 there is a modification # which takes values in
S,(,;,l/ 2t/ *“B(B(x,, r))) in the Gaussian case. Now we take a rotation A
around x,,, which is a bijection on B(x,, r) and an Euclidean motion on R”. Thus,
7oA is again a white noise so that there is a modification 7, which also takes val-
ues in Sp;l 2t/ *“9B(B(x,, r))). Therefore, for any countable family (A)nen
of such rotations, there is a modification # such that for all n € N the rotated
noise 7oA, also takes values in S;,;,l/ 2t/ >~ B(B(x,, r))) almost surely. The
same argument can also be applied in the non-Gaussian cases.

(b) Theorems 3.11 and 3.13 are probably not optimal for the general Lévy case.
Looking for example at Theorem 3.13, it seems natural to guess that actually

P(n € S§ VB0, T1") = 1

p

holds.

4 Equations with boundary noise

Now we combine our considerations with the ones on elliptic and parabolic bound-
ary value problems with rough boundary data in [20]. While our results might look
quite involved, we would like to point out that there is actually a simple idea behind
them: The solutions of the boundary value problems we consider here are arbitrar-
ily smooth. However, as white noise is very rough, there will be singularities at the
boundary if one looks at the solution in spaces with higher regularity. The higher
the smoothness in time, tangential and normal direction is, the stronger will the
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singularity be. One can avoid stronger singularities by trading smoothness in the dif-
ferent directions against each other to some extend. The question on how far one can
push this will be answered by some technical conditions on the parameters involved.
These conditions will make our results look more complicated than they actually
are.

We should note that Proposition 4.1 on the Poisson equation already follows from
the known results, Theorem 2.30 and [20, Theorem 6.1]. Proposition 4.3 on the heat
equation in turn uses our new result, Theorem 3.11, and [20, Theorem 6.4]. For this
section, it is important to keep Example 2.1 in mind. Since (- ) is an admissible
weight for any p € R, the Besov scale and its dual scale coincide, cf. Proposition
2.12. Thus, we may apply the results from [20].

There are already several papers in which the singularities at the boundary of
solutions of Poisson and heat equation with Dirichlet boundary noise are studied.
We refer the reader to [1, 7, 10]. This is mainly done by introducing power weights
which measure the distance to the boundary of the domain, i.e. weights of the form
dist(x, 00)" for some r € R. Such weights are also useful in our approach. But in
contrast to [1, 7, 10], we work in spaces with mixed smoothness. This allows us to
trade smoothness in normal direction for smoothness in tangential direction. Thus,
we can interpret the boundary conditions in a classical sense without having to rely
on a mild solution concept.

Since we work in R’} in this section, the power weight is given by

pr,l” t RE = R, (xp,..x,) & x|

In this section, we sometimes add subscripts to the domains of function spaces to
indicate with respect to which Variables the spaces should understood. For exam-
ple, we write B, , (R B;fz Ry x5 B pq qs(IR” 1)) where R, corresponds to the time
direction, R, to the normal direction and RY” to the tangentlal directions. R,

will refer to the space directions.

Proposition 4.1 Let 5 be a Lévy white noise on R"™' with values in B (R L ()
for some parameters p € (1,), s,p € R, see Theorem2.30. Let j € 10, 1} Then
for all A € C\(—o0, 0], there is almost surely a unique solution u € y’(lR’jﬂ) of the
equation

Au—Au=0 in[R'J'r s
X
6{;u =7n on [Rz,_l,
which satisfies
ue N WER, . Ipr,|"; B, (RET()).

r,t € Rk e Ny, g€e[l, ),
r—qlt+k—j—sl, > -1
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Moreover, for all >0, riteR, kelN, and qge[l,) such that
r—qlt+k—j—sl,>—1 there is a constant C>0 such that for all
re{zeC: |z| > o,|argz| < & — o} it holds almost surely that

—l—rt+qk=j)+qli—sl4

||u||W5(RHn,|prn|r; B, (R'71(7) < C|4| M ||’l||B;_l)(Rf:;1,(.>p).

Proof This follows directly from combining Theorem 2.30 and [20, Theorem 6.1].
O

Remark 4.2 Note that Proposition 4.1 yields that u € C*(R) with certain singu-
larities which are measured by the weight |pr,|” at the boundary. It is instructive to
give up some generality to see how strong these singularities are in classical func-
tion spaces such as L,. Note that the Lévy noises 7 on R"~! which we consider here
always satisfy 7 € Béz““”(R"‘l, (-)?) for some &£ > 0. Consider for example the
Dirichlet case, i.e. j =0. If we take p =g =2 and k =t = 0, then the restriction

plt+k—j—sl, > —1 shows that we have to take r > 2n — 3 — € so that our
solutlon satisfies u € Ly 1, (R”, |pr, |7

PropOSItlon 4.3 Let n be a Lévy white noise on R, X R’ Y with values in the space

p OOIOC(IR B;,‘l[,] (R L (:)?)) for some parameters p,p, € (1,0), s,,5,,p € R,

see Theorem 3.11. Let(p EIXR), =0 Q Ig1 € C°(R, X R D, j€{0,1}and

= {(r,to,l,k,q) tt,lER, r€(—1,00), k €Ny, g €1, 00),
—qlty+k—j—s],.>—

r—=2q(l —s,) — qtk = j) — qltg — 5,14 > -1 }

Then, there is almost surely a unique solutionu € . (R, x R” ) of the equation
ou+u—Au=0 inR, XR’J’r '

i 1
du=@-n onR xR,

which satisfies

ue [ Bl RWER,, . Ipr,l"s By, (R, ()))).
(r,to,l,k,q)EP

Moreover, for all (r,ty, 1, k,q) € P there is a constant C > 0 such that almost surely
we have the estimate

lully _awice, ., or, 1 B, et o < Cll@ - n1llg2 w By, @t o
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Proof This follows directly from combining Theorem 3.11 and [20, Theorem 6.4].
O

Remark 4.4

(a) The reason why we have to multiply # with a cutoff function in time is that we
only have local results for the regularity in time of a space-time white noise. If
there were global results with some weight in time, then we would be able to
remove the cutoff function.

(b) As in the elliptic case, we have u € C*(R X R}) with certain singularities at
the boundary. This time we have s, > —1 and s; > 1 —n. Thus, if we want to
determine a possible weight for the solution of the Dirichlet problem (i.e. j = 0)
to be in a weighted L,-space, we cantake k =7, =0,/ > Oand p, =g =p, = 2.
The restriction (r,%,,1,k,q) € P yields that if we take r > 2n+ 1, then
u€ Ly, (RXRY, |pr,|").
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